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åñåõíçôéêÜ áðïôåëÝóìáôá ðñÝðåé íá åßíáé áðüëõôá ðñïóéôÜ óå êÜèå ìÝñïò ôïõ êüóìïõ ÷ùñßò
ðåñéïñéóìïýò ìÝóù ôçò äçìïóéåýóåþò ôïõò åßôå óå âéâëßá åßôå óå ðåñéïäéêÜ åßôå óôï äéáäßêôõï.
Ôïýôï Ý÷åé ðñÜîåé êáé ï ßäéïò ÷ùñßò êáìßá åîáßñåóç.
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ÐÑÏËÏÃÏÓ (Ðñüëïãïò) vii

ÐÑÏËÏÃÏÓ

Óôïí ðáñüí Ôåý÷ïò 3 ôïõ óõããñÜììáôïò ÅöáñìïóìÝíá ÌáèçìáôéêÜ II ãéá Ðïëéôéêïýò Ìç÷á-
íéêïýò ìå ôïí ôßôëï ×ñÞóéìåò ÅíôïëÝò ôçò Mathematica ãéá Ðïëéôéêïýò Ìç÷áíéêïýò Ý÷åé ãßíåé ìéá
ìÜëëïí óýíôïìç êáôáãñáöÞ ôùí êõñéüôåñùí åíôïëþí ôçò Mathematica ðïõ åßíáé ÷ñÞóéìåò ãéá ôïí
Ðïëéôéêü Ìç÷áíéêü êõñßùò óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ ÉÉ, áëë’ åðßóçò êáé óå Üëëá ìáèÞìáôá,
üðùò óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ ÉÉÉ, êáé óôçí åðéóôÞìç ôïõ ãåíéêüôåñá.

ÐáñïõóéÜæïíôáé 224 åíôïëÝò ôçò Mathematica ôáîéíïìçìÝíåò óå 21 notebooks åíôïëþí. Ç ðá-
ñïõóßáóç ôçò êÜèå åíôïëÞò åßíáé ãåíéêÜ óõíïðôéêÞ: óêïðüò ôçò, ôñüðïò óõíôÜîåþò ôçò, ðåñéãñáöÞ
ôçò êáé ðáñáäåßãìáôá óå ìåñéêÝò ðåñéðôþóåéò áðü ôçí ÅðéóôÞìç ôïõ Ðïëéôéêïý Ìç÷áíéêïý. Óôç
óõíÝ÷åéá ðáñáôßèåôáé êáé Ýíá åéóáãùãéêü notebook ðïõ áöïñÜ óôéò animations (óôá êéíïýìåíá
ó÷Þìáôá, óôçí êßíçóç óå ó÷Þìáôá) ìéá ðïëý åíäéáöÝñïõóá äõíáôüôçôá ôçò Mathematica.

Ï áíáãíþóôçò/ç áíáãíþóôñéá Ðïëéôéêüò Ìç÷áíéêüò èåùñåßôáé ðùò åßíáé Þäç ãåíéêÜ åîïéêåéù-
ìÝíïò/åîïéêåéùìÝíç ìå ôç Mathematica êõñßùò ìåôÜ ôç ìåëÝôç êáé ôç ÷ñÞóç óôá ÅöáñìïóìÝíá
ÌáèçìáôéêÜ É ôïõ ôüóï áîéüëïãïõ, êáëïãñáììÝíïõ êáé åíäéáöÝñïíôïò âéâëßïõ ôïõ óõíáäÝëöïõ
ê. Êùíóôáíôßíïõ ÐáðáäÜêç ãéá ôçí ÅéóáãùãÞ óôï Mathematica. Åäþ áðëÜ ãßíåôáé ìéá óýíôïìç
ðáñïõóßáóç ôùí ÷ñÞóéìùí åíôïëþí ôçò Mathematica ãéá ôïí Ðïëéôéêü Ìç÷áíéêü, ÷ùñßò üìùò
åêôåíÞ ðåñéãñáöÞ ôïõò êáé ÷ùñßò ðÜñá ðïëëÜ ðáñáäåßãìáôá êáé åðåîçãÞóåéò óå áíôßèåóç ìå ôï
âéâëßï ôïõ ê. ÐáðáäÜêç. ÄçëáäÞ åäþ ðñüêåéôáé ãéá Ýíá åßäïò êÜðùò åêôåíïýò «åõñåôçñßïõ» ôùí
÷ñÞóéìùí åíôïëþí ôçò Mathematica ãéá Ðïëéôéêïýò Ìç÷áíéêïýò ìå Ýìöáóç óôï ìÜèçìá Åöáñìï-
óìÝíá ÌáèçìáôéêÜ ÉÉ, áëëÜ êáé óôï ìÜèçìá ÅöáñìïóìÝíá ÌáèçìáôéêÜ ÉÉÉ.

Óôï ôåý÷ïò áõôü ðÝñá áðü ôéò êëáóéêÝò åíôïëÝò ôçò Mathematica áíáöÝñïíôáé êáé áñêåôÝò
åîåéäéêåõìÝíåò åíôïëÝò ôçò áêüìç êáé ðïëý åîåéäéêåõìÝíåò åíôïëÝò ðïõ äåí ðåñéëáìâÜíïíôáé óôï
âéâëßï ôïõ ê. ÐáðáäÜêç êáé ìåñéêÝò öïñÝò ó÷åäüí óå êáíÝíá âéâëßï ãéá ôç Mathematica. ÌåñéêÝò
áðü áõôÝò ìðïñïýí ìÜëéóôá íá èåùñçèïýí ðÜñá ðïëý åîåéäéêåõìÝíåò. Ðáñáäåßãìáôïò ÷Üñç,
ôÝôïéá åßíáé ç åíôïëÞ Biharmonic ãéá ôï äéáñìïíéêü ôåëåóôÞ, ï ïðïßïò ðáñïõóéÜæåôáé óôçí ôáóéêÞ
óõíÜñôçóç ôïõ Airy A(x, y) óôçí Åðßðåäç Åëáóôéêüôçôá êáé åðßóçò óôï âÝëïò êÜìøåùò w(x, y) óôéò
ÐëÜêåò. ÁíÜëïãá ðÜñá ðïëý åîåéäéêåõìÝíç åßíáé êáé ç åíôïëÞ PlotHamiltonianField ãéá ôç ó÷åäßáóç
ðåäßïõ ×áìéëôïíéáíÞò. ÁõôÞ üìùò ç åíôïëÞ åßíáé éäáíéêÞ ãéá ôç ó÷åäßáóç ôïõ ðåäßïõ ôá÷ýôçôáò óå
óõíçèéóìÝíç ñïÞ éäåáôïý ñåõóôïý ìå âÜóç ôç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôçóç ñïÞò) Ø(x, y). Áðü
ôçí Üëëç ðëåõñÜ ç åðßóçò åîåéäéêåõìÝíç åíôïëÞ MiniMaxApproximation åðéôñÝðåé óôïí Ðïëéôéêü
Ìç÷áíéêü íá äçìéïõñãåß ðÜñá ðïëý êáëÝò ðñïóåããßóåéò óõíáñôÞóåùí ðïëý êáëýôåñåò áðü åêåßíåò
ôçò áðëÞò ðïëõùíõìéêÞò ðáñåìâïëÞò.

¼ðùò êáé óôá êýñéá ìÝñç áõôþí ôùí äéäáêôéêþí óõããñáììÜôùí ÅöáñìïóìÝíáÌáèçìáôéêÜ ÉÉ
êáé ÉÉÉ ãéá Ðïëéôéêïýò Ìç÷áíéêïýò, Ýôóé êé åäþ Ý÷ïõí óõìðåñéëçöèåß ïñéóìÝíåò (áí êáé ü÷é ðÜñá
ðïëëÝò) åöáñìïãÝò áðü ôçí ÅðéóôÞìç ôïõÐïëéôéêïýÌç÷áíéêïý: Ôáëáíôþóåéò, ÄõíáìéêÞ ôùí Êáôá-
óêåõþí, Ìç÷áíéêÞ ôùí Õëéêþí (Åëáóôéêüôçôá, Äïêïß), Ñåõóôïìç÷áíéêÞ, ÐëÜêåò êáé ÐåñéâáëëïíôéêÞ
Ìç÷áíéêÞ. Åýëïãá éäéáßôåñç Ýìöáóç äüèçêå óôï notebook ãéá ôçí åðßëõóç äéáöïñéêþí åîéóþóåùí.

ÖõóéêÜ ôï âéâëßï áõôü äå èá õðÞñ÷å ÷ùñßò ôçí ðñùôïâïõëßá ôïõ ÔìÞìáôïò Ðïëéôéêþí Ìç-
÷áíéêþí íá åéóáãÜãåé åñãáóôÞñéï óôï Õðïëïãéóôéêü ÊÝíôñï óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ, ìéá
éäéáßôåñá áîéÝðáéíç ðñùôïâïõëßá. Óôçí ðñùôïâïõëßá áõôÞ Þñèå áñùãüò êáé ôï Ãåíéêü ÔìÞìá, Ôï-
ìÝáò ÅöáñìïóìÝíùíÌáèçìáôéêþí êáéÌç÷áíéêÞò, üðïõ áíáôßèåíôáé ôá ìáèÞìáôá ÅöáñìïóìÝíùí
Ìáèçìáôéêþí ôïõ ÔìÞìáôïò Ðïëéôéêþí Ìç÷áíéêþí, ìå ôçí áãïñÜ üëïõ ôïõ áíáãêáßïõ ëïãéóìéêïý
ôçò Mathematica: ðÜíù áðü ðåíÞíôá Üäåéåò äéáñêïýò ÷ñÞóåùò. Êáé óôá äýï áõôÜ TìÞìáôá ôçò



viii (Ðñüëïãïò) ×ÑÇÓÉÌÅÓ ÅÍÔÏËÅÓ ÔÇÓ MATHEMATICA ÃÉÁ ÐÏËÉÔÉÊÏÕÓ ÌÇ×ÁÍÉÊÏÕÓ:

Ðïëõôå÷íéêÞò Ó÷ïëÞò ôïõ Ðáíåðéóôçìßïõ Ðáôñþí åßìáé åéëéêñéíÜ åõãíþìùí. Åßìáé åðßóçò åõãíþ-
ìùí óôï ÄéåõèõíôÞ ôïõ Õðïëïãéóôéêïý ÊÝíôñïõ ê. Ãåþñãéï Ôóüêï ãéá ôç óõíå÷Þ âïÞèåéÜ ôïõ êáôÜ
ôç äéÜñêåéá ôùí åñãáóôçñßùí ÅöáñìïóìÝíùí Ìáèçìáôéêþí êáé ãéá ôçí Üñéóôç ëåéôïõñãßá ôïõ
Õðïëïãéóôéêïý ÊÝíôñïõ ãåíéêüôåñá.

ºóùò üìùò üëá áõôÜ äåí åßíáé ôüóï óçìáíôéêÜ ìðñïóôÜ óôï «áãêÜëéáóìá» áðü ðïëëïýò öïé-
ôçôÝò êáé öïéôÞôñéåò Ðïëéôéêïýò Ìç÷áíéêïýò ôïõ åñãáóôçñßïõ óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ êáé
óôï Ýíôïíï åíäéáöÝñïí ôïõò ãé’ áõôü. Ôïýôï ìÜëéóôá Ý÷åé áõîçèåß êáôÜ ôá ôåëåõôáßá ÁêáäçìáúêÜ
¸ôç. Áõôü ôï åíäéáöÝñïí õðÞñîå êáé ç êýñéá þèçóç ó’ åìÝíá, þóôå íá îåêéíÞóù óéãÜ--óéãÜ ôçí
ðñïåôïéìáóßá ôïõ ðáñüíôïò âéâëßïõ ìå ôç óýíïøç ôùí ÷ñÞóéìùí åíôïëþí ôçò Mathematica ãéá
Ðïëéôéêïýò Ìç÷áíéêïýò.

Åßíáé óßãïõñá êïéíïôïðßá, áëë’ áò ëå÷èåß êé åäþ ãéá ôçí ðëçñüôçôá áõôïý ôïõ óýíôïìïõ ðñï-
ëüãïõ, üôé ï çëåêôñïíéêüò õðïëïãéóôÞò áðïôåëåß áíáãêáßï «åñãáëåßï» ôïõ Ðïëéôéêïý Ìç÷áíéêïý
ãéá ôçí åêôÝëåóç êÜèå åßäïõò õðïëïãéóìþí óôçí åñãáóßá ôïõ, åäþ êõñßùò óõìâïëéêþí õðïëïãé-
óìþí, ðïõ óõ÷íÜ üìùò êáôáëÞãïõí óå áñéèìçôéêÜ áðïôåëÝóìáôá. ÖõóéêÜ åßíáé áõôïíüçôï üôé
êáìßá åíôïëÞ äå ìðïñåß íá óõíôá÷èåß ãéá ðñüâëçìá ôïõ Ðïëéôéêïý Ìç÷áíéêïý (êáé ü÷é ìüíï . . . ),
åÜí ï óõíôÜêôçò ôçò, Ýóôù êáé ï åéäÞìùí óôïí õðïëïãéóôÞ, åäþ óôïõò óõìâïëéêïýò õðïëïãéóìïýò
êáé óôç Mathematica, äåí êáôÝ÷åé ðëÞñùò ôéò ó÷åôéêÝò èåùñçôéêÝò ãíþóåéò. ÁõôÝò åßíáé ðïõ èá
ôïõ åðéôñÝøïõí íá ðñïãñáììáôßóåé óùóôÜ, þóôå íá âñåé ôá æçôïýìåíá áðïôåëÝóìáôá. Äåí åßíáé
áñêåôü íá ãíùñßæåé ôéò åíôïëÝò ôéò Mathematica. ÐñÝðåé ðñþôá áð’ üëá íá îÝñåé ÌáèçìáôéêÜ êáé
íá êáôÝ÷åé ôçí ÅðéóôÞìç ôïõ Ðïëéôéêïý Ìç÷áíéêïý!

Óôï óçìåßï áõôü èá Þèåëá íá åõ÷áñéóôÞóù îáíÜ ôéò Gotsis Åêäüóåéò óôçí ÐÜôñá êáé éäéáßôåñá
ôïí õðåýèõíü ôïõò ê. ¢ããåëï Ãêüôóç ãéá ôï åíäéáöÝñïí ôïõò óôï ðáñüí âéâëßï êáé ôçí ôüóï åðéìå-
ëçìÝíç ðñïåôïéìáóßá êáé åêôýðùóÞ ôïõ. Ðñüêåéôáé, åðáíáëáìâÜíåôáé, ãéá ìéá éäéáßôåñá áîéÝðáéíç
ðñùôïâïõëßá ôùí Gotsis Åêäüóåùí êáé ìÜëéóôá ïõóéáóôéêÜ ÷ùñßò éäéáßôåñï ïéêïíïìéêü üöåëïò. Ôï
ôåëåõôáßï äõóôõ÷þò éó÷ýåé åîáéôßáò ôïõ ôüóïõ åîåéäéêåõìÝíïõ ÷áñáêôÞñá ôùí äéäáêôéêþí áõôþí
âéâëßùí ðïõ äåí åðéôñÝðåé ôçí åõñåßá äéÜèåóÞ ôïõò óå ðëáôý áíáãíùóôéêü êïéíü êáé ôá ðåñéïñßæåé
óå Ðïëéôéêïýò Ìç÷áíéêïýò.

Åíôïýôïéò èåùñþðùò åßíáé ðñïôéìüôåñï íá Ý÷ïõí ïé öïéôçôÝò êáé ïé öïéôÞôñéåò Ðïëéôéêïß Ìç÷á-
íéêïß ôá «äéêÜ ôïõò» âéâëßá ÅöáñìïóìÝíùí Ìáèçìáôéêþí ðáñÜ íá ðñïóöåýãïõí óå ãåíéêÜ âéâëßá
Ìáèçìáôéêþí Þ áêüìç êáé óå ãåíéêÜ âéâëßá ÅöáñìïóìÝíùí Ìáèçìáôéêþí. ÁõôÜ ìåñéêÝò öïñÝò
äå ìðïñïýí íá ôïõò äþóïõí/íá ôéò äþóïõí ôï âÝëôéóôï ãéá ôéò äéêÝò ôïõò áíÜãêåò óôçí ÅðéóôÞìç
ôïõ Ðïëéôéêïý Ìç÷áíéêïý. ÌÜëéóôá óå ïñéóìÝíåò ðåñéðôþóåéò äå äåß÷íïõí êáèáñÜ ôç óõó÷Ýôéóç
áíÜìåóá óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ êáé óôá Üëëá ìáèÞìáôá ôçò ÅðéóôÞìçò ôïõ Ðïëéôéêïý
Ìç÷áíéêïý. Ìå ôá ðáñüíôá äýï óõããñÜììáôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ ÉÉ êáé ÉÉÉ ãßíåôáé åäþ
ç ðñïóðÜèåéá íá êáôáóôåß åìöáíÝò ðùò ôá ìáèÞìáôá ÅöáñìïóìÝíáÌáèçìáôéêÜ ÉÉ êáé ÉÉÉ äåí åßíáé
áðïêïììÝíá áðü ôá Üëëá ìáèÞìáôá ðïõ äéäÜóêåôáé ï Ðïëéôéêüò Ìç÷áíéêüò, áëëÜ åßíáé öõóéïëï-
ãéêÜ óõíäåäåìÝíá ìå áõôÜ óå ìéá áëõóßäá ãíþóåùí.

Äåí ðñÝðåé åðßóçò íá ìç óçìåéùèåß üôé ï üñïò «ç Mathematica» ðïõ ÷ñçóéìïðïéåßôáé åäþ áíôß
ãéá ôïí üñï «ôï Mathematica» ãéá ôï ßäéï ðñüãñáììá öáßíåôáé íá ïöåßëåôáé óôï ÓôÝöáíï Ôñá÷áíÜ,
ðïõ ôïí åéóÞãáãå óôï äéêü ôïõ âéâëßï ãéá ôç Mathematica ôï 2001 (áíáöÝñåôáé óôç âéâëéïãñáößá).

Tåëåéþíïíôáò, èá Þèåëá íá óçìåéþóù ðùò ìå ìåãÜëç ÷áñÜ ìïõ èá äå÷èþ êÜèå õðüäåéîç ãéá
ôç âåëôßùóç êáé áõôïý ôïõ âéâëßïõ åßôå ìå ôç äéüñèùóç ëáèþí ðïõ Ý÷ïõí ðáñåéóöñýóåé åßôå êáé ìå
ïõóéáóôéêüôåñåò õðïäåßîåéò ùò ðñïò ôçí åðéëïãÞ ôùí åíôïëþí, ôï ðåñéå÷üìåíï, ôá ðáñáäåßãìáôá
êáé ôéò åöáñìïãÝò, êëð. Èá åßìáé ðñáãìáôéêÜ åõãíþìùí ãéá êÜèå ôÝôïéá õðüäåéîç!

ÐÜôñá, ÖåâñïõÜñéïò 2008
Íéêüëáïò É. Éùáêåéìßäçò

e-mail: n.ioakimidis@upatras.gr



ÐÁÑÁÔÇÑÇÓÅÉÓ (ÐáñáôçñÞóåéò) ix

ÐÁÑÁÔÇÑÇÓÅÉÓ

• ÐÁÑÁÔÇÑÇÓÇ ÃÉÁ ÔÏ ÐÑÏÃÑÁÌÌÁ ÕÐÏËÏÃÉÓÌÙÍ

Ôï ðåñéå÷üìåíï áõôïý ôïõ Ôåý÷ïõò 3 ôùí ÅöáñìïóìÝíùí Ìáèçìáôéêþí ÉÉ ãéá Ðïëéôéêïýò
Ìç÷áíéêïýò áöïñÜ óå ×ñÞóéìåò ÅíôïëÝò ôçò Mathematica ãéá Ðïëéôéêïýò Ìç÷áíéêïýò. ×ñçóé-
ìïðïéÞèçêå ç Ýêäïóç (version) 4.1 ôçò Mathematica ðïõ åßíáé äéáèÝóéìç óôï ãñÜöïíôá. Ôï êýñéï
ìÝñïò ôïõ ôåý÷ïõò áõôïý áðïôåëåßôáé áðü åßêïóé äýï notebooks ôçò Mathematica: åéêïóéÝíá ãéá
÷ñÞóéìåò åíôïëÝò ôçò êáé Ýíá ãéá êßíçóç óå ó÷Þìáôá (animations). ¸ôóé áðü åêðáéäåõôéêÞò áðü-
øåùò ï ÷ñÞóôçò êé ç ÷ñÞóôñéá ôçò Mathematica Ðïëéôéêüò Ìç÷áíéêüò ðñÝðåé íá ðáßñíïõí ôá ßäéá
áêñéâþò áðïôåëÝóìáôá ãéá ôéò ßäéåò åíôïëÝò, åöüóïí âÝâáéá ÷ñçóéìïðïéïýí ôçí Ýêäïóç (version)
4.1 ôçò Mathematica. Ãéá Üëëåò åêäüóåéò ôçò Mathematica ðñïöáíþò èá õðÜñ÷ïõí êÜðïéåò ìéêñï-
äéáöïñÝò, ü÷é üìùò éäéáßôåñá óçìáíôéêÝò ãéá ôïí Ðïëéôéêü Ìç÷áíéêü.

• ÐÁÑÁÔÇÑÇÓÇ ÃÉÁ ÔÇN ÏÑÈÏÔÇÔÁ ÔÙÍ ÕÐÏËÏÃÉÓÌÙÍ

ÇMathematica åßíáé Ýíá åîáéñåôéêÜ áîéüðéóôï ìáèçìáôéêü ðñüãñáììá óõìâïëéêþí êáé áñéèìç-
ôéêþí õðïëïãéóìþí åðéðëÝïí êáé ìå åêðëçêôéêÝò äõíáôüôçôåò óôéò ãñáöéêÝò ðáñáóôÜóåéò. Åíôïý-
ôïéò êÜèå óýíèåôï ðñüãñáììá, üðùò åßíáé êáé ç Mathematica, åßíáé ðéèáíü íá ðåñéÝ÷åé Ýíáí ðïëý
ìéêñü áñéèìü ëáèþí. ÊáôÜ óõíÝðåéá, åíþ ôá áðïôåëÝóìáôá ôùí õðïëïãéóìþí ìå ôç Mathematica
óôá notebooks ðïõ áêïëïõèïýí åßíáé óùóôÜ óôç óõíôñéðôéêÞ ðëåéïíüôçôÜ ôïõò, åíôïýôïéò óå
åîáéñåôéêÜ óðÜíéåò ðåñéðôþóåéò ìðïñåß íá åßíáé åóöáëìÝíá. ÅðïìÝíùò åßíáé êáëü ï Ðïëéôéêüò
Ìç÷áíéêüò íá åðáëçèåýåé ôá áðïôåëÝóìáôá ôçò Mathematica. Áõôü ìðïñåß íá ãßíåôáé åßôå (á) ìå
Üìåóç åðáëÞèåõóç, ãéá ðáñÜäåéãìá áíôéêáèéóôþíôáò ôç ëýóç ìéáò äéáöïñéêÞò åîéóþóåùò óôç
äéáöïñéêÞ åîßóùóç ðïõ êáôáëÞãåé Ýôóé óå ôáõôüôçôá åßôå (â) êÜíïíôáò ôïõò õðïëïãéóìïýò êáé ìå
äåýôåñï, äéáöïñåôéêü ôñüðï êáé âñßóêïíôáò ôï ßäéï (Þ áðüëõôá éóïäýíáìï) áðïôÝëåóìá, ãéá ðá-
ñÜäåéãìá ëýíïíôáò ìéá ãñáììéêÞ äéáöïñéêÞ åîßóùóç ìå óôáèåñïýò óõíôåëåóôÝò (i) ìå ôïí êëáóéêü
ôñüðï êáé (ii) ìå ôç ìÝèïäï ôïõ ìåôáó÷çìáôéóìïý Laplace êáé óõãêñßíïíôáò ôá äýï áðïôåëÝóìáôá.

• ÐÁÑÁÔÇÑÇÓÇ ÃÉÁ ÔÏ ÅÌÐÏÑÉÊÏ ÓÇÌÁ MATHEMATICA

H ëÝîç Mathematica áðïôåëåß êáôáôåèåéìÝíï åìðïñéêü óÞìá (registered trademark, óÞìá êáôá-
ôåèÝí) ôçò åôáéñåßáò Wolfram Research, Inc., 100 Trade Center Drive, Champaign, IL 61820--7237,
Ç.Ð.Á. Äéêôõáêüò ôüðïò: http://www.wolfram.com. Ç ÷ñÞóç ôçò ëÝîåùòMathematica åäþ ãßíåôáé
ìå ðëÞñç áíáãíþñéóç ôïõ åìðïñéêïý áõôïý óÞìáôïò ôçò åôáéñåßáò Wolfram Research, Énc.



x (ÐáñáôçñÞóåéò) ×ÑÇÓÉÌÅÓ ÅÍÔÏËÅÓ ÔÇÓ MATHEMATICA ÃÉÁ ÐÏËÉÔÉÊÏÕÓ ÌÇ×ÁÍÉÊÏÕÓ:



! Notebook  E0 

ÐÁÑÁÔÇÑÇÓÅÉÓ ÊÁÉ ÅÍÔÏËÅÓ ÃÅÍÉÊÇÓ ×ÑÇÓÅÙÓ
5 ÐÁÑÁÔÇÑÇÓÅÉÓ ÊÁÉ 21  ÅÍÔÏËÅÓ:  Ã1. Timing,  Ã2. Needs,  Ã3. Off,   

Ã4. Clear,  Ã5. Remove,  Ã6. Sign,  Ã7. Options,  Ã8. SetOptions, 

Ã9. Attributes,  Ã10. SetAttributes,  Ã11. ClearAttributes,  Ã12. Short, 

Ã13. ?,  Ã14. ??,  Ã15. OutPutForm,  Ã16. TraditionalForm,  Ã17. FullForm, 

Ã18. Head,  Ã19. Function,  Ã20. Evaluate,  Ã21. Map

! ÐÁÑÁÔÇÑÇÓÇ R1:  ÅÌÖÁÍÉÓÇ ÅÉÄÉÊÙÍ ÓÕÌÂÏËÙÍ 
Åêôüò áðü ôá ãñÜììáôá (ìéêñÜ êáé êåöáëáßá) ç Mathematica åìöáíßæåé áñêåôÜ åýêïëá êáé ðÜñá ðïëëÜ

ìáèçìáôéêÜ óýìâïëá ôá ïðïßá äåí åßíáé äéáèÝóéìá óôï ðëçêôñïëüãéï ìå áêïëïõèßåò Esc, äçëáäÞ Esc

êáôÜëëçëïé ÷áñáêôÞñåò êáé îáíÜ Esc. Ðáñáäåßãìáôá ôÝôïéùí áêïëïõèéþí Esc åßíáé ôá åîÞò:

 Esc int Esq ! ! ,  Esc cint Esc ! " ,  Esc sum Esc ! # ,  Esc prod Esc ! $ , Esc inf Esc ! " , 

 Esc +- Esc ! ± ,  Esc -+ Esc ! " ,  Esc <= Esc ! # ,  Esc >= Esc ! $ ,  Esc dd Esc ! % , 

 Esc ee Esc ! &,  Esc ii Esc ! ' ,   Esc cross Esc ! ( ,   Esc pd Esc ! ) ,   Esc == Esc ! * , 

 Esc and Esc ! % ,   Esc or Esc ! &,   Esc not Esc ! ¬ ,   Esc -> Esc ! !,  Esc === Esc ! + , 

 Esc deg Esc ! ° ,  Esc del Esc ! ,,  Esc => Esc ! -,  Esc <=> Esc ! .,  Esc elem Esc ! / ,

 Esc ex Esc ! 0 ,  Esc fa Esc ! 1  êáé ðÜñá ðïëëÜ áêüìç ìáèçìáôéêÜ óýìâïëá: üëá ôá óýìâïëá. 

! ÐÁÑÁÔÇÑÇÓÇ R2:  ÅÌÖÁÍÉÓÇ ÅËËÇÍÉÊÙÍ ÃÑÁÌÌÁÔÙÍ 
Ç Mathematica  åìöáíßæåé åýêïëá êáé ôá ÅëëçíéêÜ ãñÜììáôá (ôüóï ôá êåöáëáßá üóï êáé êáé ìéêñÜ) óáí

óýìâïëá óôéò åíôïëÝò ôçò ìå  Esc  Ýíá áíôßóôïé÷ï Ëáôéíéêü ãñÜììá êáé  îáíÜ Esc.  Ãéá ïñéóìÝíá üìùò

ãñÜììáôá ç áíôéóôïé÷ßá äåí åßíáé ðñïöáíÞò. Ôá ãñÜììáôá áõôÜ åßíáé ôá åîÞò:

 Esc q Esq ! 2,  Esc Q Esc ! 3,   Esc x Esc ! 4,  Esc X Esc ! 5,  Esc u Esc ! 6,   Esc Y Esc ! 7,  

 Esc c Esc ! 8,  Esc y Esc ! 9,   Esc Y Esc ! :,   Esc o Esc ! ;,   Esc O Esc ! <,  Esc fs Esc ! =

Ìéá åíáëëáêôéêÞ äõíáôüôçôá (ðïõ üìùò äå óõíéóôÜôáé óôéò åíôïëÝò ôçò Mathematica, åíþ óõíéóôÜôáé

óôç ãñáöÞ êåéìÝíïõ üðùò óõìâáßíåé åäþ) áðïôåëåß ôï ãýñéóìá ôïõ ðëçêôñïëïãßïõ óôá ÅëëçíéêÜ, ðñéí

íá ãñáöåß êÜðïéï Åëëçíéêü ãñÜììá, êáé ìåôÜ åðéóôñïöÞ óôï Ëáôéíéêü ðëçêôñïëüãéï. Ðáñáäåßãìáôá:

In[1]:= !"!"#$%&'()*+,-./012345678", "!"#$%&'()*"";
! ÐÁÑÁÔÇÑÇÓÇ R3:  ÐÑÏÔÅÑÁÉÏÔÇÔÁ ÔÙÍ ÐÑÁÎÅÙÍ 

Ç Mathematica  ÷ñçóéìïðïéåß ôïõò óõíçèéóìÝíïõò êáíüíåò ãéá ôçí ðñïôåñáéüôçôá ôùí ðñÜîåùí: ðñï-

çãïýíôáé  ïé  õøþóåéò  óå  äõíÜìåéò.  Áêïëïõèïýí  ìå  ßóåò  ðñïôåñáéüôçôåò  ïé  ðïëëáðëáóéáóìïß  êáé  ïé
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äéáéñÝóåéò. ÔÝëïò Ýñ÷ïíôáé ïé ðñïóèÝóåéò êáé ïé áöáéñÝóåéò (êé áõôÝò ìå ßóåò, áëëÜ ôþñá ôüóï ìéêñÝò

ðñïôåñáéüôçôåò). Ïé ðñïôåñáéüôçôåò áõôÝò ìðïñïýí íá áëëÜæïõí ìå ðáñåíèÝóåéò. Ðáñáäåßãìáôá:

In[2]:= !q 9 2 33 : 4 : 5#6, q 99 2;$33% : 4 : $5 #6%, q 99 2;$33% : $4 : 5% #6 "
Out[2]= ! 353

!!!!!!!!!!
6

, True, False"
! ÐÁÑÁÔÇÑÇÓÇ R4:  ÐÁÑÅÍÈÅÓÅÉÓ, ÁÃÊÕËÅÓ KAI ÁÃÊÉÓÔÑÁ  

Ç Mathematica  ÷ñçóéìïðïéåß  ôéò  ðáñåíèÝóåéò  (  )  óôéò  ðáñáóôÜóåéò  ôçò,  ãéá  íá êáèïñßóåé  ôçí  ðñïôå-

ñáéüôçôá  óôéò  áñéèìçôéêÝò  êáé  áëãåâñéêÝò  ðñÜîåéò,  üðïõ  áõôÞ  ÷ñåéÜæåôáé  íá  êáèïñéóèåß  åßôå  ïõóéá-

óôéêÜ åßôå áðëÜ ãéá íá ãßíåé óáöÞò ç ðáñÜóôáóç. Ôéò áãêýëåò [ ]  ôéò  ÷ñçóéìïðïéåß óôéò åíôïëÝò ôçò

(êáé  óôéò  óõíáñôÞóåéò  ôçò),  ãéá  íá  ðåñéêëåßïõí  ôá  ïñßóìáôá.  Äåí  åðéôñÝðåôáé  íá  ÷ñçóéìïðïéïýíôáé

áãêýëåò óå áëãåâñéêÝò ðáñáóôÜóåéò. Ôá Üãêéóôñá { } ôá ÷ñçóéìïðïéåß óå ëßóôåò, óýíïëá êáé ìçôñþá.

Ðáñáäåßãìáôá:

In[3]:= !1 : 2#3, $1 : 2%#3, $a : b%2, Expand&$a : b%2',
Cos&7 t', v 9 !a, b, c", Union&!d, e", !e, f"' "

Out[3]= ! 5
!!!!
3
, 1, #a " b$2, a2 " 2 a b " b2, Cos%t #&, 'a, b, c(, 'd, e, f("

! ÐÁÑÁÔÇÑÇÓÇ R5:  ÏÑÉÓÌÏÓ ÓÕÍÁÑÔÇÓÅÙÍ  
Óôç  Mathematica  ìðïñïýí  åýêïëá  íá  ïñéóèïýí  óõíáñôÞóåéò,  üðùò  öáßíåôáé  óôá  ðáñáäåßãìáôá  ðïõ

áêïëïõèïýí. Óçìåéþíåôáé ìå Ýìöáóç ç õðï÷ñåùôéêÞ ÷ñÞóç ôçò êÜôù ðáýëáò ìåôÜ áðü êáèÝíá üñéóìá

(ìåôáâëçôÞ) óôïõò ïñéóìïýò óõíáñôÞóåùí. ÁõôÞ åßíáé áðüëõôá áíáãêáßá.  Óôïí ïñéóìü óõíáñôÞóåùò

÷ñçóéìïðïéåßôáé ôï óýìâïëï ßóïí, äçëáäÞ ôï = . ¼ìùò óå ïñéóìÝíåò (ü÷é êáé ðïëëÝò  . . . ) ðåñéðôþóåéò

ðïõ åßíáé  åðéèõìçôüò ï êáèõóôåñçìÝíïò (ü÷é  ï Üìåóïò) õðïëïãéóìüò ôçò óõíáñôÞóåùò ðïõ ïñßæåôáé

÷ñçóéìïðïéåßôáé ôï óýìâïëï := áíôß ãéá ôï óýìâïëï = .  Ðáñáäåßãìáôá:

In[4]:= !p&t_' 9 p0;Cos&7 t', p&0', p&1', p&t0'"
Out[4]= 'Cos%t #& p0, p0, Cos%#& p0, Cos%# t0& p0(
In[5]:= !u&x_, y_, z_' 9 x y2;z3, u&a, b, c'"
Out[5]= 'x y2 z3, a b2 c3(
In[6]:= !f&k_, n_' :9 Table&mk, !m, 1, n"', f&2, 3', f&5, 5'"
Out[6]= 'Null, '1, 4, 9(, '1, 32, 243, 1024, 3125((
! ÅÍÔÏËÇ Ã1:  ×ÑÏÍÏÓ ÌÇ×ÁÍÇÓ ÃÉÁ ÕÐÏËÏÃÉÓÌÏ

Timing[ÐáñÜóôáóç]

Ç åíôïëÞ áõôÞ õðïëïãßæåé ôçí ðáñÜóôáóç óôï üñéóìÜ ôçò êáé äßíåé óáí áðïôÝëåóìá ìéá ëßóôá ìå äýï
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óôïé÷åßá.  Ôï  ðñþôï  óôïé÷åßï  ôçò  ëßóôáò  åßíáé  ï  ÷ñüíïò  ìç÷áíÞò  (CPU)  óå  äåõôåñüëåðôá  ï  ïðïßïò

áðáéôÞèçêå ãéá ôïí õðïëïãéóìü êáé ôï äåýôåñï óôïé÷åßï ôçò ëßóôáò åßíáé ôï ßäéï ôï áðïôÝëåóìá ôïõ

õðïëïãéóìïý, ôï áðïôÝëåóìá ðïõ èá ðáßñíáìå êáé ÷ùñßò ôç ÷ñÞóç ôçò åíôïëÞò Timing.  ÐáñÜäåéãìá:

In[7]:= Timing&Expand&$a : b : c%2''
Out[7]= '0. Second, a2 " 2 a b " b2 " 2 a c " 2 b c " c2(
! ÅÍÔÏËÇ Ã2:  ÊËÇÓÇ (ÖÏÑÔÙÌÁ) ÐÁÊÅÔÏÕ

Needs["ÐáêÝôï"]   Þ éóïäýíáìá   << ÐáêÝôï

Ìå ôçí åíôïëÞ áõôÞ êáëïýìå  (öïñôþíïõìå)  Ýíá ðáêÝôï  ôçò Mathematica  ðïõ ðåñéÝ÷åé  ÷ñÞóéìåò ãéá

ìáò  åíôïëÝò  óôïõò  ðáñáðÝñá  õðïëïãéóìïýò  ìáò.   Óçìåéþíïõìå  üôé  ôï  óýìâïëï  ôçò  âáñåßáò  `  (ðïõ

õðåéóÝñ÷åôáé  óôá  ïíüìáôá  ôùí  ðáêÝôùí  ôçò  Mathematica)  âñßóêåôáé  óôï  ðÜíù  áñéóôåñü  Üêñï  ôïõ

ðëçêôñïëïãßïõ  óôï  ßäéï  ðëÞêôñï  ìå  ôçí  ÅëëçíéêÞ  ðåñéóðùìÝíç:  áêñéâþò  áðü  êÜôù.  ÐáñáôÞñçóç:

ÅÜí  êáôÜ  ëÜèïò  ÷ñçóéìïðïéçèåß  êÜðïéá  åíôïëÞ  ôçò  Mathematica  ðñéí  áðü  ôçí  êëÞóç  (ôï  öüñôùìá)

ôïõ ðáêÝôïõ ðïõ ôçí ïñßæåé, ôüôå áõôÞ èá ðñÝðåé íá áðïìáêñõíèåß ìå ôçí åíôïëÞ Remove (êáé ü÷é ìå

ôçí  åíôïëÞ  Clear,  ðïõ  äå  öÝñíåé  êáíÝíá  áðïôÝëåóìá  ó'  áõôÞí  ôçí  ðåñßðôùóç)  ðñéí  áðü ôçí  êëÞóç

ôïõ ðáêÝôïõ Þ ëßãï ìåôÜ. Ç êëÞóç ôïõ ðáêÝôïõ èá Ýðñåðå íá åß÷å ãßíåé áðü ôçí áñ÷Þ! Ðáñáäåßãìáôá:

In[8]:= !Re&2 : 3;< ', Re&Cosh&2 : 3;<''"
Out[8]= '2, Re%Cosh%2 " 3 $&&(
In[9]:= Needs&"Algebra`ReIm`"'
In[10]:= Re&Cosh&2 : 3;<''
Out[10]= Cos%3& Cosh%2&
In[11]:= LaplacePDE 9 Laplacian&F&x, y, z', Cartesian&x, y, z'' = 0

Out[11]= Laplacian%F%x, y, z&, Cartesian%x, y, z&& %% 0

In[12]:= Remove&Laplacian, Cartesian'
In[13]:= Needs&"Calculus`VectorAnalysis "̀'
In[14]:= LaplacePDE 9 Laplacian&G&x, y, z', Cartesian&x, y, z'' = 0

Out[14]= G#0,0,2$%x, y, z& " G#0,2,0$%x, y, z& " G#2,0,0$%x, y, z& %% 0

! ÅÍÔÏËÇ Ã3:  ÌÇ ÅÊÔÕÐÙÓÇ ÌÇÍÕÌÁÔÙÍ
{Off[General : : spell] , Off[General : : spell1]}    (÷ùñßò êåíü óôï óýìâïëï : :)

Óôéò äýï ðéï ðÜíù ìïñöÝò ôçò ç åíôïëÞ Off áðïôñÝðåé ôçí åêôýðùóç ìçíõìÜôùí ó÷åôéêþí ìå ôçí ïñ-

èïãñáößá  óõìâüëùí:  spell  êáé  spell1  áíôßóôïé÷á.  Áõôü  ìáò  äéåõêïëýíåé  ìåñéêÝò  öïñÝò  êáé  ðñÜãìáôé

óõíéóôÜôáé, üôáí åßìáóôå óßãïõñïé üôé äå ÷ñåéáæüìáóôå ôá ó÷åôéêÜ ðñïåéäïðïéçôéêÜ ìçíýìáôá. ¢ëëåò

üìùò öïñÝò ìáò åßíáé  éäéáßôåñá âëáâåñü, åðåéäÞ ç ìç åêôýðùóç ôïõ ðñïåéäïðïéçôéêïý ìçíýìáôïò óå
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ðåñßðôùóç  êÜðïéïõ  ïñèïãñáöéêïý  ëÜèïõò  äå  ìáò  åðéôñÝðåé  íá  ôï  åðéóçìÜíïõìå  êáé  íá  ôï  âñïýìå

åýêïëá.  ¢ñá êáëü åßíáé ç åíôïëÞ áõôÞ íá ÷ñçóéìïðïéåßôáé ìå öåéäþ êáé êõñßùò óôçí ôåëéêÞ öÜóç ôçò

ðñïåôïéìáóßáò åíüò notebook ìå ôá ðåñéóóüôåñá ïñèïãñáöéêÜ ëÜèç Þäç äéïñèùìÝíá. Ðáñáäåßãìáôá:

In[15]:= !list1a 9 !a", list1b 9 !a, b""
General::spell1& : &
Possible spelling error: new symbol name "list1b" is similar to existing symbol "list1a".

Out[15]= ''a(, 'a, b((
In[16]:= !list1c 9 !a, b, c", list1d 9 !a, b, c, d""

General::spell& : &
Possible spelling error: new symbol name "list1c" is similar to existing symbols 'list1a, list1b(.

General::spell& : &
Possible spelling error: new symbol name "list1d" is similar to existing symbols 'list1a, list1b, list1c(.

Out[16]= ''a, b, c(, 'a, b, c, d((
In[17]:= !Off&General::spell', Off&General::spell1'";
In[18]:= !list1e 9 !e, f, g", list1f 9 !e, f, g, h, i""
Out[18]= ''e, f, g(, 'e, f, g, h, i((
! ÅÍÔÏËÇ Ã4:  ÓÂÇÓÉÌÏ (ÊÁÈÁÑÉÓÌÁ) ÌÅÔÁÂËÇÔÇÓ

Clear[ÌåôáâëçôÞ] 

Clear[ÌåôáâëçôÞ-1,  ÌåôáâëçôÞ-2,  ÌåôáâëçôÞ-3,  . . . ] 

Clear["@"]

ÌåôáâëçôÞ = .   Þ  ËßóôáÌåôáâëçôþí = .

ÓâÞíåé (êáèáñßæåé) ìéá ìåôáâëçôÞ ðïõ Ý÷åé óõãêåêñéìÝíç ôéìÞ, äçëáäÞ ç ìåôáâëçôÞ áõôÞ ãßíåôáé åëåý-

èåñç:  ÷ùñßò  êáìßá  ôéìÞ.  ¸ôóé  èá  ìðïñåß  íá  ÷ñçóéìïðïéåßôáé  óáí  åëåýèåñç  ìåôáâëçôÞ  ÷ùñßò  êáèïñé-

óìÝíç ôéìÞ. ÁíÜëïãá óâÞíåé êáé ìéá óõíÜñôçóç. Åðßóçò áíÜëïãá êáé ãéá ðïëëÝò ìåôáâëçôÝò Þ/êáé óõ-

íáñôÞóåéò. Óôçí ôñßôç ìïñöÞ ôçò óâÞíåé üëåò ôéò ìåôáâëçôÝò Þ óõíáñôÞóåéò ðïõ áñ÷ßæïõí áðü ìéêñü

ãñÜììá. Ç ôåëåõôáßá ìïñöÞ ôçò åíôïëÞò ìå ôï ßóïí êáé ìåôÜ ìßá ôåëåßá ìðïñåß åðßóçò íá ÷ñçóéìïðïé-

åßôáé.  ¼ôáí õðÜñ÷åé  äåßêôçò óôç ìåôáâëçôÞ (Þ óôéò ìåôáâëçôÝò),  ç ôåëåõôáßá ìïñöÞ åßíáé  êáé  ç ìüíç

ðïõ åßíáé áðïôåëåóìáôéêÞ, ëåéôïõñãåß ãéá ôï óâÞóéìï ôçò ìåôáâëçôÞò. Ðáñáäåßãìáôá:

In[19]:= !a 9 1, b 9 2, c 9 3, !a, b, c", Clear&a', !a, b, c", Clear&">"', !a, b, c""
Out[19]= '1, 2, 3, '1, 2, 3(, Null, 'a, 2, 3(, Null, 'a, b, c((
In[20]:= !u&t_' 9 u0 Cos&7 t', u&0', u&T', Clear&u', u&0', u&T'"
Out[20]= 'u0 Cos%t #&, u0, u0 Cos%T #&, Null, u%0&, u%T&(
In[21]:= !! 9 / #2, " 9 / #3, # 9 /, ! : " : #, Clear&!, ", #', ! : " : #"
Out[21]= ! '

!!!!
2
,

'
!!!!
3
, ',

11 '
!!!!!!!!!!!
6

, Null, ( " ) " *"
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In[22]:= !p1&t_' 9 p1, p2&t' 9 p2 Cos&7 t', p3&t_' 9 p3;Sin&7 t'";
In[23]:= !p&t_' 9 p1&t' : p2&t' : p3&t', p&t0', Clear&">"', p&t0'"
Out[23]= 'p1 " Cos%t #& p2 " Sin%t #& p3, p1 " Cos%# t0& p2 " Sin%# t0& p3, Null, p%t0&(
! ÅÍÔÏËÇ Ã5:  ÊÁÈÁÑÉÓÌÁ ÅÍÔÏËÇÓ ÌÇ ÖÏÑÔÙÌÅÍÏÕ ÐÁÊÅÔÏÕ 

Remove[ÅíôïëÞÐáêÝôïõ] 

Êáèáñßæåé  ìéá  åíôïëÞ  ðáêÝôïõ  ôçò  Mathematica  ðïõ  áðü  áðñïóåîßá  (êáêþò!)  ÷ñçóéìïðïéÞèçêå  ðñéí

áðü  ôçí  êëÞóç  (ôï  öüñôùìá)  ôïõ  ßäéïõ  ôïõ  ðáêÝôïõ.  (Åíåñãåß  åðßóçò  áíÜëïãá  ìå  ôçí  åíôïëÞ  Clear

êáé óå óõíçèéóìÝíåò ðåñéðôþóåéò ìåôáâëçôþí.) ¸íá ðáñÜäåéãìá äüèçêå ðñïçãïõìÝíùò óôçí åíôïëÞ

Needs (åíôïëÞ Ã2).

! ÅÍÔÏËÇ Ã6:  ÐÑÏÓÇÌÏ ÁÑÉÈÌÏÕ
Sign[Áñéèìüò]

Äßíåé  ôï  ðñüóçìï  (sign)  åíüò  áñéèìïý,  äçëáäÞ  +1,  åÜí  ï  áñéèìüò  åßíáé  èåôéêüò,  0,  åÜí  áõôüò  åßíáé

ìçäÝí, êáé –1, åÜí åßíáé áñíçôéêüò. Ðáñáäåßãìáôá: 

In[24]:= !Sign&?3', Sign&0', Sign&2', Sign&N&@'', Sign&2 ? 10 : 32', Sign&Sin&100''"
Out[24]= '+1, 0, 1, 1, 1, +1(
! ÅÍÔÏËÇ Ã7:  ÅÐÉËÏÃÅÓ ÅÍÔÏËÇÓ

Options[ÅíôïëÞ]

Äßíåé  ôéò  åðéëïãÝò (options)  ôçò åíôïëÞò ðïõ áíáöÝñåôáé  óáí üñéóìá êáé  ôéò  áñ÷éêÝò ôéìÝò ôïõò ðïõ

Ý÷åé  êáèïñßóåé  ç  Mathematica.  Áêïëïõèïýí  ðáñáäåßãìáôá  ãéá  ôéò  åðéëïãÝò  ôùí  åíôïëþí  Integrate

(ãéá ïëïêëÞñùóç),  NDSolve  (ãéá áñéèìçôéêÞ åðßëõóç äéáöïñéêþí åîéóþóåùí),  LaplaceTransform  (ãéá

ìåôáó÷çìáôéóìü  Laplace) êáé FourierTransform (ãéá ìåôáó÷çìáôéóìü Fourier):

In[25]:= Options&Integrate'
Out[25]= 'Assumptions , '(, GenerateConditions, Automatic, PrincipalValue , False(
In[26]:= Options&NDSolve'
Out[26]= !AccuracyGoal , Automatic, Compiled , True, DifferenceOrder , Automatic,

InterpolationPrecision, Automatic, MaxRelativeStepSize,
1
!!!!!!!
10

, MaxSteps , Automatic,

MaxStepSize , -, Method , Automatic, PrecisionGoal , Automatic, SolveDelayed , False,

StartingStepSize , Automatic, StoppingTest , None, WorkingPrecision , 16"
In[27]:= Options&LaplaceTransform'
Out[27]= 'Assumptions , '(, GenerateConditions, False,

PrincipalValue , False, Analytic , True(
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In[28]:= Options&FourierTransform'
Out[28]= 'Assumptions , '(, GenerateConditions, False, FourierParameters , '0, 1((
! ÅÍÔÏËÇ Ã8:  ÊÁÈÏÑÉÓÌÏÓ ÅÐÉËÏÃÙÍ ÅÍÔÏËÇÓ

SetOptions[ÅíôïëÞ,  ÅðéëïãÞ-1 ! ÔéìÞ1,  ÅðéëïãÞ-2 ! ÔéìÞ2,  . . . ] 

Ãéá ôçí åíôïëÞ óôï ðñþôï üñéóìá ç åíôïëÞ áõôÞ SetOptions  êáèïñßæåé ôéìÝò ãéá ìßá Þ ðåñéóóüôåñåò

áðü ôéò åðéëïãÝò ôçò. (Ôïýôï Ý÷åé íüçìá ìüíï åÜí ïé ôéìÝò ðïõ êáèïñßæïíôáé äéáöÝñïõí áðü ôéò ôéìÝò

ðïõ èÝôåé ìüíç ôçò áðü ôçí áñ÷Þ ç Mathematica  ãéá ôéò åðéëïãÝò áõôÝò.) Ïé ôéìÝò ôùí åðéëïãþí ðïõ

êáèïñßæïíôáé éó÷ýïõí óõíå÷þò, ìÝ÷ñé íá îáíááëëá÷èïýí ìå ôç ÷ñÞóç ôçò ßäéáò åíôïëÞò SetOptions. 

Ãéá  ðáñÜäåéãìá,  ç  åíôïëÞ  FourierTransform  (ãéá  ôïí  õðïëïãéóìü  ôïõ  ìåôáó÷çìáôéóìïý  Fourier  ìéáò

óõíáñôÞóåùò) Ý÷åé, üðùò Þäç åßäáìå ëßãï ðéï ðÜíù, ôéò åîÞò ôñåéò åðéëïãÝò:

In[29]:= Options&FourierTransform'
Out[29]= 'Assumptions , '(, GenerateConditions, False, FourierParameters , '0, 1((
Áðü  áõôÝò  ç  ôñßôç  FourierParameters  åßíáé  êñßóéìç  ãéá  ôïí  õðïëïãéóìü  ôïõ  ìåôáó÷çìáôéóìïý  Fourier

åðçñåÜæïíôáò ôïí ïñéóìü ôïõ.  Ïé  áñ÷éêÝò ôéìÝò ôùí ðáñáìÝôñùí áõôþí (0 êáé  1) äåí åßíáé  åêåßíåò ðïõ

÷ñçóéìïðïéåß  ï  Ðïëéôéêüò  Ìç÷áíéêüò.  ÅðïìÝíùò  ðñÝðåé  íá  áëëÜîïõí.  Ï  Ðïëéôéêüò  Ìç÷áíéêüò  èÝëåé  ïé

ðáñÜìåôñïé  áõôÝò  íá  Ý÷ïõí  ôéò  ôéìÝò  –1  êáé  1.  Áíôß  üìùò  íá  ôï  äçëþíåé  áõôü  ñçôÜ  êÜèå  öïñÜ  ðïõ

÷ñçóéìïðïéåß  ôçí åíôïëÞ FourierTransform  ìðïñåß  íá ôï äçëþóåé ìéá êáé êáëÞ ìå ôçí ðáñïýóá åíôïëÞ

SetOptions, óõãêåêñéìÝíá

In[30]:= SetOptions&FourierTransform, FourierParameters A !1, ?1"'
Out[30]= 'Assumptions , '(, GenerateConditions, False, FourierParameters , '1, +1((
Ôþñá ðéá ç Mathematica Ý÷åé áëëÜîåé ôéò ôéìÝò ôùí ðáñáìÝôñùí Fourier: FourierParameters

In[31]:= Options&FourierTransform'
Out[31]= 'Assumptions , '(, GenerateConditions, False, FourierParameters , '1, +1((
êáé åðïìÝíùò èá ÷ñçóéìïðïéåß óõíå÷þò ôï íÝï ïñéóìü ôïõ ìåôáó÷çìáôéóìïý Fourier: áõôüí ðïõ åðéèõìåß

óô' áëÞèåéá ï Ðïëéôéêüò Ìç÷áíéêüò. 

! ÅÍÔÏËÇ Ã9:  ÉÄÉÏÔÇÔÅÓ
Attributes[Óýìâïëï]

 Äßíåé ëßóôá ìå ôéò éäéüôçôåò ôïõ óõìâüëïõ. Ðáñáäåßãìáôá:

In[32]:= Attributes&/'
Out[32]= 'Constant, Protected, ReadProtected(
In[33]:= Attributes&Plus'
Out[33]= 'Flat, Listable, NumericFunction, OneIdentity, Orderless, Protected(
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In[34]:= Attributes&Sin'
Out[34]= 'Listable, NumericFunction, Protected(
In[35]:= Attributes&Plot'
Out[35]= 'HoldAll, Protected(
! ÅÍÔÏËÇ  Ã10:  ÊÁÈÏÑÉÓÌÏÓ ÉÄÉÏÔÇÔÙÍ 

SetAttributes[Óýìâïëï,  Éäéüôçôá]

ÐñïóèÝôåé  ôçí  éäéüôçôá  óôï  äåýôåñï  üñéóìá  óôï  óýíïëï  ôùí  éäéïôÞôùí  ôïõ  óõìâüëïõ  óôï  ðñþôï

üñéóìá. (Áõôü ôï óýíïëï ìðïñåß áñ÷éêÜ íá åßíáé êáé ôï êåíü óýíïëï. Åðßóçò áíôß ãéá ìßá éäéüôçôá ìðï-

ñïýìå íá Ý÷ïõìå êáé ëßóôá éäéïôÞôùí.) ÐáñÜäåéãìá ãéá ôç äÞëùóç ôïõ óõìâüëïõ ù óáí óôáèåñÜò:

In[36]:= SetAttributes&7, Constant'; Attributes&7'
Out[36]= 'Constant(
! ÅÍÔÏËÇ Ã11:  ÁÐÁËÏÉÖÇ ÉÄÉÏÔÇÔÙÍ 

ClearAttributes[Óýìâïëï,  Éäéüôçôá]

Áðáëåßöåé ôçí éäéüôçôá óôï äåýôåñï üñéóìá áðü ôï óýíïëï ôùí éäéïôÞôùí ôïõ óõìâüëïõ óôï ðñþôï

üñéóìá. (Áíôß ãéá ìßá éäéüôçôá ìðïñïýìå íá Ý÷ïõìå êáé ëßóôá éäéïôÞôùí.) ÐáñÜäåéãìá ãéá ôçí áöáßñåóç

ôçò éäéüôçôáò ôïõ óõìâüëïõ ù óáí óôáèåñÜò ðïõ äçëþèçêå óôçí ðñïçãïýìåíç åíôïëÞ:

In[37]:= ClearAttributes&7, Constant'
! ÅÍÔÏËÇ Ã12:  ÓÕÍÔÏÌÇ ÃÑÁÖÇ ÁÐÏÔÅËÅÓÌÁÔÏÓ 

Short[ÐëÞñçòÅíôïëÞ]

Ìå ôçí åíôïëÞ áõôÞ ôï áðïôÝëåóìá ôùí õðïëïãéóìþí óå ìéá ðëÞñç åíôïëÞ ôçò Mathematica  ãñÜöå-

ôáé óå óýíôïìç ìïñöÞ ìéáò ìüíï ãñáììÞò ìå ôçí ðáñÜëåéøç ðïëëþí Þ êáé ðÜñá ðïëëþí åíäéÜìåóùí

üñùí. Áõôü åßíáé ÷ñÞóéìï, ìüíï åÜí ôï áðïôÝëåóìá ìéáò åíôïëÞò åßíáé ðïëý ìáêñý êáé ìáò äõóêïëåýåé.

ÐáñÜäåéãìá ãéá ôï áíÜðôõãìá ìéáò äõíÜìåùò áèñïßóìáôïò ìå ðïëëïýò üñïõò:

In[38]:= $a : b%30 ## Expand

Out[38]= a30 " 30 a29 b " 435 a28 b2 " 4060 a27 b3 " 27405 a26 b4 " 142506 a25 b5 "

593775 a24 b6 " 2035800 a23 b7 " 5852925 a22 b8 " 14307150 a21 b9 " 30045015 a20 b10 "

54627300 a19 b11 " 86493225 a18 b12 " 119759850 a17 b13 " 145422675 a16 b14 "

155117520 a15 b15 " 145422675 a14 b16 " 119759850 a13 b17 " 86493225 a12 b18 "

54627300 a11 b19 " 30045015 a10 b20 " 14307150 a9 b21 " 5852925 a8 b22 " 2035800 a7 b23 "

593775 a6 b24 " 142506 a5 b25 " 27405 a4 b26 " 4060 a3 b27 " 435 a2 b28 " 30 a b29 " b30

Ìå ôç ÷ñÞóç ôçò åíôïëÞò Short  ãñÜöïíôáé óáí áðïôÝëåóìá ìüíï ïé ðñþôïé êáé ïé ôåëåõôáßïé  üñïé ôïõ

ðéï ðÜíù áðïôåëÝóìáôïò. Ðïëëïß åíäéÜìåóïé üñïé (åäþ 26 üñïé), åíþ õðïëïãßóèçêáí, Ý÷ïõí ðáñáëåéöèåß:
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In[39]:= $a : b%30 ## Expand ## Short

Out[39]//Short=

a30 " 30 a29 b " 435 a28 b2 ".26/" 30 a b29 " b30

! ÅÍÔÏËÇ Ã13:  ÐËÇÑÏÖÏÑÉÅÓ ÃÉÁ ÅÍÔÏËÇ  
? ÅíôïëÞ

Ìå  ôçí  åíôïëÞ  áõôÞ  äßíïíôáé  ðëçñïöïñßåò  ãéá  ìéá  åíôïëÞ  ôçò  Mathematica.  Ðáñáäåßãìáôá  ãéá  ôéò

åíôïëÝò Simplify  (ãéá áðëïðïßçóç),  Integrate  (ãéá ïëïêëÞñùóç)  êáé DSolve  (ãéá åðßëõóç äéáöïñéêþí

åîéóþóåùí)

In[40]:= ? Simplify

Simplify%expr& performs a sequence of algebraic
transformations on expr, and returns the simplest form it finds.

Simplify%expr, assum& does simplification using assumptions. More…

In[41]:= ?Integrate

Integrate%f, x& gives the indefinite integral of f with respect to x.
Integrate%f, 'x, xmin, xmax(& gives the definite integral of f with respect

to x from xmin to xmax. Integrate%f, 'x, xmin, xmax(, 'y, ymin, ymax(&
gives a multiple definite integral of f with respect to x and y. More…

In[42]:= ?DSolve

DSolve%eqn, y, x& solves a differential equation for the function y, with independent
variable x. DSolve%'eqn1, eqn2, ... (, 'y1, y2, ... (, x& solves a list of differential

equations. DSolve%eqn, y, 'x1, x2, ... (& solves a partial differential equation. More…

! ÅÍÔÏËÇ Ã14:  ÐËÇÑÅÉÓ ÐËÇÑÏÖÏÑÉÅÓ ÃÉÁ ÅÍÔÏËÇ 
?? ÅíôïëÞ

Ìå  ôçí  åíôïëÞ  áõôÞ  äßíïíôáé  ðÜëé  ðëçñïöïñßåò  ãéá  ìéá  åíôïëÞ  ôçò  Mathematica,  ôþñá  üìùò  ëßãï

ðåñéóóüôåñåò áðü ôçí ðñïçãïýìåíç åíôïëÞ ?. ÓõãêåêñéìÝíá ôþñá ðåñéëáìâÜíïíôáé ç ðåñéãñáöÞ ôçò

åíôïëÞò (ðñþôç ðáñÜãñáöïò), ïé éäéüôçôÝò ôçò (äåýôåñç ðáñÜãñáöïò) êáèþò êáé ïé åðéëïãÝò ôçò ìáæß

ìå ôéò áñ÷éêÝò ôéìÝò ðïõ ôïõò äßíåé ç Mathematica (ôñßôç ðáñÜãñáöïò). Ðáñáäåßãìáôá ãéá ôéò åíôïëÝò

Simplify  (ãéá áðëïðïßçóç), Integrate  (ãéá ïëïêëÞñùóç) êáé DSolve (ãéá åðßëõóç äéáöïñéêþí åîéóþóå-

ùí),  üðùò êáé  ðñïçãïõìÝíùò,  êáé  åðßóçò ôþñá åðéðëÝïí êáé  LaplaceTransform  (ãéá ôïí õðïëïãéóìü

ìåôáó÷çìáôéóìïý Laplace)

In[43]:= ?? Simplify

Simplify%expr& performs a sequence of algebraic
transformations on expr, and returns the simplest form it finds.

Simplify%expr, assum& does simplification using assumptions. More…

Attributes%Simplify& % 'Protected(
Options%Simplify& % 'ComplexityFunction, Automatic,
TimeConstraint, 300, TransformationFunctions, Automatic, Trig , True(

8 CE-Mathematica-E0-RemarksAndGeneralPurposeCommands-2008.nb



In[44]:= ?? Integrate

Integrate%f, x& gives the indefinite integral of f with respect to x.
Integrate%f, 'x, xmin, xmax(& gives the definite integral of f with respect

to x from xmin to xmax. Integrate%f, 'x, xmin, xmax(, 'y, ymin, ymax(&
gives a multiple definite integral of f with respect to x and y. More…

Attributes%Integrate& % 'Protected, ReadProtected(
Options%Integrate& % 'Assumptions, '(, GenerateConditions, Automatic, PrincipalValue, False(

In[45]:= ?? DSolve

DSolve%eqn, y, x& solves a differential equation for the function y, with independent
variable x. DSolve%'eqn1, eqn2, ... (, 'y1, y2, ... (, x& solves a list of differential

equations. DSolve%eqn, y, 'x1, x2, ... (& solves a partial differential equation. More…

Attributes%DSolve& % 'Protected(
Options%DSolve& % 'DSolveConstants, C(

In[46]:= ?? LaplaceTransform

LaplaceTransform%expr, t, s& gives the Laplace
transform of expr. LaplaceTransform%expr, 't1, t2, ... (, 's1,
s2, ... (& gives the multidimensional Laplace transform of expr. More…

Attributes%LaplaceTransform& % 'Protected, ReadProtected(
Options%LaplaceTransform& %'Assumptions, '(, GenerateConditions, False, PrincipalValue, False, Analytic , True(

! ÅÍÔÏËÇ Ã15:  ÁÐÏÔÅËÅÓÌÁ ÓÅ ÌÏÑÖÇ ÅÎÏÄÏÕ
OutputForm[ÐáñÜóôáóç]

Ìå  ôçí  åíôïëÞ  áõôÞ  ôá  áðïôåëÝóìáôá  ôùí  õðïëïãéóìþí  (ç  Ýîïäïò  ôçò  Mathematica)  åìöáíßæïíôáé

óôç óõíçèéóìÝíç ôïõò ìïñöÞ åîüäïõ (ðïõ åßíáé ç StandardForm), áëëÜ ôþñá ìå ôç ÷ñÞóç ìüíï ÷áñá-

êôÞñùí áðü ôï ðëçêôñïëüãéï, äçëáäÞ ÷ùñßò êáèüëïõ ìá êáèüëïõ åéäéêÜ óýìâïëá, üðùò åßíáé ð.÷. ôï

ïëüêëçñùìá Þ ôï âåëÜêé. Ðáñáäåßãìáôá:

In[47]:= Integrate&Sinh&Cosh&x'', x'
Out[47]= ) Sinh%Cosh%x&&&0x
In[48]:= Integrate&Sinh&Cosh&x'', x' ## OutputForm

Out[48]//OutputForm=

Integrate[Sinh[Cosh[x]], x]

In[49]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t'
Out[49]= ''u%t& , C%1& Cos%t #0& " C%2& Sin%t #0&((
In[50]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t' ## OutputForm

Out[50]//OutputForm=

{{u[t] -> C[1] Cos[t #0] + C[2] Sin[t #0]}}
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! ÅÍÔÏËÇ Ã16:  ÁÐÏÔÅËÅÓÌÁ ÓÅ ÐÁÑÁÄÏÓÉÁÊÇ ÌÏÑÖÇ
TraditionalForm[ÐáñÜóôáóç]

Ìå  ôçí  åíôïëÞ  áõôÞ  ôá  áðïôåëÝóìáôá  ôùí  õðïëïãéóìþí  (ç  Ýîïäïò  ôçò  Mathematica)  åìöáíßæïíôáé

óôçí ðáñáäïóéáêÞ ôïõò (traditional)  ìïñöÞ,  ðïõ ðëçóéÜæåé  ðïëý åêåßíç ôçò êëáóéêÞò óôïé÷åéïèåóßáò.

Ðñüêåéôáé ãéá ìéá üìïñöç ìïñöÞ ôùí áðïôåëåóìÜôùí ðïõ èõìßæåé ôõðùìÝíï êåßìåíï. Ðáñáäåßãìáôá:

In[51]:= Integrate&Sinh&Cosh&x'', x'
Out[51]= ) Sinh%Cosh%x&&&0x
In[52]:= Integrate&Sinh&Cosh&x'', x' ## TraditionalForm

Out[52]//TraditionalForm=! sinh"cosh"x##!"x
In[53]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t'
Out[53]= ''u%t& , C%1& Cos%t #0& " C%2& Sin%t #0&((
In[54]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t' ## TraditionalForm

Out[54]//TraditionalForm=$$u"t# # c1 cos"t $0#% c2 sin"t $0#%%
! ÅÍÔÏËÇ Ã17:  ÁÐÏÔÅËÅÓÌÁ ÓÅ ÐËÇÑÇ ÌÏÑÖÇ

FullForm[ÐáñÜóôáóç]

Ìå  ôçí  åíôïëÞ  áõôÞ  ôá  áðïôåëÝóìáôá  ôùí  õðïëïãéóìþí  (ç  Ýîïäïò  ôçò  Mathematica)  åìöáíßæïíôáé

óôçí ðëÞñç ôïõò ìïñöÞ ÷ùñßò êáí ôá óýìâïëá ôùí áñéèìçôéêþí ðñÜîåùí Þ ôá âåëÜêéá. Ðáñáäåßãìáôá:

In[55]:= $a : b%2 ## FullForm

Out[55]//FullForm=

Power%Plus%a, b&, 2&
In[56]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t'
Out[56]= ''u%t& , C%1& Cos%t #0& " C%2& Sin%t #0&((
In[57]:= DSolve&u''&t' : 702;u&t' = 0, u&t', t' ## FullForm

Out[57]//FullForm=

List%List%Rule%u%t&, Plus%
Times%C%1&, Cos%Times%t, \[Omega]0&&&, Times%C%2&, Sin%Times%t, \[Omega]0&&&&&&&

! ÅÍÔÏËÇ Ã18:  ÂÁÓÉÊÏÓ ÔÅËÅÓÔÇÓ ¹ ÂÁÓÉÊÇ ÉÄÉÏÔÇÔÁ
Head[ÐáñÜóôáóç¹Óýìâïëï¹Áñéèìüò]

Äßíåé ôï âáóéêü ôåëåóôÞ Þ ôç âáóéêÞ éäéüôçôá (ôï óçìáíôéêü ôìÞìá, ôçí "êåöáëÞ") ìéáò ðáñáóôÜóåùò,
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åíüò óõìâüëïõ, åíüò áñéèìïý, êëð. Ðáñáäåßãìáôá ìå áñéèìïýò (ðñþôç ãñáììÞ), áðëÝò ðñÜîåéò (äåýôå-

ñç ãñáììÞ), ëßóôåò êáé ìçôñþá (ôñßôç ãñáììÞ) êáé óõíáñôÞóåéò (ôÝôáñôç ãñáììÞ):

In[58]:= !Head&3', Head&?5', Head&2#3', Head&5.2', Head&1 : 2;<', Head&a', Head&/', Head&N&/''"
Out[58]= 'Integer, Integer, Rational, Real, Complex, Symbol, Symbol, Real(
In[59]:= !Head&a : b', Head&a ? b', Head&a b', Head&a #b', Head&a2', Head&a2;b2'"
Out[59]= 'Plus, Plus, Times, Times, Power, Times(
In[60]:= !Head&!a, b, c"', Head&!!a, b", !c, d""'"
Out[60]= 'List, List(
In[61]:= !Head&Sqrt&a'', Head&Sin&x'', Head&Cosh&x : y'', Head&u&t'', Head&u''&t''"
Out[61]= 'Power, Sin, Cosh, u, u11(
! ÅÍÔÏËÇ Ã19:  ÊÁÈÁÑÇ ÓÕÍÁÑÔÇÓÇ

Function[ÌåôáâëçôÞ,  ÓõíÜñôçóçÔçòÌåôáâëçôÞò]

Function[ËßóôáÌåôáâëçôþí,  ÓõíÜñôçóçÔùíÌåôáâëçôþí]

Ïñßæåé  ìéá  êáèáñÞ  óõíÜñôçóç,  äçëáäÞ  ïñßæåé  ìéá  óõíÜñôçóç  ÷ùñßò  íá  ðåñéëáìâÜíåôáé  êáôåõèåßáí  ç

ìåôáâëçôÞ ôçò Þ ïé  ìåôáâëçôÝò ôçò.  Åíôïýôïéò áõôÞ ç êáèáñÞ óõíÜñôçóç ìðïñåß  íá ÷ñçóéìïðïéçèåß

óå ïðïéïõóäÞðïôå õðïëïãéóìïýò èÝôïíôáò ôç ìåôáâëçôÞ (Þ ôéò ìåôáâëçôÝò) ìå óýìâïëï (ìå óýìâïëá)

Þ ìå áñéèìü (áñéèìïýò) áìÝóùò ìåôÜ ôç óõíÜñôçóç ìÝóá óå áãêýëåò ùò óõíÞèùò. Ðáñáäåßãìáôá: 

In[62]:= Function&z, 3;z3 : 2;z2 : z'
Out[62]= Function%z, 3 z3 " 2 z2 " z&
In[63]:= !Function&z, 3;z3 : 2;z2 : z'&1', Function&z, 3;z3 : 2;z2 : z'&a'"
Out[63]= '6, a " 2 a2 " 3 a3(
In[64]:= Function&t, C1 Cos&7 2' : C2 Sin&7 2''
Out[64]= Function%t, C1 Cos%# 2& " C2 Sin%# 2&&
In[65]:= Function&2, C1 Cos&7 2' : C2 Sin&7 2''&t'
Out[65]= C1 Cos%t #& " C2 Sin%t #&
! ÅÍÔÏËÇ Ã20:  ÁÍÁÃÊÁÓÔÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ

Evaluate[ÐáñÜóôáóç]

Ç åíôïëÞ áõôÞ õðï÷ñåþíåé  ôç  Mathematica  íá  êÜíåé  ôïí õðïëïãéóìü ôçò ðáñáóôÜóåùò óôï  üñéóìÜ

ôçò  áêüìç  êáé  áí  ç  ðáñÜóôáóç áõôÞ  Ý÷åé  ôåèåß  óáí  üñéóìá  Üëëçò  åíôïëÞò  ôçò  ïðïßáò  ïé  éäéüôçôåò

êáèïñßæïõí  üôé  ôá  ïñßóìáôÜ  ôçò  äå  èá  õðïëïãéóèïýí.  Ç  åíôïëÞ  áõôÞ  åßíáé  ÷ñÞóéìç  âáóéêÜ  ìå  ôçí

åíôïëÞ  Plot  ãéá  ôç  ó÷åäßáóç  ëßóôáò  óõíáñôÞóåùí  óôï  ßäéï  ó÷Þìá  ìå  ôç  ÷ñÞóç  ôçò  åíôïëÞò  Table
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óáí üñéóìá ôçò Plot  ãéá ôïí êáèïñéóìü ôùí óõíáñôÞóåùí. ¸íá ðáñÜäåéãìá ìå áíáãêáßá ôçí åíôïëÞ

Evaluate:

In[66]:= Plot&Evaluate&Table&xn, !n, 1, 7, 2"'', !x, 0, 2"';

0.5 1 1.5 2

0.5

1

1.5

2

2.5

3

3.5

! ÅÍÔÏËÇ Ã21:  ÅÖÁÑÌÏÃÇ ÓÕÍÁÑÔÇÓÅÙÓ ÓÅ ËÉÓÔÁ ¹ ÐÁÑÁÓÔÁÓÇ
Map[ÓõíÜñôçóç,  Ëßóôá¹ÐáñÜóôáóç]

Åöáñìüæåé ôç óõíÜñôçóç óôï ðñþôï üñéóìÜ ôçò óå êÜèå Ýíá óôïé÷åßï ôçò ëßóôáò Þ ôçò ðáñáóôÜóåùò

óôï äåýôåñï üñéóìÜ ôçò. Ðáñáäåßãìáôá:

¸óôù ðùò èÝëïõìå íá åöáñìüóïõìå ôçí åêèåôéêÞ óõíÜñôçóç óôá óôïé÷åßá ìéáò ëßóôáò 

In[67]:= list 9 !a, b, c, d, e, f"
Out[67]= 'a, b, c, d, e, f(
Ðñïò  ôï  óêïðü  áõôü  ï  ðéï  åý÷ñçóôïò  ôñüðïò  öáßíåôáé  íá  åßíáé  ç  ÷ñÞóç  ôùí  åíôïëþí  Exp  ãéá  ôçí

åêèåôéêÞ óõíÜñôçóç êáé Map ãéá ôçí åöáñìïãÞ ôçò Exp óôçí ðéï ðÜíù ëßóôá list: 

In[68]:= Map&Exp, list'
Out[68]= '3a, 3b, 3c, 3d, 3e, 3f(
Ãåíéêüôåñá ìðïñïýìå íá åñãáóèïýìå ìå ïðïéáäÞðïôå êáèáñÞ óõíÜñôçóç f

In[69]:= Map&f, list'
Out[69]= 'f%a&, f%b&, f%c&, f%d&, f%e&, f%f&(
In[70]:= Map&Function&x, c1 x

2 : c2', list'
Out[70]= 'a2 c1 " c2, b2 c1 " c2, c2 c1 " c2, d2 c1 " c2, e2 c1 " c2, f2 c1 " c2(
Ôï  äåýôåñï  üñéóìá  äåí  åßíáé  áíáãêáóôéêÜ  ëßóôá.  Äßíïõìå  Ýíá  ðáñÜäåéãìá  (ìå  ôåôñáãùíéêÞ  ñßæá)  üðïõ

åßíáé Üèñïéóìá êáé ðáñáôçñïýìå ôç äéáöïñÜ ôïõ áðïôåëÝóìáôïò áðü ôçí áðëÞ åöáñìïãÞ ôçò ôåôñáãù-

íéêÞò ñßæáò óôï Üèñïéóìá: 

In[71]:= !Sqrt&a : b : c : d : e : f', Map&Sqrt, a : b : c : d : e : f'"
Out[71]= !*+++++++++++++++++++++++++++++++++++++++++++a " b " c " d " e " f , *++++a "*++++b "*++++c "*++++d "*++++e "*++++f "
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! Notebook  E1 

ÐÑÁÎÅÉÓ, ÓÔÁÈÅÑÅÓ, ÁÑÉÈÌÇÔÉÊÏÉ ÕÐÏËÏÃÉÓÌÏÉ
ÐÑÁÎÅÉÓ, ÓÔÁÈÅÑÅÓ ÊÁÉ 2  ÅÍÔÏËÅÓ:  Ð3. N,  Ð4. Chop

! ÐÑÁÎÅÉÓ Ð1:  ÓÔÏÉ×ÅÉÙÄÅÉÓ ÁÑÉÈÌÇÔÉÊÅÓ ÐÑÁÎÅÉÓ
Ïé óôïé÷åéþäåéò áñéèìçôéêÝò ðñÜîåéò åêôåëïýíôáé ìå ôá ãíùóôÜ óýìâïëá:  + (óõí) ãéá ôçí ðñüóèåóç,

— (ðëçí) ãéá ôçí áöáßñåóç, êåíü Þ * (áõôü åßíáé ôï åðß óôç Mathematica) ãéá ôïí ðïëëáðëáóéáóìü êáé

/ ãéá ôç äéáßñåóç. Åðßóçò ^ Þ Ctrl 6 Þ Ctrl ^ ãéá ôçí ýøùóç óå äýíáìç. Óôéò áñéèìçôéêÝò áëëÜ êáé óôéò

áëãåâñéêÝò  ðñÜîåéò  áðáéôåßôáé  ç  ÷ñÞóç  ðáñåíèÝóåùí  (ü÷é  áãêõëþí!)  üóåò  öïñÝò  äå  ìáò  áñÝóåé  ç

êáèïñéóìÝíç ðñïôåñáéüôçôá ôùí ðñÜîåùí,  áëëÜ åðéèõìïýìå  íá ôçí êáèïñßóïõìå  åìåßò.  ¼óåò öïñÝò

èÝëïõìå ôá áðïôåëÝóìáôá óå ìïñöÞ äåêáäéêþí áñéèìþí, ìðïñïýìå íá ÷ñçóéìïðïéïýìå åßôå ôçí åíôï-

ëÞ Í ðáñáêÜôù åßôå ôçí ôåëåßá óå Ýíáí ôïõëÜ÷éóôïí áðü ôïõò áñéèìïýò, äçëáäÞ Ýíá äåêáäéêü áñéèìü.

ÖõóéêÜ ïé ðñÜîåéò áõôÝò ìðïñïýí íá ãßíïíôáé êáé óå áëãåâñéêÜ óýìâïëá. Ðáñáäåßãìáôá:

In[1]:= !1 : 1, 2 3, 2 B3, 2 3 = 2B3, 2#$3 : 4%, 5B 6, 10#20, 10# $2B 3% = 10#2 3"
Out[1]= !2, 6, 6, True,

2
!!!!
7
, 30,

1
!!!!
2
, False"

In[2]:= !1 #3, 1.#3, 1# 3., 1.#3., 1#3 = 1.#3 = 1# 3. = 1.#3."
Out[2]= ! 1

!!!!
3
, 0.333333, 0.333333, 0.333333, True"

In[3]:= !3^4, 34, 3^4 = 34, a2;a4, 2 34, $2 3%4"
Out[3]= '81, 81, True, a6, 162, 1296(
! ÓÔÁÈÅÑÅÓ Ð2:  ÅÉÄÉÊÅÓ ÓÔÁÈÅÑÅÓ

>      Þ    Pi           (ãéá ôïí áñéèìü ð.  Áðü ôï ðëçêôñïëüãéï ìå Esc p Esc, ìå Ýíá ìüíï p.)

&      Þ    Å            (ãéá ôç âÜóç e ôùí öõóéêþí ëïãáñßèìùí. Áðü ôï ðëçêôñïëüãéï ìå Esc ee Esc.) 

'       Þ    I             (ãéá ôç öáíôáóôéêÞ ìïíÜäá i ìå i2 ' (1 . Áðü ôï ðëçêôñïëüãéï ìå Esc ii Esc.)

)     Þ    Infinity  (ãéá ôï Üðåéñï. Áðü ôï ðëçêôñïëüãéï ìå Esc inf Esc.)

°       Þ    Degree  (ãéá ôï ðçëßêï ð/180: áðü ìïßñåò óå áêôßíéá. Áðü ôï ðëçêôñïëüãéï ìå Esc deg Esc.)

 EulerGamma      (ãéá ôç óôáèåñÜ ã ôïõ Euler. Ç Mathematica äåí Ý÷åé åéäéêü óýìâïëï.)  Ðáñáäåßãìáôá:

In[4]:= !/ = Pi, @ = E, < = I, <2, <4, C, C = Infinity, C : C, CC, C?C, 10;C, 10 Infinity"
Out[4]= 'True, True, True, +1, 1, -, True, -, ComplexInfinity, 0, -, -(
In[5]:= !180, 180;°, 180 Degree, 180;° = 180 Degree, 60;° : 30;°, # 9 EulerGamma, N&#, 30'"
Out[5]= '180, 180 °, 180 °, True, 90 °, EulerGamma, 0.577215664901532860606512090082(
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! ÅÍÔÏËÇ Ð3:  ÁÑÉÈÌÇÔÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ 
N[ÐáñÜóôáóç] 

N[ÐáñÜóôáóç,  Áêñßâåéá] 

Ç ðñþôç ìïñöÞ ôçò åíôïëÞò áõôÞò Í õðïëïãßæåé áñéèìçôéêÜ ìéá ðáñÜóôáóç ìå ôçí áêñßâåéá ðïõ Ý÷åé

êáèïñéóèåß óôç Mathematica: Ýîé óçìáíôéêÜ øçößá, óå üóï âáèìü áõôü åßíáé äõíáôüí óôï áðïôÝëåóìá.

Óôç äåýôåñç ìïñöÞ ôçò ßäéáò åíôïëÞò êáèïñßæåôáé  óáí äåýôåñï üñéóìá êáé ç åðéèõìçôÞ áêñßâåéá ôïõ

áðïôåëÝóìáôïò.  Ó÷åäüí ðÜíôïôå  ôá áñéèìçôéêÜ áðïôåëÝóìáôá  ôçò Mathematica  åßíáé  áêñéâÞ óå  üëá

ôá øçößá ðïõ ðáñïõóéÜæïíôáé  óôçí ïèüíç,  áðëÜ åðåéäÞ ïé  õðïëïãéóìïß  åóùôåñéêÜ óôïí õðïëïãéóôÞ

ãßíïíôáé ìå ðïëý ìåãáëýôåñç áêñßâåéá. ÐáñáôÞñçóç:  ÐÜñá ðïëý óõ÷íÜ ç åíôïëÞ N óôçí ðñþôç ìïñ-

öÞ ôçò ãñÜöåôáé ìåôÜ ôçí ðáñÜóôáóç ðïõ èÝëïõìå íá õðïëïãéóèåß. Ðáñáäåßãìáôá:

In[6]:= !/, N&/', / ## N, N&/' = / ## N, N&/, 50'"
Out[6]= '', 3.14159, 3.14159, True, 3.1415926535897932384626433832795028841971693993751(
In[7]:= !@, +, N&@, 70'"
Out[7]= '3, !, 2.718281828459045235360287471352662497757247093699959574966967627724077(
In[8]:= !/, @, <, Infinity, Degree, 1# Degree, EulerGamma" ## N

Out[8]= '3.14159, 2.71828, 0. " 1. $, -, 0.0174533, 57.2958, 0.577216(
In[9]:= !a #3 : b #7 = $a#3% : $b#7%, a#3 : b#7 ## N,

N&a#3 : b#7', $a# 3 : b# 7 ## N% 99 N&a#3 : b# 7'"
Out[9]= 'True, 0.333333 a " 0.142857 b, 0.333333 a " 0.142857 b, True(
! ÅÍÔÏËÇ Ð4: ÌÇÄÅÍÉÓÌÏÓ ÐÏËÕ ÌÉÊÑÇÓ ÐÏÓÏÔÇÔÁÓ 

Chop[ÐáñÜóôáóç] 

Chop[ÐáñÜóôáóç, ÏÌåãáëýôåñïòÐïëýÌéêñüòÁñéèìüòÐïõÈáÌçäåíéóèåß]

Ìçäåíßæåé  êÜèå  ðïëý  ìéêñü  áñéèìü  å  ðïõ  õðÜñ÷åé  óå  ìéá  áñéèìçôéêÞ  ðáñÜóôáóç,  ç  ïðïßá  ìðïñåß  íá

ðåñéÝ÷åé êáé óýìâïëá.  Áõôïß ïé ðïëý ìéêñïß áñéèìïß å óõíÞèùò ðñïêýðôïõí áðü áñéèìçôéêÜ óöÜëìáôá

óôñïããõëåýóåùò  óôïí  õðïëïãéóôÞ  óôçí  ðåñßðôùóç  åêôåëÝóåùò  ðñÜîåùí  ìå  äåêáäéêïýò  áñéèìïýò.

Ìðïñåß üìùò íá ïöåßëïíôáé êáé óå ïðïéáäÞðïôå ìç áêñéâÞ áñéèìçôéêÞ ìÝèïäï. Óôç äåýôåñç ìïñöÞ ôçò

åíôïëÞò Chop  êáèïñßæåôáé  êáé  ï  ðïëý ìéêñüò áñéèìüò å0 ,  ãéá  ôïí  ïðïßï  ôüóï áõôüò ï  ßäéïò  üóï êáé

üëïé ïé ìéêñüôåñïß ôïõ áñéèìïß (êáô' áðüëõôï ôéìÞ åííïåßôáé) èá ìçäåíéóèïýí. Ðáñáäåßãìáôá:

In[10]:= !a : 10.?20 ;b, Chop&a : 10.?20;b', q 9 N&@'2 / <, Chop&q', q ## Chop, Chop&q' = q ## Chop "
Out[10]= 'a " 1.410+20 b, a, 1. + 2.44921410+16 $, 1., 1., True(
In[11]:= !q, Chop&q', Chop&q, 10?10', Chop&q, 10?15', Chop&q, 10?20', Chop&q, 0.00000001'"
Out[11]= '1. + 2.44921410+16 $, 1., 1., 1., 1. + 2.44921410+16 $, 1.(
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! Notebook  E2 

ÓÕÍÁÑÔÇÓÅÉÓ  (ÐÁÑÏÕÓÉÁÆÏÍÔÁÉ 43 ÓÕÍÏËÉÊÁ ÓÕÍÁÑÔÇÓÅÉÓ)

! ÓÕÍÁÑÔÇÓH Ó1:  ÁÐÏËÕÔÏÓ ÔÉÌÇ 
Abs[ÌåôáâëçôÞ] 

Õðïëïãßæåé ôçí áðüëõôï ôéìÞ åßôå ãéá ðñáãìáôéêïýò åßôå ãéá ìéãáäéêïýò áñéèìïýò. Ðáñáäåßãìáôá:

In[1]:= !Abs&?3', Abs&0', Abs&34', Abs&2 : <', Abs&2 ? <', Abs&?a' = Abs&a'"
Out[1]= !3, 0, 34, *++++5 , *++++5 , True"
! ÓÕÍÁÑÔÇÓH Ó2:  ÔÅÔÑÁÃÙÍÉÊÇ ÑÉÆÁ

Sqrt[ÌåôáâëçôÞ] 

Õðïëïãßæåé ôçí ôåôñáãùíéêÞ ñßæá åßôå ãéá ðñáãìáôéêïýò åßôå ãéá ìéãáäéêïýò áñéèìïýò. Ðáñáäåßãìáôá:

In[2]:= !Sqrt&4', Sqrt&10.', Sqrt&a2', Sqrt&a2' ## PowerExpand, Sqrt&a b' ## PowerExpand"
Out[2]= !2, 3.16228,

*++++++
a2 , a,

*++++
a

*++++
b "

! ÓÕÍÁÑÔÇÓÅÉÓ Ó3:  ÅÊÈÅÔÉÊÇ ÊÁÉ ËÏÃÁÑÉÈÌÉÊÇ ÓÕÍÁÑÔÇÓÇ 
Exp[ÌåôáâëçôÞ] ,  Log[ÌåôáâëçôÞ],   Log[ÂÜóç, ÌåôáâëçôÞ]

Ïé äýï ðñþôåò óõíáñôÞóåéò õðïëïãßæïõí ôçí åêèåôéêÞ óõíÜñôçóç (exp) êáèþò êáé ôç ëïãáñéèìéêÞ óõ-

íÜñôçóç  (ôï  öõóéêü  ëïãÜñéèìï  ln)  áíôßóôïé÷á.  Ðñüêåéôáé  ãéá  äýï  áíôßóôñïöåò  óõíáñôÞóåéò.  Ç  ôñßôç

óõíÜñôçóç õðïëïãßæåé  ôï  ëïãÜñéèìï  ìå  êÜðïéá  Üëëç  âÜóç ðïõ  äçëþíåôáé  ìå  ôï  ðñþôï üñéóìÜ  ôçò.

Ðáñáäåßãìáôá:

In[3]:= !Exp&x' = @x, Exp&Log&x'', Exp&Log&x'' = x, Exp&a : b' = Exp&a';Exp&b', Exp&1.'"
Out[3]= 'True, x, True, True, 2.71828(
In[4]:= !Log&2, 50.', Log&@, 50.', Log&10, 50.', Log&10, 50.' = Log&50.'#Log&10.'"
Out[4]= '5.64386, 3.91202, 1.69897, True(
! ÓÕÍÁÑÔÇÓÅÉÓ Ó4:  TÑÉÃÙÍÏÌÅÔÑÉÊÅÓ/ÕÐÅÑÂÏËÉÊÅÓ ÓÕÍÁÑÔÇÓÅÉÓ 

Sin[ÌåôáâëçôÞ] ,  Cos[ÌåôáâëçôÞ] ,  Tan[ÌåôáâëçôÞ] ,  Cot[ÌåôáâëçôÞ] , 

Sec[ÌåôáâëçôÞ] ,  Csc[ÌåôáâëçôÞ] 

Õðïëïãßæïõí  ôï  çìßôïíï  (sin),  ôï  óõíçìßôïíï  (cos),  ôçí  åöáðôïìÝíç  (tan),  ôç  óõíåöáðôïìÝíç  (cot),

ôçí ôÝìíïõóá (sec) êáé ôç óõíôÝìíïõóá (csc) áíôßóôïé÷á. 
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ArcSin[ÌåôáâëçôÞ] , ArcCos[ÌåôáâëçôÞ] ,  ArcTan[ÌåôáâëçôÞ] ,  ArcCot[ÌåôáâëçôÞ] , 

ArcSec[ÌåôáâëçôÞ] ,  ArcCsc[ÌåôáâëçôÞ] 

Õðïëïãßæïõí  ôéò  áíôßóôñïöåò  óõíáñôÞóåéò  ôùí  ôñéãùíïìåôñéêþí  óõíáñôÞóåùí,  óõãêåêñéìÝíá  ôïõ

çìéôüíïõ  (ôüîï  çìéôüíïõ:  arcsin),  ôïõ  óõíçìéôüíïõ  (ôüîï  óõíçìéôüíïõ:  arccos),  ôçò  åöáðôïìÝíçò

(ôüîï  åöáðôïìÝíçò  arctan),  ôçò  óõíåöáðôïìÝíçò  (ôüîï  óõíåöáðôïìÝíçò:  arccot),  ôçò  ôÝìíïõóáò

(ôüîï ôÝìíïõóáò: arcsec) êáé ôçò óõíôÝìíïõóáò (ôüîï óõíôÝìíïõóáò: arccsc) áíôßóôïé÷á.

Sinh[ÌåôáâëçôÞ] ,  Cosh[ÌåôáâëçôÞ] ,  Tanh[ÌåôáâëçôÞ] ,  Coth[ÌåôáâëçôÞ] , 

Sech[ÌåôáâëçôÞ] ,  Csch[ÌåôáâëçôÞ] 

Õðïëïãßæïõí ôï õðåñâïëéêü çìßôïíï (sinh), ôï õðåñâïëéêü óõíçìßôïíï (cosh), ôçí õðåñâïëéêÞ åöáðôï-

ìÝíç (tanh), ôçí õðåñâïëéêÞ óõíåöáðôïìÝíç (coth), ôçí õðåñâïëéêÞ ôÝìíïõóá (sech) êáé ôçí õðåñâïëé-

êÞ óõíôÝìíïõóá (csch) áíôßóôïé÷á. 

ArcSinh[ÌåôáâëçôÞ] , ArcCosh[ÌåôáâëçôÞ] ,  ArcTanh[ÌåôáâëçôÞ] ,  ArcCoth[ÌåôáâëçôÞ] , 

ArcSech[ÌåôáâëçôÞ] ,  ArcCsch[ÌåôáâëçôÞ] 

Õðïëïãßæïõí  ôéò  áíôßóôñïöåò  óõíáñôÞóåéò  ôùí  ðéï  ðÜíù  õðåñâïëéêþí  óõíáñôÞóåùí  áíôßóôïé÷á.

Ðáñáäåßãìáôá:

In[5]:= !Sin&x', Cos&x', Tan&x', Cot&x',
Sinh&x', Cosh&x', Tanh&x', Coth&x', Exp&x', @x" #. x A 1.

Out[5]= '0.841471, 0.540302, 1.55741, 0.642093,

1.1752, 1.54308, 0.761594, 1.31304, 2.71828, 2.71828(
In[6]:= !ArcSin&x', ArcCos&x', ArcTan&x', ArcCot&x',

ArcSinh&x', ArcCosh&x', ArcTanh&x', ArcCoth&x', Log&x', Log&@, x'" #. x A 0.5

Out[6]= '0.523599, 1.0472, 0.463648, 1.10715, 0.481212,

0. " 1.0472 $, 0.549306, 0.549306 + 1.5708 $, +0.693147, +0.693147(
In[7]:= !Sin&ArcSin&x'', Sinh&ArcSinh&x'', Cos&ArcCos&x'' = x, Tanh&ArcTanh&x'' = x"
Out[7]= 'x, x, True, True(
In[8]:= !Cos&x'2 : Sin&x'2 = 1, Cosh&x'2 ? Sinh&x'2 = 1, Cosh&2;x' = 2;Cosh&x'2 ? 1" ## Simplify

Out[8]= 'True, True, True(
! ÓÕÍÁÑÔÇÓH Ó5:  ÐÁÑÁÃÏÍÔÉÊÏ

Factorial[ÌçÁñíçôéêüòÁêÝñáéïò]   Þ   ÌçÁñíçôéêüòÁêÝñáéïò!   (ìå èáõìáóôéêü óôï ôÝëïò!)

Õðïëïãßæåé ôï ðáñáãïíôéêü ìç áñíçôéêïý áêÝñáéïõ áñéèìïý. Ç äåýôåñç ìïñöÞ åßíáé áõôÞ ðïõ ó÷åäüí

ðÜíôá ÷ñçóéìïðïéåßôáé. (Óôçí ðñÜîç ôç ÷ñçóéìïðïéïýìå ìüíï ãéá  áêÝñáéïõò áñéèìïýò.) Ðáñáäåßãìáôá:

In[9]:= !Factorial&30', 30D, Factorial&10' = 10D"
Out[9]= '265252859812191058636308480000000, 265252859812191058636308480000000, True(
In[10]:= equation 9 nD = Product&k, !k, 1, n"'
Out[10]= True
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! ÓÕÍÁÑÔÇÓH Ó6:  ÓÕÍÁÑÔÇÓÇ ÃÁÌÌÁ
Gamma[ÌåôáâëçôÞ]   

Õðïëïãßæåé  ôçí  áñêåôÜ  ãíùóôÞ  óôá  ìáèçìáôéêÜ  óõíÜñôçóç  ãÜììá  Ã "x# ,  ç  ïðïßá  ó÷åôßæåôáé  êáé  ìå

ôï ðáñáãïíôéêü n*  ãéá èåôéêÝò áêÝñáéåò ôéìÝò n ôçò ìåôáâëçôÞò x.  Ðáñáäåßãìáôá:

In[11]:= !Gamma&0.5', Gamma&1', Gamma&1.5', Gamma&2', N&Gamma&?1#2', 50'"
Out[11]= '1.77245, 1, 0.886227, 1, +3.5449077018110320545963349666822903655950989122448(
In[12]:= !id 9 Gamma&n : 1' = n Gamma&n', FullSimplify&id', Gamma&n : 1' = nD ## FullSimplify"
Out[12]= 'Gamma%1 " n& %% n Gamma%n&, True, True(
! ÓÕÍÁÑÔÇÓH Ó7:  ÂÇÌÁÔÉÊÇ ÓÕÍÁÑÔÇÓÇ ÔÏÕ HEAVISIDE 

UnitStep[ÌåôáâëçôÞ] 

Õðïëïãßæåé ôç ìïíáäéáßá âçìáôéêÞ óõíÜñôçóç ôïõ Heaviside H"x# . Ðáñáäåßãìáôá:

In[13]:= !UnitStep&?1', UnitStep&0', UnitStep&1'"
Out[13]= '0, 1, 1(
! ÓÕÍÁÑÔÇÓH Ó8:  ÙÓÔÉÊÇ ÓÕÍÁÑÔÇÓÇ ÄÅËÔÁ ÔÏÕ DIRAC 

DiracDelta[ÌåôáâëçôÞ] 

Õðïëïãßæåé ôçí ùóôéêÞ (Þ êñïõóôéêÞ) óõíÜñôçóç äÝëôá ôïõ Dirac ä"x# .  Ðáñáäåßãìáôá:

In[14]:= !DiracDelta&?1', DiracDelta&0', DiracDelta&1', D&UnitStep&x', x' "
Out[14]= '0, DiracDelta%0&, 0, DiracDelta%x&(
! ÓÕÍÁÑÔÇÓÅÉÓ Ó9:  ÓÕÍÁÑÔÇÓÇ ÓÖÁËÌÁÔÏÓ ÊÁÉ

ÓÕÌÐËÇÑÙÌÁÔÉÊÇ ÓÕÍÁÑÔÇÓÇ ÓÖÁËÌÁÔÏÓ
Erf[ÌåôáâëçôÞ] ,  Erfc[ÌåôáâëçôÞ] 

Õðïëïãßæïõí ôç óõíÜñôçóç óöÜëìáôïò, error function: erf"x#  êáèþò êáé ôç óõìðëçñùìáôéêÞ óõíÜñôç-

óç  óöÜëìáôïò,  complementary  error  function:  erfc"x#  áíôßóôïé÷á.  Ðñüêåéôáé  ãéá  äýï  óõíáñôÞóåéò  ìå

Üèñïéóìá ðÜíôïôå ôç ìïíÜäá: erf"x# % erfc"x# ' 1.  Ðáñáäåßãìáôá:

In[15]:= !Erf&x' : Erfc&x', Erfc&x' = 1 ? Erf&x'" ## FullSimplify

Out[15]= '1, True(
In[16]:= !Erf&0', Erfc&0', Erf&3.', Erfc&3.', N&Erfc&10', 40'"
Out[16]= '0, 1, 0.999978, 0.0000220905, 2.0884875837625447570007862949577886115614 10+45(
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! ÓÕÍÁÑÔÇÓÅÉÓ Ó10: ÏÑÈÏÃÙÍÉÁ ÐÏËÕÙÍÕÌÁ (5 ðïëõþíõìá)
LegendreP[Âáèìüò,  ÌåôáâëçôÞ]       (ðïëõþíõìï Legendre Pn"x# ) 
ChebyshevT[Âáèìüò,  ÌåôáâëçôÞ]   (ðïëõþíõìï Chebyshev ðñþôïõ åßäïõò Tn"x# ) 
ChebyshevU[Âáèìüò,  ÌåôáâëçôÞ]   (ðïëõþíõìï Chebyshev äåõôÝñïõ åßäïõò Un"x# ) 
LaguerreL[Âáèìüò,  ÌåôáâëçôÞ]        (ðïëõþíõìï Laguerre Ln"x# ) 
HermiteH[Âáèìüò,  ÌåôáâëçôÞ]          (ðïëõþíõìï Hermite Hn"x# ) 
Õðïëïãßæïõí ôá ðéï ðÜíù ðÝíôå êëáóéêÜ ïñèïãþíéá ðïëõþíõìá, ôï êáèÝíá áðü ôá ïðïßá äçìéïõñãåß

êáé Ýíá ïëüêëçñï óýíïëï (Þ óýóôçìá) Üðåéñùí ïñèïãùíßùí ðïëõùíýìùí. Ðáñáäåßãìáôá:

In[17]:= Table&LegendreP&n, x', !n, 0, 5"' ## Simplify

Out[17]= !1, x,
1
!!!!
2

#+1 " 3 x2$, 1
!!!!
2
x #+3 " 5 x2$, 1

!!!!
8

#3 + 30 x2 " 35 x4$, 1
!!!!
8
x #15 + 70 x2 " 63 x4$"

In[18]:= Table&Integrate&LegendreP&m, x';LegendreP&n, x', !x, ?1, 1"', !m, 0, 4", !n, 0, 4"'
Out[18]= !'2, 0, 0, 0, 0(, !0, 2

!!!!
3
, 0, 0, 0", !0, 0,

2
!!!!
5
, 0, 0", !0, 0, 0,

2
!!!!
7
, 0", !0, 0, 0, 0,

2
!!!!
9
""

In[19]:= !n 9 4, LegendreP&n, x', ChebyshevT&n, x',
ChebyshevU&n, x', LaguerreL&n, x', HermiteH&n, x'" ## Simplify

Out[19]= !4, 1
!!!!
8

#3 + 30 x2 " 35 x4$, 1 + 8 x2 " 8 x4,

1 + 12 x2 " 16 x4, 1 + 4 x " 3 x2 +
2 x3
!!!!!!!!!!!
3

"
x4
!!!!!!!
24

, 4 #3 + 12 x2 " 4 x4$"
In[20]:= Table&ChebyshevT&n, x' = Cos&n ArcCos&x'', !n, 0, 10"' ## Simplify

Out[20]= 'True, True, True, True, True, True, True, True, True, True, True(
! ÓÕÍÁÑÔÇÓÅÉÓ Ó11:  ÓÕÍÁÑÔÇÓÅÉÓ BESSEL (4 óõíáñôÞóåéò)

BesselJ[ÔÜîç,  ÌåôáâëçôÞ]      (óõíÜñôçóç Bessel J+"x# ðñþôïõ åßäïõò)

BesselÕ[ÔÜîç,  ÌåôáâëçôÞ]      (óõíÜñôçóç Bessel Y+"x# äåõôÝñïõ åßäïõò)

BesselÉ[ÔÜîç,  ÌåôáâëçôÞ]       (ôñïðïðïéçìÝíç óõíÜñôçóç Bessel I+"x# ðñþôïõ åßäïõò)

BesselÊ[ÔÜîç,  ÌåôáâëçôÞ]      (ôñïðïðïéçìÝíç óõíÜñôçóç Bessel K+"x#  äåõôÝñïõ åßäïõò)

Õðïëïãßæïõí ôéò ôÝóóåñéò ðéï ðÜíù óõíáñôÞóåéò Bessel. Ðáñáäåßãìáôá:

In[21]:= !BesselJ&1, 3.', BesselY&1, 3.', BesselI&1, 3.', BesselK&1, 3.'"
Out[21]= '0.339059, 0.324674, 3.95337, 0.0401564(
In[22]:= !D&BesselJ&1, x', x', D&BesselY&1, x', x'"
Out[22]= ! 1

!!!!
2

#BesselJ%0, x& + BesselJ%2, x&$, 1
!!!!
2

#BesselY%0, x& + BesselY%2, x&$"
In[23]:= Series&BesselJ&0, x', !x, 0, 15"'
Out[23]= 1 +

x2
!!!!!!!
4

"
x4
!!!!!!!
64

+
x6

!!!!!!!!!!!!!
2304

"
x8

!!!!!!!!!!!!!!!!!!!
147456

+
x10

!!!!!!!!!!!!!!!!!!!!!!!!
14745600

"
x12

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2123366400

+
x14

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
416179814400

" O%x&16
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! Notebook  E3 !

"#$%&"'!()*+,'!-+.!.&-"/*.!
16  ÅÍÔÏËÅÓ:  012!3456789:7;!!0<2!=6>:5?>89:7;!!0@2!A8B9:7;

!0C2!DEF8>G;!!0H2!DEF8>G0II;!!0J2!K:L67DEF8>G;!!0M2!DI?5?>896;
!0N2!0F879;!!0O2!P:Q69R67;!!01S2!DEF:>6>9;!!0112!T87?8UI6V;!!01<2!W:II6B9;!
!01@2!W:6XX?B?6>9;!!01C2!W:6XX?B?6>9Y?V9;!!01H2!Z?5FI?X[;!!01J2!A4IIZ?5FI?X[

! ÅÍÔÏËH A1:  ÁÑÉÈÌÇÔÇÓ ÊËÁÓÌÁÔÏÓ
Numerator[ÊëÜóìá] 

Ç åíôïëÞ áõôÞ õðïëïãßæåé  ôïí áñéèìçôÞ åíüò êëÜóìáôïò. ÐáñÜäåéãìá óôçí áìÝóùò åðüìåíç åíôïëÞ

Denominator.

! ÅÍÔÏËÇ A2:  ÐÁÑÏÍÏÌÁÓÔÇÓ ÊËÁÓÌÁÔÏÓ
Denominator[ÊëÜóìá] 

Ç åíôïëÞ áõôÞ õðïëïãßæåé ôïí ðáñïíïìáóôÞ åíüò  êëÜóìáôïò. ÐáñÜäåéãìá êáé ãéá ôéò äýï ôáõôü÷ñï-

íá åíôïëÝò Numerator êáé Denominator:

In[1]:= !f 9 $a x2 : b %#$c x10 : e Sin&x'%, n 9 Numerator&f', d 9 Denominator&f', f = n#d, n = f d"
Out[1]= ! b " a x2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
c x10 " e Sin%x& , b " a x2, c x10 " e Sin%x&, True, True"

! ÅÍÔÏËÇ A3:  ÐÁÑÁÃÏÍÔÏÐÏÉÇÓÇ
Factor[ÐáñÜóôáóç]

Factor[ÐáñÜóôáóç,  GaussianIntegers ! True]

Factor[ÐáñÜóôáóç,  Extension ! Ñßæá] 

Ðáñáãïíôïðïéåß ìéá ðáñÜóôáóç, äçëáäÞ ôçí áíáëýåé óå ãéíüìåíá ðáñáãüíôùí. ÅðéðëÝïí ìå ôçí åðé-

ëïãÞ  GaussianIntegers  !  True  ç  ðáñáãïíôïðïßçóç  ÷ñçóéìïðïéåß  êáé  ôç  öáíôáóôéêÞ  ìïíÜäá  i .  Åðß-

óçò ìå  ôçí  åðéëïãÞ Extension !  Ñßæá  ç  ðáñáãïíôïðïßçóç ÷ñçóéìïðïéåß  êáé  ôç  ñßæá  ðïõ äçëþíåôáé.

Ðáñáäåßãìáôá:

In[2]:= !Factor&x2 ? a2', Factor&x4 ? a4', Factor&x6 ? a6'"
Out[2]= '+#a + x$ #a " x$, +#a + x$ #a " x$ #a2 " x2$, +#a + x$ #a " x$ #a2 + a x " x2$ #a2 " a x " x2$(
In[3]:= !Factor&x4 : 25', Factor&x4 : 25, GaussianIntegers A True'"
Out[3]= '25 " x4, #+5 $ " x2$ #5 $ " x2$(
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In[4]:= !Factor&x6 ? 10', Factor&x6 ? 10, Extension A Sqrt&10'',
Factor&x6 ? 10, Extension A 101#6' "

Out[4]= !+10 " x6, +,*+++++++
10 + x3- ,*+++++++

10 " x3-,
+#101.6 + x$ #101.6 " x$ #101.3 + 101.6 x " x2$ #101.3 " 101.6 x " x2$"

In[5]:= !Factor&Cosh&x'2 ? Sinh&x'2', Factor&Cos&x'2 : Sin&x'2',
Factor&Cos&x'2 : Sin&x'2, GaussianIntegers A True'"

Out[5]= '#Cosh%x& + Sinh%x&$ #Cosh%x& " Sinh%x&$,
Cos%x&2 " Sin%x&2, #Cos%x& + $ Sin%x&$ #Cos%x& " $ Sin%x&$(

! ÅÍÔÏËH A4:  ÁÍÁÐÔÕÃÌÁ ÐÁÑÁÓÔÁÓÅÙÓ
Expand[ÐáñÜóôáóç]

Áíáðôýóóåé  ìéá ðáñÜóôáóç åêôåëþíôáò ôïõò ðïëëáðëáóéáóìïýò óå  äõíÜìåéò Þ ãéíüìåíá.   Ðáñáäåß-

ãìáôá óôçí áìÝóùò åðüìåíç åíôïëÞ ExpandAll.

! ÅÍÔÏËÇ A5:  ÐËÇÑÅÓ ÁÍÁÐÔÕÃÌÁ ÐÁÑÁÓÔÁÓÅÙÓ
ExpandAll[ÐáñÜóôáóç]

Áíáðôýóóåé ìéá ðáñÜóôáóç åêôåëþíôáò ôïõò ðïëëáðëáóéáóìïýò óå äõíÜìåéò Þ ãéíüìåíá, üðùò êáé ç

ðñïçãïýìåíç  åíôïëÞ  Expand,  êáé  åðéðëÝïí  ðåñéëáìâÜíåé  óôï  áíÜðôõãìá  êáé  ôïõò  ðáñïíïìáóôÝò,

üôáí õðÜñ÷åé êëÜóìá Þ õðÜñ÷ïõí êëÜóìáôá. Ðáñáäåßãìáôá:

In[6]:= !Expand&$a : b%5', e1 9 Expand&$a ? b%;$a2 : b2 : a b%', Factor&e1'"
Out[6]= 'a5 " 5 a4 b " 10 a3 b2 " 10 a2 b3 " 5 a b4 " b5, a3 + b3, #a + b$ #a2 " a b " b2$(
In[7]:= !Expand&$! : "%2 #$# : $%2', ExpandAll&$! : "%2 #$# : $%2'"
Out[7]= ! (2

!!!!!!!!!!!!!!!!!!!!#* " 5$2 "
2 ( )

!!!!!!!!!!!!!!!!!!!!#* " 5$2 "
)2

!!!!!!!!!!!!!!!!!!!!#* " 5$2 , (2
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
*2 " 2 * 5 " 52

"
2 ( )

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
*2 " 2 * 5 " 52

"
)2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
*2 " 2 * 5 " 52

"
! ÅÍÔÏËÇ A6:  ÁÍÁÐÔÕÃÌÁ ÄÕÍÁÌÅÙÓ ÊÁÉ ÑÉÆÁÓ ÃÉÍÏÌÅÍÏÕ

PowerExpand[ÐáñÜóôáóç]

Ôñïðïðïéåß  ìéá ðáñÜóôáóç áíáðôýóóïíôáò ôç äýíáìç Þ ôç ñßæá åíüò ãéíïìÝíïõ. Åðßóçò áíáðôýóóåé

ôï ëïãÜñéèìï åíüò ãéíïìÝíïõ óå Üèñïéóìá ëïãáñßèìùí. ÕðïèÝôåé ðÜíôïôå ôïõò üñïõò ôïõ ãéíïìÝíïõ

èåôéêïýò áñéèìïýò (êáëýôåñá ìç áñíçôéêïýò). Ãé' áõôü êõñßùò êáé åßíáé ÷ñÞóéìç. Ðáñáäåßãìáôá:

In[8]:= (PowerExpand)$a b c2%10*, Sqrt&a2;b c' ## PowerExpand, Log&a b cd' ## PowerExpand+
Out[8]= !a10 b10 c20, a

*++++
b

*++++
c , Log%a& " Log%b& " Log%c& #c x10 " e Sin%x&$"

Ôï ðáñáêÜôù äåýôåñï ðáñÜäåéãìá åßíáé ÷ñÞóéìï óôéò Ôáëáíôþóåéò ìå áðüóâåóç, üðïõ öõóéêÜ ç éäéïóõ-

÷íüôçôá (ç öõóéêÞ êõêëéêÞ óõ÷íüôçôá) ôïõ ìç÷áíéêïý óõóôÞìáôïò ù åßíáé ðÜíôïôå èåôéêüò áñéèìüò:
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In[9]:= !Sqrt&72;$1 ? .2%', Sqrt&72;$1 ? .2%' ## PowerExpand"
Out[9]= !*++++++++++++++++++++++++++#1 + 62$ #2 ,

*++++++++++++++
1 + 62 #"

! ÅÍÔÏËÇ A7:  ÁÐÁËÏÉÖÇ ÌÅÔÁÂËÇÔÙÍ ÓÅ ÅÎÉÓÙÓÅÉÓ
Eliminate[ËßóôáÅîéóþóåùí,  ÌåôáâëçôÞ]

Eliminate[ËßóôáÅîéóþóåùí,  ËßóôáÌåôáâëçôþí]

Áðáëåßöåé ôç ìåôáâëçôÞ Þ ôéò ìåôáâëçôÝò ôïõ äåýôåñïõ ïñßóìáôüò ôçò áðü ôç ëßóôá åîéóþóåùí óôï

ðñþôï üñéóìÜ ôçò. Ðáñáäåßãìáôá:

In[10]:= Eliminate&! x : 3 y2 = 5, x6 : y4 : x y = 6", y'
Out[10]= 580 x + 93 x2 " 7 x3 " x4 + 522 x6 + 180 x7 " 18 x8 " 81 x12 %% +841

In[11]:= !eqs 9 !x2 : y2 : z2 = z, x2 ? y2 ? z2 = 2 z3, x2 : 3;y2 = 3;z", Eliminate&eqs, !x, y"'"
Out[11]= ''x2 " y2 " z2 %% z, x2 + y2 + z2 %% 2 z3, x2 " 3 y2 %% 3 z(, z " 3 z2 " 2 z3 %% 0(
! ÅÍÔÏËÇ A8:  ÁÍÁËÕÓÇ ÊËÁÓÌÁÔÙÍ

Apart[ÊëáóìáôéêÞÐáñÜóôáóç]

Áíáëýåé Ýíá êëÜóìá Þ ìéá êëáóìáôéêÞ ðáñÜóôáóç ãåíéêüôåñá óå áðëÜ êëÜóìáôá. Ðáñáäåßãìáôá:

In[12]:= !e1 9 Apart&1#$x2 ? a2%', e2 9 Apart&$a x : b%# $x3 ? a3%'"
Out[12]= ! 1

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a #+a " x$ +

1
!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a #a " x$ ,

a2 " b
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 a2 #+a " x$ "

a3 + 2 a b + a2 x + b x
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 a2 #a2 " a x " x2$ "

! ÅÍÔÏËÇ A9:  ÓÕÌÐÔÕÎÇ ÊËÁÓÌÁÔÙÍ
Together[ÊëáóìáôéêÞÐáñÜóôáóç]

Óõìðôýóóåé üëá ôá êëÜóìáôá ìéáò êëáóìáôéêÞò ðáñáóôÜóåùò óå Ýíá åíéáßï êëÜóìá. Ðáñáäåßãìáôá:

In[13]:= !Together&1#$x ? a% : 2#$x : b%2', ! e2, Together&e2'""
Out[13]= ! 2 a + b2 + 2 x + 2 b x + x2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#a + x$ #b " x$2 , ! a2 " b
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 a2 #+a " x$ "

a3 + 2 a b + a2 x + b x
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 a2 #a2 " a x " x2$ ,

+b + a x
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#a + x$ #a2 " a x " x2$ ""

! ÅÍÔÏËÇ A10:  ÂÁÈÌÏÓ ÐÏËÕÙÍÕÌÏÕ
Exponent[Ðïëõþíõìï,  ÌåôáâëçôÞ]

Õðïëïãßæåé  ôï  âáèìü ðïëõùíýìïõ  ùò ðñïò ôçí êáèïñéæüìåíç ìåôáâëçôÞ (Þ  ðáñÜóôáóç ãåíéêüôåñá).

Ðáñáäåßãìáôá:

In[14]:= !Exponent&a x2 : b x : c, x', Exponent&a x20 ;y3 : b x y5 : c x2 ;y, y', Exponent&@10 x, @x'"
Out[14]= '2, 5, 10(
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! ÅÍÔÏËÇ A11:  ÌÅÔÁÂËÇÔÅÓ ÐÏËÕÙÍÕÌÏÕ
Variables[Ðïëõþíõìï]

Äßíåé ëßóôá ìå üëåò ôéò ìåôáâëçôÝò åíüò ðïëõùíýìïõ. Ðáñáäåßãìáôá:

In[15]:= !Variables& x2 : 3 x y : 5 y2', pol 9 a x2 : b x y : c y2; Variables&pol'"
Out[15]= ''x, y(, 'a, b, c, x, y((
! ÅÍÔÏËÇ A12:  ÐÏËÕÙÍÕÌIÊÇ ÌÏÑÖÇ

Collect[Ðïëõþíõìï,  ÌåôáâëçôÞ]

Collect[Ðïëõþíõìï,  ÌåôáâëçôÞ,  Simplify]

Ìåôáó÷çìáôßæåé Ýíá áêáôÜóôáôá ãñáììÝíï ðïëõþíõìï óôç óõíçèéóìÝíç ìïñöÞ ôïõ ùò ðñïò ôç ìåôá-

âëçôÞ ðïõ äßíåôáé.  Ìå ôç ÷ñÞóç êáé ôçò åðéëïãÞò Simplify (äåýôåñç ìïñöÞ) êÜíåé åðéðëÝïí êáé áðëï-

ðïßçóç ôùí óõíôåëåóôþí ôïõ ðïëõùíýìïõ Ýíáí–Ýíáí ÷ùñéóôÜ üóï ìðïñåß. Ðáñáäåßãìáôá:

In[16]:= !Collect&2 x : x5 ? 3;x3 : 1 : 3 x ? 8, x',!p1 9 x2 ? 2;y : x2;y, Collect&p1, x', Collect&p1, y'""
Out[16]= '+7 " 5 x + 3 x3 " x5, 'x2 + 2 y " x2 y, +2 y " x2 #1 " y$, x2 " #+2 " x2$ y((
In[17]:= (p2 9 $x3 : x2 y ? y : y2%2, Collect&p2, x',

Collect&p2, x, Simplify', Simplify&Collect&p2, x''+
Out[17]= !#x3 + y " x2 y " y2$2, x6 " 2 x5 y " y2 " x4 y2 + 2 y3 " y4 " x3 #+2 y " 2 y2$ " x2 #+2 y2 " 2 y3$,

x6 " 2 x5 y " 2 x3 #+1 " y$ y " x4 y2 " 2 x2 #+1 " y$ y2 " #+1 " y$2 y2, #x3 " x2 y " #+1 " y$ y$2"
! ÅÍÔÏËÇ A13:  ÓÕÍÔÅËÅÓÔÇÓ ÐÏËÕÙÍÕÌÏÕ

Coefficient[Ðïëõþíõìï,  ÌåôáâëçôÞ^Äýíáìç]   Þ   Coefficient[Ðïëõþíõìï,  ÌåôáâëçôÞ,  Äýíáìç]

Coefficient[Ðïëõþíõìï,  ËßóôáÌåôáâëçôþíÕøùìÝíùíÓåÄõíÜìåéò]

Õðïëïãßæåé  ôï  óõíôåëåóôÞ Þ  ôïõò óõíôåëåóôÝò åíüò  ðïëõùíýìïõ  ðïõ áíôéóôïé÷ïýí  óôç  ìåôáâëçôÞ

ðïõ äßíåôáé. ÁõôÞ åßíáé õøùìÝíç óå äýíáìç k , 0. (Ãéá k ' 0  éó÷ýåé ìüíï ç äåîéÜ óýíôáîç ìåôÜ ôï "Þ".)

Ðáñáäåßãìáôá:

In[18]:= pol 9 $a x : b y2%8;
In[19]:= !c1 9 Coefficient&pol, x5', c2 9 Coefficient&pol, x, 5', c1 = c2"
Out[19]= '56 a5 b3 y6, 56 a5 b3 y6, True(
Óçìåéþíïõìå îáíÜ üôé üôáí k ' 0, ôüôå ìðïñåß íá ÷ñçóéìïðïéçèåß ìüíï ç äåîéÜ ìïñöÞ ôçò åíôïëÞò:

In[20]:= !Coefficient&pol, x, 0', Coefficient&pol, y, 0', Coefficient&pol, y10'"
Out[20]= 'b8 y16, a8 x8, 56 a3 b5 x3(
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Óôï ôåëåõôáßï áõôü  ðáñÜäåéãìá óçìåéþíåôáé  üôé  ç  äýíáìç k  óôï xk  åßíáé  èåôéêÞ,  þóôå  íá ìðïñÝóåé  íá

ëåéôïõñãÞóåé óùóôÜ ç åíôïëÞ áõôÞ Ýôóé üðùò åßíáé ãñáììÝíç: 

In[21]:= !tb 9 Table&xk, !k, 1, 10"', Coefficient&pol, tb'"
Out[21]= ''x, x2, x3, x4, x5, x6, x7, x8, x9, x10(,'8 a b7 y14, 28 a2 b6 y12, 56 a3 b5 y10, 70 a4 b4 y8, 56 a5 b3 y6, 28 a6 b2 y4, 8 a7 b y2, a8, 0, 0((
! ÅÍÔÏËÇ A14:  ÓÕÍÔÅËÅÓÔÅÓ ÐÏËÕÙÍÕÌÏÕ

CoefficientList[Ðïëõþíõìï,  ÌåôáâëçôÞ]

Õðïëïãßæåé üëïõò ìáæß ôïõò óõíôåëåóôÝò åíüò ðïëõùíýìïõ, ü÷é Ýíáí–Ýíáí, áíôßèåôá ìå ôçí ðñïçãïý-

ìåíç åíôïëÞ Coefficient. ÓõíÝ÷åéá ôïõ ðñïçãïýìåíïõ ðáñáäåßãìáôïò (ãéá ôï ßäéï ðïëõþíõìï pol):

In[22]:= CoefficientList&pol, x'
Out[22]= 'b8 y16, 8 a b7 y14, 28 a2 b6 y12, 56 a3 b5 y10, 70 a4 b4 y8, 56 a5 b3 y6, 28 a6 b2 y4, 8 a7 b y2, a8(
! ÅÍÔÏËÇ A15:  ÁÐËÏÐÏÉÇÓÇ ÐÁÑÁÓÔÁÓÅÙÓ

Simplify[ÐáñÜóôáóç]

Simplify[ËßóôáÐáñáóôÜóåùí]

Simplify[ÐáñÜóôáóç, Õðüèåóç]

Simplify[ÐáñÜóôáóç, ËßóôáÕðïèÝóåùí]

Simplify[ËßóôáÐáñáóôÜóåùí, ËßóôáÕðïèÝóåùí]

Áðëïðïéåß  áëãåâñéêÜ,  ôñéãùíïìåôñéêÜ,  åêèåôéêÜ,  êëð.  ôçí  ðáñÜóôáóç  Þ  ôç  ëßóôá  ðáñáóôÜóåùí  ðïõ

äßíåôáé. ÕðÜñ÷åé  åðßóçò ç äõíáôüôçôá íá ÷ñçóéìïðïéåß êáé õðüèåóç Þ ëßóôá õðïèÝóåùí. Ðïëý óõ÷íÜ

ìðáßíåé ìåôÜ ôçí ðñïò áðëïðïßçóç ðáñÜóôáóç ð.÷. ìå //Simplify. Ðáñáäåßãìáôá óôçí áìÝóùò åðüìå-

íç åíôïëÞ FullSimplify.

! ÅÍÔÏËÇ A16:  ÐËÇÑÇÓ ÁÐËÏÐÏÉÇÓÇ ÐÁÑÁÓÔÁÓÅÙÓ
FullSimplify[ÐáñÜóôáóç]   êáé áíÜëïãá ãéá üëåò ôéò äõíáôüôçôåò óýíôáîçò ôçò åíôïëÞò Simplify

H åíôïëÞ FullSimplify åêôåëåß  áðëïðïéÞóåéò áíÜëïãá ìå ôçí ðñïçãïýìåíç åíôïëÞ Simplify,  äéáèÝôåé

üìùò ðïëý ìåãáëýôåñç óõëëïãÞ êáíüíùí áðëïðïéÞóåùí êáé åðïìÝíùò áðáéôåß óõíÞèùò ðïëý ðåñéó-

óüôåñï  ÷ñüíï  åñãáóßáò.  Êáé  ó'  áõôÞ  ìðïñïýí  íá  ÷ñçóéìïðïéïýíôáé  ëßóôá  ðáñáóôÜóåùí,  õðüèåóç Þ

ëßóôá  õðïèÝóåùí  áêñéâþò  üðùò  êáé  óôçí  åíôïëÞ  Simplify.  Ðïëý  óõ÷íÜ  êáé  ç  åíôïëÞ  FullSimplify

ìðáßíåé êé áõôÞ ìåôÜ ôçí ðñïò ðëÞñç áðëïðïßçóç ðáñÜóôáóç ð.÷. ìå //FullSimplify. Ðáñáäåßãìáôá êáé

ôùí äýï åíôïëþí Simplify êáé  FullSimplify:

Óôï  ðñþôï áõôü  ðáñÜäåéãìá  áñêåß  ç  ÷ñÞóç ôçò åíôïëÞò Simplify.  Ðáñáôçñïýìå  üôé  ãßíïíôáé  áðëïðïé-

Þóåéò ü÷é ìüíï óå áëãåâñéêÝò, áëëÜ êáé óå ôñéãùíïìåôñéêÝò êáé óå õðåñâïëéêÝò ðáñáóôÜóåéò. Åßíáé ëïé-

ðüí ãåíéêÜ åöáñìüóéìç ç åíôïëÞ Simplify.
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In[23]:= !Simplify&a2 : b2 ? 2;a b', Simplify&Cos&x'2 : Sin&x'2', Cosh&x'2 ? Sinh&x'2 ## Simplify"
Out[23]= '#a + b$2, 1, 1(
Óôï äåýôåñï áõôü ðáñÜäåéãìá, ãéá íá ãßíåé ç áðëïðïßçóç, ÷ñåéÜæåôáé, åýëïãá, íá Ý÷åé õðïôåèåß áðü ðñéí

üôé ï áñéèìüò x åßíáé èåôéêüò:

In[24]:= !Simplify&Sqrt&x2'', Simplify&Sqrt&x2', x E 0'"
Out[24]= !*++++++

x2 , x"
Óôï ôñßôï áõôü ðáñÜäåéãìá ðáñáôçñïýìå üôé ç åíôïëÞ Simplify  äåí åßíáé åðáñêÞò óôçí ðáñïýóá áðëï-

ðïßçóç ðáñáãïíôéêþí. Áðáéôåßôáé ç ÷ñÞóç ôçò åíôïëÞò FullSimplify:

In[25]:= !$ k : 1%D = $k : 1%;kD, $k : 1%D = $k : 1%;kD ## Simplify,$k : 1%D = $k : 1%;kD ## FullSimplify"
Out[25]= '#1 " k$7 %% #1 " k$ k7, #1 " k$7 %% #1 " k$ k7, True(
Ôá ßäéá áêñéâþò óõìâáßíïõí êáé óôï åðüìåíï ôÝôáñôï ðáñÜäåéãìá ìå ôç óõíÜñôçóç ãÜììá:

In[26]:= !expr 9 Gamma&k : 1' = kD, expr ## Simplify, expr ## FullSimplify"
Out[26]= 'Gamma%1 " k& %% k7, Gamma%1 " k& %% k7, True(
Åðßóçò ôá ßäéá êáé óôï åðüìåíï ðÝìðôï ðáñÜäåéãìá ìå ôéò äýï ãíùóôÝò óõíáñôÞóåéò ôüîï çìéôüíïõ êáé

ôüîï óõíçìéôüíïõ:

In[27]:= !ArcSin&x' : ArcCos&x' = / # 2 ## Simplify, ArcSin&x' : ArcCos&x' = / #2 ## FullSimplify"
Out[27]= !ArcCos%x& " ArcSin%x& %%

'
!!!!
2
, True"

¼ìùò óôï ðéï êÜôù Ýêôï ðáñÜäåéãìá ìå õðåñâïëéêÝò óõíáñôÞóåéò áñêåß ç ÷ñÞóç ôçò åíôïëÞò Simplify:

In[28]:= !2;Cosh&x';Sinh&x', 2 Cosh&x' Sinh&x' ## Simplify"
Out[28]= '2 Cosh%x& Sinh%x&, Sinh%2 x&(
Åäþ óôï Ýâäïìï ðáñÜäåéãìá áðáéôïýíôáé äýï ôáõôü÷ñïíá õðïèÝóåéò ãéá íá ãßíåé ç áðëïðïßçóç. Äßíåôáé

óáí äåýôåñï üñéóìá ôçò åíôïëÞò Simplify ëßóôá ìå äýï õðïèÝóåéò:

In[29]:= Simplify&Sqrt&?a2';Sqrt&72 ? .2;72', !a E 0, 7 E 0"'
Out[29]= $ a

*++++++++++++++
1 + 62 #

Óôï åðüìåíï, óôï üãäïï ðáñÜäåéãìá ç åíôïëÞ Simplify åöáñìüæåôáé óå ëßóôá ðáñáóôÜóåùí:

In[30]:= Simplify&!ArcCosh'&x' , ArcSinh'&x'", ?1 F x F 1'
Out[30]= ! 1

!!!!!!!!!!!!!!!!!!!!!!!*+++++++++++++++++
+1 " x2

,
1

!!!!!!!!!!!!!!!!!!!!*++++++++++++++
1 " x2

"
Ìðïñïýìå íá Ý÷ïõìå êáé ëßóôá ðáñáóôÜóåùí êáé ëßóôá õðïèÝóåùí üðùò óôï ôåëåõôáßï ìáò ðáñÜäåéãìá:

In[31]:= Simplify&!Sqrt&x2;y2', Sqrt&x2;y4;z6', Sqrt&$x y z%2'", !x E 0, y E 0, z E 0"'
Out[31]= 'x y, x y2 z3, x y z(
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! Notebook  E4  

ÅÍÔÏËÅÓ ÃÉÁ ÔÑÉÃÙÍÏÌÅÔÑÉÊÅÓ ÊÁÉ ÕÐÅÑÂÏËÉÊÅÓ

ÓÕÍÁÑÔÇÓÅÉÓ
4  ÅÍÔÏËÅÓ:  T1.  ExpToTrig,  T2. TrigToExp,  T3. TrigExpand,  Ô4. TrigReduce

ÐÁÑÁÔÇÑÇÓÅÉÓ:  (á) Óõ÷íÜ ïé åíôïëÝò áõôÝò ìðáßíïõí ìåôÜ ôçí ðáñÜóôáóç óôçí ïðïßá áíáöÝñïíôáé ìå

ôï  óýìâïëï  //  ìðñïóôÜ  ôïõò.  ÂÝâáéá  áõôü  äåí  åßíáé  ìå  êáíÝíáí  ôñüðï  õðï÷ñåùôéêü.  Åßíáé  üìùò  åîõ-

ðçñåôéêü!   (â)  Ãéá ôçí áðëïðïßçóç ôñéãùíïìåôñéêþí Þ/êáé õðåñâïëéêþí ðáñáóôÜóåùí óõíÞèùò áñêåß  ç

÷ñÞóç ôçò åíôïëÞò Simplify Þ ôçò åíôïëÞò FullSimplify, ç ïðïßá åßíáé êáé éó÷õñüôåñç. ÐáñÜäåéãìá:

In[1]:= !tr 9 $Tan&!' : Tan&"'%#$1 ? Tan&!';Tan&"'%; tr ## Simplify, tr ## FullSimplify"
Out[1]= 'Tan%( " )&, Tan%( " )&(
! ÅÍÔÏËÇ T1:  ÅÊÈÅÔÉÊÇ ÌÏÑÖÇ ÓÅ ÔÑÉÃÙÍÏÌÅÔÑÉÊÇ/ÕÐÅÑÂÏËÉÊÇ

ExpToTrig[ÅêèåôéêÞÐáñÜóôáóç]  

Ç åíôïëÞ áõôÞ ìåôáôñÝðåé ìéá ðáñÜóôáóç ðïõ ðåñéÝ÷åé åêèåôéêÝò óõíáñôÞóåéò (Þ ðñáãìáôéêÝò Þ ìéãá-

äéêÝò) óå éóïäýíáìç ðáñÜóôáóç ìå õðåñâïëéêÝò Þ/êáé ôñéãùíïìåôñéêÝò óõíáñôÞóåéò. Ðáñáäåßãìáôá:

In[2]:= !ExpToTrig&@a x', ExpToTrig&!@< a x, @?< a x"', ! @< 7 t, @?< 7 t" ## ExpToTrig"
Out[2]= 'Cosh%a x& " Sinh%a x&, 'Cos%a x& " $ Sin%a x&, Cos%a x& + $ Sin%a x&(,'Cos%t #& " $ Sin%t #&, Cos%t #& + $ Sin%t #&((
In[3]:= expr 9 A @" x : B @?" x : C @< # x : D @?< # x ## ExpToTrig ## Simplify

Out[3]= C Cos%x *& " D Cos%x *& " #A " B$ Cosh%x )& " $ C Sin%x *& + $ D Sin%x *& " #A + B$ Sinh%x )&
! ÅÍÔÏËÇ T2:  ÔÑÉÃÙÍÏÌÅÔÑÉÊÇ/ÕÐÅÑÂÏËÉÊÇ ÌÏÑÖÇ ÓÅ ÅÊÈÅÔÉÊÇ

TrigToExp[ÔñéãùíïìåôñéêÞ/ÕðåñâïëéêÞÐáñÜóôáóç]  

Ç åíôïëÞ áõôÞ ìåôáôñÝðåé ìéá ðáñÜóôáóç ìå ôñéãùíïìåôñéêÝò Þ/êáé õðåñâïëéêÝò óõíáñôÞóåéò Þ áíôß-

óôñïöÝò ôïõò óå éóïäýíáìç ðáñÜóôáóç ìå åêèåôéêÝò Þ ëïãáñéèìéêÝò óõíáñôÞóåéò. Ðáñáäåßãìáôá:

In[4]:= !TrigToExp&Cosh&a x'', TrigToExp&Tan&a x'', !Cos&7 t', Sin&7 t'" ## TrigToExp"
Out[4]= ! 3+a x

!!!!!!!!!!!!
2

"
3a x
!!!!!!!!!!
2

,
$ #3+$ a x + 3$ a x$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

3+$ a x " 3$ a x
, ! 1

!!!!
2

3+$ t # "
1
!!!!
2

3$ t #,
1
!!!!
2

$ 3+$ t # +
1
!!!!
2

$ 3$ t #""
In[5]:= !ArcTanh&x', ArcTan&x', ArcSin&x'" ## TrigToExp

Out[5]= !+ 1
!!!!
2
Log%1 + x& "

1
!!!!
2
Log%1 " x&, 1

!!!!
2

$ Log%1 + $ x& +
1
!!!!
2

$ Log%1 " $ x&, +$ Log/$ x "
*++++++++++++++
1 + x2 0"

In[6]:= A Cosh&" x' : B Sinh&" x' : C Cos&" x' : D Sin&" x' ## TrigToExp

Out[6]=
1
!!!!
2
A 3+x ) +

1
!!!!
2
B 3+x ) "

1
!!!!
2
C 3+$ x ) "

1
!!!!
2

$ D 3+$ x ) "
1
!!!!
2
C 3$ x ) +

1
!!!!
2

$ D 3$ x ) "
1
!!!!
2
A 3x ) "

1
!!!!
2
B 3x )
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! ÅÍÔÏËÇ T3:  ÔÑÉÃÙÍÏÌÅÔÑÉÊÏ/ÕÐÅÑÂÏËÉÊÏ ÁÍÁÐÔÕÃÌÁ
TrigExpand[ÔñéãùíïìåôñéêÞ/ÕðåñâïëéêÞÐáñÜóôáóç]  

Ç åíôïëÞ áõôÞ áíáðôýóóåé ìéá ðáñÜóôáóç ðïõ ðåñéÝ÷åé ôñéãùíïìåôñéêÝò Þ õðåñâïëéêÝò óõíáñôÞóåéò

óå éóïäýíáìç ðáñÜóôáóç ìå áíÜëïãåò óõíáñôÞóåéò ãéá ôéò âáóéêÝò ìåôáâëçôÝò ìüíï, ð.÷. á, â, ã, x Þ y,

äçëáäÞ ÷ùñßò áèñïßóìáôá ïýôå ðïëëáðëÜóéÜ ôïõò óáí ïñßóìáôá, ð.÷. ÷ùñßò 2!á  Þ á % â . Ðáñáäåßãìáôá:

In[7]:= !TrigExpand&Cosh&! : " : #'', Sin&! ? "' ## TrigExpand"
Out[7]= 'Cosh%(& Cosh%)& Cosh%*& " Cosh%*& Sinh%(& Sinh%)& "

Cosh%)& Sinh%(& Sinh%*& " Cosh%(& Sinh%)& Sinh%*&, Cos%)& Sin%(& + Cos%(& Sin%)&(
In[8]:= TrigExpand&Cosh&5;x''
Out[8]= Cosh%x&5 " 10 Cosh%x&3 Sinh%x&2 " 5 Cosh%x& Sinh%x&4
In[9]:= Cosh&x' : Cosh&2;x' : Cosh&3;x' ## TrigExpand

Out[9]= Cosh%x& " Cosh%x&2 " Cosh%x&3 " Sinh%x&2 " 3 Cosh%x& Sinh%x&2
In[10]:= !Sinh&! : "' ## TrigExpand, Sin&! : "' ## TrigExpand"
Out[10]= 'Cosh%)& Sinh%(& " Cosh%(& Sinh%)&, Cos%)& Sin%(& " Cos%(& Sin%)&(
! ÅÍÔÏËÇ T4:  ÔÑÉÃÙÍÏÌÅÔÑÉÊÇ/ÕÐÅÑÂÏËÉÊÇ ÓÕÌÐÔÕÎÇ

TrigReduce[ÔñéãùíïìåôñéêÞ/ÕðåñâïëéêÞÐáñÜóôáóç]  

Ç åíôïëÞ áõôÞ ìåôáôñÝðåé ìéá ðáñÜóôáóç ðïõ ðåñéÝ÷åé ôñéãùíïìåôñéêÝò Þ õðåñâïëéêÝò óõíáñôÞóåéò

ìå  ãéíüìåíá Þ/êáé  äõíÜìåéò  óå  éóïäýíáìç ðáñÜóôáóç ìå  Üèñïéóìá ôñéãùíïìåôñéêþí Þ õðåñâïëéêþí

üñùí (÷ùñßò ãéíüìåíá Þ äõíÜìåéò), áëëÜ ìå ðéï óýíèåôá ïñßóìáôá, ð.÷. 2 á  Þ 5!â  Þ á % â . Ðáñáäåßãìáôá:

In[11]:= !TrigReduce&Cosh&a';Cosh&b'',
Cos&!';Cos&"' ## TrigReduce, Sin&!';Sin&"' ## TrigReduce"

Out[11]= ! 1
!!!!
2

#Cosh%a + b& " Cosh%a " b&$, 1
!!!!
2

#Cos%( + )& " Cos%( " )&$, 1
!!!!
2

#Cos%( + )& + Cos%( " )&$"
In[12]:= !TrigReduce&Cosh&x'3;Sinh&x'2', Cos&a x : b'4 ## TrigReduce"
Out[12]= ! 1

!!!!!!!
16

#+2 Cosh%x& " Cosh%3 x& " Cosh%5 x&$, 1
!!!!
8

#3 " 4 Cos%2 b " 2 a x& " Cos%4 b " 4 a x&$"
In[13]:= !Cosh&a x'2 ? Sinh&a x'2, !Cosh&a x'2 ? Sinh&a x'2, Cos&7 t'2 : Sin&7 t'2" ## TrigReduce"
Out[13]= 'Cosh%a x&2 + Sinh%a x&2, '1, 1((
In[14]:= !Sinh&!';Cosh&"' : Cosh&!';Sinh&"', Cos&!';Cos&"' ? Sin&!';Sin&"'" ## TrigReduce

Out[14]= 'Sinh%( " )&, Cos%( " )&(
In[15]:= !tr 9 Cos&! : " : #' ## TrigExpand, tr ## TrigReduce"
Out[15]= 'Cos%(& Cos%)& Cos%*& + Cos%*& Sin%(& Sin%)& +

Cos%)& Sin%(& Sin%*& + Cos%(& Sin%)& Sin%*&, Cos%( " ) " *&(
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! Notebook  E5 

ÅÍÔÏËÅÓ ÃÉÁ ÁÈÑÏÉÓÌÁÔÁ, ÓÅÉÑÅÓ ÊÁÉ ÃÉÍÏÌÅÍÁ
5  ÅÍÔÏËÅÓ:  S1. Zeta,  S2. Sum,  S3. NSum,  S4. Product,  S5. NProduct

! ÅÍÔÏËÇ S1:  ÓÕÍÁÑÔÇÓÇ ÆÇÔÁ
Zeta[ÌåôáâëçôÞ] 

Õðïëïãßæåé ôç óõíÜñôçóç æÞôá, ðïõ ðáñïõóéÜæåôáé óå ïñéóìÝíåò áñéèìçôéêÝò óåéñÝò. Ðáñáäåßãìáôá:

In[1]:= !Zeta&0', ZetaTable 9 Table&Zeta&k', !k, 2, 5"', N&ZetaTable'"
Out[1]= !+ 1

!!!!
2
, ! '2

!!!!!!!
6
, Zeta%3&, '4

!!!!!!!
90

, Zeta%5&", '1.64493, 1.20206, 1.08232, 1.03693("
! ÅÍÔÏËÇ S2:  ÁÈÑÏÉÓÌÁ/ÓÅÉÑÁ

Sum[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç}]

Sum[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç,  ÂÞìáÌåôáâïëÞò}]

Õðïëïãßæåé óå êëåéóôÞ ìïñöÞ ôï Üèñïéóìá ìå ôéìÝò ôïõ äåßêôç k, n, êëð. áðü ôçí áñ÷éêÞ ôïõ ôéìÞ ìÝ÷ñé

ôçí ôåëéêÞ ôïõ ôéìÞ.  Ç  ôåëéêÞ áõôÞ ôéìÞ ìðïñåß  íá  åßíáé  ôï  Üðåéñï  (Infinity  Þ êáëýôåñá )  ìå  Esc inf

Esc),  ïðüôå äåí Ý÷ïõìå áðëü Üèñïéóìá,  áëëÜ óåéñÜ.  Ç ðáñÜóôáóç óôï Üèñïéóìá ìðïñåß  íá ðåñéÝ÷åé

åêôüò áðü ôï  äåßêôç êáé  óýìâïëá.  ¼ôáí ôï  âÞìá ðïõ ìåôáâÜëëåôáé  ï  äåßêôçò äåí åßíáé  ôï  Ýíá,  ôüôå

ðñÝðåé õðï÷ñåùôéêÜ íá áíáöÝñåôáé êé áõôü óáí ôÝôáñôï óôïé÷åßï óôï äåýôåñï üñéóìá. Ðáñáäåßãìáôá: 

In[2]:= !s 9 Sum&Sin&k / #5', !k, 2, 5"', N&s, 40'"
Out[2]= ! 1

!!!!
2

1222222222222222222222222222221
!!!!
2

,5 +*++++5 - "1222222222222222222222222222221
!!!!
2

,5 "*++++5 - , 2.489898284882780273401584621397837055409"
In[3]:= !s1&n_' 9 Sum&k12, !k, 1, n"' ## Simplify, s1&1', s1&2', s1&3', s1&4'"
Out[3]= !+ 691 n

!!!!!!!!!!!!!!
2730

"
5 n3
!!!!!!!!!!!
3

+
33 n5
!!!!!!!!!!!!!!
10

"
22 n7
!!!!!!!!!!!!!!
7

+
11 n9
!!!!!!!!!!!!!!
6

" n11 "
n12
!!!!!!!!!
2

"
n13
!!!!!!!!!
13

, 1, 4097, 535538, 17312754"
In[4]:= !s2&n_' 9 Sum&1#kn, !k, 1, C"', s2&n' = Zeta&n', s8 9 s2&8', N&s8, 50'"
Out[4]= !Zeta%n&, True,

'8
!!!!!!!!!!!!!
9450

, 1.0040773561979443393786852385086524652589607906499"
In[5]:= !s3 9 Sum&$?1%k #kD, !k, 0, C"', N&s3, 25', s4 9 Sum&$?1%k #kD, !k, 1, C, 2"', N&s4, 25'"
Out[5]= ! 1

!!!!
3
, 0.3678794411714423215955238, +12222222'

!!!!
2

BesselI/ 1
!!!!
2
, 10, +1.175201193643801456882382"

In[6]:= !Sum&xk, !k, 0, n"', Sum&xk, !k, 0, C"', Sum&xk #kD, !k, 0, n"', Sum&xk #kD, !k, 0, C"'"
Out[6]= ! +1 " x1"n

!!!!!!!!!!!!!!!!!!!!!!
+1 " x

,
1

!!!!!!!!!!!!
1 + x

,
3x #1 " n$ Gamma%1 " n, x&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

Gamma%2 " n& , 3x"
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! ÅÍÔÏËÇ S3:  ÁÑÉÈÌÇÔÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ ÁÈÑÏÉÓÌÁÔÏÓ/ÓÅÉÑÁÓ
NSum[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç}]

NSum[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç,  ÂÞìáÌåôáâïëÞò}]

ÅíôïëÞ áíÜëïãç  ìå  ôçí ðñïçãïýìåíç åíôïëÞ Sum,  áëëÜ ôþñá ôï  Üèñïéóìá Þ ç óåéñÜ  õðïëïãßæåôáé

áñéèìçôéêÜ ðÜëé ìå  ôéìÝò ôïõ äåßêôç  k,  n,  êëð.  áðü ôçí áñ÷éêÞ ôïõ ôéìÞ ìÝ÷ñé  êáé  ôçí ôåëéêÞ ôïõ ôéìÞ.

Ç ôåëéêÞ áõôÞ ôéìÞ ìðïñåß îáíÜ íá åßíáé ôï Üðåéñï (Infinity Þ êáëýôåñá )  ìå Esc inf Esc),  ïðüôå äåí

Ý÷ïõìå  áðëü  Üèñïéóìá,  áëëÜ óåéñÜ.   Ç  ðáñÜóôáóç óôï  Üèñïéóìá  ìðïñåß  íá  ðåñéÝ÷åé  êáé  ðÜëé  åêôüò

áðü ôï äåßêôç êáé óýìâïëá.  ¼ôáí ôï âÞìá ðïõ ìåôáâÜëëåôáé  ï äåßêôçò äåí åßíáé  ôï Ýíá, ôüôå ðñÝðåé

õðï÷ñåùôéêÜ íá áíáöÝñåôáé êé áõôü, áêñéâþò üðùò êáé óôçí ðñïçãïýìåíç åíôïëÞ Sum. Ðáñáäåßãìáôá:

In[7]:= !Sum&1# $1 ? Exp&k2'%, !k, 2, 5"', NSum&1#$1 ? Exp&k2'%, !k, 2, 5"'"
Out[7]= ! 1

!!!!!!!!!!!!!!!
1 + 34

"
1

!!!!!!!!!!!!!!!
1 + 39

"
1

!!!!!!!!!!!!!!!!!
1 + 316

"
1

!!!!!!!!!!!!!!!!!
1 + 325

, +0.0187809"
In[8]:= !s 9 Sum&Cos&k'#Cosh&k', !k, 1, C"', N&s', NSum&Cos&k'# Cosh&k', !k, 1, C"'"
Out[8]= !3

k%1

-
Cos%k&
!!!!!!!!!!!!!!!!!!!!!!
Cosh%k& , 0.126836, 0.126836"

! ÅÍÔÏËÇ S4:  ÃÉÍÏÌÅÍÏ
Product[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç}]

Product[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç,  ÂÞìáÌåôáâïëÞò}]

Åíôåëþò áíÜëïãç åíôïëÞ ìå ôçí åíôïëÞ Sum (ãé' áèñïßóìáôá), áëë' åäþ ãéá ãéíüìåíá. Ðáñáäåßãìáôá:

In[9]:= !Product&n, !n, 1, 10"', pr&x_' 9 Product&n $x2 : 1%, !n, 1, 10"', pr&50'"
Out[9]= !3628800, 3628800 #1 " x2$10, 34745610764014261207274305020690723628800"
In[10]:= (!Product&$1 : x2 #$k /%2%, !k, 1, C"', Product&$1 ? x2 #$k /%2%, !k, 1, C"'" ##

PowerExpand, Product&1 ? 1#k2, !k, 2, C"', Product)1 : x2
k
, !k, 0, C"*+

Out[10]= !! Sinh%x&
!!!!!!!!!!!!!!!!!!!!!!

x
,

Sin%x&
!!!!!!!!!!!!!!!!!!!

x
", 1

!!!!
2
,

1
!!!!!!!!!!!!
1 + x

"
! ÅÍÔÏËÇ S5:  ÁÑÉÈÌÇÔÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ ÃÉÍÏÌÅÍÏÕ

NProduct[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç}]

NProduct[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç,  ÂÞìáÌåôáâïëÞò}]

ÐëÞñùò áíÜëïãç åíôïëÞ ìå ôçí åíôïëÞ NSum (ãé' áèñïßóìáôá), áëë' åäþ ãéá ãéíüìåíá. Ðáñáäåßãìáôá: 

In[11]:= !p 9 Product&$1 : 1# Cosh&n'%, !n, 1, C"', N&p', NProduct&$1 : 1#Cosh&n'%, !n, 1, C"'"
Out[11]= !4

n%1

- #1 " Sech%n&$, 2.42827, 2.42827"
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! Notebook  E6 

ÅÍÔÏËÅÓ ÃÉÁ ÔÏÍ ÁÐÅÉÑÏÓÔÉÊÏ ËÏÃÉÓÌÏ

8  ÅÍÔÏËÅÓ:  Ë1. Limit,  Ë2. D,  Ë3. Dt,  Ë4. FindMinimum,

Ë5. Integrate,  Ë6. NIntegrate,  Ë7. Series,  Ë8. Normal

ÐÁÑÁÔÇÑÇÓÇ:  Ãéá íá áðïöåõ÷èïýí ôá äýï ìçíýìáôá ðñïåéäïðïéÞóåùò ëáèþí spell êáé spell1 (ðïõ äåí

ðáñïõóéÜæïõí êáìßá ÷ñçóéìüôçôá åäþ), ÷ñçóéìïðïéÞèçêå ç äéðëÞ åíôïëÞ (äýï åíôïëÝò óå ìßá ëßóôá)

In[1]:= !Off&General::spell', Off&General::spell1'";
! ÅÍÔÏËÇ Ë1:  ÏÑÉÏ

Limit[ÓõíÜñôçóç,  ÌåôáâëçôÞ ! Óçìåßï]  

Limit[ÓõíÜñôçóç,  ÌåôáâëçôÞ ! Óçìåßï,  Direction ! 1]  

Limit[ÓõíÜñôçóç,  ÌåôáâëçôÞ ! Óçìåßï,  Direction ! –1]  

Õðïëïãßæåé ôï üñéï ìéáò óõíáñôÞóåùò, ôï ìïíüðëåõñï üñéï áðü áñéóôåñÜ: ìå Direction ! 1 Þ ôï ìïíü-

ðëåõñï üñéï áðü äåîéÜ: ìå Direction ! –1.  Ðáñáäåßãìáôá:

Ðñþôá Ýíá ðïëý áðëü üñéï, Ýíá óõíçèéóìÝíï äßðëåõñï üñéï (ôï ßäéï êáé áðü áñéóôåñÜ êáé áðü äåîéÜ):

In[2]:= !lm1 9 Limit&x2, x A 2', lm2 9 Limit&x2, x A 2, Direction A 1',
lm3 9 Limit&x2, x A 2, Direction A ?1', lm1 = lm2 = lm3"

Out[2]= '4, 4, 4, True(
Åßíáé  üìùò äõíáôüí íá õðÜñ÷ïõí ìüíï ôá ìïíüðëåõñá üñéá êáé  íá åßíáé  ìÜëéóôá äéáöïñåôéêÜ.  (Ó' áõôÞí

ôçí  ðåñßðôùóç ç  ðáñÜëåéøç ôçò  åðéëïãÞò Direction  äßíåé  ôï  ìïíüðëåõñï  üñéï  áðü  äåîéÜ.  Ôïýôï  üìùò

ðñïêáëåß êÜðïéá óýã÷õóç, åðåéäÞ ìðïñåß åýëïãá íá íïìéóèåß üôé õðÜñ÷åé ôï êïéíü üñéï, åíþ äåí õðÜñ÷åé.)

In[3]:= !lma 9 Limit&Cot&x', x A 0, Direction A 1',
lmb 9 Limit&Cot&x', x A 0, Direction A ?1', lma = lmb, lmc 9 Limit&Cot&x', x A 0'"

Out[3]= '+-, -, False, -(
Êáé ôþñá äýï êëáóéêÜ üñéá

In[4]:= (Limit&Sin&x'#x, x A 0', Limit)Sinh&c x'#x;, x A 0*+
Out[4]= '1, c(
¼ñéá ãéá ôçí åêèåôéêÞ óõíÜñôçóç óôï óõí/ðëçí Üðåéñï

In[5]:= !Limit&Exp&x', x A C', Limit&@x, x A C', Limit&@x, x A ?C', Limit&@?x, x A C'"
Out[5]= '-, -, 0, 0(
Ç ðáñÜãùãïò ìéáò óõíáñôÞóåùò åßíáé öõóéêÜ êé áõôÞ Ýíá üñéï (êáé ðïëý ãíùóôü ìÜëéóôá!). ÐáñÜäåéãìá:
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In[6]:= !g&x_' 9 Sinh&x', g'&x', lmg 9 Limit&$g&x : h' ? g&x'%#h, h A 0', lmg = g'&x'"
Out[6]= 'Sinh%x&, Cosh%x&, Cosh%x&, True(
ÁíÜëïãá ü÷é ìüíï ç ðñþôç ðáñÜãùãïò, áëëÜ êáé ç äåýôåñç ðáñÜãùãïò: êé áõôÞ åßíáé Ýíá üñéï!

In[7]:= !v&x_' 9 Cos&a x : b',!v'&x', lmv1 9 Limit&$v&x : h' ? v&x ? h'%# $2;h%, h A 0', lmv1 = v'&x'",!v''&x', lmv2 9 Limit&$v&x : h' : v&x ? h' ? 2;v&x'%#h2, h A 0', lmv2 = v''&x'""
Out[7]= 'Cos%b " a x&, '+a Sin%b " a x&, +a Sin%b " a x&, True(,'+a2 Cos%b " a x&, +a2 Cos%b " a x&, True((
ÔÝëïò Ýíá áðëü üñéï ãéíïìÝíïõ ðÝíôå óõíáñôÞóåùí êáé ôÝóóåñá üñéá (ãéá x # 0) óõíáñôÞóåùí Bessel:

In[8]:= Limit&!Sin&x';Sinh&x';Cot&x';Coth&x';Exp&x',
BesselJ&0, x', BesselY&0, x', BesselI&0, x', BesselK&0, x'", x A 0'

Out[8]= '1, 1, +-, 1, -(
! ÅÍÔÏËÇ Ë2:  ÐÁÑÁÃÙÃÉÓÇ

D[ÓõíÜñôçóç,  ÌåôáâëçôÞ]

D[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÖïñÝòÐáñáãùãßóåùò}]

D[ÓõíÜñôçóç,  ÌåôáâëçôÞ1,  ÌåôáâëçôÞ2,  ÌåôáâëçôÞ3,  . . . ]

D[ÓõíÜñôçóç,  {ÌåôáâëçôÞ1,  ÖïñÝòÐáñáãùãßóåùò1 },  {ÌåôáâëçôÞ2,  ÖïñÝòÐáñáãùãßóåùò2 },  . . . ]

Õðïëïãßæåé  ôç  óõíÞèç  ðáñÜãùãï  Þ  ôç  ìåñéêÞ  ðáñÜãùãï  (Þ  ßäéá  åíôïëÞ!)  êÜèå  ôÜîåùò.  Ãéá  óõíÞèåéò

ðáñáãþãïõò ÷ñçóéìïðïéåßôáé êáé ï ôüíïò óáí áðëïýóôåñï óýìâïëï. Ðáñáäåßãìáôá:

Ïé ãíùóôÝò ðáñáãùãßóåéò ãéá ôá ðÝíôå âáóéêÜ ìåãÝèç: v, è, M, Q êáé p óå ìéá óõíÞèç äïêü óå êÜìøç:

In[9]:= Clear&v'; !v&x', v'&x', v''&x', v'''&x', v''''&x', v''''&x' = D&v&x', !x, 4"',
(&x_' 9 v'&x', M&x_' 9 EI ('&x', Q&x_' 9 M'&x', p&x_' 9 Q'&x', EI v''''&x' = p&x'"

Out[9]= 'v%x&, v1%x&, v11%x&, v#3$%x&, v#4$%x&, True, v1%x&, EI v11%x&, EI v#3$%x&, EI v#4$%x&, True(
ÄéÜöïñåò óõíÞèåéò ðáñÜãùãïé êáé ìåñéêÝò ðáñÜãùãïé:

In[10]:= !D&f&x', x', D&f&x', !x, n"', v&t_' 9 D&u&t', t', a&t_' 9 D& u&t', !t, 2"',
D&g&x, y', x, y', D&g&x, y', x, !y, 5"', D&g&x, y, z', !x, 3", !y, 4", z'"

Out[10]= 'f1%x&, f#n$%x&, u1%t&, u11%t&, g#1,1$%x, y&, g#1,5$%x, y&, g#3,4,1$%x, y, z&(
Ç ðïëý ãíùóôÞ éäéüôçôá óôçí ðáñáãþãéóç üôé ãåíéêÜ (ãéá ôçí áêñßâåéá ó÷åäüí ðÜíôá) ç åíáëëáãÞ ôçò

óåéñÜò ôùí ðáñáãùãßóåùí óå ìåñéêÝò ðáñáãþãïõò äåí åðçñåÜæåé ôï áðïôÝëåóìá åßíáé ãíùóôÞ åê ôùí

ðñïôÝñùí (Ý÷åé åíóùìáôùèåß) êáé óôç Mathematica áðü ôïõò ðñïãñáììáôéóôÝò ôçò:

In[11]:= !D&h&x, y', x, y' = D&h&x, y', y, x', D&h&x, y, z', x, y, z' = D&h&x, y, z', z, y, x',
ver 9 D&h&x, y, z', x, !y, 2", !z, 3"' = D&h&x, y, z', !z, 3", x, !y, 2"'"

Out[11]= 'True, True, True(
Íá êáé ìåñéêÝò áëçèéíÝò ðáñáãùãßóåéò ãéá ôñéãùíïìåôñéêÝò óõíáñôÞóåéò (ç ôåëåõôáßá áñêåôÜ äýóêïëç!):
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In[12]:= !D&Sin&x', x', D&Tan&x', x', D&Tanh&x', x', D&Tanh&x', !x, 9"' ## Simplify"
Out[12]= 'Cos%x&, Sec%x&2, Sech%x&2,

2 #78095 + 88234 Cosh%2 x& " 14608 Cosh%4 x& + 502 Cosh%6 x& " Cosh%8 x&$ Sech%x&10(
Ç  ôñéãùíïìåôñéêÞ  óõíÜñôçóç  cos ù0!t  åðáëçèåýåé,  üðùò  ãíùñßæïõìå,  ôç  ãñáììéêÞ  äéáöïñéêÞ  åîßóùóç

äåõôÝñáò ôÜîåùò ôïõ áñìïíéêïý ôáëáíôùôÞ óôï êëáóéêü ìç÷áíéêü óýóôçìá õëéêïý óçìåßïõ–åëáôçñßïõ:

In[13]:= ;!!u&t_' 9 Cos&70 t', u'&t', u''&t'", u''&t' : 702;u&t' = 0"
Out[13]= ''Cos%t #0&, +Sin%t #0& #0, +Cos%t #0& #0

2(, True(
Íá êáé ìéá êÜðùò äõóêïëüôåñç ðáñáãþãéóç (åäþ ìåñéêÞ ðáñáãþãéóç) ðïõ èá áðáéôïýóå áñêåôü ÷ñüíï,

áí ãéíüôáí ÷ùñßò ôïí õðïëïãéóôÞ: ìå ôï ÷Ýñé. (Êé áí äåí ãéíüôáí êÜðïéï ëÜèïò óôéò ðñÜîåéò ìå ôï ÷Ýñé!)

In[14]:= D&Cos&x2 ;y4;Sin&2 z'', x, !y, 4", !z, 2"' ## FullSimplify

Out[14]= +16 x3 y4 Cos%x2 y4 Sin%2 z&& #6 " 6 Cos%4 z& #279 " 208 x8 y16 Sin%2 z&4$ "

x4 y8 #8 #811 " 140 x4 y8$ Sin%2 z&4 + 6675 Sin%4 z&2$$ +

64 x Sin%2 z& #+3 " x4 y8 #+4035 Cos%2 z&2 " #1809 " 1459 x4 y8 + 4 x8 y16 "

1891 x4 y8 Cos%4 z& " 4 x8 y16 Cos%8 z&$ Sin%2 z&2$$ Sin%x2 y4 Sin%2 z&&
Ìéá  áñìïíéêÞ  óõíÜñôçóç  (óôéò  äýï  äéáóôÜóåéò),  äçëáäÞ  ìéá  óõíÜñôçóç  ðïõ  åðáëçèåýåé  ôç  äéäéÜóôáôç

åîßóùóç ôïõ Laplace:

In[15]:= !u&x_, y_' 9 c Cosh&a x';Sin&a y',
ux2 9 D&u&x, y', !x, 2"', uy2 9 D&u&x, y', !y, 2"', s 9 ux2 : uy2, s = 0"

Out[15]= 'c Cosh%a x& Sin%a y&, a2 c Cosh%a x& Sin%a y&, +a2 c Cosh%a x& Sin%a y&, 0, True(
Ìéá Üëëç óõíÜñôçóç (åðßóçò óôéò äýï äéáóôÜóåéò) ðïõ äåí åßíáé áñìïíéêÞ, åßíáé üìùò äéáñìïíéêÞ, üðùò

óõìâáßíåé ìå ôçí ôáóéêÞ óõíÜñôçóç ôïõ Airy óôçí Åðßðåäç Åëáóôéêüôçôá óôç Ìç÷áíéêÞ ôùí Õëéêþí:

In[16]:= !A&x_, y_' 9 a $x4 ? y4% : b x y : c y2 : d x : e y : f,

check1 9 D&A&x, y', !x, 2"' : D&A&x, y', !y, 2"' = 0,

check2 9 D&A&x, y', !x, 4"' : 2;D&A&x, y', !x, 2", !y, 2"' : D&A&x, y', !y, 4"' = 0"
Out[16]= 'f " d x " e y " b x y " c y2 " a #x4 + y4$, 2 c " 12 a x2 + 12 a y2 %% 0, True(
Êáé  ôÝëïò ìéá ìç ôåôñéììÝíç (áñêåôÜ ðïëýðëïêç!)  åöáñìïãÞ ôïõ ãíùóôïý êáíüíá ðáñáãùãßóåùò ãéíï-

ìÝíïõ óõíáñôÞóåùí: åäþ ãéá ôçí ôñßôç ðáñÜãùãï ôïõ ãéíïìÝíïõ ôùí óõíáñôÞóåùí f"x# , g"x#  êáé h"x# :
In[17]:= D&f&x';g&x';h&x', !x, 3"'
Out[17]= Cosh%x& f%x& h%x& " 3 Sinh%x& #h%x& f1%x& " f%x& h1%x&$ "

3 Cosh%x& #2 f1%x& h1%x& " h%x& f11%x& " f%x& h11%x&$ "

Sinh%x& #3 h1%x& f11%x& " 3 f1%x& h11%x& " h%x& f#3$%x& " f%x& h#3$%x&$
! ÅÍÔÏËÇ Ë3:  ÏËÉÊÏ ÄÉÁÖÏÑÉÊÏ ÊÁÉ ÏËÉÊÇ ÐÁÑÁÃÙÃÏÓ

Dt[ÓõíÜñôçóç]

Dt[ÓõíÜñôçóç,  ÌåôáâëçôÞ]

Dt[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÖïñÝòÐáñáãùãßóåùò}]

Óôçí ðñþôç ìïñöÞ ôçò  õðïëïãßæåé  ôï  (ïëéêü)  äéáöïñéêü  ìéáò óõíáñôÞóåùò ùò ðñïò ôéò  ìåôáâëçôÝò
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ôçò.  Óôç  äåýôåñç  ìïñöÞ  ôçò  õðïëïãßæåé  ôçí  ïëéêÞ  ðáñÜãùãï  ìéáò  óõíáñôÞóåùò  ùò  ðñïò  ôç  ìåôá-

âëçôÞ ðïõ äßíåôáé êáé óôçí ôñßôç ìïñöÞ ôçò ôçí áíôßóôïé÷ç ïëéêÞ ðáñÜãùãï n-ôÜîåùò. Ðáñáäåßãìáôá:

Ôï äéáöïñéêü ìéáò óõíáñôÞóåùò ìéáò ìåôáâëçôÞò (åðßóçò êáé ìå áðëïýóôåñç ôåëéêÞ ãñáöÞ):

In[18]:= !df 9 Dt&f&x'', df1 9 df #. Dt&x' A dx" ## Simplify

Out[18]= 'Dt%x& f1%x&, dx f1%x&(
Ôï äéáöïñéêü ìéáò óõíáñôÞóåùò ôñéþí ìåôáâëçôþí (êáé ðÜëé êáé ìå áðëïýóôåñç ôåëéêÞ ãñáöÞ):

In[19]:= !dg 9 Dt&g&x, y, z'', dg1 9 dg #. !Dt&x' A dx, Dt&y' A dy, Dt&z' A dz""
Out[19]= 'Dt%z& g#0,0,1$%x, y, z& " Dt%y& g#0,1,0$%x, y, z& " Dt%x& g#1,0,0$%x, y, z&,

dz g#0,0,1$%x, y, z& " dy g#0,1,0$%x, y, z& " dx g#1,0,0$%x, y, z&(
¸íá ïðïéïäÞðïôå óýìâïëï c, z, êëð.  ìðïñåß åýêïëá íá èåùñçèåß óôáèåñÜ ìå ôç ÷ñÞóç ôçò åíôïëÞò:

In[20]:= SetAttributes&!c, z", Constant'
Ôï äéáöïñéêü ùò ðñïò Ýíá ôÝôïéï óýìâïëï (ðïõ äçëþíåé óôáèåñÜ) öõóéêÜ ìçäåíßæåôáé:

In[21]:= !Dt&f&z'', Dt&f&c, z'', Dt&f&x, z'', dg2 9 Dt&g&x, y, z, c''"
Out[21]= '0, 0, Dt%x& f#1,0$%x, z&, Dt%y& g#0,1,0,0$%x, y, z, c& " Dt%x& g#1,0,0,0$%x, y, z, c&(
In[22]:= Df 9 Dt&c2 : x2 : y2 : Sin&c x y ''
Out[22]= 2 x Dt%x& " 2 y Dt%y& " Cos%c x y& #c y Dt%x& " c x Dt%y&$
Ìå ôç  ÷ñÞóç ôçò  åíôïëÞò Dt  ìðïñïýìå  íá  ó÷çìáôßóïõìå  êáé  ôçí  ðëÞñç  (Þ  áêñéâÞ)  äéáöïñéêÞ åîßóùóç

ðïõ Ý÷åé óáí ëýóç ìéá ðåðëåãìÝíç óõíÜñôçóç ôçò ìïñöÞò u"x, y# ' c . ÐáñÜäåéãìá ãéá ìéá ðåñéöÝñåéá

In[23]:= !Circumference 9 x2 : y2 = c, ODE 9 Dt&Circumference', ODE #. !Dt&x' A dx, Dt&y' A dy""
Out[23]= 'x2 " y2 %% c, 2 x Dt%x& " 2 y Dt%y& %% 0, 2 dx x " 2 dy y %% 0(
Êáé äåýôåñï ðáñÜäåéãìá ãéá ôéò ãñáììÝò ñïÞò óå äéäéÜóôáôç ìüíéìç ñïÞ éäåáôïý ñåõóôïý ôá÷ýôçôáò U

óôï Üðåéñï (ïìïéüìïñöç ñïÞ) ãýñù áðü êýëéíäñï áêôßíáò a (ðéï êáëÜ ðïõ ðáñåìðïäßæåôáé áðü êýëéíäñï).

Ðñþôá äßíåôáé  ç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôçóç ñïÞò) Ø"x, y# ,  áöïý âÝâáéá ç ôá÷ýôçôá U  ôïõ ñåõóôïý

óôï Üðåéñï êáé ç áêôßíá ôïõ êõëßíäñïõ a õðïôåèïýí åäþ (óùóôÜ!) êáé ïé äõï ôïõò óôáèåñÝò:

In[24]:= SetAttributes&!U, a", Constant'; )&x_, y_' 9 U;$y ? y a2 #$x2 : y2%%
Out[24]= U 5677y +

a2 y
!!!!!!!!!!!!!!!!!
x2 " y2

89::
Óôç óõíÝ÷åéá, ðáßñíïíôáò ôï äéáöïñéêü ôçò ñïúêÞò óõíáñôÞóåùò ó÷çìáôßæïõìå ôç ó÷åôéêÞ ìç ãñáììéêÞ

óõíÞèç  äéáöïñéêÞ åîßóùóç ðñþôçò  ôÜîåùò  ãéá  ôéò  ãñáììÝò  ñïÞò.  (ÁõôÞ åßíáé  ðñïöáíþò ìéá  ðëÞñçò Þ

áêñéâÞò äéáöïñéêÞ åîßóùóç.) Åäþ âÝâáéá ç äéáöïñéêÞ åîßóùóç åßíáé ãñáììÝíç ìå ôç ÷ñÞóç äéáöïñéêþí: 

In[25]:= FlowLinesDifferentialEquation19 Dt&)&x, y'' = 0 ## FullSimplify

Out[25]= U
56777Dt%y& "

a2 #2 x y Dt%x& " #+x2 " y2$ Dt%y&$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#x2 " y2$2 89::: %% 0

Ç ßäéá åîßóùóç ìðïñåß íá ãñáöåß êáé óå áðëïýóôåñç ìïñöÞ ìå ïñéóìÝíåò ðáñáðÝñá ðáñåìâÜóåéò ìáò:

32 CE-Mathematica-E6-Calculus-2008.nb



In[26]:= FlowLinesDifferentialEquation29

Numerator&Together&FlowLinesDifferentialEquation1,1-#U'' = 0 #.!Dt&x' A dx, Dt&y' A dy" ## Simplify

Out[26]= dy #x2 " y2$2 " a2 #2 dx x y " dy #+x2 " y2$$ %% 0

Óôç äåýôåñç ìïñöÞ ôçò ç åíôïëÞ Dt âñßóêåé ôçí ïëéêÞ ðáñÜãùãï (total derivative) ôçò óõíáñôÞóåùò óôï

ðñþôï üñéóìá ùò ðñïò ôç ìåôáâëçôÞ óôï äåýôåñï üñéóìá. (Õðåíèõìßæåôáé üôé ôï c äçëþíåé óôáèåñÜ.)

In[27]:= !Dt&x2 : y2 : c x y, x', Dt&x2 : y2 : c x y, y'" ## Simplify

Out[27]= '2 x " c y " #c x " 2 y$ Dt%y, x&, c x " 2 y " #2 x " c y$ Dt%x, y&(
Ìå ôçí ôñßôç ìïñöÞ ôçò åíôïëÞò Dt õðïëïãßæïíôáé áíÜëïãá êáé ïëéêÝò ðáñÜãùãïé áíùôÝñáò ôÜîåùò

In[28]:= !Dt&u3 : v3, !u, 2"', Dt&u3 : v3, !u, 3"'" ## Simplify

Out[28]= '6 u " 6 v Dt%v, u&2 " 3 v2 Dt%v, 'u, 2(&,
3 #2 " 2 Dt%v, u&3 " 6 v Dt%v, u& Dt%v, 'u, 2(& " v2 Dt%v, 'u, 3(&$(

ÔÝëïò ï ãíùóôüò êáíüíáò ôçò áëõóßäáò (Þ ôçò áëëçëïõ÷ßáò ôùí ðáñáãþãùí) óå ìéá áðëÞ ìïñöÞ ôïõ: 

In[29]:= Dt&f&u, v, w', t'
Out[29]= Dt%w, t& f#0,0,1$%u, v, w& " Dt%v, t& f#0,1,0$%u, v, w& " Dt%u, t& f#1,0,0$%u, v, w&
? \+.!"].*\%-^!'$^!*")'$%\^_.#+(^

Ç ïëéêÞ ðáñÜãùãïò åßíáé ðïëý ÷ñÞóéìç óôç Ñåõóôïìç÷áíéêÞ, üðïõ êáëåßôáé êáé õëéêÞ ðáñÜãùãïò (mater-

ial derivative). Åäþ èåùñïýìå ìç ìüíéìç ñïÞ óôéò ôñåéò äéáóôÜóåéò "x, y, z# .  ÅðáíáöÝñïõìå ôï óýìâïëï z

íá äçëþíåé ìåôáâëçôÞ êáé õðåíèõìßæïõìå ôçí ïëéêÞ (Þ õëéêÞ) ðáñÜãùãï ìéáò óõíáñôÞóåùò óôç ñïÞ áõôÞ:

In[30]:= ClearAttributes&z, Constant'; Dft 9 Dt&f&x, y, z, t', t'
Out[30]= f#0,0,0,1$%x, y, z, t& " Dt%z, t& f#0,0,1,0$%x, y, z, t& "

Dt%y, t& f#0,1,0,0$%x, y, z, t& " Dt%x, t& f#1,0,0,0$%x, y, z, t&
Ìå ôç ÷ñÞóç ôùí óõíéóôùóþí ôçò ôá÷ýôçôáò V, ðïõ åßíáé öõóéêÜ ïé ÷ñïíéêÝò ðáñÜãùãïé ôùí "x, y, z# :
In[31]:= VelocityComponents 9!Dt&x, t' A u&x, y, z, t', Dt&y, t' A v&x, y, z, t', Dt&z, t' A w&x, y, z, t'";
ç ßäéá ïëéêÞ (Þ õëéêÞ) ðáñÜãùãïò ãñÜöåôáé êáé óôçí ðïëý ðéï êáôáíïçôÞ ìïñöÞ ôçò

In[32]:= Dft1 9 Dft #. VelocityComponents

Out[32]= f#0,0,0,1$%x, y, z, t& " w%x, y, z, t& f#0,0,1,0$%x, y, z, t& "

v%x, y, z, t& f#0,1,0,0$%x, y, z, t& " u%x, y, z, t& f#1,0,0,0$%x, y, z, t&
Ðñïöáíþò ôï äéÜíõóìá V ôçò ôá÷ýôçôáò ôïõ ñåõóôïý (åäþ óôéò ôñåéò äéáóôÜóåéò) åßíáé ôï äéÜíõóìá

In[33]:= V&x_, y_, z_, t_' 9 !u&x, y, z, t', v&x, y, z, t', w&x, y, z, t'";
Êáëïýìå ôþñá ôï ðáêÝôï ÄéáíõóìáôéêÞò Áíáëýóåùò êáé ïñßæïõìå ÊáñôåóéáíÝò óõíôåôáãìÝíåò "x, y, z# :
In[34]:= Needs&"Calculus`VectorAnalysis "̀'
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In[35]:= SetCoordinates&Cartesian&x, y, z'';
Ðáñáôçñïýìå üôé ç ðáñáðÜíù ïëéêÞ (Þ õëéêÞ) ðáñÜãùãïò ìðïñåß íá ãñáöåß êáé óôçí éóïäýíáìç ìïñöÞ 

In[36]:= Dft1 = D&f&x, y, z, t', t' : V&x, y, z, t'.Grad&f&x, y, z, t''
Out[36]= True

Ìå ÷ñÞóç ôçò ïëéêÞò (Þ õëéêÞò) ðáñáãþãïõ ãñÜöïõìå ôçí åîßóùóç ôçò óõíå÷åßáò (ìå ñ ôçí ðõêíüôçôá):

In[37]:= ContinuityEquation 9

Dt&0&x, y, z, t', t' : 0&x, y, z, t';Div&V&x, y, z, t', Cartesian&x, y, z'' = 0 #.
VelocityComponents

Out[37]= 8#0,0,0,1$%x, y, z, t& "

w%x, y, z, t& 8#0,0,1,0$%x, y, z, t& " v%x, y, z, t& 8#0,1,0,0$%x, y, z, t& "

8%x, y, z, t& #w#0,0,1,0$%x, y, z, t& " v#0,1,0,0$%x, y, z, t& " u#1,0,0,0$%x, y, z, t&$ "

u%x, y, z, t& 8#1,0,0,0$%x, y, z, t& %% 0

!  ÅÍÔÏËÇ  Ë4:  ÔÏÐÉÊÏ ÅËÁ×ÉÓÔÏ ÓÕÍÁÑÔÇÓÅÙÓ
FindMinimum[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÓçìåßïÅíÜñîåùò}]  

FindMinimum[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÓçìåßïÅíÜñîåùò,

                       Áñéóôåñü¢êñïÄéáóôÞìáôïò,  Äåîéü¢êñïÄéáóôÞìáôïò}]  

FindMinimum[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÁñéóôåñüÓçìåßïÅíÜñîåùò,  ÄåîéüÓçìåßïÅíÜñîåùò}]  

FindMinimum[ÓõíÜñôçóç,  {ÌåôáâëçôÞ-1,  ÓçìåßïÅíÜñîåùò-1},  {ÌåôáâëçôÞ-2,  ÓçìåßïÅíÜñîåùò-2}]  

Óôçí ðñþôç ìïñöÞ ôçò ç åíôïëÞ áõôÞ õðïëïãßæåé áñéèìçôéêÜ Ýíá ôïðéêü åëÜ÷éóôï ôçò óõíáñôÞóåùò

ç ïðïßá êáèïñßæåôáé óôï ðñþôï üñéóìá. Ç ìåôáâëçôÞ êáé ôï óçìåßï åíÜñîåùò ôçò åõñÝóåùò ôïõ åëá-

÷ßóôïõ êáèïñßæïíôáé óôç ëßóôá (ìå äýï óôïé÷åßá) ôïõ äåõôÝñïõ ïñßóìáôïò. ÐÝñá áðü ôï ôïðéêü åëÜ÷é-

óôï ç åíôïëÞ äßíåé  åðßóçò êáé  ôï óçìåßï üðïõ ðáñïõóéÜæåôáé  ôï åëÜ÷éóôï áõôü. Óôç äåýôåñç ìïñöÞ

ôçò ßäéáò åíôïëÞò óôç ëßóôá ôïõ äåýôåñïõ ïñßóìáôïò êáèïñßæåôáé åðßóçò êáé ôï äéÜóôçìá &a, b'  ìÝóá

óôï ïðïßï èá ãßíåé ï Ýëåã÷ïò ôïõ åëá÷ßóôïõ.  Óôç óõíÝ÷åéá óôçí ôñßôç ìïñöÞ ôçò ßäéáò åíôïëÞò óôï

äåýôåñï üñéóìá (åêôüò áðü ôç ìåôáâëçôÞ) äåí êáèïñßæåôáé  Ýíá óçìåßï åíÜñîåùò,  áëëÜ êáèïñßæïíôáé

äýï óçìåßá c êáé d  åíÜñîåùò ôçò äéáäéêáóßáò åõñÝóåùò ôïõ åëá÷ßóôïõ. Ç ôñßôç áõôÞ ìïñöÞ åßíáé áõ-

ôÞ ðïõ áðáéôåßôáé íá ÷ñçóéìïðïéçèåß, åöüóïí ç óõíÜñôçóç äå äéáèÝôåé áíáëõôéêÞ ðáñÜãùãï. ÔÝëïò ç

ßäéá  áêñéâþò  åíôïëÞ  ìðïñåß  áóöáëþò  íá  ÷ñçóéìïðïéçèåß  êáé  ãéá  óõíáñôÞóåéò  ðïëëþí  ìåôáâëçôþí,

üðùò öáßíåôáé óôçí ôÝôáñôç ìïñöÞ ôçò (åêåß üìùò ãéá äýï ìüíï ìåôáâëçôÝò). Ðáñáäåßãìáôá: Ðñþôá

ìéá áðëÞ óõíÜñôçóç ìéáò ìåôáâëçôÞò (Ýíá ôñéôïâÜèìéï ðïëõþíõìï) êáé ç ãñáöéêÞ ôçò ðáñÜóôáóç:

In[38]:= G&x_' 9 2;x3 ? 5;x2 ? 7;x : 15;

Plot&G&x', !x, ?3.8, 3.8", PlotStyle A Thickness&0.01', ImageSize A 156';
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Åýñåóç ôþñá ôïõ ôïðéêïý  åëá÷ßóôïõ ìå  ôçí ðáñïýóá åíôïëÞ  FindMinimum  îåêéíþíôáò ôçí áíáæÞôçóÞ

ôïõ áðü ôï óçìåßï x ' 0, ìéá ü÷é êáé ôüóï êáëÞ áñ÷éêÞ ðñïóÝããéóç óýìöùíá ìå ôï ðáñáðÜíù ó÷Þìá:

In[39]:= Gm1 9 FindMinimum&G&x', !x, 0"'
Out[39]= '+3.30405, 'x , 2.19756((
ÔåëéêÜ ôï ôïðéêü åëÜ÷éóôï âñÝèçêå óùóôÜ. ¸÷åé ôçí ôéìÞ (3.30405 êáé åßíáé óôï óçìåßï x ' 2.19756:

In[40]:= !LocalMinimum 9 Gm1,1-, PointOfLocalMinimum 9 Gm1,2, 1, 2-"
Out[40]= '+3.30405, 2.19756(
ÖõóéêÜ ãéá ôï ôïðéêü ìÝãéóôï ôçò ßäéáò óõíáñôÞóåùò ö"x# , áñêåß íá õðïëïãéóèåß ôï ôïðéêü åëÜ÷éóôï ôçò

áíôßèåôÞò ôçò óõíáñôÞóåùò, äçëáäÞ ôçò óõíáñôÞóåùò (ö"x# . Ãéá íá ôï êÜíïõìå êé áõôü ôþñá:

In[41]:= Gm2 9 FindMinimum&?G&x', !x, 0"'
Out[41]= '+17.0078, 'x , +0.530892((
In[42]:= !LocalMaximum 9 ?Gm2,1-, PointOfLocalMaximum 9 Gm2,2, 1, 2-"
Out[42]= '17.0078, +0.530892(
Ôá áðïôåëÝóìáôá áõôÜ óõìöùíïýí ìå ôï ðéï ðÜíù ó÷Þìá. Åßíáé ðñïöáíÝò üôé ïé äýï ðéï ðÜíù ôéìÝò (ãéá

ôï  ôïðéêü  åëÜ÷éóôï  êáé  ôï  ôïðéêü  ìÝãéóôï)  ìçäåíßæïõí  ôçí  ðñþôç  ðáñÜãùãï  ö '!"x#  ôçò  óõíáñôÞóåþò

ìáò ö"x# . Áõôü åßíáé óùóôü ãéá ìéá ðáñáãùãßóéìç óõíÜñôçóç, üðùò åßíáé ôï ðïëõþíõìï ðïõ åîåôÜæïõìå:

In[43]:= Solve&G'&x' = 0, x' ## N

Out[43]= ''x , +0.530892(, 'x , 2.19756((
Áðïðåéñüìáóôå ôþñá íá äçëþóïõìå áðü ôçí áñ÷Þ êáé ôï äéÜóôçìá ìÝóá óôï ïðïßï õðïøéáæüìáóôå üôé

êåßôáé ôï ôïðéêü åëÜ÷éóôï ôçò óõíáñôÞóåùò. ÅðéëÝãïõìå áñ÷éêÜ ôï äéÜóôçìá &(2, 2'!:
In[44]:= FindMinimum&G&x', !x, 0, ?2, 2"'

FindMinimum::regex& : &Reached the point '2.55042( which is outside the region ''+2., 2.((.
Out[44]= FindMinimum%9%x&, 'x, 0, +2, 2(&
Ôï ðéï ðÜíù äéÜóôçìá &(2, 2'  áðÝôõ÷å. Äåí õðÜñ÷åé ôïðéêü åëÜ÷éóôï åêåß. Áíôßèåôá ôï äéÜóôçìá &(3, 3'
åßíáé åðéôõ÷Ýò. Åêåß ìÝóá êåßôáé ôï óçìåßï ôïðéêïý åëá÷ßóôïõ x '  2.19756:

In[45]:= FindMinimum&G&x', !x, 0, ?3, 3"'
Out[45]= '+3.30405, 'x , 2.19756((
Ìå ôçí ôñßôç ìïñöÞ ôçò åíôïëÞò äçëþíïõìå óôï äåýôåñï üñéóìá äýï óçìåßá (êáé ü÷é ìüíï Ýíá) ãéá ôçí

Ýíáñîç ôçò äéáäéêáóßáò ðñïóäéïñéóìïý ôïõ ôïðéêïý åëá÷ßóôïõ. ÖõóéêÜ ðñïêýðôåé îáíÜ ôï ßäéï åëÜ÷éóôï:

In[46]:= FindMinimum&G&x', !x, 1, 2"'
Out[46]= '+3.30405, 'x , 2.19756((
Êáé Ýíá ôåëåõôáßï ðáñÜäåéãìá: áõôü ãéá ìéá óõíÜñôçóç ö ìå äýï ìåôáâëçôÝò:  ôç óõíÜñôçóç sin x cos y

ìå ãñáöéêÞ ðáñÜóôáóç
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In[47]:= Plot3D&Sin&x';Cos&y', !x, 0, 4", !y, 0, 5",
PlotPoints A 30, AxesLabel A !"x", "y", "G "", ImageSize A 280';
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ç ïðïßá Ý÷åé ðñáãìáôéêÜ Ýíá ôïðéêü åëÜ÷éóôï óôçí ðáñáðÜíù ïñèïãùíéêÞ ðåñéï÷Þ &0, 4'-&0, 5' . Áõôü ôï

ôïðéêü åëÜ÷éóôï ôo ðñïóäéïñßæïõìå êáé ôþñá ìå ôçí ßäéá åíôïëÞ FindMinimum:

In[48]:= FindMinimum&Sin&x';Cos&y', !x, 1", !y, 3"'
Out[48]= '+1., 'x , 1.5708, y , 3.14159((
!  ÅÍÔÏËÇ  Ë5:  ÏËÏÊËÇÑÙÓÇ

Integrate[ÓõíÜñôçóç,  ÌåôáâëçôÞ]  

Integrate[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÊÜôù¼ñéïÏëïêëçñþóåùò,  ¢íù¼ñéïÏëïêëçñþóåùò}] 

Integrate[ÓõíÜñôçóç,  {ÌåôáâëçôÞ-1,  ÊÜôù¼ñéïÏëïêëçñþóåùò-1,  ¢íù¼ñéïÏëïêëçñþóåùò-1},  

                  ÌåôáâëçôÞ-2,  ÊÜôù¼ñéïÏëïêëçñþóåùò-2,  ¢íù¼ñéïÏëïêëçñþóåùò-2},  . . . ] 

Õðïëïãßæåé  áíáëõôéêÜ  (åöüóïí  ôïýôï  åßíáé  äõíáôüí)  ôï  áüñéóôï  Þ  ôï  ïñéóìÝíï  ïëïêëÞñùìá  ìéáò

óõíáñôÞóåùò, ð.÷. ôï ïëïêëÞñùìá (a

b
!f"x# !dx  óôç ìßá äéÜóôáóç (áðëü ïëïêëÞñùìá), óôéò äýï äéáóôÜ-

óåéò  (äéðëü  ïëïêëÞñùìá),  óôéò  ôñåéò  äéáóôÜóåéò  (ôñéðëü  ïëïêëÞñùìá),  êëð.  Ðáñáäåßãìáôá:  Ðñþôá

áðëÜ ç äÞëùóç ìåñéêþí ïëïêëçñùìÜôùí (÷ùñßò õðïëïãéóìïýò ôïõò):

In[49]:= !Integrate&f&x', x', Integrate&h&t', !t, a, b"', Integrate&4&2', !2, 0, t"'"
Out[49]= !) f%x&&0x, )

a

b

h%t&&0t, )
0

t

:%2&&02"
In[50]:= Integrate&f&x, y, z', !x, xmin, xmax", !y, ymin, ymax", !z, zmin, zmax"'
Out[50]= )

xmin

xmax)
ymin

ymax)
zmin

zmax

f%x, y, z&&0z&0y&0x
Äýï ìÝôñéáò äõóêïëßáò áüñéóôá ïëïêëçñþìáôá ìå ôéò óõíáñôÞóåéò sinh x  êáé erf x  áíôßóôïé÷á:

In[51]:= !Integrate&x5;Sinh&x', x', Integrate&x Erf&x', x'" ## Simplify

Out[51]= !x #120 " 20 x2 " x4$ Cosh%x& + 5 #24 " 12 x2 " x4$ Sinh%x&, 1
!!!!
4

56777 2 3+x2 x
!!!!!!!!!!!!!!!!!!!*++++' " #+1 " 2 x2$ Erf%x&89:::"
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¸íá ïñéóìÝíï ïëïêëÞñùìá ðïõ ðåñéëáìâÜíåé ôç óõíÜñôçóç óöÜëìáôïò erf x êáé ç áñéèìçôéêÞ ôéìÞ ôïõ:

In[52]:= !i1 9 Integrate&x20 Erf&x', !x, 0, 1"' ## Simplify, N&i1', N&i1, 30'"
Out[52]= ! 9864101 " 3 ,+3628800 "*++++' Erf%1&-

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
21 3 *++++' , 0.039149, 0.0391490327501211619198661036284"

Óå ïñèïãùíéêÞ ðëÜêá óôçí ðåñéï÷Þ P ' &0, a'-&0, b'  ðïõ êáôáðïíåßôáé  áðü óõãêåêñéìÝíç êáôáíåìçìÝíç

êÜèåôç öüñôéóç p"x, y# :

In[53]:= p&x_, y_' 9 Cos&$x#a : y#b%';$C x2 : D x y : F y2%;
ôï  óõíïëéêü  öïñôßï TotalPlateLoad óôçí ðëÜêá èá åßíáé  ôï  ïëïêëÞñùìá ôçò ðáñáðÜíù óõíáñôÞóåùò

öïñôßóåþò ôçò p"x, y#  óå ïëüêëçñç ôçí ïñèïãùíéêÞ ðëÜêá:

In[54]:= TotalPlateLoad 9 Integrate&p&x, y', !x, 0, a", !y, 0, b"' ## Simplify

Out[54]= a b #+1 " 2 Cos%1&$#a b D #+1 " 2 Sin%1&$ " a2 C #+1 " Cos%1& " 2 Sin%1&$ " b2 F #+1 " Cos%1& " 2 Sin%1&$$
¹ôáí Ýíá ðïëý äýóêïëï óôïí õðïëïãéóìü äéðëü ïëïêëÞñùìá. Óå ðéï áñéèìçôéêÞ ìïñöÞ ç ôéìÞ ôïõ åßíáé:

In[55]:= N&TotalPlateLoad'
Out[55]= 0.0806046 a b #1.22324 a2 C " 0.682942 a b D " 1.22324 b2 F$
!  ÅÍÔÏËÇ  Ë6:  ÁÑÉÈÌÇÔÉÊÇ ÏËÏÊËÇÑÙÓÇ

NIntegrate[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  ÊÜôù¼ñéïÏëïêëçñþóåùò,  ¢íù¼ñéïÏëïêëçñþóåùò}] 

NIntegrate[ÓõíÜñôçóç,  {ÌåôáâëçôÞ-1,  ÊÜôù¼ñéïÏëïêëçñþóåùò-1,  ¢íù¼ñéïÏëïêëçñþóåùò-1},  

                    ÌåôáâëçôÞ-2,  ÊÜôù¼ñéïÏëïêëçñþóåùò-2,  ¢íù¼ñéïÏëïêëçñþóåùò-2},  . . . ] 

Õðïëïãßæåé  áñéèìçôéêÜ  ôï  ïñéóìÝíï  ïëïêëÞñùìá  ìéáò  óõíáñôÞóåùò,  ð.÷.  ôï  ïëïêëÞñùìá  (a

b
!f"x# !dx ,

êáé  áíôßóôïé÷á  ïëïêëçñþìáôá  óôéò  ðåñéóóüôåñåò  äéáóôÜóåéò  (äéðëÜ,  ôñéðëÜ,  êëð.).  Äåí  åðé÷åéñåß  íá

õðïëïãßóåé  ôï  ïëïêëÞñùìá  áíáëõôéêÜ  êáé  óôç  óõíÝ÷åéá  íá  ðñïóäéïñßóåé  ôçí  áñéèìçôéêÞ  ôéìÞ  ôïõ.

ÎåêéíÜåé  áðü ôçí áñ÷Þ áñéèìçôéêÜ ìå ôç ÷ñÞóç ãíùóôþí êáé áðïôåëåóìáôéêþí ìåèüäùí áñéèìçôéêÞò

ïëïêëçñþóåùò  óôçí  ÁñéèìçôéêÞ  ÁíÜëõóç  ìå  Ýìöáóç  óôçí  áñêåôÜ  ãíùóôÞ  ìÝèïäï  Gauss–Kronrod

ãéá  ôá  ìïíïäéÜóôáôá  ïñéóìÝíá  ïëïêëçñþìáôá.  Åíôïýôïéò  óå  åéäéêÝò  ðåñéðôþóåéò  ÷ñçóéìïðïéïýíôáé

êáé Üëëåò êáôÜëëçëåò ìÝèïäïé áñéèìçôéêÞò ïëïêëçñþóåùò. Ðáñáäåßãìáôá: 

Óáí ðñþôï ðáñÜäåéãìá èåùñïýìå ôï ïñéóìÝíï ïëïêëÞñùìá

In[56]:= i1a 9 Integrate&Cosh&Cosh&x'', !x, 0, 1"'
Out[56]= )

0

1

Cosh%Cosh%x&&&0x
ðïõ äå ìðïñåß íá õðïëïãéóèåß áíáëõôéêÜ ìå êáíÝíáí ôñüðï. Ç áñéèìçôéêÞ ôéìÞ ôïõ åßíáé

In[57]:= i1b 9 N&i1a, 80'
Out[57]= 1.7973014338206229139158534583827084172862255596647603158786891448089498129301071
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Ôïýôç ç ôéìÞ õðïëïãßóèçêå ìå  ôçí ðáñïýóá åíôïëÞ áñéèìçôéêÞò ïëïêëçñþóåùò NIntegrate,  ôçí ïðïßá

êÜëåóå ìüíç ôçò ç åíôïëÞ áñéèìçôéêïý õðïëïãéóìïý Í,  ãéáôß  äå ìðüñåóå íá âñåèåß áíáëõôéêÞ Ýêöñáóç

ôïõ ïëïêëçñþìáôïò áõôïý. Áõôü ìðïñåß âÝâáéá íá ãßíåé êé áðåõèåßáò ìå ôçí ðáñïýóá åíôïëÞ NIntegrate:

In[58]:= i1c 9 NIntegrate&Cosh&Cosh&x'', !x, 0, 1"'
Out[58]= 1.7973

Ìðïñïýìå öõóéêÜ íá áõîÞóïõìå ôçí áêñßâåéá óôïõò õðïëïãéóìïýò ðïõ ãßíïíôáé óôïí õðïëïãéóôÞ ìå ôç

÷ñÞóç ôçò åðéëïãÞò WorkingPrecision  ìå áñ÷éêÞ ôéìÞ ôçò ôï16,  äçëáäÞ ôç óõíÞèç áêñßâåéá åêôåëÝóå-

ùò áñéèìçôéêþí ðñÜîåùí óôïí õðïëïãéóôÞ. Áõôü öáßíåôáé áðü ôéò åðéëïãÝò ôçò åíôïëÞò NIntegrate:

In[59]:= Options&NIntegrate'
Out[59]= 'AccuracyGoal , -, Compiled , True, GaussPoints , Automatic,

MaxPoints , Automatic, MaxRecursion , 6, Method , Automatic, MinRecursion , 0,

PrecisionGoal , Automatic, SingularityDepth , 4, WorkingPrecision , 16(
Ãéá ðáñÜäåéãìá, åäþ èÝôïõìå WorkingPrecision ! 80 (áíôß ìüíï 16) ãéá ôï ßäéï ïëïêëÞñùìá:

In[60]:= i1d 9 NIntegrate&Cosh&Cosh&x'', !x, 0, 1", WorkingPrecision A 80'
Out[60]= 1.7973014338206229139158534583827084172862255596647603158786891448089498129301071

Êáé öõóéêÜ Ý÷ïõìå

In[61]:= i1b ? i1d

Out[61]= 0.410+80

Áíôßèåôá, åÜí Ýíá ïëïêëÞñùìá ìðïñåß íá õðïëïãéóèåß áíáëõôéêÜ, üðùò åßíáé ôï ïëïêëÞñùìá

In[62]:= i2a 9 Integrate&Exp&x';Erf&x';Cosh&x', !x, 0, 1"' ## Simplify

Out[62]=
1
!!!!
4

567777 +2 " 2!!!!
3!!!!!!!!!!!!!!!!!!*++++' " #2 + 3 " 32$ Erf%1&89::::

ôüôå ç åíôïëÞ

In[63]:= i2b 9 N&Integrate&Exp&x';Erf&x';Cosh&x', !x, 0, 1"', 53'
Out[63]= 1.2270487744100148460724866531312701615428241177135480

äåí  êáëåß  ôçí  ðáñïýóá  áñéèìçôéêÞ  åíôïëÞ  NIntegrate.  ÁðëÜ  ÷ñçóéìïðïéåß  ôçí  áíáëõôéêÞ  Ýêöñáóç ôïõ

ïëïêëçñþìáôïò. Ç åíôïëÞ NIntegrate ìðïñåß êé áõôÞ íá ÷ñçóéìïðïéçèåß áðü ôçí áñ÷Þ, áí ôï èÝëïõìå: 

In[64]:= i2c 9 NIntegrate&Exp&x';Erf&x';Cosh&x', !x, 0, 1", WorkingPrecision A 60'
Out[64]= 1.2270487744100148460724866531312701615428241177135480

ÖõóéêÜ ìå ôçí åíôïëÞ NIntegrate  ìðïñïýí íá õðïëïãéóèïýí êáé äéðëÜ êáé ôñéðëÜ ïëïêëçñþìáôá, üðùò

ôï ðéï êÜôù äéðëü ïëïêëÞñùìá óôçí ïñèïãùíéêÞ ðåñéï÷Þ R ' &0, 1'-&0, 2'  (÷ùñßò áíáëõôéêÞ Ýêöñáóç):

In[65]:= !i3a 9 Integrate&Exp&$x : y%;$x2 : y2%';Cosh&x y', !x, 0, 1", !y, 0, 2"', i3b 9 N&i3a'"
Out[65]= !)

0

1)
0

2

3#x"y$ #x2"y2$ Cosh%x y&&0y&0x, 62186.1"
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! ÅÍÔÏËÇ Ë7:  ÓÅÉÑÁ TAYLOR
Series[ÓõíÜñôçóç, {ÌåôáâëçôÞ, ÓçìåßïÌåÂÜóçÔïÏðïßïÂñßóêåôáéÇÄõíáìïóåéñÜ, ÌÝãéóôçÄýíáìç}] 

Õðïëïãßæåé ôç óåéñÜ Taylor (åéäéêÞ ðåñßðôùóÞ ôçò åßíáé ç óåéñÜ Maclaurin ãýñù áðü ôï óçìåßï 0) ìéáò

åðáñêþò  ðáñáãùãßóéìçò  óõíáñôÞóåùò  ùò  ðñïò  ìßá  ìåôáâëçôÞ  ãýñù  áðü  Ýíá  óõãêåêñéìÝíï  óçìåßï

êáé ìå üñïõò ìÝ÷ñé ìéá óõãêåêñéìÝíç ìÝãéóôç äýíáìç (êáé üñï õðïëïßðïõ óôï ôÝëïò). Ðáñáäåßãìáôá:

Ç  óåéñÜ Maclaurin  (óåéñÜ Taylor  ãéá  x ' 0)  ìéáò  áõèáßñåôçò ðáñáãùãßóéìçò óõíáñôÞóåùò f"x#  ìå üñïõò

ìÝ÷ñé êáé x5 . (Óôï ôÝëïò ôçò óåéñÜò åìöáíßæåôáé âÝâáéá êáé ï üñïò õðïëïßðïõ ôçò.)

In[66]:= Series&f&x', !x, 0, 5"'
Out[66]= f%0& " f1%0& x "

1
!!!!
2
f11%0& x2 " 1

!!!!
6
f#3$%0& x3 " 1

!!!!!!!
24

f#4$%0& x4 " 1
!!!!!!!!!!
120

f#5$%0& x5 " O%x&6
ÁíÜëïãá ç óåéñÜ Taylor óôï óçìåßï x ' x0  ìéáò áõèáßñåôçò ðáñáãùãßóéìçò óõíáñôÞóåùò f"x#  ìå üñïõò

ìÝ÷ñé êáé "x ( x0#3.  (Óôï ôÝëïò ôçò óåéñÜò åìöáíßæåôáé êáé ðÜëé ï üñïò õðïëïßðïõ ôçò.)

In[67]:= Series&f&x', !x, x0, 3"'
Out[67]= f%x0& " f1%x0& #x + x0$ "

1
!!!!
2
f11%x0& #x + x0$2 " 1

!!!!
6
f#3$%x0& #x + x0$3 " O%x + x0&4

Ïé óåéñÝò Maclaurin (Taylor ãéá x ' 0) ãéá ôéò óõíáñôÞóåéò cosh ax  êáé cos ax  ìå üñïõò ìÝ÷ñé êáé x14 :

In[68]:= !Series&Cosh&a x', !x, 0, 14"', Series&Cos&a x', !x, 0, 14"'"
Out[68]= !1 "

a2 x2
!!!!!!!!!!!!!
2

"
a4 x4
!!!!!!!!!!!!!
24

"
a6 x6
!!!!!!!!!!!!!
720

"
a8 x8
!!!!!!!!!!!!!!!!
40320

"
a10 x10

!!!!!!!!!!!!!!!!!!!!!!
3628800

"
a12 x12

!!!!!!!!!!!!!!!!!!!!!!!!!!!
479001600

"
a14 x14

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
87178291200

" O%x&15,
1 +

a2 x2
!!!!!!!!!!!!!
2

"
a4 x4
!!!!!!!!!!!!!
24

+
a6 x6
!!!!!!!!!!!!!
720

"
a8 x8
!!!!!!!!!!!!!!!!
40320

+
a10 x10

!!!!!!!!!!!!!!!!!!!!!!
3628800

"
a12 x12

!!!!!!!!!!!!!!!!!!!!!!!!!!!
479001600

+
a14 x14

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
87178291200

" O%x&15"
Êáé ôþñá ç ðïëý äõóêïëüôåñç óôïí õðïëïãéóìü ôçò óåéñÜ Maclaurin (Taylor ãéá x ' 0) ãéá ôç óõíÜñôçóç

tan bx , åäþ ìå üñïõò ìÝ÷ñé êáé x24 :

In[69]:= Series&Tan&b x', !x, 0, 24"'
Out[69]= b x "

b3 x3
!!!!!!!!!!!!!
3

"
2 b5 x5
!!!!!!!!!!!!!!!!!
15

"
17 b7 x7
!!!!!!!!!!!!!!!!!!!!
315

"
62 b9 x9
!!!!!!!!!!!!!!!!!!!!
2835

"
1382 b11 x11
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

155925
"
21844 b13 x13
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

6081075
"
929569 b15 x15
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
638512875

"

6404582 b17 x17
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
10854718875

"
443861162 b19 x19
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1856156927625

"
18888466084 b21 x21
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
194896477400625

"
113927491862 b23 x23
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2900518163668125

" O%x&25
! ÅÍÔÏËÇ Ë8:  ÌÅÔÁÔÑÏÐÇ ÓÅÉÑÁÓ TAYLOR ÓÅ ÐÏËÕÙÍÕÌÏ

Normal[ÓåéñÜTaylor]

ÌåôáôñÝðåé ìéá óåéñÜ Taylor óå ðïëõþíõìï áðïêüðôïíôáò ôïí üñï ðïõ äåí áíáãñÜöåôáé óáöþò, äç-

ëáäÞ  ðáñáëåßðïíôáò  ôïí  Ï-üñï  õðïëïßðïõ  óôï  ôÝëïò  ôçò  óåéñÜò  Taylor.  ¸ôóé  ç  êáíïíéêïðïéçìÝíç

áõôÞ óåéñÜ Taylor (ìïíÜ÷á áõôÞ!) ìðïñåß íá ÷ñçóéìïðïéçèåß óå ãñáöéêÝò ðáñáóôÜóåéò.  Ðáñáäåßãìáôá:

Õðïëïãßæïõìå êáôáñ÷Þí ôç óåéñÜ Maclaurin (óåéñÜ Taylor ãéá x ' 0) s1 ôçò óõíáñôÞóåùò sin ax  ìå üñïõò

ìÝ÷ñé êáé x7.  Óôç óõíÝ÷åéá ìå åöáñìïãÞ ôçò ðáñïýóáò åíôïëÞò Normal ôñïðïðïðïéïýìå ôç óåéñÜ áõôÞ,

þóôå íá öýãåé åíôåëþò ï O-üñïò õðïëïßðïõ ôçò. Ðáßñíïõìå Ýôóé ôçí áíôßóôïé÷ç ðéï åý÷ñçóôç óåéñÜ s2:
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In[70]:= !s1 9 Series&Sin&a x', !x, 0, 7"', s2 9 Normal&s1', Normal&s1' = s1 ## Normal"
Out[70]= !a x +

a3 x3
!!!!!!!!!!!!!
6

"
a5 x5
!!!!!!!!!!!!!
120

+
a7 x7
!!!!!!!!!!!!!
5040

" O%x&8, a x +
a3 x3
!!!!!!!!!!!!!
6

"
a5 x5
!!!!!!!!!!!!!
120

+
a7 x7
!!!!!!!!!!!!!
5040

, True"
Åðé÷åéñïýìå  íá  óõãêñßíïõìå  ôç  óõíÜñôçóÞ  ìáò  ìå  ôç  óåéñÜ  Maclaurin  s1  ðïõ  õðïëïãßóáìå  ó÷åäéÜæï-

íôÜò ôéò êáé ôéò äýï óôï ßäéï ó÷Þìá (ãéá a ' 1). Äõóôõ÷þò ç ó÷åäßáóç ôçò óåéñÜò Maclaurin s1 áðïôõã÷Ü-

íåé áðëÜ åîáéôßáò ôïõ O-üñïõ õðïëïßðïõ óôï ôÝëïò ôçò. (Åìöáíßæåôáé êáé óùñåßá ëáèþí óôçí ïèüíç  . . . )

In[71]:= Plot&!Sin&x', s1 #. a A 1", !x, 0, 2;/", PlotStyle A Thickness&0.008'';
SeriesData::ssdn& : &
Attempt to evaluate a series at the number 2.617993877991494`*^-7; returning Indeterminate.

SeriesData::ssdn& : &
Attempt to evaluate a series at the number 2.617993877991494`*^-7; returning Indeterminate.

Plot::plnr& : &s1 .. a , 1 is not a machine+size real number at x % 2.617993877991494`*^-7.

SeriesData::ssdn& : &
Attempt to evaluate a series at the number 0.25488992540742256`; returning Indeterminate.

General::stop& : &Further output of SeriesData::ssdn will be suppressed during this calculation.

Plot::plnr& : &s1 .. a , 1 is not a machine+size real number at x % 0.25488992540742256`.

Plot::plnr& : &s1 .. a , 1 is not a machine+size real number at x % 0.5328694051959509`.

General::stop& : &Further output of Plot::plnr will be suppressed during this calculation.

1 2 3 4 5 6

-1

-0.5

0.5

1

Áí üìùò ÷ñçóéìïðïéÞóïõìå ôçí ïõóéáóôéêÜ éóïäýíáìç óåéñÜ s2  (÷ùñßò ôïí üñï õðïëïßðïõ óôï ôÝëïò),

ôüôå ðñáãìáôéêÜ ðáßñíïõìå ôï ó÷Þìá ðïõ èÝëïõìå. ÅëÝã÷ïõìå Ýôóé êáé ôçí áêñßâåéá ôïõ áíáðôýãìáôïò

óå óåéñÜ Maclaurin (Þ ãåíéêüôåñá óåéñÜ Taylor) óôï ðáñÜäåéãìÜ ìáò óõãêñßíïíôÜò ôï ìå ôç óõíÜñôçóç.

Áðü ôï ðáñáêÜôù ó÷Þìá ðáñáôçñïýìå áñêåôÜ êáëÞ óýìðôùóç ìÝ÷ñé ðåñßðïõ ôï óçìåßï x ' 3. (ÌåôÜ ü÷é!)

In[72]:= Plot&!Sin&x', s2 #. a A 1", !x, 0, 2;/", PlotStyle A Thickness&0.008'';
1 2 3 4 5 6

-4

-3

-2

-1

1

40 CE-Mathematica-E6-Calculus-2008.nb



! Notebook  E7

ÅÍÔÏËÅÓ ÃÉÁ ËÉÓÔÅÓ, ÄÉÁÍÕÓÌÁÔÁ ÊÁÉ ÓÕÍÏËÁ
28  ÅÍÔÏËÅÓ:   L1. List,  L2. Table,  L3. TableForm,  L4. Max,  L5. Min, 

L6. Mean,  L7. StandardDeviation,  L8. Variance,  L9. ListQ,   

L10. VectorQ,  L11. MemberQ,  L12. Length,  L13. First,  L14. Last, 

L15. Rest,  L16. Part,  L17. Reverse,  L18. Prepend,  L19. Append, 

L20. Partition,  L21. Dot,  L22. Flatten,  L23. Sort,  L24. Count,

L25. Join,  L26. Union,  L27. Intersection,  L28. Complement,

! ÅÍÔÏËÇ L1:  ÁÌÅÓÇ ÄÇÌÉÏÕÑÃÉÁ ËÉÓÔÁÓ  
List[Óôïé÷åßï-1,  Óôïé÷åßï-2,  . . . ,  Óôïé÷åßï-n]   Þ   {Óôïé÷åßï-1,  Óôïé÷åßï-2,  . . . ,  Óôïé÷åßï-n}  

Äçìéïõñãåß  ôç  ëßóôá ôùí óôïé÷åßùí ðïõ äßíïíôáé.  Áêñéâþò ôï  ßäéï  êáé  ãéá Ýíá äéÜíõóìá.  (ÐÜëé  ç ßäéá

åíôïëÞ!) Ó÷åäüí ðÜíôá ðñïôéìÜôáé ç äåýôåñç ìïñöÞ ôçò, ðïõ åßíáé êáé áðëïýóôåñç. Ðáñáäåßãìáôá: 

In[1]:= !L1 9 !a, b, c, d", FullForm&L1', L2 9 List&a, b, c, d', L1 = L2"
Out[1]= ''a, b, c, d(, List%a, b, c, d&, 'a, b, c, d(, True(
! ÅÍÔÏËÇ L2:  ÄÇÌÉÏÕÑÃÉÁ ËÉÓÔÁÓ ÌÅ ÔÇ ×ÑÇÓÇ ÄÅÉÊÔÇ/ÄÅÉÊÔÙÍ

Table[ÐáñÜóôáóç,  {ÁñéèìüòÁíôéãñÜöùíÔçòÐáñáóôÜóåùòÓôçËßóôáÐïõÈáÄçìéïõñãçèåß}]   
Table[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç}]  

Table[ÐáñÜóôáóç,  {Äåßêôçò,  Áñ÷éêÞÔéìÞÔïõÄåßêôç,  ÔåëéêÞÔéìÞÔïõÄåßêôç,   ÂÞìáÌåôáâïëÞò}] 

Table[ÐáñÜóôáóç,  {ÐñþôïòÄåßêôçò, Áñ÷éêÞÔéìÞÔïõÐñþôïõÄåßêôç, ÔåëéêÞÔéìÞÔïõÐñþôïõÄåßêôç}, 

                       {ÄåýôåñïòÄåßêôçò, Áñ÷éêÞÔéìÞÔïõÄåýôåñïõÄåßêôç, ÔåëéêÞÔéìÞÔïõÄåýôåñïõÄåßêôç}]  

Ìå ôçí åíôïëÞ áõôÞ äçìéïõñãïýíôáé  åýêïëá ëßóôåò  ìå  âÜóç ôçí ðáñÜóôáóç óôï  ðñþôï üñéóìá ôçò

åíôïëÞò.  Ç  ðñþôç  ìïñöÞ ôçò  åíôïëÞò  áðëÜ äçìéïõñãåß  ëßóôá  ìå  n  áíôßãñáöá ôçò ðáñáóôÜóåùò ìå

ôïí áñéèìü n ôùí áíôéãñÜöùí íá äçëþíåôáé óáí ôï ìïíáäéêü óôïé÷åßï ôçò ëßóôáò ôïõ äåýôåñïõ ïñß-

óìáôïò ôçò åíôïëÞò.  Ðáñáäåßãìáôá: 

In[2]:= list1 9 Table&a, !20"'
Out[2]= 'a, a, a, a, a, a, a, a, a, a, a, a, a, a, a, a, a, a, a, a(
In[3]:= list2 9 Table&!a, b", !10"'
Out[3]= ''a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b(, 'a, b((
Óôç äåýôåñç ìïñöÞ ôçò åíôïëÞò Table õðÜñ÷åé  óõãêåêñéìÝíïò äåßêôçò,  ð.÷.  k  Þ  n,  ðïõ ðáßñíåé  üëåò ôéò

áêÝñáéåò ôéìÝò áðü ôçí áñ÷éêÞ ôéìÞ ôïõ ìÝ÷ñé ôçí ôåëéêÞ ôéìÞ ôïõ áíÜ Ýíá êáé óõíÞèùò ç ðáñÜóôáóç ôïõ
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ðñþôïõ ïñßóìáôïò ôçò åíôïëÞò åîáñôÜôáé áðü ôï äåßêôç áõôü. (Ôïýôç ç åñãáóßá ìáò èõìßæåé Ýíôïíá ôçí

åíôïëÞ  Do,  ðïõ  õðÜñ÷åé  óôéò  êëáóéêÝò  ãëþóóåò  ðñïãñáììáôéóìïý,  áëëÜ  êáé  óôç  Mathematica.)  ¸ôóé

êáôáóêåõÜæïõìå  ðïëý åýêïëá  ëßóôåò ÷ùñßò  íá ôáëáéðùñïýìáóôå  ìå  ôïí Üìåóï ôñüðï äçëþóåþò ôïõò

ìå ôçí ðñþôç åíôïëÞ List (áõôÞ óõíÞèùò áðëÜ ìå Üãêéóôñá).  Óçìåéþíïõìå åðßóçò óôï óçìåßï áõôü üôé

áí ç áñ÷éêÞ ôéìÞ ôïõ äåßêôç åßíáé ôï 1, ôüôå ç áñ÷éêÞ áõôÞ ôéìÞ (1) ìðïñåß íá ðáñáëåéöèåß. Ðáñáäåßãìáôá: 

In[4]:= tb1 9 Table&xk, !k, 1, 19"'
Out[4]= 'x, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13, x14, x15, x16, x17, x18, x19(
In[5]:= !tb2 9 Table&xk, !k, 19"', tb1 = tb2"
Out[5]= ''x, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13, x14, x15, x16, x17, x18, x19(, True(
In[6]:= Table&Integrate&x Cosh&k x', !x, 0, 1"' ## N, !k, 1, 9"'
Out[6]= '0.632121, 1.12288, 2.33177, 5.17821, 11.9122, 28.0434, 67.1611, 163.037, 400.165(
In[7]:= Table&ChebyshevT&n, x', !n, 0, 6"'
Out[7]= '1, x, +1 " 2 x2, +3 x " 4 x3, 1 + 8 x2 " 8 x4, 5 x + 20 x3 " 16 x5, +1 " 18 x2 + 48 x4 " 32 x6(
In[8]:= Table&ChebyshevU&n, x', !n, 0, 6"'
Out[8]= '1, 2 x, +1 " 4 x2, +4 x " 8 x3, 1 + 12 x2 " 16 x4, 6 x + 32 x3 " 32 x5, +1 " 24 x2 + 80 x4 " 64 x6(
Ç  ôñßôç  ìïñöÞ  ôçò  ßäéáò  åíôïëÞò  Table  äéáöÝñåé  áðü  ôç  äåýôåñç  ìïñöÞ  ôçò  áðëÜ  óôï  üôé  ôï  âÞìá

ìåôáâïëÞò  ôïõ  äåßêôç  ìðïñåß  íá  ìçí  åßíáé  ôï  Ýíá.  Ôþñá  ôï  âÞìá  áõôü  äçëþíåôáé  ñçôÜ  óáí  ôÝôáñôï

óôïé÷åßï ôçò ëßóôáò ôïõ äåýôåñïõ ïñßóìáôïò ôçò åíôïëÞò. Ðáñáäåßãìáôá: 

In[9]:= Table&xk #kD, !k, 0, 14, 2"'
Out[9]= !1, x2

!!!!!!!
2
,

x4
!!!!!!!
24

,
x6
!!!!!!!!!!
720

,
x8

!!!!!!!!!!!!!!!!
40320

,
x10

!!!!!!!!!!!!!!!!!!!!!!
3628800

,
x12

!!!!!!!!!!!!!!!!!!!!!!!!!!!
479001600

,
x14

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
87178291200

"
In[10]:= Table&Cos&k / #10', !k, 0, 24, 3"' ## N

Out[10]= '1., 0.587785, +0.309017, +0.951057, +0.809017, 0., 0.809017, 0.951057, 0.309017(
ÔÝëïò  ç  ôÝôáñôç  ìïñöÞ  ôçò  ßäéáò  åíôïëÞò  Table  åðéôñÝðåé  ôçí  êáôáóêåõÞ  ðßíáêá,  äçëáäÞ  ëßóôáò  ìå

óôïé÷åßá  ðÜëé  ëßóôåò,  ãéáôß  äéáèÝôåé  äýï  äåßêôåò,  ð.÷.  ôïõò  äåßêôåò  k  êáé  m,  óôï  äåýôåñï  êáé  óôï  ôñßôï

üñéóìÜ ôçò. (Ìðïñåß íá õðÜñ÷åé êáé ôÝôáñôï üñéóìá, áí ÷ñåéÜæåôáé ìå ôçí ðñïóèÞêç åíüò áêüìç äåßêôç.)

ÐáñÜäåéãìá: 

In[11]:= tb3 9 Table&1# $k : m ? 1%, !k, 1, 3", !m, 1, 3"'
Out[11]= !!1, 1

!!!!
2
,

1
!!!!
3
", ! 1

!!!!
2
,

1
!!!!
3
,

1
!!!!
4
", ! 1

!!!!
3
,

1
!!!!
4
,

1
!!!!
5
""

Ç  åìöÜíéóç  áõôÞ  ôïõ  ôåëåõôáßïõ  áðïôåëÝóìáôïò  ìðïñåß  íá  âåëôéùèåß  óçìáíôéêÜ  ìå  ôç  ÷ñÞóç  ôçò

åíôïëÞò MatrixForm, ðïõ èá ôçí áíáöÝñïõìå óôï áìÝóùò åðüìåíï Íotebook Å8 (åíôïëÞ Ì4) ùò åîÞò:

In[12]:= tb3 ## MatrixForm

Out[12]//MatrixForm=5
67777777777
1 1!!!!

2
1!!!!
3

1!!!!
2

1!!!!
3

1!!!!
4

1!!!!
3

1!!!!
4

1!!!!
5

8
9::::::::::
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Åð' åõêáéñßá óçìåéþíïõìå êáé ôçí åîÞò ó÷åôéêÞ åíôïëÞ (÷ùñßò üìùò ôçí åìöÜíéóç ôùí ðáñåíèÝóåùí):

! ÅÍÔÏËÇ L3:  ÅÌÖÁÍÉÓÇ ÓÅ ÌÏÑÖÇ ÐÉÍÁÊÁ
TableForm[Ðßíáêáò]   Þ   Ðßíáêáò//ÔableForm

Ç åíôïëÞ áõôÞ ìåôáôñÝðåé Ýíáí ðßíáêá áðü ìïíïäéÜóôáôç (óå ìéá ãñáììÞ) óå äéäéÜóôáôç ìïñöÞ, ðïõ

åßíáé ðïëý ðéï êáèáñÞ êáé åýêïëç óôçí êáôáíüçóÞ ôçò. ÁõôÞ åßíáé êáé ç óùóôÞ ìïñöÞ ðáñïõóéÜóåùò

åíüò ðßíáêá (ãåíéêïý ðßíáêá, ü÷é ìçôñþïõ ôçò ÃñáììéêÞò ¢ëãåâñáò!).  Ðáñáäåßãìáôá:

In[13]:= tb3 ## TableForm

Out[13]//TableForm=

1 1!!!!
2

1!!!!
3

1!!!!
2

1!!!!
3

1!!!!
4

1!!!!
3

1!!!!
4

1!!!!
5

In[14]:= tb4 9 !!a, 10, 105, 0.82", !b, 20, 124, 0.65", !c, 12, 132, 0.71"" ## TableForm

Out[14]//TableForm=

a 10 105 0.82
b 20 124 0.65
c 12 132 0.71

! ÅÍÔÏËÇ L4:  ÌÅÃÉÓÔÏÓ ÁÑÉÈÌÏÓ  
Max[ËßóôáÁñéèìþí]  

Max[Áñéèìüò-1,  Áñéèìüò-2,  . . . ]

Õðïëïãßæåé ôï ìåãáëýôåñï áñéèìü óå ìéá ëßóôá áñéèìþí (ðñþôç ìïñöÞ) Þ áðëÜ ôï ìåãáëýôåñï áðü ôá

ïñßóìáôÜ ôçò (äåýôåñç ìïñöÞ). Ôá ïñßóìáôá áõôÜ ðñÝðåé íá åßíáé áñéèìïß êáé ü÷é áëãåâñéêÜ óýìâïëá.

Ðáñáäåßãìáôá óôçí åðüìåíç åíôïëÞ Min.

! ÅÍÔÏËÇ L5:  ÅËÁ×ÉÓÔÏÓ ÁÑÉÈÌÏÓ  
Min[ËßóôáÁñéèìþí]  

Min[Áñéèìüò-1,  Áñéèìüò-2,  . . . ]

Õðïëïãßæåé  ôï  ìéêñüôåñï  áñéèìü  óå  ìéá  ëßóôá  áñéèìþí  (ðñþôç  ìïñöÞ)  Þ  áðëÜ  ôï  ìéêñüôåñï  áðü  ôá

ïñßóìáôÜ ôçò (äåýôåñç ìïñöÞ). Ôá ïñßóìáôá áõôÜ ðñÝðåé íá åßíáé áñéèìïß êáé ü÷é áëãåâñéêÜ óýìâïëá.

Ðáñáäåßãìáôá ôùí åíôïëþí Max êáé Min:

In[15]:= ListOfNumbers 9 !5, ?10, 20, ?7, 15, ?100, 10B10, ?5B6B 7;$2 : 3%2, Cosh&1'"
Out[15]= '5, +10, 20, +7, 15, +100, 100, +5250, Cosh%1&(
In[16]:= !MaximumNumber 9 Max&ListOfNumbers', MinimumNumber 9 Min&ListOfNumbers'"
Out[16]= '100, +5250(
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Þ ðéï áðëÜ 

In[17]:= Max&!5, ?10, 20, ?7, 15, ?100, 10B10, ?5B6 B7;$2 : 3%2, Cosh&1'"'
Out[17]= 100

In[18]:= Min&!5, ?10, 20, ?7, 15, ?100, 10B10, ?5B6 B7;$2 : 3%2, Cosh&1'"'
Out[18]= +5250

áêüìç êáé ÷ùñßò êáèüëïõ ëßóôá: áðëïß áñéèìïß óáí ïñßóìáôá: 

In[19]:= Max&5, ?10, 20, ?7, 15, ?100, 10B10, ?5B 6B7;$2 : 3%2, Cosh&1''
Out[19]= 100

In[20]:= Min&5, ?10, 20, ?7, 15, ?100, 10B10, ?5B 6B7;$2 : 3%2, Cosh&1''
Out[20]= +5250

ÖõóéêÜ ç ëßóôá ôùí áñéèìþí ìðïñåß íá äçìéïõñãçèåß ìå ôçí åíôïëÞ Table 

In[21]:= tb 9 Table&Sin&k', !k, 1, 10"'
Out[21]= 'Sin%1&, Sin%2&, Sin%3&, Sin%4&, Sin%5&, Sin%6&, Sin%7&, Sin%8&, Sin%9&, Sin%10&(
In[22]:= !!Max&tb', Min&tb'", !Max&tb', Min&tb'" ## N"
Out[22]= ''Sin%8&, Sin%5&(, '0.989358, +0.958924((
Áí ôïëìÞóïõìå íá ÷ñçóéìïðïéÞóïõìå áëãåâñéêÜ óýìâïëá ÷ùñßò êáèïñéóìÝíåò ôéìÝò, ôüôå âÝâáéá äå èá

ìðïñÝóïõìå íá ðÜñïõìå êÜðïéï óõãêåêñéìÝíï ìÝãéóôï ðáñÜ ôéò öéëüôéìåò ðñïóðÜèåéåò ôçò Mathematica

ìÝ÷ñé ôï âáèìü ðïõ ìðïñåß:

In[23]:= !Max&a, b', Max&1, a', Max&?3, ?2, ?1, 0, 1, 2, 3, a'"
Out[23]= 'Max%a, b&, Max%1, a&, Max%3, a&(
In[24]:= !minimum 9 Min& Table&Sin&k', !k, 1, 1000"', !a, b, c"', N&minimum, 30'"
Out[24]= 'Min%a, b, c, Sin%344&&, Min%+0.999990339506170900963215766381, a, b, c&(
! ÅÍÔÏËÇ L6:  ÌÅÓÇ ÔÉÌÇ  

Mean[ËßóôáÁñéèìçôéêþíÄåäïìÝíùí]

Õðïëïãßæåé  ôç  ìÝóç  ôéìÞ  ôùí  áñéèìçôéêþí  äåäïìÝíùí  óôç  ëßóôá  ËßóôáÁñéèìçôéêþíÄåäïìÝíùí.  Ãéá

ôç ÷ñÞóç ôçò åíôïëÞò áõôÞò êáèþò êáé ôùí äýï åðüìåíùí åíôïëþí StandardDeviation  êáé Variance

èá  ðñÝðåé  íá  Ý÷åé  ðñïçãïõìÝíùò  öïñôùèåß  ôï  ðáêÝôï  ÓôáôéóôéêÞò  Statistics`DescriptiveStatistics` .

ÐáñÜäåéãìá:  Êáôáñ÷Þí öïñôþíåôáé ôï ðáêÝôï Statistics`DescriptiveStatistics`:

In[25]:= Needs&"Statistics`DescriptiveStatistics "̀'
Óôç óõíÝ÷åéá åéóÜãïíôáé ôá äåäïìÝíá data êáé, åÜí èÝëïõìå, õðïëïãßæåôáé êáé ï áñéèìüò ôïõò n

In[26]:= data 9 !10, 12, 7, 15, 11, 8, 19, 12, 11, 14, 13, 15, 9, 19, 20, 10, 9, 16, 9, 12";
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In[27]:= n 9 Length&data'
Out[27]= 20

Ôþñá õðïëïãßæåôáé ç ìÝóç ôéìÞ ì ôùí äåäïìÝíùí áõôþí ìå ôç ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò: 

In[28]:= !, 9 Mean&data', N&,', N&,, 50'"
Out[28]= ! 251

!!!!!!!!!!
20

, 12.55, 12.550000000000000000000000000000000000000000000000"
ÅíáëëáêôéêÜ áõôÞ èá ìðïñïýóå âÝâáéá íá åß÷å õðïëïãéóèåß êáé áðåõèåßáò ìå ôç ÷ñÞóç áèñïßóìáôïò:

In[29]:= !,1 9 $1#n%;Sum&data,k-, !k, 1, n"', ,1 = ,"
Out[29]= ! 251

!!!!!!!!!!
20

, True"
! ÅÍÔÏËÇ L7:  ÔÕÐÉÊÇ ÁÐÏÊËÉÓÇ  

StandardDeviation[ËßóôáÁñéèìçôéêþíÄåäïìÝíùí]

Õðïëïãßæåé  ôçí  áìåñüëçðôç  åêôéìÞôñéá  ôçò  ôõðéêÞò  áðïêëßóåùò  (äéáßñåóç  ìå  n ( 1  êé  ü÷é  ìå  n )  ôùí

áñéèìçôéêþí äåäïìÝíùí óôç ëßóôá ËßóôáÁñéèìçôéêþíÄåäïìÝíùí .  Ãéá ôç ÷ñÞóç êáé  ôçò åíôïëÞò áõ-

ôÞò  ðñÝðåé  íá  Ý÷åé  öïñôùèåß  ôï  ðáêÝôï  Statistics`DescriptiveStatistics` .  ÐáñÜäåéãìá:  Õðïëïãéóìüò

ôçò ôõðéêÞò áðïêëßóåùò ó ôùí äåäïìÝíùí data ìå ôç ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò:

In[30]:= !1 9 StandardDeviation&data', N&1', N&1, 50'"
Out[30]= ! ;<<<<<<<<<<<<5459!!!!!!!!!!

95!!!!!!!!!!!!!!!!!!
2

, 3.79022, 3.7902228791568722900017063295123747094398224904636"
ÅíáëëáêôéêÜ áõôÞ èá ìðïñïýóå âÝâáéá íá åß÷å õðïëïãéóèåß êáé êáôåõèåßáí ìå ôç ÷ñÞóç áèñïßóìáôïò:

In[31]:= !11 9 Sqrt&$1 #$n ? 1%%;Sum&$data,k- ? ,%2, !k, 1, n"'', 11 = 1"
Out[31]= ! ;<<<<<<<<<<<<5459!!!!!!!!!!

95!!!!!!!!!!!!!!!!!!
2

, True"
! ÅÍÔÏËÇ L8:  ÄÉÁÓÐÏÑÁ  

Variance[ËßóôáÁñéèìçôéêþíÄåäïìÝíùí]

Õðïëïãßæåé ôçí áìåñüëçðôç åêôéìÞôñéá ôçò äéáóðïñÜò (äéáßñåóç ìå n( 1  êé ü÷é ìå n) ôùí áñéèìçôéêþí

äåäïìÝíùí óôç ëßóôá ËßóôáÁñéèìçôéêþíÄåäïìÝíùí .  Ãéá ôç ÷ñÞóç êáé  ôçò åíôïëÞò áõôÞò (üðùò êáé

ôùí äýï ðñïçãïýìåíùí åíôïëþí Mean êáé StandardDeviation) ðñÝðåé íá Ý÷åé ðñïçãïõìÝíùò öïñôù-

èåß ôï ðáêÝôï Statistics`DescriptiveStatistics` . ÐáñÜäåéãìá: Õðïëïãéóìüò ôçò äéáóðïñÜò ôùí äåäïìÝ-

íùí data ìå ôç ÷ñÞóç ôçò åíôïëÞò:

In[32]:= !var 9 Variance&data', N&var', N&var, 50'"
Out[32]= ! 5459

!!!!!!!!!!!!!
380

, 14.3658, 14.365789473684210526315789473684210526315789473684"

CE-Mathematica-E7-ListsVectorsAndSets-2008.nb 45



ÅíáëëáêôéêÜ áõôÞ èá ìðïñïýóå âÝâáéá íá åß÷å õðïëïãéóèåß êáé áðåõèåßáò ìå ôç ÷ñÞóç áèñïßóìáôïò:

In[33]:= !var1 9 $1# $n ? 1%%;Sum&$data,k- ? ,%2, !k, 1, n"', var1 = var"
Out[33]= ! 5459

!!!!!!!!!!!!!
380

, True"
Ðñïöáíþò éó÷ýïõí ïé åîÞò ó÷Ýóåéò ðïõ óõíäÝïõí ôçí ôõðéêÞ áðüêëéóç ìå ôç äéáóðïñÜ:

In[34]:= !var = 12, 1 = Sqrt&var'"
Out[34]= 'True, True(
Åðßóçò éó÷ýåé êáé ï áêüëïõèïò ôñüðïò Üìåóïõ õðïëïãéóìïý ôçò äéáóðïñÜò, üìùò ìå Þäç ãíùóôÞ ôç ìÝ-

óç ôéìÞ. (Õðåíèõìßæåôáé  êáé ðÜëé üôé  åäþ ôüóï ç ôõðéêÞ áðüêëéóç üóï êáé ç äéáóðïñÜ õðïëïãßæïíôáé ìå

äéáßñåóç ôïõ áèñïßóìáôïò ìå n( 1 êáé ü÷é ìå n  . Ôïýôï ïäçãåß óå ó÷åôéêÝò áìåñüëçðôåò åêôéìÞôñéåò.)

In[35]:= !var2 9 $1# $n ? 1%%;Sum&data,k-2, !k, 1, n"' ? $n #$n ? 1%%;,2, var1 = var2 = var"
Out[35]= ! 5459

!!!!!!!!!!!!!
380

, True"
! ÅÍÔÏËÇ L9:  ÅËÅÃ×ÏÓ ÐÁÑÁÓÔÁÓÅÙÓ ÁÍ ÅÉÍÁÉ ËÉÓÔÁ  

ListQ[ÐáñÜóôáóç]  

ÅëÝã÷åé áí ìéá ðáñÜóôáóç åßíáé ëßóôá Þ ü÷é.  Ðáñáäåßãìáôá óôçí áìÝóùò åðüìåíç åíôïëÞ.

! ÅÍÔÏËÇ L10:  ÅËÅÃ×ÏÓ ÐÁÑÁÓÔÁÓÅÙÓ ÁÍ ÅÉÍÁÉ ÄÉÁÍÕÓÌÁ
VectorQ[ÐáñÜóôáóç]

ÅëÝã÷åé áí ìéá ðáñÜóôáóç åßíáé äéÜíõóìá (ü÷é ãåíéêÜ ëßóôá: ìüíï äéÜíõóìá!) Þ ü÷é. Ðáñáäåßãìáôá: 

In[36]:= !VectorQ&V', ListQ&a', VectorQ&!a"', F 9 !a, !c, d"", ListQ&F', VectorQ&F'"
Out[36]= 'False, False, True, 'a, 'c, d((, True, False(
! ÅÍÔÏËÇ L11:  ÅËÅÃ×ÏÓ ÓÔÏÉ×ÅÉÏÕ ÁÍ ÁÍÇÊÅÉ ÓÅ ËÉÓÔÁ

MemberQ[Ëßóôá,  Óôïé÷åßïÃéá¸ëåã÷ï]  

ÅëÝã÷åé åÜí ôï óôïé÷åßï ôïõ äåýôåñïõ ïñßóìáôïò áíÞêåé óôç ëßóôá ôïõ ðñþôïõ. Ðáñáäåßãìáôá: 

In[37]:= MemberQ&!a, b, c, d", e'
Out[37]= False

In[38]:= MemberQ&!a, b, c, d", c'
Out[38]= True

In[39]:= MemberQ&Table&xk, !k, 1, 100"', x50'
Out[39]= True
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! ÅÍÔÏËÇ L12:  ÁÑÉÈÌÏÓ ÓÔÏÉ×ÅÉÙÍ ËÉÓÔÁÓ
Length[Ëßóôá]  

ÌåôñÜåé ôùí áñéèìü ôùí óôïé÷åßùí ìéáò ëßóôáò Þ äéáíýóìáôïò (åéäéêÞ ðåñßðôùóç). Ðáñáäåßãìáôá: 

In[40]:= Clear&,'; !V 9 !s, t, u, v, w", Length&V', Length&!a"', Length&!a, a"',
Length&!!a, b", !c, d, e, f""', Length&Table&xk, !k, 1, 100"'', !Equation 9 ,4 ? "4 = 0,

Solutions 9 Solve&Equation, ,', NumberOfSolutionsOfEquation9 Length&Solutions'""
Out[40]= ''s, t, u, v, w(, 5, 1, 2, 2, 100,'+)4 " ;4 %% 0, ''; , +)(, '; , +$ )(, '; , $ )(, '; , )((, 4((
! ÅÍÔÏËÅÓ L13 êáé L14:  ÐÑÙÔÏ ÊÁÉ ÔÅËÅÕÔÁÉÏ ÓÔÏÉ×ÅÉÏ ËÉÓÔÁÓ 

First[Ëßóôá]   êáé   Last[Ëßóôá]  

Äßíïõí  ôï  ðñþôï  êáé  ôï  ôåëåõôáßï  óôïé÷åßï  ìéáò  ëßóôáò (Þ  åíüò äéáíýóìáôïò)  áíôßóôïé÷á.  (¸íá  äéÜ-

íõóìá åêöñÜæåôáé êé áõôü óôç Mathematica ìÝóù ìéáò ëßóôáò. ÁëëÜ ç ëßóôá åíüò äéáíýóìáôïò äå ìðï-

ñåß íá Ý÷åé óôïé÷åßá ðïõ íá åßíáé êé áõôÜ ëßóôåò.)  Ðáñáäåßãìáôá äßíïíôáé óôçí åðüìåíç åíôïëÞ Rest. 

! ÅÍÔÏËÇ L15:  ÁÖÁÉÑÅÓÇ ÔÏÕ ÐÑÙÔÏÕ ÓÔÏÉ×ÅÉÏÕ ËÉÓÔÁÓ
Rest[Ëßóôá]  

ÅðéóôñÝöåé  ôç  ëßóôá  ðïõ  äßíåôáé  óáí  üñéóìá,  áöïý  üìùò  ðñþôá  áöáéñÝóåé  ôï  ðñþôï  óôïé÷åßï  ôçò.

Ðáñáäåßãìáôá ãé' áõôÞí ôçí åíôïëÞ êáé ôéò äýï ðñïçãïýìåíåò åíôïëÝò First êáé Last:

In[41]:= !V 9 !s, t, u, v, w", First&V', Last&V', Rest&V',
tb 9 Table&xk, !k, 0, 6"', First&tb', Last&tb', Rest&tb'"

Out[41]= ''s, t, u, v, w(, s, w, 't, u, v, w(,'1, x, x2, x3, x4, x5, x6(, 1, x6, 'x, x2, x3, x4, x5, x6((
! ÅÍÔÏËÇ L16:  ÓÔÏÉ×ÅÉÏ ËÉÓÔÁÓ 

Part[Ëßóôá,  ÁñéèìüòÓôïé÷åßïõ]   Þ ó÷åäüí ðÜíôá   Ëßóôá'ÁñéèìüòÓôïé÷åßïõ( 

(ÓõíÞèùò  ïé  äéðëÝò  áãêýëåò  äçìéïõñãïýíôáé  áðü  ôï  ðëçêôñïëüãéï  ìå  Esc  [  [  Esc  êáé  Esc  ]  ]  Esc.

Ìðïñïýí âÝâáéá íá ÷ñçóéìïðïéçèïýí êáé  ïé  áðëïýóôåñïé  óõìâïëéóìïß  [  [  êáé  ]  ]  áíôßóôïé÷á ÷ùñßò ôá

åéäéêÜ  óýìâïëá  ôçò  Mathematica  )  êáé  *  áíôßóôïé÷á  ãéá  ôéò  äéðëÝò  áãêýëåò  ôéò  ïðïßåò  ÷ñçóéìïðïéåß

áõôÞ.)  Ç  ðéï  ðÜíù åíôïëÞ  Part  äßíåé  ôï  óôïé÷åßï  ôçò  ëßóôáò  ðïõ  áíôéóôïé÷åß  óôïí  áñéèìü  óôïé÷åßïõ

ôïõ äåýôåñïõ ïñßóìáôïò ôçò åíôïëÞò áõôÞò. Ðáñáäåßãìáôá: 

In[42]:= !V, Part&V, 1', Part&V, 1' = First&V',
V,5-, Part&V, Length&V'' = V,Length&V'- = Last&V'"

Out[42]= ''s, t, u, v, w(, s, True, w, True(
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! ÅÍÔÏËÇ L17:  ÁÍÔÉÓÔÑÏÖÇ ÔÇÓ ÓÅÉÑÁÓ ÔÙÍ ÓÔÏÉ×ÅÉÙÍ ËÉÓÔÁÓ
Reverse[Ëßóôá]  

ÁíôéóôñÝöåé ðëÞñùò ôç óåéñÜ åìöáíßóåùò ôùí óôïé÷åßùí ìéáò ëßóôáò. Ðáñáäåßãìáôá: 

In[43]:= !V, Reverse&V', GreekVowels 9 !!, %, ', ), o, 3, 7", Reverse&GreekVowels'"
Out[43]= ''s, t, u, v, w(, 'w, v, u, t, s(, '(, <, =, >, o, ?, #(, '#, ?, o, >, =, <, (((
! ÅÍÔÏËÇ L18:  ÐÑÏÓÈÇÊÇ ÓÔÏÉ×ÅÉÏÕ ÓÔÇÍ ÁÑ×Ç ËÉÓÔÁÓ

Prepend[Ëßóôá,  Óôïé÷åßï]  

ÐñïóáñôÜ,  ðñïóèÝôåé  óôçí  áñ÷Þ  ôçò  ëßóôáò  Ëßóôá  ôï  óôïé÷åßï  Óôïé÷åßï  óáí  ðñþôï  óôïé÷åßï  ôçò.

ÐáñÜäåéãìá óôçí åðüìåíç åíôïëÞ Append.

! ÅÍÔÏËÇ L19:  ÐÑÏÓÈÇÊÇ ÓÔÏÉ×ÅÉÏÕ ÓÔÏ ÔÅËÏÓ ËÉÓÔÁÓ
Append[Ëßóôá,  Óôïé÷åßï]  

ÐñïóáñôÜ, ðñïóèÝôåé óôï ôÝëïò ôçò ëßóôáò  Ëßóôá  ôï óôïé÷åßï Óôïé÷åßï óáí ôåëåõôáßï óôïé÷åßï ôçò.

ÐáñÜäåéãìá: 

In[44]:= !Prepend&!a, b, c, d, e", f', Append&!a, b, c, d, e", f'"
Out[44]= ''f, a, b, c, d, e(, 'a, b, c, d, e, f((
! ÅÍÔÏËÇ L20:  ×ÙÑÉÓÌÏÓ ËÉÓÔÁÓ ÓÅ ÕÐÏËÉÓÔÅÓ

Partition[Ëßóôá, ÁêÝñáéïòÌåãáëýôåñïòÔïõ¸íá]  

×ùñßæåé, äéáìåñßæåé ôç ëßóôá Ëßóôá óå õðïëßóôåò, ôçí êáèåìéÜ ôïõò ìå áñéèìü óôïé÷åßùí ßóùí ìå ôï èå-

ôéêü áêÝñáéï (êáé ìåãáëýôåñï ôïõ 1) ðïõ áíáöÝñåôáé óôï äåýôåñï üñéóìá ôçò åíôïëÞò. ÐáñÜäåéãìá: 

In[45]:= Clear&n';
Partition&!a, b, c, d, e, f, g, h, i, j, k, l, m, n, o, p, q, r, s, t, u, v, w, x, y, z", 3'

Out[45]= ''a, b, c(, 'd, e, f(, 'g, h, i(, 'j, k, l(, 'm, n, o(, 'p, q, r(, 's, t, u(, 'v, w, x((
! ÅÍÔÏËÇ L21:  ÅÓÙÔÅÑÉÊÏ ÃÉÍÏÌÅÍÏ ÄÉÁÍÕÓÌÁÔÙÍ

Dot[ÄéÜíõóìá-1,  ÄéÜíõóìá-2 ]   Þ   ÄéÜíõóìá-1 . ÄéÜíõóìá-2

Õðïëïãßæåé ôï åóùôåñéêü ãéíüìåíï AB äýï äéáíõóìÜôùí A êáé B ðïõ äßíïíôáé. Ðáñáäåßãìáôá: 

In[46]:= !A 9 !a1, a2, a3", B 9 !b1, b2, b3", !A.B, B.A, A.B = B.A""
Out[46]= ''a1, a2, a3(, 'b1, b2, b3(, 'a1 b1 " a2 b2 " a3 b3, a1 b1 " a2 b2 " a3 b3, True((
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! ÅÍÔÏËÇ L22:  ÊÁÔÁÑÃÇÓÇ ÅÓÙÔÅÑÉÊÙÍ ÁÃÊÉÓÔÑÙÍ ÓÅ ËÉÓÔÁ 
Flatten[Ëßóôá]

Áöáéñåß, êáôáñãåß üëá ôá åóùôåñéêÜ Üãêéóôñá óå ìéá ëßóôá. Ôçí êÜíåé "åðßðåäç". Ðáñáäåßãìáôá: 

In[47]:= !Flatten&!!!a", !b, !!c""", !d"", e"',
mat 9 !!a, b, c", !d, e, f", !g, h, i"", Flatten&mat'"

Out[47]= ''a, b, c, d, e(, ''a, b, c(, 'd, e, f(, 'g, h, i((, 'a, b, c, d, e, f, g, h, i((
! ÅÍÔÏËÇ L23:  ÔÁÎÉÍÏÌÇÓÇ ÔÙÍ ÓÔÏÉ×ÅÉÙÍ ËÉÓÔÁÓ

Sort[Ëßóôá]

Ôáîéíïìåß  ôá óôïé÷åßá ôçò ëßóôáò ç ïðïßá äßíåôáé, åÜí áõôÜ åßíáé åßôå ãñÜììáôá åßôå áñéèìïß. (Ïé  áñé-

èìïß ðñïçãïýíôáé áðü ôá ãñÜììáôá.) Ðáñáäåßãìáôá: 

In[48]:= !Sort&!5, 10, ?6, 8, 3"', Sort&!a, f, b, z, p, ?3, 4, 2, ?1"',
Sort&!D, c5, aa, 50, BC, DD, ?3, deq, b10"'"

Out[48]= ''+6, 3, 5, 8, 10(, '+3, +1, 2, 4, a, b, f, p, z(, '+3, 50, aa, b10, BC, c5, D, DD, deq((
! ÅÍÔÏËÇ L24:  ÁÑÉÈÌÏÓ ÖÏÑÙÍ ÅÌÖÁÍÉÓÅÙÓ ÓÔÏÉ×ÅÉÏÕ ËÉÓÔÁÓ

Count[Ëßóôá,  Ðéèáíü¼÷éÓßãïõñïÓôïé÷åßïÔçòËßóôáò]   

ÌåôñÜåé  ôùí áñéèìü ôùí öïñþí ðïõ Ýíá ðéèáíü (ü÷é  óßãïõñï) óôïé÷åßï ìéáò ëßóôáò åìöáíßæåôáé  óôç

ëßóôá. Ðáñáäåßãìáôá: 

In[49]:= !G 9 !a, b, 3, c, 4, d, a, 2, e, 3, c, 5, 3, b, 3, 1, d, c, 3, c"; Count&G, d', Count&G, p',
setG 9 Union&G', Table&Count&G, setG,k-', !k, 1, Length&setG'"', Length&setG'"

Out[49]= '2, 0, '1, 2, 3, 4, 5, a, b, c, d, e(, '1, 1, 5, 1, 1, 2, 2, 4, 2, 1(, 10(
! ÅÍÔÏËÇ L25:  ÄÇÌÉÏÕÑÃÉÁ ËÉÓÔÁÓ ÁÐÏ ÅÐÉÌÅÑÏÕÓ ËÉÓÔÅÓ

Join[Ëßóôá-1,  Ëßóôá-2,  . . . ,  Ëßóôá-n]   

Åíþíåé  óôç óåéñÜ  ôéò ëßóôåò ðïõ äßíïíôáé.  Ôá äéðëÜ êáé  ôá ðïëëáðëÜ óôïé÷åßá äéáôçñïýíôáé  êáé  äåí

áëëÜæåé êáèüëïõ ç óåéñÜ åìöáíßóåùò ôùí óôïé÷åßùí óôçí ôåëéêÞ ëßóôá. (Áíôßèåôá üìùò ôá äéðëÜ êáé

ôá  ðïëëáðëÜ  óôïé÷åßá  äå  äéáôçñïýíôáé  óôçí  åðüìåíç  åíôïëÞ  Union.  ÁõôÞ  ÷ñçóéìïðïéåßôáé,  üôáí  ïé

ëßóôåò åßíáé óýíïëá.) ÐáñÜäåéãìá: 

In[50]:= !w1 9 !b, e, a, m", w2 9 !p, l, a, t, e", w3 9 !s, h , e , l, l""
Out[50]= ''b, e, a, m(, 'p, l, a, t, e(, 's, h, e, l, l((
In[51]:= Join&w1, w2, w3'
Out[51]= 'b, e, a, m, p, l, a, t, e, s, h, e, l, l(
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! ÅÍÔÏËÇ L26:  ÅÍÙÓÇ ÓÕÍÏËÙÍ
Union[Ëßóôá]

Union[Ëßóôá-1,  Ëßóôá-2,  . . . ,  Ëßóôá-n]

Ç ðñþôç ìïñöÞ ôçò åíôïëÞò áõôÞò (ìå Ýíá üñéóìá) ìåôáôñÝðåé ìéá ëßóôá óå óýíïëï åîáëåßöïíôáò äé-

ðëÝò Þ êáé ðïëëáðëÝò åìöáíßóåéò ôïõ ßäéïõ óôïé÷åßïõ óôç ëßóôá, üóåò öïñÝò ðáñïõóéÜæïíôáé. Ç äåý-

ôåñç ìïñöÞ êÜíåé ôçí Ýíùóç óå ëßóôåò óáí íá Þóáí óýíïëá, äçëáäÞ ÷ùñßò ôçí ðïëëáðëÞ åìöÜíéóç

ôïõ  ßäéïõ  óôïé÷åßïõ  (áíôßèåôá  ìå  ôçí  ðñïçãïýìåíç  åíôïëÞ  Join,  óôï  áðïôÝëåóìá  ôçò  ïðïßáò  åßíáé

äõíáôÞ ç ðïëëáðëÞ åìöÜíéóç ôïõ ßäéïõ óôïé÷åßïõ).  Ôá óôïé÷åßá óôï áðïôÝëåóìá åßíáé ôáîéíïìçìÝíá.

Ðáñáäåßãìáôá: 

In[52]:= !L1 9 !a, b, c, c, b, a", L2 9 !b, f, b, e, f, f", L3 9 !a, b, d, e, e, f, a, b",
Union&L1, L2, L3', Union&L1', Union&L1, L1', Union&L1, !"', Union&!", !"'"

Out[52]= ''a, b, c, c, b, a(, 'b, f, b, e, f, f(, 'a, b, d, e, e, f, a, b(,'a, b, c, d, e, f(, 'a, b, c(, 'a, b, c(, 'a, b, c(, '((
! ÅÍÔÏËÇ L27:  ÔÏÌÇ ÓÕÍÏËÙÍ  

Intersection[Ëßóôá-1,  Ëßóôá-2,  . . . ,  Ëßóôá-n]  

ÁíÜëïãá ìå ôçí åíôïëÞ Union  åêôåëåß ôïìÞ ôùí óõíüëùí ðïõ ðáñéóôÜíïíôáé ìå ôéò ó÷åôéêÝò ëßóôåò

(Þ óýíïëá) åîáëåßöïíôáò åð' åõêáéñßá ôá äéðëÜ Þ ðïëëáðëÜ óôïé÷åßá, áí ðáñïõóéÜæïíôáé. ÐáñÜäåéãìá: 

In[53]:= !S1 9 !3, 5, 5, 10, 7", S2 9 !3, 7, 4, 7, 7, 4, 6, 4, 7, 9""
Out[53]= ''3, 5, 5, 10, 7(, '3, 7, 4, 7, 7, 4, 6, 4, 7, 9((
In[54]:= !Union&S1, S2', Intersection&S1, S2'"
Out[54]= ''3, 4, 5, 6, 7, 9, 10(, '3, 7((
In[55]:= !Union&S1, S2' = Intersection&S1, S2', Union&S1, S1' = Intersection&S1, S1'"
Out[55]= 'False, True(
! ÅÍÔÏËÇ L28:  ÓÕÌÐËÇÑÙÌÁ ÓÕÍÏËÏÕ  

Complement[Ëßóôá-1,  Ëßóôá-2 ]  

Õðïëïãßæåé ôï óõìðëÞñùìá (Þ ôç äéáöïñÜ) C = Á — Â åíüò óõíüëïõ Â (äåýôåñï üñéóìá) ùò ðñïò Ýíá

óýíïëï Á (ðñþôï üñéóìá). Åäþ ìðïñïýìå íá Ý÷ïõìå ãåíéêüôåñá êáé ëßóôåò Á êáé Â áíôß áðïêëåéóôéêÜ

óýíïëá. Ðáñáäåßãìáôá: 

In[56]:= !A 9 !a, b, c, c, a, d, c, a, a, b, d", Complement&A, !b, c, d"', Complement&A, !c, d"',
Complement&!a, b, c, d", !e, f, g"', Complement&!a, b", !"', Complement&!", !a, b"'"

Out[56]= ''a, b, c, c, a, d, c, a, a, b, d(, 'a(, 'a, b(, 'a, b, c, d(, 'a, b(, '((
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! Notebook  E8

ÅÍÔÏËÅÓ ÃÉÁ ÔH ÃÑÁÌÌÉÊÇ ÁËÃÅÂÑÁ
17  ÅÍÔÏËÅÓ:   M1. Dot,  M2.  MatrixPower,  M3. MatrixQ,  M4. MatrixForm,

M5. IdentityMatrix,  M6. DiagonalMatrix,  M7. Transpose,  M8. Inverse,  

M9. Dimensions, M10. Tr, M11. Det, M12. Normalize, M13. CharacteristicPolynomial, 

M14. Eigenvalues,  M15. Eigenvectors,  M16. Eigensystem,  M17. RowReduce

! ÅÍÔÏËÇ M1:  ÐÏËËÁÐËÁÓÉÁÓÌÏÓ ÌÇÔÑÙÙÍ 
Dot[Ìçôñþï-1,  Ìçôñþï-2 ]  Þ  Ìçôñþï-1 . Ìçôñþï-2   (ìå ôåëåßá ôï óýìâïëï ôïõ ðïëëáðëáóéáóìïý)

Åêôåëåß ôïí ðïëëáðëáóéáóìü AB äýï ìçôñþùí Á êáé Â. (ÁíÜëïãá êáé ðåñéóóüôåñùí ìçôñþùí.) Ôïíß-

æåôáé  îáíÜ üôé  ï ðïëëáðëáóéáóìüò ìçôñþùí ãßíåôáé  ìå ôåëåßá (áí äå èÝëïõìå íá ÷ñçóéìïðïéÞóïõìå

ôçí ßäéá ôçí åíôïëÞ Dot) êáé ü÷é ìå êåíü Þ ìå áóôåñÜêé * áíôßèåôá áðü ü,ôé óõìâáßíåé óôéò êïéíÝò áñé-

èìçôéêÝò êáé áëãåâñéêÝò ðáñáóôÜóåéò. Åðßóçò ç ðñüóèåóç ìçôñþùí A + B ãßíåôáé ìå ôï óõíçèéóìÝíï

óýìâïëï +  êáé ç áöáßñåóç ìçôñþùí A – B ìå ôï óõíçèéóìÝíï óýìâïëï – , áêñéâþò üðùò óõìâáßíåé êáé

óôéò êïéíÝò áñéèìçôéêÝò êáé áëãåâñéêÝò ðáñáóôÜóåéò. Ðáñáäåßãìáôá:

In[1]:= !A 9 !!1, 2", !3, 4"", B 9 !!5, 6", !7, 8"", A : B, A ? B, A.B, Dot&C, D, E, F' = C.D.E.F"
Out[1]= '''1, 2(, '3, 4((, ''5, 6(, '7, 8((, ''6, 8(, '10, 12((,''+4, +4(, '+4, +4((, ''19, 22(, '43, 50((, True(
! ÅÍÔÏËÇ M2:  ÕØÙÓÇ ÌÇÔÑÙÏÕ ÓÅ ÄÕÍÁÌÇ

MatrixPower[Ìçôñþï,  Äýíáìç]    

Õðïëïãßæåé  ôç  n-óôÞ  äýíáìç  åíüò  ìçôñþïõ  Á.  Äåí  åðéôñÝðåôáé  íá  ÷ñçóéìïðïéåßôáé  ï  óõíçèéóìÝíïò

óõìâïëéóìüò An ãéá ôç n-óôÞ äýíáìç ôïõ ìçôñþïõ Á. Ðáñáäåßãìáôá:

In[2]:= !A 9 !!1, 2", !3, 4"", A.A.A, MatrixPower&A, 3',
A.A.A = MatrixPower&A, 3', B.B.B.B.B.B.B.B.B.B = MatrixPower&B, 10'"

Out[2]= '''1, 2(, '3, 4((, ''37, 54(, '81, 118((, ''37, 54(, '81, 118((, True, True(
! ÅÍÔÏËÇ M3:  ÅËÅÃ×ÏÓ ÐÁÑÁÓÔÁÓÅÙÓ ÁÍ ÅÉÍÁÉ ÌÇÔÑÙÏ

MatrixQ[ÐáñÜóôáóç]    

ÅëÝã÷åé áí ìéá ðáñÜóôáóç åßíáé ìçôñþï Þ ü÷é. ÁðëÝò ëßóôåò äå èåùñïýíôáé ìçôñþá. Ðáñáäåßãìáôá:

In[3]:= !MatrixQ&1', VectorQ&1', MatrixQ&a2', VectorQ&a2', MatrixQ&!a2"', MatrixQ&!1, 2"',
VectorQ&!1, 2"', MatrixQ&!!1", !2""', MatrixQ&!!1, 2", !3, 4", !5, 6", !7, 8""'"

Out[3]= 'False, False, False, False, False, False, True, True, True(
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! ÅÍÔÏËÇ M4:  ÅÌÖÁÍÉÓÇ ÓÅ ÌÏÑÖÇ ÌÇÔÑÙÏÕ
MatrixForm[Ìçôñþï]    Þ    Ìçôñþï// MatrixForm

ÌåôáôñÝðåé Ýíá ìçôñþï A áðü ôç ìïñöÞ ðïõ ïé óåéñÝò ôïõ åìöáíßæïíôáé óôçí ßäéá ãñáììÞ ç ìßá ìåôÜ

ôçí  Üëëç  óå  ìïñöÞ  ìçôñþïõ,  äçëáäÞ  óå  áëçèéíÞ  ìïñöÞ  ãñáììþí  êáé  óôçëþí,  êáé  ôï  ðáñïõóéÜæåé

óôçí ïèüíç óôç ìïñöÞ áõôÞ. Äõóôõ÷þò Ýíá ìçôñþï ðïõ åßíáé êáé ðáñïõóéÜæåôáé ó' áõôÞí ôç ìïñöÞ

äå ìðïñåß íá ÷ñçóéìïðïéçèåß óå êáíÝíáí õðïëïãéóìü ìå ìçôñþá.  Ç åíôïëÞ áõôÞ åßíáé âÝâáéá ðÜñá

ðïëý ÷ñÞóéìç, áëëÜ äõóôõ÷þò ìüíï ãéá ôçí ðáñïõóéÜóç åíüò ìçôñþïõ óôçí ïèüíç. Ðáñáäåßãìáôá:

In[4]:= !A, A1 9 MatrixForm&A', B, B1 9 B ## MatrixForm"
Out[4]= !''1, 2(, '3, 4((, = 1 2

3 4
>, ''5, 6(, '7, 8((, = 5 6

7 8
>"

In[5]:= !AB 9 A.B, AB ## MatrixForm, A1.B1"
Out[5]= !''19, 22(, '43, 50((, = 19 22

43 50
>, = 1 2

3 4
>.= 5 6

7 8
>"

! ÅÍÔÏËÇ M5:  ÌÏÍÁÄÉÁÉÏ ÌÇÔÑÙÏ
IdentityMatrix[ÔÜîçÔïõÌçôñþïõ]  

Äçìéïõñãåß ôï ìïíáäéáßï ìçôñþï (Þ ôáõôïôéêü ìçôñþï)  In  ôÜîåùò n . Ðáñáäåßãìáôá:

In[6]:= !i2 9 IdentityMatrix&2', i2 ## MatrixForm, i3 9 IdentityMatrix&3', i3 ## MatrixForm"
Out[6]= !''1, 0(, '0, 1((, = 1 0

0 1
>, ''1, 0, 0(, '0, 1, 0(, '0, 0, 1((, 567777777 1 0 0

0 1 0
0 0 1

89:::::::"
! ÅÍÔÏËÇ M6:  ÄÉÁÃÙÍÉÏ ÌÇÔÑÙÏ

DiagonalMatrix[Ëßóôá]   

Äçìéïõñãåß ôï äéáãþíéï ìçôñþï ìå óôïé÷åßá ôçò êýñéáò äéáãùíßïõ ôïõ ôá óôïé÷åßá ôçò ëßóôáò ç ïðïßá

äßíåôáé óôï üñéóìá ôçò åíôïëÞò êáé öõóéêÜ üëá ôá õðüëïéðá óôïé÷åßá ôïõ ìçäåíéêÜ. Ðáñáäåßãìáôá:

In[7]:= !A 9 DiagonalMatrix&!1, 2"', M 9 DiagonalMatrix&!m1, m2, m3, m4"'"
Out[7]= '''1, 0(, '0, 2((, ''m1, 0, 0, 0(, '0, m2, 0, 0(, '0, 0, m3, 0(, '0, 0, 0, m4(((
In[8]:= !A ## MatrixForm, M ## MatrixForm"
Out[8]= != 1 0

0 2
>, 5

6
77777777777 m1 0 0 0
0 m2 0 0
0 0 m3 0
0 0 0 m4

8
9
:::::::::::"

In[9]:= DiagonalMatrix&!1, 1, 1, 1, 1"' = IdentityMatrix&5'
Out[9]= True
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In[10]:= ZeroMatrix3 9 DiagonalMatrix&!0, 0, 0"'
Out[10]= ''0, 0, 0(, '0, 0, 0(, '0, 0, 0((
In[11]:= ZeroMatrix&n_' :9 DiagonalMatrix&Table&0, !k, 1, n"''
In[12]:= !ZeroMatrix&1' ## MatrixForm, ZeroMatrix&2' ## MatrixForm"
Out[12]= !# 0 $, = 0 0

0 0
>"

! ÅÍÔÏËÇ M7:  ÁÍÁÓÔÑÏÖÏ ÌÇÔÑÙÏ
Transpose[Ìçôñþï]   

Äßíåé ôï áíÜóôñïöï ìçôñþï AT åíüò ìçôñþïõ A, äçëáäÞ ìå ôéò ãñáììÝò ôïõ íá Ý÷ïõí ãßíåé ôþñá óôÞ-

ëåò êáé ôéò óôÞëåò ãñáììÝò. Ôï ìçôñþï ìðïñåß íá åßíáé Ýíá ãåíéêü ìçôñþï äéáóôÜóåùí m - n êáé ü÷é

êáô' áíÜãêç Ýíá ôåôñáãùíéêü ìçôñþï äéáóôÜóåùí n-n . Ðáñáäåßãìáôá:

In[13]:= !A 9 !!a, b", !c, d""; A ## MatrixForm, AT 9 Transpose&A'; AT ## MatrixForm"
Out[13]= != a b

c d
>, = a c

b d
>"

In[14]:= !B 9 !!1, 2", !3, 4", !5, 6""; B ## MatrixForm, BT 9 Transpose&B'; BT ## MatrixForm"
Out[14]= !567777777 1 2

3 4
5 6

89:::::::, = 1 3 5
2 4 6

>"
In[15]:= !K 9 !!k11, k12", !k21, k22"", Km 9 K ## MatrixForm"
Out[15]= !''k11, k12(, 'k21, k22((, = k11 k12

k21 k22
>"

In[16]:= !KT1 9 Transpose&K', KT1 ## MatrixForm, KT2 9 Transpose&Km'"
Out[16]= !''k11, k21(, 'k12, k22((, = k11 k21

k12 k22
>, Transpose/= k11 k12

k21 k22
>0"

! ÅÍÔÏËÇ M8:  ÁÍÔÉÓÔÑÏÖÏ ÌÇÔÑÙÏ
Inverse[ÁíôéóôñÝøéìïÔåôñáãùíéêüÌçôñþï]   

Äßíåé ôï áíôßóôñïöï ìçôñþï A(1 áíôéóôñÝøéìïõ ôåôñáãùíéêïý ìçôñþïõ Á (det Á . 0).  Ðáñáäåßãìáôá:

In[17]:= !A 9 !!a, b", !c, d""; A ## MatrixForm, AI 9 Inverse&A'; AI ## MatrixForm,

AI.A ## MatrixForm ## Simplify, B 9 !!e, f", !0, 0""; B ## MatrixForm, BI 9 Inverse&B'"
Inverse::sing& : &Matrix ''e, f(, '0, 0(( is singular.

Out[17]= != a b
c d

>, 567777 d!!!!!!!!!!!!!!!
+b c"a d

+ b!!!!!!!!!!!!!!!
+b c"a d

+ c!!!!!!!!!!!!!!!
+b c"a d

a!!!!!!!!!!!!!!!
+b c"a d

89::::, = 1 0
0 1

>, = e f

0 0
>, Inverse%''e, f(, '0, 0((&"

In[18]:= !A.AI = AI.A = IdentityMatrix&2', A.AI = Dot&A, AI' = AI.A = Dot&AI, A'" ## Simplify

Out[18]= 'True, True(
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! ÅÍÔÏËÇ M9:  ÄÉÁÓÔÁÓÅÉÓ ÌÇÔÑÙÏÕ
Dimensions[Ìçôñþï]    

Ðñïóäéïñßæåé ôéò äéáóôÜóåéò m êáé n åíüò ìçôñþïõ A. Ðáñáäåßãìáôá:

In[19]:= !A 9 !!a, b, c, d", !e, f, g, h"", Dimensions&A', Dimensions&Transpose&A''"
Out[19]= '''a, b, c, d(, 'e, f, g, h((, '2, 4(, '4, 2((
! ÅÍÔÏËÇ M10:  É×ÍÏÓ ÌÇÔÑÙÏÕ

Tr[ÔåôñáãùíéêüÌçôñþï]   

Õðïëïãßæåé ôï ß÷íïò Tr A åíüò ôåôñáãùíéêïý ìçôñþïõ A, ðïõ åßíáé âÝâáéá Ýíáò áñéèìüò: ôï Üèñïéóìá

ôùí óôïé÷åßùí ôçò êýñéáò äéáãùíßïõ ôïõ ìçôñþïõ Á êáé ü÷é ìçôñþï. Ðáñáäåßãìáôá:

In[20]:= !Tr&!!a, b", !c, d""', Tr&IdentityMatrix&10'', Tr&DiagonalMatrix&!m1, m2, m3, m4"''"
Out[20]= 'a " d, 10, m1 " m2 " m3 " m4(
! ÅÍÔÏËÇ M11:  ÏÑÉÆÏÕÓÁ ÌÇÔÑÙÏÕ

Det[ÔåôñáãùíéêüÌçôñþï] 

Õðïëïãßæåé ôçí ïñßæïõóá det A Þ +Á+ åíüò ôåôñáãùíéêïý ìçôñþïõ Á.  Ðáñáäåßãìáôá:

In[21]:= !Det&!!a, b", !c, d""',
Det&!!1, ?4, 5", !5, ?6, 10", !9, 4, ?6""', Det&!!e, f, g", !h, i, j""'"

Det::matsq& : &Argument ''e, f, g(, 'h, i, j(( at position 1 is not a square matrix.

Out[21]= '+b c " a d, +114, Det%''e, f, g(, 'h, i, j((&(
In[22]:= !K 9 !!k11, k12", !k12, k22"", M 9 !!m1, 0", !0, m2"", Det&K ? 72;M' = 0 ## Simplify"
Out[22]= '''k11, k12(, 'k12, k22((, ''m1, 0(, '0, m2((, #k11 + #2 m1$ #k22 + #2 m2$ %% k12

2 (
! ÅÍÔÏËÇ M12:  ÊÁÍÏÍÉÊÏÐÏÉÇÓÇ ÄÉÁÍÕÓÌÁÔÏÓ

Normalize[ÄéÜíõóìá] 

Õðïëïãßæåé ôçí êáíïíéêïðïéçìÝíç ìïñöÞ An åíüò äéáíýóìáôïò A,  äçëáäÞ ôï áíôßóôïé÷ï äéÜíõóìá ìå

ìÝôñï  1.  Ðñüêåéôáé  ãéá  ìéá  áðü  ôéò  åíôïëÝò ôïõ  ðáêÝôïõ  LinearAlgebra`Orthogonalization` ,  ôï  ïðïßï

èá ðñÝðåé öõóéêÜ íá Ý÷åé öïñôùèåß ðñéí áðü ôçí êëÞóç áõôÞò ôçò åíôïëÞò Normalize. Ðáñáäåßãìáôá:

In[23]:= FF LinearAlgebra`Orthogonalization`

In[24]:= !Normalize&!1, ?2, 10, 4"', A 9 !a, b, c", An 9 Normalize&!a, b, c"', An.An ## Simplify"
Out[24]= !! 1

!!!!!!!
11

, +
2
!!!!!!!
11

,
10
!!!!!!!
11

,
4
!!!!!!!
11

", 'a, b, c(, ! a
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!*++++++++++++++++++++++++++
a2 " b2 " c2

,
b

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!*++++++++++++++++++++++++++
a2 " b2 " c2

,
c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!*++++++++++++++++++++++++++
a2 " b2 " c2

", 1"
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! ÅÍÔÏËÇ M13:  ×ÁÑÁÊÔÇÑÉÓÔÉÊÏ ÐÏËÕÙÍÕÌÏ ÌÇÔÑÙÏÕ
CharacteristicPolynomial[ÔåôñáãùíéêüÌçôñþï, ÌåôáâëçôÞ×áñáêôçñéóôéêïýÐïëõùíýìïõ] 

Õðïëïãßæåé  ôï  ÷áñáêôçñéóôéêü  ðïëõþíõìï  p"ë#  ôïõ  ôåôñáãùíéêïý  ìçôñþïõ  Á,  ôï  ïðïßï  êáèïñßæåôáé

óôï ðñþôï üñéóìá ùò ðñïò ôç ìåôáâëçôÞ ë ðïõ êáèïñßæåôáé óôï äåýôåñï üñéóìá. Ðáñáäåßãìáôá:

In[25]:= !CharacteristicPolynomial&K, +', CharacteristicPolynomial&M, +'"
Out[25]= '@2 + @ k11 + k12

2 + @ k22 " k11 k22, @2 + @ m1 + @ m2 " m1 m2(
In[26]:= !chp 9 CharacteristicPolynomial&?+ M : K, +'; Collect&chp, +'"
Out[26]= '+k122 " k11 k22 " @ #+k11 + k22 + k22 m1 + k11 m2$ " @2 #1 " m1 " m2 " m1 m2$(
! ÅÍÔÏËÇ M14:  ÉÄÉÏÔÉÌÅÓ ÌÇÔÑÙÏÕ

Eigenvalues[ÔåôñáãùíéêüÌçôñþï] 

Õðïëïãßæåé ôéò éäéïôéìÝò ëk åíüò ôåôñáãùíéêïý ìçôñþïõ Á. Ðáñáäåßãìáôá:

In[27]:= !A 9 !!1, 2, 3", !4, 5, 6", !7, 8, 9"", +s 9 Eigenvalues&A', N&!+s,2-, +s,3-"'"
Out[27]= !''1, 2, 3(, '4, 5, 6(, '7, 8, 9((, !0, 3

!!!!
2

,5 +
*+++++++
33 -, 3

!!!!
2

,5 "
*+++++++
33 -", '+1.11684, 16.1168("

In[28]:= !+s 9 Eigenvalues&!!a, b", !c, d""', Length&+s'"
Out[28]= !! 1

!!!!
2

,a " d +
*++++++++++++++++++++++++++++++++++++++++++++++++
a2 " 4 b c + 2 a d " d2 -, 1

!!!!
2

,a " d "
*++++++++++++++++++++++++++++++++++++++++++++++++
a2 " 4 b c + 2 a d " d2 -", 2"

! ÅÍÔÏËÇ M15:  ÉÄÉÏÄÉÁÍÕÓÌÁÔÁ ÌÇÔÑÙÏÕ
Eigenvectors[ÔåôñáãùíéêüÌçôñþï] 

Õðïëïãßæåé  ôá éäéïäéáíýóìáôá äk åíüò ôåôñáãùíéêïý ìçôñþïõ Á (öõóéêÜ êáôÜ ðñïóÝããéóç ìéáò ðïë-

ëáðëáóéáóôéêÞò óôáèåñÜò).  Ðáñáäåßãìáôá:

In[29]:= !$s 9 Eigenvectors&A', $s ## N, Length&$s'"
Out[29]= !!'1, +2, 1(, !+ 15 +*+++++++33

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+33 " 7 *+++++++33

,
4 ,+6 "*+++++++33 -
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+33 " 7 *+++++++33

, 1", !+ +15 +*+++++++33
!!!!!!!!!!!!!!!!!!!!!!!!!!!!
33 " 7 *+++++++33

,
4 ,6 "*+++++++33 -
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
33 " 7 *+++++++33

, 1"",''1., +2., 1.(, '+1.28335, +0.141675, 1.(, '0.283349, 0.641675, 1.((, 3"
In[30]:= !B 9 !!a, b", !b, c""; B ## MatrixForm, T 9 Eigenvectors&B' ## FullSimplify"
Out[30]= != a b

b c
>, !!+ +a "

*+++++++++++++++++++++++++++++++++
4 b2 " #a + c$2 " c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 b

, 1", ! a "
*+++++++++++++++++++++++++++++++++
4 b2 " #a + c$2 + c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 b

, 1"""
In[31]:= TT 9 Transpose&T'; TT ## MatrixForm

Out[31]//MatrixForm=567777 + +a"
*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 "c!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 b
a"

*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 +c!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 b

1 1

89::::
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In[32]:= BT 9 T.B.TT ## FullSimplify; BT ## MatrixForm

Out[32]//MatrixForm=567777777 a #4 b2"#a+c$2$+*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 #a2"2 b2+a c$!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 b2

0

0 a #4 b2"#a+c$2$"*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 #a2"2 b2+a c$!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 b2

89:::::::
! ÅÍÔÏËÇ M16:  ÉÄÉÏÔÉÌÅÓ ÊÁÉ ÉÄÉÏÄÉÁÍÕÓÌÁÔÁ ÌÇÔÑÙÏÕ

Eigensystem[ÔåôñáãùíéêüÌçôñþï] 

Õðïëïãßæåé ôüóï ôéò éäéïôéìÝò ëk üóï êáé ôá éäéïäéáíýóìáôá äk åíüò ôåôñáãùíéêïý ìçôñþïõ Á. Óôï á-

ðïôÝëåóìá ïé éäéïôéìÝò ëk áíáöÝñïíôáé ðñþôåò: åßíáé ôï ðñþôï óôïé÷åßï ôçò ëßóôáò áðïôåëåóìÜôùí,

åíþ ôá éäéïäéáíýóìáôá äk áíáöÝñïíôáé Ýðåéôá: åßíáé ôï äåýôåñï óôïé÷åßï ôçò ëßóôáò. Ðáñáäåßãìáôá:

In[33]:= Eigensystem&A'
Out[33]= !!0, +

3
!!!!
2

,+5 "*+++++++33 -, 3
!!!!
2

,5 "*+++++++33 -",!'1, +2, 1(, !+ 15 +*+++++++33
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+33 " 7 *+++++++33

,
4 ,+6 "*+++++++33 -
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+33 " 7 *+++++++33

, 1", !+ +15 +*+++++++33
!!!!!!!!!!!!!!!!!!!!!!!!!!!!
33 " 7 *+++++++33

,
4 ,6 "*+++++++33 -
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
33 " 7 *+++++++33

, 1"""
In[34]:= !!Eigenvalues&A', Eigensystem&A',1-" ## N, Eigenvectors&A' = Eigensystem&A',2-"
Out[34]= '''0., +1.11684, 16.1168(, '0., +1.11684, 16.1168((, True(
In[35]:= !B ## MatrixForm, SB 9 Eigensystem&B' ## FullSimplify; SB ## MatrixForm"
Out[35]= != a b

b c
>, 56777777 1!!!!

2
,a +

*+++++++++++++++++++++++++++++++++
4 b2 " #a + c$2 " c- 1!!!!

2
,a "

*+++++++++++++++++++++++++++++++++
4 b2 " #a + c$2 " c-!+ +a"

*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 "c!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 b
, 1" ! a"

*+++++++++++++++++++++++++++++++++++
4 b2"#a+c$2 +c!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 b
, 1" 89::::::"

! ÅÍÔÏËÇ M17:  ÁÍÇÃÌÅÍÇ ÊÁÔÁ ÃÑÁÌÌÅÓ ÌÏÑÖÇ ÌÇÔÑÙÏÕ
RowReduce[Ìçôñþï] 

Õðïëïãßæåé ôçí áíçãìÝíç êáôÜ ãñáììÝò ìïñöÞ åíüò ìçôñþïõ Á ìÝóù ôùí êáôÜëëçëùí ðñïóèÝóåùí

ðïëëáðëáóßùí ôùí ãñáììþí ôïõ ìçôñþïõ Á. ÅéäéêÜ åÜí ôï ìçôñþï Á åßíáé ôåôñáãùíéêü (äéáóôÜóåùí

n-n ) êáé ìç éäéÜæïí, ôüôå ðñïêýðôåé ôåëéêÜ ôï ìïíáäéáßï ìçôñþï  In . Ç åíôïëÞ áõôÞ åßíáé ðïëý ÷ñÞóéìç

ãéá ôçí åðßëõóç óõóôçìÜôùí ãñáììéêþí áëãåâñéêþí åîéóþóåùí ìå áðáëïéöÞ Gauss. Ðáñáäåßãìáôá:

In[36]:= !A 9 !!1, 3, 7", !2, 10, ?8", !?5, 3, ?6""; A ## MatrixForm,

AR 9 RowReduce&A'; AR ## MatrixForm, AR = IdentityMatrix&3'"
Out[36]= !567777777 1 3 7

2 10 +8
+5 3 +6

89:::::::, 567777777 1 0 0
0 1 0
0 0 1

89:::::::, True"
In[37]:= !B 9 !!1, 3, 7, ?a", !2, 10, ?8, ?b", !?5, 3, ?6, ?c"";

B ## MatrixForm, BR 9 RowReduce&B'; BR ## MatrixForm"
Out[37]= !567777777 1 3 7 +a

2 10 +8 +b
+5 3 +6 +c

89:::::::, 5
67777777777
1 0 0 1!!!!!!!!

512
#36 a + 39 b " 94 c$

0 1 0 1!!!!!!!!
512

#+52 a + 29 b + 22 c$
0 0 1 1!!!!!!!!

256
#+28 a " 9 b + 2 c$ 8

9::::::::::"
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! Notebook  E9

ÅÍÔÏËÅÓ ÃÉÁ ÄÉÄÉÁÓÔÁÔÅÓ ÃÑÁÖÉÊÅÓ ÐÁÑÁÓÔÁÓÅÉÓ
9   ÅÍÔÏËÅÓ:   V1. Plot,  V2. FilledPlot,  V3. ImplicitPlot,  V4. ParametricPlot, 

V5. Show,  V6. GraphicsArray,  V7. ListPlot,  V8. ContourPlot,  V9. DensityPlot

! ÅÍÔÏËÇ V1:  ÄÉÄÉÁÓÔÁÔÇ ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ   
Plot[ÓõíÜñôçóçÌéáòÌåôáâëçôÞò,  {ÌåôáâëçôÞ, Áñ÷éêÞÔéìÞ, ÔåëéêÞÔéìÞ}, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]

Plot[ËßóôáÓõíáñôÞóåùíÌéáòÌåôáâëçôÞò,  {ÌåôáâëçôÞ,  Áñ÷éêÞÔéìÞ,  ÔåëéêÞÔéìÞ},  ÅðéëïãÞ-1,  . . . ]   

ÊÜíåé ôç ãñáöéêÞ ðáñÜóôáóç ôçò óõíáñôÞóåùò ðïõ äßíåôáé Þ ôùí óõíáñôÞóåùí ðïõ äßäïíôáé (óå ëß-

óôá) óôï ðñþôï üñéóìá. Ç ãñáöéêÞ áõôÞ ðáñÜóôáóç ãßíåôáé óôï äéÜóôçìá ðïõ êáèïñßæåôáé óôï äåýôå-

ñï üñéóìá ìåôÜ ôç ìåôáâëçôÞ. ÐñïáéñåôéêÜ áêïëïõèåß  ìßá åðéëïãÞ Þ óõíÞèùò ðåñéóóüôåñåò áðü ìßá

åðéëïãÝò ãéá ôïí ôñüðï åìöáíßóåùò ôçò ãñáöéêÞò ðáñáóôÜóåùò. Ïé åðéëïãÝò (options) áõôÝò åßíáé ïé

áêüëïõèåò ôñéÜíôá ìå êáèåìéÜ ôïõò íá áêïëïõèåßôáé áðü ôçí áñ÷éêÞ ôéìÞ ðïõ ôçò äßíåé ç Mathematica: 

In[1]:= Options!Plot"
Out[1]= !AspectRatio !

1
"""""""""""""""""""""""""""""""""
GoldenRatio

, Axes ! Automatic, AxesLabel ! None,

AxesOrigin ! Automatic, AxesStyle ! Automatic, Background ! Automatic,

ColorOutput ! Automatic, Compiled ! True, DefaultColor ! Automatic,

Epilog ! "#, Frame ! False, FrameLabel ! None, FrameStyle ! Automatic,

FrameTicks ! Automatic, GridLines ! None, ImageSize ! Automatic,

MaxBend ! 10., PlotDivision ! 30., PlotLabel ! None, PlotPoints ! 25,

PlotRange ! Automatic, PlotRegion ! Automatic, PlotStyle ! Automatic,

Prolog ! "#, RotateLabel ! True, Ticks ! Automatic, DefaultFont # $DefaultFont,

DisplayFunction # $DisplayFunction, FormatType # $FormatType, TextStyle # $TextStyle$
ÌåñéêÝò  (ü÷é  êáé  ðÜñá ðïëëÝò)  áðü ôéò  åðéëïãÝò áõôÝò èá ôéò åðéäåßîïõìå  óå  ðáñáäåßãìáôá ðáñáêÜôù.

Áêïëïõèïýí ðáñáäåßãìáôá ôçò åíôïëÞò  Plot.  Êáé  ðñþôá–ðñþôá ïé  ãñáöéêÝò  ðáñáóôÜóåéò  ôùí äýï âá-

óéêþí ôñéãùíïìåôñéêþí óõíáñôÞóåùí óõíçìßôïíï !cos x"  êáé çìßôïíï !sin x"  óôï äéÜóôçìá #0, 4 ð$  êáé ïé

äõï  ôïõò óå  Ýíá  åíéáßï  ó÷Þìá êáé  ÷ùñßò  ôç ÷ñÞóç åðéëïãþí,  äçëáäÞ  ìå  ôç  ÷ñÞóç ôùí áñ÷éêþí ôéìþí

ôùí åðéëïãþí. (ÂÝâáéá ôéò áñ÷éêÝò ôéìÝò ìðïñïýìå íá ôéò áëëÜæïõìå. Èá äþóïõìå ðïëëÜ ðáñáäåßãìáôá.)

In[2]:= Plot!#Cos!x", Sin!x"$, #x, 0, 4!"$";

2 4 6 8 10 12

-1

-0.5

0.5

1
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Óçìåéþíïõìå üôé èÝôïíôáò ôçí ÁããëéêÞ Üíù ôåëåßá (ôï Åëëçíéêü åñùôçìáôéêü) ; óôï ôÝëïò ôçò åíôïëÞò

Plot áðëÜ äåí åìöáíßæåôáé ç Ýíäåéîç - Graphics - áìÝóùò ìåôÜ ôç ãñáöéêÞ ðáñÜóôáóç, åíþ åìöáíßæåôáé

ç ßäéá ç ãñáöéêÞ ðáñÜóôáóç. Óõ÷íÜ èá ÷ñçóéìïðïéïýìå áõôÞí ôç äõíáôüôçôá. Ìå ôçí åðéëïãÞ ImageSize
ìðïñïýìå íá ìéêñýíïõìå Þ íá ìåãáëþóïõìå ôï ðñáãìáôéêü ìÝãåèïò ôçò ãñáöéêÞò ðáñáóôÜóåùò. Ôñïðï-

ðïéÞóåéò ôïõ ðñïçãïýìåíïõ ðáñáäåßãìáôïò ìå ôç ÷ñÞóç ôçò åðéëïãÞò ImageSize:

In[3]:= Plot!#Cos!x", Sin!x"$, #x, 0, 4!"$, ImageSize # 100";
2 4 6 8 1012

-1
-0.5

0.5
1

In[4]:= Plot!#Cos!x", Sin!x"$, #x, 0, 4!"$, ImageSize # 400";

2 4 6 8 10 12

-1

-0.5

0.5

1

Êáé  ôþñá ôï  êëáóéêü  ãéá  ôïí  Ðïëéôéêü  Ìç÷áíéêü  ðñüâëçìá ôùí ôáëáíôþóåùí ìå  áðüóâåóç óôï  ìïíï-

âÜèìéï  ìç÷áíéêü  óýóôçìá  ìÜæáò–åëáôçñßïõ–áðïóâåóôÞñá  óå  ìéá  åéäéêÞ  ðåñßðôùóç  ãéá  ôç  ìåôáôüðéóç

u!t"  ôïõ õëéêïý óçìåßïõ. Åäþ èá êÜíïõìå ôç ãñáöéêÞ ðáñÜóôáóç ôçò ìåôáôïðßóåùò áõôÞò u!t"  ãéá óõãêå-

êñéìÝíåò ôéìÝò ôçò (êõêëéêÞò) éäéïóõ÷íüôçôáò  ù0  (ù0  = 10) êáé  ôïõ ëüãïõ áðïóâÝóåùò î (î = 0.03, ìéá

óõíçèéóìÝíç ôéìÞ óå êôßñéá), ðñþôá ÷ùñßò êáìßá åðéëïãÞ óôçí åíôïëÞ Plot: 

In[5]:= #$0 % 10, & % 0.03, $D % $0!Sqrt!1 ' &2", u!t_" % ('& $0 t!Cos!$D!t"$;
In[6]:= p1 % Plot!u!t", #t, 0, 10$";

2 4 6 8 10

-0.5

0.5

1

Ìå ôçí åíôïëÞ Plot ìðïñïýìå íá ó÷åäéÜæïõìå êáé ëßóôá óõíáñôÞóåùí óôçí ßäéá ãñáöéêÞ ðáñÜóôáóç. Ãéá

ðáñÜäåéãìá, Ý÷ïõìå ôç äõíáôüôçôá íá ó÷åäéÜóïõìå ü÷é ìüíï ôç ìåôáôüðéóç u!t"  ôïõ õëéêïý óçìåßïõ óôéò
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ðáñïýóåò ôáëáíôþóåéò ìå áðüóâåóç,  áëëÜ ôáõôü÷ñïíá êáé  ôá ðñïóçìáóìÝíá åýñç ôùí ôáëáíôþóåùí,

üðïõ  âÝâáéá  (óôá  åýñç  áõôÜ)  äåí  Ý÷ïõìå  åäþ  ôç  óõíçìéôïíéêÞ  óõíÜñôçóç.  Íá  ëïéðüí  ôñåéò  ãñáöéêÝò

ðáñáóôÜóåéò óôï ßäéï ó÷Þìá êáé ìÜëéóôá ìå ìßá ìüíï ÷ñÞóç ôçò åíôïëÞò Plot:

In[7]:= p2 % Plot!#u!t", ('& $0!t, '('& $0!t$, #t, 0, 10$";

2 4 6 8 10
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0.5

1

Ìå ôçí åðéëïãÞ AxesLabel  ìðïñïýìå  íá âÜëïõìå  åíäåßîåéò óôïõò äýï  Üîïíåò ôçò ãñáöéêÞò ðáñáóôÜ-

óåùò.  Ïé  åíäåßîåéò  áõôÝò  åßíáé  óå  ëßóôá  ìå  äýï  óôïé÷åßá  êáé  ôï  êáèÝíá  óôïé÷åßï  åßíáé  óõìâïëïóåéñÜ

(string) ðïõ ðåñéêëåßåôáé óå åéóáãùãéêÜ. (Ãéá áðëÜ óýìâïëá ôá åéóáãùãéêÜ ìðïñïýí íá ðáñáëåßðïíôáé.)

In[8]:= p3 % Plot!u!t", #t, 0, 10$, AxesLabel ') #"t", "u"$";

2 4 6 8 10
t
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0.5

1

u

Ìå  ôçí  åðéëïãÞ  Background  ìðïñïýìå  íá  Ý÷ïõìå  öüíôï  óôç  ãñáöéêÞ  ðáñÜóôáóç  åßôå  Ýã÷ñùìï  åßôå

áðëÜ  ãêñßæï  (üðùò  åäþ).  Óçìåéþíåôáé  üôé  üóï  ìåãáëýôåñç  åßíáé  ç  ôéìÞ  GrayLevel  (ðïõ  ðáßñíåé  ôéìÝò

ìåôáîý  0  êáé  1)  óôçí  åðéëïãÞ  áõôÞ  Background  (üðùò  óôï  áìÝóùò  ðéï  êÜôù  ðáñÜäåéãìá),  ôüóï  ðéï

áíïéêôü÷ñùìï, ðéï öùôåéíü, ëéãüôåñï ìáýñï åßíáé ôï öüíôï óôç ãñáöéêÞ ðáñÜóôáóç. 

In[9]:= p4 % Plot!u!t", #t, 0, 10$, Background # GrayLevel!0.8"";

2 4 6 8 10

-0.5
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1
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Ìå ôçí åðéëïãÞ AxesOrigin  ìðïñïýìå åìåßò íá åðéëÝîïõìå ôçí áñ÷Þ ôùí áîüíùí üðïõ êáôÜ ôç ãíþìç

ìáò áõôÞ ìáò äéåõêïëýíåé, ãéá ðáñÜäåéãìá óôï óçìåßï (2, 0): 

In[10]:= p5 % Plot!u!t", #t, 0, 10$, AxesOrigin # #2, 0$"

0 4 6 8 10
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1

Out[10]= $%Graphics%$

Ìå  ôçí  åðéëïãÞ  AspectRatio  ìðïñïýìå  íá  êáèïñßóïõìå  ôçí  ðñáãìáôéêÞ  áíáëïãßá  ýøïò  ðñïò  ðëÜôïò

ôçò ãñáöéêÞò ðáñáóôÜóåùò. Óôï ðáñÜäåéãìá ðïõ äßíïõìå ðáñáêÜôù ç áíáëïãßá áõôÞ êáèïñßóèçêå ßóç

ìå 1, äçëáäÞ ôåôñáãùíéêÞ ãñáöéêÞ ðáñÜóôáóç. Ç áñ÷éêÞ ôéìÞ ôçò Mathematica åßíáé 1/GoldenRatio ìå 

In[11]:= N!#GoldenRatio, r % %Sqrt!5" * 1& '2$, 35"
Out[11]= "1.6180339887498948482045868343656381, 1.6180339887498948482045868343656381#
In[12]:= N!#1'GoldenRatio, 1'r$, 35"
Out[12]= "0.61803398874989484820458683436563812, 0.61803398874989484820458683436563812#
In[13]:= p6 % Plot!u!t", #t, 0, 10$, AspectRatio # 1"

2 4 6 8 10
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Out[13]= $%Graphics%$

Ìå ôçí åðéëïãÞ Axes ìðïñïýìå íá æçôÞóïõìå íá ìçí åìöáíßæïíôáé êáèüëïõ ïé äýï Üîïíåò óôç ãñáöéêÞ

ðáñÜóôáóç: Axes ! False:
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In[14]:= p7 % Plot!u!t", #t, 0, 10$, Axes # False";

Ìå ôçí åðéëïãÞ Frame ìðïñïýìå íá Ý÷ïõìå ðëáßóéï, ðåñßãñáììá óôç ãñáöéêÞ ðáñÜóôáóç: 

In[15]:= p8 % Plot!u!t", #t, 0, 10$, Frame # True"

0 2 4 6 8 10
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Out[15]= $%Graphics%$

Ìå ôçí åðéëïãÞ PlotLabel ìðïñïýìå íá âÜëïõìå ôßôëï óôç ãñáöéêÞ ðáñÜóôáóç:

In[16]:= p9 % Plot!u!t", #t, 0, 10$, PlotLabel # "!"#"$!%&'(& )' "&*'$+ ",-&.'&+"";

2 4 6 8 10
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!"#"$!%&'(& )' "&*'$+ ",-&.'&+

Ìå ôçí åðéëïãÞ DefaultFont ìå áñ÷éêÞ ôéìÞ Courier óôéò 10 óôéãìÝò (points)

In[17]:= $DefaultFont

Out[17]= "Courier, 10.#
ìðïñïýìå  íá  êáèïñßóïõìå  êÜðïéá  Üëëç  ãñáììáôïóåéñÜ  áíôß  ãéá  ôçí  Courier  óå  ïëüêëçñç  ôç  ãñáöéêÞ

ðáñÜóôáóç, ð.÷. ôç ãíùóôÞ ãñáììáôïóåéñÜ Arial êáé ôï ìÝãåèüò ôçò óå óôéãìÝò (points), ð.÷. 12 pt:
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In[18]:= p10 % Plot!u!t", #t, 0, 10$,
PlotLabel # "!"#"$!%&'(& )' "&*'$+ ",-&.'&+", DefaultFont # #"Arial", 12$";

! " # $ %&

!&'(

&'(

%
)*+*,)-./0. 1/ *.2/,3 *45.6/.3

Ìå  ôçí  åðéëïãÞ  DisplayFunction  íá  ðáßñíåé  ôçí  ôéìÞ  Identity,  äçëáäÞ  DisplayFunction  !  Identity,  ç

ãñáöéêÞ ðáñÜóôáóç ãßíåôáé  åóùôåñéêÜ óôç Mathematica,  áëëÜ äåí åìöáíßæåôáé  óôçí ïèüíç. Åßíáé  üìùò

äéáèÝóéìç óôç Mathematica êáé ìðïñåß íá ÷ñçóéìïðïéçèåß áñãüôåñá, ð.÷. ìÝóù ôçò åíôïëÞò Show.

In[19]:= p11 % Plot!u!t", #t, 0, 10$, DisplayFunction # Identity"
Out[19]= $%Graphics%$

Ìå ôçí åðéëïãÞ PlotStyle  ìðïñïýìå íá êáèïñßóïõìå åìåßò (ìå ôç ó÷åôéêÞ ôéìÞ Thickness) ôï ðÜ÷ïò ôçò

ãñáììÞò ôçò ãñáöéêÞò ðáñáóôÜóåùò:

In[20]:= p12 % Plot!u!t", #t, 0, 10$";
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In[21]:= p13 % Plot!u!t", #t, 0, 10$, PlotStyle # Thickness!0.01"";
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Þ ôï íá ðáñïõóéÜæåôáé ç ãñáììÞ áõôÞ äéáêåêïììÝíç ìÝóù ôçò ôéìÞò Dashing (óå ëßóôá ìå äýï óôïé÷åßá): 
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In[22]:= p14 % Plot!u!t", #t, 0, 10$, PlotStyle # Dashing!#0.02, 0.01$"";

2 4 6 8 10
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Óôï ðáñáêÜôù ó÷Þìá ç êýñéá ãñáöéêÞ ðáñÜóôáóç ôçò ìåôáôïðßóåùò äåí åßíáé äéáêåêïììÝíç, åíþ ïé äýï

äåõôåñåýïõóåò ãñáöéêÝò ðáñáóôÜóåéò ãéá ôá ðñïóçìáóìÝíá åýñç ôçò ôáëáíôþóåùò åßíáé:

In[23]:= p15 % Plot!#u!t", ('& $0!t, '('& $0 t$, #t, 0, 10$,
PlotStyle # #Dashing!#1, 0$", Dashing!#0.04, 0.02$", Dashing!#0.04, 0.02$"$";

2 4 6 8 10

-1

-0.5

0.5

1

Åäþ äåß÷íïõìå ôçí ßäéá ãñáöéêÞ ðáñÜóôáóç ìå Ýíáí ïëüêëçñï óõíäõáóìü åðéëïãþí åëðßæïíôáò üôé Ýôóé

ðáßñíïõìå ìéá áñêåôÜ åìöáíßóéìç êáé áîéïðñåðÞ ãñáöéêÞ ðáñÜóôáóç: 

In[24]:= p16 % Plot!#u!t", ('& $0!t, '('& $0 t$,#t, 0, 10$, AspectRatio # 0.7, AxesLabel ') #"t", "u%t&"$,
PlotLabel # "!"#"$!%&'(& )' "&*'$+ ",-&.'&+", DefaultFont # #"Arial", 11$,
PlotStyle # #Thickness!0.012", #Thickness!0.008", Dashing!#0.04, 0.02$"$,#Thickness!0.008", Dashing!#0.04, 0.02$"$$,
Background # GrayLevel!0.85", Frame # False";

! " # $ %&
7

!%

!&'(

&'(

%
8!7" )*+*,)-./0. 1/ *.2/,3 *45.6/.3
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ôþñá ìå ôç ÷ñÞóç êáé ðëáéóßïõ óôç ãñáöéêÞ ðáñÜóôáóç

In[25]:= p17 %

Plot!#u!t", ('& $0!t, '('& $0!t$, #t, 0, 10$, AspectRatio # 0.7, AxesLabel ') #"t", ""$,
PlotLabel # "!"#"$!%&'(& )' "&*'$+ ",-&.'&+", DefaultFont # #"Arial", 11$,
PlotStyle # #Thickness!0.012", #Thickness!0.008", Dashing!#0.04, 0.02$"$,#Thickness!0.008", Dashing!#0.04, 0.02$"$$,
Background # GrayLevel!0.9", Frame # True";

& ! " # $ %&
!%

!&'(

&

&'(

%

7

)*+*,)-./0. 1/ *.2/,3 *45.6/.3

êáé  óå ìåãáëýôåñï ìÝãåèïò ìå ðåñéóóüôåñåò åíäåßîåéò ìå  ôçí åðéëïãÞ FrameLabel.  ÁõôÝò ïé  åíäåßîåéò

åßíáé óå ëßóôá ôåóóÜñùí åíäåßîåùí: êÜôù, áñéóôåñÜ, ðÜíù êáé äåîéÜ, üðùò öáßíåôáé óôï ðáñÜäåéãìá (ìå

ôçí ôÝôáñôç Ýíäåéîç êåíÞ, ãéá íá ìðåé ó' áõôÞí ç Ýíäåéîç ôïõ Üîïíá time t áðü ôçí åðéëïãÞ AxesLabel).

Áíôßèåôá  óôïí  áñéóôåñü  Üîïíá  ç  Ýíäåéîç  ðïõ  ìðÞêå  ðñïÝñ÷åôáé  áðü  ôçí  åðéëïãÞ  FrameLabel  êáé  ü÷é

áðü ôçí åðéëïãÞ AxesLabel.

In[26]:= p18 % Plot!#u!t", ('& $0!t, '('& $0 t$, #t, 0, 10$, AspectRatio # 0.7,

AxesLabel ') #"time t", ""$, DefaultFont # #"Arial", 11$,
PlotStyle # #Thickness!0.012", #Thickness!0.008", Dashing!#0.04, 0.02$"$,#Thickness!0.008", Dashing!#0.04, 0.02$"$$,
Background # GrayLevel!0.9", Frame # True, ImageSize # 400,

FrameLabel # #"VIBRATIONS WITH WEAK DAMPING",

"displacement of the mass u%t&", "!"#"$!%&'(& )' "&*'$+ ",-&.'&+", ""$";
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Ìå  ôçí  åðéëïãÞ  PlotRange  êáèïñßæïõìå  åìåßò  ôï  äéÜóôçìá  ôçò  ãñáöéêÞò  ðáñáóôÜóåùò  óôïí  êáôáêü-

ñõöï Üîïíá:

In[27]:= p19 % Plot!#u!t", ('& $0!t$, #t, 0, 10$, PlotRange # #0, 0.8$";
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ÐïëëÝò öïñÝò ç åíôïëÞ Plot ôçò Mathematica  åðéëÝãåé íá áðïêüðôåé ìüíç ôçò ôìÞìáôá áðü ôç ãñáöéêÞ

ðáñÜóôáóç,  åðåéäÞ  èåùñåß  üôé  ïé  ôéìÝò  ôçò  óõíáñôÞóåùò  ðïõ  ðáñéóôÜíåôáé  ãñáöéêÜ  åßíáé  åßôå  ðïëý

ìåãÜëåò  åßôå  ðïëý  ìéêñÝò  êáé  åðïìÝíùò  ôï  ó÷åôéêü  ôìÞìá  ôçò  ãñáöéêÞò  ðáñáóôÜóåùò  äåí  ðñÝðåé  íá

åìöáíéóèåß. ÐáñÜäåéãìá ìå ëüãï áðïóâÝóåùò ôùí ôáëáíôþóåùí ôþñá î = 0.05 áíôß áñ÷éêÜ î = 0.03:

In[28]:= #& % 0.05, $0 % 10, $D % $0!Sqrt!1 ' &2", u!t_" % ('& $0 t!Cos!$D!t"$;
In[29]:= p20 % Plot!u!t", #t, 0, 10$";

2 4 6 8 10

-0.4
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0.4

Óå ôÝôïéåò ðåñéðôþóåéò ç åðéëïãÞ PlotRange !  All  (ç ßäéá åðéëïãÞ PlotRange,  ðïõ åß÷å ðñïçãïõìÝíùò

÷ñçóéìïðïéçèåß ãéá ôïí êáèïñéóìü ôïõ äéáóôÞìáôïò óôïí êáôáêüñõöï Üîïíá, áëëÜ ôþñá ìå ôçí ôéìÞ All)

ìáò åðéôñÝðåé íá Ý÷ïõìå ôçí ðëÞñç ãñáöéêÞ ðáñÜóôáóç ÷ùñßò êïøßìáôÜ ôçò:

In[30]:= p21 % Plot!u!t", #t, 0, 10$, PlotRange # All";
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! ÅÍÔÏËÇ V2:  ÄÉÄÉÁÓÔÁÔÇ ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ ÌÅ ÓÊÉÁÓÇ
FilledPlot[ÓõíÜñôçóçÌéáòÌåôáâëçôÞò,  {ÌåôáâëçôÞ,  Áñ÷éêÞÔéìÞ,  ÔåëéêÞÔéìÞ},  ÅðéëïãÞ-1,  . . . ]

FilledPlot[ËßóôáÓõíáñôÞóåùíÌéáòÌåôáâëçôÞò, {ÌåôáâëçôÞ,Áñ÷éêÞÔéìÞ,ÔåëéêÞÔéìÞ}, ÅðéëïãÞ-1, . . .]  

Ðñüêåéôáé ãéá åíôïëÞ ôïõ ðáêÝôïõ Graphics`FilledPlot`, ðïõ ðñÝðåé íá öïñôùèåß ðñþôá ìå ôçí åíôïëÞ

Needs Þ ìå ôçí éóïäýíáìç åíôïëÞ << .  Ç åíôïëÞ FilledPlot áõôïý ôïõ ðáêÝôïõ êÜíåé ôç ãñáöéêÞ ðáñÜ-

óôáóç ôçò óõíáñôÞóåùò ðïõ äßíåôáé Þ ôùí äýï óõíáñôÞóåùí ðïõ äßíïíôáé (óå ëßóôá) óôï ðñþôï üñé-

óìÜ ôçò. Ç ãñáöéêÞ áõôÞ ðáñÜóôáóç ãßíåôáé óôï äéÜóôçìá ôçò ìåôáâëçôÞò ôï ïðïßï êáèïñßæåôáé óôï

äåýôåñï  üñéóìÜ  ôçò.  Ôï  ÷áñáêôçñéóôéêü  ôçò  åíôïëÞò  áõôÞò  ðïõ  êÜíåé  ôçí  ïõóéáóôéêÞ  äéáöïñÜ  ôçò

áðü ôçí ðñïçãïýìåíç åíôïëÞ Plot åßíáé ç óêßáóç, ç êÜëõøç, ôï "ãÝìéóìá" ôçò ðåñéï÷Þò áíÜìåóá óôçí

êáìðýëç êáé  óôïí Üîïíá ôçò ìåôáâëçôÞò (ð.÷. ôïí Üîïíá x )  ìå ãêñßæï ÷ñþìá Þ ìå Üëëï ÷ñþìá. Áõôü

éó÷ýåé ãéá ôçí ðñþôç ìïñöÞ ôçò åíôïëÞò FilledPlot. Ãéá ôç äåýôåñç ìïñöÞ ôçò ßäéáò åíôïëÞò ç ðåñéï-

÷Þ ðïõ êáëýðôåôáé ìå ãêñßæï Þ Üëëï ÷ñþìá åßíáé ç ðåñéï÷Þ áíÜìåóá óôéò êáìðýëåò ðïõ äßíïíôáé óôç

ëßóôá ôïõ ðñþôïõ ïñßóìáôïò êáé ó÷åäéÜæïíôáé. ÐñïáéñåôéêÜ áêïëïõèåß ìßá åðéëïãÞ Þ óõíÞèùò ðåñéó-

óüôåñåò  åðéëïãÝò  ãéá  ôïí  ôñüðï  ôïõ  õðïëïãéóìïý  êáé  êõñßùò  ôçò  åìöáíßóåùò  ôçò  ãñáöéêÞò  ðáñá-

óôÜóåùò. Ïé åðéëïãÝò áõôÝò áíáöÝñïíôáé ëßãï ðáñáêÜôù. ÏõóéáóôéêÜ åßíáé ïé ßäéåò ôñéÜíôá åðéëïãÝò

ìå  åêåßíåò  ôçò  åíôïëÞò  Plot  ìå  ôçí  ðñïóèÞêç  ôñéþí  íÝùí  åðéëïãþí:  ôùí  ôñéþí  ðñþôùí  åðéëïãþí

áðü ôéò ðáñáêÜôù åðéëïãÝò, áðü ôéò ïðïßåò óçìáíôéêüôåñç åßíáé ç åðéëïãÞ Fills, ç ïðïßá êáèïñßæåé ôïí

ôñüðï  óêéÜóåùò,  êáëýøåùò,  "ãåìßóìáôïò"  ôçò  ðåñéï÷Þò  ðïõ  èá  êáëõöèåß.  Áêïëïõèïýí  ôï  öüñôùìá

ôïõ ðáêÝôïõ Graphics`FilledPlot`, ëßóôá ôùí åðéëïãþí ôçò åíôïëÞò ôïõ FilledPlot êáé ðáñáäåßãìáôá. 

Öüñôùìá ôïõ ðáêÝôïõ Graphics`FilledPlot ` åßôå ìå ôçí ðñþôç åßôå ìå ôç äåýôåñç (ü÷é êáé ìå ôéò äýï ìáæß)

áðü ôéò äýï ðáñáêÜôù áðüëõôá éóïäýíáìåò åíôïëÝò:

In[31]:= Needs!"Graphics`FilledPlot`""
In[32]:= ++ Graphics`FilledPlot`

¼ëåò ïé åðéëïãÝò (33 óõíïëéêÜ åðéëïãÝò) ôçò åíôïëÞò FilledPlot. Ïé êáéíïýñãéåò åðéëïãÝò ó÷åôéêÜ ìå ôç

âáóéêÞ åíôïëÞ Plot (áõôÞ ìå 30 åðéëïãÝò) åßíáé ïé ôñåéò ðñþôåò ìå ðéï óçìáíôéêÞ ôïõò ôçí åðéëïãÞ Fills.

In[33]:= Options!FilledPlot"
Out[33]= !Fills ! Automatic, Curves ! Back, AxesFront ! True, AspectRatio !

1
"""""""""""""""""""""""""""""""""
GoldenRatio

,

Axes ! Automatic, AxesLabel ! None, AxesOrigin ! Automatic, AxesStyle ! Automatic,

Background ! Automatic, ColorOutput ! Automatic, Compiled ! True,

DefaultColor ! Automatic, Epilog ! "#, Frame ! False, FrameLabel ! None,

FrameStyle ! Automatic, FrameTicks ! Automatic, GridLines ! None,

ImageSize ! Automatic, MaxBend ! 10., PlotDivision ! 30., PlotLabel ! None,

PlotPoints ! 25, PlotRange ! Automatic, PlotRegion ! Automatic,

PlotStyle ! Automatic, Prolog ! "#, RotateLabel ! True, Ticks ! Automatic,

DefaultFont # $DefaultFont, DisplayFunction # $DisplayFunction,

FormatType # $FormatType, TextStyle # $TextStyle$
Èåùñïýìå êáé ðÜëé ôï êëáóéêü ãéá ôïí Ðïëéôéêü Ìç÷áíéêü ðáñÜäåéãìá ôùí ôáëáíôþóåùí ìå áðüóâåóç.

(Ðñüêåéôáé  ãéá  ôï  ßäéï  ïõóéáóôéêÜ ðáñÜäåéãìá ìå  åêåßíï  óôçí ðñïçãïýìåíç  åíôïëÞ Plot.)  Ç  óõíÜñôçóç
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ç ïðïßá èá ó÷åäéáóèåß åßíáé ç ìåôáôüðéóç ôçò ìÜæáò ôïõ ó÷åôéêïý ìïíïâÜèìéïõ ìç÷áíéêïý óõóôÞìáôïò,

ð.÷. ç ïñéæüíôéá ìåôáôüðéóç ôçò ðëÜêáò ìïíþñïöïõ éäåáôïý êôéñßïõ äéáôìÞóåùò ðïõ ðñïóåããßæåôáé áðü

áíôßóôïé÷ï ðëáßóéï ìå ôç ìÜæá ôïõ óõãêåíôñùìÝíç óôï ýøïò ôçò ðëÜêáò ôïõ ìïíþñïöïõ êôéñßïõ:

In[34]:= #$0 % 10, & % 0.03, $D % $0!Sqrt!1 ' &2", u!t_" % ('& $0 t!Cos!$D!t"$;
Ðñþôá–ðñþôá ðáñïõóéÜæïõìå ôç óõíçèéóìÝíç ãñáöéêÞ ðáñÜóôáóç ôçò ìåôáôïðßóåùò áõôÞò u!t"  ìå ôç

âáóéêÞ åíôïëÞ Plot óôï ÷ñïíéêü äéÜóôçìá [0, 5]:

In[35]:= fp0 % Plot!u!t", #t, 0, 5$"

1 2 3 4 5

-0.5

0.5

1

Out[35]= $%Graphics%$

Ôþñá ç ßäéá ãñáöéêÞ ðáñÜóôáóç ìå ôçí åíôïëÞ FilledPlot êáé ìå ôçí åðéëïãÞ ôçò Fills ãéá ôç óêßáóç, ôçí

êÜëõøç, ôï "ãÝìéóìá", ôçò ðåñéï÷Þò áíÜìåóá óôçí êáìðýëç ç ïðïßá ó÷åäéÜæåôáé êáé óôïí Üîïíá ôïõ ÷ñü-

íïõ t . Ç êÜëõøç áõôÞ ãßíåôáé åäþ ìå áóèåíÝò ãêñßæï ÷ñþìá ìÝóù ôçò åðéëïãÞò Fills ! GrayLevel[0.8]:

In[36]:= fp1 % FilledPlot!u!t", #t, 0, 5$, Fills ') GrayLevel!0.8""
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Out[36]= $%Graphics%$

Óôï åðüìåíï, ôï äåýôåñï ðáñÜäåéãìá ôçò åíôïëÞò FilledPlot ó÷åäéÜæåôáé åðßóçò êáé ç ìåôáôüðéóç, üôáí

äåí  õðÜñ÷åé  áðüóâåóç:  ìå  î  =  0.  Ç  ðåñéï÷Þ  ðïõ êáëýðôåôáé  åßíáé  åêåßíç  áíÜìåóá óôçí êáìðýëç ÷ùñßò

áðüóâåóç (ìå  óôáèåñü åýñïò)  êáé  óôçí êáìðýëç ìå  áðüóâåóç (ìå  åýñïò ðïõ ìåéþíåôáé  åêèåôéêÜ ìå ôï

÷ñüíï t ). Óçìåéþíåôáé üôé êáé ïé ôñåéò åðüìåíåò åíôïëÝò Ý÷ïõí ; óôï ôÝëïò ôïõò, þóôå íá ìçí åìöáíéóèåß

ç Ýíäåéîç -  Graphics -   ìåôÜ ôç ãñáöéêÞ ðáñÜóôáóç. Áõôü ìáò åßíáé  ÷ñÞóéìï åäþ ãéá ïéêïíïìßá ÷þñïõ

óôç óåëßäá, äçëáäÞ ãéá íá ÷ùñÝóïõí êáé ïé  ôñåéò åðüìåíåò ãñáöéêÝò ðáñáóôÜóåéò óå ìßá ìüíï óåëßäá.

Óçìåéþíåôáé  åðßóçò  üôé  ïé  äýï  ðñþôåò  ãñáöéêÝò  ðáñáóôÜóåéò  ôçò  åðüìåíçò  óåëßäáò,  ïé  fp2  êáé  fp3,

Ý÷ïõí Ýã÷ñùìç óêßáóç (ðñÜóéíç ç ðñþôç êáé ðñÜóéíç/ìùâ ç äåýôåñç), ðïõ äå öáßíåôáé  üìùò óôçí ðá-

ñïýóá áóðñüìáõñç åêôýðùóç. (Ç Mathematica äéáèÝôåé êáé åéäéêÝò äõíáôüôçôåò êáèïñéóìïý ÷ñþìáôïò.) 
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In[37]:= fp2 % FilledPlot!#u!t", Cos!$D!t"$, #t, 0, 5$";
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Êáé ìéá ëßãï ðéï åíäéáöÝñïõóá ðáñáëëáãÞ ôçò ðñïçãïýìåíçò ãñáöéêÞò ðáñáóôÜóåùò ìå êáëýøåéò åäþ

äýï ðåñéï÷þí: (á) áíÜìåóá óôçí êáìðýëç ÷ùñßò áðüóâåóç êáé óôçí êáìðýëç ìå áðüóâåóç êáé ðáñáðÝñá

(â) áíÜìåóá óôçí êáìðýëç ìå áðüóâåóç êáé óôïí Üîïíá ôïõ ÷ñüíïõ t  (äýï äéáöïñåôéêÝò êáëýøåéò):

In[38]:= fp3 % FilledPlot!#u!t", Cos!$D!t", u!t", 0$, #t, 0, 5$, AxesLabel # #"t", "u%t&"$";
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u%t&

Êáé ôþñá ç ãñáöéêÞ ðáñÜóôáóç fp1 ìå ðïëëÝò åðéëïãÝò: ü÷é ìüíï ôçí ðñþôç åðéëïãÞ Fills ôçò åíôïëÞò

FilledPlot, áëëÜ êáé ðïëëÝò Üëëåò åðéëïãÝò äáíåéóìÝíåò óôçí åíôïëÞ FilledPlot áðü ôçí åíôïëÞ Plot:

In[39]:= fp4 % FilledPlot!#('& $0!t, u!t", '('& $0 t$, #t, 0, 10$, Frame # True,

ImageSize # 260, AspectRatio # 0.7, AxesLabel ') #"time t", ""$,
DefaultFont # #"Arial", 11$, Background # GrayLevel!0.94",
Fills # #GrayLevel!0.84", GrayLevel!0.84"$,
PlotStyle # ##Thickness!0.005", Dashing!#0.035, 0.02$"$, Thickness!0.010",#Thickness!0.005", Dashing!#0.035, 0.02$"$$, PlotRange # All,

FrameLabel # #"VIBRATIONS WITH WEAK DAMPING", "displacement of the mass u%t&",
"!"#"$!%&'(& )' "&*'$+ ",-&.'&+", ""$";
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! ÅÍÔÏËÇ V3: ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ ÐÅÐËÅÃÌÅÍÇÓ ÓÕÍÁÑÔÇÓÅÙÓ
ImplicitPlot[ÅîßóùóçÄýïÌåôáâëçôþí, {ÌåôáâëçôÞ-1, Áñ÷éêÞÔéìÞ-1, ÔåëéêÞÔéìÞ-1 },  ÅðéëïãÝò] 

ImplicitPlot[ËßóôáÅîéóþóåùíÄýïÌåôáâëçôþí,{ÌåôáâëçôÞ-1,Áñ÷éêÞÔéìÞ-1,ÔåëéêÞÔéìÞ-1 },ÅðéëïãÝò]  

ImplicitPlot[ÅîßóùóçÄýïÌåôáâëçôþí, {ÌåôáâëçôÞ-1, Áñ÷éêÞÔéìÞ-1, ÔåëéêÞÔéìÞ-1 }, 

                     {ÌåôáâëçôÞ-2, Áñ÷éêÞÔéìÞ-2, ÔåëéêÞÔéìÞ-2 }, ÅðéëïãÝò] 

ImplicitPlot[ËßóôáÅîéóþóåùíÄýïÌåôáâëçôþí, {ÌåôáâëçôÞ-1, Áñ÷éêÞÔéìÞ-1, ÔåëéêÞÔéìÞ-1 },

                     {ÌåôáâëçôÞ-2, Áñ÷éêÞÔéìÞ-2, ÔåëéêÞÔéìÞ-2 },  ÅðéëïãÝò]     

Ðñüêåéôáé  ãéá  åíôïëÞ  ôïõ  ðáêÝôïõ  Graphics`ImplicitPlot` ,  ðïõ  ðñÝðåé  íá  öïñôùèåß  ðñþôá  ìå  ôçí

åíôïëÞ Needs  Þ ìå  ôçí éóïäýíáìç åíôïëÞ <<  .   Óôçí ðñþôç ìïñöÞ ôçò ç åíôïëÞ ImplicitPlot  áõôïý

ôïõ ðáêÝôïõ  ó÷åäéÜæåé  ôç  ãñáöéêÞ ðáñÜóôáóç ìéáò  óõíáñôÞóåùò y " y!x"  ðïõ ïñßæåôáé  óáí ðåðëå-

ãìÝíç óõíÜñôçóç ìÝóù ìéáò åîéóþóåùò ôçò ìïñöÞò f!x, y" " 0. ÁõôÞ ç åîßóùóç äßíåôáé  óôï ðñþôï

üñéóìá ôçò åíôïëÞò. Ç ìåôáâëçôÞ, åäþ ç x, êáé ôï äéÜóôçìá ôéìþí ôçò (óôïí ïñéæüíôéï Üîïíá), ð.÷. áðü

a  Ýùò  b,  êáèïñßæïíôáé  óôï  äåýôåñï  üñéóìá.  ÔÝëïò  ðñïáéñåôéêÜ  áêïëïõèïýí  êáé  åðéëïãÝò  (options)

áíÜëïãåò ìå åêåßíåò ôçò åíôïëÞò Plot.  ÁõôÝò áöïñïýí óôïí ôñüðï ðáñïõóéÜóåùò ôçò ãñáöéêÞò ðá-

ñáóôÜóåùò.  Ç  äåýôåñç  ìïñöÞ  ôçò  åíôïëÞò  ImplicitPlot  áðïôåëåß  áðëÜ  ãåíßêåõóç  ôçò  ðñþôçò  ìïñ-

öÞò ôçò ãéá ôç ó÷åäßáóç ðåñéóóüôåñùí ôçò ìéáò óõíáñôÞóåùí ðïõ ïñßæïíôáé óå ðåðëåãìÝíç ìïñöÞ

óôï ßäéï ó÷Þìá. Áíôßóôïé÷åò åßíáé êáé ïé äýï ôåëåõôáßåò ìïñöÝò ôçò åíôïëÞò ImplicitPlot,  üðïõ üìùò

êáèïñßæåôáé  êáé  ôï  äéÜóôçìá  ôçò  äåýôåñçò  ìåôáâëçôÞò  (ôçò  óõíáñôÞóåùò  óôïí  êáôáêüñõöï  Üîïíá)

êáé  åðßóçò  ÷ñçóéìïðïéåßôáé  åíôåëþò  äéáöïñåôéêüò  áëãüñéèìïò  äçìéïõñãßáò  ôçò  ãñáöéêÞò  ðáñáóôÜ-

óåùò. Ðñþôá êáëïýìå (öïñôþíïõìå) ôï ðáêÝôï Graphics`ImplicitPlot` ìå ôçí åíôïëÞ

In[40]:= Needs!"Graphics`ImplicitPlot "̀"
Óáí ðáñÜäåéãìá èåùñïýìå ôþñá ôï ðñüâëçìá ìéáò éóüðëåõñçò ôñéãùíéêÞò ðëÜêáò ýøïõò a êáé äõóêáì-

øßáò  D  õðü  ïìïéüìïñöç  (óôáèåñÞ)  êÜèåôç  êáôáíåìçìÝíç  öüñôéóç  p0 .  Óôï  åíäéáöÝñïí  áõôü  ðñüâëçìá

ôïõ Ðïëéôéêïý Ìç÷áíéêïý ôï âÝëïò êÜìøåùò (Þ ç âýèéóç) ôçò ðëÜêáò w " w!x, y" äßíåôáé áðü ôïí ôýðï  

In[41]:= w!x_, y_" % %p0 '%64 D a&&!%x3 ' a!%x2 * y2& ' 3!x y2 * %4' 27&!a3&!%%4'9&!a2 ' x2 ' y2& '.#p0 # 64, D # 1, a # 1$;
In[42]:= #wmax % w!0, 0", N!wmax", N!wmax, 60"$
Out[42]= ! 16

""""""""""
243

, 0.0658436, 0.0658436213991769547325102880658436213991769547325102880658436$
Åäþ,  ãéá  íá êÜíïõìå  ôç ãñáöéêÞ ðáñÜóôáóç,  õðïèÝóáìå  Þäç óõãêåêñéìÝíåò ôéìÝò  ôùí óôáèåñþí p0,  D

êáé  a.  Ç ìÝãéóôç ôéìÞ ôïõ âÝëïõò êÜìøåùò ðáñïõóéÜæåôáé ðñïöáíþò óôï êÝíôñï ôçò ðëÜêáò (ëüãù ôçò

óõììåôñßáò  óôç ãåùìåôñßá  êáé  óôç öüñôéóç),  åßíáé  ç w(0,0)  êáé  õðïëïãßóèçêå  êáé  áõôÞ.  Ç ãñáöéêÞ áõôÞ

ðáñÜóôáóç èá áöïñÜ óå éóïûøåßò êáìðýëåò ôçò ôñéãùíéêÞò ðëÜêáò, äçëáäÞ óå êáìðýëåò ìå ôï ßäéï âÝ-

ëïò êÜìøåùò w0 . Ïé ó÷åôéêÝò åîéóþóåéò, ïé åîéóþóåéò ôùí éóïûøþí êáìðýëùí, åßíáé ðñïöáíþò ïé åîÞò: 

In[43]:= TriangularPlateContour!x_, y_, w0_" % w!x, y" , w0

Out[43]= '&x2 & y2 ' 4
""""
9
( 'x3 & x2 & 3 y2 x & y2 '

4
"""""""
27

( (( w0
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Ìå ÷ñÞóç ôçò åíôïëÞò Table  ðáßñíïõìå êáôÜëëçëá åðôÜ áðü ôéò éóïûøåßò áõôÝò êáìðýëåò, óôéò ïðïßåò

ðñïóèÝóáìå ðñïóåêôéêÜ êáé ôï êÝíôñï ôçò ôñéãùíéêÞò ðëÜêáò, üðïõ Ý÷ïõìå ôï ìÝãéóôï âÝëïò êÜìøåùò

In[44]:= ListOfEquations %

Append!Table!TriangularPlateContour!x, y, w0", #w0, 0.010, 0.064, 0.009$",
TriangularPlateContour!x, y, wmax ' 0.00001"";

êáé êÜíïõìå ôç ãñáöéêÞ ðáñÜóôáóÞ ôïõò (óå Ýíá åíéáßï ó÷Þìá) ìå ÷ñÞóç ôçò åíôïëÞò ImplicitPlot óôçí

ôåëåõôáßá ìïñöÞ ôçò.  ¸ôóé ìðïñÝóáìå íá êáèïñßóïõìå êáé ôï äéÜóôçìá ôéìþí óôïí êáôáêüñõöï Üîïíá:

óôïí Üîïíá y. ¸ôóé êáôáöÝñáìå åðßóçò íá ðåñéïñßóïõìå ôç ãñáöéêÞ ðáñÜóôáóôç óôçí áëçèéíÞ ðëÜêá:

In[45]:= ImplicitPlot!ListOfEquations, #x, '0.40, 0.50$, #y, '0.45, 0.45$, PlotPoints # 200,

PlotStyle # Thickness!0.010", PlotLabel # "(&-/0'(& &' (&-,#'12+ !2(3%$(4+ ,#"4"",
DefaultFont # #"Arial'Bold", 9.2$, Axes # False, ImageSize # 205";

!"#$%&!" "& !"#'(&)*+ ,*!-./!0+ '(101

! ÅÍÔÏËÇ V4: ÐÁÑÁÌÅÔÑÉÊÇ ÄÉÄÉÁÓÔÁÔÇ ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ 
ParametricPlot[{ÐáñáìåôñéêÞÅîßóùóçÌåÌßáÐáñÜìåôñï-1,

                             ÐáñáìåôñéêÞÅîßóùóçÌåÌßáÐáñÜìåôñï-2 },

                             {ÐáñÜìåôñïò, Áñ÷éêÞÔéìÞ, ÔåëéêÞÔéìÞ}, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ] 

ParametricPlot[ËßóôáÆåõãþíÐáñáìåôñéêþíÅîéóþóåùíÌåÌßáÐáñÜìåôñï,

                            {ÐáñÜìåôñïò, Áñ÷éêÞÔéìÞ, ÔåëéêÞÔéìÞ}, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]   

Óôçí ðñþôç ìïñöÞ ôçò ó÷åäéÜæåé ôç ãñáöéêÞ ðáñÜóôáóç óõíáñôÞóåùò ðïõ ïñßæåôáé ðáñáìåôñéêÜ óôï

ðñþôï üñéóìá ìÝóù ëßóôáò äýï åîéóþóåùí x " x!t"  êáé y " y!t" ,  üðïõ t åßíáé  ç ðáñÜìåôñïò. Óôï äåý-

ôåñï üñéóìá ïñßæïíôáé  ç  ðáñÜìåôñïò êáé  ôï  äéÜóôçìá ìåôáâïëÞò ôçò.  Óå  áíôßèåóç ìå  ôéò  äýï  ðñïç-

ãïýìåíåò  åíôïëÝò  FilledPlot  êáé  ImplicitPlot  ç  åíôïëÞ  áõôÞ  ParametricPlot  åßíáé  ìÝñïò  ôïõ  ðõñÞíá

(ôùí âáóéêþí åíôïëþí) ôçò Mathematica  êáé ü÷é êÜðïéïõ ðáêÝôïõ ôçò.  Óôç äåýôåñç ìïñöÞ ôçò áðëÜ

ó÷åäéÜæåé  ðåñéóóüôåñåò  ôçò  ìéáò  óõíáñôÞóåéò  ðïõ  ïñßæïíôáé  ðáñáìåôñéêÜ  ìå  ôçí  ßäéá  üìùò  ðáñÜ-

ìåôñï  t  êáé  óôï  ßäéï  äéÜóôçìá  ôçò  ðáñáìÝôñïõ.  Óôï  ôÝëïò  ìðïñïýí  íá  ìðïõí  êáé  åðéëïãÝò  (options)

ðïõ óõìðßðôïõí ìÜëéóôá ìå åêåßíåò ôçò âáóéêÞò åíôïëÞò Plot, üðùò öáßíåôáé ìå ôçí åíôïëÞ

In[46]:= Options!ParametricPlot" , Options!Plot"
Out[46]= True
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Óáí  ðáñÜäåéãìá  óôçí  ðáñïýóá  åíôïëÞ  ParametricPlot  äáíåéæüìáóôå  Ýíá  ðáñÜäåéãìá  ôïõ  Ðïëéôéêïý

Ìç÷áíéêïý  áðü  ôç  Èñáõóôïìç÷áíéêÞ  (Þ  Ìç÷áíéêÞ  ôçò  Èñáýóåùò).  ÓõãêåêñéìÝíá  èåùñïýìå  ìéá  åõèý-

ãñáììç  ñùãìÞ  êáôÜ  ìÞêïò  ôïõ  Üîïíá  Ox  óå  Ýíá  åëáóôéêü  ìÝóïí  ìå  åöåëêõóôéêÞ  öüñôéóç  óôï  Üðåéñï

êÜèåôá óôç  ñùãìÞ.  Ôüôå  ìå  êáôÜëëçëç ðåéñáìáôéêÞ  äéÜôáîç ðïõ  âáóßæåôáé  óôç óôïé÷åéþäç  ÏðôéêÞ äç-

ìéïõñãåßôáé ðÜíù óå Ýíá ðÝôáóìá ìéá ÷áñáêôçñéóôéêÞ êáìðýëç ðïõ êáëåßôáé êáõóôéêÞ. Ìå ìÝôñçóç åíüò

ìÞêïõò  ðÜíù  óôçí  êáõóôéêÞ  áõôÞ,  óõíÞèùò  ôçò  ìÝãéóôçò  äéáóôÜóåþò  ôçò  ðáñÜëëçëá  ìå  ôïí  êáôá-

êüñõöï Üîïíá  y,  ðñïóäéïñßæåôáé  Üìåóá ï óõíôåëåóôÞò åíôÜóåùò ôÜóåùí Ê  óôï Üêñï ôçò ñùãìÞò ðïõ

èåùñïýìå, åäþ óôï äåîéü Üêñï ôçò. ÕøçëÝò ôéìÝò ôïõ óõíôåëåóôÞ åíôÜóåùò ôÜóåùí  Ê ïäçãïýí óå äéÜ-

äïóç ôçò ñùãìÞò êáé èñáýóç. Óýìöùíá ìå ôçí åíäéáöÝñïõóá ó÷åôéêÞ èåùñßá ôùí Manogg êáé Èåï÷Üñç

(1964 Ýùò 1980) ç êáõóôéêÞ áðü áíÜêëáóç ôïõ öùôüò ðÜíù óôï äïêßìéï (Þ áðü äéÜèëáóÞ ôïõ) Ý÷åé  ôéò

åîÞò ðáñáìåôñéêÝò åîéóþóåéò x " x!è" êáé y " y!è"  ìå –ð < è < ð, ðïõ åäþ äßíïíôáé óå áäéÜóôáôç ìïñöÞ: 

In[47]:= #x!-_" % Cos!-" * %2'3&!Cos!3!-'2", y!-_" % Sin!-" * %2' 3&!Sin!3!-'2"$;
Óô'  áëÞèåéá  äåí  åßíáé  åýêïëï  íá  áðáëåßøïõìå  ôçí  ðáñÜìåôñï,  ðïõ  åäþ ôç  äçëþóáìå  ìå  è  êáé  ü÷é  ìå  t,

áðëÜ åðåéäÞ ó÷åôßæåôáé ìå ôçí ðïëéêÞ ãùíßá è óôï åðßðåäï ôïõ äïêéìßïõ. Äßíïõìå êáé ìåñéêÝò åðéëïãÝò: 

In[48]:= CausticOptions % #PlotStyle # Thickness!0.012",
PlotPoints # 200, PlotLabel # "4"1&!(4+ &!- "42- 2%3)+&",
DefaultFont # #"Arial'Bold", 10$, AspectRatio # 1, ImageSize # 220$;

êáé  ðñï÷ùñÜìå  ôþñá  óôç ãñáöéêÞ ðáñÜóôáóç ôçò êáõóôéêÞò ìáò "õðïëïãßæïíôáò"  ìå  Evaluate ôéò åðé-

ëïãÝò ìáò. Óçìåéþíïõìå üôé ôï äéÜóôçìá ôçò ðáñáìÝôñïõ è åßíáé [–ð, ð], åðåéäÞ ðñüêåéôáé ãéá ôçí ðïëéêÞ

ãùíßá ðÜíù óôï äïêßìéï áðü ôçí êÜôù ðëåõñÜ ôçò ñùãìÞò ìå è = –ð ìÝ÷ñé êáé ôçí ðÜíù ðëåõñÜ ìå è = ð

In[49]:= Caustic1 % ParametricPlot!#x!-", y!-"$, #-, '", "$, Evaluate!CausticOptions"";

!2 !345 345 2 245

!245

!2
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01)",!0+ ",# 10*# *.-6+"

Ìðïñïýìå íá ðïýìå üôé ôï äéÜóôçìá [–ð, ð] ôçò ðáñáìÝôñïõ è áíôéóôïé÷åß óôçí êáõóôéêÞ áðü áíÜêëáóç

ìå èåôéêü óõíïëéêü óõíôåëåóôÞ, åíþ ôá äéáóôÞìáôá [–2ð, –ð] êáé åðßóçò [ð, 2ð] (êáé ôá äýï ìáæß) óôçí ßäéá

êáõóôéêÞ áíôéóôïé÷ïýí óå áñíçôéêü óõíïëéêü óõíôåëåóôÞ. ¼ðùò èá äïýìå êáé óôï åðüìåíï ó÷Þìá, åßíáé

ðñïöáíÝò üôé ðñáêôéêÜ ç áñ÷éêÞ êáõóôéêÞ (áõôÞ ç ïðïßá Ý÷åé èåôéêü óõíïëéêü óõíôåëåóôÞ, ç åîùôåñéêÞ

êáõóôéêÞ)  åßíáé  ðéï  åõäéÜêñéôç.  ÅðïìÝíùò  åßíáé  êáé  ðñïôéìüôåñç  óôéò  ðåéñáìáôéêÝò  ìåôñÞóåéò  ãéá  ôïí

ðñïóäéïñéóìü  ôïõ  óõíôåëåóôÞ  åíôÜóåùò  ôÜóåùí  Ê.  ÂÝâáéá  üëá  áõôÜ  ãåíéêåýïíôáé  êáé  óå  ðïëëÜ  Üëëá

ðñïâëÞìáôá ñùãìþí, ìÝóùí ìå ãùíéáêÜ óçìåßá, êëð. óôç Èñáõóôïìç÷áíéêÞ (Þ Ìç÷áíéêÞ ôçò Èñáýóåùò).

Ç ðëÞñçò êáõóôéêÞ, óáí íá åß÷áìå áíÜêëáóç ôïõ öùôüò ðÜíù óôï ñçãìáôùìÝíï äïêßìéï ôáõôü÷ñïíá êáé

ìå  èåôéêü  óõíôåëåóôÞ ìåãåíèýíóåùò êáé  ìå  áñíçôéêü óõíôåëåóôÞ ìåãåíèýíóåùò,  åíþ âÝâáéá áõôü äåí

åßíáé áðü öõóéêÞò áðüøåùò åöéêôü, åßíáé ç åîÞò, ôþñá üìùò ìå äéÜóôçìá ôçò ðáñáìÝôñïõ è ôï [–2ð, 2ð]:
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In[50]:= Caustic2 % ParametricPlot!#x!-", y!-"$, #-, '2!", 2!"$, Evaluate!CausticOptions"";

!2 !345 345 2 245

!245

!2
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345
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245

01)",!0+ ",# 10*# *.-6+"

! ÅÍÔÏËÇ V5: ÅÌÖÁÍÉÓÇ ÅÔÏÉÌÙÍ ÃÑÁÖÉÊÙÍ ÐÁÑÁÓÔÁÓÅÙÍ

Show[ÃñáöéêÞÐáñÜóôáóç-1, ÃñáöéêÞÐáñÜóôáóç-2,  . . . , ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]     
Ðñüêåéôáé ãéá åíôïëÞ ðïõ ÷ñçóéìïðïéåß ìßá Þ ðåñéóóüôåñåò Þäç Ýôïéìåò ãñáöéêÝò ðáñáóôÜóåéò êáé ôéò

ðáñïõóéÜæåé.  Ìá  áöïý  åßíáé  Ýôïéìåò;  Ðñþôá–ðñþôá  ôéò  ðáñïõóéÜæåé  üëåò  ìáæß,  Ýóôù  êáé  áí  äçìéïõñ-

ãÞèçêáí áðü åíôåëþò äéáöïñåôéêÝò åíôïëÝò ãñáöéêþí ðáñáóôÜóåùí. ¸ðåéôá ìðïñïýìå Ýôóé íá áëëÜ-

îïõìå åðéëïãÝò êáé áõôü åßíáé ÷ñÞóéìï áêüìç êáé óå ìßá Ýôïéìç ãñáöéêÞ ðáñÜóôáóç. ¢ñá ðñüêåéôáé ãéá

ìéá åíäéáöÝñïõóá êáé ÷ñÞóéìç åíôïëÞ. Èá ôç äïýìå îáíÜ êáé óôçí åðüìåíç åíôïëÞ: ôç GraphicsArray. 

Óáí ðñþôï ðáñÜäåéãìá ÷ñçóéìïðïéïýìå ôçí Ýôïéìç ãñáöéêÞ ðáñÜóôáóç ôçò êáõóôéêÞò óå Üêñï ñùãìÞò

ðïõ  äçìéïõñãÞóáìå  óôçí  ðñïçãïýìåíç  åíôïëÞ,  ôþñá  ìå  íÝï  ôßôëï,  ìÝóá  óå  ðëáßóéï  êáé  óå  êÜðùò

ìéêñüôåñï ìÝãåèïò. ¸÷ïõìå Ýôóé íÝåò åðéëïãÝò ÷ùñßò äåýôåñç ó÷åäßáóç ôïõ ó÷Þìáôïò: ôçò êáõóôéêÞò:

In[51]:= Show!Caustic1, PlotLabel # "4"1&!(4+ ",- "$"4#"&+", Frame # True, ImageSize # 180";

!2 !345 3 345 2 245
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01)",!0+ 1'# 1/10(1"+

Ìðïñïýìå åðßóçò íá äçìéïõñãÞóïõìå êáé Ýíá ðñü÷åéñï ó÷Þìá Crack ãéá ôç ñùãìÞ (crack) êáé íá ôï ðá-

ñïõóéÜóïõìå ìåôÜ ìáæß ìå ôçí êáõóôéêÞ (caustic) Caustic1: ç êáõóôéêÞ ìáæß ìå ôç ñùãìÞ óôï ßäéï ó÷Þìá!

In[52]:= Crack % Plot!0, #x, '1.35, '0.025$,
PlotStyle # Thickness!0.04", AspectRatio # 0.1, Ticks # ##$, #$$";
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In[53]:= Show!Caustic1, Crack, ImageSize # 155";
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! ÅÍÔÏËÇ V6: ÄÉÁÔÁÎÇ ÅÔÏÉÌÙÍ ÃÑÁÖÉÊÙÍ ÐÁÑÁÓÔÁÓÅÙÍ
GraphicsArray[{ÃñáöéêÞÐáñÜóôáóç-1, ÃñáöéêÞÐáñÜóôáóç-2,  . . . }]  

GraphicsArray[{{ÃñáöéêÞÐáñÜóôáóç-1 }, {ÃñáöéêÞÐáñÜóôáóç-2 },  . . . }}]  

GraphicsArray[{ËßóôáÃñáöéêþíÐáñáóôÜóåùí-1, ËßóôáÃñáöéêþíÐáñáóôÜóåùí-2,  . . . }]    

Ç åíôïëÞ  áõôÞ  äå  äçìéïõñãåß  ãñáöéêÝò  ðáñáóôÜóåéò  ïýôå  åìöáíßæåé  ãñáöéêÝò  ðáñáóôÜóåéò  ðïõ äç-

ìéïõñãÞèçêáí  ìå  Üëëåò  åíôïëÝò  êáé  Þäç  õðÜñ÷ïõí.  ÁðëÜ  ôïðïèåôåß  Ýôïéìåò  ãñáöéêÝò  ðáñáóôÜóåéò

óå ìßá ãñáììÞ (ðñþôç ìïñöÞ ôçò åíôïëÞò) Þ óå ìßá óôÞëç (äåýôåñç ìïñöÞ ôçò åíôïëÞò) Þ óå ìßá äéÜ-

ôáîç  ðßíáêá  (ôñßôç  ìïñöÞ  ôçò  åíôïëÞò  ìå  ôçí  ðñþôç  ëßóôá  ãñáöéêþí  ðáñáóôÜóåùí  óôçí  ðñþôç

ãñáììÞ ôïõ ðßíáêá,  ôç äåýôåñç ëßóôá óôç äåýôåñç ãñáììÞ, êëð.).  Ôï áðïôÝëåóìá áõôÞò ôçò åíôïëÞò

GraphicsArray  ôï  ÷ñçóéìïðïéåß  Ýðåéôá ç ðñïçãïýìåíç åíôïëÞ Show  ãéá  ôçí áëçèéíÞ åìöÜíéóç  ôçò

ãñáììÞò Þ ôçò óôÞëçò Þ ôïõ ðßíáêá (ïñèïãùíéêÞò äéáôÜîåùò) ãñáöéêþí ðáñáóôÜóåùí óôçí ïèüíç. 

Óáí ðáñÜäåéãìá èåùñïýìå ôéò äýï ãñáöéêÝò ðáñáóôÜóåéò êáõóôéêþí Caustic1 êáé Caustic2 ðïõ Ý÷ïõìå

Þäç  äçìéïõñãÞóåé  ìå  ôçí ðñïðñïçãïýìåíç  åíôïëÞ  ParametricPlot.  Åäþ  ìå  ÷ñÞóç ôçò  ðñþôçò  ìïñöÞò

áõôÞò ôçò åíôïëÞò GraphicsArray ôéò âÜæïõìå óå ìßá ãñáììÞ êáé ôéò åìöáíßæïõìå ìå ôçí åíôïëÞ Show

In[54]:= Show!GraphicsArray!#Caustic1, Caustic2$", GraphicsSpacing # 0.5, ImageSize # 408";
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(Åäþ êáèïñßóáìå êáé  ôçí áðüóôáóç ôùí ãñáöéêþí ðáñáóôÜóåùí.)  ÁíÜëïãá ìå ôç ÷ñÞóç ôçò äåýôåñçò

ìïñöÞò ôçò åíôïëÞò GraphicsArray ìðïñïýìå íá åìöáíßóïõìå ôéò ßäéåò êáõóôéêÝò óå ìïñöÞ óôÞëçò: 

In[55]:= Show!GraphicsArray!##Caustic1$, #Caustic2$$", DisplayFunction # Identity";
Ãéá íá åìöáíéóèåß ôï áðïôÝëåóìá, áðëÜ ðñÝðåé íá èÝóïõìå DisplayFunction ! $DisplayFunction. ÔÝëïò

Ýíá ðáñÜäåéãìá ÷ñÞóåùò ôçò ôñßôçò ìïñöÞò ôçò ßäéáò åíôïëÞò ðáñïõóéÜæåôáé óôï ôÝëïò ôïõ notebook.

CE-Mathematica-E9-TwoDimensionalGraphics-2008.nb 73



! ÅÍÔÏËÇ V7:  ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ ËÉÓÔÁÓ
ListPlot[ËßóôáÁñéèìþí, ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]

ListPlot[ËßóôáÓçìåßùí, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]     

Óôçí ðñþôç,  ôçí ðÜíù ìïñöÞ ôçò ç åíôïëÞ ListPlot  êÜíåé  ôç  ãñáöéêÞ ðáñÜóôáóç ôçò ëßóôáò ôùí n

áñéèìþí yk  (ðïõ äßíåôáé) óáí íá Þôáí ç ëßóôá óçìåßùí !k , yk" . ÄçëáäÞ ÷ñçóéìïðïéåß ôïõò áñéèìïýò yk

óáí  ôåôáãìÝíåò  áíôéóôïé÷ßæïíôáò  áõèáßñåôá  ó'  áõôïýò  ôïõò  èåôéêïýò  áêÝñáéïõò  áñéèìïýò  k  óáí  ôå-

ôìçìÝíåò. ¸ôóé äçìéïõñãïýíôáé ôá óçìåßá !k , yk" , ôá ïðïßá êáé ðáñéóôÜíïíôáé ôåëéêÜ óôç ãñáöéêÞ ðá-

ñÜóôáóç.  Ðñüêåéôáé ëïéðüí ãéá ãñáöéêÞ ðáñÜóôáóç ôùí n óçìåßùí !k, yk" . Áíôßèåôá óôç äåýôåñç ìïñ-

öÞ  ôçò  ôï  üñéóìá  ôçò  åíôïëÞò  ListPlot  åßíáé  êáôåõèåßáí  ëßóôá  óçìåßùí  !xk , yk" .  Äýï  ðáñáäåßãìáôá:

ðñþôá ìå ëßóôá áñéèìþí NumbersList  êáé áìÝóùò ìåôÜ ìå ëßóôá óçìåßùí PointsList:

In[56]:= #NumbersList % #1.0, 5.5, '2.1, 8.8, 10.4, 3.9, '1.4, 7.1$,
PointsList % ##10, '2$, #14, 0.8$, #22, 2.6$, #30, 3.6$, #40, 2.0$, #46, '1.5$$$;

In[57]:= #lp1 % ListPlot!NumbersList, AxesLabel # #"x", "y"$, DisplayFunction # Identity",
lp2 % ListPlot!PointsList, AxesLabel # #"x", "y"$, DisplayFunction # Identity"$;

In[58]:= Show!GraphicsArray!#lp1, lp2$", GraphicsSpacing # 0.5, ImageSize # 415";
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Ç åíôïëÞ ListPlot  äÝ÷åôáé ðïëëÝò åðéëïãÝò (options), áêñéâþò üðùò êáé ç åíôïëÞ Plot, ðïõ äå èåùñåßôáé

óêüðéìï íá åðáíáëçöèïýí åäþ.   Ìéá ðïëý ÷ñÞóéìç áðü ôéò åðéëïãÝò áõôÝò åßíáé  ç åðéëïãÞ  PlotJoined

(áñ÷éêÜ PlotJoined ! False). ¼ôáí üìùò ç åðéëïãÞ áõôÞ åßíáé True, äçëáäÞ  PlotJoined ! True, ôüôå ôá

óçìåßá  ôçò  ãñáöéêÞò  ðáñáóôÜóåùò  åíþíïíôáé  ìå  åõèýãñáììá  ôìÞìáôá.  Ðáßñíïõìå  Ýôóé  ìéá  åðïðôéêÜ

ðïëý óáöÝóôåñç åéêüíá ôçò ãñáöéêÞò ðáñáóôÜóåùò ôùí óçìåßùí. ÎáíÜ ôï ðñïçãïýìåíï ðáñÜäåéãìá:

In[59]:= lp3 % ListPlot!PointsList, PlotJoined # True, DisplayFunction # Identity";
Ìéá  äåýôåñç  ÷ñÞóéìç  äõíáôüôçôá  óôçí  åíôïëÞ  ListPlot  áöïñÜ  óôïí  êáèïñéóìü  ôïõ  ìåãÝèïõò  ôùí  êý-

êëùí ðïõ ðáñéóôÜíïõí ôá óçìåßá. Áõôü ðåôõ÷áßíåôáé åýêïëá ìå ôïí êáèïñéóìü ôïõ  PointSize  ìÝóù ôçò

åðéëïãÞò  PlotStyle.  (Äõóôõ÷þò  ïé  äýï  ðéï  ðÜíù  åíäéáöÝñïõóåò  äõíáôüôçôåò  äå  ìðïñïýí  íá  ÷ñçóéìï-

ðïéçèïýí ôáõôü÷ñïíá.) ÐáñÜäåéãìá ôåëéêÜ ìå ôçí åìöÜíéóç êáé ôùí äýï ãñáöéêþí ðáñáóôÜóåùí:

In[60]:= lp4 % ListPlot!PointsList, PlotStyle # PointSize!0.04", DisplayFunction # Identity";
In[61]:= Show!GraphicsArray!#lp3, lp4$", GraphicsSpacing # 0.5, ImageSize # 415";
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! ÅÍÔÏËÇ V8: ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ ÉÓÏÓÔÁÈÌÉÊÙÍ ÊÁÌÐÕËÙÍ
ContourPlot[ÓõíÜñôçóçÄýïÌåôáâëçôþí, {ÌåôáâëçôÞ-1, Áñ÷éêÞÔéìÞ-1, ÔåëéêÞÔéìÞ-1 },

                      {ÌåôáâëçôÞ-2, Áñ÷éêÞÔéìÞ-2, ÔåëéêÞÔéìÞ-2 }, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]

Ó÷åäéÜæåé  ôéò  éóïóôáèìéêÝò  êáìðýëåò (Þ  êáìðýëåò óôÜèìçò,  ðïõ ðïëý óõ÷íÜ êáëïýíôáé  êáé  éóïûøåßò)

ôçò óõíáñôÞóåùò äýï ìåôáâëçôþí ðïõ äßíåôáé óôï ðñþôï üñéóìá ôçò åíôïëÞò óôçí ðåñéï÷Þ ðïõ äß-

íåôáé óôï äåýôåñï êáé óôï ôñßôï üñéóìá ôçò åíôïëÞò. Ç åíôïëÞ áõôÞ äÝ÷åôáé êáé åðéëïãÝò áíÜëïãåò

ìå ôçí åíôïëÞ Plot, áëëÜ êáé ìåñéêÝò åéäéêÝò åðéëïãÝò. ¸ôóé ð.÷. ìå ôçí åðéëïãÞ ContourLines (áñ÷éêÜ

True)  êáèïñßæåôáé  åÜí  èá  öáßíïíôáé  óôç  ãñáöéêÞ ðáñÜóôáóç ïé  éóïóôáèìéêÝò  êáìðýëåò.  Ìå  ôçí åðé-

ëïãÞ Contours  (áñ÷éêÜ 10)  êáèïñßæåôáé ï áñéèìüò ôùí éóïóôáèìéêþí êáìðýëùí ðïõ èá ó÷åäéáóèïýí.

Åðßóçò ìå ôçí åðéëïãÞ ContourShading  (áñ÷éêÜ True) êáèïñßæåôáé åÜí èá õðÜñ÷åé óêßáóç ìåôáîý ôùí

éóïóôáèìéêþí êáìðýëùí.  ÁñêåôÜ óõ÷íÜ ç óêßáóç äåí åßíáé  åðéèõìçôÞ,  ïðüôå ðñÝðåé  íá ìðáßíåé  ñçôÜ

êáé ç åðéëïãÞ ContourShading ! False. Åßíáé âÝâáéá äéáèÝóéìåò êáé ðïëëÝò áêüìç åðéëïãÝò.

Óáí Ýíá  ó÷åôéêü ðáñÜäåéãìá  áíáöÝñïõìå  ôï  ðïëý ãíùóôü èåñìïêñáóéáêü  ðåäßï  ìÝóá óôçí çìéëùñßäá

[–ð/2, ð/2] # [0, $), üôáí ç èåñìïêñáóßá T !x, y"  åßíáé 1 óôç âÜóç ôçò çìéëùñßäáò êáé 0 óôéò äýï ðëåõñÝò

ôçò. Áõôü ôï ðñüâëçìá óõíïñéáêþí ôéìþí Ý÷åé ôçí åîÞò ëýóç ãéá ôç èåñìïêñáóßá T !x, y"  óôçí çìéëùñßäá

In[62]:= T!x_, y_" % %2'"&!ArcTan!Cos!x"' Sinh!y"";
Ó÷åäéÜæïõìå  ôéò  éóïóôáèìéêÝò  êáìðýëåò  (åäþ  êáëýôåñá  ôéò  éóüèåñìåò  Þ  éóïèåñìïêñáóéáêÝò  êáìðýëåò)

óôï ðáñüí ðñüâëçìá ìå ôçí åíôïëÞ ContourPlot  êáé  ìå êáôÜëëçëåò åðéëïãÝò: (á)  ðñþôá ìå óêßáóç ìå-

ôáîý ôùí éóïóôáèìéêþí êáìðýëùí êáé (â) ìåôÜ ÷ùñßò óêßáóç. Áöïý ó÷çìáôßóïõìå ôéò êáìðýëåò áõôÝò, ôéò

ðáñïõóéÜæïõìå óå Ýíá åíéáßï ó÷Þìá ìå ÷ñÞóç ôùí Þäç ãíùóôþí ìáò åíôïëþí Show êáé GraphicsArray: 

In[63]:= plot1 % ContourPlot!T!x, y", #x, '" '2, " '2$,#y, 0.001, 2.2$, PlotPoints # 100, ContourStyle # Thickness!0.010",
DefaultFont # #"Arial", 8.5$, DisplayFunction # Identity";

In[64]:= plot2 % ContourPlot!T!x, y", #x, '" '2, " '2$, #y, 0.001, 2.2$,
PlotPoints # 100, ContourStyle # Thickness!0.010", ContourShading # False,

DefaultFont # #"Arial", 8.5$, DisplayFunction # Identity";
In[65]:= TemperatureContours % Show!GraphicsArray!#plot1, plot2$",

PlotLabel # "(&-*'2)'& 4"),1#'& &' +)(#%2(5"", DefaultFont # #"Arial'Bold", 12$,
ImageSize # 412, DisplayFunction # $DisplayFunction";
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! ÅÍÔÏËÇ V9: Ó×ÅÄÉÁÓÇ ÄÉÁÃÑÁÌÌÁÔÏÓ ÐÕÊÍÏÔÇÔÁÓ
DensityPlot[ÓõíÜñôçóçÄýïÌåôáâëçôþí, {ÌåôáâëçôÞ-1, Áñ÷éêÞÔéìÞ-1, ÔåëéêÞÔéìÞ-1 },

                     {ÌåôáâëçôÞ-2, Áñ÷éêÞÔéìÞ-2, ÔåëéêÞÔéìÞ-2 }, ÅðéëïãÞ-1, ÅðéëïãÞ-2,  . . . ]

Ç  åíôïëÞ  áõôÞ  ó÷åäéÜæåé  ôï  äéÜãñáììá  ðõêíüôçôáò  ôçò  óõíáñôÞóåùò  äýï  ìåôáâëçôþí  ðïõ  äßíåôáé

óôï  ðñþôï  üñéóìá  ôçò  åíôïëÞò  óôçí  ðåñéï÷Þ  ðïõ  äßíåôáé  óôï  äåýôåñï  êáé  óôï  ôñßôï  üñéóìá  ôçò

åíôïëÞò. ËÝãïíôáò äéÜãñáììá ðõêíüôçôáò åííïýìå áðëÜ ôç óêßáóç óôï åðßðåäï ìå óêïýñá ÷ñþìáôá

ãéá  ìéêñÝò  ôéìÝò  ôçò  óõíáñôÞóåùò  ðïõ  âáèìéáßá  ãßíïíôáé  ðéï  áíïéêôÜ  üóï  ðñï÷ùñÜìå  óå  ìåãÜëåò

ôéìÝò  ôçò  óõíáñôÞóåùò.  ¸ôóé  ðáßñíïõìå  ìéá  ðñü÷åéñç  äéäéÜóôáôç ðáñÜóôáóç ôçò óõíáñôÞóåùò êÜ-

ðùò áíÜëïãç ìå åêåßíç ôçò åíôïëÞò ContourPlot,  áëë' åäþ õðïëïãéóôéêÜ ðïëý ðéï åýêïëç. Ç åíôïëÞ

áõôÞ äÝ÷åôáé êáé åðéëïãÝò áíÜëïãåò ìå ôçí åíôïëÞ Plot, áëëÜ êáé ìåñéêÝò åéäéêÝò åðéëïãÝò. ¸ôóé ð.÷.

ìå  ôçí  åðéëïãÞ  Mesh  (áñ÷éêÜ  True)  êáèïñßæåôáé  åÜí  èá  öáßíåôáé  óôï  ó÷Þìá  ôï  ó÷åôéêü  ïñèïãþíéï

ðëÝãìá.  Óõ÷íÜ  äå  èÝëïõìå  íá  öáßíåôáé  èÝôïíôáò  Mesh  !  False.  Åðßóçò  ìå  ôçí  åðéëïãÞ  PlotPoints

êáèïñßæïõìå ôçí áíÜëõóç ôïõ äéáãñÜììáôïò ðõêíüôçôáò ðïõ èÝëïõìå íá äçìéïõñãÞóïõìå.

Óáí ðáñÜäåéãìá,  óõíå÷ßæïõìå  åäþ ôï  ðáñÜäåéãìá  ôçò ðñïçãïýìåíçò åíôïëÞò ContourPlot  ãéá  ôï  èåñ-

ìïêñáóéáêü  ðåäßï  óå  çìéëùñßäá,  ôþñá  âÝâáéá  ãéá  ôï  äéÜãñáììá  ðõêíüôçôáò  ôçò  èåñìïêñáóßáò  T !x, y" .
Ðñþôá  ìå  ìéêñÞ  áíÜëõóç  êáé  ðëÝãìá  êáé  Ýðåéôá  ìå  ìåãÜëç  áíÜëõóç  êáé  ÷ùñßò  ðëÝãìá.  Ìå  ÷ñÞóç  ôùí

åíôïëþí Show  êáé  GraphicsArray  ðáñïõóéÜæïõìå  êáé  ôá  äýï  áõôÜ äéáãñÜììáôá ðõêíüôçôáò óôï  ðÜíù

ìÝñïò åíéáßïõ  ó÷Þìáôïò.  Óôï  êÜôù ìÝñïò ôïõ ßäéïõ  åíéáßïõ ó÷Þìáôïò åðáíáëáìâÜíïõìå (ãéá  óýãêñéóç)

ôá äéáãñÜììáôá ôçò ðñïçãïýìåíçò óåëßäáò, ðïõ åß÷áìå öôåéÜîåé åêåß ìå ôç óõããåíÞ åíôïëÞ ContourPlot:

In[66]:= plot3 % DensityPlot!T!x, y", #x, '" '2, " '2$, #y, 0.001, 2.2$,
DefaultFont # #"Arial", 8.5$, DisplayFunction # Identity";

In[67]:= plot4 % DensityPlot!T!x, y", #x, '" '2, " '2$, #y, 0.001, 2.2$, PlotPoints # 200,

DefaultFont # #"Arial", 8.5$, Mesh # False, DisplayFunction # Identity";
In[68]:= Show!GraphicsArray!##plot3, plot4$, #plot1, plot2$$", ImageSize # 280,

GraphicsSpacing # 0.07, DisplayFunction # $DisplayFunction";
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! Notebook  E10

ÅÍÔÏËÅÓ ÃÉÁ ÔÑÉÄÉÁÓÔÁÔÅÓ ÃÑÁÖÉÊÅÓ ÐÁÑÁÓÔÁÓÅÉÓ
2  ÅÍÔÏËÅÓ:   W1. Plot3D,   W2. ParametricPlot3D

! ÅÍÔÏËÇ W1:  ÔÑÉÄÉÁÓÔÁÔÇ ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ   
Plot3D[ÓõíÜñôçóçÄýïÌåôáâëçôþí,  {ÌåôáâëçôÞ-1,  Áñ÷éêÞÔéìÞ-1,  ÔåëéêÞÔéìÞ-1 },

            {ÌåôáâëçôÞ-2,  Áñ÷éêÞÔéìÞ-2,  ÔåëéêÞÔéìÞ-2 },  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]

ÊÜíåé  ôçí  ôñéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç ôçò óõíáñôÞóåùò ôùí  äýï ìåôáâëçôþí ðïõ äßíåôáé  óôï

ðñþôï  üñéóìá.  Ç  ãñáöéêÞ  áõôÞ  ðáñÜóôáóç  ãßíåôáé  óôï  äéÜóôçìá  ôçò  ðñþôçò  ìåôáâëçôÞò  ôï  ïðïßï

êáèïñßæåôáé  óôç ëßóôá ôïõ äåõôÝñïõ ïñßóìáôïò ìåôÜ ôçí ßäéá ôçí ðñþôç ìåôáâëçôÞ êáé  óôï äéÜóôç-

ìá ôçò äåýôåñçò ìåôáâëçôÞò ðïõ êáèïñßæåôáé  óôç ëßóôá ôïõ ôñßôïõ ïñßóìáôïò ìåôÜ ôçí ßäéá ôç äåý-

ôåñç ìåôáâëçôÞ.  ÐñïáéñåôéêÜ áêïëïõèåß  ìßá  åðéëïãÞ Þ óõíÞèùò ðåñéóóüôåñåò áðü ìßá åðéëïãÝò ãéá

ôïí  ôñüðï  õðïëïãéóìïý  êáé  êõñßùò  åìöáíßóåùò  ôçò  ãñáöéêÞò  ðáñáóôÜóåùò.  Ïé  åðéëïãÝò  (options)

áõôÝò  åßíáé  åäþ  40,  áñêåôÜ  ðåñéóóüôåñåò  áðü  ôéò  30  åðéëïãÝò  ðïõ  Ý÷åé  ç  åíôïëÞ  Plot.  ÁìÝóùò  ðéï

êÜôù õðåíèõìßæïõìå  ôéò  åðéëïãÝò ôçò åíôïëÞò Plot  êáé  Ýðåéôá ðáñáèÝôïõìå  êáé  ôéò  40 åðéëïãÝò ôçò

åíôïëÞò Plot3D. Êáé óôéò äýï ðåñéðôþóåéò ç êáèåìßá åðéëïãÞ áêïëïõèåßôáé áðü ôçí áñ÷éêÞ ôéìÞ ôçò. 

In[1]:= Options&Plot'
Out[1]= !AspectRatio ,

1
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
GoldenRatio

, Axes , Automatic, AxesLabel , None,

AxesOrigin , Automatic, AxesStyle , Automatic, Background , Automatic,

ColorOutput , Automatic, Compiled , True, DefaultColor , Automatic,

Epilog , '(, Frame , False, FrameLabel , None, FrameStyle , Automatic,

FrameTicks , Automatic, GridLines , None, ImageSize , Automatic,

MaxBend , 10., PlotDivision , 30., PlotLabel , None, PlotPoints , 25,

PlotRange , Automatic, PlotRegion , Automatic, PlotStyle , Automatic,

Prolog , '(, RotateLabel , True, Ticks , Automatic, DefaultFont A $DefaultFont,

DisplayFunction A $DisplayFunction, FormatType A $FormatType, TextStyle A $TextStyle"
In[2]:= Options&Plot3D'
Out[2]= 'AmbientLight , GrayLevel%0&, AspectRatio , Automatic, Axes , True,

AxesEdge , Automatic, AxesLabel , None, AxesStyle , Automatic,

Background , Automatic, Boxed , True, BoxRatios , '1, 1, 0.4(, BoxStyle , Automatic,

ClipFill , Automatic, ColorFunction , Automatic, ColorFunctionScaling, True,

ColorOutput , Automatic, Compiled , True, DefaultColor , Automatic,

Epilog , '(, FaceGrids , None, HiddenSurface , True, ImageSize , Automatic,

Lighting , True, LightSources , '''1., 0., 1.(, RGBColor%1, 0, 0&(,''1., 1., 1.(, RGBColor%0, 1, 0&(, ''0., 1., 1.(, RGBColor%0, 0, 1&((,
Mesh , True, MeshStyle , Automatic, Plot3Matrix , Automatic, PlotLabel , None,

PlotPoints , 15, PlotRange , Automatic, PlotRegion , Automatic, Prolog , '(,
Shading , True, SphericalRegion , False, Ticks , Automatic, ViewCenter , Automatic,

ViewPoint , '1.3, +2.4, 2.(, ViewVertical , '0., 0., 1.(, DefaultFont A $DefaultFont,

DisplayFunction A $DisplayFunction, FormatType A $FormatType, TextStyle A $TextStyle(
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ÁñêåôÝò áðü ôéò åðéëïãÝò áõôÝò óõìðßðôïõí ìå ôéò áíôßóôïé÷åò åðéëïãÝò ôçò åíôïëÞò Plot, åíþ ìåñéêÝò

Üëëåò  åßíáé  êáéíïýñãéåò.  ÏñéóìÝíåò  áðü  áõôÝò  èá  ôéò  åðéäåßîïõìå  óå  Ýíá  ðáñÜäåéãìá  ðáñáêÜôù.  Áêï-

ëïõèåß  ôï ðáñÜäåéãìá ôçò åíôïëÞò Plot3D.  Áõôü áöïñÜ óôç ãñáöéêÞ ðáñÜóôáóç ôçò ôñéãùíïìåôñéêÞò

óõíáñôÞóåùò –sin(ðx/2) sin(ðy/3). Ç óõíÜñôçóç áõôÞ äçëþíåé ôï âÝëïò êÜìøåùò óå ïñèïãùíéêÞ ðëÜêá

P = [0, 2] - [0, 3] ìå áðëÞ óôÞñéîç óôï óýíïñü ôçò êáé õðü áíôßóôïé÷ç (áðüëõôá áíÜëïãçò ìïñöÞò) êáôá-

íåìçìÝíç êÜèåôç åîùôåñéêÞ öüñôéóç. Ôï âÝëïò êÜìøåùò öáßíåôáé óôçí ðéï êÜôù ãñáöéêÞ ðáñÜóôáóç: 

In[3]:= Plot3D&?Sin&/ x#2' Sin&/ y#3', !x, 0, 2", !y, 0, 3", ImageSize A 300';
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Óçìåéþíïõìå  åäþ  üôé  áíÜëïãá  ìå  ôçí åíôïëÞ  Plot,  åÜí  èÝóïõìå  ôçí  ÁããëéêÞ Üíù  ôåëåßá  (ôï  Åëëçíéêü

åñùôçìáôéêü)  ;  óôï  ôÝëïò  ôçò  åíôïëÞò  Plot3D,  áðëÜ  äåí  åìöáíßæåôáé  ç  Ýíäåéîç  -  SurfaceGraphics  -
áìÝóùò ìåôÜ ôç ãñáöéêÞ ðáñÜóôáóç,  åíþ åìöáíßæåôáé  ç  ßäéá ç ãñáöéêÞ ðáñÜóôáóç.  Óõ÷íÜ èÝëïõìå  íá

÷ñçóéìïðïéïýìå áõôÞí ôç äõíáôüôçôá.  Áõôü ôï  êÜíïõìå êáé  óôá äýï ðáñÜäåéãìáôá åäþ ãéá ôçí ðëÜêá.

ÐáñáêÜôù  ÷ñçóéìïðïéïýìå  åðéðëÝïí  êáé  ïñéóìÝíåò  åðéëïãÝò  ôçò  åíôïëÞò  Plot3D.  Ãéá  ôç  óõóôçìáôéêÞ

÷ñÞóç üëùí áõôþí ôùí åðéëïãþí ãßíåôáé ðáñáðïìðÞ óôï åã÷åéñßäéï êáé óôç âïÞèåéá ôçò Mathematica.

In[4]:= Plot3D&?Sin&/ x#2' Sin&/ y#3', !x, 0, 2", !y, 0, 3",
AxesLabel A !"x ", "y", " w$x, y%"", PlotPoints A 40,

PlotLabel A "+$-',/41 +&/(-.+/- 25#2!*./41' &$-4-'", ViewPoint A !?1.5, 1, 1",
DefaultFont A !"Arial?Bold", 12", DefaultColor A GrayLevel&0.15', ImageSize A 360';
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! ÅÍÔÏËÇ W2:  ÐÁÑÁÌÅÔÑÉÊÇ ÔÑÉÄÉÁÓÔÁÔÇ ÃÑÁÖÉÊÇ ÐÁÑÁÓÔÁÓÇ   
ParametricPlot3D[{ÐáñáìåôñéêÞÅîßóùóçÌåÌßáÐáñÜìåôñï-1, 

                                  ÐáñáìåôñéêÞÅîßóùóçÌåÌßáÐáñÜìåôñï-2,  

                                  ÐáñáìåôñéêÞÅîßóùóçÌåÌßáÐáñÜìåôñï-3 }, 

                                 {ÐáñÜìåôñïò,  Áñ÷éêÞÔéìÞ,  ÔåëéêÞÔéìÞ},  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]

ParametricPlot3D[{ÐáñáìåôñéêÞÅîßóùóçÌåÄýïÐáñáìÝôñïõò-1,

                                  ÐáñáìåôñéêÞÅîßóùóçÌåÄýïÐáñáìÝôñïõò-2,

                                  ÐáñáìåôñéêÞÅîßóùóçÌåÄýïÐáñáìÝôñïõò-3 },  

                                 {ÐáñÜìåôñïò-1,  Áñ÷éêÞÔéìÞ-1,  ÔåëéêÞÔéìÞ-1 }, 

                                 {ÐáñÜìåôñïò-2,  Áñ÷éêÞÔéìÞ-2,  ÔåëéêÞÔéìÞ-2 },  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]

Óôçí ðñþôç ìïñöÞ ôçò (ôç ìïíïðáñáìåôñéêÞ ìïñöÞ) ç åíôïëÞ ParametricPlot3D  ó÷åäéÜæåé óôéò ôñåéò

äéáóôÜóåéò  ôçí  êáìðýëç x ' x"t#, y ' y"t#, z ' z"t#  ðïõ êáèïñßæåôáé  áðü  ôñåéò  ðáñáìåôñéêÝò  åîéóþóåéò

ìå ôçí ßäéá ðáñÜìåôñï t.  Ç ãñáöéêÞ áõôÞ ðáñÜóôáóç ãßíåôáé óôï äéÜóôçìá ôçò ðáñáìÝôñïõ ôï ïðïßï

êáèïñßæåôáé  óôç  ëßóôá  ôïõ  äåýôåñïõ  ïñßóìáôïò  ôçò  åíôïëÞò  áìÝóùò  ìåôÜ  ôçí  ßäéá  ôçí  ðáñÜìåôñï.

Óáí  ó÷åôéêü  ðáñÜäåéãìá  ðáñïõóéÜæåôáé  óôï  ðÜíù  ìÝñïò ôçò  åðüìåíçò  óåëßäáò  Ýíá áðëü  åëáôÞñéï.

Óôç  äåýôåñç  ìïñöÞ  ôçò  (ôç  äéðáñáìåôñéêÞ  ìïñöÞ)  ç  ßäéá  åíôïëÞ  ParametricPlot3D  ó÷åäéÜæåé  óôéò

ôñåéò äéáóôÜóåéò ôçí êáìðýëç x ' x"s, t#, y ' y"s, t#, z ' z"s, t# ,  ç ïðïßá êáèïñßæåôáé êáé ðÜëé áðü ôñåéò

ðáñáìåôñéêÝò  åîéóþóåéò,  áëëÜ  ôþñá  ìå  äýï  ðáñáìÝôñïõò:  ôéò  s  êáé  t .  Ç  ãñáöéêÞ  áõôÞ  ðáñÜóôáóç

ãßíåôáé  óôï  äéÜóôçìá  ôçò  ðñþôçò  ðáñáìÝôñïõ  ðïõ  êáèïñßæåôáé  óôç  ëßóôá  ôïõ  äåýôåñïõ  ïñßóìáôïò

ôçò åíôïëÞò áìÝóùò ìåôÜ ôçí ßäéá ôçí ðñþôç ðáñÜìåôñï êáé óôï äéÜóôçìá ôçò äåýôåñçò ðáñáìÝôñïõ

ôï ïðïßï êáèïñßæåôáé óôç ëßóôá ôïõ ôñßôïõ ïñßóìáôïò ôçò åíôïëÞò áìÝóùò ìåôÜ ôçí ßäéá ôç äåýôåñç

ðáñÜìåôñï.  Óáí ó÷åôéêü  ðáñÜäåéãìá ðáñïõóéÜæåôáé  óôï  êÜôù ìÝñïò ôçò åðüìåíçò óåëßäáò Ýíá  çìé-

óöáßñéï.  ÐñïáéñåôéêÜ  êáé  óôéò  äýï  ìïñöÝò  ôçò  ðáñïýóáò  åíôïëÞò  ParametricPlot3D  áêïëïõèåß  ìßá

åðéëïãÞ  Þ  óõíÞèùò  ðåñéóóüôåñåò  áðü  ìßá  åðéëïãÝò.  ÁõôÝò  áöïñïýí  óôïí  ôñüðï  õðïëïãéóìïý  êáé

êõñßùò åìöáíßóåùò ôçò ãñáöéêÞò ðáñáóôÜóåùò. Ïé åðéëïãÝò (options) áõôÝò åßíáé åäþ 36. ÖõóéêÜ êáé

åäþ  ç  êáèåìßá  åðéëïãÞ  áêïëïõèåßôáé  áðü  ôçí  áñ÷éêÞ  ôéìÞ  ôçò  ðïõ  ôçò  Ý÷åé  äþóåé  ç  Mathematica.

(Åìåßò âÝâáéá ìðïñïýìå íá ôñïðïðïéÞóïõìå áõôÞí ôçí áñ÷éêÞ ôéìÞ ôçò êÜèå åðéëïãÞò.)

In[5]:= Options&ParametricPlot3D'
Out[5]= 'AmbientLight , GrayLevel%0.&, AspectRatio , Automatic, Axes , True,

AxesEdge , Automatic, AxesLabel , None, AxesStyle , Automatic,

Background , Automatic, Boxed , True, BoxRatios , Automatic, BoxStyle , Automatic,

ColorOutput , Automatic, Compiled , True, DefaultColor , Automatic,

Epilog , '(, FaceGrids , None, ImageSize , Automatic, Lighting , True,

LightSources , '''1., 0., 1.(, RGBColor%1, 0, 0&(, ''1., 1., 1.(, RGBColor%0, 1, 0&(,''0., 1., 1.(, RGBColor%0, 0, 1&((, Plot3Matrix , Automatic, PlotLabel , None,

PlotPoints , Automatic, PlotRange , Automatic, PlotRegion , Automatic,

PolygonIntersections, True, Prolog , '(, RenderAll , True, Shading , True,

SphericalRegion , False, Ticks , Automatic, ViewCenter , Automatic,

ViewPoint , '1.3, +2.4, 2.(, ViewVertical , '0., 0., 1.(, DefaultFont A $DefaultFont,

DisplayFunction A $DisplayFunction, FormatType A $FormatType, TextStyle A $TextStyle(
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Ó÷åäßáóç åíüò åëáôçñßïõ ìå ðÝíôå óðåßñåò, áöïý 10 ð ' 5 "2 ð# :  

In[6]:= ParametricPlot3D&!Cos&t', Sin&t', t #20", !t, 0, 10;/",
PlotPoints A 500, AxesLabel A !"x", "y", "z"", DefaultFont ?E "Arial?Bold"';
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Ìå ôéò åðéëïãÝò Boxed !  False  êáé  åðßóçò Axes !  False  ìðïñïýìå íá áðïöýãïõìå ôçí åìöÜíéóç ôïõ

"êïõôéïý"  ðïõ  ðåñéêëåßåé  ôç  ãñáöéêÞ ðáñÜóôáóç êáèþò  êáé  ôùí  áîüíùí.  Ó÷åäßáóç  åíüò çìéóöáéñßïõ  ìå

"êïõôß" êáé Üîïíåò êáé áìÝóùò ðéï êÜôù ÷ùñßò "êïõôß" êáé ÷ùñßò Üîïíåò, áëëÜ ìå ôïí ôßôëï ÇÌÉÓÖÁÉÑÉÏ:

In[7]:= ParametricPlot3D&!Cos&(';Cos&4', Sin&(';Cos&4', Sin&4'",!(, 0, 2;/", !4, 0, /", ImageSize A 190, PlotPoints A 30,

AxesLabel A !"x ", " y", "z "", DefaultFont ?E "Arial?Bold"';
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In[8]:= ParametricPlot3D&!Cos&(';Cos&4', Sin&(';Cos&4', Sin&4'", !(, 0, 2;/", !4, 0, /",
ImageSize A 162, PlotPoints A 30, Boxed A False, Axes A False,

PlotLabel A "10/'(-/5/2", DefaultFont A !"Arial?Bold", 12"';
^\+'].+*+%
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! Notebook  E11

ÅÍÔÏËÅÓ ÃÉÁ ËÏÃÉÊÏÕÓ ÕÐÏËÏÃÉÓÌÏÕÓ
5  ÅÍÔÏËÅÓ:   G1. And,  G2. Or,  G3. Not,  G4. Implies,  G5. LogicalExpand 

! ÅÍÔÏËÇ G1:  ËÏÃÉÊÏ ÊÁÉ 
And[ÐáñÜóôáóç-1,  ÐáñÜóôáóç-2,  ÐáñÜóôáóç-3,  . . . ] 

Þ   ÐáñÜóôáóç-1  &&  ÐáñÜóôáóç-2  &&  ÐáñÜóôáóç-3  &&  . . .

Þ   ÐáñÜóôáóç-1   %  ÐáñÜóôáóç-2   %  ÐáñÜóôáóç-3  %  . . . 

Äßíåé áðïôÝëåóìá True, åÜí üëåò áíåîáéñÝôùò ïé ðáñáóôÜóåéò åßíáé áëçèåßò (true), êáé False, åÜí Ýóôù

êáé ìßá ðáñÜóôáóç åßíáé øåõäÞò (false).  Éóïäýíáìá óýìâïëá åßíáé ôá && êáé , . (Áðü ìáèçìáôéêÞò–ëï-

ãéêÞò  áðüøåùò ðñïôéìÜôáé ôï äåýôåñï óýìâïëï, ôï , . ÁíÜëïãá éó÷ýïõí êáé óôéò åðüìåíåò äýï åíôï-

ëÝò, üðïõ ðñïôéìþíôáé ôá óýìâïëá - êáé ¬ áíôßóôïé÷á.) Ðáñáäåßãìáôá: 

In[1]:= !And&A = A, B = B, C = C, D = D', x2 = x x . 3 = 2 : 1 . 3 F 5, 5 E 3 / 5 F 1, 2 F 3 / 3 F 4"
Out[1]= 'True, True, False, True(
In[2]:= !Beam&B' 9 True, Elastic&B' 9 True, Beam&B' / Elastic&B'"
Out[2]= 'True, True, True(
! ÅÍÔÏËÇ G2:  ËÏÃÉÊÏ ¹ 

Or[ÐáñÜóôáóç-1,  ÐáñÜóôáóç-2,  ÐáñÜóôáóç-3,  . . . ]

Þ   ÐáñÜóôáóç-1  | |  ÐáñÜóôáóç-2  | |  ÐáñÜóôáóç-3  | |  . . .

Þ   ÐáñÜóôáóç-1  & ÐáñÜóôáóç-2  & ÐáñÜóôáóç-3  &  . . . 

Äßíåé  áðïôÝëåóìá True,  åÜí Ýóôù êáé  ìßá ðáñÜóôáóç åßíáé  áëçèÞò (true),  êáé  False,  åÜí üëåò áíåîáé-

ñÝôùò ïé ðáñáóôÜóåéò åßíáé øåõäåßò (false).  Éóïäýíáìá óýìâïëá åßíáé ôá  | |  êáé -. Ðáñáäåßãìáôá: 

In[3]:= !Or&2 E 5, 2 F 5', x2 = x x 0 3 = 2 : 2 0 3 E 5, 5 F 1 1 5 F 2 1 5 F 3 , $A = A% 1 $ A H A%"
Out[3]= 'True, True, False, True(
! ÅÍÔÏËÇ G3:  ËÏÃÉÊÏ Ï×É 

Not[ÐáñÜóôáóç]   Þ   ! ÐáñÜóôáóç   Þ   ¬ÐáñÜóôáóç   

Äßíåé áðïôÝëåóìá True,  åÜí ç ðáñÜóôáóç åßíáé øåõäÞò (false), êáé False,  åÜí ç ðáñÜóôáóç åßíáé áëç-

èÞò (true). Éóïäýíáìá óýìâïëá åßíáé ôá  !  êáé ¬ . Ðáñáäåßãìáôá: 

In[4]:= !2 F 5, Not& 2 F 5', 3 = 2 : 2, Not&3 = 2 : 2', A = A, D $A = A%, A H A, D $A D9 A%, I $A H A%"
Out[4]= 'True, False, False, True, True, False, False, True, True(
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! ÅÍÔÏËÇ G4:  ËÏÃÉÊÇ ÓÕÍÅÐÁÃÙÃÇ  
Implies[ÐáñÜóôáóç-1,  ÐáñÜóôáóç-2 ]   Þ  ÐáñÜóôáóç-1  - ÐáñÜóôáóç-2   

ÁöïñÜ óôç ëïãéêÞ óõíåðáãùãÞ. Äßíåé áðïôÝëåóìá True åêôüò êé áí ç ðñþôç ðáñÜóôáóç åßíáé áëçèÞò

(true), åíþ ç äåýôåñç ðáñÜóôáóç åßíáé øåõäÞò (false). Ðáñáäåßãìáôá: 

In[5]:= !Implies&$1 F 2% / $2 F 3%, 1 F 3', Implies&2 = 1 : 1, 1 : 1 = 2', 2 F 3 / 3 F 4 J 2 E 4"
Out[5]= 'True, True, False(
! ÅÍÔÏËÇ G5:  ËÏÃÉÊÏ ÁÍÁÐÔÕÃÌÁ  

LogicalExpand[ÐáñÜóôáóç]     

Áíáðôýóóåé ëïãéêÜ ðáñáóôÜóåéò ðïõ ðåñéÝ÷ïõí ëïãéêïýò óõíäÝóìïõò, üðùò ôï And, ôï Or, ôï Not êáé

ôï Implies. Áõôü Ý÷åé óõ÷íÜ óáí óõíÝðåéá ôçí áðëïðïßçóç ôùí ðáñáóôÜóåùí áõôþí. Ðáñáäåßãìáôá: 

In[6]:= LogicalExpand&PartialDifferentialEquation&eqn' J DifferentialEquation&eqn''
Out[6]= DifferentialEquation%eqn& ?? 7 PartialDifferentialEquation%eqn&
In[7]:= !implication 9 Building&bld' J Structure&bld', LogicalExpand&implication'"
Out[7]= 'Implies%Building%bld&, Structure%bld&&, 7 Building%bld& ?? Structure%bld&(
In[8]:= !e1 9 Implies&And&A, B', Or&B, C'', TraditionalForm&e1', LogicalExpand&e1'"
Out[8]= 'Implies%A && B, B ?? C&, #A @ B$ C #B A C$, True(
In[9]:= !e2 9 $A / B% 1 A 1 B, e3 9 LogicalExpand&e2', TraditionalForm&!e2, e3"'"
Out[9]= 'A && B ?? A ?? B, A ?? B, 'A @ B A A A B, A A B((
In[10]:= !e4 9 $$A J B% / $B J C%% J $A J C%, e4 ## TraditionalForm, e4 ## LogicalExpand"
Out[10]= 'Implies%Implies%A, B& && Implies%B, C&, Implies%A, C&&, #A C B @ B C C$ C #A C C$, True(
In[11]:= !i1 9 Implies&A / A / A / A, A', LogicalExpand&i1', A / A / A / A J A ## LogicalExpand"
Out[11]= 'Implies%A && A && A && A, A&, True, True(
¸íá áðëü ðáñÜäåéãìá ìå ãÝöõñåò ìåãÜëïõ ìÞêïõò: 

In[12]:= LongBridge&A_' 9 long&A' / Bridge&A'; LongBridge&B' J Bridge&B' ## LogicalExpand

Out[12]= True

¸íá  áðëü  ðáñÜäåéãìá  ìå  ãñáììéêÝò  êáé  ìç  ãñáììéêÝò  äéáöïñéêÝò  åîéóþóåéò  ìå  åöáñìïãÞ  ôïõ  óôçí

åîßóùóç ôïõ êýìáôïò (wave equation):

In[13]:= NonlinearDE&A_' 9 I LinearDE&A';
In[14]:= !i2 9 Implies&I NonlinearDE&WaveDE', LinearDE&WaveDE'', i2 ## LogicalExpand"
Out[14]= 'Implies%LinearDE%WaveDE&, LinearDE%WaveDE&&, True(
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! Notebook  E12 

ÅÍÔÏËÅÓ ÃÉÁ ÔÇ ÄÉÁÍÕÓÌÁÔÉÊÇ ÁÍÁËÕÓÇ
11  ÅÍÔÏËÅÓ:  Ä1. Cross,  Ä2. SetCoordinates,  Ä3. CoordinateSystem

Ä4. Grad,  Ä5. Div,  Ä6. Curl,  Ä7. Laplacian,  Ä8. Biharmonic

Ä9. PlotVectorField,  Ä10. PlotGradientField,  Ä11. PlotHamiltonianField

! ÅÍÔÏËÇ Ä1:  ÅÎÙÔÅÑÉÊÏ ÃÉÍÏÌÅÍÏ ÄÉÁÍÕÓÌÁÔÙÍ
Cross[ÄéÜíõóìá1,  ÄéÜíõóìá2 ]  Þ  ÄéÜíõóìá1 - ÄéÜíõóìá2    (ôï óýìâïëï - ìå Esc cross Esc)

Õðïëïãßæåé ôï åîùôåñéêü ãéíüìåíï A - B äýï äéáíõóìÜôùí Á (ôï ðñþôï äéÜíõóìá) êáé  Â (ôï äåýôåñï

äéÜíõóìá). Óõ÷íÜ åßíáé êáëýôåñç ç ÷ñÞóç ôçò äåýôåñçò ìïñöÞò ôçò åíôïëÞò áõôÞò ìå ôï óýìâïëï - .

Ãéá ôï åóùôåñéêü ãéíüìåíï ÁÂ  ÷ñçóéìïðïéåßôáé  áðëÜ ç ôåëåßá .  áíôß  ãéá ôï óýìâïëï -  .  (Óçìåéþíåôáé

üôé  ç  åíôïëÞ  áõôÞ Cross  áíÞêåé  óôïí  ðõñÞíá  ôçò Mathematica.  ¸ôóé  äå  ÷ñåéÜæåôáé  íá  öïñôþóïõìå

êÜðïéï ðáêÝôï ôçò ðñéí ôç ÷ñçóéìïðïéÞóïõìå.) Ðáñáäåßãìáôá:

In[1]:= !A 9 !1, 2, 3", B 9 !4, 5, 6", Cross&A, B', AKB, Cross&!1, 2, 3", !4, 5, 6"'"
Out[1]= ''1, 2, 3(, '4, 5, 6(, '+3, 6, +3(, '+3, 6, +3(, '+3, 6, +3((
In[2]:= !A.B, AKB, BKA, AKB = BKA, AKB = ?BKA, A.$A KB%, AKA, BKB"
Out[2]= '32, '+3, 6, +3(, '3, +6, 3(, False, True, 0, '0, 0, 0(, '0, 0, 0((
In[3]:= !v1 9 Cross&!a1, a2, a3", !b1, b2, b3"', v2 9 !a1, a2, a3"K!b1, b2, b3", v1 = v2"
Out[3]= ''+a3 b2 " a2 b3, a3 b1 + a1 b3, +a2 b1 " a1 b2(, '+a3 b2 " a2 b3, a3 b1 + a1 b3, +a2 b1 " a1 b2(, True(
In[4]:= !Av 9 !a1, a2, a3", Bv 9 !b1, b2, b3", Cv 9 !c1, c2, c3"";
In[5]:= q1 9 $AvKBv%.Cv; q2 9 Av .$BvKCv%; q3 9 Det&!Av, Bv, Cv"'; !q1, q1 = q2 = q3" ## Simplify

Out[5]= 'a3 #+b2 c1 " b1 c2$ " a2 #b3 c1 + b1 c3$ " a1 #+b3 c2 " b2 c3$, True(
! ÅÍÔÏËÇ Ä2:  ÊÁÈÏÑÉÓÌÏÓ ÓÕÓÔÇÌÁÔÏÓ ÓÕÍÔÅÔÁÃÌÅÍÙÍ

SetCoordinates[ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]   

Êáèïñßæåé  ôï  óýóôçìá  óõíôåôáãìÝíùí  êáé  ôéò  åðéèõìçôÝò  óõíôåôáãìÝíåò  ðïõ  èá  ÷ñçóéìïðïéçèïýí

ìÝ÷ñé  íá  áëëÜîïõí.  Ôá  êõñéüôåñá  óõóôÞìáôá  óõíôåôáãìÝíùí  åßíáé  ïé  ÊáñôåóéáíÝò  óõíôåôáãìÝíåò,

(Cartesian coordinates),  ïé  êõëéíäñéêÝò  óõíôåôáãìÝíåò (cylindrical  coordinates)  êáé  ôÝëïò ïé  óöáéñéêÝò

óõíôåôáãìÝíåò  (spherical  coordinates).  ¼ôáí  èÝëïõìå  íá  ÷ñçóéìïðïéÞóïõìå  ðïëéêÝò  óõíôåôáãìÝíåò

óôç  Mathematica,  êáèïñßæïõìå  áíôß  ãé'  áõôÝò  êõëéíäñéêÝò  óõíôåôáãìÝíåò  õðïèÝôïíôáò  óéùðçëÜ  ðùò

ç ìåôáâëçôÞ z èá åßíáé áðïýóá. ÐáñáôÞñçóç:  Ç åíôïëÞ áõôÞ êáé ïé åðüìåíåò Ýîé åíôïëÝò óôï ðáñüí

notebook (ìÝ÷ñé êáé ôçí åíôïëÞ Ä8) áðáéôïýí ôç ÷ñÞóç ôïõ ðáêÝôïõ VectorAnalysis ôçò Mathematica.
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ÄçëáäÞ äåí áíÞêïõí óôïí ðõñÞíá ôçò Mathematica,  åíþ áíôßèåôá ç ðñïçãïýìåíç åíôïëÞ Cross  ãéá

ôï åîùôåñéêü ãéíüìåíï áíÞêåé. ¸ôóé ðñÝðåé ðñþôá íá öïñôþóïõìå ôï ðáêÝôï áõôü VectorAnalysis:

In[6]:= FF Calculus`VectorAnalysis`

In[7]:= SetCoordinates&Cartesian&x, y, z''
Out[7]= Cartesian%x, y, z&
In[8]:= SetCoordinates&Cylindrical&r, (, z''
Out[8]= Cylindrical%r, D, z&
In[9]:= SetCoordinates&Spherical&0, (, 4''
Out[9]= Spherical%8, D, :&
! ÅÍÔÏËÇ Ä3:  ÁÍÁÖÏÑÁ ÔÏÕ ÓÕÓÔÇÌÁÔÏÓ ÓÕÍÔÅÔÁÃÌÅÍÙÍ

CoordinateSystem  

Ç åíôïëÞ áõôÞ (÷ùñßò êáíÝíá üñéóìá óå áãêýëåò) áðëÜ áíáöÝñåé óáí áðïôÝëåóìÜ ôçò (Ýîïäü ôçò) ôï

óýóôçìá óõíôåôáãìÝíùí ôï ïðïßï éó÷ýåé êáôÜ ôç óôéãìÞ ôçò åêôåëÝóåþò ôçò.  Ðáñáäåßãìáôá:

In[10]:= CoordinateSystem

Out[10]= Spherical

In[11]:= !SetCoordinates&Cylindrical&r, (, z'', CoordinateSystem"
Out[11]= 'Cylindrical%r, D, z&, Cylindrical(
In[12]:= !SetCoordinates&Cartesian&x, y, z'', CoordinateSystem"
Out[12]= 'Cartesian%x, y, z&, Cartesian(
! ÅÍÔÏËÇ Ä4:  ÊËÉÓÇ (¹ ÂÁÈÌÉÄÁ)

Grad[ÓõíÜñôçóç]

Grad[ÓõíÜñôçóç,  ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]      

Õðïëïãßæåé  ôçí  êëßóç  (Þ  âáèìßäá)  åíüò  âáèìùôïý  (ü÷é  äéáíõóìáôéêïý)  ðåäßïõ  óôï  óýóôçìá  óõíôåôá-

ãìÝíùí ðïõ êáèïñßæåôáé óôçí åíôïëÞ, áëëéþò óôï ðñïêáèïñéóìÝíï óýóôçìá. Ðáñáäåßãìáôá: 

In[13]:= Grad&x2 y Cos&x';Sin&a z''
Out[13]= '2 x y Cos%x& Sin%a z& + x2 y Sin%x& Sin%a z&, x2 Cos%x& Sin%a z&, a x2 y Cos%x& Cos%a z&(
In[14]:= Grad&x2 y Cos&x';Sin&a z', Cartesian&x, y, z''
Out[14]= '2 x y Cos%x& Sin%a z& + x2 y Sin%x& Sin%a z&, x2 Cos%x& Sin%a z&, a x2 y Cos%x& Cos%a z&(
In[15]:= !Grad&f&x, y, z', Cartesian&x, y, z'', Grad&f&x, y', Cartesian&x, y, z''"
Out[15]= ''f#1,0,0$%x, y, z&, f#0,1,0$%x, y, z&, f#0,0,1$%x, y, z&(, 'f#1,0$%x, y&, f#0,1$%x, y&, 0((
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In[16]:= !Grad&f&r, (, z', Cylindrical&r, (, z'', Grad&f&r, (', Cylindrical&r, (, z''"
Out[16]= !!f#1,0,0$%r, D, z&, f#0,1,0$%r, D, z&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
r

, f#0,0,1$%r, D, z&", !f#1,0$%r, D&, f#0,1$%r, D&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r
, 0""

In[17]:= !Grad&f&0, (, 4', Spherical&0, (, 4'', Grad&f&0', Spherical&0, (, 4''"
Out[17]= !!f#1,0,0$%8, D, :&, f#0,1,0$%8, D, :&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
8

,
Csc%D& f#0,0,1$%8, D, :&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8
", 'f1%8&, 0, 0("

! ÅÍÔÏËÇ Ä5:  ÁÐÏÊËÉÓÇ
Div[ÄéáíõóìáôéêÞÓõíÜñôçóç]

Div[ÄéáíõóìáôéêÞÓõíÜñôçóç,  ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]  

Õðïëïãßæåé ôçí áðüêëéóç (divergence) åíüò äéáíõóìáôéêïý (ü÷é âáèìùôïý) ðåäßïõ óôï óýóôçìá óõíôå-

ôáãìÝíùí ðïõ êáèïñßæåôáé óôçí åíôïëÞ, áëëéþò óôï ðñïêáèïñéóìÝíï óýóôçìá. Ðáñáäåßãìáôá:

In[18]:= !Div&!x, y, z", Cartesian&x, y, z'',
Div&!x2;y, Cosh&a z', Sin&y z'", Cartesian&x, y, z''"

Out[18]= '3, 2 x y " y Cos%y z&(
In[19]:= !Div&!u&x, y, z', v&x, y, z', w&x, y, z'", Cartesian&x, y, z''"
Out[19]= 'w#0,0,1$%x, y, z& " v#0,1,0$%x, y, z& " u#1,0,0$%x, y, z&(
In[20]:= !Div&!u&r, (', v&r, (', 0", Cylindrical&r, (, z''"
Out[20]= ! u%r, D& " v#0,1$%r, D& " r u#1,0$%r, D&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
r

"
! ÅÍÔÏËÇ Ä6:  ÐÅÑÉÓÔÑÏÖÇ (¹ ÓÔÑÏÂÉËÉÓÌÏÓ)

Curl[ÄéáíõóìáôéêÞÓõíÜñôçóç]

Curl[ÄéáíõóìáôéêÞÓõíÜñôçóç,  ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]  

Õðïëïãßæåé ôçí ðåñéóôñïöÞ (Þ óôñïâéëéóìü) åíüò äéáíõóìáôéêïý (ü÷é âáèìùôïý) ðåäßïõ óôï óýóôçìá

óõíôåôáãìÝíùí ðïõ êáèïñßæåôáé óôçí åíôïëÞ, áëëéþò óôï ðñïêáèïñéóìÝíï óýóôçìá. (Óçìåéþíåôáé üôé

êáé ïé ôñåéò ôåëåõôáßåò åíôïëÝò Grad, Div êáé Curl ðáñïõóéÜæïõí éäéáßôåñï åíäéáöÝñïí óôç Ñåõóôïìç-

÷áíéêÞ (Þ Ìç÷áíéêÞ ôùí Ñåõóôþí) êáé óôç Ìç÷áíéêÞ ôïõ Óõíå÷ïýò ÌÝóïõ ãåíéêüôåñá. Ðáñáäåßãìáôá:

In[21]:= !Curl&!x, y, z", Cartesian&x, y, z'',
Curl&!x2;y, Cosh&a z', Sin&y z'", Cartesian&x, y, z''"

Out[21]= ''0, 0, 0(, 'z Cos%y z& + a Sinh%a z&, 0, +x2((
In[22]:= !Curl&!u&x, y', v&x, y', 0", Cartesian&x, y, z''"
Out[22]= ''0, 0, +u#0,1$%x, y& " v#1,0$%x, y&((
In[23]:= !Curl&!u&r, (', v&r, (', 0", Cylindrical&r, (, z'', Curl&Grad&F&x, y, z'''"
Out[23]= !!0, 0,

v%r, D& + u#0,1$%r, D& " r v#1,0$%r, D&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r
", '0, 0, 0("
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! ÅÍÔÏËÇ Ä7:  ËÁÐËÁÓÉÁÍÇ (LAPLACIAN)
Laplacian[ÓõíÜñôçóç]  

Laplacian[ÓõíÜñôçóç,  ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]  

Õðïëïãßæåé ôç ËáðëáóéáíÞ (ôç Laplacian) /2 0 Ä ìéáò âáèìùôÞò óõíáñôÞóåùò.  Ðáñáäåßãìáôá:

In[24]:= CoordinateSystem

Out[24]= Cartesian

In[25]:= !u&x_, y_' 9 x2;y3, Laplacian&u&x, y'', Laplacian&u&x, y', Cartesian&x, y, z'' "
Out[25]= 'x2 y3, 6 x2 y " 2 y3, 6 x2 y " 2 y3(
In[26]:= Laplacian&F&x, y, z', Cartesian&x, y, z''
Out[26]= F#0,0,2$%x, y, z& " F#0,2,0$%x, y, z& " F#2,0,0$%x, y, z&
In[27]:= Laplacian&F&x, y, z'' = Div&Grad&F&x, y, z'''
Out[27]= True

In[28]:= Laplacian&F&r, (, z', Cylindrical&r, (, z'' ## Simplify

Out[28]= F#0,0,2$%r, D, z& "
F#0,2,0$%r, D, z&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r2
"
F#1,0,0$%r, D, z&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r
" F#2,0,0$%r, D, z&

In[29]:= Laplacian&F&r, (', Cylindrical&r, (, z'' ## Simplify

Out[29]=
F#0,2$%r, D&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r2
"
F#1,0$%r, D&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r
" F#2,0$%r, D&

In[30]:= Laplacian&F&0, (, 4', Spherical&0, (, 4''
Out[30]=

1
!!!!!!!
82

#Csc%D& #Csc%D& F#0,0,2$%8, D, :& " Cos%D& F#0,1,0$%8, D, :& "

Sin%D& F#0,2,0$%8, D, :& " 2 8 Sin%D& F#1,0,0$%8, D, :& " 82 Sin%D& F#2,0,0$%8, D, :&$$
In[31]:= Laplacian&F&0', Spherical&0, (, 4'' ## Simplify

Out[31]=
2 F1%8&
!!!!!!!!!!!!!!!!!!!

8
" F11%8&

! ÅÍÔÏËÇ Ä8:  ÄÉÁÑÌÏÍÉÊÏÓ ÔÅËÅÓÔÇÓ
Biharmonic[ÓõíÜñôçóç]  

Biharmonic[ÓõíÜñôçóç,  ÓýóôçìáÓõíôåôáãìÝíùí[ÓõíôåôáãìÝíåò]]  

Åöáñìüæåé ôï äéáñìïíéêü ôåëåóôÞ /4 0 Ä2  (ðïõ éóïäõíáìåß ìå äéðëÞ åöáñìïãÞ ôçò ËáðëáóéáíÞò) óå

ìéá âáèìùôÞ óõíÜñôçóç. (Óçìåéþíåôáé üôé ï äéáñìïíéêüò ôåëåóôÞò ðáñïõóéÜæåôáé óå ðñïâëÞìáôá Åðß-

ðåäçò Åëáóôéêüôçôáò: ôáóéêÞ óõíÜñôçóç ôïõ Airy, êáé åðßóçò óå ðñïâëÞìáôá ðëáêþí.) Ðáñáäåßãìáôá:

In[32]:= !CoordinateSystem, Laplacian&F&x, y'', Biharmonic&F&x, y''"
Out[32]= 'Cartesian, F#0,2$%x, y& " F#2,0$%x, y&, F#0,4$%x, y& " 2 F#2,2$%x, y& " F#4,0$%x, y&(
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In[33]:= Biharmonic&F&x, y'' = Laplacian&Laplacian&F&x, y'''
Out[33]= True

In[34]:= Biharmonic&F&r', Cylindrical&r, (, z'' ## Simplify

Out[34]=
F1%r& + r F11%r& " 2 r2 F#3$%r& " r3 F#4$%r&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

r3

In[35]:= Biharmonic&F&0', Spherical&0, (, 4'' ## Simplify

Out[35]=
4 F#3$%8&
!!!!!!!!!!!!!!!!!!!!!!!

8
" F#4$%8&

! ÅÍÔÏËÇ Ä9:  Ó×ÅÄÉÁÓÇ ÄÉÁÍÕÓÌÁÔÉÊÏÕ ÐÅÄÉÏÕ  
PlotVectorField[{x-ÓõíéóôþóáÔïõÄéáíõóìáôéêïýÐåäßïõ,  y-ÓõíéóôþóáÔïõÄéáíõóìáôéêïýÐåäßïõ}, 

              {ÌåôáâëçôÞ-x,  Áñ÷éêÞÔéìÞ-x,  ÔåëéêÞÔéìÞ-x},

              {ÌåôáâëçôÞ-y,  Áñ÷éêÞÔéìÞ-y,  ÔåëéêÞÔéìÞ-y},  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]          

Ó÷åäéÜæåé óôï åðßðåäï ôï äéäéÜóôáôï äéáíõóìáôéêü ðåäßï ôï ïðïßï êáèïñßæåôáé óôç ëßóôá ôïõ ðñþôïõ

ïñßóìáôïò  ìå  äýï  âÝâáéá  óõíéóôþóåò  åäþ  óôï  åðßðåäï.  Ç  ó÷åäßáóç  áõôÞ  ãßíåôáé  óôçí  ïñèïãùíéêÞ

ðåñéï÷Þ ôïõ åðéðÝäïõ ðïõ êáèïñßæåôáé  óôéò äýï åðüìåíåò ëßóôåò ãéá ôçí ðñþôç (óõíÞèùò x )  êáé  ôç

äåýôåñç  (óõíÞèùò  y )  ìåôáâëçôÞ  áíôßóôïé÷á.  Áêïëïõèïýí  ïé  åðéëïãÝò,  åÜí  ÷ñåéÜæïíôáé.  Óçìåéþíåôáé

åðßóçò  üôé  ç  ðáñïýóá  åíôïëÞ  PlotVectorField  èá  ÷ñçóéìïðïéçèåß  êáé  óôéò  äéáöïñéêÝò  åîéóþóåéò

ðñþôçò ôÜîåùò  ôçò  ìïñöÞò  y ' ' f"x, y#  óôï  Notebook  E15 ãéá  ôéò  äéáöïñéêÝò  åîéóþóåéò:  ÅíôïëÞ D3.

Èá  ðñÝðåé  åðßóçò  íá  óçìåéùèåß  óôï  óçìåßï  áõôü  üôé  ç  ðáñïýóá  åíôïëÞ  PlotVectorField  åßíáé  ìéá

åíôïëÞ  ôïõ  ðáêÝôïõ  Graphics`PlotField`.  Áõôü  èá  ðñÝðåé  íá  Ý÷åé  Þäç  êëçèåß  (öïñôùèåß)  ðñéí  áðü

ïðïéáäÞðïôå  ÷ñÞóç  ôçò  ðáñïýóáò  åíôïëÞò  PlotVectorField  ìå  ôïí  ðéï  êÜôù  ôñüðï  ìå  ôçí  åíôïëÞ

Needs  Þ ìå ôïí éóïäýíáìï ôñüðï ìå ôç ÷ñÞóç ôïõ óõìâüëïõ << . (Ðáñáäåßãìáôá ôçò åíôïëÞò áõôÞò

PlotVectorField  ãéá  ôçí  åöáñìïãÞ  ôçò  óôç  äéäéÜóôáôç  ìüíéìç  áóôñüâéëç  ñïÞ  éäåáôïý  ñåõóôïý  óôç

Ñåõóôïìç÷áíéêÞ (Þ Ìç÷áíéêÞ ôùí Ñåõóôþí) èá äïèïýí óôç ìåèåðüìåíç åíôïëÞ PlotHamiltonianField.)

In[36]:= Needs&"Graphics`PlotField`"';
ÕðÜñ÷ïõí ðÜñá ðïëëÝò (37) åðéëïãÝò äéáèÝóéìåò óôçí åíôïëÞ áõôÞ PlotVectorField. ÁõôÝò åßíáé ïé åîÞò:

In[37]:= !opt 9 Options&PlotVectorField', NumberOfPlotVectorFieldOptions9 Length&opt'"
Out[37]= !!ScaleFactor , Automatic, ScaleFunction , None, MaxArrowLength , None,

ColorFunction , None, AspectRatio , Automatic, HeadScaling , Automatic,

HeadLength , 0.02, HeadCenter , 1, HeadWidth , 0.5, HeadShape , Automatic,

ZeroShape , Automatic, AspectRatio ,
1

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
GoldenRatio

, Axes , False, AxesLabel , None,

AxesOrigin , Automatic, AxesStyle , Automatic, Background , Automatic,

ColorOutput , Automatic, DefaultColor , Automatic, Epilog , '(, Frame , False,

FrameLabel , None, FrameStyle , Automatic, FrameTicks , Automatic,

GridLines , None, ImageSize , Automatic, PlotLabel , None, PlotRange , All,

PlotRegion , Automatic, Prolog , '(, RotateLabel , True, Ticks , Automatic,

DefaultFont A $DefaultFont, DisplayFunction A $DisplayFunction,

FormatType A $FormatType, TextStyle A $TextStyle, PlotPoints , Automatic", 37"
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! ÅÍÔÏËÇ Ä10:  Ó×ÅÄÉÁÓÇ ÐÅÄÉÏÕ ÊËÉÓÅÙÓ (¹ ÂÁÈÌÉÄÁÓ)
PlotGradientField[ÂáèìùôüÄõíáìéêüÔïõÄéáíõóìáôéêïýÐåäßïõ,

              {ÌåôáâëçôÞ-x,  Áñ÷éêÞÔéìÞ-x,  ÔåëéêÞÔéìÞ-x},

              {ÌåôáâëçôÞ-y,  Áñ÷éêÞÔéìÞ-y,  ÔåëéêÞÔéìÞ-y},  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]          

Ç åíôïëÞ áõôÞ PlotGradientField  åßíáé ðáñáðëÞóéá, áëëÜ ëßãï ëéãüôåñï ãåíéêÞ áðü ôçí ðñïçãïýìåíç

åíôïëÞ PlotVectorField.  ÓõãêåêñéìÝíá ç äéáöïñÜ åäþ åßíáé  üôé  ôï äéáíõóìáôéêü ðåäßï ðïõ ó÷åäéÜæå-

ôáé åßíáé ç êëßóç (Þ âáèìßäá, ôï grad: åíôïëÞ Ä4 ðéï ðÜíù) ôïõ âáèìùôïý äõíáìéêïý ö óôï ðñþôï üñé-

óìÜ ôçò.  ÄçëáäÞ ó÷åäéÜæåôáé  ôï  äéáíõóìáôéêü  ðåäßï V1 ' grad ö 0 /ö :' "1ö .1x, 1ö .1y#. (Ç  ó÷åäßá-

óç ãßíåôáé áêñéâþò üðùò êáé óôçí ðñïçãïýìåíç åíôïëÞ.) ÐñÝðåé íá óçìåéùèåß óôï óçìåßï áõôü üôé ç

ðáñïýóá  åíôïëÞ  PlotGradientField  åßíáé  êé  áõôÞ  ìéá  åíôïëÞ  ôïõ  ðáêÝôïõ  Graphics`PlotField`  ðïõ  èá

ðñÝðåé  íá  Ý÷åé  Þäç  êëçèåß  áêñéâþò  üðùò  êáé  ðñéí.  Ðáñáäåßãìáôá  êáé  áõôÞò  ôçò  åíôïëÞò  èá  äïèïýí

óôçí åðüìåíç åíôïëÞ PlotHamiltonianField. Ïé åðéëïãÝò ôçò (options) óõìðßðôïõí ìå åêåßíåò ôçò ðñï-

çãïýìåíçò åíôïëÞò PlotVectorField, áëëÜ êáé ìå åêåßíåò ôçò åðüìåíçò åíôïëÞò PlotHamiltonianField:

In[38]:= Options&PlotVectorField' =

Options&PlotGradientField' = Options&PlotHamiltonianField'
Out[38]= True

! ÅÍÔÏËÇ Ä11:  Ó×ÅÄÉÁÓÇ ÐÅÄÉÏÕ ×ÁÌÉËÔÏÍÉÁÍÇÓ
PlotHamiltonianField[ÂáèìùôÞ×áìéëôïíéáíÞÔïõÄéáíõóìáôéêïýÐåäßïõ,

              {ÌåôáâëçôÞ-x,  Áñ÷éêÞÔéìÞ-x,  ÔåëéêÞÔéìÞ-x},

              {ÌåôáâëçôÞ-y,  Áñ÷éêÞÔéìÞ-y,  ÔåëéêÞÔéìÞ-y},  ÅðéëïãÞ-1,  ÅðéëïãÞ-2,  . . . ]          

Ç åíôïëÞ áõôÞ PlotHamiltonianField  åßíáé ðáñáðëÞóéá, áëëÜ ëßãï ëéãüôåñï ãåíéêÞ áðü ôçí ðñïðñïç-

ãïýìåíç åíôïëÞ PlotVectorField  êé  åíôåëþò áíÜëïãç ìå ôçí ðñïçãïýìåíç åíôïëÞ PlotGradientField.

Ç ìüíç äéáöïñÜ åßíáé  üôé åäþ ó÷åäéÜæåôáé  (óôï åðßðåäï ðÜëé)  ôï äéáíõóìáôéêü ðåäßï ôçò Hamiltonian

(×áìéëôïíéáíÞò) ôçò âáèìùôÞò óõíáñôÞóåùò óôï ðñþôï üñéóìá ôçò åíôïëÞò áõôÞò. ÄçëáäÞ ó÷åäéÜ-

æåôáé  ôï  äéáíõóìáôéêü  ðåäßï  V2 ' "1ö .1y, – 1ö .1x# .  (Ç  ó÷åäßáóç ãßíåôáé  áêñéâþò üðùò êáé  óôéò  äýï

ðñïçãïýìåíåò åíôïëÝò êáé ìå ôéò ßäéåò åðéëïãÝò.)  ÐñÝðåé åðßóçò íá óçìåéùèåß îáíÜ óôï óçìåßï áõôü

üôé ç ðáñïýóá åíôïëÞ PlotGradientField  åßíáé êé áõôÞ ìéá åíôïëÞ ôïõ ðáêÝôïõ Graphics`PlotField` ðïõ

èá  ðñÝðåé  íá  Ý÷åé  Þäç  êëçèåß  (öïñôùèåß)  áêñéâþò  üðùò êáé  ðñéí.  Áêïëïõèïýí  ç êëÞóç ôïõ  ðáêÝôïõ

Graphics`PlotField` (ìå ôïí Ýíá Þ ôïí Üëëï áðü ôïõò äýï ðáñáêÜôù ôñüðïõò, ü÷é êáé ìå ôïõò äýï ìáæß!)

êáé ðáñáäåßãìáôá êáé ôùí ôñéþí åíôïëþí PlotVectorField, PlotGradientField êáé PlotHamiltonianField:

In[39]:= Needs&"Graphics`PlotField`"'
In[40]:= FF Graphics`PlotField`

Ãéá  ôá ðáñáäåßãìáôá ôùí  ðéï  ðÜíù ôñéþí åíôïëþí èá ÷ñçóéìïðïéÞóïõìå  åäþ ôç  äéäéÜóôáôç (åðßðåäç)

ìüíéìç  (óôáèåñÞ)  áóôñüâéëç  ñïÞ  éäåáôïý  (áóõìðßåóôïõ,  äçëáäÞ  ìå  óôáèåñÞ  ðõêíüôçôá  ñ ,  êáé  ÷ùñßò
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óõíåêôéêüôçôá, éîþäåò, äçëáäÞ ìå ì ' 0) ñåõóôïý óôç Ñåõóôïìç÷áíéêÞ (Þ Ìç÷áíéêÞ ôùí Ñåõóôþí). Ç ñïÞ

áõôÞ ðáñïõóéÜæåé  âÝâáéá åíäéáöÝñïí ãéá ôïí Ðïëéôéêü Ìç÷áíéêü. Óáí ðñþôï ðáñÜäåéãìá èåùñïýìå ôçí

ßäéá ñïÞ, üôáí ïé äýï óõíéóôþóåò u êáé v ôçò ôá÷ýôçôáò V ôïõ ñåõóôïý äßíïíôáé áðü ôïõò áðëïýò ôýðïõò

In[41]:= !u&x_, y_' 9 Sinh&x';Cos&y', v&x_, y_' 9 ?Cosh&x' Sin&y'"
Out[41]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&(
ÅðïìÝíùò ç äéáíõóìáôéêÞ ôá÷ýôçôá V '  V"x, y#  ôïõ ñåõóôïý óôç ñïÞ äßíåôáé áðü ôïí ôýðï

In[42]:= V&x_, y_' 9 !u&x, y', v&x, y', 0"
Out[42]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&, 0(
Åßíáé  áðüëõôá áðïäåêôÞ ç ñïÞ áõôÞ, åðåéäÞ ãéá ôçí ôá÷ýôçôá V  ôïõ ñåõóôïý óôç ñïÞ áõôÞ éó÷ýïõí ïé

åîéóþóåéò (á) ôçò óõíå÷åßáò (ãñáììÝíç åäþ ôüóï óå âáèìùôÞ üóï êáé óå äéáíõóìáôéêÞ ìïñöÞ):

In[43]:= !D&u&x, y', x' : D&v&x, y', y' = 0, Div&V&x, y'' 99 0"
Out[43]= 'True, True(
êáé (â) ôïõ áóôñüâéëïõ ôçò ñïÞò (åðßóçò ãñáììÝíç åäþ êáé óå âáèìùôÞ êáé óå äéáíõóìáôéêÞ ìïñöÞ):

In[44]:= !D&v&x, y', x' ? D&u&x, y', y' = 0, Curl&V&x, y'' = !0, 0, 0""
Out[44]= 'True, True(
Åßíáé  ëïéðüí áðüëõôá áðïäåêôÝò ïé äýï óõíéóôþóåò u"x, y#  êáé v"x, y#  ôçò ôá÷ýôçôáò V,  ðïõ ïñßóèçêáí

ðáñáðÜíù  óáí  óõíáñôÞóåéò.  Ó÷åäéÜæïõìå  ôþñá  ìå  ôçí  åíôïëÞ  PlotVectorField  ôï  ðåäßï  ôá÷ýôçôáò

(velocity field) óôçí ïñèïãùíéêÞ ðåñéï÷Þ 0 2 x 2 2 êáé (1 2 y 2 1 êáé ìÜëéóôá ìÝóá óå ðëáßóéï (frame):

In[45]:= PlotVectorField&!u&x, y', v&x, y'",!x, 0, 2", !y, ?1, 1", Frame A True, ImageSize A 275';
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Ôß ìáò äåß÷íåé ôï ðáñáðÜíù ó÷Þìá; Ìá ìáò äåß÷íåé ìå âåëÜêéá ôç äéáíõóìáôéêÞ ôá÷ýôçôá V ôïõ ñåõóôïý

óå ðïëëÜ óçìåßá ôçò ïñèïãùíéêÞò ðåñéï÷Þò ðïõ åðéëÝîáìå.  Ç äéåýèõíóç ôïõ êÜèå âÝëïõò åêöñÜæåé  ôç

äéåýèõíóç ôçò ôá÷ýôçôáò êáé ôï ìÞêïò ôïõ ôï ìÝôñï ôçò ôá÷ýôçôáò. ¸÷ïõìå ëïéðüí áðïêôÞóåé ìéá óáöÞ

åéêüíá  ãéá  ôçí  êßíçóç  ôïõ  ñåõóôïý  ìç  îå÷íþíôáò  âÝâáéá  üôé  ôçí  ðáñïýóá  ñïÞ  ôçí  Ý÷ïõìå  õðïèÝóåé

ìüíéìç (óôáèåñÞ, ÷ùñßò ìåôáâïëÞ ìå ôï ÷ñüíï). Ùñáßá ëïéðüí ùò åäþ ìå ôï ðáñüí ðáñÜäåéãìá!
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ÐáñåíèåôéêÜ áò óçìåéþóïõìå üôé ïñßæïíôáò ôç äéäéÜóôáôç ôá÷ýôçôá V2  ôïõ ñåõóôïý óáí

In[46]:= V2&x_, y_' 9 !u&x, y', v&x, y'"
Out[46]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&(
ìðïñïýìå áóöáëþò íá ðÜñïõìå áêñéâþò ôï ßäéï ðéï ðÜíù ó÷Þìá ìå ôçí ïõóéáóôéêÜ  éóïäýíáìç åíôïëÞ 

In[47]:= PlotVectorField&V2&x, y', !x, 0, 2", !y, ?1, 1", Background A RGBColor&0.85, 1, 1',
PlotLabel ?E "&+"/2 ,-67,1,-'", DefaultFont A !"Arial?Bold", 15", Frame A True';

S S2H 1 12H <
(1

(S2H

S

S2H

1
`"c+% $._)$^$.'

Áò ðñï÷ùñÞóïõìå ôþñá ëéãÜêé áêüìç. Óôç äéäéÜóôáôç ìüíéìç áóôñüâéëç ñïÞ éäåáôïý ñåõóôïý, ôçí ïðïßá

õðïèÝóáìå (êáé ìéá ñïÞ ìå áõôÝò ôéò éäéüôçôåò åßíáé ìéá óõíçèéóìÝíç, êëáóéêÞ ñïÞ óôç Ñåõóôïìç÷áíéêÞ),

ïé  äýï  óõíéóôþóåò  ôçò  ôá÷ýôçôáò  V  ôïõ  ñåõóôïý  ìðïñïýí  íá  ðñïêýøïõí  óáí  ç  êëßóç  (ç  âáèìßäá,  ôï

grad) åíüò êáôÜëëçëïõ âáèìùôïý äõíáìéêïý ñïÞò: ôïõ äõíáìéêïý ôá÷ýôçôáò Ö"x, y# . Áõôü ôï ãíùñßæïõìå

áðü  ôéò  ÐáñáãñÜöïõò  Â3.4.2  êáé  Â3.4.3  ôïõ  ÌÝñïõò  Â  ôùí  äéäáêôéêþí  âéâëßùí.  ÓõãêåêñéìÝíá  óôç  ñïÞ

áõôÞ ìðïñåß íá äéáðéóôùèåß üôé ôï äõíáìéêü ôá÷ýôçôáò Ö"x, y#  Ý÷åé ôç ìïñöÞ

In[48]:= (&x_, y_' 9 Cosh&x';Cos&y'
Out[48]= Cos%y& Cosh%x&
ïðüôå ïé óõíéóôþóåò u êáé v ôçò ôá÷ýôçôáò V ôïõ ñåõóôïý èá åßíáé ðñáãìáôéêÜ ïé 

In[49]:= !u&x_, y_' 9 D&(&x, y', x', v&x_, y_' 9 D&(&x, y', y'"
Out[49]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&(
(¼ðùò ðáñáôçñïýìå åßíáé ïé ßäéåò ïé ðéï ðÜíù óõíéóôþóåò ôçò ôá÷ýôçôáò.)  Êáé äéáíõóìáôéêÜ âÝâáéá ðñï-

êýðôïõí ïé ßäéåò áêñéâþò óõíéóôþóåò ìå åöáñìïãÞ ôçò åíôïëÞò Grad óôï äõíáìéêü ôá÷ýôçôáò Ö"x, y# :
In[50]:= V&x_, y_' 9 Grad&(&x, y''
Out[50]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&, 0(
In[51]:= V&x, y' = !u&x, y', v&x, y', 0"
Out[51]= True
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Ãíùñßæïõìå  âÝâáéá  ðùò  ôï  äõíáìéêü  ôá÷ýôçôáò,  ç  óõíÜñôçóç  Ö"x, y# ,  ïöåßëåé  íá  åðáëçèåýåé  ôç  äéäéÜ-

óôáôç åîßóùóç ôïõ Laplace. ÄçëáäÞ ðñÝðåé íá åßíáé áñìïíéêÞ óõíÜñôçóç. Áõôü ðñÜãìáôé óõìâáßíåé åäþ:

In[52]:= Laplacian&(&x, y'' = 0

Out[52]= True

ÊáôÜ  óõíÝðåéá,  ãíùñßæïíôáò  óå  ìéá  äéäéÜóôáôç  ìüíéìç  áóôñüâéëç  ñïÞ  ôï  äõíáìéêü  ôá÷ýôçôáò  Ö"x, y# ,
ìðïñïýìå èáõìÜóéá íá ÷ñçóéìïðïéÞóïõìå ôçí ðñïçãïýìåíç åíôïëÞ PlotGradientField  ãéá ôç ó÷åäßáóç

ôïõ ßäéïõ áêñéâþò äéáíõóìáôéêïý ðåäßïõ: ôïõ ðåäßïõ ôá÷ýôçôáò V ôïõ éäåáôïý ñåõóôïý. ÓõãêåêñéìÝíá

In[53]:= PlotGradientField&(&x, y', !x, 0, 2", !y, ?1, 1", Frame A True, ImageSize A 300';
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Õðåíèõìßæåôáé  üôé  óôçí ðáñïýóá ñïÞ ç ßäéá äéáíõóìáôéêÞ ôá÷ýôçôá V  = V"x, y#  ìðïñåß  íá ðñïêýøåé  êáé

áðü  ôç  ñïúêÞ  óõíÜñôçóç (Þ  óõíÜñôçóç ñïÞò)  Ø"x, y# .  Áõôü  ôï  ãíùñßæïõìå  áðü  ôçí  ÐáñÜãñáöï  Â3.4.4

ôïõ ÌÝñïõò Â ôùí äéäáêôéêþí âéâëßùí. ÓõãêåêñéìÝíá åäþ ç ñïúêÞ óõíÜñôçóç Ø"x, y#  Ý÷åé ôç ìïñöÞ 

In[54]:= )&x_, y_' 9 Sinh&x';Sin&y'
Out[54]= Sin%y& Sinh%x&
ÁõôÞ äßíåé îáíÜ ôéò ßäéåò áêñéâþò óõíéóôþóåò ôçò ôá÷ýôçôáò V = V"x, y#  ôïõ éäåáôïý ñåõóôïý

In[55]:= !u&x_, y_' 9 D&)&x, y', y', v&x_, y_' 9 ?D&)&x, y', x'"
Out[55]= 'Cos%y& Sinh%x&, +Cosh%x& Sin%y&(
ÖõóéêÜ, üðùò ôï äõíáìéêü ôá÷ýôçôáò Ö"x, y# ,  Ýôóé  êáé ç ñïúêÞ óõíÜñôçóç Ø"x, y#  ðñÝðåé íá åðáëçèåýåé

ôç äéäéÜóôáôç åîßóùóç ôïõ Laplace, íá åßíáé áñìïíéêÞ óõíÜñôçóç. Áõôü óõìâáßíåé óô' áëÞèåéá êé åäþ:

In[56]:= Laplacian&)&x, y'' = 0

Out[56]= True

ÊáôÜ óõíÝðåéá,  ãíùñßæïíôáò óå ìéá äéäéÜóôáôç ìüíéìç áóôñüâéëç ñïÞ ôç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôç-

óç ñïÞò) Ø"x, y# , ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå ôçí ðáñïýóá åíôïëÞ PlotHamiltonianField ãéá ôç ó÷å-

äßáóç ôïõ ßäéïõ áêñéâþò äéáíõóìáôéêïý ðåäßïõ: ãéá ôçí ôá÷ýôçôá ôïõ éäåáôïý ñåõóôïý.  ÓõãêåêñéìÝíá åäþ
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In[57]:= PlotHamiltonianField&)&x, y', !x, 0, 2", !y, ?1, 1", Frame A True, ImageSize A 310';

0 0.5 1 1.5 2
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ÐÞñáìå ëïéðüí êáé ðÜëé ôï ßäéï áêñéâþò äéáíõóìáôéêü ðåäßï (êé Þôáí áíáìåíüìåíï áõôü!): ôï ðåäßï ãéá ôç

äéáíõóìáôéêÞ ôá÷ýôçôá V = V"x, y#  ôïõ ñåõóôïý êáé óôçí ðáñïýóá äéäéÜóôáôç, ìüíéìç êáé áóôñüâéëç ñïÞ. 

Óõìðåñáßíïõìå üôé óôï åßäïò ôçò ñïÞò ðïõ ìüëéò áíáöÝñèçêå ìðïñïýìå íá åñãáæüìáóôå åßôå (á) ìå ôéò

ßäéåò ôéò äýï óõíéóôþóåò ôçò ôá÷ýôçôáò V ôïõ ñåõóôïý (óå ëßóôá ìå äýï óôïé÷åßá)  Þ ìå ôï áíôßóôïé÷ï

äéäéÜóôáôï  äéÜíõóìá V2"x, y#  êáé  ôçí  ðñïðñïçãïýìåíç  åíôïëÞ  PlotVectorField  åßôå  (â)  ìå  ôï  äõíáìéêü

ôá÷ýôçôáò Ö"x, y#  êáé ôçí ðñïçãïýìåíç åíôïëÞ PlotGradientField  åßôå ôÝëïò (ã) ìå ôç ñïúêÞ óõíÜñôçóç

(Þ  óõíÜñôçóç  ñïÞò)  Ø"x, y#  êáé  ôçí  ðáñïýóá  åíôïëÞ  PlotHamiltonianField  áíÜëïãá  âÝâáéá  ìå  ôï  ôß

îÝñïõìå:  ôéò  óõíéóôþóåò  ôçò  ôá÷ýôçôáò  (Þ  ôç  äéáíõóìáôéêÞ  ôá÷ýôçôá  V ),  (â)  ôï  äõíáìéêü  ôá÷ýôçôáò

Ö"x, y#  Þ (ã) ôç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôçóç ñïÞò) Ø"x, y#  êáé ôß ìáò äéåõêïëýíåé áóöáëþò êÜèå öïñÜ. 

? *%^!-)*,!.`%!d'$.a"*%!'$"*"%!()(&+(%e!()&+#c*%

Áò äþóïõìå êáé Ýíá äåýôåñï êáé óßãïõñá ðïëý ðéï ãíùóôü ðáñÜäåéãìá äéäéÜóôáôçò (åðßðåäçò) ìüíéìçò

(óôáèåñÞò) áóôñüâéëçò ñïÞò éäåáôïý ñåõóôïý. Ðñüêåéôáé ãéá ôç ñïÞ ãýñù áðü Ýíáí êõêëéêü êýëéíäñï ìå

êÝíôñï ôçí áñ÷Þ ôùí áîüíùí (0, 0) êáé áêôßíá a (üìùò ìå ìçäåíéêÞ ôç óõíïëéêÞ êõêëïöïñßá Ã ãýñù áðü

ôïí êýëéíäñï).  Ðéï  óõãêåêñéìÝíá åäþ åîåôÜæïõìå  ìéá  ïìïéüìïñöç ñïÞ  ìå ôá÷ýôçôá U  ðáñÜëëçëç ðñïò

ôïí Üîïíá Ïx ðïõ  ðáñåìðïäßæåôáé  áðü ôïí  êýëéíäñï ðïõ Þäç áíáöÝñáìå  êáé  åðïìÝíùò ôñïðïðïéåßôáé,

áëëÜæåé ðïëý óôçí ðåñéï÷Þ ôïõ êõëßíäñïõ. Óôç ñïÞ áõôÞ ôï äõíáìéêü ôá÷ýôçôáò Ö"x, y#  Ý÷åé ôç ìïñöÞ

In[58]:= (&x_, y_' 9 If&x2 : y2 L a2, U x;$1 : a2 #$x2 : y2%%, 0'
Out[58]= If/x2 " y2 E a2, U x 56771 "

a2
!!!!!!!!!!!!!!!!!
x2 " y2

89::, 00
(ÄçëáäÞ ìÝóá óôïí êýêëï, ôïí êýëéíäñï äåí õðÜñ÷åé äõíáìéêü ôá÷ýôçôáò Ö"x, y# , åßíáé ðñïöáíÝò áõôü!)

Åðßóçò ç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôçóç ñïÞò) Ø"x, y#  Ý÷åé ôçí áíôßóôïé÷ç êáé áðüëõôá áíÜëïãç ìïñöÞ

In[59]:= )&x_, y_' 9 If&x2 : y2 L a2, U y;$1 ? a2 #$x2 : y2%%, 0'
Out[59]= If/x2 " y2 E a2, U y 56771 +

a2
!!!!!!!!!!!!!!!!!
x2 " y2

89::, 00
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ÖõóéêÜ êáé ïé äõï ôïõò åßíáé áñìïíéêÝò óõíáñôÞóåéò. (ÊáëÞ èá åßíáé êé áõôÞ ç åðáëÞèåõóç. ×ñåéÜæåôáé!)

In[60]:= !!(&x, y',2-, Laplacian&(&x, y',2-'", !)&x, y',2-, Laplacian&)&x, y',2-'"" ## Simplify

Out[60]= !!U x 56771 "
a2

!!!!!!!!!!!!!!!!!
x2 " y2

89::, 0", !U y 56771 +
a2

!!!!!!!!!!!!!!!!!
x2 " y2

89::, 0""
Åßôå ç ìßá åßôå ç Üëëç áðü ôéò äýï áõôÝò óõíáñôÞóåéò ìáò åßíáé áðüëõôá åðáñêÞò ãéá ôç ó÷åäßáóç ôïõ

ðáñüíôïò ðåäßïõ ñïÞò,  áöïý âÝâáéá êáèïñéóèïýí áñéèìçôéêÜ ïé  äýï óôáèåñÝò a  (áêôßíá ôïõ êõëßíäñïõ)

êáé U (ôá÷ýôçôá ôïõ éäåáôïý ñåõóôïý óôï Üðåéñï). Åäþ ôéò ðáßñíïõìå ãéá äéåõêüëõíóç ßóåò ìå ôç ìïíÜäá:

In[61]:= !a 9 1, U 9 1";
Èá  èåùñÞóïõìå  ðñþôá  ôï  äõíáìéêü  ôá÷ýôçôáò  Ö"x, y# .  ÐñïçãïõìÝíùò  üìùò  áò  ó÷åäéÜóïõìå  ôïí  ßäéï

ôïí êýëéíäñï Cylinder (åäþ óå ôïìÞ âÝâáéá). Áõôü ìðïñåß íá ãßíåé áñêåôÜ åýêïëá ìå ôçí åíôïëÞ

In[62]:= Cylinder 9 Show&Graphics&Disk&!0, 0", a'',
PlotRange A !!?5, 5", !?1.35, 1.35"", AspectRatio A 1.35#5,
PlotLabel A "47$/."52' '+ ,201", DefaultFont A !"Courier?Bold", 14",
Background A RGBColor&1., 1, 0.6', ImageSize A 280';

47$/."52' '+ ,201

Ó÷åäéÜæïõìå  ôþñá  êáé  ôï  äéáíõóìáôéêü  ðåäßï  ôçò ôá÷ýôçôáò  V  ôïõ  ñåõóôïý  ìå  ôç  ÷ñÞóç ôçò  åíôïëÞò

PlotGradientField, áöïý áðïöáóßóáìå åäþ íá ÷ñçóéìïðïéÞóïõìå ðñþôá ôï äõíáìéêü ôá÷ýôçôáò Ö"x, y# : 
In[63]:= VelocityField1 9 PlotGradientField&(&x, y', !x, ?4, 4",!y, ?3, 3", ScaleFactor A 0.55, Background A RGBColor&0.85, 1, 1',

PlotLabel A "&+"/2 ,-67,1,-' !75* -&2 47$/."52",
DefaultFont A !"Arial?Bold", 14", ImageSize A 371';
`"c+% $._)$^$.' -)*, .`% ()&+#c*%

Êáëýôåñá åßíáé üìùò íá âåëôéþóïõìå ôçí åìöÜíéóç ôïõ ßäéïõ ðåäßïõ ôá÷ýôçôáò åéóÜãïíôáò óôï ó÷Þìá

êáé  ôïí  ßäéï  ôïí  êýëéíäñï  Cylinder  ðïõ  ôïí  Ý÷ïõìå  êéüëáò  Ýôïéìï.  Áõôüò  èá  êÜíåé  ôï  ó÷Þìá  ðïëý  ðéï

óáöÝò óôçí ðáñïýóá ñïÞ ãýñù áðü êýëéíäñï. Áò ÷ñçóéìïðïéÞóïõìå åðßóçò ôçí åðéëïãÞ Frame ! True:
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In[64]:= VelocityField2 9 Show&Cylinder, VelocityField1,

Background A RGBColor&0.85, 1, 1', PlotRange A !!?4.1, 4.4", !?3.2, 3.2"",
AspectRatio A 3.2#4.25, PlotLabel ?E "&+"/2 ,-67,1,-' !75* -&2 47$/."52",
DefaultFont A !"Arial?Bold", 14", Frame A True, ImageSize A 371';

(C (< S < C
(@

(<

(1

S

1

<

@
`"c+% $._)$^$.' -)*, .`% ()&+#c*%

Ðéï ïõóéáóôéêü åßíáé ôï íá êÜíïõìå ïñéóìÝíåò ðáñáôçñÞóåéò. Íáé, ôï äéÜíõóìá ôçò ôá÷ýôçôáò V ôïõ ñåõ-

óôïý ðñïóðåñíÜåé  ôïí êýëéíäñï (ðïõ áðïôåëåß  ôï åìðüäéï óôç ñïÞ). Ôï ñåõóôü ñÝåé áðü ðÜíù êáé áðü

êÜôù áðü ôïí êýëéíäñï. ¼ìùò ãéá íá ôïí ðáñáêÜìøåé áíáãêÜæåôáé íá áõîÞóåé  óçìáíôéêÜ ôçí ôá÷ýôçôÜ

ôïõ V.  Ç ôá÷ýôçôá óôá óçìåßá (0,  1) êáé (0,  –1) (ôï õøçëüôåñï êáé ôï ÷áìçëüôåñï óçìåßï ôïõ êõëßíäñïõ

áíôßóôïé÷á)  åßíáé  êáôÜ  ìÝôñï  äéðëÜóéá  áðü  ôçí  ôá÷ýôçôá  U  ôïõ  ñåõóôïý  óôï  Üðåéñï:  ìáêñéÜ  áðü  ôïí

êýëéíäñï. Óôï ó÷Þìá öáßíåôáé ðåñßðïõ äéðëÜóéá. Ôï üôé åßíáé áêñéâþò äéðëÜóéá ðñïêýðôåé ìå õðïëïãéóìü:

In[65]:= (&x, y',2-
Out[65]= x =1 "

1
!!!!!!!!!!!!!!!!!
x2 " y2

>
In[66]:= !V&x_, y_' 9 Grad&(&x, y',2-' ## FullSimplify, Limit&V&x, y', y A C'"
Out[66]= !!1 "

+x2 " y2
!!!!!!!!!!!!!!!!!!!!!!!!!#x2 " y2$2 , +

2 x y
!!!!!!!!!!!!!!!!!!!!!!!!!#x2 " y2$2 , 0", '1, 0, 0("

ÅðïìÝíùò ðñáãìáôéêÜ ðñïêýðôåé äéðëÜóéá ôá÷ýôçôá áðü ôï Üðåéñï, åêåß ìå V ' "U , 0, 0# ' "1, 0, 0# :
In[67]:= !V&0, 1', V&0, ?1'"
Out[67]= ''2, 0, 0(, '2, 0, 0((
Ðáñáôçñïýìå åðßóçò áðü ôï ðéï ðÜíù ó÷Þìá üôé ç ôá÷ýôçôá  V  ôïõ ñåõóôïý óôçí ðåñéöÝñåéá ðïõ áðï-

ôåëåß  ôï  óýíïñï  ôïõ  êõêëéêïý  ìáò  êõëßíäñïõ  åöÜðôåôáé  óôçí  ðåñéöÝñåéá  áõôÞ,  äåí  Ý÷åé  êÜèåôç  óõíé-

óôþóá ó' áõôÞí. Åßíáé åýëïãï áõôü, áöïý ï êýëéíäñïò åßíáé óôåñåüò. Äå ìðïñåß ôï ñåõóôü íá ìðåé óôïí

êýëéíäñï.  ÐñÝðåé  íá  ôïí ðáñáêÜìøåé  êáé  áõôü  ðñÜãìáôé  êÜíåé,  üðùò öáßíåôáé  óôï  ðñïçãïýìåíï ó÷Þìá.

ÅéäéêÜ óôá óçìåßá (–1, 0) êáé (1, 0) ç ôá÷ýôçôá V ìçäåíßæåôáé: V = 0: óçìåßá (ãñáììÝò) áíáêïðÞò ôçò ñïÞò. 

Ìéá ðïõ Ýôõ÷å íá ãíùñßæïõìå åäþ êáé ôç ñïúêÞ óõíÜñôçóç (Þ óõíÜñôçóç ñïÞò) Ø"x, y#,  ìðïñïýìå ôþñá

íá ó÷åäéÜóïõìå ôï ßäéï áêñéâþò ðåäßï ôá÷ýôçôáò V  êáé ìå ôç ÷ñÞóç ôçò åíôïëÞò PlotHamiltonianField.

Áò êÜíïõìå êé áõôÞí ôç ó÷åäßáóç áëëÜæïíôáò ìÜëéóôá êáé ëßãï ôéò åðéëïãÝò ìáò:  
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In[68]:= VelocityField3 9 PlotHamiltonianField&)&x, y', !x, ?5, 5",!y, ?3, 3", ScaleFactor A 0.65, DisplayFunction A Identity';
In[69]:= VelocityField4 9 Show&Cylinder, VelocityField3, AspectRatio A 3.1#5.3,

PlotRange A !!?5.1, 5.5", !?3.1, 3.1"", Frame A True, PlotLabel A None,

FrameLabel A !"&+"/2 ,-67,1,-' !75* -&2 47$/."52", "", "", """, DefaultFont A!"Arial?Bold", 14", Background A RGBColor&0.85, 1, 1', ImageSize A 380';

(C (< S < C
`"c+% $._)$^$.' -)*, .`% ()&+#c*%

(@

(<

(1

S

1

<

@

ÖõóéêÜ Ý÷ïõìå ðÜíôá êáé ôç äõíáôüôçôá ãéá ôç ó÷åäßáóç áõôïý ôïõ ðåäßïõ ôá÷ýôçôáò V íá ÷ñçóéìïðïé-

Þóïõìå  ôçí  åíôïëÞ  PlotVectorField  óå  óõíäõáóìü  áóöáëþò ìå  ôçí  ôá÷ýôçôá  V  ôïõ  ñåõóôïý  óå  êÜèå

óçìåßï ôçò ñïÞò, ü÷é üìùò êáé ìÝóá óôïí êýëéíäñï, ãéáôß åêåß äåí õðÜñ÷åé ñïÞ. Êáé åðéðëÝïí óôï êÝíôñï

(0,  0) ôïõ êõëßíäñïõ ç áíýðáñêôç áõôÞ ôá÷ýôçôá èá ìáò äþóåé ëÜèïò ëüãù áðåéñéóìïý ôçò.  ¢ñá ÷ñåéÜ-

æåôáé ç åíôïëÞ If êáé óôïí ïñéóìü ôçò ôá÷ýôçôáò V. Äå èá ðñï÷ùñÞóïõìå üìùò óôç ó÷åôéêÞ ó÷åäßáóç. 

Ðñéí ôï ôÝëïò êé áõôÞò ôçò åöáñìïãÞò óôç Ñåõóôïìç÷áíéêÞ, áò êÜíïõìå êÜôé ðéï åíäéáöÝñïí. Áò öïñôþ-

óïõìå ôï ðáêÝôï Graphics`ImplicitPlot` ãéá ôç ó÷åäßáóç óõíáñôÞóåùí ðïõ åßíáé óå ðåðëåãìÝíç ìïñöÞ:

In[70]:= Needs&"Graphics`ImplicitPlot "̀'
Ôþñá ìðïñïýìå íá ó÷åäéÜóïõìå åýêïëá ìåñéêÝò ãñáììÝò ñïÞò (streamlines) ãéá ôçí ïìïéüìïñöç, ðáñÜë-

ëçëç ñïÞ ðïõ ðáñåìðïäßæåôáé  áðü ôïí êýëéíäñï.   Óôéò ãñáììÝò áõôÝò ç ñïúêÞ óõíÜñôçóç Ø"x, y#  åßíáé

âÝâáéá óôáèåñÞ. ÌåñéêÝò ôÝôïéåò ãñáììÝò ñïÞò StreamLines äçìéïõñãïýìå ðïëý åýêïëá ìå ôçí åíôïëÞ:

In[71]:= StreamLines 9 ImplicitPlot&Table&)&x, y',2- = c, !c, ?3, 3, 0.5"', !x, ?5, 5",
PlotStyle A Thickness&0.004', Background A RGBColor&0.85, 1, 1', ImageSize A 190';
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Äåí éó÷ýïõí üìùò óôï åóùôåñéêü ôïõ êõëßíäñïõ. (Åêåß äåí õðÜñ÷åé êáèüëïõ ñïÞ. ¢ñá ïýôå êáé ãñáììÝò

ñïÞò!) ÅðïìÝíùò ôåëéêÜ åßíáé ðïëý ðñïôéìüôåñï íá äåßîïõìå ìáýñï ôïí êýëéíäñï ìå ôç óýíèåôç åíôïëÞ

In[72]:= Show&Cylinder, StreamLines, PlotRange A !!?5, 5", !?3, 3"", AspectRatio A 3# 5,
PlotLabel ?E "521 &27 &-5+0&2"/8+,-/ -&2 ',-#+52 47$/."52",
Background A RGBColor&0.85, 1, 0.8', ImageSize A 400';

521 &27 &-5+0&2"/8+,-/ -&2 ',-#+52 47$/."52

Íá êáé ï óõíäõáóìüò ôïõ ðåäßïõ ôá÷ýôçôáò V ôçò ñïÞò êáé ôùí ãñáììþí ñïÞò óôï ßäéï ðéï êÜôù ó÷Þìá.

(Óçìåéþíåôáé êáé ðáñáôçñåßôáé üôé ç ôá÷ýôçôá V ôïõ ñåõóôïý åöÜðôåôáé óõíå÷þò óôéò ãñáììÝò ñïÞò.)

In[73]:= Show&Cylinder, VelocityField2, StreamLines,

PlotLabel A "&+"/2 ,-67,1,-' 4-/ !5-00+' 521'", DefaultFont A !"Times?Bold", 13",
PlotRange A !!?4.1, 4.4", !?3.35, 3.35"", AspectRatio A 3.35#4.25,
Background A RGBColor&0.85, 1, 0.8', Frame A True, ImageSize A 400';

(! (" # " !

($

("

(%

#

%

"

$

&'()* +,-.+/+,0 1,) 23,44'0 3*/0

Áêñéâþò üðùò ó÷åäéÜóáìå ðñéí ìå ôçí åíôïëÞ ImplicitPlot ôéò ãñáììÝò ñïÞò, streamlines (ìå óôáèåñÞ ôç

ñïúêÞ óõíÜñôçóç: Ø"x, y# ' c ),  ôï ßäéï áêñéâþò ìðïñïýìå íá ó÷åäéÜóïõìå êáé ôéò éóïäõíáìéêÝò ãñáììÝò,

equipotential lines (ìå óôáèåñü ôï äõíáìéêü ôá÷ýôçôáò: Ö"x, y# ' c ). Ãéá íá äïýìå ëéãÜêé êé áõôü ôï ó÷Þìá:
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In[74]:= EquipotentialLines 9

ImplicitPlot&Table&(&x, y',2- = c, !c, ?5, 5, 0.5"', !x, ?5, 5", !y, ?3.4, 3.4",
AspectRatio A 3.4#5, PlotPoints A 150, PlotStyle A Thickness&0.004',
Background A RGBColor&0.85, 1, 0.8', ImageSize A 324';
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(Óçìåéþíåôáé ðùò áíôß ãéá ôçí åíôïëÞ ImplicitPlot  ìðïñåß íá ÷ñçóéìïðïéçèåß êáé ç åíôïëÞ ContourPlot.)
Ìðïñïýìå âÝâáéá íá ðáñïõóéÜóïõìå óôï ßäéï ó÷Þìá êáé ôéò éóïäõíáìéêÝò ãñáììÝò êáé ôéò ãñáììÝò ñïÞò:

In[75]:= Show&Cylinder, EquipotentialLines, StreamLines,

PlotLabel ?E "/'2"7.-0/4+' !5-00+' 4-/ !5-00+' 521'",
FrameLabel A !""/4,72 521' $&$+!0- 521'%", "", "", """,
DefaultFont A !"Times?Bold", 13",
PlotRange A !!?5.1, 5.1", !?3.4, 3.4"", AspectRatio A 3.4#5.1,
Background A RGBColor&0.85, 1, 0.8', Frame A True, ImageSize A 382';

(! (" # " !
()1+.* 3*/0 "&5'24, 3*/0#($

("

(%

#

%

"

$

)0*(.6,4)1'0 23,44'0 1,) 23,44'0 3*/0

Ðáñáôçñïýìå  öõóéêÜ  üôé,  üðùò  Þäç  ãíùñßæïõìå  áðü  ôçí  ÐáñÜãñáöï  Â3.4.5  ôïõ  ÌÝñïõò  Â  ôùí  äéäá-

êôéêþí âéâëßùí, ïé éóïäõíáìéêÝò ãñáììÝò êáé ïé ãñáììÝò ñïÞò áðïôåëïýí óýóôçìá ïñèïãùíßùí ôñï÷éþí.

(Ç êÜèå éóïäõíáìéêÞ ãñáììÞ ôÝìíåé êÜèå ãñáììÞ ñïÞò êÜèåôá, ïñèïãþíéá êáé áíôßóôñïöá âÝâáéá.) ¼ëåò

ìáæß áõôÝò ïé ãñáììÝò (Þ êáìðýëåò): ôüóï ïé ãñáììÝò ñïÞò (streamlines) üóï êáé ïé éóïäõíáìéêÝò ãñáììÝò

(equipotential lines) ó÷çìáôßæïõí Ýíá äßêôõï ñïÞò (Þ ðëÝãìá ñïÞò, flow net), üðùò óôï ó÷Þìá.

Áóöáëþò  ìðïñïýìå  íá  ðáñïõóéÜóïõìå  óôï  ßäéï  ó÷Þìá  ôüóï  ôéò  éóïäõíáìéêÝò  ãñáììÝò  (equipotential

lines) üóï êáé ôï ðåäßï ôá÷ýôçôáò (velocity field) óôçí ðáñïýóá ñïÞ (flow) ãýñù áðü ôïí êýëéíäñï:
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In[76]:= Show&Cylinder, VelocityField4, EquipotentialLines,

PlotLabel A "&+"/2 ,-67,1,-' 4-/ /'2"7.-0/4+' !5-00+'",
DefaultFont A !"Times?Bold", 13",
PlotRange A !!?5.1, 5.5", !?3.4, 3.4"", AspectRatio A 3.4#5.3,
Background A RGBColor&0.8, 1, 1', Frame A True, ImageSize A 382';

(! (" # " !

($

("

(%

#

%

"

$

&'()* +,-.+/+,0 1,) )0*(.6,4)1'0 23,44'0

¸÷ïõìå ôÝëïò ôç äõíáôüôçôá íá ðáñïõóéÜóïõìå óôï ßäéï  ó÷Þìá (á)  ôï ðåäßï ôá÷õôÞôáò ôçò ñïÞò ìáò,

(â) ôéò éóïäõíáìéêÝò ãñáììÝò êáé (ã) ôéò ãñáììÝò ñïÞò ôáõôü÷ñïíá (îáíÜ ìå ôç ÷ñÞóç ôçò åíôïëÞò Show):

In[77]:= Show&Cylinder, VelocityField4, EquipotentialLines,

StreamLines, PlotLabel A "&$15+' &+"/2 521' !75* -&2 47$/."52",
DefaultFont A !"Arial?Bold", 14",
PlotRange A !!?5.1, 5.5", !?3.4, 3.4"", AspectRatio A 3.4#5.3,
Background A RGBColor&0.8, 1, 1', Frame A True, ImageSize A 382';

(C (< S < C

(@

(<

(1

S

1

<

@

`&^*"' `"c+% *%^' -)*, .`% ()&+#c*%

ÁñêåôÜ ùò åäþ! ÓôáìáôÜìå! ÐÞñáìå Þäç ìéá êáëÞ åéêüíá ôùí äõíáôïôÞôùí ôçò Mathematica  ãéá ôç ãñá-

öéêÞ  ðáñÜóôáóç  äéäéÜóôáôùí ðåäßùí  ìüíéìçò  áóôñüâéëçò  ñïÞò  éäåáôïý  ñåõóôïý  óôç  Ñåõóôïìç÷áíéêÞ:

(á)  ðåäßï  ôá÷ýôçôáò,  (â)  éóïäõíáìéêÝò  ãñáììÝò  êáé  (ã)  ãñáììÝò  ñïÞò.  (Ìå  ôéò  ãíþóåéò  ðïõ  áðïêôÞóáìå

ìðïñïýìå íá ó÷åäéÜóïõìå ðÜñá ðïëëÜ ðåäßá ñïÞò,  üðùò ôá ðåäßá ñïÞò ôçò ðçãÞò êáé  ôçò äßíçò.)  Åäþ

ïöåßëïõìå ðÜíôùò íá äéåñùôçèïýìå ðüóç þñá óô' áëÞèåéá èá ÷ñåéáæüôáí ï Ðïëéôéêüò Ìç÷áíéêüò, ãéá íá

åôïéìÜóåé  ÷ùñßò  ôïí  õðïëïãéóôÞ  ôïõ  ôï  ðéï  ðÜíù  ó÷Þìá  êáé  óùóôÜ  ìÜëéóôá  êáé  åðßóçò  ìå  êÜðùò

áîéïðñåðÞ åìöÜíéóç (üðùò ðéï ðÜíù); ¢ñáãå áîßæåé íá áöéåñþóåé üëï áõôüí ôï ÷ñüíï óå õðïëïãéóìïýò;

98 CE-Mathematica-E12-VectorAnalysis-2008.nb



! Notebook  E13

ÅÍÔÏËÅÓ ÃÉÁ ÔÇÍ ÅÐÉËÕÓÇ ÅÎÉÓÙÓÅÙÍ
10  ÅÍÔÏËÅÓ:   E1. Solve,  E2. Roots,  E3. LinearSolve,  E4. Reduce,

E5. NSolve,  E6. FindRoot,  Å7. BesselJZeros,  Å8. BesselYZeros, 

Å9. BesselJPrimeZeros,  Å10. BesselYPrimeZeros

! ÅÍÔÏËÇ Å1:  ÅÐÉËÕÓÇ ÅÎÉÓÙÓÅÙÍ  
Solve[Åîßóùóç,  ¢ãíùóôïò]  

Solve[ËßóôáÅîéóþóåùí,  ËßóôáÁãíþóôùí]  

Ðñüêåéôáé ãéá ôç óõíçèéóìÝíç, ôç ãåíéêÞ åíôïëÞ åðéëýóåùò åîéóþóåùí, óõíÞèùò áëãåâñéêþí, ìåñéêÝò

öïñÝò êáé õðåñâáôéêþí (ðïõ ðåñéÝ÷ïõí, ð.÷., ôñéãùíïìåôñéêÝò Þ õðåñâïëéêÝò óõíáñôÞóåéò). Ç åîßóùóç

ìðïñåß íá ðåñéÝ÷åé êáé ðáñáìÝôñïõò. Ìå ôçí åíôïëÞ áõôÞ åðéëýïíôáé åðßóçò êáé óõóôÞìáôá åîéóþóå-

ùí. Óå êÜèå ðåñßðôùóç ðñÝðåé íá ÷ñçóéìïðïéåßôáé ôï óýìâïëï ôçò åîéóþóåùò (ôï äéðëü ßóïí 3 ) êáé

ü÷é  ôï  óýìâïëï  êáèïñéóìïý  ôéìÞò  (ôï  áðëü  ßóïí  =  ).  Óôéò  ðïëõùíõìéêÝò  åîéóþóåéò  êëåéóôÝò  ëýóåéò

õðÜñ÷ïõí óõíÞèùò ìÝ÷ñé  êáé  ôçí ôåôáñôïâÜèìéá åîßóùóç.  Ç  ëýóç äßíåôáé  ðÜíôïôå óå ìïñöÞ ëßóôáò

êáíüíùí áíôéêáôáóôÜóåùò  ãéá  ôïí Üãíùóôï  Þ  ôïõò áãíþóôïõò  ðïõ Ý÷ïõí  ðñïóäéïñéóèåß.  Ðáñáäåß-

ãìáôá ôþñá: ìéá ôñéôïâÜèìéá åîßóùóç ìå áñéèìçôéêïýò óõíôåëåóôÝò åäþ ìå ôñåéò ðñáãìáôéêÝò ëýóåéò:

In[1]:= sol1 9 Solve&x3 : 2;x2 ? 1 = 0, x'
Out[1]= !'x , +1(, !x ,

1
!!!!
2

,+1 +*++++5 -", !x ,
1
!!!!
2

,+1 "*++++5 -""
In[2]:= !sol1,1-, sol1,2-, sol1,3-, NumberOfSolutions 9 Length&sol1'"
Out[2]= !'x , +1(, !x ,

1
!!!!
2

,+1 +*++++5 -", !x ,
1
!!!!
2

,+1 "*++++5 -", 3"
In[3]:= NumericalApproximationsOfSolutions9 N&sol1, 18'
Out[3]= ''x , +1.00000000000000000(, 'x , +1.61803398874989485(, 'x , 0.618033988749894848((
Ìéá äåõôåñïâÜèìéá åîßóùóç ùò ðñïò x ìå óõíôåëåóôÝò óýìâïëá ìå äýï ðñáãìáôéêÝò ëýóåéò ùò ðñïò x

In[4]:= !eq2 9 a x2 : b x : c = 0, sol2 9 Solve&eq2, x', Solve&eq2, a'"
Out[4]= !c " b x " a x2 %% 0, !!x ,

+b +
*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

", !x ,
+b "

*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

"", !!a ,
+c + b x
!!!!!!!!!!!!!!!!!!!!

x2
"""

In[5]:= !Length&sol2', Table&sol2,k-, !k, 1, Length&sol2'"'"
Out[5]= !2, !!x ,

+b +
*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

", !x ,
+b "

*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

"""
Ìéá  ðïëý  áðëÞ  åîßóùóç  äåêÜôïõ  âáèìïý  ìå  äÝêá  ñßæåò  åéäéêÜ  åäþ  óå  êëåéóôÞ  ìïñöÞ,  êÜôé  ðïõ  åßíáé

âÝâáéá óðÜíéï. Áðü áõôÝò ïé ïêôþ åßíáé ìéãáäéêÝò êáé ìüíï ïé äýï åßíáé ðñáãìáôéêÝò:
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In[6]:= !eq3 9 t10 = 1, sol3 9 Solve&eq3, t', Length&sol3', NumericalValues 9 N&sol3'"
Out[6]= 't10 %% 1, ''t , +1(, 't , 1(, 't , +#+1$1.5(, 't , #+1$1.5(, 't , +#+1$2.5(,'t , #+1$2.5(, 't , +#+1$3.5(, 't , #+1$3.5(, 't , +#+1$4.5(, 't , #+1$4.5((, 10,''t , +1.(, 't , 1.(, 't , +0.809017 + 0.587785 $(, 't , 0.809017 " 0.587785 $(,'t , +0.309017 + 0.951057 $(, 't , 0.309017 " 0.951057 $(, 't , 0.309017 + 0.951057 $(,'t , +0.309017 " 0.951057 $(, 't , 0.809017 + 0.587785 $(, 't , +0.809017 " 0.587785 $(((
Ìéá  áðëÞ  åîßóùóç  ìå  ôåôñáãùíéêÝò  ñßæåò.  Ç  Mathematica  ðñïóäéïñßæåé  ìüíï  ôéò  áëçèéíÝò  ñßæåò  êáé

áðáëåßöåé  ôéò  ðáñáóéôéêÝò  ñßæåò  ðïõ  ìðïñïýí  íá  ðáñïõóéáóèïýí  ìåôÜ  áðü  ôéò  áíáãêáßåò  õøþóåéò  óå

äõíÜìåéò. Ç Mathematica åðáëçèåýåé ìüíç ôçò (áõôüìáôá) ôéò ëýóåéò ðïõ âñßóêåé ìå ôçí åíôïëÞ Solve

In[7]:= !EquationWithRoots 9 Sqrt&x' : Sqrt&2;x' : 5 x = 10,

solution 9 Solve&EquationWithRoots, x', Length&solution', N&solution'"
Out[7]= !*++++

x "
*++++
2

*++++
x " 5 x %% 10, !!x ,

1
!!!!!!!
50

5677103 " 2
*++++
2 +

;<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
617 " 412

*++++
2 89::"", 1, ''x , 1.42385(("

Ìéá áðëÞ ôñéãùíïìåôñéêÞ åîßóùóç ðïõ Ý÷åé Üðåéñåò ëýóåéò (ñßæåò). Ç Mathematica ðñïóäéïñßæåé ìüíï ìßá

áðü ôéò ëýóåéò áõôÝò (ãåíéêÜ ôç âáóéêÞ) ìå ðñïåéäïðïßçóç üìùò ãéá ôçí ðéèáíÞ ýðáñîç êé Üëëùí ëýóåùí

In[8]:= TrigonometricEquation 9 Sin&a x' = b; sol4 9 Solve&TrigonometricEquation, x'
Solve::ifun& : &Inverse functions are being used by Solve, so some solutions may not be found.

Out[8]= !!x ,
ArcSin%b&
!!!!!!!!!!!!!!!!!!!!!!!!!!!

a
""

Ìéá áðëÞ åîßóùóç ðïõ ðåñéÝ÷åé ôçí åêèåôéêÞ óõíÜñôçóç

In[9]:= !ExponentialEquation 9 Exp&a x';Exp&b x' = 5, Solve&ExponentialEquation, x'"
Solve::ifun& : &Inverse functions are being used by Solve, so some solutions may not be found.

Out[9]= !3a x"b x %% 5, !!x ,
Log%5&
!!!!!!!!!!!!!!!!!!!
a " b

"""
Ç ßäéá åíôïëÞ Solve åßíáé êáé ç ãåíéêÞ åíôïëÞ åðéëýóåùò óõóôçìÜôùí åîéóþóåùí åßôå ãñáììéêþí åßôå ìç

ãñáììéêþí.  ÖõóéêÜ  ó'  áõôÞí  ôçí  ðåñßðôùóç  äßíïõìå  óáí  ðñþôï  üñéóìá  ôçò  åíôïëÞò  ôç  ó÷åôéêÞ  ëßóôá

åîéóþóåùí (áíôß áðëÞ åîßóùóç) êáé óáí äåýôåñï üñéóìá ôç ëßóôá ôùí áãíþóôùí ðïõ æçôÜìå íá âñïýìå

In[10]:= SystemOfEquations 9 !a x2 : b x = c, a y : 2 b y2 = 3"; Solve&SystemOfEquations, !x, y"'
Out[10]= !!x ,

+b +
*++++++++++++++++++++++
b2 " 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

, y ,
+a +

*+++++++++++++++++++++
a2 " 24 b

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4 b

", !x ,
+b +

*++++++++++++++++++++++
b2 " 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

, y ,
+a "

*+++++++++++++++++++++
a2 " 24 b

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4 b

",!x ,
+b "

*++++++++++++++++++++++
b2 " 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

, y ,
+a +

*+++++++++++++++++++++
a2 " 24 b

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4 b

", !x ,
+b "

*++++++++++++++++++++++
b2 " 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

, y ,
+a "

*+++++++++++++++++++++
a2 " 24 b

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4 b

""
In[11]:= ThreeLinearEquations 9 !2;x : 5;y ? 3;z = 9, 4;x ? 10;y : 7;z = ?7, ?3;x : 2;y : 8;z = ?6";
In[12]:= !Solution1 9 Solve&ThreeLinearEquations, !x, y, z"', Length&Solution1', N&Solution1'"
Out[12]= !!!x ,

554
!!!!!!!!!!
387

, y ,
370
!!!!!!!!!!
387

, z , +
175
!!!!!!!!!!
387

"", 1, ''x , 1.43152, y , 0.956072, z , +0.452196(("
ÅðáëÞèåõóç (verification) ôçò ëýóåùò ðïõ âñÝèçêå:

In[13]:= VerificationOfTheSolution 9 ThreeLinearEquations #. Solution1
Out[13]= ''True, True, True((
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! ÅÍÔÏËÇ E2:  ÅÐÉËÕÓÇ ÐÏËÕÙÍÕÌÉÊÙÍ ÅÎÉÓÙÓÅÙÍ
Roots[ÐïëõùíõìéêÞÅîßóùóç,  ¢ãíùóôïò] 

Ç åíôïëÞ áõôÞ äßíåé ôç ëýóç ìéáò ðïëõùíõìéêÞò åîéóþóåùò (êáìéÜò Üëëçò ìïñöÞò!) óå ìïñöÞ ëïãéêÞò

ðáñáóôÜóåùò óå áíôßèåóç ìå ôçí ðñïçãïýìåíç åíôïëÞ Solve, ðïõ ôç äßíåé óå ìïñöÞ ëßóôáò êáíüíùí

áíôéêáôáóôÜóåùò. ÐÝñá áðü áõôÞí ôç äéáöïñÜ ïé ëýóåéò âÝâáéá óõìðßðôïõí. ÐáñÜäåéãìá: 

In[14]:= !sol1 9 Solve&x3 : x : 2 = 0, x', Length&sol1', N&sol1', sol1,2, 1, 2-"
Out[14]= !!'x , +1(, !x ,

1
!!!!
2

,1 + $
*++++
7 -", !x ,

1
!!!!
2

,1 " $
*++++
7 -"", 3,''x , +1.(, 'x , 0.5 + 1.32288 $(, 'x , 0.5 " 1.32288 $((, 1

!!!!
2

,1 + $
*++++
7 -"

In[15]:= !sol2 9 Roots&x3 : x : 2 = 0, x', N&sol2', sol2,1, 2-, sol1,2, 1, 2- = sol2,1, 2-"
Out[15]= !x %%

1
!!!!
2

,1 + $ *++++7 - ?? x %%
1
!!!!
2

,1 " $ *++++7 - ?? x %% +1,

x %% 0.5 + 1.32288 $ ?? x %% 0.5 " 1.32288 $ ?? x %% +1.,
1
!!!!
2

,1 + $ *++++7 -, True"
! ÅÍÔÏËÇ E3:  ÅÐÉËÕÓÇ ÃÑÁÌÌÉÊÙÍ ÅÎÉÓÙÓÅÙÍ

LinearSolve[ÌçôñþïÓõíôåëåóôþíÔùíÁãíþóôùí,  ÄéÜíõóìáÄåîéþíÌåëþí] 

Ç  åíôïëÞ  áõôÞ  âñßóêåé  ôç  ëýóç  åíüò  ãñáììéêïý  óõóôÞìáôïò  áëãåâñéêþí  åîéóþóåùí  ôï  ïðïßï  åßíáé

ãñáììÝíï óôç ìçôñùúêÞ ìïñöÞ Á× = Â  ìå ôï ìçôñþï Á óôï ðñþôï üñéóìÜ ôçò êáé ôï äéÜíõóìá Â óôï

äåýôåñï üñéóìÜ ôçò. Ôï áðïôÝëåóìá åßíáé ôï äéÜíõóìá X ôùí áãíþóôùí. ÔÝôïéá ãñáììéêÜ óõóôÞìáôá

(óå ìçôñùúêÞ ìïñöÞ, óå ìïñöÞ ìå ìçôñþá) áðáíôþíôáé ðÜñá ðïëý óõ÷íÜ óôçí ÅðéóôÞìç ôïõ Ðïëéôé-

êïý Ìç÷áíéêïý. Åäþ èá åðáíáëÜâïõìå ôï ó÷åôéêü ðáñÜäåéãìá ôçò åíôïëÞò Solve 

In[16]:= ThreeLinearEquations 9 !2;x : 5;y ? 3;z = 9, 4;x ? 10;y : 7;z = ?7, ?3;x : 2;y : 8;z = ?6";
In[17]:= !Solution1 9 Solve&ThreeLinearEquations, !x, y, z"', Length&Solution1', N&Solution1'"
Out[17]= !!!x ,

554
!!!!!!!!!!
387

, y ,
370
!!!!!!!!!!
387

, z , +
175
!!!!!!!!!!
387

"", 1, ''x , 1.43152, y , 0.956072, z , +0.452196(("
In[18]:= !A 9 !!2, 5, ?3", !4, ?10, 7", !?3, 2, 8"", B 9 !9, ?7, ?6"";
In[19]:= !Solution2 9 LinearSolve&A, B', Table&Solution1,1, k, 2- = Solution2,k-, !k, 1, 3"'"
Out[19]= !! 554

!!!!!!!!!!
387

,
370
!!!!!!!!!!
387

, +
175
!!!!!!!!!!
387

", 'True, True, True("
Ðïëý  ó÷åôéêÞ  ìå  ôçí  ðáñïýóá  åíôïëÞ  LinearSolve  åßíáé  êáé  ç  åíôïëÞ  RowReduce  óôï  Notebook  E8

(åíôïëÞ E8:  M17)  ãéá  ôçí áíçãìÝíç êáôÜ ãñáììÝò ìïñöÞ ìçôñþïõ.  Óôï  ðáñÜäåéãìÜ ìáò ïäçãåß  êé  áõôÞ

óôçí ßäéá áêñéâþò ëýóç üðùò êáé ç åíôïëÞ LinearSolve  ãñáììÝíç üìùò óå ëßãï äéáöïñåôéêÞ ìïñöÞ: ìå

ôç ëýóç íá áðïôåëåßôáé áðü ôçí ôåëåõôáßá óôÞëç (ôç äåîéÜ óôÞëç) ôïõ ìçôñþïõ ðïõ ðñïêýðôåé:

In[20]:= RowReduce&!!2, 5, ?3, 9", !4, ?10, 7, ?7", !?3, 2, 8, ?6""'
Out[20]= !!1, 0, 0,

554
!!!!!!!!!!
387

", !0, 1, 0,
370
!!!!!!!!!!
387

", !0, 0, 1, +
175
!!!!!!!!!!
387

""
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! ÅÍÔÏËÇ E4:  ËÅÐÔÏÌÅÑÇÓ ÅÐÉËÕÓÇ ÅÎÉÓÙÓÅÙÍ
Reduce[Åîßóùóç,  ¢ãíùóôïò] 

Reduce[ËßóôáÅîéóþóåùí,  ËßóôáÁãíþóôùí]  

Ç åíôïëÞ áõôÞ áðëïðïéåß ôçí åîßóùóç Þ ôï óýóôçìá ôùí åîéóþóåùí ðïõ äßíåôáé ìå ìåãÜëç ðñïóï÷Þ.

ÊáôáëÞãåé Ýôóé óôç ëåðôïìåñÞ ëýóç ôïõ,  ðïõ ðáßñíåé  õðüøç ôçò üëåò ôéò ðåñéðôþóåéò ðïõ ìðïñïýí

íá ðáñïõóéáóèïýí. Áíôßèåôá ç åíôïëÞ Solve êÜíåé õðïèÝóåéò êáôÜ ôçí åðßëõóç ÷ùñßò ìÜëéóôá íá ôéò

áíáöÝñåé. Åðßóçò ôá áðïôåëÝóìáôá ôçò åíôïëÞò Reduce åßíáé óå ìïñöÞ åêöñÜóåùí ìå ôç ÷ñÞóç ôùí

ëïãéêþí óõìâüëùí And (åðßóçò && Þ ,), Or (åðßóçò || Þ -) êáé Not (åðßóçò  ! =  Þ ¬).  Ðáñáäåßãìáôá: 

Óôï  ðéï  êÜôù  ðïëý  áðëü  ðáñÜäåéãìá  ôçò  ðñùôïâÜèìéáò  áëãåâñéêÞò  åîéóþóåùò  ðáñáôçñïýìå  ðùò  ç

åíôïëÞ Solve áðëÜ õðïèÝôåé ôç óôáèåñÜ a ìç ìçäåíéêÞ êáé äéáéñåß ì' áõôÞí.  Áíôßèåôá ç åíôïëÞ Reduce
ìáò  äßíåé  ôçí  ðëÞñç  ëýóç  ôçò  ßäéáò  åîéóþóåùò  ìå  ôç  äéÜêñéóç  ðåñéðôþóåùí  êáé  ôç  ÷ñÞóç  ëïãéêþí

ôåëåóôþí  óôç  ëýóç  ðïõ  âñßóêåé.  Ìå  ôçí  Ýííïéá  áõôÞ  üóåò  öïñÝò  åíäéáöåñüìáóôå  ãéá  ôç  ëýóç  ìå

äéåñåýíçóç ðåñéðôþóåùí ðñÝðåé íá ÷ñçóéìïðïéïýìå ôçí åíôïëÞ Reduce áíôß ãéá ôçí åíôïëÞ Solve: 

In[21]:= !Solve&a x = b, x', Reduce&a x = b, x', Reduce&a x = b, x' ## TraditionalForm"
Out[21]= !!!x ,

b
!!!!
a
"", a %% 0 && b %% 0 ?? x %%

b
!!!!
a
&& a F 0, a %% 0 @ b %% 0B x %%

b
!!!!
a

C a F 0"
Êáé  ôï  áíôßóôïé÷ï  ðáñÜäåéãìá  ôçò  äåõôåñïâÜèìéáò  áëãåâñéêÞò  åîéóþóåùò.  Ðáñáôçñïýìå  êáé  ðÜëé  ìå

ðüóï ìåãÜëç (óô' áëÞèåéá!) ðñïóï÷Þ Ý÷åé äïõëÝøåé ç åíôïëÞ Reduce óå áíôßèåóç ìå ôçí åíôïëÞ Solve

In[22]:= TheTwoSolutions 9 !Solve&a x2 : b x : c = 0, x', Reduce&a x2 : b x : c = 0, x'"
Out[22]= !!!x ,

+b +
*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

", !x ,
+b "

*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

"", x %%
+b +

*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

&& a F 0 ??
x %%

+b "
*++++++++++++++++++++++
b2 + 4 a c

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
2 a

&& a F 0 ?? a %% 0 && b %% 0 && c %% 0 ?? a %% 0 && x %% +
c
!!!!
b
&& b F 0"

In[23]:= TheTwoSolutions ## TraditionalForm

Out[23]//TraditionalForm=///x # (b(
011111111111111111111111
b2 ( 4 a c

4444444444444444444444444444444444444444444444444444444444
2 a

2, /x # 011111111111111111111111
b2 ( 4 a c ( b

4444444444444444444444444444444444444444444444444444
2 a

22, x '' (b(
011111111111111111111111
b2 ( 4 a c

4444444444444444444444444444444444444444444444444444444444
2 a

3 a . 04
x ''

011111111111111111111111
b2 ( 4 a c ( b

4444444444444444444444444444444444444444444444444444
2 a

3 a . 04 a '' 0 , b '' 0 , c '' 04 a '' 03 x '' (
c
444444
b

3 b . 02
! ÅÍÔÏËÇ E5:  ÅÐÉËÕÓÇ ÅÎÉÓÙÓÅÙÍ ÓÅ ÁÑÉÈÌÇÔÉÊÇ ÌÏÑÖÇ 

NSolve[Åîßóùóç,  ¢ãíùóôïò]  

NSolve[ËßóôáÅîéóþóåùí,  ËßóôáÁãíþóôùí]  

Ðñüêåéôáé ãéá ôçí áíÜëïãç åíôïëÞ ôçò åíôïëÞò Solve, áëëá ôþñá ìå ôéò ëýóåéò óå áñéèìçôéêÞ ìïñöÞ.

Ç  åîßóùóç ìðïñåß  íá ðåñéÝ÷åé  óýìâïëá.  ÌåñéêÝò  öïñÝò ìðïñåß  íá ÷ñçóéìïðïéçèåß  óáí ôñßôï  üñéóìá

êáé ç áêñßâåéá ôùí áñéèìçôéêþí ðñïóåããßóåùí ôùí ñéæþí. ÏõóéáóôéêÜ ôá ßäéá áðïôåëÝóìáôá ôá ðáßñ-

íïõìå ÷ñçóéìïðïéþíôáò ôçí åíôïëÞ Solve êáé óôç óõíÝ÷åéá óôç ëýóç Þ ôéò ëýóåéò ðïõ áõôÞ äßíåé ôçí

åíôïëÞ áñéèìçôéêÞò ðñïóåããßóåùò N. 

102 CE-Mathematica-E13-SolutionOfEquations-2008.nb



Ðáñáäåßãìáôá: 

In[24]:= !eq 9 x4 ? 10 = 0, Solve&eq, x', N&Solve&eq, x'', NSolve&eq, x'"
Out[24]= '+10 " x4 %% 0, ''x , +101.4(, 'x , +$ 101.4(, 'x , $ 101.4(, 'x , 101.4((,''x , +1.77828(, 'x , 0. + 1.77828 $(, 'x , 0. " 1.77828 $(, 'x , 1.77828((,''x , +1.77828(, 'x , +1.77828 $(, 'x , 1.77828 $(, 'x , 1.77828(((
In[25]:= !sol 9 NSolve&a x3 : 3 = 0, x', Length&sol'"
Out[25]= !!!x , +

1.44225
!!!!!!!!!!!!!!!!!!!!!!

a1.3 ", !x ,
0.721125 " 1.24902 $
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

a1.3 ", !x ,
0.721125 + 1.24902 $
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

a1.3 "", 3"
Ðñïöáíþò  óå  õðåñâáôéêÝò  åîéóþóåéò  (üðùò  åßíáé  ïé  åîéóþóåéò  ìå  ôñéãùíïìåôñéêÝò,  õðåñâïëéêÝò  êáé

åêèåôéêÝò  óõíáñôÞóåéò  êáé  ôéò  áíôßóôñïöÝò  ôïõò  óõíáñôÞóåéò)  äåí  ðñïóäéïñßæïíôáé  üëåò  ïé  ëýóåéò.

ÌåñéêÝò öïñÝò ìÜëéóôá ç åíôïëÞ  NSolve (üðùò êáé  ç åíôïëÞ Solve  âÝâáéá) äå ìðïñåß  íá ðñïóäéïñßóåé

êáìßá áðïëýôùò ëýóç. Ó' áõôÝò ôéò ðåñéðôþóåéò åìöáíßæïíôáé ðñïåéäïðïéçôéêÜ ìçíýìáôá ôçò Mathemat-

ica.  Óå ôÝôïéåò ðåñéðôþóåéò åßíáé óêüðéìç ç ÷ñÞóç ôçò åíôïëÞò FindRoot,  ðïõ êÜíåé  êáèáñÜ áñéèìçôéêÞ

åðßëõóç ôçò åîéóþóåùò. Ôçí åíôïëÞ áõôÞ FindRoot èá ôç äïýìå áìÝóùò ðáñáêÜôù.

In[26]:= NSolve&Cos&z' : Sin&z' = ?1, z, 18'
Solve::ifun& : &Inverse functions are being used by Solve, so some solutions may not be found.

Out[26]= ''z , +3.14159265358979324(, 'z , +1.57079632679489662(, 'z , 3.14159265358979324((
In[27]:= NSolve&Cos&z';Cosh&z' = ?1, z'

Solve::tdep& : &

The equations appear to involve the variables to be solved for in an essentially non+algebraic way.

Out[27]= NSolve%Cos%z& Cosh%z& %% +1, z&
! ÅÍÔÏËÇ E6:   

FindRoot[Åîßóùóç,  {¢ãíùóôïò,  ÓçìåßïÅêêéíÞóåùò}]

FindRoot[Åîßóùóç,  {¢ãíùóôïò,  {ÓçìåßïÅêêéíÞóåùò-1,  ÓçìåßïÅêêéíÞóåùò-2 }}]

FindRoot[Åîßóùóç,  {¢ãíùóôïò,  ÓçìåßïÅêêéíÞóåùò,  Áñ÷ÞÄéáóôÞìáôïò,  ÔÝëïòÄéáóôÞìáôïò}]

Óôçí ðñþôç ìïñöÞ ôçò ç åíôïëÞ áõôÞ FindRoot ðñïóäéïñßæåé áñéèìçôéêÜ (ìå ôç ìÝèïäï ôùí Newton–

Raphson)  ìßá  ñßæá  ôçò  åîéóþóåùò  ðïõ  äßíåôáé  îåêéíþíôáò  áðü  Ýíá  óçìåßï  åêêéíÞóåùò.  Óôç  äåýôåñç

ìïñöÞ ôçò åñãÜæåôáé áíÜëïãá, áëëÜ ôþñá ìå ôç ìÝèïäï ôçò ôÝìíïõóáò óôï äéÜóôçìá &a, b'  ôï ïðïßï

êáèïñßæåôáé  ìå  ôç ëßóôá äåîéÜ  óôï äåýôåñï üñéóìá ôçò åíôïëÞò.  ÔÝëïò óôçí ôñßôç ìïñöÞ ôçò ç ßäéá

åíôïëÞ FindRoot ðñïóðáèåß íá âñåé ìßá ñßæá îåêéíþíôáò ðÜëé áðü ôï óçìåßï åêêéíÞóåùò ðïõ äßíåôáé,

áëëÜ ìüíï óôï äéÜóôçìá &c, d'  ðïõ êáèïñßæåôáé ìåôÜ ôï óçìåßï åêêéíÞóåùò. Ðáñáäåßãìáôá: 

Èåùñïýìå  ôçí  õðåñâáôéêÞ  åîßóùóç ðïõ  ðáñïõóéÜæåôáé  óôïí  ðñïóäéïñéóìü  ôùí  éäéïóõ÷íïôÞôùí ùk óå

éäéïôáëáíôþóåéò óõíÞèïõò äïêïý ìÞêïõò L, åäþ óõãêåêñéìÝíá ìéáò ìïíüðáêôçò äïêïý ìå ðáêôùìÝíï ôï

áñéóôåñü Üêñï ôçò x = 0 êáé ìå êýëéóç óôï äåîéü x = L . Ó' áõôü ôï åíäéáöÝñïí ðñüâëçìá ãéá ôïí Ðïëéôéêü

Ìç÷áíéêü,  ðïõ  ôï  ìåëåôÞóáìå  ëåðôïìåñþò  óôçí  ÐáñÜãñáöï  Â6.2.5,  ðñïêýðôåé  ç  õðåñâáôéêÞ  åîßóùóç

(6.2.67), éóïäýíáìá (6.2.74) êáé åðßóçò éóïäýíáìá (6.2.85), ðïõ åßíáé ïõóéáóôéêÜ ç åîßóùóç éäéïóõ÷íïôÞôùí:
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In[28]:= FrequencyEquation 9 Tanh&z' = Tan&z';
ìå z = â L ôïí ôåëéêü Üãíùóôï. Ïýôå óõæÞôçóç äå ìðïñåß íá ãßíåé ãéá ôçí åíôïëÞ Solve Þ ôçí NSolve Þ

ôç Reduce ãéá ìéá ôÝôïéá õðåñâáôéêÞ åîßóùóç: áðïôõã÷Üíïõí ðëÞñùò. Áò ôï äïýìå áõôü ãéá ôç äåýôåñç

áðü ôéò åíôïëÝò áõôÝò: ôçí åíôïëÞ NSolve. (ÁíÜëïãá éó÷ýïõí êáé ãéá ôéò åíôïëÝò Solve êáé Reduce.)

In[29]:= NSolve&FrequencyEquation, z'
Solve::tdep& : &

The equations appear to involve the variables to be solved for in an essentially non+algebraic way.

Out[29]= NSolve%Tanh%z& %% Tan%z&, z&
Ôï ìüíï ðïõ ðÞñáìå Þôáí ôo ìÞíõìá ôçò áðïôõ÷ßáò ìáæß ìå ôçí Üëõôç åîßóùóÞ ìáò. (Êáé áðü "áñéèìçôéêÞ"

åíôïëÞ:  ôçí  NSolve.)  Áõôü  âÝâáéá  äå  óõìâáßíåé  áðü  êÜðïéïí  åëëéðÞ  ðñïãñáììáôéóìü  ôùí  åíôïëþí

áõôþí.  Óõìâáßíåé  áðëÜ  êáé  ìüíï,  åðåéäÞ  ç  åîßóùóÞ  ìáò  äåí  Ý÷åé  êëåéóôÞ  ëýóç.  Èá  ôç  ëýóïõìå  ëïéðüí

áñéèìçôéêÜ ìå ôçí ðáñïýóá åíôïëÞ FindRoot. Káôáñ÷Þí êÜíïõìå ôç ó÷åôéêÞ ãñáöéêÞ ðáñÜóôáóç:

In[30]:= Plot&Tanh&z' ? Tan&z', !z, 0, 12"'

2 4 6 8 10 12

-20

-10

10

20

30

Out[30]= B&Graphics&B

Ðáñáôçñïýìå üôé åêôüò áðü ôçí ðñïöáíÞ ñßæá óôï z0 ' 0  Ý÷ïõìå ñßæåò êïíôÜ óôï 4, óôï 7 êáé óôï 10.

ÁõôÝò  åßíáé  êáé  ïé  ñßæåò  ðïõ  áíôéóôïé÷ïýí  óôéò  ôñåéò  ðñþôåò  éäéïóõ÷íüôçôåò  ùk  ôçò  äïêïý  ìáò.  Ôéò

ðñïóäéïñßæïõìå ÷ñçóéìïðïéþíôáò åäþ ôçí åíôïëÞ FindRoot ôñåéò öïñåò, ðñþôá óôçí ðñþôç ôçò ìïñöÞ 

In[31]:= !FindRoot&FrequencyEquation, !z, 4"',
FindRoot&FrequencyEquation, !z, 7"',
FindRoot&FrequencyEquation, !z, 10"'"

Out[31]= ''z , 3.9266(, 'z , 7.06858(, 'z , 10.2102((
Ìåãáëýôåñç  áêñßâåéá  ðåôõ÷áßíïõìå  åêôåëþíôáò  ôéò  ðñÜîåéò  óôç  Mathematica  ìå  ìåãáëýôåñç  áêñßâåéá

WorkingPrecision, ð.÷. ìå 35 óçìáíôéêÜ øçößá. ¸ôóé ìðïñïýìå íá ðÜñïõìå Üíåôá ðéï áêñéâåßò ñßæåò, ð.÷. 

In[32]:= root1 9 FindRoot&FrequencyEquation, !z, 4", WorkingPrecision A 35'
Out[32]= 'z , 3.9266023120479187782385333436270249(
ÅíáëëáêôéêÜ ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå ôç äåýôåñç ìïñöÞ ôçò åíôïëÞò FindRoot: ìå Ýíá äéÜóôçìá

[a, b], åäþ ôï [3, 5], êáèþò êáé ôçí ôñßôç ìïñöÞ ôçò: ìå áñ÷éêÞ ðñïóÝããéóç êáé ìå äéÜóôçìá, ð.÷. ùò åîÞò:

In[33]:= !FindRoot&FrequencyEquation, !z, !3, 5""', FindRoot&FrequencyEquation, !z, 4, 1, 6"'"
Out[33]= ''z , 3.9266(, 'z , 3.9266((
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! ÅÍÔÏËÅÓ E7, Å8, Å9 ÊÁÉ Å10:  ÑÉÆÅÓ ÓÕÍÁÑÔÇÓÅÙÍ BESSEL 
BesselJZeros[ÔÜîçÔçòÓõíáñôÞóåùòBessel,  ÁñéèìüòÆçôïýìåíùíÑéæþí]

BesselYZeros[ÔÜîçÔçòÓõíáñôÞóåùòBessel,  ÁñéèìüòÆçôïýìåíùíÑéæþí]

BesselJPrimeZeros[ÔÜîçÔçòÐáñáãþãïõÔçòÓõíáñôÞóåùòBessel,  ÁñéèìüòÆçôïýìåíùíÑéæþí]

BesselYPrimeZeros[ÔÜîçÔçòÐáñáãþãïõÔçòÓõíáñôÞóåùòBessel,  ÁñéèìüòÆçôïýìåíùíÑéæþí]

Ãéá  ìç  ðïëõùíõìéêÝò  åîéóþóåéò  ðïõ  äåí  Ý÷ïõí  ñßæåò  (ëýóåéò)  óå  êëåéóôÞ  ìïñöÞ  ç  ðñïçãïýìåíç

åíôïëÞ FindRoot åßíáé ç åíôïëÞ åêåßíç ðïõ óõíÞèùò ÷ñçóéìïðïéåßôáé ãéá ôçí åýñåóç ñéæþí åîéóþóå-

ùí. Ïé  ôÝóóåñéò ðáñïýóåò åíôïëÝò áðïôåëïýí ìéá åðÝêôáóç ôçò åíôïëÞò FindRoot,  ãéá ôçí áêñßâåéá

÷ñçóéìïðïéïýí ôçí åíôïëÞ FindRoot, ãéá íá õðïëïãßóïõí ôéò n ðñþôåò ñßæåò ôùí ãíùóôþí óõíáñôÞ-

óåùí Bessel Jí !"x# (ðñþôïõ åßäïõò, ç ðñþôç åíôïëÞ BesselJZeros), Õí"x# (äåõôÝñïõ åßäïõò, ç äåýôå-

ñç åíôïëÞ BesselYZeros)  êáé  ôùí ðáñáãþãùí ôïõò Jí ' "x# (ç  ôñßôç åíôïëÞ BesselJPrimeZeros)  êáé

Õí ' !"x# (ç  ôÝôáñôç  åíôïëÞ  BesselÕPrimeZeros).  ¼ëåò  ôïýôåò  ïé  åíôïëÝò  áíÞêïõí  óôï  ðáêÝôï  ôçò

Mathematica  NumericalÌath`BesselZeros` ,  ðïõ ðñÝðåé  íá Ý÷åé  êëçèåß  (öïñôùèåß)  ðñéí áðü ôç ÷ñÞóç

ôùí ðéï  ðÜíù åíôïëþí.  Ôá ðëåïíåêôÞìáôá ôùí åéäéêþí áõôþí åíôïëþí Ýíáíôé  ôçò ãåíéêÞò åíôïëÞò

FindRoot  åßíáé  üôé  õðïëïãßæïõí ìå ìßá ìüíï åíôïëÞ üëåò ìáæß ôéò ñßæåò (êáé  ôéò  n )  ðïõ æçôïýíôáé.  Êáé

ìÜëéóôá ìåñéìíïýí ïé  ßäéåò ãéá ôéò êáôÜëëçëåò áñ÷éêÝò ðñïóåããßóåéò (ðïõ ãåíéêÜ äåí åßíáé ãíùóôÝò)

ôùí  æçôïýìåíùí  ñéæþí.  Áðü  ðñáêôéêÞò  áðüøåùò  ñßæåò  óõíáñôÞóåùí  Bessel  ðáñïõóéÜæïíôáé  ðÜñá

ðïëý óõ÷íÜ óáí éäéïôéìÝò óå ðñïâëÞìáôá äéáöïñéêþí åîéóþóåùí ìå ìåñéêÝò ðáñáãþãïõò ìå áîïíéêÞ

(êõêëéêÞ Þ êõëéíäñéêÞ) óõììåôñßá.  Ðáñáäåßãìáôá, áöïý ðñþôá öïñôùèåß ôï ðáêÝôï ðïõ ðñïáíáöÝñèç-

êå, ãéá ôéò åííÝá ðñþôåò ñßæåò ôùí óõíáñôÞóåùí Bessel  J0"x#, Y0"x#, J0 ' "x# êáé Y0 '!"x#  (ôÜîåùò í = 0)

êáé ìåôÜ ôéò áíÜëïãåò ñßæåò ãéá ôéò óõíáñôÞóåéò Bessel J1"x#, Y1"x#, J1 ' "x# êáé Y1 '!"x#  (ôÜîåùò í = 1): 

In[34]:= Needs&"NumericalMath`BesselZeros "̀'
In[35]:= BesselJZeros&0, 9'
Out[35]= '2.40483, 5.52008, 8.65373, 11.7915, 14.9309, 18.0711, 21.2116, 24.3525, 27.4935(
In[36]:= BesselYZeros&0, 9'
Out[36]= '0.893577, 3.95768, 7.08605, 10.2223, 13.3611, 16.5009, 19.6413, 22.782, 25.923(
In[37]:= BesselJPrimeZeros&0, 9'
Out[37]= '3.83171, 7.01559, 10.1735, 13.3237, 16.4706, 19.6159, 22.7601, 25.9037, 29.0468(
In[38]:= BesselYPrimeZeros&0, 9'
Out[38]= '2.19714, 5.42968, 8.59601, 11.7492, 14.8974, 18.0434, 21.1881, 24.3319, 27.4753(
In[39]:= BesselJZeros&1, 9'
Out[39]= '3.83171, 7.01559, 10.1735, 13.3237, 16.4706, 19.6159, 22.7601, 25.9037, 29.0468(
In[40]:= BesselYZeros&1, 9'
Out[40]= '2.19714, 5.42968, 8.59601, 11.7492, 14.8974, 18.0434, 21.1881, 24.3319, 27.4753(
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In[41]:= BesselJPrimeZeros&1, 9'
Out[41]= '1.84118, 5.33144, 8.53632, 11.706, 14.8636, 18.0155, 21.1644, 24.3113, 27.4571(
In[42]:= BesselYPrimeZeros&1, 9'
Out[42]= '3.68302, 6.9415, 10.1234, 13.2858, 16.4401, 19.5902, 22.738, 25.8843, 29.0296(
Ðáñáôçñïýìå ðéï ðÜíù áðü ôéò ñßæåò óôéò åíôïëÝò [37] êáé [39] üôé áõôÝò óõìðßðôïõí. Ôü ßäéï éó÷ýåé êáé

ãéá ôéò ñßæåò óôéò åíôïëÝò [38] êáé [40]. Ôïýôá åßíáé åýëïãá, åðåéäÞ éó÷ýïõí ïé åîÞò äýï ãíùóôÝò ó÷Ýóåéò:

In[43]:= !D&BesselJ&0, x', x', D&BesselY&0, x', x'"
Out[43]= '+BesselJ%1, x&, +BesselY%1, x&(
Ìå  ôç  ÷ñÞóç  ìåãÜëçò  áêñßâåéáò  óôïõò  õðïëïãéóìïýò  óôç  Mathematica  (ìå  ôç  âïÞèåéá  ôçò  åðéëïãÞò

WorkingPrecision,  ðïõ  ìáò  åßíáé  Þäç  ãíùóôÞ  áðü  ôçí  åíôïëÞ FindRoot  ðñïçãïõìÝíùò),  ðåôõ÷áßíïõìå

ôçí åýñåóç ñéæþí óõíáñôÞóåùí Bessel ìå ðÜñá ðïëý ìåãÜëç áêñßâåéá, åäþ ðåñßðïõ 75 óçìáíôéêÜ øçößá:

In[44]:= Off&General::spell1'
In[45]:= Jzeros 9 BesselJZeros&0, 10, WorkingPrecision A 75'
Out[45]= '2.40482555769577276862163187932645464312424490914596713570699909059676582,

5.52007811028631064959660411281302742522186547878290985375755203814429082919,

8.65372791291101221695419871266094668556579523127535561889147658302259995665,

11.7915344390142816137430449119254589220229246996954467032505108790516465118,

14.9309177084877859477625939973886822079158501156330281587741732188351933639,

18.0710639679109225431478829756181765602489867470013260864233146352838205624,

21.2116366298792589590783933505263068361818089759763998327382027337686882299,

24.3524715307493027370579447631789071845693726751489270224060456377282775406,

27.4934791320402547958772882346074145465295688605496220109388612300091310750,

30.6346064684319751175495789268542327372735716291781471907550178997160244476(
In[46]:= Yzeros 9 BesselYZeros&0, 10, WorkingPrecision A 75'
Out[46]= '0.893576966279167521584887102058338241225146861930014487069228945110126188621,

3.95767841931485786837567718691740128141860376556363062550751179484115237701,

7.08605106030177269762362459682035246897151038117776446985516765235357776154,

10.2223450434964170189920422763421871259940596131812411831190854840310423297,

13.3610974738727634782676945857137864265791351748799264196287493067636445742,

16.5009224415280907534211436664897741157513331047907082511444202634884373936,

19.6413097008879397737760454722859800254415174918698689830372115929531567822,

22.7820280472915593169320819683965166628163060018404614276284266796404574108,

25.9229576531809227068721911462693733170525088745712452223305691111865223265,

29.0640302527283980553047184051813443936050681215613445319582933552013663960(
ÁõôÞí ôçí ôüóï ìåãÜëç áêñßâåéá ôçí åðéâåâáéþíïõìå ìå ôçí Üìåóç åðáëÞèåõóç ôùí ñéæþí áõôþí: 

In[47]:= N&BesselJ&0, x' #. x A Jzeros'
Out[47]= '1.15426410+71, +4.16165410+78, +6.23862410+84, 1.25326410+83, +8.02914410+85,

+1.49441410+84, +3.45534410+84, +2.06531410+84, 1.443144 10+84, +1.40893410+84(
In[48]:= N&BesselY&0, x' #. x A Yzeros'
Out[48]= '1.46067410+89, 1.57889410+83, 5.95514 10+88, +4.65084 10+88, 1.78133410+89,

+3.15693410+89, 1.48913410+88, +7.25744410+89, 3.13177410+88, +9.62922410+89(
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! Notebook  E14 

ÅÍÔÏËÅÓ ÃÉÁ ÁÊÑÉÂÅÉÁ, ÐÁÑÅÌÂÏËÇ ÊÁÉ ÐÑÏÓÅÃÃÉÓÅÉÓ 

6  ÅÍÔÏËÅÓ:  N1. $MachinePrecision,  N2. Precision,  N3. Accuracy, 

N4. Interpolation,  N5. InterpolatingPolynomial,

N6. MiniMaxApproximation

ÐÁÑÁÔÇÑÇÓÇ:  Ãéá íá áðïöåõ÷èïýí ôá äýï ìçíýìáôá ðñïåéäïðïéÞóåùò ëáèþí spell êáé spell1 (ðïõ äåí

ðáñïõóéÜæïõí êáìßá ÷ñçóéìüôçôá åäþ), ÷ñçóéìïðïéÞèçêå ç äéðëÞ åíôïëÞ 

In[1]:= Off&General::spell'; Off&General::spell1';
! ÅÍÔÏËÇ N1:  ÁÊÑÉÂÅÉÁ ÌÇ×ÁÍÇÓ

$MachinePrecision

Äßíåé ôçí áêñßâåéá ôùí áñéèìçôéêþí ðñÜîåùí óôïí çëåêôñïíéêü õðïëïãéóôÞ (óôç "ìç÷áíÞ" ìáò). ÃåíéêÜ

óôïõò óçìåñéíïýò õðïëïãéóôÝò áõôÞ åßíáé ßóç ìå16. Ç åíôïëÞ áõôÞ äåí Ý÷åé êáíÝíá áðïëýôùò üñéóìá.

(Ðñüêåéôáé åðïìÝíùò ïõóéáóôéêÜ ãéá Ýíá óýìâïëï.) Ç êëÞóç ôçò åßíáé ðÜñá ðïëý áðëÞ:

In[2]:= $MachinePrecision

Out[2]= 16

! ÅÍÔÏËÇ N2:  ÏËÉÊÇ ÁÊÑÉÂÅÉÁ
Precision[Áñéèìüò]  

Äßíåé ôçí ïëéêÞ áêñßâåéá åíüò áñéèìïý, äçëáäÞ ôï óõíïëéêü áñéèìü ôùí óùóôþí øçößùí ôïõ áñéèìïý.

Ó' áõôÜ ðåñéëáìâÜíïíôáé ôüóï ôá øçößá ðñéí ôçí õðïäéáóôïëÞ (ôï êüììá) üóï êáé ôá øçößá ìåôÜ ôçí

õðïäéáóôïëÞ: ôá äåêáäéêÜ øçößá. Ðáñáäåßãìáôá ðáñïõóéÜæïíôáé óôçí ðéï êÜôù åíôïëÞ Accuracy. 

! ÅÍÔÏËÇ N3:  ÄÅÊÁÄÉÊÇ ÁÊÑÉÂÅÉÁ
Accuracy[Áñéèìüò]  

Äßíåé ôç äåêáäéêÞ áêñßâåéá åíüò áñéèìïý, äçëáäÞ ôïí áñéèìü ôùí óùóôþí äåêáäéêþí øçößùí ôïõ áñé-

èìïý. Ðñüêåéôáé âÝâáéá ãéá ôá øçößá ìåôÜ ôçí õðïäéáóôïëÞ (ôï êüììá). Ðáñáäåßãìáôá:

Ï áñéèìüò ð10  óå ðñïóåããéóôéêÞ ìïñöÞ ìå óõíïëéêÞ áêñßâåéá 20 øçößùí:

In[3]:= N/ 9 N&/10, 20'
Out[3]= 93648.047476083020974

Ç ïëéêÞ áêñßâåéá ôïõ áñéèìïý áõôïý êáé ç äåêáäéêÞ ôïõ áêñßâåéá:
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In[4]:= !Precision&N/', Accuracy&N/'"
Out[4]= '20, 15(
Ðñïöáíþò ç ðñþôç åßíáé 20 (ìáæß ìå ôï áêÝñáéï ìÝñïò ôïõ áñéèìïý), åíþ ç äåýôåñç 15 (ìüíï ôá äåêáäéêÜ

øçößá ôïõ ßäéïõ áñéèìïý). ÁíÜëïãá ãéá ôïí áñéèìü 106 .3, áõôüò ìå Ýîé áêÝñáéá øçößá. Åäþ ï áñéèìçôéêüò

õðïëïãéóìüò Ýãéíå ìå ôçí áêñßâåéá ôïõ õðïëïãéóôÞ $MachinePrecision, ðïõ åßíáé 16 óõíïëéêÜ øçößá:

In[5]:= !106 #3., Precision&106 # 3.', Accuracy&106 #3.'"
Out[5]= '333333., 16, 10(
! ÅÍÔÏËÇ N4:  ÐÁÑÅÌÂÏËÇ

Interpolation[ËßóôáÓçìåßùíÐáñåìâïëÞò]  

Äçìéïõñãåß  ôç óõíÜñôçóç ðáñåìâïëÞò áðü ôç ëßóôá ôùí óçìåßùí ðïõ äßíïíôáé  óôï üñéóìá. Ç ëßóôá

áõôÞ  áðïôåëåßôáé  áðü  ôéò  n  åðéìÝñïõò  ëßóôåò  ìå  äýï  óôïé÷åßá  ç  êáèåìéÜ  ôïõò,  ð.÷.  {x[k],  y[k]},  ðïõ

êáèïñßæïõí ôá n  óçìåßá ðáñåìâïëÞò. Ôï áðïôÝëåóìá óôç óõíÜñôçóç ðáñåìâïëÞò äßíåôáé óôç ìïñöÞ

êáèáñÞò óõíáñôÞóåùò  InterpolationFunction  ðïõ ìðïñåß  Üìåóá íá ÷ñçóéìïðïéçèåß  êáé  óå  ðáñáðÝñá

õðïëïãéóìïýò. ÐáñÜäåéãìá ãéá ôç óõíÜñôçóç ðáñåìâïëÞò y1  óå ëßóôá ListOfPoints ìå åðôÜ óçìåßá: 

In[6]:= ListOfPoints 9 !!0, 3", !1, 2", !2, 7", !3, 6", !4, 5", !5, 8", !6, 10"";
In[7]:= y1 9 Interpolation&ListOfPoints'
Out[7]= InterpolatingFunction%''0, 6((, GH&
ÐñïÝêõøå ìéá  óõíÜñôçóç ðáñåìâïëÞò y1  óå ìïñöÞ êáèáñÞò óõíáñôÞóåùò.  Ìðïñïýìå  üìùò åýêïëá íá

ðÜñïõìå ôéò áñéèìçôéêÝò ôéìÝò ôçò óõíáñôÞóåùò áõôÞò y1 áðëÜ ãñÜöïíôáò y1[x] ãéá ôï óçìåßï x ãéá ôï

ïðïßï åíäéáöåñüìáóôå, ð.÷. åäþ ãéá ôá óçìåßá 0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5 êáé 6:

In[8]:= Table&!x, y1&x'", !x, 0, 6, 0.5"'
Out[8]= ''0, 3(, '0.5, 1.(, '1., 2.(, '1.5, 4.5(, '2., 7.(, '2.5, 6.875(, '3., 6.(,'3.5, 5.25(, '4., 5.(, '4.5, 6.3125(, '5., 8.(, '5.5, 9.4375(, '6., 10.((
ÖõóéêÜ, áöïý êÜíáìå ðáñåìâïëÞ óôá óçìåßá 0, 1, 2, 3, 4, 5 êáé 6, ðáßñíïõìå åêåß áêñéâþò ôéò ôéìÝò åêåßíåò

ôéò ïðïßåò åß÷áìå äþóåé ãéá ôç äçìéïõñãßá áõôÞò ôçò óõíáñôÞóåùò ðáñåìâïëÞò. Íá ôþñá êáé ç ãñáöéêÞ

ðáñÜóôáóç ôçò ßäéáò óõíáñôÞóåùò ó' ïëüêëçñï ôï äéÜóôçìá [0, 6]: 

In[9]:= Plot&y1&x', !x, 0, 6", PlotStyle A Thickness&0.009',
AxesLabel A !"x", "y"", PlotLabel ?E " '7.-5,1'1 &-5+032$1'",
DefaultFont A !"Arial?Bold", 11", ImageSize A 230';
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Óçìåéþíïõìå üôé ãåíéêÜ ç åíôïëÞ Interpolation  ÷ñçóéìïðïéåß ðïëõþíõìá ôñßôïõ âáèìïý ãéá ôï ó÷çìáôé-

óìü ôçò ó÷åôéêÞò óõíáñôÞóåùò êáé óßãïõñá äå ÷ñçóéìïðïéåß Ýíá åíéáßï ðïëõþíõìï ãéá ôçí ðáñåìâïëÞ

óå üëá ôá óçìåßá. (Áõôü üìùò ôï êÜíåé ç åðüìåíç åíôïëÞ InterpolatingPolynomial .)  Óçìåéþíïõìå ôÝëïò

üôé ç áñéèìçôéêÞ ëýóç ìéáò óõíÞèïõò äéáöïñéêÞò åîéóþóåùò ìå ôçí áñéèìçôéêÞ åíôïëÞ NDSolve, ðïõ èá

ôçí áíáöÝñïõìå  óôï  áìÝóùò  åðüìåíï notebook,  äßíåé  ôï ôåëéêü  áðïôÝëåóìÜ ôçò,  ôçí áñéèìçôéêÞ ëýóç

ôçò  äéáöïñéêÞò  åîéóþóåùò,  óå  ìïñöÞ  óõíáñôÞóåùò  ðáñåìâïëÞò  InterpolatingFunction,  áêñéâþò  üðùò

êÜíåé êáé ç ðáñïýóá åíôïëÞ Interpolation. (Ãé' áõôüí áêñéâþò ôï ëüãï ðñïçãÞèçêå ôï ðáñüí notebook.) 

! ÅÍÔÏËÇ N5:  ÐÏËÕÙÍÕÌÏ ÐÁÑÅÌÂÏËÇÓ
InterpolatingPolynomial[ËßóôáÓçìåßùíÐáñåìâïëÞò,  ÌåôáâëçôÞ]  

Ç  åíôïëÞ  áõôÞ  äçìéïõñãåß  ôï  ðïëõþíõìï  ðáñåìâïëÞò  ðïõ  âáóßæåôáé  óôç  ëßóôá  ôùí  óçìåßùí  ðïõ

äßíïíôáé  óôï  ðñþôï  üñéóìÜ  ôçò  ìå  ôç  ìåôáâëçôÞ  íá  êáèïñßæåôáé  óôï  äåýôåñï  üñéóìÜ  ôçò.  Ç  ëßóôá

áõôÞ áðïôåëåßôáé áðü ôéò n åðéìÝñïõò ëßóôåò ìå äýï óôïé÷åßá ç êáèåìéÜ ôïõò, ð.÷. {x[k], y[k]}, ïé ïðïß-

åò êáèïñßæïõí ôá n óçìåßá ðáñåìâïëÞò. Áíôßèåôá ìå ôçí ðñïçãïýìåíç åíôïëÞ Interpolation ôï áðïôÝ-

ëåóìá  óôï  ðáñüí  ðïëõþíõìï  ðáñåìâïëÞò  äßíåôáé  óôç  ìïñöÞ  óõíçèéóìÝíçò  óõíáñôÞóåùò.  ÅðåéäÞ

ìÜëéóôá  ôá  óçìåßá  ðáñåìâïëÞò  åßíáé  n ,  ôï  ðïëõþíõìï  ðáñåìâïëÞò  ðïõ  èá  ðñïêýøåé  èá  åßíáé  n( 1

âáèìïý.  ÐáñÜäåéãìá  ãéá  ôï  ðïëõþíõìï  ðáñåìâïëÞò  ôçò  ßäéáò  ëßóôáò  ListOfPoints  ìå  åðôÜ  óçìåßá

(n ' 7), áêñéâþò üðùò êáé óôçí ðñïçãïýìåíç åíôïëÞ Interpolation: 

In[10]:= y2&x_' 9 InterpolatingPolynomial&ListOfPoints, x'
Out[10]= 3 " =+1 " =3 " =+2 " = 3

!!!!
4

" =+ 1
!!!!
6

"
13
!!!!!!!!!!
720

#+5 " x$> #+4 " x$> #+3 " x$> #+2 " x$> #+1 " x$> x
ÖõóéêÜ  áðü  ïðôéêÞò  áðüøåùò  åßíáé  ðïëý  êáëýôåñç  ç  ãñáöÞ  ôïõ  ðïëõùíýìïõ  óôç  óõíÞèç  ìïñöÞ  ôïõ.

ÁõôÞ ðñïöáíþò åßíáé åäþ Ýíá ðïëõþíõìï Ýêôïõ âáèìïý, áðëÜ åðåéäÞ åß÷áìå åðôÜ óçìåßá ðáñåìâïëÞò:

In[11]:= y2&x_' 9 y2&x' ## Expand

Out[11]= 3 +
56 x
!!!!!!!!!!!
3

"
10991 x2
!!!!!!!!!!!!!!!!!!!!!!

360
+
787 x3
!!!!!!!!!!!!!!!!!
48

"
569 x4
!!!!!!!!!!!!!!!!!
144

+
7 x5
!!!!!!!!!!!
16

"
13 x6
!!!!!!!!!!!!!!
720

Óõãêñßíïõìå ôþñá ôéò áñéèìçôéêÝò ôéìÝò ôçò óõíáñôÞóåùò ðáñåìâïëÞò ðïõ âñÝèçêå óôçí ðñïçãïýìåíç

åíôïëÞ ìå  ôï  ðïëõþíõìï ðáñåìâïëÞò  ðïõ õðïëïãßóèçêå  óôçí ðáñïýóá åíôïëÞ.  Ðáñáôçñïýìå  üôé  åíþ

âÝâáéá  óôá óçìåßá  ðáñåìâïëÞò ôá áðïôåëÝóìáôá óõìðßðôïõí (áöïý êáé  ïé  äýï áõôÝò óõíáñôÞóåéò áðü

ôïí ïñéóìü  ôïõò ðåñíïýí áðü ôá óçìåßá  áõôÜ),  ãåíéêÜ  äåí éó÷ýåé  ôï ßäéï  óå  Üëëá óçìåßá,  ð.÷.  åäþ óôá

óçìåßá 0.5, 1.5, 2.5, 3.5, 4.5 êáé 5.5:

In[12]:= Table&!x, y1&x', y2&x', y1&x' ? y2&x'", !x, 0, 6, 0.5"' ## Chop

Out[12]= ''0, 3, 3, 0(, '0.5, 1., +0.516602, 1.5166(,'1., 2., 2., 0(, '1.5, 4.5, 5.24512, +0.745117(, '2., 7., 7., 0(,'2.5, 6.875, 6.99902, +0.124023(, '3., 6., 6., 0(, '3.5, 5.25, 5.05762, 0.192383(,'4., 5., 5., 0(, '4.5, 6.3125, 6.1084, 0.204102(, '5., 8., 8., 0(,'5.5, 9.4375, 9.71387, +0.276367(, '6., 10., 10., 0((
Ïé äéáöïñÝò y1"x# ( y2"x#! åßíáé ðñïöáíþò ìçäåíéêÝò óôá óçìåßá ðáñåìâïëÞò 0, 1, 2, 3, 4, 5 êáé 6. Äåí åßíáé

üìùò ìçäåíéêÝò  óôá óçìåßá  0.5,  1.5,  2.5,  3.5,  4.5  êáé  5.5,  åðåéäÞ ôá ðïëõþíõìá ðïõ ïñßæïõí ôéò  y1  êáé  y2

åßíáé äéáöïñåôéêÜ. Íá ôþñá êáé ïé ãñáöéêÝò ðáñáóôÜóåéò ôùí äýï áõôþí óõíáñôÞóåùí óôï ßäéï ó÷Þìá:
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In[13]:= Plot&!y1&x', y2&x'", !x, 0, 6", PlotStyle A Thickness&0.008', PlotPoints A 40';
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Åðßóçò êáé ç ãñáöéêÞ ðáñÜóôáóç ôçò äéáöïñÜò ôïõò y1 ( y2 :

In[14]:= Plot&y1&x' ? y2&x', !x, 0, 6", PlotStyle A !Thickness&0.008'", PlotRange A All';

1 2 3 4 5 6

-0.5

0.5

1

1.5

Ïé ãùíßåò óôç äéáöïñÜ áõôÞ (êáé óôç óõíÜñôçóç y1 ãåíéêüôåñá) ïöåßëïíôáé  áðëÜ óôï üôé ç óõíÜñôçóç

ðáñåìâïëÞò  áðïôåëåßôáé  áðü  äéáöïñåôéêÜ  ôñéôïâÜèìéá  ðïëõþíõìá  êáé  ü÷é  áðü  Ýíá  åíéáßï  ðïëõþíõìï,

üðùò åßíáé ôï ðïëõþíõìï ðáñåìâïëÞò. ÕðïëïãéóôéêÜ áõôü Ý÷åé êáé ôá èåôéêÜ êáé ôá áñíçôéêÜ ôïõ óçìåßá. 

! ÅÍÔÏËÇ N6:  ÐÑÏÓÅÃÃÉÓÇ MINIMAX
MiniMaxApproximation[ÓõíÜñôçóç,  {ÌåôáâëçôÞ,  {Áñ÷éêüÓçìåßï, ÔåëéêüÓçìåßï},

              ÂáèìüòÐïëõùíýìïõÁñéèìçôÞ,  ÂáèìüòÐïëõùíýìïõÐáñïíïìáóôÞ}]

Ç åíôïëÞ áõôÞ õðïëïãßæåé ôçí ðñïóÝããéóç minimax ôçò óõíáñôÞóåùò ç ïðïßá äçëþíåôáé óôï ðñþôï

üñéóìÜ ôçò õðü ôç ìïñöÞ ñçôÞò óõíáñôÞóåùò. Ç ìåôáâëçôÞ ôçò óõíáñôÞóåùò, ôï äéÜóôçìá ôçò ðñï-

óåããßóåùò êáé  ïé  âáèìïß  ôùí ðïëõùíýìùí ôïõ áñéèìçôÞ  êáé  ôïõ ðáñïíïìáóôÞ óôç ñçôÞ óõíÜñôçóç

ôçò ðñïóåããßóåùò minimax äçëþíïíôáé óôï äåýôåñï üñéóìá ôçò åíôïëÞò. Åìåßò åäþ èá ÷ñçóéìïðïéÞ-

óïõìå ìüíï ðïëõùíõìéêÝò áíôß ãéá ñçôÝò ðñïóåããßóåéò. ÊáôÜ óõíÝðåéá ï âáèìüò ôïõ ðïëõùíýìïõ ôïõ

ðáñïíïìáóôÞ ôçò ñçôÞò óõíáñôÞóåùò èá åßíáé ìçäÝí. Óôï óçìåßï áõôü èá ðñÝðåé íá óçìåéþóïõìå üôé

ç  ðñïóÝããéóç  minimax  ìéáò  óõíáñôÞóåùò  åßíáé  åêåßíç  ðïõ  åëá÷éóôïðïéåß  ôï  ìÝãéóôï  óöÜëìá  ôçò

ðñïóåããßóåùò óå üëï ôï äéÜóôçìá ðïõ ìáò åíäéáöÝñåé. (Ãé' áõôü êáé êáëåßôáé ðñïóÝããéóç minimax: ôï

mini ðñïÝñ÷åôáé áðü ôçí åëá÷éóôïðïßçóç êáé ôï max áðü ôï ìÝãéóôï óöÜëìá. Ðñüêåéôáé ãéá ìéá ðÜñá

ðïëý åíäéáöÝñïõóá êáé ôçí ðéï áêñéâÞ ðïëõùíõìéêÞ ðñïóÝããéóç.) Óçìåéþíïõìå åðßóçò üôé óôçí ðñï-

óÝããéóç minimax áñêåôÝò öïñÝò áíáöåñüìáóôå óôï áðüëõôï óöÜëìá: ôç äéáöïñÜ ôçò óõíáñôÞóåùò
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ðïõ ðñïóåããßæåôáé  ìåßïí ôçí ðñïóÝããéóÞ ôçò.  Åäþ üìùò ç Mathematica  ÷ñçóéìïðïéåß  ôï áíôßóôïé÷ï

ó÷åôéêü óöÜëìá, êÜôé ðïõ åßíáé êáé óùóôüôåñï áðü áðüøåùò óõíïëéêïý áñéèìïý óçìáíôéêþí øçößùí

óôçí ðñïóÝããéóç minimax. ÁíáöÝñïõìå ôÝëïò üôé ç ðáñïýóá åíôïëÞ MiniMaxApproximation åßíáé ìéá

åíôïëÞ ôïõ ðáêÝôïõ NumericalMath`Approximations` , ôï ïðïßï èá ðñÝðåé âÝâáéá íá Ý÷åé êëçèåß (öïñ-

ôùèåß) ðñéí áðü ôç ÷ñÞóç ôçò åíôïëÞò MiniMaxApproximation. Ðñþôá ëïéðüí ç êëÞóç ôïõ ðáêÝôïõ:

In[15]:= Needs&"NumericalMath`Approximations "̀'
Áñ÷ßæïõìå ìå ôç óõíÜñôçóç óöÜëìáôïò (error function) erf x  ðïõ ôçí ðñïóåããßæïõìå åäþ ìå ðïëõþíõìï

minimax Ýêôïõ âáèìïý óôï äéÜóôçìá [1, 10]. Áõôü ãßíåôáé áðëÜ ìå ôçí åíôïëÞ

In[16]:= MiniMaxErf 9 MiniMaxApproximation&Erf&x', !x, !1, 10", 6, 0"'
Out[16]= ''1.000000000000000, 1.338065302154245, 2.285279345515466, 3.845303687904672,

5.900197028385772, 7.950541368563328, 9.45089255707086, 10.00000000000000(,'0.1534464645861447" 1.188635468760697 x + 0.6429982570513566 x2 "

0.1723726570352321 x3 + 0.02434568990317125 x4 " 0.001732344134586652 x5 +

0.00004889737758623442x6, +0.007230676992129966((
Óôï áðïôÝëåóìá áõôü äßíåôáé  ðñþôá ç ëßóôá ôùí óçìåßùí ôïõ äéáóôÞìáôïò [1, 10] üðïõ ðáñïõóéÜæåôáé

ôï  ìÝãéóôï  (êáô'  áðüëõôï  ôéìÞ)  ó÷åôéêü  óöÜëìá  ôçò  ðáñïýóáò  ðñïóåããßóåùò  minimax.  Óôç  óõíÝ÷åéá

äßíåôáé ôï ó÷åôéêü ðïëõþíõìï Ýêôïõ âáèìïý (Ý÷ïõìå Þäç êáèïñßóåé ôï âáèìü: 6) êáé ôÝëïò äßíåôáé êáé ôï

áíôßóôïé÷ï  åëÜ÷éóôï  ìÝãéóôï  (minimax)  óöÜëìá.  Áðü  ôá  áðïôåëÝóìáôá  áõôÜ  åìåßò  óõ÷íÜ  èÝëïõìå  êáé

åýêïëá áðïóðïýìå áðü ôçí ðéï ðÜíù ëßóôá ôï ßäéï ôï ðïëõþíõìï minimax. Áõôü Ý÷åé åäþ ôç ìïñöÞ:

In[17]:= erf&x_' 9 MiniMaxErf,2, 1-
Out[17]= 0.1534464645861447" 1.188635468760697 x +

0.6429982570513566 x2 " 0.1723726570352321 x3 + 0.02434568990317125 x4 "

0.001732344134586652 x5 + 0.00004889737758623442x6

ðïõ ôç äçëþíïõìå ìå erf áíôß Erf.Ôï ìÝãéóôï ó÷åôéêü óöÜëìá (ðïõ åëá÷éóôïðïéÞèçêå åäþ) Ý÷åé ôçí ôéìÞ

In[18]:= MaximumRelativeErrorErf 9 MiniMaxErf,2, 2-
Out[18]= +0.007230676992129966

Óáí  äåýôåñï  ðáñÜäåéãìá  åîåôÜæïõìå  ôçí  ðñïóÝããéóç  minimax  ôçò  õðåñâïëéêÞò  óõíáñôÞóåùò  cosh  x

ôþñá ìå ðïëõþíõìï ðÝìðôïõ âáèìïý êáé óôï äéÜóôçìá [0, 3]. Ìå ôçí ßäéá åíôïëÞ ðñïêýðôåé

In[19]:= MiniMaxCosh 9 MiniMaxApproximation&Cosh&x', !x, !0, 3", 5, 0"'
Out[19]= ''0, 0.1662185796142901, 0.6092114557497472, 1.249129439570007,

2.010056077576799, 2.703283620756527, 3.000000000000000(,'0.999581471947963" 0.01194950238456329x " 0.4458556265873798 x2 "

0.08601654627416872x3 + 0.01669306777373992 x4 "

0.01664612970656959x5, 0.0004185280520371935((
ìå ó÷åôéêÞ minimax ðñïóÝããéóç cosh ôçò óõíáñôÞóåùò Cosh ôçí áêüëïõèç ðñïóÝããéóç:

In[20]:= cosh&x_' 9 MiniMaxCosh,2, 1-
Out[20]= 0.999581471947963" 0.01194950238456329 x " 0.4458556265873798 x2 "

0.08601654627416872 x3 + 0.01669306777373992x4 " 0.01664612970656959x5
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Õðåíèõìßæåôáé ðùò ç Mathematica ÷ñçóéìïðïéåß ôï ó÷åôéêü óöÜëìá (äçëáäÞ åäþ ìå äéáßñåóç ôïõ áðüëõ-

ôïõ óöÜëìáôïò äéá cosh x ) óôçí ðñïóÝããéóç minimax êáé ü÷é ôï áðüëõôï óöÜëìá. Ãéá ôï ëüãï áõôü êáé

åìåßò ðáñïõóéÜæïõìå ôï ó÷åôéêü óöÜëìá ôçò ðáñáðÜíù ðñïóåããßóåùò minimax óôï åðüìåíï ó÷Þìá:

In[21]:= Plot&$Cosh&x' ? cosh&x'% #Cosh&x', !x, 0, 3", ImageSize A 175';
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Áðü ôï ó÷Þìá áõôü öáßíåôáé êáèáñÜ ðùò ôï ó÷åôéêü áõôü óöÜëìá åßíáé ôï ßäéï êáô' áðüëõôï ôéìÞ óå üëá

ôá  óçìåßá  ôïõ  äéáóôÞìáôïò  [0,  3]  ðïõ  åîåôÜæïõìå,  üðïôå  ðáßñíåé  ôïðéêÜ  ìÝãéóôåò  êáé  åëÜ÷éóôåò  ôéìÝò.

Åýêïëá ìðïñïýìå íá ðñïóäéïñßóïõìå üëá ôá ðïëõþíõìá minimax ðïõ èÝëïõìå, ð.÷. âáèìïý ìÝ÷ñé êáé 12:

In[22]:= Table&MMApproxCosh&n' 9 MiniMaxApproximation&Cosh&x', !x, !0, 3", n, 0"', !n, 1, 12"';
Áí  êáé  áðïêëåéóôéêÜ  ãéá  ïéêïíïìßá  ÷þñïõ  äåí  ðáñïõóéÜæïõìå  ôïýôá  ôá  äþäåêá  ðïëõþíõìá,  åíôïýôïéò

ðáñïõóéÜæïõìå ôá ìÝãéóôá ó÷åôéêÜ óöÜëìáôá ó' áõôÝò ôéò ðñïóåããßóåéò minimax:

In[23]:= Table&MMApproxCosh&n',2, 2-, !n, 1, 12"'
Out[23]= '0.4455180001261270, +0.1027389239990284, 0.02218154579116696,

+0.002942889616220822, 0.0004185280520371935, +0.00003985284899400468,

4.2234686033323184 10+6, +3.137655894760941410+7, 2.6486472909040254 10+8,

+1.613463053341952410+9, 1.131574563150643410+10, +5.842200400317100410+12(
Åßíáé  ðñïöáíÝò  üôé  áõôÜ  ìåéþíïíôáé  ìå  ôçí  áýîçóç  ôïõ  âáèìïý  n  ôïõ  ðïëõùíýìïõ  ôçò  ðñïóåããßóåùò

minimax ôçò óõíáñôÞóåùò cosh x . Íá êáé ôï ðïëõþíõìï üãäïïõ âáèìïý, ôï ïðïßï Ý÷åé Þäç õðïëïãéóèåß:

In[24]:= CoshMiniMax8&x_' 9 MMApproxCosh&8',2, 1-
Out[24]= 1.000000313765589+ 0.00001907314178603718x " 0.5001894817300582 x2 +

0.0007131107047451936x3 " 0.04298264158887492 x4 + 0.001327413022250424x5 "

0.002145263670290803 x6 + 0.0002341161382805281x7 " 0.00005705632837901748x8

ÖõóéêÜ ç ðïëõùíõìéêÞ ðñïóÝããéóç minimax ìéáò óõíáñôÞóåùò åßíáé ðïëý êáëýôåñç áðü ôçí áíôßóôïé÷ç

ðñïóÝããéóç ìå óåéñÜ Taylor (Þ Maclaurin ãéá x ' 0) ãéá ôïí ßäéï âáèìü ðïëõùíýìïõ n . Áõôü öáßíåôáé ðïëý

êáèáñÜ ðáñáêÜôù ìå ôï ó÷åôéêü óöÜëìá ôçò ðñïóåããßéóåùò Maclaurin íá åêôéíÜóóåôáé ðñïò ôá åðÜíù:

In[25]:= CoshMaclaurin8&x_' 9 Series&Cosh&x', !x, 0, 8"' ## Normal ## N

Out[25]= 1. " 0.5 x2 " 0.0416667 x4 " 0.00138889 x6 " 0.0000248016 x8

In[26]:= Plot&!1 ? CoshMiniMax8&x'#Cosh&x', 1 ? CoshMaclaurin8&x'#Cosh&x'", !x, 0, 3"';
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! Notebook  E15

ÅÍÔÏËÅÓ ÃÉÁ ÔÇÍ ÅÐÉËÕÓÇ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ
3  ÅÍÔÏËÅÓ:   D1. DSolve,  D2. NDSolve,  D3. PlotVectorField

! ÅÍÔÏËÇ D1:  ÅÐÉËÕÓÇ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ  
DSolve[ÓõíÞèçòÄéáöïñéêÞÅîßóùóç,  ¢ãíùóôçÓõíÜñôçóç,  ÁíåîÜñôçôçÌåôáâëçôÞ]

DSolve[{ÓõíÞèçòÄéáöïñéêÞÅîßóùóç,  Áñ÷éêÝò¹ÓõíïñéáêÝòÓõíèÞêåò},  ¢ãíùóôç ÓõíÜñôçóç,

               ÁíåîÜñôçôçÌåôáâëçôÞ]

DSolve[ËßóôáÓõíÞèùíÄéáöïñéêþíÅîéóþóåùí,  ËßóôáÁãíþóôùíÓõíáñôÞóåùí, 

               ÁíåîÜñôçôçÌåôáâëçôÞ]

DSolve[ËßóôáÓõíÞèùíÄéáöïñéêþíÅîéóþóåùíÊáéÁñ÷éêþí¹ÓõíïñéáêþíÓõíèçêþí, 

               ËßóôáÁãíþóôùíÓõíáñôÞóåùí,  ÁíåîÜñôçôçÌåôáâëçôÞ]

DSolve[ÄéáöïñéêÞÅîßóùóçÌåÌåñéêÝòÐáñáãþãïõò,  ¢ãíùóôçÓõíÜñôçóç, 

               ËßóôáÁíåîÜñôçôùíÌåôáâëçôþí]

DSolve[ÓõíÞèçòÄéáöïñéêÞÅîßóùóç,  ¢ãíùóôçÓõíÜñôçóç,  ÁíåîÜñôçôçÌåôáâëçôÞ, 

               DSolveConstants ! ÍÝïÓýìâïëïÃéáÔéòÁõèáßñåôåòÓôáèåñÝò]

Ëýíåé  ôç  óõíÞèç  äéáöïñéêÞ  åîßóùóç Þ  ôï  óýóôçìá  óõíÞèùí äéáöïñéêþí  åîéóþóåùí Þ  ôç äéáöïñéêÞ

åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò ç ïðïßá äßíåôáé óôï ðñþôï üñéóìÜ ôçò  ìáæß ìå ôéò ó÷åôéêÝò áñ÷éêÝò

Þ  óõíïñéáêÝò  óõíèÞêåò,  åöüóïí  õðÜñ÷ïõí.  (Õðåíèõìßæåôáé  üôé  üëåò  ïé  åîéóþóåéò:  áñéèìçôéêÝò,  áëãå-

âñéêÝò,  ôñéãùíïìåôñéêÝò,  ëïãéêÝò,  äéáöïñéêÝò,  ïëïêëçñùôéêÝò,  êëð.  ðñÝðåé  ðÜíôïôå  íá  ãñÜöïíôáé  ìå

äéðëü ßóïí 3  êáé ü÷é ìå áðëü ßóïí = . Óôç Mathematica  ôï áðëü ßóïí =  äçëþíåé êáèïñéóìü ôéìÞò óå

óýìâïëï,  áëë'  ü÷é,  ìå  ôßðïôá  åîßóùóç.)  Ôï  áðïôÝëåóìá  åßíáé  ç  ëýóç  ôçò  äéáöïñéêÞò  åîéóþóåùò  óå

ìïñöÞ  êáíüíá  áíôéêáôáóôÜóåùò  Þ  êáíüíùí  áíôéêáôáóôÜóåùí,  ü÷é  ìå  ßóïí.  Ç  ÷ñÞóç  ôçò  åðéëïãÞò

DSolveConstants  (ðïõ  åðéôñÝðåôáé  óå  êÜèå  ðåñßðôùóç)  ìáò  åðéôñÝðåé  ôçí  áëëáãÞ  ôïõ  óõìâüëïõ  C

ãéá ôéò áõèáßñåôåò óôáèåñÝò (êáé óôçí ðåñßðôùóç äéáöïñéêþí åîéóþóåùí ìå ìåñéêÝò ðáñáãþãïõò ãéá

ôéò áõèáßñåôåò óõíáñôÞóåéò) óå êÜðïéï Üëëï ðéï êáôÜëëçëï, ðéï âïëéêü óýìâïëï.   

? ÅÐÉËÕÓÇ ÓÕÍÇÈÙÍ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ

Áñêåß  íá  êáëÝóïõìå  ôçí  åíôïëÞ  DSolve  äßíïíôÜò  ôçò  óáí  ðñþôï  üñéóìá  ôç  äéáöïñéêÞ  åîßóùóç  ðïõ

èÝëïõìå  íá  ëýóïõìå,  óáí  äåýôåñï  üñéóìá  ôçí  Üãíùóôç  óõíÜñôçóç (óáí  óõíÜñôçóç  ôçò  áíåîÜñôçôçò

ìåôáâëçôÞò)  êáé  óáí  ôñßôï  üñéóìá  ôçí  ßäéá  ôçí  áíåîÜñôçôç  ìåôáâëçôÞ.  ÖõóéêÜ  óôçí  ðáñÜãñáöï  áõôÞ

÷ùñßò áñ÷éêÝò Þ óõíïñéáêÝò óõíèÞêåò ðáßñíïõìå áðëÜ ôç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîéóþóåùò. ÁõôÞ

ðåñéëáìâÜíåé áñéèìü áõèáßñåôùí óôáèåñþí ßóï ìå ôçí ôÜîç ôçò äéáöïñéêÞò åîéóþóåùò.  Ðáñáäåßãìáôá:

In[1]:= DSolve&y'&x' = a y&x', y&x', x'
Out[1]= ''y%x& , 3a x C%1&((
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In[2]:= DSolve&a y''&x' : b y'&x' : c y&x' = 0, y&x', x'
Out[2]= !!y%x& , 3

=+b+;<<<<<<<<<<<<<<<<<<<<<<<<<<b2+4 a c > x
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!2 a C%1& " 3

=+b";<<<<<<<<<<<<<<<<<<<<<<<<<<b2+4 a c > x
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!2 a C%2&""

In[3]:= DSolve&y'&x' ? x y&x' = 1, y&x', x'
Out[3]= !!y%x& , 3

x2!!!!!!2 C%1& " 3
x2!!!!!!2 12222222'

!!!!
2

Erf/ x
!!!!!!!!!!*++++2 0""

In[4]:= DSolve&y'&x'2 : y&x'2 = 10, y&x', x'
Out[4]= !!y%x& , +

*+++++++
10 Sin%x + C%1&&", !y%x& ,

*+++++++
10 Sin%x " C%1&&""

ÖõóéêÜ  ç  äéáöïñéêÞ  åîßóùóç  ìðïñåß  íá  Ý÷åé  ïñéóèåß  áðü  ðñéí  Ýîù  áðü  ôçí  åíôïëÞ  DSolve,  ð.÷.  ìå  ôï

óýìâïëï de Þ deq, ðïõ ìðïñåß íá åñìçíåõèåß óáí äéáöïñéêÞ åîßóùóç (differential equation):

In[5]:= !de 9 y''&x' : 2;y'&x' ? y&x' = @5 x, sol 9 DSolve&de, y&x', x'"
Out[5]= !+y%x& " 2 y1%x& " y11%x& %% 35 x,!!y%x& , ,3+,+6"*+++++

2 - x ,+3,+1"*+++++
2 - x + 3 *++++

2 3,+1"*+++++
2 - x + 3,+1+*+++++

2 - x",+6"*+++++
2 - x",6"*+++++

2 - x "
3 *++++2 3,+1+*+++++

2 - x",+6"*+++++
2 - x",6"*+++++

2 - x--D,2 ,+6 "
*++++
2 - ,6 "

*++++
2 -- " 3,+1+*+++++

2 - x C%1& " 3,+1"*+++++
2 - x C%2&"""

Ðïëý  óõ÷íÜ  ç  áðëïðïßçóç  ôçò  ëýóåùò  ðïõ  âñÝèçêå  ìå  ôçí  åíôïëÞ  Simplify  Þ,  áí  ÷ñåéÜæåôáé,  ìå  ôçí

åíôïëÞ FullSimplify, åßíáé ÷ñÞóéìç:

In[6]:= sol1 9 sol ## Simplify

Out[6]= !!y%x& ,
35 x
!!!!!!!!!!
34

" 3+,1"*+++++
2 - x C%1& " 3,+1"*+++++

2 - x C%2&""
ÁõôÞ  ç  áðëïðïßçóç  ìðïñåß  íá  ãßíåé  áêüìç  êáëýôåñá  êáôåõèåßáí  êáôÜ  ôçí  þñá  ôçò  åðéëýóåùò  ôçò

äéáöïñéêÞò åîéóþóåùò

In[7]:= !de 9 y''&x' : 2;y'&x' ? y&x' = @5 x, sol2 9 DSolve&de, y&x', x' ## Simplify, sol2 = sol1"
Out[7]= !+y%x& " 2 y1%x& " y11%x& %% 35 x, !!y%x& ,

35 x
!!!!!!!!!!
34

" 3+,1"*+++++
2 - x C%1& " 3,+1"*+++++

2 - x C%2&"", True"
Åßíáé ðñïöáíÝò üôé ç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîéóþóåùò ðïõ ðñïêýðôåé èá ðñÝðåé íá ðåñéÝ÷åé Ýíáí

áñéèìü áõèáßñåôùí óôáèåñþí ßóï ìå ôçí ôÜîç ôçò. Áõôü öáßíåôáé óôá ðéï ðÜíù ðáñáäåßãìáôá åðßóçò êáé

óôá áêüëïõèá ðáñáäåßãìáôá. 

In[8]:= DSolve&y''''&x' : 2;y''&x' : y&x' = 1, y&x', x'
Out[8]= ''y%x& , 1 " C%1& Cos%x& " x C%2& Cos%x& " C%3& Sin%x& " x C%4& Sin%x&((
In[9]:= DSolve&y''&x' : x y'&x' : x2;y&x' = 0, y&x', x' ## Simplify

Out[9]= !!y%x& , 3+ 1!!!!4 $ ,+$"*+++++
3 - x2 56777C%1& HermiteH/ 1

!!!!
6

$ ,3 $ "*++++3 -, = 1
!!!!
2

"
$
!!!!
2
> 31.4 x0 "

C%2& Hypergeometric1F1/ 1
!!!!
4

+
$

!!!!!!!!!!!!!!
4 *++++3 ,

1
!!!!
2
,

1
!!!!
2

$
*++++
3 x2089:::""

Ôï  åðüìåíï  ðáñÜäåéãìá  Ý÷åé  ó÷Ýóç  ìå  ôç  ÷ùñéêÞ  äéáöïñéêÞ  åîßóùóç  ðïõ  ðñïêýðôåé  óôéò  êáìðôéêÝò

éäéïôáëáíôþóåéò óõíÞèïõò äïêïý. Ðñüêåéôáé ãéá ãñáììéêÞ óõíÞèç äéáöïñéêÞ åîßóùóç ôåôÜñôçò ôÜîåùò:
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In[10]:= DSolve&v''''&x' ? "4;v&x' = 0, v&x', x'
Out[10]= ''v%x& , 3+x ) C%2& " 3x ) C%4& " C%1& Cos%x )& " C%3& Sin%x )&((
Ðáñáôçñïýìå  ðùò  áñêåôÜ  óõ÷íÜ  ïé  ëýóåéò  óõíÞèùí  äéáöïñéêþí  åîéóþóåùí  ðåñéÝ÷ïõí  êáé  åéäéêÝò  óõ-

íáñôÞóåéò êáé ü÷é ìüíï áëãåâñéêÝò ðáñáóôÜóåéò Þ óôïé÷åéþäåéò õðåñâáôéêÝò óõíáñôÞóåéò, üðùò åßíáé ç

åêèåôéêÞ óõíÜñôçóç, ç ëïãáñéèìéêÞ óõíÜñôçóç, ïé õðåñâïëéêÝò êáé ïé  ôñéãùíïìåôñéêÝò óõíáñôÞóåéò êáé

ïé áíôßóôñïöÝò ôïõò õðåñâïëéêÝò êáé ôñéãùíïìåôñéêÝò óõíáñôÞóåéò.  

Ç  Mathematica  ÷ñçóéìïðïéåß  êáôáñ÷Þí  ôï  óýìâïëï  C  ãéá  íá  äçëþíåé  ôéò  áõèáßñåôåò  óôáèåñÝò  óôéò

ëýóåéò óõíÞèùí äéáöïñéêþí åîéóþóåùí. Ôï ßäéï óýìâïëï ôï ÷ñçóéìïðïéåß, üðùò èá äïýìå ðáñáêÜôù, ãéá

íá äçëþíåé êáé ôéò áõèáßñåôåò óõíáñôÞóåéò óôéò ëýóåéò äéáöïñéêþí åîéóþóåùí ìå ìåñéêÝò ðáñáãþãïõò

ðïõ  äéáèÝôïõí  êëåéóôÝò  ëýóåéò.  ÊÜôé  ôÝôïéï  ìðïñåß  íá  ìç  ìáò  áñÝóåé  êáé  íá  ðñïôéìÜìå  êÜðïéï  Üëëï

óýìâïëï.  ¹  íá  èÝëïõìå  íá  ÷ñçóéìïðïéÞóïõìå  ôï  óýìâïëï  C  ãéá  êÜðïéïí  Üëëï  ðéï  óçìáíôéêü  óêïðü.

Ðñïò ôï óêïðü áõôü ÷ñçóéìïðïéïýìå ôçí åðéëïãÞ DSolveConstants êáèïñßæïíôáò åìåßò ôï óýìâïëï ôï

ïðïßï èá ÷ñçóéìïðïéçèåß ãéá ôéò áõèáßñåôåò óôáèåñÝò Þ ôéò áõèáßñåôåò óõíáñôÞóåéò. Ðáñáäåßãìáôá:

In[11]:= solution1 9 DSolve&v''''&x' ? "4;v&x' = 0, v&x', x'
Out[11]= ''v%x& , 3+x ) C%2& " 3x ) C%4& " C%1& Cos%x )& " C%3& Sin%x )&((
In[12]:= solution2 9 DSolve&v''''&x' ? "4;v&x' = 0, v&x', x, DSolveConstants A c'
Out[12]= ''v%x& , 3+x ) c%2& " 3x ) c%4& " c%1& Cos%x )& " c%3& Sin%x )&((
In[13]:= solution3 9 DSolve&v''''&x' ? "4;v&x' = 0, v&x', x, DSolveConstants A A'
Out[13]= ''v%x& , 3+x ) A%2& " 3x ) A%4& " A%1& Cos%x )& " A%3& Sin%x )&((
In[14]:= !solution1 = solution3, solution1 = solution3 #. A A C"
Out[14]= '''v%x& , 3+x ) C%2& " 3x ) C%4& " C%1& Cos%x )& " C%3& Sin%x )&(( %%''v%x& , 3+x ) A%2& " 3x ) A%4& " A%1& Cos%x )& " A%3& Sin%x )&((, True(
Áðü  ôç  ëýóç  ðïõ  äßíåé  ç  åíôïëÞ  DSolve  (óå  ìïñöÞ  êáíüíá  Þ  êáíüíùí  áíôéêáôáóôÜóåùò)  ìðïñïýìå

åýêïëá íá ïñßóïõìå ôç óõíÜñôçóç ðïõ åêöñÜæåé ôç ëýóç áõôÞ ðáßñíïíôáò ôï êáôÜëëçëï ìÝñïò ôçò ëý-

óåùò, óõíÞèùò ôï )1, 1, 2*, Ýôóé þóôå íá öýãïõí ôá åîùôåñéêÜ Üãêéóôñá êáé åðßóçò íá ðÜñïõìå ôï äåîéü

ìÝëïò ôçò êáèáõôü ëýóåùò. ¸íá ðñþôï ðáñÜäåéãìá áðü ôç ÄõíáìéêÞ ôùí Êáôáóêåõþí: Äïêïß 

In[15]:= vs&x_' 9 solution1,1, 1, 2-
Out[15]= 3+x ) C%2& " 3x ) C%4& " C%1& Cos%x )& " C%3& Sin%x )&
Ôï äåýôåñï ðéï êÜôù ðáñÜäåéãìá ðñïÝñ÷åôáé áðü ôéò Ôáëáíôþóåéò. ÓõãêåêñéìÝíá áöïñÜ óôç ìåôáôüðé-

óç ôïõ õëéêïý óçìåßïõ (ìÜæáò m )  óå ìïíïâÜèìéï ìç÷áíéêü óýóôçìá õëéêïý óçìåßïõ–åëáôçñßïõ–áðïóâå-

óôÞñá õðü óôáèåñÞ öüñôéóç (åîùôåñéêÞ äýíáìç)  p0 .  Äßíïõìå ðñþôá ôç ãíùóôÞ ìáò ó÷åôéêÞ äéáöïñéêÞ

åîßóùóç êáé ôç ëýíïõìå. Óôç óõíÝ÷åéá ìðïñïýìå íá ïñßóïõìå êáé ôç ó÷åôéêÞ óõíÜñôçóç:

In[16]:= vde 9 u''&t' : 2;. 70;u'&t' : 702;u&t' = p0 #m; solution 9 DSolve&vde, u&t', t'
Out[16]= !!u%t& , 3t ,+6 #0+

*+++++++++++++++++
+1"62 #0- C%1& " 3t ,+6 #0"

*+++++++++++++++++
+1"62 #0- C%2& "

p0!!!!!!!!!!!
m #0

2
""

In[17]:= us1&t_' 9 solution,1, 1, 2-
Out[17]= 3t ,+6 #0+

*+++++++++++++++++
+1"62 #0- C%1& " 3t ,+6 #0"

*+++++++++++++++++
+1"62 #0- C%2& "

p0!!!!!!!!!!!
m #0

2
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Ìéá  åíáëëáêôéêÞ  äõíáôüôçôá  ðñïóäéïñéóìïý  ôçò  ëýóåùò  óå  ìïñöÞ  óõíáñôÞóåùò  áðïôåëåß  ôï  íá  äþ-

óïõìå ìßá ìüíï åíôïëÞ ðïõ êáé íá ëýíåé ôç äéáöïñéêÞ åîßóùóç (ìå ôçí åíôïëÞ DSolve) êáé áìÝóùò ìåôÜ

íá êáèïñßæåé ôç ëýóç óáí óõíÜñôçóç óõíÞèùò ìå ôçí åðéëïãÞ ôïõ ìÝñïõò )1, 1, 2*. ÐáñÜäåéãìá: 

In[18]:= us2&t_' 9 DSolve&vde, u&t', t',1, 1, 2-
Out[18]= 3t ,+6 #0+

*+++++++++++++++++
+1"62 #0- C%1& " 3t ,+6 #0"

*+++++++++++++++++
+1"62 #0- C%2& "

p0!!!!!!!!!!!
m #0

2

ÔÝëïò  ìéá  ðïëý  åíäéáöÝñïõóá  ôñßôç  äõíáôüôçôá  ðñïóäéïñéóìïý  ôçò  ëýóåùò  óå  ìïñöÞ  óõíáñôÞóåùò

åßíáé  íá  ÷ñçóéìïðïéÞóïõìå  êáôåõèåßáí  ôç  ëýóç  óôç  ìïñöÞ  êáíüíá  áíôéêáôáóôÜóåùò,  äçëáäÞ  áêñéâþò

üðùò ôç äßíåé ç Mathematica

In[19]:= !vde, solution"
Out[19]= !#02 u%t& " 2 6 #0 u1%t& " u11%t& %%

p0!!!!!!!
m
,!!u%t& , 3t ,+6 #0+

*+++++++++++++++++
+1"62 #0- C%1& " 3t ,+6 #0"

*+++++++++++++++++
+1"62 #0- C%2& "

p0!!!!!!!!!!!
m #0

2
"""

ãéá  ôïí  ïñéóìü  óôç óõíÝ÷åéá  ôçò óõíáñôÞóåùò–ëýóåùò ôçò äéáöïñéêÞò åîéóþóåùò.  (Ðñüêåéôáé  ãéá  ìéá

éäéáßôåñá äéáäåäïìÝíç ìÝèïäï ïñéóìïý ôçò ëýóåùò áõôÞò.)

In[20]:= !us3&t_' 9 u&t' #. solution,1-, us1&t' = us2&t' = us3&t'"
Out[20]= !3t ,+6 #0+

*+++++++++++++++++
+1"62 #0- C%1& " 3t ,+6 #0"

*+++++++++++++++++
+1"62 #0- C%2& "

p0!!!!!!!!!!!
m #0

2
, True"

Ðáñáôçñïýìå  âÝâáéá  üôé  êáé  ïé  ôñåéò  áõôÝò  ìÝèïäïé  Ýäùóáí  áêñéâþò  ôçí  ßäéá  óõíÜñôçóç  us"t#  ãéá  ôç

ëýóç ðïõ âñÝèçêå ìå ôçí åíôïëÞ DSolve. (Êé áëßìïíü ìáò áí äåí Þôáí Ýôóé ç êáôÜóôáóç  . . . )

ÖõóéêÜ äåí  åßíáé  åýêïëç ç åðßëõóç äéáöïñéêþí åîéóþóåùí êáé  ïé  áíáëõôéêÝò  ëýóåéò  ôïõò (üóåò öïñÝò

õðÜñ÷ïõí   .  .  .  )  åßíáé  óõ÷íÜ ðïëýðëïêåò.  Êáëü åßíáé  åðïìÝíùò íá  åðáëçèåýïõìå ôéò  ëýóåéò  ôéò  ïðïßåò

âñßóêïõìå.  Óõíå÷ßæïõìå  ôï  ðñïçãïýìåíï  ðáñÜäåéãìá  óôéò  Ôáëáíôþóåéò.  Ç  åðáëÞèåõóç  ãßíåôáé,  áöïý

Þäç  Ý÷åé  ðñïóäéïñéóèåß  ç  óõíÜñôçóç  ðïõ  áíôéóôïé÷åß  óôç  ëýóç  ôçò  äéáöïñéêÞò  åîéóþóåùò.  Êáé  åßíáé

ãåíéêÜ áðëÞ ç åðáëÞèåõóç áõôÞ, áí êáé óõíÞèùò áðáéôåß êáé áðëïðïßçóç, ãéá ðáñÜäåéãìá

In[21]:= !vde, verification 9 vde #. u A us1 ## Simplify"
Out[21]= !#02 u%t& " 2 6 #0 u

1%t& " u11%t& %%
p0!!!!!!!
m
, True"

Áõôü ðïõ ðñÝðåé  íá ôïíéóèåß  Ýíôïíá óôç Mathematica  åßíáé  üôé  êáôÜ ôçí åðáëÞèåõóç ëýóåùí äéáöïñé-

êþí åîéóþóåùí (åßôå óõíÞèùí åßôå ìå ìåñéêÝò ðáñáãþãïõò) óôï ó÷åôéêü êáíüíá áíôéêáôáóôÜóåùò, ð.÷.

óôïí u ! us1 ðéï ðÜíù, èá ðñÝðåé êáé ïé äýï óõíáñôÞóåéò ðïõ åìöáíßæïíôáé íá åßíáé óå "êáèáñÞ" ìïñöÞ,

äçëáäÞ ÷ùñßò íá áíáöÝñïíôáé ïé ìåôáâëçôÝò ôïõò. Áëëéþò äå èá ãßíåé äõíáôÞ ç áíôéêáôÜóôáóç ìå ôïí

êáíüíá áõôü  ôùí  ðáñáãþãùí ôçò Üãíùóôçò (êáé  ôþñá ðéá  ãíùóôÞò)  óõíáñôÞóåùò óôç äéáöïñéêÞ åîß-

óùóç êáé Ýôóé ç åðáëÞèåõóç ðïõ åðé÷åéñåßôáé èá áðïôý÷åé (êáé áäéêáéïëüãçôá ìÜëéóôá, áöïý ç ëýóç ôçò

äéáöïñéêÞò åîéóþóåùò Ý÷åé Þäç âñåèåß).

Ðïëý  óõ÷íÜ  ðñïôéìÜìå  ôç  ëýóç  ìéáò  äéáöïñéêÞò  åîéóþóåùò  ðïõ  ðåñéÝ÷åé  ôçí  åêèåôéêÞ  óõíÜñôçóç  óå

éóïäýíáìç  ìïñöÞ  ðïõ  íá  ðåñéÝ÷åé  áíôß  ãéá  ôçí  åêèåôéêÞ  óõíÜñôçóç  ôéò  õðåñâïëéêÝò  óõíáñôÞóåéò  óõ-

íçìßôïíï  (cosh)  êáé  çìßôïíï  (sinh).  Áõôü  ìðïñïýìå  íá  ôï  ðåôý÷ïõìå  åýêïëá  ìå  ôç  ÷ñÞóç  ôçò  åíôïëÞò

ExpToTrig,  ðïõ  ìáò  åßíáé  Þäç  ãíùóôÞ  (ÅíôïëÞ  Å4:Ô1)  óôç  ëýóç  ôçò  äéáöïñéêÞò  åîéóþóåùò:  ç  ëýóç  íá

åßíáé  ãñáììÝíç õðü ôç ìïñöÞ óõíáñôÞóåùò êáé  ü÷é  õðü  ôç ìïñöÞ êáíüíá áíôéêáóôÜóåùò.  ÐáñÜäåéãìá

óôç ëýóç vs!"x# ôçò ÷ùñéêÞò äéáöïñéêÞò åîéóþóåùò ôùí éäéïôáëáíôþóåùí óõíÞèïõò äïêïý: 
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In[22]:= !ExpToTrig&vs&x'', vs&x' ## ExpToTrig" ## Simplify

Out[22]= 'C%1& Cos%x )& " #C%2& " C%4&$ Cosh%x )& " C%3& Sin%x )& " #+C%2& " C%4&$ Sinh%x )&,
C%1& Cos%x )& " #C%2& " C%4&$ Cosh%x )& " C%3& Sin%x )& " #+C%2& " C%4&$ Sinh%x )&(

? ÅÐÉËÕÓÇ ÐÑÏÂËÇÌÁÔÙÍ ÁÑ×ÉÊÙÍ ÊÁÉ ÓÕÍÏÑÉÁÊÙÍ ÔÉÌÙÍ

ÌÝ÷ñé ôþñá êÜíáìå ÷ñÞóç ôçò åíôïëÞò DSolve ãéá ôçí åðßëõóç óõíÞèùí äéáöïñéêþí åîéóþóåùí ÷ùñßò

áñ÷éêÝò  Þ  óõíïñéáêÝò  óõíèÞêåò.  ÄçëáäÞ  ðñïóäéïñßæáìå  ìüíï  ãåíéêÝò  ëýóåéò  äéáöïñéêþí  åîéóþóåùí.

Åäþ èá åðéëýóïõìå ðñïâëÞìáôá áñ÷éêþí êáé óõíïñéáêþí ôéìþí, äçëáäÞ äéáöïñéêÝò åîéóþóåéò ðïõ óõíï-

äåýïíôáé  áðü áñ÷éêÝò  óõíèÞêåò (ãéá  ôá  ðñïâëÞìáôá áñ÷éêþí ôéìþí)  êáé  áðü óõíïñéáêÝò óõíèÞêåò (ãéá

ôá ðñïâëÞìáôá óõíïñéáêþí ôéìþí). Ðñïò ôï óêïðü áõôü ïé óõíèÞêåò èåùñïýíôáé êáé áõôÝò åîéóþóåéò êáé

ìðáßíïõí ìáæß  ìå  ôçí ßäéá  ôç äéáöïñéêÞ åîßóùóç óôï  ðñþôï üñéóìá ôçò åíôïëÞò DSolve.  Áõôü  ðáßñíåé

Ýôóé ôç ìïñöÞ ìéáò ëßóôáò åîéóþóåùí. Áò äïýìå ôç ó÷åôéêÞ äéáäéêáóßá óå äýï ðïëý áðëÜ ðáñáäåßãìáôá.  

Èåùñïýìå  ðñþôá ôç  äéáöïñéêÞ åîßóùóç (differential  equation)  ôùí åëåýèåñùí ôáëáíôþóåùí ôïõ ìïíï-

âÜèìéïõ ìç÷áíéêïý óõóôÞìáôïò õëéêïý óçìåßïõ–åëáôçñßïõ Þ ìÜæáò–åëáôçñßïõ (åäþ ÷ùñßò áðüóâåóç):

In[23]:= de 9 u''&t' : 702;u&t' = 0

Out[23]= #02 u%t& " u11%t& %% 0

ÁõôÞ ç äéáöïñéêÞ åîßóùóç de Ý÷åé ãåíéêÞ ëýóç ôç

In[24]:= GeneralSolution 9 DSolve&de, u&t', t'
Out[24]= ''u%t& , C%1& Cos%t #0& " C%2& Sin%t #0&((
In[25]:= ug&t_' 9 GeneralSolution,1, 1, 2-
Out[25]= C%1& Cos%t #0& " C%2& Sin%t #0&
Ùñáßá ùò åäþ! Ôþñá èåùñïýìå ôéò ßäéåò åëåýèåñåò ôáëáíôþóåéò, áëëÜ ìå ãíùóôÝò ôéò äýï áñ÷éêÝò óõí-

èÞêåò (initial conditions), äçëáäÞ ôçí áñ÷éêÞ èÝóç u0  êáé ôçí áñ÷éêÞ ôá÷ýôçôá v0 ôïõ õëéêïý óçìåßïõ:

In[26]:= ics 9 !u&0' = u0, u'&0' = v0"
Out[26]= 'u%0& %% u0, u1%0& %% v0(
Ôþñá ðéá Ý÷ïõìå Ýíá ðñüâëçìá áñ÷éêþí ôéìþí: ìßá äéáöïñéêÞ åîßóùóç äåõôÝñáò ôÜîåùò ìáæß ìå äýï áñ-

÷éêÝò  óõíèÞêåò.  Ç åíôïëÞ DSolve  ìðïñåß  åýêïëá íá ôï  ëýóåé,  áñêåß  óôï ðñþôï üñéóìá íá áíáöÝñïõìå

êáé ôç äéáöïñéêÞ åîßóùóç êáé ôéò äýï áñ÷éêÝò óõíèÞêåò ðïõ éó÷ýïõí, ð.÷. ìå ôçí åíôïëÞ

In[27]:= PartialSolution 9 DSolve&!de, ics", u&t', t' ## Simplify

Out[27]= !!u%t& , u0 Cos%t #0& "
v0 Sin%t #0&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

#0
""

In[28]:= up&t_' 9 PartialSolution,1, 1, 2-
Out[28]= u0 Cos%t #0& "

v0 Sin%t #0&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

#0

Óçìåéþíïõìå üôé  óôç Mathematica  åßíáé  ðéï áðëü áðü áðüøåùò åíôïëþí íá îáíáëýóïõìå ôç äéáöïñéêÞ

åîßóùóç  (ôþñá  âÝâáéá  ìáæß  ìå  ôéò  áñ÷éêÝò  óõíèÞêåò  ôçò)  ðáñÜ  íá  ðñïóäéïñßóïõìå  ôéò  äýï  áõèáßñåôåò

óôáèåñÝò óôç ãåíéêÞ ëýóç ug"t# ,  Ýôóé þóôå áõôÞ íá ðëçñïß êáé ôéò äýï áñ÷éêÝò óõíèÞêåò. ÕðïëïãéóôéêÜ
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ç äåýôåñç áõôÞ äõíáôüôçôá åßíáé ðïëý ðéï óùóôÞ, áëëÜ ðñáêôéêÜ (áðëÜ ãéá ïéêïíïìßá óå åíôïëÝò) ÷ñç-

óéìïðïéåßôáé ç ðñþôç ìå åðáíÜëçøç ôçò ëýóåùò ôçò äéáöïñéêÞò åîéóþóåùò.

ÖõóéêÜ ç ðáñáðÜíù ìåñéêÞ ëýóç up"t# ,  ðïõ åßíáé  ç  ëýóç ôïõ ðñïâëÞìáôïò áñ÷éêþí ôéìþí ðïõ ðñïáíá-

öÝñáìå,  åðáëçèåýåé  ôüóï ôç äéáöïñéêÞ åîßóùóç üóï êáé  ôéò  äýï  áñ÷éêÝò  óõíèÞêåò,  üðùò ðïëý åýêïëá

ðáñáôçñïýìå.  (Åäþ åéäéêÜ ãéá ôç äéáöïñéêÞ åîßóùóç ÷ñåéÜæåôáé êáé áðëïðïßçóç ôïõ áðïôåëÝóìáôïò.)

In[29]:= verification 9 !de, ics" #. u A up ## Simplify

Out[29]= 'True, 'True, True((
Óáí äåýôåñï êáé ôåëåõôáßï ðáñÜäåéãìá èá åðéëýóïõìå ôçí ôüóï áðëÞ äéáöïñéêÞ åîßóùóç ôçò óõíÞèïõò

äïêïý äõóêáìøßáò EI õðü óôáèåñÞ êÜèåôç êáôáíåìçìÝíç öüñôéóç p0  óå üëï ôï ìÞêïò ôçò

In[30]:= BeamDE 9 v''''&x' 99 p0 #EI;
ÁõôÞ Ý÷åé éäéáßôåñá áðëÞ ãåíéêÞ ëýóç, ðïõ åßíáé Ýíá ðïëõþíõìï ôåôÜñôïõ âáèìïý ìå ôÝóóåñéò óôáèåñÝò:

In[31]:= SolutionBeamDE 9 DSolve&BeamDE, v&x', x'
Out[31]= !!v%x& , C%1& " x C%2& " x2 C%3& " x3 C%4& "

x4 p0!!!!!!!!!!!!!!
24 EI

""
In[32]:= vg&x_' 9 SolutionBeamDE,1, 1, 2-
Out[32]= C%1& " x C%2& " x2 C%3& " x3 C%4& "

x4 p0!!!!!!!!!!!!!!
24 EI

Áò èåùñÞóïõìå ôþñá üôé ç äïêüò ìáò åßíáé ìÞêïõò L êáé áìößðáêôç, ïðüôå éó÷ýïõí ïé áêüëïõèåò ôÝóóå-

ñéò óõíïñéáêÝò óõíèÞêåò (áíÜ äýï óå êÜèå Üêñï ôçò):

In[33]:= BeamBoundaryConditions1 9 !v&0' = 0, v'&0' = 0, v&L' = 0, v'&L' = 0";
Ôüôå ç ëýóç ôïõ ó÷åôéêïý ðñïâëÞìáôïò óõíïñéáêþí ôéìþí, ç ïðïßá ðñïöáíþò ðáñéóôÜíåé ôï âÝëïò êÜì-

øåùò ôçò äïêïý (Þ ó÷åäüí éóïäýíáìá ôçí åëáóôéêÞ ãñáììÞ ðïõ ó÷çìáôßæåé ç äïêüò) èá Ý÷åé ôç ìïñöÞ

In[34]:= BeamSolution1 9 DSolve&!BeamDE, BeamBoundaryConditions1", v&x', x' ## Simplify

Out[34]= !!v%x& ,
#L + x$2 x2 p0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

24 EI
""

In[35]:= v1&x_' 9 BeamSolution1,1, 1, 2-
Out[35]=

#L + x$2 x2 p0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
24 EI

ÁõôÞ öõóéêÜ åðáëçèåýåé üëåò ôéò åîéóþóåéò: êáé ôç äéáöïñéêÞ åîßóùóç êáé ôéò óõíïñéáêÝò óõíèÞêåò: 

In[36]:= BeamVerification1 9 !BeamDE, BeamBoundaryConditions1" #. v A v1

Out[36]= 'True, 'True, True, True, True((
Áò ëýóïõìå ðïëý óýíôïìá êáé ôï áíôßóôïé÷ï ðñüâëçìá ôïõ ðñïâüëïõ ìå ðÜêôùóç äåîéÜ ìå åîéóþóåéò:

In[37]:= CantileverEquations 9 !BeamDE, v''&0' = 0, v'''&0' = 0, v&L' = 0, v'&L' = 0";
Ç ëýóç üëùí áõôþí ôùí åîéóþóåùí ðñïêýðôåé êáé ðÜëé åýêïëá ìå ôçí åíôïëÞ  DSolve óå óõíäõáóìü ìå

ôçí åíôïëÞ Simplify Þ ìå ôçí åíôïëÞ Factor (áíÜëïãá ìå ôï ðþò åìåßò èÝëïõìå ôï ôåëéêü áðïôÝëåóìá):
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In[38]:= !v2&x_' 9 DSolve&CantileverEquations, v&x', x',1, 1, 2- ## Simplify, v2&x' ## Factor"
Out[38]= ! #3 L4 + 4 L3 x " x4$ p0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

24 EI
,

#L + x$2 #3 L2 " 2 L x " x2$ p0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
24 EI

"
? ÅÐÉËÕÓÇ ÓÕÓÔÇÌÁÔÙÍ ÓÕÍÇÈÙÍ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ

ÌÝ÷ñé  óôéãìÞò ÷ñçóéìïðïéÞóáìå ôçí åíôïëÞ DSolve ãéá  ôçí åðßëõóç óõíÞèùí äéáöïñéêþí åîéóþóåùí.

Åíôïýôïéò  Þ  ßäéá  åíôïëÞ DSolve  åßíáé  åöáñìüóéìç  êáé  óå  óõóôÞìáôá  óõíÞèùí  äéáöïñéêþí  åîéóþóåùí.

ÓõíÞèùò  ìÜëéóôá  ÷ñçóéìïðïéåßôáé  óå  ãñáììéêÜ  óõóôÞìáôá  óõíÞèùí  äéáöïñéêþí  åîéóþóåùí  ìå  óôáèå-

ñïýò óõíôåëåóôÝò. ÁõôÜ åßíáé êáé ôá ðéï åýêïëá óôçí åðßëõóÞ ôïõò (äéáèÝôïíôáò áíáëõôéêÝò ëýóåéò) êáé

ôá ðéï ÷ñÞóéìá óôçí ðñÜîç.  Åäþ èá áíáöåñèïýìå óôéò éäéïôáëáíôþóåéò åíüò áðëïý äéþñïöïõ éäåáôïý

êôéñßïõ äéáôìÞóåùò ôï ïðïßï ðñïóåããßæåôáé áðü äéþñïöï åðßðåäï ðëáßóéï. Ïñßæïõìå ðñþôá ôá ìçôñþá

ìÜæáò Ì  êáé  äõóêáìøßáò Ê  êáé  ôï äéÜíõóìá ôùí áãíþóôùí u"t# .  ¸ðåéôá ðñïóäéïñßæïõìå ôï ó÷åôéêü óý-

óôçìá äéáöïñéêþí åîéóþóåùí êáé ôï ëýíïõìå, áöïý ïñßóïõìå ðñþôá ôéò ôÝóóåñéò áñ÷éêÝò óõíèÞêåò:

In[39]:= !M 9 !!3;m, 0", !0, 2;m""; M ## MatrixForm, K 9 !!5;k, ?k", !?k, 3;k""; K ## MatrixForm"
Out[39]= != 3 m 0

0 2 m
>, = 5 k +k

+k 3 k
>"

In[40]:= u&t_' 9 !!u1&t'", !u2&t'""
Out[40]= ''u1%t&(, 'u2%t&((
In[41]:= SystemOfODEs1 9 M.u''&t' : K.u&t' = !!0", !0""
Out[41]= ''5 k u1%t& + k u2%t& " 3 m u111%t&(, '+k u1%t& " 3 k u2%t& " 2 m u211%t&(( %% ''0(, '0((
In[42]:= SystemOfODEs2 9 Table&SystemOfODEs1,1, n, 1-# m = 0, !n, 1, 2"' #. k A m 72 ## Simplify

Out[42]= '5 #2 u1%t& " 3 u111%t& %% #2 u2%t&, 3 #2 u2%t& " 2 u211%t& %% #2 u1%t&(
In[43]:= InitialConditions 9 !u1&0' = u10, u1'&0' = v10, u2&0' = u20, u2'&0' = v20"
Out[43]= 'u1%0& %% u10, u11%0& %% v10, u2%0& %% u20, u21%0& %% v20(
In[44]:= solution 9

DSolve&!SystemOfODEs2, InitialConditions", !u1&t', u2&t'", t' ## FullSimplify;

In[45]:= !us1&t_' 9 solution,1, 1, 2-, us2&t_' 9 solution,1, 2, 2-"
Out[45]= ! 1

!!!!!!!!!!!
70 #

5677777714 # Cos/*++++
2 t #0 #3 u10 + 2 u20$ " 28 # Cos/122222227!!!!

6
t #0 #u10 " u20$ "

7 *++++2 Sin/*++++2 t #0 #3 v10 + 2 v20$ " 4 *+++++++42 Sin/122222227!!!!
6

t #0 #v10 " v20$89::::::,
1

!!!!!!!!!!!
70 #

5677777742 # Cos/122222227!!!!
6

t #0 #u10 " u20$ " 14 # Cos/*++++2 t #0 #+3 u10 " 2 u20$ "

6
*+++++++
42 Sin/122222227!!!!

6
t #0 #v10 " v20$ " 7

*++++
2 Sin/*++++

2 t #0 #+3 v10 " 2 v20$89::::::"
Êáé ôþñá èá êÜíïõìå ôçí åðáëÞèåõóç ôçò ëýóåùò ôüóï ùò ðñïò ôï óýóôçìá ôùí äýï óõíÞèùí äéáöïñé-

êþí åîéóþóåùí SystemOfODEs2 üóï êáé ùò ðñïò ôéò ôÝóóåñéò áñ÷éêÝò óõíèÞêåò InitialConditions:
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In[46]:= verification 9 !SystemOfODEs2, InitialConditions" #. !u1 A us1, u2 A us2" ## Simplify

Out[46]= ''True, True(, 'True, True, True, True((
Ìðïñïýìå íá âåâáéùèïýìå ãéá ôçí ïñèüôçôá ôùí äýï éäéïóõ÷íïôÞôùí ðïõ åìöáíßæïíôáé óôçí ðéï ðÜíù

ëýóç ôïõ óõóôÞìáôüò ìáò õðïëïãßæïíôÜò ôéò êáé ìå Ýíáí åíôåëþò äéáöïñåôéêü ôñüðï:  

In[47]:= !Eigenfrequencies 9 Solve&Det&K ? 72 M' = 0, 7',
Eigenfrequencies #. k A m 702 ## PowerExpand"

Out[47]= !!!# , +
;<<<<<<7!!!!

6
*++++k

!!!!!!!!!!!!!!!!!!!!!!*++++m ", !# ,
;<<<<<<7!!!!

6
*++++k

!!!!!!!!!!!!!!!!!!!!!!*++++m ", !# , +
*++++2 *++++k
!!!!!!!!!!!!!!!!!!!*++++m ", !# ,

*++++2 *++++k
!!!!!!!!!!!!!!!!!!!*++++m "",

!!# , +122222227!!!!
6

#0", !# , 122222227!!!!
6

#0", !# , +
*++++
2 #0", !# ,

*++++
2 #0"""

Óôéò  Ôáëáíôþóåéò  (ð.÷.  ìç÷áíéêþí  óõóôçìÜôùí,  äïêþí,  êëð.)  êáèþò  êáé  óôç ÄõíáìéêÞ  ôùí Êáôáóêåõþí

ãåíéêüôåñá  åßíáé  áõôïíüçôï  ðùò  ìïíÜ÷á  ïé  èåôéêÝò  ðéï  ðÜíù  ëýóåéò  ôçò  åîéóþóåùò  éäéïóõ÷íïôÞôùí

Ý÷ïõí öõóéêÞ Ýííïéá. (Ïé áñíçôéêÝò ëýóåéò ðåñéôôåýïõí. Äå ÷ñåéÜæåôáé íá ëçöèïýí êáèüëïõ õðüøç.)

? ÅÐÉËÕÓÇ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ ÌÅ ÌÅÑÉÊÅÓ ÐÁÑÁÃÙÃÏÕÓ

Ç ðáñïýóá åíôïëÞ åðéëýóåùò äéáöïñéêþí åîéóþóåùí DSolve ìðïñåß íá ïäçãÞóåé óôç ëýóç êáé ìåñéêþí

áðëþí  ãñáììéêþí  äéáöïñéêþí  åîéóþóåùí  ìå  ìåñéêÝò  ðáñáãþãïõò.  Åäþ  îåêéíÜìå  ìå  ôç  ìïíïäéÜóôáôç

åîßóùóç  ôïõ  êýìáôïò,  ç  ïðïßá  êáëåßôáé  óõíÞèùò  êáé  åîßóùóç  ôçò  ÷ïñäÞò.  ÅðåéäÞ  óôçí  ÅðéóôÞìç  ôïõ

Ðïëéôéêïý Ìç÷áíéêïý ç åîßóùóç áõôÞ åöáñìüæåôáé  ðñïóåããéóôéêÜ êáé  óå êáëþäéá (óôéò êáëùäéùôÝò êáé

óôéò  êñåìáóôÝò  ãÝöõñåò),  ôçí  êáëïýìå  åäþ  åîßóùóç  ôïõ  êáëùäßïõ  (cable  equation).  ÁõôÞ  ç  äéáöïñéêÞ

åîßóùóç  ìå  ìåñéêÝò  ðáñáãþãïõò  Ý÷åé  ìéá  áðëÞ  êëåéóôÞ  ëýóç  ç  ïðïßá  åêöñÜæåôáé  ìå  ôç  âïÞèåéá  äýï

áõèáßñåôùí,  áëëÜ  äýï  öïñÝò  ðáñáãùãßóéìùí,  óõíáñôÞóåùí.  Óôéò  åðüìåíåò  åíôïëÝò  ïñßæïõìå  ôçí  åîß-

óùóç ôïõ êáëùäßïõ, ôç ëýíïõìå ìå ôç ÷ñÞóç ôçò åíôïëÞò DSolve,  ïñßæïõìå ôçí áíôßóôïé÷ç óõíÜñôçóç

êáé åðáëçèåýïõìå ðùò áõôÞ åßíáé óô' áëÞèåéá ëýóç ôçò åîéóþóåùò ôïõ êáëùäßïõ (ìå áðëïðïßçóç): 

In[48]:= CableEquation 9 D&u&x, t', !x, 2"' 99 $1 #c2%;D&u&x, t', !t, 2"'
Out[48]= u#2,0$%x, t& %%

u#0,2$%x, t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

c2

In[49]:= sol1 9 DSolve&CableEquation, u&x, t', !x, t"' ## PowerExpand

Out[49]= !!u%x, t& , C%1&/t "
x
!!!!
c
0 " C%2&/t +

x
!!!!
c
0""

In[50]:= us&x_, t_' 9 sol1,1, 1, 2-
Out[50]= C%1&/t "

x
!!!!
c
0 " C%2&/t +

x
!!!!
c
0

In[51]:= verification1 9 CableEquation #. u A us ## Simplify

Out[51]= True

Áðüëõôá  áíÜëïãç  åñãáóßá  ìðïñåß  íá  ãßíåé  (êáé  ìå  åðéôõ÷ßá  ìÜëéóôá!)  ãéá  ôç  äéäéÜóôáôç  åîßóùóç  ôïõ

Laplace. Åäþ üìùò ç ëýóç ðåñéÝ÷åé êáé ôç öáíôáóôéêÞ ìïíÜäá i .  Ãéá íá åßíáé ç ôåëéêÞ ëýóç ðñáãìáôéêÞ,

üðùò  óô'  áëÞèåéá  åðéèõìåß  ï  Ðïëéôéêüò  Ìç÷áíéêüò  óôçí  åðéóôÞìç  ôïõ,  ïé  äýï  áõèáßñåôåò  óõíáñôÞóåéò

ðñÝðåé  íá åßíáé  óõæõãåßò ìéãáäéêÝò,  äçëáäÞ üðïõ ç ìßá Ý÷åé  i  ç Üëëç íá Ý÷åé  (i .  Óçìåéþíåôáé  üôé  åéäéêÜ

åäþ ç åðáëÞèåõóç äåí áðáéôåß ôç ÷ñÞóç ôçò åíôïëÞò Simplify:
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In[52]:= TwoDimensionalLaplaceEquation9 D&u&x, y', !x, 2"' : D&u&x, y', !y, 2"' = 0

Out[52]= u#0,2$%x, y& " u#2,0$%x, y& %% 0

In[53]:= sol2 9 DSolve&TwoDimensionalLaplaceEquation, u&x, y', !x, y"'
Out[53]= ''u%x, y& , C%1&%$ x " y& " C%2&%+$ x " y&((
Ðïëý óõ÷íÜ äå èÝëïõìå ïé áõèáßñåôåò óõíáñôÞóåéò óôéò ëýóåéò äéáöïñéêþí åîéóþóåùí ìå ìåñéêÝò ðáñá-

ãþãïõò  íá  äçëþíïíôáé  ìå  ôï  óýìâïëï  C  ðïõ  ãåíéêÜ  áíáöÝñåôáé  óå  óôáèåñÝò.   Ðñïò  ôï  óêïðü  áõôü,

üðùò Ý÷ïõìå Þäç äåé êáé óôéò óõíÞèåéò äéáöïñéêÝò åîéóþóåéò, áõôü ôï óýìâïëï C ìðïñïýìå íá ôï áëëÜ-

îïõìå óôç Mathematica  ÷ñçóéìïðïéþíôáò ôçí åðéëïãÞ DSolveConstants ôçò åíôïëÞò DSolve. Áõôü ôï

êÜíïõìå  áìÝóùò  ðáñáêÜôù  äçëþíïíôáò  ôéò  äýï  áõèáßñåôåò  óõíáñôÞóåéò  åßôå  ìå  f  åßôå  ìå  ö  ôçí  þñá

áêñéâþò ðïõ ÷ñçóéìïðïéïýìå ôçí åíôïëÞ DSolve:

In[54]:= sol3 9 DSolve&TwoDimensionalLaplaceEquation, u&x, y', !x, y", DSolveConstants A f'
Out[54]= ''u%x, y& , f%1&%$ x " y& " f%2&%+$ x " y&((
In[55]:= sol4 9 DSolve&TwoDimensionalLaplaceEquation, u&x, y', !x, y", DSolveConstants A 4'
Out[55]= ''u%x, y& , :%1&%$ x " y& " :%2&%+$ x " y&((
In[56]:= us&x_, y_' 9 sol4,1, 1, 2-
Out[56]= :%1&%$ x " y& " :%2&%+$ x " y&
In[57]:= verification2 9 TwoDimensionalLaplaceEquation#. u A us

Out[57]= True

Áíôßèåôá ç ìïíïäéÜóôáôç åîßóùóç ôçò  äéá÷ýóåùò (ç  ïðïßá ðáñïõóéÜæåôáé  óôç ÌåôÜäïóç Èåñìüôçôáò,

óôçí Åäáöïìç÷áíéêÞ:  Óôåñåïðïßçóç, óôçí ÐåñéâáëëïíôéêÞ Ìç÷áíéêÞ, êëð.)  äåí Ý÷åé  êëåéóôÞ ëýóç ìå ôç

÷ñÞóç äýï áõèáßñåôùí óõíáñôÞóåùí, ãéáôß ç ÷ñïíéêÞ ìåñéêÞ ðáñÜãùãüò ôçò åßíáé ðñþôçò ôÜîåùò, åíþ

ç ÷ùñéêÞ åßíáé äåõôÝñáò ôÜîåùò.  Êé áöïý äåí Ý÷åé ôÝôïéá êëåéóôÞ ëýóç, ìå êáíÝíáí ôñüðï äå ìðïñïýìå

íá ðåñéìÝíïõìå áðü ôç Mathematica  íá ôç âñåé ìå ôç ÷ñÞóç ôçò åíôïëÞò DSolve.  ¢ñá äåí åßíáé êÜðïéá

áäõíáìßá ôçò åíôïëÞò  DSolve.  Åßíáé  áðëÜ ç áíõðáñîßá ôÝôïéáò  êëåéóôÞò ëýóåùò:  äåí õðÜñ÷åé  ëýóç óå

áíáëõôéêÞ ìïñöÞ. Áò ôá äïýìå ëïéðüí áõôÜ:

In[58]:= OneDimensionalDiffusionEquation9 D&u&x, t', !x, 2"' = $1#a2%;D&u&x, t', t'
Out[58]= u#2,0$%x, t& %%

u#0,1$%x, t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

a2

In[59]:= sol5 9 DSolve&OneDimensionalDiffusionEquation, u&x, t', !x, t"'
Out[59]= DSolve/u#2,0$%x, t& %%

u#0,1$%x, t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

a2
, u%x, t&, 'x, t(0

Áðü  ôçí  áíôßèåôç  üøç  ç  åíôïëÞ  DSolve  ôçò  Mathematica  äå  ìðïñåß  íá  ëýóåé  ôç  äéáñìïíéêÞ  åîßóùóç

(óôçí ôáóéêÞ óõíÜñôçóç ôïõ  Airy  óôçí Åðßðåäç  Åëáóôéêüôçôá óôç Ìç÷áíéêÞ ôùí Õëéêþí),  ðáñüëï  ðïõ

áõôÞ äéáèÝôåé áðëÞ êëåéóôÞ ëýóç ìå ôçí ðáñïõóßá ôåóóÜñùí (ü÷é ìüíï äýï) áõèáßñåôùí óõíáñôÞóåùí.

Áõôü ßóùò óõìâáßíåé, åðåéäÞ ç äéáñìïíéêÞ åîßóùóç åßíáé ôåôÜñôçò ôÜîåùò êáé ç åíôïëÞ DSolve ßóùò äåí

Ý÷åé  ðñïãñáììáôéóèåß  áñêåôÜ,  þóôå  íá  ëýíåé  êáé  ôÝôïéåò  åîéóþóåéò.  Áò  ôï  äïýìå  êé  áõôü,  áöïý  âÝâáéá

êáëÝóïõìå ðñþôá ôï ðáêÝôï Calculus`VectorAnalysis` ãéá ôç ÄéáíõóìáôéêÞ ÁíÜëõóç:

In[60]:= FF Calculus`VectorAnalysis`
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In[61]:= BiharmonicPDE 9 Biharmonic&u&x, y', Cartesian&x, y, z'' = 0

Out[61]= u#0,4$%x, y& " 2 u#2,2$%x, y& " u#4,0$%x, y& %% 0

In[62]:= DSolve&BiharmonicPDE, u&x, y', !x, y"'
Out[62]= DSolve%u#0,4$%x, y& " 2 u#2,2$%x, y& " u#4,0$%x, y& %% 0, u%x, y&, 'x, y(&
¢ñá ç Mathematica  äåí êáôÜöåñå íá âñåé ôçí êëåéóôÞ ëýóç ôçò äéáñìïíéêÞò åîéóþóåùò, áí êáé õðÜñ÷åé.

(Ç ëýóç áõôÞ ðåñéÝ÷åé ôÝóóåñéò áõèáßñåôåò óõíáñôÞóåéò.) Ìéá ðïõ ôçí îÝñïõìå, ôç äßíïõìå ëïéðüí åìåßò

ïé  ßäéïé  ìå  ôï  ÷Ýñé  êáé  áðëÜ  ôçí  åðáëçèåýïõìå  ìå  ôç  Mathematica,  ðïõ  åêôåëåß  Ýôóé  ìüíï  ôéò  ó÷åôéêÝò

ðïëý áðëÝò ðáñáãùãßóåéò (ìå ôçí õðüèåóç âÝâáéá üôé ïé áõèáßñåôåò óõíáñôÞóåéò åßíáé ðáñáãùãßóéìåò):

In[63]:= us&x_, y_' 9 $x ? < y%;f1&x : < y' : $x : < y%;f2&x ? < y' : f3&x : < y' : f4&x ? < y';
In[64]:= verification 9 BiharmonicPDE #. u A us ## Simplify

Out[64]= True

Áò ãßíåé óôï óçìåßï áõôü ç õðåíèýìéóç üôé ï Ðïëéôéêüò Ìç÷áíéêüò åíäéáöÝñåôáé óõíÞèùò ìüíï ãéá ðñá-

ãìáôéêÝò óõíáñôÞóåéò, üðùò åßíáé ç ôáóéêÞ óõíÜñôçóç ôïõ Airy, ðïõ åßíáé ü÷é ìüíï äéáñìïíéêÞ, áëëÜ êáé

ðñáãìáôéêÞ. Óôçí ðåñßðôùóç áõôÞ ïé óõíáñôÞóåéò f1  êáé f2 èá ðñÝðåé íá åßíáé óõæõãåßò ìéãáäéêÝò óõíáñ-

ôÞóåéò, äçëáäÞ üðïõ ç ìßá Ý÷åé i  ç Üëëç íá Ý÷åé (i . Ôï ßäéï êáé ïé Üëëåò äýï óõíáñôÞóåéò f3 êáé f4 .

! ÅÍÔÏËÇ D2:  ÁÑÉÈÌÇÔÉÊÇ ÅÐÉËÕÓÇ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ  
NDSolve[{ÓõíÞèçòÄéáöïñéêÞÅîßóùóç,

                Áñ÷éêÝòÓõíèÞêåò¹ÓõíïñéáêÝòÓõíèÞêåò¹Êáé¢ëëåòÓõíèÞêåò},

                ¢ãíùóôç ÓõíÜñôçóç,  {ÁíåîÜñôçôçÌåôáâëçôÞ, Áñ÷ÞÄéáóôÞìáôïò, ÔÝëïòÄéáóôÞìáôïò }]

NDSolve[ËßóôáÓõíÞèùíÄéáöïñéêþíÅîéóþóåùíÊáéÁñ÷éêþíÓõíèçêþí¹ÓõíïñéáêþíÓõíèçêþí-

               ¹Êáé¢ëëùíÓõíèçêþí,  ËßóôáÁãíþóôùíÓõíáñôÞóåùí,  

               {ÁíåîÜñôçôçÌåôáâëçôÞ,  Áñ÷ÞÄéáóôÞìáôïò,  ÔÝëïòÄéáóôÞìáôïò }]

NDSolve[{ÄéáöïñéêÞÅîßóùóçÌåÌåñéêÝòÐáñáãþãïõò,  

                Áñ÷éêÝòÓõíèÞêåò¹ÓõíïñéáêÝòÓõíèÞêåò¹Êáé¢ëëåòÓõíèÞêåò},  ¢ãíùóôçÓõíÜñôçóç, 

                {ÁíåîÜñôçôçÌåôáâëçôÞ-1,  Áñ÷ÞÄéáóôÞìáôïò-1,  ÔÝëïòÄéáóôÞìáôïò-1 }, 

                {ÁíåîÜñôçôçÌåôáâëçôÞ-2,  Áñ÷ÞÄéáóôÞìáôïò-2,  ÔÝëïòÄéáóôÞìáôïò-2 }]

ÐÜñá ðïëý óõ÷íÜ ìéá óõíÞèçò äéáöïñéêÞ åîßóùóç,  ìéá äéáöïñéêÞ åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò Þ

Ýíá óýóôçìá äéáöïñéêþí åîéóþóåùí (åßôå  óõíÞèùí åßôå  ìå ìåñéêÝò ðáñáãþãïõò)  äåí Ý÷ïõí êëåéóôÞ

ëýóç. ÅðïìÝíùò ó' áõôÝò ôéò ðåñéðôþóåéò ðñÝðåé íá ÷ñçóéìïðïéçèåß áñéèìçôéêÞ ìÝèïäïò åðéëýóåùò. Ç

ðáñïýóá åíôïëÞ NDSolve  ëýíåé  ðñÜãìáôé  áñéèìçôéêÜ ìéá  óõíÞèç äéáöïñéêÞ åîßóùóç Þ Ýíá óýóôçìá

óõíÞèùí  äéáöïñéêþí  åîéóþóåùí  Þ  ìéá  äéáöïñéêÞ  åîßóùóç  ìå  ìåñéêÝò  ðáñáãþãïõò  ðïõ  äßíåôáé  óôç

ëßóôá ôïõ ðñþôïõ ïñßóìáôüò ôçò ìáæß ìå ôéò ó÷åôéêÝò áñ÷éêÝò óõíèÞêåò Þ óõíïñéáêÝò óõíèÞêåò Þ/êáé

Üëëåò óõíèÞêåò, ðïõ äßíïíôáé åðßóçò óôçí ßäéá ëßóôá. Ôï áðïôÝëåóìá åßíáé ç áñéèìçôéêÞ åðßëõóç ôçò

äéáöïñéêÞò åîéóþóåùò (åßôå óõíÞèïõò åßôå ìå ìåñéêÝò ðáñáãþãïõò) óå ìïñöÞ óõíáñôÞóåùò ðáñåìâï-

ëÞò Þ (óå ðåñßðôùóç óõóôÞìáôïò äéáöïñéêþí åîéóþóåùí) óõíáñôÞóåùí ðáñåìâïëÞò. Óçìåéþíåôáé üôé

óôçí ðáñïýóá áñéèìçôéêÞ åíôïëÞ NDSolve ôï äéÜóôçìá åñãáóßáò óôçí áñéèìçôéêÞ åðßëõóç èá ðñÝðåé
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ïðùóäÞðïôå íá áíáöÝñåôáé ìåôÜ áðü êÜèå ìåôáâëçôÞ. Ç ðáñïýóá åíôïëÞ NDSolve åßíáé åöáñìüóéìç

ôüóï óå óõíÞèåéò äéáöïñéêÝò åîéóþóåéò êáé  óå ó÷åôéêÜ óõóôÞìáôá üóï êáé  óå äéáöïñéêÝò åîéóþóåéò

ìå  ìåñéêÝò  ðáñáãþãïõò.  Åíôïýôïéò  êáé  óôéò  äýï áõôÝò ðåñéðôþóåéò  åßíáé  áðüëõôá áíáãêáßï  íá åßíáé

ãíùóôÝò êáé íá äßíïíôáé êáé ïé ó÷åôéêÝò áñ÷éêÝò Þ/êáé óõíïñéáêÝò óõíèÞêåò. Ðáñáäåßãìáôá:

? ÁÑÉÈÌÇÔÉÊÇ ÅÐÉËÕÓÇ ÓÕÍÇÈÙÍ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ ÌÅ ÁÑ×ÉÊÅÓ/ÓÕÍÏÑÉÁÊÅÓ ÓÕÍÈÇÊÅÓ

ÎåêéíÜìå ìå  Ýíá ðáñÜäåéãìá óõíÞèïõò äéáöïñéêÞò åîéóþóåùò (ìå  ìßá áñ÷éêÞ óõíèÞêç)  ç ïðïßá  ìÜëëïí

äåí Ý÷åé êëåéóôÞ ëýóç (Þ Ýóôù ç åíôïëÞ DSolve ôçò Mathematica äå ìðïñåß íá ôç âñåé):

In[65]:= ClosedFormSolution 9 DSolve&!y'&x' : Sin&x';y&x'2 = 1, y&0' = 1", y&x', x'
Solve::ifun& : &Inverse functions are being used by Solve, so some solutions may not be found.

Out[65]= DSolve%'Sin%x& y%x&2 " y1%x& %% 1, y%0& %% 1(, y%x&, x&
Ðñï÷ùñÜìå ôþñá óôçí áñéèìçôéêÞ åðßëõóç ôçò óõíÞèïõò áõôÞò äéáöïñéêÞò åîéóþóåùò. Ç ëýóç ðïõ ðñï-

êýðôåé ìå ôçí åíôïëÞ áõôÞ NDSolve åßíáé óå ìïñöÞ óõíáñôÞóåùò ðáñåìâïëÞò

In[66]:= NumericalSolution 9 NDSolve&!y'&x' : Sin&x';y&x'2 99 1, y&0' = 1", y&x', !x, 0, 3"'
Out[66]= ''y%x& , InterpolatingFunction%''0., 3.((, GH&%x&((
Áðü  ôç óõíÜñôçóç ðáñåìâïëÞò  ðïõ âñÞêå  ç åíôïëÞ NDSolve  ìðïñåß  åýêïëá íá  ïñéóèåß  êáé  ç  ó÷åôéêÞ

óõíÜñôçóç ãéá ôçí áñéèìçôéêÞ ëýóç ôçò äéáöïñéêÞò åîéóþóåùò (ìáæß âÝâáéá ìå ôçí áñ÷éêÞ óõíèÞêç ôçò) 

In[67]:= ys&x_' 9 NumericalSolution,1, 1, 2-
Out[67]= InterpolatingFunction%''0., 3.((, GH&%x&
Ç  áñéèìçôéêÞ  áõôÞ  ëýóç  (óôç  ìïñöÞ  óõíáñôÞóåùò  ðáñåìâïëÞò)  ìðïñåß  íá  äþóåé  ôéò  ðñïóåããéóôéêÝò

ôéìÝò ôçò óõíáñôÞóåùò óå oðïéïäÞðïôå óçìåßï ôïõ äéáóôÞìáôïò áñéèìçôéêÞò åðéëýóåùò åßíáé åðéèõìçôü:

In[68]:= !ys&0.2', ys&1.4', Table&ys&k', !k, 0, 3"'"
Out[68]= '1.17491, 1.12682, '1., 1.24504, 1.04859, 1.34484((
Ç ßäéá áñéèìçôéêÞ ëýóç ys"x#! ìðïñåß åðßóçò íá ó÷åäéáóèåß åýêïëá ìå ôç ÷ñÞóç ôçò åíôïëÞò  Plot âÝâáéá

ìÝóá óôï äéÜóôçìá áñéèìçôéêÞò åðéëýóåùò, óõãêåêñéìÝíá åäþ óôï äéÜóôçìá [0, 3], êáé ü÷é Ýîù áðü áõôü:

In[69]:= Plot&ys&x', !x, 0, 3", PlotStyle A Thickness&0.008', AxesLabel A !"x", "y""';
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Ðéï êÜôù êáëü åßíáé íá Ý÷ïõí åêôåëåóèåß ïé äýï åíôïëÝò ìç åìöáíßóåùò ðéèáíþí ïñèïãñáöéêþí ëáèþí:

In[70]:= Off&General::spell'; Off&General::spell1'
? ÁÑÉÈÌÇÔÉÊÇ ÅÐÉËÕÓÇ ÓÕÓÔÇÌÁÔÙÍ ÓÕÍÇÈÙÍ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ

ÁíÜëïãá ìðïñïýí íá åðéëõèïýí áñéèìçôéêÜ ìå ôçí ßäéá åíôïëÞ NDSolve êáé óõóôÞìáôá óõíÞèùí äéáöï-

ñéêþí åîéóþóåùí (systems of ordinary differential  equations) ìáæß  âÝâáéá ìå ôéò ó÷åôéêÝò óõíèÞêåò (åäþ

ðïëý óõ÷íÜ áñ÷éêÝò óõíèÞêåò: initial conditions). ÐáñÜäåéãìá ôÝôïéïõ óõóôÞìáôïò: 

In[71]:= Clear&u'; SystemOfDifferentialEquations9 !u''&t' ? v&t' = t, u&t' : 2;v'&t' = Cos&t'";
In[72]:= InitialConditions 9 !u&0' = 1, u'&0' = 2, v&0' = ?3";
Åðßëõóç ìå ôçí åíôïëÞ NDSolve ùò ðñïò ôéò äýï Üãíùóôåò óõíáñôÞóåéò óôï äéÜóôçìá [0, 10]

In[73]:= Nsolution 9 NDSolve&!SystemOfDifferentialEquations,
InitialConditions", !u&t', v&t'", !t, 0, 10"'

Out[73]= ''u%t& , InterpolatingFunction%''0., 10.((, GH&%t&,
v%t& , InterpolatingFunction%''0., 10.((, GH&%t&((

Êáé ôþñá ï ïñéóìüò ôùí äýï ó÷åôéêþí óõíáñôÞóåùí ãéá ôçí áñéèìçôéêÞ áõôÞ ëýóç Nsolution

In[74]:= !us&t_' 9 Nsolution,1, 1, 2-, vs&t_' 9 Nsolution,1, 2, 2-"
Out[74]= 'InterpolatingFunction%''0., 10.((, GH&%t&,

InterpolatingFunction%''0., 10.((, GH&%t&(
Ó÷åäßáóç ôçò áñéèìçôéêÞò ëýóåùò ðïõ âñÝèçêå óå ôìÞìá [0, 6] ôïõ äéáóôÞìáôïò áñéèìçôéêÞò åðéëýóåùò

[0, 10], ðïõ ÷ñçóéìïðïéÞèçêå óôçí åíôïëÞ NDSolve:

In[75]:= Plot&!us&t', vs&t'", !t, 0, 6", PlotStyle A Thickness&0.008',
PlotLabel ?E " -5/#01,/41 $7'1 ,27 '7',10-,2'", AxesLabel A !"t", "u, v""';
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u, v #/(*)+"(0+ $1'+ "-1 '1'"+)#"-'

In[76]:=

ÁñéèìçôéêÞ åðáëÞèåõóç ôùí äýï äéáöïñéêþí åîéóþóåùí ôïõ óõóôÞìáôïò êáé ôùí áñ÷éêþí óõíèçêþí: 

In[77]:= Table&us''&t' ? vs&t' ? t, !t, 0, 10"'
Out[77]= '+17.993, +0.0000400987, +1.280324 10+6, +0.000261487, +0.0000541757,

0.000639855, 0.00015022, 0.000354712, +0.00122065, 0.00292976, 1.49795410+8(
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In[78]:= Table&us&t' : 2;vs'&t' ? Cos&t', !t, 0, 10"'
Out[78]= '+0.0148941, 2.511294 10+6, +5.97268410+6, 9.50563410+6, +0.0000111401,

0.0000351841, 0.00010109, 7.05166410+6, +3.76863410+6, 0.000084709, +1.776264 10+8(
In[79]:= InitialConditions #. !u A us, v A vs"
Out[79]= 'True, True, True(
? ÁÑÉÈÌÇÔÉÊÇ ÅÐÉËÕÓÇ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ ÌÅ ÌÅÑÉÊÅÓ ÐÁÑÁÃÙÃÏÕÓ

ÔÝëïò ìå ôçí ßäéá ðÜëé åíôïëÞ NDSolve ìðïñïýí íá åðéëõèïýí áñéèìçôéêÜ êáé  äéáöïñéêÝò åîéóþóåéò ìå

ìåñéêÝò  ðáñáãþãïõò  (partial  differential  equations)  ìáæß  âÝâáéá  êáé  ìå  ôéò  ó÷åôéêÝò  óõíèÞêåò  (áñ÷éêÝò

óõíèÞêåò:  initial  conditions  Þ/êáé  óõíïñéáêÝò  óõíèÞêåò:  boundary  conditions).  ÐáñÜäåéãìá  ìéáò  ôÝôïéáò

åîéóþóåùò  åßíáé  ç  ôüóï  ãíùóôÞ  ìáò  åîßóùóç  ôçò  ìåôáãùãÞò–äéá÷ýóåùò  (convection–diffusion)  óôçí

ÐåñéâáëëïíôéêÞ  ÕäñáõëéêÞ  óôç  ìåôáöïñÜ  ñýðïõ  (êáé  ìå  ìåôáãùãÞ  êáé  ìå  äéÜ÷õóç–äéáóðïñÜ)  óå  Ýíá

õäáôüññåõìá áðü ôç ÷ñïíéêÞ óôéãìÞ t = 0 êáé ìåôÜ. ¸÷ïõìå ëïéðüí óôï ðáñÜäåéãìá áõôü ôç ãíùóôÞ ìáò

äéáöïñéêÞ åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò ôçò ìåôáãùãÞò–äéá÷ýóåùò: 

In[80]:= ConvectionDiffusionPDE 9 D&c&x, t', t' = D0;D&c&x, t', !x, 2"' ? V D&c&x, t', x'
Out[80]= c#0,1$%x, t& %% +V c#1,0$%x, t& " D0 c

#2,0$%x, t&
êáé ôéò ó÷åôéêÝò ôñåéò óõíèÞêåò: ìßá áñ÷éêÞ óõíèÞêç êáé äýï óõíïñéáêÝò óõíèÞêåò êáèþò êáé ôéò áñéèìç-

ôéêÝò ôéìÝò ôùí ðáñáìÝôñùí ðïõ õðïèÝôïõìå åäþ:

In[81]:= conditions 9 !c&x, 0' = 0, c&0, t' = 5 t Exp&t#3', c&10, t' = 2 Sin&3;t'";
values 9 !D0 A 1, V A 3";

ÖõóéêÜ ç ðéï  ðÜíù äéáöïñéêÞ åîßóùóç ìå  ìåñéêÝò  ðáñáãþãïõò,  ç  åîßóùóç ôçò ìåôáãùãÞò–äéá÷ýóåùò,

äå ìðïñåß íá åðéëõèåß áíáëõôéêÜ ìå ôç óõíçèéóìÝíç åíôïëÞ DSolve åßôå ÷ùñßò ôéò ôñåéò óõíèÞêåò 

In[82]:= DSolve&ConvectionDiffusionPDE, c&x, t', !x, t"'
Out[82]= DSolve%c#0,1$%x, t& %% +V c#1,0$%x, t& " D0 c#2,0$%x, t&, c%x, t&, 'x, t(&
åßôå ìáæß êáé ìå ôéò ôñåéò óõíèÞêåò (ôçí áñ÷éêÞ óõíèÞêç êáé ôéò äýï óõíïñéáêÝò óõíèÞêåò): 

In[83]:= DSolve&!ConvectionDiffusionPDE, conditions", c&x, t', !x, t"'
Out[83]= DSolve%'c#0,1$%x, t& %% +V c#1,0$%x, t& " D0 c#2,0$%x, t&,'c%x, 0& %% 0, c%0, t& %% 5 3t.3 t, c%10, t& %% 2 Sin%3 t&((, c%x, t&, 'x, t(&
Åßíáé  äõíáôüí üìùò íá åðéëõèåß  áñéèìçôéêÜ ìå ôçí åíôïëÞ NDSolve áñéèìçôéêÞò åðéëýóåùò äéáöïñéêþí

åîéóþóåùí: åäþ ìéáò äéáöïñéêÞò åîéóþóåùò ìå ìåñéêÝò ðáñáãþãïõò, óõãêåêñéìÝíá ôçò åîéóþóåùò ôçò

ìåôáãùãÞò–äéá÷ýóåùò, êáé ôùí ôñéþí óõíèçêþí ðïõ ôç óõíïäåýïõí:

In[84]:= Nsolution 9 NDSolve&!ConvectionDiffusionPDE #. values, conditions",
c&x, t', !x, 0, 10", !t, 0, 5"'

Out[84]= ''c%x, t& , InterpolatingFunction%''0., 10.(, '0., 5.((, GH&%x, t&((
Ç ëýóç áõôÞ Ý÷åé  õðïëïãéóèåß  óáí óõíÜñôçóç ðáñåìâïëÞò (interpolating function).  Åýêïëá ïñßæïõìå  êáé

ôç ó÷åôéêÞ óõíÜñôçóç ãéá ôç óõãêÝíôñùóç ôïõ ñýðïõ óôï õäáôüññåõìá (óáí óõíÜñôçóç ðáñåìâïëÞò)
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In[85]:= cn&x_, t_' 9 Nsolution,1, 1, 2-
Out[85]= InterpolatingFunction%''0., 10.(, '0., 5.((, GH&%x, t&
Ìðïñïýìå ôþñá èáõìÜóéá íá ðáßñíïõìå áñéèìçôéêÝò ôéìÝò ãéá ôç ëýóç ðïõ âñÞêáìå, ð.÷. óôç èÝóç x = 2  

In[86]:= Table&cn&2, t', !t, 0, 5"' ## Chop

Out[86]= '0, 2.31819, 10.8579, 26.0751, 51.7009, 93.5075(
Þ íá êÜíïõìå ôç ó÷åôéêÞ ãñáöéêÞ ðáñÜóôáóç ìå ôçí åíôïëÞ Plot3D óôï äéÜóôçìá [0, 10] ãéá ôç èÝóç x

êáé [0, 5] ãéá ôï ÷ñüíï t ðïõ ìáò åíäéáöÝñïõí åäþ ìå ìåãÜëç áêñßâåéá ÷Üñç óôçí åðéëïãÞ PlotPoints!50 

In[87]:= Plot3D&cn&x, t', !x, 0, 10", !t, 0, 5",
AxesLabel A !" x", " t", "c$x,t% "", PlotRange A All, PlotPoints A 50';
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Êáé Ýíá äåýôåñï ðáñÜäåéãìá, üðïõ ç åíôïëÞ NDSolve åßíáé êáé ðÜëé åðéôõ÷Þò óôçí åðßëõóç äéáöïñéêþí

åîéóþóåùí ìå  ìåñéêÝò  ðáñáãþãïõò.  (Äåí åßíáé  ðÜíôïôå  åðéôõ÷Þò:  Ý÷åé  êé  áõôÞ ôïõò ðåñéïñéóìïýò ôçò!)

Ôï  ðáñÜäåéãìá  áõôü  áöïñÜ  óôï  åíäéáöÝñïí  öáéíüìåíï ôçò  óôåñåïðïéÞóåùò  (consolidation)  óôçí  Åäá-

öïìç÷áíéêÞ ìå ôç ãíùóôÞ èåùñßá ôçò óôåñåïðïéÞóåùò ôïõ åäÜöïõò ðïõ äéáôõðþèçêå áðü ôïí êáëïý-

ìåíï ðáôÝñá ôçò Åäáöïìç÷áíéêÞò Karl Terzaghi. Êé åäþ Ý÷ïõìå ôç ìïíïäéÜóôáôç åîßóùóç ôçò äéá÷ýóåùò

In[88]:= ConsolidationPDE 9 D&u&z, t', !z, 2"' = $1#cv%;D&u&z, t', t'
Out[88]= u#2,0$%z, t& %%

u#0,1$%z, t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

cv

åäþ âÝâáéá óôç èåùñßá ôçò óôåñåïðïéÞóåùò ìå Üãíùóôç óõíÜñôçóç u"z, t#  ôçí ðñüóèåôç õäñïóôáôéêÞ

ðßåóç êáé ôç óôáèåñÜ cv íá äçëþíåé ôï óõíôåëåóôÞ óôåñåïðïéÞóåùò. Èåùñïýìå üôé ç óôåñåïðïßçóç ôïõ

åäÜöïõò ðïõ ìåëåôÜìå ãßíåôáé  óôï óôñþìá åäÜöïõò [0,  10] ìå  äýï ìçäåíéêÝò óõíïñéáêÝò óõíèÞêåò êáé

ìå ìßá óõãêåêñéìÝíç (ìç ìçäåíéêÞ) áñ÷éêÞ óõíèÞêç. ¸÷ïõìå Ýôóé óõíïëéêÜ ôñåéò óõíèÞêåò, ôéò åîÞò:

In[89]:= BoundaryConditions 9 !u&0, t' = 0, u&10, t' = 0";
InitialCondition 9 u&z, 0' = Sin& / z#10';
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Êáé ðÜëé ç åíôïëÞ DSolve äå ìðïñåß íá ëýóåé ôï ðáñüí ðñüâëçìá. Aðïôõã÷Üíåé îáíÜ:

In[90]:= DSolve&!ConsolidationPDE, BoundaryConditions, InitialCondition", u&z, t', !z, t"'
Out[90]= DSolve/!u#2,0$%z, t& %%

u#0,1$%z, t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

cv
, 'u%0, t& %% 0, u%10, t& %% 0(, u%z, 0& %% Sin/ ' z

!!!!!!!!!
10

0",
u%z, t&, 'z, t(0

åíþ áíôßèåôá ç áñéèìçôéêÞ åíáëëáêôéêÞ åíôïëÞ NDSolve  ìðïñåß  èáõìÜóéá íá ëýóåé  ôï ðñüâëçìá áõôü,

áñêåß âÝâáéá íá äþóïõìå áñéèìçôéêÞ ôéìÞ êáé óôï óõíôåëåóôÞ óôåñåïðïéÞóåùò:

In[91]:= NumericalSolution 9 NDSolve&!ConsolidationPDE #. cv A 2,

BoundaryConditions, InitialCondition", u&z, t', !z, 0, 10", !t, 0, 8"'
Out[91]= ''u%z, t& , InterpolatingFunction%''0., 10.(, '0., 8.((, GH&%z, t&((
Õðïëïãßóèçêå  ëïéðüí ç  ëýóç,  áëëÜ  áñéèìçôéêÜ,  ü÷é  áíáëõôéêÜ  åäþ,  óôç ìïñöÞ óõíáñôÞóåùò  ðáñåìâï-

ëÞò. Ïñßæïõìå ôþñá êáé ôç ó÷åôéêÞ óõíÜñôçóç ãéá ôçí ðñïóÝããéóç ôçò ðñüóèåôçò õäñïóôáôéêÞò ðéÝóå-

ùò ðïõ æçôÜìå íá ðñïóäéïñßóïõìå (äõóôõ÷þò ìüíï áñéèìçôéêÜ) êáé Þäç âñÞêáìå:

In[92]:= un&z_, t_' 9 NumericalSolution,1, 1, 2-
Out[92]= InterpolatingFunction%''0., 10.(, '0., 8.((, GH&%z, t&
ÄéáèÝôïíôáò  ðëÝïí  êáèáñÜ  ôçí  áñéèìçôéêÞ  áõôÞ  ëýóç  óå  ìïñöÞ  óõíáñôÞóåùò  ðáñåìâïëÞò,  ìðïñïýìå

åýêïëá íá ðáßñíïõìå áñéèìçôéêÝò ôéìÝò ôçò. Ãéá ðáñÜäåéãìá:

In[93]:= Table&!un&0, t', un&10, t'", !t, 0, 8"' ## Chop

Out[93]= ''0, 0(, '0, 0(, '0, 0(, '0, 0(, '0, 0(, '0, 0(, '0, 0(, '0, 0(, '0, 0((
In[94]:= Chop&Table&!un&z, 0', un&z, 0' ? Sin&/ z#10' ## N", !z, 0, 10"', 10?5'
Out[94]= ''0, 0(, '0.309012, 0(, '0.58779, 0(, '0.809012, 0(, '0.951049, 0(, '0.999991, 0(,'0.951049, 0(, '0.809012, 0(, '0.58779, 0(, '0.309012, 0(, '0, 0((
ÂëÝðïõìå ëïéðüí ðùò ç áñéèìçôéêÞ ëýóç ìáò åðáëçèåýåé ôéò äýï óõíïñéáêÝò óõíèÞêåò êáé ôç ìßá áñ÷éêÞ

óõíèÞêç.  ÖõóéêÜ  Ý÷ïõìå  åðßóçò  ôç  äõíáôüôçôá íá  êÜíïõìå  êáé  ôç  ó÷åôéêÞ ãñáöéêÞ  ðáñÜóôáóç ìå  ôçí

åíôïëÞ Plot3D óôï äéÜóôçìá [0, 10] ãéá ôç èÝóç x  êáé [0, 8] ãéá ôï ÷ñüíï t  ðïõ ìáò åíäéáöÝñïõí åäþ: 

In[95]:= Plot3D&un&z, t', !z, 0, 10", !t, 0, 8", AxesLabel A !"z", "t", "u "", ImageSize A 290';
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! ÅÍÔÏËÇ D3:  Ó×ÅÄÉÁÓÇ ÐÅÄÉÏÕ ÊÁÔÅÕÈÕÍÓÅÙÍ  
PlotVectorField[{1,  ¸êöñáóçÔçòÐáñáãþãïõ×ùñßòÓõíáñôÞóåéò},  {ÌåôáâëçôÞ-x,  Áñ÷éêÞÔéìÞ-x,

              ÔåëéêÞÔéìÞ-x},  {ÌåôáâëçôÞ-y,  Áñ÷éêÞÔéìÞ-y,  ÔåëéêÞÔéìÞ-y},  ÅðéëïãÞ-1,  ÅðéëïãÞ-2, . . . ]       

Ôçí åíôïëÞ áõôÞ PlotVectorField  ôçí Ý÷ïõìå Þäç äåé óôï Íotebook Å12 ãéá ôç ÄéáíõóìáôéêÞ ÁíÜëõ-

óç (ÅíôïëÞ Ä9)  êáé  áöïñÜ óôç ó÷åäßáóç åíüò äéáíõóìáôéêïý ðåäßïõ óôéò  äýï äéáóôÜóåéò  "x, y# .  Åäþ

èá  ôç  ÷ñçóéìïðïéÞóïõìå  áðïêëåéóôéêÜ  ãéá  íá  ó÷åäéÜóïõìå  ôï  ðåäßï  êáôåõèýíóåùí  ìéáò  óõíÞèïõò

äéáöïñéêÞò åîéóþóåùò ðñþôçò ôÜîåùò ôçò ìïñöÞò y ' ' f"x, y# . Áêïëïõèïýí ïé ó÷åôéêÝò ëåðôïìÝñåéåò.

Åäþ ç ßäéá åíôïëÞ PlotVectorField èá ÷ñçóéìïðïéçèåß óå äéáöïñéêÝò åîéóþóåéò ðñþôçò ôÜîåùò êáé ìÜëé-

óôá áðïêëåéóôéêÜ ôçò ìïñöÞò y ' ' f"x, y#  ìå  Üãíùóôç óõíÜñôçóç ôçí y ' y"x#  êáé  ôç óõíÜñôçóç f"x, y#
óôï äåîéü  ìÝëïò,  äçëáäÞ ôçí ðáñÜãùãï y ' "x# ,  ãíùóôÞ.  Ôï  ðåäßï  êáôåõèýíóåùí åßíáé  áðëÜ Ýíá ó÷Þìá,

üðïõ ó÷åäéÜæïõìå óå ðÜñá ðïëëÜ óçìåßá "x, y#  Ýíá åõèýãñáììï ôìÞìá ìå áñ÷Þ ôï óçìåßï áõôü êáé ìÞêïò

ßóï  ìå  ôçí  ðáñÜãùãï  y ' ' y '!"x#,  äçëáäÞ  ßóï  ìå  ôç  óõíÜñôçóç  ôïõ  äåîéïý  ìÝëïõò  f"x, y#.  Áöïý  ëïéðüí

y ' ' f"x, y# , èá Ý÷ïõìå êáé dy ' f"x, y# dx. ÄçëáäÞ óå êÜèå ìåôáâïëÞ dx ôçò ìåôáâëçôÞò x èá áíôéóôïé÷åß

ìåôáâïëÞ f"x, y#  dx  ôçò ìåôáâëçôÞò y .  ÅðïìÝíùò ôï âåëÜêé  óôï ðáñüí ðåäßï êáôåõèýíóåùí èá äåß÷íåé

ôç  äéåýèõíóç  "dx, dy#  Þ  éóïäýíáìá  (dx,  f"x, y#  dx)  Þ  ôåëéêÜ  (1,  f"x, y# ).  ÊáôÜ  óõíÝðåéá  åäþ  áñêåß  óôï

äéáíõóìáôéêü ðåäßï ðïõ èá ó÷åäéÜóïõìå ìå ôçí ðáñïýóá åíôïëÞ PlotVectorField  íá èÝóïõìå (1, f"x, y# )
ãéá ôï äéÜíõóìá ðïõ èá ó÷åäéáóèåß.  Ôüóï áðëÜ!  ÂÝâáéá ôï ðåäßï êáôåõèýíóåùí äå ìáò äßíåé  ôéò  ëýóåéò

ôçò  äéáöïñéêÞò  åîéóþóåùò.  Äåß÷íåé  áðëÜ  ôéò  êáôåõèýíóåéò,  ôéò  äéåõèýíóåéò  ðïõ  ðñÝðåé  íá  Ý÷ïõí  ïé

ëýóåéò ôçò. ¼ìùò ìå ôïí ôñüðï áõôü ìáò åðéôñÝðåé íá ðÜñïõìå ìéá ðñþôç, ðñü÷åéñç åéêüíá ôçò ìïñöÞò

ôùí ëýóåùí. ÓõãêåêñéìÝíá ïé ëýóåéò èá ðñÝðåé íá åöÜðôïíôáé óôá âåëÜêéá ðïõ äåß÷íïõí ôçí êëßóç ôïõò

y ' ' f"x, y#  êáé ðïõ Ý÷ïõí ó÷åäéáóèåß Üöèïíá óôï ðåäßï êáôåõèýíóåùí ôçò äéáöïñéêÞò åîéóþóåùò. ÁõôÜ

èá  öáíïýí  êáëýôåñá  óôá  äýï  ðáñáäåßãìáôá  ôá  ïðïßá  áêïëïõèïýí.  (Óçìåéþíåôáé  åäþ  üôé  óôï  ðåäßï

êáôåõèýíóåùí  óå  äéáöïñéêÝò  åîéóþóåéò  ðñþôçò  ôÜîåùò  ãßíåôáé  åðßóçò  áíáöïñÜ  êáé  óôçí  ÐáñÜãñáöï

Á20.1.1 óôï ÌÝñïò Á ôùí äéäáêôéêþí âéâëßùí ìå óõãêåêñéìÝíï ðáñÜäåéãìá áðü ôç ÄõíáìéêÞ êáé ìå ó÷Þìá

ìå ôç Mathematica.)  Åäþ ôï ðñþôï ðáñÜäåéãìá åßíáé  Ýíá ãåíéêü ðáñÜäåéãìá óôéò äéáöïñéêÝò åîéóþóåéò,

åíþ ôï äåýôåñï ðáñÜäåéãìá áðïôåëåß  Ýíá ðáñÜäåéãìá ôï ïðïßï áöïñÜ óå Ýíá óõãêåêñéìÝíï ðñüâëçìá

äéäéÜóôáôçò ñïÞò éäåáôïý ñåõóôïý. Èá ðñÝðåé íá óçìåéþóïõìå óôï óçìåßï áõôü üôé ç ðáñïýóá åíôïëÞ

PlotVectorField  åßíáé  åíôïëÞ  ôïõ  ðáêÝôïõ  Graphics`PlotField`.  Áóöáëþò  áõôü  ôï  ðáêÝôï  èá  ðñÝðåé  íá

Ý÷åé Þäç êëçèåß ðñéí áðü ïðïéáäÞðïôå ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò PlotVectorField ùò åîÞò:

In[96]:= Needs&"Graphics`PlotField`"'
Þ åíáëëáêôéêÜ ìå ôçí éóïäýíáìç êáé ëßãï ðéï óýíôïìç åíôïëÞ << . Óôï ðñþôï ìáò ðáñÜäåéãìá èåùñïýìå

ìéá  áðëÞ óõíÞèç  äéáöïñéêÞ åîßóùóç ðñþôçò ôÜîåùò ôçò ìïñöÞò  y ' ' f"x, y# ,  åäþ ìå  f"x, y# ' "x ( 2# y2 ,

ìáæß ìå ôçí áñ÷éêÞ óõíèÞêç ôçò y"0# ' 3 ãéá x ' 0. ÅðïìÝíùò Ý÷ïõìå Ýíá áðëü ðñüâëçìá áñ÷éêÞò ôéìÞò:

In[97]:= equations 9 !de 9 y'&x' = $x ? 2% y&x'2, ic 9 y&0' = 3";
Ç áíáëõôéêÞ ëýóç solution  ôïõ ðñïâëÞìáôïò áõôïý ðñïóäéïñßæåôáé åýêïëá ìå ôçí åíôïëÞ DSolve. Áõôü

óõìâáßíåé, ãéáôß, üðùò ìðïñåß íá äéáðéóôùèåß, ç äéáöïñéêÞ áõôÞ åîßóùóç åßíáé ÷ùñéæüìåíùí ìåôáâëçôþí:

In[98]:= solution 9 DSolve&equations, y&x', x'
Out[98]= !!y%x& , +

6
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+2 + 12 x " 3 x2

""
Óôç óõíÝ÷åéá áðü ôç ëýóç áõôÞ solution ìðïñåß áìÝóùò íá ïñéóèåß ç ó÷åôéêÞ óõíÜñôçóç ys"x# : 
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In[99]:= ys&x_' 9 solution,1, 1, 2-
Out[99]= +

6
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+2 + 12 x " 3 x2

ÁõôÞ åðáëçèåýåôáé âÝâáéá (óùóôÞ!) êáé ùò ðñïò ôç äéáöïñéêÞ åîßóùóç êáé ùò ðñïò ôçí áñ÷éêÞ óõíèÞêç: 

In[100]:= verification 9 equations #. y A ys ## Simplify

Out[100]= 'True, True(
Áêïëïõèåß ôþñá ç ãñáöéêÞ ðáñÜóôáóç ôçò ëýóåùò ys"x# ðïõ ìüëéò ðñïóäéïñßóèçêå: 

In[101]:= Figure1 9 Plot&ys&x', !x, 0, 3", PlotRange A !0, 3",
PlotStyle A Thickness&0.01', AxesLabel A !"x", "y"",
PlotLabel ?E "-.-$7,/41 $7'1", DefaultFont A !"Arial?Bold", 13"';

S2H 1 12H < <2H @
E

S2H

1

12H

<

<2H

@
[ .#.&)$+(^ &)'^

Áò äïýìå ôþñá êáé ôï ðåäßï êáôåõèýíóåùí ôçò ßäéáò äéáöïñéêÞò åîéóþóåùò. Áõôü ãßíåôáé óôï åðüìåíï

ó÷Þìá öõóéêÜ ìå ôç ÷ñÞóç ôçò åíôïëÞò  PlotVectorField áêñéâþò üðùò ôçí åêèÝóáìå áìÝóùò ðéï ðÜíù.

Ôá âåëÜêéá óôï ó÷Þìá áõôü äåß÷íïõí ôçí êëßóç ôçí ïðïßá ðñÝðåé íá Ý÷åé êÜèå ëýóç ôçò äéáöïñéêÞò ìáò

åîéóþóåùò óôçí áñ÷Þ ôïõ êáèåíüò áðü ôá âåëÜêéá áõôÜ:

In[102]:= Figure2 9 PlotVectorField&!1, $x ? 2%;y2", !x, 0, 3", !y, 0, 3", Frame A True,

PlotLabel ?E "&+"/2 4-,+7#7.'+*.", DefaultFont A !"Arial?Bold", 13"';

S S2H 1 12H < <2H @
S

S2H

1

12H

<

<2H

@

`"c+% (.$")a)#'",#

CE-Mathematica-E15-SolutionOfDifferentialEquations-2008.nb 129



Ðáñáôçñïýìå üìùò üôé ôá ìÞêç óôá âåëÜêéá áõôÜ äåí åßíáé ßóá ìåôáîý ôïõò êáé áõôü ìáò åíï÷ëåß êÜðùò.

Ìå ôçí åðéëïãÞ ScaleFunction ! Function[t,1] ìðïñïýìå íá Ý÷ïõìå üëá ôá âåëÜêéá ìå ôï ßäéï ìÞêïò. Ìå

ôçí åðéëïãÞ HeadLength ìðïñïýìå åðßóçò íá êáèïñßæïõìå êáé ôï ìÞêïò ôçò êåöáëÞò óôï êÜèå âåëÜêé:

In[103]:= Figure3 9 PlotVectorField&!1, $x ? 2%;y2", !x, 0, 3", !y, 0, 3",
Axes A Automatic, ScaleFunction A Function&t, 1', HeadLength A 0.02,

PlotLabel ?E "&+"/2 4-,+7#7.'+*.", DefaultFont A !"Arial?Bold", 13"';

S2H 1 12H < <2H @

S2H

1

12H

<

<2H

@

`"c+% (.$")a)#'",#

Ó÷åäüí  ðÜíôïôå  óôá  ÌáèçìáôéêÜ  óôéò  ÄéáöïñéêÝò  Åîéóþóåéò  áíôß  ãéá  âåëÜêéá  ÷ñçóéìïðïéïýíôáé  áðëÜ

åõèýãñáììá ôìÞìáôá óå ðåäßá êáôåõèýíóåùí. Áõôü ôï ðåôõ÷áßíïõìå êáé åäþ èÝôïíôáò HeadLength ! 0:

In[104]:= Figure4 9 PlotVectorField&!1, $x ? 2%;y2", !x, 0, 3", !y, 0, 3",
Axes A Automatic, ScaleFunction A Function&t, 1', HeadLength A 0,

PlotLabel ?E "&+"/2 4-,+7#7.'+*.", DefaultFont A !"Arial?Bold", 13"';

S2H 1 12H < <2H @

S2H

1

12H

<

<2H

@

`"c+% (.$")a)#'",#

Áðü ôá ðéï ðÜíù ôñßá ó÷Þìáôá ãéá ôï ðåäßï êáôåõèýíóåùí ôçò ðáñïýóáò äéáöïñéêÞò åîéóþóåùò ðáñá-

ôçñïýìå ðïéá ðåñßðïõ ìïñöÞ ðñÝðåé íá Ý÷ïõí ïé  ëýóåéò ôçò (ðïõ êáëïýíôáé ìåñéêÝò öïñÝò êáé ïëïêëç-
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ñùôéêÝò êáìðýëåò). ÐñÝðåé íá Ý÷ïõí óå êÜèå óçìåßï êëßóç ðïõ íá óõìðßðôåé ìå ôçí êáôåýèõíóç ðïõ äåß-

÷íåé  ôï áíôßóôïé÷ï âåëÜêé  óôï ßäéï óçìåßï.  Êáé  áõôü óå êÜèå óçìåßï!  Ðáßñíïõìå Ýôóé ìéá ðñïóåããéóôéêÞ

ãñáöéêÞ ìÝèïäï åðéëýóåùò äéáöïñéêþí åîéóþóåùí.  Åäþ ìå ôç Mathematica  äåß÷íïõìå ìéá ôÝôïéá ëýóç,

óõãêåêñéìÝíá ôç ëýóç ðïõ îåêéíÜåé  áðü ôï óçìåßï (0,  3),  äçëáäÞ ôçí áñ÷éêÞ óõíèÞêç. Åßíáé  ç ëýóç ðïõ

åäþ åß÷áìå Þäç âñåé  ìå  áíáëõôéêü ôñüðï.  Åíôïýôïéò ç ìÝèïäïò ôïõ ðåäßïõ êáôåõèýíóåùí éó÷ýåé  êáé  óå

óõíÞèåéò äéáöïñéêÝò åîéóþóåéò ðñþôçò ôÜîåùò ôçò ìïñöÞò y ' ' f"x, y#  ðïõ äåí Ý÷ïõí áíáëõôéêÞ ëýóç.

Íá ëïéðüí ôáõôü÷ñïíá ôüóï ôï ðåäßï êáôåõèýíóåùí üóï êáé ç óõãêåêñéìÝíç ëýóç óôï ðáñüí ðñüâëçìá

áñ÷éêÞò ôéìÞò ìå âÜóç ôá äýï ðñïçãïýìåíá ó÷Þìáôá Figure1 êáé Figure3 êáé ÷ñÞóç ôçò åíôïëÞò Show:

In[105]:= Figure5 9 Show&Figure1, Figure3, AspectRatio A 1, Frame A True, PlotLabel A "",

FrameLabel A !"&+"/2 4-,+7#7.'+*. 4-/ 0/- $7'1", "", "", """, ImageSize A 290';

S S2H 1 12H < <2H @
`"c+% (.$")a)#'",# (.+ \+. &)'^

S2H

1

12H

<

<2H

@

Ôï ðéï ðÜíù ó÷Þìá Figure5 äåß÷íåé  êáèáñÜ ôç ÷ñçóéìüôçôá ôïõ ðåäßïõ  êáôåõèýíóåùí óôçí ðñïóåããé-

óôéêÞ ãñáöéêÞ åýñåóç ëýóåùí óõíÞèùí äéáöïñéêþí åîéóþóåùí ðñþôçò ôÜîåùò ôçò ìïñöÞò y ' ' f"x, y# . 
Ðñï÷ùñÜìå ôþñá óå Ýíá äåýôåñï (êáé ôï ôåëåõôáßï ìáò) ðáñÜäåéãìá. Áõôü áöïñÜ óôï äéäéÜóôáôï ðåäßï

ìüíéìçò  áóôñüâéëçò  ñïÞò  éäåáôïý  ñåõóôïý  óôç  Ñåõóôïìç÷áíéêÞ.  (Óçìåéþíïõìå  üôé  ìüíéìç  ñïÞ  åßíáé  ç

óôáèåñÞ ñïÞ, ç ñïÞ ðïõ äåí åîáñôÜôáé áðü ôï ÷ñüíï. Õðåíèõìßæïõìå åðßóçò üôé éäåáôü ñåõóôü åßíáé Ýíá

ñåõóôü (á) áóõìðßåóôï, äçëáäÞ ìå óôáèåñÞ ðõêíüôçôá  ñ,  êáé (â) ÷ùñßò óõíåêôéêüôçôá, éîþäåò: ìå ì  = 0.)

Óôï óõãêåêñéìÝíï ðñüâëçìá èåùñïýìå ôç ñïÞ ìå óõíéóôþóåò ôçò ôá÷ýôçôáò

In[106]:= !u&x_, y_' 9 Sinh&x';Cos&y', v&x_, y_' 9 ?Cosh&x';Sin&y'";
Åðáëçèåýïíôáé âÝâáéá ôüóï ç åîßóùóç ôçò óõíå÷åßáò üóï êáé ç åîßóùóç ôïõ áóôñüâéëïõ ôçò ñïÞò:

In[107]:= !D&u&x, y', x' : D&v&x, y', y' = 0, D&u&x, y', y' = D&v&x, y', x'"
Out[107]= 'True, True(
Ðñïöáíþò ïé ãñáììÝò ñïÞò èá åðáëçèåýïõí ôçí åîÞò äéáöïñéêÞ åîßóùóç:

In[108]:= FlowDifferentialEquation 9 y'&x' 99 v&x, y'#u&x, y'
Out[108]= y1%x& %% +Coth%x& Tan%y&
ÅðïìÝíùò ðñüêåéôáé ðñáãìáôéêÜ ãéá äéáöïñéêÞ åîßóùóç ðñþôçò ôÜîåùò ôçò ìïñöÞò y ' ' f"x, y# , åäþ ìå 
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In[109]:= f&x_, y_' 9 FlowDifferentialEquation,2-
Out[109]= +Coth%x& Tan%y&
Ìðïñïýìå ëïéðüí ôþñá íá ó÷åäéÜóïõìå ôï ó÷åôéêü ðåäßï êáôåõèýíóåùí óôá äýï ðéï êÜôù ó÷Þìáôá. Óôï

ðñþôï Ý÷ïõìå åõèýãñáììá ôìÞìáôá êáé ìÜëéóôá ìå ßóá ìÞêç. Áíôßèåôá óôï äåýôåñï Ý÷ïõìå âåëÜêéá êáé

ìÜëéóôá ìå Üíéóá ìÞêç. Óôéò ÄéáöïñéêÝò Åîéóþóåéò ðñïôéìÜìå âÝâáéá ôï ðñþôï ðåäßï êáôåõèýíóåùí, åíþ

óôç Ñåõóôïìç÷áíéêÞ (Þ Ìç÷áíéêÞ ôùí Ñåõóôþí) ôï äåýôåñï. ÏõóéáóôéêÜ üìùò åßíáé ßäéá!

In[110]:= FlowFigure1a 9 PlotVectorField&!1, f&x, y'", !x, 0.3, 2", !y, ?1, 1",
HeadLength A 0, ScaleFunction A Function&x, 1', Frame A True';
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In[111]:= FlowFigure1b 9 PlotVectorField&!1, f&x, y'",!x, 0.3, 2", !y, ?1, 1", ScaleFactor A 0.3, Frame A True';

0.5 0.75 1 1.25 1.5 1.75 2

-1

-0.5

0

0.5

1
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Áò ðñï÷ùñÞóïõìå ôþñá êáé óôçí áíáëõôéêÞ åðßëõóç ôçò äéáöïñéêÞò åîéóþóåùò ôùí ãñáììþí ñïÞò 

In[112]:= FlowODE 9 y'&x' = ?Coth&x';Tan&y&x''
Out[112]= y1%x& %% +Coth%x& Tan%y%x&&
ÁõôÞ ìðïñåß íá åðéôåõ÷èåß óôï ðáñüí áðëü ðñüâëçìá ñïÞò éäåáôïý ñåõóôïý ìå ôçí åíôïëÞ DSolve:

In[113]:= SolutionFlowODE 9 DSolve&FlowODE, y&x', x'
Solve::ifun& : &Inverse functions are being used by Solve, so some solutions may not be found.

Out[113]= ''y%x& , ArcSin%3C%1& Csch%x&&((
(ÕðÜñ÷åé âÝâáéá ìéá ðñïåéäïðïßçóç, áëë' åíôïýôïéò ç ëýóç ðïõ ðÞñáìå åßíáé óùóôÞ.) Ç óõíÜñôçóç ys"x#
ðïõ áíôéóôïé÷åß óôç ëýóç áõôÞ SolutionFlowODE åßíáé ðñïöáíþò ç åîÞò:

In[114]:= ys&x_' 9 SolutionFlowODE,1, 1, 2-
Out[114]= ArcSin%3C%1& Csch%x&&
ÅðáëÞèåõóç FlowODEVerification ôçò ëýóåùò ôçò äéáöïñéêÞò åîéóþóåùò FlowODE ôçò ðáñïýóáò  ñïÞò:

In[115]:= FlowODEVerification 9 FlowODE #. y A ys

Out[115]= True

Ðáßñíïíôáò ôï çìßôïíï êáé ôùí äýï ìåëþí ôçò ëýóåùò êáé áëëÜæïíôáò ëéãÜêé ôçí åìöÜíéóç ôçò óôáèå-

ñÜò, Ý÷ïõìå ìéá êáëýôåñç Ýêöñáóç ôùí ãñáììþí ñïÞò:

In[116]:= FlowLine1&c_' 9 Sin&y' = Sin&ys&x'' #. @C&1' A c

Out[116]= Sin%y& %% c Csch%x&
Óôo  ôÝëïò  ðïëëáðëáóéÜæïõìå  êáé  ôá  äýï  ìÝëç  áõôÞò  ôçò  ðáñáìåôñéêÞò  åîéóþóåùò  FlowLine1[c_]  (ìå

ðáñÜìåôñï ôï c ) åðß sinh x . Ðñïêýðôåé Ýôóé ç åîÞò áêüìç ðéï áðëÞ ôåëéêÞ Ýêöñáóç ôùí ãñáììþí ñïÞò: 

In[117]:= FlowLine2&c_' 9 FlowLine1&c',1-;Sinh&x' = FlowLine1&c',2-;Sinh&x'
Out[117]= Sin%y& Sinh%x& %% c

Ôþñá ãéá êÜèå ôéìÞ ôçò óôáèåñÜò c ðáßñíïõìå êáé ìéá äéáöïñåôéêÞ ãñáììÞ ñïÞò. Íá êáé ìåñéêÝò áðü ôéò

ãñáììÝò ñïÞò (ãéá ïñéóìÝíåò ôéìÝò ôçò óôáèåñÜò c ) ìå ôç ÷ñÞóç ôçò åíôïëÞò Table:

In[118]:= FlowLinesTable 9 Table&FlowLine2&n #5', !n, ?5, 5"'
Out[118]= !Sin%y& Sinh%x& %% +1, Sin%y& Sinh%x& %% +

4
!!!!
5
,

Sin%y& Sinh%x& %% +
3
!!!!
5
, Sin%y& Sinh%x& %% +

2
!!!!
5
, Sin%y& Sinh%x& %% +

1
!!!!
5
,

Sin%y& Sinh%x& %% 0, Sin%y& Sinh%x& %%
1
!!!!
5
, Sin%y& Sinh%x& %%

2
!!!!
5
,

Sin%y& Sinh%x& %%
3
!!!!
5
, Sin%y& Sinh%x& %%

4
!!!!
5
, Sin%y& Sinh%x& %% 1"

ÁõôÝò ôéò ãñáììÝò ñïÞò ìðïñïýìå öõóéêÜ íá ôéò ó÷åäéÜóïõìå. Ç ÷ñÞóç ôçò åíôïëÞò ImplicitPlot  áðïôå-

ëåß ìéá ôÝôïéá äõíáôüôçôá. ÁõôÞ üìùò ÷ñåéÜæåôáé ðñþôá ôçí êëÞóç ôïõ ðáêÝôïõ Graphics`ImplicitPlot`:

In[119]:= Needs&"Graphics`ImplicitPlot "̀'
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Ôþñá ìðïñïýìå ÷ùñßò êáìßá äõóêïëßá íá ó÷åäéÜóïõìå üëåò áõôÝò ôéò ãñáììÝò ñïÞò FlowLinesTable:

In[120]:= FlowFigure2 9 ImplicitPlot&FlowLinesTable, !x, 0.3, 2", !y, ?1, 1",
PlotStyle A Thickness&0.01', AxesLabel A !x, y", PlotLabel A "!5-00+' 521'"';
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ÔÝëïò ìå õðÝñèåóç ôïõ ðåäßïõ êáôåõèýíóåùí ôïõ ó÷Þìáôïò FlowFigure1b (ìå ôá âåëÜêéá) êáé ôùí áëç-

èéíþí ãñáììþí ñïÞò FlowFigure2  ðáñáôçñïýìå üôé  ðñÜãìáôé  ôï ðåäßï êáôåõèýíóåùí åðéôñÝðåé  ôç óù-

óôÞ ãñáöéêÞ ó÷åäßáóç ôùí ãñáììþí ñïÞò (ðñïóåããéóôéêÜ âÝâáéá, Üëëï ðïõ åäþ ôéò åß÷áìå õðïëïãßóåé):

In[121]:= FlowFigure3 9 Show&FlowFigure1b, FlowFigure2, ImageSize A 274,

PlotLabel A "+.- &+"/2 521' /"+-,27 5+7',27", DefaultFont A !"Arial?Bold", 13"';

S2H S2MH 1 12<H 12H 12MH <
(1

(S2H

S

S2H

1
"#. `"c+% *%^' +c".$%) *")'$%)

Ðåñéóóüôåñá ãéá ôï  äéäéÜóôáôï (åðßðåäï)  ðåäßï  ìüíéìçò (óôáèåñÞò)  áóôñüâéëçò ñïÞò éäåáôïý ñåõóôïý

áíáöÝñèçêáí Þäç óôéò ôñåéò åíôïëÝò Ä9, Ä10 êáé Ä11 ôïõ Notebook E12 ãéá ôç ÄéáíõóìáôéêÞ ÁíÜëõóç.

ÁíáöÝñïíôáé åðßóçò êáé óôéò äýï åíôïëÝò C9 êáé C10 ôïõ Notebook Å18 ãéá ôéò ÌéãáäéêÝò ÓõíáñôÞóåéò.

134 CE-Mathematica-E15-SolutionOfDifferentialEquations-2008.nb



! Notebook  E16

ÅÍÔÏËÅÓ ÃÉÁ ÓÅÉÑÅÓ FOURIER
10  ÅÍÔÏËÅÓ:  F1. FourierTrigSeries,  F2. NFourierTrigSeries,

F3. FourierSeries,  F4. NFourierSeries, 

F5. FourierCosCoefficient,  F6. NFourierCosCoefficient, 

F7. FourierSinCoefficient,  F8. NFourierSinCoefficient, 

F9. FourierCoefficient,  F10. NFourierCoefficient

! ÅÍÔÏËÇ F1:  ÔÑÉÃÙÍÏÌÅÔÑÉÊÇ ÓÅÉÑÁ FOURIER  
FourierTrigSeries[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  ÔÜîçÐñïóåããßóåùòÔçòÓåéñÜòFourier, 

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Äçìéïõñãåß ôçí ôñéãùíïìåôñéêÞ óåéñÜ Fourier ôçò óõíáñôÞóåùò ç ïðïßá äßíåôáé óôï ðñþôï üñéóìá ùò

ðñïò ôç ìåôáâëçôÞ (ð.÷.  t  Þ  x )  ðïõ äßíåôáé  óôï  äåýôåñï üñéóìá ìå  üñïõò ôÜîåùò ìÝ÷ñé  êáé  Í  (ìåôá-

âëçôÞ ðïõ äßíåôáé  óôï ôñßôï üñéóìá).  Áêïëïõèåß  ç åðéëïãÞ  FourierParameters ìå ëßóôá ìå äýï óôïé-

÷åßá: ôï ðñþôï óôïé÷åßï åßíáé ôï –1 êáé ôï äåýôåñï óôïé÷åßï ôï áíôßóôñïöï 1/Ô ôçò ðåñéüäïõ Ô ôçò

óåéñÜò  Fourier.   ÅÜí  ç  óõíÜñôçóç  ç  ïðïßá  ðñïóåããßæåôáé  ìå  ôçí  ðáñïýóá  óåéñÜ  Fourier  äåí  åßíáé

ðåñéïäéêÞ ìå ðåñßïäï Ô, ôüôå ç óåéñÜ Fourier áöïñÜ óôï äéÜóôçìá [–Ô/2 , Ô/2]. Óçìåéþíåôáé üôé ãéá ôç

÷ñÞóç ïðïéáóäÞðïôå åíôïëÞò áõôïý ôïõ notebook ðñÝðåé  íá Ý÷åé  ðñïçãïõìÝíùò êëçèåß  (öïñôùèåß)

ôï  ðáêÝôï  Calculus`FourierTransform`  ôçò  Mathematica.  ÁõôÞ  ç  êëÞóç  ìðïñåß  íá  ãßíåé  åßôå  ìå  ôçí

ðñþôç  åßôå  ìå  ôç  äåýôåñç  áðü  ôéò  äýï  ðáñáêÜôù  éóïäýíáìåò  åíôïëÝò  êëÞóåùò  åíüò  ðáêÝôïõ  ôçò

Mathematica.  Ðñïçãïýíôáé  üìùò  áðü  ôçí  êëÞóç  áõôÞ  ïé  äýï  ãíùóôÝò  ìáò  åíôïëÝò  ìç  åìöáíßóåùò

ìçíõìÜôùí ãéá ðéèáíÜ ïñèïãñáöéêÜ ëÜèç. ÁõôÝò åßíáé áñêåôÜ ÷ñÞóéìåò åäþ:

In[1]:= Off&General::spell'; Off&General::spell1';
In[2]:= Needs&"Calculus`FourierTransform "̀'
In[3]:= FF Calculus`FourierTransform`

Óçìåéþíåôáé üôé ëßãï ðáñÜäïîá ïé åíôïëÝò õðïëïãéóìïý ôïõ ìåôáó÷çìáôéóìïý Fourier êáé ôïõ áíôéóôñü-

öïõ  ôïõ  äåí  áðáéôïýí  ôçí  êëÞóç  áõôïý  ôïõ  ðáêÝôïõ  Calculus`FourierTransform` .  ¸÷ïõí  ìåôáöåñèåß

óôïí ðõñÞíá (kernel)  ôçò Mathematica.  ÅðïìÝíùò ç ïíïìáóßá Calculus`FourierTransform`  ôïõ ðáñüíôïò

ðáêÝôïõ ßóùò ðñÝðåé íá èåùñåßôáé ðéá ëßãï Üóôï÷ç. Ôï ðáêÝôï åßíáé ôþñá åóôéáóìÝíï ðåñéóóüôåñï óôéò

óåéñÝò Fourier êáé ü÷é óôïõò ìåôáó÷çìáôéóìïýò Fourier.

Êáé  ôþñá ðáñÜäåéãìá ôñéãùíïìåôñéêÞò óåéñÜò Fourier  ìå óõíÜñôçóç ôçí f"t# ' 4!t % t2.  Ðñüêåéôáé  ãéá ìéá

óõíÜñôçóç ðïõ Ý÷åé êáé Üñôéï ìÝñïò (ôï t2 ) êáé ðåñéôôü ìÝñïò (ôï 4t ). ¢ñá äåí åßíáé ïýôå Üñôéá ïýôå ðå-

ñéôôÞ óõíÜñôçóç êáé åðïìÝíùò ç óåéñÜ Fourier ôçò èá Ý÷åé êáé óõíçìéôïíéêïýò êáé çìéôïíéêïýò üñïõò.

In[4]:= f&t_' 9 4;t : t2;

CE-Mathematica-E16-FourierSeries-2008.nb 135



ÁõôÞ ç óõíÜñôçóç Ý÷åé ôçí ðéï êÜôù ðïëý áðëÞ ãñáöéêÞ ðáñÜóôáóç óôï äéÜóôçìá [–10, 10]:

In[5]:= Plot&f&t', !t, ?10, 10", PlotStyle ?E Thickness&0.008', AxesLabel A !t, f"';

-10 -5 5 10
t

20

40

60

80

f

Ôþñá  ðïõ  Ý÷åé  Þäç  êëçèåß  (öïñôùèåß)  ôï  ðáêÝôï  Calculus`FourierTransform`  ìðïñïýìå  ðéá  åýêïëá  íá

õðïëïãßóïõìå ôç ó÷åôéêÞ óåéñÜ Fourier. Åäþ åðéëÝãïõìå ðåñßïäï Ô = 10 êáé ôï äçëþíïõìå ñçôÜ áõôü óôç

ó÷åôéêÞ åíôïëÞ FourierTrigSeries (óôïí ðáñïíïìáóôÞ Ô ôïõ äåõôÝñïõ óôïé÷åßïõ 1/Ô ôçò ëßóôáò ìå äýï

óôïé÷åßá ôçò åðéëïãÞò FourierParameters óôï ôÝëïò ôçò åíôïëÞò FourierTrigSeries). Äçëþíïõìå åðßóçò

êáé ôçí ôÜîç Í ôçò óåéñÜò Fourier óôï ôñßôï üñéóìá: åäþ Í = 5. Ðñïêýðôåé Ýôóé ç áêüëïõèç áðëïðïéçìÝíç

ôñéãùíïìåôñéêÞ óåéñÜ Fourier:

In[6]:= FTS1&t_' 9 FourierTrigSeries&f&t', t, 5, FourierParameters A !?1, 1# 10"' ## Simplify

Out[6]=
1

!!!!!!!!!!!!!!
36 '2=300 '2 + 3600 Cos/ ' t

!!!!!!!!!
5

0 " 900 Cos/ 2 ' t
!!!!!!!!!!!!!
5

0 + 400 Cos/ 3 ' t
!!!!!!!!!!!!!
5

0 " 225 Cos/ 4 ' t
!!!!!!!!!!!!!
5

0 + 144 Cos%' t& "

1440 ' Sin/ ' t
!!!!!!!!!
5

0 + 720 ' Sin/ 2 ' t
!!!!!!!!!!!!!
5

0 " 480 ' Sin/ 3 ' t
!!!!!!!!!!!!!
5

0 + 360 ' Sin/ 4 ' t
!!!!!!!!!!!!!
5

0 " 288 ' Sin%' t&>
ÂëÝðïõìå ðùò ðñüêåéôáé  ãéá ìéá ðëÞñç ôñéãùíïìåôñéêÞ óåéñÜ Fourier  ìå óôáèåñü üñï (ôïí ðñþôï üñï),

óõíçìéôïíéêïýò  üñïõò  (ôïõò  åðüìåíïõò  üñïõò)  êáé  çìéôïíéêïýò  üñïõò  (ôïõò  ôåëåõôáßïõò  üñïõò)  ìÝ÷ñé

ôçí ôÜîç Í = 5 ôçò ðñïóåããßóåþò ôçò. Äåß÷íïõìå êáé ôç ãñáöéêÞ ðáñÜóôáóÞ ôçò óôï äéÜóôçìá [–10, 10],

äçëáäÞ óôï äéÜóôçìá [–Ô,  Ô ]  ìÞêïõò 2Ô, áöïý åß÷áìå åðéëÝîåé  ôçí ðåñßïäï Ô = 10. Åßíáé ðñïöáíÝò (êáé

öáßíåôáé êáèáñÜ áõôü óôçí ðáñáêÜôù ãñáöéêÞ ðáñÜóôáóç) üôé ç óåéñÜ Fourier ðïõ âñÞêáìå ðñïóåããßæåé

éêáíïðïéçôéêÜ ôç óõíÜñôçóç ìüíï óôï äéÜóôçìá [–5, 5] (ìÞêïõò ìéáò ðåñéüäïõ Ô = 10) êáé ü÷é êáé Ýîù áðü

ôï äéÜóôçìá áõôü: Ô < –5 êáé Ô > 5. Ôïýôï Þôáí âÝâáéá áíáìåíüìåíï ìå ôçí ðåñßïäï Ô = 10 ðïõ åðéëÝîáìå:

In[7]:= Plot&!f&t', FTS1&t'", !t, ?10, 10", PlotStyle A !Thickness&0.008', Thickness&0.006'"';
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Êáé ôþñá ðéï êáèáñÜ ôï ßäéï ó÷Þìá óôï äéÜóôçìá [–5, 5] ìÞêïõò ìéáò ðåñéüäïõ Ô = 10 ìüíï:
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In[8]:= Plot&!f&t', FTS1&t'", !t, ?5, 5", PlotStyle A !Thickness&0.008', Thickness&0.006'"';

-4 -2 2 4

10

20
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40

Ìðïñïýìå âÝâáéá íá ðåôý÷ïõìå ìåãáëýôåñç áêñßâåéá áðëÜ ìå ðéï ðïëëïýò üñïõò ó' áõôÞí ôçí ôñéãùíï-

ìåôñéêÞ  óåéñÜ  Fourier  (äçëáäÞ  ìå  ìåãáëýôåñç  áíþôåñç  ôÜîç  Í  óôïõò  üñïõò  ðïõ  ðåñéëáìâÜíïíôáé),  áò

ðïýìå åäþ ìå Í = 12. Áêïëïõèïýí ç óåéñÜ Fourier êáé ç ãñáöéêÞ ðáñÜóôáóÞ ôçò: 

In[9]:= FTS2&t_' 9 FourierTrigSeries&f&t', t, 12, FourierParameters A !?1, 1#10"' ## Simplify

Out[9]=
25
!!!!!!!
3

+
100 Cos% ' t!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'2

"
25 Cos% 2 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'2

+
100 Cos% 3 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
9 '2

"
25 Cos% 4 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4 '2

+

4 Cos%' t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
"
25 Cos% 6 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
9 '2

+
100 Cos% 7 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
49 '2

"
25 Cos% 8 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
16 '2

+
100 Cos% 9 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
81 '2

"

Cos%2 ' t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
+
100 Cos% 11 ' t!!!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
121 '2

"
25 Cos% 12 ' t!!!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
36 '2

"
40 Sin% ' t!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'

+
20 Sin% 2 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'

"

40 Sin% 3 ' t!!!!!!!!!
5

&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

3 '
+
10 Sin% 4 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'

"
8 Sin%' t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!

'
+
20 Sin% 6 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 '

"
40 Sin% 7 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
7 '

+

5 Sin% 8 ' t!!!!!!!!!
5

&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

'
"
40 Sin% 9 ' t!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
9 '

+
4 Sin%2 ' t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

'
"
40 Sin% 11 ' t!!!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
11 '

+
10 Sin% 12 ' t!!!!!!!!!!!

5
&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 '

In[10]:= Plot&!f&t', FTS2&t'", !t, ?5, 5", PlotStyle A !Thickness&0.008', Thickness&0.006'"';
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Ðáñáôçñïýìå  üôé  óôá  óçìåßá  t  =  !5  ôçò  áóõíÝ÷åéáò  ç  óåéñÜ  Fourier  óõãêëßíåé  óôç  ìÝóç  ôéìÞ  ôùí  äýï

ó÷åôéêþí ïñéáêþí ôéìþí ôçò óõíáñôÞóåþò ìáò f"t# .  ÁõôÜ åßíáé  ôá Üêñá ôïõ äéáóôÞìáôïò &(T .2 , T .2' ,
åäþ [–5, 5]. Äõóôõ÷þò äåí õðÜñ÷åé êáëýôåñç äõíáôüôçôá ãéá ôá óçìåßá áóõíÝ÷åéáò ìéáò óåéñÜò Fourier.

ÖõóéêÜ ãéá Üñôéåò óõíáñôÞóåéò ïé óåéñÝò Fourier ðåñéëáìâÜíïõí ìüíï óõíçìéôïíéêïýò üñïõò (êáé ôï óôá-

èåñü üñï âÝâáéá, áí õðÜñ÷åé êáé ãåíéêÜ õðÜñ÷åé óôáèåñüò üñïò), åíþ ãéá ðåñéôôÝò óõíáñôÞóåéò ðåñéëáì-

âÜíïõí ìüíï çìéôïíéêïýò üñïõò ÷ùñßò óôáèåñü üñï. 

Áêïëïõèïýí äýï áðëÜ ðáñáäåßãìáôá:  Ýíá ãéá Üñôéá óõíÜñôçóç (åðïìÝíùò êáé  óåéñÜ Fourier:  ìå óõíçìé-

ôïíéêïýò ìüíï üñïõò) êáé Ýíá ãéá ðåñéôôÞ óõíÜñôçóç (Üñá êáé óåéñÜ Fourier: ìå çìéôïíéêïýò ìüíï üñïõò):
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In[11]:= FTSC&t_' 9

FourierTrigSeries&Cosh&t', t, 6, FourierParameters A !?1, 1#$2;/%"' ## FullSimplify

Out[11]=
1

!!!!!!!!!!!!!!!!!!!!
40885 '

##37 #+221 #+5 " 5 Cos%t& + 2 Cos%2 t& " Cos%3 t&$ " 130 Cos%4 t& + 85 Cos%5 t&$ "

2210 Cos%6 t&$ Sinh%'&$
In[12]:= FTSS&t_' 9

FourierTrigSeries&Sinh&t', t, 6, FourierParameters A !?1, 1#$2;/%"' ## FullSimplify

Out[12]=
1

!!!!!!!!!!!!!!!!!!!!
40885 '##481 #85 Sin%t& + 68 Sin%2 t& " 51 Sin%3 t& + 40 Sin%4 t&$ " 15725 Sin%5 t& + 13260 Sin%6 t&$
Sinh%'&$

! ÅÍÔÏËÇ F2:  ÔÑÉÃÙÍÏÌÅÔÑÉÊÇ ÓÅÉÑÁ FOURIER (ÁÑÉÈÌÇÔÉÊÁ)
NFourierTrigSeries[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  ÔÜîçÐñïóåããßóåùòÔçòÓåéñÜòFourier, 

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Ðñüêåéôáé  ãéá  ôçí  áðüëõôá  áíôßóôïé÷ç  åíôïëÞ  ôçò  ðñïçãïýìåíçò  åíôïëÞò  FourierTrigSeries,  áëëÜ

ôþñá  ãéá  ôïí  êáôåõèåßáí  áñéèìçôéêü  õðïëïãéóìü  ôçò  ôñéãùíïìåôñéêÞò  óåéñÜò  Fourier  ÷ùñßò  êáí  íá

÷ñåéÜæåôáé  ç  åíôïëÞ  Í.  Áõôü  åßíáé  ÷ñÞóéìï  óå  ðåñéðôþóåéò  ðïõ  äåí  åßíáé  äõíáôüí  íá  õðïëïãéóèåß

áíáëõôéêÜ  ç óåéñÜ Fourier,  äçëáäÞ äå  ìðïñïýí íá õðïëïãéóèïýí áíáëõôéêÜ ôá ïëïêëçñþìáôá óôïõò

óõíôåëåóôÝò  ôçò.  ÐáñÜäåéãìá:  Áñ÷éêÜ  áíáëõôéêüò  õðïëïãéóìüò  ôçò  ôñéãùíïìåôñéêÞò  óåéñÜò  Fourier

ôçò åêèåôéêÞò óõíáñôÞóåùò &t óôï äéÜóôçìá [–ð, ð ], Ýðåéôá áðü ôçí áñ÷Þ ï ßäéïò õðïëïãéóìüò, áëëÜ

ôåëéêÜ  ìå  áñéèìçôéêü  áðïôÝëåóìá  ìå  ôçí  åíôïëÞ  N  êáé  ôÝëïò  ðÜëé  ï  áñéèìçôéêüò  õðïëïãéóìüò  ôçò

ßäéáò óåéñÜò Fourier, áëëÜ ìå äéáöïñåôéêü ôñüðï: ìå ôç ÷ñÞóç áõôÞò ôçò åíôïëÞò NFourierTrigSeries:

In[13]:= TrigFSE&t_' 9

FourierTrigSeries&Exp&t', t, 6, FourierParameters A !?1, 1# $2;/%"' ## FullSimplify

Out[13]=
1

!!!!!!!!!!!!!!!!!!!!
40885 '

##+40885 Cos%t& " 16354 Cos%2 t& + 8177 Cos%3 t& " 4810 Cos%4 t& + 3145 Cos%5 t& "

2210 Cos%6 t& " 481 #85 " 85 Sin%t& + 68 Sin%2 t& " 51 Sin%3 t& + 40 Sin%4 t&$ "

15725 Sin%5 t& + 13260 Sin%6 t&$ Sinh%'&$
In[14]:= NTrigFSE1&t_' 9

FourierTrigSeries&Exp&t', t, 6, FourierParameters A !?1, 1# $2;/%"' ## N

Out[14]= 3.67608 + 3.67608 Cos%t& " 1.47043 Cos%2. t& + 0.735216 Cos%3. t& " 0.43248 Cos%4. t& +

0.282775 Cos%5. t& " 0.198707 Cos%6. t& " 3.67608 Sin%t& + 2.94086 Sin%2. t& "

2.20565 Sin%3. t& + 1.72992 Sin%4. t& " 1.41388 Sin%5. t& + 1.19224 Sin%6. t&
In[15]:= NTrigFSE2&t_' 9 NFourierTrigSeries&Exp&t', t, 6, FourierParameters A !?1, 1#$2;/%"'
Out[15]= 3.67608 + 3.67608 Cos%t& " 1.47043 Cos%2 t& + 0.735216 Cos%3 t& " 0.43248 Cos%4 t& +

0.282775 Cos%5 t& " 0.198707 Cos%6 t& " 3.67608 Sin%t& + 2.94086 Sin%2 t& "

2.20565 Sin%3 t& + 1.72992 Sin%4 t& " 1.41388 Sin%5 t& + 1.19224 Sin%6 t&
Ç äéáöïñÜ difference1  ôùí äýï áñéèìçôéêþí ôñéãùíïìåôñéêþí óåéñþí Fourier åßíáé åäþ áðåéñïåëÜ÷éóôç

(ôçò ôÜîåùò ôçò áêñßâåéáò ôùí áñéèìçôéêþí õðïëïãéóìþí ìå ôç Mathematica óôïí õðïëïãéóôÞ: ðåñßðïõ

15 óçìáíôéêÜ øçößá) êáé ìÜëéóôá ìçäåíßæåôáé áðëÜ ìå ôç ÷ñÞóç ôçò åíôïëÞò Chop:
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In[16]:= difference1 9 NTrigFSE1&t' ? NTrigFSE2&t' ## N ## Chop

Out[16]= 0

! ÅÍÔÏËÇ F3:  ÅÊÈÅÔÉÊÇ ¹ ÌÉÃÁÄÉÊÇ ÓÅÉÑÁ FOURIER  
FourierSeries[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  ÔÜîçÐñïóåããßóåùòÔçòÓåéñÜòFourier,

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Äçìéïõñãåß ôçí åêèåôéêÞ Þ ìéãáäéêÞ óåéñÜ Fourier ôçò óõíáñôÞóåùò ç ïðïßá äßíåôáé óôï ðñþôï üñéóìá

ùò ðñïò ôç ìåôáâëçôÞ (ð.÷. t Þ x) ðïõ äßíåôáé óôï äåýôåñï üñéóìá ìå üñïõò ôÜîåùò ìÝ÷ñé êáé Í (ìåôá-

âëçôÞ ç ïðïßá äßíåôáé óôï ôñßôï üñéóìá). Áêïëïõèåß ç åðéëïãÞ  FourierParameters ìå ëßóôá äýï óôïé-

÷åßùí: ôï ðñþôï óôïé÷åßï åßíáé ôï –1 êáé ôï äåýôåñï óôïé÷åßï ôï áíôßóôñïöï 1/Ô ôçò ðåñéüäïõ Ô ôçò

óåéñÜò  Fourier.   Óçìåéþíåôáé  ðùò ðñüêåéôáé  ãéá  ìéá  åíôïëÞ áðüëõôá áíÜëïãç  ôçò ðñïðñïçãïýìåíçò

åíôïëÞò FourierTrigSeries, áëëÜ ôþñá ãéá ôçí åêèåôéêÞ Þ ìéãáäéêÞ óåéñÜ Fourier. Õðåíèõìßæåôáé åðßóçò

üôé  ãéá  ôç  ÷ñÞóç  ïðïéáóäÞðïôå  åíôïëÞò  áõôïý  ôïõ  notebook  ðñÝðåé  íá  Ý÷åé  ðñïçãïõìÝíùò  êëçèåß

(íá Ý÷åé öïñôùèåß) ôï ðáêÝôï Calculus`FourierTransform`  ôçò Mathematica, üðùò Ý÷åé Þäç áíáöåñèåß.

ÐáñÜäåéãìá èá äïèåß óôçí áìÝóùò åðüìåíç åíôïëÞ: ôçí áñéèìçôéêÞ ìïñöÞ ôçò ðáñïýóáò åíôïëÞò.

! ÅÍÔÏËÇ F4:  ÅÊÈÅÔÉÊÇ ¹ ÌÉÃÁÄÉÊÇ ÓÅÉÑÁ FOURIER (ÁÑÉÈÌÇÔÉÊÁ)
NFourierSeries[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  ÔÜîçÐñïóåããßóåùòÔçòÓåéñÜòFourier,

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Ðñüêåéôáé  ãéá ôçí áðüëõôá áíôßóôïé÷ç åíôïëÞ ôçò ðñïçãïýìåíçò åíôïëÞò FourierSeries,  áëëÜ ôþñá

ãéá  ôïí  êáôåõèåßáí  áñéèìçôéêü  õðïëïãéóìü  ôçò  åêèåôéêÞò  Þ  ìéãáäéêÞò  óåéñÜò  Fourier  ÷ùñßò  êáí  íá

÷ñåéÜæåôáé ç åíôïëÞ Í. ÐáñÜäåéãìá: Áñ÷éêÜ áíáëõôéêüò õðïëïãéóìüò ôçò óåéñÜò Fourier ôçò åêèåôéêÞò

óõíáñôÞóåùò &t óôï äéÜóôçìá [–ð, ð ], Ýðåéôá áðü ôçí áñ÷Þ ï ßäéïò õðïëïãéóìüò, áëëÜ ìå áñéèìçôéêü

áðïôÝëåóìá óôï ôÝëïò ìå ôçí åíôïëÞ  N êáé ôÝëïò ðÜëé ï áñéèìçôéêüò õðïëïãéóìüò ôçò ßäéáò óåéñÜò

Fourier, áëëÜ ìå äéáöïñåôéêü ôñüðï: ìå ôç ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò NFourierTrigSeries:

In[17]:= ExpFSE&t_' 9

FourierSeries&Exp&t', t, 4, FourierParameters A !?1, 1#$2;/%"' ## Simplify

Out[17]=
1
!!!!
'== 1

!!!!!!!!!!
340

"
$

!!!!!!!!!!
340

> 3+'+4 $ t #+1 " 32 '$ ##+15 + 25 $$ " #17 " 34 $$ 3$ t + #17 " 51 $$ 32 $ t " 85 $ 33 $ t "#85 + 85 $$ 34 $ t + 85 35 $ t " #51 " 17 $$ 36 $ t + #34 " 17 $$ 37 $ t " #25 " 15 $$ 38 $ t$>
In[18]:= NExpFSE1&t_' 9

FourierSeries&Exp&t', t, 4, FourierParameters A !?1, 1#$2;/%"' ## N ## Chop

Out[18]= 3.67608 + #1.83804 + 1.83804 $$ 2.71828+1. $ t + #1.83804 " 1.83804 $$ 2.718281. $ t "#0.735216 + 1.47043 $$ 2.71828+2. $ t " #0.735216 " 1.47043 $$ 2.718282. $ t +#0.367608 + 1.10282 $$ 2.71828+3. $ t + #0.367608 " 1.10282 $$ 2.718283. $ t "#0.21624 + 0.86496 $$ 2.71828+4. $ t " #0.21624 " 0.86496 $$ 2.718284. $ t
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In[19]:= NExpFSE2&t_' 9 NFourierSeries&Exp&t', t, 4, FourierParametersA !?1, 1# $2;/%"'
Out[19]= 3.67608 + #1.83804 + 1.83804 $$ 3+$ t + #1.83804 " 1.83804 $$ 3$ t "#0.735216 + 1.47043 $$ 3+2 $ t " #0.735216 " 1.47043 $$ 32 $ t + #0.367608 + 1.10282 $$ 3+3 $ t +#0.367608 " 1.10282 $$ 33 $ t " #0.21624 + 0.86496 $$ 3+4 $ t " #0.21624 " 0.86496 $$ 34 $ t

Ç äéáöïñÜ difference2  ôùí äýï áñéèìçôéêþí áðïôåëåóìÜôùí åßíáé êáé åäþ áðåéñïåëÜ÷éóôç (ôçò ôÜîåùò

ôçò áêñßâåéáò ôùí õðïëïãéóìþí ôçò Mathematica) êáé ìçäåíßæåôáé ìå ôç ÷ñÞóç êáé ôçò åíôïëÞò Chop:

In[20]:= difference2 9 NExpFSE1&t' ? NExpFSE2&t' ## N ## FullSimplify

Out[20]= +4.440894 10+16 " #0. " 0. $$ Cos%1. t& " #6.66134410+16 " 0. $$ Cos%2. t& +#9.992014 10+16 " 0. $$ Cos%3. t& " #8.326674 10+16 " 0. $$ Cos%4. t& +#1.776364 10+15 " 0. $$ Sin%1. t& " #0. " 0. $$ Sin%2. t& +#8.881784 10+16 " 0. $$ Sin%3. t& " #6.661344 10+16 " 0. $$ Sin%4. t&
In[21]:= !Chop&difference2', difference2 ## Chop, difference2 = 0 ## Chop"
Out[21]= '0, 0, True(
Áò ðáñáôçñÞóïõìå ôÝëïò ôçí ïõóéáóôéêÞ óýìðôùóç ôçò ðáñïýóáò åêèåôéêÞò Þ ìéãáäéêÞò óåéñÜò Fourier

ExpFSE[t] êáé ôçò áíôßóôïé÷çò ôñéãùíïìåôñéêÞò óåéñÜò Fourier, åäþ üìùò ìå Í = 4:

In[22]:= TrigFSE&t_' 9

FourierTrigSeries&Exp&t', t, 4, FourierParameters A !?1, 1# $2;/%"' ## FullSimplify

Out[22]=
1

!!!!!!!!!!!
85 '

##85 + 85 Cos%t& " 34 Cos%2 t& + 17 Cos%3 t& "

10 Cos%4 t& " 85 Sin%t& + 68 Sin%2 t& " 51 Sin%3 t& + 40 Sin%4 t&$ Sinh%'&$
ÐñáãìáôéêÜ Ý÷ïõìå ìçäåíéêÞ äéáöïñÜ 

In[23]:= difference3a 9 ExpFSE&t' ? TrigFSE&t' ## ExpToTrig ## Simplify

Out[23]= 0

áöïý âÝâáéá ìåôáôñÝøáìå üëïõò ôïõò üñïõò óå ôñéãùíïìåôñéêÞ ìïñöÞ êáé  áðëïðïéÞóáìå ôï áðïôÝëå-

óìá. ÅíáëëáêôéêÜ êáé ÷ùñßò ìÜëéóôá ç Mathematica íá ÷ñåéÜæåôáé êáí ôçí åíôïëÞ Simplify

In[24]:= difference3b 9 ExpFSE&t' ? TrigFSE&t' ## TrigToExp

Out[24]= 0

Ôá ßäéá óõìâáßíïõí êáé áí åñãáóèïýìå ìå ôéò êáèáñÜ áñéèìçôéêÝò áíôßóôïé÷åò óåéñÝò NExpFSE2[t] êáé

In[25]:= NTrigFSE2&t_' 9 NFourierTrigSeries&Exp&t', t, 4, FourierParameters A !?1, 1#$2;/%"'
Out[25]= 3.67608 + 3.67608 Cos%t& " 1.47043 Cos%2 t& + 0.735216 Cos%3 t& " 0.43248 Cos%4 t& "

3.67608 Sin%t& + 2.94086 Sin%2 t& " 2.20565 Sin%3 t& + 1.72992 Sin%4 t&
ìå äéáöïñÜ ìçäåíéêÞ, áöïý âÝâáéá ÷ñçóéìïðïéçèåß êáé ç åíôïëÞ Chop, ãéá íá ìçäåíéóèïýí ôá óöÜëìáôá

áñéèìçôéêþí óôñïããõëåýóåùí.  Áõôü éó÷ýåé  ìå  ìåôáôñïðÞ ôçò äéáöïñÜò åßôå  óå  ôñéãùíïìåôñéêÞ ìïñöÞ

ìå ôçí åíôïëÞ ExpToTrig åßôå óå åêèåôéêÞ Þ ìéãáäéêÞ ìïñöÞ ìå ôçí áíôßóôñïöç åíôïëÞ TrigToExp: 

In[26]:= difference4a 9 NExpFSE2&t' ? NTrigFSE2&t' ## ExpToTrig ## Chop

Out[26]= 0
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In[27]:= difference4b 9 NExpFSE2&t' ? NTrigFSE2&t' ## TrigToExp ## Chop

Out[27]= 0

! ÅÍÔÏËÇ F5:  ÓÕÍÇÌÉÔÏÍÉÊÏÓ ÓÕÍÔÅËÅÓÔÇÓ ÓÅÉÑÁÓ FOURIER  
FourierCosCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  

        ÔÜîçÔïõÓõíçìéôïíéêïýÓõíôåëåóôÞÔçòÓåéñÜòFourier,  FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Õðïëïãßæåé  ôï óõíçìéôïíéêü óõíôåëåóôÞ ôÜîåùò n  ðïõ äßíåôáé  óôï ôñßôï üñéóìá óôçí ôñéãùíïìåôñé-

êÞ óåéñÜ Fourier  ôçò óõíáñôÞóåùò ðïõ äßíåôáé  óôï ðñþôï üñéóìá ùò ðñïò ôç ìåôáâëçôÞ (ð.÷.  t  Þ x )

ðïõ äßíåôáé óôï äåýôåñï üñéóìá. Áêïëïõèåß ðÜëé ç åðéëïãÞ FourierParameters ìå ëßóôá áðü äýï óôïé-

÷åßá: ôï ðñþôï óôïé÷åßï åßíáé ôï –1 êáé ôï äåýôåñï óôïé÷åßï ôï áíôßóôñïöï 1/Ô ôçò ðåñéüäïõ Ô ôçò

ôñéãùíïìåôñéêÞò óåéñÜò Fourier.   Áíôßóôïé÷ç åßíáé  êáé  ç ìåèåðüìåíç åíôïëÞ FourierSinCoefficient ,  ç

ïðïßá ðåñéëáìâÜíåé êáé ôá ó÷åôéêÜ ðáñáäåßãìáôá.

! ÅÍÔÏËÇ F6:  ÓÕÍÇÌÉÔÏÍÉÊÏÓ ÓÕÍÔÅËÅÓÔÇÓ ÓÅÉÑÁÓ FOURIER

(ÁÑÉÈÌÇÔÉÊÁ)
NFourierCosCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  

        ÔÜîçÔïõÓõíçìéôïíéêïýÓõíôåëåóôÞÔçòÓåéñÜòFourier,  FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Ðñüêåéôáé  ãéá  ôçí  áðüëõôá  áíôßóôïé÷ç  åíôïëÞ  ôçò  ðñïçãïýìåíçò  åíôïëÞò  FourierCosCoefficient ,

áëëÜ ôþñá ãéá ôïí êáôåõèåßáí áñéèìçôéêü õðïëïãéóìü ôïõ óõíçìéôïíéêïý óõíôåëåóôÞ ôÜîåùò  n .  Ðá-

ñáäåßãìáôá èá äïèïýí óôç ìåèåðüìåíç åíôïëÞ NFourierSinCoefficient.

! ÅÍÔÏËÇ F7:  ÇÌÉÔÏÍÉÊÏÓ ÓÕÍÔÅËÅÓÔÇÓ ÓÅÉÑÁÓ FOURIER  
FourierSinCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  

         ÔÜîçÔïõÇìéôïíéêïýÓõíôåëåóôÞÔçòÓåéñÜòFourier,   FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Õðïëïãßæåé  ôïí  çìéôïíéêü  óõíôåëåóôÞ  ôÜîåùò n  ðïõ  äßíåôáé  óôï  ôñßôï  üñéóìá  óôçí ôñéãùíïìåôñéêÞ

óåéñÜ Fourier ôçò óõíáñôÞóåùò ðïõ äßíåôáé óôï ðñþôï üñéóìá ùò ðñïò ôç ìåôáâëçôÞ (ð.÷. t Þ x) ðïõ

äßíåôáé óôï äåýôåñï üñéóìá. Áêïëïõèåß êáé ðÜëé ç åðéëïãÞ FourierParameters ìå ëßóôá äýï óôïé÷åßùí:

ôï ðñþôï óôïé÷åßï åßíáé ôï –1 êáé ôï äåýôåñï óôïé÷åßï åßíáé ôï áíôßóôñïöï 1/Ô ôçò ðåñéüäïõ Ô ôçò

óåéñÜò  Fourier.   Åðáíåñ÷üìáóôå  óôï  ðáñÜäåéãìá  ôçò  óõíáñôÞóåùò  f"t# ' 4!t % t2,  ðïõ  åß÷áìå  óôçí

ðñþôç  åíôïëÞ FourierTrigSeries áõôïý ôïõ notebook (ìå Ô = 10) ãéá ôçí ôñéãùíïìåôñéêÞ óåéñÜ Fourier:

In[28]:= FTS1&t'
Out[28]=

1
!!!!!!!!!!!!!!
36 '2=300 '2 + 3600 Cos/ ' t

!!!!!!!!!
5

0 " 900 Cos/ 2 ' t
!!!!!!!!!!!!!
5

0 + 400 Cos/ 3 ' t
!!!!!!!!!!!!!
5

0 " 225 Cos/ 4 ' t
!!!!!!!!!!!!!
5

0 + 144 Cos%' t& "

1440 ' Sin/ ' t
!!!!!!!!!
5

0 + 720 ' Sin/ 2 ' t
!!!!!!!!!!!!!
5

0 " 480 ' Sin/ 3 ' t
!!!!!!!!!!!!!
5

0 + 360 ' Sin/ 4 ' t
!!!!!!!!!!!!!
5

0 " 288 ' Sin%' t&>
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Ðáñáäåßãìáôá (óå  äýï ëßóôåò ìå ôçí åíôïëÞ Table)  ãéá óõãêåêñéìÝíïõò óõíçìéôïíéêïýò (ëßóôá tb1)  êáé

çìéôïíéêïýò (ëßóôá  tb2) óõíôåëåóôÝò áõôÞò ôçò ôñéãùíïìåôñéêÞò óåéñÜò Fourier. (Äå èåùñåßôáé ãíùóôÞ!)

In[29]:= tb1 9 Table&
a&n' 9 FourierCosCoefficient&f&t', t, n, FourierParameters A !?1, 1 #10"', !n, 0, 5"'

Out[29]= ! 25
!!!!!!!
3

, +
100
!!!!!!!!!!
'2

,
25
!!!!!!!
'2

, +
100
!!!!!!!!!!!
9 '2

,
25

!!!!!!!!!!!
4 '2

, +
4
!!!!!!!
'2

"
In[30]:= tb2 9 Table&

b&n' 9 FourierSinCoefficient&f&t', t, n, FourierParameters A !?1, 1 #10"', !n, 1, 5"'
Out[30]= ! 40

!!!!!!!
'

, +
20
!!!!!!!
'

,
40
!!!!!!!!!
3 '

, +
10
!!!!!!!
'

,
8
!!!!
'
"

Êáé öõóéêÜ õðü áõôÝò ôéò óõíèÞêåò ìðïñïýìå íá åðáëçèåýóïõìå êáé üëïõò áõôïýò ôïõò óõíôåëåóôÝò üôé

ìáò ïäçãïýí ðñáãìáôéêÜ óôçí ôñéãùíïìåôñéêÞ óåéñÜ Fourier  FTS1[t],  ôçí ïðïßá Ý÷ïõìå Þäç âñåé,  ÷ùñßò

âÝâáéá íá ëçóìïíçèåß êáíÝíáò áðü ôïõò áíáãêáßïõò ôñéãùíïìåôñéêïýò üñïõò ïýôå êáé ï óôáèåñüò üñïò:

In[31]:= FTS1&t' 99 a&0' : Sum&a&n';Cos&n / t#5' : b&n';Sin&n / t#5', !n, 1, 5"' ## Simplify

Out[31]= True

! ÅÍÔÏËÇ F8:  ÇÌÉÔÏÍÉÊÏÓ ÓÕÍÔÅËÅÓÔÇÓ ÓÅÉÑÁÓ FOURIER

(ÁÑÉÈÌÇÔÉÊÁ)
NFourierSinCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  

          ÔÜîçÔïõÇìéôïíéêïýÓõíôåëåóôÞÔçòÓåéñÜòFourier,  FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Ðñüêåéôáé ãéá ôçí áðüëõôá áíôßóôïé÷ç åíôïëÞ ôçò ðñïçãïýìåíçò åíôïëÞò FourierSinCoefficient . Ôþ-

ñá üìùò ãßíåôáé ï êáôåõèåßáí áñéèìçôéêüò õðïëïãéóìüò ôïõ çìéôïíéêïý óõíôåëåóôÞ ôÜîåùò n.  Ðáñá-

äåßãìáôá  ôùí  äýï  åíôïëþí  NFourierCosCoefficient  êáé  NFourierSinCoefficient  ãéá  ôçí  áñ÷éêÞ  ìáò

óõíÜñôçóç  f"t# ' 4!t % t2,  üðïõ  ìÜëéóôá  ðáñáôçñïýìå  ôç  óõìöùíßá  ôùí  áðïôåëåóìÜôùí  ìå  ôá  áíôß-

óôïé÷á áíáëõôéêÜ áðïôåëÝóìáôá tb1  êáé  tb2  óôá ðáñáäåßãìáôá ôçò áìÝóùò ðñïçãïýìåíçò åíôïëÞò,

áöïý âÝâáéá ôá ìåôáôñÝøïõìå êáé áõôÜ óå áñéèìçôéêÜ ìå ôç ÷ñÞóç ôçò ãíùóôÞò ìáò åíôïëÞò N:

In[32]:= tb1n 9

Table&NFourierCosCoefficient&f&t', t, n, FourierParameters A !?1, 1 #10"', !n, 0, 5"'
Out[32]= '8.33333, +10.1321, 2.53303, +1.12579, 0.633257, +0.405285(
In[33]:= !tb1 ## N, N&tb1' = tb1n"
Out[33]= ''8.33333, +10.1321, 2.53303, +1.12579, 0.633257, +0.405285(, True(
In[34]:= tb2n 9

Table&NFourierSinCoefficient&f&t', t, n, FourierParameters A !?1, 1 #10"', !n, 1, 5"'
Out[34]= '12.7324, +6.3662, 4.24413, +3.1831, 2.54648(
In[35]:= !tb2 ## N, N&tb2' = tb2n"
Out[35]= ''12.7324, +6.3662, 4.24413, +3.1831, 2.54648(, True(
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! ÅÍÔÏËÇ F9:  ÓÕÍÔÅËÅÓÔÇÓ ÅÊÈÅÔÉÊÇÓ ÓÅÉÑÁÓ FOURIER  
FourierCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  –ÔÜîçÔïõÓõíôåëåóôÞÔçòÅêèåôéêÞòÓåéñÜòFourier, 

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Õðïëïãßæåé  ôï óõíôåëåóôÞ ôçò åêèåôéêÞò Þ ìéãáäéêÞò óåéñÜò Fourier  ôÜîåùò n ðïõ äßíåôáé  óôï ôñßôï

üñéóìá (áëëÜ ìå ìåßïí:  –n áíôß  ãéá n  åîáéôßáò åëáöñÜ äéáöïñåôéêïý ïñéóìïý:  ìå  –n  óôïí åêèÝôç,  ðïõ

áêïëïõèåß åäþ ç Mathematica) ôçò óõíáñôÞóåùò ðïõ äßíåôáé óôï ðñþôï üñéóìá ùò ðñïò ôç ìåôáâëç-

ôÞ (ð.÷.  t  Þ x )  ç ïðïßá äßíåôáé  óôï äåýôåñï üñéóìá.  Áêïëïõèåß  îáíÜ ç åðéëïãÞ  FourierParameters ìå

ëßóôá äýï óôïé÷åßùí: ôï ðñþôï óôïé÷åßï åßíáé ôï –1 êáé ôï äåýôåñï óôïé÷åßï ôï áíôßóôñïöï 1/Ô ôçò

ðåñéüäïõ Ô ôçò åêèåôéêÞò Þ ìéãáäéêÞò óåéñÜò Fourier.  ÐáñÜäåéãìá ãéá ôç óõíÜñôçóç f (t ) = 4!t % t 2 :

In[36]:= tb3 9 Table&
c&n' 9 FourierCoefficient&f&t', t, ?n, FourierParameters A !?1, 1#10"' ## Simplify,!n, ?5, 5"'

Out[36]= ! +2 " 4 $ '
!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

5 #5 + 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
,

10 $ #5 $ " 6 '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 + 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
,

+50 " 20 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

25
!!!!!!!
3

, +
50 " 20 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

5 #5 " 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
, +

50 " 60 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 " 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
, +

2 " 4 $ '
!!!!!!!!!!!!!!!!!!!!!

'2
"

åíþ ãéá ôçí ßäéá áêñéâþò óõíÜñôçóç f (t ) åß÷áìå âñåé ðñïçãïõìÝíùò: óôçí ðñïðñïçãïýìåíç åíôïëÞ:

In[37]:= tb1

Out[37]= ! 25
!!!!!!!
3

, +
100
!!!!!!!!!!
'2

,
25
!!!!!!!
'2

, +
100
!!!!!!!!!!!
9 '2

,
25

!!!!!!!!!!!
4 '2

, +
4
!!!!!!!
'2

"
In[38]:= tb2

Out[38]= ! 40
!!!!!!!
'

, +
20
!!!!!!!
'

,
40
!!!!!!!!!
3 '

, +
10
!!!!!!!
'

,
8
!!!!
'
"

Ìðïñïýìå Ýôóé íá õðïëïãßóïõìå ìå äåýôåñï ôñüðï ôïõò óõíôåëåóôÝò ôçò åêèåôéêÞò Þ ìéãáäéêÞò óåéñÜò

Fourier ðïõ åîåôÜæïõìå. (Äåí îå÷íÜìå âÝâáéá êáé ôïõò ôýðïõò ãéá ôïõò óõíôåëåóôÝò ôçò cn áðü ôçí Åíü-

ôçôá Á17.3 ôïõ Êåöáëáßïõ Á17 ôïõ ÌÝñïõò Á ôùí äéäáêôéêþí âéâëßùí.)

In[39]:= tb4a 9 Table&d&n' 9 $a&n' ? < b&n'%#2 ## Simplify, !n, 5, 1, ?1"'
Out[39]= !+ 2 " 4 $ '

!!!!!!!!!!!!!!!!!!!!!
'2

,
5 #5 " 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
, +

50 " 60 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 " 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
, +

50 " 20 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
"

êáé ðáñáôçñïýìå åýëïãá üôé

In[40]:= verification1 9 Table&c&n' = d&n', !n, 1, 5"'
Out[40]= 'True, True, True, True, True(
Êáé ðáñáðÝñá

In[41]:= tb4b 9 Table&d&?n' 9 $a&n' : < b&n'%#2 ## Simplify, !n, 1, 5"'
Out[41]= ! +50 " 20 $ '

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
'2

,
5 #5 + 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
,

10 $ #5 $ " 6 '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 + 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
,

+2 " 4 $ '
!!!!!!!!!!!!!!!!!!!!!!!!

'2
"

êáé ðáñáôçñïýìå êáé ðÜëé üôé
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In[42]:= verification2 9 Table&c&n' = d&n', !n, ?5, ?1"'
Out[42]= 'True, True, True, True, True(
ÔÝëïò ãéá ôï óôáèåñü üñï (ìå n = 0) Ý÷ïõìå

In[43]:= verification3 9 c&0' = a&0'
Out[43]= True

Ïëïêëçñþèçêå ëïéðüí ç åðáëÞèåõóç ôçò ðëÞñïõò éóïäõíáìßáò ôçò åêèåôéêÞò Þ ìéãáäéêÞò óåéñÜò Fourier

ìå ôçí áíôßóôïé÷ç ôñéãùíïìåôñéêÞ óåéñÜ Fourier óôï ðáñüí ðáñÜäåéãìá ùò ðñïò ôïõò óõíôåëåóôÝò ôïõò

ãéá n áðü —5 Ýùò 5 óôç ìéãáäéêÞ Þ åêèåôéêÞ óåéñÜ Fourier.

! ÅÍÔÏËÇ F10:  ÓÕÍÔÅËÅÓÔÇÓ ÅÊÈÅÔÉÊÇÓ ÓÅÉÑÁÓ FOURIER

(ÁÑÉÈÌÇÔÉÊÁ)
NFourierCoefficient[ÓõíÜñôçóç,  ÌåôáâëçôÞ,  –ÔÜîçÔïõÓõíôåëåóôÞÔçòÅêèåôéêÞòÓåéñÜòFourier,

          FourierParameters ! {–1,  1/Ðåñßïäïò}] 

Ðñüêåéôáé  ãéá  ôçí  áðüëõôá  áíôßóôïé÷ç  åíôïëÞ  ôçò  ðñïçãïýìåíçò  åíôïëÞò  FourierCoefficient,  áëëÜ

ôþñá ãéá ôïí êáôåõèåßáí áñéèìçôéêü õðïëïãéóìü ôïõ óõíôåëåóôÞ ôÜîåùò n ôçò åêèåôéêÞò Þ ìéãáäéêÞò

óåéñÜò Fourier. Áêïëïõèåß ôï ðáñÜäåéãìá ôçò ðñïçãïýìåíçò åíôïëÞò, ôþñá üìùò êáèáñÜ áñéèìçôéêÜ:

In[44]:= tb5 9 Table&
c&n' 9 NFourierCoefficient&f&t', t, ?n, FourierParameters A !?1, 1 #10"', !n, ?5, 5"'

Out[44]= '+0.202642 " 1.27324 $, 0.316629 + 1.59155 $, +0.562895 " 2.12207 $, 1.26651 + 3.1831 $,

+5.06606 " 6.3662 $, 8.33333, +5.06606 + 6.3662 $, 1.26651 " 3.1831 $,

+0.562895 + 2.12207 $, 0.316629 " 1.59155 $, +0.202642 + 1.27324 $(
åíþ ðñïçãïõìÝíùò åß÷áìå âñåé ãéá ôï ßäéï áêñéâþò ðáñÜäåéãìá

In[45]:= tb3

Out[45]= ! +2 " 4 $ '
!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

5 #5 + 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
,

10 $ #5 $ " 6 '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 + 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
,

+50 " 20 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

25
!!!!!!!
3

, +
50 " 20 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

'2
,

5 #5 " 4 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

2 '2
, +

50 " 60 $ '
!!!!!!!!!!!!!!!!!!!!!!!!!!

9 '2
,

5 #5 " 8 $ '$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

8 '2
, +

2 " 4 $ '
!!!!!!!!!!!!!!!!!!!!!

'2
"

ÅðïìÝíùò ïé äéáöïñÝò ôùí áíôßóôïé÷ùí óõíôåëåóôþí cn ðñÝðåé  íá åßíáé ìçäåíéêÝò. ÐñáãìáôéêÜ Ý÷ïõìå

äéáöïñÝò ðïõ ïöåßëïíôáé áðïêëåéóôéêÜ óôá óöÜëìáôá óôñïããõëåýóåùò, üðùò åýêïëá ðáñáôçñïýìå:

In[46]:= differences1 9 tb5 ? N&tb3'
Out[46]= '1.63758410+15 + 1.11022410+15 $, +1.27676410+15 + 6.66134410+16 $,

+1.11022410+16 " 1.33227410+15 $, +6.66134410+16 " 0. $,

0. " 1.77636410+15 $, 1.77636410+15, 0. + 1.77636410+15 $,

+6.66134410+16 " 0. $, +1.110224 10+16 + 1.332274 10+15 $,

+1.27676410+15 " 6.66134410+16 $, 1.63758410+15 " 1.11022410+15 $(
In[47]:= !differences2 9 tb5 ? N&tb3' ## Chop, "*!) !/+M912%0!", tb5 = tb3"
Out[47]= ''0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0(, I(> ('@J3K2<8(, True(
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! Notebook  E17 

ÅÍÔÏËÅÓ ÃÉÁ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÕÓ LAPLACE ÊÁÉ FOURIER
4  ÅÍÔÏËÅÓ:  O1. LaplaceTransform,  O2. InverseLaplaceTransform,

O3. FourierTransform,  O4. InverseFourierTransform

! ÅÍÔÏËÇ O1:  ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ LAPLACE
LaplaceTransform[ÓõíÜñôçóç Þ ËßóôáÓõíáñôÞóåùí Þ Åîßóùóç Þ ËßóôáÅîéóþóåùí,  

              Áñ÷éêÞÌåôáâëçôÞ,  ÌåôáâëçôÞÌåôáó÷çìáôéóìïýLaplace] 

Õðïëïãßæåé  ôï  ìåôáó÷çìáôéóìü  Laplace  ìéáò  óõíáñôÞóåùò  Þ  ëßóôáò  óõíáñôÞóåùí  Þ  åîéóþóåùò  Þ

ëßóôáò åîéóþóåùí. Óõ÷íÜ ç áñ÷éêÞ ìåôáâëçôÞ åßíáé ôï t Þ ôï x êáé ç ìåôáâëçôÞ ôïõ ìåôáó÷çìáôéóìïý

Laplace åßíáé  ôï s .  Ç  ìÝèïäïò ôïõ ìåôáó÷çìáôéóìïý Laplace åßíáé  ÷ñÞóéìç:  (á)  Óôéò ãñáììéêÝò  óõíÞ-

èåéò äéáöïñéêÝò åîéóþóåéò, (â) Óôéò ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò ìå ìåñéêÝò ðáñáãþãïõò êáé (ã) óå

ìåñéêÝò ãñáììéêÝò ïëïêëçñùôéêÝò åîéóþóåéò Volterra. Ðáñáäåßãìáôá áðëþí ìåôáó÷çìáôéóìþí Laplace:

In[1]:= !LaplaceTransform&Cos&7 t', t, s' , LaplaceTransform&t3;Cos&7 t';Sinh&7 t', t, s'"
Out[1]= ! s

!!!!!!!!!!!!!!!!!
s2 " #2

,
24 s # #s10 + 10 s8 #2 + 40 s6 #4 " 80 s4 #6 " 80 s2 #8 + 32 #10$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#s4 " 4 #4$4 "

Ìå  ôï  ìåôáó÷çìáôéóìü  Laplace  åðéôõã÷Üíåôáé  ç  ìåôáôñïðÞ  ìéáò  óõíÞèïõò  ãñáììéêÞò  äéáöïñéêÞò  åîé-

óþóåùò  (åßôå  ïìïãåíïýò  åßôå  ìç  ïìïãåíïýò)  ìå  óôáèåñïýò  óõíôåëåóôÝò  óå  ãñáììéêÞ  (ðñùôïâÜèìéá)

áëãåâñéêÞ  åîßóùóç  ùò  ðñïò  ôï  ìåôáó÷çìáôéóìü  Laplace  ôçò  Üãíùóôçò  óõíáñôÞóåùò  ôçò  óõíÞèïõò

äéáöïñéêÞò  åîéóþóåùò.  Ôï  ðéï  êÜôù  ó÷åôéêü  ðáñÜäåéãìá  áöïñÜ  óôçí  êëáóéêÞ  äéáöïñéêÞ  åîßóùóç  ôïõ

áñìïíéêïý ôáëáíôùôÞ (ôï ðéï áðëü êáé ìÜëéóôá ìïíïâÜèìéï ìç÷áíéêü óýóôçìá ôïõ Ðïëéôéêïý Ìç÷áíéêïý!)

ìå áðüóâåóç óå åîáíáãêáóìÝíåò ôáëáíôþóåéò (ìå ôçí áíçãìÝíç óôç ìÜæá öüñôéóç óôï äåîéü ìÝëïò):

In[2]:= LT 9 LaplaceTransform&u''&t' : 2;. 70;u'&t' : 702;u&t' = p&t'# m, t, s'
Out[2]= s2 LaplaceTransform%u%t&, t, s& " LaplaceTransform%u%t&, t, s& #0

2 "

2 6 #0 #s LaplaceTransform%u%t&, t, s& + u%0&$ + s u%0& + u1%0& %%
LaplaceTransform%p%t&, t, s&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

m

ÌåñéêÝò öïñÝò ç ÷ñÞóç åíüò áðëïýóôåñïõ óõìâüëïõ ãéá Ýíá ìåôáó÷çìáôéóìü Laplace åßíáé ÷ñÞóéìç ãéá

ôçí ïðôéêÜ áðëïýóôåñç åìöÜíéóç ôçò ìåôáó÷çìáôéóìÝíçò êáôÜ Laplace åîéóþóåùò:

In[3]:= LTs 9 LT #. !LaplaceTransform&u&t', t, s' A U&s', LaplaceTransform&p&t', t, s' A P&s'"
Out[3]= +s u%0& " s2 U%s& " #0

2 U%s& " 2 6 #0 #+u%0& " s U%s&$ + u1%0& %%
P%s&
!!!!!!!!!!!!!
m

Êáé ç áêüìç ðéï áðëÞ ôåëéêÞ ìïñöÞ ôçò ßäéáò ãñáììéêÞò áëãåâñéêÞò åîéóþóåùò: 

In[4]:= LTs1 9 Collect&LTs,1-, U&s'' = LTs,2- ## Simplify

Out[4]= #s2 " 2 s 6 #0 " #0
2$ U%s& %%

P%s&
!!!!!!!!!!!!!
m

" s u%0& " 2 6 #0 u%0& " u1%0&
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êáèþò êáé ç ëýóç ôçò 

In[5]:= sol 9 Solve&LTs1, U&s''
Out[5]= !!U%s& ,

P%s&!!!!!!!!!!
m

" s u%0& " 2 6 #0 u%0& " u1%0&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

s2 " 2 s 6 #0 " #0
2

""
Ç ìïíáäéáßá âçìáôéêÞ óõíÜñôçóç ôïõ Heaviside H"t#  (ðïõ óõìâïëßæåôáé ìå  UnitStep[t]  óôç Mathematica)

êáèþò êáé ç ùóôéêÞ (Þ êñïõóôéêÞ) óõíÜñôçóç äÝëôá ôïõ Dirac ä"t#  (ðïõ óõìâïëßæåôáé ìå DiracDelta[t] óôç

Mathematica)  ðáñïõóéÜæïõí  åíäéáöÝñïí  óôï  ìåôáó÷çìáôéóìü  Laplace,  üðùò  óõìâáßíåé  êáé  óå  ðïéêßëåò

åöáñìïãÝò ôïõ Ðïëéôéêïý Ìç÷áíéêïý. Ïé ìåôáó÷çìáôéóìïß Laplace ôïõò âñßóêïíôáé ìå ôçí åíôïëÞ

In[6]:= LaplaceTransform&!UnitStep&t', DiracDelta&t'", t, s'
Out[6]= ! 1

!!!!
s
, 1"

Åßäáìå  Þäç  ðùò  ìå  ôï  ìåôáó÷çìáôéóìü  Laplace  åðéôõã÷Üíåôáé  ç  ìåôáôñïðÞ  ìéáò  óõíÞèïõò  ãñáììéêÞò

äéáöïñéêÞò  åîéóþóåùò  (åßôå  ïìïãåíïýò  åßôå  ìç  ïìïãåíïýò)  ìå  óôáèåñïýò  óõíôåëåóôÝò  óå  ãñáììéêÞ

áëãåâñéêÞ åîßóùóç.  ÁíÜëïãá  êáôïñèþíåôáé  êáé  ç ìåôáôñïðÞ ìéáò  ãñáììéêÞò äéáöïñéêÞò åîéóþóåùò ìå

ìåñéêÝò ðáñáãþãïõò ìå óôáèåñïýò óõíôåëåóôÝò êáé äýï áíåîÜñôçôåò ìåôáâëçôÝò óå óõíÞèç äéáöïñéêÞ

åîßóùóç ùò ðñïò ôï ìåôáó÷çìáôéóìü  Laplace ôçò Üãíùóôçò óõíáñôÞóåùò ôçò äéáöïñéêÞò åîéóþóåùò

ìå ìåñéêÝò ðáñáãþãïõò. Ôï ðéï êÜôù ó÷åôéêü ðáñÜäåéãìá áöïñÜ óôçí ôüóï ãíùóôÞ ìáò ìïíïäéÜóôáôç

åîßóùóç ôçò äéá÷ýóåùò. ÁõôÞ åßíáé ç åîßóùóç: 

In[7]:= pde 9 D&u&t, x', !x, 2"' = $1#c2%;D&u&t, x', !t, 2"'
Out[7]= u#0,2$%t, x& %%

u#2,0$%t, x&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

c2

ÃåíéêÜ ìéëþíôáò, ï ìåôáó÷çìáôéóìüò Laplace ìðïñåß íá ãßíåé åäþ åßôå ùò ðñïò ôï ÷ñüíï  t åßôå ùò ðñïò

ôç èÝóç  x .  ÖõóéêÜ  èá  ãßíåé  ôåëéêÜ  ùò  ðñïò ôç ìåôáâëçôÞ åêåßíç ðïõ ìåôáâÜëëåôáé  óôï  çìéÜðåéñï  äéÜ-

óôçìá [0, )) ôïõ ìåôáó÷çìáôéóìïý Laplace:

In[8]:= LT1 9 LaplaceTransform&pde, t, s'
Out[8]= LaplaceTransform%u#0,2$%t, x&, t, s& %%

s2 LaplaceTransform%u%t, x&, t, s& + s u%0, x& + u#1,0$%0, x&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

c2

In[9]:= LT2 9 LaplaceTransform&pde, x, 1'
Out[9]= K2 LaplaceTransform%u%t, x&, x, K& + K u%t, 0& + u#0,1$%t, 0& %%

LaplaceTransform%u#2,0$%t, x&, x, K&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

c2

Ï ìåôáó÷çìáôéóìüò Laplace  åßíáé  åöáñìüóéìïò êáé  óå  ãñáììéêÝò  ïëïêëçñùôéêÝò  åîéóþóåéò  (linear  inte-

gral equations) Volterra ìå óõíåëéêôéêü ðõñÞíá ìåôáôñÝðïíôáò ìéá ôÝôïéá ïëïêëçñùôéêÞ åîßóùóç óå ìéá

ãñáììéêÞ áëãåâñéêÞ åîßóùóç. ¸íá ó÷åôéêü ðáñÜäåéãìá áðïôåëåß ç áêüëïõèç ïëïêëçñùôéêÞ åîßóùóç ôïõ

ìç÷áíéêïý óõóôÞìáôïò ìÜæáò–åëáôçñßïõ (÷ùñßò áðüóâåóç) õðü óõãêåêñéìÝíç áñìïíéêÞ öüñôéóç: 

In[10]:= ie 9 u&t' : 702;Integrate&$t ? 2%;u&2', !2, 0, t"' = u0 : $p0 # 702%;$1 ? Cos&70;t'%
Out[10]=

56777)0t#t + 2$ u%2&&0289::: #0
2 " u%t& %% u0 "

#1 + Cos%t #0&$ p0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
#0
2

Ìå ôçí åöáñìïãÞ ôïõ ìåôáó÷çìáôéóìïý Laplace áõôÞ ðáßñíåé ôçí åîÞò ìïñöÞ:
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In[11]:= LTie 9 LaplaceTransform&ie, t, s' ## Simplify

Out[11]=
LaplaceTransform%u%t&, t, s& #s2 " #0

2$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

s2
%%

s2 u0 " p0 " u0 #0
2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
s3 " s #0

2

ìå ëýóç ôçò ùò ðñïò ôï ìåôáó÷çìáôéóìü Laplace ôçò Üãíùóôçò óõíáñôÞóåùò ôçí áêüëïõèç:

In[12]:= solLTie 9 Solve&LTie, LaplaceTransform&u&t', t, s'' ## Simplify

Out[12]= !!LaplaceTransform%u%t&, t, s& ,
s #p0 " u0 #s2 " #0

2$$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#s2 " #0

2$2 ""
! ÅÍÔÏËÇ O2:  ÁÍÔÉÓÔÑÏÖÏÓ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ LAPLACE

InverseLaplaceTransform[ÓõíÜñôçóç Þ ËßóôáÓõíáñôÞóåùí Þ Åîßóùóç Þ ËßóôáÅîéóþóåùí,  

             ÌåôáâëçôÞÌåôáó÷çìáôéóìïýLaplace,  Áñ÷éêÞÌåôáâëçôÞ ] 

Õðïëïãßæåé ôïí áíôßóôñïöï ìåôáó÷çìáôéóìü Laplace ìéáò óõíáñôÞóåùò Þ ëßóôáò óõíáñôÞóåùí Þ åîé-

óþóåùò  Þ  ëßóôáò  åîéóþóåùí.  (ÄçëáäÞ  åßíáé  ç  áíôßóôñïöç  åíôïëÞ ôçò  åíôïëÞò  LaplaceTransform).

Óõ÷íÜ ç ìåôáâëçôÞ ôïõ ìåôáó÷çìáôéóìïý Laplace åßíáé  ôï  s  êáé  ç áñ÷éêÞ ìåôáâëçôÞ (üðïõ åðéóôñÝ-

öïõìå) åßíáé ôï t (óõíÞèùò ãéá ôï ÷ñüíï) Þ ôï x (óõíÞèùò ãéá ôç èÝóç). Ðñþôá Ýíá áðëü ðáñÜäåéãìá: 

In[13]:= InverseLaplaceTransform)1 2 $s2 : a2%5, s, t*
Out[13]=

5 a t #+21 " 2 a2 t2$ Cos%a t& " #105 + 45 a2 t2 " a4 t4$ Sin%a t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

384 a9

êáé Ýðåéôá Ýíá äõóêïëüôåñï ðáñÜäåéãìá ðïõ ó÷åôßæåôáé ìå äïêü åðß åëáóôéêÞò âÜóåùò (ð.÷. ðåäéëïäïêü):

In[14]:= InverseLaplaceTransform&1#$s4 : 4;a4%, s, t' ## ExpToTrig ## Simplify

Out[14]=
Cosh%a t& Sin%a t& + Cos%a t& Sinh%a t&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

4 a3

ÖõóéêÜ êáé ç åíôïëÞ áõôÞ åßíáé åöáñìüóéìç êáé óå ïëüêëçñç ëßóôá óõíáñôÞóåùí êáèþò êáé óå åîéóþóåéò:

In[15]:= InverseLaplaceTransform&!1#$s ? a%, 1#$s2 : a2%, s#$s2 : a2%, 1#$s2 ? a2%, s#$s2 ? a2%", s, t' ## FullSimplify

Out[15]= !3a t, Sin%a t&
!!!!!!!!!!!!!!!!!!!!!!!

a
, Cos%a t&, Sinh%a t&

!!!!!!!!!!!!!!!!!!!!!!!!!!
a

, Cosh%a t&"
In[16]:= InverseLaplaceTransform&U&s' = 1# $s2 : a2%, s, t' #.

InverseLaplaceTransform&U&s', s, t' A u&t'
Out[16]= u%t& %%

Sin%a t&
!!!!!!!!!!!!!!!!!!!!!!!

a

Aóöáëþò ïé åíôïëÝò LaplaceTransform êáé InverseLaplaceTransform åßíáé áíôßóôñïöåò ìåôáîý ôïõò

In[17]:= InverseLaplaceTransform&LaplaceTransform&u&x', x, s', s, x'
Out[17]= u%x&
In[18]:= LaplaceTransform&InverseLaplaceTransform&U&s', s, x', x, s'
Out[18]= U%s&
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! ÅÍÔÏËÇ O3:  ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ FOURIER
FourierTransform[ÓõíÜñôçóç Þ ËßóôáÓõíáñôÞóåùí Þ Åîßóùóç Þ ËßóôáÅîéóþóåùí,

            Áñ÷éêÞÌåôáâëçôÞ,  ÌåôáâëçôÞÌåôáó÷çìáôéóìïýFourier] 

Åíôåëþò áíÜëïãá ìå ôï ìåôáó÷çìáôéóìü Laplace ç åíôïëÞ áõôÞ õðïëïãßæåé ôï ìåôáó÷çìáôéóìü Fou-

rier ìéáò óõíáñôÞóåùò Þ ëßóôáò óõíáñôÞóåùí Þ åîéóþóåùò Þ ëßóôáò åîéóþóåùí. Ðïëý óõ÷íÜ áñ÷éêÞ

ìåôáâëçôÞ åßíáé ôï t Þ ôï x êáé ç ìåôáâëçôÞ ôïõ ìåôáó÷çìáôéóìïý Fourier ôï ù. Ôïíßæåôáé üìùò ðùò ç

Mathematica  äå ÷ñçóéìïðïéåß ôïí ïñéóìü ôïõ ìåôáó÷çìáôéóìïý Fourier ðïõ ÷ñçóéìïðïéåß ï Ðïëéôéêüò

Ìç÷áíéêüò. Ãé' áõôü ãßíåôáé áëëáãÞ ôùí ðáñáìÝôñùí ôçò ìå ôçí åðéëïãÞ FourierParameters ! {1, –1}

In[19]:= SetOptions&!FourierTransform, InverseFourierTransform",
FourierParameters A !1, ?1"';

¸ôóé ãñáììÝíç ç åíôïëÞ áõôÞ áöïñÜ êáé óôïí åõèý êáé óôïí áíôßóôñïöï ìåôáó÷çìáôéóìü Fourier. Ôþñá

In[20]:= FourierTransform&!DiracDelta&t', DiracDelta&t ? a'", t, 7'
Out[20]= '1, 3+$ a #(
In[21]:= FourierTransform&p0;$UnitStep&t' ? UnitStep&t ? a'%, t, 7' ## Simplify

Out[21]= +
$ p0!!!!!!!!!!!
#

"
$ 3+$ a # p0!!!!!!!!!!!!!!!!!!!!!!!!!

#

Ï ìåôáó÷çìáôéóìüò Fourier  ôçò äåõôÝñáò ðáñáãþãïõ ìéáò óõíáñôÞóåùò åßíáé  ãíùóôüò óôç Mathemat-

ica. Ôï ßäéï êáé ïé ìåôáó÷çìáôéóìïß Fourier üëùí ôùí ðáñáãþãùí ìéáò ðáñáãùãßóéìçò óõíáñôÞóåùò:

In[22]:= !FourierTransform&u''&t', t, 7', FourierTransform&u''''&t', t, 7'"
Out[22]= '+#2 FourierTransform%u%t&, t, #&, #4 FourierTransform%u%t&, t, #&(
! ÅÍÔÏËÇ O4:  ÁÍÔÉÓÔÑÏÖÏÓ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ FOURIER

InverseFourierTransform[ÓõíÜñôçóç Þ ËßóôáÓõíáñôÞóåùí Þ Åîßóùóç Þ ËßóôáÅîéóþóåùí,  

             ÌåôáâëçôÞÌåôáó÷çìáôéóìïýFourier,  Áñ÷éêÞÌåôáâëçôÞ ] 

ÁíÜëïãá ìå ôï ìåôáó÷çìáôéóìü Laplace õðïëïãßæåé ôïí áíôßóôñïöï ìåôáó÷çìáôéóìü Fourier ìéáò óõ-

íáñôÞóåùò Þ ëßóôáò óõíáñôÞóåùí Þ åîéóþóåùò Þ ëßóôáò åîéóþóåùí.  Óõ÷íÜ ç ìåôáâëçôÞ ôïõ ìåôá-

ó÷çìáôéóìïý Fourier åßíáé ôï ù êáé ç áñ÷éêÞ ìåôáâëçôÞ (üðïõ ãõñßæïõìå) åßíáé ôï t Þ ôï x.  ÐáñÜäåéãìá:

In[23]:= InverseFourierTransform&1, 7, t'
Out[23]= DiracDelta%t&
¼ðùò óôï ìåôáó÷çìáôéóìü Laplace,  Ýôóé  êáé  óôï ìåôáó÷çìáôéóìü Fourier  ïé  åíôïëÝò FourierTransform

êáé InverseFourierTransform åßíáé áíôßóôñïöåò ìåôáîý ôïõò. ÅðïìÝíùò ç áêüëïõèç ó÷Ýóç åßíáé áëçèÞò: 

In[24]:= InverseFourierTransform&FourierTransform&u&t', t, 7', 7, t' = u&t'
Out[24]= True
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! Notebook  E18

ÅÍÔÏËÅÓ ÃÉÁ ÌÉÃÁÄÉÊÅÓ ÓÕÍÁÑÔÇÓÅÉÓ
10   EÍÔÏËÅÓ:  C1. ComplexExpand,  C2. Conjugate,  C3. Re,  C4. Im,  C5. Arg,  

C6.  RealValued,  C7. Residue,  C8. NResidue,  C9. CartesianMap,  C10. PolarMap

! ÅÍÔÏËÇ C1:  ÁÍÁÐÔÕÃÌÁ ÌÅ ÐÑÁÃÌÁÔÉÊÅÓ ÌÅÔÁÂËÇÔÅÓ  
ComplexExpand[ÌéãáäéêÞÐáñÜóôáóç] 

Áíáðôýóóåé ìéá ìéãáäéêÞ ðáñÜóôáóç õðïèÝôïíôáò üôé üëåò ïé ìåôáâëçôÝò (üëá ôá óýìâïëá) ðïõ õðåé-

óÝñ÷ïíôáé  óôçí  ðáñÜóôáóç åßíáé  ðñáãìáôéêÝò.  Ðïëý  óõ÷íÜ  ç  åíôïëÞ  áõôÞ  ComplexExpand ìðáßíåé

ìåôÜ ôçí ðáñÜóôáóç ìå ôï óýìâïëï // ìðñïóôÜ ôçò.  ¸íá ðñþôï ðáñÜäåéãìá: 

In[1]:= !Expand&$?1%1#5', e1 9 ComplexExpand&$?1%1#5', e2 9 $?1%1#5 ## ComplexExpand, e1 = e2"
Out[1]= !#+1$1.5, 1

!!!!
4

"
*++++5
!!!!!!!!!!
4

"
1
!!!!
2

$ 1222222222222222222222222222221
!!!!
2

,5 +
*++++
5 - , 1

!!!!
4

"
*++++5
!!!!!!!!!!
4

"
1
!!!!
2

$ 1222222222222222222222222222221
!!!!
2

,5 +
*++++
5 - , True"

Ôï áíÜðôõãìá äýï ôñéãùíïìåôñéêþí óõíáñôÞóåùí ìå ôçí õðüèåóç ðñáãìáôéêþí ìåôáâëçôþí x êáé y :

In[2]:= !Sin&x : < y' ## Expand, Sin&x : < y' ## ComplexExpand, Tanh&x : < y' ## ComplexExpand"
Out[2]= !Sin%x " $ y&, Cosh%y& Sin%x& " $ Cos%x& Sinh%y&,

$ Sin%2 y&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
Cos%2 y& " Cosh%2 x& "

Sinh%2 x&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
Cos%2 y& " Cosh%2 x& "

ÁñêåôÝò  åöáñìïãÝò  ôçò  åíôïëÞò  ComplexExpand  (âÝâáéá  ìå  ôçí  õðüèåóç  ðñáãìáôéêþí  ìåôáâëçôþí)

áêïëïõèïýí óôéò ðÝíôå åðüìåíåò åíôïëÝò ãéá ìéãáäéêÝò óõíáñôÞóåéò.

! ÅÍÔÏËÇ C2:  ÓÕÆÕÃÇÓ ÌÉÃÁÄÉÊÇ ÐÁÑÁÓÔÁÓÇ   
Conjugate[ÌéãáäéêÞÐáñÜóôáóç]

Õðïëïãßæåé  ôç  óõæõãÞ  ìéãáäéêÞ  ðáñÜóôáóç ìéáò  ìéãáäéêÞò  ðáñáóôÜóåùò,  åéäéêüôåñá  åíüò  ìéãáäéêïý

áñéèìïý. ÁñêåôÝò öïñÝò ç ðáñïýóá åíôïëÞ Conjugate êáèþò êáé ïé åíôïëÝò Re, Im, Abs êáé Arg (åðß-

óçò ãéá ìéãáäéêïýò áñéèìïýò êáé ìéãáäéêÝò ðáñáóôÜóåéò) äßíïõí ðïëý êáëýôåñá áðïôåëÝóìáôá  ìåôÜ

ôçí êëÞóç (ôï öüñôùìá) ôïõ ðáêÝôïõ Algebra`ReIm`. ÅðéðëÝïí ç åíôïëÞ RealValued  ðéï êÜôù (ãéá ôç

äÞëùóç ðñáãìáôéêþí óõíáñôÞóåùí)  åßíáé  áðïêëåéóôéêÜ åíôïëÞ ôïõ ßäéïõ ðáêÝôïõ.  ÁõôÞ ç êëÞóç ãß-

íåôáé ìå Ýíáí áðü ôïõò äýï ðéï êÜôù éóïäýíáìïõò ôñüðïõò:

In[3]:= Needs&"Algebra`ReIm`"'
In[4]:= FF Algebra`ReIm`

Õðåíèõìßæåôáé üôé ôï Im óôï óýìâïëï ReIm  áðïôåëåß óýíôìçóç ôçò ÁããëéêÞò ëÝîåùò imaginary (öáíôá-

óôéêüò).  Äåí  ðñÝðåé  åðßóçò  íá  ëçóìïíåßôáé  üôé  ç  ðñïçãïýìåíç  åíôïëÞ  ComplexExpand  åðéôñÝðåé  ôçí
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õðüèåóç ðñáãìáôéêþí ìåôáâëçôþí êáé  ðñÝðåé  íá ÷ñçóéìïðïéåßôáé  ó'  áõôÞí ôçí ðåñßðôùóç,  ðïõ äåí åß-

íáé äá êáé ôüóï óðÜíéá ðåñßðôùóç. Ðáñáäåßãìáôá:

In[5]:= !Conjugate&1 : <', Conjugate&23?4 <',
Conjugate&a : < b', Conjugate&a : < b' ## ComplexExpand"

Out[5]= '1 + $, 23"4 $, Conjugate%a& + $ Conjugate%b&, a + $ b(
In[6]:= !Conjugate&Coth&x : < y'', Conjugate&Coth&x : < y'' ## ComplexExpand"
Out[6]= !Coth%Conjugate%x& + $ Conjugate%y&&, +

$ Sin%2 y&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
Cos%2 y& + Cosh%2 x& +

Sinh%2 x&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
Cos%2 y& + Cosh%2 x& "

Êáé ôþñá ìéá ðïëý ãíùóôÞ ôáõôüôçôá ãéá ìéãáäéêïýò áñéèìïýò, ðïõ áðáéôåß üìùò ãéá ôçí áðüäåéîÞ ôçò

ðëÞñç áðëïðïßçóç ìå ôçí åíôïëÞ FullSimplify:

In[7]:= !2!32:2'2! 9 z Conjugate&z' = Abs&z'2, 2!32:2'2! ## Simplify, 2!32:2'2! ## FullSimplify"
Out[7]= 'z Conjugate%z& %% Abs%z&2, z Conjugate%z& %% Abs%z&2, True(
! ÅÍÔÏËÇ C3:  ÐÑÁÃÌÁÔÉÊÏ ÌÅÑÏÓ  

Re[ÌéãáäéêÞÐáñÜóôáóç]

Õðïëïãßæåé  ôï  ðñáãìáôéêü  ìÝñïò  ìéáò  ìéãáäéêÞò  ðáñáóôÜóåùò,  åéäéêüôåñá  åíüò  ìéãáäéêïý  áñéèìïý.

Äåí ðñÝðåé íá ëçóìïíåßôáé ç ÷ñÞóç êáé ôçò åíôïëÞò ComplexExpand  ãéá ôçí õðüèåóç ðñáãìáôéêþí

ìåôáâëçôþí. Ðáñáäåßãìáôá: 

In[8]:= !Re&2 : 3;<', Re&<;$4 : 5;<%', Re&<2', Re&<3', Re&Sqrt&<'', r 9 Re&Exp&3 : 2;<'', N&r, 50'"
Out[8]= !2, +5, +1, 0,

1
!!!!!!!!!!*++++2 , 33 Cos%2&, +8.3585326509353715808873680784697285721955110088860"

In[9]:= !Re&Cosh&! : < "'', Re&Cosh&! : < "'' ## ComplexExpand"
Out[9]= 'Cos%Im%(& " Re%)&& Cosh%Im%)& + Re%(&&, Cos%)& Cosh%(&(
! ÅÍÔÏËÇ C4:  ÖÁÍÔÁÓÔÉÊÏ ÌÅÑÏÓ 

Im[ÌéãáäéêÞÐáñÜóôáóç]

Õðïëïãßæåé  ôï  öáíôáóôéêü  ìÝñïò  ìéáò  ìéãáäéêÞò  ðáñáóôÜóåùò,  åéäéêüôåñá  åíüò  ìéãáäéêïý  áñéèìïý.

Ðáñáäåßãìáôá: 

In[10]:= !Im&2 : 3;<', Im&<;$4 : 5;<%', Im&<2', Im&<3', Im&Sqrt&<'', s 9 Im&Exp&3 : 2;<'', N&s, 50'"
Out[10]= !3, 4, 0, +1,

1
!!!!!!!!!!*++++2 , 33 Sin%2&, 18.263727040666766171446496807388694680491480807685"

In[11]:= !Im&Cosh&! : < "'', Im&Cosh&! : < "'' ## ComplexExpand"
Out[11]= '+Sin%Im%(& " Re%)&& Sinh%Im%)& + Re%(&&, Sin%)& Sinh%(&(
In[12]:= !ex 9 Cosh&! : < "', re 9 Re&ex', im 9 Im&ex', ex = re : < im" ## ComplexExpand

Out[12]= 'Cos%)& Cosh%(& " $ Sin%)& Sinh%(&, Cos%)& Cosh%(&, Sin%)& Sinh%(&, True(
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! ÅÍÔÏËÇ C5:  ÏÑÉÓÌÁ  
Arg[ÌéãáäéêÞÐáñÜóôáóç]

Õðïëïãßæåé ôï ðñùôåýïí üñéóìá ìéáò ìéãáäéêÞò ðáñáóôÜóåùò. Ãéá ôï ìÝôñï Þ áðüëõôï ôéìÞ óõíå÷ßæåé

íá éó÷ýåé ç åíôïëÞ Abs, áêñéâþò üðùò óõìâáßíåé êáé óôïõò ðñáãìáôéêïýò áñéèìïýò. Ðáñáäåßãìáôá: 

In[13]:= !Arg&1 : <', Arg&1 : 2;<', N&Arg&1 : 2;<', 40', Arg&@1:2 <', Arg&<', Arg&?<', Arg&Sin&<''"
Out[13]= ! '

!!!!
4
, ArcTan%2&, 1.107148717794090503017065460178537040070, 2,

'
!!!!
2
, +

'
!!!!
2
,

'
!!!!
2
"

In[14]:= !!Abs&@x:< y', Arg&@x:< y'", !Abs&@x:< y', Arg&@x:< y'" ## ComplexExpand"
Out[14]= ''3+Im%y&"Re%x&, Arg%3x"$ y&(, '3x, ArcTan%Cos%y&, Sin%y&&((
In[15]:= (p 9 @x:< y = Abs&@x:< y';@< Arg&@x:< y' ## ComplexExpand ## Simplify, p ## FullSimplify+
Out[15]= '3x #Cos%y& + Cos%ArcTan%Cos%y&, Sin%y&&& " $ #Sin%y& + Sin%ArcTan%Cos%y&, Sin%y&&&$$ %%

0, True(
! ÅÍÔÏËÇ C6:  ÄÇËÙÓÇ ÐÑÁÃÌÁÔÉÊÙÍ ÓÕÍÁÑÔÇÓÅÙÍ  

RealValued[ÐñáãìáôéêÞÓõíÜñôçóç-1,  ÐñáãìáôéêÞÓõíÜñôçóç-2,  . . . ]

Ìå ôçí åíôïëÞ áõôÞ, ç ïðïßá åßíáé ìÝñïò ôïõ ðáêÝôïõ ReIm,  ãßíåôáé ç õðüèåóç üôé ç óõíÜñôçóç óôï

üñéóìÜ  ôçò/ïé  óõíáñôÞóåéò  óôá  ïñßóìáôÜ  ôçò  åßíáé  ðñáãìáôéêÞ/ðñáãìáôéêÝò.  ÄçëáäÞ  äåí  ðåñéëáì-

âÜíåé/ðåñéëáìâÜíïõí ôç öáíôáóôéêÞ ìïíÜäá i .  Ìå Üëëá ëüãéá,  åöüóïí ç ìåôáâëçôÞ óôï üñéóìá ôçò

óõíáñôÞóåùò åßíáé ðñáãìáôéêÞ, ôï áðïôÝëåóìá èá åßíáé åðßóçò ðñáãìáôéêü. ÁíÜëïãá éó÷ýïõí êáé ãéá

üëåò ôéò óõíáñôÞóåéò.  ÐáñÜäåéãìá äçëþóåùò ôñéþí óõíáñôÞóåùí óáí ðñáãìáôéêþí óõíáñôÞóåùí:

In[16]:= RealValued&f, g, h'
Out[16]= 'f, g, h(
Ôþñá  ç  Mathematica  ãíùñßæåé  üôé  ç  óõíÜñôçóç  f  åßíáé  ðñáãìáôéêÞ  (üðùò  êáé  ïé  óõíáñôÞóåéò  g  êáé  h ).

Åíôïýôïéò äßíåé

In[17]:= !Re&f&x'', Im&f&x''"
Out[17]= 'Re%f%x&&, Im%f%x&&(
ãéáôß äå ãíùñßæåé ôß óõìâáßíåé ìå ôç ìåôáâëçôÞ x :  åßíáé ðñáãìáôéêÞ Þ ìéãáäéêÞ; ÁõôÞ ç ìåôáâëçôÞ ìðïñåß

åðßóçò íá õðïôåèåß ðñáãìáôéêÞ ìå ôç ÷ñÞóç ôçò åíôïëÞò ComplexExpand, ç ïðïßá Ý÷åé Þäç áíáöåñèåß

óôçí áñ÷Þ áõôïý ôïõ notebook ãéá ôéò ìéãáäéêÝò óõíáñôÞóåéò. ÓõãêåêñéìÝíá ôþñá ðáßñíïõìå 

In[18]:= !Re&f&x'', Im&f&x''" ## ComplexExpand

Out[18]= 'f%x&, 0(
In[19]:= !Re&f&x : y' : g&y : z' : h&z : x'', Im&f&x : y' : g&y : z' : h&z : x''" ## ComplexExpand

Out[19]= 'f%x " y& " g%y " z& " h%x " z&, 0(
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! ÅÍÔÏËÇ C7:  ÏËÏÊËÇÑÙÔÉÊÏ ÕÐÏËÏÉÐÏ  
Residue[ÌéãáäéêÞÓõíÜñôçóç,  {ÌåôáâëçôÞ,  Óçìåßï}]

Õðïëïãßæåé ôï ïëïêëçñùôéêü õðüëïéðï ìéáò ìéãáäéêÞò óõíáñôÞóåùò (ãéá ôçí áêñßâåéá óõíÞèùò ìéãá-

äéêÞò),  ðïõ  êáèïñßæåôáé  óôï  ðñþôï  üñéóìá  ùò  ðñïò  ôç  ìåôáâëçôÞ  êáé  óôï  óçìåßï  ðïõ  êáèïñßæïíôáé

óôç ëßóôá ôïõ äåýôåñïõ ïñßóìáôïò, ðïõ Ý÷åé Ýôóé äýï óôïé÷åßá.  Õðåíèõìßæåôáé ðùò ôï ïëïêëçñùôéêü

õðüëïéðï ìéáò óõíáñôÞóåùò (óõíÞèùò ìéãáäéêÞò) óå Ýíá óçìåßï z  åßíáé áðëÜ ï óõíôåëåóôÞò ôçò äõ-

íÜìåùò ìå åêèÝôç –1 ôçò óåéñÜò Laurent ôçò óõíáñôÞóåùò óôï óçìåßï áõôü. Óçìåéþíåôáé åðßóçò üôé ç

åíôïëÞ áõôÞ Residue áíÞêåé óôïí ðõñÞíá (kernel)  ôçò Mathematica.  ÅðïìÝíùò äåí áðáéôåß ôçí êëÞóç

(ôï öüñôùìá) ôïõ ðáêÝôïõ ReIm. Ðáñáäåßãìáôá: 

In[20]:= !Residue&1#z, !z, 0"', Residue&A #$z ? z0%, !z, z0"', Residue&B#$w ? w0%2, !w, w0"'"
Out[20]= '1, A, 0(
In[21]:= !Residue&f&z'#$z ? z0%30, !z, z0"', Residue&f&&'# $$& ? &0%2;g&&'%, !&, &0"',

Residue& Exp&1 #z', !z, 0"', Residue& Sin&1#z', !z, 0"', Residue&Cot&z', !z, 0"'"
Out[21]= ! f#29$%z0&

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
8841761993739701954543616000000

,
g%L0& f1%L0& + f%L0& g1%L0&
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

g%L0&2 , 1, 1, 1"
! ÅÍÔÏËÇ C8:  ÁÑÉÈÌÇÔÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ ÏËÏÊËÇÑÙÔÉÊÏÕ

ÕÐÏËÏÉÐÏÕ  
NResidue[ÌéãáäéêÞÓõíÜñôçóç,  {ÌåôáâëçôÞ,  Óçìåßï}]

Õðïëïãßæåé áñéèìçôéêÜ ôï ïëïêëçñùôéêü õðüëïéðï ìéáò ìéãáäéêÞò óõíáñôÞóåùò (ãéá ôçí áêñßâåéá óõ-

íÞèùò ìéãáäéêÞò), ç ïðïßá êáèïñßæåôáé óôï ðñþôï üñéóìá, ùò ðñïò ôç ìåôáâëçôÞ êáé óôï óçìåßï ðïõ

êáèïñßæïíôáé  óôç ëßóôá ôïõ äåýôåñïõ ïñßóìáôïò,  ôï ïðïßï Ý÷åé  Ýôóé  äýï óôïé÷åßá.  Óçìåéþíåôáé  üôé ç

åíôïëÞ áõôÞ NResidue  áðáéôåß  ãéá ôç ÷ñÞóç ôçò ôçí êëÞóç (ôï öüñôùìá) åíüò åéäéêïý ðáêÝôïõ: ôïõ

ðáêÝôïõ NumericalMath`NResidue`  ìå ìïíáäéêÞ åíôïëÞ ôïõ áõôÞí åäþ ôçí åíôïëÞ: NResidue.  ÊëÞóç

(öüñôùìá) ôïõ ðáêÝôïõ ìå Ýíáí áðü ôïõò äýï ãíùóôïýò ìáò éóïäýíáìïõò ôñüðïõò êáé ðáñáäåßãìáôá: 

In[22]:= Needs&"NumericalMath`NResidue "̀'
In[23]:= FF NumericalMath`NResidue`

In[24]:= !NResidue&1#z, !z, 0"', NResidue&5#$z ? 3%, !z, 3"', NResidue&10#$& : 8%, !&, ?8"'"
Out[24]= '1., 5., 10.(
In[25]:= !NResidue&1#z2, !z, 0"', NResidue&Exp&z'#$z ? 5%4, !z, 5"', NResidue&Cot&z', !z, 0"'"
Out[25]= '+3.55271410+15 " 0. $, 24.7355 " 0. $, 1. " 1.61614410+17 $(
Ç ðáñïýóá áñéèìçôéêÞ åíôïëÞ NResidue  êÜíåé ôïõò õðïëïãéóìïýò ôçò ìå âÜóç áñéèìçôéêÞ ïëïêëÞñùóç

óôçí ðåñéöÝñåéá åíüò ìéêñïý êýêëïõ ðïõ ðåñéâÜëëåé  ôï õðüøç óçìåßï:  åñãÜæåôáé  åíôåëþò äéáöïñåôéêÜ

áðü ôçí áíôßóôïé÷ç áíáëõôéêÞ ðéï ðÜíù åíôïëÞ Residue.  Ðïëý óõ÷íÜ åßíáé óêüðéìï íá ÷ñçóéìïðïéåßôáé
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êáé ç åíôïëÞ Chop, þóôå ðïëý ìéêñïß áñéèìïß (áðïôåëÝóìáôá ôùí óöáëìÜôùí ôùí áñéèìçôéêþí õðïëïãé-

óìþí  êáé  åäþ  åéäéêüôåñá  ôçò  áñéèìçôéêÞò  ïëïêëçñþóåùò)  íá  åîáëåßöïíôáé  óôï  ôÝëïò.  Ìå  áõôüí  ôïí

ôñüðï óôï ôåëåõôáßï ðéï ðÜíù ðáñÜäåéãìá ðáßñíïõìå ôåëéêÜ

In[26]:= !NResidue&1#z2, !z, 0"',
NResidue&Exp&z'#$z ? 5%4, !z, 5"', NResidue&Cot&z', !z, 0"'" ## Chop

Out[26]= '0, 24.7355, 1.(
Óçìåéþíåôáé ôÝëïò üôé ìå ôç ìÝèïäï ôçò áñéèìçôéêÞò ïëïêëçñþóåùò, ìå ôçí ïðïßá êÜíåé ôïõò õðïëïãé-

óìïýò  ôçò  ç  ðáñïýóá  áñéèìçôéêÞ  åíôïëÞ  NResidue,  óå  ðïëý  óðÜíéåò  ðåñéðôþóåéò,  óõãêåêñéìÝíá  üôáí

ìÝóá óôïí êýêëï ï ïðïßïò Ý÷åé åðéëåãåß ç ìéãáäéêÞ óõíÜñôçóç Ý÷åé ðÜíù áðü Ýíáí ðüëïõò ìå ïëïêëç-

ñùôéêÜ  õðüëïéðá,  ç  åíôïëÞ  áõôÞ  NResidue  èá  âãÜëåé  ëÜèïò  áðïôÝëåóìá  åîáéôßáò  ôùí  Üíù  ôïõ  åíüò

ðüëùí. Óôçí ðåñßðôùóç áõôÞ ðñÝðåé  íá ìåéùèåß  êáôÜëëçëá ç áêôßíá ôçò ðåñéöÝñåéáò ôïõ êýêëïõ üðïõ

ãßíåôáé ç áñéèìçôéêÞ ïëïêëÞñùóç. Ãéá ôï óêïðü áõôü õðÜñ÷åé äéáèÝóéìç ó÷åôéêÞ åðéëïãÞ  Radius. ÔÝëïò

óå äýóêïëåò ðåñéðôþóåéò, ü÷é üìùò êáé ôüóï óðÜíéá, ç áñéèìçôéêÞ ïëïêëÞñùóç óôçí ðåñéöÝñåéá ôïõ êý-

êëïõ ìðïñåß íá óõãêëßíåé ðÜñá ðïëý áñãÜ. (ÁõôÜ óõìâáßíïõí ìåñéêÝò öïñÝò óôïõò áñéèìçôéêïýò õðïëï-

ãéóìïýò  . . . )  ÅðïìÝíùò ðñÝðåé íá äßíåôáé ðñïôßìçóç óôïõò áíáëõôéêïýò õðïëïãéóìïýò, üðùò åäþ ìå ôç

óõíÞèç åíôïëÞ Residue, üóåò öïñÝò âÝâáéá áõôü åßíáé äõíáôüí.

! ÅÍÔÏËÇ C9:  ÊÁÑÔÅÓÉÁÍÇ ÁÐÅÉÊÏÍÉÓÇ ÌÉÃÁÄÉÊÇÓ ÓÕÍÁÑÔÇÓÅÙÓ
CartesianMap[ÏíïìáóßáÌéãáäéêÞòÓõíáñôÞóåùò,  {Áñ÷éêÞÔéìÞ-x,  ÔåëéêÞÔéìÞ-x},  

          {Áñ÷éêÞÔéìÞ-y,  ÔåëéêÞÔéìÞ-y}]

ÊÜíåé ôç ãñáöéêÞ ðáñÜóôáóç, êáëýôåñá ôçí áðåéêüíéóç ìéáò ìéãáäéêÞò óõíáñôÞóåùò, óå ÊáñôåóéáíÝò

óõíôåôáãìÝíåò óôï äéäéÜóôáôï ÷þñï. ÓõãêåêñéìÝíá ãéá ôç ìåôáâëçôÞ x êáôÜ ôïí Üîïíá Ox ÷ùñßæåé ôï

ó÷åôéêü äéÜóôçìá  &x1, x2'  óå ßóá ôìÞìáôá êáé  áðåéêïíßæåé  ôéò  ó÷åôéêÝò êáôáêüñõöåò åõèåßåò óôï íÝï

åðßðåäo &u, v'  ìå âÜóç ôç ìéãáäéêÞ óõíÜñôçóç ðïõ äßíåôáé: w ' f"z#  ìå z = x + iy êáé w = u + iv.  ÁíÜëï-

ãá óõìâáßíïõí êáé ãéá ôç ìåôáâëçôÞ y.  Ãéá ôçí åêôÝëåóç ôçò åíôïëÞò áõôÞò áðáéôåßôáé ðñïçãïõìÝíùò

ç êëÞóç (ôï öüñôùìá) ôïõ ó÷åôéêïý åéäéêïý ðáêÝôïõ Graphics`ComplexMap`. ÁõôÞ ç êëÞóç ìðïñåß  íá

ãßíåé ìå ôçí ðñþôç Þ ôç äåýôåñç áðü ôéò ðáñáêÜôù äýï éóïäýíáìåò åíôïëÝò: 

In[27]:= Needs&"Graphics`ComplexMap`"'
In[28]:= FF Graphics`ComplexMap`

Áñ÷éêÜ  óçìåéþíïõìå  ðùò  óôçí  ðáñïýóá  åíôïëÞ  CartesianMap  (åäþ  ãéá  ÊáñôåóéáíÝò  óõíôåôáãìÝíåò),

áêñéâþò üðùò êáé óôçí åðüìåíç åíôïëÞ PolarMap (ãéá ðïëéêÝò óõíôåôáãìÝíåò) ç óõíÜñôçóç ðïõ áðåé-

êïíßæåôáé  áíáãñÜöåôáé  óôï  ðñþôï  üñéóìá  ôçò  åíôïëÞò  ìüíï  ìå  ôçí  ïíïìáóßá  ôçò:  ÷ùñßò  ôç  ìéãáäéêÞ

ìåôáâëçôÞ ôçò. ÅíáëëáêôéêÜ ìðïñåß íá ÷ñçóéìïðïéçèåß êáèáñÞ óõíÜñôçóç, üðùò èá åîçãçèåß ðáñáêÜôù.

Ôþñá  óáí  ðñþôï,  åéóáãùãéêü  ðáñÜäåéãìá  ÷ñçóéìïðïéïýìå  ôçí  ôáõôïôéêÞ  óõíÜñôçóç  (ðïõ  äçëþíåôáé

óôç Mathematica  ìå  ôï óýìâïëï  Identity).  Ç  ó÷åôéêÞ ãñáöéêÞ ðáñÜóôáóç ìáò äåß÷íåé  ïõóéáóôéêÜ ðïéåò

åõèåßåò  (êáôáêüñõöåò:  êÜèåôåò  óôïí  Üîïíá  x  êáé  ïñéæüíôéåò:  êÜèåôåò  óôïí  Üîïíá  y )  èá  áðåéêïíéóèïýí

óôï íÝï åðßðåäï Ouv ìå ôçí ðáñáðÝñá ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò CartesianMap.  Åäþ ðïõ ÷ñçóéìï-

ðïéïýìå ôçí ôáõôïôéêÞ óõíÜñôçóç Identity ãßíåôáé ìüíï ç ôáõôïôéêÞ áðåéêüíéóç áðü ôï åðßðåäï Oxy óôï

åðßðåäï Ouv,  äçëáäÞ ïõóéáóôéêÜ äå  ãßíåôáé  êáìßá  áðåéêüíéóç.  Áò ôï  äïýìå  áõôü ÷ñçóéìïðïéþíôáò äéá-

óôÞìáôá [–10, 10] óôïí ïñéæüíôéï Üîïíá x êáé [0, 10] óôïí êáôáêüñõöï Üîïíá y :

CE-Mathematica-E18-ComplexVariables-2008.nb 153



In[29]:= CartesianMap&Identity, !?10, 10", !0, 10", AxesLabel A !x, y"';
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Óáí  äåýôåñï  ðáñÜäåéãìá  äåß÷íïõìå  ôçí  áðåéêüíéóç  ôçò  óõíáñôÞóåùò  ôåôñáãùíéêÞ  ñßæá  (Sqrt)  ãéá  ôá

ßäéá äéáóôÞìáôá [–10, 10] óôïí Üîïíá x  êáé [0, 10] óôïí Üîïíá  y.  Ðáñáôçñïýìå üôé  ôþñá ï èåôéêüò çìéÜ-

îïíáò  x  áðåéêïíßæåôáé  óôï  èåôéêü  çìéÜîïíá  u,  åíþ  ï  áñíçôéêüò  çìéÜîïíáò  x  áðåéêïíßæåôáé  óôï  èåôéêü

çìéÜîïíá v.  Ìðïñåß  åðßóçò íá áíáöåñèåß üôé åýëïãá ï èåôéêüò çìéÜîïíáò y  áðåéêïíßæåôáé óôç äé÷ïôüìï

ôçò ïñèÞò ãùíßáò ôùí äýï èåôéêþí çìéáîüíùí u êáé v, ïé ïðïßïé ó÷çìáôßæïõí ôï ðéï êÜôù ôåôáñôçìüñéï.

Íá ôç ëïéðüí ïëüêëçñç ç áðåéêüíéóç:

In[30]:= CartesianMap&Sqrt, !?10, 10", !0, 10", AxesLabel A !u, v"';
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Óôï  óçìåßï  áõôü  ï  ðáñáôçñçôéêüò  öïéôçôÞò  üðùò êáé  ç  ðáñáôçñçôéêÞ  öïéôÞôñéá  Ðïëéôéêüò  Ìç÷áíéêüò

äéáðéóôþíåé  üôé  ôï  ðñïðñïçãïýìåíï  ó÷Þìá  (ôï  ó÷Þìá  ìå  ôéò  ïñéæüíôéåò  êáé  ôéò  êáôáêüñõöåò  åõèåßåò

ãñáììÝò)  ó÷åôßæåôáé  ìå  ôç  äéäéÜóôáôç  ìüíéìç  ñïÞ  éäåáôïý  ñåõóôïý  óôç  Ñåõóôïìç÷áíéêÞ.  ÓõãêåêñéìÝíá

áöïñÜ óå ïìïéüìïñöç ñïÞ óôï ðÜíù çìéåðßðåäï y 5 0. Ïé ãñáììÝò ñïÞò åßíáé ïé ïñéæüíôéåò åõèåßåò, åíþ

ïé  éóïäõíáìéêÝò  ãñáììÝò  åßíáé  ïé  êáôáêüñõöåò  åõèåßåò  (Þ  ðïëý  ðéï  óùóôÜ  çìéåõèåßåò).  Ôï  ñåõóôü  ñÝåé

ïñéæüíôéá. Ï Üîïíáò x åßíáé ôï óýíïñï ôçò ñïÞò. Ùñáßá, ðïëý ùñáßá ùò åäþ!

Åñ÷üìáóôå ôþñá óôï êÜôù ó÷Þìá, óôï ðñïçãïýìåíï ó÷Þìá äéáôçñþíôáò üìùò óôç óêÝøç ìáò ôç äéäéÜ-

óôáôç ìüíéìç ñïÞ éäåáôïý ñåõóôïý óôç Ñåõóôïìç÷áíéêÞ. ¸÷ïíôáò õðüøç ìáò ôçí åöáñìïãÞ óôçí ÐáñÜ-

ãñáöï Ä3.6.1 ôïõ ÌÝñïõò Ä ôùí äéäáêôéêþí âéâëßùí ãéá ôéò ÌéãáäéêÝò ÓõíáñôÞóåéò ãéá ôç ñïÞ éäåáôïý

ñåõóôïý  óå  ãùíßá,  ðáñáôçñïýìå  üôé  ôï  êÜôù  ó÷Þìá,  ôï  ðñïçãïýìåíï  ó÷Þìá  ìáò  äåß÷íåé  áðëÜ  ôç  ñïÞ

ñåõóôïý óå ïñèÞ ãùíßá. Ïé ãñáììÝò ñïÞò åßíáé ïé õðåñâïëÝò ðïõ äåí ôÝìíïõí ôïõò äýï çìéÜîïíåò u êáé v

(óõí  ôïõò  ßäéïõò  ôïõò  äýï  çìéÜîïíåò  óáí  ìßá  åðéðëÝïí  ãñáììÞ  ñïÞò).  Åðßóçò  ïé  éóïäõíáìéêÝò  ãñáììÝò
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åßíáé ïé Üëëåò õðåñâïëÝò, áõôÝò ðïõ ôÝìíïõí êÜèåôá ôïõò äýï çìéÜîïíåò u êáé v. Åßíáé ëïéðüí ÷ñÞóéìç ç

åíôïëÞ CartesianMap ü÷é ìüíï èåùñçôéêÜ áëëÜ êáé ðñáêôéêÜ óôïí/óôçí Ðïëéôéêü Ìç÷áíéêü.

Óôï óçìåßï áõôü ðñÝðåé íá óçìåéùèåß üôé üôáí ç ìéãáäéêÞ óõíÜñôçóç ðïõ èÝëïõìå íá áðåéêïíßóïõìå ìå

ôçí  åíôïëÞ  CartesianMap  äåí  Ý÷åé  åéäéêÞ  ïíïìáóßá  óôç  Mathematica,  ôüôå  ìðïñïýìå  íá  ÷ñçóéìïðïéÞ-

óïõìå  ôçí  åéäéêÞ  åíôïëÞ  Function  ôçò  Mathematica  ãéá  "êáèáñÝò"  óõíáñôÞóåéò.  ¢ñá  ôçí  ßäéá  áêñéâþò

áðåéêüíéóç  ìðïñïýìå  íá  ôçí  ðÜñïõìå  êáé  ìå  ôçí  ðéï  ðÜíù  åíôïëÞ  èÝôïíôáò  áðëÜ  Function[z,  z1)2 ]  Þ

Function[w,  w1)2 ]  óáí  ðñþôï  üñéóìá  óôç  èÝóç  ôïõ  Sqrt.  Êáé  ôþñá  Ýíá  ðáñÜäåéãìá  ìå  ôç  ÷ñÞóç  ôçò

åíôïëÞò Function ãéá ôç óõíÜñôçóç w2.3 . ÁõôÞ áöïñÜ óôç ñïÞ óå ãùíßá 2ð/3 rad, áêôßíéá (120 ìïßñåò): 

In[31]:= CartesianMap&Function&w, w2#3', !?10, 10", !0, 10", PlotLabel A "521 '+ !*./- 2/#3"';
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Êé  Ýíá  áêüìç  ðáñÜäåéãìá  ÷ñÞóåùò  ôçò  åíôïëÞò  CartesianMap  ãéá  ôç  óõíÜñôçóç  ðïõ  áöïñÜ  óôç  ñïÞ

ãýñù áðü êõêëéêü êýëéíäñï, áí êáé åäþ èá ãßíåé ç ðáñÜóôáóç ôçò ñïÞò ìüíï óôï ðñþôï ôåôáñôçìüñéï: 

In[32]:= !equation 9 w = V0;$z : a2 #z% #. !V0 A 1, a A 1", solution 9 Solve&equation, z'"
Out[32]= !w %%
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*+++++++++++++++++
+4 " w2 -"""

In[33]:= CartesianMap&Function&w, $1# 2%;$w : Sqrt&?4 : w2'%', !0, 3", !0, 1.5",
AxesLabel A !u, v", PlotLabel A " 521 !75* -&2 47$/."52: ,+,-5,1025/2 /"';
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Õðåíèõìßæåôáé  ôÝëïò üôé  ìå  ôçí  ÁããëéêÞ Üíù ôåëåßá  ;  (ôï  Åëëçíéêü  åñùôçìáôéêü  ; )  óôï  ôÝëïò åíôïëþí

ãéá ãñáöéêÝò ðáñáóôÜóåéò, üðùò åßíáé ç åíôïëÞ Plot êáé ç ðáñïýóá åíôïëÞ CartesianMap, áðïöåýãåôáé

ç åìöÜíéóç ôçò ëÝîåùò - Graphics - ìåôÜ áðü Ýíá ó÷Þìá. ¸ôóé åðéôõã÷Üíåôáé ëßãç ïéêïíïìßá ÷þñïõ.

CE-Mathematica-E18-ComplexVariables-2008.nb 155



! ÅÍÔÏËÇ C10:  ÐÏËÉÊÇ ÁÐÅÉÊÏÍÉÓÇ ÌÉÃÁÄÉÊÇÓ ÓÕÍÁÑÔÇÓÅÙÓ
PolarMap[ÏíïìáóßáÌéãáäéêÞòÓõíáñôÞóåùò,  {Áñ÷éêÞÔéìÞ-r,  ÔåëéêÞÔéìÞ-r},

          {Áñ÷éêÞÔéìÞ-è,  ÔåëéêÞÔéìÞ-è}]

Ðñüêåéôáé ãéá ôçí áðüëõôá áíÜëïãç åíôïëÞ ôçò áìÝóùò ðñïçãïýìåíçò åíôïëÞò CartesianMap, áëëÜ

ôþñá  óå  ðïëéêÝò  óõíôåôáãìÝíåò  "r , è#  áíôß  óå  ÊáñôåóéáíÝò  óõíôåôáãìÝíåò  "x, y# .  ÖõóéêÜ  êáé  ç  ðá-

ñïýóá åíôïëÞ PolarMap  áðáéôåß  êé  áõôÞ ôçí êëÞóç (ôï  öüñôùìá)  ôïõ ßäéïõ  áêñéâþò åéäéêïý ðáêÝôïõ

Graphics`ComplexMap`,  ôïõ  ïðïßïõ áðïôåëåß  ìÝñïò.  Ôþñá ç ôáõôïôéêÞ óõíÜñôçóç  Identity  ìáò äßíåé

ðåñéöÝñåéåò ðïõ Ý÷ïõí óôáèåñÞ ðïëéêÞ áêôßíá r, êáé çìéåõèåßåò ðïõ Ý÷ïõí óôáèåñÞ ðïëéêÞ ãùíßá è :

In[34]:= PolarMap&Identity, !0, 2", !0, 2;/"';

-2 -1 1 2

-2

-1

1

2

Áò óçìåéùèåß åäþ üôé ôï ðéï ðÜíù ó÷Þìá áíôéóôïé÷åß óôï ðåäßï ñïÞò óçìåéáêÞò ðçãÞò ìå ãñáììÝò ñïÞò

ôéò çìéåõèåßåò êáé éóïäõíáìéêÝò ãñáììÝò ôéò ðåñéöÝñåéåò. ÁíÜëïãá éó÷ýïõí ãéá ôï ðåäßï ñïÞò óçìåéáêÞò

äßíçò. ¢ëëï ðáñÜäåéãìá ìå ôçí áðåéêüíéóç óå ðïëéêÝò óõíôåôáãìÝíåò ôçò åêèåôéêÞò óõíáñôÞóåùò Exp:

In[35]:= PolarMap&Exp, !0, 3", !0, 2;/", PlotLabel ?E "-&+/42./'1 ,1' +4#+,/41' '7.-5,1'+*'"';

-4 -2 2 4 6 8

-6

-4

-2

2

4

6
#,!(0-%('+ "+' !0*!"(0+' '1%#/"+'!&'
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ÅÍÔÏËÅÓ ÅÉÓÏÄÏÕ–ÅÎÏÄÏÕ
5  EÍÔÏËÅÓ:  I1. Import,  I2. Export,  I3. FortranForm,  I4. CForm,  I5. TeXForm

ÅÍÔÏËÇ I1:  ÅÉÓÁÃÙÃÇ ÄÅÄÏÌÅÍÙÍ ÁÐÏ ÁÑ×ÅÉÏ  
Import["Áñ÷åßï"]

Import["Áñ÷åßï", "ÔýðïòÄåäïìÝíùí"]

Óôçí  ðñþôç  ìïñöÞ  ôçò  ç  åíôïëÞ  áõôÞ  åéóÜãåé  äåäïìÝíá  áðü  ôï  áñ÷åßï  ðïõ  äßíåôáé  óôçí  ðëÞñç

ìïñöÞ  ôïõ  óôï  üñéóìÜ  ôçò  êáé  ôá  ìåôáôñÝðåé  óå  áíôßóôïé÷ç  ðáñÜóôáóç  ôçò  Mathematica.  Ï  ôýðïò

ôùí äåäïìÝíùí êáèïñßæåôáé  áðü ôçí åðÝêôáóç ôïõ ïíüìáôïò ôïõ áñ÷åßïõ (ìåôÜ ôçí ôåëåßá),  ð.÷.  dat

ãéá ôçí åéóáãùãÞ ôùí óôïé÷åßùí ìçôñþïõ. Óôç äåýôåñç ìïñöÞ ôçò åíôïëÞò ï ôýðïò ôùí äåäïìÝíùí

êáèïñßæåôáé  ðéï ñçôÜ áðü ôï äåýôåñï üñéóìÜ ôçò, ð.÷.  "Text", "List",  "Table", "GIF",  "EPS", "JPEG",  êëð.

ÐáñÜäåéãìá åéóáãùãÞò ôùí óôïé÷åßùí ëßóôáò áðü ôï áñ÷åßï file1.txt óôï öÜêåëï math ôïõ äßóêïõ C: 

In[1]:= lst Import "c: math file1.txt", "List"

Out[1]= 1, 3, 2, 7, 10, 5, 4

Êáé ç ãñáöéêÞ ðáñÜóôáóç ôçò ëßóôáò áõôÞò ðïõ åéóáãÜãáìå:

In[2]:= pl ListPlot lst, PlotStyle Thickness 0.008 , PlotJoined True, ImageSize 280 ;

2 3 4 5 6 7

4

6

8

10

ÅÍÔÏËÇ I2:  ÅÎÁÃÙÃÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ ÓÅ ÁÑ×ÅÉÏ  
Export["Áñ÷åßï", ÁðïôåëÝóìáôá]

ÅîÜãåé ôá áðïôåëÝóìáôá ðïõ äçëþíïíôáé óôï äåýôåñï üñéóìá óôï áñ÷åßï ðïõ äçëþíåôáé óôï ðñþôï

üñéóìá  (ìå  ôçí  ðëÞñç  èÝóç  ôïõ).  Ç  ìïñöÞ  ôùí  áðïôåëåóìÜôùí  óôï  áñ÷åßï  áõôü  äçëþíåôáé  ìå  ôçí

êáôÜëëçëç åðÝêôáóÞ ôïõ, ð.÷. txt, dat, eps, gif, jpg, êëð. ÐáñÜäåéãìá ãéá ôç ãñáöéêÞ ðáñÜóôáóç pl: 

In[3]:= Export "c:\\math\\Figure1.eps", pl

Out[3]= c:\math\Figure1.eps



ÅÍÔÏËÇ I3:  ÅÌÖÁÍÉÓÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ ÓÅ ÌÏÑÖÇ FORTRAN 
FortranForm[ÐáñÜóôáóç]

Åìöáíßæåé  ôçí  ðáñÜóôáóç  óôï  üñéóìÜ  ôçò  óå  ìïñöÞ  ãëþóóáò  Fortran.  ÁõôÞ  ìðïñåß  Ýôóé  íá

÷ñçóéìïðïéçèåß  êáôåõèåßáí óôç ãëþóóá Fortran Ýîù áðü ôç Mathematica.  Óáí ðáñÜäåéãìá èåùñïýìå

ôç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîéóþóåùò ôùí åîáíáãêáóìÝíùí ôáëáíôþóåùí óôï êëáóéêü ìç÷áíéêü

óýóôçìá  ìÜæáò–åëáôçñßïõ  ìå  óôáèåñÞ  èåôéêÞ  öüñôéóç  (åîùôåñéêÞ  äýíáìç)  p t a2.  ÁõôÞí  ôç  ëýóç

ôç ìåôáôñÝðïõìå åýêïëá óå ãëþóóá Fortran, ãéá íá ôç ÷ñçóéìïðïéÞóïõìå óôç ãëþóóá Fortran: 

In[4]:= us t_ DSolve m u'' t k u t a2, u t , t 1, 1, 2

Out[4]=
a2

k
C 1 Cos

k t

m
C 2 Sin

k t

m

In[5]:= FortranForm us t

Out[5]//FortranForm=

        a**2/k + C(1)*
     -   Cos((Sqrt(k)*t)/Sqrt(m)) + 
     -  C(2)*Sin((Sqrt(k)*t)/Sqrt(m))

ÅÍÔÏËÇ I4:  ÅÌÖÁÍÉÓÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ ÓÅ ÌÏÑÖÇ C 
CForm[ÐáñÜóôáóç]

Åìöáíßæåé ôçí ðáñÜóôáóç óôï üñéóìÜ ôçò óå ìïñöÞ ãëþóóáò C. ÁõôÞ ìðïñåß Ýôóé íá ÷ñçóéìïðïéçèåß

êáôåõèåßáí óôç ãëþóóá C Ýîù áðü ôç Mathematica. Óõíå÷ßæïõìå ôï ðñïçãïýìåíï ðáñÜäåéãìá: 

In[6]:= CForm us t

Out[6]//CForm=

Power(a,2)/k + C(1)*Cos((Sqrt(k)*t)/Sqrt(m)) + 
   C(2)*Sin((Sqrt(k)*t)/Sqrt(m))

ÅÍÔÏËÇ I5:  ÅÌÖÁÍÉÓÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ ÓÅ ÌÏÑÖH TEX
TeXForm[ÐáñÜóôáóç]

Åìöáíßæåé  ôçí ðáñÜóôáóç óôï üñéóìÜ ôçò óå ìïñöÞ ãëþóóáò TEX ,  ðïõ åßíáé  åðßóçò êáôÜëëçëç ãéá

ôï LATEX . ÁõôÞ ìðïñåß Ýôóé íá ÷ñçóéìïðïéçèåß êáôåõèåßáí óôo ðñüãñáììá óôïé÷åéïèåóßáò TEX  (Þ óôï

LATEX ) Ýîù áðü ôç Mathematica ãéá ôç óôïé÷åéïèåóßá êáëáßóèçôïõ ìáèçìáôéêïý êåéìÝíïõ. Óõíå÷ßæïõìå

êé åäþ ôï ðñïçãïýìåíï ðáñÜäåéãìá ãéá ôï ìç÷áíéêü óýóôçìá ìÜæáò–åëáôçñßïõ: 

In[7]:= TeXForm us t

Out[7]//TeXForm=

\frac{a^2}{k} + \Mfunction{C}(1)\,
   \cos (\frac{{\sqrt{k}}\,t}{{\sqrt{m}}}) + 
  \Mfunction{C}(2)\,
   \sin (\frac{{\sqrt{k}}\,t}{{\sqrt{m}}})



ÅÍÔÏËÅÓ ÄÉÁÄÉÊÁÓÔÉÊÏÕ ÐÑÏÃÑÁÌÌÁÔÉÓÌÏÕ
6  EÍÔÏËÅÓ:  P1. If,  P2. Which,  P3. Do,  P4. While,  P5. Module,  P6. Print

ÅÍÔÏËÇ P1:  ÅËÅÃ×ÏÓ ÓÕÍÈÇÊÇÓ ÌÅ ÄÉÁÊÑÉÓÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ 
If[ÓõíèÞêç, ÁðïôÝëåóìáÃéáÁëçèÞÓõíèÞêç] 

If[ÓõíèÞêç, ÁðïôÝëåóìáÃéáÁëçèÞÓõíèÞêç, ÁðïôÝëåóìáÃéáØåõäÞÓõíèÞêç] 

If[ÓõíèÞêç, ÁðïôÝëåóìáÃéáÁëçèÞÓõíèÞêç, ÁðïôÝëåóìáÃéáØåõäÞÓõíèÞêç, ¢ëëïÁðïôÝëåóìá] 

Óôçí  ðñþôç  ìïñöÞ  ôçò  åëÝã÷åé  ôç  óõíèÞêç  ðïõ  äßíåôáé  óôï  ðñþôï  üñéóìá  êáé  áí  ç  óõíèÞêç  áõôÞ

åßíáé  óßãïõñá áëçèÞò (éó÷ýåé),  ôüôå äßíåé  ôï áðïôÝëåóìá ðïõ ïñßæåôáé  óôï äåýôåñï üñéóìá.  Óôç äåý-

ôåñç  ìïñöÞ ôçò  êÜíåé  áêñéâþò  ôá ßäéá,  áëëÜ áí ç óõíèÞêç óôï  ðñþôï üñéóìá åßíáé  óßãïõñá øåõäÞò

(äåí éó÷ýåé),  ôüôå äßíåé  ôï áðïôÝëåóìá ðïõ ïñßæåôáé  óôï ôñßôï üñéóìá. ÔÝëïò óôçí ôñßôç  ìïñöÞ ôçò

êÜíåé ü,ôé êáé óôç äåýôåñç ìïñöÞ ôçò, áëëÜ áí äå ìðïñåß ìå óéãïõñéÜ íá áðïöáíèåß áí ç óõíèÞêç óôï

ðñþôï üñéóìá åßíáé áëçèÞò Þ øåõäÞò, ôüôå äßíåé ôï áðïôÝëåóìá ðïõ ïñßæåôáé óôï ôÝôáñôï üñéóìá. Óáí

ðáñÜäåéãìá, èåùñïýìå ôç öüñôéóç äïêïý p x  ðïõ åßíáé p1  ãéá x 1 2  êáé p2  ãéá x 1 2:

In[1]:= p x_ If x 1 2, p1, p2

Out[1]= If x
1
2
, p1, p2

Ìå ôïí ïñéóìü ôçò óõíáñôÞóåùò p x  ìðïñïýìå íá õðïëïãßæïõìå ôéò ôéìÝò ôçò êáôÜ ìÞêïò ôçò äïêïý

In[2]:= values1 p 0 , p 1 4 , p 0.40 , p 1 2 , p 0.60 , p Sqrt 2 , p 3 4 , p 1

Out[2]= p1, p1, p1, p2, p2, p2, p2, p2

Ðñïöáíþò äå ìðïñïýìå íá õðïëïãßóïõìå ôçí ôéìÞ ôçò ãéá ôç öáíôáóôéêÞ ìïíÜäá i

In[3]:= p

Out[3]= If
1
2
, p1, p2

Êé Ýíá äåýôåñï ðáñÜäåéãìá: Ãéá ìéá äïêü b ïñßæïõìå ãåíéêÜ ôç äõóêáìøßá ôçò (flexural rigidity) ßóç ìå ÅÉ

In[4]:= FlexuralRigidity b_ If b beam, EI

Out[4]= If b beam, EI

Ðáßñíïõìå Ýôóé ôï áðïôÝëåóìá ÅÉ ãéá ôç äõóêáìøßá, áí âÝâáéá ôï ðñþôï üñéóìá åßíáé óßãïõñá äïêüò

In[5]:= bm beam; FlexuralRigidity bm

Out[5]= EI



Áõôü üìùò ðñïöáíþò äå óõìâáßíåé, áí ôï ðñþôï üñéóìá äåí åßíáé óßãïõñá äïêüò

In[6]:= FlexuralRigidity plate

Out[6]= If plate beam, EI

ÅÍÔÏËÇ P2:  ÅËÅÃ×ÏÓ ÓÅÉÑÁÓ ÓÕÍÈÇÊÙÍ ÊÁÉ ÁÐÏÔÅËÅÓÌÁÔÁ
Which[ÓõíèÞêç-1, ÁðïôÝëåóìáÃéáÁëçèÞÔçÓõíèÞêç-1, 

             ÓõíèÞêç-2, ÁðïôÝëåóìáÃéáÁëçèÞÔçÓõíèÞêç-2¼ìùòÌåÔçÓõíèÞêç-1ÌçÁëçèÞ,  . . . ] 

ÅëÝã÷åé ôç óõíèÞêç óôï ðñþôï üñéóìá êáé áí åßíáé óßãïõñá áëçèÞò (éó÷ýåé), äßíåé ôï áðïôÝëåóìá óôï

äåýôåñï üñéóìá. Áí äå óõìâáßíåé áõôü, ôüôå åëÝã÷åé ôç äåýôåñç óõíèÞêç óôï ôñßôï üñéóìá êáé áí áõôÞ

ç äåýôåñç óõíèÞêç åßíáé óßãïõñá áëçèÞò, äßíåé ôï áðïôÝëåóìá óôï ôÝôáñôï üñéóìá. Áí êáé ç äåýôåñç

óõíèÞêç äåí åßíáé  óßãïõñá áëçèÞò,  ðñï÷ùñÜåé  áíÜëïãá ìå  ôéò  åðüìåíåò óõíèÞêåò (áí âÝâáéá õðÜñ-

÷ïõí)  óôá ðåñéôôÜ ïñßóìáôá êáé  ãéá üðïéá ðñþôç âñåèåß  íá åßíáé  áëçèÞò (áí öõóéêÜ âñåèåß)  äßíåé  ôï

áðïôÝëåóìá ðïõ ôçí áêïëïõèåß. Óáí ðáñÜäåéãìá, èåùñïýìå ôçí ßäéá áóõíå÷Þ öüñôéóç äïêïý p x  ôçò

ðñïçãïýìåíçò åíôïëÞò If, åäþ üìùò ìå ôç ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò Which

In[7]:= p x_ Which x 1 2, p1, x 1 2, p2 ;

In[8]:= values2 p 0 , p 1 4 , p 0.40 , p 1 2 , p 0.60 , p Sqrt 2 , p 3 4 , p 1

Out[8]= p1, p1, p1, p2, p2, p2, p2, p2

Ðñïöáíþò ðÞñáìå ôçí ßäéá ëßóôá ôéìþí ìå åêåßíç ðïõ åß÷áìå ðÜñåé óôçí ðñïçãïýìåíç åíôïëÞ If

In[9]:= verification values1 values2

Out[9]= True

Êáé Ýíá êÜðùò ðéï óýíèåôï ðáñÜäåéãìá ÷ñÞóåùò ôçò ßäéáò åíôïëÞò  Which,  åäþ ìå ðÝíôå óõíèÞêåò êáé

ðÝíôå áíôßóôïé÷á áðïôåëÝóìáôá ðïõ ôá õðïëïãßæïõìå ðïëý åýêïëá ìå ôç ÷ñÞóç ôçò óõíáñôÞóåùò p x

In[10]:= p x_ Which x 0.2, p1, x 0.4, p2, x 0.6, p3, x 0.8, p4, x 0.8, p5 ;

In[11]:= Table x, p x , x, 0, 1, 0.15

Out[11]= 0, p1 , 0.15, p1 , 0.3, p2 , 0.45, p3 , 0.6, p4 , 0.75, p4 , 0.9, p5

ÅÍÔÏËÇ P3:  ÅÐÁÍÁËÇØÇ ÄÉÁÄÉÊÁÓÉÁÓ ÏÑÉÓÌÅÍÅÓ ÖÏÑÅÓ
Do[Äéáäéêáóßá, {ÁñéèìüòÅðáíáëÞøåùí}] 

Do[Äéáäéêáóßá, {ÌåôáâëçôÞ, ÔåëéêÞÔéìÞÌåôáâëçôÞò}] 

Do[Äéáäéêáóßá, {ÌåôáâëçôÞ, Áñ÷éêÞÔéìÞÌåôáâëçôÞò, ÔåëéêÞÔéìÞÌåôáâëçôÞò}] 

Do[Äéáäéêáóßá, {ÌåôáâëçôÞ, Áñ÷éêÞÔéìÞÌåôáâëçôÞò, ÔåëéêÞÔéìÞÌåôáâëçôÞò, ÂÞìáÌåôáâïëÞò}] 

Óôçí  ðñþôç  ìïñöÞ  åêôåëåß  ôç  äéáäéêáóßá  óôï  ðñþôï  üñéóìá  ôüóåò  öïñÝò  üóåò  äçëþíåé  ï  áñéèìüò

ôùí  åðáíáëÞøåùí  óôï  äåýôåñï  üñéóìá.  Óôç  äåýôåñç  ìïñöÞ  óôï  äåýôåñï  üñéóìá  õðÜñ÷åé  êáé  ìéá

ìåôáâëçôÞ (ð.÷.  i  Þ  j  Þ  k)  ðïõ ðáßñíåé  ôéìÝò  áðü ôï 1 ìÝ÷ñé  ôçí ôåëéêÞ ôéìÞ ôçò ìåôáâëçôÞò (ç  ïðïßá



êáèïñßæåôáé åðßóçò óôç ëßóôá ôïõ äåõôÝñïõ ïñßóìáôïò) áíÜ ìïíÜäá êáé ãéá êÜèå ôéìÞ ôçò ìåôáâëçôÞò

áõôÞò  åêôåëåßôáé  ç  äéáäéêáóßá  óôï  ðñþôï  üñéóìá.  Óôçí  ôñßôç  ìïñöÞ  ç  ìåôáâëçôÞ  ðáßñíåé  ôéìÝò  áðü

ôçí áñ÷éêÞ ôéìÞ ôçò ìÝ÷ñé êáé ôçí ôåëéêÞ ôéìÞ ôçò (ðïõ êáèïñßæïíôáé óôçí ëßóôá ôïõ äåõôÝñïõ ïñßóìá-

ôïò)  ðÜëé  áíÜ  ìïíÜäá.  ÁðëÜ  ôþñá  óáí  áñ÷éêÞ  ôéìÞ  ôçò  ìåôáâëçôÞò  äåí  õðïôßèåôáé  áõôüìáôá  ôï  1.

ÔÝëïò óôçí ôÝôáñôç ìïñöÞ ôçò êáèïñßæåôáé åðéðëÝïí êáé ôï âÞìá ìåôáâïëÞò ôçò ìåôáâëçôÞò áðü ôç

ìéá ôéìÞ ôçò óôçí åðüìåíç (êáé áõôü óôç ëßóôá ôïõ äåõôÝñïõ ïñßóìáôïò).  Óáí ðáñÜäåéãìá, èåùñïýìå

ôç ãíùóôÞ äéáöïñéêÞ åîßóùóç ôçò áðïäïìÞóåùò ñýðïõ ìå áñ÷éêÞ óõíèÞêç: ðñüâëçìá áñ÷éêÞò ôéìÞò:

In[12]:= ode c' x k c x , ic c 0 c0 ;

Ìå áñ÷éêÞ ðñïóÝããéóç ôçò óõãêåíôñþóåùò ôïõ ñýðïõ ôçí áñ÷éêÞ ôéìÞ ôçò 

In[13]:= c 0, x_ c0;

åöáñìüæïõìå ôç ìÝèïäï ôùí äéáäï÷éêþí ðñïóåããßóåùí ôïõ Picard ãéá ôéò åðüìåíåò ðñïóåããßóåéò

In[14]:= Do c n, x_ c0 k Integrate c n 1, , , 0, x Factor;

Print "c ", n, ", x ", c n, x , n, 1, 4

c 1, x c0 1 k x

c 2, x
1
2
c0 2 2 k x k2 x2

c 3, x
1
6
c0 6 6 k x 3 k2 x2 k3 x3

c 4, x
1
24

c0 24 24 k x 12 k2 x2 4 k3 x3 k4 x4

ÅÍÔÏËÇ P4:  ÅÐÁÍÁËÇØÇ ÄÉÁÄÉÊÁÓÉÁÓ ÏÓÏ ÉÓ×ÕÅÉ ÌÉÁ ÓÕÍÈÇÊÇ
While[ÓõíèÞêç, Äéáäéêáóßá] 

ÅëÝã÷åé ôç óõíèÞêç óôï ðñþôï üñéóìá êáé áí åßíáé óßãïõñá áëçèÞò (éó÷ýåé), ôüôå åêôåëåß ôç äéáäéêá-

óßá  óôï  äåýôåñï  üñéóìá.  ÌåôÜ  îáíáåëÝã÷åé  ôç  óõíèÞêç  óôï  ðñþôï  üñéóìá  (ðïõ  ìðïñåß  íá  Ý÷åé  áë-

ëÜîåé åîáéôßáò ôçò äéáäéêáóßáò ðïõ ðñïçãÞèçêå) êáé áí óõíå÷ßæåé íá åßíáé óßãïõñá áëçèÞò, ôüôå îáíá-

åêôåëåß ôç äéáäéêáóßá. Áõôü óõíå÷ßæåôáé üóï ç óõíèÞêç óôï ðñþôï üñéóìá óõíå÷ßæåé íá åßíáé óßãïõñá

áëçèÞò. Ìüëéò ðáýóåé íá åßíáé, äéáêüðôåôáé ç åêôÝëåóç ôçò åíôïëÞò. Áêïëïõèåß ôï ßäéï ðáñÜäåéãìá ìå

åêåßíï óôçí ðñïçãïýìåíç åíôïëÞ Do,  äçëáäÞ ôï ðáñÜäåéãìá ãéá ôçí áðïäüìçóç ñýðïõ,  ôþñá üìùò

ìå ôç ÷ñÞóç ôçò ðáñïýóáò åíôïëÞò While  êáé  ãéá n  < 5,  ìå  ôá ßäéá áêñéâþò áðïôåëÝóìáôá üðùò êáé

ðñoçãïõìÝíùò ìå ôçí åíôïëÞ Do

In[15]:= n 1; While n 5, c n, x_ c0 k Integrate c n 1, , , 0, x Factor;

Print "c ", n, ", x ", c n, x ; n n 1

c 1, x c0 1 k x

c 2, x
1
2
c0 2 2 k x k2 x2

c 3, x
1
6
c0 6 6 k x 3 k2 x2 k3 x3

c 4, x
1
24

c0 24 24 k x 12 k2 x2 4 k3 x3 k4 x4



ÅÍÔÏËÇ P5:  ×ÑÇÓÇ ÔÏÐÉÊÙÍ ÌÅÔÁÂËÇÔÙÍ ÓÅ ÄÉÁÄÉÊÁÓÉÁ 
Module[ËßóôáÔïðéêþíÌåôáâëçôþí, Äéáäéêáóßá] 

Ðñüêåéôáé ãéá ìéá äéáäéêáóßá óõãêåíôñùìÝíç óå ìßá åíôïëÞ ìå ôç ÷ñÞóç ôïðéêþí ìåôáâëçôþí. ÁõôÝò

áíáöÝñïíôáé  óôç ëßóôá ôïõ ðñþôïõ ïñßóìáôïò ôçò åíôïëÞò åßôå  áðëÜ óáí óýìâïëá åßôå  ìáæß  ìå  ôéò

áñ÷éêÝò ôéìÝò ôïõò. Ïé ôéìÝò ôùí ôïðéêþí ìåôáâëçôþí åßíáé åóùôåñéêÝò óôçí åíôïëÞ Module  êáé äåí

åßíáé äéáèÝóéìåò óôï notebook Ýîù áðü ôçí åíôïëÞ Module. Ãé' áõôü êáé ôéò áðïêáëïýìå ôïðéêÝò ìåôá-

âëçôÝò  (local  variables).  Óçìåéþíïõìå  åðßóçò  üôé  ïé  åðéìÝñïõò  åíôïëÝò  óôç  äéáäéêáóßá  (óôï  äåýôåñï

üñéóìá) ÷ùñßæïíôáé ìåôáîý ôïõò ìå ÁããëéêÞ Üíù ôåëåßá (ôï ;) áðïôåëþíôáò Ýíá ìüíï üñéóìá. ÎáíáêÜ-

íïõìå ôï ðáñÜäåéãìá ôçò óõãêåíôñþóåùò ñýðïõ ôùí äýï ðñïçãïýìåíùí åíôïëþí, ôþñá ìå ôïðéêÞ ìå-

ôáâëçôÞ ôçí m óôçí åíôïëÞ Module, åäþ ãéá m < 4. (Ç åîùôåñéêÞ ôéìÞ ôçò m, áí õðÜñ÷åé, äåí áëëÜæåé!):

In[16]:= Module m , m 1;

While m 4, c m, x_ c0 k Integrate c m 1, , , 0, x Factor;

Print "c ", m, ", x ", c m, x ; m m 1

c 1, x c0 1 k x

c 2, x
1
2
c0 2 2 k x k2 x2

c 3, x
1
6
c0 6 6 k x 3 k2 x2 k3 x3

Áõôü ãßíåôáé ëßãï êáëýôåñá ìå ôçí áñ÷éêÞ ôéìÞ m = 1 ôçò ôïðéêÞò ìåôáâëçôÞò m íá ïñßæåôáé óôï ðñþôï

üñéóìá ôçò åíôïëÞò, äçëáäÞ óôçí ßäéá ôç ëßóôá ôùí ôïðéêþí ìåôáâëçôþí (åäþ ìéáò ôïðéêÞò ìåôáâëçôÞò):

In[17]:= Module m 1 , While m 4, c m, x_ c0 k Integrate c m 1, , , 0, x Factor;

Print "c ", m, ", x ", c m, x ; m m 1

c 1, x c0 1 k x

c 2, x
1
2
c0 2 2 k x k2 x2

c 3, x
1
6
c0 6 6 k x 3 k2 x2 k3 x3

Åäþ Ýîù áðü ôçí åíôïëÞ Module ç ôïðéêÞ ìåôáâëçôÞ m äåí Ý÷åé êáìßá ôéìÞ, åßíáé Ýíá áðëü óýìâïëï:

In[18]:= m

Out[18]= m

ÅÍÔÏËÇ P6:  ÅÌÖÁÍÉÓÇ ÐÁÑÁÓÔÁÓÅÙÓ ÓÔÇÍ ÏÈÏÍÇ
Print[ÐáñÜóôáóç-1, ÐáñÜóôáóç-2, ÐáñÜóôáóç-3, . . .] 

Äåí ðñüêåéôáé ãéá åíôïëÞ ðñïãñáììáôéóìïý. ÁðëÜ åìöáíßæåé óôçí ïèüíç ôéò ðáñáóôÜóåéò (êÜèå ìïñ-

öÞò, áêüìç êáé  óõìâïëïóåéñÝò,  êåßìåíï) óôá ïñßóìáôÜ ôçò ôç ìßá ìåôÜ ôçí Üëëç êáé óå äéáöïñåôéêÝò

ãñáììÝò. Áõôü äå ÷ñåéÜæåôáé  óõíÞèùò. Åßíáé üìùò ÷ñÞóéìï óôéò åíôïëÝò äéáäéêáóôéêïý ðñïãñáììáôé-

óìïý Do, While êáé Module ðïõ ðñïçãÞèçêáí. ÐáñÜäåéãìá áíáöÝñèçêå Þäç óôéò ôñåéò áõôÝò åíôïëÝò. 



ÊÉÍÇÓÇ ÓÅ Ó×ÇÌÁÔÁ (ANIMATIONS) ME TH MATHEMATICA

¼ðùò  Þäç  ãíùñßæïõìå,  ìå  ôç  Mathematica  ìðïñïýìå  íá  äçìéïõñãÞóïõìå  ðïéêßëá  ó÷Þìáôá,  ãéá  ðáñÜ-

äåéãìá  ãñáöéêÝò  ðáñáóôÜóåéò  óõíáñôÞóåùí  ðïõ  åßíáé  óõ÷íÜ  ÷ñÞóéìåò  óôïí  Ðïëéôéêü  Ìç÷áíéêü.  Óôï

notebook  áõôü  èá  äåßîïõìå  ðþò  áêñéâþò  ìðïñïýìå  íá  äçìéïõñãïýìå  êßíçóç  óå  ó÷Þìáôá  Þ  êéíïýìåíá

ó÷Þìáôá,  "æùíôáíÜ"  ó÷Þìáôá,  óôá  ÁããëéêÜ  animations.  (Áõôüò  ü  Áããëéêüò  üñïò,  animations,  åßíáé  Ýíáò

üñïò ðïõ èá ôï ÷ñçóéìïðïéïýìå êáé åäþ, åðåéäÞ åßíáé ìïíïëåêôéêüò, Üñá êáé åý÷ñçóôïò. Åßíáé åðßóçò êáé

êáèéåñùìÝíïò  üñïò.)  ¼ðùò  óõìâáßíåé  êáé  óôïí  êéíçìáôïãñÜöï,  ôÝôïéá  äõíáôüôçôá  äåí  õðÜñ÷åé  áðåõ-

èåßáò.  ÕðÜñ÷åé  üìùò ç äõíáôüôçôá óå  ìéá óõãêåêñéìÝíç èÝóç ôçò ïèüíçò íá ðáñïõóéÜæïíôáé  äéáöïñå-

ôéêÜ ó÷Þìáôá ôï Ýíá áìÝóùò ìåôÜ ôï Üëëï. Áõôü ôï õðïóôçñßæåé ç Mathematica  ìå ôç ÷ñÞóç ôçò åðéëï-

ãÞò  Cell -> Animate Selected Graphics  áðü ôéò åðéëïãÝò Cell  ôùí menus ôçò. Áðüëõôá éóïäýíáìç êáé

êÜðùò ðéï åý÷ñçóôç åßíáé ç óõíôüìåõóç Ctrl Y ôçò åðéëïãÞò áõôÞò Cell -> Animate Selected Graphics.

Åßíáé  óô'  áëÞèåéá  ôüóï  åýêïëï!  ÌåôÜ  ôç  äçìéïõñãßá  ìéáò  animation ìå  ôç  Mathematica  ìðïñïýìå  íá  ôç

óþæïõìå óå áñ÷åßï animated gif êáé íá ôçí êáëïýìå åíôåëþò Ýîù áðü ôç Mathematica Þ áðü ôï äéáäßêôõï.

Ãéá íá åñãáóèåß ç Mathematica  ìå ôïí ðéï ðÜíù ôñüðï èÝôïíôáò óå ìéá èÝóç ôçò ïèüíçò ðåñéóóüôåñá

áðü Ýíá ó÷Þìáôá, âÝâáéá ôï Ýíá ìåôÜ ôï Üëëï (ü÷é ôáõôü÷ñïíá!),  ìáò æçôÜåé ðñþôá íá Ý÷ïõìå äçìéïõñ-

ãÞóåé ôá ó÷Þìáôá áõôÜ êáé íá ôá Ý÷ïõìå óáí áðïôÝëåóìá ìéáò åíôïëÞò ôçò, ðïõ óõ÷íÜ (áëë' ü÷é âÝâáéá

áíáãêáóôéêÜ)  âáóßæåôáé  óôçí  åíôïëÞ  Plot.  Áò  äïýìå  Ýíá  ó÷åôéêü  áðëü  ðáñÜäåéãìá  ãéá  ôçí  çìéôïíéêÞ

óõíÜñôçóç sin x êáé ãéá ôçí ðïëõùíõìéêÞ óõíÜñôçóç x3 10 x  óå ëßóôá ìå ôçí åíôïëÞ  Plot:

In[1]:= Plot Sin x , x, 0, 6 , ImageSize 250 , Plot x3 10 x, x, 0, 2 , ImageSize 250
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Out[1]=



¢ñá äçìéïõñãÞóáìå äýï ÷ùñéóôÝò ãñáöéêÝò ðáñáóôÜóåéò (ìå äýï êëÞóåéò ôçò åíôïëÞò Plot,  áëëÜ óôçí

ßäéá  óýíèåôç  åíôïëÞ):  ìßá  ãéá  ôçí  çìéôïíéêÞ  óõíÜñôçóç sin  x   êáé  ìßá  ãéá  ôçí  ðïëõùíõìéêÞ  óõíÜñôçóç

x3 10 x.  ÁõôÝò ðáñïõóéÜæïíôáé ç ìßá êÜôù áðü ôçí Üëëç. Áí ôþñá åìåßò ðáôÞóïõìå ìå ôï ðïíôßêé áðëÜ

Cell  ->  Animate  Selected  Graphics  áðü  ôéò  åðéëïãÝò  Þ  ðïëý  ðéï  áðëÜ  Ctrl  Y  áðü  ôï  ðëçêôñïëüãéï,

ôßðïôå  áðïëýôùò  äå  èá  óõìâåß.  Áí  ôþñá  åðéëÝîïõìå  ôçí  ðñþôç  ãñáöéêÞ  ðáñÜóôáóç  ìáõñßæïíôáò  ìå

ðÜôçìá  ôïõ  ðïíôéêïý  ôçí  êáôáêüñõöç  ìðëå  ãñáììÞ  áêñéâþò  äåîéÜ  ôçò  (äåîéÜ  óôçí  ðñþôç  ðéï  ðÜíù

ãñáöéêÞ  ðáñÜóôáóç:  ôçí  åóùôåñéêÞ  ìðëå  ãñáììÞ)  êáé  ðáôÞóïõìå  Ctrl  Y,  ðÜëé  ôßðïôå  äå  èá  óõìâåß.  Ôo

ßäéï  êé  áí  ìáõñßóïõìå  ôçí  åóùôåñéêÞ  ìðëå  ãñáììÞ  ðïõ  áíôéóôïé÷åß  óôç  äåýôåñç  ãñáöéêÞ  ðáñÜóôáóç:

ðÜëé ôßðïôå äå èá óõìâåß. Åßíáé ëïãéêÜ áõôÜ, ãéáôß äå ìðïñïýìå íá ðÜñïõìå êßíçóç ìå Ýíá ìüíï ó÷Þìá.

Ôþñá áò åðéëÝîïõìå êáé ôéò äýï ðéï ðÜíù ãñáöéêÝò ðáñáóôÜóåéò (ôáõôü÷ñïíá êáé ãéá ôçí çìéôïíéêÞ êáé

ãéá ôçí ðïëõùíõìéêÞ óõíÜñôçóç) ìáõñßæïíôáò ôç ëßãï ðéï Ýîù êáôáêüñõöç ìðëå ãñáììÞ ðïõ áíôéóôïé÷åß

êáé óôéò äýï ìáæß áõôÝò ãñáöéêÝò ðáñáóôÜóåéò, äçëáäÞ óå ïëüêëçñç ôçí Ýîïäï ôçò ðáñáðÜíù óýíèåôçò

åíôïëÞò Plot (ëßóôá ìå ÷ñÞóç äýï öïñÝò ôçò åíôïëÞò Plot). ¸ôóé "óçìáäÝøáìå" ôáõôü÷ñïíá êáé ôéò äýï

ðéï ðÜíù ãñáöéêÝò ðáñáóôÜóåéò: êáé ôá äýï ó÷Þìáôá. ÐáôÜìå ôþñá Cell -> Animate Selected Graphics

Þ ðéï áðëÜ Ctrl Y êáé ôï èáýìá Ýãéíå: ôç èÝóç ôçò ðñþôçò ãñáöéêÞò ðáñáóôÜóåùò (áí åßíáé ïñáôÞ óôçí

ïèüíç ìáò) ôçí ðáßñíåé ìéá ç çìéôïíéêÞ óõíÜñôçóç (ç ðñþôç ãñáöéêÞ ðáñÜóôáóç) êáé ìéá ç ðïëõùíõìéêÞ

óõíÜñôçóç (ç äåýôåñç ãñáöéêÞ ðáñÜóôáóç). ÅíáëëÜóóïíôáé ëïéðüí ïé äýï áõôÝò ãñáöéêÝò ðáñáóôÜóåéò

óôçí ßäéá  áêñéâþò  èÝóç  ôçò ïèüíçò.  Ôï  ó÷Þìá  êéíåßôáé!  ÁñêåôÜ ùñáßá.  (Áò óçìåéþóïõìå  åäþ ðùò áí  ç

ðñþôç ãñáöéêÞ ðáñÜóôáóç äåí åßíáé ïñáôÞ óôçí ïèüíç, äçëáäÞ åßíáé ëßãï ðéï ðÜíù, ôüôå èá áñ÷ßóåé íá

êéíåßôáé  ôï ó÷Þìá ðïõ áöïñÜ óôçí ðñþôç ïñáôÞ óôçí ïèüíç ãñáöéêÞ ðáñÜóôáóç. ËåðôïìÝñåéá âÝâáéá,

áëë'  áò ôçí Ý÷ïõìå õðüøç ìáò.)  Áí ôÝëïò åðéèõìïýìå íá äéáêüøïõìå áõôÞí ôçí ôüóï ìéêñÞ "ôáéíßá" ðïõ

äçìéïõñãÞóáìå ìÝ÷ñé Ýíá ìéêñü âáèìü (êáé åäþ ìå äýï ìüíï ãñáöéêÝò ðáñáóôÜóåéò ðïõ åíáëëÜóóïíôáé

óôçí ßäéá èÝóç ôçò ïèüíçò),  áðëÜ ðáôÜìå ôï ðïíôßêé  êÜðïõ óôçí ïèüíç êáé  ôÝñìá ç ïðôéêÞ áõôÞ ðáñÜ-

óôáóç. ÔÝëïò! Ìðïñïýìå íá ôçí îáíáñ÷ßóïõìå ìå Cell -> Animate Selected Graphics  Þ ðéï áðëÜ Ctrl Y,

üðùò êáé ðñéí. Áðü 'äþ êáé ðÝñá èá ãñÜöïõìå ìüíï  Ctrl Y åííïþíôáò âÝâáéá üôé ìðïñåß åíáëëáêôéêÜ íá

÷ñçóéìïðïéçèåß êáé ç åðéëïãÞ Cell -> Animate Selected Graphics áðü ôá menus.

Áò  óçìåéþóïõìå  óôï  óçìåßï  áõôü  üôé  áí  ìáõñßóïõìå  ôçí  áêüìç  ðéï  ìåãÜëç  êáôáêüñõöç  ìðëå  ãñáììÞ

ðïõ áöïñÜ óå ïëüêëçñç ôçí ðéï ðÜíù åíôïëÞ, äçëáäÞ ðåñéëáìâÜíåé êáé üëç ôçí åßóïäï (input) êáé üëç

ôçí Ýîïäï (output) ôçò åíôïëÞò, áêüìç êáé ôéò åíäåßîåéò - Graphics - óôç ëßóôá óôï ôÝëïò ôçò åíôïëÞò,

êáé ðÜëé üëá ðÜíå ìéá ÷áñÜ. Ç êßíçóç ôïõ åíüò ó÷Þìáôïò (óõíÞèùò ôïõ ðñþôïõ) åßíáé êáé ðÜëé ãåãïíüò.

Ôï  äßäáãìá åßíáé  ðùò ðáôÜìå  üðïéá êáôáêüñõöç ìðëå  ãñáììÞ ìáò áñÝóåé  äåîéÜ  óôçí ïèüíç ìáò,  áñêåß

áõôÞ  ç  êáôáêüñõöç  ìðëå  ãñáììÞ  íá  ðåñéëáìâÜíåé  ïðùóäÞðïôå  ðÜíù  áðü  ìßá  ãñáöéêÝò  ðáñáóôÜóåéò.

(Ìå  ìßá  ìüíï  ãñáöéêÞ  ðáñÜóôáóç  äåí  õðÜñ÷åé  êßíçóç!)  Ôüôå  ç  ðñþôç  óôçí  ïèüíç  (ç  ðéï  øçëÜ  óôçí

ïèüíç)  ãñáöéêÞ ðáñÜóôáóç èá áñ÷ßóåé  íá åíáëëÜóóåôáé ìå üëåò ôéò õðüëïéðåò ãñáöéêÝò ðáñáóôÜóåéò

ðïõ Ý÷ïõìå óçìáäÝøåé ìå ôï ìáýñéóìá ôçò êáôÜëëçëçò êáôáêüñõöçò ìðëå ãñáììÞò äåîéÜ óôï notebook.

Ùñáßá  þò  åäþ,  áëëÜ  ôß  ìáò  íïéÜæïõí  üëá  áõôÜ;  Äåí  êáôáöÝñáìå  êáé  ôßðïôå  ôï  óçìáíôéêü  ìÝ÷ñé  ôþñá!

ÌÜëëïí  æáëéóôÞêáìå  ìå  äýï  åíôåëþò  äéáöïñåôéêÝò  ãñáöéêÝò  ðáñáóôÜóåéò  (ç  ðñþôç  ãéá  ìéá  çìéôïíéêÞ

óõíÜñôçóç, åíþ ç äåýôåñç ãéá ìéá ðïëõùíõìéêÞ óõíÜñôçóç) íá åíáëëÜóóïíôáé óôï ßäéï ó÷Þìá. Óå ôß ìáò

âïçèÜåé  ìéá  ôÝôïéá  åíáëëáãÞ  ðÝñá  áðü  ôï  íá  ìáò  æáëßæåé;  Ç  áðÜíôçóç  åßíáé  áðëÞ:  ôï  ðéï  ðÜíù  ôüóï

áðëïúêü  êáé  ïõóéáóôéêÜ  Ü÷ñçóôï  ðáñÜäåéãìá  ìáò  Ýäåéîå  êáèáñÜ  ôïí  ôñüðï  åñãáóßáò ôçò  Mathematica

óôçí  êßíçóç  óå  ó÷Þìáôá:  óôçí  animation.  Áðü  'äþ  êáé  êÜôù  ç  éäÝá  åßíáé  ôá  ó÷Þìáôá  ðïõ  åìöáíßæïõìå

óôçí  ßäéá  èÝóç  ôï  Ýíá  áìÝóùò  ìåôÜ  ôï  Üëëï  ìå  ôçí  åðéëïãÞ  Ctrl  Y  íá  ìçí  åßíáé  Üó÷åôá  ìåôáîý  ôïõò,

áëëÜ ó÷åôéêÜ ìå ðïëý ìéêñÝò äéáöïñÝò ôï Ýíá áðü ôï áìÝóùò åðüìåíü ôïõ (Þ áìÝóùò ðñïçãïýìåíü ôïõ). 



Ôüôå áíôß áðëÜ íá æáëéæüìáóôå èá Ý÷ïõìå ôçí áßóèçóç ôçò êéíÞóåùò ôïõ ó÷Þìáôïò. Äå èá åßíáé âÝâáéá

áëçèéíÞ  êßíçóç,  èá  óõíå÷ßóåé  íá  åßíáé  áðëÜ  åíáëëáãÞ  ó÷çìÜôùí,  áëëÜ  èá  ìáò  äßíåé  ôçí  øåõäáßóèçóç

êéíÞóåùò, áêñéâþò üðùò óõìâáßíåé  êáé  óôïí êéíçìáôïãñÜöï. Áò äïýìå Ýíá ó÷åôéêü, áëëÜ êáé  ðÜëé áðëü

ðÜñáäåéãìá, ðïõ áöïñÜ îáíÜ óôçí çìéôïíéêÞ óõíÜñôçóç, ôþñá üìùò ÷ùñßò ðéá ðáñÝá ôçò ìéá ðïëõùíõ-

ìéêÞ óõíÜñôçóç. (Óçìåéþíïõìå ôÝëïò ôïí êáèïñéóìü ìåãÝèïõò ôùí ó÷çìÜôùí ìå ôçí åðéëïãÞ ImageSize.)

In[2]:= Plot Sin x , x, 0, 6 , ImageSize 250 ,

Plot Sin x 10 , x, 0, 6 , ImageSize 250 ,

Plot Sin x 2 10 , x, 0, 6 , ImageSize 250 ,

Plot Sin x 10 , x, 0, 6 , ImageSize 250 ;
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Ôþñá Ý÷ïõìå ðÜñåé ôÝóóåñéò ãñáöéêÝò ðáñáóôÜóåéò: ôçò áñ÷éêÞò çìéôïíéêÞò óõíáñôÞóåùò ç ðñþôç êáé

ìå ìåôáôïðßóåéò ôçò êáôÜ ð/10 (óáí íá åêéíåßôï ðñïò ôá äåîéÜ) êáé ðßóù ìåôÜ. ÅðïìÝíùò áò ìáõñßóïõìå



ôç ó÷åôéêÞ êáôáêüñõöç ìðëÝ ãñáììÞ äåîéÜ ìå ôï ðïíôßêé (åßôå ôç ìðëå ãñáììÞ ìüíï ìå ôá ôÝóóåñá áõôÜ

ó÷Þìáôá åßôå ôçí áìÝóùò åðüìåíç ðñïò ôá Ýîù ìðëå ãñáììÞ ìå ïëüêëçñç ôçí ðéï ðÜíù åíôïëÞ êáé ôçí

åßóïäü  ôçò  êáé  áò  ðáôÞóïõìå  Ctrl  Y.  Ôüôå  èá  ðáñáôçñÞóïõìå  ôçí  êßíçóç  ôçò  ãñáöéêÞò  ðáñáóôÜóåùò

(ôçò ðñþôçò ãñáöéêÞò ðáñáóôÜóåùò óôçí ïèüíç ìáò) ðñïò ôá äåîéÜ êáé ìåôÜ ðñïò ôá áñéóôåñÜ. ¸÷ïõìå

ëïéðüí êßíçóç óôç ãñáöéêÞ ðáñÜóôáóç;  ¼÷é  âÝâáéá,  ìå  ôßðïôå äåí Ý÷ïõìå áëçèéíÞ êßíçóç,  áëë'  Ý÷ïõìå

ìéá  øåõäáßóèçóç êéíÞóåùò  åîáéôßáò  ôçò åíáëëáãÞò ôùí ôåóóÜñùí ðáñáðÜíù ãñáöéêþí  ðáñáóôÜóåùí

(ç äåýôåñç ìÜëéóôá åê  ðñïèÝóåùò åßíáé  ßäéá ìå ôçí ôÝôáñôç) ìå ãñÞãïñï ñõèìü ðÜíù óôçí ïèüíç ìáò.

¸÷ïõìå ëïéðüí ðåôý÷åé  ôçí øåõäáßóèçóç êéíÞóåùò ôçò ãñáöéêÞò ìáò ðáñáóôÜóåùò êé  áõôÞí ôçí øåõ-

äáßóèçóç èá ôçí áðïêáëïýìå áðü 'äþ êáé ìðñïò animation Þ êßíçóç óå ó÷Þìá (åäþ ãñáöéêÞ ðáñÜóôáóç). 

Óôï  óçìåßï áõôü  áò ðáñáôçñÞóïõìå  üôé  åßíáé  ìÜëëïí êïõôü íá äßíïõìå ìáêñéÝò óýíèåôåò åíôïëÝò óôç

Mathematica,  üðùò  ç  ðéï  ðÜíù  åíôïëÞ  óå  ëßóôá  ìå  ôÝóóåñá  óôïé÷åßá:  ôÝóóåñéò  ÷ùñéóôÝò  ãñáöÝò  ôçò

åíôïëÞò  Plot.  Áêñéâþò  ôï  ßäéï  ìðïñïýìå  íá  ôï  ðåôý÷ïõìå  ìå  ôç  ÷ñÞóç  ìßá  Þ  ôï  ðïëý  äýï  öïñÝò  ôçò

åíôïëÞò  Table.  ÁõôÞ  äçìéïõñãåß  ôá  ßäéá  áêñéâþò  ó÷Þìáôá  ìå  ìßá  Þ  äýï  ìüíï  åìöáíßóåéò  ôçò  åíôïëÞò

Plot. Áò êÜíïõìåôþñá Ýíá óïâáñü ðáñÜäåéãìá êéíÞóåùò ðñïò ôá áñéóôåñÜ ôçò çìéôïíéêÞò óõíáñôÞóåùò: 

In[3]:= SinAnimation Table Plot Sin x k 10 , x, 2 , 2 , ImageSize 220 , k, 0, 19 ;

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1



-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1



-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1



-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

-6 -4 -2 2 4 6

-1

-0.5

0.5

1

Ðáñáôçñïýìå üôé ðñïÝêõøáí 20 ó÷Þìáôá, ëßãï äéáöïñåôéêÜ ôï Ýíá áðü ôï Üëëï, êáé üôé ç åíôïëÞ Ctrl Õ
ãéá ôçí êßíçóç ôçò ãñáöéêÞò ðáñáóôÜóåùò (åäþ ôçò çìéôïíéêÞò óõíáñôÞóåùò sin x)  äïõëåýåé ìéá ÷áñÜ.

¸÷ïõìå êßíçóç ôçò çìéôïíéêÞò êáìðýëçò ðñïò ôá áñéóôåñÜ. Áí üìùò åß÷áìå âÜëåé – áíôß ãéá + óôïí üñï

kð/10, å ôüôå ç êßíçóç èá Þôáí ðñïò ôá äåîéÜ. Ãéá íá ìç óðáôáëÜìå ÷þñï, èá óâÞíïõìå óõ÷íÜ óôá note-

books åöáñìïãþí ôçò animation ðïëëÜ áðü ôá ó÷Þìáôá ðïõ èá ðñïêýðôïõí áðü ôéò áíÜëïãåò åíôïëÝò.

Ôï åðüìåíï ó÷Þìá ìáò äåß÷íåé ôçí êßíçóç åíüò ìéêñïý êýêëïõ áêôßíáò a = 0.03 ðÜíù óôïí Üîïíá Ox áðü

x = 0 ìÝ÷ñé x = 1 ìå óôáèåñÞ ôá÷ýôçôá. ×ñçóéìïðïéïýìå ðÜëé ôçí åíôïëÞ Table, åäþ ìáæß ìå ôéò åíôïëÝò

Disk, Graphics êáé Show. ÐÜåé ëïéðüí ìå Ctrl Y äåîéÜ ôï êõêëÜêé, êéíåßôáé! ¼ôáí âÝâáéá ôåëåéþóåé áõôÞ ç

ðáñÜóôáóç êáé ôï êõêëÜêé öèÜóåé óôï óçìåßï x = 1, ôüôå ãõñßæåé áðüôïìá ðßóù êáé îáíáñ÷ßæåé íá êéíåßôáé

áðü ôçí áñ÷Þ: áðü ôï óçìåßï x = 0. ÄïêéìÜóôå ôï ìå ìáýñéóìá (ìå ðÜôçìá ôïõ ðïíôéêéïý) ôçò êáôáêüñõ-

öçò ìðëå ãñáììÞò äåîéÜ óôï notebook ðïõ ðåñéëáìâÜíåé üëá ôá ðéï êÜôù ó÷Þìáôá êáé ìåôÜ áðëÜ Ctrl Y:



In[4]:= tb1 Table Show Graphics Disk x, 0 , 0.03 , AspectRatio 0.08 1.1, PlotRange

0.05, 1.05 , 0.04, 0.04 , Axes True, Ticks None , x, 0, 1, 0.1 ;

Íá êáé ç áíôßóôïé÷ç êßíçóç ðñïò ôá áñéóôåñÜ. Êáé áõôÞ åíåñãïðïéåßôáé ìå Ctrl Y,  áñêåß âÝâáéá íá åðéëå-

ãïýí üëá ôá ó÷Þìáôá,  üëåò ïé  èÝóåéò  ôïõ êýêëïõ.  Áõôü ìðïñåß  íá ãßíåé,  îáíáëÝìå,  åßôå  (á)  ìå  ìáýñéóìá

ôçò  êáôáêüñõöçò  ìðëå  ãñáììÞò  óôçí  Ýîïäï  ôçò  ðéï  êÜôù  åíôïëÞò  åßôå  (â)  ìå  ìáýñéóìá ôçò  åðüìåíÞò

ôçò (ðñïò ôá Ýîù) êáôáêüñõöçò ìðëå ãñáììÞò, ç ïðïßá ðåñéëáìâÜíåé êáé ôçí åßóïäï ôçò ßäéáò åíôïëÞò. 

In[5]:= tb2 Table Show Graphics Disk x, 0 , 0.03 , AspectRatio 0.08 1.1, PlotRange

0.05, 1.05 , 0.04, 0.04 , Axes True, Ticks None , x, 1, 0, 0.1 ;

Ìå ëßãç ðñïóï÷Þ ìðïñïýìå (á) íá ìáõñßóïõìå êáé ôéò äýï ðéï ðÜíù åíôïëÝò ìå ôá áðïôåëÝóìáôá tb1 êáé

tb2 ôáõôü÷ñïíá êáé ôçí åíäéÜìåóç ðáñÜãñáöï êåéìÝíïõ. (Äåí ðåéñÜæåé, åðåéäÞ ç åíäéÜìåóç ðáñÜãñáöïò

êåéìÝíïõ äåí Ý÷åé êáíÝíá ó÷Þìá!) ¢ñá ìáõñßæïõìå óõíïëéêÜ ôñåéò äéáäï÷éêÝò êáôáêüñõöåò ìðëÝ ãñáììÝò



äåîéÜ  óôï  notebook  êáé  ðáôÜìå  êáé  ðÜëé  Ctrl  Õ.  Ôþñá  ç  êßíçóç  èá  åßíáé  êáé  ðñïò  ôá  äåîéÜ  êáé  ðñïò ôá

áñéóôåñÜ: óõíå÷Þò êßíçóç, ç óùóôÞ êßíçóç. (¸íá ìéêñü äéáëåéììáôÜêé ðïõ ãßíåôáé óôçí êßíçóç áõôÞ óôá

óçìåßá x = 0 êáé x = 1, üðïõ êáêþò  ðÞñáìå äéðëÝò êáìðýëåò, îåöåýãåé óõíÞèùò áðü ôçí ðñïóï÷Þ ìáò.

Áõôü üìùò äå èá ôï îáíáêÜíïõìå! Äå èá ôï êÜíïõìå óôéò åöáñìïãÝò ôïõ Ðïëéôéêïý Ìç÷áíéêïý!) ÁõôÜ!

ÌÝ÷ñé ôþñá óôï notebook áõôü ãéá animations (êéíÞóåéò óå ó÷Þìáôá) ìå ôç Mathematica

1.  ÌÜèáìå ôß áêñéâþò åßíáé ìéá animation: êßíçóç óå ó÷Þìá, Ýíá êéíïýìåíï ó÷Þìá, Ýíá "æùíôáíü" ó÷Þìá. 

2.  ÌÜèáìå ðþò íá äçìéïõñãïýìå ôçí áêïëïõèßá ôùí äéáäï÷éêþí ó÷çìÜôùí ðïõ ÷ñåéÜæåôáé ìéá animation:

óõíÞèùò ìå ìßá Þ äýï ôï ðïëý åöáñìïãÝò ôçò åíôïëÞò Table. ÁíÜëïãá âÝâáéá éó÷ýïõí ìå ôçí åöáñìïãÞ

ôçò ðáñáðëÞóéáò åíôïëÞò Do êáé Üëëùí åéäéêþí åíôïëþí ãéá animations, üðùò åßíáé ç åíôïëÞ Animate.

3.  ÌÜèáìå åðßóçò íá "óçìáäåýïõìå" ôá ó÷Þìáôá áõôÜ óôï notebook ðïõ åñãáæüìáóôå áðëÜ ìáõñßæïíôáò

ìå ôï ðïíôßêé ü÷é ôá ßäéá ôá ó÷Þìáôá: ôçí êáôÜëëçëç Þ ôéò êáôÜëëçëåò êáôáêüñõöåò ìðëå ãñáììÝò ôïõò

äåîéÜ óôï notebook. Ïé ãñáììÝò áõôÝò ðñÝðåé ïðùóäÞðïôå (á) íá ðåñéëáìâÜíïõí áñéóôåñÜ ôïõò üëá ôá

ó÷Þìáôá ðïõ  ÷ñåéáæüìáóôå  óå  ìéá  animation êáé  (â)  íá  ìçí ðåñéëáìâÜíïõí êáíÝíá áðïëýôùò ðáñÜóéôï

(ðáñáóéôéêü)  ó÷Þìá  ðïõ äåí áöïñÜ óôçí animation ðïõ äçìéïõñãïýìå.  ÔÝëïò ï  áëçèéíüò èñßáìâüò ìáò:

ìÜèáìå íá ðáôÜìå Ctrl  Y  (áðü ôï ðëçêôñïëüãéï)  Þ éóïäýíáìá Cell  -> Animate Selected Graphics (áðü

ôéò åðéëïãÝò, ôá menus, ìå ôï ðïíôßêé) êáé íá âëÝðïõìå ôçí animation ðïõ Þäç äçìéïõñãÞóáìå íá êéíåßôáé

ìðñïóôÜ ìáò. ¼ôáí âáñåèïýìå íá ðáñáôçñïýìå áõôü ôï äçìéïýñãçìÜ ìáò, ôçí animation, ðáôÜìå êÜðïõ

óôçí  ôý÷ç  ôï  ðïíôßêé  ìÝóá  óôï  notebook  êáé  ç  ðáñÜóôáóç  ôåëåéþíåé.  ºóùò  ãéá  íá  áñ÷ßóåé  ìéá  Üëëç

êáëýôåñç ìå ìéá êáéíïýñãéá animation. Ðïëý ùñáßá þò åäþ! Êáé ðñï÷ùñÜìå ëßãï áêüìç: óôo ôåëéêü áñ÷åßo.

Ôï ôåëåõôáßï ìáò âÞìá, óôï ïðïßï áöéåñþíïõìå áõôÞí ôçí åíüôçôá ôïõ notebook åßíáé ç "åîáãùãÞ" ôçò

animation  ôçí  ïðïßá  Þäç  åôïéìÜóáìå  ìå  ôç  Mathematica  óôïí  Ýîù  êüóìï:  óôïí  êüóìï  ðïõ  ãåíéêÜ  äå

÷ñçóéìïðïéåß  ôç  Mathematica.  Áõôü  ôï  ðåôõ÷áßíïõìå  ìå  ôç  äçìéïõñãßá  êáé  ôç  ÷ñÞóç  åíüò  áñ÷åßïõ  gif.
Óôçí êßíçóç ôçò çìéôïíéêÞò êáìðýëçò óôçí Ýîïäï ôçò åíôïëÞò [3]  Ý÷ïõìå äçìéïõñãÞóåé ìå ôçí åíôïëÞ

Table  ôïí  ðßíáêá  SinAnimation  ìå  20  ãñáöéêÝò  ðáñáóôÜóåéò  ôçò  çìéôïíéêÞò  óõíáñôÞóåùò  sin,  ôç  ìßá

åëáöñÜ  ìåôáôïðéóìÝíç  ùò  ðñïò  ôçí  Üëëç.  Áõôüí  ôïí  ðßíáêá  SinAnimation  ìðïñïýìå  ôþñá  íá  ôïí

"åîáãÜãïõìå"  áðü  ôç  Mathematica  ÷ñçóéìïðïéþíôáò  ìéá  åéäéêÞ  åíôïëÞ  åîüäïõ  ôçò  Mathematica:  ôçí

åíôïëÞ Export. Óêïðåýïõìå Ýôóé íá äçìéïõñãÞóïõìå Ýíá áñ÷åßï gif (GIF) ìå ôá ó÷Þìáôá ðïõ åôïéìÜóáìå

êáé Þäç äéáèÝôïõìå óôïí ðßíáêá SinAnimation. Ç óýíôáîç áõôÞò ôçò åíôïëÞò óôçí ðåñßðôùóÞ ìáò åßíáé

Export["ÐëÞñåò¼íïìáÁñ÷åßïõ ", ÔáÓ÷ÞìáôáÔçòAnimation,  ConversionOptions  {Loop  True}]

Óôçí ðåñßðôùóÞ ìáò ï ðßíáêáò ìå üëá ôá ó÷Þìáôá ôçò animation ðïõ Þäç äçìéïõñãÞóáìå ãéá ôçí êßíçóç

ôçò çìéôïíéêÞò êáìðýëçò åßíáé ï ðßíáêáò SinAnimation. Ôï üíïìá ôïõ áñ÷åßïõ üðïõ èá âÜëïõìå üëá áõôÜ

ôá ó÷Þìáôá äåí åßíáé éäéáßôåñá óçìáíôéêü, ðñÝðåé  üìùò ïðùóäÞðïôå íá ôåëåéþíåé óå gif (Þ GIF,  ôï ßäéï

êÜíåé!).  Åäþ åðéëÝ÷èçêå ôï üíïìá SineCurveAnimation.gif .  Ôï áñ÷åßï áõôü ôï èÝôïõìå åäþ óôï óêëçñü

äßóêï  D:  êáé  ìÜëéóôá  óôï  öÜêåëï  (directory)  cemb\animations.  Äåí  Ý÷ïõí  éäéáßôåñç  óçìáóßá  áõôÜ.  Äåí

îå÷íÜìå âÝâáéá ôá åéóáãùãéêÜ ðïõ ðåñéêëåßïõí ôï ðëÞñåò üíïìá ôïõ áñ÷åßïõ. Ôï óçìáíôéêü åßíáé íá ìçí

îå÷áóèåß óôï ôÝëïò ç åðéëïãÞ ConversionOptions  {Loop  True} ãéá ôï áñ÷åßï gif ðïõ åîÜãïõìå áðü



ôç Mathematica.  Ìå ôçí åðéëïãÞ áõôÞ äçëþíïõìå óôç Mathematica  üôé áõôü ôï áñ÷åßï gif (êáé åßíáé åäþ

áñ÷åßï gif, åðåéäÞ öôåéÜ÷èçêå óáí áñ÷åßï gif) äåí åßíáé Ýíá êïéíü, óôáôéêü áñ÷åßï gif. Åßíáé Ýíá áñ÷åßï gif
ìå animation: ìå êéíïýìåíï ó÷Þìá ó' áõôü. ÖèÜíïõí ïé åðåîçãÞóåéò þò åäþ. Íá êáé ç åíôïëÞ ðïõ äþóáìå:

In[6]:= Export "D:\cemb\animations\SineCurveAnimation.gif",

SinAnimation, ConversionOptions Loop True

Out[6]=

Ìå ôïí ôñüðï áõôü ï ðßíáêáò SinAnimation  ôùí ãñáöéêþí ðáñáóôÜóåþí ìáò öåýãåé (åîÜãåôáé:  åíôïëÞ

Export  ôçò  Mathematica  ãéá  ôçí  åîáãùãÞ  áðïôåëåóìÜôùí:  åîÜãáãå,  íá  åîáãÜãåéò  óçìáßíåé)  áðü  ôç

Mathematica  ðñïò ôïí Ýîù êüóìï. Êáé  ôþñá âãáßíïõìå (ðñïóùñéíÜ Þ ïñéóôéêÜ) áðü ôç Mathematica  êáé

åðáëçèåýïõìå  áðü  ôïí  õðïëïãéóôÞ  ìáò  (ð.÷.  ìÝóù  ôùí åéêïíéäßùí My Computer,  Local  Disk  (D:),  êëð.)

ðùò ðñáãìáôéêÜ, óô' áëÞèåéá õðÜñ÷åé ôï áñ÷åßï gif ðïõ ìå ôüóï êüðï äçìéïõñãÞóáìå óôï óêëçñü äßóêï

D:  êáé ìÜëéóôá óôï directory D:\cemb\animations.  Ìáò Ýöõãå ëßãï ç áíçóõ÷ßá ìÞðùò êÜôé äåí Ý÷åé ðÜåé

êáëÜ. Åõôõ÷þò üëá ðÞãáíå êáëÜ þò åäþ êáé ôï áñ÷åßï gif ðïõ ìå ôüóï êüðï öôåéÜîáìå (÷Üñç óôç Mathe-

matica âÝâáéá) ðñáãìáôéêÜ õðÜñ÷åé åêåß üðïõ æçôÞóáìå íá ðÜåé. ÌðñÜâï ìáò ëïéðüí! Êáé ôß êÜíïõìå ôþñá;

Ôþñá áðëÜ ðáôÜìå  ìå ôï  ðïíôßêé  ðÜíù óôï åéêïíßäéï áõôïý ôïõ áñ÷åßïõ gif,  äçëáäÞ ôïõ áñ÷åßïõ Sine-

CurveAnimation.gif êáé, ù ôïõ èáýìáôïò, âëÝðïõìå ìðñïóôÜ ìáò íá áíïßãåé Ýíá ðáñÜèõñï ôïõ õðïëïãé-

óôÞ  ìáò  êáé  íá  ðáñïõóéÜæåôáé  ç  êßíçóç  ôçò  çìéôïíéêÞò  ìáò  êáìðýëçò  Ýîù  áðü  ôç  Mathematica:  äåí  ôç

÷ñåéáæüìáóôå  ðéá!  Íá  ëïéðüí  ðïõ  ç  animation  ðïõ  öôåéÜîáìå  ëåéôïõñãåß  ôÝëåéá.  Ìå  ôéò  åðéëïãÝò  ðïõ

Ý÷ïõìå óôá ìéêñÜ åéêïíßäéá êÜôù óôï ðáñÜèõñï áõôü ìðïñïýìå íá ìåãáëþóïõìå ôï ó÷Þìá ìå ôçí anima-

tion ìå Zoom Én (+), íá ôç ìéêñýíïõìå ìå Zoom Out (–), íá ôçí êÜíïõìå slide, íá ôçí áðïèçêåýóïõìå, êëð.

Êáìáñþíïõìå âÝâáéá ãéá ôç äïõëåéÜ ìáò, ôç âëÝðïõìå êáé ôçí îáíáâëÝðïõìå. Êßíçóç óáí ìéá ðïëý ìéêñÞ

ôáéíßá  êéíçìáôïãñÜöïõ.  ¼ôáí  ôåëåéþóïõìå,  êëåßíïõìå  ôï  ðáñÜèõñï  ðïõ  åß÷å  áíïé÷èåß  ðáôþíôáò  ôï

êüêêéíï  ×  ðÜíù  äåîéÜ  óôçí  ïèüíç  êáé  åðéôñÝöïõìå  ðßóù  óôïí  õðïëïãéóôÞ  ìáò  ìå  êáéíïýñãéá  ßóùò

ó÷Ýäéá äçìéïõñãßáò animations ìå ôç Mathematica  (Þ êáé ìå Üëëá ðñïãñÜììáôá ðïõ äçìéïõñãïýí anima-

tions óôï ìÝëëïí, ãéáôß ü÷é;) óå áñ÷åßá animated gif (Þ êáé óå Üëëùí åéäþí áñ÷åßá óôï ìÝëëïí, ãéáôß ü÷é;). 

Ôþñá ðïõ ðÞñáìå èÜññïò ìðïñïýìå íá äçìéïõñãÞóïõìå êé Ýíá áñ÷åßï gif ãéá ôçí êßíçóç ôïõ êýêëïõ óôï

äéÜóôçìá [0, 1] óôï äåýôåñï ðáñÜäåéãìá. Áðüëõôá áíÜëïãá ìå ðñïçãïõìÝíùò äçìéïõñãïýìå ôï áñ÷åßï: 

In[7]:= Export "C:\CircleMovement.gif", tb1, tb2 , ConversionOptions Loop True ;

Óôï áñ÷åßï áõôü âÜëáìå üëá ôá ó÷Þìáôá: êáé ôá ó÷Þìáôá tb1 êáé ôá ó÷Þìáôá tb2 ðïõ äçìéïõñãÞóáìå ðéï

ðÜíù,  þóôå  íá  Ý÷ïõìå  ðëÞñç  êßíçóç  ôïõ  êýêëïõ  êáé  ðñïò  äåîéÜ  êáé  ðñïò  ôá  áñéóôåñÜ.  Êáé  ðÜëé,  áöïý

åðáëçèåýóïõìå üôé  êé áõôü áñ÷åßï gif:  ôï CircleMovement.gif åßíáé  ðñÜãìáôé óôç èÝóç ôïõ,  ôï êáëïýìå

(ðáôþíôáò ôï åéêïíßäéü ôïõ) êáé ðáñáôçñïýìå ôçí êßíçóç ôïõ êýêëïõ óôçí animation ôçí ïðïßá öôåéÜîáìå.

Ôéò  animations ðïõ öôåéÜîáìå êáé  ðïõ èá öôåéÜîïõìå óå  åöáñìïãÝò ôïõ Ðïëéôéêïý Ìç÷áíéêïý (éäßùò óå

ðñïâëÞìáôá  ôáëáíôþóåùí:  ìç÷áíéêþí  óõóôçìÜôùí,  äïêþí,  ðëáêþí,  êôéñßùí êáé  åðßóçò ëõãéóìïý,  ñïÞò

ñåõóôþí,  êëð.)  ìðïñïýìå  íá  ôéò  óôåßëïõìå  óå  ößëïõò  Þ  íá  ôéò  âÜëïõìå  óå  ìéá  éóôïóåëßäá.  ¸ôóé  èá

ìðïñÝóåé ßóùò íá äçìéïõñãçèåß ìéá "âéâëéïèÞêç" ìå animations åíäéáöÝñïíôïò ôïõ Ðïëéôéêïý Ìç÷áíéêïý. 

Óçìåéþíåôáé  ôÝëïò üôé  óôï Ôåý÷ïò 2 ôùí ÅöáñìïóìÝíùí Ìáèçìáôéêþí ÉÉ  ãéá Ðïëéôéêïýò Ìç÷áíéêïýò
õðÜñ÷ïõí äýï notebooks ãéá animations ðïõ áöïñïýí óå ôáëáíôþóåéò: óõóôÞìáôïò ìÜæáò–åëáôçñßïõ êáé

ìïíþñïöïõ  êôéñßïõ.  Êáé  áíÜëïãá  óôï  Ôåý÷ïò  2  ôùí  ÅöáñìïóìÝíùí  Ìáèçìáôéêþí  ÉÉÉ  ãéá  Ðïëéôéêïýò

Ìç÷áíéêïýò  õðÜñ÷ïõí  åðßóçò  äýï  notebooks  ãéá  animations  ðïõ  áöïñïýí  óå  ôáëáíôþóåéò  (éäéïôá-

ëáíôþóåéò):  áìöéÝñåéóôçò äïêïý  êáé  ïñèïãùíéêÞò ðëÜêáò.  ÂÝâáéá  ç ìåëÝôç  ôïõ  ðáñüíôïò  åéóáãùãéêïý

notebook ãéá ôéò animations åßíáé áíáãêáßá, þóôå íá ðñï÷ùñÞóåé êáíåßò ðéï ðÝñá óôéò åöáñìïãÝò áõôÝò.
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ÂÉÂËÉÏÃÑÁÖÉÁ

• Óôá ÅëëçíéêÜ ôï ÷ñïíéêÜ ðñþôï âéâëßï ãéá ôç Mathematica åßíáé åêåßíï ôïõ Ê. Å. ÐáðáäÜêç.
Ðñüêåéôáé ãéá Ýíá Üñéóôá ãñáììÝíï êáé êáëïôõðùìÝíï âéâëßï. Áõôü êáëýðôåé åêôåíþò ôéò ðåñéóóü-
ôåñåò ÷ñÞóéìåò åíôïëÝò ôçò Mathematica êáé ðåñéÝ÷åé ðÜñá ðïëëÜ ðáñáäåßãìáôá êáé åöáñìïãÝò:

1. ÐáðáäÜêçò, Ê. Å. (2002), ÅéóáãùãÞ óôï Mathematica, 2ç ¸êäïóç. Åêäüóåéò Ôæéüëá, Èåóóá-
ëïíßêç.

• Åêôüò áðü ôï âéâëßï áõôü õðÜñ÷ïõí êáé ðïëý ëßãá áêüìç áîéüëïãá âéâëßá ãéá ôç Mathematica
óôá ÅëëçíéêÜ. ÂáóéêÜ óõíéóôþíôáé ôá åîÞò ôÝóóåñá âéâëßá:

1. Don, E. (2005),Mathematica. ÌåôÜöñáóç áðü ôçí ÁããëéêÞ¸êäïóç ìå ôïí ßäéï ôßôëï, Schaum’s
Outlines, McGraw-Hill, New York. ÅëëçíéêÞ ¸êäïóç: ÊëåéäÜñéèìïò, ÁèÞíá.

2. Èåïäþñïõ, Ã., Èåïäþñïõ, ×. (2005), Mathematica êáé ÅöáñìïãÝò. Åêäüóåéò Ãéá÷ïýäç, Èåó-
óáëïíßêç.

3. ÊáñáìðåôÜêçò, Í., ÓôáìáôÜêçò, Ó., Øùìüðïõëïò, Å. (2004), ÌáèçìáôéêÜ & Ðñïãñáììáôé-
óìüò óôï Mathematica. Åêäüóåéò ÆÞôç, Èåóóáëïíßêç.

4. Tñá÷áíÜò, Ó. (2001), Mathematica êáé ÅöáñìïãÝò ãéá Ìáèçìáôéêïýò, Öõóéêïýò êáé Ìç÷á-
íéêïýò. ÐáíåðéóôçìéáêÝò Åêäüóåéò ÊñÞôçò, ÇñÜêëåéï. (Óçìåéþíåôáé üôé ó’ áõôü ôï âéâëßï
÷ñçóéìïðïéåßôáé ï üñïò «ç Mathematica» ðïõ õéïèåôÞèçêå êáé óôï öÜêåëï áõôü.)

• Åðßóçò ðåñéëáìâÜíïõí óçìáíôéêü ìÝñïò ãéá ôç Mathematica êáé ôá åîÞò äýï âéâëßá:

1. ÂëÜ÷ïò, Ë. (2008), Äéáöïñéêüò Ëïãéóìüò Ðïëëþí Ìåôáâëçôþí ìå Óýíôïìç ÅéóáãùãÞ óôï
Mathematica. Åêäüóåéò Ôæéüëá, Èåóóáëïíßêç.

2. Ðáðáãåùñãßïõ, Ã. Ó., Ôóßôïõñáò, ×. Ã., ÖáìÝëçò, É. È. (2004), Óýã÷ñïíï Ìáèçìáôéêü Ëïãé-
óìéêü: MATLAB -- MATHEMATICA: ÅéóáãùãÞ êáé ÅöáñìïãÝò. Åêäüóåéò Óõìåþí, ÁèÞíá.

• Óôá ÁããëéêÜ õðÜñ÷åé Ýíáò ôåñÜóôéïò üãêïò âéâëßùí ãéá ôç Mathematica. Ôçí ðñþôç èÝóç ôçí
êáôÝ÷åé ðñïöáíþò ôï ó÷åôéêü åêôåíÝóôáôï åã÷åéñßäéï ôçò Mathematica áðü ôïí ßäéï ôï äçìéïõñãü
ôçò Mathematica Stephen Wolfram êáé åðßóçò ôï óõíïäü âéâëßï ãéá ôá ðáêÝôá ôçò Mathematica:

1. Wolfram, S. (1999), TheMathematica Book, 4ç¸êäïóç: MathematicaVersion 4. WolframMedia,
Champaign, Illinois, and Cambridge University Press, Cambridge. (Óçìåéþíåôáé ðùò áõôÞ åßíáé
ç Ýêäïóç (ç version) ôçò Mathematica ðïõ ÷ñçóéìïðïéåßôáé óôï öÜêåëï áõôü.)

2. Wolfram Research (1999), Mathematica 4 Standard Add-on Packages. Wolfram Media, Cham-
paign, Illinois.

• ÁíÜìåóá óôá åêáôïíôÜäåò ßóùò åðéðëÝïí âéâëßá ãéá ôç Mathematica åäþ ðåñéïñéæüìáóôå íá
áíáöÝñïõìå Ýíá êëáóéêü âéâëßï ãéá ôéò ÄéáöïñéêÝò Åîéóþóåéò ìå ôç Mathematica, Ýíá ðñüóöáôï
âéâëßï ãéá ôéò ÌéãáäéêÝò ÓõíáñôÞóåéò ðÜëé ìå ôçMathematica êáé ôÝëïò Ýíá âéâëßï ãéá ôéò animations
(ôá êéíïýìåíá ó÷Þìáôá) ðïõ ìðïñïýí êé áõôÝò íá äçìéïõñãçèïýí åýêïëá ìå ôç Mathematica:

1. Abell, M. L., Braselton, J. P. (2004), Differential Equations with Mathematica, 3ç ¸êäïóç. Aca-
demic Press, San Diego, California.

2. Shaw, W. T. (2006), Complex Analysis with Mathematica. Cambridge University Press, Cam-
bridge.

3. Franke, H. W. (2002), Animation mit Mathematica. Springer, Berlin.



174 (Âéâëéïãñáößá) ×ÑÇÓÉÌÅÓ ÅÍÔÏËÅÓ ÔÇÓ MATHEMATICA ÃÉÁ ÐÏËÉÔÉÊÏÕÓ ÌÇ×ÁÍÉÊÏÕÓ:

• ÏöïéôçôÞò êáé çöïéôÞôñéáÐïëéôéêüòÌç÷áíéêüòðïõ åíäéáöÝñïíôáé ðáñáðÝñá ãéá ôçMathe-
matica êáé ôéò åöáñìïãÝò ôçò ìðïñïýí íá âñïõí ðïëý ðåñéóóüôåñá âéâëßá óå åîåéäéêåõìÝíá ôå÷íéêÜ
âéâëéïðùëåßá êáé óôï äéáäßêôõï (ð.÷. óôç ãíùóôÞçëåêôñïíéêÞ äéåýèõíóç http://www.amazon.com).
ÕðÜñ÷ïõí åðßóçò êáé ðÜñá ðïëëÝò éóôïóåëßäåò ìå ðëçñïöïñßåò êáé notebooks ãéá ôç Mathematica.
Ç ðéï âáóéêÞ ó÷åôéêÞ éóôïóåëßäá åßíáé öõóéêÜ ç éóôïóåëßäá http://www.wolfram.com ôçò ßäéáò ôçò
åôáéñåßáò Wolfram Research ðïõ äéáèÝôåé ôç Mathematica.
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ÅÕÑÅÔÇÑÉÏ ÅÐÉËÏÃÙÍ ÔÇÓ MATHEMATICA

• ÔÏ ÅÕÑÅÔÇÑÉÏ ÁÕÔÏ: Óôï äéóÝëéäï áõôü åõñåôÞñéï áíáöÝñïõìå ìåñéêÝò (ôéò ðéï ÷ñÞóé-

ìåò 30) åðéëïãÝò ðïõ åßíáé ðñïóéôÝò áðü ôá menus ôçò Mathematica, ðþò êáëåßôáé ç êá-

èåìéÜ ôïõò áðü ôï ðëçêôñïëüãéï (÷ùñßò ôç ÷ñÞóç ôùí menus), üôáí áõôü åßíáé åöéêôü,

êáé ôß áêñéâþò êÜíåé. ÖõóéêÜ õðÜñ÷ïõí ðÜñá ðïëëÝò áêüìç åíäéáöÝñïõóåò åðéëïãÝò!

1. Áðü ôï menu File

• File → New [Þ Ctrl N]: Äçìéïõñãåß Ýíá åíôåëþò êáéíïýñãéï notebook

• File → Open . . . [Þ Ctrl o]: Áíïßãåé Ýíá notebook

• File → Save . . . [Þ Ctrl s]: Áðïèçêåýåé ôï notebook óôçí ðñïêáèïñéóìÝíç èÝóç ôïõ

• File → Save As . . . [Þ Shift Ctrl s]: Áðïèçêåýåé ôï notebook óôç èÝóç ðïõ êáèïñßæïõìå

• File → Palettes: Oäçãåß óôéò ðáëÝôôåò ãéá ôçí åðéëïãÞ åíüò óõìâüëïõ Þ ìéáò åíôïëÞò

• File → Notebooks: Ïäçãåß óôá ðéï ðñüóöáôá notebooks, þóôå íá êáëÝóïõìå Ýíá

• File → Print . . . [Þ Ctrl p]: Ôõðþíåé ôï notebook óôïí åêôõðùôÞ

• File→ Print Selection . . . [Þ Shift Ctrl p]: Ôõðþíåé ôï ìÝñïò ôïõ notebook ðïõ ìáõñßóáìå

2. Áðü ôï menu Edit

• Edit → Undo [Þ Ctrl z]: Áíáéñåß ôçí ðñïçãïýìåíç åíôïëÞ óôï notebook

• Edit → Cut [Þ Ctrl x]: Áðáëåßöåé (êüâåé) ôï ôìÞìá ôïõ notebook ðïõ Ý÷ïõìå ìáñêÜñåé

• Edit→Copy [ÞCtrl c]: ÌåôáöÝñåé ôï ìáñêáñéóìÝíï ôìÞìá ôïõ notebook óôïí clipboard

• Edit → Paste [Þ Ctrl v]: ÁíôéãñÜöåé ü,ôé âñßóêåôáé óôïí clipboard ðÜíù óôï notebook

• Edit → Select All [Þ Ctrl a]: ÅðéëÝãåé (ìáñêÜñåé, ìáõñßæåé) ïëüêëçñï ôï notebook

• Edit→Expression Input: ÅðéôñÝðåé ôïí êáèïñéóìü åéóüäïõóáí åêèÝôç, äåßêôç, ñßæá, êëð.

• Edit → Preferences: Ïäçãåß óå ìéá ôåñÜóôéá óõëëïãÞ üëùí ôùí äõíáôïôÞôùí åìöáíß-

óåùò ôïõ notebook ãéá åðéëïãÞ, Ýôóé þóôå íá åðéôåõ÷èåß ç âÝëôéóôç åìöÜíéóÞ ôïõ

3. Áðü ôï menu Cell

• Cell → Animate Selected Graphics [Þ Ctrl Y]: Äçìéïõñãåß animation (êéíïýìåíï ó÷Þìá)

4. Áðü ôï menu Format

• Format → Style → Title [Þ Alt 1]: ÃñáöÞ óå ìïñöÞ áñ÷éêïý ôßôëïõ

• Format → Style → Section [Þ Alt 4]: ÃñáöÞ óå ìïñöÞ ôßôëïõ åíüôçôáò

• Format → Style → Text [Þ Alt 7]: ÃñáöÞ óå ìïñöÞ ðáñáãñÜöïõ êåéìÝíïõ

• Format → Style → Input [Þ Alt 9]: ÃñáöÞ óå ìïñöÞ åéóüäïõ åíôïëÞò, üôáí ÷ñåéÜæåôáé

• Format → Font: ÅðéëïãÞ ãñáììáôïóåéñÜò

• Format → Face: ÅðéëïãÞ ôñüðïõ ãñáöÞò: üñèéá, ðá÷éÜ, ðëÜãéá, õðïãñÜììéóç
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• Format → Size: ÅðéëïãÞ ìåãÝèïõò ÷áñáêôÞñùí

• Format → Text Justification: ÅðéëïãÞ ôñüðïõ óôïé÷ßóåùò ôùí ðáñáãñÜöùí

• Format → Magnification: ÅðéëïãÞ ðïóïóôïý ìåãåíèýíóåùò ôïõ notebook óôçí ïèüíç

5. Áðü ôï menu Kernel

• Kernel→ Evaluation→ Evaluate Notebook: ÅêôÝëåóç üëùí ôùí åíôïëþí ôïõ notebook

• Kernel → Abort Evaluation [Þ Alt .]: ÏñéóôéêÞ äéáêïðÞ ôçò åêôåëÝóåùò ìéáò åíôïëÞò

• Kernel→Quit Kernel→ Local→Quit: ÐëÞñçò äéáêïðÞ õðïëïãéóìþí ìå ôçMathematica

6. Áðü ôï menu Find

• Find→ Find . . . [ÞCtrl F]: Ïäçãåß óå áíáæÞôçóç (êáé áí ÷ñåéÜæåôáé) êáé óå áíôéêáôÜóôáóç

7. Áðü ôï menu Help

• Help→ Help Browser [Þ Shift F1]: Êáëåß ôç âïÞèåéá ôçòMathematica ãéá ôéò åíôïëÝò ôçò
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ÅÕÑÅÔÇÑÉÏ ÅÍÔÏËÙÍ ÔÇÓ MATHEMATICA

• ÏÄÇÃÉÅÓ ×ÑÇÓÅÙÓ: Ôï ðåíôáóÝëéäï áõôü åõñåôÞñéï áöïñÜ óå üëåò (224) ôéò åíôïëÝò
ôçò Mathematica ðïõ Ý÷ïõí Þäç áíáöåñèåß êáô’ áëöáâçôéêÞ óåéñÜ. Ðñþôá áíáöÝñåôáé
ç ßäéá ç åíôïëÞ. Áêïëïõèåß ç óåëßäá üðïõ áõôÞ âñßóêåôáé (ð.÷. 113 ãéá ôçí åíôïëÞ DSolve),
Üíù êáé êÜôù ôåëåßá (:) êáé ï áñéèìüò ôçò åíôïëÞò (ð.÷. D1) óôï ó÷åôéêü notebook. (ÓõíÞ-
èùò ìüíï ç óåëßäá áñêåß!) ÔÝëïò áíáöÝñåôáé ðïëý ðåñéëçðôéêÜ ôß êÜíåé ç êáèåìßá åíôïëÞ.
Ãéá ôç óýíôáîç, ðåñéóóüôåñåò ðëçñïöïñßåò êáé ðáñáäåßãìáôá ï ÷ñÞóôçò êáé ç ÷ñÞóôñéá
ôçò Mathematica Ðïëéôéêüò Ìç÷áíéêüò ðñÝðåé íá áíáôñÝîïõí óôï ßäéï ôï notebook üðïõ
ðáñáðÝìðåé (ìå ôïí ôñüðï ðïõ åîçãÞèçêå) áõôü ôï ÅõñåôÞñéï Åíôïëþí ôçò Mathematica.

? → 8:Ã13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðëçñïöïñßåò ãéá åíôïëÞ
?? → 8:Ã14 . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐëÞñåéò ðëçñïöïñßåò ãéá åíôïëÞ
$MachinePrecision → 107:N1 . . . . . . . ÔÉ ÊÁÍÅÉ: Áêñßâåéá ìç÷áíÞò
Abs → 15:Ó1 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áðüëõôïò ôéìÞ
Accuracy → 107:N3 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄåêáäéêÞ áêñßâåéá
And → 81:G1 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ëïãéêü êáé
Apart → 21:A8 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíÜëõóç êëáóìÜôùí
Append → 48:L19 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐñïóèÞêç óôïé÷åßïõ óôo ôÝëïò ëßóôáò
ArcCos → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï óõíçìéôüíïõ
ArcCosh → 16:Ó4 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêïý óõíçìéôüíïõ
ArcCot → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï óõíåöáðôïìÝíçò
ArcCoth → 16:Ó4 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêÞò óõíåöáðôïìÝíçò
ArcCsc → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï óõíôÝìíïõóáò
ArcCsch → 16:Ó4 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêÞò óõíôÝìíïõóáò
ArcSec → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï ôÝìíïõóáò
ArcSech → 16:Ó4 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêÞò ôÝìíïõóáò
ArcSin → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï çìéôüíïõ
ArcSinh → 16:Ó4 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêïý çìéôüíïõ
ArcTan → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç/ôüîï åöáðôïìÝíçò
ArcTanh → 16:Ó4 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöç óõíÜñôçóç õðåñâïëéêÞò åöáðôïìÝíçò
Arg → 151:C5 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¼ñéóìá
Attributes → 6:Ã9 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Éäéüôçôåò
BesselI → 18:Ó11 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñïðïðïéçìÝíç óõíÜñôçóç Bessel ðñþôïõ åßäïõò
BesselJ → 18:Ó11 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíÜñôçóç Bessel ðñþôïõ åßäïõò
BesselJPrimeZeros → 105:Å9 . . . . . . . ÔÉ ÊÁÍÅÉ: Ñßæåò ðáñáãþãïõ óõíáñôÞóåùò Bessel ðñþôïõ åßäïõò
BesselJZeros → 105:Å7 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ñßæåò óõíáñôÞóåùò Bessel ðñþôïõ åßäïõò
BesselK → 18:Ó11 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñïðïðïéçìÝíç óõíÜñôçóç Bessel äåõôÝñïõ åßäïõò
BesselY → 18:Ó11 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíÜñôçóç Bessel äåõôÝñïõ åßäïõò
BesselYPrimeZeros → 105:Å10 . . . . . ÔÉ ÊÁÍÅÉ: Ñßæåò ðáñáãþãïõ óõíáñôÞóåùò Bessel äåõôÝñïõ åßäïõò
BesselYZeros → 105:Å8 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ñßæåò óõíáñôÞóåùò Bessel äåõôÝñïõ åßäïõò
Biharmonic → 86:Ä8 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Äéáñìïíéêüò ôåëåóôÞò
CartesianMap → 153:C9 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÊáñôåóéáíÞ áðåéêüíéóç ìéãáäéêÞò óõíáñôÞóåùò
CForm → 158:I4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç áðïôåëåóìÜôùí óå ìïñöÞ C
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CharacteristicPolynomial → 55:M13 ÔÉ ÊÁÍÅÉ: ×áñáêôçñéóôéêü ðïëõþíõìï ìçôñþïõ
ChebyshevT → 18:Ó10 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï Chebyshev ðñþôïõ åßäïõò
ChebyshevU → 18:Ó10 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï Chebyshev äåõôÝñïõ åßäïõò
Chop → 14:Ð4 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ìçäåíéóìüò ðïëý ìéêñÞò ðïóüôçôáò
Clear → 4:Ã4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓâÞóéìï (êáèÜñéóìá) ìåôáâëçôÞò
ClearAttributes → 7:Ã11 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁðáëïéöÞ éäéïôÞôùí
Coefficient → 22:A13 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíôåëåóôÞò ðïëõùíýìïõ
CoefficientList → 23:A14 . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíôåëåóôÝò ðïëõùíýìïõ
Collect → 22:A12 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐïëõùíõìéêÞ ìïñöÞ
Complement → 50:L28 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõìðëÞñùìá óõíüëïõ
ComplexExpand → 149:C1 . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíÜðôõãìá ìå ðñáãìáôéêÝò ìåôáâëçôÝò
Conjugate → 149:C2 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõæõãÞò ìéãáäéêÞ ðáñÜóôáóç
ContourPlot → 75:V8 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÃñáöéêÞ ðáñÜóôáóç éóïóôáèìéêþí êáìðýëùí
CoordinateSystem → 84:Ä3 . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíáöïñÜ ôïõ óõóôÞìáôïò óõíôåôáãìÝíùí
Cos → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Óõíçìßôïíï
Cosh → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Õðåñâïëéêü óõíçìßôïíï
Cot → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíåöáðôïìÝíç
Coth → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÕðåñâïëéêÞ óõíåöáðôïìÝíç
Count → 49:L24 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìüò öïñþí åìöáíßóåùò óôïé÷åßïõ ëßóôáò
Cross → 83:Ä1 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åîùôåñéêü ãéíüìåíï äéáíõóìÜôùí
Csc → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíôÝìíïõóá
Csch → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÕðåñâïëéêÞ óõíôÝìíïõóá
Curl → 85:Ä6 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐåñéóôñïöÞ (Þ óôñïâéëéóìüò)
D → 30:Ë2 . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðáñáãþãéóç
Denominator → 19:A2 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐáñïíïìáóôÞò êëÜóìáôïò
DensityPlot → 76:V9 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ó÷åäßáóç äéáãñÜììáôïò ðõêíüôçôáò
Det → 54:M11 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ïñßæïõóá ìçôñþïõ
DiagonalMatrix → 52:M6 . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Äéáãþíéï ìçôñþï
Dimensions → 54:M9 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄéáóôÜóåéò ìçôñþïõ
DiracDelta → 17:Ó8 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÙóôéêÞ óõíÜñôçóç äÝëôá ôïõ Dirac
Div → 85:Ä5 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áðüêëéóç
Do → 160:P3 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅðáíÜëçøç äéáäéêáóßáò ïñéóìÝíåò öïñÝò
Dot → 48:L21 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åóùôåñéêü ãéíüìåíï äéáíõóìÜôùí êáé åðßóçò
Dot → 51:M1 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëëáðëáóéáóìüò ìçôñþùí
DSolve → 113:D1 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åðßëõóç äéáöïñéêþí åîéóþóåùí
Dt → 31:Ë3 . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ïëéêü äéáöïñéêü êáé ïëéêÞ ðáñÜãùãïò
Eigensystem → 56:M16 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÉäéïôéìÝò êáé éäéïäéáíýóìáôá ìçôñþïõ
Eigenvalues → 55:M14 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÉäéïôéìÝò ìçôñþïõ
Eigenvectors → 55:M15 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Éäéïäéáíýóìáôá ìçôñþïõ
Eliminate → 21:A7 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁðáëïéöÞ ìåôáâëçôþí óå åîéóþóåéò
Erf → 17:Ó9 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíÜñôçóç óöÜëìáôïò
Erfc → 17:Ó9 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõìðëçñùìáôéêÞ óõíÜñôçóç óöÜëìáôïò
Evaluate → 11:Ã20 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíáãêáóôéêüò õðïëïãéóìüò
Exp → 15:Ó3 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅêèåôéêÞ óõíÜñôçóç
Expand → 20:A4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíÜðôõãìá ðáñáóôÜóåùò
ExpandAll → 20:A5 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐëÞñåò áíÜðôõãìá ðáñáóôÜóåùò
Exponent → 21:A10 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Âáèìüò ðïëõùíýìïõ
Export → 157:I2 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅîáãùãÞ áðïôåëåóìÜôùí óå áñ÷åßï
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ExpToTrig → 25:T1 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅêèåôéêÞ ìïñöÞ óå ôñéãùíïìåôñéêÞ/õðåñâïëéêÞ
Factor → 19:A3 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðáñáãïíôïðïßçóç
Factorial → 16:Ó5 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðáñáãïíôéêü
FilledPlot → 66:V2 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç ìå óêßáóç
FindMinimum → 34:Ë4 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ôïðéêü åëÜ÷éóôï óõíáñôÞóåùò
FindRoot → 103:E6 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁñéèìçôéêÞ åðßëõóç åîéóþóåùí
First → 47:L13 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðñþôï óôïé÷åßï ëßóôáò
Flatten → 49:L22 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÊáôÜñãçóç åóùôåñéêþí áãêßóôñùí óå ëßóôá
FortranForm → 158:I3 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç áðïôåëåóìÜôùí óå ìïñöÞ Fortran
FourierCoefficient → 143:F9 . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíôåëåóôÞò åêèåôéêÞò óåéñÜò Fourier
FourierCosCoefficient → 141:F5 . . . . ÔÉ ÊÁÍÅÉ: Óõíçìéôïíéêüò óõíôåëåóôÞò óåéñÜò Fourier
FourierSeries → 139:F3 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅêèåôéêÞ Þ ìéãáäéêÞ óåéñÜ Fourier
FourierSinCoefficient → 141:F7 . . . . . ÔÉ ÊÁÍÅÉ: Çìéôïíéêüò óõíôåëåóôÞò óåéñÜò Fourier
FourierTransform → 148:O3 . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ìåôáó÷çìáôéóìüò Fourier
FourierTrigSeries → 135:F1 . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñéãùíïìåôñéêÞ óåéñÜ Fourier
FullForm → 10:Ã17 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁðïôÝëåóìá óå ðëÞñç ìïñöÞ
FullSimplify → 23:A16 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐëÞñç áðëïðïßçóç
Function → 11:Ã19 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÊáèáñÞ óõíÜñôçóç
Gamma → 17:Ó6 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíÜñôçóç ãÜììá
Grad → 84:Ä4 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Êëßóç (Þ âáèìßäá)
GraphicsArray → 73:V6 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄéÜôáîç Ýôïéìùí ãñáöéêþí ðáñáóôÜóåùí
Head → 10:Ã18 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Âáóéêüò ôåëåóôÞò Þ âáóéêÞ éäéüôçôá
HermiteH → 18:Ó10 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï Hermite
IdentityMatrix → 52:M5 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ìïíáäéáßï ìçôñþï
If → 159:P1 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò óõíèÞêçò ìå äéÜêñéóç áðïôåëåóìÜôùí
Im → 150:C4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Öáíôáóôéêü ìÝñïò
ImplicitPlot → 69:V3 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÃñáöéêÞ ðáñÜóôáóç ðåðëåãìÝíçò óõíáñôÞóåùò
Implies → 82:G4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ËïãéêÞ óõíåðáãùãÞ
Import → 157:I1 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅéóáãùãÞ äåäïìÝíùí áðü áñ÷åßï
Integrate → 36:Ë5 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÏëïêëÞñùóç
InterpolatingPolynomial → 109:N5 . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï ðáñåìâïëÞò
Interpolation → 108:N4 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐáñåìâïëÞ
Intersection → 50:L27 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔïìÞ óõíüëùí
Inverse → 53:M8 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöï ìçôñþï
InverseFourierTransform → 148:O4 . ÔÉ ÊÁÍÅÉ: Áíôßóôñïöïò ìåôáó÷çìáôéóìüò Fourier
InverseLaplaceTransform → 147:O2 ÔÉ ÊÁÍÅÉ: Áíôßóôñïöïò ìåôáó÷çìáôéóìüò Laplace
Join → 49:L25 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Äçìéïõñãßá ëßóôáò áðü åðéìÝñïõò ëßóôåò
LaguerreL → 18:Ó10 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï Laguerre
LaplaceTransform → 145:O1 . . . . . . . . ÔÉ ÊÁÍÅÉ: Ìåôáó÷çìáôéóìüò Laplace
Laplacian → 86:Ä7 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ËáðëáóéáíÞ (Laplacian)
Last → 47:L14 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ôåëåõôáßï óôïé÷åßï ëßóôáò
LegendreP → 18:Ó10 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðïëõþíõìï Legendre
Length → 47:L12 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìüò óôïé÷åßùí ëßóôáò
Limit → 29:Ë1 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¼ñéï
LinearSolve → 101:E3 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åðßëõóç ãñáììéêþí åîéóþóåùí
List → 41:L1 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¢ìåóç äçìéïõñãßá ëßóôáò
ListPlot → 74:V7 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÃñáöéêÞ ðáñÜóôáóç ëßóôáò
ListQ → 46:L9 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò ðáñáóôÜóåùò áí åßíáé ëßóôá
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Log → 15:Ó3 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ËïãáñéèìéêÞ óõíÜñôçóç
LogicalExpand → 82:G5 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ëïãéêü áíÜðôõãìá
Map → 12:Ã21 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅöáñìïãÞ óõíáñôÞóåùò óå ëßóôá Þ ðáñÜóôáóç
MatrixForm → 52:M4 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç óå ìïñöÞ ìçôñþïõ
MatrixPower → 51:M2 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¾øùóç ìçôñþïõ óå äýíáìç
MatrixQ → 51:M3 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò ðáñáóôÜóåùò áí åßíáé ìçôñþï
Max → 43:L4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÌÝãéóôïò áñéèìüò
Mean → 44:L6 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÌÝóç ôéìÞ
MemberQ → 46:L11 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò óôïé÷åßïõ áí áíÞêåé óå ëßóôá
Min → 43:L5 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅëÜ÷éóôïò áñéèìüò
MiniMaxApproximation → 110:N6 . . . ÔÉ ÊÁÍÅÉ: ÐñïóÝããéóç minimax
Module → 162:P5 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ×ñÞóç ôïðéêþí ìåôáâëçôþí óå äéáäéêáóßá
N → 14:Ð3 . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìçôéêüò õðïëïãéóìüò
NDSolve → 122:D2 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁñéèìçôéêÞ åðßëõóç äéáöïñéêþí åîéóþóåùí
Needs → 3:Ã2 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÊëÞóç (öüñôùìá) ðáêÝôïõ
NFourierCoefficient → 144:F10 . . . . . ÔÉ ÊÁÍÅÉ: ÓõíôåëåóôÞò åêèåôéêÞò óåéñÜò Fourier (áñéèìçôéêÜ)
NFourierCosCoefficient → 141:F6 . . ÔÉ ÊÁÍÅÉ: Óõíçìéôïíéêüò óõíôåëåóôÞò óåéñÜò Fourier (áñéèìçôéêÜ)
NFourierSeries → 139:F4 . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅêèåôéêÞ Þ ìéãáäéêÞ óåéñÜ Fourier (áñéèìçôéêÜ)
NFourierSinCoefficient → 142:F8 . . . ÔÉ ÊÁÍÅÉ: Çìéôïíéêüò óõíôåëåóôÞò óåéñÜò Fourier (áñéèìçôéêÜ)
NFourierTrigSeries → 138:F2 . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñéãùíïìåôñéêÞ óåéñÜ Fourier (áñéèìçôéêÜ)
NIntegrate → 37:Ë6 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁñéèìçôéêÞ ïëïêëÞñùóç
Normal → 39:Ë8 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÌåôáôñïðÞ óåéñÜò Taylor óå ðïëõþíõìï
Normalize → 54:M12 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Êáíïíéêïðïßçóç äéáíýóìáôïò
Not → 81:G3 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ëïãéêü ü÷é
NProduct → 28:S5 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìçôéêüò õðïëïãéóìüò ãéíïìÝíïõ
NResidue → 152:C8 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìçôéêüò õðïëïãéóìüò ïëïêëçñùôéêïý õðïëïßðïõ
NSolve → 102:E5 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åðßëõóç åîéóþóåùí óå áñéèìçôéêÞ ìïñöÞ
NSum → 28:S3 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áñéèìçôéêüò õðïëïãéóìüò áèñïßóìáôïò/óåéñÜò
Numerator → 19:A1 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁñéèìçôÞò êëÜóìáôïò
Off → 3:Ã3 . . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ìç åêôýðùóç ìçíõìÜôùí
Options → 5:Ã7 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅðéëïãÝò åíôïëÞò
Or → 81:G2 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ëïãéêü Þ
OutputForm → 9:Ã15 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁðïôÝëåóìá óå ìïñöÞ åîüäïõ
ParametricPlot → 70:V4 . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐáñáìåôñéêÞ äéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç
ParametricPlot3D → 79:W2 . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐáñáìåôñéêÞ ôñéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç
Part → 47:L16 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Óôïé÷åßï ëßóôáò
Partition → 48:L20 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ×ùñéóìüò ëßóôáò óå õðïëßóôåò
Plot → 57:V1 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç
Plot3D → 77:W1 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñéäéÜóôáôç ãñáöéêÞ ðáñÜóôáóç
PlotGradientField → 88:Ä10 . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ó÷åäßáóç ðåäßïõ êëßóåùò (Þ âáèìßäáò)
PlotHamiltonianField → 88:Ä11 . . . . . . ÔÉ ÊÁÍÅÉ: Ó÷åäßáóç ðåäßïõ ×áìéëôïíéáíÞò
PlotVectorField → 87:Ä9 . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ó÷åäßáóç äéáíõóìáôéêïý ðåäßïõ êáé åðßóçò
PlotVectorField → 128:D3 . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ó÷åäßáóç ðåäßïõ êáôåõèýíóåùí
PolarMap → 156:C10 . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐïëéêÞ áðåéêüíéóç ìéãáäéêÞò óõíáñôÞóåùò
PowerExpand → 20:A6 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíÜðôõãìá äõíÜìåùò êáé ñßæáò ãéíïìÝíïõ
Precision → 107:N2 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÏëéêÞ áêñßâåéá
Prepend → 48:L18 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÐñïóèÞêç óôïé÷åßïõ óôçí áñ÷Þ ëßóôáò
Print → 162:P6 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç ðáñáóôÜóåùò óôçí ïèüíç
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Product → 28:S4 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ãéíüìåíï
Re → 150:C3 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðñáãìáôéêü ìÝñïò
RealValued → 151:C6 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄÞëùóç ðñáãìáôéêþí óõíáñôÞóåùí
Reduce → 102:E4 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ËåðôïìåñÞò åðßëõóç åîéóþóåùí
Remove → 5:Ã5 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÊáèÜñéóìá åíôïëÞò ìç öïñôùìÝíïõ ðáêÝôïõ
Residue → 152:C7 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ïëïêëçñùôéêü õðüëïéðï
Rest → 47:L15 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áöáßñåóç ôïõ ðñþôïõ óôïé÷åßïõ ëßóôáò
Reverse → 48:L17 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíôéóôñïöÞ ôçò óåéñÜò ôùí óôïé÷åßùí ëßóôáò
Roots → 101:E2 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åðßëõóç ðïëõùíõìéêþí åîéóþóåùí
RowReduce → 56:M17 . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíçãìÝíç êáôÜ ãñáììÝò ìïñöÞ ìçôñþïõ
Sec → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔÝìíïõóá
Sech → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÕðåñâïëéêÞ ôÝìíïõóá
Series → 39:Ë7 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓåéñÜ Taylor
SetAttributes → 7:Ã10 . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Êáèïñéóìüò éäéïôÞôùí
SetCoordinates → 83:Ä2 . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Êáèïñéóìüò óõóôÞìáôïò óõíôåôáãìÝíùí
SetOptions → 6:Ã8 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Êáèïñéóìüò åðéëïãþí åíôïëÞò
Short → 7:Ã12 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Óýíôïìç ãñáöÞ áðïôåëÝóìáôïò
Show → 72:V5 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç Ýôïéìùí ãñáöéêþí ðáñáóôÜóåùí
Sign → 5:Ã6 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ðñüóçìï áñéèìïý
Simplify → 23:A15 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Áðëïðïßçóç
Sin → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Çìßôïíï
Sinh → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Õðåñâïëéêü çìßôïíï
Solve → 99:E1 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Åðßëõóç åîéóþóåùí
Sort → 49:L23 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ôáîéíüìçóç ôùí óôïé÷åßùí ëßóôáò
Sqrt → 15:Ó2 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔåôñáãùíéêÞ ñßæá
StandardDeviation → 45:L7 . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔõðéêÞ áðüêëéóç
Sum → 27:S2 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¢èñïéóìá/óåéñÜ
Table → 41:L2 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Äçìéïõñãßá ëßóôáò ìå ôç ÷ñÞóç äåßêôç/äåéêôþí
TableForm → 43:L3 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç óå ìïñöÞ ðßíáêá
Tan → 15:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅöáðôïìÝíç
Tanh → 16:Ó4 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÕðåñâïëéêÞ åöáðôïìÝíç
TeXForm → 158:I5 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅìöÜíéóç áðïôåëåóìÜôùí óå ìïñöÞ TEX
Timing → 2:Ã1 . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ×ñüíïò ìç÷áíÞò ãéá õðïëïãéóìü
Together → 21:A9 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Óýìðôõîç êëáóìÜôùí
Tr → 54:M10 . . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: º÷íïò ìçôñþïõ
TraditionalForm → 10:Ã16 . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁðïôÝëåóìá óå ðáñáäïóéáêÞ ìïñöÞ
Transpose → 53:M7 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÁíÜóôñïöï ìçôñþï
TrigExpand → 26:T3 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: Ôñéãùíïìåôñéêü/õðåñâïëéêü áíÜðôõãìá
TrigReduce → 26:T4 . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñéãùíïìåôñéêÞ/õðåñâïëéêÞ óýìðôõîç
TrigToExp → 25:Ô2 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÔñéãùíïìåôñéêÞ/õðåñâïëéêÞ ìïñöÞ óå åêèåôéêÞ
Union → 50:L26 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸íùóç óõíüëùí
UnitStep → 17:Ó7 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÂçìáôéêÞ óõíÜñôçóç ôïõ Heaviside
Variables → 22:A11 . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÌåôáâëçôÝò ðïëõùíýìïõ
Variance → 45:L8 . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÄéáóðïñÜ
VectorQ → 46:L10 . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò ðáñáóôÜóåùò áí åßíáé äéÜíõóìá
Which → 160:P2 . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ¸ëåã÷ïò óåéñÜò óõíèçêþí êáé áðïôåëÝóìáôá
While → 161:P4 . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÅðáíÜëçøç äéáäéêáóßáò üóï éó÷ýåé ìéá óõíèÞêç
Zeta → 27:S1 . . . . . . . . . . . . . . . . . . . . . . . . ÔÉ ÊÁÍÅÉ: ÓõíÜñôçóç æÞôá


