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2 NOTES ON LIE GROUPS

1. LECTURE 1
1.1. Lie Groups.

Definition 1.1.1. A Lie group G is a C* manifold with a group structure so that the group
operations are smooth. More precisely, the maps

m:GxG—G (multiplication)
inv:G@ — G (inversion)
are C*° maps of manifolds.

Example 1.1.2. Take G = R with m(a,b) = a+b, inv(a) = —a for all a,b € R. Then G is an
abelian Lie group.

Example 1.1.3. Let V be a finite dimensional vector space over R. Then, V has a canonical
manifold structure, and is a group under vector addition. It can be shown that vector addition
and negation are smooth, so V is a Lie group.

Example 1.1.4. Let M, (R) denote the set of all n x n matrices over R. Define
GL(n,R) ={A € M,(R)| det A # 0}

Then, GL(b,R) is a group unde the operations m(A, B) = AB and inv(4) = A~ = fﬁiﬁ where
adj A denotes the adjugate of A. As these operations are smooth on GL(n,R) considered as a
submanifold of R”Q, GL(n,R) is a Lie group called the real general linear group. Completely

analogously, we have the Lie group
GL(n,C)={A = M,(C)| det A # 0}
the complex general linear group.

Example 1.1.5. The orthogonal group O(n) = {A € M,(R)| AAT =1} is a Lie group as a
subgroup and submanifold of GL(n,R).

We shall not prove the following theorem for now, but rather leave it as an advertisement of
coming attractions.

Theorem 1.1.6. (Closed Subgroup Theorem) Let G be a Lie group and H < G a closed
subgroup of G. Then, H is a Lie group in the induce topology as an embedded submanifold of
G.

As a direct consequence we have

Corollary 1.1.7. If G and G’ are Lie groups and ¢ : G — G’ is a continuous homomorphism,
then ¢ is smooth.

From the Closed Subgroup Theorem we can generate quite a few more examples of Lie
groups.

Example 1.1.8. The following groups are Lie groups:
e The real special linear group SL(n,R) = {A € GL(n,R) | det A = 1}.
e The complex special linear group SL(n,C) = {A € GL(n,C) | det A = 1}.
e The special orthogonal group SO(n,R) = SL(n,R) N O(n).
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e The unitary group U(n) = {A € GL(n,C)| AA* =1}
(where A* denotes the Hermitian transpose of A).
e The special unitary group SU(n) = U(n) N SL(n,C)

Exercise 1.1.9. Prove that each of the groups in Example 1.8 are Lie groups (assuming the
Closed Subgroup Theorem).

Example 1.1.10. We now define the Euclidean group of rigid motions, Euc(n). Let End(V, W)
denote the vector space of all linear endomorphisms from a vector space V to itself. As a set,
we have

Euc(n) ={T € EndR")||Tz - Ty| = ||z — y[|Ve,y € R"}

where ||z|| = />, 2?. Now, one can check that if T € Fuc(n) and T'(0) = 0, then T € O(n).
Then, we can write x — Tz — T(0) € O(n) and so T'(z) = (T'(z) — T(0)) + T'(0). This shows
that T € R" x O(n).

We can think of Euc(n) as a slightly different set. Write

Buc(n) = { {‘5‘ ﬂ [Acom),ver)

If we identify R™ with the set of all vectors of the form [7”10

A vl |w| _ |[Aw+w
0 1| (1| 1
Exercise 1.1.11. Is Fuc(n) = R"™ x O(n) as groups?
1.2. Lie Algebras.

} with w € R”, then we have

Definition 1.2.1. A (real) Lie algebra L is a vector space over R with a bilinear map (called
the Lie bracket)

[]:LxL—L
(X,)Y) — [X,Y]
such that for all X,Y, Z € L,
(1) [XvY] = _[YvX}
(2) [Xv [Y7 ZH = [[Xv Y]7Z] + [Y7 [Xv Z]]

Remark 1.2.2. If we write ad(X)Y = [X,Y], then 2) reads: ad(X) is a derivation of (L, [,]).

Example 1.2.3. Let L = M,,(R). Then, L is a Lie algebra with the commutator; i.e. [X,Y] =
XY -YX.

Exercise 1.2.4. Prove that M, (R) is a Lie algebra with the commutator bracket.
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2. LECTURE 2
2.1. Left Invariant Vector Fields.

Definition 2.1.1. Let G be a Lie group and M a smooth manifold. An action of G on M is
a smooth map
GxM—M
satisfying
(1) 1g-x =« for each x € M
(2) g-(¢'-z) = (gg) - x for each g,¢' € G,z € M.

Example 2.1.2. Any Lie group G acts on itself by left multiplication. If a € G is fixed, we
denote this action by

Lo(g9) = ag Vge G
G also acts on itself by right multiplication (we denote this by R,).

Remark 2.1.3. L, (resp. R,) is a diffeomorphism for each a € G since we have a smooth inverse
given by

L' (g) =a'g=Ly1(9)
for any g € G.

Remark 2.1.4. If G is a Lie group acting on a manifold M and we write gy : m — ¢ - m, then
we have a map

p: G — Dif f(M)
gr— gm

for each g € G. Now, p(1g) = idys and p(g192) = p(g1)p(g2) so that p is a group homomorphism
from G to the group of diffeomorphisms of M.

Example 2.1.5. Define a map L : G — Diff(G);9 — Ly by Ly(¢') = g¢'. Then Ly is a
homomorphism for each fixed ¢ € G and represents the usual left action of G on itself.

Definition 2.1.6. A vector field X on a Lie group G is left invariant if
(dLg)(X(2)) = X (Ly(x)) = X (g)
for each z,g € G.

We will now use left invariant vector fields to show that the tangent space of GG at the
identity, denoted T1G, is a Lie algebra.

Proposition 2.1.7. Let G be a Lie group. Then, the vector space of all left invariant vector
fields on G is ismomorphic (as a vector space) to T1G.

Proof. Since X is left invariant the following diagram commutes

dLq
TG —TG

S

G——G
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so that X (a) = (dLy)1(X (1)) for all a € G. Denote by T'(TG)Y the set of all left invariant
vector fields on G. Define a map ¢ : ['(TG)® — T1G by ¢ : X +— X (1). Then, ¢ is linear and
injective since if X,Y € T(TG)% and ¢(X) = ¢(Y)
X(g) = dLy(X (1)) = dLy(Y (1)) = Y(9)

for each g € G.

Now, ¢ is also surjective. For v € TG, define X, € T(TG)Y by X,(a) = (dLy)1(v) for
a € G. We claim that X, is a left invariant vector field. Now, X, : G — TG is a C*° map of
manifolds since if f € C°°G, then for a € G

(Xo(f))(a) = (dLa(v))f
= v(folLa)
Now, if x € G we have
(foLa)(x)=(fom)(a, )
which is a smooth map of a,z (here, m is the multiplication map on G). Thus, v(f o L) is

smooth and hence so is X,,.
We now show X, is left invariant. For a, g € G, we have

(dLg)(Xo(a)) = dLg((dLa)1(v))

= d(Lgo La)(v)

= d(Lga)(v)

= Xy(ga)

= Xu(Ly(a))
so that X, is left invariant. Therefore ¢ is onto and I'(TG)% = T1G. O

We now give T1G a Lie algebra structure by idetifying it with T'(TG)¢ with the Lie bracket

of vector fields. But, we need to show that [,] is in fact a binary operation on I'(TG)%. Recall if
f: M — N is a smooth map of manifolds and X,Y are vector fields on M and N respectively,
we say that X,Y are f-related if df (X (x)) = Y (f(z)) for every x € M. It is a fact from

manifold theory that is X,Y and X', Y’ are f-related, then so are [X,Y] and [X',Y”]. But, left
invariant vector fields are L, related for all a € G by definition. This justifies

Proposition 2.1.8. The Lie bracket of two left vector fields is a left invariant vector field.
Thus, we can regard 117G as a Lie algebra and make the following definition.

Definition 2.1.9. Let GG be a Lie group. The Lie algebra g of G is T1G with the Lie bracket
induced by its identification with T'(T'G)%.

Example 2.1.10. Let G = (R",+). What is g7 Notice that for this group, Ly(z) = a + x, so
that (dLg)o = idryrn. So, (dLg)o(v) = v for all v € ToR™ and thus g = ToR™ = R™. So the Lie
algebra contains all constant vector fields, and the Lie bracket is identically 0.

Example 2.1.11. Consider the Lie group GL(n,R). We have TGL(n,R) = M, (R), the set
of all n x n real matrices. For any A, B € M, (R), the Lie bracket is the commutator; that is,

[A,B] = AB — BA
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To prove this, we compute X 4, the left invariant vector field associated with the matrix A €
T1GL(n,R). Now, on M, (R), we have global coordinate maps given by z;;(A) = A;;, the
ijth entry of the matrix B. So, for g € GL(n,R), (Xa(xi;))(9) = Xa()(zij o Lg). Also, if
h € GL(n,R),

(wij o Lg)(h) = wij(gh)

= Z Gikh;j
k

= > gikwr(h)
k

which implies that x;; 0 Ly = )" gik ;-
Now, if f € C*°(GL(n,R)), Xa(I)f = %’t:o f(I+tA) so that
XA(I){L‘Z']' = Tij (I + tA)
t=0

dt
= Ay

Putting these remarks together, we see that X a(xij o Lg) = > 1 9inArj = Y Tik(9) Akj-
We are now in a position to calculate the Lie bracket of the left invariant vector fields
associated with elements of M, (R):

((Xa, XBI(I))ij = [Xa, XB|(I)zy
= XaXp(xij) — XBXa(zij)

— (XA(%:Bijik) —XB(%:Akjwik»(I)

= <Z Byjxy Ay, — AkjﬂﬂizBlk) (I)
Kl

= ) BrjduAu — Ar;duBu

k.l
= Z A By — Z B Ay
% %
= (AB — BA);
So, [A, B] = AB — BA.
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3. LECTURE 3

3.1. Lie Group Homomorphisms.

Definition 3.1.1. Let G and H be Lie groups. A map p : G — H is a Lie group homomorphism
if

(1) pis a C* map of manifolds and
(2) p is a group homomorphism.

Furthermore, we say p is a Lie group isomorphism if it is a group isomorphism and a diffeo-
morphism.
If g and b are Lie algebras, a Lie algebra homomorphism 7 : g — b is a map such that

(1) 7 is linear and

(2) 7([X,Y]) = [7(X),7(Y)] for all X,Y € g.

Now, suppose V is an n-dimensional vector space over R. We define

GL(V)={A:V — V| Ais a linear isomorphism}
Since V= R", GL(V) = GL(n,R). Note that GL(V) C Hom(V, V) as an open subset.

Definition 3.1.2. A (real) representation of a Lie group G is a Lie group homomorphism
p:G— GL(V).

We may similarly define GL(W) for a complex vector space W and thus the notion of a
complex representation.
There are two basic problems in Lie Theory:

(1) classify all Lie groups (and Lie algebras),
(2) classify all representations of Lie groups.

One step in this direction is the association between Lie group homomorphisms and homo-
morphisms of Lie algebras.

Theorem 3.1.3. Suppose p : G — H is a Lie group homomorphism. Write dpy = dp. Then,
o0p: T'G — T1H is a Lie algebra homomorphism.

Proof. Tt is enough to show that any two left invariant vector fields on G and H are p-related.
So, let X € I'(TG)¢ and X € T(TH)™. Then, for each a,g € G, we have

(poLa)(g) = »p
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so that po L, = L,(g) o p. Now,

d,oa(X(a)) = dpa(La(X(l))
(1

and thus, X and X are p-related. O

3.2. Lie Subgroups and Lie Subalgebras.

Definition 3.2.1. Let G be a Lie group. A subset H of G is a Lie subgroup if

(1) H is an abstract subgroup of G,
(2) H is a Lie group and
(3) the inclusion ¢ : H < G is an immersion.

A linear subspace b of a Lie algebra g is a Lie subalgebra if  is closed under the Lie bracket
in g.

Example 3.2.2. Let g be a Lie algebra, and v € g a nonzero vector. Then Rv, the span of v,
is a Lie subalgebra of g.

Example 3.2.3. Let H — G be a Lie subgroup. By Theorem 3.2, T1H — T1G is a Lie
subalgebra.

Example 3.2.4. Consider the Lie group GI(2,R). The subgroup

s0(2) = { [ cost Smt] teR}

—sint cost

is a Lie subgroup. We will compute the Lie algebra of SO(2). By Example 4.2, it will be
sufficient to find a nonzero vector in 77150(2) since this Lie algebra is of codimension 1 in

T1GL(n,R). Now,
cost sint|  |—sint cost ‘
i L—sint cost T |—cost —sint| lt=o

o 1
=10
Thus, the Lie algebra so(2) of SO(2) is

s0(2) = { {_Ox fg] |z eRr}

d

dt
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Example 3.2.5. Consider the Lie subgroup O(n) of GL(n,R). We compute o(n), the Lie
algebra of O(n). Let A(t) be a path in O(n) with A(0) = I. Then, since BBT = I for all
B € O(n), we have A(t)A(t)" = I for every t. Thus,

d d

0=~ t:OI = = tZOA(t)A(t)T
- 4 A1) A0)" + 40)( 4 A"
dt|—g dt|—g
= A0)+ A0
Thus, we have o(n) C S where
S={XeM,R)|X+X"=0}
To prove equality, we proceed by dimension count. Now, dim S = "22_ ™ (the easiest way to

see this is to write down the form of a general element of S and determine where to place 1’s).
View I € Sym?(R"), the set of all symmetric n x n real matrices. Then, I is a regular value of
the map
A AAT
where A € GL(nR). Thus,
dimo(n) = dimGL(n,R) — dim Sym?(R")
2

_ .2 M —n
= n (2

+n)
n?—n
2
We can conclude, therefore, that o(n) = S.

We conclude this section by discussing the induced maps dm and dinv on the Lie algebra of
a Lie group G.
Proposition 3.2.6. Let G be a Lie group. Then, for all X,Y € g,
(1) om(X,Y)=X+Y.
(2) dinv(X) = - X.
Proof. 1. First note that since dm = (dm); is linear, it is enough to prove that (dm);(X,0) =
X. So, let v : (a,b) — G be a curve with 7(0) = 1 and 24~(t) = X. Then,

d
— t),1
| oD
q
dt
= X
2. Now, m(y(t),inv(v(t))) = 1 for each t € (a,b). Consider F' : G — G defined by
F(g) = gg~!'. Denote by A the diagonal map A(g) = (g,9) for each G € G. Then, F =

v(t)

t=0
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m o (idg x inv) o A. Thus,
0=(dF)1(X) = ((dm);o(didg)1 x (dinv); o (dA)1)(X)
= X+ (dinv)i(X)
and so dinv(X) = —X.
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4. LECTURE 4
4.1. Topological Groups.

Definition 4.1.1. A topological group G is a topological space which is a group and has the
properties that the group operations are continuous.

Lemma 4.1.2. Let G be a connected topological group. Suppose H is an abstract open subgroup
of G. Then H = G.

Proof. For any a € G, L, : G — G given by g — ag is a homeomorphism. Thus, for each
a € G, aH C G is open. Since the cosets partition GG, and G is connected, we must have
|G/H| = 1. O

Lemma 4.1.3. Let G be a connected topological group, U C G a neigborhood of 1. Then U
generates G.

Proof. For a subset W C G, write W™! = {g_1 €eG|ge W} Also, if k is a positive integer,
we set W¥ ={a1...a;|a; € W}. Let U be as above, and V = U NU~L. Then, V is open and
v € V implies that v™! € V. Let H = U2, V™. Then, H is a subgroup and we claim that H is
open. Notice that H is precisely the subgroup generated by U, so if we prove that H is open,
then H = GG and the Lemma is proved.

If V¥ is open, then VFT! = U,cy (aV*) is open since left multiplication is a homeomorhism.
By induction, V" is open for every n. Thus H is open. O

We will use these results to prove that Lie subalgebras correspond to connected Lie sub-
groups. But, first, we’ll need to develop some more terminology and recall some results from
Differential Geometry.

Definition 4.1.4. A d-dimensional distribution D on a manifold M is a subbundle of T'M of
rank d.

Question: Given a distribution D C T'M, does there exist for each z € M an immersed
submanifold £(z) of M such that T, L(z) = D, for every y € L(x)? A necessary condition for
this question to be answered in the affirmative is: If X,Y € I'(D), then [X,Y] € I'(D).

Definition 4.1.5. A distribution D on a manifold M is integrable (or involutive) if for every
X, Y €eI'(D), [X,Y] € I'(D). An immersed submanifold £ C M is an integral manifold of D if
T.L =D, for every x € L.

We'll get some mileage out of the following theorem and proposition for which we omit the
proofs.

Theorem 4.1.6. (Frobenius) Let D be a d-dimensional integrable distribution on a manifold
M. Then, for all x € M, there exists a unique mazximal, connected,immersed integral subman-

ifold L(x) of D passing through x.

Proposition 4.1.7. Suppose D C T'M is an integrable distribution and L C M an immersed
submanifold such that T,L = D, for every y € L. Suppose f : N — M is a smooth map of
manifolds and F(N) C L. Then, f: N — L is C*.

Assuming both of these results, we’ll prove
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Theorem 4.1.8. Let G be a Lie group with Lie algebra g and ) C g a Lie subalgebra. Then,
there exists a unique connected Lie subgroup H of G with TYH = §.

Proof. Consider D C T'G given by D, = dL,(h) for a € G. Then, D is a distribution. We claim
D is integrable. To prove this, let vy, ..., v, be a basis of h. Let Vi, ..., Vj be the corresponding
left invariant vector fields on G. Then, {Vi(g),...,Vk(g)} is a basis of D,. Also, we have

[Vi(9). Vi(9)] = dLy([Vi, Vjl(9))
since the bracket of left invariant vector fields is left invariant.
Now, for arbitrary sections X,Y of D, write them (locally) as

X=> aV,
Y= yV

J
where z;,y; € C*°(G) for each 7,j. So,

X, Y] = Y aViw)Vi+ Y b jaay Vi, Vil = > Vi), Vi
,J 2y
each term of which is in I'(D), and hence [X,Y] € I'(D).

If we now apply the Frobenius Theorem, we get an immersed, connected, maximal subman-
ifold H of G such that 1 € H and T1H = §. The claim is that H is a Lie subgroup of G. To
show H is a subgroup, fix some # € H. Consider 2 'H = L, 1(H). Then, 1 =zz~! € 27 'H
and for all a € GG, we have

Tp1q(e™ H) = dL,+(T,H)
= dLy-1(dLeh)
= dLy14b
= D,

X a
So, x~'H is tangent to D. Since H is connected, 2 'H is connected, and by maximality and
uniqueness of H, we have z~'H C H. Therefore, H is a subgroup of G.
Finally, we need to show that m|g«pg and inv|g are C*°. But, m : H x H — G is C*°
and m(H x H) C H. By Proposition 5.7, multiplication is a smooth binary operation on H.
Similarly, inv is smooth on H and thus H is a Lie subgroup. O
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5. LECTURE 5

5.1. Simply Connected Lie Groups. Recall now Theorem 3.2, which states that if p: G —
H is a Lie group morphism, then dp : g — b is a map of Lie algebras. Is the conerse true? That
is, if G, H are Lie groups with Lie algebras g and b respectively and 7: g — b is a map of Lie
algebras, does there exist a Lie group morphism p : G — H with §p = 77 Unfortunately, the
answer is “not always”. We can answer affirmitively when G is connected and simply connected
however. Let’s recall a couple of definitions from basic topology.

Definition 5.1.1. A connected topological space T is simply connected if T is arcwise con-
nected and every pointed map f : (S*,1) — (T, %) is homotopically trivial.

Definition 5.1.2. A continuous map p : X — Y is a covering map if for each y € Y, there
exists a neighborhood U of y such that p~'U = [[ U, where U, C X is open for each «, and
plu, is a homeomorhism.

Lemma 5.1.3. Let ¢ : A — B be a map of Lie groups with (d¢); : a — b an isomorphism.
Then,

a) ¢ is a local diffeomorphism and
b) If B is connected, ¢ is onto.

Proof. Consider the following commutative diagram

4-2-p

Lul lLd)(a)

A T B
which can also be viewed element-wise as

Li—2 1,

Lal ILM@

a I—¢> o(a)

From this we can conclude that
(dp)1 = (quﬁ(a));(la) o (dg)a o (dLa)1

Now, since (d¢); is an isomorphism, (d¢), is an isomorphism for every a € A. Invoking the
Inverse Function Theorem, we see then that ¢ is a local diffeomorphism. In particular, ¢ is
an open map, so ¢(A) is an open subgroup of B. Now if B is connected, Lemma 5.2 yields
¢(A) = B and thus ¢ is onto. O

Lemma 5.1.4. Let ¢ : A — B be a surjective Lie group map that is a local diffeomorphism.
Then, ¢ is a covering map.

Proof. Let A = ker ¢. Since ¢ is a local diffeomorphism, there exists an open neighborhood U
of 14 such that ¢|y is injective and so U N A = 14. Since A is a Lie group, the multiplication
map m : A x A — A is continuous and so there exists an open neighborhood V of 14 such that
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m(V x V) CU. That is, VV CU. Let W =V NV~ then WW~! C U. We claim that for
every A, ' € A, \AW N XNW = () if and only if X\ # \'.
To prove this claim, suppose AW NNW = () for some A\, \' € A. Then, there exists w,w’ € W
so that Aw = Nw’. But then, (\) "'\ = w'(w)~! and so (\')~'A € ANU and thus (M)"'A = 1.
Now, what we’'ve just proved is that ker ¢ = A is discrete, so

o7 (6(W) = Aw = [] aw

A€A

and we have a homeomorphism @[y : Aw +— ¢(w). Thus, for each b € B and a € ¢~ 1(b),
¢ (bp(W)) = [T ep aAW. Therefore, the fibers of ¢ are discrete and ¢ : A — B is a covering
map. O

We also have the following fact from topology, stated without proof:

Lemma 5.1.5. Let ¢ : A — B be a covering map of topological spaces with B simply connected.
Then ¢ is a homeomorphism.

We are now in a position to answer the question posed in the beginning of this section.

Theorem 5.1.6. Let G be a connected and simply connected Lie group with lie algebra g and
H a Lie group with Lie algebra . Given a Lie algebra morphism 7 : g — b, there exists a
unique Lie group morphism p: G — H such that 6p = 7.

Proof. First note that
graph(r) = {(X,7(X)) € g x h[ X € g}
is a subalgebra of g x h since

(X1, 7(X1)), (X2, 7(X2))] = ([X1, Xol, [7(X1), 7(X2)])
= ([X1, Xol, 7[X1, X2])

So, by Theorem 5.8, there exists a connected Lie subgroup I' of G x H so that 71" = graph(r).
The claim is that I' is the graph of the Lie group morphism p we are trying to construct, and
hence it is sufficient to show that I' is in fact a graph. Formally, if I" is a graph, then we have

G x H

and can simply define p = 7 o (m1|p) L.

Now, (dmi|r)(1,1) : graph(r) — g is an isomorphism, so m|r is a local diffeomorphism by
Lemma 6.3, and evidently 71|p : [' — G is a surjective group homomorphism. By Lemma 6.4,
m1|r is a covering map. Since G is simply connected, 71|r is a homeomorphism.

Finally, define p : G — H by p = w0 (m1|r)~!. Since I is a subgroup, p is a homomorphism
and graph(p) = I'. This gives us the Lie group morphism we want.
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We now have to establish the uniqueness of such a Lie group homomorphism. Suppose
p: G — H is another such Lie group morphism, then

T(1,1)(graph(p)) = graph(r) = T(4 1)(graph(p))
Since graph(p) and graph(p) are connected subgroups of G x H with the same Lie algebra,
they must be identical. Therefore, p = p. O
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6. LECTURE 6

6.1. The Exponential Map. Given a Lie group G and its Lie algebra g, we would like to
construct an exponential map from g — G, which will help to give some information about the
structure of g.

Proposition 6.1.1. Let G be a Lie group with Lie algebra g. Then, for each X € g, there
exists a map vx : R — G satisfying
(1) vx(0) = 1g,

d
2) — t)=X and
@) | =X en

(3) x5+ ) = vx () ().

Proof. Consider the Lie algeba map 7 : R — g defined by 7 : ¢t — tX for all X € g. Now, R
is connected and simply connected, so by Theorem 6.6. there exists a unique Lie group map
vx : R — G such that (dyx)o = 7; which is to say

d

= ) =X
g x ()

t=0

This motivates the following definition:

Definition 6.1.2. Let G be a Lie group with Lie algebra g. Define the exponential map
exp: g — G by exp(X) = yx(1).

Lemma 6.1.3. Let G be a Lie group with Lie algebra g and X € g. Write X for the left
invariant vector field on g with X (1) = X. Then,

¢i(a) = ayx(t)
is the flow of X. In particular, X is complete; i.e. the flow exists for all t € R.

Proof. For a € G, we have

@ = (g )
= oo (5| et 9)
= (L)oo 5| (sx(0)
- (dLa)’yX(s) ( % o L'yx(s) (’YX(Q))
= (dLaWX(s))l( % . WX(t))
= (dLayy(s))1(X)
= X(ayx(s)) (since X is left-invariant)

So, ayx(t) is the flow of X and exists for all ¢. O
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Lemma 6.1.4. The exponential map is C*°.

Proof. Consider the vector field V on G x g given by
V(a, X) = (dLa(X),0)

Then, V € C*(G, g) and the claim is that the flow of V' is given by ¢:(g, X) = (g7x(t), X).
To prove this claim, consider the following;:

d
% . (QPVX(t)v X) = (dLg'yX(s) (X)7 0)
=s
= V(gFYX(s)v X)

from which we can conclude that yx depends smoothly on X

Now, we note that the map ¢ : R x G x g defined by ¢(t,a, X) = (ayx(t), X) is smooth.
Thus, if m : G x g — G is projection on the first factor, (m0)(1lg, X) = vx(1) = exp(X) is
Cc*. O
Lemma 6.1.5. For all X € g and for allt € R, v x(1) = yx(t).
Proof. The intent is to prove that for all s € R, 72X (s) = yx(ts). Now, s — yx(s) is the
integral curve of the left invariant vector field tX through 1. But, tX = tX, so if we prove

that ~vx (ts) is an integral curve of tX through 1¢, by uniqueness the Lemma will be established.
To prove this, first let o(s) = vx(ts). Then, (0) = vx(0) = 1. We also have

d d
£O'(S) = £7X(ts)
d
— d—
dul,_,. 7x (u)
= tX(yx(ts))
S O)
So, o(s) is also an integral curve of tX through 1g. Thus, v:x(s) = vx(ts) and, in particular,
when s = 1 we have vy x (1) = yx(¢). O

We’ll now use this to prove a rather nice fact about the exponential map.

Proposition 6.1.6. Let G be a Lie group and g its Lie algebra. Identify both Tog and T1G
with g. Then, (dexp)o : Tog — T\ G is the identity map.

Proof. Using the result established in Lemma 7.5, we have

(dexp)o(X) = exp(0 + tX)

t=0

Yex (1)
t=0

Yx (1)
=0

< Sa & B
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Corollary 6.1.7. a) For all t1,ty € R, exp((t] +1t2)X) =expt1 X + exptaX.
b) exp(—tX) = (exp(tX))~ 1.
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7. LECTURE 7

7.1. Naturality of exp. In this section, we reveal a property that will be used liberally in
discussions to come and provides an important relationship between morphisms of Lie groups
and morphisms of Lie algebras.

Theorem 7.1.1. Let ¢ : H — G be a morphism of Lie groups. Then, the following diagram

commutes:

d¢
g
lexp
G

h— s
expl

H——

¢

That is to say, exp is natural.
Proof. Fix X € g. Consider the curves

o(t) = élexp(tX))
T(t) = exp(d¢(tX))

Now, 0,7 : R — G are Lie group homomorphisms with ¢(0) = 7(0) = 1. So,

d d
4o = won (§ ewen)
= (6¢)(X)
d
= = » T(t).
So, o(t) = 7(t) for all t. O

Corollary 7.1.2. Let H C G be a Lie subgroup of a Lie group G. Then, for all X € b,

expg(X) = expy (X).
In particular, X € b if and only if exp(tX) € b for all t.

Theorem 7.1.3. Fvery connected Lie group G is a quotient G/N where G is a simply connected
Lie group of the same dimension as G and N is a central discrete normal subgroup of G. Both
G and N are unique up to isomorphism.

Proof. Recall that the universal covering space of a topological space is the unique (up to deck
isomorphism) simply connected covering space. We will use, but not prove, the fact that every
connected Lie group has a universal covering space.

Let G be the universal covering space of G, and denote by p the covering map. Let 1 = p~! (1).
Denote by 7 the lift of the multiplication map m : G x G — G to G uniquely determined by
m(1,1) = 1. Similarly, inv : G — G lifts to G as well. Thus, G is a group. Also, p is a Lie
group homomorphism by definition of m:

p(m(a,b)) = m(p(a), p(b)).

Now, kernels of covering maps are discrete, and evidently, G = G / ker p.
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It remains to prove that N = kerp is central, that is for all g € G and n e N, gng~t = n.

Fix n € N. Define ¢ : G — G by ¢(g) = gng~'. Since N is normal ¢(G) € N. Now, G is
connected, so ¢(G) is connected since ¢ is continuous. But N is discrete, so ¢(G) is a single
point. We have ¢(1) = n and hence ¢(G) = n. Therefore, N is central. O

Corollary 7.1.4. If G is a connected topological group, then the fundamental group 71 (G) is
abelian.

Our last result for this section deals with subgroups of Lie groups.

Proposition 7.1.5. Lie groups have no small subgroups, i.e. if G is a Lie group, then there
exists a neighborhood U of the identity so that for all g € U there exists a positive integer N
(depending on g) having the property that g ¢ U.

Proof. recall first that (dexp)o : g — g is the identity. By the Inverse Function Theorem, there
exists neighborhoods V’ of 0 in g and U’ of 1 € G so that exp : V' — U’ is a diffeomorphism.
Let U = exp(%V/ ). We claim that U is the desired neighborhood.

If g€ U, then g = exp(%v) for some v € V'. Then,

1 1
g" =exp <2v> ...exp (21)) (n times)

for any positive integer n. Now, given v, pick N so that %v € V'\ iV’ Then, ¢V €
exp(V') \exp (3V') =U'\ U. O
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8. LECTURE 8
8.1. Ad, ad and exp.

Definition 8.1.1. Let G be a Lie group and V a vector space. A representation of a Lie group
is a map p : G — GL(V) of Lie groups.

For a Lie group G, consider the action of GG on itself by conjugation: for each g € G we have
a diffeomorphism ¢, : G — G given by c¢4(a) = gag™'. Notice that c4(1) = 1, and we have

an invertible linear map (dcg)1 : g — g. Now, ¢g,9, = €g, © Cg2 for all g1,92 € G, and hence
(dcgl)l 0 (dCQQ)l = (d69192)1-

Definition 8.1.2. The Adjoint Representation of a Lie group G is the representation Ad :
G — GL(g) defined by

Ad(g) = (degh

The adjoint representation of a Lie algebra g is the representation ad : g — gl(g) = Hom(g, g)
defined by

ad(X) = (d Ad)1 (X)

Proposition 8.1.3. Suppose G is a Lie group. Then, for allt € R,g € G and X € g we have

(1) gexp(tX)g—" = exp(t Ad(g)(X)) and
(2) Ad(exp(tX)) = exp(tad(X)).

Proof. For the first statement, apply naturality of exp to the diagram

Ad
g (9) g
expi lexp
G2

Similarly, to prove 2, apply the naturality of exp to the diagram

g

Example 8.1.4. We compute what Ad and ad are as maps when G = GL(n,R). Recall that
for any A, g € G we have the conjugation map c,(A) = gAg~!. Note that congugation is linear.
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Thus, for X € g we have
Ad(g)(X) = (deg)r(X)

Also, for X, Y € g

ad(X)Y = 4

g Ad(exp(tX))Y

t=0

—|  exp(tX)Y exp(—tX)
dt|,_,

_ (4
-~ \dtf,

= XY +Y(-X)
= [va]

eXp(tX)) Y exp(—0X) + exp(0X)Y (jt

exp(-1)

t=0

the commutator of the matrices X, Y.
The second result of the previous example generalizes nicely to any Lie group.
Theorem 8.1.5. Let G be a Lie group. Then, for any X,Y € g,
ad(X)Y = [X,Y]

Proof. First note that

d
ad(X)Y = —| Ad(exptx)Y
dt|,_,

d
3, exptx Y .
p tzod(c ptz)1(Y)

Also, recall that we have shown:
(1) ¢gla) = gag_1~: (Rg-10 Lg)(a)v ~
(2) (dLg)1(Y) =Y (g), where Y is the left invariant vector field with Y(1) =Y,
(3) the flow ¢} of Y is given by

7 (a) = a(exptX) = Rexpix(a),
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We now put 1-5 together:

ad(X)Y = dRexp(—tX) (dLexp txY)  (by 1,5)

dRexp(ftX) (}N[(exp tX) (by 2)

(@) (Y (47 (1)) (by 3)

Sl & §x
o~
i
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9. LECTURE 9

9.1. Normal Lie Subgroups. Problem: Given a Lie group G and N C G a normal Lie
subgroup, what properties does the Lie algebra n of N have?
Since N is normal in G, for all g € G and for all n € N, we have

gng Tt EN = ¢, (N)CN
= d(egh(n) €
= Ad(g)nCn

Thus, for any X € n, any Y € g and any ¢t € R, we have

d
Ad(exptY)X e n = p Ad(exptY)X €n
t=0

But Ad(exptY)X = ad(Y)X = [Y, X] and hence [V, X] € n.

il
Y dt 1t=0
Definition 9.1.1. A Lie subalgebra n of a Lie algebra g is an ideal if [g,n] C n.

So, the above discussion proves

Proposition 9.1.2. If N is a normal Lie subgroup of a Lie group G, then its Lie algebra n is
an ideal in g.

It’s natural to wonder whether the converse of this proposition is true. That is, if G is
a Lie group and n is an ideal in g, is it necessarily true that the unique subgroup N of G
corresponding to n is normal? We need an extra hypothesis on G:

Proposition 9.1.3. Suppose G is a connected Lie group with Lie algebra g, n C g an ideal
and N the unique connected Lie subgroup with n CTYN. Then N is a normal subgroup of G.

Proof. For all X € n,Y € g we have [Y, X] € n. So, [Y,[Y, X]] = (ad(Y) cad(Y¥))(X) € n. It
follows that ad(Y)"(X) € n. But then,

S L AdYX) = exp(tad(Y))(X)
= Ad(exptY)X €n

for all ¢ € R. Since G is connected, exp g generates G and so Ad(g)X € nforall g € G, X €n.
This implies that cq(exp X) = exp(Ad(g)X) € N. But N is connected, and so expn generates
N. Hence, gag~' € N for any g € G,a € N. O

9.2. The Closed Subgroup Theorem I. We now start a proof of The Closed Subgroup
Theorem:

Theorem 9.2.1. If G is a Lie group, H C G a closed subgroup, then H is a Lie subgroup of
G.

What we will actually prove is that H (as above) is an embedded submanifold of G and the
theorem will follow from a couple of results we will now establish.
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Lemma 9.2.2. Let G be a Lie group. Suppose H C G is an abstract subgroup and an embedded
submanifold. Then, H is a Lie subgroup.

Proof. It’s enough to show that the multiplication map m : H x H — H is smooth. Fix
(x,y) € H. Since m : H x H — @ is continuous, there exists a neighborhood U of xy = m(x,y)
in G and a neighborhood V of (z,y) € H so that m(V) C U. Since H is embedded in G, there
exists a neighborhood U’ C U of zy in G and a coordinate map ¢ : U' — R" (n = dim G) such
that

¢(U'NH) =o(U") N (R x {0})
where k = dim H. Now, gom : m~ 1 (U')NV — R" is C* and the image of this composition
lies in R* x {0}. Letting p : R® — RF be the standard projection, we see that po ¢ om :
m~YU")NV — RF is C*®. Hence, m is C™. O

Theorem 9.2.3. An abstract subgroup H of a Lie group G is an embedded submanifold if and
only if H is closed in G.

Proof. We first prove that if H is an embedded submanifold, it is closed in G. Since H is
embeddced, there exists a neighborhood U of 1 € G such that U N H is closed in U. Let H
be the closure of H and suppose y € H. Then, yU~! C G is a neighborhood of 3 in G. We
conclude that yU~' N H # (). Pick a point € yU~' N H. Then, z = yu~' for some v € U.
Thus, 2 'y =u € U.

Now, L -1 : G — G is a homemorphism so that L,1(H) = H. By continuity, L,-1(H) = H.
Thus, ~'y € H. We now argue that x 'y € HNU. Since 'y € HNU, there exists a sequence
{hn,} € HNU so that h, — 2~ 'y. But recall that HNU is closed in U and so x 7'y € HNU.
Since this implies y € H = H, we must have H C H. Thus, H is closed in G.

O
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10. LECTURE 10

10.1. The Closed Subgroup Theorem II. We have yet to complete the proof of the Closed
Subgroup Theorem. What remains is to show that an abstract closed subgroup H of a Lie
group G is an embedded submanifold. By Lemma 9.5, H is then a Lie subgroup of G.

Proof. Fix a norm || - || on g. Choose neighborhoods W’ of 0 € g and W of 1 € G so that
exp : W — W is a diffeomorphism. Let V' = W' N (=W'). Take V = exp(V’) and note that
a€V = a ! €V. Define

log := (exp|y) ' :V =V
and let
J sequences {h,} C HNV,{t,} C R=Y with
h=<Xeg| . .
(1) limy,— o0 by, = 1 and (2) limy,—, o0 t,, log hyy = X

Claim 1: There exists a neighborhood U’ of 0 € h such that exp(U’) C H.

To prove this claim, first take U’ = V' N h. Then, for any X € U’ there are sequences {h,, }
and {t,} so that (1) and (2) hold. Since lim,_.oc by, = 1, lim,_,o log h,, = 0. Denote by |¢, |
the largest integer less than or equal to t. We then have

lim (¢, — |tn])loghy, =0

so that X = lim,, o0 ty log hy, = limy, o0 [t ] l0g Ay In light of this, we see that

exp(X) = lim exp(|t,]loghn)
= lim (exp(log hy,)) Lt
= lim Wl e H

since hii") € H for all n and H is closed. But this proves the claim that exp(U’) C H.

Claim 2: b is a linear subspace of g.

Piick X € h. As before, we then have sequences {h,} and {t,} satisfying the conditions (1)
and (2) above. Now, {h, !} C V N H and

lim (h,') = (lim hy,)"!

n—oo n—oo
= 171=1
while
lim ¢, log h;l = — lim t,logh,
n— oo n—inf
= —-Xeb.

Also, for all ¢ > 0, we have lim;,, o (t(tn) log hy,) — tX. Hence, tX € b for all t € R.
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Now, if X,Y € b, then for ¢ sufficiently small, tX,tY € U’ and so exptX exptY € H. In
addition, since limy_,gexptX exptY = 1, exptXexptY € V. Hence for t sufficiently small,
exptXexptY € VN H. But,

d 1
—|  log(exptXexptY) = lim-log(exptX exptY)
dt +=0 t—0 t

= X+Y

Let t, = 1/n and h,, = expt, X expt,Y. Then h, € H and lim,,_,o h, = 1. It follows that
lim, o tplogh, =X +Y €bh.

Claim 3: For any neighborhoos U’ of 0 € b, exp(U’) is a neighborhood of 1 € H.

Suppose the claim doesn’t hold. Then, there exists a neighborhood U’ of 0 € h and a sequence
{hn} C H \ exp(U’) such that h, — 1. Choose a linear subspace £ in g so that g = h & ¢.
Consider ¢ : h®¢t — G defined by (X @Y) = exp X expY. Then (d¢)g = X +Y and so ¢ is a
diffeomorphism in a neighborhood of 0 € h & €. Thus, there are sexuences {X,,} C h, {Y,,} C ¢
so that h, = exp X,, exp Y, for n sufficiently large. Note that Y,, # 0 since h,, & exp(U’).

Now, h, € H implies that exp(X,) € H and so exp(X,) 'h, € H. On the other hand,
1/]|Y,||Yx is bounded. By passing to a subsequence, we may assume that 1/||Y,||Y, — Y € ¢
with ||Y]| = 1. Let h,, = exp(Y},) so that for n large, h, € VNU and Y,, = log(hy). Since
Y, — 0, hp, — 1 and 1/||Yy,||logh, — Y € b, a contradiction.

From the three claims above, we can conclude that there exists a linear subspace § of g, a
neighborhood V' of 0 € g and a neighborhood V of 1 € G such that
(1) exp: V! — V is a diffeomorphism,
(2) exp(V' N ) is a neighborhood of 1 in H.
So, log : V. — V' are coordinates on G adapted to H. This in turn implies that for all z € U,

logoL,-1 : L,;(V) — g are coordinates adapted to H. Hence H is an embedded submanifold
of G. 0
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11. LECTURE 11

11.1. Applications of the Closed Subgroup Theorem. We begin with a remark about
the Lie algebra of a closed subgroup of a Lie group. If H is a closed subgroup of a Lie group
G, then the Lie algebra § of H is

{X eg|exptX € HVt € R}
Since exp is natural, exptX € H for all t. Conversely, if exptX € H for all t,

d
X =— exptX €e "H =}
dt|,_q

Our first application of the Closed Subgroup Theorem is a rather surprising result about
continuous group homomorphisms.

Theorem 11.1.1. Suppose H and G are Lie groups and f : H — G is a continuous group
homomorphism. Then, f is smooth.

For the proof of Theorem 11.1, we’ll need Sard’s Theorem.

Definition 11.1.2. Let f : M — N be a C*° map of manifolds. A point y € N is a regular
value of f if for any z € f~(y), (df)s : ToM — T,N is onto.

Theorem 11.1.3 (Sard’s Theorem). Let f : M — N be a smooth map of manifolds. Then,
the set of reqular values of f is dense in N.

Remark 11.1.4. If f~1(y) = 0, y is still a regular value. Hence, if f(M) is a single point in N,
the complement N \ f(M) is still dense and consists of regular values.

Proposition 11.1.5. Suppose f: A — B is a Lie group homomorphism. Then,

(1) sz z:s onto, (df)g : ToA — Tf(a)B' is onto for all a € A and
(ii) if f is 1-1, (df )a : ToA — Tpq)B is 1-1 for all a € A.

Proof. Recall first for any a € A, Lyqy o f = foLa. So, (dLggy)1 o (df)1 = (df)a © (dLa)1.
Consequently, using the fact that L, is always a diffeomorphism,

dimker(df), = dimker(df); and
dimim(df), = dimim(df);

for all a € A.
We are now in a position to prove (i). By Sard’s Theorem, the set of regular values of f
is dense in B. By assumption, B = f(A) and so there is b € f(A) which is a regular value.
Hence, there is ag € A so that (df),, : TwA — T}, B is onto. Thus, (df), is onto for all a € A.
To prove (ii), first suppose that (df)1(X) = 0 for some X € T1A. Then, f(exptX)
exp(t(df)i1(X)) =1 for all t € R. Thus, {exptX} C ker f = {1}. So, X =0 and ker(df), =
for all a € A.

ol

We now prove Theorem 11.1:
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Proof. Since f is continuous, its graph

I'r={(a,f(a)) e HxGlac H}
is a closed subgroup of H x . By the Closed Subgroup Theorem, I'; is a Lie subgroup.
Consider the projections

Ly
N
H G
Now, p; is a group isomorphism and we can thus write f = pg o pfl So, it’s enough to prove

pl_1 is smooth. But, by Propostition 11.5, dp; is everywhere onto and injective. By the Inverse
Function Theorem, pl_1 is smooth. O

For another application of the Closed Subgroup Theorem, we look towards group actions.
Definition 11.1.6. Suppose a Lie group G acts on a manifold M. The stabilizer (or isotropy)
group of z € M is

Gy ={aecGla-z =2}
The orbit of x € M is
G-z={a-xz|laecG}.
It is left as an exercise to prove that G, is a subgroup of G for each = € M.

Proposition 11.1.7. Suppose a Lie group G acts on a manifold M. For each x € M, the
stabilizer group Gy s a Lie subgroup of G.

Proof. Choose x € M. We will show that G, is closed in G. Let A: G x M — M denote the
action of G on M. Define v, : G — G x M by t5(a) = (a,x). Then,
Gz ={a € G| A(z(a)) =z}
That is, G, = t;*(A~%(z)). Noting that both A and ¢, are continuous, we're done. O
We will denote the Lie algebra of G, by g,. Note that

g, ={X €g|(exptX) -z =xVt € R}
Example 11.1.8. G = GL(n,R) acts on symmetric bilinear forms Sym?((R™)*) by (4 -
b)(v,w) = b(A~ v, A=tw). Let by = (,) be the standard inner product on R™. Then,
Gy, = {A € GL(n,R) [ (Av, Aw) = (v, w,)} = O(n)

Example 11.1.9. G = GL(n,C) acts on H = hermitian forms on C". Let ho(z,w) = > Zjw;
be the standard Hermitian form. By a computation similar to the previous example, G}, =
U(n).
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Example 11.1.10. Let B = all bilinear forms on R™. Suppose n = 2k and examine

0 I k 2k
wv,w) = <v, [—I 0] a:> = Zlvink — Z VWi,

i=k+1

The stabilizer group of w is denoted Sp(R?*) (or Sp(k,R)) and is called the symplectic group.
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12. LECTURE 12

12.1. Group Actions and Induced Vector Fields. In this lecture we will see how group
actions are used to find the Lie algebra of Lie groups given as the stabilizer of some group
action.

Suppose a Lie group G acts on a manifold M. Fix X € g. Then, ®;(z) = (exptX) -z is a
1-parameter group of diffeomorphisms of M:

Dy s(x) (exp(t+s)X)- o

= ((exptX)(expsX))- -z
(exptX) - (expsX) -z

= 0y(Ps(x))

Given this 1-parameter group, the corresponding vector field (the induced vector field) is
given by

Xo(z) = L

= = (exptX) - x

t=0

Remark 12.1.1. This gives us a map g — I'(TM), X — Xj. Is this a map of Lie algebras?
Lemma 12.1.2. Suppose a Lie group G acts on a manifold M and x € M. Then,

d
0 = (X e gl Xu(0) =0} = {X ca|

(exptX) -z = O}
t=0

Proof. If X € g, thenexptX € G for all t and hence z = (exptX)-x for all t. So, differentiating
gives 0 = %’t:(} (exptX) -z = Xp(z).

Conversely, suppose Y € g and Yas(x) = 0. Then, the curve (t) = x is an integral curve of
Y through z. By definition, the map t — (exptY - x is also an integral curve of Y, through
x. But then, for all t € R, (exptY) - & = z implies exptY € G, and so Y € g,. a

Example 12.1.3. Recall that GL(n,R) acts on the vector space B of all bilinear forms on R"
by
(A-b)(v,w) = b(A v, A" w)

Now, if b: R™ x R™ — R is a bilinear form, then

b(x + tv,y + tw)
t=0

% (b y) + th(v, ) + th(z, w) + 2b(v, w))
t=0

= b(x,w)+ b(v,y).

d
(db)(x,y)(v7w) = %

What happens when we take the bilinear form to be by = (,); the standard inner product on
R"™? Recall that GL(n,R),, = O(n) and let’s compute the Lie Algebra o(n) of O(n). We have
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d
0 = (5
d
—|  blexp(—tX)v,exp(—tX)w)
dt],—o
= (db)yw(—Xv,—Xw)
= b(v,—Xw)+ b(—Xv,w)
= —b(v, Xw) — b(v, XTw)
= b, (X + XT)w).
Since v, w were arbitrary, we have o(n) = {X € gl(n,R) | X + X7 =0}.
Now we turn to examine the orbits of a Lie group action on a manifold. Recall that the
orbitof t e Mis G-z ={a-x|a € G}.

exptX)-b| (v,w
(e ) o)

Example 12.1.4. G = R" acts on R by left multiplication. The orbit of any real number is
either (—o0,0), {0} or (0, 0).

Example 12.1.5. SO(n) act on R"™ in the following fashion: if v € R™ and A € SO(n), then
A - v = Av (matrix-vector multiplication). The orbit of v under this action is SO(n) - v =
{w € R"| |lw|| = ||v||}, i-e. the sphere of radius ||v]|.

An action of G on M defines an equivalence relation whose equivalence classes are orbits.
The relation is m ~ m/ if and only if there exists g € G so that m’ = g - m. Since this is an
equivalence relation (prove this!), if x,2’ € M we have G-2NG -2/ #0) — G-2=G-2'. In
particular, we may form the quotient space M /G := M/ ~ from this relation. The elements of
this topological space are the orbits, but what is the topology?

Let m : M — M/G be defined by n(x) = G - z. This map is, of course, onto. Call a
set U C M/G open if and only if 7~1(U) C M is open. Check that this does indeed define a
topology on M /G. We may now ask basic questions about the general topology of this quotient
space. For example, when is M/G Hausdorff?

Proposition 12.1.6. Let a Lie group G act on a space M. If the set

R={(m,m')e M x M|m'=g-m for some g € G}
is closed in M x M, then M /G is Hausdorff.
Proof. Choose points & # y € M/G. Since the canonical projection is onto, there exists
x,y € M so that m(xz) = z and 7(y) = y. Since T # g, (z,y) € R. Since R is closed, there
exists (open) neighborhoods U of 2 € M and V of y € M so that (U x V)N R = . Now, if

m(z) € m1(U) Nw(V), then there exists g1, g2 € G so that g1z € U and g2z € V. But then, we
must have (g12,922) = (912, (g2g5 *)g2z) € R. This is a contradiction since then

)=ntxU)N7(V)) =7 x(U)Nnr L (x(V)).
0

Corollary 12.1.7. Let G be a Lie group, H C G a closed subgroup. Then G/H is Hausdorff.
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Proof. In this case, R = {(g1,92) | g2 = g1h,h € H}. The map ¢ : G x G — G x G given by
Y (a,b) = (a,ab) is a diffeomorphism and R = (G x H). Since G x H is closed, R is as well. [
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13. LECTURE 13

13.1. More on Group Actions and Principal Bundles 1.
Definition 13.1.1. Let G be a Lie group and X a set. A right action of G on X is a map
X x G — X satisfying

(1) z-1=u,

(2) (x-9) g =299
Example 13.1.2. Let X = Hom(V,W). Then, GL(V) acts on the left and GL(W) acts on
the right.
Definition 13.1.3. Let H be a Lie group. A principal H-bundle is a manifold P equipped
with a right action of H such that

(1) B = P/H is a smooth manifold and the orbit map = : P — B is a submersion,

(2) For any b € B, there is an open set U C B with b € U and a smooth map
Y (U)—-UxH

so that
(i) the following diagram commutes:
1 Y
T (U) UxH
x /
U

(ii) ¥(p-a) =(p)-aforallp € P,a € H where H acts on U x H by (u,h)-a = (u, ha).

Example 13.1.4. 0) Let P = B x H, m = projection on the first factor and (b,h) - a =
(b, ha) for all (h,a) € P, a € H. This is called the trivial principal bundle.

1) §?"=1 — CP""! is a principal S! bundle. S* acts on S?"~1 C C" by (z1,...,2) - A =
(A\z1,...,Az,). The bundle projection 7 : §?"~! — CP"! maps (z1,...,2,) to the
equivalence class [z1, ..., zp].

2) Let M be an n-dimensional manifold. The frame bundle of M is Fr(M) =[], 5 Iso(R", T, M) C
Hom(M x R™, TM). This is a principal GL(n,R) bundle: f-A = fo A.

3) Let G be a Lie group, H C G a closed subgroup. Then, 7 : G — G/H is a principal
H-bundle.

Remark 13.1.5. If P is a principal H-bundle, P is called the total space of the bundle, B = P/H
is the base space, H is the structure group; for b € B, n=1(b) = P, is the fiber above b. The

bundle is often written H — P - B.

Remark 13.1.6. A right action of a Lie group G on a manifold M is free if for all x € M,
x-g=x = g = 1. Aright action is proper if the map f : M xG — M xM, (m,g) — (m,m-g)
is proper; i.e. preimages of compact sets are compact. We have the following result:

Theorem 13.1.7. If a Lie group G acts freely and properly on a manifold P, then P/G is a
manifold and G — P — P/G is a principal G-bundle.
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The last example above of a principal bundle was slipped in without proof. Let’s take care
of that now.

Theorem 13.1.8. let G be a Lie group, H C G a closed subgroup. Then, G/H is a smooth
manifold and H — G = G/H is a principal H-bundle. Moreover, Ty (G/H) = g/b.

Proof. We will show only that G/H is a smooth manifold and that 715 (G/H) = g/h. The
proof that G — G/H is a principal H—bundle is left to the reader. Recall from the proof of
the Closed Subgroup Theorem that if we choose a linear subspace m C g so that g =h xm
then the map ¢ : m x h — G, ¢(Y, X) = expY exp X has the properties that

(1) ¢ is a diffeomorphism on a neighborhood V' x U of (0,0) in m x b,

(2) If U and V are sufficiently small, then

d(VxU)NH=¢({0} xU) =exp(U)

Choose V' C V open so that Y7,Y; € V' implies Y1 — Ys € V. Let ¥ = exp(V’). Then,
81,89 €2 — 52_151 € exp(V).

Claim 1: The map ¢ : ¥ x H — G, ¥(s,h) = sh is injective.

To prove this claim, first suppose that s1,s2 € 3, h1,hy € H and s1h; = sohe. Then

d(V xU) D ¢(V x {0}) = exp(V) 3 sy s1 = hohy' € H

But HN¢(V x U = ¢({0} x U) and ¢({0} x U) N p(V x {0}) = ¢(0,0) = 1. Hence, s; = s2
and h1 = hg.

Claim 2: If V' is sufficiently small, then

Y:exp(V)x H=Yx H— G

is an open embedding.

Let’s compute (dw)(u) MY xTiH — T1G = g. Write 712X = m and ThH = §. For all
Y emand X € hh we have

(d)a1)(Y,0) = g YlexpY -1) =Y
t=0
d
([@)an(0,X) = — ¢(1-expX)=X
t=0

and hence (di)(1,1)(Y, X) =Y + X. So, if V' is sufficiently small, (dv) 1) : TsX x TiH — TG
is an isomorhism for all s € X.
Now, the diagram

EXHL G

idXRhT TRH
Y x H LA G

commutes: i.e. ¥(s,ah) = sah = Rpsa = (Rpo1)(s,a) and it follows that, for all (s, h) € X x H,
that

(dw)(s,h) TS x ThH — Tg G
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is an isomorphism. Hence, 1 is an open embedding.
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14. LECTURE 14

14.1. Principal Bundles II. In this lecture we continue the proof of Theorem 13.8. Recall
we have the embedded submanifold ¥ = exp(V’) of G and an open embedding ¢ : ¥ x H — G,
¥ (s,h) = sh. Note that 1(s, ha) = sha = ¥ (s, h)a. That is, ¢ is equivariant.

Since H is a closed subgroup of G, we know that G/ H is a Hausdorff topological space. What
remains is to produce charts on G/H and prove that it is a principal H-bundle (exercise).

Proof. Since 1) is an open embedding, for all a € G ¥, = Loo : ¥ x H — G, 14(s, h) = ash
is also an open embedding which is H-equivariant. So, the following hold:

(1) For any orbit gH of H, gH NaX (a € G) is a single point.

(2) For any a € G, mo L, : ¥ — G/H is 1-1. Note that

Ya

Y x H G
Pll \Lﬂ—
¥ moLg G/H

commutes.
(3) The map 7o L, is open:

Suppose U C ¥ is open. Then U x H C ¥ x H is open. So, 1, (U x H) =aUH C G
is open and we can conclude that m7(aUH) C G/H is open as well. But, 7(aUH) =
m(aU) = (mo Lg)(U).

We conclude from this that {7(aX)|a € G} is an open cover of G/H and 7o L, :
Y — m(aX) C G/H are homeomorphisms.

(4) We define an atlas on G/H to be

{n(aX), 7 = (10 Ly) ™' : w(aX) — X}
We need to check that for any a,b € G, if W := 7(aX) N 7(bX) # 0, then 7,07, ! :
To(W) — X is C*°. Consider the following commutative diagram:

¥
Y x H bXH C G

Pyt
La

P1 ™ T,(W)C X

moLg
7TOLb
_—
by

THy

Tb

Now, by definition, 7,1 = 7o L,. Since m o1, = py o (7 o L), we must have 7, 0o 7 =

(moLy)~tom=pio, . Hence,

7'1307'(;1 =m0 (moL,) :ploqﬁb_loLa
which is a smooth map. Thus, G/H is a smooth manifold and 7 : G — G/H is a C*°
submersion.
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Note finally that

ker{(dm), : WG — Tr()G/H} =T H
and so T (\G/H = TWG/T1H = g/b.
U

Remark 14.1.1. If f: G/H — M is a C* map of manifolds, then 7o f : G — M is also C°.
The converse is true as well: if mo f: G — M is C*°, then sois f : G/H — M. Why? Since f
is C® foralla € G, for;!: X — Mis C®. But, for, ! = (fom)oL,.

Similarly, f: N x G/H — M is smooth if and only if fo (id x7) : N x G — M is.
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15. LECTURE 15

15.1. Transitive Actions. In this section, we will use the notion of a transitive group action
to determine the uniqueness of the smooth structure on G/H.

Definition 15.1.1. An action of a Lie group G on a manifold M is transitive if for every
m,m’ € M, there exists g € G so that g -z = 2’. If the action of G on M is transitive, we say
M is a homogeneous G-space.

Example 15.1.2. The standard action of SO(n) on S"~! C R" is transitive.

Example 15.1.3. For a closed subgroup H of a Lie group G, the action of G on G/H given
by g - aH = gaH is transitive.

Example 15.1.4. The standard action of SU(n) on S?"~! C C" is transitive:
given v € §?"~! extend to an orthonormal basis (v = v1,vs,ldots,v,) of C*. Let A =
det[vy|...|v,]). Define A = [v1]...|]A\"1v,] € SU(n) and note that Ae; = v where e; =
T
10 ... 0].

Theorem 15.1.5. Suppose a Lie group G acts transitively on a manifold M. Fix x € M.
Then, the evaluation map

evy: G — M,evy(g) =g
induces a diffeomorphism 3 : G/H — M, 3(aH) = a - x, where H = G (the stabilizer of x).
Proof. We first check that 3 is well-defined: suppose aH = a’H for some a,a’ € G. But, this

is if and only if a = a’h for some h € H. Now, S(aH) =a-x = (a’h) -z =d - (hx) = f(d'H).
Since the action of G on M is transitive, 3 is onto. Also, 3 is 1-1:

BlaH)=pB(d'H) <= a-a=d x
— (atd) z=2x
— aldeH
— aH=dH
Next, observe that
G
l eva
a/H =

commutes. Hence, for any open set U ¢ M, 7~ 1(371(U)) = ev,}(U) is open. Since ev, is
continuous, so it §. Finally, since ev, = fom is C*°, 3 is a smooth map.
Since [ is onto, Sard’s Theorem implies that

(dB)am : Tau(G/H) — Ty.o M

is onto for some aH. Now,
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G

(dm)1 l %) !

T\yG/H — T, M
La / (dB)1:

commutes and (dr); is onto. Thus,

ker (dB)1gp = kerd(Som)1/ker (dm);

= ker(devy)1/h
Now,
d
ker (devg); = (X e€g|0= —| evy(exptX)
dt ],
d
= ¢Xeg|0=—| (exptX)- -z
dt|,_
= b
Thus, (df); is 1-1. We conclude that [ is a diffeomorphism. O

Remark 15.1.6. Whenever a Lie group acts on a manifold M, we get G/G, — G -x C M for
any x € M, 1-1 immersions. In general, these maps are not embeddings, but if G is compact
they are.

We now return to some examples.

Example 15.1.7. SO(n) acts transitively on S"~! and by the theorem, S~ = SO(n)/H.
But what is H?

H = {AeSO(n)|Ae; =e1}

10 0
0 * * x * kX
= (AeSOn)|A=|. ,[x o+ x| € SO(n—-1)
Dok ok % v % x
0 * * %

= SO(n—-1)
Thus, S*~! 2 SO(n)/SO(n — 1). In particular, S = SO(2)/SO(1) = SO(2).

Example 15.1.8. In a similar fashion, we see that from the transitive action of SU(n) on
S§2n=1 G§2n=1 >~ GU/(n)/SU(n — 1). In particular, S® = SU(2).

What do these examples tell us about the topological properties of SO(n) and SU(n)? It
would seem that we can at least assert each is connected. First, a result from general topology.

Lemma 15.1.9. Suppose that f : X — Y is a continuous map of topological spaces which is

surjective and open. If the fiber f~1(y) is connected for any y € Y, and Y itself is connected,
then X is connected.
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Proof. Suppose U,V are two open sets in X such that U UV = X. We wish to show that
UNV #10. Since UUV = X and f is surjective, f(U)U f(V) =Y. Also, both f(U) and f(V)
are open, since f is an open mapping. Since Y is connected, f(U)N f(V) # 0. Let y be a point
in this intersection. Then, f~(y) NU # 0 and f~(y) NV # (). Since f~!(y) is connected,

) nU)n (T ynvV)cunv £0.

Note now that is F — P 5 B is a principal bundle, 7 is a surjective, open map.
Proposition 15.1.10. SO(n) and SU(n) are connected.

Proof. We proceed by induction on n. The base cases are handles in the above examples, as
both S! and S? are connected. Now, suppose n — 1 > 2 and consider the principal SO(n — 1)
bundle SO(n — 1) — SO(n) = SO(n)/SO(n — 1) = S"~1. Assuming SO(n — 1) is connected,
using the lemma and the fact that S! is connected, SO(n) is connected as well.

A similar argument works for SU(n). O
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16. LECTURE 16
16.1. Fiber Bundles.

Definition 16.1.1. A (C) fiber bundle m : E — B with total space E, base space B and
typical fiber F' is a submersion such that for any b € B, there exists an open neighborhood U
of b and a diffeomorphism ¢ : 771U — U x F so that

= HU) ¢ UxF

A

U

commutes.

We already know some examples of fiber bundles:

(1) vector bundles are fiber bundles having finite dimensional vector spaces as typical fibers,

(2) principal bundles are fiber bundles having Lie groups as typical fibers,

(3) covering spaces of manifolds are fiber bundles having discrete sets of points as typical
fibers.

Our motivation for introducing the concept of a fiber bundle is to compute some topological
invariants of Lie groups. In fact, we have already done so when it was proved that both
SO(n) and SU(n) are connected via the fiber bundles SO(n — 1) — SO(n) — S"! and
SU(n —1) — SU(n) — §*n~1

Given a topological space X, we may (try) to compute it’s fundamental group m; X. We will
show:

Proposition 16.1.2. 71 SU(n) is trivial for all n.

Proposition 16.1.3. m1.50(n) = m1.50(3) for all n > 3.

Remark 16.1.4. Later, we will use the Adjoint representation to show that m.50(3) = Z/2Z.
16.2. Prerequisites from Homotopy Theory.

Definition 16.2.1. Let fy, f1 : X — Y be continuous maps of topological spaces. We say fo
and fi are homotopic if there exists a continuous map F' : X x [0,1] — Y satisfying

F($,0) = fO(x)
F(z,1) = fi(z)
We may also fix a subset A C X and require F'(z,t) = yo for some yg € Y and all t € [0, 1]
and all x € A IN this case we say fo and fi are homotopic relative to A.

One can prove that continuous maps being homotopic is an equivalence relation. The equiv-
alence classes are written as [(X, 4), (Y, yo)].

Example 16.2.2. Let X = S' and A = {29} € S'. Then, the equivalence classes are
(S, 0), (Y,y0)] = 1Y, the fundamental group of Y. The group operation is “concatenation”
of loops.
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Letting I denote the unit interval and 91 its boundary, we can also think of the fundamental
group as [(1,0I), (Y, yo)]. At first, this does not seem too advantageous, but it allows us a way
to think of the higher homotopy groups: m,Y = [(I*,0I%), (Y, 40)].

Fact: 7, S™ is trivial for k < n.

The homotopy groups are functors on the category of pointed spaces and continuous maps;
in particular if f : (X,z0) — (Y,yo) is a continuous map, it induces a group homomorphism
fo t (X, o) — m(Y,yo). This comes into play in the following theorem.

Theorem 16.2.3. Let F — E 5 B be a fiber bundle. Then, there is an exact sequence
(B, o) — 2 T (F, fo) — = m1(E, 9) —= m1 (B, bo) ——= mo(F)
where iy, T, 02 ... are group homomorphisms and 01 is a map of sets. Ezactness at m1(B,bo)

means the fibers of 01 are cosets of m.(m1(E, ep)) in w1 (B, by).

Idea of where dy comes from in the exact sequence:

Suppose o : (I2,0I%) — (B, bg) represents a class in m2(B,by) Lift o to amap 6 : [? — E
(we are using the fact that E — B is a fiber bundle here). Then, 5(01%) C 7~ 1(by) C F. This
gives a map « : 9I?> = S — F, and hence an element of 71 F. Define d[0] = [a].

Let’s apply this theorem and prove Propositions 16.2 and 16.3. Consider first the fiber
bundle SU(n — 1) — SU(n) — S?"~1. We proceed by induction on n. For n > 3, the portion
of the homotopy long exact sequence we are interested in looks like

mSU(n —1) — mSU(n) — m 821
By induction, and the fact listed above, we may rewrite this sequence as

{1} = mSU(n) — {1}
and hence mSU(n) = {1}
In a similar manner, considering the fiber bundle SO(n — 1) — SO(n) — S™~! we look at

18" - 180 — 1) — 1.S0(n) — w1 8™ !
Since 119" = {1} for n > 2 and mS"~! = {1} for n > 3, we see that

mS0(n) 2 mSO(n—-1), n—1>3
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17. LECTURE 17
17.1. Deformation Retracts of Classical Lie Groups.

Definition 17.1.1. A space deformation retracts onto a subspace A — X if the identity map
on X is homotopic to a map r : X — X such that r(X) C A and 7|4 = id4.

Theorem 17.1.2. FEach of the following Lie groups admits a deformation retraction onto the
indicated subspace:

GL(n,R) — O(n)
SL(n,R) — SO(n)
GL(n,C) — U(n)

SL(n,C) — SU(n)

Proof. (1) The main idea behind each of these proofs is the Gram-Schmidt method from
linear algebra. Let

TH(n,R) = {(ai;) € GL(nR) | a;; > 0,a;; = 0 for i < j}

Then T (n,R) is a Lie group and is diffeomorphic to (R>%)" x R("*=")/2 and is hence
contractible.

Claim 1: Any B € GL(n,R) can be written uniquely as B = AT where A € O(n)
and T € T*(n,R).

To prove this, suppose that B = [v1]...|v,] and apply Gram-Schmidt to {vi,...,v,}
to obtain an orthonormal set of vectors {wy,...,wy}. Let W = [wq]...|w,] € O(n).
Note that, by construction, we have

v = |[Jviffwy
v = |lvg — (v2,w1)||wi||wa + (v, vi)wy
That is,
v = ajw
V2 = Q12W1 + a2wW2

where a;; > 0. But this says exactly that we have obtained the factorization B = WA

where
aip a2 ... Qin
0 as ... Qaon

A=10 0 ... as

is in T (n, R).
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What about uniqueness? Suppose W1 A4; = WAy where W; € O(n) and A; €
T*(n,R). Then, X := W, 'W; = A3A;' € O(n) N T+ (n,R). Since X is orthogonal,
X1 = X7, Since X € T*(n,R), so is X! and hence X”. But then X is a diagonal
matrix with positive entries so that X7 = X~! = X. Hence, X is the identity.

Now, existence and uniqueness of the factorization B = W A is equivalent to the map

¢:0(n)xTT(n,R) — GL(n,R)
(W,A) — WA

Now, ¢ is a smooth map since it’s a polynomial. Is it a diffeomorphism? Note that

o(n) = {Xegl(n,R)|X+X"=0}
tt = {Y €gl(n,R)|Y is upper triangular}

Let F;; be the matrix with a 1 in the ijth entry and zeros elsewhere. Then,

E;i = (Eji — Eij) + Eij = gl(n,R) =0(n) ® tt
and the map §¢ : T;O(n) x TyT+(n,R) — TiGL(n,R) is an isomorphism. But ¢ is also
equivariant: for all Wy, Wa € O(n) and Ay, A2 € T1(n,R), we have

HW1Wa, AjAS) = WiWR A Ay = Wig(Wy, Ap)As?
Hence, ¢ is a diffeomorphism and GL(n,R) deformation retracts onto O(n). A similar
proof works to show that GL(n,C) retracts onto U(n).
(2) Now, suppose that B € SL(n,R). Then, as above there is a unique factorization
B = WA. Note that 1 = det B = detWdet A = £1det A. and det A is positive.
Hence, A € SL(n,R) NT*(n,R). Now,

T*(n,R)NSL(n,R) = {(aij)‘aii>O,Haii:1}
~ e e [m e RS w = 0f x ROV
~ Rn+(nf2)/2

Therefore, SL(n,R) ~ SO(n) x R*("=2)/2 and from this we see SO(n) is a deforma-
tion retract of SL(n,R). A similar proof works in showing that SL(n,C) deformation
retracts onto SU(n).

O

Remark 17.1.3. From the above computations we can say a few more things about the classical
Lie groups:

-1 0 ... 0
(H)On)=1¢o9 1 o] SOM®)]]SO(n) and hence O(n) has exactly two connected
0o ... ... 1
components.

(2) SL(n,R) is connected and 71 SL(n,R) = m11.50(n).
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(3) The map
¢:U(1)xSU(n) — U(n)
A
O A
A
is onto and ker ¢ = {A| A" = 1}. Hence, U(n) is connected and mU(n) = mU(1) = Z.

Furthermore, GL(n,C) is connected and m1GL(n,C) = Z as well.
(4) SL(n,C) is connected and mSL(n,C) = mSU(n) = {1}.

Theorem 17.1.4. Let 5’1(2, ) 5 SL(2,R) denote the double cover of SL(2,R). Then, any

Lie group homomorphism p : SL(2,R) — GL(n,R) has a nontrivial kernel.

Proof. Consider the following commutative diagram:

s((2,C) —27% gi(n, C)

op

sl(2,R) —2 = gI(
exp exp

ep|  SL2,R) —> GL(n,R)

% C
S~ - /

SL(2,C) —— GL(n,C)
where
(i) sl(2,C) =sl(2,R) @ isl(2,R) (similarly for gl(2,C)),
(ii) (dp)c is the extension of dp with respect to the decomposition in (i), and
(iii) since msl(2,C) = {1}, there is a unique 7 : SL(2,C) — GL(n,C) such that (dr); = dp.

Now, since SL(2,R) is connected, 7 o m = p. But 7 is a covering map with two sheets and
ker p D kerm = Z/27. O
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18. LECTURE 18

18.1. Compact Connected Abelian Groups. In this lecture, we prove that all compact,
connected, abelian Lie groups are isomorphic to tori. This will aid us greatly when we examine
representations of Lie groups.

1

Theorem 18.1.1. Any compact, connected, abelian Lie group is isomorphic to T™ := (S1)"
R™/Z"™ for some n.

Before we prove this theorem, we’ll need a few results about discrete subgroups of finite
dimensional real vector spaces.

Lemma 18.1.2. Let V be a finite dimensional real vector space and A C 'V a discrete subgroup.
Then, there is a set {v1,...,v,} which is linearly independent such that for all X\ € A, there
exists ni, ...,y € Z so that A =Y n;v;. In other words, A = spangz{vi,...,v,}.
Proof. We proceed by induction on dim V. Suppose that dim V = 1. We may assume V = R.
Let v; =inf {\ € A| A > 0}. Since A is discrete, v; # 0 and A = Zv;.

Now, fix an inner product on V. Since A is discrete, A has a shortest nonzero vector, call it
v1. Then,

0 < [Jur]| < [|A]] for all A € A, # 0.

Let W = (]va){ the orthogonal complement so that V = Rv; & W. Let p; : V — Ruv; and
p2 : V. — W be the corresponding orthogonal projections. If we can show that pa(A) is discrete,
we are done by induction.

Since po(A) is a subgroup of W, it is enough to show: for any A € A with pa(\) # 0,
lp2(N)]| > 1/2]|v1]]. Suppose not, that is there exists A € Lambda so that 0 < ||[pa(N\)|| <
1/2||v1]]. Now, for some N € Z,

Nuv < p1(>\) < (N+ 1)?}1
and thus there exists an integer m such that

[p1(A = mo1)[| = [[pr(A) — mor || < 1/2|os |
This implies

IA=mor]| = ([lpr(A = mor]))* + [[p2(A — mor)[})?
< (2P + 1/4][or [P
< ((1/2vi]l)? + (1/2]|ol)?) M
= 1/V2|url < [|vi]
But this contradicts the choice of v. O

Corollary 18.1.3. Let V be an n-dimensional real vector space and A C'V a discrete subgroup.
Then, V/A = (R¥/ZF) x R*F.

Proof. Choose {v1,...,vx} C V such that spanz{vi,...,vp} = A. Complete this to a basis
{v1,...,v,} of V. The isomorpism R¥ x R** — V (a1,...,a,) — >_ a;v; identifies Z" with
A. Hence, V/A = RF/ZF x R*F. O
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We are now in a position to prove Theorem 18.1:

of Theorem 18.1. We first argue that exp : ¢ — G is a surjective Lie group homomorphism.
Since G is abelian, the multiplication map m : G X G — G is a homomorphism. Since exp is
natural, the diagram

gxg2m g

exp X expl lexp

Gx GG
commutes. Since dm(X,Y) = (dm)q 1(X,Y) =X +Y we get
exp(X +Y)=expXexpV

and so exp : g — G is a homomorphism. Now, exp(g) is a connected subgroup containing an
open neighborhood of 1 € G. Since G is connected, it follows that exp is onto.

Since (dexp)p = id, we see from the above that exp is a covering map. Hence, A =
ker{exp} C g is a discrete subgroup.

Since g/A = G is compact, there is a basis {vy,...,v,} of g so that A = spanz{v1,...,v,}.
Hence, G = g/A = R"/Z" = T". O
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19. LECTURE 19

19.1. Representations of Lie Groups. Recall that a representation of a Lie group G is a
homomorphism from G to the general linear group of some finite dimensional vector space. Let
p: G — GL(V) be such a representation.

Definition 19.1.1. A subrepresentation is a subspace W C V such that for any g € G, w, € W
we have p(g)w € W. In other words, W is a G-invariant subspace.

if p1 : G — GL(V1) and p2 : G — GL(V3) are two representations of G, then we have

pL&pe: G — GL(VI& W)
(p1 ® p2)(g(v1 +v2) = pi(g)v1 + p2(g)ve

A representation (real or complex) p : G — GL(V) is irreducible if it has no nontrivial
invariant subspaces: if W C V is such that p(¢)W C W for all g € G, then either W = {0} or
W =V.

Example 19.1.2. p: S' — GL(1,C) given by p()\) = lambda is irreducible since dim C = 1.

Example 19.1.3. p : SU(2) — GL(2,C) is irredducible: SU(2) acts transitively on S% and
span ¢(93) = C2.

Example 19.1.4. p : R — G : (2,R) given by p(t) = B ﬂ is not irreducible: R x {0} is
invariant.

Definition 19.1.5. A complex representation p : G — GL(V') is unitary if there is a Hermitian
inner product (,) on V such that

(p(9)v, p(g)w) = (v)w, Vg€ G,Yv,w, €V

That is, the representation of G on V preserves (, ).

Example 19.1.6. p : S — GL(2,C) given by p(e”?)z = ¢z is unitary but not irreducible
(Cz is invariant for any z).

Lemma 19.1.7. Let p: G — GL(V) be a unitary represenatation. Then, p is a direct sum of
irreducible representations.

Proof. We proceed by induction on dim¢ V. If dimgV = 1, then p is irreducible. Suppose
dimc V' > 1 and V is not irreducible. Then, there exists an G-invariant subspace W, dim¢c W #
dimc V. Let W denote the orthogonal complement of W with respect to the Hermitian inner
product on V.

claim: W+ is an invariant subspace.

To prove this, take v € W=. Then, for any w € W and any g € G

(P (Gw,v) = (p(9)p(g~w, p(g)v)

)
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Since W is invariant, p(¢g~)w € W and so 0 = (p(¢~)w,v) = (w, p(g)v). Hence, p(g)v € W+
for all g € G. Thus, V = W @ W where (by induction and assumption) both W and W+ are
invariant. U

Definition 19.1.8. A representation p : G — GL(V) is completely reducible if it is a direct
sum of irreducible representations.

Remark 19.1.9. We have thus proved that any unitary representation is completely reducible.

Example 19.1.10. The representation rho : R — GL(2,C) from Example 19.4 is neither
irreducible nor completely reducible. Note that C x {0} is invariant. If w ¢ C x {0} say

w = (w1, wsy) then we # 0. So
1 t| Jwi|  |wi +tws
0 1 w9 o w9

Set t = —w1 /ws so that p(t)?w = woy [t} Hence

1
wi 2
span ¢ {p(t) [w2] |t e C} =C

The following proposition is a glance at results to come:

Proposition 19.1.11. Any complex representation of a finite group G is unitary.

Proof. let p : G — GL(V) be a representation. Pick a hermitian inner product (,) on V. It
need not be invariant. Now, define

1

Cvw>= o > plg)v, plg)w)
geG
where |G| is the number of elements in G.
Then, for any a € G, v,w € V
1
< pla)v, p(a)w > = Gl > (p(g)p(a)v, pg)pla)w)

geG
= & 2 (elaa)v.plgay)
geG

But, R, : G — G is a bijection. So, let ¢’ = ga. Then, the last equality becomes

1

|Gl

It follows that <, > is invariant. It is clear that <, > is sesquilinear and moreover, for v # 0,
< v,v>> 0. Hence, <,>> is an invariant Hermitian inner product.

> {plg v, plghw) =< v, w >
g'eG

O
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We'd like to do the same thing for Lie groups: if (,) is a Hermitian inner product on a
representation p : G — GL(V) of G, then for fixed v,w € V g — (p(g)v, p(g)w) is a function
on G.

Also, for v # 0, f,(g9) = (p(g)v, p(g)v) > 0 for all g. Thus, for an appropriate measure djiq,
we have

/ fo(g)dpg >0
G

If |G ::/ g < 00, then
G

1
<vwS=iE L(p(g)v,p(g)wdﬂg
makes sense and is a Hermitian inner product. Hence,

Theorem 19.1.12. Any representation of a compact Lie group is completely reducible.
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20. LECTURE 20
20.1. Schur’s Lemma.

Definition 20.1.1. let Vi, V5 be two representations of Lie group G. A linear map

T:V1 -V,
intertwines the two representations if T'(g - v) = g - T'(v) for all g € G, v € V;. We write

Homg(Vh, Vo) ={T : Vi — V5| T intertwines Vi, Va}

Proposition 20.1.2 (Schur’s Lemma, Version 1). Suppose Ty, T are two irreducible represen-
tations and T' € Homg(V1,Va). Then, either T' =0 or T is an isomorphism.

Proof. Note that since T is intertwining, ker " and im T’ are invariant subspaces of Vi and V5
respectively.

(i) Tv=0 = T(9-0)=g-(TV)=0

(ii)) g- (Tv) =T(g-v) € imT.
Suppose T' # 0. Them im T # 0 and hence im7T = V5. Since im T # 0, kerT' # V; and T is an
isomorphism. O

Proposition 20.1.3 (Schur’s Lemma, Version 2). Suppose Vi and Va are two irreducible rep-
resentations. Suppose further V is complex. Then,

Homg(V,V)=C

That is to say, if T : 'V — V intertwines then there is X € C, depending on T, such that
Tv=Mv forallveV.

Proof. Let X be an eigenvalue of T. Then, T'— Aid : V — V is an intertwining map and
ker(T'— Aid) # 0. Thus, T'— \id = 0. O

Corollary 20.1.4. Any complex irreducible representation of a compact abelian group is 1-
dimensional.

Proof. Let p: G — GL(V') be a complex irreducible representation. For any a € G, p(a) : V —
V' is an intertwining map. Thus, p(a) = A, for some A\, € C. Since a is arbitrary, p(a) = A,
for all @ € G. Hence, any 1-dimensional subspace is ireeducible and dimV = 1. O

20.2. Irreducible Representations of T".
Lemma 20.2.1. Any complex irreducible representation p : T" — GL(V') is of the form

plexpv) = p(v  mod Z") = *™v)
where 0p : R™ — R" satisfies dp(Z™) C Z" (i.e. ép € Homz(Z", Z)).

Proof. If u € Homz(Z",Z) C Homg(R™, R), then

gu:R”/Zn — R/Z
(v mod Z") = p(v) modZ
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is well-defined. We identify R/Z with S': @ mod Z + €™, So, &§u is a representation

& T — GI(C)
§uv mod Z") = e2min(v)

Conversely, suppose that p: T" — GL(C) = C\ {0} is a representation. Since p(T™) C C*
is compact, p(T") C S'. We have a commuting diagram

é
Rn4p>R

exp l i exp

UINE *p> Sl
so dp(kerexp) C kerexp = Z. Therefore, dp € Homy(Z",7Z) O

Remark 20.2.2. If G is any compact, connected abelian Lie group (i.e. a torus),

Zq = ker{exp : g — G}
is called the integral lattice. The set

Z¢ = Homy(Z¢q, Z)
is called the weight lattice

The above lemma proves: irreducible, unitary represenations of G are in one-to-one corre-
spondence with elements of the weight lattice.

20.3. Representations of SU(2). We start by constructing complex irreducible representa-
tions of SU(n). Let V,, be the set of all complex homogeneous polynomials of degree n in two
variables. That is

v, = span c{z7, 2?7122’ s, 2y}
Note that Vp = C and V; = C2.
We have an action of GL(2,C) on V,,.

(A f)(z1,22) = f((21,22)A)
where (21, 22) A is regarded as matrix multiplication.

It is left as an exercise to the reader to prove this indeed defines an action. This also gives
us a representation:

A-(Mf 4 ng) = MA- f) +n(A-g)
foral \,p e C, f,g € V,, and A € GL(2,C).
Theorem 20.3.1. Let V,, be as above. Then,

(i) V, is an irreducible representation of SU(n) for all n > 0.
(ii) If V is an irreducible representation of SU(n) of dimension n + 1 then V = V,, as
representations.
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We defer the proof of this theorem for now.
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21. LECTURE 21
21.1. Complexification.

Definition 21.1.1. let V be a finite dimensional vector space over R. The complexification
Veof VisV®C.

Note that V¢ is a complex vector space: for any a,b € C, v € V we have a(v ® b) = v ® ab.
Also, V is embedded in V¢ as a real subspace

VeoVo,v—o®1
We now identify V with V ® 1 C V¢ and we write av for v®a, v €V, a € C.
As a real vector space, Vo =V @iV, where iV = {v®i|v e V}.

Remark 21.1.2. If {v1,...,v,} is a basis of V, then it is also a complex basis of V. Considered
as a real vector space, V¢ has as a basis the set {v1,..., vy, 9v1,... 90, }.

Lemma 21.1.3. let V be a real vector space, W a complex vector space and T : V. — W an
R-linear map. Then, there exists a unique C-linear map Tc : Vo — W extending T'.

Proof. (Uniqueness) For any v, w € V, we have T¢(v + iw) = Te(v) + i1 (w) = T'(v) + i1 (w).
(Existence) Let {v1,...,v,} be a basis for V. Define

Tt (Z ai”i) => aT(v;)

for a; € C. Then, Tt is complex linear and extends T. By uniqueness, T¢ doesn’t depend on
the choice of basis. O

Lemma 21.1.4. Let V be a real vector space, W a complex vector space andb:V xV — W
and R-bilinear map. Then, there exists a unique C-bilinear map bc : Vo X Vo — W extending
b.

The proof of this lemma is left as an exercise. As a corollary, we get

Corollary 21.1.5. If g is a real Lie algebra, then the Lie bracket on g extends to a unique
C-bilinear map

[]c : gc x gc — gc
such that (gc, [,]c) is a Lie algebra.

Example 21.1.6. su(2)c = sl(2,C). To see this, first let 7" : su(2) — sl(2,C) denote the
inclusion. Then, there exists a unique Tt : su(2)c — sl(2,C) extending T' Now

ey =sns {1 2] [% 3 3]

so that su(2)c is the complex span of the same matrices.

Let H = [(1) _01], E= [8 (1)] and F' = [(1) 8] Then, sl(2,C) = spanc{H, E, F'}. But,
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E =

([ J [ ) ermene
= (ol [ g eren

Thus, Tt is onto and hence an isomorphism (by dimension count).

21.2. Representations of s((2,C) I.

[\)

Lemma 21.2.1. There is a bijection between complex representations of SU(2) and of sl(2,C).

Proof. Since m1SU(2) is trivial, there is a bijection between representations of SU(2) and
su(2). Any complex representation of su(2) extends to a unique complex representation of
sl(2)c = sl(s,C).

Conversely, a representation of s[(2, C) restricts to a representation of su(2) C s{(2,C). O

Corollary 21.2.2. Any finite dimensional complex representation of sl(2,C) is completely
reducible.

Proof. representations of SU(2) are completely reducible. O
We now start proving:

Theorem 21.2.3. Irreducible representations of s1(2,C) are classified by non-negative integers:
for any n=0,1,2,... there exists a unique representation of s((2,C) of dimension n + 1

We first observe

[H,E] = 2F
[H,F] = =2F
[E,F] = H
Lemma 21.2.4. Let 7 : 5l(2,C) — gl(V') be a representation. Suppose 7(H)v = cv for some
ce C. Then,
T(H)(T(E)v) = (c+2)(t(E)v
T(H)(t(F)v) = (c—2)(7(F)v)
Proof.

and so, 7(H)(T(E)v) = (c+ 2)7(E)v
Similarly,
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—27(F)v = 7([H, Flv)

and thus 7(H)(7(F)v) — (¢ = 2)7(F)v O
Remark 21.2.5. By induction, for £k = 1,2,... we see that

T(H)(m(E)*) = (¢ + 2k)(1(E)*v).
But, 7(H) has only finitely many eigenvalues and so there exists k¥ > 1 such that 7(F)*v = 0

, T(E)*'v # 0. We conclude that there exists a vg € V such that vg # 0, 7(E)vg = 0 and
7(H)vg = Avg for some X € C.
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22. LECTURE 22
22.1. Representations of sl(2,C) II.

Lemma 22.1.1. Let 7 :5l(2,C) — gl(V') be a representation, vg € V' be as above. Let

V = HT(F)ICUO
v_1 = 0
Then,
(i) 7(H)vg = (A = 2k)oy,
(i) 7(F)vg = (k + Dogga,
(iii) 7(E)vp = A=k + Dvg_1.
Proof. (i) This is a restatement of Lemma 21.10.

(ii) T(F)op = 7(F)(1/kT(F)*vo) = (k + 1)(1/(k + 1)7(F)*+1uy).
(iii) Proceed by induction on k: 7(E)vg = (A + 1)v—; = 0. Now,

kr(E)oy = 7(E)(7(F)vk-1)

= ((7(E)y7(F) = 7(F)7(E)) + 7(F)7(E))vk—1

= 7(H)vg-1+ 7(F)(T(E)vk-1)
(A =2(k = 1)vg—1 + 7(F)((A = (k= 1) + L)vg—2)
(AN=2k+2)+ (AN—k+2)(k—1))vr_1

= kA—Fk+ v
So, T(E)vg = (AN —k + 1)vg_1.
Il

1 0

Lemma 22.1.2. Let 7 : al(2,C) — gl(V') be a representation and H = [0 1

} Then, T(H)
1s diagonalizable, i.e. V' has a basis of eigenvectors.

Proof. The vector v is an eigenvector of 7(H) if and only if v is an eigenvector of 7(iH) which
happens if and only if e!™(H))=p(" where p: SL(2,C) — GL(V) is a representation with

(dp)r =T.
{et) = {[eg 694 } ~ 51

But,
and any representation of S' is completely reducible. Moreover, all irreducible representations

of S' are 1-dimensional. Hence, p(e’!) has a basis of eigenvalues. d

Since the list of eigenvalues of 7(H) is finite, there exists an n > 0 such that v,4+; = 0 and
vy # 0. Then, 0 = 7(E)vp+1 = (A — n)v,. and so A = n. Also, if we let

W =spanc {v; |1 <i <n}
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we know that W is a representation of s((2,C).

Comclusion: Suppose 7 : sl(2,C) — gl(V) is a complex irreducible representation, n =
dimc V' — 1. Then, there is a basis {vo, ..., vy} such that the action of 7(H),7(E) and 7(F) is
given by Lemma 22.1 (i)-(iii) with A = n. Hence, if V1, V5 are two representations of s[(2,C),
and dim V) = dim V5, then V] =2 V5 as represenations. That is, there exists an isomorphism
T : vy — V5 such that for any X € sl(2,C) we have

T(X -V)=X -T(v)
To complete the proof that irreducible representations of s[(2,C) are classified by non-
negative integers, we check that
|- n—k _k
n—span(c{zl 25 |O§k§n}

is an irreducible representation of s((2,C).
We note that

ot
e 0
e = 0 6_1:|
1 ¢t
tE
= o 1}
1 0
tF
Tt 1}
So, (2122)e' = (elz1,e7t29). Thus, we get
etH.(Z?szgfk — (et)n—k(e—t)kz?széc
_ e(n—?k)tz_ln—kzlg
which implies
n—k _k d tz n—k _k
H- (2" %) = i (217"23)
=0

= (n—2k)20 2k

Also, the fact that (21, 20) - €' = (21,121 + 22) gives

d
E- (z?_kzg) = = z{‘_k(tzl + Zg)k
=0

= Z{L_kk(tzl—i-?:z)kflzl
n—k+1 _k—1
kz{ Zy .

Finally, since (21, 22)(e?/) = (21 + tz9, 22), we see that
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_ d _
F (=) kzé“) 7 (21 + tzo)" kz§
t=0
= (n— k)T
Letting
vg = 27
v, = F-z21= nz{‘_lzg
1 n
vy = En(n - 1)2?_223 = <2>Z{L—2z§

AP
Vg = (k)z? "2

thus completes the classification.
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23. LECTURE 23

23.1. Representation Theory of Compact Lie Groups. Let’s list some generalities and
give a quick review:

(1) If V4, V5 are two complex representations of a Lie group G, then so are
(1) ViedVa; g+ (v1 ©v2) = (g-v1) D (g9 v2),
(i) Vi ®c Va; g+ (v1 ®@v2) = (g-v1) ® (g v2),
(iii) Home(V1,V2); (9-T)v=g- (T(g~" - v)).
In particular,
(iv) V* = Hom(V,C) is the dual representation (g-1)v =1(g~! - v).
(2) If V is a representation of G, we define

Ve={veVl]g-v=uvVgeqG}

the subspace of G-fixed vectors. It’s a subrepresentation.
In particular, if V7, V5 are two representations of GG, then

Hom(Vl,VQ)G = {T Vi—=Valg-T(g"-v) = T(”)}
= intertwining maps
= Homg(V1, V2)

morphisms of representations from Vi to Va

(3) Schur’s Lemma: Let V, W be two complex irreducible representations of G. Then,
(i) A morphism T : V — W is either indentically the zero map or an isomorphism,
(ii) every morphism 7" : V — V has the form

T(v) = Apv
for some \r € C.
(iii) we have
C v=w
0 VW

(4) Let U,V be two representations ofG. If U is isomorphic to a G-invariant subspace of
W, we say that U is contained in W.

Homg(V, W) = {

Example 23.1.1. Let G = S'. Then p; : S' — GL(1,C), p1(\) = A? is contained in

A0
R A

Definition 23.1.2. let W be a representation of GG, U an irreducible representation of G. We
call

dim¢c Homg (U, W)
the multiplicity of U in W.
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The reason for this definition: write W = @?lej where Wj is irreducible. Then,

Homg (U, W) = Homg(U & W;) = @Homg(U, W;)
By Schur’s Lemma,

1 U>W,

dimc Homg (U, Wj) = { 0 U2W,
J

So,

dimc Homg (U, W) = {W; | W; = U}|
We will write Irrc(G) for the irreducible representations of G.

Example 23.1.3. Irr(T") = Z".

Suppose that W is a complex representation of a compact Lie group G. Then, since W
is completely reducible, we have a decomposition W = 3" j W; where the summands are irre-
ducible representations.

We can rewrite this as

(1) w= f | P W= Wi
WU

Uelrr(G) Uelrr(G)

where we call Wy a U-isotypical summand of W.
Example 23.1.4. Let W = C3, G = S' and let G act on W by \-(21, 22, 23) = (A21, Azg, A" 123).
Then,
Ciz{h-z=X}o{A-2=1"12}=C?aC
Lemma 23.1.5. The outer direct sum in (1) is a canonical decomposition.

Proof. Given U € Irr(G), consider

dy : (Homg(U,W))@cU — W
Tou — T(u).

Then, dy is an intertwining map:

du(g-(T®uw) = du((g-Tg ")()®g-u)
g-T(g7 " g-u)
g-T(u)

if V.C W is an irreducible representation, then Homg (U, V) < Homg (U, W). By Schur’s
Lemma, Homg(U,V) = C if and only if U = V. So, V = dy(Homg(U,V)®@ U) C imdy. In
other words, im dy; contains all irreducible represenataions isomorphis to U.

Since Wy = Dw,2U, imdy O Wy.
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Coinversely, if 0 # v € imdy, then v = T'(u) for some u € U and T' € Homg (U, W). Since u
is nonzero, T'# 0 and so T': U — W is injective and T'(U) is a subrepresentation isomorphic
to U. Thus, imdy C Wy.

Since we have shown im dy = Wy, Wy is canonically defined. O

Remark 23.1.6. The map

d:=addy: @ Homa(U,W)oU —W
Uelrr(G)
is an isomorphism.

Proof. By the previous lemma, d is onto. Also, if W = W; @ Wy, then Homg (U, W1 @ Wa) =
Homg (U, W1) @ Homg (U, Wa). So, d = dV) + d®. By induction, both of these maps are
isomorphisms, and it follows that d is as well. O
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24. LECTURE 24

24.1. Invariant Integration. Recall that if G is a Lie group of dimension n, 0 # u; €
N"(TFG) = N"(g*), then we may define a left invariant volume form p € Q"(G) by

g = (Lg-1)"(p11)-
That is,

pg(v1, ... vn) = p1(dLg-1v1,. .., dL,1vy)

for all vi,...,v, € T,G. Then, it’s clear that y is left G-invariant: for any h € G (Ljp)g = pg
for all g € G.

Question: Are there any bi-invariant (i.e., left and right invariant) volume forms?

We want: Ly = p and Ry p = p for all h € G. This would imply that

(LpoRp—1)'pn=p

and hence for all vq,...,v, € T1G we would have

u1(v, ..., vn) = p1(d(Lp o Rp-1)vi,...,d(Lp o Ry-1)vy)
= M (Ad(h’)vh ce 7Ad(h)vn)
= det(Ad(h))p1(v1,...,vn)
We conclude that a necessary condition for bi-invariant forms to exist is if det(Ad(h)) =1

for all h € G. It can be shown that this is also a sufficient condition; the proof is left to the
reader.

Remark 24.1.1. Note that detoAd : G — GL(g) — R*. If G is compact and connected, then
det(Ad(G)) C R* is a compact, connected subgroup. Hence, deto Ad = 1.
What if G is not connected?

Example 24.1.2. Let

G:O(z):{[z _ba] |a2+b2:1}u{[‘; :ﬂ |a2+b2:1}

(note that the second set in the above union is SO(2)). We have

g—o(z)—{[_ox ﬂ yxeR}—R[_Ol (1)]

Since SO(2) is abelian, Ad(g) = id for all g € SO(2). Thus, SO(2) C ker{Ad : O(2) —
GL(g) = GL(1,R)}. passing to the quotient we get a map Ad : O(s)/SO(2) — GL(1,R).
What is this map? Well,
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0 1][0 1 0 1[0 1][0o 1
Ad[1 0} {—1 o} ! 0] -1 0} L 0]
_[-1 0]f0 1
— o 1fj1 0
[0 -1
— 1 0

from which we conclude that Ad [(1) (1)] = —1. Thus, O(2) has no bi-invariant 1-forms. It does,

however have a bi-invariant measure: “d6”.
24.2. Densities - a Crash Course. Recall that volume forms on a manifold M of dimension
d are nowhere zero sections of the line bundle AY(T*M). If {(U,, $a)} are coordinate charts

on M, then the transition maps for A*(T*M) are det(d(¢g o o5 t)).
We want objects that transform by

(2) | det(d(d 0 ¢51))|-
These objects are called “densities”. they are sections of a line bundle over M with transi-
tion maps given by (2). More concretely, The fibers of /\d(T *M) are linear functionals p, :

AT M) — R. The fibers of the density bundle D(M) — M are functions 6, : A*(T,M) — R
satisfying

Or(cor A Avp) = |c|0z(v1 Ao Awy).

Densities can be integrated in the same way as top dimensional forms. We do not need,
however, to worry about orientations. Moreover, if dg is a bi-invariant density on a Lie group

G, then |det Ad(g)| =1 for all g € G. This is also sufficient.
Bi-invariant densities are unique up to scaling. We normalize a density dg by requiring

/1dg:1
G

The upshot of all this is: given a compact Lie group G, we have a linear map

satisfying

) [ fag)da= [ fa)dg and
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6
i) [ fga)dg = [ flo)da
for all @ € G. The measure dg is also known as the Haar measure.

Remark 24.2.1. If V is a finite dimensional vector space and f : G — V is continuous, we can
define

/f(g)dgev
G

So, if T': V7 — V5 is a linear map, then

T < [ 160 dg) - [ 1) as
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25. LECTURE 25

25.1. Group Characters.

Definition 25.1.1. let G be a Lie group and p : G — GL(V) a complex representation. The
character of the representation is the function

Xo=xv:G — C
xv(9) = tr(p(g))

Remark 25.1.2. If A, B are complex matrices such that tr(AB) = tr(BA), then tr(ABA™!) =
tr(A). So tr is independent of the chosen basis.

Also, if T : V' — V is linear,{v1,...,v,} is a basis of V, v},..., v} the corresponding dual
basis of V*, then tr(T) = >, v} (T (v;)).

If V' is a representation of G, then V* = Hom(V,C) is the dual representation of G. If
G is compact, we may choose a G-invariant Hermitian inner product (,) on V. This gives a
G-equivariant complex antilinear map

vV - Vv
v <>U7'>

This gives an isomorphism V* = V where V is the complex vector space with the same
addition as V and scalar multiplication is given by A-V = v for A€ C,v € V.

Proposition 25.1.3. Let G be a Lie group. Then,

a) a character of a representation of G is a C* function on G,
b) if V. and W are isomorphic representations of G, then xv = xw,
c) xv(ghg™') = xv(h), for all g,h € G,
d) xvew = xv + xw,

) XVew = XVXW,

)

) X

£) xv(9) = xv(9) = xv(g9) = xv(g™),
g) xv(l) =dimc V.

Proof. a) This is left as an exercise for the reader.
b) If p1,p2 : G — GL(n,C) are two representations and

cr—>cn
Pl(g)l lpz(g)
T

C’n > Cn

commutes, then tr(p2(g)) = tr(Tp2(g)T~") = tr(p1(g))-
c) tr(p(ghg™")) = tr(p(g)p(h)p(g™")) = tr(p(h)).
d),e) recall from linear algebra that if A: V — W and B : V — V are linear, then

tr(A® B) = tr(A)+tr(B)
tr(A® B) = tr(A) tr(B).
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* is the

n

f) If p: G — GL(V) is a representation, {vi,...,v,} is a basis for V and vj,...,v
associated dual basis, then

Xp(9) = tr(p*(9))

= > wilp*(g)v})

7

= > vi(plg"vi)

i

Xp(g~1)

If (,) is an invariant Hermitian inner product, and {v;} is an orthonormal basis, then

trp*(g) = Z(Ui,->0p(g_1)(vi)

%

= D (vi,p(g) " vi)

= 2 _(olg)vi i)
= > {p(g)jivj, vi)
= ) p(9)ji(vj, vi)
= > p(9)a

= Xpl9)

g) xv(1) = tr(id) = dim¢ V. 0

Proposition 25.1.4. Let p: G — GL(V) be a representation of G and

Vé={geV]g-v=u}.

Then,

/ xv(g)dg = dim¢ V
G

Proof. Consider P : V. — V given by P(v) = / p(g)vdg. We claim that P is a linear G-
G

equivariant map such that P(V) C V¢ and P|y¢ = idyc.
It’s clear that P is linear. Now,
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P(p(ay) = /G p(g)pla)vdg
= / plag)vdg
G

= / p(g)vdg
G
= P(v)
= / plag)vdg
G
= pla) / p(9)dg
G
= pla)P(v)
and so P(V) C V¢ and P(p(a)-v) = P(v) for all g € G and v € V. Also, if v € V&, we have

P(U)Z/Gp(g)cdgz/avdgzv
(since/Gldgzl).

This claim implies that tr(P) = dim V. On the other hand,

tr(P) =

This completes the proof. O

25.2. Orthogonality of Characters.

Theorem 25.2.1. Let V,W be two compact representations of a compact Lie group G. Then,

(o xaw) = /G (@) (g) dg = dime Homg(V, W)

In particular, if V,W are irreducible, then

( {1 ve=w
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Proof. Xvxw = Xv+XW = XW&V* = XHom(v,w) Since W @ V* = Hom(V, W), Hom(V, W)% =
Homg (V,W). By Proposition 25.4,

/G vxw)(g)dg = /G Xtom(v,w)(9) dg

= Hom(V,W)%
= Homg(V,W).
The result now follows from Shur’s Lemma. O

Example 25.2.2. Let G = S, p, : S' — GL(1,C) be given by p,(e?’) = €. Then,
dg = 1/(27)df and

1 o e—imeeine do = { I m=n

27 Jo 0 m#n
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26. LECTURE 26

26.1. Maximal Tori I. Recall: We have proved that the characters of complex irreducible
representations of compact Lie groups are lineraly independent as elements of C*°(G).

We also have the notion of the multiplicity myw of an irreducible representation U in a
representation W:

W = @ mU7wU
Uelrr(G)

where nU is the direct sum of n copies of U.

Corollary 26.1.1. Let G be a compact Lie group. Then, the map from representations of G
to characters of G, W — xyw .

Proof. Suppose W, W' are two representations of G such that xw = xw. Write

W = @ mU7wU, W/: @ mU,W/U

Uelrr(G) Uelrr(G)
Then,
Xw= Y, muwxv= Y, muwxu
Uclrr(G) Uelrr(G)
Since {xy |U € Irr(G)} is linearly dependent, myw = my, and hence W = W". O

Example 26.1.2. Take G = SU(2). Let

A0
T:{[O )\1] ||)\\:1}CSU(2)
Recall that

n
V, = {Z akz?_kzlg |an € (C}
k=0

is an irreducible representation of SU(2) and A € SU(2) acts on f(z1,22) € V,, by (A -
F)(z1,22) = f((21,22)A). So

[g )\91}2?—1@25 = ()" le)"

n—2k n—k k
A 21 2

A0 -
Hence, xn <[0 AJ) = Z)\"_%.
k=0

What about x,(A) where A is an arbitrary element of SU(2)? Well, any unitary matrix is
diagonalizable, x(BAB~!) = x(A) and the eigenvalues of any unitary matrix lie on S*. Hence,
Xn is completely determined by its values on T.
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Since for any character x : G — C of a Lie group G, x(aga™') = x(g) for all a,g € G, in
order to understand characters of G it’s important to understand the congugacy classes of G,
i.e. the orbit space G/G where G acts on itself by congugation. Let’s consider an example to
see what we should expect.

Example 26.1.3. Consider the Lie group U(n). As mentioned above, every element of U(n)
is congugate to a diagonal matrix whose nonzero entries have norm 1. Note, however, that the
set of eigenvalues for a particular element of U(n) is an unordered set! So

U(n)/U(n) = {D € U(n)| D is diagonal} /%, = T" /%,

where ¥, is the group of permutations of n letters.

Definition 26.1.4. A torus is a compact, connected abelian Lie group. A mazimal torus T
of a Lie group G is a torus subgroup of G such that if 7" is any other torus subgroup of G and
TCT thenT =1T".

Example 26.1.5. Consider again G = U(n). The torus

A1
r={| . |in=1pT
An

is a maximal torus.

Reason: Suppose A is a matrix in U(n) that commutes with all elements of 7. But every
element of T is diagonal, and matrix theory tells us that a matrix that commutes with an
arbitrary diagonal matrix is itself diagonal. Hence, A € T'.

We will prove over the next two lectures:

(1) maximal tori exist,

(2) if G is compact and T37,7T» are two maximal tori, then 77 and T are conjugate, i.e.
there exists a € G so that aTia™! = Tb,

(3) if G is compact and connected, then for any g € G there is a maximal torus T such
that g € T,

(4) if T < G is a maximal torus, G compact and connected, then

N(T)={geG|gTg ' CT},
the normalizer of T in G satisfies:
a) W:= N(T)/T is finite (N(T)/T is called the Weyl group of T,
b) T/W = G/G.

Proposition 26.1.6. Let G be a Lie group, K C G a connected abelian Lie subgroup. Then,
the closure K of K in G is also a connected abelian subgroup.

Proof. Since the closure of a connected set is connected, K is connected. We have only to argue
that K is an abelian subgroup. Since f : G x G — G, f(a,b) = ab~! is continuous and since
fI(KxK)CK, f(KxK)=f(KxK)cC f(K)C K, we see that K is a closed subgroup of
G.
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It remains to show that K is abelian. For any x,y € K, xyz~' = y which also certainly

holds if y € K. But then, yzy~! holds as well. By the same argument, this relation holds for
all z,y € K. O

Corollary 26.1.7. Any compact Lie group G with dim G > 0 has a torus T with dimT > 0.

Proof. Pick any X € g, then {exptX |t € R} C G is a connected abelian group. Hence, its

closure is a closed connected abelian subgroup of G. Since G is compact, {exptX |t € R} is a
torus. 0

So, at least tori exist as subgroups of compact Lie groups.
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27. LECTURE 27

27.1. Maximal Tori II. In this lecture we begin by proving that maximal tori exist in a
compact, connected Lie group. We then examine the geometry of the adjoint representation
to begin our proof that maximal tori are conjugate.

Lemma 27.1.1. let G be a compact Lie group and g its Lie algebra. The mazximal tori of G
are in one to one correspondence with maximal abelian Lie subalgebras of g (such subalgebras
are called Cartan subalgebras).

Proof. Suppose a C g is a maximal abelian subalgebra. Then, A := expa C G is a connected,
abelian Lie subgroup. Hence, the closure A of A is a torus and @ D a. Since a is maximal,
@ = a. Since A is a torus, A = expd = expa = A. This proves that if a is a maximal abelian
subalgebra, then A is a torus. We now argue that A is maximal. Let T" D A be another torus.
Then, a C Lie(T) and since a is maximal, a = Lie(T"). Hence, A =T.

Conversely, suppose T' C G is a maximal torus. We argue that the Lie algebra t is a
maximal abelian subalgebra of g. If a D t is an abelian subalgebra of g, then by the above
expa Dexpa D T. Since expa is a torus, and T is maximal, T' = exp a and hence t = a. O

As an exercise, prove that Cartan subalgebras, and hence maximal tori, exist.

Lemma 27.1.2. Let G be a torus, G = g/Z¢q, where Zg is the integral lattice. Let Z}. denote
the weight lattice. For X € g, {exptX |t € R} = G if and only if n(X) # 0 for any 0 # n € Zg.

Proof. Suppose first that n(X) = 0 for some 0 # n € Zg. Then &, : G — S! given by
&(expY) = ™) is a well-defined Lie group map. Since 7 is nonzero, &, # 1, i.e. ker§&, # G.
If X = kern, then &,(exptX) = 1 for all t. But then, {exptX |t € R} C ker¢, implies that
{exptX} < ker§, #G.

Conversely, suppose H := {exptX |t € R} # G. Note that H, being a compact, connected
abelian subgroup of G is a torus. Since H # G, G/H is a nontrivial compact connected abelian
Lie group, i.e. another torus. Since G/H # {1}, there exists p : G/H — S, p # 1 (why?).
Therefore, if 7 : G — G/H denotes the quotient map, pom : G — S! is a nontrivial Lie group
map whose kernel contains H.

Set n = d(pom); : g — R. Then n € Z¢, and is nonzero. Since H € ker(pom), X € kern. O

Corollary 27.1.3. Let G be a torus. Then,

Xeg\ U kern | <= {exptX|teR} =G
0£nELY,

Hence, “for almost all” X € g, {exptX |t € R} = G.

Proof. The set Z¢, is countable and for 0 # 7 € Zf,, kern C g is nowhere dense. Hence,
UO#nGZ*G ker i is nowhere dense. -

27.2. Geometry of the Adjoint Representation.

Example 27.2.1. Consider G = SO(3). We have seen that so(3) is the set of 3 x 3 skew-
symmetric real matrices. For w = (w1, ws,w3) € R3 and z € R3, define
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0 —w3 W
wXTr= | ws 0 —wq
— w2 w1 0

For A € SO(3), we have A(w x x) = Aw x Az. So,

0 —ws3 w9
(Aw) xz=A | w3 0 —w| Az
— w2 w1 0 i
0 —ws3 w2
Thus, the map ¢ : R? — 50(3), ¢(w) = | ws 0 —w | satisfies: p(AW) = Ap(w)A~! =
— w2 w1 0

Ad(A)¢(w). Therefore the orbirts of the action of SO(3) are 2-spheres (and 0).

Now, consider the Adjoint action of G on g given by g - X = Ad(¢)X. If zi € g, we have
Ad(expté) X = et ad(€) X and so, denoting the induced vector field of this action by &g, we have

O = ad(§)X = [¢, X]
t=0

d
gg(X) = %

We then calculate the following:

Gx = {9eG|Ad(g)X =X}
gx = {{egll{&X]=0}
= ker{ad(X):g— g}
(G- X) = {{m(X)|{ g}
= ([, X][¢ g}
= im{ad(X):g— g}

Lemma 27.2.2. Let g be the Lie algebra of a Lie group G. Suppose there is an Ad(G)-invariant
inner product (-, cdot) on g. Then

(kerad(X))* = imad(X)
for any X € g.
Proof. Since the inner product is Ad(G)-invariant, for any X,Y, Z € g we have

(Ad(exptX)Y,Ad(exptX)Z) = (Y, Z)
and so

d
0= 4] (Ad(exptX)Y. Ad(exptX)2) = ([X.¥].2) + (V. [X. Z])
t=0
(the converse is also true if G is connected, i.e. ([X,Y],Z) + (Y,[X,Z]) = 0 implies (,) is
Ad(G)-invariant).
Now, Y € kerad(X) if and only if for all Z € g, 0 = (ad(X)Y, Z) = —(Y,ad(X)Z). But,
this happens if and only if Y € (imad(X))*. O
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28. LECTURE 28

28.1. Maximal Tori III. Our current goal is to prove the following:

Theorem 28.1.1. Let G be a compact Lie group, T, T two mazimal tori in G. Then, there
exists g € G such that gTg~' =T.

Recall from the last lecture we proved that if we have an Ad(G)-invariant inner product on
the Lie algebra g of a Lie group G (such an inner product always exists if G is compact), then
we get a splitting

g =kerad X @imad X.

Notation: For X € g, we write gx for the Lie group of Gx = {g € G| Ad(g9)X = X}. We've
seen that gx = kerad X.

Lemma 28.1.2. Suppose G is a compact Lie group, X € g is such that T := {exptX} is a
mazximal torus. Denote by t the Lie algebra of T. Then, gx = t. Hence, if h C g is a mazimal
abelian subalgebra, then for a “generic” X € h, kerad X = b.

Proof. Since T is a torus, t is abelian. So, X € t implies that [Y, X] = 0 for all Y € t. Thus,

tCgx.

Conversely, suppose that Y € gx. We want to show that Y € t. Since Y € gx, [V, X] =0
and the flows ¢ and ¢} of the corresponding left invariant vector fields commute. But,
#1 (a) = aexptY, ¢} (b) = bexptY and so

o1 (02 (1) = 63 (¢ (1))
and hence exp sX exptY = exptY expsX.
But, by definition of T', for all a € T,

aexptY = (exptY)a = a(exptY)a ! =expty
= Ad(a)Y =Y
= [Z,)Y]=0 VZet

which implies t + RY is an abelian subalgebra of g. But 7T is a maximal torus, and t is a
maximal abelian subalgebra of g. Therefore, t + RY = ¢ i.e. Y € t. So we have proved that
gx Ct. O]

We are now in a position to prove Theorem 28.1:

Proof. Pick X, X" € g so that {exptX} = T and {exptX’} = T’ Then, kerad X = t
and kerad X’ = t. Suppose we can find ¢ € G such that Ad(g)X € kerad X’. Then,
exp(t Ad(g)X) = g(exptX)g~! € T’ for all t.

So, gTg~! = g{exptX}g~t C T’ = T'. Since both T' and 1" are maximal, we actually have
equality: ¢Tg~t =T".

Now we must find such a g € G. Fix an Ad(G)-invariant inner product (,) on g. Consider
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frAdG)X=G-X — R
fY) = Y X2 = Y]] —2(Y, X') + || X]|?

We claim that Y € Ad(G)X is a critical point of f if and only if Y € Ad(G)X Nkerad X'.
To show this, note that Y is critical if and only if for all Z € g
d
dt
d
dt

f(Ad(exp Z2)Y)
t=0
(1 Ad(exp12)Y |2 = 2(Ad(expt2)Y; X') + [ X|?)
t=0
d /
= -2 (Ad(exptZT, X")
dt|,_g
= (=2)(2,Y], X")
= 2(Y,[Z,X)).
We conclude that Y is critical for f if and only if Y € (imad X’)* = kerad X’. Since G is

compact, Ad(G)X is compact and so f does indeed have critical points. This establishes the
O

O =

theorem.
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29. LECTURE 29

29.1. Maximal Tori IV. Our next goal is to prove that every element of a compact, connected
Lie group lies in some maximal torus. Suppose we know that exp : g — G is onto. Then, if
g € G, we see that ¢ = exp X for some X € g. Now, RX is an abelian subalgebra of g
and therefore lies in a maximal abelian subalgebra . Then, expl is a maximal torus in G
containing g. To prove that exp is onto, we will appeal to familiar tools from Riemannian
geometry.

Lemma 29.1.1. let G be a compact Lie group. Then G has a bi-invariant Riemannian metric.

Proof. On a Lie group G, bi-invariant metrics correspond to Ad-invariant inner products on g:
if g is a bi-invariant metric, g; on T1G is Ad-invariant. If ¢g; is an Ad-invariant inner product
on 171G, then its left translation is a bi-invariant metric. If G is compact, then 771G has an
Ad-invariant inner product: take an arbitrary positive definite inner product and average it
over G. [

Before we proceed, we shall review some facts about Riemmanian manifolds. In particular,
we need to use the notions of connections and geodesics on a manifold.

Definition 29.1.2. A connection V on a manifold M is an R-bilinear map

V:I'(TM)xT'(TM) — T(TM)
(X,Y) — VyY

such that

(1) Vny = vaY and

(2) Vx(fY)=(X[f)Y + fVxY for any f € C®°(M) and X,Y € T'(TM).
Theorem 29.1.3 (Levi-Civita). Let (M, g) be a Riemannian manifold. Then, there is a unique
connection V = V9 on M such that

(1) X(4(Y, 2)) = g(VxY, Z) + g(Y, Vx Z) and

(2) VxY —VyX = [X,Y].
Moreover,

29(X,VzY) = Z(g(X,Y))+Y(9(X, 2)) - X(9(Y, 2))
+9(Z,[X,Y]) + (Y, [X, Z]) — g(X, [, Z])

Theorem 29.1.4. Let M be a manifold with a connection V and v : (a,b) — M a curve.
Then there exists a unique R-linear map

% :T(y*'TM) — T(v*TM)

such that
1) S(fV) =LV 4 YV for all f € C®(a,b) and V € T(TM).
(2) if X e I(TM), then
\Y

Z(X oY) =V X
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Definition 29.1.5. A curve v : (a,b) — M is a geodesic for a connection V if

=0
Recall that if x € M, v € T, M, then there is a unique geodesic 7 such that v(0) = x and
4(0) = v.
Theorem 29.1.6. Let G be a Lie group, g a bi-invariant metric on G and V the corresponding
Levi-Civita connection. Then, for any left invariant vector fields Z and Y

1
VY = 5[V.Y]

Proof. Let X,Y, Z be left invariant vector fields. Then, (¢(X,Y))(a) = (¢(X,Y))(1) for any
a € G. Consequently, the map a — (g(X,Y))(a) is a constant function. Also, since g is
bi-invariant, we see that g([X,Y],Z) + g(X,[Y, Z]) = 0. These two facts together, along with
the formula for the Levi-Civita connection in the above theorem show that 2¢(X,VzY) =
9(X,[Z,Y]). Since X is arbitrary and the metric is nondegenerate, 2V 7Y = [Z,Y] O

Corollary 29.1.7. For any X € g, a € G, ¥(t) = aexptX is a geodesic. Moreover, all the
geodesics are of this form.

Proof. If ~(t) = aexptX, then

() = (dLoexpex) X (1)
= X(v(®)
and so
\%
Ya = VUeX
il X
1
= -[X,X]=0.
2[ ’ ]
Thus, v(t) is a geodesic. Moreover, for all a € G and for all v € T,G, there is X € g such that
X(a) = v. Therefore, y(t) = aexptX is a geodesic with v(0) = a, §(0) = X (a) = v. O

The following theorem from Riemannian geometry is integral to our goal:

Theorem 29.1.8 (Hopf-Rinow). If (M,g) is a complete, connected Riemannian manifold,
then any two points can be joined by a geodesic.

As a consequence, we recover
Theorem 29.1.9. Let G be a compact, connected Lie group. Then, exp: g — G is onto.

Proof. Any point g € G can be connected to 1 € G by a geodesic which is of the form ¢ — exp tX
for some X € g. O

By the remark at the beginning of this lecture, we see that we have proved any element of
a compact, connected Lie group lies in a maximal torus.
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30. LECTURE 30
30.1. The Weyl Group.

Definition 30.1.1. Let H < G be a subgroup of a group G. The normalizer Ng(H) = N(H)
of H in G'is

N(H)={geG|gHg ' = H}
Note that H C N(H) and N(H) is a subgroup of G.

Proposition 30.1.2. Let G be a Lie group and H < G a closed subgroup. Then, N(H) is
closed in G and is hence a Lie subgroup of G.

Proof. For b € H consider the map

wb G - G
Uelg) = gbg™t
Since H is closed and ) is smooth, 1/1171(H) is closed for all b € H. Now,

NH) = (({geCGlgbg" € H}
beH

= (v "(H)

beH
and so N(H) is closed. O

Definition 30.1.3. Let G be a compact Lie group, 7' C G a maximal torus. The Weyl group
W =W(T,G)is W =N(T)/T.

Note that W acts on T: (nT) -a = nan~! for all a € T, nT € W. We will see that

T/W =G/ ~
where G /tilde is the quotient of G by the conjugation action.

Theorem 30.1.4. let G be a compact Lie group, T C G a maximal torus. Then, the Weyl
group W is finite.

Proof. We will argue that the connected component N(T")p of 1 in N(7T) is T". This will be
enough since |N(T)/N(T)p| is the number of connected components of N (7).

Now, N(T)q acts on T by conjugation” for all g € N(T)g and a € T, we have gag™' =
cg(a) € T. Hence,

dggl (t) g t.
In other words, Ad(g)(t) C t. Thus, we get a Lie group map

Ad()]¢: N(Tp) — GL(t)
g = Ad(9)|t
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Also, for any g € N(T)o,

Ad(g)

t——t
expl exp
T—">~T
commutes since ¢, is a Lie group map. Therefore, Ad(g)(ker exp) C kerexp for all g € N(T')g
Recall that

Zp :=ker{exp:t > T} =2Z"
where n = dimT. So, the image of Ad|¢ in GL(Zr) = GL(n, Z) is discrete. But, N(T)o is
connected and so for all g € N(T')o, Ad(g)|¢ = id. Thus, for all X € Lie(N(T)p) and Y € t
we have Ad(expX)Y = Y and so [X,Y] = 0. Since t is maximal abelian, we must have
Lie(N(T)o) C t.
On the other hand, T" C N(T)o and so Lie(N(T)y) = t. Since both N(T)y and T are
connected, they must therefore be equal. O

Remark 30.1.5. In fact, Aut(T) ={¢: T — T'| ¢ is a Lie group map} = GL(Zr).
Definition 30.1.6. let G be a Lie group. A function f € C*°(G) is a class function if

f(x) = flgzg™")
for all z, g € G. We denote the space of all class functions by C°(G)%.

Lemma 30.1.7. Let G be a compact Lie group. Two elements x1,x2 of a mazximal torus T
are conjugate in G if and only if there isw € W = N(T)/T so that w - x1 = x3.

Before we prove this lemma, let’s make a couple observations.

Remark 30.1.8. Recall that W acts on T “by conjugation”: for all ¢7' € W and a € T we have
(9T) - a = gag™".

Definition 30.1.9. let G be a group and H C G a subgroup. The centralizer Z(G) of H in
G is

Z(H)={g€G|ghg™' =HNheH}
Remark 30.1.10. If G is a Lie group and H C G is closed, then

Z(H) = () ¢ " (h)
heH
where 1y, : G — G is given by ¢p,(g) = ghg™'.

proof of Lemma 30.7. Suppose x,y € T and y = gxrg ' for some g € G. Then, Z(y) =
9Z(y)g~! = c,(Z(x)). Since x € T and T C Z(z) we have ¢,(T) C Z(y).

Now, Z(y)o is compact and connected and T, cy(T) C Z(y)o are tori. Since both tori are
maximal in G, they are maximal in Z(y)o. Thus, there exists h € Z(y)o such that c;(gy(T)) =T
and so hg € N(T).
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Also, cpy(x) = hgzg *h™! = hyh™! = y since h € Z(y). We conclude that hgT € N(T)/T
and (hgT) -z =vy. f z1,2 —2 € T and w = gT € W with w - x; = x9, then gr197! = 2. So
x1 and x9 are conjugate in G. 0

The previous lemma implies that the induced map 7'/W — G/ ~ is a continuous bijection.
Since T'/W is compact and G/ ~ is Hausdorff, this map is actually a homeomorphism. Hence,

Lemma 30.1.11. Let G be a compact Lie group, T  C G a mazimal torus and W the Weyl
group. Then,

(i) G/ ~=T/W and

(ii) the map C°(G)E — CUT)W given by f +— f|r is an isomorphism.

Example 30.1.12. The Weyl group of U(n) is 3, the permutation group on n letters. To
see this, we first remark that

A1
T = H)‘j’:1 >~ T
An
is a maximal torus. Now, two matrices are conjugate if and only if they have the same set of
eigenvalues and so the Weylgroup W is a subset of 3,,. Moreover, if o;; is the permutation
matrix that swaps the ith and jth columns of the identity matrix, and A € T, then aijAaigl
transposes the eigenvalues )\; and \; of A. Hence, all two-cycles are in W. But X, is generated
by two-cycles and we conclude that W = X,,.
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31. LECTURE 31

31.1. The Peter-Weyl Theorems I. Our final goal will be to prove the Peter-Weyl theo-
rem(s):

Theorem 31.1.1 (Peter-Weyl I). Any compact Lie group G is isomorphic to a closed subgroup
of U(n) for some choice of n.

Another way to state this is that a compact Lie group G can be realized as a subset of
M, (C), i.e. is a matrix group. Yet another way to look at this is there is a faithful (kernel
= {1}) representation p : G — Gl(n,C).

We will need a few preliminary definitions before we can state version II of this theorem.

Definition 31.1.2. Suppose p : G — GL(n,C) is a representation of a Lie group G. Let
rij + My, (C) — C denote the standard coordinate functions. The functions

rijop:G—C
are called the matriz coefficients of the representation p.

More abstractly, the representation coefficients may be realized as

(rij o p)(9) = (& p(9)e;)
where {e1,...,e,} is a basis of C" and {ej,...,e"} is the associated dual basis.

Definition 31.1.3. Let G be a Lie group. A function f : G — C is a representative function
(an abstract matriz coefficient) if there is a representation p : G — GL(V) such that

f(g) =, p(9)E)

for some £ € V, 1 € V* and for all g € G. We will usually denote such a function by fy, .
Lemma 31.1.4. Representative functions of a Lie group G form a subalgebra of C°(Q).

Proof. The following equalities are left as an exercise:

e +fabe = vevhsbhass

fV1,l1»§1fV2,l27§2 = fV1®V2,ll®l2,f1®§2
Mvie = fuane VAeC

Notation We will denote by C?

alg(G) the algebra of representative functions of G.

Theorem 31.1.5 (Peter-Weyl II). Let G be a compact Lie group. Then, Cglg(G) is dense in
C°(G) with respect to the supremum norm. That is, for all f € C°(G) and for all € > 0, there

exists h € Cglg(G) such that

sup|f(g) — h(g)] < e
geG
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We claim that the two versions of the Peter-Weyl Theorem are equivalent. Version I implies
Version II by the Stone-Weierstrass Theorem:

Theorem 31.1.6 (Stone-Weierstrass). Let X be a compact topological space. Suppose A C
C%(X) is a subalgebra such that

(1) A separates points, i.e. for all x1,x9 € X with x1 # xo there is f € A so that
f(@1) # f(z2),

(2) 1 € A (here, 1 denotes the constant function 1(z) =1 for allz € X ) and

(3) if f € A, then the complex conjugate f € A.

Then, A is dense in CO(X).

Assuming the Stone-Weierstrass Theorem, let’s see why version I of the Peter-Weyl Theorem
implies the second version:

Proof. Suppose G € GL(n,C) is a compact Lie subgroup. Consider the subalgebra A of C%(Q)
generated by 7|, Tij|c and 1. The functions r;; separate points. Also, 74,7i;,1 € Cglg(G) SO

AC C’glg(G). By Stone-Weierstrass, A is dense in CY(G) and so Cglg(G) is dense in C%(G). O

We now endeavor to prove that the second version of the Peter-Weyl Theorem implies the
first. We will need a considerable amount of background material to complete the proof.

Proposition 31.1.7. Any descending chain

Gi12G2...2GL2D ...

of compact Lie groups is finite.

Proof. Suppose A and B are two compact Lie groups with A C B. We claim that either dim A <
dim B or the connected components Ay and By of the identities are equal and A/Ag C B/By.

To prove this claim, first suppose that dim A = dim B. Then, since dim Lie(A) = dim Lie(B)
and Lie(A) C Lie(B) they must be equal. Hence, Ag = By and A/Ay C B/By. Since A # B
A/Ao # B/By.

Now that the claim has been established, note that at eash step of the chain, say G; 2 G411,
either dimG;y; < dimG; or |(Gi/Giy1)| < |Gi/(Gi)o|- So, eventually dimG; = 0 and then
|Givk/(Givk)ol = 1. O
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32. LECTURE 32

32.1. A Bit of Analysis. We will now review some properties of normed vector spaces that
we will need to prove the Peter-Weyl Theorems via a little bit of functional analysis.

Definition 32.1.1. A norm || - || on a vector space V' is a map

[ [+ V —[0,00)
such that

() |IfIl=0if and only if f =0 for all f €V,
(2) [lefll = [alf]| for all « € C, f €V,
@) [If + gl <If] + llgll for all f,g € V.

A vector space V with a norm is called a normed vector space.

Recall that a normed vector space V is a Banach space if it is complete, i.e. every Cauchy
sequence is a convergent sequence.
Fact: (C%(G),|| - |lco) is a Banach space, where G is a compact Lie group and

[fllco = sup|f(g)]
geG

A Banach space is a Hilbert space if there is a Hermitian inner product (-,-) : V. xV — C
such that

Ifll = (f. )
forall f e V.

Example 32.1.2. Let G be a compact Lie group. Define

L*(G) = {f:G—><C| / |f(1:)|2dﬂs<oo}
G
Then, L*(G) is a Hilbert space with

11 = ( /. |f<ac>|2dac)é

(f.9) = /G Fo(x) dz.

and

Suppose now that (Vi,] -|/1) and V4, | - ||2) are Banach spaces. A linear map 7' : V; — Vs is
continuous if there exists A > 0 so that ||T'(v)|l2 < A|lv|};.

Example 32.1.3. If f € C°(G), then

2
sup | (2 = (suplf(w)\) 1R
zeG

zeG
and so
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Jusie:

IR
/G sup | £(2)]? da

zeG

110 ds
G

19120 [ 1ds
G
= 11

That is, ||f]lz2 < ||fllco. Hence, the identity map id : C%(G) — L2*(G) (with the above
indicated norms) is continuous.

IN

IN

Theorem 32.1.4 (Cauchy Schwarz Inequality). Suppose (X,dx) is a measure space. Then,
for all f,g € L*(X) we have

(£ 9l < £ 112llgll2

In particular, we see that if X = G is a compact Lie group, then

<(/. |f<ac>\2da:)é (/. |g<ae>\2da:)é

] [ Fwgte)da

and

[y@ia] = |[ 15110
< (/er<m>|2dx)é(/xu2dm)é
< Il

From this we conclude that if f € L?(G), then f € L'(G) and the inclusion map L?(G) —
LY(G) is continuous.

Example 32.1.5. A function k € C%(G x G) defines a linear map

K :C°G) — functions on G
K@ = | K@

It is left as an exercise to the reader to prove that K f € C°(G). Moreover,
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(KP)(@)| < /G () 11/ ()] dy
< /G (sup (K1) £ ()] dy

= Weleo | Iy
< l&lleoll f1l L2
So, K : (CYG), || - |l2) — (C°(G), || - ||co) is continuous.

Definition 32.1.6. A linear map K : V; — V5 of normed vector spaces is compact if it maps
bounded sets B C V) to precompact sets K (B) C V5.

Definition 32.1.7. Let X be a topological space. A subset L C CY(X) is equicontinuous at
xg € X if for all € > 0 there is a neighborhood U of xg such that

|f(z) — f(xo)] <€ Vo € X,Vf € L.

L is equicontinuous if it is equicontinuous at every point of X.

Theorem 32.1.8 (Ascoli). A subset L C (C°(G),|| - ||co) is precompact if and only if it is
bounded and equicontinuous.

We now present an application of the Ascoli Theorem:

Example 32.1.9. Let k € C%(G x G) and K : (CO%(G), |- ||2) — (C°(G), || - ||co) be as above.
We claim that K, and hence K : (C%(Q), | - |Iz2) — (C°(G), | - || 2), is compact.

Proof. Suppose B C C°(G) is L?-bounded by C > 0, i.e. for all f € B, ||f||z2 < C. We want

to show that K (B) is precompact in the C%-norm. By Ascoli, it is enough to show that K (B)
is C%-bounded and equicontinuous. Since |(K f)(z)| < ||kllcollflz2,

K fllco = Slelgl(Kf)(x)\ < |[Elleo - C
To continue, we’ll need the following lemma:

Lemma 32.1.10. If h € C°(Q), then for all € > 0 there is a neighborhood U of 1 in G so that

zyteU = |h(z) —h(y)| <e
In light of this lemma, given ¢ > 0 we can find a neighborhood V of 1 in G such that

|k‘(.1‘,y) - k(xlay)| < 60_1

as long as 2’z~! € V. Then,
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(K f) (@) = (Kf)(2)]

/G (k) — k(2'y)) f(y) dy

eC ! f d
/G ‘ (w)| Yy
6071”] HL2

€

IN

IIA
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33. LECTURE 33

33.1. The Peter-Weyl Theorems II. We continue to apply analysis to our study of compact
Lie groups. In the last lecture, we used a lemma which we will now prove.

Lemma 33.1.1. Let H be a compact Lie group and f € C°(H). Then, for any e > 0 there is
a neighborhood V of 1 in H so that

yr~l €V = |f(x) — fy)l <e

Proof. Since f is continuous, for any x € H there is a neighborhood U, of 1 such that for any
y e Uzx

) = @) < 5

Choose V,, C H so that 1 € V,, and V,2 C U,. Then, {V,z} is an open cover of H. Since H
is compact, there is a finite subcover: there exist z1,...,x, so that

n
U Ve
i=1

' € V. Then, v € V,,z; for some i. So, y = (yz~ Yz €

Set V. = n;V,, and suppose yz~
VVy,zi C Uz x;. We then have

FW) = Flaa)| < 5, 1f (@) = Flad)| < 5

Therefore,

O
Remark 33.1.2. We may further assume that V' = V! by replacing V with V NV~
Corollary 33.1.3. If G is a compact Lie group and k € C°(G x G), then for all € > 0 there
exists a neighborhood U of 1 in G such that if zy~! € U,

|k(z,h) — k(y,h)| < e

forall h € G.
Proof. Let H = G x G. We may assume that U C G x G is of the form U x U. Then, zy~ ' € U
implies that (z,h)(y,h)™! € U x U for any h € G. O

Lemma 33.1.4. Let G be a compact Lie group, k € C°(G x G). Then, for any f € L*(G),

(K f)() = /G k() (y) dy

is a continuous function of x. In fact, for all € > 0 there exists a neighborhood U of 1 in G so
that
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zy Tl eU = [(Kf)(2) — (Kf)(y)l <e
Proof. By Corollary 33.3, there exists a neightborhood U of 1 such that if zy~! € U, then

k(. h) = Ky, )] <

where C will be chosen later. Then,

(K f)(z) = (Kf)(y)] < /(k(w»h)—k(y,h))f(h)dh

G
< G!k(wvh)—k(y,h)\lf(h)\dh

< [ Slrwran
= & [ 1aan

€
SISz

IN

Now, simply take C' = || f|| 2. O

Lemma 33.1.5. let G,k and K be as above. Then, for all f € L*(Q), ||K fllco < ||kllcoll fllL2-
Hence, K : (L*(G),|| - ||z1) — (C°(G), | - ||co) is bounded.

Proof. For any x € G,

(Kf)@)| = /G k(x,y)f(y)dy‘

< /G k(e ol f ()] dy

< / sup [k(z, )| £ ()] dy
G z,yeG

= ||kl ~o d
Ikl /G )] dy

< elleoll ]2z

Therefore, |K flco = supyee | (5 F)(@)] < [kllcoll 12z 0

It is a well-known fact, and left as an exercise for the reader, that bounded linear maps
between normed vector spaces are continuous, and we have seen that K : L}'(G) — L?*(Q) is
compact. The question is: how does this help us with the Peter-Weyl Theorem: the density of
C’glg(G) in C°(G)?

Two Ideas:

(1) G acts on functions on G,
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and we will prove that

Lemma 33.1.6. f € C°(G) is a representative function if and only if there is a finitw
dimensional subspace W C C°(G) with f € W.

(2) Let f € C%G) be a function. Fix e > 0. We want to find h € Cglg(G) such that
If = hllco < e
Since f € C%(G) there exists a neighborhood U of 1 in G such that

vy~ €U = |f(x) — f(y) <

Pick p € C°(G) with p > 0 such that suppp C U,
(i) p(z) = p(z~") and
(ii) / p(x)dr = 1.
G

N o

To get (ii), take any p with supp p C U and let

1
p(x) = T————p(x)
fG p(z) dx
To get (ii), take any p and let

Now, let k(x,y) = p(xz~'y) = p((z~'y)~!) = p(y~'z) and consider

K:L*G) — C%G)— L*G)
(Kf)x) = /G k(. 9)f(y) dy

Then, we have

epsilon
157~ Fllca < 22

On the other hand, since we know K is compact, and we also see that g - (K f) =
K(g-f) (that is, K is G-equivariant). Hence, the eigenspaces of K are G-invariant and
finite dimensional. Furthermore, the span of eigenfunctions is dense in (L2(G), || - || 2)-
That is, there exist vq,...,v; € L? so that K'V; = \jv; and

€
1D vi—fllee < S IElico.

Hence,

1Y Nivi = Kflleo = KO vi— flleo
kllcoll >~ vi = fllz2

IN
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34. LECTURE 34

34.1. The Peter-Weyl Theorems III.

Proposition 34.1.1. Let ‘H be a Hilbert space and K : H — H be a symmetric, compact
operator. Then,

|| = sup [(Kf, )]
Ifl=1

Proof. For f € H with [|f|| = 1, we have by Cauchy-Schwarz

(K f, I < IKFILFI < (1K )|1?
and so

M = Sup (K f, /)l < |IK]]
=1
We now argue that || K| < M. For this, it’s enough to show that || K f|| < M for all f € H
and all ||f|| = 1. Note that if K f = 0, we're done. So, assume z € H, ||z|| = 1 and Kz # 0.
Let y = Kxa/||Kz||. We then see that ||y|| = 1 as well. Also,

(z,Ky) = (Kuz,y)
= (Kz,Kz/||Kzl)
1
- —— IKzl?
HKxIIH z||

= [[Kz]]

It is also easy to verify that

(K(z+y),z+y) — (K —y),r—y) =2(Kz,y) +2(Ky, z) = 4| Kz
On the other hand, for any z € H, z # 0 we have

(K2, 2)| = ([(K(z/[l2]), 2/ 1 2ID[111” < M]|2?
and so

< Mz +y|?
~(K(@@—-y),z—y) < Mlz—y|*
We therefore conclude that

A|Kzf| = (K(z+y),2z+y) - (K(z—y),z—y)
< M(z+yl* + llz —yl*)
= M(2||z|* + 2l|y|*
= 4M
and so ||Kz| < M. O
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Proposition 34.1.2. Let K : H — H be a compact symmetric operator. Then, either || K| or
—||K|| is an eigenvalue of K.

Proof. By the last proposition, there is a sequence {x,} C H with ||z,| = 1 such that

lim_ [(Kan, zn)| = | K]
n—oo
By passing to a subsequence. if necessary, we may assume

lim (Kzp, z,) =
n—oo

where « is either ||K|| or —||K]||. Note, if @ = 0 there is nothing to prove. So, assume « # 0.
Then,

0< ||Kzy —azy|)? = (Kzp— azy, Kz, — axy,)

= || Kznl” = (@, Kay) = (Kag, az,) + |af||2,|
VK222 = 2020, Kan) + 02z
= 2a(a— (xn, Kzy,))

Since (Kxy,x,) — o as n — oo. (a — (zy, Kx,)) — 0. Thus,

IN

| Kz, — az,|* — 0
Since K is compact and x, is bounded, by passing to a subsequence we may assume that
Kz, — y. But, |Kz, — az,||> — 0 implies that ax, — y as n — co. Now,

Ky = K(lim az,)

n—oo

= lim K(az,)

n—oo

= « lim (Kz,)

= ay.

So, y is an eigenvector of K with eigenvalue «, provided y # 0. But y cannot be zero since

Iyl =1 lim az,| = lim oz, = |af
n— 00 n—oo
O

Suppose that H is a Hilbert space and K : H — H is compact and symmetric. If v is an
eigenvector with eigenvalue «, then

(1) (Kv,v) = (\v,v) = A(v,v) = A|v[|* and

(2) (v, Kv) = (v, v) = Av,v) = Aljv]|>.
We conclude that all eigenvalues of K are real.
Also, if Kv = A\v, Kw — pw and pu # A, then

Av,w) = (Kv,w) = (v, Kw) = p(v,w).
So, (v,w) = 0 and eigenspaces associated to distinct eigenvalues are mutually orthogonal.
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Theorem 34.1.3. Let H be a Hilbert space, K : H — H a compact symmetric operator. Then,

(1) For each € > 0, the direct sum of eigenspaces ®\A|>6 Hy s finite dimensional and
(2) @, Hy is dense in H.

Proof. (1) Suppose that @I Ase Ho s infinite dimensional. Then, there is a sequence {z,} of
orthornormal eigenvectors with eigenvalues A, such that |A,| > € for each n. Since {z,} is
bounded and K is compact, { Kz, } contains a convergent subsequence.

On the other hand, for all positive integers m,n we have

|Kzp — Kzp|? = || Aazn — Anml?
= [AalPllanll® + [Am ||z
= A+ N> 2
To prove (2), let E = @, H), the closure of @, Hy in H Since K (B, Hr) € Hy, K (D, Hr) C

@, M. Since K is continuous, K(E) C E. Let F = E+. Since K(E) C E, K(F) C F. So,
foranyeec E, f € F,

(K(f),e) = (f, K(e)) =0

K(e) € E. Moreover, F is closed. So, F'is a Hilbert space.
The inclusion map F — H is continuous and so K|p : F — F' is compact, and K|p is still
symmetric. By Proposition 34.2, K|r has an eigenvector v # 0. So, v € H) for some A. But
then, v € F which is a contradiction. O
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35. LECTURE 35

35.1. The Peter-Weyl Theorems I'V. Let’s first recall a few facts we have discussed earlier:

(1) A function f € CY(G) is a representative function if and only if there exists a represen-
tation p: G — GI(V), v € V and | € V* such that

f(9) = (L, plg)e)-
(2) G acts on C°(G) by

(9- )= flg™ ).

We also owe the reader a proof of the following lemma:

Lemma 35.1.1. The function f € C°(G) is a representative function of and only if there
exists a finite dimensional subspace W C C°(G) which is a subrepresentation and f € W.

Proof. Suppose p : G — GL(V) is a finite dimensional representation. Take a basis {v1,...,v,}
of V and let {v],...,v}} be the associated dual basis. Then,

aij(z) == Zv;*(p(:ﬂ)vi)

are representative functions.

Since p(gz) = p(g)p(x), (aij(92)) = (ai;(9))(ar;(2)) and (g-ai;)(x) = aij(g™'@) = X4 am(g™" )ar; ()
That is, g - a;; € spanc{a; for all g € G and a;;.
Also, forany l e V¥ v e V

f(g) = Up(g)v) € span c{aij(g)}
Therefore, W = span c{a;;}.
Conversely, suppose that W C C%(G) is finite dimensional and for any f € W, g- f € W.
Consider [ : W — C given by I(f) = f(1). Then, [ € W*. Also,

g™ f) = Flg(@))]a=1 = f(9)-
Let V.=W* and p: G — GL(W™) be given by

p=1(g-flw)
Then, f € V = (W*)" and f(g) = (f, p(9)l)- O

We now finally begin the proof of

Theorem 35.1.2 (Peter-Weyl Version II). Let G be a compact Lie group. Then, representative
functions are dense in C°(Q).

Proof. Fix fo € C°(G). For any € > 0, we want to find a representative function h so that

[fo=hllco <e.
Since fo € C°(G), there exists a neighborhood U of 1 in G such that
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_ €
ay €U = [folz) — foly)| < 3
Pick 71 € CY(G) such that 74 > 0 and supp7; € U and

/Gﬁ(x) dz =1

Let 7(x) = (1/2)(r1(z) + 71 (z71)). Then, /T(a:) dz =1,supp7 C U and 7(z) = 7(z71).
Now, let

k(zy) = 7(aly),
K:L*G) — CYG)— L*(G)

(Kfﬂx%=/27u7%0f@)@/

Claim 1: K is a compact, symmetric operator.
Claim 2: ||K fo — follco < €/2.
Claim 3: g- (Kf) = K(g- f) for all f € L*(G).

Let’s see, assuming these claims, how to finish the proof. Since k is compact, the nonzero
eigenspaces of K are finite dimensional. So, if Kf = Af for some nonzero A, then f is a
representative function.

On the other hand, eigenfunctions of K are dense in L?(G). Thus, there exist h—1,..., h, €
L?(G) such that Kh; = \;h; and

13" hi = follzz < (ko)™ (3)

So, we get
1D Xihi = Kfolleo = 1K hi— folleo
kllcoll Y - hi = foll 2

<
_1,€ €
= klleo(Elen) () = 5

Now, let h =), h;. Then,

lfo—nllco < |Ifo— K follco + | K fo— hllco
€ €
277"

Modulo the proof of the above three claims, this completes the proof of the theorem.
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36. LECTURE 36

36.1. Finale. We still need to prove the claims from the last lecture.

Proof of Claim 1: Since 7(z) = 7(271), 7(z~'y) = 7(y"'2). So, k(z,y) = 7(z~'y) = k(y,z). Therefore,

(Kfi f2) = /G KFi(x) folz) da

_ / / K(w,9) F1(y) dy fo() de
_ //ﬁ k(z,y) fa(x) dy dz
- [ (/ )l dr) dy
= [ Fwr

= flaKfQ)

and it follows that K is symmetric.
Proof of Claim 2: Note first that if we write v/ = ™'y, we have

Kh@ﬂz[;ﬁﬁhwwy=Z;ﬁﬁh@dwy

This implies

K fol) — fola)| = \ [ 7oty = so) [ T<y>dy'
< /G ()|l fo(ay) — fo(a)|dy.

If 7(y) # 0, then y € U is so that y = x~lxy and hence |fo(zy) — fo(z)|,€/2. Then,

1K fo = foll sup | K fo(z) — fo(x)]

IA
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Proof of Claim 3: Claim 3 follows from a quick calculation:
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(0 KN = Kfg )
- / (g7 ) ) F ) dy
G
= /T(fr_ly’)f(g_ly')dy’
G
- /G (@ )9 )(y) dy
(K(g- 1))

Finally, we present an application of this theorem:

Example 36.1.1. Let G = T" = R"/Z". Any representation of T" is a direct sum of irre-
ducibles. A matrix coefficient of an irreducible representation of T™ is of the form

am(z  mod Z") = (&= ms%;)
where n = (my,...,my) € Z™.
We can think of f € C°(T") as f € CO(R") with f(z1,...,2m) = f(x1 +k1,..., T, +ky) for
k; € Z. Then,

Cglg(’]l‘n) — { Z Cm€2m‘(2?:1 m;z;) lem € (C} :
mezn

the space of trigonometric polynomials. In this context, the Peter-Weyl Theorem can be stated

as follows:

Theorem 36.1.2. Any continuous Z"-periodic function on R™ can be approximated by a
trigonometric polynomial.



