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Introduction

Roughly speaking, a manifold is a geometrical object which, locally, looks like
R™.

Why do we need manifolds?
There are many reasons. For example:

— For the accurate description of “configuration spaces” of physical objects
we need manifolds. For example, the positions of an aircraft can be described
by five numbers: the three coordinates of a point of the aircraft, and the two
Euler angles giving its orientation. This is a five-dimensional manifold.

— The (maximal) domain of a solution of a differential equation is often a
manifold. For example, the domain of a solution of a complex ordinary differ-
ential equation is a Riemann surface (a two-dimensional manifold).

— Many common geometrical objects are manifolds. For example, a torus is
a two-dimensional manifold.

— Many common geometrical concepts can be described as manifolds. For
example, the group of all rotational transformations of R? is a manifold. It is a
three-dimensional manifold, because two parameters are needed to fix the axis
of rotation, and one parameter is needed to fix the angle of rotation.

We cannot deal with “arbitrary” geometrical objects (as they are too com-
plicated). In order to use the tools of calculus, we insist that each small piece
of the object looks like R™. Such an object will be called an n-dimensional
manifold. We shall give the precise definition later.



1. Review of vector calculus notation

Before giving the precise definition of manifold, we review some notation from
calculus.

1.1 Derivative of a scalar function

Let x1,...,x, be the standard coordinates of R™. Let y be the standard
coordinate of R.

Let U be an open subset of R™. Let

f:U—=R, (x1,....,2p)—y=f(x1,...,2p)
be a function.

Let p = (p1,...,pn) € U.
Definition. If there exist Aq,..., A, € R such that

flp+aq)— }:A%+om|

for any ¢ = (q1,...,qn) in some open neighbourhood of 0 = (0,...,0) € R",
then we say that f is differentiable at p. We say that Y., A;g; is a linear
approximation to f at p.

It follows from this definition that

of
A= 3 (p)
L
1—1 n—ia
. . . . . . /_/H /_/H
(the partial derivative of f at p in the direction of ¢; = (0,...,0,1,0,...,0) ).
Proposition. If 2 aq« sy 88.7]; are continuous on U, then

n

flp+aq)— }:

(p)ai + o(lq])

for any p € U and for any ¢ in some open neighbourhood of 0 € R". In this
case we say that f is a C'' function.

Proof. [omitted]

The map

of

G U—R" pedfy = df0) = (- 0). o 52 0)

is called the derivative of f. If f is a C! function, then df is a C° function, i.e.
a continuous map.

1.2 Derivative of a vector function



Next, let y1,...,yn be the standard coordinates of R™, and let

g:U—=R", z—y=g(x)
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be a map. Here, “x — y = g(x)” is an abbreviation for

(@1, Zn) = (Y1, Ym) = (G1(@1, oy @0)s oy G (X1, - o, T0))-

Definition. If there exist A;; € R such that

gp+q) —9p) = (Z A1iqi, .. ~>ZAmiQi> + o(lql)

for any ¢ = (q1,...,9n) in some open neighbourhood of 0 = (0,...,0) € R,
then we say that g is differentiable at p. We say that (31 A1ii, .-, >y Amiti)
is a linear approximation to g at p.

It follows from this definition that
0g;
= -—(p).

* ﬁscj

Proposition. If the functions 99 are continuous on U , then

a.'L'j
“~ Jyg "~ Ogim
glp+4q)—9(p) = ( a; ()i ) 5 (p)qz) + o(lal)
i=1 v i=1 v

for any p € U and for any ¢ in some open neighbourhood of 0 € R™. In this
case we say that g is a Cct map.

Proof. [omitted]
The map
9gi

)
Ox; 1<i<m,1<j<n

dg:U — My, ,R, p+sdg, =dg(p) = (

is called the derivative of ¢g. If g is a C' map, then dg is a C° map, i.e. a
continuous map.

(The vector space M,, ,R, consisting of all m x n real matrices, is isomorphic
to the vector space R™™. It is also isomorphic to the vector space Hom(R"™, R™),
consisting of all linear maps R® — R™.)

We can write g(p + q) — g(p) = Ag + o(]q|) in the above definition, where Ag
is an abbreviation for the matrix product
A oo Agg q1

Ap1i .. Apn dn

1.8 Derivative of a map betweeen vector spaces



Finally, let V, W be vector spaces of dimensions n, m. Assume that V has a
norm | |. Let U be an open subset of V, and let p € U. Let g : U — W be a
map.

Definition. If there exists a linear map A, € Hom(V, W) such that

g(p+q) —g(p) = Ap(q) + o(lq)

for any ¢ = (q1, ..., gn) in some open neighbourhood of 0 = (0,...,0) € V, then
we say that g is differentiable at p. We say that A, is a linear approximation
to g at p.

It follows from this definition that

Ayfo) = lim g(p+ tt;) —9(p)

for any v € V (the derivative of g at p in the direction of v).

Definition. If the map
dg:U — Hom(V, W), p— A,

is continuous on U, we say that ¢ is a C' map and that dg is the derivative of
g.

Thus, if g : U — W is a C! map, we obtain a C° (continuous) map dg :
U — Hom(V,W). Similarly, if dg : U — Hom(V, W) is C*, we obtain a C° map
d(dg) = d?g : U — Hom(V,Hom(V, W)). We can define d"g for r = 1,2,3,...
in the same way.

Proposition. If the functions
Gorttan g,

K2

(8:51)“1 S (83:”)%

0<a; ar+-+a,<r)

are continuous on U, then dg,d?g, ...,d" g are continuous on U. In this case we
say that g is a C™ map. If this holds for all » > 0, we say that g is a C*® map,
or a smooth map.

Proof. [omitted]

1.4 Definition. Let Uy, U; be open subsets of R". If a map g : Uy — Us
satisfies the conditions

(1) g is bijective

(2) g is smooth

(3) g~ is smooth

then we say that g is a diffeomorphism. We say that U, Us are diffeomorphic.

Theorem. (Inverse Function Theorem) Let U be an open subset of R™, and
let pe U. Let g : U — R"™ be a smooth map. If dg, € Hom(R",R") is a linear
isomorphism, then there exist open neighbourhoods Uy, V; of p, g(p) such that
glu, : Ugp — Vj is a diffeomorphism.



2. Smooth manifolds

Definition. Let M be a Hausdorff topological space. We say that M is an
n-dimensional topological manifold if it satisfies the following condition: for any
p € M, there exists

(1) an open subset U with p e U C M,
(2) an open subset £ C R™, and
(3) a homeomorphism ¢ : U — E.

Such a U is called a (local) coordinate neighbourhood, and 4 is called a (local)
coordinate function. We also say that (U, ) (or ¢ : U — E) is a (local) chart.

Notation. We write x = 1(p) and regard (z1,...,z,) as “local coordinates” for
the manifold M.

Definition. Let M be a topological manifold. Let A be a set. We say that S is a
CP-atlas (or coordinate neighbourhood system) for M if S = {(Uy,%s) | o € A}
where

(1) U, is an open subset of M, for all « € A

(2) Yo : U, — E, is a homeomorphism to an open subset F, of R", for all
a€A

(3) UaGAUa =M.

Definition. Let S be a C%-atlas for M. If 1, o w/gl is a C*°-map for all

a, B € A, we say that S is a C*°-atlas for M. We call 1), o 1/)51 a coordinate
transformation or transition function.

The domain of the map 1, o w;l is assumed to be 9g(Uy NUg) (which could
be the empty set). Thus, v, o zp[;l is a homeomorphism from 3(U, N Up) to
Yo (U NUg).

Definition. Let M be a topological manifold. If S is a C°-atlas for M, we say
that the pair (M, S) is a C%-manifold. If S is a C*-atlas for M, we say that the
pair (M, S) is a C*°-manifold (or smooth manifold, or differentiable manifold).

To simplify notation, we often say “M is a C°°-manifold” instead of “(M, S)
is a C'*°-manifold”, if there is little danger of ambiguity.

The concept of C"-manifold can be defined in a similar way. However, from
now on in these notes, “manifold” always means “C°°-manifold”.

The concept of complex manifold can be defined in a similar way, using coor-
dinate charts v : U — C™. However, the term “complex manifold” will always
mean “complex manifold with holomorphic (complex analytic) transition func-
tions”.

Ezxamples. : The following topological spaces possess natural C'*°-atlases. They
are examples of manifolds.

(1) R"
(2) S"



(3) Any open subset of a manifold.
(4) The product M; x My of any manifolds My, Ms.
(5) RP™

The following topological spaces possess natural holomorphic atlases. They are
all examples of complex manifolds.

(6) C™

(7) Any open subset of a complex manifold.

(8) The product M; x My of any complex manifolds M, M.

(9) cp

Let us consider some examples of (real) manifolds related to matrices.

(10) The set
M,, »R = {all n x m real matrices}

is a vector space of dimension nm. As a topological space, it is homeomorphic
to R™. Therefore, by (1), it is a manifold.

(11) The set
GL,R = {all invertible n x n real matrices}

is an open subset of M,,R. = M,, ,R (because it is the complement of det™"(0),
and det : M,R — R is a continuous function). Therefore, by (10) and (3), it
is a manifold. It is also a group (under matrix multiplication). It is called the
general linear group.

(12) Consider the set
SO, ={AeM,R|A"=A"" detA=1}.

Is it a manifold? It is certainly a group, and it is called the special orthogonal
group. In fact, it is a manifold, and we shall be able to prove this later. For the
moment, let us consider three special cases.

(i) n = 1: We have SO; = {1}. This is a topological space with a single point.
It is a manifold of dimension zero.

(ii) n = 2: By direct calculation, we have
a b
SO, ={A = e d | ad —bc=1,a=d,b= —c}
A= (% Y e rr=n
b a '
It follows that SO is homeomorphic to S'. Hence it is a manifold of dimension

one.

If we write a = cosf, b = sinf, we see that the matrix A above represents
“rotation through the angle 6”.

(ii) n = 3: It is not easy to describe SOg3 explicitly. Geometrically, any matrix
in SO3 represents “rotation in R? through the angle 6 around a line through



the origin”. Since the line can be specified by two angles ¢, ), we guess that
SO3 should be a manifold of dimension three. However, it is definitely not
homeomorphic to S* x St x St !



3. Example: S? as a real and complex manifold

Let S? = {(z1,22,23) € R® | 23 + 23 + 2% = 1} (the two-dimensional unit
sphere).

3.1 52 as a real manifold

We define two charts (U, ¢),(V,) as follows: U = S? — {(0,0,1)}, V =
S$2 —{(0,0,—1)}, and

wUHR%¢mwmm=(xl xQ)

1—.1‘371—333

I i)
: R? = -
dj V- ) 1/)(3:171'23‘%3) <1+.’IZ‘3’1+J}3>

These maps are obtained by stereographic projection from the north and south
poles. They are bijective and their inverses are given by

_ 2uq 2us w?+u—1
¢ 1(u1,u2)( 2 2 ) 2 ) é 3
ui +us+1 uf+us+1 ujf+us+1
2v 2v 1 —v2 — o2
-1 o 1 2 1 2
¥ (Ul’UQ)<v%+v§+1’v%—&—v%—l—l’v%—&—vg—&—l)'

(In the case of ¢ : U — R? we denote the standard coordinates of R? by (u1,uz);
in the case of ¢ : V — R? we denote the standard coordinates of R? by (v1,v2).)

If S? has the induced topology (as a subspace of R?), it is easy to check
that ¢ and 1 are homeomorphisms. Since U UV = S2, it follows that S? is a
topological manifold and {(U, ¢), (V,)} is a C%-atlas.

‘We have

¢O¢1(U17U2)< ! o2 ),

u? +ud’ ud + ud
and the domain of 1) o ¢! is
¢(U N V) = {(u17u2) € R‘2 ‘ (ulau2) 7& (070)}

This is a C'°° map. Similarly,

¢O¢_1<v1’v2) = <U1 'UZ) )

v} + 03 v} + v3
with domain
PUNV) ={(v1,v2) € R* | (v1,02) # (0,0)},

and this is also a C*° map. We deduce that {(U, ¢), (V,v)} is a C*-atlas. Hence
S? is a (real) C*° manifold.

3.2 52 as a complex manifold

Consider R? with standard coordinates (u1,us), and C with standard coor-
dinate z. Define o : R? — C by a(uy,us) = uy +iuy = 2. Define ¢ : U — C by
$=aog.



Consider R? with standard coordinates (vi,vs), and C with standard coor-
dinate w. Define (3 : R? — C by B(v1,v2) = v1 —ivyg = w. Define ¢ : V. — C
by = o).

The maps a and 3 are homeomorphisms. Therefore (;NS and 7,/; are homeomor-
phisms.

Let us compute the coordinate transformations:

YodHz)=PBoYos toal(z)
=Botod  (ur,us)

ﬂ( U1 U2 >
= 2 272 2
uy +uj uj+up

U1 . U2
= —i
3.3 R
uy +uy o uy U
1
z

and, similarly,

The domain of ¢ o ¢~ is

dpUNV)={z€C|z+#0},

s0 1 o ¢~ is complex analytic. Similarly, the domain of ¢ o ¢p~! is

JUNV)={weC|w#0,

so ¢ o9~ is complex analytic. It follows that {(U, 45), (V,zZ)} is a complex
analytic atlas. Hence S? is a complex manifold.

How about the case of S™ 7 Similar arguments show that S™ is a real man-
ifold of dimension n. If n is odd, S™ cannot be a complex manifold (as an
m-~dimensional complex manifold is, automatically, a 2m-dimensional real man-
ifold). If n is even and n > 4, it is not easy to decide whether S™ admits a
complex analytic atlas. In fact, it is known that S* does not admit a complex
analytic atlas. It is an open question whether S admits a complex analytic
atlas. It is known that S?™ does not admit a complex analytic atlas when
m > 4.

10



4. Smooth maps

4.1 Smooth functions on a manifold
We begin with the definition of smooth function.

Definition. Let M be a smooth manifold. Let f : M — R be a function on
M. Let pe M.

(1) We say that f is smooth (or C°°) at p if f ot ~1 is smooth at 1(p) for some
local coordinate function ¢ : U — E C R™ with p € U.

(2) We say that f is a smooth map (or C*°-map) if f is smooth at all points of
M.

In this situation, the function

foy ™t i(xy,...,xn) — f( @1, . 20))

is a function on an open subset of R™. Therefore, the partial derivatives

0 _ 0 _
67 O’(/}l 7---767f0¢1
1 »(p) Tn Y(p)
are defined. For brevity, we can write
of of
0x1 p’”" oxy, p’

although it is important to keep in mind that these partial derivatives depend
on the choice of 1. We do not (yet) have any concept of “derivative of f”.

4.2 Smooth maps between manifolds

The previous definition can be extended to the case of maps between mani-
folds.

Definition. Let M, M’ be smooth manifolds with dim M = n, dim M’ = n’.
Let ¢ : M — M’ be a map. Let p € M.

(1) We say that ¢ is smooth (or C°°) at p if ¥’ o p 0 p~! is smooth at ¢§p) for
some local coordinate functions ¢ : U — F C R", ¢/ : U’ — E' C R"™ with
peU, ¢(p) V"

(2) We say that ¢ is a smooth map (or C*°-map) if ¢ is smooth at all points of
M.

The previous definition is a special case of this definition (the case M’ = R).
Definition. If ¢ : M — M’ satisfies the conditions
(1) ¢ is bijective
(2) ¢ is smooth
(3) ¢! is smooth
then we say that ¢ is a diffeomorphism. We say that M, M’ are diffeomorphic.

11



If z1,...,z, are the standard coordinates of R™, and y1, ..., ¥y, are the stan-
dard coordinates of R™ , then we have n’ functions of n variables:

yi:w/ogﬁowil(xla"'axn)v 1§Z§TL/

and we have their partial derivatives

y;
6l‘j

(which depend on the choice of ¥, v").

4.3 Some smooth functions on S>

Let us verify that the “height function”
f:$* =R, floyz) =2

is a smooth function. It is necessary to compute the functions fo¢=!, fo¢~1
(where ¢, are as in section 3.1). We have

2u 2u u? +uld —1
S < I 2 utu )
foom (uuz) = f uf +ud+17uf +ui+17uf +uz+1
2 2
_mtu -l
Cud+ud+ 1

and this is smooth on its domain ¢(U) = R2. Similarly

2v 2v 1 — 2 — o2
—1 o 1 2 1 2
fodv (vl’vz)f<v%+v§+1’v%+v§+1’v%—i—v%—i—l)
_ 1—1)%—1)%
v +v3+ 17

which is smooth on its domain (V) = R2. We conclude that f is smooth on
S2.

A similar calculation shows that f = F|g2 : S — R is smooth for any smooth
function F': R® — R.

The function 1
f:SQHR, f(lL‘,y,Z):;

is not a smooth function on S2. (It is not even a well-defined function on S2.)

The function
f:8* =R, f(X,V,2)=2Z

is not a complex analytic function on S2. (We replace z,y, 2 by X,Y, Z in order
to avoid confusion with the local coordinates z = uj + dus and w = vy — ivs.)

12



For example,

1 2uy 2ug u? +u3 —1
foo (z):f<u§+u§+1’u§+u§+1’u%+u§+1)
uf 4+ uj—1
IRCERT RS
2> —1
BREEESY

This is not a complex analytic function of z.

4.4 Some smooth maps from S? to S?

Let us verify that the function
f:52_>527 f($7y7z):($7ya_z)

is a smooth map. We shall use the same atlas {(U,¢), (V,v)} for each S2.
However, to avoid confusion, we shall write {(U1,¢1), (Vi,91)} for the atlas
of the domain manifold S?, and {(Us, ¢2), (Va, %)} for the atlas of the target
manifold S2. We have the following situation:

R? R?

I o]

Uuv; =52 — S2=Uy UV,
I+ o
R? R?
(the domains of ¢;,v; are U;, V;). It is possible to verify that all the maps
$20 fodrt, g2ofouyt, oo fogt, oo foyr?
are smooth on their respective domains. This shows that f is a smooth map.

More generally, let F : R?* — R? be any smooth map such that |F(z,y,2)| =
|(x,y,z)| for all (z,y,2). Then a similar argument shows that the restriction
f=F|g : 8% — S? is a smooth map.

13



5. Smooth maps 2

5.1 The Riemann sphere S% = C U {oo}

Let S% be the disjoint union of the set of complex numbers C and a set with
one element. This set with one element will be denoted {co}, and its element
will be called “infinity”. Thus, an element p € S%% is either a complex number
or 0.

We define a topology on the set S% as follows: a subset X C S% is said to be
open if and only if

either X is an open subset of C
oroo € X C 512{ and 512% — X is compact.
It can be verified that this makes S% a topological space.

We define local charts for S% as follows. Let U = C and V = S% — {0}.
Define ® : U — C by

®(p) = p-
Define ¥ : V — C by
Lif p # 00
U(p) =471, ?
0 if p = 0.

It can be verified that {(U, ®),(V,¥)} is a smooth atlas (in fact, a complex
analytic atlas).

Proposition. The manifolds $? and 5'12% are diffeomorphic. In fact, the map

5112%_)52 p— é_l(z) lfp:z
' (0,0,1) if p = o0

is a complex analytic diffeomorphism.
Proof. [omitted]
Thus, the Riemann sphere S% is diffeomorphic to the standard sphere S2.

_ The Riemann sphere can be used to construct many examples of smooth maps
f:8% — S?% by extending maps f : C — C. For example, if f(z) = 22 + 1, the
map
2 .
R zZ2+1lifp==z
f: Sk — Sk, pH{ Cor
o if p =0

is a complex analytic map. To prove this, it is necessary to verify that the maps

®y0 fodit, Byofolit, Wyo fodit, Wyo foly!

14



in the diagram below are complex analytic.

C (with z1) C (with z3)
I o
Lhuv =52 I Ss2-U,uW
o .l
C (with wy) C (with wy)

For example, let us check ¥, o f o <I>;1. The domain of this map is
{zmrelUy | fodTlz)eVal={zn €U |2 €C,z2+1#0}.
We obtain

Wyo fodi(z)=TUso0 f(z)

Since 27 + 1 # 0, this is complex analytic.

Using the diffeomorphism between S% and S2, we obtain a smooth map S? —
S2.

More generally, let f: C — C be a complex polynomial map. Define a new

map f: S% — S% by
p flp)iftp==
f) = { vty
oo if p= 0
Then it can be verified that f is a complex analytic map.

Even more generally, for any rational function f, it is possible to define a
complex analytic extension f : S3 — S%.

Question: Ts it possible to define a complex analytic extension f : S% — S% of
the exponential map f(z) = e* ? (Answer: No.)

5.2 The circle
In this section we shall consider some smooth maps defined on the circle, S'.
Proposition. The manifolds S! and RP! are diffeomorphic.

Proof. It is necessary to find a smooth map f : S — R.P! such that f~! (exists
and) is a smooth map.

Question: Are the following maps diffeomorphisms?

(1) f(cos®,sinf) = (cos §,sin §)

(2) flz,y) = [z —1,y].

(Answer: Yes.)

Question: Are S? and RP? are diffeomorphic? (Answer: No.)

15



6. Tangent vectors

The derivative of a map f : R®™ — R™ is given by its matrix of partial
derivatives (Jacobi matrix). How should we define the derivative of a map
f: My — M, between manifolds?

The following simple example illustrates the problem. Let
§*={(w,y,2) eR? | 2® +y + 2" =1}

as usual, and let f(x,y,z) = z. The function f takes its maximum value at
the point (0,0, 1), so we expect that the derivative of f should be zero there.
Regarding f as a function on R?, we have

of of of —
(%a %7&) (00 1) - (07072)7

which is not zero.

With respect to local coordinate functions 11, 12, the derivative of f : M; —
My should be represented by the Jacobi matrix of ¥ o f o 9 1 In the above
example, the derivative of i3 o f o ¢y 1is zero for any choice of 11,1, which
seems correct. However, this is not a satisfactory definition of “the derivative
of f7.

To define the derivative of a map between manifolds, we have to introduce
the concept of of tangent vector, tangent space, and tangent bundle.

6.1 Motivation

The tangent vector (or velocity vector) of a smooth curve
v:(—€€) = R"
at a point p = v(0) is defined to be the derivative
&y
dt |,

The tangent space to this smooth curve at p is defined to be the one-dimensional
vector space spanned by the tangent vector. (Thus, it is well-defined only when
the tangent vector is nonzero.) The tangent vector depends on the parameter
of the curve, but the tangent space does not.

Consider a parametrization
a:(—€€) x(=0,0)=D—R"

of a smooth surface a(D) in R™. We denote the coordinates of (—e, €), (—6,0)
by u,v respectively. The tangent space to this surface at a point p = «(0,0) is
defined to be the two-dimensional vector space spanned by

Jda
ou

Jda
ov

(0,0) 7 (0,0) '
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(Thus, it is well-defined only when the above two vectors are linearly inde-
pendent.) This definition is independent of the parametrization of the surface.
Elements of this vector space have the form

2

. Oa
ou

[
(0,0) ov

)

(0,0)

where A, p € R. They are called tangent vectors to the surface.

We wish to define tangent vectors for a general smooth manifold, without
assuming that the manifold is a subset of Euclidean space. The key idea comes
from the following “differential operator expressions” for tangent vectors of

curves and surfaces:
o
(070)
6.2 The definition
Let S = {(Ua,%a) | @ € A} be a smooth atlas for a manifold M.

Definition. Let p € M. Let M, be the set of all smooth real-valued functions,
each of which is defined on some open neighbourhoood of p. A tangent vector
to M at p is a map

d

dt

0
JF,LL%

75 /\ﬁ
0 u (0,0)

v:M,—=R
such that:
(1) v(Af + pg) = Mv(f) + po(g)
(2) v(fg) =v(f)g(p) + f(p)v(g)

for all f,g € M, A\, u € R. The set of all tangent vectors to M at p is denoted
by T,M. It is called the tangent space to M at p.

Proposition. T,M is a vector space (with the obvious operations).

Proof. If vy, vy satisfy (1) and (2) above, it is easy to verify that A\jvq + Agv
also satisfies (1) and (2).

For example, if M = R™ with its standard atlas {(R",id)}, the maps

of

ei:fHaxi(p), 1<i<n

are tangent vectors at p = (p1,...,pn). This seems very different from the
intuitive idea that a tangent vector of R™ is just an ordinary vector (A1, ..., \,).
However, such an ordinary vector corresponds to

M a2
6m1p 8Inp

which is a tangent vector in the sense of the above definition. We shall prove
that every tangent vector of R"™ is of this type.
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Theorem. dim7,R" =n for any p € R". In fact,
0 0

oy 7 Oxn

P P
is a basis of T,R".
Proof. [omitted]

More generally, this result holds for any manifold:

Theorem. Let M be an n-dimensional smooth manifold. Then dimT,M =n
for any p € M. In fact,

0 0
8:51 p aCL'n p
is a basis of T,R", where z1,...,z, are the standard coordinates of R", and

¥ : U — R"™ is a local chart with p € U. (This basis depends on the local chart
¥.)
Proof. [omitted]
Ezample. Let M = {(z,y) e R* | 1 <a? +y?> <3}. Let p=(3,3) e M. We
shall consider two local charts at p, and two bases of T, M.
First local chart: the inclusion map ¢ : M — R? ¢(z,y) = (z,y) is a local
chart. (This M is an open subset of R?, so {(M,)} is a C*-atlas.) If we use
the same standard coordinates z,y on M and R?, then
91 9
ox| = Oy

p p

is a basis of T), M.

Second local chart: the map ¢ : U — R2 ¢(z,y) = (Va2 + 92, tan " Ly/x) =
(r,0) is a local chart, where U = {(z,y) € M | x > 0,y > 0}. This time we use
(r,0) as standard coordinates for R?; thus

E=¢U)={(r0) cR?|1<r<3,0<0<n/2}

is an open rectangle. Then

0 0
or » 00 »
is a basis of T, M.
What is the relation between a% o a% ) and % . %‘p ? By linear algebra,

they must be related by a linear transformation. To find the linear transforma-
tion, we apply the tangent vectors to a function f:

B B)
—| (f)=zfoo"
Brp or @(p)
d
= —(foy No(pos™")
or ¢(p)
0 _ ox 0 _ dy
= —(fou) = + = (foy™) = .
dzx v I ) Iy vw) O o)

18



Here we use (r,0) = ¢ o~ z,y) = (/22 +y2, tan"ty/2), ie.
¢~ 1(r,0) = (rcos,rsinf). We have %Lb(p) = 1/v/2 and %‘

Therefore
0 , 0 . 0
| =1 = + L2 = .
or » V2 Oz » V2 9y »
A similar calculation gives
tol7) » or » dy »

19
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7. The derivative of a smooth map

Definition. Let M, M’ be smooth manifolds with dim M = n, dim M’ = n/.
Let ¢ : M — M’ be a smooth map. Let p € M. We define the derivative (or
differential) of ¢ at p to be the map

(do)p : TyM — T¢(p)M/
given by
(d9)p(v)(f) = v(f o)

for any v € T,M and any f € Mib(p)'

It follows easily that (d¢), is a linear transformation from the vector space
T, M to the vector space Ty, M'.

Ifp: M — M and ¢ : M' — M" are smooth maps, then the composition
Yog: M — M" is also a smooth map. It follows easily that
(d(vh 0 9))p = (dip)p(p) © (dP)p-

Thus, the above definition is very natural. To understand it in more concrete
terms, let us consider the special case M = R", M’ = R™. Let us write
¢ = (¢1,...,0n) as usual. Let us use the standard coordinates z1,...,z, for
R”™, and the standard coordinates y1,...,y, for R™. Then:

(1) We have a linear isomorphism

0
+ o+ A

0
T,R" —-R", A\ — Alyevey An)e
P - s 13$1p axnp'_)(h 5 )
(2) We have a linear isomorphism
n’ n’ 0 0
TaRY =R, |+ e+ g (i, ).
Itlowm) In’ lo(p)

(3) Using (1) and (2), the linear map (d¢),, : T, M — Ty M’ can be identified
with a linear map A : R” — R"™ . What is this linear map?

An equivalent question is: “What is the matrix A of the linear transforma-

el ‘ of T,M and the basis

tion (d¢), with respect to the basis 3%1 ooy B
™ lp

p

9 o) 19"
I H N YN V A3
1 | () War gy W)

To answer this, we apply the tangent vector (dﬁﬁ)p(a%lb) to a function g €
;(p). (In the following calculation, we omit the points p and ¢(p) from the
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notation, for clarity.)

£

L dg 00
ZTaxz

=1

il <8yy> @

(o)

@) (5 ) = jtao0)

<.

<.

Since this holds for all g, we must have

w0 () -5

Jj=1

That is, the matrix is

991 0,1
6:61 T 81’1
A= : : ,
8¢1 6¢n’
0Ty T oy,

which is the Jacobi matrix of ¢.

For a map ¢ : M — M’ between general manifolds M, M’ the situation is
very similar. Let v, 1’ be local coordinate functions for M, M’ near the points
p, ¢(p). Then the derivative

dop : T,M — T¢(p)M,

is represented by the matrix

d(piogopt) A, opoy )
oz e oz
d(plogoy™h) Al 0opop™h)
Oz, e Oz,
with respect to the bases % e % of T, M and a . 88
tp " vilg(p)’ Yn’ 1 (p)

of T¢(p)M/.
Ezxample. : Let us consider the case of
S ={(z,y,2) eR’ | 2® + 9" +2° =1}

and f(x,y,z) = z, from the previous section. With respect to a local coordinate
function ¢ for S2, the linear transformation

df|(a,b,c) : ,I'(a,b,c)S2 - TcR =R
is represented by the Jacobi matrix
(c')fow_l afow—l)
ou ! ov

What is the effect of changing the local coordinate function ?

21



8. Immersions and embeddings

8.1 Definitions
Let ¢ : M — M’ be a smooth map between two manifolds M, M’.

Definition. We say that ¢ is an immersion if the linear map d¢,, is injective
(i.e. Kerdg, = {0} or rankd¢, = dim M) for all p € M. We say that ¢ is an
submersion if the linear map d¢, is surjective (i.e. rank d¢, = dim M’) for all
peEM

Definition. We say that ¢ is an embedding if (1) ¢ is an immersion and (2)
the map ¢ itself is injective.

In some textbooks there is an additional condition in the definition of embed-
ding: (3) the map ¢ is a homeomorphism from M to ¢(M), where ¢(M) has the
subspace topology induced from M’. We shall say that ¢ is a closed embedding
if it satisfies conditions (1), (2), (3).

Examples. : In the examples below, ¢ : R — R2.
(1) ¢(t) = (t,t?) is an embedding (and a closed embedding).
(2) ¢(t) = (t2,£3) is not an immersion (and, therefore, not an embedding).

(3) ¢(t) = (£ — 4,3 — 4¢) is an immersion but not an embedding.

8.2 Some questions

Many manifolds admit natural immersions and embeddings in R"™, if n is
sufficiently large. Usually, this happens when M is defined as a subset of R™.

For example, S™ admits an embedding ¢ : S — R"*!. It follows that S™
admits an embedding in R™ for any m > n. (There is no immersion ¢ : S™ —
R™ if m < n. Why?)

If M is not defined as a subset of R”, it may be difficult to find an embedding
¢ : M — R™ (or to prove that no such embedding exists).

For example, does RP™ admit an immersion or embedding in R™ for some
m? If so, then what is the smallest such m?

Even if M is defined as a subset of R, it may be possible to find an immersion
or embedding in R™ for some m which is less than n.

For example, the torus S' x S! is naturally a subset of R? x R? = R*. It
is easy to show that the inclusion map ¢ : S' x S — R* is an embedding.

However, there is also a well known embedding ¢ : ST x S' — R?. (There is no
immersion ¢ : S x St — R2. Why?)

We shall return to these questions later.

8.3 Tangent vectors revisited

Let ¢ : M — RY be an immersion of an n-dimensional manifold M in RY.
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Let p € U C M, with ¥ : U — R™ a local chart. We shall use coordinates
Z1,...,x, for R”, and coordinates X;,..., Xy for RV,

The derivative d¢, : T,M — T, ¢,(p)RN is expressed locally by

N
9 dpjoyp™t
)= aji 5| , where a;=—2——((¢(p)).
P =1 0X; #(p) Oz;

0
dey( e

Now, if we identify T¢(p)RN with RY in the obvious way, we can identify

d¢p(%‘ ) with the “geometrical vector” aczb57;"71((1&(;0)) = (ais,--.,an;) in
ilp ;

RN,

Since d¢y, is injective, we can identify the “abstract tangent vector” a%i with

p
the “geometrical vector” a‘ﬁgif((zb(p)) in RY. In other words, an immersion

of M in RY allows us to regard tangent vectors of M as ordinary vectors.
For example, let M be the 2-dimensional manifold
S? = {(z,y,2) eR® | 2? +y* + 22 = 1}.
The inclusion map
i:8% = R? i(r,y,2) = (2,9,2)

is an immersion (in fact, an embedding). Let ¢ : U — R? be a local chart for
S2. If we use coordinates u,v on R?, then the abstract tangent vectors

o 0
ou’ Ov
correspond to the geometrical tangent vectors

(09 ™, (0™ ).

This is the usual way to describe tangent vectors in elementary surface theory.
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9. Submanifolds

Manifolds are often defined by equations, for example the sphere is given by

the equation ) ;. , zZ = 1. However, not every equation defines a manifold. For

example the subspace of R? defined by x? — 23 = 0 is not a manifold.

More generally, we can consider a system of equations of the form

Az, .. zn) =0, ..., fo(z1,...,2,) =0.

When does this system define a manifold?

9.1 Definition of submanifold

It is useful to introduce the concept of submanifold. Roughly speaking L is
a submanifold of M if it is a manifold and its manifold structure is compatible
with the manifold structure of M.

Definition. Let M be an n-dimensional manifold. Let L. C M (L is a subset of
M, with the induced topology). We say that L is an [-dimensional submanifold
of M if

(1) (when I =n) L is an open subset of M.

(2) (when 0 <1 <n—1) For any point p € L, there exists a chart (U,v) of M
such that p € U and

LNU={meU|1(m)=--=1p,(m) =0}.

This definition immediately implies:
Proposition. If L is an /-dimensional submanifold of M, then
(1) L is itself an I-dimensional manifold, and
(2) the inclusion map i : L — M, i(p) = p, is an embedding.

Ezample. The sphere S"~! is an (n — 1)-dimensional submanifold of R™.

9.2 When is f~1(c) a submanifold?

The proof of the following theorem is based on the Implicit Function Theorem
(which is based on the Inverse Function Theorem):

Theorem. Let M, N be n, k-dimensional manifolds, respectively. Let ¢ € N.
Let f: M — N be a (smooth) map. Let L = f~(c). If, for every p € L, we
have rank df,, = k, then L is an (n — k)-dimensional submanifold of M.

Proof. [omitted]
Ezxamples.

(1) M:Rn7N:Ra c:17 f(mlw"?xn):Z:L:lm
(L@, 2L w) =2

For any p € L, we have p # 0, so rank df,, = 1. We conclude that L = S"" ! is a

2. The matrix of df, is
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submanifold of R™. (This argument is very simple, because it does not involve
charts!)

2) M =R",N=R,c=0, f(z1,...,2,) = 1y z7. The theorem does not
apply to this example (and we can conclude nothing). However, it is obvious
that L = {(0,...,0)}, hence L is a 0-dimensional manifold.

(B) M =R* N=R, c=0, fi(z,y) = y*> — 2%(x +t). Here t is a fixed real
number. For which values of ¢ is L a submanifold of M?

(4) M = M53R = M3R (see section 1), N = {A € M3(R) | A* = A}, c=1
(identity matrix), f(A) = A* A. We have L = {A € M3R | A = A7'} = O;
(the orthogonal group). The theorem applies here and we conclude that O3 is
a 3-dimensional submanifold of M3R.
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10. The tangent bundle

The tangent bundle of a manifold M is defined, roughly speaking, to be the
disjoint union of all tangent spaces to points of M:

“TM = | T,M .
peEM

“Disjoint union” means that the subsets 1, M, T,M have empty intersection if

pF#q.

There is a natural manifold structure on T'M. Before we define it, we consider
a special case.

Definition. Let M be a submanifold of R of dimension n, and let ¢ :
M — RY be the inclusion map. We define T°M = {(p,v) € M x RN | v €

Ay (T, M)}

It is straightforward to prove that T¢ M is a submanifold of M xR" of dimension
2n.

Ezample. Let M = S"~! = {z € R" | |2| = 1}, with ¢(z) = . Then T?S"~!
can be identified with
{(z,y) e R" x R" | |z| =1,(z,y) = 0}.
This is F~1(1,0) where
F:R"xR"— R?

where F(z,y) = (|z|?, (z,y)). By the method of the previous section, it is pos-
sible to prove directly that F~1(1,0) is a submanifold of R™ x R™ of dimension
2n — 2. (Why do we not use F(z,y) = (|z|, (z,y)) ?)

For a general manifold (not necessarily a submanifold of RY), the definition
of T'M is as follows:

Definition. Let S = {(Uy, %) | @ € A} be a C™ atlas for a manifold M.

Then
TM = (U Eaan>/N

a€cA

where the union is a disjoint union, and where the equivalence relation ~ is
defined by:

(z,0) ~ (y,w) == y=1vpoy (2),w=d(ysoy;")s(v).
We denote the equivalence class of (z,v) by [z,v],, where p = ¢ (z). We
define the projection map mpr : TM — M by ma([z,v]p) = p.

Theorem. (1) TM is a smooth manifold of dimension 2n, with C* atlas
S = {(Ua,¥a) | @ € A}, where U, = {lz,v]p | p € Uy} and Yo @ Uy —
E, x R", zﬁa([ﬂc,v}p) = (x,v). (2) The projection map 7y is a smooth map,
and a submersion.

Proof. [omitted]
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From the definition of 7'M, we have a linear isomorphism

n

7"'Mil(p)*>Tvpj\4a [z7v]szvi%‘P'
i=1

Thus, since TM = Upeymy/ (p) and 73/ (p) = T, M, we can regard TM as the
disjoint union of all the tangent spaces T,M, as stated above.

If M is a submanifold of RN, and ¢ : M — RY is the inclusion map, we can
define a map

n

TM — T°M, [z,0], = (p,dop(D_ vig1|p).

i=1

Using the above theorem, it is possible to prove that this map is a diffeomor-
phism. Therefore, the abstract tangent bundle TM can be identified with the
geometrical tangent bundle T% M.

If : M — N is a smooth map, then each linear map dg¢, : T,M — Ty, N

can be regarded as a map 7, (p) — 75 (¢(p)). We obtain a map TM — TN.
This map can be defined directly as follows:

Definition. Let ¢ : M — N be a smooth map. We define a map d¢ : TM —
TN by

dg([z,v]y) = 05 0 6 095 (2),d(05 0 ¢ 0 U3 )u(v)]sn)
where 65 is a local coordinate function at ¢(p). We call d¢ the derivative of ¢.
It follows immediately that d¢ : TM — TN is smooth.

Thus, we have finally arrived at the definition of “the derivative of a smooth
map”.

Ezample. Let M be an open subset U C R”, with its standard atlas. Since
there is only one chart, we have

TU =T°U = {(p,v) |pc U,v e R"} =U x R"

(where ¢ : U — R™ is the inclusion map). In section 1 we defined the derivative
of g: U — R™ to be the map

dgi
)
Lj 1<i<m,1<j<n

The new definition of the derivative of g : U — R™ is:

dg : U — Hom(R",R™), p+dg, = (

dg:TU (=U x R") - TR™ (= R™ x R™), dg(p,v) = (9(p), dg,(v)).

Thus, the “new dg” is equivalent to “g and the old dg”.

For a general n-dimensional manifold M, the relation between TM and M x
R™ is not easy to judge. For example, is it true that T'S™ “is” S™ x R"?

Definition. Let M be a manifold of dimension n. We say that the manifold
M is parallelizable if there exists a diffeomorphism & : TM — M x R™ such
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that every restricted map ®|7,a : T,M — {p} x R" is a linear isomorphism of
vector spaces.

Remark. TM and M x R™ are examples of vector bundles. The definition says
that a manifold is parallelizable if and only if TM and M x R™ are isomorphic
vector bundles. Similarly, if M is a submanifold of R, with inclusion map
¢: M — RN, then the map d¢ : TM — TRYN is a homomorphism of vector
bundles. The image of d¢ is the vector bundle T M, and d¢ is an isomorphism
from the vector bundle T'M to the vector bundle T? M.

Ezxample. We have seen that any open subset of R"™ is parallelizable.

Example. The circle S! is parallelizable. To prove this, it is convenient to use
T?S" instead of T'S', where ¢ : S' — R? is the standard embedding of S* in
R2. Let us define

q) . T¢Sl — Sl X T(l,O)Sla (I)(p,’l)) = (p7 R;I(U))

where R, : R? — R? denotes the linear transformation which rotates (1,0) (in
the positive direction) to p. It is easy to see that ® is a diffeomorphism, and
that ®|eg. : T7M — {p} x T(1,0)S" is a linear isomorphism.

P

We cannot use the same method to prove that S? is parallelizable. (Why?)
In fact, S? is not parallelizable, but it is necessary to use topological methods
to prove this.

The definition of T'M is rather abstract, and we have not checked its properties
carefully. However, we shall use it mainly as a conceptual guide: it is “most
natural” to think of d¢ as a map TM — TN. Of course, TM is essential
in discussions of global properties such as parallelizability. However, we shall
usually be concerned with local properties, which can be discussed using local
coordinates, as in the case where M is an open subset of R™. In this case,
it is not important whether we use the old or the new definition of dg; the
basic ingredient is the Jacobi matrix dg,. The same comment applies to the
definitions of vector fields, differential forms, and Riemannian metrics which we
shall give in the next section. In each case, it is conceptually helpful to use T'M,
but in practice we shall not use T'M for calculations.
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11. Vector fields, differential 1-forms, Riemannian metrics

We shall give a brief preview of these three important concepts.

11.1 Vector fields

Definition. A vector field on M is a C*° map X : M — TM such that
mp 0 X = id (the identity map of M).

The last condition means that X(p) € T,M for all p € M. Thus, a vector
field is “a smooth assignment of a tangent vector at each point of the manifold”.
From now on we shall write X, instead of X (p).

Example. If M = R™ we have TR™ = R" x R™. Therefore, a vector field on
R"™ is a map of the form

X:R"—=R"xR", pw— (p,x(p)
where x : R™ — R" is smooth.

Ezample. If (U, ) is a chart for a manifold M, where ¢ : U — R™, then we can
define a vector field

X :U—=TU, (Xi)p=5%p

Of course this is a vector field on U, not on M. (We can regard it as a “locally
defined vector field on M”). In terms of the abstract definition of TU, we have
(X3)p = [¥(p),(0,...,0,1,0,...,0)],, where the 1 appears in the i-th position.
We write X; = ai

T4

Ezample. Let M be a submanifold of RV, and let ¢ : M — R” be the inclusion
map. We can define a “geometrical vector field” on M as a smooth map z :
M — RY such that z(p) belongs to the geometrical tangent space dip, (T, M) for
all p € M. An abstract vector field X on M can be converted to a geometrical
vector field z by considering the following composition of maps:

M —TM —T*M C TRY = RN x RV.

We have

p Xy (= [2,0]p) = do(Xy) = (6(p), x(p))
where x(p) is the element of R which corresponds to d¢, (X)) under the natural
identification T,RY = RY. For example, if X; = a% (from the previous
example), we obtain x = d(¢ o p~1)/0x;.
Example. Let M be a 2-dimensional submanifold of R? (a surface), and let
¢ : M — R? be the inclusion map. Let (U,9) be a chart for M, with 1 :
U — R2. If we use standard coordinates (u,v) on R?, we have standard vector
fields 8/0u,d/0v on U (which we regard as locally defined vector fields on the
surface M. These abstract vector fields correspond to the geometrical vector
fields av,, .y, where a@ = ¢ o 9p~!. This example is just a special case of the
previous example, but we mention it separately as it is important in elementary
surface theory. (Of course it is possible to generalize this discussion to the case
where ¢ : M — R? is any embedding or immersion, not necessarily the inclusion
map of a submanifold.)
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Theorem. Let X be a vector field on an n-dimensional manifold M. Let (U, )
be a chart for M. Then there exist C*° functions ai,...,a, : U — R such that

n
— E 9
X|U— al%
i=1

where 0/0z; denotes the i-th standard vector field on U.

The proof of this theorem follows from the definition of T'M: the functions
a; exist because 0/0x1|p, ...,0/0z,|, is a basis of T, M, and they are smooth
because of the definition of the manifold structure of TM. (It is possible to
define a vector field as a collection of maps X |y of the above type. This would
avoid introducing the tangent bundle T'M.)

Ezample. Any vector field on M = R? can be written in the form X(er,20) =
f(z1,22)0/0x1 + g(x1, 22)0/0x2. The corresponding geometrical vector field is
the map = = (f, g).

Ezample. Consider the geometrical vector field on S (a submanifold of R?)
given by z(x1,x2) = (—xz2,21). If this corresponds to the abstract vector field
X = f0/0x1 + g0/Ox2, what are the functions f, g?

Definition. The set of all vector fields on a manifold M is denoted by X (M).

The set X' (M) is a vector space (in fact, it is a module over the ring C*° (M) of
smooth functions on M).

11.2 Differential 1-forms

Let M be a manifold of dimension n. The cotangent bundle T* M is defined
in a similar way to T'M, using the dual vector spaces (T, M)* instead of T,M.
There is a natural projection map 7y, : T*M — M. It can be proved that T M
is a manifold of dimension 2n, and that 7}, is a smooth submersion.

Definition. A differential 1-form (or “l-form”) on M is a C*° map w : M —
T*M,p +— w, such that 7}, o w = id (the identity map of M).

Ezample. If f : M — R is smooth, then the map
p (€ M) — df, (€ Hom(T,M, Ty, R) = (T, M)"

is a 1-form on M. This 1-form is always denoted by df. (Thus, from now on,
when we use the notation df, we must specify whether it means df : TM — TR
ordf : M — T*M. This is not as confusing as it seems, because these two maps
contain essentially the same information.)

In particular, the coordinate functions z; : R™ — R give rise to the 1-forms
dx;. The 1-form dx; means the function

wi 1 p > (wi)p,

where

(wi)p(v) = (dzi)p(v)
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for any tangent vector v € T,R™. On the right hand side of this formula, (dz;),
is the derivative of the map z; at p. In particular we have

lifi=j
(amj) {0 otherwise.

Similarly, we can define the standard 1-forms dx1, ..., dx, for any chart of an
n-dimensional manifold.

Theorem. Let w be a 1-form on an n-dimensional manifold M. Let (U, 1) be
a chart for M. Then there exist C'°° functions ay,...,a, : U — R such that

n
wly = E a;dz;
i=1

where dx; denotes the i-th standard 1-form on U.

Ezample. Any 1-form on M = R? can be written in the form w(y, .,) =
f(w1, 22)dry + g(21, 22)d2s.

Example. If f:R? — R is a smooth function, then df is a 1-form. Hence there
exist smooth functions aq,as such that df = aydx; + asdrs. What are these
functions a1, ae? (Answer: 9f /0x1,0f/0xs.)

Definition. The vector space consisting of all 1-forms on a manifold M is
denoted by Q'(M).

11.8 Riemannian metrics

Let M be a manifold of dimension n. We can define B(T'M) in a similar way
to T'M, using the vector spaces

B(T,M)={f:T,M xT,M — R | f is bilinear}

instead of T, M. There is a natural projection map 78« B(TM) — M. Tt can
be proved that B(TM) is a manifold of dimension n + n?, and that 7% is a
smooth submersion.

Definition. A Riemannian metricon M isaC*® mapg: M — B(TM),g — g,
such that (1) 7% o g = id (the identity map of M), and (2) for every p € M, g,
is an inner product on 7T}, M.

If a, B are 1-forms on M, we can define a map a8 : M — B(TM) by
aB(v,w) = 3 (a(0)5w) + a(w)5).

Theorem. Let g be a Riemannian metric on an n-dimensional manifold M.
Let (U,) be a chart for M. Then there exist C*° functions a;; : U — R,1 <
1 < j < n, such that

g|U = Z aijdxid:cj.

1<i<j<n
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Example. Let g be a Riemannian metric on a 2-dimensional manifold M. Let
(U, ) be a chart for M, with ¢ : U — R2. If we use standard coordinates (u, v)
on R?, we have standard 1-forms du, dv on U (which we regard as locally defined
1-forms on M). Then there exist smooth functions F, F,G : U — R such that
glv = Edu? + 2Fdudv + Gdv?. This is usually called the “first fundamental
form”.
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