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                                        ÐÑÏËÏÃÏÓ

To bibl�o autì apeujÔnetai se es� pou parakolouje�te Tm mata Plhroforik kai Thlepikoinwni¸n kai apotele� katast�lagma th empeir�a apì th didaskal�a toumaj mato S mata kai Sust mata gia arket� qrìnia.Sth shmerin  epoq  th Koinwn�a th Plhrofor�a, pou qarakthr�zetai apì thsÔgklish kai enopo�hsh diaforetik¸n mèqri t¸ra episthmonik¸n perioq¸n, to ped�otwn shm�twn kai twn susthm�twn apotele� plèon èna enia�o sÔnolo basik¸n kaijemeliwd¸n gn¸sewn gia èna eurÔ f�sma perioq¸n pou sqet�zontai me ton èna   �l-lo trìpo me thn paragwg , thn epexergas�a, thn apoj keush kai th met�dosh thplhrofor�a.Basikì skopì tou bibl�ou e�nai na eisag�gei ton anagn¸sth sti basikè teqnikèan�lush kai melèth twn shm�twn kai susthm�twn me enia�o trìpo kai na tou pro-sfèrei ta kat�llhla majhmatik� ergale�a, me ta opo�a mpore� na qeiriste� ta s matakai ta sust mata. àqei katablhje� prosp�jeia na dojoÔn oi jewrhtikè ènnoie meaplì trìpo kai na sundejoÔn me ant�stoiqe ènnoie th fusik . H epilog  twnparadeigm�twn ègine me gn¸mona th qrhsimìtht� tou ¸ste na bohjoÔn ton anagn¸sthna emped¸sei th jewr�a kai na katano sei ti teqnikè prosèggish kai antimet¸pishtwn problhm�twn.Oi basikè jematikè enìthte tou Maj mato S mata kai Sust mata anaptÔs-sontai se Ept� kef�laia.Episkìphsh tou Bibl�ouSto Kef�laio 1 d�netai mia genik  eikìna tou ti e�nai s ma kai parousi�zontai oiidiìthte twn shm�twn. Ep�sh or�zontai merik� stoiqei¸dh s mata, ta opo�a pa�zounidia�tero rìlo sth jewr�a twn shm�twn.Sto Kef�laio 2 d�netai o orismì tou sust mato, parousi�zontai oi kathgor�esusthm�twn, oi trìpoi sÔndes  tou kai merikè basikè idiìthtè tou. To kef�laioautì odhge� ton anagn¸sth sthn katanìhsh jemeliwd¸n sqèsewn, ìpw h sqèsh pousundèei to s ma eisìdou kai to s ma exìdou enì sust mato, kai basik¸n ennoi¸n,



ii Prìlogoìpw oi ènnoie th grammikìthta, th eust�jeia kai th aitiìthta.Sto Kef�laio 3 perigr�fetai h mèjodo an�lush enì analogikoÔ s mato kat�
Fourier, dhlad  w upèrjesh stoiqeiwd¸n hmitonoeid¸n shm�twn kai eis�gontai oiènnoie th seir� Fourier kai tou metasqhmatismoÔ Fourier. Ep�sh anafèrontai oiidiìthte tou metasqhmatismoÔ FourierSto Kef�laio 4 parousi�zontai basikè efarmogè tou metasqhmatismoÔ FouriersuneqoÔ qrìnou. Ep�sh eis�getai h ènnoia tou f�ltrou.Sto Kef�laio 5 perigr�fetai h mèjodo an�lush enì s mato diakritoÔ qrìnoukat� Fourier, dhlad , w upèrjesh stoiqeiwd¸n hmitonoeid¸n shm�twn diakritoÔ qrìnoukai eis�gontai oi ènnoie th seir� Fourier, tou metasqhmatismoÔ Fourier diakri-toÔ qrìnou, tou diakritoÔ metasqhmatismoÔ Fourierkai tou taqèo metasqhmatismoÔ
Fourier. Ep�sh anafèrontai oi idiìthte twn metasqhmatism¸n Fourier. Tèlo parousi�-zontai basikè efarmogè tou metasqhmatismoÔ FourierdiakritoÔ qrìnou.Sto Kef�laio 6 or�zetai o metasqhmatismì Laplace, anafèrontai oi idiìthtè toukai parousi�zetai h sten  sqèsh tou me to metasqhmatismì FouriersuneqoÔ qrìnou.Ep�sh parousi�zetai o monìpleuro metasqhmatismì Laplace. Tèlo, parousi�zetaih qr sh tou metasqhmatismoÔ Laplacesthn an�lush analogik¸n susthm�twn kai thmelèth th eust�jeia kai th aitiìtht� tou.Sto Kef�laio 7 or�zetai o metasqhmatismì z, anafèrontai oi idiìthtè tou kaiparousi�zetai h sten  sqèsh tou me to metasqhmatismì Fourier diakritoÔ qrìnou.Ep�sh parousi�zetai o monìpleuro metasqhmatismì z. Tèlo, parousi�zetai hqr sh tou metasqhmatismoÔ z sthn an�lush susthm�twn diakritoÔ qrìnou kai thmelèth th eust�jeia kai th aitiìtht� tou.To bibl�o oloklhr¸netai me tr�a parart mata. Sto pr¸to Par�rthma parousi�-zontai basik� stoiqe�a gia tou migadikoÔ arijmoÔ. Sto deÔtero Par�rthma parou-si�zetai o trìpo an�ptuxh mia rht  sun�rthsh se apl� kl�smata. Ta stoiqe�atwn dÔo aut¸n pararthm�twn e�nai  dh gnwst� apì to LÔkeio. Tèlo sto tr�toPar�rthma parat�jentai qr simoi majhmatiko� tÔpoi.Se k�je kef�laio up�rqoun probl mata. Met� apì th melèth k�je kefala�ou,sa sunistoÔme na prospaje�te na ta lÔnete. Ta probl mata aut� sa d�noun thdunatìthta na parakolouje�te thn prìodì sa kai exasfal�zoun ìti èqete afomoi¸seito ulikì tou ant�stoiqou kefala�ou.Ja prèpei ed¸ na shmei¸soume ìti to bibl�o autì èqei kajar� eisagwgikì qara-kt ra. Sto tèlo tou up�rqei bibliograf�a sthn opo�a mpore�te na anatrèxete giaplèon exeidikeumène gn¸sei.Ja  jela na euqarist sw tou spoudastè eke�nou, proptuqiakoÔ kai meta-ptuqiakoÔ, pou me prosoq  melèthsan mèrh tou bibl�ou kai me ti parathr sei toubo jhsan sth belt�ws  tou.An kai katabl jhke h mègisth dunat  prosp�jeia na mhn up�rqoun paror�ma-



Prìlogo iiita, sthn per�ptwsh pou diapistwje� ìti up�rqoun, ja epishma�nontai sth dieÔjunsh
http://sig-sys-book.di.uoa.gr/tou diktÔou. Sth dieÔjunsh aut , h opo�a euelpistoÔmeìti ja apotelèsei mia anoikt  gramm  epikoinwn�a, ja parousi�zoume nèe ask sei,¸ste na èqete perissìtere dunatìthte ex�skhsh. Serafe�m Karampogi�Ep�kouro Kajhght EjnikoÔ kai KapodistriakoÔPanepisthm�ou Ajhn¸n
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P�naka suntomeÔsewn-akrwnÔmia
dB Desibel
A/D analogoyhfiakì metatropèa analog to digital converter
IDFT ant�strofo diakritì metasqhmatismì Foureir inverse disctete Fourier transformbajuperatì f�ltro  
LPF f�ltro basik  z¸nh   lowpass filterf�ltro dièleush qamhl¸n suqnot twnGS grammikì sÔsthma linear systemGQAS grammikì qronik� anallo�wto SÔsthma linear time invariant system
DFT diakritì metasqhmatismì Fourier discrete Fourier transform
2-D disdi�stata s mata two-dimensional signalsFEFE eust�jeia fragmènh eisìdou bounded input bounded outputfragmènh exìdou
BPF zwnoperatì f�ltro  zwnodiabatì f�ltro   bandpass filterf�ltro dièleush z¸nh suqnot twn
BSF zwnofraktikì f�ltro   bandstop filterf�ltro apokop  z¸nh suqnot twn
MF metasqhmatismì Fourier Fourier transform

DTFT metasqhmatismì FourierdiakritoÔ qrìnou discrete time Fourier transform
ML metasqhmatismì Laplace Laplace transform
Mz metasqhmatismì z z Transform
1-D monadi�stata s mata One-dimensional signal

MML monìpleuro metasqhmatismì Laplace unilateral Laplace transform
MMz monìpleuro metasqhmatismì z unilateral z TransformPS ped�o sÔgklish Region of convergence
ROC ped�o sÔgklish Region of convergence
DTFS seir� FourierdiakritoÔ qrìnou discrete-time Fourier seriesQAS sÔsthma qronik� anallo�wto Time invariant system
MISO sust mata me pollè eisìdou-m�a exìdou multi-input, single-output
MIMO sust mata me pollè eisìdou-pollè exìdou multi-input, multi-output
SISO sust mata m�a eisìdou-m�a exìdou single-input, single-output
HPF uyiperatì f�ltro   highpass filterf�ltro dièleush uyhl¸n suqnot twn
D/A yhfioanalogikì metatropèa digital to analog converter



P�naka basik¸n sumbìlwnj tetragwnik  r�za tou -1 squere root of -1jzj mètro migadikoÔ arijmoÔ z magnitude of complex quantityzargfzg f�sh (ìrisma) tou z phase angle ofz<efzg pragmatikì mèro tou z imaginary part ofz=mfzg fantastikì mèro tou z imaginary part ofzz? suzug  migadikì arimjì tou z complex conjugate ofz! (kuklik ) suqnìthta gia s mata suneqoÔ qrìnou frequency for continuous-time signal
 (kuklik ) suqnìthta gia s mata diakritoÔ qrìnou frequency for discrete-time signalu(t) bhmatik  sun�rthsh step functionÆ(t) sun�rthsh dèlta (dirac)-kroustik  sun�rthsh unit impulse�(t) orjog¸nio palmì rectangular pulse�(t) trigwnikì palmì triangular pulser(t) sun�rthsh kl�sh ramb functionsgn(t) sun�rthsh pros mou signum function? sumbol�zei to olokl rwma th sunèlixh detotes convolution operationN kuklik  sunèlixh N -shme�wn N -point circular convolousionh(t) kroustik  sun�rthsh impulse responseH(s) sun�rthsh metafor� transfer functionH(!) apìkrish suqnìthta frequency responsesin(t) sun�rthsh deigmatolhy�a sampling functionX(!) metasqhmatismì Fouriertou x(t) Fourier transform ofx(t)X(
) metasqhmatismì Fourierth x(n) Fourier transform ofx(n)X(k) diakritì metasqhmatismì Fourierth x(n) disrete Fourier transform ofx(n)X(s) metasqhmatismì Laplacetou x(t) Laplace transform ofx(t)X (s) monìpleuro metasqhmatismì Laplacetou x(t) unilateral Laplace transform ofx(t)X(z) metasqhmatismì z th x(n) z transform ofx(n)X (z) monìpleuro metasqhmatismì z th x(n) unilateral z transform ofx(n)F ! upodeiknÔei zeÔgo metasqhmatism¸n Fourier Fourier transform pairL ! upodeiknÔei zeÔgo metasqhmatism¸n Laplace Laplace transform pairL ! upodeiknÔei monìpleuro metasqhmatismì Laplace unilateral Laplace transform pairZ ! upodeiknÔei zeÔgo metasqhmatism¸n z z transform pairZ ! upodeiknÔei monìpleuro metasqhmatismì z unilateral z transform pair



                                                    ÊÅÖÁËÁÉÏ 1

                     ÅÉÓÁÃÙÃÇ ÓÔÁ ÓÇÌÁÔÁ

Skopì tou kefala�ou autoÔ e�nai na d¸sei m�a genik  eikìna tou ti e�nai s ma kaina katat�xei ta di�fora s mata se kathgor�e an�loga me ti basikè tou idiìthte.Epiprìsjeta ja oristoÔn antiproswpeutik� s mata, ta opo�a èqoun idia�terh shmas�asth jewr�a shm�twn.To kef�laio autì, pragmateÔetai ta krit ria b�sei twn opo�wn or�zontai ta s ma-ta kai taxinome� ta s mata. Ep�sh, anafèrei ti basikè idiìthte pou parousi�zounta s mata kai ti metatropè s mato w pro to qrìno. Sth sunèqeia or�zontaistoiqei¸dh s mata, ta opo�a pa�zoun ènan idia�tero rìlo sth jewr�a shm�twn, wergale�a gia th melèth poluplokìterwn shm�twn. Shmei¸netai ìti sto Par�rthma Aup�rqoun merik� basik� stoiqe�a gia tou migadikoÔ arijmoÔ.Eisagwg W s ma or�zetai èna fusikì mègejo to opo�o metab�lletai se sqèsh me to qrìno   toq¸ro   me opoiad pote �llh anex�rthth metablht    metablhtè. Gia par�deigma, to s -ma omil�a antistoiqe� sti metabolè th akoustik  p�esh se sqèsh me to qrìno kaiproèrqetai apì ti kin sei twn fwnhtik¸n qord¸n. To s ma eikìna antistoiqe� stimetabolè th fwteinìthta se sqèsh me ti dÔo qwrikè metablhtè. �lla parade�g-mata shm�twn e�nai ta seismik� s mata, ta iatrik� s mata (ìpw to kardiogr�fhma),o et sio de�kth tim¸n katanalwt , o de�kth tou posostoÔ anerg�a an� m na k.l.p.Apì majhmatik  �poyh, èna s ma ekfr�zetai w sun�rthsh mia   perissìterwnanex�rthtwn metablht¸n. t! x(t)H anex�rthth metablht  t e�nai sun jw o qrìno, h opo�a mpore� na èqei kai �llhfusik  shmas�a. Me x(t) sumbol�zetai h tim  tou s mato th qronik  t.An�loga me to pl jo twn anexart twn metablht¸n ta s mata qarakthr�zontaiw monodi�stata s mata (1-D), disdi�stata (2-D), poludi�stata s mata.



2 Eisagwg  sta S mata Kef�laio 11.1 TAXINOMHSH SHMATWNAn�loga me ton tÔpo th anex�rthth   th exarthmènh metablht  th sun�rthshta s mata katat�ssontai sti parak�tw kathgor�e:1.1.1 S mata suneqoÔ qrìnou   analogik� s mataS mata suneqoÔ qrìnou   analogik� s mata e�nai ta s mata twn opo�wn h anex�rththmetablht  metab�lletai se èna suneqè di�sthma tim¸n. Sta monodi�stata s matato ped�o orismoÔ tou s mato e�nai di�sthma th euje�a twn pragmatik¸n arijm¸n.Sto Sq ma 1.1 èqei sqediaste� èna analogikì s ma. Epeid  h anex�rthth metablht  tsun jw e�nai o qrìno, ta s mata aut� onom�zontai s mata suneqoÔ qrìnou   s matasuneqoÔ metablht .
x(t)

tSq ma 1.1 Grafik  anapar�stash enì analogikoÔ s mato.1.1.2 S mata diakritoÔ qrìnouàna analogikì s ma xa(t) e�nai dunatì na anaparaqje� apì ti timè twn deigm�twntou x(n) pou lamb�nontai an� qronik� diast mata TÆ . Ta qronik� diast mata TÆkajor�zontai an�loga me to e�do tou analogikoÔ s mato kai thn epijumht  pistìthtaanaparagwg . x(n) � xa(nTÆ); n = 0; 1; 2; ::: (1.1.1)H diadikas�a onom�zetai deigmatolhy�a kai to qronikì di�sthma metaxÔ diadoqik¸ndeigm�twn per�odo deigmatolhy�a TÆ . Me th diadikas�a th deigmatolhy�a enìanalogikoÔ s mato prokÔptei èna s ma diakritoÔ qrìnou.S mata diakritoÔ qrìnou e�nai ta s mata twn opo�wn to ped�o orismoÔ e�nai k�poiodiakritì sÔnolo p.q. to sÔnolo twn akera�wn arijm¸n en¸ h exarthmènh metablht e�nai dunatìn na lamb�nei opoiad pote tim . To s ma sto Sq ma 1.2a e�nai èna s madiakritoÔ qrìnou.Sti efarmogè sti opo�e e�nai anagka�o na metad�doume   na apojhkeÔoume ènaanalogikì s ma metad�doume   apojhkeÔoume ta de�gmat� tou.



Enìthta 1.2 Idiìthte Analogik¸n Shm�twn 3
(â)

n

(á)

x(n)

n

x(n)

Sq ma 1.2 Grafik  anapar�stash (a) enì s mato diakritoÔ qrìnou kai (b) enì yhfiakoÔs mato.1.1.3 Yhfiak� s mataH anapar�stash twn analogik¸n deigmatolhpthmènwn tim¸n x(n); n = 0; 1; 2; ::: meèna peperasmèno sÔnolo epitrepìmenwn tim¸n lègetai kb�ntish. Me th diadikas�a thkb�ntish oi timè x(n) enì diakritoÔ s mato stroggulopoioÔntai sthn plhsièsterhepitrepìmenh tim  kai ètsi prokÔptei èna yhfiakì s ma.Yhfiak� s mata e�nai ta s mata sta opo�a tìso h anex�rthth metablht , ìso kaih exarthmènh metablht  mporoÔn na lamb�noun mìno diakritè timè. Sto Sq ma 1.2bfa�netai èna yhfiakì s ma.AfoÔ deigmatolhpthje� kai kbantiste� h èxodo m�a analogik  phg  plhro-for�a, dhmiourge�tai m�a akolouj�a apì kbantismène timè. K�je kbantismènh st�-jmh kwdikopoie�tai se m�a duadik  akolouj�a m kou �, ìpou N = 2� e�nai o arijmìtwn epitrepìmenwn tim¸n.àna sÔsthma yhfiak  met�dosh   katagraf   qou metatrèpei èna akoustikìs ma se m�a seir� apì arijmoÔ bit tou opo�ou metad�dei   katagr�fei p.q. se optikìd�sko. H metatrop  enì analogikoÔ s mato se m�a duadik  akolouj�a onom�zetaipalmokwdik  diamìrfwsh.1.2 IDIOTHTES ANALOGIKWN SHMATWNSthn enìthta aut  parousi�zontai merikè basikè idiìthte pou èqoun ta analogik�s mata. An�loge idiìthte èqoun kai ta s mata diakritoÔ qrìnou.1.2.1 Periodik� kai Mh Periodik� S mataàna analogikì s ma x(t) lègetai periodikì, ìtan up�rqei èna jetikì arijmì T giaton opo�o isqÔei x(t) = x(t+T ) gia k�je tim  tou t. Sto Sq ma 1.3 èqei sqediaste� ènaperiodikì s ma. O stajerì arijmì T lègetai per�odo. H elaq�sth dunat  per�odoe�nai gnwst  w jemeli¸dh per�odo kai sumbol�zetai me T0. Sthn pr�xh pollè forèanaferìmaste apl¸ sthn per�odo kai ennooÔme th jemeli¸dh.



4 Eisagwg  sta S mata Kef�laio 1
x(t)

0 T 2T-T-2T tSq ma 1.3 Periodikì s ma suneqoÔ qrìnou.Par�deigma periodikoÔ s mato e�nai to hmitonoeidè s max(t) = A sin(!t+ �) (1.2.1)me per�odo T = 2�=!. To ! e�nai gnwstì w kuklik  suqnìthta kai e�nai ! = 2�f ,ìpou f h suqnìthta tou hm�tonou.àna �llo periodikì s ma e�nai to migadikì s may(t) = Aej!t (1.2.2)me thn �dia per�odo T = 2�=!. An kai ta migadik� s mata den èqoun fusik  upìstash,e�nai “elkustik�” apì �poyh majhmatikoÔ formalismoÔ, epeid  aplousteÔoun thn�lgebra twn pr�xewn. Gia par�deigma, pollaplasiasmì dÔo ekjetik¸n shm�twnantistoiqe� apl¸ sthn prìsjesh twn ekjet¸n tou. Pr�gmati, an y1(t) = Aej!1tkai y2(t) = Aej!2t, tìte y1(t) � y2(t) = A2ej(!1+!2)t. Sto Par�rthma A up�rqei m�asÔntomh parous�ash twn migadik¸n arijm¸n kai twn idiot twn tou.1.2.2 Aitiat� kai Mh Aitiat� S mataàna s ma x(t) lègetai aitiatì, e�n e�nai mhdenikì gia arnhtikè timè tou qrìnou t,dhlad  x(t) = 0 gia t < 0 (1.2.3)Sthn ant�jeth per�ptwsh, to s ma lègetai mh aitiatì. Sto Sq ma 1.4 eikon�zontai ènaaitiatì kai èna mh aitiatì s ma.
(â)(á)

x(t)

0 t

x(t)

0 tSq ma 1.4 Par�deigma (a) aitiatoÔ s mato kai (b) mh aitiatoÔ s mato.



Enìthta 1.2 Idiìthte Analogik¸n Shm�twn 51.2.3 S mata Peperasmèna kai S mata Peperasmènh kai �peirh Di�rkeiaàna s ma x(t) lègetai peperasmèno an jx(t)j < 1, gia k�je tim  tou qrìnou t. ànas ma x(t) lègetai s ma peperasmènh di�rkeia anx(t) = � 0; t � T10; t � T2 (1.2.4)ìpou T1 kai T2, (T1 < T2), e�nai peperasmènoi arijmo�. An T1 g�nei �so me to me�on�peiro   kai T2 g�nei �so me to �peiro, tìte to s ma èqei �peirh di�rkeia.1.2.4 �rtia kai Peritt� s mataàna s ma x(t) lègetai �rtio   parousi�zei �rtia summetr�a anx(�t) = x(t); �1 < t < +1 (1.2.5)Ant�jeta, lègetai perittì   parousi�zei peritt  summetr�a anx(�t) = �x(t); �1 < t < +1 (1.2.6)To s ma sto Sq ma 1.5a parousi�zei �rtia summetr�a kai to s ma sto Sq ma 1.5b
(â)(á)

x(t)

0 t

x(t)

0 tSq ma 1.5 S mata suneqoÔ qrìnou ta opo�a parousi�zoun (a) �rtia summetr�a kai (b)peritt  summetr�a.peritt  summetr�a. K�je s ma migadikì   pragmatikì mpore� na ekfrasje� w �jroi-sma enì �rtiou (even), xe(t), kai enì perittoÔ (odd) s mato, xo(t),x(t) = xe(t) + xo(t) (1.2.7)ìpou xe(t) = 12 [x(t) + x�(�t)℄ xo(t) = 12 [x(t)� x�(�t)℄ (1.2.8)me ? dhl¸netai o suzug  migadikì arijmì.



6 Eisagwg  sta S mata Kef�laio 1Par�deigma 1.2.1D�netai to s ma x(t) = � �3t; t < 0t; t � 0 (1.2.9)Na ekfr�sete to s ma w �jroisma enì �rtiou kai enì perittoÔ s mato.LÔsh To �rtio s ma xe(t) e�naixe(t) = 12 [x(t) + x(�t)℄ = � 12 [�3t� t℄; t < 012 [t+ 3t℄; t � 0 = � �2t; t < 02t; t � 0 (1.2.10)en¸ to perittì s ma xo(t) e�naixo(t) = 12[x(t) � x(�t)℄ = � 12 [�3t+ t℄; t < 012 [t� 3t℄; t � 0 =) xo(t) = �t (1.2.11)Sto Sq ma 1.6 eikon�zontai to s ma x(t), to xe(t) kai to xo(t). Apì ti grafikèparast�sei twn shm�twn aut¸n fa�netai ìtix(t) = xe(t) + xo(t) (1.2.12)
(á)

x(t)

0 t

-3 t t

(â)

xe(t)

0 t

-2t

(ã)

xï(t)

0 t

- t
2t

Sq ma 1.6 Grafikè parast�sei gia ta s mata (a) x(t), (b) xe(t) kai (g) xo(t).1.2.5 Energeiak� S mata - S mata IsqÔoGia k�je analogikì s ma x(t), h enèrgeia tou s mato Ex, d�netai apì th sqèshEx = limT!1Z T�T jx(t)j2 dt (1.2.13)ìpou jx(t)j e�nai to mètro tou s mato. Gia k�je s ma diakritoÔ qrìnou x(n), henèrgei� tou Ex, d�netai apì th sqèshEx = 1Xn=�1 jx(n)j2 (1.2.14)



Enìthta 1.2 Idiìthte Analogik¸n Shm�twn 7ìpou jx(n)j e�nai to mètro tou s mato kai TÆ e�nai h per�odo deigmatolhy�a.àna s ma qarakthr�zetai w energeiakì s ma an0 < Ex <1 (1.2.15)H mèsh isqÔ Px, tou analogikoÔ s mato x(t), d�netai apì th sqèshPx = limT!1 12T Z T�T jx(t)j2 dt (1.2.16)An to s ma e�nai periodikì, tìte h mèsh isqÔ tou Px d�netai apì th sqèshPx = 1T0 Z<T0> jx(t)j2 dt (1.2.17)H mèsh isqÔ Px, tou s mato diakritoÔ qrìnou x(n), d�netai apì th sqèshPx = limN!1 12N + 1 NXn=�N jx(n)j2 (1.2.18)An to s ma e�nai periodikì, tìte h mèsh isqÔ tou Px d�netai apì th sqèshPx = 1N0 N0�1Xn=0 jx(n)j2 (1.2.19)àna s ma qarakthr�zetai w s ma isqÔo an0 < Px <1 (1.2.20)Shmei¸netai ìti gia pragmatik� s mata jx(t)j2 = x2(t) (blèpe Par�rthma A).1.2.6 Aitiokratik� kai Tuqa�a - Stoqastik� S mataätan oi timè pou pa�rnei èna s ma se k�je qronik  stigm  or�zontai qwr� abebaiìth-ta, to s ma qarakthr�zetai w aitiokratikì s ma   nomoteleiakì s ma. àna tètoio s -ma, gia par�deigma, e�nai to sunhm�tono (Sq ma 1.7a). Sthn pr�xh, ìmw, sunant�mepoll� s mata, ìpw o jermikì jìrubo, sta opo�a h tim  se opoiad pote qronik stigm  den mpore� na prokajoriste� me bebaiìthta prin emfanistoÔn. Ta s mata aut�onom�zontai tuqa�a   stoqastik� s mata (Sq ma 1.7b). Gia na epexergastoÔme tètoioue�dou s mata anagkastik� katafeÔgoume sth jewr�a Pijanot twn kai Statistik .Sto bibl�o autì ja perioristoÔme mìno sta aitiokratik� s mata.



8 Eisagwg  sta S mata Kef�laio 1
(â)(á)

x(t)=A cos(2 ð f0 t + ö)

0 t

A

-A

T0

Acos(ö)

x(t)

0 tSq ma 1.7 Par�deigma (a) nomoteleiakoÔ s mato kai (b) stoqastikoÔ s mato.1.3 METATROPES SHMATOS WS PROS TON QRONOPollè forè sthn pr�xh parousi�zontai s mata ta opo�a sqet�zontai metaxÔ tou meallag  th anex�rthth metablht , dhlad  tou qrìnou. Sth sunèqeia anafèrontaioi basikè metatropè s mato w pro to qrìno.1.3.1 An�klashàna s ma y(t) apotele� thn an�klash tou s mato x(t) w pro t = 0 any(t) = x(�t) (1.3.1)H metatrop  th an�klash èqei w apotèlesma thn enallag  metaxÔ “pareljìnto”kai “mèllonto” enì s mato. An to s ma x(t) e�nai h èxodo enì magnhtof¸nou,tìte to s ma x(�t) e�nai h èxodo tou id�ou magnhtof¸nou, ìtan autì peristrèfetaiant�jeta. Sto Sq ma 1.8 èqei sqediaste� èna s ma suneqoÔ qrìnou kai h an�klas tou w pro t = 0.
(á)

x(t)

0 t

(â)

x(- t)

0 tSq ma 1.8 (a) àna s ma suneqoÔ qrìnou kai (b) h an�klas  tou w pro t = 0.1.3.2 Allag  Kl�maka QrìnouTo s ma x1(t) apotele� m�a qronik  sustol  tou s mato x(t), anx1(t) = x(at) me a > 1 (1.3.2)



Enìthta 1.3 Metatropè S mato w pro to Qrìno 9To s ma x2(t) apotele� m�a qronik  diastol  tou s mato x(t), anx2(t) = x(at) me 0 < a < 1 (1.3.3)An to s ma x(t) e�nai h èxodo enì magnhtof¸nou, tìte to s ma x(2t) e�nai hèxodo tou id�ou magnhtof¸nou, ìtan autì peristrèfetai me dipl�sia taqÔthta kaix(t=2) e�nai h èxodo, ìtan autì peristrèfetai me upodipl�sia taqÔthta. Sto Sq ma1.9 èqoun sqediaste� h qronik  sustol  kai diastol  enì s mato.
(á)

x(t)

0 t

(â)

x(2 t)

0 t

(ã)

x(t/2)

0 tt0 2 t0-t0 -2 t0t0

2
t0

2Sq ma 1.9 (a) S ma, (b) h qronik  sustol  tou kai (g) h qronik  diastol  tou.1.3.3 Qronik  Metatìpishàna s ma y(t) e�nai m�a qronik� metatopismènh kat� t0 morf  tou s mato x(t) any(t) = x(t� t0) (1.3.4)Sto Sq ma 1.10 èqei sqediaste� èna s ma x(t) kai h qronik� metatopismènh morf  tou.H qronik  metatìpish e�nai m�a polÔ sunhjismènh metabol  sthn pr�xh. Se peript¸-sei met�dosh enì s mato èqoume qronikè kajuster sei, oi opo�e exart¸ntai apìti idiìthte tou mèsou met�dosh. Gia par�deigma, se èna thlepikoinwniakì sÔsthmato s ma pou lamb�nei o dèkth e�nai qronik� kajusterhmèno se sqèsh me autì pouekpèmpetai apì ton pompì.
(á)

x(t)

0 t

(â)

x(t-t0)

0 tt0Sq ma 1.10 (a) To s ma x(t) kai (b) h qronik� metatopismènh morf  tou.Par�deigma 1.3.1D�netai to s ma x(t) = 8<: 2t+ 2; �1 � t < 02� t; 0 � t < 20; alli¸ (1.3.5)



10 Eisagwg  sta S mata Kef�laio 1Na sqedi�sete to s ma y(t) = x(�t).LÔsh To s ma x(t) eikon�zetai sto Sq ma 1.11a. To s ma y(t) apotele� thn an�klashtou s mato x(t). Ja prosdior�soume th sun�rthsh tou s mato y(t)y(t) = x(�t) = 8<: 2(�t) + 2; �1 � �t < 02� (�t); 0 � �t < 20; alli¸= 8<: �2t+ 2; 1 � t > 02 + t; 0 � t > �20; alli¸= 8<: t+ 2; �2 � t < 02� 2t; 0 � t < 10; alli¸ (1.3.6)H grafik  par�stash tou s mato y(t) = x(�t) d�netai sto Sq ma 1.11b.
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Sq ma 1.11 H grafik  par�stash (a) tou s mato x(t) kai (b) tou s mato y(t) stoPar�deigma 1.3.11.4 STOIQEIWDH SHMATAH an�lush enì s mato se aploÔstera s mata, twn opo�wn h sumperifor� e�nai e�tegnwst  e�te eukolìtero na melethje�, apotele� basik  mejodolog�a sthn epexergas�as mato. Sth sunèqeia ja or�soume ènan arijmì stoiqeiwd¸n shm�twn pou pa�zounènan idia�tero rìlo sth jewr�a shm�twn, w ergale�a gia th melèth poluplokìterwnshm�twn.1.4.1 Migadikì ekjetikì s ma suneqoÔ qrìnouTo migadikì ekjetikì s ma suneqoÔ qrìnou or�zetai apì th sqèshx(t) =  � est (1.4.1)ìpou s = � + j! ètsi x(t) =  � e�t � ej!t kai èqei ti akìlouje idiìthte:



Enìthta 1.4 Stoiqei¸dh S mata 111. E�nai antistrèyimo (est)�1 = �1 � e�st.2. E�nai diafor�simo ddt (est) =  � sest.M�a shmantik  kathgor�a ekjetik¸n shm�twn suneqoÔ qrìnou prokÔptei an tos e�nai pragmatikì arijmì, (s = �) opìte to x(t) = e�t onom�zetai pragmatikìekjetikì s ma, kai parousi�zei asumptwtik  sumperifor� an�loga me ti timè tou �(blèpe Sq ma 1.12).
(á)

x(t)

0 t

(â)

0 t
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0 t

x(t) x(t)

c c c

Sq ma 1.12 To pragmatikì ekjetikì s ma (a) gia � < 0, (b) gia � > 0 kai gia � = 0.M�a �llh shmantik  kathgor�a ekjetik¸n shm�twn suneqoÔ qrìnou prokÔptei anto s e�nai fantastikì arijmì (s = j!0), dhlad , x(t) = ej!0t. To s ma x(t) = ej!0te�nai periodikì me per�odo T , ìtan� !0 = 0, tìte x(t) = 1, to opo�o mpore� na jewrhje� periodikì gia k�je T .� !0 6= 0, tìte h jemeli¸dh per�odo T0, dhlad  h mikrìterh tim  tou T , e�naiT0 = 2�=j!0j. Pr�gmati, apì ton orismì isqÔei:ej!0t = ej!0(t+T ) ) ej!0t = ej!0tej!0T ) ej!0T = 1)os(!0T ) + j sin(!0T ) = 1) !0T = 2k� ) T0 = 2�=j!0jìpou qrhsimopoi jhke h sqèsh tou Eulerej� = os � + j sin �.To gnwstì sunhmitonoeidè s ma x(t) = A os(!0t+') (blèpe Sq ma 1.13) e�nai,ep�sh, periodikì me jemeli¸dh analogik  per�odo T0, jemeli¸dh analogik  kuklik suqnìthta !0 kai jemeli¸dh analogik  suqnìthta f0 ìpou f0 = 1=T0 kai !0 = 2�f0.To sunhmitonoeidè s ma sqet�zetai �mesa me to migadikì ekjetikì s ma. Pr�g-mati, an qrhsimopoi soume th sqèsh tou Euler, mporoÔme na ekfr�soume to migadikìekjetikì s ma me th bo jeia hmitonoeid¸n shm�twn th id�a jemeli¸dou periìdouapì th sqèsh ej(!0t+') = os(!0t+ ') + j sin(!0t+ ') (1.4.2)MporoÔme, profan¸, na gr�youmeos(!0t+ ') = <e[ej(!0t+')℄ kai sin(!0t+ ') = =m[ej(!0t+')℄ (1.4.3)



12 Eisagwg  sta S mata Kef�laio 1ìpou <e[�℄ sumbol�zei to pragmatikì kai =m[�℄ to fantastikì mèro migadikoÔ arij-moÔ.
x(t)=A cos(2 ð f0 t + ö)

A

-A

T0

Acos(ö)

T0 ù0

2ð

t Sq ma 1.13 To sunhmitonoeidès ma suneqoÔ qrìnou.H sqèsh tou Euler antistrèfetai kai ètsi mporoÔme na ekfr�soume to hm�tono  to sunhm�tono me th bo jeia ekjetik¸n migadik¸n ìrwnos(!0t) = ej!0t + e�j!0t2 kai sin(!0t) = ej!0t � e�j!0t2j (1.4.4)To migadikì ekjetikì s ma ej!0t, ìpw to (sun)hmitonoeidè s ma os(!0t), sin(!0t),e�nai gnwst� w s mata mia suqnìthta   s mata apl  suqnìthta. äpw ja doÔme, tas mata aut� qrhsimopoioÔntai gia na perigr�youn ta qarakthristik� poll¸n fusik¸ndiadikasi¸n.Sto Sq ma 1.14 d�nontai tr�a parade�gmata sunhmitonoeid¸n shm�twn me diafore-tik  kuklik  suqnìthta kai per�odo. ParathroÔme ìti, ìtan h kuklik  suqnìthtaaux�nei, !1 < !2 < !3, h jemeli¸dh per�odo elatt¸netai, T1 > T2 > T3, kaiaux�nei o rujmì twn talant¸sewn tou s mato, dhlad  aux�nei o rujmì metabol tou s mato. àna s ma qamhl  suqnìthta metab�lletai me argì rujmì se ant�jesh meèna s ma uyhl  suqnìthta pou metab�lletai me gr goro rujmì.H genik  per�ptwsh migadikoÔ ekjetikoÔ s mato suneqoÔ qrìnou e�naix(t) =  � est; ìpou  = jjej�; kai s = � + j!0 (1.4.5)ètsi x(t) = jj ej� e(�+j!0)t = jj e�t ej(!0t+�) (1.4.6)Me th bo jeia th sqèsh tou Euler èqoume:x(t) = jj e�t os(!0t+ �) + jjj e�t sin(!0t+ �)= jj e�t os(!0t+ �) + jjj e�t os(!0t+ � � �=2) (1.4.7)
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x1(t)= cos(ù1 t )

T1
t

x2(t)= cos(ù2 t )

T2
t

x3(t)= cos(ù3 t )

T3 t

Sq ma 1.14 H sumperifor� tousunhmitìnou gia diaforetikè ku-klikè suqnìthte !1 < !2 < !3.� Gia � = 0 to pragmatikì kai to fantastikì mèro (tm ma) e�nai (sun)hmitonoeid s mata (Sq ma 1.15a).� Gia � > 0 ta ant�stoiqa (sun)hmitonoeid  s mata pollaplasi�zontai me ènanauxanìmeno ekjetikì par�gonta (e�t) (Sq ma 1.15b).� Gia � < 0 ta ant�stoiqa (sun)hmitonoeid  s mata pollaplasi�zontai me ènanekjetikì par�gonta (e�t) pou fj�nei (Sq ma 1.15g). Ta s mata aut� e�nai gnw-st� w fj�nonta hmitonoeid  s mata kai emfan�zontai sti fj�nouse armonikèmhqanikè   hlektrikè talant¸sei ìpw ja doÔme.Sto Sq ma 1.15 oi diakekommène grammè antistoiqoÔn sti sunart sei �jj e�tkai apoteloÔn thn perib�llousa th kampÔlh tal�ntwsh.
(á)

t

(â) (ã)

t

c

ℜe  x(t) = c cos(ù0 t+è)

t

ℜe  x(t) = c eótcos(ù0 t+è)ℜe  x(t) = c eótcos(ù0 t+è)

c eót c eót

c eót
c eótSq ma 1.15 Grafik  anapar�stash tou pragmatikoÔ mèrou tou migadikoÔ ekjetikoÔ s ma-to (a) gia � = 0, (b) gia � > 0 kai (g) gia � < 0.



14 Eisagwg  sta S mata Kef�laio 11.4.2 Migadikì ekjetikì s ma diakritoÔ qrìnouTo migadikì ekjetikì s ma diakritoÔ qrìnou or�zetai apì th sqèshx(n) =  � �n (1.4.8)ìpou  kai � e�nai genik� migadiko� arijmo� (enallaktik� or�zetai apì th x(n) =  �e�nìpou � = e�).
(â)n(a)

(ã) (ä)

n

n n

 x(n)  x(n) 

 x(n)  x(n) 

Sq ma 1.16 To pragmatikì ekjetikì s ma diakritoÔ qrìnou (a) gia � > 1, (b) gia 0 < � < 1,(g) gia � < �1 kai (d) gia �1 < � < 0 .1. An  kai � e�nai pragmatiko� arijmo�, èqoume ti grafikè parast�sei tou Sq -mato 1.162. An � e�nai fantastikì arijmì (� = j
0) kai  = Aej�, tìte x(n) = Aej
0n.To s ma autì sundèetai me to (sun)hmitonoeidè s ma diakritoÔ qrìnou x(n) =A os(
0n+ �) me th bo jeia th sqèsh tou Euler. Pr�gmati,A os(
0n+ �) = A2 ej�ej
0n + A2 e�j�e�j
0nìpou 
0 e�nai h jemeli¸dh yhfiak  kuklik  suqnìthta.3. H genik  per�ptwsh  = jj ej� kai � = j�j ej
0 d�neix(n) = jjj�jej(
0n+�)= jjj�jn os(
0n+ �) + jjjj�jn sin(
0n+ �) (1.4.9)Sto Sq ma 1.17 eikon�zontai to pragmatikì mèro tou migadikoÔ ekjetikoÔ s matodiakritoÔ qrìnou, gia ti peript¸sei ìpou jaj < 1 kai jaj > 1.An to n den èqei diast�sei, tìte h yhfiak  kuklik  suqnìthta 
0 kai h gwn�a �èqoun diast�sei gwn�a (rad).
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(á) (â)

c  a n
ℜe  x(t) ℜe  x(t) 

c  a n

n n

c  a n c  a nSq ma 1.17 To pragmatikì mèro tou migadikoÔ ekjetikoÔ s mato diakritoÔ qrìnou (a) giaj�j < 1, kai (b) gia j�j > 1.1.4.3 Idiìthte twn ekjetik¸n shm�twn1. H pr¸th idiìthta afor� thn periodikìthta tou migadikoÔ ekjetikoÔ s matodiakritoÔ qrìnou, w pro th suqnìthta. Ta migadik� ekjetik� s mata suneqoÔqrìnou, ej!1t kai ej!2t , an !1 6= !2 e�nai diaforetik� s mata. To migadikìekjetikì s ma diakritoÔ qrìnou, me kuklik  suqnìthta 
0+2� e�nai to �dio meto ant�stoiqo th kuklik  suqnìthta 
0. Pr�gmati,ej(
0+2�)n = ej2�nej
0n = ej
0nàtsi, to ekjetikì s ma diakritoÔ qrìnou me kuklik  suqnìthta 
0 e�nai to �diome ta ekjetik� s mata pou èqoun kuklikè suqnìthte 
0 + 2�; 
0 + 4�; :::kai gia to lìgo autì to migadikì ekjetikì s ma diakritoÔ qrìnou qrei�zetai naperigrafe� sto di�sthma kuklik¸n suqnot twn 0 � 
0 < 2�   �� � 
0 < �.Sto ekjetikì s ma suneqoÔ qrìnou parathroÔme ìti ìso aux�nei h w tìsoaux�nei kai o rujmì twn talant¸sewn. Sta ekjetik� s mata diakritoÔ qrìnou,ìso to 
0 aux�nei apì 0 mèqri thn tim  �, èqoume s mata me rujmì tal�ntwshpou ep�sh aux�netai (Sq ma 1.18). An to 
0 aux�netai apì thn tim  � mè-qri thn tim  2�, èqoume t¸ra me�wsh tou rujmoÔ tal�ntwsh. àtsi, s matadiakritoÔ qrìnou, ta opo�a parousi�zoun mikroÔ rujmoÔ metabol  (qamhlèsuqnìthte), apoteloÔntai apì suqnìthte pou br�skontai sth perioq  tou 0 kaise k�je �rtio pollapl�sio tou �. Ant�jeta, s mata diakritoÔ qrìnou, ta opo�aparousi�zoun meg�lou rujmoÔ metabol  (uyhlè suqnìthte), apoteloÔntaiapì suqnìthte sthn perioq  tou � kai se k�je perittì pollapl�sio tou �.2. H deÔterh idiìthta afor� thn periodikìthta tou migadikoÔ ekjetikoÔ s matodiakritoÔ qrìnou, w pro th metablht  n. An to ej
0n e�nai periodikì meper�odo N > 0, prèpeiej
0(n+N) = ej
0n =) ej
0N = 1 =) os(
0N) + j sin(
0N) = 1
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(å)

x(n)=cos(0n)=cos(2ðn)

x(n)=cos(ðn)

(á) (â)

(ã)

x(n)=cos  
ð n =cos  

15ð n 8 8( ( ((

x(n)=cos  
ð n =cos  

7ð n 4 4( ( ((
(ä)

x(n)=cos  
ð n =cos  

3ð n 2 2( ( ((

Sq ma 1.18 Hmitonoeid  s mata diakritoÔ qrìnou gia suqnìthte (a) 0 kai 2p, (b) p/8 kai15p/8, (g) p/4 kai 7p/4, (d) p/2 kai 3p/2 kai (e) p.dhlad , to 
0N prèpei na e�nai pollapl�sio tou 2p ètsi
0N = 2�k =) 
02� = kN (1.4.10)ParathroÔme ìti to migadikì ekjetikì s ma diakritoÔ qrìnou den e�nai genik�periodikì, e�nai periodikì an 
0=2� e�nai rhtì arijmì.àqoume, loipìn, gia ta migadik� ekjetik� s mata diakritoÔ qrìnou� An x(n) e�nai periodikì me jemeli¸dh per�odo N , h jemeli¸dh suqnìthta e�nai2�=N .� Gia na e�nai periodikì prèpei 
0=2� = k=N . An oi k kai N e�nai pr¸toi metaxÔtou, tìte h jemeli¸dh per�odo e�nai N .� H jemeli¸dh per�odo mpore� na grafe� N = k(2�=
0).� Ta migadik� ekjetik� s mata suneqoÔ qrìnou pou èqoun kuklikè suqnìthtepollapl�sie th jemeli¸dou !0 = 2�=T0 (armonikè), ejk(2�=T0)t, e�nai di-



Enìthta 1.4 Stoiqei¸dh S mata 17aforetik�, dhlad  ejk 2�T t 6= ejm 2�T t k 6= m� Den isqÔei ìmw to �dio gia ta diakritoÔ qrìnou, ìpou lìgw th ej(
0+2�)n =ej
0n ta s mata fk(n) = ejk(2�=N)n; k = 0; �1; ::: e�nai ta �dia gia timètou k pou diafèroun pollapl�sio tou N . Pr�gmati,fk+N(n) = ej(k+N) 2�N n = ej2�nejk 2�N n = fk(n)ParathroÔme ìti up�rqoun mìno N diaforetik� migadik� ekjetik� s mata diakri-toÔ qrìnou twn opo�wn oi suqnìthte e�nai pollapl�sia th jemeli¸dou. Ta s mataaut� or�zoun to sÔnolo A = ff0(n); f1(n); f2(n); :::; fN�1(n)g. An fk(n) denan kei sto A, tìte e�nai �dio me èna apì aut�, dhlad  fN (n) = f0(n); f�1(n) =fN�1(n) kai oÔtw kajex .àstw x(n) h akolouj�a diakritoÔ qrìnou, h opo�a proèrqetai apì th deigmatolh-y�a tou ekjetikoÔ s mato ej!0t se shme�a ta opo�a isapèqoun kat� qronik� diast -mata �sa me TÆ x(n) = ej!0nTÆ = ej(!0TÆ)nAn 
0 e�nai h yhfiak  kuklik  suqnìthta tìte x(n) = ej
0n. Sugkr�nonta ti dÔo ek-fr�sei tou x(n) èqoume th sqèsh metaxÔ analogik  kai yhfiak  kuklik  suqnìth-ta 
0 = !0TÆ (1.4.11)To analogikì s ma x(t) = os(!0t) e�nai gia k�je tim  th !0 periodikì. To s -ma diakritoÔ qrìnou x(n) = os(
0t) e�nai periodikì mìno ìtan 
0=2� = k=N  !0TÆ=2� = k=N . ParathroÔme ìti to s ma diakritoÔ qrìnou x(n), to opo�o prokÔpteiapì to periodikì analogikì s ma x(t) = os(!0t), e�nai periodikì an o lìgo th pe-riìdou deigmatolhy�a TÆ pro thn per�odo T0 tou analogikoÔ s mato e�nai rhtìarijmì, dhlad  TÆT0 = kN (1.4.12)Pr�gmati, an deigmatolhpt soume to periodikì analogikì s ma x(t) = os(2�t)me periìdo TÆ = 1=12, prokÔptei to s ma diakritoÔ qrìnou x(n) = os(2�n=12),(blèpe Sq ma 1.19a), to opo�o e�nai periodikì, afoÔ ikanopoie�tai h sunj kh (1.4.12).ParathroÔme ìti h per�odo tou analogikoÔ s mato, grammoskiasmènh perioq , sum-p�ptei me thn per�odo tou s mato diakritoÔ qrìnou. Se an�loga sumper�smatakatal goume ìtan h per�odo deigmatolhy�a e�nai TÆ = 4=31 (blèpe Sq ma 1.19b).Sthn per�ptwsh aut  h per�odo tou s mato diakritoÔ qrìnou e�nai �sh me tèsseriperiìdou tou analogikoÔ s mato. Ant�jeta, an h per�odo e�nai TÆ = 1=12�, tos ma diakritoÔ qrìnou x(n), se ant�jesh me to x(t), den e�nai periodikì (blèpe Sq ma1.19g).
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(á)

• • •

• • • • • •

1 2 31

• • •• • •

(â)

(ã)

• • •

x(n)=cos  
2ð n
12( (

x(n)=cos  
8ð n
31( (

x(n)=cos   
1  n12( (Sq ma 1.19 Hmitonoeid  s mata diakritoÔ qrìnou, (a) kai (b) periodik� (g) mh periodikì.1.4.4 H sun�rthsh monadia�ou b mato suneqoÔ qrìnouM�a eidik  morf  s mato e�nai h sun�rthsh monadia�ou b mato suneqoÔ qrìnou, hopo�a or�zetai w u(t) = � 0; t < 01; t > 0 (1.4.13)kai èqei th morf  tou Sq mato 1.20a.

(á)

u(t)

0 t

(â)

0 t

uÄ(t)

1 1

ÄSq ma 1.20 (a) H sun�rthsh monadia�ou b mato (suneqoÔ qrìnou) kai (b) h suneq prosèggish th sun�rthsh monadia�ou b mato.H sun�rthsh u(t) e�nai asuneq  kai den or�zetai sto t = 0. àna �llo trìpona doÔme th sun�rthsh u(t) e�nai w ìrio thu�(t) = 8<: 0; t < 01� t; 0 < t < �1; t � � (1.4.14)



Enìthta 1.4 Stoiqei¸dh S mata 19H sun�rthsh u�(t) fa�netai sto Sq ma 1.20b. ParathroÔme ìti u(t) = lim�!0 u�(t).1.4.5 H kroustik  sun�rthsh suneqoÔ qrìnou   sun�rthsh dèltaIdia�tero endiafèron parousi�zei h par�gwgo th sun�rthsh u�(t)Æ�(t) � du�(t)dt = 8<: 0; t < 01� ; 0 < t < �0; t > � (1.4.15)h opo�a den or�zetai sta shme�a asunèqeia 0 kai � kai fa�netai sto Sq ma 1.21a.
(á)

äÄ(t)

0 t
(â)

0 t

ä(t)

1 1

Ä

Ä

Sq ma 1.21 (a) H par�gwgo th sun�rthsh u�(t) kai (b) h sun�rthsh dèlta Æ(t).ParathroÔme ìti to embadì th Æ�(t) e�nai �so me th mon�da gia k�je tim  th �kai ìti h sun�rthsh Æ�(t) e�nai �sh me to mhdèn èxw apì to di�sthma 0 � t � �. ätan�! 0 h qronik  di�rkeia tou palmoÔ elatt¸netai, kai aux�netai to pl�to tou, en¸to embadì paramènei stajerì kai �so me th mon�da.Sto ìrio � ! 0 to eÔro tou palmoÔ te�nei sto mhdèn kai to pl�to te�nei sto�peiro. Or�zoume th sun�rthsh Æ(t) wÆ(t) = lim�!0 Æ�(t) (1.4.16)H Æ(t) onom�zetai sun�rthsh dèlta   sun�rthsh dirac   kroustik  sun�rthsh.ParathroÔme ìti h kroustik  sun�rthsh e�nai �sh me thn par�gwgo th sun�rthshmonadia�ou b mato. Æ(t) = du(t)dt (1.4.17)àna genikìtero orismì th Æ(t) e�naiÆ(t) = 0; t 6= 0 (1.4.18)kai Z 1�1 x(t) � Æ(t � t0) dt = x(t0) (1.4.19)



20 Eisagwg  sta S mata Kef�laio 1ìpou x(t) e�nai suneq  sun�rthsh sto t0. H (1.4.19) anafèretai kai w idiìthtaol�sjhsh th kroustik  sun�rthsh. Apì thn (1.4.19) parathroÔme ìti, an x(t) = 1,Z 1�1 Æ(t) dt = 1 (1.4.20)H sun�rthsh Æ(t) grafik� parist�netai ìpw sto Sq ma 1.21b. To mètro tou dia-nÔsmato, to opo�o qrhsimopoioÔme gia na apod¸soume th sun�rthsh dèlta, epilègetai¸ste na e�nai �so me to embadì th, dhlad  �so me 1.M�a basik  idiìthta th sun�rthsh dèlta e�naiÆ(t) = Æ(�t)M�a �llh qr simh idiìthta th Æ(t) e�nai h idiìthta th allag  kl�maka qrìnouÆ(�t) = 1�Æ(t); � > 0 (1.4.21)Par�deigma 1.4.1Na exet�sete an ta parak�tw s mata e�nai periodik�   ìqi. An to s ma e�nai periodikì,na upologiste� h jemeli¸dh suqnìtht� tou.1. x(t) = 3 os(5t+ �=4)2. x(t) = 2ej(�t�1)3. x(t) =P1n=�1 e�(t�2n)24. x(t) = (os(2�t))u(t)LÔsh1. Exet�zoume an up�rqei jetikì arijmì T gia ton opo�o x(t+ T ) = x(t) gia k�jetim  tou qrìnou t. àtsi èqoumex(t+ T ) = x(t) =) 3 os(5t+ 5T + �=4) = 3 os(5t+ �=4) (1.4.22)Gnwr�zoume ìmw ìti an os � = os�, tìte '� � = 2k�, kai epomènw prokÔpteiìti:(5t+ 5T + �=4) + (5t+ �=4) = 2k� =) T = (2k�)=5� 2t� �=10 (1.4.23)  (5t+ 5T + �=4)� (5t+ �=4) = 2k� =) T = (2k�)=5 (1.4.24)Apì thn (1.4.23) den prokÔptei stajer  tim  gia thn per�odo. Apì thn (1.4.24)parathroÔme ìti to s ma e�nai periodikì me jemeli¸dh per�odo T0 = 2�=5 kaijemeli¸dh suqnìthta f0 = 5=2�.



Enìthta 1.4 Stoiqei¸dh S mata 212. Me ìmoio trìpo èqoumex(t+ T ) = x(t)) 2ej(�t+�T�1) = 2ej(�t�1) ) ej�T = 1os(�T ) + j sin(�T ) = 1) �T = 2k� ) T = 2kParathroÔme ìti to s ma e�nai periodikì me jemeli¸dh per�odo T0 = 2 kaijemeli¸dh suqnìthta f0 = 1=2.3. H qronik� metatopismènh kat� T morf  tou s matox(t) = 1Xn=�1 e�(t�2n)2 (1.4.25)e�nai x(t + T ) = P1n=�1 e�(t+T�2n)2 jètonta T = 2k èqoume x(t + 2k) =P1n=�1 e�[(t�2(n�k)℄2 me allag  metablht  n � k = m to s ma apokt� thmorf  x(t+ 2k) = 1Xm=�1 e�(t�2m)2 (1.4.26)Sugkr�nonta ti (1.4.25) kai (1.4.26) parathroÔme ìti x(t + 2k) = x(t), �ra tos ma e�nai periodikì me per�odo T = 2k. H jemeli¸dh per�odo tou s matoe�nai T0 = 2 kai h jemeli¸dh suqnìthta f0 = 1=2.4. ParathroÔme ìti to s max(t) = (os(2�t))u(t) = � os(2�t); t > 00; alli¸ (1.4.27)den e�nai periodikì.Par�deigma 1.4.2An x(t) e�nai to s ma pou d�netai sto Par�deigma 1.3.1 (1.3.5), na upologistoÔn ta1. y1(t) = x(t)u(t)2. y2(t) = x(t)Æ(t � 1)
x(t)

0 t-1

y1(t)

0 t2

2

2 t+2 2 - t

y2(t)

0 t

2

2 - t

2 211 1 -1

2

1

-1Sq ma 1.22 Grafikè parast�sei gia ta s mata x(t), y1(t) kai y2(t).LÔsh1. Me th bo jeia th sqèsh orismoÔ th sun�rthsh u(t) parathroÔme ìti to s may1(t) e�nai to aitiatì tm ma tou s mato x(t), dhlad , y1(t) = � 2� t; 0 � t < 20; alli¸ .



22 Eisagwg  sta S mata Kef�laio 12. To s ma y2(t) e�nai h sun�rthsh dèlta qronik� metatopismènh kat� 1 me pl�tox(1) = 1, dhlad , y2(t) = x(1)Æ(t� 1).Sto Sq ma 1.22 eikon�zontai ta s mata x(t), y1(t) kai y2(t).Par�deigma 1.4.3Na anaptuqje� èna tuqa�o analogikì s ma se �jroisma apì olisj sei th kroustik sun�rthsh.
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Sq ma 1.23 An�ptugma s mato suneqoÔ qrìnou se olisj sei th kroustik  sun�rthsh.LÔsh àstw to tuqa�o analogikì s ma x(t) tou Sq mato 1:23a1. JewroÔme to kli-makwt  morf  s ma x̂(t), tou Sq mato 1:23a2, to opo�o prosegg�zei to s ma x(t).Upenjum�zoume ìti h � � Æ�(t� t0) e�nai èna palmì me arq  th qronik  stigm  t0, medi�rkeia � kai pl�to �so me èna. O palmì, tou Sq mato 1.23b, me arq  th qronik stigm  t = �2� kai Ôyo �so me thn tim  tou s mato thn �dia qronik  stigm , x(�2�)ekfr�zetai apì thn x(�2�)Æ�(t+ 2�)� (1.4.28)Me an�logo trìpo ekfr�zontai kai oi �lloi palmo�, oi opo�oi prosdior�zontai apì to



Enìthta 1.4 Stoiqei¸dh S mata 23s ma x̂(t) (blèpe Sq ma 1.23g kai d). àtsi to s ma x̂(t) ekfr�zetai apì thn ex�swshx̂(t) = 1Xk=�1 x(k�)Æ�(t� k�)� (1.4.29)An �! 0, to s ma x̂(t)! x(t), ètsix(t) = lim�!0 1Xk=�1x(k�)Æ�(t� k�)� (1.4.30)ätan � ! 0, to k� g�netai h suneq  metablht  � , to parap�nw �jroisma gr�fetaiw olokl rwma kai epeid  Æ(t) = lim�!0 Æ�(t), to s ma x(t) d�netai apì thn ex�swshx(t) = Z 1�1 x(�)Æ(t � �) d� = Z 1�1 x(�)Æ(� � t) d� (1.4.31)To par�deigma autì anadeiknÔei mia fusik  proèktash th (1.4.19) kai ja ma fane�qr simh sto epìmeno kef�laio.Par�deigma 1.4.4D�netai to s ma tou Sq mato 1.24a. Na sqedi�sete ta s mata x+(t) = x(t)u(t) kaix�(t) = x(�t)u(t). Parathr ste ìti ta x+(t) kai x�(t) e�nai aitiat� s mata kai tomh aitiatì s ma x(t) mpore� na ekfraste� w �jroisma twn dÔo aut¸n shm�twn me thbo jeia th sqèsh x(t) = x+(t) + x�(�t) (1.4.32)
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(ã) (ä)Sq ma 1.24 Ta s mata tou Parade�gmato 1.4.4.LÔsh Sto Sq ma 1.24a eikon�zetai to s ma x(t), kai sto Sq ma 1.24b h an�klas  toux(�t). To aitiatì tm ma tou s mato x(t), x+(t) = x(t)u(t) eikon�zetai sto Sq ma1.24g kai to aitiatì tm ma tou s mato x(�t), x�(t) = x(�t)u(t) eikon�zetai stoSq ma 1.24d.



24 Eisagwg  sta S mata Kef�laio 1ParathroÔme apì ta diagr�mmata ìti to s ma x(t) e�nai �so me to �jroisma tou s matox+(t) kai th an�klash x�(�t) tou s mato x�(t), dhlad , e�naix(t) = x+(t) + x�(�t)1.4.6 O orjog¸nio palmìO orjog¸nio palmì monadia�ou pl�tou me monadia�a qronik  di�rkeia sumbol�zetaiw �(t) kai d�netai apì to majhmatikì tÔpo�(t) = � 1; jtj < 120; alli¸ (1.4.33)O orjog¸nio palmì ekfr�zetai w diafor� dÔo kat�llhla olisjhmènwn bhmatik¸nsunart sewn. Pr�gmati, �(t) = u�t+ 12�� u�t� 12� (1.4.34)Sto Sq ma 1.25 up�rqei h grafik  par�stash touA�(t=T1), dhlad , enì orjog¸nioupalmoÔ qronik  di�rkeia T1 kai pl�tou A.
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(
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( Sq ma 1.25 O orjog¸nio palmì qronik di�rkeia T1 kai pl�tou A.1.4.7 O trigwnikì palmìO trigwnikì palmì monadia�ou pl�tou sumbol�zetai w �(t) kai d�netai apì tomajhmatikì tÔpo �(t) = 8<: t+ 1; �1 � t < 0�t+ 1; 0 � t < 10; alli¸ (1.4.35)Sto Sq ma 1.26 up�rqei h grafik  par�stash trigwnikoÔ palmoÔ.
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t0 1-1

Ë(t)

1 Sq ma 1.26 O trigwnikì palmì �(t).1.4.8 H sun�rthsh kl�shH sun�rthsh kl�sh sumbol�zetai w r(t) kai d�netai apì to majhmatikì tÔpor(t) = � t; t � 00; t < 0 (1.4.36)H sun�rthsh kl�sh ekfr�zetai kai r(t) = tu(t) (1.4.37)Sto Sq ma 1.27 up�rqei h grafik  par�stash th sun�rthsh kl�sh.
t0

r(t) Sq ma 1.27 H sun�rthsh kl�sh r(t).1.4.9 H sun�rthsh pros mouH sun�rthsh pros mou sumbol�zetai w sgn(t) kai d�netai apì to majhmatikì tÔposgn(t) = � 1; t > 0�1; t < 0 (1.4.38)Sto Sq ma 1.28 up�rqei h grafik  par�stash th sun�rthsh pros mou.
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-1 Sq ma 1.28 H sun�rthsh pros mou sgn(t).



26 Eisagwg  sta S mata Kef�laio 11.4.10 Monadia�a bhmatik  akolouj�a - Monadia�o b ma diakritoÔ qrìnouH monadia�a bhmatik  akolouj�a   to monadia�o b ma diakritoÔ qrìnou lamb�netai apìth sun�rthsh monadia�ou b mato, an antikatast soume to t me to n kai upolog�soumeautì mìno gia akèraie timè tou qrìnou. àtsi, èqoumeu(n) = � 0; n < 01; n � 0 (1.4.39)Sto Sq ma 1.29 èqoume th grafik  par�stash tou monadia�ou b mato diakritoÔqrìnou.
u(n)

n0 2 4-2-4 Sq ma 1.29 H monadia�a bhmatik  akolouj�a.1.4.11 To monadia�o de�gma - Kroustik  akolouj�aTo monadia�o de�gma   h kroustik  akolouj�a or�zetai me th sqèshÆ(n) = � 1; n = 00; alli¸ (1.4.40)Sto Sq ma 1.30 èqoume th grafik  par�stash th kroustik  akolouj�a. H monadi-a�a bhmatik  akolouj�a sundèetai me th kroustik  akolouj�a me th sqèshu(n) = 1Xk=0 Æ(n� k) (1.4.41)en¸ h kroustik  akolouj�a sundèetai me th monadia�a bhmatik  akolouj�a me th sqèshÆ(n) = u(n)� u(n� 1) (1.4.42)
ä(n)

n0 2 4-2-4 Sq ma 1.30 H kroustik  akolouj�a.Par�deigma 1.4.5Na anaptuqje� to s ma diakritoÔ qrìnou x(n), tou Sq mato 1.31a, se �jroisma apìolisj sei monadia�ou de�gmato.
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Sq ma 1.31 An�ptugma s mato diakritoÔ qrìnou se olisj sei monadia�ou de�gmato.LÔsh Upenjum�zoume ìti Æ(n�n0) e�nai h akolouj�a th opo�a ìla ta stoiqe�a e�naimhdenik�, ektì apì to stoiqe�o gia n = n0, to opo�o e�nai �so me èna. H akolouj�a touSq mato 1.31b, th opo�a ìla ta stoiqe�a e�nai �sa me mhdèn, ektì apì to stoiqe�o thqronik  stigm  n = �2, to opo�o e�nai �so me x(�2), ekfr�zetai apì thx(�2)Æ(n+ 2)Me an�logo trìpo ekfr�zontai kai oi akolouj�e sta Sq mata 1.31g èw st. àtsi tos ma diakritoÔ qrìnou x(n) tou Sq mato 1.31a, mpore� na ekfraste� wx(n) = 1Xk=�1x(k)Æ(n � k) (1.4.43)SÔnoyh Kefala�ouSto kef�laio autì dìjhke o orismì th ènnoia “s ma" kai h majhmatik  thèkfrash. Katat�xame ta s mata se trei kathgor�e, ta analogik� s mata, ta s matadiakritoÔ qrìnou kai ta yhfiak� s mata. Perigr�yame ti basikè idiìthte pou èqounta analogik� kai yhfiak� s mata, pou apoteloÔn to antike�meno autoÔ tou bibl�ou,kai anafèrame ti metabolè pou uf�statai èna s ma w pro to qrìno.



28 Eisagwg  sta S mata Kef�laio 1Ep�sh, sto kef�laio autì perigr�yame to migadikì ekjetikì s ma kai to hmito-noeidè s ma. Anafèrame dÔo shmantikè sunart sei, th sun�rthsh monadia�ou b -mato kai th sun�rthsh dèlta. Tèlo, anafèrame th sun�rthsh tou orjog¸niou pal-moÔ, thn trigwnik  sun�rthsh, th sun�rthsh kl�sh kai th sun�rthsh pros mou.1.5 PROBLHMATA1.1 Poi� apì ta s mata e�nai periodik�;1. x1(t) = sin(10�t)2. x2(t) = sin(20�t)3. x3(t) = sin(31t)4. x4(t) = x1(t) + x2(t)5. x5(t) = x1(t) + x3(t)1.2 D�netai to s ma, x(t) = 8<: 2t+ 2; �1 � t < 02� t; 0 � t < 20; alli¸Na sqedi�sete ta s mata1. y1(t) = x(t+ 1)2. y2(t) = x(2t)3. y3(t) = x(t=2)4. y4(t) = x(1� t)5. y5(t) = x(2t� 1)1.3 Na sqediasjoÔn ta s mata1. x1(t) = �(2t+ 6)2. x2(t) = �(2t� 1)3. x3(t) = r(�0; 5t+ 2)4. x4(t) = sin(2(t � 3))1.4 D�netai to s ma x(t) = 8<: t; 0 � t < 1�t+ 2; 1 � t < 20; alli¸Na sqediasjoÔn ta s mata



Enìthta 1.5 Probl mata 291. y1(t) = xo(t)u(t)2. y2(t) = xe(t)u(t)ìpou xo(t) e�nai to perittì mèro tou s mato x(t) kai xe(t) e�nai to �rtio mèrotou.1.5 Na exet�sete an ta parak�tw s mata e�nai periodik�   ìqi. An to s ma e�naiperiodikì, na upologiste� h jemeli¸dh suqnìtht� tou.1. x1(t) = 2 os(3t+ �=4)2. x2(t) = ej(�t�1)3. x3(n) = os(8�n=7 + 2)4. x4(n) = ej(n=8��)5. x5(n) = sin2(t� �=6)6. x6(n) = os(�n2=8)7. x7(n) = os(n=4) os(�n=4)8. x8(n) = 2 os(�n=4) + sin(�n=8)� 2 os(�n=2� �=6)9. x9(t) =P1n=�1 e�(t�3n)21.6 Na exetaste� an ta s mata e�nai energeiak� s mata   s mata isqÔo kai naupologiste� h enèrgei� tou   h isqÔ tou.1. x1(t) =  � e��tu(t); � > 02. x2(t) = A os(!0t+ �)3. x3(t) = Aej(!0t+�)1.7 Na sqediasjoÔn ta s mata.1. x(t) = 2Æ�(t) + 3Æ�(t� 1) + 5Æ�(t� 2) � = 12. y(t) = u(t+ 2)� u(t� 1)1.8 D�netai to s ma x(t) tou Sq mato 1.32.
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-4Sq ma 1.32 Ta s mata tou Probl mato 1.8.



30 Eisagwg  sta S mata Kef�laio 11. Na ekfr�sete to s ma x(t) me th bo jeia th bhmatik  sun�rthsh u(t).2. Na ekfr�sete ta s mata g(t), y(t) kai z(t) tou Sq mato 1.32 me th bo jeiatou s mato x(t).1.9 Qrhsimopoi¸nta ti metatropè s mato w pro to qrìno, na g�nei h grafik par�stash se sun�rthsh me to qrìno tou s mato x(t) = �(2t � 3) ìpou �(t)e�nai o trigwnikì palmì1.10 D�netai to s ma x(t) tou Sq mato 1.33.
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0-1 2

2Volts

1 3

1

t (sec) Sq ma 1.33 To s ma tou Probl mato 1.10.1. Na ekfraste� to s ma x(t) me th bo jeia th sun�rthsh kl�sh kai touorjog¸niou palmoÔ.2. Na breje� h enèrgeia tou s mato.1.11 Na breje� h par�gwgo twn shm�twn1. tou orjog¸niou palmoÔ �(t)2. tou trigwnikoÔ palmoÔ �(t)3. th sun�trhsh pros mou sgn(t).kai na g�nei h grafik  par�stash twn ant�stoiqwn parag¸gwn.Bibliograf�a1.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.1.2 A. M�rgarh, “S mata kai Sust mata SuneqoÔ kai DiakritoÔ Qrìnou ” , Ekdì-sei Tziìla 2012.1.3 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20031.4 A. V. Oppenheim, R. S. Willsky, I. T. Young, “Signal and Systems”, Prentice -
Hall Inc., N. Y., 1983.1.5. R. E. Siemer, W. H. Tranter, D. R. Fannin, “Signals& Systems Continuous and
Discrete”,Prentice Hall, 1998.



                                                    ÊÅÖÁËÁÉÏ 2

           ÅÉÓÁÃÙÃÇ ÓÔÁ ÓÕÓÔÇÌÁÔÁ

Skopì tou kefala�ou autoÔ e�nai na d¸sei m�a genik  eikìna tou ti e�nai sÔsthma,na katat�xei ta sust mata an�loga me ton arijmì kai to e�do twn epitrepìmenwneisìdwn kai exìdwn kai na perigr�yei ti basikè idiìthtè tou. Sto kef�laio autì japerigrafe� h mèjodo prosdiorismoÔ th exìdou enì sust mato, ìtan gnwr�zoume thne�sodì tou, kaj¸ kai thn èxodì tou ìtan h e�sodì tou diege�retai apì th sun�rthshdèlta. Sth sunèqeia ja de�xoume ìti se m�a eidik  kathgor�a susthm�twn, ìtan he�sodo e�nai to migadikì ekjetikì s ma kuklik  suqnìthta !0, tìte kai h ant�stoiqhèxodo e�nai, ep�sh, èna migadikì ekjetikì s ma me thn �dia kuklik  suqnìthta, topl�to kai h f�sh tou opo�ou èqoun uposte� m�a allag  pou prokale� to sÔsthma.Tèlo, ja efarmìsoume ta parap�nw se apl� hlektrik� kai mhqanik� sust mata.Eisagwg Sto prohgoÔmeno kef�laio asqolhj kame me basikoÔ orismoÔ kai ènnoie pouaforoÔn sta s mata. Sto kef�laio autì ja asqolhjoÔme me ta sust mata. Toperieqìmeno th ènnoia tou sust mato e�nai genikì. Suqn� qrhsimopoioÔme th lè-xh “sÔsthma” gia na anaferjoÔme se èna “sÔnolo dom¸n” kai “leitourgi¸n” . Eme�ìmw ja esti�soume to endiafèron ma se m�a eidik  shmas�a th ènnoia tou susth-m�to, aut n pou èqei �mesh sqèsh me ta s mata. Sugkekrimèna, sth Jewr�a Susth-m�twn sÔsthma e�nai h ontìthta eke�nh pou epexerg�zetai, metab�llei, katagr�fei,  metad�dei s mata. Gia par�deigma, èna sÔsthma yhfiak  katagraf   qou meta-trèpei èna akoustikì s ma se mia seir� apì arijmoÔ (bits) tou opo�ou katagr�fei,p.q., se optikì d�sko. Ant�jeta, to CD player e�nai èna sÔsthma to opo�o diab�zeitou arijmoÔ, oi opo�oi e�nai apojhkeumènoi ston optikì d�sko, kai anapar�gei tohqhtikì s ma to opo�o mporoÔme na akoÔsoume. àna sÔsthma epikoinwn�a metafèreiplhrofor�a, p.q. to s ma fwn , apì èna shme�o tou q¸rou, pou lègetai phg , se èna�llo shme�o, pou e�nai o proorismì qr sh th.



32 Eisagwg  sta Sust mata Kef�laio 22.1 ORISMOS SUSTHMATOS - KATHGORIES SUSTHMATWNW sÔsthma or�zoume, thn ontìthta eke�nh h opo�a epenerg¸nta se èna s ma x(t) èqeiw apotèlesma èna �llo s ma y(t). Apì majhmatik  �poyh, èna sÔsthma mpore� najewrhje� w èna metasqhmatismì S pou metasqhmat�zei èna s ma, x(t), se èna �llos ma y(t) = Sfx(t)g. H dr�sh enì sust mato perigr�fetai sqhmatik� sto Sq ma2.1. To arqikì s ma x(t), to opo�o diege�rei to sÔsthma, lègetai s ma eisìdou   apl�e�sodo tou sust mato, en¸ to apotèlesma sth diadikas�a diègersh, dhlad  to s may(t) lègetai s ma exìdou   apl� èxodo tou sust mato.
Óýóôçìá

Sx(t) y(t)

Åßóïäïò ¸îïäïò Sq ma 2.1 Sqhmatik  perigraf sust mato.O parap�nw orismì e�nai polÔ genikì kai mpore� na perigr�yei poll� fusik�sust mata, ìpw: hlektrik� kukl¸mata (p.q. radiìfwno), mhqanik� sust mata (p.q.autok�nhto, èna rompotikì braq�ona), èna epikoinwniakì kan�li, ènan hlektronikìupologist  kai poll� �lla.An�loga me ton arijmì kai to e�do twn epitrepìmenwn eisìdwn kai exìdwn, tasust mata diakr�nontai se:1. Sust mata m�a eisìdou - m�a exìdou   SISO (Single-Input, Single-Output). Tapio apl� sust mata m�a eisìdou - m�a exìdou e�nai o bajmwtì pollaplasi-ast  y(t) = ax(t) kai to sÔsthma kajustèrhsh y(t) = x(t� t0).2. Sust mata me pollè eisìdou kai m�a èxodo pou e�nai gnwst� w sust mata
MISO (Multi-Input, Single-Output). àna tètoio sÔsthma e�nai o ajroist  dÔo  perissìterwn shm�twn y(t) = x1(t) + x2(t) kai o pollaplasiast  y(t) =x1(t) � x2(t).3. Sust mata me pollè eisìdou kai pollè exìdou, gnwst� w sust mata MIMO
(Multi-Input, Multi -Output).An�loga me th fÔsh twn epitrepìmenwn eisìdwn kai exìdwn, ta sust mata diakr�-nontai w ex 1. Sust mata suneqoÔ qrìnou   analogik� sust mata, ìtan ta s mata eisìdou kaita s mata exìdou e�nai analogik� s mata. ätan ta s mata eisìdou kai exìdoue�nai s mata diakritoÔ qrìnou, tìte ta sust mata qarakthr�zontai w sust -mata diakritoÔ qrìnou.2. Aitiokratik� sust mata, ìtan ta s mata eisìdou kai exìdou e�nai aitiokratik�s mata. ätan ta s mata eisìdou kai exìdou e�nai stoqastik� s mata, ta sust -mata qarakthr�zontai w stoqastik� sust mata.



Enìthta 2.1 Orismì Sust mato - Kathgor�e Susthm�twn 33àna par�deigma analogikoÔ kai sugqrìnw stoqastikoÔ sust mato e�nai to gnw-stì kÔklwma anìrjwsh kai exom�lunsh th enallassìmenh t�sh tou Sq mato2.2, sto opo�o to s ma eisìdou e�nai h efarmozìmenh t�sh �eis(t) kai s ma exìdou hanaptussìmenh t�sh sta �kra th ant�stash R, �ex(t).
õåî(t)Rõåéó(t) C

D Sq ma 2.2 Par�deigma analogikoÔsust mato.àna sÔsthma epikoinwn�a e�nai èna stoqastikì sÔsthma efìson h e�sodì tou kaih èxodì tou e�nai stoqastik� s mata.Up�rqoun, ep�sh, sust mata ta opo�a metasqhmat�zoun analogikè eisìdou sediakritè exìdou kai antijètw. Tètoia sust mata e�nai gnwst� w ubridik� sust -mata. O analogoyhfiakì metatropèa (A/D Analog to Digital converter), o opo�ometatrèpei èna analogikì s ma se yhfiakì kai o yhfioanalogikì metatropèa (D/A),e�nai ubridik� sust mata.Sth sunèqeia ja prosdior�soume thn ex�swsh h opo�a perigr�fei th sqèsh metaxÔtou s mato eisìdou kai tou s mato exìdou enì hlektrikoÔ kai enì mhqanikoÔsust mato.Se èna hlektrikì kÔklwma gnwr�zoume ìti h t�sh �R(t) sta �kra mia wmik ant�stash R, pou diarrèetai apì reÔma èntash i(t), e�nai�R(t) = R i(t) (2.1.1)H t�sh �L(t) sta �kra phn�ou, autepagwg  L, pou diarrèetai apì reÔma èntashi(t) e�nai �L(t) = Ldi(t)dt (2.1.2)kai h èntash tou reÔmato fìrtish enì puknwt , qwrhtikìthta C e�naii(t) = Cd�C(t)dt (2.1.3)ìpou �C(t) e�nai h t�sh sta �kra tou puknwt .Par�deigma 2.1.1Na diatupwje� h sqèsh th t�sh eisìdou �eis(t) kai th t�sh exìdou �ex(t) gia tokÔklwma tou Sq mato 2.3.LÔsh Efarmìzonta to deÔtero kanìna tou Kirchhoff sto brìqo tou kukl¸matoèqoume Ri(t) + �ex(t) = �eis(t) (2.1.4)
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åéó(t) õåî(t) Sq ma 2.3 To kÔklwma touParade�gmato 2.1.1.Lamb�nonta upìyh thn (2.1.3), h (2.1.4) gr�fetaiRC d�ex(t)dt + �ex(t) = �eis(t) (2.1.5)H (2.1.5) e�nai m�a diaforik  ex�swsh me stajeroÔ suntelestè, h opo�a perigr�fei thsqèsh metaxÔ eisìdou kai exìdou tou sust mato. H ex�swsh èqei th genik  morf � dy(t)dt + y(t) = x(t) (2.1.6)H t�xh tou sust mato prosdior�zetai apì th megalÔterh par�gwgo th exìdou y(t),h opo�a emfan�zetai sth diaforik  ex�swsh. àtsi, h (2.1.6) perigr�fei èna sÔsthmapr¸th t�xh.Se èna mhqanikì sÔsthma gnwr�zoume ìti isqÔei o jemeli¸dh nìmo th mhqanik Xk Fk = ma   Xk Fk = md2xdt2 (2.1.7)ìpou Fk e�nai oi dun�mei oi opo�e askoÔntai sth m�za m, x h jèsh th kai a hepit�quns  th.O nìmo tou Hook, o opo�o d�nei to mètro th dÔnamh Fel pou aske�tai apì ènaelat rio, w sun�rthsh th metabol  tou m kou tou kat� x, e�naiFel = kx (2.1.8)ìpou k e�nai h stajer� tou elathr�ou.Ep�sh, gnwr�zoume ìti h dÔnamh h opo�a antidr� sthn k�nhsh enì s¸mato (dÔ-namh apìsbesh) e�nai an�logh th taqÔtht� tou, �, kai d�netai apì th sqèshFap = �b � �   Fap = �b � dxdt (2.1.9)ìpou b e�nai h stajer� apìsbesh tou sust mato.Par�deigma 2.1.2Na diatupwje� h sqèsh metaxÔ efarmozìmenh dÔnamh F (t) kai metatìpish x(t) giath m�za m tou Sq mato 2.4.



Enìthta 2.2 Sundèsei Susthm�twn 35
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F(t) Fåë(t)

Fáð(t)

k Sq ma 2.4 To mhqanikì sÔsth-ma gia to Par�deigma 2.1.2.LÔsh Efarmìzonta to jemeli¸dh nìmo th mhqanik  gia th m�za m èqoumeF � Fap � Fel = ma (2.1.10)Qrhsimopoi¸nta ti (2.1.8) kai (2.1.9) pa�rnoumeF � bdxdt � kx = md2xdt2   d2xdt2 + bm dxdt + kmx = 1mF (2.1.11)h opo�a e�nai mia diaforik  ex�swsh me stajeroÔ suntelestè kai perigr�fei to gram-mikì talantwt  me apìsbesh. Sth diaforik  ex�swsh (2.1.11) perièqetai h deÔterhpar�gwgo th exìdou me apotèlesma, to sÔsthma, me e�sodo th dÔnamh F kai èxodothn apom�krunsh x na e�nai deÔterh t�xh.2.2 SUNDESEIS SUSTHMATWNSe pollè peript¸sei, h an�lush enì polÔplokou sust mato dieukolÔnetai shma-ntik� an doÔme to sÔsthma w apotèlesma diasÔndesh ligìtero polÔplokwn susth-m�twn.Oi pio basikè sundèsei metaxÔ susthm�twn e�nai h seiriak , h par�llhlh, hmeikt  kai h sÔndesh me anatrofodìthsh   an�drash (Sq ma 2.5).H sqhmatik  anapar�stash dÔo susthm�twn ta opo�a èqoun sundeje� seiriak�fa�netai sto Sq ma 2.5a. ParathroÔme ìti, ìtan dÔo sust mata S1 kai S2 sundèontaiseiriak�, me to sÔsthma S1 na prohge�tai tou S2, h èxodo tou S1 e�nai e�sodo touS2. M�a shmantik  diadikas�a, h opo�a sqet�zetai me th seiriak  sÔndesh, e�nai hantistrof  sust mato, gia thn opo�a ja mil soume sthn Enìthta 2.3.3.H sqhmatik  anapar�stash dÔo susthm�twn, ta opo�a èqoun sundeje� par�llh-la, fa�netai sto Sq ma 2.5b. ParathroÔme ìti h �dia e�sodo trofodote� kai tadÔo sust mata. Aut� leitourgoÔn tautìqrona kai oi dÔo epimèrou èxodoi ajro�-zontai kai par�goun thn èxodo th par�llhlh sÔndesh twn dÔo susthm�twn. Hulopo�hsh enì sust mato, to opo�o perigr�fetai apì th sqèsh eisìdou-exìdou:y(t) = a � x(t) + x(t� t0), g�netai me thn par�llhlh sÔndesh enì bajmwtoÔ sust -mato kai enì sust mato pou prokale� kajustèrhsh kat� t0.Sth meikt  sÔndesh, Sq ma 2.5g, èqoume ta sust mata S1 kai S2, ta opo�a èqounsundeje� par�llhla, kai to sÔsthma S3, to opo�o èqei sundeje� seiriak�.
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S2Sq ma 2.5 (a) Seiriak  sÔndesh dÔo susthm�twn, (b) par�llhlh sÔndesh dÔo susthm�twn(g) meikt  sÔndesh susthm�twn kai (d) sÔndesh me anatrofodìthsh.To sÔsthma autìmath plo ghsh enì oq mato dèqetai w e�sodo m�a troqi�thn opo�a jèloume na diagr�yei to ìqhma. To sÔsthma parakolouje� thn troqi�pou èqei to ìqhma, sugkr�nei th jèsh tou oq mato me thn epijumht  jèsh, dhlad prosdior�zei to sf�lma kai, ìtan exwteriko� par�gonte prokaloÔn parèklish apìthn prokajorismènh troqi�, proba�nei sti anagka�e rujm�sei, ¸ste to ìqhma naakolouje� thn prodiagegrammènh troqi�. To parap�nw sÔsthma mpore� na parasta-je� sqhmatik� me ta sust mata S1 kai S2 ta opo�a èqoun sundeje� me anatrofodìthsh.Sto Sq ma 2.5d fa�netai h sÔndesh twn S1 kai S2 me anatrofodìthsh. ParathroÔmeìti anatrofodotoÔme thn èxodo tou sust mato S1 sto sÔsthma S2 kai, afoÔ thnepexergastoÔme me ton elegkt  S2, thn sugkr�noume me to s ma anafor� x(t) kaiqrhsimopoioÔme to apotèlesma th sÔgkrish gia na odhg soume to sÔsthma S1. Me�lla lìgia, to sÔsthma S2 tropopoie� thn èxodo y(t) me trìpo ¸ste na mpore� nasugkrije� me to epijumhtì s ma eisìdou.



Enìthta 2.3 Idiìthte Susthm�twn 372.3 IDIOTHTES SUSTHMATWNSthn enìthta aut  parousi�zontai merikè basikè idiìthte pou èqoun ta sust ma-ta. Prin anafèroume ti idiìthte twn susthm�twn e�nai skìpimo na perigr�youmem�a basik  ènnoia, h opo�a pollè forè parale�petai sta egqeir�dia. Ja lème ìtièna sÔsthma br�sketai se kat�stash hrem�a th qronik  stigm  t0, e�n autì den èqeiuposte� diègersh apì �llo s ma gia k�je qronik  stigm  t < t0. Apì fusik  �poyh,èna sÔsthma pou e�nai se kat�stash hrem�a se dedomènh qronik  stigm  t0, shma�neiìti den e�qe apojhkeumènh enèrgeia th qronik  stigm  t = t0.2.3.1 Grammikìthtaàna sÔsthma pou e�nai se arqik  hrem�a ja lègetai grammikì sÔsthma (GS), an, kaimìno an, dojèntwn dÔo shm�twn x1(t) kai x2(t) isqÔei:Sfa � x1(t) + b � x2(t)g = a � Sfx1(t)g+ b � Sfx2(t)g (2.3.1)ìpou a kai b stajerè. Dhlad  h apìkrish tou sust mato se m�a e�sodo, pou e�nai ogrammikì sunduasmì dÔo shm�twn, isoÔtai me ton ant�stoiqo grammikì sunduasmìtwn apokr�sewn tou sust mato sto kajèna apì ta s mata aut�. Sto Sq ma 2.6perigr�fetai sqhmatik� h idiìthta th grammikìthta dÔo susthm�twn.
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ÓýóôçìáSq ma 2.6 Sqhmatik  perigraf  th grammikìthta enì sust mato.H parap�nw idiìthta genikeÔetai gia opoiod pote grammikì sunduasmì pepera-smènou arijmoÔ shm�twn eisìdou. Gen�keush th (2.3.1) odhge� sthn akìloujh sqèsh:S fPk akxk(t)g =Pk akyk(t) (2.3.2)ìpou yk(t) e�nai èxodo tou sust mato, ìtan h e�sodo e�nai to xk(t).2.3.2 Aitiìthtaàna sÔsthma e�nai aitiatì, an h èxodì tou th qronik  stigm  t0, y(t0), exart�tai apìti timè tou s mato eisìdou, x(t), gia t � t0. Dhlad , gia k�je s ma eisìdou x(t),h ant�stoiqh èxodo y(t) exart�tai mìno apì thn paroÔsa   kai prohgoÔmene timè



38 Eisagwg  sta Sust mata Kef�laio 2th eisìdou. Me �lla lìgia, èna sÔsthma e�nai aitiatì, an oi metabolè sthn èxodo(apotèlesma) tou sust mato potè den prohgoÔntai twn metabol¸n pou epiteloÔntaisthn e�sodo tou sust mato (ait�a).Ta sust mata ta opo�a perigr�fontai apì ti exis¸seiy(t) = a � x(t); y(t) = b � x(t� 1) kai y(t) = 1C Z t�1 x(�)d� (2.3.3)e�nai aitiat�, en¸ to sÔsthma diakritoÔ qrìnou upologismoÔ mèsh tim  pou peri-gr�fetai apì thn ex�swsh y(n) = 12M + 1 MXk=�M x(n� k) (2.3.4)e�nai mh aitiatì sÔsthma.2.3.3 Antistrèyima kai mh antistrèyima sust mataàna sÔsthma lègetai antistrèyimo, an h gn¸sh th exìdou kajist� efiktì ton upolo-gismì tou s mato eisìdou. H diadikas�a antistrof  enì sust mato S sun�stataiston prosdiorismì enì sust mato, to opo�o sundeìmeno se seir� me to sÔsthma S,parèqei sthn èxodì tou to s ma eisìdou tou sust mato S. H antistrof  parousi�ze-tai se pollè efarmogè sti opo�e e�nai epijumht  h afa�resh th ep�drash enìsust mato p�nw se èna s ma. Se èna epikoinwniakì sÔsthma, to opo�o èqei stìqo thnan�kthsh tou metadidìmenou s mato apì to lambanìmeno s ma, o dèkth apotele�èna antistrofèa tou kanalioÔ, pou katapolem� ta di�fora fainìmena diataraq¸n. Tasust mata ta opo�a perigr�fontai apì ti sqèseiy(t) =  � x(t) kai y(n) = nXk=�1x(k) (2.3.5)e�nai antistrèyima kai èqoun w ant�strofa ta sust mata me sqèsei eisìdou-exìdouy(t) = 1 x(t) kai y(n) = x(n)� x(n� 1) (2.3.6)ant�stoiqa. Se ant�jesh, to sÔsthmay(t) = x2(t) (2.3.7)den e�nai antistrèyimo, giat� k�je tim  th exìdou mpore� na proèrqetai apì dÔo di-aforetikè timè th eisìdou.



Enìthta 2.3 Idiìthte Susthm�twn 392.3.4 Sust mata Statik� kai Dunamik�àna sÔsthma kale�tai statikì   sÔsthma qwr� mn mh, e�n gia k�je s ma eisìdou hant�stoiqh èxodo, gia k�je qronik  stigm , exart�tai mìno apì thn tim  th eisìdouthn �dia qronik  stigm  (Sq ma 27a). H wmik  ant�stash e�nai èna par�deigma sust -mato qwr� mn mh, afoÔ h t�sh sta �kra th �R(t) (èxodo) k�je qronik  stigm exart�tai apì thn èntash tou reÔmato i(t) (e�sodo) apì thn opo�a diarrèetai thn�dia qronik  stigm . �R(t) = R � i(t) (2.3.8)
t

y(t)

Äõíáìéêü
óýóôçìá

t

x(t)

t

y(t)

Óôáôéêü
óýóôçìá

t

x(t)

(a)

(â)

t00 t
00

t00 t00Sq ma 2.7 H e�sodo kai h èxodo (a) enì statikoÔ sust mato kai (b) enì dunamikoÔsust mato.E�n èna sÔsthma den e�nai statikì, kale�tai dunamikì   sÔsthma me mn mh (Sq ma2.7b). O puknwt , an jewrhje� w sÔsthma me èxodo thn t�sh sta �kra tou, �C(t),kai e�sodo to reÔma pou to fort�zei i(t), e�nai èna sÔsthma me mn mh, afoÔ h t�shk�je qronik  stigm  e�nai apotèlesma tou ìlou istorikoÔ th sun�rthsh i(t)�C(t) = 1C Z t�1 i(�)d� (2.3.9)2.3.5 Qronik� Anallo�wta Sust mataàna sÔsthma lègetai qronik� anallo�wto (QA) (amet�blhto) an, kai mìno an, qronikèolisj sei tou s mato eisìdou metafr�zontai se ant�stoiqe qronikè olisj seisthn èxodo. Me �lla lìgia, an y(t) e�nai h èxodo se èna s ma eisìdou x(t), tìtegia e�sodo x(t� t0) par�getai h èxodo y(t� t0). Dhlad , to s ma exìdou paramèneito �dio, anex�rthta apì to poia qronik  stigm  diege�roume thn e�sodo. To mìno pouuf�statai e�nai h ant�stoiqh qronik  metatìpish. Sto Sq ma 2.8 d�netai èna par�deigmashm�twn eisìdou-exìdou enì qronik� anallo�wtou sust mato.
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óýóôçìáSq ma 2.8 (a) H e�sodo kai (b) h èxodo enì sust mato qronik� anallo�wtou.2.3.6 Eust�jeiaàna sÔsthma lègetai ìti e�nai FEFE eustajè (Eust�jeia Fragmènh Eisìdou Frag-mènh Exìdou) (Bounded Input Bounded Output (BIBO) stable), an kai mìnon an giak�je fragmènh e�sodo h èxodì tou paramènei fragmènh. Me �lla lìgia, èna sÔsthmalègetai FEFE - eustajè, an gia k�je jetikì arijmì M1 <1 gia ton opo�o isqÔeijx(t)j �M1 (2.3.10)up�rqei jetikì arijmì M2 <1 gia ton opo�o isqÔeijy(t)j �M2 (2.3.11)ParathroÔme ìti h apa�ths  ma gia eust�jeia enì sust mato taut�zetai me thnapa�thsh ta s mata eisìdou kai exìdou na paramènoun peperasmèna se pl�to (Sq -ma 2.9).
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Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 41Par�deigma 2.3.1To sÔsthma to opo�o perigr�fetai apì thn parak�tw sqèsh eisìdou x(t) exìdou y(t)y(t) = S fx(t)g = ddtx(t) (2.3.12)anafèretai w diaforist . Na exet�sete, an to sÔsthma e�nai grammikì, qronik� anal-lo�wto, aitiatì kai antistrèyimo.LÔsh An to s ma x1(t) e�nai h e�sodo tou diaforist , tìte h èxodo tou e�nai hpar�gwgo _x1(t) tou s mato eisìdou. Omo�w, an x2(t) e�nai to s ma eisìdou, h èxodoe�nai h par�gwgo _x2(t). An h e�sodo tou sust mato e�nai o grammikì sunduasmìax1(t) + bx2(t), tìte h èxodo e�naiddt [ax1(t) + bx2(t)℄ = a ddtx1(t) + b ddtx2(t) (2.3.13)ParathroÔme ìti to sÔsthma e�nai grammikì. O diaforist  e�nai qronik� anallo�wtosÔsthma, afoÔ ddtx(t� t0) = ddtx(t)����t=t�t0 (2.3.14)O diaforist  e�nai aitiatì sÔsthma afoÔ h èxodì tou exart�tai mìno apì thn paroÔsatim  th eisìdou tou. O diaforist  den antistrèfetai, giat� dÔo s mata ta opo�adiafèroun kat� m�a stajer� èqoun thn �dia par�gwgo.2.4 SQESH METAXU EISODOU - EXODOU SUSTHMATOSSthn enìthta aut  ja diatup¸soume m�a basik  sqèsh th jewr�a susthm�twn. Meth bo jeia th sqèsh aut  ja mporoÔme na prosdior�zoume thn èxodo y(t) enìgrammikoÔ sust mato, an gnwr�zoume a) thn e�sodo x(t) tou sust mato kai b) thnapìkrish tou sust mato, ìtan autì diege�retai apì th sun�rthsh Æ(t).2.4.1 Grammik� qronik� anallo�wta sust mata suneqoÔ qrìnou. -To olokl rwma th sunèlixhApì to Par�deigma 1.4.3 gnwr�zoume ìti k�je s ma suneqoÔ qrìnou mpore� na proseg-giste�, ìpw sto Sq ma 2.9a, apì èna s ma th morf x̂(t) = 1Xk=�1x(k�)Æ�(t� k�)� (2.4.1)àstw ĥ0(t) h èxodo tou upì melèth grammikoÔ sust mato, ìtan h e�sodo e�nai opalmì Æ�(t). Lìgw th grammikìthta, ìtan h e�sodo tou sust mato e�nai o palmì
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(óô)Sq ma 2.10 H grafik  ermhne�a th apìkrish enì grammikoÔ qronik� metaballìmenousust mato, ìpw aut  ekfr�zetai apì thn Ex�swsh (2.4.6).x(0)Æ�(t)4, h èxodo tou e�nai h x(0)ĥ0(t)� (blèpe Sq ma 2.10b). Genik�, an ĥk�(t)e�nai h apìkrish tou grammikoÔ sust mato sthn e�sodo Æ�(t� k�), dhlad ,ĥk�(t) = S fÆ�(t� k�)g (2.4.2)tìte gia e�sodo x(k�)Æ�(t� k�)�, h èxodo ja e�nai x(k�)ĥk�(t)� (blèpe Sq ma2.10d).An efarmoste� sthn e�sodo tou sust mato to s ma x̂(t), tìte h èxodì tou jae�nai ŷ(t) = S fx̂(t)g = S( 1Xk=�1x(k�)Æ�(t� k�)�) (2.4.3)Gia thn pleionìthta twn shm�twn kai twn susthm�twn pou sunant�me sthn pr�xh, h



Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 43grammikìthta isqÔei kai gia �peirou ìrou. àtsi, h (2.4.3) g�netaiŷ(t) = 1Xk=�1x(k�)S fÆ�(t� k�)g� (2.4.4)ètsi apì thn (2.4.4) kai me th bo jeia th (2.4.2), h èxodo tou sust mato d�netai apìŷ(t) = 1Xk=�1x(k�)ĥk�(t)� (2.4.5)Sto Sq ma 2.10e èqei sqediaste� h èxodo ŷ(t) tou sust mato, ìtan h e�sodì toue�nai to s ma x̂(t). H èxodo tou sust mato, lìgw th idiìthta th grammikìthta,e�nai �sh me to �jroisma twn epimèrou exìdwn tou sust mato, pou eikon�zontai staSq mata 2.10b-d.ParathroÔme ìti gia na prosdior�soume thn èxodo enì grammikoÔ sust mato giaopoiod pote s ma eisìdou me th bo jeia th sqèsh (2.4.5), qreiazìmaste thn ĥk�(t)gia k�je tim  tou k.An�! 0, Æ�(t)! Æ(t) kai x̂(t)! x(t), dhlad , x(t) = lim�!1P1k=�1 x(k�)-Æ�(t � k�)�. àtsi, an h e�sodo tou sust mato e�nai to s ma x(t), h èxodo tousust mato ja e�naiy(t) = lim�!1 ŷ(t) = lim�!1 1Xk=�1x(k�)ĥk�(t)� (2.4.6)Sto Sq ma 2.10st èqei sqediaste� h e�sodo x(t), pou e�nai to ìrio th klimakwt morf  sun�rthsh x̂(t), kai h èxodo y(t), h opo�a e�nai to ìrio th ŷ(t).àstw h� (t) h èxodo tou sust mato pou par�getai apì thn e�sodo Æ(t � �),dhlad , h� (t) = S fÆ(t� �)g (2.4.7)An h qronik  di�rkeia � twn palm¸n mikra�nei kai te�nei sto mhdèn, � ! 0, tok� g�netai h suneq  metablht  � (k�! �), to �jroisma sto dexiì mèlo th (2.4.6)gr�fetai w olokl rwma kai h èxodo tou sust mato d�netai apì th sqèshy(t) = Z 1�1 x(�)h� (�)d� (2.4.8)An to grammikì sÔsthma e�nai kai qronik� anallo�wto, tìte h apìkrish tou sust -mato h� (t), ìtan autì diege�retai apì th Æ(t� �), e�nai �dia me thn h(t) � h0(t) all�qronik� metatopismènh kat� � , dhlad  h� (t) = h(t � �). àtsi, h èxodo tou sust -mato d�netai apì th sqèsh y(t) = Z 1�1 x(�)h(t� �)d� (2.4.9)



44 Eisagwg  sta Sust mata Kef�laio 2H (2.4.9) e�nai gnwst  kai w olokl rwma th sunèlixh, kai sumbol�zetai wy(t) = h(t) ? x(t) (2.4.10)ParathroÔme ìti se èna GQA sÔsthma arke� h gn¸sh mia mìno sun�rthsh, thh(t), gia na perigrafe� pl rw h sqèsh metaxÔ tou s mato eisìdou x(t) kai tou s matoexìdou y(t) tou sust mato me th bo jeia tou oloklhr¸mato th sunèlixh. H pr�xh hopo�a sundu�zei dÔo s mata x(t) kai h(t) gia to sqhmatismì tou s mato y(t) kale�taisunèlixh.H sun�rthsh h(t), h opo�a e�nai h èxodo tou sust mato, ìtan autì diege�retaiapì th sun�rthsh Æ(t) h(t) = S fÆ(t)g (2.4.11)kale�tai kroustik  apìkrish tou sust mato.H (2.4.9) gr�fetai kai l�go diaforetik�. All�zonta ti metablhtè e�nai polÔeÔkolo na doÔme ìti mporoÔme na gr�youmey(t) = Z 1�1 h(�)x(t� �)d� (2.4.12)Par�deigma 2.4.1Na de�xete ìti èna GQA sÔsthma e�nai FEFE eustajè, an h kroustik  apìkris  toue�nai apìluta oloklhr¸simh, dhlad , anZ 1�1 jh(t)j dt < +1 (2.4.13)LÔsh JewroÔme ìti h e�sodo enì GQA sust mato e�nai fragmènh, dhlad ,jx(�)j �M <1 (2.4.14)ìpou M m�a jetik  stajer�. H èxodo tou sust mato d�netai apì to olokl rwma thsunèlixh y(t) = Z 1�1 x(�)h(t � �)d� (2.4.15)apì thn opo�a sunep�getai ìtijy(t)j = ����Z 1�1 x(�)h(t � �)d� ���� � Z 1�1 jx(�)j jh(t� �)j d�� Z 1�1M jh(t� �)j d� (2.4.16)Met� thn allag  metablht  èqoumejy(t)j �M Z 1�1 jh(�)j d� (2.4.17)



Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 45kai lìgw th (2.4.13) èpetai ìti h èxodo tou sust mato e�nai ep�sh fragmènh, opìteto sÔsthma e�nai FEFE eustajè. Mpore� na apodeiqje� ìti h sunj kh aut  e�nai kaianagka�a.Par�deigma 2.4.2Na upologiste� h kroustik  apìkrish tou sust mato mèsh tim y(t) = 1T Z tt�T x(�)d� (2.4.18)LÔsh H kroustik  apìkrish tou sust mato mèsh tim , h(t), e�nai �sh me thn èxodotou sust mato an autì diegerje� apì th sun�rthsh Æ(t), dhlad ,h(t) = 1T Z tt�T Æ(�)d� = 1T Z tt�T du(�)= 1T [u(t)� u(t� T )℄= 1T � t� T2T ! (2.4.19)ìpou l�bame upìyh ìti Æ(�)d� = du(�) kai �(t) e�nai o orjog¸nio palmì.2.4.2 Idiìthte th SunèlixhH sunèlixh èqei ti akìlouje idiìthte:Antimetajetik  idiìthtah1(t) ? h2(t) = h2(t) ? h1(t) (2.4.20)H apìdeixh th parap�nw idiìthta aporrèei apì ton orismì th sunèlixh. Pr�gmati,all�zonta th metablht  t� � = � èqoumeh1(t) ? h2(t) = Z 1�1 h1(�)h2(t� �) d�t��='= Z 1�1 h1(t� �)h2(�) d�= Z 1�1 h2(�)h1(t� �) d�= h2(t) ? h1(t) (2.4.21)H fusik  shmas�a th idiìthta aut  fa�netai sto Sq ma 2.11, apì to opo�o parath-roÔme ìti, an dÔo sust mata e�nai sundedemèna se seir� mporoÔme na enall�xoume thseir� sÔndes  tou.
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h1(t)x(t) y(t)h2(t) h1(t)x(t) y(t)h2(t)Sq ma 2.11 H fusik  shmas�a th antimetajetik  idiìthta th sunèlixh.Prosetairistik  idiìthtah2(t) ? [h1(t) ? x(t)℄ = [h2(t) ? h1(t)℄ x(t) (2.4.22)H apìdeixh th idiìthta akolouje� thn �dia pore�a me thn prohgoÔmenh. H fusik shmas�a th prosetairistik  idiìthta fa�netai sto Sq ma 2.12. ParathroÔme ìti,ìtan dÔo sust mata sundèontai se seir�, mporoÔn na antikatastajoÔn me èna tr�-to sÔsthma, to opo�o èqei kroustik  apìkrish �sh me th sunèlixh twn kroustik¸napokr�sewn twn dÔo susthm�twn pou èqoun sundeje� se seir�.

h1(t)x(t) y(t)h2(t) h1(t)x(t) y(t)h2(t)*Sq ma 2.12 H fusik  shmas�a th prosetairistik  idiìthta th sunèlixh.Epimeristik  idiìthta[h1(t) + h2(t)℄ ? x(t) = h1(t) ? x(t) + h2(t) ? x(t) (2.4.23)H apìdeixh aporrèei �mesa apì tou orismoÔ. H fusik  shmas�a th epimeristik idiìthta fa�netai sto Sq ma 2.13. Lìgw th epimeristik  idiìthta, an dÔo sust -mata èqoun sundeje� par�llhla, tìte mporoÔn na antikatastajoÔn apì èna tr�tosÔsthma, tou opo�ou h kroustik  apìkrish e�nai �sh me to �jroisma twn kroustik¸napokr�se¸n tou.
h1(t)

x(t) y(t)
h2(t)

h1(t)x(t) y(t)h2(t)+Sq ma 2.13 H fusik  shmas�a th epimeristik  idiìthta th sunèlixh.Tautotik  idiìthta h(t) ? Æ(t) = h(t) (2.4.24)H tautotik  idiìthta e�nai apìrroia tou orismoÔ th kroustik  apìkrish sust ma-to.



Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 472.4.3 Grafikì prosdiorismì th sunèlixhGia na upolog�soume thn èxodo enì GQA sust mato me th bo jeia tou oloklhr¸-mato th sunèlixh y(t) = Z 1�1 x(�)h(t� �)d� (2.4.25)gia k�je qronik  stigm  t akoloujoÔme ta b mata:1. B ma: An�klash. Antistrèfoume thn kroustik  apìkrish, dhlad  prosdior�-zoume thn h(��).2. B ma: Qronik  Metatìpish. Metatop�zoume thn h(��) kat� t kai ètsi pros-dior�zoume thn h(t� �).3. B ma: Pollaplasiasmì. Prosdior�soume to ginìmeno x(�) � h(t� �).4. B ma: Olokl rwsh   Embadomètrhsh. Oloklhr¸noume to ginìmeno autì (  upo-log�soume to embadì tou s mato tou dhmiourge�tai apì th grafik  par�stashtou ginomènou kai tou �xona tou qrìnou � ). To apotèlesma ja e�nai �so me thnèxodo tou sust mato y(t) thn ant�stoiqh qronik  stigm  t.5. B ma: Epan�lhyh. Ta b mata aut� epanalamb�nontai gia ti di�fore timè touqrìnou.Efarmìzoume ta parap�nw sto par�deigma pou akolouje�.Par�deigma 2.4.3Na upologiste�, h èxodo enì grammikoÔ qronik� anallo�wtou sust mato pou èqeikroustik  apìkrish h(t) = � 1� t; 0 � t � 10; alli¸ (2.4.26)an h e�sodo tou e�nai to s ma:x(t) = � 1; 0 � t � 20; alli¸ (2.4.27)LÔsh To GQA sÔsthma kai h e�sodì tou perigr�fontai sto Sq ma 2.14a. Sto Sq ma2.14b d�netai h kroustik  apìkrish tou sust mato.Sto Sq ma 2.14g e�nai h katoptrik  morf  th kroustik  apìkrish tou sust mato,h(��). Sto Sq ma 2.14d h katoptrik  morf  th kroustik  apìkrish èqei metatopis-te� kat� t < 0, h(t� �). ParathroÔme ìti to ginìmeno h(t� �) �x(�) e�nai �so me mhdèngia k�je tim  tou qrìnou t mikrìterh tou mhdenì. àtsi, h èxodo tou sust mato e�naiy(t) = 0 gia t < 0 (2.4.28)
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Sq ma 2.14 O grafikì prosdiorismì th exìdou enì GQA sust mato me th bo jeia touoloklhr¸mato th sunèlixh.Sto Sq ma 2.14e h katoptrik  morf  th kroustik  apìkrish èqei metatopiste� kat�0 � t < 1. Qrhsimopoi¸nta ti (2.4.26) kai (2.4.27) h èxodo tou sust mato d�netaiapì th sqèshy(t) = Z 1�1 x(�) �h(t��) d� = Z t0 1 � (1� t+�) d� = t� t22 gia 0 � t < 1 (2.4.29)kai e�nai �sh me to embadì tou grammoskiasmènou trapez�ou sto Sq ma 2.14e.Sto Sq ma 2.14st h katoptrik  morf  th kroustik  apìkrish èqei metatopiste� kat�



Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 491 � t < 2. Qrhsimopoi¸nta ti (2.4.26) kai (2.4.27) br�skoume ìti h èxodo tousust mato e�nai �sh mey(t) = Z tt�1 1 � (1� t+ �) d� = 12 ; gia 1 � t < 2 (2.4.30)kai e�nai �sh me to embadì tou grammoskiasmènou trig¸nou sto Sq ma 2.14st.Sto Sq ma 2.14z h katoptrik  morf  th kroustik  apìkrish èqei metatopiste� kat�2 � t < 3. H èxodo tou sust mato d�netai t¸ra apì th sqèshy(t) = Z 2t�1 1 � (1� t+ �) d� = 12(3� t)2; gia 2 � t < 3 (2.4.31)h opo�a e�nai �sh me to embadì tou grammoskiasmènou trig¸nou tou Sq mato 2.14z.Tèlo, ìpw parathroÔme sto Sq ma 2.14h, to ginìmeno h(t��)x(�) e�nai �so me mhdèngia k�je tim  tou qrìnou t megalÔterh   �sh apì 3. àtsi, h èxodo tou sust mato e�naiy(t) = 0; gia 3 � t (2.4.32)H èxodo, loipìn, tou sust mato e�nai:y(t) = 8>><>>: t� t2=2; 0 � t � 11=2; 1 � t � 2(3� t)2=2; 2 � t � 30; alli¸ (2.4.33)Sto Sq ma 2.15 èqoume sqedi�sei thn e�sodo kai thn èxodo tou GQA sust mato.
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(a) (â)Sq ma 2.15 (a) H e�sodo kai (b) h èxodo tou GQA sust mato tou Parade�gmato 2.4.3.2.4.4 Grammik� qronik� anallo�wta sust mata diakritoÔ qrìnou. -To �jroisma th sunèlixhSto Par�deigma 1.4.5 de�xame ìti k�je s ma diakritoÔ qrìnou mpore� na analuje� se�jroisma apì olisj sei monadia�ou de�gmatox(n) = 1Xk=�1x(k)Æ(n � k) (2.4.34)



50 Eisagwg  sta Sust mata Kef�laio 2H èxodo enì grammikoÔ sust mato d�netai apì thy(n) = S fx(n)g = S( 1Xk=�1x(k)Æ(n� k)) = 1Xk=�1x(k)S fÆ(n� k)g (2.4.35)ìpou qrhsimopoi jhke h idiìthta th grammikìthta tou sust mato. An gia k�jeakèraio k, hk(n) e�nai h èxodo tou sust mato pou par�getai apì thn e�sodo Æ(n�k),dhlad  hk(n) = S fÆ(n� k)g, tìte h oikogèneia twn shm�twn apìkrishfhk(n)g ; �1 < k <1 (2.4.36)metafèrei ìlh thn plhrofor�a pou qreiazìmaste gia na kajor�soume thn èxodo poupar�getai apì èna s ma peperasmènh èktash me th bo jeia thy(n) = 1Xk=�1x(k)hk(n) (2.4.37)Diafwt�zoume thn teleuta�a sqèsh me to akìloujo par�deigma.Par�deigma 2.4.4JewroÔme to grammikì sÔsthma S to opo�o trofodote�tai me to s ma x(n), pou peri-gr�fetai sto Sq ma 2.16.
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x(n) y(n)Sq ma 2.16 Grammikì sÔsthma diakritoÔ qrìnou kai h e�sodo tou.Oi apokr�sei tou grammikoÔ sust mato h�1(n); h0(n) kai h1(n), gia eisìdou Æ(n+1); Æ(n); kai Æ(n � 1) ant�stoiqa, èqoun sqediaste� sto Sq ma 2.17. H apìkrish tougrammikoÔ sust mato, ìpw aut  ekfr�zetai apì th sqèsh y(n) =P1k=�1 x(k)hk(n)prosdior�zetai grafik� sto Sq ma 2.18.
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-2-3Sq ma 2.17 Oi apokr�sei tou grammikoÔ sust mato gia eisìdou Æ(n+1), Æ(n) kai Æ(n�1).ätan to sÔsthma e�nai kai qronik� anallo�wto, tìtehk(n) = h0(n� k) (2.4.38)



Enìthta 2.4 Sqèsh MetaxÔ Eisìdou-Exìdou Sust mato 51dhlad , ìpw h Æ(n � k) e�nai mia qronik  ol�sjhsh th Æ(n) ètsi kai h apìkrishhk(n) e�nai mia qronik  ol�sjhsh th apìkrish h0(n), thn opo�a gia eukol�a thnsumbol�zoume me h(n), (h(n) � h0(n) = S fÆ(n)g). àtsi, h èxodo tou sust matod�netai apì th sqèshy(n) = 1Xk=�1x(k)h(n � k)   y(n) = 1Xk=�1h(k)x(n� k) (2.4.39)H (2.4.39) e�nai gnwst  w �jroisma th sunèlixh.
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Sq ma 2.18 H grafik  ermhne�a th apìkrish enì grammikoÔ sust mato, ìpw aut ekfr�zetai apì to �jroisma th sunèlixh.H sumperifor� enì grammikoÔ qronik� anallo�wtou sust mato qarakthr�zetaiapì to s ma h(n), to opo�o kale�tai apìkrish monadia�ou de�gmato   kroustik  apìkri-sh. Me �lla lìgia se èna GQA sÔsthma arke� h gn¸sh m�a kai mìno sun�rthsh thkroustik  apìkrish h(n) gia na perigrafe� pl rw h sqèsh eisìdou x(n) kai exìdouy(n) tou sust mato apì to �jroisma th sunèlixh.H pr�xh h opo�a sundu�zei dÔo s mata x(n) kai h(n) gia to sqhmatismì tous mato y(n), kale�tai sunèlixh kai sumbol�zetai wy(n) = h(n) ? x(n) (2.4.40)



52 Eisagwg  sta Sust mata Kef�laio 2H sqèsh eisìdou - exìdou aitiat¸n GQA susthm�twn diakritoÔ qrìnou e�naiy(n) = nXk=�1x(k)h(n� k) (2.4.41)afoÔ h(n) = 0; n < 0.An h e�sodo e�nai aitiatì s ma, h èxodo d�netai se k�je qronik  stigm  n apì topeperasmèno �jroismay(n) = nXk=0 x(k)h(n� k); 0 � n <1 (2.4.42)Par�deigma 2.4.5Na upologiste� h èxodo enì grammikoÔ qronik� anallo�wtou sust mato diakritoÔqrìnou pou èqei kroustik  apìkrishh(n) = � �n; 0 � n � 60; alli¸ (2.4.43)ìtan h e�sodì tou e�nai to s max(n) = � 1; 0 � n � 40; alli¸ (2.4.44)LÔsh To GQA sÔsthma kai h e�sodo tou perigr�fontai sto Sq ma 2.19a. Sto Sq ma2.19b d�netai h kroustik  apìkrish tou sust mato. Sto Sq ma 2.19g e�nai h katoptrik morf  th kroustik  apìkrish tou sust mato h(�k). Sto Sq ma 2.19d h katoptrik morf  th kroustik  apìkrish èqei metatopiste� kat� n < 0, h(n� k).1) Apì to Sq ma 2.19d parathroÔme ìti gia n < 0 to ginìmeno x(k)h(n � k) e�nai �some mhdèn gia k�je tim  tou n mikrìterh tou mhdenì. àtsi, h èxodo tou sust matoe�nai: y(n) = 0 (2.4.45)2) Apì to Sq ma 2.19e parathroÔme ìti gia 0 � n � 4 to ginìmeno x(k)h(n� k) e�nai:x(k)h(n � k) = � �n�k; 0 � k � n0; alli¸ (2.4.46)ètsi, h èxodo tou sust mato e�naiy(n) = nXk=0�n�k n�k=r= nXr=0�r= 1� �n+11� � (2.4.47)
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( ç )Sq ma 2.19 O grafikì prosdiorismì th exìdou enì GQA diakritoÔ sust mato me thbo jeia tou ajro�smato th sunèlixh. Sta sq mata e, st kai z den èqei sqediasje� to s maeisìdou. H skiasmènh perioq  prosdior�zei thn perioq  sthn opo�a x(k) 6= 0.3) Apì to Sq ma 2.19st parathroÔme ìti gia 4 < n � 6 h èxodo tou sust mato e�nai:y(n) = 4Xk=0�n�k = �n 4Xk=0 ���1�k = an��4 � �1� �= �n�4 � �n+11� � (2.4.48)



54 Eisagwg  sta Sust mata Kef�laio 24) Apì to Sq ma 2.19z parathroÔme ìti gia 6 < n � 10 h èxodo tou sust mato e�nai:y(n) = 4Xk=n�6�n�k k�n+6=r= 10�nXr=0 �6�r = �6 10�nXr=0 ���1�r = �6�10�n � �1� �= �16�n � �71� � (2.4.49)5) Apì to Sq ma 2.19h parathroÔme ìti gia 10 < n h èxodo tou sust mato e�nai:y(n) = 0 (2.4.50)2.5 APOKRISHGRAMMIKWNSUSTHMATWNSEEKJETIKESEISODOUS2.5.1 Suneq  per�ptwshGnwr�zoume ìti h e�sodo x(t) kai h èxodo y(t) enì GQA sust mato sundèontai me toolokl rwma th sunèlixh y(t) = R1�1 x(�)h(t� �)d� . An h e�sodo tou sust matoe�nai to ekjetikì migadikì s ma x(t) = Aest (2.5.1)ìpou s migadikì arijmì, tìte h èxodo e�naiy(t) = Z 1�1 h(t� �)x(�)d� = Z 1�1 h(�)x(t� �)d� = Z 1�1 h(�)Aeste�s�d�= �Z 1�1 h(�)e�s�d��Aest (2.5.2)Telik�, y(t) = H(s)Aest (2.5.3)ìpou H(s) = Z 1�1 h(�)e�s�d� (2.5.4)To H(s) e�nai èna migadikì arijmì gia thn tim  s tou ekjetikoÔ s mato. E�napeleujer¸soume to s kai to af soume na metab�lletai, tìte to H(s) e�nai m�a mi-gadik  sun�rthsh th migadik  metablht  s kai or�zei, ìpw ja doÔme sto Kef�laio6, to Metasqhmatismì Laplace th kroustik  apìkrish tou sust mato h(t) kaikale�tai sun�rthsh metafor� tou sust mato.An s = j!0, dhlad , h e�sodo tou sust mato e�nai to s max(t) = Aej!0t (2.5.5)



Enìthta 2.5 Apìkrish Grammik¸n Susthm�twn se Ekjetikè Eisìdou 55h èxodo tou sust mato y(t) e�naiy(t) = H(!0)Aej!0t (2.5.6)ìpou H(!) = Z 1�1 h(t)e�j!tdt (2.5.7)To H(!) e�nai èna migadikì arijmì gia thn tim  ! tou ekjetikoÔ s mato. E�n h !metab�lletai, tìte toH(!) e�nai m�a migadik  sun�rthsh th pragmatik  metablht !. H sun�rthsh H(!) exart�tai ep�sh kai apì thn kroustik  apìkrish tou sust -mato h(t). äpw ja doÔme sto Kef�laio 3, h H(!) or�zei to Metasqhmatismì Fourierth kroustik  apìkrish tou sust mato kai onom�zetai apìkrish suqnìthta tousust mato. H apìkrish suqnìthta tou sust mato gr�fetai w migadik  sun�rthshme th morf : H(!) = jH(!)jej argH(!) (2.5.8)ìpou jH(!)j onom�zetai apìkrish pl�tou kai argH(!) apìkrish f�sh tou sust -mato. àtsi, h èxodo tou sust mato, an to s ma eisìdou e�nai x(t) = Aej(!0t+�),e�nai: y(t) = jH(!0)jej argH(!0) � Aej(!0t+�)= jH(!0)jAej(!0t+�+argH(!0)) (2.5.9)ParathroÔme ìti:1. An h e�sodo enì GQA sust mato e�nai to migadikì ekjetikì s ma me kuklik suqnìthta !0, h èxodì tou e�nai ep�sh migadikì ekjetikì s ma me thn �diakuklik  suqnìthta !0.2. To pl�to th exìdou e�nai �so me to ginìmeno tou pl�tou th eisìdou ep� tomètro th apìkrish suqnìthta tou sust mato upologismènou sthn kuklik suqnìthta !0, dhlad , AjH(!0)j.3. H f�sh th exìdou tou sust mato e�nai metatopismènh w pro th f�sh theisìdou kai prosdior�zetai w �jroisma th f�sh tou s mato eisìdou kai thf�sh th apìkrish suqnìthta prosdiorismènh sthn kuklik  suqnìthta !0tou s mato eisìdou.Me �lla lìgia, èna grammikì sÔsthma metab�llei to mètro kai th f�sh tou s ma-to eisìdou, all� ìqi thn kuklik  suqnìtht� tou. H diat rhsh th kuklik  suqnìth-ta apotele� m�a basik  idiìthta twn grammik¸n susthm�twn. Anakefalai¸nonta,sumpera�noume ìti, an sthn e�sodo enì grammikoÔ sust mato efarmoste� s ma toopo�o apotele�tai apì �jroisma shm�twn apl¸n suqnot twn, tìte kai h èxodì touja apotele�tai apì upèrjesh twn �diwn shm�twn me diaforetikì pl�to kai metatopi-smènwn kat� f�sh.



56 Eisagwg  sta Sust mata Kef�laio 2An h e�sodo tou sust mato e�naix(t) = A os(!0t+ �) (2.5.10)me ìmoio trìpo br�skoume ìti h èxodo tou sust mato e�naiy(t) = jH(!0)jA os(!0t+ �+ argH(!0)) (2.5.11)gia thn opo�a isqÔoun an�loge parathr sei, ìpw kai sthn per�ptwsh ìpou h e�sodotou sust mato e�nai to migadikì ekjetikì s ma.Apì ta parap�nw anadeiknÔetai h fusik  shmas�a th apìkrish suqnìthtwn kaidikaiologe�tai to ìnom� th w apìkrish suqnìthta tou sust mato.Lìgw th basik  idiìthta th diat rhsh th suqnìthta, pou èqoun ta GQAsust mata, ìtan diege�rontai apì migadik� ekjetik� s mata, ìpw ja doÔme sto epìme-no kef�laio, e�nai epijumhtì sthn prosp�jei� ma na broÔme thn apìkrish enì GQAsust mato se tuqa�o s ma na prosdior�soume trìpou an�ptuxh enì tuqa�ou s ma-to se �jroisma ekjetik¸n migadik¸n shm�twn. àtsi, ekmetalleuìmenoi thn idiìthtath grammikìthta prokÔptei ìti h èxodo tou sust mato ja e�nai �sh me to �jroismatwn ekjetik¸n aut¸n migadik¸n shm�twn me ti �die suqnìthte, twn opo�wn to pl�-to kai h f�sh èqoun uposte� thn all�gh pou prokale� to sÔsthma se k�je ekjetikìmigadikì s ma, an�loga me th suqnìtht� tou, kai h opo�a prosdior�zetai apì to mètrokai th f�sh th apìkrish suqnìthta tou sust mato gia th suqnìthta aut . Me tontrìpo autì ja èqoume th dunatìthta na epexergastoÔme s mata polÔplokh morf me th bo jeia twn aploustèrwn aut¸n ekjetik¸n shm�twn.2.5.2 Diakrit  per�ptwshGnwr�zoume ìti h e�sodo x(n) kai h èxodo y(n) enì diakritoÔ GQA sust matosundèontai me to �jroisma th sunèlixh y(n) = P1k=�1 h(k) � x(n � k). An he�sodo tou sust mato e�nai to ekjetikì migadikì s ma apl  suqnìthtax(n) = zn (2.5.12)ìpou z = rej
 migadik  metablht , tìte h èxodo e�naiy(n) = 1Xk=�1h(k) � zn�k = " 1Xk=�1h(k) � z�k# � zntelik� y(n) = H(z) � zn (2.5.13)



Enìthta 2.5 Apìkrish Grammik¸n Susthm�twn se Ekjetikè Eisìdou 57ìpou H(z) = 1Xk=�1h(k) � z�k (2.5.14)ParathroÔme ìti h èxodo lamb�netai apì to �dio ekjetikì s ma eisìdou dia-bajmismèno me H(z). H sun�rthsh H(z), ìpw ja doÔme sto Kef�laio 7, e�nai oMetasqhmatismì z th kroustik  apìkrish kai kale�tai sun�rthsh metafor� tousust mato.An jèsoume z = ej
, dhlad , h e�sodo tou sust mato e�nai to s max(n) = ej
n (2.5.15)h èxodo tou sust mato y(n) d�netai apì thy(n) = H(
)ej
n (2.5.16)ìpou H(
) = 1Xk=�1h(k) � e�j
k (2.5.17)H sun�rthshH(
) exart�tai apì thn kuklik  yhfiak  suqnìthta kai apì th sun�rth-sh pou perigr�fei thn kroustik  apìkrish tou sust mato. äpw ja doÔme sto Ke-f�laio 5, hH(
) apotele� toMetasqhmatismì Fourier diakritoÔ qrìnou th kroustik apìkrish tou sust mato kai onom�zetai apìkrish suqnìthta tou sust mato.H diat rhsh th suqnìthta apotele�, ep�sh, basik  idiìthta twn grammik¸nsusthm�twn diakritoÔ qrìnou.Par�deigma 2.5.1Me th bo jeia th (2.5.6), na upologiste� h apìkrish suqnìthta tou kukl¸mato touSq mato 2.20, tou opo�ou h e�sodo e�nai h t�sh �in(t) kai èxodo h t�sh �o(t).
õo(t)

R

õin(t) C

i(t) Sq ma 2.20 To kÔklwma touParade�gmato 2.5.1.LÔsh Efarmìzonta to deÔtero kanìna tou Kirchhoff sto brìqo tou kukl¸matoèqoume Ri(t) + �o(t) = �in(t) (2.5.18)Lamb�nonta upìyh thn (2.1.3) h (2.5.18) gr�fetaiRC d�o(t)dt + �o(t) = �in(t) (2.5.19)



58 Eisagwg  sta Sust mata Kef�laio 2An h e�sodo tou sust mato e�nai �in(t) = ej!t (2.5.20)tìte, sÔmfwna me th (2.5.6), h èxodo tou kukl¸mato e�nai�o(t) = H(!)ej!t (2.5.21)Kai epeid  d�o(t)dt = H(!)j!ej!t (2.5.22)h (2.5.19) d�nei RCH(!)j!ej!t +H(!)ej!t = ej!t (2.5.23)apì thn opo�a upolog�zetai h apìkrish suqnìthta tou sust matoH(!) = 11 + jRC! (2.5.24)Sto par�deigma pou akolouje� anadeiknÔetai h fusik  shmas�a th apìkrish suqnìth-ta enì sust mato.Par�deigma 2.5.2H apìkrish suqnìthta enì sust mato e�naiH(!) = 22 + jp3 � ! (2.5.25)Na upologiste� h èxodo tou sust mato, an h e�sodo e�nai to s max(t) = 4ej2t (2.5.26)kai na g�noun oi grafikè parast�sei tou pragmatikoÔ mèrou tou s mato eisìdoukai tou s mato exìdou tou sust mato se sun�rthsh me to qrìno.LÔsh Gnwr�zoume ìti, an h e�sodo GQA sust mato e�nai èna migadikì ekjetikì s max(t) = Aej!0t, h èxodo tou sust mato d�netai apì th sqèshy(t) = jH(!0)jAej(!0t+�+argH(!0)) (2.5.27)H kuklik  suqnìthta tou s mato eisìdou x(t) = Aej!0t e�nai !0 = 2. H apìkrishsuqnìthta tou sust mato gia !0 = 2 e�naiH(2) = 22 + jp3 � 2 = 14(1� jp3) (2.5.28)h opo�a se polik  morf  gr�fetai H(2) = 12e�j �3 (2.5.29)



Enìthta 2.5 Apìkrish Grammik¸n Susthm�twn se Ekjetikè Eisìdou 59àtsi, h èxodo tou sust mato e�naiy(t) = 12e�j �3 � 4ej2t = 2e�j(2t��3 ) (2.5.30)Gia to pragmatikì mèro th eisìdou kai th exìdou èqoume ant�stoiqa<e [x(t)℄ = 4 os(2t) (2.5.31)<e [y(t)℄ = 2 os�2t� �3� (2.5.32)ParathroÔme ìti h èxodo èqei thn �dia suqnìthta me thn e�sodo, pl�to �so me to1/2 tou pl�tou th eisìdou kai diafor� f�sh me thn e�sodo �sh me ��=3, dhlad ,parousi�zei qronik  kajustèrhsh kat� �t = T (��=2�) = �=6. Sto Sq ma 2.21 èqeisqediaste� to pragmatikì mèro tou s mato eisìdou kai exìdou tou sust mato, stoopo�o parathroÔme ti allagè pou epib�llei to sÔsthma sto pl�to kai th f�sh tous mato eisìdou.
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( a ) ( â )Sq ma 2.21 To pragmatikì mèro (a) tou s mato eisìdou kai (b) tou s mato exìdou gia tosÔsthma tou Parade�gmato 2.5.2.SÔnoyh Kefala�ouSto kef�laio autì dìjhke h ermhne�a th ènnoia \sÔsthma" kai h majhmatik  thèkfrash. Anafèrame tou trìpou sÔndesh susthm�twn kai perigr�yame ti basikèidiìthte twn susthm�twn.Parathr same ìti gia na perigrafe� pl rw h sqèsh eisìdou-exìdou enì GQAsust mato, me th bo jeia tou oloklhr¸mato th sunèlixh (  tou ajro�smato thsunèlixh), arke� h gn¸sh th kroustik  apìkrish tou sust mato.E�dame ìti, an h e�sodo enì GQA sust mato e�nai èna s ma apl  suqnìthta,tìte kai h ant�stoiqh èxodo e�nai s ma th �dia suqnìthta, to opo�o èqei uposte� al-lag , pou epib�llei to sÔsthma sto pl�to kai th f�sh tou kai h opo�a prosdior�zetaiapì th sun�rthsh apìkrish suqnìthta tou sust mato.Tèlo,  rjame se m�a pr¸th gnwrim�a me thn ènnoia tou MetasqhmatismoÔ Fouri-
er, tou MetasqhmatismoÔ Laplacekai tou MetasqhmatismoÔ z, oi opo�oi ja ma a-pasqol soun se epìmena kef�laia.



60 Eisagwg  sta Sust mata Kef�laio 22.6 PROBLHMATA2.1 Na breje� h sqèsh th t�sh eisìdou �in(t) kai th t�sh exìdou �o(t) gia tokÔklwma tou Sq mato 2.22.
õo(t)Rõin(t) i(t)

L Sq ma 2.22 To kÔklwma tou Probl -mato 2.1.2.2 To sÔsthma to opo�o perigr�fetai apì thn parak�tw sqèsh eisìdou x(t), exìdouy(t) y(t) = jx(t)j (2.6.1)anafèretai w sÔsthma pl rou anìrjwsh. Na exet�sete an to sÔsthma e�naigrammikì, qronik� anallo�wto kai aitiatì.2.3 Na de�xete ìti to sÔsthma, sto opo�o h sqèsh eisìdou x(t) kai exìdou y(t) e�naiy(t) = x2(t) (2.6.2)e�nai mh grammikì sÔsthma.2.4 H èxodo enì grammikoÔ qronik� anallo�wtou sust mato (Sq ma 2.23b) e�nai otrigwnikì palmì tou Sq mato 2.23g, ìtan h e�sodo e�nai o orjog¸nio palmìtou Sq mato 2.23a. Na breje� h èxodo tou sust mato ìtan h e�sodo e�nai tos ma x1(t) tou Sq mato 2.24a   to s ma x2(t) tou Sq mato 2.24b.
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Enìthta 2.6 Probl mata 612.5 To sÔsthma to opo�o perigr�fetai apì thn parak�tw sqèsh eisìdou x(t), exìdouy(t) y(t) = S fx(t)g = Z t�1 x(�)d� (2.6.3)anafèretaiw oloklhrwt . Na exet�sete an to sÔsthma e�nai grammikì, qronik�anallo�wto, aitiatì kai na prosdioriste� h kroustik  apìkris  tou.2.6 To sÔsthma to opo�o perigr�fetai apì thn parak�tw sqèsh eisìdou x(t), exìdouy(t) y(t) = S fx(t)g = x(t) os(!0t) (2.6.4)anafèretaiw diamorfwt . Na exet�sete an to sÔsthma e�nai grammikì, qronik�anallo�wto kai aitiatì kai na prosdioriste� h kroustik  tou apìkrish.2.7 H kroustik  apìkrish tou kukl¸mato RC se seir� sto Sq ma 2.3 e�naih(t) = 1� e� t� u(t) (2.6.5)ìpou � = RC h stajer� qrìnou. An � = 1 se, na upologiste� h èxodo tousust mato, ìtan h e�sodì tou e�nai to s max(t) = u(t)� u(t� 2) (2.6.6)2.8 H kroustik  apìkrish enì GQA sust mato e�naih(t) = u(t)� u(t� 2) (2.6.7)Me th bo jeia tou oloklhr¸mato th sunèlixh na upolog�sete thn èxodo tousust mato, ìtan h e�sodo e�naix(t) = u(t� 1)� u(t� 2) (2.6.8)2.9 H kroustik  apìkrish enì GQA sust mato e�naih(t) = u(t� 1)� u(t� 3) (2.6.9)Me th bo jeia tou oloklhr¸mato th sunèlixh na upolog�sete thn èxodo tousust mato, ìtan h e�sodì tou e�nai to s max(t) = � sin(�t); 0 � t � 20; alli¸ (2.6.10)



62 Eisagwg  sta Sust mata Kef�laio 22.10 An ta stoiqe�a tou kukl¸mato, pou perigr�fetai sto Sq ma 2.20, e�nai R =103
 kai C = 10�6F na upologiste� h èxodì tou, ìtan h e�sodo tou e�nai tos ma x(t) = p2 sin�1000t+ �3� (2.6.11)2.11 H kroustik  apìkrish enì GQA sust mato e�naih(n) = (0; 9)nu(n) (2.6.12)Me th bo jeia tou ajro�smato th sunèlixh na upolog�sete thn èxodo tousust mato, ìtan h e�sodo e�nai to diakritì s max(n) = u(n)� u(n� 4) (2.6.13)2.12 H kroustik  apìkrish enì GQA sust mato e�naih(n) = [ 3"; 2; 1 ℄ (2.6.14)ìpou to bèlo pro ta p�nw dhl¸nei to de�gma gia n = 0. Me th bo jeia touajro�smato th sunèlixh na upolog�sete thn èxodo tou sust mato, ìtan he�sodo e�nai to s ma x(n) = [ 1"; 2; 3; 4 ℄ (2.6.15)2.13 Na de�xete ìti to sÔsthma to opo�o perigr�fetai apì th diaforik  ex�swshdy(t)dt + 10y(t) + 5 = x(t) (2.6.16)den e�nai grammikì.Bibliograf�a2.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.2.2 A. M�rgarh, “S mata kai Sust mata SuneqoÔ kai DiakritoÔ Qrìnou ” , Ekdì-sei Tziìla 2012.2.3 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20032.4 A. V. Oppenheim, R. S. Willsky, I. T. Young, “Signal and Systems”, Prentice -
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                                                         ÊÅÖÁËÁÉÏ  3

 ÁÍÁÐÔÕÃÌÁ - ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ  FOURIER
                         ÁÍÁËÏÃÉÊÙÍ  ÓÇÌÁÔÙÍ

Sthn pr�xh, pollè forè qrei�zetai na prosdior�soume thn èxodo enì sust -mato, ìtan autì diege�retai apì èna s ma. Sto prohgoÔmeno kef�laio, e�dame ìtih èxodo enì GQA sust mato perièqei ti �die suqnìthte me to s ma eisìdou, mediaforetikì, ìmw, mètro kai f�sh. Sto kef�laio autì ja eisag�goume kai ja melet -soume majhmatik� ergale�a, ta opo�a ma epitrèpoun na analÔoume èna sÔnjeto s mase s mata apl¸n suqnot twn. M�a tètoia prosèggish ma dieukolÔnei ¸ste na up-olog�soume thn èxodo enì sust mato, to opo�o diege�retai apì èna sÔnjeto s ma, meth bo jeia twn apokr�sewn tou sust mato sti epimèrou sunist¸se sugkekrimènwnsuqnot twn. Sth sunèqeia ja efarmìsoume ti mejìdou autè ¸ste na analÔsoumeèna arijmì shm�twn, ta opo�a sunant�me suqn� sthn pr�xh.Eisagwg Sto prohgoÔmeno kef�laio, e�dame ìti an h e�sodo enì GQA sust mato e�nai tomigadikì ekjetikì s ma   to hmitonoeidè s ma, tìte h èxodì tou e�nai s ma th �diasuqnìthta me diaforetikì pl�to kai f�sh. àtsi, parathr same ìti e�nai polÔ eÔko-lo na prosdior�soume thn èxodo tou GQA sust mato, ìtan to s ma pou efarmìzetaisthn e�sodì tou analuje� se s mata sugkekrimènh suqnìthta.Sto kef�laio autì ja anaptÔxoume kai ja melet soume trìpou an�lush enìs mato se s mata sugkekrimènh suqnìthta. àtsi, an to s ma autì diege�rei ènasÔsthma, ekmetalleuìmenoi thn idiìthta th grammikìthta, ja prosdior�zoume thnèxodo tou sust mato w �jroisma shm�twn pou èqoun ti �die suqnìthte me autèpou perièqei to s ma eisìdou, twn opo�wn to pl�to kai h f�sh èqei uposte� allag pou prokale� to sÔsthma.3.1 H IDEA TOU QWROU TWN SHMATWNH gènnhsh kai oi r�ze th jewr�a aut  ofe�lontai sto G�llo Majhmatikì Jean Bap-
tiste Joseph Fourier(1768-1830), o opo�o eis gage thn an�lush mia sun�rthsh sesunart sei sugkekrimènwn suqnot twn gia na melet sei fainìmena di�dosh th jer-



64 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3mìthta. H an�lush mia sÔnjeth posìthta se aploÔstere sunist¸se, me skopìh melèth enì probl mato na g�netai eukolìterh, e�nai m�a genikìterh mejodolog�-a. Gia par�deigma, sth grammik  �lgebra, èna di�nusma analÔetai se mia b�sh pouperigr�fei to q¸ro. Me aform  thn parat rhsh aut  a doÔme giat� kai ìla ta s -mata pou or�zontai se èna di�sthma [a; b℄ mporoÔn na perigrafoÔn kai w dianÔsmata.Pr�gmati, o grammikì sunduasmì dÔo h perissotèrwn s matwn d�nei èna nèo s masto �dio di�sthma. Ep�sh, o pollaplasiasmì enì s mato me mia stajer  posìth-ta d�nei èna nèo s ma sto �dio di�sthma. Exet�zonta ta s mata w dianÔsmata seèna ant�stoiqo q¸ro ma ano�getai o drìmo na analÔsoume èna s ma se �jroismaaploustèrwn shm�twn, sto dianusmatikì q¸ro twn shm�twn sto di�sthma [a; b℄. E�-nai skìpimo ed¸ na jumhjoÔme merikè basikè ènnoie apì th grammik  �lgebra kaisth sunèqeia na or�soume ant�stoiqe ènnoie sta s mata.Gia par�deigma, èna di�nusma sto q¸ro twn tri¸n diast�sewn parist�netai me thbo jeia twn probol¸n tou sta monadia�a dianÔsmata tou q¸rou, ta opo�a apoteloÔnth “b�sh� tou q¸rou. àtsi, to di�nusma a mpore� na ekfraste� wa = a1e1 + a2e2 + a3e3 (3.1.1)ìpou e1 , e2 kai e2 e�nai ta monadia�a dianÔsmata sti trei basikè dieujÔnsei touq¸rou (Sq ma 3.1). To di�nusma a mpore� isodÔnama na parastaje� me thn tri�dasuntetagmènwn (a1; a2; a3)
z

y

x

ae3

e1

e2 Sq ma 3.1 An�lush dianÔsmato.Sto q¸ro twn n diast�sewn, o opo�o èqei b�sh e1; e2; ::: ; en, k�je di�nusmaparist�netai w a = nXi=1 aiei (3.1.2)To di�nusma a parist�netai, isodÔnama, apì ti suntetagmène (a1; a2; :::; an).H di�stash tou q¸rou n, e�nai o arijmì twn monadia�wn dianusm�twn ta opo�ae�nai anagka�a kai ikan� gia na ekfr�soun k�je di�nusma tou q¸rou. Ta dianÔsma-ta a1; a2; :::;an e�nai anex�rthta, an kanèna apì aut� den mpore� na ekfraste� wgrammikì sunduasmì twn �llwn.



Enìthta 3.1 H Idèa tou Q¸rou twn Shm�twn 65To eswterikì ginìmeno dÔo dianusm�twn n diast�sewn a = Pni=1 aiei kai b =Pni=1 biei , sumbol�zetai me ha; bi kai or�zetai apì th sqèshha; bi = aT � b = nXi=1 aibi (3.1.3)ìpou aT e�nai to an�strofo di�nusma tou a. To eswterikì ginìmeno èqei ti akìloujeidiìthte� E�nai jetik� orismèno ha;ai > 0 ìtan a 6= 0 kai h0;0i = 0� Antimetajetik  ha;bi = (hb; ai)?� Epimeristik  h(a+ b); i = ha; i + hb; i� Pollaplasiasmì me stajer� h � a;bi =  � ha; biupenjum�zetai ìti me “?” dhl¸netai o suzug  migadikì. DÔo dianÔsmata e�nai or-jog¸nia an, ha;bi = 0.To mètro (norm)   m ko enì dianÔsmato a sumbol�zetai me k a k kai e�nai o mharnhtikì arijmì pou or�zetai apì th sqèshk a k= ha;ai 12 = �Pni=1 a2i �12 (3.1.4)dhlad , to mètro enì dianÔsmato e�nai �so me thn tetragwnik  r�za tou eswterikoÔginomènou tou dianÔsmato me ton eautì tou.àna sÔnolo dianusm�twn (a1; a2; :::;an) kale�tai orjokanonikì, an aut� e�nai an�dÔo orjog¸nia kai ìla èqoun mètro �so me th mon�da, dhlad ,hak;ami = Æ(k �m) = � 1; k = m0; k 6= m (3.1.5)Gia m�a orjokanonik  b�sh dianusm�twn oi suntetagmène (a1; a2; :::; an) enì di-anÔsmato a e�nai oi probolè tou a se k�je èna apì ta dianÔsmata b�sh kai pros-dior�zontai apì th sqèsh ai = ha; eii i = 1; 2; :::; n (3.1.6)àtsi, to a gr�fetai a = nXi=1ha; eii ei (3.1.7)



66 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Sth sunèqeia ja or�soume ti ant�stoiqe ènnoie gia ta s mata. To eswterikìginìmeno dÔo shm�twn x(t) kai y(t), ta opo�a or�zontai sto di�sthma [a; b℄, sum-bol�zetai me hx(t); y(t)i kai or�zetai whx(t); y(t)i = Z ba x(t)y?(t)dt (3.1.8)ìpou y?(t) e�nai to suzugè s ma tou y(t). E�nai eÔkolo na doÔme ìti o orismì autìplhro� ti akìlouje idiìthte� E�nai jetik� orismèno hx(t); x(t)i � 0 kai hx(t); x(t)i = 0, x(t) = 0� Antimetajetik  hx(t); y(t)i = hy(t); x(t)i?� Epimeristik  hx(t) + y(t); z(t)i = hx(t); z(t)i + hy(t); z(t)i� Pollaplasiasmì me stajer� h � x(t); y(t)i =  � hx(t); y(t)iDÔo s mata e�nai orjog¸nia an, hx(t); y(t)i = 0.àna migadikì q¸ro efodiasmèno me eswterikì ginìmeno kale�tai kai (migadikì)Eukle�dio q¸ro. Se ènan Eukle�dio q¸ro to eswterikì ginìmeno or�zei tautìqronakai to mètro (norm) enì s mato w thn tetragwnik  r�za tou eswterikoÔ ginomènoutou s mato me ton eautì tou, dhlad ,k x(t) k2= hx(t); x(t)i 12 =qR ba jx(t)j2dt (3.1.9)Profan¸, o jjx(t) k2 e�nai p�nta èna mh arnhtikì pragmatikì arijmì.JewroÔme èna sÔnolo orjokanonik¸n shm�twn f n(t)g, n = 1; 2; ::: sto di�sth-ma [a; b℄, gia ta opo�a isqÔei h k(t);  m(t)i = Æ(k�m) kai èstw ìti h seir�P1n=1 xn n(t)sugkl�nei se èna s ma x(t) sto di�sthma [a; b℄, dhlad ,x(t) = 1Xn=1xn n(t) (3.1.10)Tìte oi suntelestè xn ikanopoioÔn th sqèshxn = hx(t);  n(t)i = Z ba x(t);  ?n(t)dt (3.1.11)H apìdeixh th (3.1.11) e�nai profan , arke� na pollaplasi�soume kai ta dÔo mèlhth (3.1.10) diadoqik� me ti  n(t), n = 1; 2; ::: kai na oloklhr¸soume. ParathroÔmeìti sto grammikì Eukle�dio q¸ro, pou dhmiourgoÔn ta s mata  n(t), n = 1; 2; :::kai ta ìri� tou, h (3.1.10) e�nai to an�ptugma tou s mato x(t) w pro ta s mata



Enìthta 3.1 H Idèa tou Q¸rou twn Shm�twn 67 n(t) kai xn den e�nai t�pota �llo apì ti probolè tou x(t) se k�je èna apì taorjokanonik� s mata  n(t).An sthn (3.1.8) jèsoume w ìria th olokl rwsh �1, o Eukle�dio q¸ro pouprokÔptei e�nai gnwstì kai w q¸ro L2(R), dhlad ,L2(R) = fx(t); t 2 (�1;+1) :k x(t) k2< +1gTo mètro k � k2 e�nai gnwstì kai w L2-mètro. Profan¸, sto q¸ro autì an kounìla ta s mata peperasmènh enèrgeia.Sti epìmene paragr�fou ja asqolhjoÔme me sugkekrimèna orjokanonik� s ma-ta kai anaptÔgmata th morf  (3.1.10). M�a austhr� majhmatik  melèth tou L2(R)e�nai pèra apì ta pla�sia tou parìnto egqeirid�ou. O endiaferìmeno anagn¸sthparapèmpetai sta sqetik� bibl�a th proteinìmenh bibliograf�a.3.1.1 To sÔnolo twn orjog¸niwn analogik¸n ekjetik¸n periodik¸n shm�twnäpw èqoume de� sthn Par�grafo 1.4.1, to ekjetikì s ma ej!0t e�nai periodikì mejemeli¸dh per�odo T = 2�=!0. Ta ekjetik� s mata, pou èqoun kuklik  suqnìth-ta pollapl�sia th !0 (ejk!0t; me k = 0; �1; �2; :::), e�nai ep�sh periodik� mejemeli¸dei periìdou Tk = 2�=k!0, ant�stoiqa. ParathroÔme, ìti h per�odo T =2�=!0 e�nai koin  per�odo gia ìla ta s mata ejk!0t; me k = 0; �1; �2; :::, afoÔT = 2�!0 = k � 2�k!0 = k � TkTa ekjetik� s mata, ejk!0t; me k = 0; �1; �2; :::, se opoiod pote peperasmènoqronik� di�sthma [t0; t0+T ℄, di�rkeia T = 2�=!0, kaloÔntai armonik� susqetizìmenaekjetik� s mata, epeid  oi jemeli¸dei kuklikè suqnìthtè tou e�nai akèraia pol-lapl�sia th kuklik  suqnìthta !0 kai sqhmat�zoun èna orjog¸nio sÔnolo, dhlad ,e�nai an� dÔo orjog¸nia. Pr�gmati, to eswterikì ginìmeno twn ekjetik¸n s matwnejk!0t kai ejm!0t, e�naihejk!0t; ejm!0ti = Z T0 ejk!0te�jm!0tdt = Z T0 ej(k�m)!0tdtAn k 6= m, tìtehejk!0t; ejm!0ti = 1j(k �m)!0 ej(k�m)!0t����T0 = 1j(k �m)!0 hej(k�m) 2�T T � e0i = 0En¸, an k = m, e�naihejk!0t; ejm!0ti = Z T0 ej(k�m)!0tdt = Z T0 1dt = T (3.1.12)



68 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Telik�, hejk!0t; ejm!0ti = TÆ(k �m) (3.1.13)H apìdeixh ègine gia to di�sthma [0; T ℄. Me ìmoio trìpo g�netai gia opoiod potedi�sthma me m ko T .3.1.2 To sÔnolo twn orjog¸niwn analogik¸n trigwnometrik¸n periodik¸nshm�twnäpw èqoume de� sthn Par�grafo 1.4.1, ta s mata, os(k!0t) kai sin(k!0t) me k =0; �1; �2; ::: e�nai periodik� me jemeli¸dei periìdou Tk = 2�=k!0, ant�stoiqa.ParathroÔme, ìti h per�odo T = 2�=!0 e�nai koin  per�odo gia ìla ta s mata.Ta s mata, os(k!0t) kai sin(k!0t) �1 < k < 1, se opoiod pote peperasmènoqronikì di�sthma [t0; t0 + T ℄ di�rkeia T = 2�=!0, kaloÔntai armonik� susqetizì-mena kai sqhmat�zoun èna orjog¸nio sÔnolo. Pr�gmati, to eswterikì ginìmeno twntrigwnometrik¸n s matwn sin(k!0t) kai sin(m!0t) e�naihsin(k!0t); sin(m!0t)i = Z T0 sin(k!0t) sin(m!0t)dt= 12 Z T0 os[(k �m)!0t℄dt� 12 Z T0 os[(k +m)!0t℄dtParathroÔme ìti, an k 6= m ta oloklhr¸mata sto deÔtero mèlo th ex�swsh e�nai�sa me mhdèn, dedomènou ìti h olokl rwsh g�netai se m�a per�odo. Ant�jeta, giak = m 6= 0 to pr¸to olokl rwma e�nai �so me T , en¸ to deÔtero e�nai �so me mhdèn.àtsi, to eswterikì ginìmeno twn sin(k!0t) kai sin(m!0t), e�naihsin(k!0t); sin(m!0t)i = T2 Æ(k �m) (3.1.14)Me ìmoio trìpo apodeiknÔontai kai oi sqèseihos(k!0t); os(m!0t)i = T2 Æ(k �m) (3.1.15)hsin(k!0t); os(m!0t)i = 0; gia k�je k kai m (3.1.16)H apìdeixh ègine gia to di�sthma [0; T ℄ kai me ìmoio trìpo g�netai gia opoiod potedi�sthma me m ko T .



Enìthta 3.2 An�ptugma Fourier - Seir� Fourier 693.2 ANAPTUGMA FOURIER - SEIRA FOURIER3.2.1 Ekjetik  seir� FourierSthn Enìthta 3.1.1, e�dame ìti ta ekjetik� stoiqei¸dh s mata, ejk!0t, k = 0;�1;�2; :::,pou or�zontai se opoiod pote peperasmèno qronik� di�sthma di�rkeia [t0; t0 + T ℄,ìpou !0 = 2�=T kai t0 pragmatikì arijmì, sqhmat�zoun èna orjog¸nio sÔnolo.àstw t¸ra èna s ma x(t) sto di�sthma [t0; t0 + T ℄, kai a upojèsoume ìti e�naidunatìn na anaptuqje� se �jroisma ekjetik¸n stoiqeiwd¸n shm�twn,x(t) = 1Xk=�1akejk!0t (3.2.1)H ( 3.2.1) apotele� thn ekjetik  seir� Fourier   to an�ptugma Fourier tou s matox(t). O upologismì twn suntelest¸n ak g�netai an pollaplasi�soume kai ta dÔomèlh th ( 3.2.1) me e�jn!0tx(t)e�jn!0t = 1Xk=�1akejk!0te�jn!0t (3.2.2)kai oloklhr¸soume apì t0 èw t0 + TZ t0+Tt0 x(t)e�jn!0tdt = 1Xk=�1ak Z t0+Tt0 ejk!0te�jn!0tdt= 1Xk=�1akhejk!0t; ejn!0ti (3.2.3)Lìgw th (3.1.13) ìloi oi ìroi tou ajro�smato sto deÔtero mèlo th (3.2.3) e�nai�soi me to mhdèn, ektì apì ton ìro k = n, o opo�o e�nai �so me T . Apì thn (3.2.3),èqoume loipìn ìtiZ t0+Tt0 x(t)e�jn!0tdt = T � an ,   an = 1T Z t0+Tt0 x(t)e�jn!0tdt (3.2.4)àtsi, an up�rqei to an�ptugma Fouriertou s mato x(t) qarakthr�zetai apì to zeÔgotwn exis¸sewnx(t) = +1Xk=�1akejk!0t; t 2 [t0; t0 + T ℄ Ex�swsh sÔnjesh (3.2.5)



70 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3ak = 1T Z t0+Tt0 x(t)e�jk!0tdt Ex�swsh an�lush (3.2.6)Oi migadiko� suntelestè ak kaloÔntai suntelestè Fourier   fasmatikè grammè toux(t) kai or�zoun to f�sma tou s mato. H stajer� a0 e�nai h suneq    h stajer�sunist¸sa tou f�smato. K�je ak antistoiqe� sthn probol  tou s mato x(t) p�nwsthn ksth orjog¸nia sunist¸sa ejk!0t, dhl¸nei to fasmatikì perieqìmeno tou x(t)sth suqnìthta k!0 kai onom�zetai ksth armonik  sunist¸sa. Prèpei na toniste� ìti toan�ptugma Fourier isqÔei mìno sto di�sthma [t0; t0 + T ℄ kai to eÔro T kajor�zei thbasik  suqnìthta.E�n parathr soume thn ekjetik  seir� Fourier (3.2.5), diapist¸noume ìti sto�jroisma up�rqoun kai arnhtikè timè tou k, oi opo�e, bèbaia, antistoiqoÔn se arnh-tikè suqnìthte gia ti opo�e den up�rqei fusik  ènnoia. Oi arnhtikè suqnìthteupeisèrqontai sto �jroisma epeid  anaptÔssoume to s ma, pou e�nai m�a pragmatik sun�rthsh, me th bo jeia migadik¸n sunart sewn, ejk!0t. Ja epanèljoume sto shme�oautì argìtera.3.2.2 Trigwnometrik  seir� FourierSthn Enìthta 3.1.2, e�dame ìti ta periodik� trigwnometrik� s mata, os(k!0t) kaisin(k!0t), �1 < k <1, pou or�zontai se opoiod pote peperasmèno qronikì di�sth-ma di�rkeia [t0; t0+T ℄, ìpou !0 = 2�=T kai t0 pragmatikì arijmì, sqhmat�zoun ènaorjog¸nio sÔnolo. àstw t¸ra ìti to s ma x(t), sto di�sthma [t0; t0 + T ℄, anaptÔs-setai se �jroisma trigwnometrik¸n shm�twn pou to kajèna apì aut� èqei jemeli¸dhkuklik  suqnìthta k!0, dhlad ,x(t) = a0 + 1Xk=1 bk os(k!0t) + 1Xk=1 k sin(k!0t) (3.2.7)Ja upolog�soume tou suntelestè th trigwnometrik  seir� Fourier (3.2.7), a0,b1; b2; :::; kai 1; 2; :::, gia opoiod pote s ma x(t) gia to opo�o up�rqei èna tètoio an�p-tugma. Gia na prosdior�soume th sqèsh me thn opo�a upolog�zetai o a0 oloklhr¸noumethn (3.2.7) apì t0 èw t0 + T kai parathroÔme ìti ìla ta oloklhr¸mata sto deÔteromèlo, efìson h olokl rwsh g�netai se m�a per�odo, e�nai �sa me to mhdèn, ektì apìto pr¸to to opo�o e�nai �so me T . àtsi, o suntelest  a0 d�netai apì thna0 = 1T Z t0+Tt0 x(t)dt (3.2.8)kai e�nai �so me th mèsh tim  tou s mato.



Enìthta 3.2 An�ptugma Fourier - Seir� Fourier 71O upologismì twn suntelest¸n, bk, g�netai an pollaplasi�zoume kai ta dÔo mèlhth (3.2.7) me os(n!0t) kai oloklhr¸soume apì t0 èw t0 + T , w ex Z t0+Tt0 x(t) os(n!0t)dt = Z t0+Tt0 a0 os(n!0t)+ 1Xk=1 bk Z t0+Tt0 os(k!0t) os(n!0t)dt+ 1Xk=1 bk Z t0+Tt0 sin(k!0t) os(n!0t)dt= T2 bn (3.2.9)ìpou all�xame th seir� olokl rwsh kai �jroish. To pr¸to olokl rwma stodeÔtero mèlo th (3.2.9) e�nai �so me mhdèn. Epiplèon, lìgw th (3.1.16) ìla taoloklhr¸mata sto deÔtero �jroisma th (3.2.9) e�nai �sa me mhdèn, en¸ lìgw th(3.1.15) apì ta oloklhr¸mata sto pr¸to �jroisma, mìno to olokl rwma gia k = ne�nai �so me T=2, en¸ ìla ta �lla e�nai �sa me mhdèn. àtsi, oi suntelestè bn d�nontaiapì thn bn = 2T Z t0+Tt0 x(t) os(n!0t)dt; n = 1; 2; ::: (3.2.10)Me ìmoio trìpo br�sketai ìti oi suntelestè n prosdior�zontai apì thnn = 2T Z t0+Tt0 x(t) sin(n!0t)dt; n = 1; 2; ::: (3.2.11)Apì ta parap�nw prokÔptei ìti h trigwnometrik  anapar�stash Fourier twn peri-odik¸n shm�twn qarakthr�zetai apì ti exis¸sei sÔnjesh kai an�lushx(t) = a0 + 1Xk=1 bk os(k!0t) + 1Xk=1 k sin(k!0t); t 2 [t0; t0 + T ℄ (3.2.12)a0 = 1T Z t0+Tt0 x(t)dtbk = 2T Z t0+Tt0 x(t) os(k!0t)dt (3.2.13)k = 2T Z t0+Tt0 x(t) sin(k!0t)dt



72 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Me th bo jeia gnwst  trigwnometrik  tautìthta èqoumebk os(k!0t) + k sin(k!0t) = Ak os(k!0t+ �k)ìpou Ak =qb2k + 2k kai �k = � tan�1 kbkàtsi, to trigwnometrikì an�ptugma Fourier(3.2.12) mpore� na grafe� kai wx(t) = a0 + 1Xk=1Ak os(k!0t+ �k) (3.2.14)Apì thn (3.2.14) parathroÔme ìti to s ma x(t) èqei analuje� se èna �jroisma sunhm�-tonwn, k�je èna apì ta opo�a èqei diaforetikì pl�to kai f�sh. Ep�sh, a shmeiwje�ìti ed¸ den upeisèrqontai arnhtikè suqnìthte. H suneisfor� k�je suqnìthta sto �-jroisma prosdior�zetai apì thn tim  tou suntelest Ak, tou ant�stoiqou sunhm�tonou.An oi suntelestè twn ìrwn me qamhlè suqnìthte e�nai sqetik� megalÔteroi apì tousuntelestè twn ìrwn me uyhlè suqnìthte, tìte h taqÔthta metabol  tou s matow pro to qrìno e�nai mikr  kai to s ma qarakthr�zetai w s ma qamhl¸n suqnot twn.Ant�jeta, an oi suntelestè twn ìrwn me qamhlè suqnìthte e�nai sqetik� mikrìteroiapì tou suntelestè twn ìrwn me uyhlè suqnìthte, tìte h taqÔthta metabol  tous mato w pro to qrìno e�nai meg�lh kai to s ma qarakthr�zetai w s ma uyhl¸nsuqnot twn. Fusik�, oi ènnoie qamhl¸n   uyhl¸n suqnot twn e�nai ènnoie sqetikèkai exart¸ntai apì thn k�je efarmog .3.2.3 Seirè Fourier periodik¸n shm�twnMèqri t¸ra or�same to an�ptugma se seir� Fourier enì s mato se èna di�sthma[t0; t0 + T ℄. àxw apì to di�sthma autì h seir� Fourierden sugkl�nei kat' an�gkh stos ma x(t). A doÔme ìmw ti g�netai, e�n to s ma e�nai periodikì me per�odo T , dhlad ,x(t) = x(t+T ). To an�ptugma Fouriertou x(t) se èna qronikì di�sthma eÔrou T , �some m�a per�odo, e�nai x(t) =Pk akejk!0t me !0 = 2�=T . Epeid  ejk!0t = ejk!0(t+T ), hseir� Fouriere�nai periodik  me per�odo �sh me thn per�odo tou s mato, �ra sugkl�neisto x(t) se ìlo to di�sthma �1 < k <1. To �dio isqÔei kai gia thn trigwnometrik seir� Fourier. Shmei¸noume ìti, ìtan to s ma e�nai periodikì, h olokl rwsh stiexis¸sei an�lush mpore� na g�nei se èna auja�reto di�sthma eÔrou T .3.2.4 Ìparxh seir� FourierTo er¸thma pou t¸ra t�jetai e�nai e�n kai k�tw apì poie pro�pojèsei èna s mampore� na anaptuqje� se seir� Fourier. Mèqri t¸ra apl¸ upojèsame ìti to an�p-tugma autì up�rqei. ApodeiknÔetai ìti, an plhroÔntai orismène sunj ke up�rqei toan�ptugma enì s mato se seir� Fourier.



Enìthta 3.2 An�ptugma Fourier - Seir� Fourier 73Ikan  Sunj kh 1. H sun�rthsh (s ma) x(t) na e�nai apìluta oloklhr¸simh stodi�sthma eÔrou T , dhlad , Z t0+Tt0 jx(t)jdt < +1 (3.2.15)H sunj kh aut  exasfal�zei ìti k�je suntelest  ak e�nai peperasmèno. Pr�gmati,gia k�je suntelest  ak e�naijakj � 1T Z t0+Tt0 jx(t)e�jk!0tjdt � 1T Z t0+Tt0 jx(t)jdtkai lìgw th (3.2.15), èqoume jakj < 1. àna s ma to opo�o paraba�nei th sunj khaut  e�nai to s ma tou Sq mato 3.2ax(t) = 1t ; 0 < t � 1
x(t)

t0

x(t)

t0

x(t)

t0

(a) (ã)(â)
1 8

1

1
2

1
4

642

1Sq ma 3.2 S mata to opo�a den ikanopoioÔn ti sunj ke Dirichlet.Ikan  Sunj kh 2. H sun�rthsh (s ma), x(t), se k�je peperasmèno qronikìdi�sthma prèpei na e�nai suneq    perièqei peperasmèno arijmì asuneqei¸n, kajem�-a apì ti opo�e e�nai peperasmènou Ôyou. àna s ma sto di�sthma [0; 8℄ to opo�oikanopoie� thn pr¸th sunj kh, en¸ paraba�nei th deÔterh sunj kh e�nai to s ma x(t)x(t) = 8>>><>>>: 1; 0 � t < 41=2; 4 � t < 61=4; 6 � t < 7... ...Sto Sq ma 3.2b blèpoume to gr�fhma tou s mato x(t). ParathroÔme ìti to embadìk�tw apì th x(t) se qronikì di�sthma T = 8 e�nai mikrìtero apì 8 me apotèlesma hpr¸th sunj kh ikanopoie�tai.Ikan  Sunj kh 3. H sun�rthsh (s ma), x(t) na e�nai fragmènh kÔmansh,dhlad , na up�rqei peperasmèno arijmì meg�stwn kai elaq�stwn sto di�sthma. àna



74 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3s ma to opo�o ikanopoie� thn pr¸th sunj kh kai paraba�nei thn tr�th e�nai to s matou Sq mato 3.2g x(t) = sin�2�t � ; 0 < t � 1Oi sunj ke, autè e�nai gnwstè w sunj ke Dirichlet. Sunart sei pou plhroÔnti sunj ke 2 kai 3 qarakthr�zontai w tmhmatik� omalè. E�n èna s ma plhro� tisunj ke Dirichlet, tìte up�rqei o metasqhmatismì Fouriertou.Me to par�deigma pou akolouje� ja prospaj soume na anade�xoume th fusik shmas�a th ekjetik  seir� Fourierkai na prosdior�soume th sqèsh th me th tri-gwnometrik  seir� Fourier.Par�deigma 3.2.1JewroÔme to periodikì s ma x(t) me jemeli¸dh kuklik  suqnìthta 2�, to opo�o d�netaiapì thn x(t) = +5Xk=�5 akejk!0t (3.2.16)ìpou a0 = 1; a1 = a�1 = 12 ; a2 = a�2 = 0; a3 = a�3 = 16 ; a4 = a�4 = 0 kaia5 = a�5 = 110 .Me antikat�stash twn suntelest¸n sthn (3.2.16) èqoumex(t) = 1 + 12 �ej2�t + e�j2�t�+ 16 �ej6�t + e�j6�t�+ 110 �ej10�t + e�j10�t� (3.2.17)kai me th bo jeia th tautìthta tou Euler to s ma gr�fetaix(t) = 1 + os(2�t) + 13 os(6�t) + 15 os(10�t) (3.2.18)H (3.2.18) apotele� to trigwnometrikì an�ptugma tou x(t). H kataskeu  tou s matox(t), apì armonik� sunhmitonoeid  s mata, fa�netai sto Sq ma 3.3.Ja doÔme ìti ta sumper�smata tou Parade�gmato 3.2.1 genikeÔontai gia k�je pra-gmatikì s ma. An to x(t) e�nai pragmatikì, tìte x?(t) = x(t) epomènw+1Xk=�1a?ke�jk!0t = +1Xk=�1akejk!0t ) +1Xk=�1a?�kejk!0t = +1Xk=�1akejk!0tdhlad , prokÔptei ìti a?�k = ak   a?k = a�k (3.2.19)An oi suntelestè Fourierak e�nai pragmatiko� arijmo�, ja e�nai ak = a�k.
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x3(t)=    cos(10ð t)
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Sq ma 3.3 Kataskeu  tou s mato x(t) apì armonik� susqetizìmena sunhm�tona.An diasp�soume to �jroisma sto deÔtero mèlo th (3.2.5), èqoumex(t) = �1Xk=�1akejn!0t + a0 + +1Xk=1 akejk!0t= +1Xk=1 a�ke�jk!0t + a0 + +1Xk=1 akejk!0t )= a0 + +1Xk=1 ha�ke�jk!0t + akejk!0ti= a0 + +1Xk=1 hakejk!0t + a?ke�jk!0tikai me th bo jeia th ( 3.2.19) kai epeid  <e[z℄ = (z + z?)=2 èqoumex(t) = a0 + 1Xk=1 2<e hakejk!0ti (3.2.20)



76 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3An ekfr�soume to ak se polikè suntetagmène ak = jakjej�k , èqoumex(t) = a0 + +1Xk=1 2<e hjakjej(k!0t+�k)i (3.2.21)x(t) = a0 + +1Xk=1Ak os(k!0t+ �k) (3.2.22)ìpou Ak = 2jakj. Parathr ste ìti gia th dhmiourg�a tou sunhmitìnou suqnìthta k!0summetèqoun h ant�stoiqh jetik  kai arnhtik  suqnìthta tou ekjetikoÔ anaptÔgmato.Apì ti (3.2.6), (3.2.10) kai (3.2.11) me th bo jeia th tautìthta tou Euler èqoume2ak = bk � jk . àtsi, an antikatast soume to ak sthn (3.2.20), èqoumex(t) = a0 + 1Xk=1<e [(bk � jk)(os(k!0t) + j sin(k!0t))℄= a0 + 1Xk=1 [bk os(k!0t) + k sin(k!0t)℄ (3.2.23)Ta trigwnometrik� anaptÔgmata Fourier, pou perigr�foun oi (3.2.22) kai (3.2.23), gi-a pragmatik� s mata e�nai isodÔnama me thn ekjetik  seir� Fourier kai perièqounmìno jetikè suqnìthte. H an�ptuxh, ìmw, se migadik� s mata e�nai pio eÔkolh apìmajhmatik  �poyh kai me aut n kur�w ergazìmaste. Ston P�naka 3.1 up�rqoun oiexis¸sei sÔnjesh th ekjetik  kai th trigwnometrik  seir� Fourier enì peri-odikoÔ s mato kai oi sqèsei metaxÔ twn ant�stoiqwn suntelest¸n.PINAKAS 3.1 SEIRES FOURIERx(t) =P+1k=�1 akejk!0t ak = 1T R t0+Tt0 x(t)e�jk!0tdtx(t) = a0 +P+1k=1Ak os(k!0t+ �k) Ak = 2jakjx(t) = a0 +P1k=1 [bk os(k!0t) + k sin(k!0t)℄ 2ak = bk � jkPar�deigma 3.2.2Na upologiste� h mèsh isqÔ k�je ìrou th ekjetik  seir� Fourier(3.2.5).LÔsh Apì thn (1.2.16) h mèsh isqÔ s mato e�naiPx = limT!1 12T Z T�T jx(t)j2 dt (3.2.24)An h olokl rwsh g�nei se qronikì di�sthma [t0; t0 + T ℄, èqoumePx = 1T Z<T> jx(t)j2 dt (3.2.25)



Enìthta 3.2 An�ptugma Fourier - Seir� Fourier 77O ksto ìro tou migadikoÔ anaptÔgmato Fourier, ejk!0t prosfèrei sto �jroisma mèshisqÔ Px = 1T Z<T> akejk!0t � a?ke�jk!0t dt = jakj2 (3.2.26)3.2.5 Tautìthta tou ParsevalH olik  mèsh isqÔ enì periodikoÔ s mato e�nai �sh me to �jroisma twn isqÔwnìlwn twn ìrwn th ekjetik  seir� Fourier, dhlad Px = 1T Z<T> jx(t)j2 dt = 1Xk=�1 jakj2 (3.2.27)H sqèsh aut  onom�zetai tautìthta tou Parsevalkai ekfr�zei th dunatìthta upolo-gismoÔ th isqÔo sto ped�o qrìnou kai sto ped�o suqnot twn.ApìdeixhH (3.2.25) me th bo jeia th ex�swsh an�lush d�nei diadoqik�Px = 1T Z<T> x(t) 1Xk=�1 a?ke�jk!0t dt= 1Xk=�1a?k 1T Z<T> x(t)e�jk!0t dt= 1Xk=�1a?kak = 1Xk=�1 jakj2 (3.2.28)An to s ma x(t) e�nai pragmatikì lìgw th (3.2.19), èqoumePx = 1T Z<T> jx(t)j2 dt = ja0j2 + 2 1Xk=1 jakj2 (3.2.29)Par�deigma 3.2.3Na upologiste� h mèsh isqÔ k�je ìrou th trigwnometrik  seir� Fourier(3.2.14).LÔsh O ksto ìro th (3.2.14) e�nai o Ak os(k!0t+ �k) kai prosfèrei isqÔPx = 1T Z<T>A2k os2(k!0t+ �k) dt= A2kT Z<T> 1 + os 2(k!0t+ �k)2 dt= A2k2T Z<T> dt+ A2k2T Z<T> os 2(k!0t+ �k) dt (3.2.30)



78 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3epeid  to pr¸to olokl rwma e�nai �so me T kai to deÔtero olokl rwma e�nai �so memhdèn, èqoume Pk = A2k2 (3.2.31)H mèsh isqÔ tou s mato lìgw th (3.2.31) ja e�naiPx = 1T Z<T> jx(t)j2 dt = ja0j2 + 2 1Xk=1 A2k2 (3.2.32)pou prokÔptei kai apì thn (3.2.29) gia Ak = 2jakj. An ekfr�soume to ak sthn (3.2.29)se kartesianè suntetagmène 2ak = bk � jk, èqoumePx = 1T Z<T> jx(t)j2 dt = ja0j2 + 14 1Xk=1 �b2k + 2k� (3.2.33)Apì ta Parade�gmata 3.2.2 kai 3.2.3 èqoume ti akìlouje parathr sei1. Gia pragmatik� s mata, epeid  a?k = a�k èqoume jakj = ja�kj. àtsi, h isqÔ thksth armonik , Pk = jakj2, sthn ekjetik  seir� Fourier(3.2.5) e�nai �sh me thnisqÔ th �ksth armonik , P�k = ja�kj2.2. Gia pragmatik� s mata isqÔei ìti Ak = 2jakj, dhlad  ta pl�th tou trigw-nometrikoÔ anaptÔgmato e�nai �sa me to dipl�sio twn ant�stoiqwn suntelest¸ntou ekjetikoÔ anaptÔgmato gia ti jetikè timè tou k. Epomènw, h isqÔ thksth armonik  sthn trigwnometrik  seir� Fourier (3.2.22), Pk = A2k=2, e�nai�sh me to �jroisma th isqÔo th ksth armonik  kai th�ksth armonik  sthnekjetik  seir�. H Ôparxh arnhtik  suqnìthta gia pragmatik� s mata e�naiapìrroia th anapar�stash tou s mato me th bo jeia migadik¸n shm�twn kaièqei w apotèlesma na moir�zei ex�sou thn isqÔ metaxÔ jetik  kai arnhtik armonik . Sthn pragmatikìthta to arnhtikì mèro tou f�smato den ma parè-qei kami� plhrofor�a, pr�gma pou epibebai¸netai apì ti exis¸sei (3.2.22) kai(3.2.23). Fusik�, autì den isqÔei gia migadik� s mata.Par�deigma 3.2.4Na upologistoÔn oi suntelestè th ekjetik  seir� Fourier tou s mato x(t) =os(!0t).LÔsh Me th bo jeia th sqèsh tou Eulerto s ma gr�fetaix(t) = 12ej!0t + 12e�j!0t (3.2.34)H sÔgkrish th teleuta�a ex�swsh me thn ex�swsh sÔnjesh d�neia1 = a�1 = 12 ; ak = 0; k = 0; �2; �3; ::: (3.2.35)



Enìthta 3.2 An�ptugma Fourier - Seir� Fourier 79sto Sq ma 3.4 èqoun sqediaste� oi suntelestè th ekjetik  seir� Fourier.
n

a

0 2 31-1-2

n1
2

1
2Sq ma 3.4 Oi suntelestè Fouriertou s mato x(t) = os(!0t).Par�deigma 3.2.5Na upologistoÔn oi suntelestè th ekjetik  seir� Fourier tou s mato x(t) =sin(!0t).LÔsh Me th bo jeia th sqèsh tou Eulerto s ma gr�fetaix(t) = 12j ej!0t � 12j e�j!0t (3.2.36)H sÔgkrish th teleuta�a ex�swsh me thn ex�swsh sÔnjesh d�neia1 = 12j ; a�1 = � 12j ; ak = 0; k = 0; �2; �3; ::: (3.2.37)sto Sq ma 3.5 èqei sqediaste� to mètro kai h f�sh twn suntelest¸n th ekjetik  seir�

Fourier.
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ð
2Sq ma 3.5 To mètro kai h f�sh twn suntelest¸n Fouriertou s mato x(t) = sin(!0t).Par�deigma 3.2.6Na upologistoÔn oi suntelestè th ekjetik  seir� kai th trigwnometrik  seir�

Fouriergia to periodikì orjog¸nio s max(t) = � 1; jtj < T10; T1 < jtj < T0=2 (3.2.38)LÔsh Sto Sq ma 3.6 èqei sqediaste� to periodikì orjog¸nio s ma. ParathroÔme ìtito s ma èqei jemeli¸dh per�odo T0 kai kuklik  suqnìthta !0 = 2�=T0. Oi suntelestè
Fourierupolog�zontai me th bo jeia th ex�swsh an�lush, ìpou h olokl rwsh g�netaiapì �T0=2 èw T0=2.àtsi, gia k = 0 èqoume a0 = 1T0 Z T1�T1 dt = 2T1T0 (3.2.39)
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t

x(t)

0 T1 T0
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2
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1Sq ma 3.6 To periodikì orjog¸nio s ma tou Parade�gmato 3.2.6.en¸ gia k 6= 0 èqoume a0 = 1T0 Z T1�T1 e�jk!0t dt= � 1jk!0T0 e�jk!0t��T1�T1= 1jk!0T0 �ejk!0T1 � e�jk!0T1�= 2 sin(k!0T1)k!0T0 (3.2.40)kai epeid  !0T0 = 2�, èqoume ak = sin(k!0T1)k� (3.2.41)Gia thn per�ptwsh, ìpou T0 = 4T1, to x(t) e�nai summetrikì orjog¸nio s ma, dedomènouìti isqÔei ìti !0T1 = �=2 oi suntelestè Fourierd�nontai apì th sqèshak = sin �k �2 �k� ; k 6= 0 kai a0 = 12 (3.2.42)àtsi, a1 = a�1 = 1� ; a3 = a�3 = 13� ; a5 = a�5 = 15� ; : : : kai ak = 0, an k �rtio.Sto Sq ma 3.7 èqoun sqediaste� oi suntelestè Fouriergia to periodikì orjog¸nio s ma,an to T1 e�nai stajerì, kai gia diaforetikè timè sthn per�odo T0.Me th bo jeia twn (3.2.13) upolog�zoume tou suntelestè th trigwnometrik  seir�
Fourier a0 = 2T1T0 ;bk = 2 sin(k!0T1)k� ; gia k = 1; 3; ::: kai bk = 0; gia k = 2; 4; :::k = 0; gia k = 1; 2; 3; ::: (3.2.43)
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(Sq ma 3.7 Oi suntelestè Fourier gia to periodikì orjog¸nio s ma gia stajerì T1 kaidiaforetikè timè sthn per�odo T0.3.2.6 Fainìmeno GibbsA doÔme t¸ra ti sumba�nei an prospaj soume na prosegg�soume to periodikì s max(t) apì to peperasmèno �jroismaxN (t) = NXk=�N akejk!0t (3.2.44)sto opo�o qrhsimopoioÔntai h suneq  kai mìno 2N armonikè sunist¸se tou f�s-mato. To sf�lma prosèggish e�nai eN (t) = x(t) � xN (t). Sto Sq ma 3.8 èqoumesqedi�sei thn prosèggish tou periodikoÔ orjog¸niou s mato apì thn (3.2.44) giadi�fore timè th paramètrou N .H prosèggish enì s mato, x(t), to opo�o parousi�zei asunèqeie peperasmènouÔyou, apì èna �jroisma me s mata sugkekrimènwn suqnot twn th morf  ejk!0t,ta opo�a e�nai suneqe� sunart sei, dhmiourge� sto shme�o asunèqeia tou s matox(t) talant¸sei. Epiplèon, sta shme�a asunèqeia to gr�fhma tou s mato xN (t)dièrqetai apì to mèso th asunèqeia pou parousi�zei to s ma x(t) sto shme�o autì,dhlad  mpore� na apodeiqje� xN (t) = 12 [x(t�) + x(t+)℄ (3.2.45)ìpou x(t�) kai x(t+) e�nai ta ìria tou s mato x(t) apì ta arister� kai dexi�, an-t�stoiqa, sto shme�o asunèqeia.
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Sq ma 3.8 H prosèggish tou periodikoÔ orjog¸niou s mato apì to merikì �jroisma (3.2.44)gia di�fore timè th paramètrou N .To pl�to twn talant¸sewn e�nai anex�rthto tou pl jou twn suqnot twn pousuneisfèroun sthn prosèggish tou s mato x(t) apì th (3.2.44). äso to N aux�ne-tai tìso perissìtere suqnìthte suneisfèroun sthn prosèggish tou s mato. ätanN !1, tìte ìle oi armonikè suqnìthte lamb�noun mèro kai to s ma x(t) anak-t�tai pl rw. Ant�jeta, an to N e�nai peperasmèno, up�rqoun suqnìthte pou delamb�nontai upìyh sto �jroisma. Autì èqei w apotèlesma na parathroÔntai talan-t¸sei sto shme�o asunèqeia.Se ant�jesh me to pl�to twn talant¸sewn pou paramènei anallo�wto ìso to Naux�netai, to eÔro th perioq , sthn opo�a entop�zontai oi talant¸sei, te�nei stomhdèn. To fainìmeno autì e�nai gnwstì w fainìmeno Gibbs.3.3 METASQHMATISMOS FOURIERSthn prohgoÔmenh enìthta, e�dame pw èna periodikì s ma mpore� na anaptuqje� stodi�sthma (�1; 1) se m�a seir� Fourier, dhlad , na parastaje� w èna grammikìsunduasmì ape�rwn armonik¸n ekjetik¸n shm�twn. Sthn enìthta aut , ja doÔmeìti ta apotelèsmata aut� mporoÔn na epektajoÔn kai se mh periodik� s mata, stodi�sthma (�1; 1). Epishma�noume, gia �llh m�a for�, ìti gia mh periodik� s matato an�ptugma se seir� Fouriere�nai dunatì se peperasmènou eÔrou diast mata.



Enìthta 3.3 Metasqhmatismì Fourier 83Sto Par�deigma 3.2.6 e�dame ìti oi suntelestè th seir� Fouriertou periodikoÔorjog¸niou s mato e�nai ak = 2 sin(k!0T1)k!0T0 (3.3.1)ìpou T0 e�nai h per�odo kai !0 = 2�=T0 h kuklik  suqnìthta. Upenjum�zetai ìti oisuntelestè Fourierak   fasmatikè grammè tou s mato prosdior�zoun th suneis-for� k�je suqnìthta sto an�ptugma Fouriertou s mato ìpw ep�sh ìti apoteloÔnto f�sma tou s mato, to opo�o gia to lìgo autì qarakthr�zetai w grammikì f�sma.H ex�swsh (3.3.1) mpore� na apokt sei th morf ak = 2T1T0 � sin(k!0T1)k!0T1 = 2T1T0 � sin(x)x (3.3.2)ìpou x = k!0T1.H sun�rthsh sin(x)x apotele� thn perib�llousa tou f�smato, dhlad , oi fas-matikè grammè, oi opo�e br�skontai sti suqnìthte k!0, e�nai fragmène apì thsun�rthsh aut , ìpw fa�netai sto Sq ma 3.9.Apì to Sq ma 3.9 èqoume ti akìlouje parathr sei gia to f�sma:
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ðSq ma 3.9 Oi suntelestè Fourierkai h perib�llous� tou gia to periodikì orjog¸nio kÔma.1. H suneq  sunist¸sa tou f�smato e�nai a0 = 2T1T0 .2. H jemeli¸dh suqnìthta e�nai !0 = 2�T0 .3. H apìstash metaxÔ twn fasmatik¸n gramm¸n e�nai �! = 2�T0 .4. O pr¸to mhdenismì th perib�llousa tou f�smato g�netai ìtansin(k!0T1) = 0) k!0T1 = � ) k = T02T1(an T02T1 den e�nai akèraio arijmì, tìte den up�rqei fasmatik  gramm  sthsuqnìthta aut ).



84 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 35. H suqnìthta tou pr¸tou mhdenismoÔ e�nai ! = �T1 .A upojèsoume t¸ra ìti h per�odo T0 aux�netai en¸ diathroÔme stajerì to T1.To apotèlesma th aÔxhsh aut  sth morf  tou orjog¸niou kÔmato fa�netai staSq mata 3.10a1; a2; a3, sta opo�a èqei sqediaste� to periodikì kÔma gia T0 = 4T1,T0 = 8T1 kai T0 = 16T1. ParathroÔme ìti krat¸nta thn tim  tou T1 stajer ,diathroÔme stajer  th qronik  di�rkeia twn orjog¸niwn palm¸n kai aux�nonta thntim  th periìdou T0 aux�noume thn orizìntia apìstash twn orjog¸niwn palm¸npou apoteloÔn to orjog¸nio kÔma. Sta Sq mata 3.10�1; �2; �3, èqoume sqedi�sei taant�stoiqa f�smata, gia ta opo�a parathroÔme ìti kaj¸ aux�netai h per�odo touorjog¸niou kÔmato
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Enìthta 3.3 Metasqhmatismì Fourier 852. H apìstash metaxÔ twn fasmatik¸n gramm¸n elatt¸netai3. To pl jo twn fasmatik¸n gramm¸n, pou perièqontai ston kentrikì lobì, aux�ne-tai.4. H suqnìthta tou pr¸tou mhdenismoÔ den metab�lletai5. H perib�llousa tou f�smato, sin(x)x , diathre� stajer  morf .ätan T0 ! 1, to arqikì periodikì kÔma metatrèpetai sto mh periodikì s matou orjog¸niou palmoÔ. Ep�sh, ìtan T0 ! 1 , èqoume th dhmiourg�a enì ape�roupl jou fasmatik¸n gramm¸n me pl�to to opo�o te�nei sto mhdèn, kai h metaxÔ touapìstash te�nei ep�sh sto mhdèn.H pore�a thn opo�a perigr�yame den e�nai kat�llhlh gia na petÔqoume to f�smaenì aploÔ palmoÔ. Sth sunèqeia ja doÔme pw sto stìqo autì mporoÔme na ft�soumew m�a oriak  per�ptwsh twn ìswn  dh gnwr�zoume.Gia to periodikì orjog¸nio kÔma tou Parade�gmato 3.2.6 to ginìmeno th periìdouT0 ep� to suntelest  ak gr�fetaiT0ak = 2 sin(k!0T1)k!0 = 2 sin(!T1)! ����!=k!0 (3.3.3)Sto Sq ma 3.11 apod�dontai oi grafikè parast�sei tou ginomènou T0�ak se sun�rthshme thn kuklik  suqnìthta ! gia stajer  tim  tou T1 kai gia diaforetikè timè touT0. ätan to T0 aux�netai, to pl jo twn suntelest¸n th seir� Fourierg�netai ìlokai megalÔtero, en¸ ta ant�stoiqa ginìmena paramènoun stajer�. To di�sthma metaxÔtwn deigm�twn T0 � ak g�netai ìlo kai mikrìtero, dhlad  ta de�gmata plhsi�zoun ìlokai perissìtero metaxÔ tou kai mporoÔme na poÔme ìti telik�, ìtan T0 ! 1, tosÔnolo twn ginomènwn T0 � ak plhsi�zei thn perib�llousa. Kai to ant�stoiqo f�smag�netai suneqè. Aut  e�nai h basik  idèa tou metasqhmatismoÔ Fourier.H suneq  sun�rthsh 2 sin(!T1)! , h opo�a e�nai h perib�llousa twn T0 �ak apotele�to metasqhmatismì Fourier tou orjog¸niou palmoÔ. Oi suntelestè tou anaptÔgmato
Fouriertou orjog¸niou kÔmato e�nai isapèqonta de�gmata th perib�llousa, dhlad ,tou metasqhmatismoÔ Fourier. H de apìstas  tou prosdior�zetai apì thn per�odomèsw th sqèsh �! = 2�T0 (3.3.4)Sth sunèqeia ja genikeÔsoume ta parap�nw sumper�smata gia k�je mh periodikìs ma. àstw èna mh periodikì s ma x(t) peperasmènh di�rkeia, dhlad  x(t) = 0an jtj > T1 (Sq ma 3.12a) gia to opo�o upojètoume ìti up�rqei to an�ptugma Fourier.
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Sq ma 3.11 (a) To periodikì orjog¸nio kÔma kai (b) ta ginìmena T0ak kai h perib�llous�tou, gia stajer  tim  T1 kai gia diaforetikè timè periìdou T0.Me th bo jeia tou s mato x(t) dhmiourgoÔme to periodikì s ma ~x(t) me per�odoT0 (T0 > 2T1), tou opo�ou to x(t) apotele� m�a per�odo (Sq ma 3.12b).Epeid  to s ma ~x(t) e�nai periodikì, mpore� na anaptuqje� se seir� Fourier giaìla ta t 2 (�1;+1 ). Oi exis¸sei sÔnjesh kai an�lush tou s mato ~x(t) e�nai~x(t) = 1Xk=�1akejk!0t (3.3.5)ak = 1T0 Z T02�T02 ~x(t)e�jk!0tdt (3.3.6)Epeid  ~x(t) = x(t) gia jtj � T02 , oi suntelestè th seir� Fourierd�nontai apì thnak = 1T0 Z T02�T02 x(t)e�jk!0tdt (3.3.7)
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Sq ma 3.12 (a) Mh periodikì s ma x(t) kai (b) ~x(t) h periodik  epèktash tou x(t).kai, afoÔ x(t) = 0 èxw apì to di�sthma olokl rwsh, èqoume telik� gia tou sunte-lestè th seir� Fourier ak = 1T0 Z 1�1 x(t)e�jk!0tdt (3.3.8)Or�zoume th migadik  sun�rthsh X(!) th pragmatik  metablht  !X(!) = Z +1�1 x(t)e�j!tdt (3.3.9)Me th bo jeia th sun�rthsh aut  oi suntelestè ak mporoÔn na ekfrastoÔn wak = 1T0X(k!0) (3.3.10)kai apì thn (3.3.5) to s ma ~x(t), dhlad , h periodik  epan�lhyh tou x(t), d�netai apìthn ~x(t) = +1Xk=�1 1T0X(k!0)ej!0t (3.3.11)kai epeid  !0 = 2�=T0 ~x(t) = 12� +1Xk=�1X(k!0)ejk!0t!0 (3.3.12)A jewr soume t¸ra ìti to di�sthma T0 aux�nei suneq¸, me T0 ! 1. H apìstashloipìn metaxÔ twn diadoqik¸n armonik¸n, !0 = 2�=T0, suneq¸ elatt¸netai kai te�neisto mhdèn (!0 ! d!) kai to k!0 g�netai h suneq  metablht  ! (k!0 ! !). àtsi,to f�sma g�netai suneqè kai to �jroisma sto deÔtero mèlo th (3.3.12) gr�fetai w



88 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3olokl rwma. Ep�sh, to s ma ~x(t) prosegg�zei to s ma x(t) kai to s ma x(t) d�netaiapì thn ex�swsh x(t) = 12� Z +1�1 X(!)ej!td! (3.3.13)H ex�swsh (3.3.13) apotele� thn ex�swsh sÔnjesh kai anasunjètei to s ma sto ped�otou qrìnou. H sun�rthsh X(!) = Z +1�1 x(t)e�j!tdt (3.3.14)apotele� thn ex�swsh an�lush kai e�nai o Metasqhmatismì Fourier (MF) tou s matox(t). Akribèstera, metasqhmatismì Fourier e�nai o kanìna eÔresh th X(!) apìthn x(t), dhlad , h (3.3.14). H sun�rthsh X(!) (pou e�nai m�a apeikìnish X : IR!Z) lègetai metasqhmatismì Fourier. Suqn� anaferìmaste se autìn kai w to f�smatou s mato. O metasqhmatismì Fourierèqei nìhma gia ìlo to di�sthma (�1;+1)kai anaparist� mh periodik� s mata me th bo jeia ekjetik¸n shm�twn kai me tontrìpo autì anadeiknÔetai to fasmatikì tou perieqìmeno.Parathr sei1. Sto an�ptugma se seir� Fourier, h ex�swsh an�lush analÔei èna s ma x(t) stodi�sthma [t0; t0 + T ℄   sto di�sthma (�1;+1) an to s ma e�nai periodikì seèna diakritì f�sma periodik¸n ekjetik¸n shm�twn me armonik� susqetizìmenesuqnìthte, pollapl�sie th jemeli¸dou kuklik  suqnìthta !0, sto opo�oh armonik  k t�xh èqei “pl�to" ak. An, gia par�deigma, to s ma x(t) e�nais ma t�sh, h mon�da mètrhsh twn suntelest¸n ak e�nai “Volts".2. Sto metasqhmatismì Fourier, h ex�swsh an�lush analÔei èna mh periodikì s -ma x(t) sto di�sthma (�1;+1) se èna suneqè f�sma periodik¸n ekjetik¸nshm�twn. To fasmatikì perieqìmeno sto apeirostì di�sthma suqnot twn [!; !+d!℄ e�nai X(!). H suneisfor� twn suqnot twn [!; !+ d!℄ èqei “pl�to" X(!)(d!=2�). An, gia par�deigma, to x(t) e�nai s ma t�sh, tìte oX(!) èqei mon�damètrhsh “Volts an� mon�da suqnìthta". O metasqhmatismì Fourierden e�nai,loipìn, èna f�sma pl�tou, all� fasmatik  puknìthta pl�tou.An ant� th ! qrhsimopoi soume th suqnìthta f = !=2�, oi exis¸sei an�lushkai sÔnjesh pa�rnoun th morf X(f) = Z +1�1 x(t)e�j2�ftdt (3.3.15)x(t) = Z +1�1 X(f)ej2�ftdf (3.3.16)



Enìthta 3.3 Metasqhmatismì Fourier 89O metasqhmatismì FourierX(!), gia k�je tim  th suqnìthta !, e�nai migadik sun�rthsh kai, epomènw, mpore� na anaparastaje� se polik  morf X(!) = jX(!)j ej argX(!) (3.3.17)  se kartesian  morf X(!) = <e [X(!)℄ + j=m [X(!)℄ = R(!) + jI(!) (3.3.18)Par�deigma 3.3.1Na upologiste� o metasqhmatismì Fouriertou orjog¸niou palmoÔ di�rkeia T1x(t) = � 1; jtj < T10; alli¸ (3.3.19)LÔsh Epeid  to s ma e�nai mhdèn gia t < �T1 kai t > T1, o metasqhmatismì Fouriere�nai X(!) = Z +T1�T1 e�j!t dt = � 1j! Z +T1�T1 e�j!t d(�j!t) = j! e�j!t��+T1�T1= 2 sin(!T1)! (3.3.20)Sto Sq ma 3.13 d�netai h grafik  par�stash tou s mato x(t) kai o metasqhmatismì
Fouriertou.
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(á) ( â)Sq ma 3.13 (a) O orjog¸nio palmì kai (b) O metasqhmatismì Fouriertou.Parathr sei1. O metasqhmatismì Fourier, X(!), tou orjog¸niou palmoÔ e�nai pragmatik sun�rthsh.2. H tim  tou metasqhmatismoÔ Fouriersto mhdèn e�naiX(0) = lim!!0 2 sin(!T1)! (3.3.21)



90 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Efarmìzoume ton kanìna L’ Hospital gia ti aprosdiìriste morfè 00   11 ,sÔmfwna me ton opo�oan limx!1 f(x)g(x) = 00   11 tìte limx!1 f(x)g(x) = limx!1 f 0(x)g0(x) (3.3.22)kai èqoume X(0) = lim!!0 2T1 os(!T1) = 2T1 (3.3.23)3. Oi timè sti opo�e mhden�zetai to X(!) e�nai ta fasmatik� mhdenik�, d�non-tai apì thn ex�swsh sin(!T1) = 0 kai e�nai oi suqnìthte ! = k�=T1, k =�1;�2; :::.4. To f�sma te�nei sto mhdèn kaj¸ pern�me se polÔ uyhlè suqnìthte, dhlad ,j!j ! 1.5. An jewr soume to olokl rwma sÔnjesh se peperasmèno di�sthma suqnot twnx̂W (t) = 12� Z +W�W 2sin(!T1)! ej!t d! (3.3.24)parousi�zetai to fainìmeno Gibbs. Dhlad , to x̂W (t) parousi�zei kum�nseigÔrw apì to shme�o asunèqeia, to pl�to twn opo�wn den elatt¸netai kaj¸to W aux�nei all� sumpièzontai gÔrw apì thn asunèqeia kai h enèrgei� toute�nei sto mhdèn, ìtan W ! 0.6. Sto ìrio W !1, h (3.3.24) pa�rnei th morf x̂W (t) = 12� Z +1�1 2sin(!T1)! ej!t d! (3.3.25)äpw kai sto par�deigma tou periodikoÔ orjog¸niou s mato (Sq ma 3.8), e�naix̂(t) = x(t), ektì apì ta shme�a asunèqeia t = �T1 ìpou x̂(t) = 12 , pou e�naih mèsh tim  twn tim¸n tou x(t) sti dÔo pleurè th asunèqeia.Par�deigma 3.3.2Na upologiste� o metasqhmatismì Fourierth sun�rthsh x(t) = Æ(t)LÔsh O metasqhmatismì Fourierth sun�rthsh dèlta e�naiX(!) = Z 1�1 Æ(t)e�j!t dt = 1 (3.3.26)ìpou qrhsimopoi jhke h R1�1 x(t) � Æ(t� t0) dt = x(t0) ParathroÔme ìti to f�sma thÆ(t) kalÔptei ìlo to eÔro suqnot twn.



Enìthta 3.3 Metasqhmatismì Fourier 913.3.1 Ìparxh tou metasqhmatismoÔ FourierSthn prohgoÔmenh enìthta or�same to metasqhmatismì Fourierèqonta upojèsei ìti taoloklhr¸mata (3.3.13) kai ( 3.3.14) up�rqoun. Ta oloklhr¸mata aut� den up�rqounp�nta   e�nai dunatì na up�rqei to èna kai na mhn up�rqei to �llo. Oi sunj ke
Dirichlet e�nai ikanè sunj ke gia na up�rqoun kai ta dÔo oloklhr¸mata, ta opo�aapoteloÔn to zeÔgo metasqhmatism¸n Fourier.Ikan  Sunj kh 1. H sun�rthsh (s ma) x(t) na e�nai apìluta oloklhr¸simh,dhlad , Z 1�1 jx(t)j dt <1 (3.3.27)H sunj kh aut  exasfal�zei thn Ôparxh tou olokl rwmato sth (3.3.14). Pr�gmati,jX(!)j = ����Z 1�1 x(t)e�j!t dt���� � Z 1�1 jx(t)j dt <1 (3.3.28)Ikan  Sunj kh 2. H sun�rthsh (s ma) x(t) e�nai suneq    perièqei peperasmènoarijmì asuneqei¸n, k�je m�a apo ti opo�e na e�nai peperasmènou Ôyou.Ikan  Sunj kh 3. H sun�rthsh (s ma) x(t) e�nai fragmènh kÔmansh.Par�deigma 3.3.3Na upologiste� o metasqhmatismì Fouriertou aitiatoÔ ekjetikoÔ s matox(t) = e�atu(t) a 2 R (3.3.29)LÔsh Epeid  to s ma e�nai �so me mhdèn gia t < 0, o metasqhmatismì Fouriertoue�nai X(!) = Z +10 e�ate�j!t dt = Z +10 e�(a+j!)t dt= � 1a+ j! ���e�(a+j!)t���10 = � 1a+ j! h limt!1 e�(a+j!)t � e0ikai epeid limt!1 e�(a+j!)t = limt!1 e�ate�j!t = limt!1 e�at[os(!t)� j sin(!t)℄ = 0 ìtan a > 0o metasqhmatismì Fourierup�rqei gia a > 0 kai e�naiX(!) = 1a+ j! (3.3.30)Sto Sq ma 3.14 d�netai h grafik  par�stash tou s mato x(t) kai oi grafikè parast�-sei tou mètrou kai th f�sh tou metasqhmatismoÔ Fourier. ParathroÔme ìti to mètroaposbènei sti uyhlè suqnìthte, dhlad , limj!j!1 jX(!)j = 0.
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Sq ma 3.14 H grafik  par�stash (a) tou s mato x(t) = e��tu(t), � > 0, (b) tou mètroukai (g) th f�sh tou metasqhmatismoÔ Fouriertou.Par�deigma 3.3.4Na upologiste� to s ma, tou opo�ou o metasqhmatismì Fouriere�nai par�juro suqnot -twn me pl�to W , dhlad , X(!) = � 1; j!j < W0; alli¸ (3.3.31)LÔsh Epeid  o metasqhmatismì Fouriertou s mato e�nai �so me mhdèn gia ! < �Wkai ! > W , to s ma ja e�naix(t) = 12� Z +W�W ej!t d! = 12�jt ��ej!t��+W�W= � 12�jt �ejWt � e�jWt� = 12�jt2j sin(Wt)= sin(Wt)�t (3.3.32)Sto Sq ma 3.15 d�netai to gr�fhma tou s mato x(t) sto ped�o suqnot twn kai stoped�o tou qrìnou.
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(á) ( â)Sq ma 3.15 Perigraf  tou s mato x(t) (a) sto ped�o suqnot twn kai (b) sto ped�o touqrìnou.



Enìthta 3.3 Metasqhmatismì Fourier 93Oi exis¸sei X(!) = 2 sin(!T1)! kai x(t) = sin(Wt)�t , ti opo�e sunant same staParade�gmata 3.3.1 kai 3.3.4, mporoÔn na ekfrastoÔn me enia�o trìpo me th bo jeiath sun�rthsh sin sin(t) = � sin(�t)�t ; t 6= 01; t = 0 (3.3.33)kai e�nai gnwst  w sun�rthsh deigmatolhy�a, h grafik  par�stash th opo�a
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Sq ma 3.16 H sun�rthsh sin(x).fa�netai sto Sq ma 3.16. ParathroÔme ìti h sun�rthsh dièrqetai periodik� apì tomhdèn kai ìti to Ôyo twn deutereuìntwn lob¸n mei¸netai asumptwtik� sto mhdèn. Hsun�rthsh aut  e�nai idia�terh shmas�a kai thn sunant�me suqn� tìso sthn epexer-gas�a shm�twn (an�lush Fourier, melèth GQA susthm�twn) ìso kai sti epikoinwn�e.Me th bo jeia th sun�rthsh deigmatolhy�a, o metasqhmatismì Fourier tou Pa-rade�gmato (3.3.1) kai to s ma x(t) tou Parade�gmato (3.3.4) gr�fontai wX(!) = 2 sin(!T1)! = 2T1 sin ��!T1� ��!T1� = 2T1sin�!T1� � (3.3.34)x(t) = sin(Wt)�t = W� sin ��Wt� ��Wt� = W� sin�Wt� � (3.3.35)3.3.2 Idiìthte tou metasqhmatismoÔ FourierSthn enìthta aut  ja parousi�soume ti basikè idiìthte pou èqei o metasqhmatismì
Fourier. Gia eukol�a, o metasqhmatismì Fouriertou s mato x(t) merikè forè sum-bol�zetai w F [x(t)℄ kai h sqèsh metaxÔ tou x(t) kai tou metasqhmatismoÔ Fouriertou upodeiknÔetai w x(t) F ! X(!) (3.3.36)(1) Suzug�aAn to s ma x(t) èqei metasqhmatismì FourierX(!), tìtex?(t) F ! X?(�!) (3.3.37)



94 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3ApìdeixhO metasqhmatismì Fouriertou suzugoÔ s mato e�naiF [x?(t)℄ = Z 1�1 x?(t)e�j!t dt = �Z 1�1 x(t)ej!t dt�? = X?(�!)IsqÔei ep�sh x?(�t) F ! X?(!) (3.3.38)(2) GrammikìthtaAn x1(t) F ! X1(!) kai x2(t) F ! X2(!), tìte1x1(t) + 2x2(t) F ! 1X1(!) + 2X2(!) (3.3.39)H apìdeixh e�nai �mesh sunèpeia th grammikìthta tou oloklhr¸mato.(3) �rtio-perittì mèro s mato. Pragmatikì-fantastikì mèro f�smatoäpw e�nai gnwstì, (blèpe 1.2.7) k�je s ma x(t) mpore� na ekfraste� w �jroismaenì �rtiou, xe(t), kai enì perittoÔ s mato, xo(t). AnX(!) e�nai o metasqhmatismì
Fouriertou s mato x(t), tìte èqoumexe(t) F ! <e[X(!)℄ (3.3.40)xo(t) F ! j=m[X(!)℄ (3.3.41)H apìdeixh apotele� �meso epakìloujo th grammikìthta kai th suzug�a.(4) Ol�sjhsh sto qrìnoAn x(t) F ! X(!), tìte gia k�je pragmatikì arijmì t0 isqÔeix(t� t0) F ! e�j!t0X(!) (3.3.42)ApìdeixhO metasqhmatismì Fouriertou s mato x(t� t0) e�naiF [x(t� t0)℄ = Z 1�1 x(t� t0)e�j!t dtjètw � = t� t0, opìte èqwF [x(t� t0)℄ = Z 1�1 x(�)e�j!(�+t0) d� = e�j!t0 Z 1�1 x(�)e�j!� d� = e�j!t0X(!)



Enìthta 3.3 Metasqhmatismì Fourier 95ParathroÔme ìti, an to s ma metatopiste� sto ped�o tou qrìnou kat� t0, to f�smatou pollaplasi�zetai me to fasmatikì par�gonta e�j!t0 . àtsi, to f�sma enì s -mato olisjhmènou sto qrìno èqei to �dio mètro me to arqikì s ma, en¸ h f�sh toumetab�lletai grammik�. Pr�gmati, an F [x(t)℄ = X(!) = jX(!)j � ej�(!), tìteF [x(t� t0)℄ = e�j!t0X(!) = jX(!)j � ej[�(!)�!t0℄(5) Ol�sjhsh suqnìthtaAn x(t) F ! X(!), tìte gia k�je pragmatikì arijmì !0 isqÔeiej!0tx(t) F ! X(! � !0) (3.3.43)ApìdeixhMe th bo jeia tou antistrìfou metasqhmatismoÔ Fourierbr�skoume ìti to s ma,pou èqei metasqhmatismì FourierX(! � !0), e�nai to ej!0tx(t). Pr�gmati,12� Z 1�1X(! � !0)ej!t d! !0=!�!0= 12� Z 1�1X(!0)ej(!0+!0)t d!0= ej!0t2� Z 1�1X(!0)ej!0t d!0= ej!0tx(t)Par�deigma 3.3.5 (H b�sh th diamìrfwsh).Na upologiste� o metasqhmatismì Fouriertou s matoz(t) = x(t) os(!0t) (3.3.44)LÔsh Me th bo jeia th sqèsh tou Eulerto s ma z(t) gr�fetaiz(t) = x(t) os(!0t) = x(t)12 [ej!0t + e�j!0t℄ = 12x(t)ej!0t + 12x(t)e�j!0tMe th bo jeia th idiìthta th grammikìthta kai th ol�sjhsh suqnìthta, o metasqh-matismì Fouriertou z(t) e�naiZ(!) = F �12x(t)ej!0t�+F �12x(t)e�j!0t� = 12[X(! � !0) +X(! + !0)℄H idiìthta aut  apotele� th b�sh th diamìrfwsh pou qrhsimopoie�tai eurèwsti thlepikoinwn�e. Kat� th diamìrfwsh, èna s ma x(t) pou metafèrei sugkekrimè-nh plhrofor�a pollaplasi�zetai me èna s ma apl  suqnìthta os(!0t), h opo�a



96 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3onom�zetai fèrousa, me skopì thn ekpomp  tou se èna mèso met�dosh, p.q., zeÔgosurm�twn, atmìsfaira, klp.ParathroÔme ìti o pollaplasiasmì, tou s mato x(t) me to os(!0t) den al-loi¸nei th morf  tou metasqhmatismoÔ FourierX(!) (me thn pro�pìjesh ìti to !0e�nai arket� meg�lo kai to X(!) e�nai mhdèn èpeita apì m�a orismènh suqnìthta,ìpw sto Sq ma 3.17a), all� metafèretai sthn perioq  twn suqnot twn �!0, ìpwperigr�fetai sto Sq ma 3.17b.
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Sq ma 3.17 H diamìrfwsh pl�tou (a) to f�sma tou s mato mhnÔmato gia èna auja�retos ma x(t) kai (b) to f�sma tou diamorfwmènou s mato.(6) Allag  kl�maka sto qrìno kai th suqnìthta - An�klashAn x(t) F ! X(!), tìte gia k�je pragmatikì arijmì a isqÔeix(at) F ! 1jajX �!a� kai 1jajx� ta� F ! X(a!) (3.3.45)ApìdeixhO metasqhmatismì Fouriertou s mato x(at) e�naiF [x(at)℄ = Z 1�1 x(at)e�j!t dtjètoume � = at kai diakr�noume dÔo peript¸sei� an a > 0 e�nai F [x(at)℄ = 1a Z 1�1 x(�)e�j !a � d� = 1aX �!a�� an a < 0 e�naiF [x(at)℄ = 1a Z �1+1 x(�)e�j !a � d� = �1a Z 1�1 x(�)e�j !a � d� = �1aX �!a�



Enìthta 3.3 Metasqhmatismì Fourier 97H idiìthta th allag  kl�maka parousi�zetai sto Sq ma 3.18. ParathroÔmeìti, an a > 1, to s ma sumpièzetai sto ped�o tou qrìnou, me sunèpeia na metab�lletaipio gr gora sth mon�da tou qrìnou. An analogistoÔme ìti oi gr gore metabolè stoqrìno antistoiqoÔn se suneisfor� apì uyhlìtere suqnìthte sto ped�o suqnot twn,sumpera�noume ìti to f�sma tou diastèlletai sto ped�o suqnot twn (Sq ma 3.18b).Ant�jeta, an 0 < a < 1, to s ma diastèlletai sto ped�o tou qrìnou, me sunèpeia nametab�lletai pio arg� sth mon�da tou qrìnou kai, epeid  èna s ma qamhl  suqnìth-ta metab�lletai me argoÔ rujmoÔ, to f�sma tou sumpièzetai (Sq ma 3.18g). An
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(ã)  ÓÞìá x2(t) = x(at) ìå 0 < á < 1 êáé ôï öÜóìá ôïõ X2(ù).Sq ma 3.18 Apeikìnish th allag  kl�maka.a = �1, prokÔptei h idiìthta th An�klashx(�t) F ! X(�!) (3.3.46)(7) Je¸rhma th SunèlixhM�a apì ti shmantikè idiìththte tou metasqhmatismoÔ Fourier, ìson afor�th qr sh tou sta grammik� qronik� anallo�wta sust mata, e�nai h ep�dras  tousth leitourg�a th sunèlixh. Gnwr�zoume ìti h èxodo y(t) enì GQA sust mato,



98 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3me kroustik  apìkrish h(t), ìtan h e�sodì tou e�nai to s ma x(t), d�netai apì toolokl rwma th sunèlixh y(t) = Z 1�1 x(�)h(t � �) d� (3.3.47)Sthn par�grafo aut  ja anade�xoume th sqèsh pou sundèei tou metasqhmatismoÔtwn antisto�qwn shm�twn. O metasqhmatismì Fourier th exìdou tou sust matoe�nai Y (!) = Z 1�1 y(t)e�j!t dt= Z 1�1 �Z 1�1 x(�)h(t� �) d�� e�j!t dt= Z 1�1 x(�) �Z 1�1 h(t� �)e�j!t dt� d�Me allag  metablht  � = t� � èqoumeY (!) = Z 1�1 x(�) �Z 1�1 h(�)e�j!(�+�) d�� d�= Z 1�1 x(�)e�j!� �Z 1�1 h(�)e�j!� d�� d�To perieqìmeno th agkÔlh [�℄ e�nai o metasqhmatismì Fourier th h(t) (h(t) F !H(!)), ètsi Y (!) = H(!)Z 1�1 x(�)e�j!� d�an X(!) e�nai o metasqhmatismì Fouriertou s mato x(t), èqoumey(t) = h(t) ? x(t) F ! Y (!) = H(!) �X(!) (3.3.48)ParathroÔme ìti h upologistik� polÔplokh sqèsh th sunèlixh metasqhmatizìme-nh kat� Fourierkatal gei se èna aplì ginìmeno sunart sewn.To je¸rhma th sunèlixh ma d�nei th dunatìthta na upolog�soume to f�sma tous mato exìdou enì GQA sust mato an gnwr�zoume to f�sma tou s mato eisìdouX(!) kai to f�sma th kroustik  apìkrish H(!) tou sust mato.An�logh sqèsh isqÔei kai gia th sunèlixh twn metasqhmatism¸n FourierX(!) kaiY (!) twn shm�twn x(t) kai y(t) ant�stoiqa, dhlad ,x(t) � y(t) F ! 12�X(!) ? Y (!) = 12� Z 1�1X(�)Y (! � �) d� (3.3.49)



Enìthta 3.3 Metasqhmatismì Fourier 99Par�deigma 3.3.6àstw s ma x(t) me metasqhmatismì FourierX(!). Ja upolog�soume to s ma pou èqeimetasqhmatismì FourierjX(!)j2 = X(!) �X?(!).LÔsh Me th bo jeia th idiìthta th suzug�a, th an�klash kai tou jewr matoth sunèlixh, br�skoume ìti to s ma, Rx(�), to opo�o èqei metasqhmatismì FourierjX(!)j2, d�netai apì thnRx(�) = x(�) ? x?(��) = Z 1�1 x(t)x?(t� �) dt = Z 1�1 x(t+ �)x?(t) dtTo s ma Rx(�) kale�tai sun�rthsh autosusqètish tou x(t) kai parèqei èna mètrotou susqetismoÔ twn tim¸n tou s mato x(t) gia dÔo qronik� stigmiìtupa pou diafè-roun kat� � . Th sun�rthsh autosusqètish ja th sunant soume kai sthn Enìthta 3.4.(8) Je¸rhma tou ParsevalTo je¸rhma tou Parsevalekfr�zei th dunatìthta eÔresh th enèrgeia enì s -mato e�te sto ped�o tou qrìnou e�te sto ped�o suqnot twn.Ex = Z 1�1 jx(t)j2 dt = 12� Z 1�1 jX(!)j2 d! (3.3.50)SÔmfwna me to je¸rhma tou Parsevalh olik  enèrgeia enì s mato mpore� na upo-logiste� e�te a) upolog�zonta thn enèrgeia an� mon�da qronikoÔ diast mato �jx(t)j2�kai oloklhr¸nonta gia ìlo to qrìno e�te b) upolog�zonta thn enèrgeia an� mon�dakuklik  suqnìthta � jX(!)j22� � kai oloklhr¸nonta gia ìle ti suqnìthte.ApìdeixhGia to pr¸to mèlo th isìthta èqoumeZ 1�1 jx(t)j2 dt = Z 1�1 x(t)x?(t) dt= Z 1�1 x(t) � 12� Z 1�1X?(!)e�j!t d!� dtall�zonta th seir� olokl rwsh èqoumeZ 1�1 jx(t)j2 dt = 12� Z 1�1X?(!) �Z 1�1 x(t)e�j!t dt� d!= 12� Z 1�1X?(!)X(!) d!= 12� Z 1�1 jX(!)j2 d!



100 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3An x(t) e�nai h t�sh sta �kra ant�stash R = 1
, tìte h enèrgeia pou parèqetaisthn ant�stash d�netai apì to olokl rwma Ex = R1�1 x2(t) dt. Apì to dexiì mèloth (3.3.50) èqoume ìti h enèrgeia Ex isoÔtai me to 12� tou embadoÔ pou perikle�ei hkampÔlh jX(!)j2. H posìthta loipìn jX(f)j2 ekfr�zei thn katanom  th enèrgeiaan� mon�da suqnìthta kai onom�zetai fasmatik  puknìthta enèrgeia tou s matox(t). Me �lla lìgia h stoiqei¸dh enèrgeia dE pou suneisfèroun oi suqnìthte poubr�skontai sthn perioq  (f; f + df)   (!; ! + d!) e�naidE = jX(f)j2 df ) dEdf = jX(f)j2(9) Parag¸gishAn x(t) F ! X(!), kai up�rqei o metasqhmatismì Fourierth parag¸gou dx(t)dt ,tìte dx(t)dt F ! j!X(!) (3.3.51)ApìdeixhMporoÔme na apode�xoume thn idiìthta an p�roume to metasqhmatismì Fourierthparag¸gou, dhlad , F �dx(t)dt � = Z 1�1 dx(t)dt e�j!t dt (3.3.52)kai oloklhr¸soume kat� par�gonteF �dx(t)dt � = x(t)e�j!t��1�1 � Z 1�1 x(t)de�j!tdt dt= x(t)e�j!t��1�1 + j! Z 1�1 x(t)e�j!t dtGia thn apìdeixh upojètoume ìti, ìtan t ! �1 to s ma x(t) ! 0, opìte e�nai kailimjtj!1 x(t)ej!t = 0. àtsi èqoumeF �dx(t)dt � = j!X(!) (3.3.53)Epanalhptik  efarmog  th parap�nw idiìthta d�nei th genik  èkfrash th idiìthtaparag¸gish sto qronikì ped�odnx(t)dtn F ! (j!)nX(!) (3.3.54)



Enìthta 3.3 Metasqhmatismì Fourier 101Me parìmoio trìpo skèyh èqoume gia thn parag¸gish sto ped�o suqnot twn(�jt)nx(t) F ! dnX(!)d!n (3.3.55)Par�deigma 3.3.7Na upologiste� o metasqhmatismì Fourierth sun�rthsh pros mou sgn(t)sgn(t) = � 1; t > 0�1; t < 0 (3.3.56)LÔsh ParathroÔme ìti dsgn(t)dt = 2Æ(t)Lamb�nonta to metasqhmatismì Fouriersta dÔo mèlh th parap�nw ex�swsh èqoumeF �dsgn(t)dt � = F [2Æ(t)℄E�nai ìmw F [Æ(t)℄ = 1 (Par�deigma 3.3.2) kai lìgw th idiìthta th parag¸gishèqoume j!F [sgn(t)℄ = 2) F [sgn(t)℄ = 2j! ; ! 6= 0 (3.3.57)(10) Olokl rwshAn x(t) F ! X(!), tìteZ t�1 x(�) d� F ! 1j!X(!) + �X(!)Æ(!) (3.3.58)ApìdeixhAn y(t) = R t�1 x(�) d� , tìte h y(t) mpore� na jewrhje� w h sunèlixh th x(t) kaith sun�rthsh monadia�ou b mato u(t), dhlad ,y(t) = x(t) ? y(t) = Z 1�1 x(�)u(t� �) d�Me th bo jeia tou jewr mato th sunèlixh prokÔptei ìtiY (!) = X(!)U(!) = X(!) ��Æ(!) + 1j!� = 1j!X(!) + �X(!)Æ(!)M�a epipìlaia efarmog  th idiìthta th parag¸gish ja mporoÔse na ma odhg seise esfalmèna sumper�smata. Pr�gmati,y(t) = Z t�1 x(�) d� ) dy(t)dt = x(t)) j!Y (!) = X(!)



102 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3apì thn teleuta�a sqèsh den sunep�getai ìti Y (!) = X(!j! all� Y (!) = X(!j! +CÆ(!)ìpou C m�a stajer�, diìti isqÔei j!Æ(!) = j0Æ(!) = 0.(11) Summetr�e gia pragmatik� s mataàstw x(t) pragmatikì s ma kai X(!) o metasqhmatismì Fourier, o opo�o den e�-nai apara�thta kai autì pragmatikì arijmì. Ja de�xoume ìti isqÔoun oi summetr�eX(�!) = X?(!)<e[X(�!)℄ = <e[X(!)℄ (3.3.59)=m[X(�!)℄ = �=m[X(!)℄ApìdeixhEpeid  to s ma x(t) e�nai pragmatikì, ja e�nai x?(t) = x(t). àtsi, apì thn idiìthtath summetr�a èqoume x(t) = x?(t) F ! X(!) = X?(�!)dhlad , to f�sma e�nai suzug  �rtia sun�rthsh th suqnìthta.Me th bo jeia th sqèsh tou Euler èqoumeX(!) = Z 1�1 x(t)e�j!t dt= Z 1�1 x(t)[os(!t)� j sin(!t)℄ dt= Z 1�1 x(t) os(!t) dt� j Z 1�1 x(t) sin(!t) dtkai epeid  to s ma e�nai pragmatikì èqoume ìti<e[X(!)℄ = Z 1�1 x(t) os(!t) dt kai=m[X(!)℄ = �Z 1�1 x(t) sin(!t) dt (3.3.60)Apì ti teleuta�e sqèsei sumpera�noume<e[X(!)℄ = <e[X(�!)℄ kaijX(!)j = jX(�!)j (3.3.61)dhlad , to pragmatikì mèro kai to mètro th e�nai �rtie sunart sei, kai=m[X(!)℄ = �=m[X(�!)℄ kaiarg[X(!)℄ = � arg[jX(�!)℄ (3.3.62)



Enìthta 3.3 Metasqhmatismì Fourier 103dhlad , to fantastikì mèro kai h f�sh apoteloÔn perittè sunart sei.Mpore� eÔkola na apodeiqje� ìti oi sqèsei (3.3.59 ) apoteloÔn kai anagka�esunj ke gia na e�nai to s ma x(t) pragmatikì. Pr�gmati, èstwX(!) = R(!) + jI(!)ìpou R(!) kai I(!) to pragmatikì tm ma kai to fantastikì tm ma thX(!). To s max(t) ja e�nai x(t) = 12� Z 1�1X(!)ej!t d!= 12� Z 1�1[R(!) + jI(!)℄[os(!t) + j sin(!t)℄ d!= 12� Z 1�1[R(!) os(!t)� I(!) sin(!t)℄ d!+j 12� Z 1�1[R(!) sin(!t) + I(!) os(!t)℄ d!An diasp�soume to deÔtero olokl rwma se dÔo oloklhr¸mata, me ìrio olokl rwshapì �1 èw 0 to pr¸to kai apì 0 èw1 to deÔtero, èqoume gia to fantastikì mèrotou x(t) =m[x(t)℄ = 12� Z 0�1[R(!) sin(!t) + I(!) os(!t)℄ d!+ 12� Z 10 [R(!) sin(!t) + I(!) os(!t)℄ d!= 12� Z 10 [R(�!) sin(�!t) + I(�!) os(�!t)℄ d!+ 12� Z 10 [R(!) sin(!t) + I(!) os(!t)℄ d!= 12� Z 10 [�R(!) sin(!t)� I(!) os(!t)℄ d!+ 12� Z 10 [R(!) sin(!t) + I(!) os(!t)℄ d!= 0àtsi, to s ma x(t) e�nai pragmatikì kai d�netai apì th sqèshx(t) = 12� Z 1�1[R(!) os(!t)� I(!) sin(!t)℄ d! (3.3.63)



104 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Apì thn trigwnometr�a, ep�sh, gnwr�zoumeR(!) os(!t)� I(!) sin(!t) = A(!) os[!t+ �(!)℄ (3.3.64)ìpou A(!) =pR2(!) + I2(!) e�nai to pl�to touX(!) kai �(!) = tan�1 I(!)R(!) e�naih f�sh tou, ètsi èqoume gia to pragmatikì s ma x(t)x(t) = 12� Z 1�1A(!) os[!t+ �(!)℄ d!= 1� Z 10 A(!) os[!t+ �(!)℄ d! (3.3.65)Apì thn (3.3.65 ) parathroÔme ìti me th bo jeia tou metasqhmatismoÔ FourierX(!) =R(!)+ jI(!) èna pragmatikì s ma x(t) anaptÔssetai se èna �peiro (mh arijm simo)pl jo shm�twn apl¸n suqnot twn. Kajem�a apì ti aplè autè suqnìthte upei-sèrqetai me pl�to [A(!)=�℄d! kai f�sh �(!), ìpou ! e�nai h kuklik  suqnìthta.Autì e�nai kai o lìgo pou h metablht  ! tou metasqhmatismoÔ Fourieranafèretaikai w kuklik  suqnìthta. Apìrroia autoÔ e�nai kai h onomas�a tou metasqhmatismoÔ
Fourierw f�sma suqnot twn, kat' analog�a th an�lush pou uf�statai to leukì fwsti epimèrou suqnìthte pou to apart�zoun.Shmei¸noume ìti, an èna s ma e�nai fantastikì, dhlad  x(t) = jy(t) ìpou y(t)e�nai èna s ma pragmatikì, tìte eÔkola apodeiknÔetai ìtiX(�!) = �X?(!)<e[X(�!)℄ = �<e[X(!)℄ (3.3.66)=m[X(�!)℄ = =m[X(!)℄(12) DuðsmìThn idiìthta tou duðsmoÔ tou metasqhmatismoÔ Fourierthn èqoume  dh sunant seista Parade�gmata 3.3.1 kai 3.3.4, ìpou e�dame ìti o metasqhmatismì Fourier enìorjog¸niou palmoÔ èqei th morf  mia sun�rthsh sin kai o metasqhmatismì Fouriermia sun�rthsh sin èqei th morf  enì orjog¸niou palmoÔ. àstw x(t) F ! X(!),tìte to s ma y(t) = X(t) èqei metasqhmatismì FourierY (!) = 2�x(�!) (3.3.67)ApìdeixhApì thn ex�swsh an�lush èqoumeX(!) = Z 1�1 x(t)e�j!t dt = 12� Z 1�1 2�x(t)e�j!t dt



Enìthta 3.3 Metasqhmatismì Fourier 105Me antikat�stash tou t me �t èqoumeX(!) = 12� Z 1�1 2�x(�t)ej!t dtE�n enall�xoume to t me !, èqoumeX(t) = 12� Z 1�1 2�x(�!)ej!t d!An sugkr�noume thn teleuta�a ex�swsh me th ex�swsh sÔnjesh, èqoumeX(t) F ! 2�x(�!)Sto Sq ma 3.19 perigr�fetai sqhmatik� h idiìthta tou duðsmoÔ.
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FSq ma 3.19 H idiìthta duðsmoÔ tou metasqhmatismoÔ Fourier.Efarmogè1) Sthn �skhsh 3.8 èqoume de�xeix(t) = e�ajtj F ! X(!) = 2aa2 + !2àtsi, to s ma y(t) = 2t2 + 1 (3.3.68)èqei metasqhmatismì Fourier Y (!) = 2�e�j!j (3.3.69)Ston P�naka 3.2 parousi�zontai oi idiìthte tou metasqhmatismoÔ Fourier.



106 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3PINAKAS 3.2 Idiìthte tou metasqhmatismoÔ FourierIdiìthta Ped�o qrìnou Ped�o suqnìthtaSuzug�a sto qrìno x?(t) X?(�!)Suzug�a sth suqnìthta x?(�t) X?(!)An�klash x(�t) X(�!)Grammikìthta ax1(t)+bx2(t) aX1(!)+bX2(!)�rtio mèro s mato xe(t)= 12 [x(t)+x?(�t)℄ <e[X(!)℄=R(!)Pragmatikì mèro f�smatoPerittì mèro s mato xo(t)= 12 [x(t)�x?(�t)℄ j=m[X(!)℄=jI(!)Fantastikì mèro f�smatoQronik  metatìpish x(t�t0) e�j!t0X(!)Ol�sjhsh suqnìthta ej!0tx(t) X(!�!0)Olokl rwsh R t�1 x(�) d� 1j!X(!)+�X(!)Æ(!)X(!)=X?(!)<e[X(!)℄=<e[X(�!)℄Pragmatikì s ma x(t)=x?(t) =m[X(!)℄=�=m[X(�!)℄jX(!)j=jX(�!)jargX(!)=� argX(�!)Sunèlixh x(t)?y(t) X(!)�Y (!)Diamìrfwsh x(t)�y(t) 12� [X(!)?Y (!)℄Parag¸gish sto dx(t)dt j!X(!)qronikì ped�oParag¸gish sto tx(t) j dX(!)d!ped�o suqnot twnAllag  kl�maka x(at) 1jajX(!a )Duðsmì an F [x(t)℄ = X(!) y(t)=X(t) Y (!)=2�x(�!)Je¸rhma Parseval Ex=R1�1 jx(t)j2 dt Ex= 12� R1�1 jX(!)j2 d!2) Sto Par�deigma 3.3.2 èqoume de�xei ìti F [Æ(t)℄ = 1. Lìgw th idiìthta touduðsmoÔ kai, epeid  h kroustik  sun�rthsh e�nai �rtia, sunep�getai ìti èna suneqès ma èqei m�a fasmatik  sunist¸sa gia ! = 0, dhlad ,1 F ! 2�Æ(�!) = 2�Æ(!) (3.3.70)



Enìthta 3.3 Metasqhmatismì Fourier 107Par�deigma 3.3.8Na upologiste� o metasqhmatismì Fouriertou monadia�ou b mato.LÔsh H sun�rthsh u(t) mpore� na grafe� wu(t) = 12 + 12sgn(t)Apì ta zeÔgh Fourier 12 F ! �Æ(!), sgn(t) F ! 2j! kai me th bo jeia th idiìthtath grammikìthta sunep�getai ìti o metasqhmatismì Fouriertou monadia�ou b matoe�nai u(t) F ! �Æ(!) + 2j! (3.3.71)Par�deigma 3.3.9Na upologiste� o metasqhmatismì Fouriertou trigwnikoÔ s mato�� tT1� = � 1� jtjT1 ; jtj < T10; alli¸ (3.3.72)LÔsh Paragwg�zonta to trigwnikì s ma dÔo forè, èqoumed2dt2�� tT1� = 1T1 Æ(t+ T1)� 2T1 Æ(t) + 1T1 Æ(t� T1) (3.3.73)Sto Sq ma 3.20 eikon�zontai to trigwnikì s ma, h pr¸th kai h deÔterh par�gwgì tou.Apì thn idiìthta th parag¸gish sto qronikì ped�o èqoume
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Sq ma 3.20 H grafikè parast�sei (a) tou trigwnikoÔ palmoÔ, (b) th pr¸th kai (g) thdeÔterh parag¸gou tou. F �d2x(t)dt2 � = (j!)2X(!) (3.3.74)Gnwr�zoume ìti F [Æ(t)℄ = 1 ètsi, lìgw th idiìthta th qronik  metatìpish, èqoumeF [Æ(t� T1)℄ = e�j!T1 (3.3.75)



108 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Lamb�nonta to metasqhmatismì Fourierkai sta dÔo mèlh th (3.3.73) lìgw twn (3.3.74)kai (3.3.75) èqoume(j!)2F ��� tT1�� = 1T1 �ej!T1 � 2 + e�j!T1�F ��� tT1�� = 2 os(!T1)� 2T1(j!)2= T1 sin2(!T1=2)(!T1=2)2= T1sin2�!T12� � (3.3.76)Par�deigma 3.3.10Na upologiste� o metasqhmatismì Fouriertou s mato x(t) = os(!0t).LÔsh An ekfr�soume to sunhm�tono me th bo jeia th sqèsh tou Euler, w �jroismamigadik¸n ekjetik¸n ìrwn èqoumex(t) = 12ej!0t + 12e�j!0t (3.3.77)Gnwr�zoume ìti 1 F ! 2�Æ(!). àtsi, efarmìzonta thn idiìthta th ol�sjhsh suqnìth-ta br�skoume to metasqhmatismì Fouriertou s mato.F [x(t)℄ = F [os(!0t)℄ = �[Æ(! � !0) + Æ(! + !0)℄ (3.3.78)Par�deigma 3.3.11Na upologiste� o metasqhmatismì Fouriertou s mato x(t) = os(!0t)u(t).LÔsh Me th bo jeia th sqèsh tou Eulerto s ma gr�fetaix(t) = 12ej!0tu(t) + 12e�j!0tu(t) (3.3.79)Lìgw th idiìthta th ol�sjhsh th suqnìthta kai epeid  F [u(t)℄ = 1j! + �Æ(!) ,èqoumeF [x(t)℄ = 12 � 1j(! � !0) + �Æ(! � !0)�+ 12 � 1j(! + !0) + �Æ(! + !0)�= �2 [Æ(! � !0) + Æ(! + !0)℄ + j!!20 � !2 (3.3.80)Ston P�naka 3.3 up�rqoun basik� s mata kai oi ant�stoiqoi metasqhmatismo�
Fouriertou.



Enìthta 3.3 Metasqhmatismì Fourier 109PINAKAS 3.3 Metasqhmatismo� Fouriermerik¸n basik¸n sunart sewnA/A Ped�o qrìnou Ped�o suqnìthta1 Æ(t) 12 1 2�Æ(!)   Æ(f)3 u(t) 1j! + �Æ(!)   1j2�f + 12Æ(f)4 Æ(t� t0) e�j!t05 ej!0t 2�Æ(! � !0)6 os(!0t) �[Æ(! � !0) + Æ(! + !0)℄7 sin(!0t) �j [Æ(! � !0)� Æ(! + !0)℄8 P1k=�1 akejk!0t 2�P1k=�1 akÆ(! � k!0)9 P1k=�1 Æ(t� nT ) 2�T P1k=�1 Æ �! � 2k�T �10 �� t2T1� = � 1; jtj<T10; jtj>T1 2T1sin �!T1� � = 2 sin(!T1)!11 W� sin �Wt� � = sin(Wt)�t X(!) = � 1; j!j<W0; j!j>W12 �� tT1 �=8<: 1� jtjT1 ; jtj�T10; jtj>T1 T1sin2 �!T12� �13 �W� � � sin(Wt)Wt �2 X(!) = � 1� j!j2W ; j!j�2W0; j!j>2W14 e�atu(t); <e[a℄ > 0 1a+j!15 te�atu(t); <e[a℄ > 0 1(a+j!)216 tn�1(n�1)!e�atu(t); <e[a℄ > 0 1(a+j!)n17 os(!0t)u(t) �2 [Æ(! � !0) + Æ(! + !0)℄ + j!!20�!218 sin(!0t)u(t) �2j [Æ(! � !0)� Æ(! + !0)℄ + !0!20�!219 e�ajtj; <e[a℄ > 0 2aa2+!220 1t �j�sgn � !2��   � j�sgn(f)21 sgn(t) = � 1; t>0�1; t<0 1j�f   2j!3.3.3 Metasqhmatismì Fourier periodik¸n shm�twnH qr sh th sun�rthsh Æ(t), ma epitrèpei na prosdior�soume to metasqhmatismì
Fourierkai gia periodik� s mata.



110 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3O metasqhmatismì Fourierth sun�rthsh dèlta e�naiÆ(t) F ! 1 (3.3.81)Ep�sh, 1 F ! 2�Æ(�!) = 2�Æ(!) (3.3.82)Apì thn (3.3.81) kai (3.3.82) lìgw th idiìthta ol�sjhsh èqoume ant�stoiqaÆ(t� t0) F ! e�j!t0 (3.3.83)ej!0t F ! 2�Æ(! � !0) (3.3.84)äpw gnwr�zoume, èna periodikì s ma anaptÔssetai se seir� Fourierx(t) = 1Xk=�1akejk!0tMe th bo jeia th (3.3.84) kai lìgw th idiìthta th grammikìthta mporoÔme naekfr�soume to metasqhmatismì Fouriertwn periodik¸n shm�twn w ex x(t) = 1Xk=�1akejk!0t F ! X(!) = 1Xk=�1 2�akÆ(! � k!0) (3.3.85)An efarmìsoume ta parap�nw sta Parade�gmata 3.2.4 kai 3.2.6 èqoume ta ant�stoiqaf�smata sta Sq mata 3.21 kai 3.22.ParathroÔme ìti o metasqhmatismì Fourier epekte�netai kai sta periodik� s -mata. àtsi, to f�sma X(!) enì periodikoÔ s mato me periìdo T0 apotele�tai apìsunart sei dèlta omoiìmorfa katanemhmène se apìstash !0 = 2�=T0, me Ôyo 2�forè ton ant�stoiqo suntelest  th seir� Fourier.
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ðð X(ù)=ð[ä(ù−ù0)+ä(ù+ù0)]Sq ma 3.21 O metasqhmatismì Fouriergia to s ma x(t) = os(!0t).3.4 Enèrgeia kai IsqÔOi ènnoie th enèrgeia kai th isqÔo enì s mato parousi�sthkan sto pr¸to ke-f�laio. Sthn enìthta aut  ja epekte�noume ti ènnoie autè tìso sto ped�o touqrìnou, ìso kai sto ped�o suqnot twn.
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Sq ma 3.22 O metasqhmatismì Fouriergia to periodikì orjog¸nio kÔma.3.4.1 Energeiak� s mataGia èna energeiakì s ma x(t), ìpw èqoume dei kai sto Par�deigma 3.3.6, or�zetai hsun�rthsh autosusqètish Rx(�) wRx(�) = x(�) ? x?(��) = Z 1�1 x(t)x?(t� �) dt = Z 1�1 x(t+ �)x?(t) dt (3.4.1)Sth sunèqeia ja doÔme merikè basikè idiìthte th sun�rthsh autosusqètish.a) H enèrgeia tou s mato e�nai �sh me thn tim  th sun�rthsh autosusqètish toux(t), gia � = 0. Pr�gmati, Rx(0) = Z 1�1 jx(t)j2 dt = Ex (3.4.2)b) O metasqhmatismì Fourierth sun�rthsh autosusqètish enì s mato isoÔtaime th fasmatik  puknìthta enèrgeia tou s mato. H sun�rthsh fasmatik  puknìth-ta enèrgeia perigr�fei ton trìpo me ton opo�o katanèmetai h enèrgeia tou s matosto q¸ro suqnot twn. Pr�gmati, lìgw tou jewr mato th sunèlixh tou metasqhma-tismoÔ FourierèqoumeRx(�) = x(�) ? x?(��)) F [Rx(�)℄ = jX(!)j2 (3.4.3)kai apì to je¸rhma tou ParsevalèqoumeEx = Rx(0) = Z 1�1 jx(t)j2 dt = 12� Z 1�1 jX(!)j2 d! (3.4.4)Sth sunèqeia, ja prosdior�soume th sqèsh pou sundèei th sun�rthsh autosusqè-tish tou s mato eisìdou kai tou s mato exìdou enì GQA sust mato.An s ma x(t) efarmoste� sthn e�sodo enì GQA sust mato me kroustik  apìkri-sh h(t) kai apìkrish suqnìthta H(!), tìte h èxodo tou sust mato e�nai y(t) =



112 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3x(t) ? h(t)   sto ped�o suqnot twn Y (!) = X(!) � H(!). H enèrgeia tou s matoy(t) e�nai Ey = Z 1�1 jy(t)j2 dt = 12� Z 1�1 jY (!)j2 d!= 12� Z 1�1 jX(!)j2jH(!)j2 d! = Ry(0) (3.4.5)ìpou Ry(�) = y(�)?y?(��) e�nai h sun�rthsh autosusqètish th exìdou tou sust -mato. Qrhsimopoi¸nta ton ant�strofo metasqhmatismì Fourier gia to jY (!)j2 è-qoume Ry(�) = F�1[jY (!)j2℄ = F�1[jX(!)j2jH(!)j2℄= F�1[jX(!)j2℄ ? F�1[jH(!)j2℄= Rx(�) ? Rh(�) (3.4.6)Par�deigma 3.4.1Na upologistoÔn h sun�rthsh autosusqètish, h fasmatik  puknìthta enèrgeia kaih enèrgeia tou s mato x(t) = e�atu(t); a > 0LÔsh Gnwr�zoume ìti x(t) = e�atu(t) F ! X(!) = 1a+ j!H fasmatik  puknìthta enèrgeia tou s mato e�naijX(!)j2 = 1a2 + !2H sun�rthsh autosusqètish isoÔtai me ton ant�strofo metasqhmatismì Fourier thfasmatik  puknìthta enèrgeia tou s matoRx(�) = F�1[jX(!)j2℄ = 12ae�aj� jìpou qrhsimopoi jhke to zeÔgo MF 19 tou P�naka 3.3. H enèrgeia isoÔtai me thn tim pou èqei h sun�rthsh autosusqètish sto mhdèn, ètsiEx = Rx(0) = 12aShmei¸netai ìti h enèrgeia tou s mato mpore� na breje� kai apì thn (1.2.13).



Enìthta 3.3 Enèrgeia kai IsqÔ 1133.4.2 S mata isqÔoSthn enìthta aut  ja or�soume th mèsh qronik  sun�rthsh autosusqètish enì s -mato isqÔo kai ja diatup¸soume ti basikè th idiìthte.H mèsh qronik  sun�rthsh autosusqètish gia èna s ma isqÔo x(t) or�zetai wRx(�) = limT!1 12T Z T�T x(t)x?(t� �) dt (3.4.7)H isqÔ tou s mato Px e�nai �sh me th mèsh qronik  sun�rthsh autosusqètish gia� = 0. Pr�gmati, Px = limT!1 12T Z T�T jx(t)j2 dt = Rx(0) (3.4.8)àstw Sx(!) o metasqhmatismì Fourierth mèsh qronik  sun�rthsh autosusqèti-sh, tìte èqoumeRx(�) = 12� Z 1�1 Sx(!)ej!� d! )Rx(0) = 12� Z 1�1 Sx(!) d!àtsi mporoÔme na ekfr�soume thn isqÔ tou s mato x(t) me th bo jeia th Sx(!).Pr�gmati, Px = Rx(0) = 12� Z 1�1 Sx(!) d! (3.4.9)H sun�rthsh Sx(!) perigr�fei ton trìpo me ton opo�o katanèmetai h isqÔ tou s ma-to sto q¸ro twn suqnot twn kai onom�zetai fasmatik  puknìthta isqÔo tou s matox(t).An to s ma x(t), efarmoste� sthn e�sodo enì GQA sust mato me kroustik apìkrish h(t) kai apìkrish suqnìthta H(!), tìte h mèsh qronik  sun�rthsh auto-susqètish th exìdou d�netai apì th sqèshRy(�) = Rx(�) ? h(�) ? h(��) (3.4.10)H apìdeixh th (3.4.10) e�nai pèra apì ta pla�sia tou parìnto egqeirid�ou. O endi-aferìmeno anagn¸sth parapèmpetai sto bibl�o [6℄ sthn Anafor�.Lamb�nonta to metasqhmatismì Fourierkai twn dÔo pleur¸n th (3.4.10) br�skou-me th sqèsh pou sundèei th fasmatik  puknìthta isqÔo eisìdou kai exìdou enì GQAsust mato, w ex  Sy(!) = Sx(!) �H(!) �H?(!)= Sx(!) � jH(!)j2 (3.4.11)H jH(!)j2 onom�zetai apìkrish isqÔo tou sust mato.



114 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 3Par�deigma 3.4.2D�netai to s ma x(t) = u(t). Na deiqje�, ìti to s ma e�nai s ma isqÔo kai na upo-logistoÔn a) h isqÔ tou, b) h mèsh qronik  sun�rthsh autosusqètish tou kai g) hfasmatik  puknìthta isqÔo tou.LÔsh H enèrgeia tou s mato e�naiEx = limT!1 Z T�T ju(t)j2 dt = limT!1 Z T0 dt = limT!1 T =1To s ma den e�nai energeiakì s ma. H isqÔ tou s mato e�naiPx = limT!1 12T Z T�T ju(t)j2 dt = limT!1 12T Z T0 dt = limT!1 12 = 12 (3.4.12)To s ma e�nai, loipìn, s ma isqÔo. H mèsh qronik  sun�rthsh autosusqètish tous mato e�nai Rx(�) = limT!1 12T Z T�T u(t)u(t� �) dt= limT!1 12T Z T� dt = limT!1 12T (T � �) = 12 (3.4.13)H fasmatik  puknìthta isqÔo tou s mato e�nai o metasqhmatismì Fourierth mèshqronik  sun�rthsh autosusqètish. àtsi, me th bo jeia tou zeÔgou 2 metasqhma-tismoÔ Fouriertou P�naka 3.3 èqoumeSx(!) = F [Rx(�)℄ = �Æ(!) (3.4.14)SÔnoyh Kefala�ouSthn arq  tou kefala�ou or�same to eswterikì ginìmeno dÔo shm�twn kai to mètroenì s mato. E�dame pìte m�a oikogèneia shm�twn apotele� orjokanonikì sÔnolo stoq¸ro twn shm�twn. Parathr same ìti ta armonik� migadik� ekjetik� s mata kai tatrigwnometrik� s mata se èna peperasmèno di�sthma, sunistoÔn orjog¸nio sÔnoloston ant�stoiqo q¸ro shm�twn.Me b�sh ta anwtèrw perigr�yame to an�ptugma se seir� Fourier, me th bo jeiatou opo�ou analÔoume èna s ma se seir� apì armonik� migadik� ekjetik� s mata  se �jroisma (sun)hmitìnwn, dhlad  se s mata sugkekrimènh suqnìthta. Peri-gr�yame th mèjodo prosdiorismoÔ twn suntelest¸n tou anaptÔgmato kai d¸same thfusik  tou shmas�a. DieurÔname ta parap�nw apotelèsmata kai ètsi perigr�yame tometasqhmatismì Fourierenì s mato. Parathr same ìti, ìpw to an�ptugma Fouri-
er twn periodik¸n shm�twn, ètsi kai o metasqhmatismì Fourier twn mh periodik¸nshm�twn anaparist� mh periodik� s mata me ekjetik� s mata kai me ton trìpo autìapokalÔptei to fasmatikì tou perieqìmeno.



Enìthta 3.5 Probl mata 115Perigr�yame ti basikè idiìthte pou èqei o metasqhmatismì Fourier. Parousi�-same leitourg�e, ìpw h diamìrfwsh, h opo�a apotele� basik  leitourg�a sthn ekpom-p  enì s mato apì èna shme�o se �llo mèsa apì èna kan�li (zeÔgo surm�twn  th atmìsfaira), to je¸rhma th sunèlixh, me th bo jeia tou opo�ou h upologi-stik� polÔplokh sqèsh th sunèlixh metasqhmatizìmenh kat� Fourierkatal gei seèna aplì ginìmeno sunart sewn. Me th bo jeia tou jewr mato tou Parsevale�dameìti mporoÔme na upolog�soume thn enèrgeia enì s mato e�te sto ped�o tou qrìnoue�te sto ped�o twn suqnot twn.E�dame ìti o metasqhmatismì Fourier up�rqei kai gia ta periodik� s mata kaishmei¸same ìti ta periodik� s mata èqoun f�sma diakritì, en¸ ta mh periodik� èqounf�sma suneqè.Or�same th sun�rthsh autosusqètish enì energeiakoÔ s mato kai th mèshqronik  sun�rthsh autosusqètish enì s mato isqÔo. Parathr same ìti oi metasqh-matismo� Fouriertwn dÔo aut¸n sunart sewn e�nai h sun�rthsh fasmatik  puknìth-ta enèrgeia kai h sun�rthsh fasmatik  puknìthta isqÔo.Sto tèlo tou kefala�ou parousi�sthkan dÔo p�nake. Ston P�naka 3.2 up�rqounoi idiìthte tou metasqhmatismoÔ Fourier, en¸ ston P�naka 3.3 oi metasqhmatismo�
Fouriermerik¸n basik¸n sunart sewn. Ja prèpei, telei¸nonta to di�basma tou ke-fala�ou, na gnwr�zete kal� ti idiìthte kai na mpore�te, basizìmenoi sta parade�g-mata tou kefala�ou kai sti idiìthte, na br�skete tou metasqhmatismoÔ Fouriertwnbasik¸n sunart sewn pou up�rqoun sto deÔtero p�naka.3.5 PROBLHMATA3.1 Na upologistoÔn kai na sqediastoÔn to mètro kai h f�sh twn suntelest¸n thekjetik  seir� Fouriertou s mato.x(t) = 1 + 2 sin(!0t) + os�2!0t+ �4�3.2 Na upologiste� h mèsh isqÔ tou periodikoÔ orjog¸niou s mato tou Parade�g-mato 3.2.6. Ep�sh, na upologiste� h isqÔ twn suqnot twn pou perièqei o ken-trikì lobì (dhlad , h sunolik  isqÔ tou kentrikoÔ loboÔ). O kentrikì lobìperièqei ìle ti suqnìthte metaxÔ tou pr¸tou arister� mhdenismoÔ kai toupr¸tou dexi� mhdenismoÔ.3.3 Na upologistoÔn oi suntelestè th ekjetik  seir� Fouriergia to s max(t) = os(4t) os(6t)



116 An�ptugma - Metasqhmatismì Fourier Analogik¸n Shm�twn Kef�laio 33.4 Na upologistoÔn oi suntelestè th ekjetik  seir� Fouriergia to s max(t) = os2(2�t)3.5 Na upologistoÔn oi ekjetikè seirè Fouriergia ta s mata.1. x(t) = ej200t2. x(t) = os ��4 (t� 1)�3. x(t) = os(4t) + sin(8t)4. x(t) = os(4t) + sin(6t)5. x(t) e�nai periodikì me per�odo �sh me 2 kai x(t) = e�t gia �1 < t < 16. x(t) = [1 + os(2�t)℄[os �10�t� �4 �3.6 Na upolog�sete to mètro kai th f�sh tou metasqhmatismoÔ Fourier tou aitia-toÔ ekjetikoÔ s mato x(t) = e�atu(t). Na parathr sete ìti jX(0)j = 1� kaijX(a)j = 1ap23.7 Na upologistoÔn oi suntelestè th ekjetik  seir� Fourierkai th trigwno-metrik  seir� gia to periodikì s ma to opo�o perigr�fetai sto Sq ma 3.23.
t

x(t)
1

1
-1

-1 Sq ma 3.23 To s ma tou Probl mato 3.7.3.8 Na upologiste� o metasqhmatismì Fouriertou s matox(t) = e�ajtj; a > 0kai na k�nete th grafik  par�stash tou s mato kai tou mètrou tou metasqh-matismoÔ Fourier.3.9 Na upologiste� o metasqhmatismì Fouriergia kajèna apì ta s mata1. x(t) = [eat os(!0t)℄u(t); a > 02. x(t) = e�ajtj sin(bt); a 6= b3. x(t) = e2+tu(�t+ 1)4. x(t) = e�3t[u(t+ 2)� u(t� 3)℄5. x(t) = � 1 + os(�t); jtj � 10; jtj > 1



Enìthta 3.5 Probl mata 1176. x(t) =P1k=0 akÆ(t� kT ); jaj < 17. x(t) = [t � e�2t sin(4t)℄u(t)8. x(t) = u(t) + 2Æ(3 � 2t)3.10 Na upologiste� o metasqhmatismì Fouriertou s mato x(t) = sin(!0t) .3.11 Na upologiste� o metasqhmatismì Fouriertou s mato x(t) = sin(!0t)u(t) .3.12 Na upologiste� o metasqhmatismì Fouriertou summetrikoÔ orjog¸niou palmoÔ�(t), o opo�o èqei qronik  di�rkeia �sh me m�a qronik  mon�da kai pl�to ep�sh�so me m�a mon�da m kou, dhlad ,�(t) = � 1; �12 < t < 120; alli¸3.13 Na upologiste� o metasqhmatismì Fourier gia to s ma to opo�o perigr�fetaisto Sq ma 3.24.
t

x(t)

-1 1 2
3

4-2

1

2

-1 Sq ma 3.24 To s ma tou Probl mato 3.13.3.14 Na upologiste� o metasqhmatismì Fouriergia ta periodik� s mata1. x1(t) = os(4t) os(6t)2. x2(t) = sin2(2�t)3.15 Na upologiste� o ant�strofo metasqhmatismì Fourier gia k�je èna apì taakìlouja f�smata1. X(!) = 2 sin[3(!�2�)℄!�2�2. X(!) = os �4! + �3 �3. X(!) = 2[Æ(! � 1)� Æ(! + 1)℄ + 3[Æ(! � 2�)� Æ(! + 2�)℄3.16 Na upologiste� o ant�strofo metasqhmatismì Fouriergia to s ma tou opo�outo mètro kai h f�sh perigr�fetai sto Sq ma 3.253.17 Na de�xete ìti to s ma x(t) = os(!0t) e�nai s ma isqÔo kai na upolog�setethn isqÔ tou me th bo jeia tou jewr mato Parseval, dhlad  e�te sto ped�o touqrìnou e�te sto ped�o suqnot twn.3.18 An to s ma, x(t) = eatu(t); a > 0 efarmoste� sthn e�sodo enì GQA sust -mato, to opo�o èqei kroustik  apìkrish h(t) = e��tu(t); � > 0 kai � 6= a, nabrejoÔn h sun�rthsh autosusqètish, h fasmatik  puknìthta enèrgeia kai henèrgeia tou s mato exìdou.
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ù

ù

X(ù)X(ù)

-1 10

1

arg

1
-1

3

-3Sq ma 3.25 To mètro kai h f�sh tou MF tou s mato sto Prìblhma 3.16.3.19 An to s ma x(t) = u(t) efarmoste� sthn e�sodo enì GQA sust mato, to opo�oèqei kroustik  apìkrish h(t) = sin(6t), na brejoÔn h fasmatik  puknìthtaisqÔo kai h isqÔ tou s mato exìdou.3.20 Na upologiste� o metasqhmatismì Fourier gia to s ma to opo�o perigr�fetaisto Sq ma 3.26.
t

x(t)
1

10 Sq ma 3.26 To s ma tou Probl mato 3.20.3.21 Qrhsimopoi¸nta ti idiìthte tou metasqhmatismoÔ Fourier, na breje� o metasqh-matismì Fourier tou s mato x(t) = �(2t � 3) ìpou �(t) e�nai o trigwnikìpalmì kai na g�nei h grafik  tou par�stash se sun�rthsh me th suqnìthta.Bibliograf�a3.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.3.2 N. Kaloupts�dh, “S mata Sust mata kai Algìrijmoi” , D�aulo, Aj na, 1994.3.3 A. M�rgarh, “S mata kai Sust mata SuneqoÔ kai DiakritoÔ Qrìnou ” , Ekdì-sei Tziìla 2012.3.4 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20033.5 A. V. Oppenheim, R. S. Willsky, I. T. Young, “Signal and Systems”, Prentice -
Hall Inc., N. Y., 1983.3.6 R. E. Siemer, W. H. Tranter, D. R. Fannin, “Signals& Systems Continuous and
Discrete”,Prentice Hall, 1998.3.7 A. Papoulis, “The Fourier integral and its Applications”,McGraw Hill., 1962.3.8 J. G. Proakis, M. Salehi, “Communication System Engineering”, Prentice Hall
1994.
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ÊÅÖÁËÁÉÏ  4

Skopì tou kefala�ou e�nai na parousi�sei merikè efarmogè tou Metasqhma-tismoÔ Fourier (MF). Eidikìtera, sto kef�laio autì ja perigrafoÔn èmmesoi trìpoiupologismoÔ tou ant�strofou MF, trìpoi oi opo�oi e�nai idia�tera qr simoi, an h mor-f  tou MF den e�nai apl . Se aut  thn per�ptwsh, o apeuje�a upologismì touant�strofou me thn ex�swsh sÔnjesh g�netai m�a dÔskolh diadikas�a. Ep�sh, japerigrafe� m�a eÔkolh mèjodo eÔresh th apìkrish suqnìthta, th kroustik apìkrish kai th exìdou enì sust mato, tou opo�ou gnwr�zoume th diaforik  ex�sw-sh pou susqet�zei ta s mata eisìdou-exìdou tou sust mato.Eisagwg Sto Kef�laio 3 or�same to MF, o opo�o parèqei th dunatìthta met�bash apìto ped�o tou qrìnou sto ped�o suqnìthta. O MF th sunèlixh dÔo shm�twn up-olog�zetai me èna aplì ginìmeno twn ant�stoiqwn metasqhmatism¸n. Me ton trìpoautì, upolog�zetai pr¸ta o MF th exìdou kai sth sunèqeia, me ènan ant�strofo MF,prosdior�zetai h èxodo tou sust mato sto ped�o tou qrìnou. Stokef�laio autì ja parousiastoÔn merikè akìma efarmogè tou MF sth melèth gram-mik¸n susthm�twn.4.1 APOKRISH SUQNOTHTAS SUSTHMATOSSto Kef�laio 2 e�dame ìti èna grammikì qronik� anallo�wto sÔsthma perigr�fetaipl rw apì thn kroustik  tou apìkrish, h(t), kai ìti h e�sodo, x(t), kai h èxodo,y(t), tou GQA sust mato sundèontai me to olokl rwma th sunèlixhy(t) = x(t) ? y(t)= Z 1�1 x(�)h(t� �) d� (4.1.1)O metasqhmatismì FourierH(!), th kroustik  apìkrish h(t), ìpw èqoume deisthn Enìthta 2.5, apotele� thn apìkrish suqnìthta tou sust mato kai d�netai w



120 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 4to phl�ko twn metasqhmatism¸n Fouriereisìdou-exìdou, w ex H(!) = Y (!)X(!) (4.1.2)ParathroÔme ìti h sun�rthsh H(!) mpore� na breje� e�te upolog�zonta to metasqh-matismì Fourierth h(t), afoÔ pr¸ta upologiste� h h(t), e�te w phl�ko twn metasqh-matism¸n Fourier eisìdou-exìdou. O deÔtero trìpo upologismoÔ th H(!) e�naisaf¸ eukolìtero tou pr¸tou kai gia to lìgo autì o metasqhmatismì Fourierapotele� èna isqurì majhmatikì ergale�o gia th melèth grammik¸n susthm�twn.4.1.1 H apìkrish suqnìthta gia sust mata pou perigr�fontaiapì diaforikè exis¸sei me stajeroÔ suntelestèSto Kef�laio 2 or�same w sÔsthma thn ontìthta eke�nh h opo�a metatrèpei miafusik  posìthta pou perigr�fetai apì to s ma eisìdou x(t) se mia �llh pou peri-gr�fetai apì to s ma exìdou y(t). H diadikas�a aut  metasqhmatismoÔ ekfr�zetai meth bo jeia m�a diaforik  ex�swsh pou susqet�zei ta s mata eisìdou-exìdou. ätanto sÔsthma e�nai grammikì qronik� anallo�wto, ìpw èqoume sta Parade�gmata 2.1.1kai 2.1.2, h ant�stoiqh diaforik  ex�swsh e�nai grammik  me stajeroÔ suntelestè,dhlad  èqei th genik  morf NXk=0 ak dky(t)dtk = MXk=0 bk dkx(t)dtk (4.1.3)Sth sunèqeia ja perigr�youme ton trìpo me ton opo�o prosdior�zoume thn apìkrishsuqnìthta H(!) apì thn (4.1.3) me th bo jeia tou metasqhmatismoÔ Fourierkai twnidiot twn tou. Efarmìzoume to metasqhmatismì Fourierkai sta dÔo mèlh th ex�swsh(4.1.3) kai pa�rnoume F " NXk=0 ak dky(t)dtk # = F " MXk=0 bk dkx(t)dtk #Lìgw th idiìthta th grammikìthta, pou qarakthr�zei to metasqhmatismì Fourier,èqoume NXk=0 akF �dky(t)dtk � = MXk=0 bkF �dkx(t)dtk �lìgw th idiìthta th diafìrish, èqoume thn ex�swshNXk=0 ak(j!)kY (!) = MXk=0 bk(j!)kX(!)



Enìthta 4.1 Upologismì tou Ant�strofou MF 121  isodÔnama Y (!) NXk=0 ak(j!)k = X(!) MXk=0 bk(j!)kkai lìgw th (4.1.2), èqoumeH(!) = Y (!)X(!) = PMk=0 bk(j!)kPNk=0 ak(j!)k (4.1.4)ParathroÔme ta ex � H apìkrish suqnìthta H(!), enì GQA sust mato e�nai m�a rht  sun�rthsh,dhlad  mpore� na ekfraste� w lìgo dÔo poluwnÔmwn th metablht  (j!).� Ston upologismì th apìkrish suqnìthta tou sust mato den upeisèrqontaioi arqikè sunj ke sti opo�e br�sketai to sÔsthma, se ant�jesh me th lÔshth (4.1.3), h opo�a exart�tai apì ti arqikè sunj ke tou sust mato. Autìofe�letai sto gegonì ìti o metasqhmatismì Fourier pro�pojètei ènarxh thdiadikas�a sto �1, pou e�nai to k�tw ìrio tou oloklhr¸mato ston tÔpoorismoÔ tou (3.3.14) kai apì sÔmbash deqìmaste ìti sto�1 oi arqikè sunj kee�nai p�nta mhdèn.Par�deigma 4.1.1 (SÔsthma pr¸th t�xh).Na upologiste� h apìkrish suqnìthta kai h kroustik  apìkrish tou GQA sust matopr¸th t�xh, to opo�o, ìpw e�nai gnwstì, perigr�fetai apì th diaforik  ex�swshdy(t)dt + ay(t) = bx(t); a > 0 (4.1.5)LÔsh Efarmìzonta to metasqhmatismì Fourierkai sta dÔo mèlh th ex�swsh, lìgwtwn idiot twn th grammikìthta kai diafìrish, èqoume diadoqik�F �dy(t)dt �+F [ay(t)℄ = F [bx(t)℄(j!)Y (!) + aY (!) = bX(!)H(!) = bj! + a (4.1.6)ìpou sthn teleuta�a isìthta qrhsimopoi jhke to je¸rhma th sunèlixh Y (!) = H(!)X(!) Sto Par�deigma 3.3.3 èqoume de�xeix(t) = e�atu(t) F ! X(!) = 1j! + a (4.1.7)Epomènw, h kroustik  apìkrish tou sust mato pr¸th t�xh e�naih(t) = be�atu(t) (4.1.8)



122 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 44.2 UPOLOGISMOS TOU ANTISTROFOU METASQHMATISMOU
FOURIERE�nai profanè ìti, an gnwr�zoume thn apìkrish suqnìthta enì sust mato, tìte meth bo jeia th (3.3.13), h opo�a perigr�fei ton ant�strofo metasqhmatismì Fourier,mporoÔme na upolog�soume thn kroustik  apìkrish tou sust mato. An h morf  thH(!) den e�nai apl , tìte o apeuje�a upologismì th h(t) apì thn (3.3.13) mpore� naapodeiqje� m�a ep�ponh diadikas�a. Gia to lìgo autì, sun jw, akoloujoÔntai èmmesoitrìpoi upologismoÔ tou ant�strofou metasqhmatismoÔ Fourier. An h H(!) èqei apl morf , ìpw sto Par�deigma 4.1.1, e�nai dunatìn me th bo jeia tou P�naka 3.3 naprosdior�zoume eÔkola thn kroustik  apìkrish tou sust mato. Genikìtera, an hapìkrish suqnìthta mpore� na ekfraste� w �jroisma epimèrou stoiqeiwd¸n ìrwn,tìte me th bo jeia tou P�naka 3.3 kai twn idiot twn tou metasqhmatismoÔ FouriermporoÔme na upolog�soume thn kroustik  apìkrish tou sust mato. Sto Par�rthmaB perigr�fetai h diadikas�a an�ptuxh m�a rht  sun�rthsh, se �jroisma apl¸nklasm�twn. Parak�tw efarmìzoume th mejodolog�a aut  se èna par�deigma.Par�deigma 4.2.1 (SÔsthma deÔterh t�xh).D�netai to GQA sÔsthma deÔterh t�xh, to opo�o arqik� br�sketai se hrem�a, kaiqarakthr�zetai apì th diaforik  ex�swshd2y(t)dt2 + 4dy(t)dt + 3y(t) = dx(t)dt + 2x(t) (4.2.1)Na upologiste� h kroustik  apìkrish tou sust mato.LÔsh Efarmìzoume to metasqhmatismì Fourierkai sta dÔo mèlh th ex�swsh (4.2.1)kai me th bo jeia th idiìthta th grammikìthta kai th diafìrish, pou èqei ometasqhmatismì Fourier, br�skoume ìti h apìkrish suqnìthta tou sust mato e�naiH(!) = (j!) + 2(j!)2 + 4(j!) + 3 (4.2.2)AnalÔoume ta polu¸numa tou arijmht  kai tou paranomast  se ginìmena poluwnÔmwnpr¸tou   deÔterou bajmoÔ w pro (j!) kai sth sunèqeia anaptÔssoume thn apìkrishsuqnìthta se apl� kl�smata. àtsi, pa�rnoumeH(!) = (j!) + 2(j! + 1)(j! + 3) = C1j! + 1 + C2j! + 3Sth sunèqeia upolog�zoume ti stajerè C1 kai C2C1 = [(j! + 1)H(!)℄jj!=�1 = j! + 2j! + 3 ����j!=�1 = 12C2 = [(j! + 3)H(!)℄jj!=�3 = j! + 2j! + 1 ����j!=�3 ) C2 = 12



Enìthta 4.1 Upologismì tou Ant�strofou MF 123Epomènw, h apìkrish suqnìthta pa�rnei th morf H(!) = 12 1j! + 1 + 12 1j! + 3 (4.2.3)Me th bo jeia th idiìthta th grammikìthta tou metasqhmatismoÔ Fourierkai th(4.1.7), h kroustik  apìkrish tou sust mato e�naih(t) = 12e�tu(t) + 12e�3tu(t) (4.2.4)Par�deigma 4.2.2An h e�sodo tou sust mato sto Par�deigma 4.2.1 e�naix(t) = e�tu(t) (4.2.5)na upologiste� h èxodo tou sust mato.LÔsh O metasqhmatismì Fouriertou s mato eisìdou x(t) = e�tu(t) e�nai X(!) =1=(j! + 1). Me th bo jeia tou jewr mato th sunèlixh, o metasqhmatismì Fourierth exìdou e�naiY (!) = H(!)X(!) = � j! + 2(j! + 1)(j! + 3)� � 1j! + 1� = j! + 2(j! + 1)2(j! + 3)Sthn per�ptwsh aut  h an�ptuxh se apl� kl�smata tou Y (!) èqei th morf Y (!) = C11j! + 1 + C12(j! + 1)2 + C21j! + 3Sth sunèqeia upolog�zoume ti stajerè C11, C12 kai C21C11 = 1(2� 1)! dd(j!) �(j! + 1)2Y (!)�����j!=�1 = dd(j!) �j! + 2j! + 3�����j!=�1 ) C11 = 14C12 = �(j! + 1)2Y (!)���j!=�1 = j! + 2j! + 3 ����j!=�1 ) C11 = 12C21 = [(j! + 3)Y (!)℄jj!=�3 = j! + 2(j! + 1)2 ����j!=�3 ) C21 = �14Epomènw, o metasqhmatismì Fourierth exìdou pa�rnei th morf Y (!) = 14 1j! + 1 + 12 1(j! + 1)2 � 14 1j! + 3 (4.2.6)An efarmìsoume thn idiìthta th diafìrish sthn (4.1.7) sto ped�o suqnot twn, èqoumet � x(t) F ! jX(!)d!t � e�atu(t) F ! 1(j! + a)2 (4.2.7)



124 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 4Me th bo jeia tou ant�strofou metasqhmatismoÔ Fourier, th idiìthta th grammikìth-ta, th (4.1.7) kai th (4.2.7) br�skoume ìti h èxodo tou sust mato e�naiy(t) = �14e�t + 12 te�t � 14e�3t�u(t) (4.2.8)Prèpei na toniste� sta Parade�gmata 4.2.1 kai 4.2.2 ìti, an zhte�tai mìno h y(t) kai ìqi hY (!), tìte o eukolìtero trìpo eÔres  th e�nai h apeuje�a ep�lush th diaforik ex�swsh.Par�deigma 4.2.3 (Prosdiorismì sust mato apì thn e�sodì tou kai èxodì tou).H èxodo enì GQA sust mato se s ma eisìdou x(t) = e�2tu(t) e�nai y(t) = e�tu(t)Na breje� h apìkrish suqnìthta tou sust mato kai h kroustik  apìkrish.LÔsh O metasqhmatismì Fouriertou s mato eisìdou x(t) e�naiX(!) = 12 + j!kai o metasqhmatismì Fouriertou s mato exìdou y(t) e�naiY (!) = 11 + j!H apìkrish suqnìthta tou sust mato upolog�zetai me th bo jeia th 4.1.2H(!) = Y (!)X(!) = 2 + j!1 + j! (4.2.9)H apìkrish suqnìthta tou sust mato gr�fetai wH(!) = 1 + 11 + j!H kroustik  apìkrish tou sust mato e�naih(t) = Æ(t) + e�tu(t) (4.2.10)Shmei¸netai ìti, ìtan to s ma eisìdou e�nai s ma m�a suqnìthta, ja prèpei kai to s maexìdou na e�nai s ma th �dia suqnìthta kai sthn per�ptwsh aut  prosdior�zetai mìnoh tim  th apìkrish suqnìthta sth suqnìthta tou s mato eisìdou.4.3 DIAGRAMMATA BODEApì to je¸rhma th sunèlixh gnwr�zoume ìti o metasqhmatismì Fourierth eisìdouX(!) kai th exìdou Y (!) enì grammikoÔ qronik� anallo�wtou sust mato, to opo�oèqei apìkrish suqnìthta H(!), sundèontai me th sqèshY (!) = H(!) �X(!) (4.3.1)



Enìthta 4.2 Diagr�mmata Bode 125ParathroÔme ìti o metasqhmatismì Fourier th exìdou prokÔptei w ginìmeno toumetasqhmatismoÔ Fourier th eisìdou me thn apìkrish suqnìthta. Apì thn (4.3.1)èqoume gia ta mètra kai ti f�sei twn antisto�qwn posot twn ti exis¸seijY (!)j = jH(!)j � jX(!)j kai argY (!) = argH(!) + argX(!) (4.3.2)H ajroistik  morf  th deÔterh ex�swsh epitrèpei ton prosdiorismì th grafik par�stash th f�sh exìdou me apl  prìsjesh twn grafhm�twn th f�sh eisìdoume th f�sh th apìkrish suqnìthta. Gia na petÔqoume an�logh sumperifor� gia tomètro, logarijm�zoume thn pr¸th ex�swsh kai èqoumelogjY (!)j = logjH(!)j + logjX(!)j (4.3.3)Suqn�, gia th grafik  anapar�stash tou mètrou, qrhsimopoioÔme logarijmik  kl�ma-ka kai w mon�da mètrou to decibel (dB). H kl�maka twn dB bas�zetai sthn antistoiq�adB = 20log10jH(!)j (4.3.4)Endeiktik� èqoume ti akìlouje timè0 dB antistoiqe� se jH(!)j = 1;20 dB antistoiqe� se jH(!)j = 10; �20 dB antistoiqe� se jH(!)j = 0; 140 dB antistoiqe� se jH(!)j = 100; �40 dB antistoiqe� se jH(!)j = 0; 01ParathroÔme epiplèon ìti1 dB antistoiqe� se jH(!)j � 1; 12 kai 6 dB antistoiqe� se jH(!)j � 2Diagr�mmata pou apeikon�zoun th f�sh kai to mètro se dB, se sun�rthsh me thsuqnìthta, onom�zontai diagr�mmata Bode. Epeid  o log�rijmo ekte�nei thn kl�maka,h qrhsimopo�hsh logarijmik  kl�maka exasfal�zei kalÔterh eukr�neia ìtan to eÔrotwn suqnot twn pou ma endiafèrei e�nai meg�lo   perior�zetai se mikrè timè kont�sto mhdèn. Efarmìzoume ta parap�nw sto Par�deigma 4.3.1.Par�deigma 4.3.1Na upologiste� h apìkrish tou sust mato pr¸th t�xh ìtan h e�sodo e�nai h sun�rth-sh monadia�ou b mato.LÔsh O metasqhmatismì Fouriertou monadia�ou b mato e�nai (blèpe P�naka 3.3)U(!) = 1j! + �Æ(!) (4.3.5)Apì to je¸rhma th sunèlixh prokÔptei ìti o metasqhmatismì Fourier th exìdoue�nai Y (!) = H(!) � U(!) = bj! + � � 1j! + �Æ(!)�



126 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 4gia ! 6= 0 epeid  Æ(!) = 0, èqoumeY (!) = b(j! + a)j! = � ba 1j! + a + ba 1j!Me th bo jeia tou ant�strofou metasqhmatismoÔ Fourier, th idiìthta th grammikìth-ta, th (4.1.7) kai tou metasqhmatismoÔ Fouriertou monadia�ou b mato upolog�zoumethn èxodo tou sust mato y(t) = � ba � bae�at�u(t) (4.3.6)H kroustik  apìkrish tou sust mato pr¸th t�xh kai h apìkris  tou sto monadia�ob ma parist�nontai grafik� sto Sq ma 4.1.
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Sq ma 4.1 Apokr�sei sust mato pr¸th t�xh (a) kroustik  apìkrish (b) apìkrish stomonadia�o b ma.H asumptwtik  kat�stash th apìkrish sto monadia�o b ma e�nai b=a. H par�metro� = 1=a onom�zetai qronik  stajer� kai shmatodote� to rujmì me ton opo�o to sÔsth-ma apokr�netai. Th qronik  stigm  t = � , h kroustik  apìkrish mei¸nei thn tim  poue�qe arqik� 1=e forè, en¸ h apìkrish sto monadia�o b ma apèqei 1=e forè apì thntelik  th tim  (Sq ma 4.1). ParathroÔme ìti, kaj¸ a ! +1, h qronik  stajer�mikra�nei kai h ptwtik  t�sh th kroustik  apìkrish g�netai pio apìtomh.H apìkrish suqnìthta, h kroustik  apìkrish kai h apìkrish sto monadia�o b matou sust mato pr¸th t�xh, ìtan a = b, e�naiH(!) = 1j!� + 1 ; h(t) = 1� e� t� u(t) kai y(t) = �1� e� t� � u(t) (4.3.7)To mètro th apìkrish suqnìthta   h apìkrish pl�tou tou sust mato e�naijH(!)j =pH(!)H?(!) =r 1j!� + 1 1�j!� + 1 = 1p1 + �2!2 (4.3.8)kai se dB 20log10jH(!)j = �10log10 �1 + (�!)2� (4.3.9)ParathroÔme ìti,



Enìthta 4.2 Diagr�mmata Bode 127� An !� << 1, isqÔei log10 �1 + (�!)2� � log101 = 0. Sunep¸, sti qamh-lè suqnìthte to mètro se dB th apìkrish suqnìthta e�nai per�pou mhdèn,efìson 20log10jH(!)j � 0 gia ! << 1=� .� An !� >> 1, isqÔei log10 �1 + (�!)2� � log10(�!)2 = 20log10� + 20log10!.Sunep¸, sti uyhlè suqnìthte to mètro se dB prosegg�zetai apì grammik sun�rthsh tou log10(!), h opo�a èqei kl�sh -20,20log10jH(!)j � �20log10� � 20log10! gia ! >> 1�
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2Sq ma 4.2 Ta diagr�mmata Bodetou sust mato pr¸th t�xew.Sto Sq ma 4.2 fa�nontai ta diagr�mmata Bode sust mato pr¸th t�xew. Gia toshme�o tom  twn asÔmptwtwn eujei¸n pou prosegg�zoun to mètro sti qamhlè kaiuyhlè suqnìthte isqÔei log10(!) = �log10(�) kai antistoiqe� sth suqnìthta ! =1=� . Sth suqnìthta aut  to mètro se dB e�nai20log10 ����H �1������ = �10log10 "�1� ��2 + 1# = �10log10(2) � �3dBGia to lìgo autì, h kuklik  suqnìthta ! = 1=� onom�zetai kuklik  suqnìthta -3 dB.Genik�, h kuklik  suqnìthta -3dB e�nai h kuklik  suqnìthta gia thn opo�a to mètroth apìkrish suqnìthta enì sust mato apokt� to 1=p2 th mègisth tim  tou



128 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 4mètrou th apìkrish suqnìthta tou sust mato.jH(!)jj!�3dB = 1p2 jH(!)jmax (4.3.10)Se an�loga sumper�smata katal goume gia th f�sh, ìpou sthn per�ptwsh aut up�rqoun trei asÔmptwte euje�e (Sq ma 4.2).4.4 IDANIKO FILTRO BASIKHS ZWNHS - BAJUPERATO FILTROàna sÔsthma to opo�o enisqÔei   apodunam¸nei to mètro th apìkrish suqnìthtaan�loga me thn tim    to di�sthma tim¸n th suqnìthta !, onom�zetai f�ltro. Idanikìbajuperatì f�ltro   idanikì f�ltro basik  z¸nh� onom�zetai to GQA sÔsthma toopo�o èqei apìkrish suqnìthtaH(!) = � e�j!t0 ; j!j < !0; j!j > ! (4.4.1)ìpou t0 e�nai stajer  posìthta. H stajer  kuklik  suqnìthta ! qarakthr�zetai wkuklik  suqnìthta apokop  tou f�ltrou. Sto Sq ma 4.3 d�netai h grafik  par�stashtou mètrou kai th f�sh tou idanikoÔ f�ltrou basik  z¸nh. To mètro th apìkrish
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Enìthta 4.3 Idanikì F�ltro Basik  Z¸nh - Bajuperatì F�ltro 129A upojèsoume t¸ra, ìti sthn e�sodo tou bajuperatoÔ f�ltrou to s ma apotele�-tai apì dÔo sunist¸se, thn xep(t) pou e�nai h epijumht  sunist¸sa tou s mato kaithn xan(t) pou e�nai h anepijÔmhth sunist¸sa, p.q. èna s ma parembol    jìrubo.àstw de ìti jXep(!)j = 0 gia j!j > ! se ant�jesh me thn anepijÔmhth sunist¸sa,th opo�a o metasqhmatismì Fourier den ikanopoie� ant�stoiqh sqèsh. Gia mia tè-toia per�ptwsh, to idanikì bajuperatì f�ltro ja af nei thn epijumht  sunist¸sa nadièrqetai en¸ ja aporrof sei to tm ma th anepijÔmhth sunist¸sa to opo�o periè-qei suqnìthte megalÔtere apì th suqnìthta apokop , me apotèlesma th belt�wshth poiìthta tou s mato xep(t).A upojèsoume t¸ra ìti to mh mhdenikì mèro tou metasqhmatismoÔ Fourier,X(!),tou s mato eisìdou, x(t), entop�zetai sth z¸nh dièleush. Tìte o metasqhmatismì
Fourierth exìdou tou sust mato e�naiY (!) = X(!)H(!) = X(!)e�j!t0  sto ped�o tou qrìnou y(t) = x(t� t0) (4.4.2)Me �lla lìgia, to gegonì ìti h f�sh th apìkrish suqnìthta e�nai grammik sun�rthsh th suqnìthta, h ep�drash tou f�ltrou se èna s ma eisìdou, me fasmatikìperieqìmeno entopismèno sth z¸nh dièleush, e�nai m�a qronik  kajustèrhsh t0.Apì to metasqhmatismì Fourier tou orjog¸niou palmoÔ kai me th bo jeia thidiìthta th qronik  metatìpish upolog�zetai h kroustik  apìkrish tou idanikoÔkatwperatoÔ filtroÔh(t) = sin [!(t� t0)℄�(t� t0) = !! sin�!(t� t0)� � (4.4.3)H grafik  par�stash th kroustik  apìkrish e�nai sto Sq ma 4.4.
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130 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 42. To idanikì katwperatì f�ltro e�nai mh aitiatì, efìson h kroustik  apìkris tou e�nai mh mhdenik  gia arnhtikè timè tou qrìnou kai, epomènw, e�nai mhpragmatopoi simo. An h tim  th stajer� t0 e�nai arket� meg�lh, oi timè thkroustik  apìkrish ti arnhtikè qronikè stigmè mporoÔn na jewrhjoÔnamelhtèe. Kai w ek toÔtou mporoÔme na prosegg�soume to f�ltro me ènaaitiatì sÔsthma.3. äso megalÔterh e�nai h suqnìthta apokop , tìso taqÔtera to f�ltro èqei th du-natìthta na parakolouje� apìtome metabolè tou s mato eisìdou. Autì e�nailogikì, afoÔ gr gore qronikè metabolè antistoiqoÔn sti uyhlè suqnìthte,oi opo�e dièrqontai apì to f�ltro an epilèxoume meg�lh suqnìthta apokop .H grafik  par�stash th apìkrish pl�tou twn pragmatik¸n f�ltrwn basik z¸nh ta opo�a sunant�me sthn pr�xh, fa�netai sto Sq ma 4.5. Sta pragmatik� f�ltraektì apì ti z¸ne dièleush kai apokop  up�rqei kai h z¸nh met�bash. Ep�sh,sta pragmatik� f�ltra h suqnìthta apokop  e�nai �sh me th suqnìthta �3dB
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A Sq ma 4.5 To mètro th apìkrishsuqnìthta enì pragmatikoÔ f�ltroubasik  z¸nh.An�loga me thn perioq  twn suqnot twn pou dièrqontai apì to f�ltro autì qarak-thr�zetai w1. bajuperatì f�ltro   f�ltro basik  z¸nh   f�ltro dièleush qamhl¸n suqnot -twn (lowpass filter (LPF)) Sq ma 4.6a.2. uyiperatì f�ltro   f�ltro dièleush uyhl¸n suqnot twn (highpass filter (HPF))Sq ma 4.6b.3. zwnoperatì f�ltro   zwnodiabatì f�ltro   f�ltro dièleush z¸nh suqnot twn(bandpass filter (BPF)) Sq ma 4.6g..4. zwnofraktikì f�ltro   f�ltro apokop  z¸nh suqnot twn (bandstop filter (B-
SF)) Sq ma 4.6d.Oi apokr�sei pl�tou twn antisto�qwn idanik¸n f�ltrwn fa�nontai sto Sq ma 4.6 kaitwn pragmatik¸n f�ltrwn sto Sq ma 4.7.Par�deigma 4.4.1D�netai to sÔsthma to opo�o perigr�fetai sto Sq ma 4.8.1. Na breje� h kroustik  apìkrish tou sust mato.
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Sq ma 4.6 Oi apokr�sei pl�tou idanikoÔ (a) bajuperatoÔ (b) uyiperatoÔ (g) zwnoperatoÔkai (d) zwnofraktikoÔ f�ltrou.
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Sq ma 4.7 Oi apokr�sei pl�tou pragmatikoÔ (a) bajuperatoÔ (b) uyiperatoÔ (g) zwnop-eratoÔ kai (d) zwnofraktikoÔ f�ltrou.2. Na g�nei h perigraf  tou sust mato sto ped�o suqnìthta.3. Na breje� h apìkrish suqnìthta tou sust mato.LÔsh1. Gnwr�zoume ìti h kroustik  apìkrish enì sust mato e�nai �sh me thn èxodì touìtan to s ma eisìdou e�nai h kroustik  sun�rthsh Æ(t), ètsi èqoumeh(t) = Z t�1 (Æ(�)� Æ(� � �)) d�= u(t)� u(t� �)= �� t� �=2� � (4.4.4)
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∫ ⋅ dt)(Sq ma 4.8 Perigraf  tou sust mato tou Parade�gmato 4.4.1 sto ped�o tou qrìnou.2. Me th bo jeia twn idiot twn th qronik  metatìpish kai th olokl rwshtou metasqhmatismoÔ Fourier èqoume thn perigraf  tou sust mato sto ped�osuqnìthta tou Sq mato 4.9.3. Me th bo jeia th prosetairistik  kai th epimeristik  idiìthta th sunèlixhèqoume gia thn apìkrish suqnìthta tou sust matoH(!) = [H1(!)�H2(!)℄H3(!) = 1� e�j!�j!= 2! ej! �2 � e�j! �22j e�j! �2= �sin �!�2� � e�j! �2 (4.4.5)H apìkrish suqnìthta mpore� na breje�, ep�sh, upolog�zonta to metasqhma-tismì Fourierth kroustik  apìkrish tou sust mato.
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jùSq ma 4.9 Perigraf  tou sust mato tou Parade�gmato 4.4.1 sto ped�o suqnìthta.SÔnoyh Kefala�ouSto kef�laio autì upolog�same thn apìkrish suqnìthta enì GQA sust matoapì th diaforik  ex�swsh pou susqet�zei ta s mata eisìdou-exìdou, ekmetalleuìmenoiti idiìthte th grammikìthta, th diafìrish kai to je¸rhma th sunèlixh. ätanh apìkrish suqnìthta èqei apl  morf , tìte e�nai dunatì me th bo jeia twn gnw-st¸n zeug¸n MF, pou anafèrontai ston P�naka 3.3, na upolog�soume thn kroustik apìkrish tou sust mato. Sto kef�laio autì parousi�sthkan,ep�sh, èmmesoi trìpoiupologismoÔ tou ant�strofou MF, oi opo�oi e�nai idia�tera qr simoi ìtan o MF denèqei apl  morf . Eidikìtera, sti perissìtere praktikè efarmogè, o MF e�nai m�arht  sun�rthsh. Sthn per�ptwsh aut  analÔoume th sun�rthsh se �jroisma apl¸nklasm�twn kai me th bo jeia tou P�naka 3.3 upolog�zoume ton ant�strofo MF. H



Enìthta 4.5 Probl mata 133parap�nw mejodolog�a efarmìzetai kai gia ton upologismì th exìdou, sto ped�o touqrìnou, enì GQA sust mato, e�n èqoume upolog�sei pr¸ta ton MF th exìdou meth bo jeia tou jewr mato th sunèlixh.Ep�sh, sto kef�laio autì parousi�sthkan ta diagr�mmataBode. Ta diagr�mmata
Bode, epeid  o log�rijmo ekte�nei thn kl�maka, exasfal�zoun perissìterh eukr�neiaan to eÔro twn suqnot twn pou ma endiafèrei e�nai meg�lo  , ep�sh, an perior�zetaise mikrè timè kont� sto mhdèn. Tèlo, parousi�sthkan oi ènnoie twn idanik¸n kaipragmatik¸n f�ltrwn.4.5 PROBLHMATA4.1 D�netai to kÔklwma pou apotele�tai apì ant�stashR = 10K
, phn�o L = 0; 1Hkai puknwt  C = 10�F se seir�, to opo�o perigr�fetai sto Sq ma 4.10. An he�sodo tou sust mato e�nai h efarmozomènh t�sh �in(t) kai èxodo h èntashtou reÔmato i(t), na upologiste� h apìkrish suqnìthta tou sust mato.

Rõin(t) i(t)
L

C

A

ÃÄ

B Sq ma 4.10 To kÔklwma tou Probl mato 4.1.4.2 Na upologiste� h èntash tou reÔmato pou diarrèei to kÔklwma tou Sq mato4.8 ìtan h t�sh eisìdou e�nai�in(t) = 10 os�2t+ �3�4.3 D�netai to GQA sÔsthma to opo�o èqei kroustik  apìkrishh(t) = sin(4�t)�tMe th bo jeia tou jewr mato th sunèlixh na prosdioriste� h èxodo tousust mato ìtan h e�sodo tou sust mato e�nai to s max(t) = os(2�t) + sin(6�t)4.4 H diaforik  ex�swsh h opo�a sundèei thn e�sodo kai thn èxodo enì GQA sust -mato e�nai dy(t)dt + 2y(t) = x(t)



134 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 41. Na prosdioriste� h apìkrish suqnìthta tou sust mato kai na g�noun tadiagr�mmata Bode.2. An h e�sodo tou sust mato e�nai to s ma x(t) = e�tu(t), na upologiste�o metasqhmatismì Fourierth exìdou.3. AfoÔ anaptuqje� se apl� kl�smata h Y (!) na upologiste� h èxodo y(t)tou sust mato, ìtan h e�sodo e�nai to s ma x(t).4.5 An h phg  t�sh th morf  tou Sq mato 4.11 efarmìzetai sthn e�sodo enìidanikoÔ katwperatoÔ f�ltrou, me apìkrish suqnìthtaH(!) = � e�j!; j!j < 40; j!j > 4Na upologiste� h èxodo tou f�ltrou.
t

õ(t)

ð 2ð-ð-2ð
-V

V Sq ma 4.114.6 àstw ìti h phg  t�sh th morf  tou Sq mato 4.11 efarmìzetai sthn e�sodoenì GQA sust mato pr¸th t�xh, to opo�o qarakthr�zetai apì thn ex�swshdy(t)dt + y(t) = x(t)Na upologiste� h èxodo tou sust mato.4.7 To aitiatì ekjetikì s ma tou Sq mato 4.12a efarmìzetai sthn e�sodo tou ida-nikoÔ f�ltrou basik  z¸nh tou Sq mato 4.12b. Na upologiste� h suqnìthtaapokop  !, ètsi ¸ste to f�ltro na epitrèpei th dièleush th mis  enèrgeiatou s mato eisìdou. D�netai to aìristo olokl rwma R 1a2+x2 dt = 1a tan�1 �xa�.
t0

x(t)

2

(á) (â)

Ç(ùùóóóù)

ùc0

1

ù-ùc

y(t)x(t)
x(t)=2e

t
5

Sq ma 4.12 (a) To s ma eisìdou kai (b) to idanikì f�ltro sto Prìblhma 4.7.



Enìthta 4.5 Probl mata 1354.8 D�netai to kÔklwma to opo�o perigr�fetai sto Sq ma 4.13. Na upologiste� hapìkrish suqnìthta tou sust mato kai na g�nei h grafik  par�stash thapìkrish pl�tou se sun�rthsh me th suqnìthta.
y(t)

¸îïäïò

R=1 Ù

Åßóïäïò
L=    H

1

2

C=  2 F
x(t) Sq ma 4.13 To kÔklwma tou Probl mato 4.8.4.9 Kat� th diamìrfwsh, èna s ma m(t) periorismènou eÔrou z¸nh, dhlad ,M(!) = 0 gia j!j > W (Sq ma 4.12b), pou metafèrei sugkekrimènh plhrofo-r�a, pollaplasi�zetai me èna s ma apl  suqnìthta os(!0t), h opo�a onom�ze-tai fèrousa, me skopì thn ekpomp  tou se èna mèso met�dosh, p.q., zeÔgosurm�twn, atmìsfaira, klp. Sto Sq ma 4.14a perigr�fetai èna aplopoihmènosÔsthma epikoinwn�a. An jewr soume ìti kat� th met�dosh tou s mato denalloi¸netai apì to mèso kai ìti o jìrubo tou kanalioÔ e�nai amelhtèo, tìteto lambanìmeno s ma r(t) e�nai �so me to ekpempìmeno. JewroÔme ìti h z¸nhdièleush tou idanikoÔ katoperatoÔ f�ltrou sto dèkth e�nai �sh me to eÔroz¸nh W tou s mato mhnÔmato m(t). Na melethje� to sÔsthma sto ped�osuqnìthta.

ùWW

(á)

0

M(ù)
Am(t)

cos(ùct)

u(t) êáíÜëé
ìåôÜäïóçò

cos(ùct)

Êáôùðåñáôü
ößëôñï

r(t) z(t) y(t)

Ðïìðüò ÄÝêôçò

(â)Sq ma 4.14 (a) To aplopoihmèno sÔsthma epikoinwn�a kai (b) to periorismènou eÔrouz¸nh f�sma tou s mato mhnÔmato gia èna auja�reto s ma m(t).4.10 ätan to s ma eisìdou se èna grammikì qronik� analloi¸to sÔsthma e�nai x(t) =e�at, to s ma exìdou e�nai y(t) = e�btu(t). Na brejoÔn1. h apìkrish suqnìthta kai2. h kroustik  apìkrish tou sust mato.4.11 Me th bo jeia th (3.3.83) na breje� o metasqhmatismì Fouriertou periodikoÔorjog¸niou s mato x(t) tou Parade�gmato 3.2.6.An to s ma x(t) efarmoste� sthn e�sodo grammikoÔ qronik� anallo�wtou sust -mato me kroustik  apìkrish h(t) = 1�t sin(�t), na de�xete, qrhsimopoi¸nta to



136 Efarmogè tou MetasqhmatismoÔ Fourier Kef�laio 4je¸rhma th sunèlixh, ìti h èxodo tou sust mato e�naiy(t) = 12 + os��t2 �4.12 Apì thn idiìthta th ol�sjhsh th kroustik  sun�rthshZ 1�1 x(t)Æ(t � t0) dt = x(t0)ParathroÔme ìti h sunèlixh k�je sun�rthsh me thn kroustik  sun�rthsh èqeiw apotèlesma m�a olisjhmènh èkdosh th arqik  sun�rthsh, dhlad ,g(t) � Æ(t � t0) = g(t� t0)An to s ma x(t) = sin2(t) efarmoste� sthn e�sodo grammikoÔ qronik� anal-lo�wtou sust mato me kroustik  apìkrish h(t), na breje� kai na sqediasje� ometasqhmatismì Fourierth exìdou tou sust mato ìtan1. h(t) = 1 + os � t2�2. h(t) =P1k=�1 Æ(t� kT )4.13 Na breje� o majhmatikì tÔpo th kroustik  apìkrish tou sust mato touSq mato 4.15 kai na g�nei h grafik  th par�stash se sun�rthsh me to qrìno.(Upìdeixh: Na jewr sete to sÔsthma w thn en seir� sÔndesh dÔo sust matwn).
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ïëïêëÞñùóçò

t

−∞
dtSq ma 4.15 To sÔsthma sto Prìblhma 4.13.Bibliograf�a4.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.4.2 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20034.3 A. V. Oppenheim, R. S. Willsky, I. T. Young, “Signal and Systems”, Prentice -

Hall Inc., N. Y., 1983.
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 ÓÅÉÑÁ - ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ  FOURIER
                                       ÄÉÁÊÑÉÔÏÕ  ×ÑÏÍÏÕ

Sto kef�laio autì ja melet soume majhmatik� ergale�a, ta opo�a ma epitrèpounna analÔoume èna sÔnjeto s ma diakritoÔ qrìnou se s mata diakritoÔ qrìnou apl¸nsuqnot twn. Mia tètoia prosèggish ma dieukolÔnei ¸ste na upolog�soume thn èxodoenì sust mato diakritoÔ qrìnou, to opo�o diege�retai apì èna sÔnjeto s ma, meth bo jeia twn apokr�sewn tou sust mato sti ep� mèrou sunist¸se twn apl¸nsuqnot twn sti opo�e analÔetai to sÔnjeto s ma. Sth sunèqeia ja efarmìsoumeti mejìdou autè, ¸ste na analÔsoume ènan arijmì shm�twn ta opo�a sunant�mesuqn� sth pr�xh. Tèlo, sto kef�laio autì ja parousiastoÔn merikè efarmogè toumetasqhmatismoÔ FourierdiakritoÔ qrìnou.Eisagwg Gnwr�zoume ìti to migadikì ekjetikì s ma diakritoÔ qrìnou ej(2�=N)n e�nai pe-riodikì me jemeli¸dh per�odo N . Ta ekjetik� s mata pou èqoun kuklik  suqnìthtapollapl�sia th
0 = 2�=N (ejk
0n, me k = 0;�1;�2; ::: ) e�nai ep�sh periodik�. Taekjetik� s mata ejk
0n kaloÔntai armonik� susqetizìmena ekjetik� s mata diakritoÔqrìnou epeid  oi jemeli¸dei suqnìthtè tou e�nai akèraia pollapl�sia th kuklik suqnìthta 
0. Ta migadik� ekjetik� s mata diakritoÔ qrìnou twn opo�wn oi kuklikèsuqnìthte diafèroun kat� pollapl�sio tou 2� e�nai �dia. Pr�gmati:ej(
+2�)n = ej
n � ej2�n = ej
nUp�rqoun N to pl jo diaforetik� migadik� ekjetik� s mata diakritoÔ qrìnou taopo�a sqhmat�zoun èna orjog¸nio sÔnolo� dhlad , e�nai an� dÔo orjog¸nia. Pr�gmatito eswterikì ginìmeno twn ekjetik¸n shm�twn ejk
0n kai ejm
0n e�naihejk
0n; ejm
0ni = N�1Xn=0 ej(k�m)
0n = � N; k = m0; k 6= m = NÆ(k �m)



138 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 55.1 PARASTASH PERIODIKWN SHMATWN -SEIRA FOURIER DIAKRITOU QRONOUTa periodik� s mata diakritoÔ qrìnou parist�nontai me peperasmèna ajro�smatax(n) = N�1Xk=0 akejk 2�N n (5.1.1)H ex�swsh aut  d�nei thn par�stash (  an�ptugma) periodik¸n shm�twn diakritoÔqrìnou se seir� Fourier diakritoÔ qrìnou.5.1.1 Prosdiorismì th seir� Fourier diakritoÔ qrìnou.An x(n) e�nai m�a akolouj�a h opo�a e�nai periodik  me per�odo N , o prosdiorismìtwn suntelest¸n ak ja mporoÔse na g�nei apì th lÔsh tou grammikoÔ sust matox(0) = N�1Xk=0 akx(1) = N�1Xk=0 akejk 2�N... ...x(N � 1) = N�1Xk=0 akejk 2�N (N�1) (5.1.2)àna �llo trìpo prosdiorismoÔ e�nai o pollaplasiasmì kai twn dÔo mel¸n th(5.1.1) me e�jm(2�=N)n kai ajro�soume w pro n, dhlad ,N�1Xn=0 x(n)e�jm 2�N n = N�1Xn=0 N�1Xk=0 akej(k�m) 2�N n= N�1Xk=0 ak N�1Xn=0 ej(k�m) 2�N nkai lìgw th hejk
0n; ejm
0ni = NÆ(k �m) e�naiN�1Xn=0 x(n)e�jm 2�N n = Namam = 1N N�1Xn=0 x(n)e�jm 2�N n



Enìthta 5.1 Par�stash Periodik¸n Shm�twn - Seir� Fourier DiakritoÔ Qrìnou 139àtsi èqoume ti exis¸sei:x(n) = N�1Xk=0 akejk 2�N n; Ex�swsh sÔnjesh (5.1.3)ak = 1N N�1Xn=0 x(n)e�jk 2�N n Ex�swsh an�lush (5.1.4)To zeÔgo twn exis¸sewn aut¸n or�zoun th seir� Fourier diakritoÔ qrìnou (discrete-
time Fourier series(DTFS) tou periodikoÔ s mato diakritoÔ qrìnou x(n). Oi sunte-lestè ak kaloÔntai suntelestè Fourier  , ìpw ja doÔme, fasmatikè grammè.Par�deigma 5.1.1Na breje� h par�stash se seir� Fouriertou s mato diakritoÔ qrìnou x(n) = sin(
0n).LÔsh Gnwr�zoume ìti to s ma e�nai periodikì an 2�=
0 e�nai akèraio   rhtì ari-jmì, ètsi mìno tìte mporoÔme na èqoume an�ptugma se seir� FourierdiakritoÔ qrìnou.Diakr�noume ti peript¸sei:1. To s ma e�nai periodikì me jemeli¸dh per�odo N kai 
0 = 2�=N . Me th bo jeiath sqèsh tou Euler to s ma gr�fetaix(n) = sin(
0n)= 12j ej 2�N n � 12j e�j 2�N n (5.1.5)Sugkr�nonta thn (5.1.5) me thn ex�swsh sÔnjesh (5.1.3), parathroÔme ìti oisuntelestè e�nai a1 = 1=(2j) kai a�1 = �1=(2j) kai ak = 0 gia thn upìloiphper�odo. Oi suntelestè auto� epanalamb�nontai me per�odo �sh meN ètsi èqoume:akN+1 = 12j kai akN�1 = � 12j ; k = 0; �1; �2; : : : (5.1.6)Sto Sq ma 5.1 èqoun sqediaste� to s ma x(n) kai oi suntelestè th seir� FourierdiakritoÔ qrìnou me N = 5 oi opo�oi epanalamb�nontai. Prosoq  ìmw sthnex�swsh sÔnjesh up�rqoun mìno oi suntelestè mia periìdou.2. An 2�=
0 = N=m, dhlad , rhtì arijmì, tìte 
0 = (2�m)=N . Upojètoume ìtita m kai N den èqoun koinì par�gonta� ètsi to x(n) èqei jemeli¸dh per�odo �shme N . Me th bo jeia th sqèsh tou Euler to s ma gr�fetaix(n) = sin�2�mN n�= 12j ejm 2�N n � 12j e�jm 2�N n (5.1.7)apì ìpou èqoume: am = 1=(2j) a�m = �1=(2j) kai ak = 0 gia thn upìloiphper�odo. Sto Sq ma 5.2 èqoun sqediaste� to s ma x(n) kai oi suntelestè Fourierìtan m = 3 kai N = 5. Lìgw periodikìthta (N = 5) e�nai :::a7 = a2 = a�3 =a�8 = ::: = �1=(2j), en¸ h ex�swsh sÔnjesh èqei mìno dÔo ìrou.



140 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 53. ätan to s ma e�nai mh periodikì, den anaptÔssetai se seir� Fourier diakritoÔqrìnou.
x(t)= sin(ù0 t )
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( â )Sq ma 5.1 (a) To s ma x(n) = sin � 2�N n�, ìpou N = 5 kai (b) oi suntelestè Fourier.
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( â )Sq ma 5.2 (a) To s ma x(n) = sin �m 2�N n�, ìpou N = 5, m = 3 kai (b) oi suntelestè
Fourier.Par�deigma 5.1.2Na breje� h par�stash se seir� FourierdiakritoÔ qrìnou tou periodikoÔ orjog¸nioukÔmato x(n) = � 1; jnj � N10; N1 < jnj < N=2 (5.1.8)me per�odo �sh me N .LÔsh To periodikì orjog¸nio s ma diakritoÔ qrìnou fa�netai sto Sq ma 5.3. Gia naupolog�soume tou suntelestè FourierqrhsimopoioÔme thn ex�swsh an�lush�k = 1N N�1Xn=0 x(n)e�jk 2�N n = 1N N1Xn=�N1 e�jk 2�N n (5.1.9)
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x(n)

n0-N N-N1 N1Sq ma 5.3 To periodikì orjog¸nio kÔma tou Parade�gmato 5.1.2.An jèsoume m = n+N1 èqoume:�k = 1N 2N1Xm=0 e�jk 2�N (m�N1)= 1N ejk 2�N N1 2N1Xm=0 e�jk 2�N m (5.1.10)dhlad , èqoume �jroisma twn 2N1+1 pr¸twn ìrwn gewmetrik  proìdou, gia thn opo�agnwr�zoume ìti N�1Xn=0 �n = ( N; � = 11��N1�� ; � 6= 1 (5.1.11)àtsi, gia k 6= 0;�N;�2N; ::: èqoume�k = 1N ejk 2�N N1 1� e�jk 2�N (2N1+1)1� e�jk 2�N= 1N ejk 2�N N1 e�jk 2�N (N1+ 12 ) hejk 2�N (N1+ 12 ) � e�jk 2�N (N1+ 12 )ie�jk 2�2N hejk 2�2N � e�jk 2�2N iTo ginìmeno twn suntelest¸n ak ep� to pl jo twn deigm�twn N e�naiN � �k = sin �k 2�N �N1 + 12��sin �k 2�2N � ; k = 1; 2; :::N � 1   k 6= 0;�N;�2N; ::: (5.1.12)en¸ ìtan k = 0;�N;�2N; ::: èqoumeN � �k = 2N1 + 1 (5.1.13)Sto Sq ma 5.4 èqoume thn akolouj�a tou ginomènou twn suntelest¸n th seir� FourierdiakritoÔ qrìnou ep� to pl jo twn deigm�twn tou periodikoÔ orjog¸niou kÔmato giadi�fore timè tou N .H èkfrash twn suntelest¸n th seir� FourierdiakritoÔ qrìnou, ìpw aut  perigr�fe-tai apì thn (5.1.12), ma epitrèpei na jewr soume to ginìmeno twn suntelest¸n ep� topl jo twn deigm�twn w de�gmata th sun�rthshsin [(2N1 + 1)(
=2)℄sin(
=2) (5.1.14)
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N=20

N=40Sq ma 5.4 To ginìmeno twn suntelest¸n th seir� FourierdiakritoÔ qrìnou ep� to pl jotwn deigm�twn tou periodikoÔ orjog¸niou kÔmato gia N1 = 2 kai N = 10; 20 kai 40.dhlad , N � �k = sin [(2N1 + 1)(
=2)℄sin(
=2) ����
=k(2�=N)H sun�rthsh (5.1.14) e�nai h perib�llousa twn suntelest¸n th seir� Fourierdiakri-toÔ qrìnou tou periodikoÔ orjog¸niou kÔmato.Sto Sq ma 5.5 eikon�zetai to periodikì orjog¸nio kÔma diakritoÔ qrìnou ìpwupolog�zetai apì to merikì �jroismax̂(n) = MXk=�M �kejk 2�N n (5.1.15)GiaM = 4 parathroÔme ìti to merikì �jroisma (5.1.15) d�nei to s ma x(n), dhlad ,se ant�jesh me th suneq  per�ptwsh, den emfan�zetai fainìmeno Gibbs. Genik� den em-fan�zetai fainìmeno Gibbssthn seir� FourierdiakritoÔ qrìnou. Autì ofe�letai stogegonì ìti k�je periodik  akolouj�a x(n) e�nai pl rw orismènh apì èna pepera-smèno arijmì N tim¸n, dhlad , ton arijmì twn tim¸n th akolouj�a se m�a per�odo.H (5.1.4) apl� metasqhmat�zei th seir� twn N tim¸n se mia isodÔnamh seir� N sunte-lest¸n Fourierkai h (5.1.3) d�nei to trìpo an�kthsh twn tim¸n th akolouj�a x(n)me th bo jeia m�a peperasmènh seir�. An N e�nai perittì arijmì kai jèsoumeM = (N � 1)=2 sthn (5.1.15), to �jroisma apotele�tai akrib¸ apì N ìrou. E-pomènw apì thn ex�swsh sÔnjesh èqoume x̂(n) = x(n). E�n N e�nai �rtio arijmì,
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M = 4Sq ma 5.5 To periodikì orjog¸nio kÔma diakritoÔ qrìnou, ìpw upolog�zetai apì to merikì�jroisma (5.1.15), ìtan N = 9 kai 2N1 + 1 = 5 gia M = 1; 2; 3 kai 4.tìte to �jroisma x̂(n) = PMk=�M+1 �kejk 2�N n me M = N=2 perièqei N ìrou kaikatal goume sthn ex�swsh sÔnjesh (5.1.3). àtsi x̂(n) = x(n).Ant�jeta, èna periodikì s ma suneqoÔ qrìnou kat� th di�rkeia mia periìdou lam-b�nei �peire suneqe� timè� epomènw, apaite�tai �peiro arijmì suntelest¸n Fouri-
er gia thn anapar�stas  tou. Genik� ìle oi peperasmènou m kou seirè xN (t) =PNk=�N �kejk!0t den d�noun akrib¸ ti timè tou x(t) kai parousi�zoun fainìmenasÔgklish.5.2 METASQHMATISMOS FOURIER DIAKRITOU QRONOULamb�noume s ma diakritoÔ qrìnou x(n) peperasmènh di�rkeia� epomènw, up�rqeiakèraio N1 tètoio ¸ste x(n) = 0 gia k�je jnj > N1. àstw N > 2N1. Sqhmat�zoumethn periodik  epèktash tou x(n), blèpe Sq ma 5.6.~x(n) = 1Xr=�1x(n� rN) (5.2.1)To s ma ~x(n) èqei per�odo N , sump�ptei me to x(n) sto di�sthma �N=2 � n � N=2
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n

x(n)

x(n)

Sq ma 5.6 (a) To s ma x(n) kai (b) to s ma ~x(n), h periodik  epèktash tou x(n).kai èqei an�ptugma se seir� FourierdiakritoÔ qrìnou~x(n) = Xk=hNi akejk 2�N n (5.2.2)Oi suntelestè th seir� FourierdiakritoÔ qrìnou d�nontai apì th sqèsh:ak = 1N Xn=hNi ~x(n)e�jk 2�N n= 1N N1Xn=�N1 x(n)e�jk 2�N n= 1N 1Xn=�1x(n)e�jk 2�N n (5.2.3)Or�zoume th migadik  sun�rthsh X(
) th pragmatik  metablht  
X(
) = 1Xn=�1x(n)e�j
n (5.2.4)h opo�a e�nai periodik  me per�odo 2�, opìte parathroÔme ìti oi suntelestè akmporoÔn na ekfrastoÔn w ak = 1NX(k
0) (5.2.5)dhlad , oi suntelestè ak lamb�nontai apì deigmatolhy�a th sun�rthsh X(
) meper�odo deigmatolhy�a 
0 = 2�=N .



Enìthta 5.2 Metasqhmatismì Fourier DiakritoÔ Qrìnou 145àtsi, to s ma ~x(n), dhlad , h periodik  epèktash tou x(n), d�netai apì th sqèsh~x(n) = Xk=hNi 1NX(k
0)ejk
0n (5.2.6)kai, epeid  
0 = 2�=N   1=N = 
0=2�, èqoume~x(n) = 12� Xk=hNiX(k
0)ejk
0n
0 (5.2.7)ParathroÔme ìti, ìtan N !1, tìte ~x(n) = x(n), dhlad ,x(n) = limN!1 ~x(n) = limN!1 12� Xk=hNiX(k
0)ejk
0n
0= 12� Z2�X(
)ej
n d
 (5.2.8)ìpou qrhsimopoi jhke to Sq ma 5.7, gia na èqoume thn teleuta�a isìthta. àtsi èqoumeti exis¸sei sÔnjesh kai an�lush gia to metasqhmatismì Fourier diakritoÔ qrìnou(discrete time Fourier transform(DTFT)).x(n) = 12� Z2�X(
)ej
n d
; Ex�swsh sÔnjesh (5.2.9)X(
) = 1Xn=�1x(n)e�j
n Ex�swsh an�lush (5.2.10)
Ù

X(Ù)e jÙn

0-2ð 2ðð-ð

X(kÙ0)e jkÙ0n

Ù0

kÙ0 Sq ma 5.7 H grafik  ermhne�a touajro�smatoPk=hNiX(k
0)ejk
0n
0.H exis¸sh (5.2.9) ekfr�zei thn an�lush tou s mato diakritoÔ qrìnou x(n) se ek-jetik� s mata ej
n, ta opo�a ekte�nontai se èna suneqè f�sma kuklik¸n suqnot twnperiorismèno sto di�sthma [0; 2�), gegonì pou ofe�letai sthn periodikìthta thsun�rthsh X(
).H sun�rthsh X(
) h opo�a or�zetai apì thn (5.2.10) e�nai o metasqhmatismì
FourierdiakritoÔ qrìnou� suqn� anafèretai kai w f�sma tou x(n), giat� perièqei thn



146 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 5plhrofor�a pw to x(n) sunt�jetai apì ekjetik� s mata diaforetik¸n suqnot twn.To fasmatikì perieqìmeno sto apeirostì di�sthma suqnot twn [
; 
 + d
℄ e�naiX(
) kai h suneisfor� twn suqnot twn [
; 
+ d
℄ èqei pl�to X(
)(d
=2�).Shmei¸netai ìti to �jroisma X(
) =P1n=�1 x(n)e�j
n up�rqei ìtan1Xn=�1 jx(n)j <1   1Xn=�1 jx(n)j2 <1 (5.2.11)dhlad , h akolouj�a èqei peperasmènh enèrgeia.O metasqhmatismì FourierdiakritoÔ qrìnou èqei dÔo diaforè apì to metasqh-matismì Fourier suneqoÔ qrìnou, oi opo�e ofe�lontai sto gegonì ìti ta ekjetik�s mata diakritoÔ qrìnou e�nai periodik� me per�odo 2�.1. O X(
) e�nai periodikì en¸ o X(!) ìqi. àtsi to olokl rwma sthn ex�swshsÔnjesh (5.2.9) èqei peperasmèno di�sthma olokl rwsh.2. Sthn per�ptwsh tou suneqoÔ qrìnou, oi qamhlè suqnìthte perigr�fontai apìdiast mata mikroÔ eÔrou kentrarismèna sthn arq  twn suntetagmènwn, en¸ oiuyhlè suqnìthte e�nai topojethmène makri� apì thn arq  twn axìnwn pro taarister�   pro ta dexi� tou �xona suqnot twn. Sthn per�ptwsh tou diakritoÔqrìnou h periodikìthta tou metasqhmatismoÔ Fourierepib�llei mia diaforetik eikìna. Oi qamhlè suqnìthte antistoiqoÔn se diast mata gÔrw apì th jèsh
 = 0,  , lìgw th periodikìthta, gÔrw apì ti jèsei 
 = �2k�. Oi uyhlèsuqnìthte topojetoÔntai kont� se perioqè ìpou 
 = ��,   
 = �(2k + 1)�,blèpe Sq ma 5.8.Par�deigma 5.2.1Na upologiste� o metasqhmatismì Fourier diakritoÔ qrìnou tou aitiatoÔ ekjetikoÔs mato diakritoÔ qrìnoux(n) = anu(n); jaj < 1 kai a 2 C (5.2.12)LÔsh Me th bo jeia th (5.2.10) o metasqhmatismì FourierdiakritoÔ qrìnou e�naiX(
) = 1Xn=�1 anu(n)ej
n = 1Xn=0 �ae�j
�n (5.2.13)To �jroisma apotele� gewmetrik  seir� h opo�a sugkl�nei, epeid ��ae�j
�� = jaj ��e�j
�� = jaj < 1O metasqhmatismì FourierdiakritoÔ qrìnou tou aitiatoÔ ekjetikoÔ s mato e�naiX(
) = 11� ae�j
 (5.2.14)
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Ù

X1(Ù)

0-2ð 2ðð-ð-3ð 3ð

x1(n)

0 n

Ù

X2(Ù)

0-2ð 2ðð-ð-3ð 3ð

x2(n)

0 n

(a) (â)

(ã) (ä)Sq ma 5.8 (a) S ma diakritoÔ qrìnou x1(n) pou èqei (b) MF diakritoÔ qrìnou X1(
) meqamhlè suqnìthte. (g) S ma diakritoÔ qrìnou x2(n) pou èqei (d) MF diakritoÔ qrìnouX2(
)me uyhlè suqnìthte.Sto Sq ma 5.9 èqoun sqediaste� to mètro kai h f�sh tou metasqhmatismoÔ FourierdiakritoÔ qrìnou tou aitiatoÔ ekjetikoÔ s mato diakritoÔ qrìnou gia pragmatikètimè tou a, me 0 < a < 1 kai �1 < a < 0.
Ù

X(Ù) X(ù)

Ù0-2ð 2ð -2ð

1
1 a

1
1 a

1
1 a

1
1 a

ð-ð ð0-ð

Ù

arg X(Ù)

0
-2ð

2ðð-ð Ù

arg X(Ù)

0-2ð
2ð

ð-ð

1 a
atan1

2

1 a
atan1

2

1 a
atan1

2

1 a
atan1

2

-1<a<00<a<1

Sq ma 5.9 To mètro kai h f�sh tou metasqhmatismoÔ FourierdiakritoÔ qrìnou tou aitiatoÔekjetikoÔ s mato x(n) = anu(n); jaj < 1; a 2 R.



148 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 5Par�deigma 5.2.2Na upologiste� o metasqhmatismì FourierdiakritoÔ qrìnou tou s matox(n) = ajnj; jaj < 1 kai a 2 R (5.2.15)LÔsh O metasqhmatismì FourierdiakritoÔ qrìnou e�naiX(
) = 1Xn=�1 ajnje�j
n = �1Xn=�1 a�ne�j
n + 1Xn=0 ane�j
n= 1Xn=1 anej
n + 1Xn=0 ane�j
n= 1Xn=0 anej
n � 1 + 1Xn=0 ane�j
n= 1Xn=0 �aej
�n + 1Xn=0 �ae�j
�n � 1= 11� aej
 + 11� ae�j
 � 1= 1� a21 + a2 � 2a os(
) (5.2.16)Sto Sq ma 5.10 eikon�zetai to s ma kai o metasqhmatismì Fourier diakritoÔ qrìnoutou. ParathroÔme ìti h X(
) e�nai pragmatik  sun�rthsh tou 
, afoÔ a e�nai prag-matikì arijmì. Genik� ta �rtia s mata èqoun pragmatikoÔ metasqhmatismoÔ FourierdiakritoÔ qrìnou .

Ù

X(Ù)

0-2ð 2ðð-ð

x n( )

0 5 10 15 20-5-10-15-20 n---- ----

1
1

a
a Sq ma 5.10 To s ma x(n) = ajnjkai to f�sma tou.Par�deigma 5.2.3Na upologiste� o metasqhmatismì FourierdiakritoÔ qrìnou tou orjog¸niou palmoÔx(n) = � 1; jnj � N10; jnj > N1 (5.2.17)



Enìthta 5.2 Metasqhmatismì Fourier DiakritoÔ Qrìnou 149LÔsh O metasqhmatismì FourierdiakritoÔ qrìnou tou orjog¸niou palmoÔ diakritoÔqrìnou e�naiX(
) = N1Xn=�N1 e�j
n m=n+N1= 2N1Xm=0 e�j
(m�N1) = ej
N1 2N1Xm=0 e�j
mAn efarmìsoume thn (5.1.11) gia N � 1 = 2N1   N = 2N1 + 1 kai gia thn per�ptwshpou 
 6= 0, o metasqhmatismì FourierdiakritoÔ qrìnou apokt� th morf X(
) = ej
N1 1� e�j
(2N1+1)1� e�j
= ej
N1 e�j
(N1+ 12 )e�j
 12 ej
(N1+ 12 ) � e�j
(N1+ 12 )ej
 12 � e�j
 12= sin �
 �N1 + 12��sin �
 12� (5.2.18)Sto Sq ma 5.11 èqei sqediaste� o orjog¸nio palmì kai to f�sma tou.
x(n)

n0-N1 N1 0 ð 2ðð2ð

X(Ù)

Ù

2Í+11

2Í+11

2ðSq ma 5.11 O orjog¸nio palmì diakritoÔ qrìnou kai to f�sma tou.Parathr sei1. Gia th tim  
 = 0 o metasqhmatismì FourierdiakritoÔ qrìnou e�nai X(0) =2N1 + 1.2. Oi timè pou mhden�zoun ton X(
) e�nai oi suqnìthte gia ti opo�e sin[
(N1+1=2)℄ = 0, dhlad , 
(N1 + 1=2) = �� ) 
 = � 2�2N1+1 ; � 2 Z .3. äso megalÔtero e�nai to eÔro 2N1 + 1 tou palmoÔ, tìso megalÔtero e�nai oarijmì twn suqnot twn pou mhden�zoun tonX(
), tìso mikrìtero to eÔro toukentrikoÔ loboÔ kai tìso megalÔterh h tim  tou sto mhdèn.4. GiaN1 !1 o metasqhmatismì FourierdiakritoÔ qrìnou te�nei pro th sun�rth-sh dèlta.5. H anakataskeu  tou s mato apì suqnìthte j
j �W d�nei to s ma:x̂(n) = 12� Z W�W X(
)ej
n d




150 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 56. gia W = �, dhlad , ìtan qrhsimopoioÔntai ìle oi suqnìthte, e�nai x̂(n) =x(n). ParathroÔme ìti den èqoume emf�nish fainomènwn Gibbs.Par�deigma 5.2.4Na upologiste� to s ma diakritoÔ qrìnou x(n), tou opo�ou o metasqhmatismì FourierdiakritoÔ qrìnou e�nai orjog¸nio periodikì kÔma (Sq ma 5.12a), dhlad ,X(
) = � 1; j
j �W0; W < j
j � � (5.2.19)
Ù

X(Ù)

0 WW

1

nðð 0

ð 2ðð2ð

WW

x(n)

ð
W

Sq ma 5.12 O metasqhmatismì FourierdiakritoÔ qrìnou tou s mato sto Par�deigma 5.2.4kai h apokat�stas  tou sto qrìno.LÔsh To s ma x(n) lamb�netai apì ton X(
) mèsw tou antistrìfou metasqhma-tismoÔ FourierdiakritoÔ qrìnou,x(n) = 12� Z W�W ej
n d
 = sin(Wn)�n (5.2.20)ParathroÔme an�logh sumperifor� me aut  tou Parade�gmato 3.3.4.Par�deigma 5.2.51. Na upologiste� o metasqhmatismì FourierdiakritoÔ qrìnou tou s mato x(n) =Æ(n) kai tou olisjhmènou monadia�ou de�gmato.2. Na g�nei h anakataskeu  tou s mato x(n) apì to f�sma tou.LÔsh1. Epeid  x(n) = 0 gia k�je n 6= 0, br�skoume X(
) = x(0)ej0
 = 1, dhlad , tof�sma tou monadia�ou de�gmato ekte�netai se ìle ti suqnìthte. Genikìtera tof�sma tou olisjhmènou monadia�ou de�gmato e�naix(n) = Æ(n� k) F ! X(
) = e�jk
 (5.2.21)



Enìthta 5.3 Idiìthte tou MetasqhmatismoÔ Fourier DiakritoÔ Qrìnou 151To mètro tou f�smato e�nai jX(
)j = 1 (5.2.22)H f�sh tou f�smato e�nai grammik  se m�a per�odo.argX(
) = �k
 (5.2.23)Sto Sq ma 5.13 èqoun sqediaste� to mètro kai h f�sh tou MF diakritoÔ qrìnoutou olisjhmènou kat� k de�gmata monadia�ou de�gmato .
Ù

X(Ù)

0-2ð 2ðð-ð

Ù

arg X(Ù)

0-2ð 2ðð-ð

1

Sq ma 5.13 To mètro kai h f�sh tou MFdiakritoÔ qrìnou tou monadia�ou ol�sjh-mènou de�gmato.2. H anakataskeu  tou x(n) apì to f�sma tou e�naix̂(n) = 12� Z W�W ej
n d
= sin(Wn)�n (5.2.24)Sto Sq ma 5.14 up�rqei to x̂(n) gia diaforetikè timè tou W . ParathroÔme ìtix̂(n) = Æ(n) ìtan W = �.5.3 IDIOTHTES TOUMETASQHMATISMOU FOURIER DIAKRITOUQRONOUO metasqhmatismì FourierdiakritoÔ qrìnou parousi�zei dÔo idiìthte diaforetikèapì to metasqhmatismì FouriersuneqoÔ qrìnou, ti opo�e parajètoume ston P�naka5.1.H pr¸th diafor� up�rqei sthn idiìthta diafìrish sto ped�o tou qrìnou, ìpou ènas ma diakritoÔ qrìnou den e�nai diafor�simo sunart sei tou qrìnou, epeid  lamb�neidiakritè timè.H deÔterh diafor� br�sketai sthn idiìthta th allag  kl�maka. Sthn per�ptwshtou suneqoÔ qrìnou ìpou to s ma x(at) èqei p�ntote ènnoia kai antiproswpeÔeisump�esh e�n a > 1 kai diastol  e�n a < 1. To ant�stoiqo s ma x(dn) den or�zetaie�n o d den e�nai akèraio. Ep�sh, ìpw ja doÔme, up�rqei diafor� kai sthn idiìthtath olokl rwsh.
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Sq ma 5.14 H prosèggish tou monadia�ou de�gmato apì thn x̂(n) = sin(Wn)=�n giadi�fore timè th paramètrou W .5.3.1 Apodek�tish sto qrìnoM�a kathgor�a apì sust mata apaitoÔn antiproswpeutik  apoj keush kai met�doshshm�twn me diaforetikoÔ rujmoÔ deigmatolhy�a.àstw ìti to s ma diakritoÔ qrìnou x(n) prokÔptei apì èna analogikì s ma s(t)me rujmì deigmatolhy�a Fs = 1=Ts, dhlad , x(n) = s(nTs). An o rujmì elattwje�se ~Fs = 1= ~Ts, tìte to yhfiakì s ma e�nais(n ~Ts) = s n ~TsTsTs! = s(nMTs) = x(nM) = xM (n) (5.3.1)ìpou o akèraio M or�zetai w o lìgo twn rujm¸n deigmatolhy�a M = ~Ts=Ts =Fs= ~Fs > 1. ParathroÔme ìti to s ma xM (n) lamb�netai me deigmatolhy�a toux(n) gia k�je M de�gmata. H el�ttwsh tou rujmoÔ deigmatolhy�a antistoiqe� seapodek�tish sthn anapar�stash diakritoÔ qrìnou. Sto Sq ma 5.15 fa�netai o trìpome ton opo�o prokÔptei h apodekatismènh morf  x2(n) tou s mato x(n). Gia na ka-jor�soume ta apotelèsmata th apodek�tish sto ped�o suqnot twn or�zoume to s maz(n) to opo�o sump�ptei me to x(n) gia k�je tim  tou n pou e�nai pollapl�sio touM
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x(n)

0 2-2 4-4 6 8-6-8 n

z(n)

0 2-2 4-4 6 8-6-8 n

x2(n)

0 2-2 4-4 6 8-6-8 n

Sq ma 5.15 Apodek�tish sto qrìno (a) to s ma x(n), (b) h apodekatismènh morf  x2(n)kai (g) to bohjhtikì s ma z(n).kai e�nai mhdèn opoud pote alloÔ, dhlad ,z(n) = � x(n); an n = 0modM0; alli¸ (5.3.2)O metasqhmatismì FourierdiakritoÔ qrìnou XM (
) tou s mato xM (n) e�naiXM (
) = 1Xn=�1xM (n)e�j
n= 1Xn=�1x(Mn)e�j
nm=Mn= Xm=0modM x(m)e�j
mME�nai ìmw Z � 
M� = 1Xm=�1 z(m)e�j 
Mm= 1Xm=0modM x(m)e�j 
Mm
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) = Z � 
M� (5.3.3)Ja ekfr�soume to f�sma tou apodekatismènou s mato se sqèsh me to arqikì. E�naignwstì ìti 1M M�1Xk=0 ej 2�M kn = � 1; an n = 0modM0; alli¸ (5.3.4)àtsi to s ma z(n) mpore� na grafe� wz(n) = x(n) 1M M�1Xk=0 ej 2�M knkai o metasqhmatismì FourierdiakritoÔ qrìnou e�nai:Z(
) = 1Xn=�1 z(n)e�j
n = 1Xn=�1x(n) 1M M�1Xk=0 ej 2�M kne�j
n= 1M M�1Xk=0 1Xn=�1x(n)e�j(
� 2�M k)n= 1M M�1Xk=0 X �
� 2�M k� (5.3.5)Sundu�zonta thn teleuta�a ex�swsh me thn XM (
) = Z � 
M � èqoume:XM (
) = 1M M�1Xk=0 X � 
M � 2�M k� (5.3.6)To apodekatismèno f�sma lamb�netai me dieÔrunsh tou f�smato X(
) kat� M ,metatìpish kat� 2�=M , (2�=M)2, ..., (2�=M)(M � 1) kai upèrjesh. H diadikas�aapeikon�zetai sto Sq ma 5.16 gia M = 2.5.3.2 Parembol H mèjodo th parembol  pragmatopoie� aÔxhsh tou rujmoÔ deigmatolhy�a. àstwta s mata x(n) kai ~x(n) ta opo�a prokÔptoun apì to analogikì s ma s(t) me diafore-tikoÔ rujmoÔ deigmatolhy�a, dhlad ,x(n) = s(nTs)~x(n) = s(n ~Ts) (5.3.7)
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Ù
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Sq ma 5.16 (a) To arqikì f�sma X(
) kai (b) to f�sma tou apodekatismènou s matoXM (
) gia M = 2.ìpou Fs = 1=Ts kai ~Fs = 1= ~Ts me Fs < ~Fs   Ts > ~Ts kai èqoun lìgo ~Fs=Fs = L > 1.H aÔxhsh tou rujmoÔ deigmatolhy�a kat� èna par�gonta L apaite� upologismì toux(n) sti timè n=L h opo�a e�nai efikt  mìno e�n to n e�nai pollapl�sio tou L. Oiupìloipe timè ja prèpei na paremblhjoÔn. àtsi or�zoume to s maxL(n) = � x �nL� ; an n = 0modL0; alli¸ (5.3.8)Sto Sq ma 5.17 par�goume to s ma x2(n) par�getai apì to s ma x(n) paremb�llon-ta èna mhdenikì an�mesa se diadoqikè timè tou x(n). Me an�logo trìpo par�getaikai to s ma x3(n).To f�sma tou s mato xL(n) e�naiXL(
) = 1Xn=�1xL(n)e�j
n = 1Xk=�1xL(kL)e�j
kL= 1Xk=�1x�kLL � e�j
kL= 1Xk=�1x(k)e�j(L
)k= X(L
) (5.3.9)ParathroÔme ìti to f�sma XL(
) lamb�netai apì to arqikì f�sma X(
) me allag kl�maka suqnot twn kat� L.
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n0
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(â)

(ã)Sq ma 5.17 (a) To s ma x(n) kai to f�sma tou. To s ma xL(n) pou par�getai apì tox(n) paramb�llonta L� 1 mhdenik� an�mesa se diadoqikè timè tou x(n) kai to f�sma touXL(
) gia (b) L = 2 kai (g) L = 3.5.3.3 �jroismaAn x(t) F ! X(!), h idiìthta th olokl rwsh tou metasqhmatismoÔ FouriersuneqoÔqrìnou e�nai Z t�1 x(�) d� F ! 1j!X(!) + �X(0)Æ(!)Me th bo jeia tou s mato x(n) or�zoume to s ma y(n) =Pnm=�1 x(m) kai parath-roÔme ìti y(n) � y(n � 1) = x(n). Efarmìzoume metasqhmatismì FourierdiakritoÔqrìnou kai sta dÔo mèlh th teleuta�a ex�swsh kai, lìgw th idiìthta th gram-mikìthta kai th qronik  metatìpish, èqoume:F [y(n)� y(n� 1)℄ = F [x(n)℄   Y (
)� e�j
Y (
) = X(
)An 
 6= 0 èqoume Y (
) = 11� e�j
X(
)



Enìthta 5.3 Idiìthte tou MetasqhmatismoÔ Fourier DiakritoÔ Qrìnou 157ApodeiknÔetaiy ìti h pl rh sqèsh h opo�a ekfr�zei thn idiìthta th �jroish e�nai:nXm=�1x(m) F ! 11� e�j
X(
) + �X(0) 1Xk=�1 Æ(
� 2�k) (5.3.10)5.3.4 Idiìthta th DiamìrfwshMe th bo jeia twn shm�twn x1(n) kai x2(n), pou èqoun metasqhmatismoÔ FourierdiakritoÔ qrìnou X1(
) kai X2(
) ant�stoiqa, sqhmat�zoume to s ma y(n) = x1(n) �x2(n). O metasqhmatismì FourierdiakritoÔ qrìnou tou s mato y(n) ja e�nai:Y (
) = 1Xn=�1 y(n)e�j
n = 1Xn=�1x1(n) � x2(n)e�j
n= 1Xn=�1x2(n) � � 12� Z2�X1(�)ej�n d�� e�j
n= 12� Z2�X1(�)" 1Xn=�1x2(n) � ej(
��)n# d�= 12� Z2�X1(�)X2(
� �) d� (5.3.11)H teleuta�a ex�swsh apotele� thn periodik  sunèlixh twn X1(
) kai X2(
). H di-amìrfwsh s mato diakritoÔ qrìnou me th bo jeia th idiìthta aut  epexhge�taisto par�deigma pou akolouje�.Par�deigma 5.3.1àstw x1(n) h periodik  akolouj�a, me per�odo 2x1(n) = ej�n = (�1)n (5.3.12)kai to s ma x2(n); tou opo�ou o metasqhmatismì Fourier diakritoÔ qrìnou X2(
)fa�netai sto Sq ma 5.18b. Na prosdioriste� grafik� o metasqhmatismì Fourier di-akritoÔ qrìnou tou s mato y(n) = x1(n) � x2(n).LÔsh O MF diakritoÔ qrìnou th periodik  akolouj�a x1(n) e�naiX1(
) = 2� 1Xr=�1 Æ(
� (2r + 1)�) (5.3.13)H grafik  par�stash tou X1(
) e�nai sto Sq ma 5.18a. Sto Sq ma 5.18g èqoumesqedi�sei ta X1(�) kai X2(
� �). ParathroÔme ìtiX1(�) �X2(
� �) = 2�X2(
� �)Æ(� � �) gia 0 < � < 2�yAnafor� 5.4 kai 5.5 th proteinìmenh bibliograf�a
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1Sq ma 5.18 H idiìthta th diamìrfwsh diakritoÔ qrìnou. (a) O DTFT tou s matox1(n) = (�1)n, (b) o DTFT tou s mato x2(n), (g) oi posìthte oi opo�e qrei�zontai gia tonprosdiorismì tou periodikoÔ sugkerasmoÔ kai (d) o DTFT tou s mato y(n) = x1(n)�x2(n) =(�1)nx2(n)ètsi èqoume Y (
) = Z 2�0 X2(
� �)Æ(� � �) = X2(
� �) (5.3.14)O Y (
) èqei sqediaste� sto Sq ma 5.18d.Ja mporoÔsame na broÔme thn teleuta�a sqèsh me thn bo jeia th idiìthta thol�sjhsh f�sh tou metasqhmatismoÔ FourierdiakritoÔ qrìnouej�nx(n) = (�1)nx(n) F ! X(
� �)ParathroÔme ìti o pollaplasiasmì enì s mato me (�1)n èqei w apotèlesma thn al-lag  tou pros mou stou perittoÔ ìrou th akolouj�a. Sto de q¸ro twn suqnot twnèqei w apotèlesma thn ol�sjhsh tou periodikoÔ f�smato X2(
) kat� mis  per�odo



Enìthta 5.3 Idiìthte tou MetasqhmatismoÔ Fourier DiakritoÔ Qrìnou 159PINAKAS 5.4 Idiìthte tou metasqhmatismoÔ FourierdiakritoÔ qrìnouIdiìthta Ped�o qrìnou Ped�o suqnìthtaSuzug�a sto qrìno x?(n) X?(�
)Suzug�a sth suqnìthta x?(�n) X?(
)An�klash x(�n) X(�
)Grammikìthta ax1(n)+bx2(n) aX1(
)+bX2(
)�rtio mèro s mato xe(n)= 12 [x(n)+x?(�n)℄ <e[X(
)℄=R(
)Pragmatikì mèro f�smatoPerittì mèro s mato xo(n)= 12 [x(n)�x?(�n)℄ j=m[X(
)℄=jI(
)Fantastikì mèro f�smatoQronik  metatìpish x(n�n0) e�j
n0X(
)Ol�sjhsh suqnìthta ej
0nx(n) X(
�
0)X(
)=X?(
)<e[X(
)℄=<e[X(�
)℄Pragmatikì s ma x(n)=x?(n) =m[X(
)℄=�=m[X(�
)℄jX(
)j=jX(�
)jargX(
)=� argX(�
)�jroisma Pnm=�1 x(m) 11+e�j
X(
)+�X(0)P1k=�1 Æ(
�2k�)Diamìrfwsh x(n)�y(n) 12� R2� X(
��)Y (�) d�Sunèlixh x(n)?y(n) X(
)�Y (
)Apodek�tish xM (n)=x(Mn) XM (
)= 1M PM�1k=0 X( 
M� 2k�M )Diafìrish sto (�j)knkx(n) dkX(
)d
kped�o suqnot twnDiafor� x(n)�x(n�1) (1�e�j
)X(
)Parembol  xM (n)=x( nM ) X(M
)Je¸rhma Parseval Ex=P1n�1 jx(n)j2 Ex= 12� R2� jX(
)j2 d

(dhlad  kat� p). Lìgw th periodikìthta thn opo�a parousi�zoun ta f�smata twndiakrit¸n shm�twn, autì èqei w apotèlesma thn enallag  twn uyhl¸n kai qamhl¸nsuqnot twn.



160 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 55.3.5 O metasqhmatismì Fourier diakritoÔ qrìnou gia periodik� s mataJa prosdior�soume to s ma x(n) tou opo�ou to f�sma e�nai h periodik  epèktash thsun�rthsh dèlta, dhlad , X(
) = 1Xk=�1 Æ(
� 2k�) (5.3.15)Me th bo jeia tou ant�strofou metasqhmatismoÔ FourierdiakritoÔ qrìnou èqoumex(n) = 12� Z ���X(
)ej
n d
= 12� Z ��� 1Xk=�1 Æ(
 � 2�k)ej
n d
 (5.3.16)Epeid  k�je di�sthma me m ko 2� perièqei m�a mìno sun�rthsh dèlta apì ton kroustikìsurmì tou ajro�smato, (dhlad , sto di�sthma (��; �) up�rqei m�a sun�rthsh dèltasth jèsh 
 = 0), èqoume:x(n) = 12� Z ��� Æ(
)ej
n d
 = 12�ej0n = 12�àtsi èqoume to zeÔgo metasqhmatismoÔ Fourier:x(n) = 1 F ! X(
) = 2� 1Xk=�1 Æ(
� 2k�) (5.3.17)Lìgw th idiìthta th ol�sjhsh sto ped�o twn suqnot twn èqoume:x(n) = ej
0n F ! X(
) = 2� 1Xk=�1 Æ(
� 
0 � 2k�) (5.3.18)Sto Sq ma 5.19 èqei sqediaste� o metasqhmatismì FourierdiakritoÔ qrìnou tou s -mato x(n) = ej
0n.
X(Ù)

Ù0 Ù0Ù0-2ð Ù0+2ð Ù0+4ðÙ0-4ð

2ð

Sq ma 5.19 O metasqhmatismì FourierdiakritoÔ qrìnou tou s mato x(n) = ej
0n.



Enìthta 5.3 Idiìthte tou MetasqhmatismoÔ Fourier DiakritoÔ Qrìnou 161ParathroÔme ìti, epeid  to s ma suneqoÔ qrìnou x(t) = ej!0t èqei metasqhma-tismì Fourierm�a sun�rthsh dèlta sth suqnìthta ! = !0, to s ma diakritoÔ qrìnoux(n) = ej
0n, lìgw th periodikìthta ej
0n = ej(
0+2�r)n, èqei metasqhmatismì
FourierdiakritoÔ qrìnou èna kroustikì surmì ston opo�o ta kroustik� s mata e�naitopojethmèna sti suqnìthte 
0; 
0 � 2�; 
0 � 4�; :::Gnwr�zoume ìti k�je periodikì s ma diakritoÔ qrìnou me per�odo N anaptÔssetaise seir� FourierdiakritoÔ qrìnoux(n) = N�1Xm=0 amejm 2�N n (5.3.19)  x(n) = a0 + a1ej 2�N n + a2ej2 2�N n + ::: + aN�1ej(N�1) 2�N n (5.3.20)kai o metasqhmatismì FourierdiakritoÔ qrìnou e�nai:X(
) = a0 1Xk=�1 2�Æ(
� 2k�)+a1 1Xk=�1 2�Æ�
� 2�N � 2k��... +aN�1 1Xk=�1 2�Æ�
� (N � 1)2�N � 2k��Efarmog  twn parap�nw sqèsewn g�netai sto Sq ma 5.20 gia N = 4. Lìgw th peri-odikìthta twn suntelest¸n a0; a1; :::; aN�1, dhlad , 2�al = 2�aNk+l = 2�a�Nk+l,k = 0; �1; �2; ::: kai l = 0; 1; :::; N � 1 apì thn teleuta�a sqèsh èqoumeN�1Xm=0 amejm 2�N n F ! 2� 1Xl=�1 alÆ�
� l2�N � (5.3.21)Par�deigma 5.3.2Oi suntelestè Fourierth periodik  epèktash tou monadia�ou de�gmato periìdou N(Sq ma 5.21a) x(n) = 1Xk=�1 Æ(n� kN); k = 0; �1; �2; ::: (5.3.22)
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Enìthta 5.4 Deigmatolhpthmèna S mata sto Ped�o Suqnot twn 163Epomènw, h periodik  epèktash tou monadia�ou de�gmato anaptÔssetai se seir� Fouri-
er diakritoÔ qrìnou w x(n) = 1N 1Xk=�1 ejk(2�=N)n (5.3.24)O metasqhmatismì FourierdiakritoÔ qrìnou th periodik  epèktash tou monadia�oude�gmato lìgw th (5.3.21) e�naiX(
) = 2�N 1Xk=�1 Æ�
� 2k�N � (5.3.25)Sto Sq ma 5.21b èqei sqediaste� o metasqhmatismì FourierdiakritoÔ qrìnou tou s -mato x(n).
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2ð
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4ð
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x(n)

n-N N0

1

(a)

( â )Sq ma 5.21 (a) H periodik  epèktash tou monadia�ou de�gmato kai (b) to f�sma th.Par�deigma 5.3.3Na upologiste� o metasqhmatismì FourierdiakritoÔ qrìnou th monadia�a bhmatik akolouj�a.LÔsh Gnwr�zoume ìti x(n) = Æ(n) F ! X(
) = 1. Me th bo jeia th idiìthta touajro�smato o metasqhmatismì Fourier diakritoÔ qrìnou th bhmatik  akolouj�au(n) e�nai nXm=�1 Æ(m) = u(n) F ! 11� e�j
 + � 1Xk=�1 Æ(
� 2�k) (5.3.26)Ston P�naka 5.2 parousi�zontai merik� zeÔgh metasqhmatism¸n FourierdiakritoÔqrìnou.5.4 SHMATA APO DEIGMATOLHYIA STO PEDIO SUQNOTHTWND�netai to analogikì s ma xa(t) to opo�o èqei metasqhmatismì FourierX(!). Anl�boume de�gmata tou xa(t) me per�odo Ts, dhlad , an metr soume ti timè tou s -



164 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 5PINAKAS 5.5 DTFT basik¸n sunart sewn diakritoÔ qrìnouA/A Ped�o qrìnou Ped�o suqnìthta1 Pk=<N> akejk( 2�N )n 2�P1k=�1 akÆ �
� 2�kN �2 ej
0n 2�P1l=�1 Æ (
� 
0 � 2�l)3 os(
0n) �P1l=�1 [Æ(
�
0�2�l)+Æ(
+
0�2�l) ℄4 sin(
0n) �j P1l=�1 [Æ(
�
0�2�l)�Æ(
+
0�2�l) ℄5 x(n) = 1 2�P1k=�1 Æ(
� 2�k)6 x(n+N)=x(n)=8<: 1; jnj�N10; N1<jnj�N=2 2�P1k=�1 akÆ �
� 2�kN �7 P1k=�1 Æ(n� kN) 2�N P1k=�1 Æ �
� 2�kN �8 anu(n); jaj < 1 11�ae�j
9 x(n) = � 1; jnj�N10; jnj>N1 sin[
(N1+ 12)℄sin(
2 )10 sin(Wn)�n = W� sin �Wn� � ; 0 < W < � X(
+2k�)=X(
)=8<: 1; 0�j
j�W0; W<j
j��11 Æ(n) 112 u(n) 11�e�j
 +P1k=�1 �Æ(
� 2�k)13 Æ(n� n0) e�j
n014 (n+ 1)anu(n); jaj < 1 1(1�ae�j
)215 (n+r+1)!n!(r�1)! anu(n); jaj < 1 1(1�ae�j
)rmato suneqoÔ qrìnou se diakritè qronikè stigmè pou e�nai pollapl�sia th Ts,pa�rnoume to s ma diakritoÔ qrìnouxs(n) = xa(nTs) (5.4.1)To qronikì di�sthma Ts e�nai gnwstì w per�odo deigmatolhy�a kai fs = 1Ts e�naih suqnìthta deigmatolhy�a. H epilog  th Ts ja prèpei na g�netai ètsi, ¸ste namh qaje� plhrofor�a pou perièqetai sto analogikì s ma, (dhlad , na e�nai dunat  hanakataskeu  tou apì ta de�gmat� tou), all� oÔte na auxhje� qwr� lìgo h apaitoÔmhmn mh.Ja prosdior�soume th sqèsh an�mesa sto metasqhmatismì FourierdiakritoÔ qrìnouXs(
) tou s mato xs(n), pou èqei proèljei apì deigmatolhy�a, kai tou antisto�qou



Enìthta 5.4 Deigmatolhpthmèna S mata sto Ped�o Suqnot twn 165tou suneqoÔ qrìnou Xa(!). O metasqhmatismì FourierdiakritoÔ qrìnou tou s ma-to xs(n) e�nai Xs(
) = 1Xn=�1xs(n)e�j
n (5.4.2)H ex�swsh sÔnjesh tou xs(n) e�naixs(n) = 12� Z ���Xs(
)ej
n d
 (5.4.3)H ex�swsh sÔnjesh tou xa(t) e�naixa(t) = 12� Z 1�1Xa(!)ej!t d! (5.4.4)Efarmìzoume thn (5.4.4) gia t = nTsxa(nTs) = 12� Z 1�1Xa(!)ej!nTs d! (5.4.5)H sÔgkrish twn (5.4.5) kai (5.4.3) ma kajodhge� sto metasqhmatismì !Ts = 
, poue�nai h gnwst  sqèsh metaxÔ analogik  kai yhfiak  kuklik  suqnìthta (1.4.11).àtsi h (5.4.5) d�nei xa(nTs) = 12�Ts Z 1�1Xa� 
Ts� ej
n d
 (5.4.6)H (5.4.6) diafèrei apì thn (5.4.3) w pro ta ìria tou oloklhr¸mato. Qwr�zoume toolokl rwma se �jroisma oloklhrwm�twn se diast mata m kou 2�, dhlad ,xa(nTs) = 12�Ts 1Xk=�1Z (2k+1)�(2k�1)� Xa� 
Ts� ej
n d
 (5.4.7)Allag  th metablht  
 = 
� 2k� odhge� sthnxa(nTs) = 12�Ts Z ��� 1Xk=�1Xa�
+ 2k�Ts � ej
n d
 (5.4.8)H sÔgkrish th (5.4.3) me thn (5.4.8) d�nei thnXs(
) = 1Ts 1Xk=�1Xa�
+ 2k�Ts � (5.4.9)



166 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 5 , w pro thn analogik  kuklik  suqnìthta,xs(n) = xa(nTs) F ! Xs(!Ts) = 1Ts 1Xk=�1Xa �! + 2k�Ts � (5.4.10)O metasqhmatismì FourierdiakritoÔ qrìnou tou s mato pou èqei proèljei apìdeigmatolhy�a prokÔptei apì to f�sma tou analogikoÔ s mato me ti ex  diadikas�e:(blèpe Sq ma 5.22)
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Sq ma 5.22 (�1) Analogikì s ma, (�1) kai (1) s mata apì deigmatolhy�a me diafore-tikì rujmì deigmatolhy�a. Ta f�smata (�2) tou analogikoÔ s mato, (�3) met� thn allag kl�maka, (�2) ol�sjhsh kai upèrjesh qwr� epik�luyh kai (2) ol�sjhsh kai upèrjesh meepik�luyh fasm�twn.- Allag  kl�maka Xs(
)! Y (
) = Xs(
=Ts)- Olisj sei Y (
)! Y (
 + 2k�)- Upèrjesh twn olisjhmènwn fasm�twn kai diab�jmish me 1=Ts



Enìthta 5.4 Deigmatolhpthmèna S mata sto Ped�o Suqnot twn 167Diapist¸noume ìti, an to analogikì s ma xa(t) èqei periorismèno eÔro suqnot twn,dhlad , Xa(!) = 0 gia j!j > !0=2, kai an g�nei deigmatolhy�a me rujmì deigmato-lhy�a megalÔtero apì to eÔro z¸nh tou s mato !0, to f�sma Xa(!) diathre�taianallo�wto mèsa sto f�sma Xs(
) twn deigm�twn tou. K�tw apì ti pro�pojèseiautè, anamènoume ìti to analogikì s ma mpore� na anakataskeuaste� apì ta de�gmat�tou. Pr�gmati, Xs(!Ts) = 1Ts 1Xk=�1Xa�! + 2k�Ts � (5.4.11)apì thn opo�a èqoume gia ��=Ts < ! � �=TsXs(!Ts) = 1TsXa(!) (5.4.12)àtsi èqoume gia to analogikì s ma xa(t)xa(t) = 12� Z 1�1Xa(!)ej!t d! = Ts2� Z �=Ts��=Ts Xs(!Ts)ej!t d! (5.4.13)Lìgw th (5.4.2) xa(t) = Ts2� Z �=Ts��=Ts 1Xn=�1xs(n)e�j!Tsnej!t d!= 1Xn=�1xa(nTs) Ts2� Z �=Ts��=Ts ej!(t�Tsn) d!= 1Xn=�1xa(nTs)sin �Ts (t� nTs)�Ts (t� nTs)= 1Xn=�1xa(nTs)sin�t� nTsTs � (5.4.14)Apì th (5.4.14) parathroÔme ìti to anakataskeuasmèno s ma sump�ptei me to xa(t)sti stigmè deigmatolhy�a (blèpe Sq ma 5.23). Shmei¸netai ìti to �jroisma sump�pteime to arqikì s ma gia ìle ti endi�mese qronikè stigmè.5.4.1 Je¸rhma deigmatolhy�aAn xa(t) analogikì s ma periorismènou eÔrou suqnot twn, dhlad ,Xa(!) = 0 gia j!j > !02 (5.4.15)



168 Seir� - Metasqhmatismì Fourier DiakritoÔ Qrìnou Kef�laio 5kai o rujmì deigmatolhy�a ikanopoie� to krit rio Nyquist!0 � 2�Ts (5.4.16)tìte to s ma xa(t) anakataskeu�zetai apì ta de�gmat� tou sÔmfwna me thn (5.4.14).H suqnìthta 2�=Ts onom�zetai suqnìthta Nyquist.
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Sq ma 5.23 H anakataskeu  tou analogikoÔ s mato apì ta de�gmat� tou. (a) To analogikìs ma xa(t), (b) to s ma diakritoÔ qrìnou xs(n) kai (g) h anakataskeu  tou analogikoÔs mato apì ta de�gmat� tou sÔmfwna me thn ex�swsh (5.4.14) gia !0 = 2�=Ts.5.4.2 Oi Suntelestè Fourier w de�gmata se m�a per�odo tou metasqhmatismoÔ
Fourieràstw to periodikì s ma ~x(n) me per�odo N kai to s ma x(n), pou antistoiqe� se m�aper�odo tou ~x(n), dhlad ,x(n) = � ~x(n); M � n �M +N � 10; alli¸ , ìpou M pragmatikì akèraio (5.4.17)Gnwr�zoume (5.2.5) Nak = X �k2�n � (5.4.18)



Enìthta 5.4 Deigmatolhpthmèna S mata sto Ped�o Suqnot twn 169ìpou ak e�nai oi suntelestè th seir� FourierdiakritoÔ qrìnou tou ~x(n), kai X(
)e�nai o metasqhmatismì FourierdiakritoÔ qrìnou tou x(n). Me th bo jeia tou Pa-rade�gmato 5.4.1 pou akolouje�, ja de�xoume ìti o X(
) exart�tai apì thn tim  touM , en¸ oi timè tou sti suqnìthte deigmatolhy�a k(2�=N) den exart¸ntai apì thntim  tou M .Par�deigma 5.4.1An or�soume to s ma x1(n) (Sq ma 5.24b), to opo�o antistoiqe� se mia per�odo th
x(n)

n-N N0 2N
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x2(n)=ä(n-N)

n-N N0 2N

1

(a)

(â)

(ã)Sq ma 5.24 (a) H periodik  epèktash tou monadia�ou de�gmato kai (b), (g) dÔo mh periodikèakolouj�e, h k�je mia apì ti opo�e e�nai �sh me to x(n) sth di�rkeia mia periìdou.periodik  epèktash tou monadia�ou de�gmato periìdou N x(n) (Sq ma 5.24a) w:x1(n) = � x(n); 0 � n � N � 10; alli¸ , dhlad , x1(n) = Æ(n) (5.4.19)apì thn ex�swsh an�lush X1(
) = P1n=�1 x1(n)e�j
n upolog�zoume to metasqh-matismì FourierdiakritoÔ qrìnou tou x1(n) wX1(
) = 1 (5.4.20)en¸, an or�soume to s ma x2(n) (Sq ma 5.24g),x2(n) = � x(n); M � n �M +N � 10; alli¸ ìpou 0 < M < N (5.4.21)



170 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5dhlad , x2(n) = Æ(n�N), o metasqhmatismì tou x2(n) e�naiX2(
) = e�j
N (5.4.22)ParathroÔme ìti X1(
) 6= X2(
) all� gia ti suqnìthte 
 = k(2�=N) e�naiX1�k 2�N � = X2�k 2�N � = 1 (5.4.23)5.5 DIAKRITOS METASQHMATISMOS FOURIERO metasqhmatismì Fourier diakritoÔ qrìnou e�nai suneq  periodik  sun�rthsh meper�odo 2�. Gia na epexergastoÔme to metasqhmatismì Fourierme yhfiak� mèsa a-paite�tai h metatrop  tou se akolouj�a arijm¸n peperasmènh akr�beia. Ja prèpei,loipìn na g�nei kat�llhlh deigmatolhy�a tou metasqhmatismoÔ Fourierètsi, ¸ste nae�nai dunat  h anakataskeu  tou apì ta de�gmat� tou.D�netai h peperasmènou m kouN akolouj�a x(n), dhlad , h x(n) = 0 gia n � N .O metasqhmatismì FourierdiakritoÔ qrìnou th akolouj�a x(n), ìpw e�nai gnwstì,e�nai X(
) = N�1Xn=0 x(n)e�j
n; 0 � 
 < 2� (5.5.1)E�n g�nei deigmatolhy�a th suneqoÔ sun�rthsh X(
) seM diakritè kuklikèsuqnìthte pou e�nai pollapl�sie th 
s sto di�sthma 0 � 
 < 2�, pa�rnoume tade�gmata:XM (k) = X(
)j
=k
s = N�1Xn=0 x(n)ejk
sn; k = 0; 1; : : : ; M � 1 (5.5.2)O arijmì twn deigm�twn pou ja lhfjoÔn ja prèpei na e�nai kat�llhlo ètsi ¸steafenì na e�nai dunat  h an�kthsh tou metasqhmatismoÔ Fourier diakritoÔ qrìnougia k�je tim  th kuklik  suqnìthta 
, afetèrou na mhn auxhjoÔn h apaitoÔmenhmn mh kai h taqÔthta epexergas�a.To je¸rhma deigmatolhy�a sto ped�o tou qrìnou anafèrei ìti gia èna analogikìs ma xa(t) me periorismèno eÔro z¸nh qamhl¸n suqnot twn W , dhlad , X(!) =0 gia j!j � W e�nai dunat  h anakataskeu  tou arqikoÔ s mato xa(t) apì thnakolouj�a twn deigm�twn tou fxa(nTs)g1n=�1, ìtan h per�odo deigmatolhy�a Tsplhro� to krit rio tou Nyquist, dhlad , Ts � 12W .Me an�logo trìpo to je¸rhma deigmatolhy�a sto ped�o suqnot twn anafèreiìti o metasqhmatismì FourierdiakritoÔ qrìnou mpore� na anakthje� apì ta de�gmat�tou XM (k); k = 0; 1; : : : ; M � 1 efìson to s ma diakritoÔ qrìnou x(n) e�nai



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 171peperasmènh di�rkeia N kai isqÔeiM � N � sthn per�ptwsh aut  isqÔei h sunj kh
Nyquist, dhlad , 
s � 2�N (5.5.3)Gia thn oriak  per�ptwsh ìpou 
s = 2�N , dhlad , ìtan g�netai deigmatolhy�a touX(
) sti suqnìthte 
k = k � 
s = k �2�N � ; k = 0; 1; : : : ; N � 1, h (5.5.2) gr�fetaiXN (k) = X(
)j
=k 2�N = X �k2�N �= N�1Xn=0 x(n)ejk 2�N n; k = 0; 1; : : : ; N � 1 (5.5.4)Ta de�gmataXN (k)   apl�X(k) tou metasqhmatismoÔ FourierdiakritoÔ qrìnouX(
)apoteloÔn to diakritì metasqhmatismì Fourier (Disctete Fourier Transform, DFT)thakolouj�a x(n).ApodeiknÔetaiz ìti mporoÔme na anakataskeu�soume thn akolouj�a x(n) apì tade�gmata XN (k) tou metasqhmatismoÔ FourierdiakritoÔ qrìnou me thnx(n) = 1N N�1Xk=0 XN (k)e�jk 2�N n; n = 0; 1; : : : ; N � 1 (5.5.5)H (5.5.5) apotele� ton ant�strofo diakritì metasqhmatismì Foureir (inverse DFT, IDFT).Oi exis¸sei (5.5.4) kai (5.5.5) apoteloÔn tou zeÔgo diakritoÔ metasqhmatismoÔ
FourierN -shme�wn kai ja to sumbol�zoume w x(n) DFTN ! XN (k).Oi akolouj�e x(n) kai XN (k) èqoun �dio m ko N kai e�nai periodikè me per�o-do N .Par�deigma 5.5.1D�netai h 4-shme�wn akolouj�a x(n)x(n) = � 1; 0 � n � 30; alli¸ (5.5.6)1. Na breje� o metasqhmatismìFourierdiakritoÔ qrìnouX(
) kai na g�nei h grafik par�stash tou mètrou tou se sun�rthsh me thn kuklik  suqnìthta 
.2. Na breje� o diakritì metasqhmatismì Fourier4-shme�wn th akolouj�a x(n).zAnafor� 5.4 kai 5.5 th proteinìmenh bibliograf�a



172 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5LÔsh1. O metasqhmatismì FourierdiakritoÔ qrìnou th akolouj�a x(n) e�naiX(
) = 3Xn=0x(n)e�j
n= 1 + e�j
 + e�j2
 + e�j3
= 1� e�j4
1� e�j
= sin(2
)sin(
=2)e�j3
=2Sto Sq ma 5.25 èqei g�nei h grafik  par�stash tou mètrou tou metasqhmatismoÔ
FourierdiakritoÔ qrìnou jX(
)j se sun�rthsh me thn 
.2. Gia to diakritì metasqhmatismì Fourier4-shme�wn th akolouj�a x(n) èqoumeX4(k) = 3Xn=0x(n)ejk 2�N n; k = 0; 1; 2; 3:Gia k = 0 èqoumeX4(0) = 3Xn=0x(n)ej0 2�N n = 3Xn=0x(n) = x(0) + x(1) + x(2) + x(3) = 4kai gia k = 1; 2; kai 3 èqoumeX4(1) = 3Xn=0x(n)ej1 2�N n = 3Xn=0x(n)(�j)n = 0X4(2) = 3Xn=0x(n)ej2 2�N n = 3Xn=0x(n)(�j)2n = 0X4(3) = 3Xn=0x(n)ej2 3�N n = 3Xn=0x(n)(�j)3n = 0O diakritì metasqhmatismì Fourier4-shme�wn th akolouj�a x(n) e�nai, loipìnX4(k) = [ 4"; 0; 0; 0 ℄ (5.5.7)O diakritì metasqhmatismì Fourier4-shme�wn th akolouj�a x(n) br�sketaikai e�n g�nei deigmatolhy�a tou metasqhmatismoÔ FourierdiakritoÔ qrìnou X(
)



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 173se 4 isapèqouse kuklikè suqnìthte pou apèqoun an� dÔo kat� �
 = �2 . àqou-me, loipìn, ta de�gmata X4(k) = X(
)j
=k �2= sin(2k �2 )sin(k �4 ) e�j3k �4= [ 4"; 0; 0; 0 ℄ (5.5.8)Sto Sq ma 5.25 èqoume kai grafik  par�stash tou diakritoÔ metasqhmatismoÔ
Fourier4-shme�wn th akolouj�a x(n).
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Sq ma 5.25 H grafik  par�stash tou
MF diakritoÔ qrìnou tou s mato x(n)sto Par�deigma 5.5.1 kai o diakritì MF4-shme�wn tou.Shmei¸netai ìti to de�gma gia mhdenik  kuklik  suqnìthta XN (0) e�nai p�ntote �some to �jroisma twn stoiqe�wn th akolouj�a x(n).5.5.1 Kuklik  an�klash akolouj�aH an�klash mia akolouj�a N -shme�wn, x(n), d�nei thn akolouj�a x(�n), h opo�aden e�nai akolouj�a N -shme�wn, kai ètsi den e�nai dunatì na upologiste� o diakritìmetasqhmatismì Fourier. H kuklik  an�klash mia akolouj�a mpore� na parastaje�me th bo jeia twn upolo�pwn (modulo) w x((�n))N , ìpou o sumbolismì ((m))Ndiab�zetai w m modulo Nkai shma�nei to upìloipo th dia�resh tou m dia tou Nkai e�nai x((�n))N = � x(0); n = 0x(N � n); 1 � n � N � 1 (5.5.9)Sto Sq ma 5.26 fa�netai h akolouj�a 11-shme�wn x(n) = �n ìpou 0 � n � 10 kai0 < � < 1 h an�klas  th h opo�a den e�nai akolouj�a 11-shme�wn kai h kuklik an�klas  th h opo�a e�nai akolouj�a 11-shme�wn.
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Sq ma 5.26 KÔklik  an�klash akolouj�-a (a) h akolouj�a N -shme�wn x(n), (b) han�klash th akolouj�a kai (g) h kuklik an�klash th akolouj�a.5.5.2 Kuklik  ol�sjhsh akolouj�aH periodik  epèktash an� N de�gmata th peperasmènou m kou akolouj�a x(n) pouèqei N de�gmata sto di�sthma 0; 1; : : : ; N � 1 e�nai h periodik  akolouj�a~x(n) = 1Xk=�1x(n� kN) (5.5.10)H ol�sjhsh (metatìpish) th periodik  akolouj�a ~x(n) kat� m de�gmata pro tadexi� d�nei thn ep�sh periodik  akolouj�a~x(n�m) = 1Xk=�1x(n�m+ kN) (5.5.11)H peperasmènou m kou akolouj�a~x(n�m)RN (n) = � ~x(n�m); 0 � n � N � 10; alli¸ (5.5.12)ìpou RN (n) e�nai to orjog¸nio par�juro m kou N , dhlad ,RN (n) = � 1; 0 � n � N � 10; alli¸ (5.5.13)apotele� thn kuklik  ol�sjhsh M -shme�wn th akolouj�a x(n). ParathroÔme ìti hkuklik  ol�sjhsh m shme�wn mia akolouj�a N shme�wn proèrqetai apì thn para-jÔrwshx th grammik� olisjhmènh kat�m shme�a periodik  epèktash th akolou-xO pollaplasiasmì mia sun�rthsh me m�a �llh, me skopì to mhdenidmì th pr¸th èxw apì èna di�sthma,e�nai gnwstì w parajÔrwsh



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 175j�a. H periodik  epèktash mia akolouj�a mpore� na parastaje� me th bo jeia twn
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Sq ma 5.27 Kuklik  ol�sjhsh akolouj�a (a) arqik  akolouj�a x(n), (b) periodik  epèktashth x(n) (g) grammik  ol�sjhsh kat� tr�a de�gmata th periodik  epèktash, kai d) kuklik�olisjhmènh akolouj�a kat� tr�a de�gmata.upolo�pwn w ~x(n�m) = x((n�m))N (5.5.14)opìte h kuklik  ol�sjhsh ekfr�zetai kai w~x(n�m)RN (n) = x((n�m))NRN (n) (5.5.15)Sto Sq ma 5.27 fa�netai h akolouj�a 11-shme�wn x(n) = �n (ìpou 0 � n � 10 kai0 < � < 1), h periodik  epèktash th akolouj�a kat� 11 de�gmata, h grammik ol�sjhsh th periodik  epèktash kat� tr�a de�gmata pro ta dexi� kai h kuklik ol�sjhsh kat� tr�a de�gmata pro ta dexi� th akolouj�a x(n), h opo�a e�nai ep�shakolouj�a 11-shme�wn.5.5.3 Kuklik  sunèlixh akolouji¸nH kuklik  sunèlixh dÔo akolouji¸n x1(n) kai x2(n), n = 0; 1; : : : ; N � 1 dhl¸netaix1(n)
 x2(n) kai or�zetai apì th sqèshy(n) = x1(n)
 x2(n) = N�1Xm=0 x1(m) � x2((n�m))N (5.5.16)



176 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5H akolouj�a y(n) èqei m ko N , ìso, dhlad , kai to m ko kajemi� apì ti arqikèakolouj�e, kai ìqi m ko 2N � 1, ìpw sumba�nei sthn per�ptwsh th grammik sunèlixh twn dÔo aut¸n akolouji¸n.Ta b mata gia ton upologismì th kuklik  sunèlixh dÔo akolouji¸n e�nai:1. kuklik  an�klash (katoptrismì) th mia akolouj�a,2. kuklik  ol�sjhsh (metatìpish) th katoptrik  akolouj�a,3. pollaplasiasmì th metatopismènh katoptrik  akolouj�a me th �llh akolou-j�a shme�o pro shme�o, kai4. �jroish twn ginomènwn.Ta b mata aut� epanalamb�nontai.Par�deigma 5.5.2Na upologiste� h kuklik  sunèlixh 4-shme�wn twn akolouji¸n x1(n) = [ 3; 2; 1 ℄ kaix2(n) = [ 1; 2; 3; 4 ℄LÔsh H kuklik  sunèlixh 4-shme�wn d�netai apì thx1(n)4 x2(n) = 3Xm=0x1(m)x2((n�m))4 (5.5.17)gia n = 0 èqoumeP3m=0 x1(m)x2((0�m))4 =P3m=0 [f3; 2; 1; 0gf1; 4; 3; 2g℄ =P3m=0f3; 8; 3; 0g = 14;gia n = 1 èqoumeP3m=0 x1(m)x2((1�m))4 =P3m=0 [f3; 2; 1; 0gf2; 1; 4; 3g℄ =P3m=0f6; 2; 4; 0g = 12;gia n = 2 èqoumeP3m=0 x1(m)x2((2�m))4 =P3m=0 [f3; 2; 1; 0gf3; 21; 4g℄ =P3m=0f9; 4; 1; 0g = 14;gia n = 3 èqoumeP3m=0 x1(m)x2((3�m))4 =P3m=0 [f3; 2; 1; 0gf4; 3; 2; 1g℄ =P3m=0f12; 6; 2; 0g= 20;epomènw h kuklik  sunèlixh e�naix1(n)4 x2(n) = [14; 12; 14; 20℄ (5.5.18)Par�deigma 5.5.3Me th bo jeia th idiìthta th kuklik  sunèlixh na upologiste� h kuklik  sunèlixh4-shme�wn twn akolouji¸n x1(n) kai x2(n) tou Parade�gmato 5.5.2LÔsh Me th bo jeia th ex�swsh an�lush X(k) = PN�1n=0 x(n)e�j 2�N kn pros-dior�zetai o diakritì metasqhmatismì Fouriertwn shm�twn x1(n) kai x2(n)X1(k) = h6; 2p2 e�j �4 ; 2; 2p2 ej �4 i = [6; 2� j2; 2; 2 + j2℄



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 177X2(k) = h10; 2p2 ej 3�4 ;�2; 2p2 e�j �4 i = [10; �2 + j2; �2; �2� j2℄To ginìmeno twn diakrit¸n metasqhmatism¸n Fouriere�naiX1(k) �X2(k) = �60; 8 ej �2 ; 4ej�; 4e�j �2 � = [60; j8; �4; �j8℄ (5.5.19)Me th bo jeia th ex�swsh sÔnjesh x(n) = 1N PN�1k=0 X(k)ej 2�N kn prosdior�zetai tos ma x(n), dhlad , h kuklik  sunèlixh twn shm�twn x1(n) kai x2(n)x1(n)4 x2(n) = [14; 12; 14; 20℄h opo�a e�nai �dia me thn kuklik  sunèlixh pou upolog�sthke sto Par�deigma 5.5.2, stoopo�o melet same to prìblhma sto ped�o tou qrìnou.5.5.4 Idiìthte tou diakritoÔ metasqhmatismoÔ FourierSthn enìthta aut  ja parousiasjoÔn oi basikè idiìthte pou èqei o diakritì metasqh-matismì Fourier.Merikè idiìthte tou diakritoÔ metasqhmatismoÔ Fouriere�nai an�loge me ti an-t�stoiqe idiìthte tou metasqhmatismoÔ FourierdiakritoÔ qrìnou. Up�rqoun ìmw kaidiaforè, oi opo�e ofe�lontai sto peperasmèno m ko tìso twn �diwn twn akolouji¸n,ìso kai tou diakritoÔ metasqhmatismoÔ Fouriertou. Ston P�naka 5.3 parousi�zontaioi idiìthte tou diakritoÔ metasqhmatismoÔ Fourier.5.5.5 H grammik  sunèlixh me th bo jeia tou diakritoÔ metasqhmatismoÔ FourierGnwr�zoume ìti, ìtan èna grammikì qronik� anallo�wto sÔsthma diakritoÔ qrìnou mekroustik  apìkrish h1(n) diegerje� apì thn akolouj�a x1(n), h èxodì tou y(n) e�naih grammik  sunèlixh twn x1(n) kai h1(n), dhlad ,y(n) = h1(n) ? x1(n) = 1Xk=�1x1(k)h1(k � n)An h akolouj�a eisìdou e�nai akolouj�a N1-shme�wn, kai h kroustik  apìkrish e�naiakolouj�a N2-shme�wn, tìte h èxodo tou sust mato e�nai akolouj�a (N1+N2�1)-shme�wn.Apì ti idiìthte tou metasqhmatismoÔ FourierdiakritoÔ qrìnou gnwr�zoume ìtiy(n) = h1(t) ? x1(n) F ! H1(
) �X1(
) (5.5.20)ParathroÔme ìti, gia na anakataskeu�soume thn akolouj�a exìdou apì ta de�g-mata tou Y (
), dhlad , apì to diakritì metasqhmatismì FourierY (k), ja prèpei nag�nei deigmatolhy�a th Y (
) se toul�qistonN1+N2�1 shme�a sth diakrit  kuklik 



178 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5PINAKAS 5.6 Idiìthte tou diakritoÔ metasqhmatismoÔ FourierIdiìthta Ped�o qrìnou Ped�o suqnìthtax1(n) X1(k)x2(n) X2(k)Grammikìthta ax1(n)+bx2(n) aX1(k)+bX2(k)An�klash sto qrìno x((�n))N X((�k))NSuzug  akolouj�a x?(n) X?((�k))<e[X(k)℄=<e[X((�k))N ℄Summetrikè idiìthte x(n)=x?(n) =m[X(k)℄=�=m[X((N�k))N ℄gia pragmatikè akolouj�e jX(k)j=jX((�k))N jargX(k)=� argX((�k))NKÔklik  ol�sjhsh sto qrìno x((n�n0))N e�jk 2�N n0X(�k)KÔklik  ol�sjhsh sth suqnìthta ejk0 2�N nx(n) X((k�k0))NKÔklik  sunèlixh x1(n)
x2(n) X1(k)X2(k)Pollaplasiasmì x1(n)x2(n) 1NX1(k)N X2(k)Je¸rhma tou Parseval Ex=PN�1n=0 jx(n)j2 Ex= 1N PN�1k=0 jX(k)j2suqnìthta. àpomènw, o diakritì metasqhmatismì Fourierja prèpei na èqei m koN � N1 +N2 � 1.Oi akolouj�e x1(n) kai h1(n) èqoun m ko mikrìtero tou N � prèpei, loipìn, naprostejoÔn stoiqe�a mhdenik  tim  se k�je m�a apì autè ètsi, ¸ste to m ko tou nag�nei �so me N sqhmat�zonta ti akolouj�e x(n) kai h(n). H prìsjesh mhdenik¸n sek�je m�a apì ti akolouj�e autè den ephre�zei to metasqhmatismì FourierdiakritoÔqrìnou, all� èqei w apotèlesma na auxhjoÔn ta shme�a deigmatolhy�a pèra apì toel�qisto m ko N1 kai N2 ant�stoiqa, pou e�nai o el�qisto arijmì.Pollaplasi�zonta tou diakritoÔ metasqhmatismoÔ Fourier N -shme�wn twnakolouji¸n x1(n) kai h1(n) br�sketai o ep�sh N shme�wn diakritì metasqhma-tismì Fourier Y (k). Sth sunèqeia me ant�strofo diakritì metasqhmatismì FourierN -shme�wn br�sketai h akolouj�a exìdou tou sust mato.H kuklik  sunèlixh twn akolouji¸n x(n) kai h(n) e�nai isodÔnamh me th grammik sunèlixh twn akolouji¸n x1(n) kai h1(n). Me �lla lìgia o diakritì metasqhmatismì
Fouriermpore� na qrhsimopoihje� gia ton upologismì th grammik  sunèlixh, an oiakolouj�e èqoun kat�llhla epimhkunje� me thn prìsjesh mhdenik¸n stoiqe�wn sthk�je m�a apì autè.



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 179Par�deigma 5.5.4H kroustik  apìkrish enì GQA sust mato e�nai h1(n) = [ 3; 2; 1 ℄: Me th bo jeiatou diakritoÔ metasqhmatismoÔ Fourierna upolog�sete thn èxodo tou sust mato, ìtanh e�sodo e�nai to s ma x1(n) = [ 1; 2; 3; 4 ℄.LÔsh H èxodo tou sust mato y(n) e�nai akolouj�a N1 +N2 � 1 = 3+ 4� 1 = 6-shme�wn. Sti akolouj�e h1(n) kai x1(n) ja prèpei na prostejoÔn tr�a kai dÔo mh-denik� ant�stoiqa ¸ste na g�noun akolouj�e 6-shme�wn. Oi diakrito� metasqhmatismo�
Fouriertwn akolouji¸n h(n) = [ 3; 2; 1; 0; 0; 0 ℄ kai x(n) = [ 1; 2; 3; 4; 0; 0 ℄ e�naiH(k) = 5Xn=0h(n) � ejk 2�6 n = h(0) + h(1) � ejk 2�6 + h(2) � ejk 2�6 2kaiX(k) = 5Xn=0x(n) � ejk 2�6 n = x(0) + x(1) � ejk 2�6 + x(2) � ejk 2�6 2 + x(3) � ejk 2�6 3ant�stoiqa. O diakritì metasqhmatismì Fourierth akolouj�a exìdou br�sketai mepollaplasi�smì twn H(k) kai X(n)Y (k) = h(0) � x(0)+ [h(1)x(0) + h(0)x(1)℄ � ejk 2�6 1+ [h(2)x(0) + h(1)x(1) + h(0)x(2)℄ � ejk 2�6 2+ [h(2)x(1) + h(1)x(2) + h(0)x(3)℄ � ejk 3�6 3+ [h(2)x(2) + h(1)x(3)℄ � ejk 2�6 4+ [h(2)x(3)℄ � ejk 2�6 5Y (k) = 3 + 8 � ejk 2�6 1 + 14 � ejk 2�6 2 + 20 � ejk 3�6 3 + 11 � ejk 2�6 4 + 4 � ejk 2�6 5 (5.5.21)h akolouj�a exìdou tou sust mato br�sketai me ant�strofo diakritì metasqhmatismì
Fourier6-shme�wn kai e�nai y(n) = [ 3; 8; 14; 20; 11; 4 ℄ (5.5.22)Sto Prìblhma 2.12 h èxodo tou sust mato brèjhke me th bo jeia tou ajro�sma-to th sunèlixh. An prosdior�soume thn èxodo tou sust mato qrhsimopoi¸ntakuklik  sunèlixh 5-shme�wn, tìte prosdior�zetai h akolouj�a [ 7; 8; 14; 20; 11 ℄, èn-w, an prosdior�soume thn èxodo tou sust mato qrhsimopoi¸nta kuklik  sunèlixh4-shme�wn tìte prosdior�zetai h akolouj�a [ 14; 12; 14; 20 ℄, h opo�a e�nai �sh me thnkuklik  sunèlixh pou upolog�sthke sta Par�deigma 5.5.2 kai 5.5.3. ParathroÔmeìti h akolouj�a [ 14; 12; 14; 20 ℄ èqei proèljei apì thn y(n) = [ 3; 8; 14; 20; 11; 4 ℄me anad�plwsh twn stoiqe�wn 11 kai 4� pr�gmati, [ 14; 12; 14; 20 ℄ = [ 3 + 11; 8 +4; 14; 20 ℄.



180 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 55.5.6 O diakritì metasqhmatismì Fourier se morf  pin�kwnAn efarmìsoume thn ex�swsh an�lush tou diakritoÔ metasqhmatismoÔ FourierXN (k) = N�1Xn=0 x(n)e�jk 2�N n; k = 0; 1; : : : ; N � 1 (5.5.23)gia k = 0; 1; 2; : : : ; N � 1, èqoume ti exis¸sei:XN (0) =e0x(0) +e0x(1) +e0x(2) : : : +e0x(N�1)XN (1) =e0x(0) +e�j 2�N x(1) +e�j 2�N 2x(2) : : : +e�j 2�N (N�1)x(N�1)XN (2) =e0x(0) +e�j2 2�N x(1) +e�j2 2�N 2x(2) : : : +e�j2 2�N (N�1)x(N�1)... ... ... ... . . . ...XN (N) =e0x(0) +e�j(N�1) 2�N x(1) +e�j(N�1) 2�N 2x(2) : : : +e�j(N�1) 2�N (N�1)x(N�1)An x e�nai to di�nusma twn N stoiqe�wn th akolouj�a x(n), dhlad ,x = [x(0); x(1); x(2); : : : ; x(N � 1)℄T (5.5.24)ìpou o ekjèth T dhl¸nei ton an�strofo p�naka, X e�nai to di�nusma twn N sunte-lest¸n X(k)� dhlad ,X = [XN (0); XN (1); XN (2); : : : ; XN (N � 1)℄T (5.5.25)kai W o N �N DFT p�nakaW = 26664 1 1 1 : : : 11 WN W 2N : : : WN�1N... ... ... . . . ...1 WN�1N W 2(N�1)N : : : W (N�1)(N�1)N 37775 (5.5.26)ìpou WN = e�j 2�N e�nai h Nost  r�za th mon�da. Me th bo jeia twn orism¸n aut¸noi exis¸sei pou d�noun to diakritì metasqhmatismì Fourier ekfr�zontai se morf pin�kwn w X =W � x (5.5.27)E�n o ant�strofo tou W up�rqei kai e�nai o W�1, èqoume apì thn (5.5.27)x =W�1 �X (5.5.28)Oi sqèsei (5.5.5) ekfr�zetai se morf  pin�kwn wx = 1NW? �X (5.5.29)



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 181ìpou W? e�nai o suzug  migadikì tou p�naka W. SÔgkrish twn dÔo teleuta�wnexis¸sewn odhge� sto sumpèrasmaW�1 = 1NW? (5.5.30)apì thn opo�a èqoume W �W? = N � I (5.5.31)ìpou I e�nai o monadia�o p�naka diast�sewn N �N . ParathroÔme ìti o p�nakaWe�nai summetrikì kai orjog¸nio p�naka.5.5.7 TaqÔ metasqhmatismì FourierO diakritì metasqhmatismì Fouriermia akolouj�aN -shme�wn x(n); n = 0; 1; : : : ;N � 1, or�zetai w h akolouj�a N ìrwnX(k) = N�1Xn=0 x(n)W nkN ; k = 0; 1; 2; : : : ; N � 1 kai WN = e�j 2�N (5.5.32)Gia na upologisje� k�je ìro th akolouj�a tou diakritoÔ metasqhmatismoÔ Foureir,apaitoÔntai N pollaplasiasmo� kai N � 1 prosjèsei. Gia na upologiste�, epomè-nw, olìklhrh h akolouj�a X(k), qrei�zontai N2 pollaplasiasmo� kai N(N � 1)prosjèsei. Gia par�deigma, o upologismì tou diakritoÔ metasqhmatismoÔ Fouriermia akolouj�a me m ko N = 512 apaite� N2 = 262144 pollaplasiasmoÔ kaiN(N�1) = 261632 prosjèsei. O arijmì twn pr�xewn aux�netai lìgw tou gegonìtoìti up�rqoun kai pr�xei metaxÔ migadik¸n arijm¸n.O p�nakaW, o opo�o qrhsimopoie�tai kat� ton upologismì tou diakritoÔ metasqh-matismoÔ Fourier, e�nai summetrikì. Axiopoi¸nta th summetr�a kai thn periodikìthtatwn tim¸n tou p�naka katal goume se mejìdou upologismoÔ tou diakritoÔ metasqh-matismoÔ Foureirme arket� ligìtere pr�xei.àqoun anaptuqje� èna pl jo apì diaforetikoÔ algìrijmou pou epitugq�nounto skopì autì. Oi diaforè tou br�skontai sto pl jo kai to e�do twn pr�xewnkaj¸ kai sto mègejo th apaitoÔmenh mn mh. Ja anafèroume ton algìrijmo twn
Cooley-Tukey, o opo�o prot�jhke to 1965. O algìrijmo autì mpore� na efarmoste�se akolouj�e N = 2n-shme�wn. Me to par�deigma pou akolouje� ja parousiaste�h dunatìthta periorismoÔ twn apaitoÔmenwn pr�xewn lìgw twn idiot twn th sum-metr�a kai th periodikìthta pou parousi�zei o p�naka W.Par�deigma 5.5.5Na breje� o diakritì metasqhmatismì Fourier4-shme�wn th akolouj�a[x(0); x(1); x(2); x(3) ℄



182 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5LÔsh An efarmìsoume thn ex�swsh an�lush tou diakritoÔ metasqhmatismoÔ FourierXN(k) = N�1Xn=0 x(n)Wnk4 ; 0 � k � 3; W4 = ej 2�4 = �j (5.5.33)gia k = 0; 1; 2; 3 kai ekfr�soume ti exis¸sei se morf  pin�kwn, èqoume2664 X4(0)X4(1)X4(2)X4(3) 3775 = 2664 W 04 W 04 W 04 W 04W 04 W 14 W 24 W 34W 04 W 24 W 44 W 64W 04 W 34 W 64 W 94 3775 � 2664 x(0)x(1)x(2)x(3) 3775 (5.5.34)Epeid  W 04 = W 44 = 1, W 14 = W 94 = �j, W 24 = W 64 = �1 kai W 34 = j, èqoume2664 X4(0)X4(1)X4(2)X4(3) 3775 = 2664 1 1 1 11 �j �1 j1 �1 1 �11 j �1 j 3775 � 2664 x(0)x(1)x(2)x(3) 3775 (5.5.35)Ekmetalleuìmenoi th summetr�a èqoumeX4(0) = x(0) + x(1) + x(2) + x(3) = [x(0) + x(2)| {z }g1 ℄ + [x(1) + x(3)℄| {z }g2X4(1) = x(0)� jx(1)� x(2) + jx(3) = [x(0)� x(2)℄| {z }h1 �j [x(1)� x(3)℄| {z }h2X4(2) = x(0)� x(1) + x(2)� x(3) = [x(0) + x(2)℄| {z }g1 � [x(1) + x(3)℄| {z }g2X4(3) = x(0) + jx(1)� x(2)� jx(3) = [x(0)� x(2)℄| {z }h1 +j [x(1)� x(3)℄| {z }h2Oi sqèsei autè odhgoÔn se ènan apotelesmatikì algìrijmo pou èqei dÔo b mataB ma I B ma IIg1 = x(0) + x(2) XN(0) = g1 + g2g2 = x(1) + x(3) XN (1) = h1 � jh2h1 = x(0)� x(2) XN(2) = g1 � g2h2 = x(1)� x(3) XN (1) = h1 + jh2 (5.5.36)O algìrijmo autì qrei�zetai mìno dÔo migadikoÔ pollaplasiasmoÔ. Sto Sq ma 5.28d�netai to di�gramma ro  tou algìrijmou.O algìrijmo (5.5.36) mpore� na ulopoihje� me diaforetikì trìpo. Arqik� h akolouj�a4-shme�wn x(n) diaire�tai se dÔo akolouj�e 2-shme�wn, oi opo�e dieujetoÔntai se dÔodianÔsmata st lh w�� x(0)x(2) � ; � x(1)x(3) �� = � x(0) x(2)x(1) x(3) �
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jSq ma 5.28 Di�gramma ro  sto Par�deigma 5.5.5.Sth sunèqeia br�sketai o mikrìtero 2-shme�wn diakritì metasqhmatismì FourierW2 � � x(0) x(1)x(2) x(3) � = � 1 1)1 �1 � � � x(0) x(1)x(2) x(3) �= � x(0) + x(2) x(1) + x(3)x(0)� x(2) x(1)� x(3) �= � g1 g2h1 h2 �Katìpin, k�je stoiqe�o tou p�naka pou prokÔptei pollaplasi�zetai me fW pq4 g, ìpou pe�nai o de�kth gramm  kai q e�nai o de�kth st lh. Dhlad , ektele�tai to eswterikìginìmeno � 1 11 �j � � ? � g1 g2h1 h2 � = � g1 g2h1 �jh2 �� g1 g2h1 �jh2 � �W2 = � g1 g2h1 �jh2 � � � 1 11 �j �= � g1 + g2 g1 � g2h1 � jh2 h1 + jh2 �= � X4(0) X4(2)X4(1) X4(3) � (5.5.37)An kai o diaforetikì autì trìpo ulopo�hsh apaite� perissìterou pollaplasias-moÔ apì ton apotelesmatikì algìrijmo (5.5.36), upodeiknÔei m�a susthmatik  prosèg-gish prosdiorismoÔ enì diakritoÔ metasqhmatismoÔ Foureirmeg�lh t�xh me th bo -jeia diakrit¸n metasqhmatism¸n Foureirmikrìterh t�xh.Sth sunèqeia ja genikeÔsoume ta sumper�smata tou parade�gmato� dhlad , jade�xoume ìti, gia �rtioN , o diakritì metasqhmatismì Fourierm kouN upolog�zetaime kat�llhlo sunduasmì dÔo akolouji¸n diakrit¸n metasqhmatism¸n Foureirm kouN=2. An kai o N=2 e�nai �rtio, tìte to �dio mpore� na g�nei gia k�je m�a apì tidÔo akolouj�e� dhlad , na upologisjoÔn me kat�llhlo sunduasmì dÔo diakrit¸nmetasqhmatism¸n Foureir m kou N=4. An o N e�nai dÔnamh tou 2 (N = 2p), h



184 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5diadikas�a aut  suneq�zetai mèqri na ft�soume se diakritì metasqhmatismì Foureir2-shme�wn, poÔ e�nai eÔkolo na upologiste�.Arqik�, h akolouj�a twn N ìrwn x(n) qwr�zetai se dÔo akolouj�e m kou N=2h k�je m�a, ti g1(n) = x(2n) kai g2(n) = x(2n + 1), gia n = 0; 1; : : : ; N2 � 1, oiopo�e apoteloÔntai apì tou ìrou me �rtiou kai perittoÔ de�kte ant�stoiqa. H(5.5.32) gr�fetaiX(k) = N�1Xn=0 x(n)W nkN= N2 �1Xn=0 x(2n)W 2nkN + N2 �1Xn=0 x(2n+ 1)W (2n+1)kN= N2 �1Xn=0 x(2n)W 2nkN +W kN N2 �1Xn=0 x(2n+ 1)W 2nkN (5.5.38)àpeid  W 2nkN = e�j 2�N 2nk = e�j 2�N=2nk =W nkN=2 h (5.5.38) gr�fetaiX(k) = N2 �1Xn=0 x(2n)W nkN=2| {z }G1(k) +W kN N2 �1Xn=0 x(2n+ 1)W nkN=2| {z }G2(k)  X(k) = G1(k) +W kN �G2(k); k = 0; 1; 2; : : : ; N � 1 (5.5.39)Epiplèon, epeid W k+N2N = e�j 2�N (k+N2 ) = e�j�e�j 2�N k = �W kN ; k = 0; 1; : : : ; N2h (5.5.39) an k = k + N2 d�neiX(k) = X �k + N2 � = G1(k) +W kN �G2(k); k = 0; 1; 2; : : : ; N2 � 1 (5.5.40)ParathroÔme ìti o upologismì tou X(k) èqei ekfraste� me th bo jeia dÔo diakrit¸nmetasqhmatism¸n Fourierme pl jo shme�wn N=2 o kajèna.H diadikas�a an�lush pou akolouj jhke prohgoumènw mpore� na suneqiste�kai gia ton upologismì twn dÔo nèwn diakrit¸n metasqhmatism¸n FourierG1(k) kaiG2(k). H diadikas�a aut  suneq�zetai mèqri na ft�soume se diakritì metasqhmatismì
Fourier2-shme�wn pou e�nai eÔkolo na upologiste�.



Enìthta 5.5 Diakritì Metasqhmatismì Fourier 185
W

x(2)

x(0)

x(4)

x(8) X(3)

X(2)

X(1)

X(0)

x(3)

x(1)

x(5)

x(7) X(7)

X(6)

X(5)

X(4)

N

4

WN

0 WN

0

WN

1

WN

7

WN

6

WN

5

WN

4

WN

2

WN

3WN

4

WN

0

WN

4

WN

0

WN

4

WN

0

WN

0

WN

2

WN

6

WN

4

WN

0

WN

2

WN

6

WN

4

Sq ma 5.29 Di�gramma ro  diakritoÔ metasqhmatismoÔ Fourierokt¸ shme�wn.Sto Sq ma 5.29 fa�netai to di�gramma ro  tou diakritoÔ metasqhmatismoÔ Fourierokt¸ shme�wn.H di�taxh twn deigm�twn tou diakritoÔ metasqhmatismoÔ Fouriersthn èxodo e�-nai kanonik � dhlad , X(0); X(1); : : : ; X(7). Ant�jeta, h di�taxh twn deigm�twneisìdou e�nai mh kanonik : x(0); x(4); x(2); x(6); x(1); x(5); x(3); x(7). H di�taxhaut  prokÔptei apì thn kanonik  di�taxh twn deigm�twn me antistrof  th seir�twn duadik¸n yhf�wn sth duadik  anapar�stash twn deikt¸n bit reversal.x(0); x(1); x(2); x(3); x(4); x(5); x(6); x(7); !x(000); x(001); x(010); x(011); x(100); x(101); x(110); x(111); !x(000); x(100); x(010); x(110); x(001); x(101); x(011); x(111); !x(0); x(4); x(2); x(6); x(1); x(5); x(3); x(7):Apì to sq ma parathroÔme ìti se k�je st�dio oi èxodoi mporoÔn na apojhkeÔontaisti �die jèsei mn mh, sti opo�e  tan apojhkeumène oi ant�stoiqe e�sodoi toustad�ou.Shmei¸netai ìti o taqÔ metasqhmatismì Fourier den apotele� nèo metasqhma-tismì Fourier, all� apotele� m�a apodotik  algorijmik  mèjodo, me thn ènnoia ìtielatt¸nei thn upologistik  poluplokìthta, dhlad , to sunolikì pl jo pr�xewn(pollaplasiasm¸n kai prosjèsewn). Pr�gmati, h upologistik  poluplokìthta toutaqèo metasqhmatismoÔ Fouriere�nai th t�xew N log2N , kai ìqi N2 tou diakritoÔmetasqhmatismoÔ Fourier.



186 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 55.6 EFARMOGES TOU METASQHMATISMOU FOURIER DIAKRI-TOU QRONOUäpw kai sthn per�ptwsh twn susthm�twn suneqoÔ qrìnou, me th bo jeia th idiìth-ta th sunèlixh mporoÔme na upolog�soume thn èxodo, y(n) enì GQA sust matodiakritoÔ qrìnou to opo�o èqei kroustik  apìkrish h(n), ìtan gnwr�zoume thn e�sodìtou x(n).Par�deigma 5.6.1D�netai to grammikì qronik� anallo�wto sÔsthma to opo�o èqei kroustik  apìkrishh(n) = Æ(n� n0) (5.6.1)Na upologiste� h sqèsh metaxÔ th akolouj�a eisìdou-exìdou tou sust mato.LÔsh H apìkrish suqnìthta tou sust mato e�naiH(
) = 1Xn=�1 Æ(n� n0)e�j
n = e�j
n0 (5.6.2)An h e�sodo tou sust mato e�nai to s ma x(n), to opo�o èqei MF diakritoÔ qrìnouX(
), o MF diakritoÔ qrìnou th exìdou ja e�naiY (
) = H(
) �X(
) = e�j
n0X(
) (5.6.3)Me th bo jeia th idiìthta th qronik  metatìpish parathroÔme ìti h èxodo tousust mato e�nai �sh me thn e�sodo tou sust mato metatopismènh qronik� kat� n0,dhlad , y(n) = x(n� n0) (5.6.4)Par�deigma 5.6.2D�netai to grammikì qronik� anallo�wto sÔsthma me kroustik  apìkrishh(n) = �nu(n) (5.6.5)An h e�sodo tou sust mato e�nai to s ma:x(n) = �nu(n) (5.6.6)na prosdioriste� h èxodo tou sust mato.LÔsh Oi MF diakritoÔ qrìnou th kroustik  apìkrish kai tou s mato eisìdoutou sust mato e�naiH(
) = 11� �e�j
 kai X(
) = 11� �e�j
 (5.6.7)Me th bo jeia th idiìthta th sunèlixh prosdior�zetai o MF diakritoÔ qrìnou thexìdou tou sust matoY (
) = H(
) �X(
) = 1(1� �e�j
) (1� �e�j
) (5.6.8)



Enìthta 5.6 Efarmogè tou DiakritoÔ MetasqhmatismoÔ Fourier 187An � 6= �, h an�lush th Y (
) se apl� kl�smata d�neiY (
) = C11� �e�j
 + C21� �e�j
 (5.6.9)Oi timè twn stajer¸n C1 kai C2 e�naiC1 = ��� � kai C2 = � ��� � (5.6.10)Me ant�strofo MF diakritoÔ qrìnou prosdior�zetai h èxodo tou sust matoy(n) = ��� ��nu(n)� ��� ��nu(n)= 1�� � ��n+1 � �n+1�u(n) (5.6.11)An � = �, o MF diakritoÔ qrìnou th exìdou e�naiY (
) = � 11� �e�j
�2 (5.6.12)Me th bo jeia tou zeÔgou 14 MF diakritoÔ qrìnou ston P�naka 5.2 prosdior�zetai tos ma exìdou tou sust mato y(n) = (n+ 1)�nu(n+ 1) (5.6.13)H èxodo tou sust mato mpore� na grafe� kai wy(n) = (n+ 1)�nu(n) (5.6.14)kaj¸ oi dÔo ekfr�sei d�noun thn �dia akolouj�a :::; y(�1) = 0; y(0) = 1; y(1) =2�; y(2) = 3�2; :::.5.6.1 H apìkrish suqnìthta gia sust mata ta opo�a qarakthr�zontaiapì grammikè exis¸sei diafor¸n me stajeroÔ suntelestèM�a meg�lh kathgor�a apì grammik� qronik� anallo�wta (GQA) sust mata diakritoÔqrìnou e�nai aut� sta opo�a h e�sodo kai h èxodo ikanopoioÔn m�a grammik  ex�swshdiafor¸n me stajeroÔ suntelestè th morf NXk=0 aky(n� k) = MXk=0 bkx(n� k) (5.6.15)Efarmìzoume MF diakritoÔ qrìnou kai sta dÔo mèlh th ex�swshF " NXk=0 aky(n� k)# = F " MXk=0 bkx(n� k)# (5.6.16)



188 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5Lìgw th idiìthta th grammikìthta pou èqei o MF diakritoÔ qrìnou èqoumeNXk=0 akF [y(n� k)℄ = MXk=0 bkF [x(n� k)℄ (5.6.17)kai, lìgw th idiìthta th qronik  metatìpish pou èqei o MF diakritoÔ qrìnou,èqoume thn ex�swsh Y (
) NXk=0 ake�jk
 = X(
) MXk=0 bke�jk
 (5.6.18)Qrhsimopoi¸nta thn idiìthta th sunèlixh èqoumeH(
) = Y (
)Y (
) = PMk=0 bke�jk
PNk=0 ake�jk
 (5.6.19)ParathroÔme ìti h apìkrish suqnìthta enì GQA sust mato e�nai rht  sun�rthsh�dhlad , mpore� na ekfraste� w lìgo dÔo poluwnÔmwn th metablht  e�j
.Par�deigma 5.6.3 (SÔsthma pr¸th t�xh).D�netai to GQA sÔsthma diakritoÔ qrìnou, to opo�o arqik� br�sketai se hrem�a, kaiqarakthr�zetai apì thn ex�swsh diafor¸ny(n)� ay(n� 1) = x(n) me jaj < 1 (5.6.20)Na brejoÔn h apìkrish suqnìthta, h kroustik  apìkrish tou sust mato kai h apì-krish tou sust mato sto monadia�o b ma.LÔsh Efarmìzonta MF diakritoÔ qrìnou kai sta dÔo mèlh th ex�swsh èqoume,lìgw twn idiot twn th grammikìthta kai th qronik  metatìpish,F [y(n)� ay(n� 1)℄ = F [x(n)℄F [y(n)℄� aF [y(n� 1)℄ = F [x(n)℄Y (
)� ae�j
Y (
) = X(
)H(
) = 11� ae�j
 (5.6.21)H kroustik  apìkrish tou sust mato e�naih(n) = anu(n) (5.6.22)Sto Sq ma 5.30 èqei sqediaste� h kroustik  apìkrish tou sust mato pr¸th t�xh giadi�fore timè th stajer� a. ParathroÔme ìti h(n) sugkl�nei sthn telik  th tim me rujmì o opo�o exart�tai apì to rujmì me ton opo�o h jajn sugkl�nei sto mhdèn. H
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Sq ma 5.30 H kroustik  apìkrish tou sust mato pr¸th t�xh, gia di�fore timè thstajer� a.stajer� a èqei parìmoio rìlo me th stajer� qrìnou � tou sust mato pr¸th t�xhsuneqoÔ qrìnou.Sto Sq ma 5.31 èqei sqediaste� h apìkrish pl�tou tou sust mato pr¸th t�xh giadi�fore timè th stajer� a. ätan h stajer� a > 0, to sÔsthma prokale� exasjènhshsti uyhlè suqnìthte� dhlad , to jH(
)j èqei mikrè timè, ìtan to 
 lamb�nei timèsthn perioq  tou �� se sÔgkrish me th timè pou èqei, ìtan to 
 lamb�nei timè sthnperioq  tou 0. To ant�jeto sumba�nei, ìtan a < 0.ParathroÔme ep�sh ìti gia mikrè timè th stajer� jaj h mègisth tim  tou mètroujH(
)j pou e�nai 1=(1 + a) kai h el�qisth tim  tou 1=(1� a) èqoun mikr  diafor� giaa < 0, me apotèlesma to mètro jH(
)j na e�nai sqetik� stajerì, se ant�jesh me thnper�ptwsh sthn opo�a to jaj èqei meg�le timè.
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Sq ma 5.31 H apìkrish pl�tou tou sust mato pr¸th t�xh, gia di�fore timè th sta-jer� a.H apìkrish tou sust mato pr¸th t�xh sto monadia�o b ma e�naiy(n) = h(n) ? u(n) = 1� an+11� a u(n) (5.6.23)Par�deigma 5.6.4D�netai to GQA sÔsthma diakritoÔ qrìnou, to opo�o arqik� br�sketai se hrem�a, kaiqarakthr�zetai apì thn ex�swsh diafor¸ny(n)� 34y(n� 1) + 18y(n� 2) = 2x(n) (5.6.24)Na brejoÔn h apìkrish suqnìthta kai h kroustik  apìkrish tou sust mato.An h e�sodo tou sust mato e�naix(n) = �14�n u(n) (5.6.25)na breje� to s ma exìdou tou sust mato.LÔsh H apìkrish suqnìthta tou sust mato e�naiH(
) = 21� 34e�j
 + 18e�j2
 (5.6.26)



Enìthta 5.6 Efarmogè tou DiakritoÔ MetasqhmatismoÔ Fourier 191AnalÔoume ton paranomast  se ginìmeno poluwnÔmwn pr¸tou   deutèrou bajmoÔ wpro e�j
 ètsi èqoume H(
) = 2�1� 12e�j
� �1� 14e�j
� (5.6.27)h an�lush se apl� kl�smata d�neiH(
) = 4�1� 12e�j
� � 2�1� 14e�j
� (5.6.28)Me th bo jeia antistrìfou MF diakritoÔ qrìnou prosdior�zetai h kroustik  apìkrishtou sust mato h(n) = 4�12�n u(n)� 2�14�n u(n) (5.6.29)ätan h e�sodo tou sust mato e�nai to s ma x(n) = � 14�n u(n), an qrhsimopoihje� tozeug�ri MF diakritoÔ qrìnoux(n) = �14�n u(n) F ! X(
) = 11� 14e�j
o metasqhmatismì FourierdiakritoÔ qrìnou th exìdou tou sust mato ja e�naiY (
) = H(
) �X(
) = 2�1� 12e�j
� �1� 14e�j
� � 1�1� 14e�j
�H an�lush se apl� kl�smata tou Y (
) èqei th morf Y (
) = � 41� 14e�j
 � 2�1� 14e�j
�2 + 81� 12e�j
 (5.6.30)Me th bo jeia antistrìfou MF diakritoÔ qrìnou an qrhsimopoihjoÔn ta zeug�ria MFdiakritoÔ qrìnou 8 kai 14, prosdior�zetai h èxodo tou sust matoy(n) = �4�14�n u(n)� 2(n+ 1)�14�n u(n) + 8�12�n u(n) (5.6.31)Par�deigma 5.6.5D�netai sÔsthma diakritoÔ qrìnou tou opo�ou h sqèsh metaxÔ twn shm�twn eisìdouexìdou perigr�fetai apì thn ex�swsh diafor¸ny(n) = 12 (x(n) + x(n� 1)) (5.6.32)Na breje� h kroustik  apìkrish, h apìkrish suqnìthta tou sust mato kai na g�neih grafik  par�stash th apìkrish pl�tou.



192 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5LÔsh H kroustik  apìkrish tou sust mato e�naih(n) = SfÆ(n)g = 12Æ(n) + 12Æ(n� 1) (5.6.33)H apìkrish suqnìthta tou sust mato e�nai o MF diakritoÔ qrìnou th kroustik apìkrish� ètsi h (5.6.33) d�nei H(
) = 12 + 12e�j
 (5.6.34)an qrhsimopoi je� to zeug�ri 11 MF diakritoÔ qrìnou kai h idiìthta th qronik metatìpish. H kroustik  apìkrish tou sut mato mpore� na grafe� wH(
) = e�j 
2 ej 
2 + e�j 
22 = e�j 
2 os�
2 � (5.6.35)apì thn opo�a parathroÔme ìti h apìkrish pl�tou e�naijH(
)j = ����os�
2 ����� (5.6.36)kai h apìkrish f�sh e�nai argfH(
)g = �
2 (5.6.37)Sto Sq ma 5.32 èqei g�nei h grafik  par�stash th apìkrish pl�tou se sun�rthshme th 
. ParathroÔme ìti to sÔsthma e�nai èna qamhloperatì f�ltro.
Ù

H(Ù)

0 ð-ð

1 Sq ma 5.32 H grafik  par�stash thapìkrish pl�tou se sun�rthsh me th 
tou sust mato sto Par�deigma 5.6.5.Par�deigma 5.6.6H sqèsh metaxÔ twn shm�twn eisìdou x(t) kai exìdou y(t) se èna thlepikoinwniakìkan�li sto opo�o parousi�zetai to fainìmeno twn pollapl¸n diadrom¸n perigr�fetaiapì thn ex�swsh y(t) = N�1Xk=0 akx(t � tk) (5.6.38)ìpou ak e�nai o par�gonta exasjènhsh o sqetikì me thn k-sth diadrom  di�dosh,kai tk e�nai h ant�stoiqh qronik  kajustèrhsh di�dosh.Na breje� h kroustik  apìkrish kai h apìkrish pl�tou thlepikoinwniakoÔ kanalioÔsto opo�o parousi�zontai dÔo diadìsei, dhlad , perigr�fetai apì thn ex�swsh di-afor¸n, y(n) = x(n) + ax(n� 1) (5.6.39)



Enìthta 5.6 Efarmogè tou DiakritoÔ MetasqhmatismoÔ Fourier 193LÔsh H kroustik  apìkrish tou sust mato e�naih(n) = SfÆ(n)g = Æ(n) + aÆ(n� 1) (5.6.40)H apìkrish suqnìthta tou sust mato e�nai o MF diakritoÔ qrìnou th kroustik apìkrish� ètsi h (5.6.40) d�nei H(
) = 1 + ae�j
 (5.6.41)ìpou a = jajej argfag. H apìkrish suqnìthta tou sut mato mpore� na grafe� wH(
) = 1 + jaje�j(
�argfag) (5.6.42)Qrhsimopoi¸nta thn tautìthta EulerèqoumeH(
) = 1 + jaj os(
� argfag)� jjaj sin(
� argfag) (5.6.43)H apìkrish pl�tou e�naijH(
)j = �(1 + jaj os(
� argfag))2 + jaj2 sin2(
� argfag)�1=2= (1 + jaj2 + 2jaj os(
� argfag))1=2 (5.6.44)lìgw th trigonwmetrik  tautìthta os2 � + sin2 � = 1.Sto Sq ma 5.33 èqoun g�nei oi grafikè parast�sei th apìkrish pl�tou gia tipeript¸sei ìpou a) a = 0; 5ej�=3, dhlad , ìtan sto dèkth ft�nei ektì apì to s maaupeuje�a di�dosh kai èna s ma me exasjènhsh �sh me 0,5 kai qronik  kajustèrhsh�sh me �t = T=6 kai b) a = 0; 9ej2�=3.
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Sq ma 5.33 H grafik  par�stash th apìkrish pl�tou se sun�rthsh me th 
 tou sust -mato sto Par�deigma 5.6.5. a) ìtan a = 0; 5ej�=3 kai b) a = 0; 9ej2�=3.Se pollè efarmogè pragmatikoÔ qrìnou h akolouj�a eisìdou enì FIR f�ltrouèqei meg�lo m ko� parade�gmato q�rin, h akolouj�a pou proèrqetai apì s ma omil�aenì mikrof¸nou, h opo�a mpore� na jewrhje� w m�a akolouj�a ape�rou m kou. Upo-log�zoume thn èxodo tou f�ltrou me th bo jeia grammik  sunèlixh qrhsimopoi¸nta



194 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 5taqÔ metasqhmatismì Fourier, o opo�o ja èqei, fusik�, meg�lo m ko. Epiplèon dene�nai dunatì o upologismì th exìdou, prin epexergastoÔme ìla ta de�gmata theisìdou, kai autì dhmiourge� meg�lh kajustèrhsh.Sti peript¸sei autè me th bo jeia taqÔ metasqhmatismoÔ Fourierpou t¸ra èqeimikrì m ko upolog�zontai oi epimèrou èxodoi tou sust mato, ìtan e�nai gnwstìèna tm ma (mplok) th akolouj�a eisìdou. Sth sunèqeia upolog�zetai h èxodo touf�ltrou me th bo jeia twn epimèrou exìdwn tou f�ltrou. Ta parap�nw epexhgoÔntaisto par�deigma pou akolouje�.Par�deigma 5.6.7D�netai to GQA sÔsthma diakritoÔ qrìnou pou èqei kroustik  apìkrishh(n) = [ 1"; 0; �1 ℄An h e�sodo tou sust mato e�nai h akolouj�a x(n) = n+1; 0 � n � 9, na breje� hèxodo tou sust mato me th bo jeia kuklik  sunèlixh 6-shme�wn.LÔsh H kroustik  apìkrish tou f�ltrou e�nai akolouj�a N2 = 3-shme�wn. An hakolouj�a eisìdou katatmhje� se akolouj�e N1 = 6-shme�wn, tìte e�nai gnwstì ìti hgrammik  sunèlixh k�je upoakolouj�a me thn kroustik  apìkrish ja e�nai akolouj�aN1 +N2 � 1 = 8-shme�wn. An qrhsimopoihje� kuklik  sunèlixh N = 6-shme�wn, tìteta pr¸ta N1 +N2 +1�N = 2 stoiqe�a k�je akolouj�a ja e�na esfalmèna lìgw toufainomènou th epik�luyh.H akolouj�a eisìdou x(n) = [ 1; 2; 3; 4; 5; 6; 7; 8; 9; 10 ℄ e�nai akolouj�a 10-shme�wn.Sthn akolouj�a aut  prost�jentai sthn arq  dÔo mhdenik�, kai sqhmat�zontai oi upoa-kolouj�e x1(n) = [ 0; 0; 1; 2; 3; 4 ℄x2(n) = [ 3; 4; 5; 6; 7; 8 ℄x3(n) = [ 7; 8; 9; 10; 0; 0 ℄K�je upoakolouj�a epikalÔptetai apì thn prohgoÔmen  th stou dÔo pr¸tou ìrou.Sthn teleuta�a upoakolouj�a èqoun prosteje� mhdenik�, ¸ste na g�nei akolouj�a 6-shme�wn.H kuklik  sunèlixh 6-shme�wn k�je upoakolouj�a xk(n); k = 1; 2; 3 me thn kroustik apìkrish tou sust mato d�nei ti akolouj�ey1(n) = x1(n)4 h(n) = [�3; �4; 1; 2; 2; 2 ℄y2(n) = x2(n)4 h(n) = [�4; �4; 2; 2; 2; 2 ℄y3(n) = x3(n)4 h(n) = [ 7; 8; 2; 2; �9; �10 ℄Apì ti akolouj�e yk(n); k = 1; 2; 3 diagr�foume tou dÔo pr¸tou ìrou, oi opo�oilìgw th epik�luyh e�nai esfalmènoi, kai sqhmat�zetai h akolouj�ay(n) = [ 1; 2; 2; 2; 2; 2; 2; 2; 2; 2; �9; �10 ℄ (5.6.45)



Enìthta 5.6 Probl mata 195H akolouj�a aut  e�nai �sh me thn grammik  sunèlixhx(n) ? h(n) = [ 1; 2; 2; 2; 2; 2; 2; 2; 2; 2; �9; �10 ℄ (5.6.46)SÔnoyh Kefala�ouSto kef�laio autì perigr�yame to an�ptugma se seir� FourierdiakritoÔ qrìnouperiodik¸n akolouji¸n, me th bo jeia tou opo�ou analÔoume èna periodikì s ma di-akritoÔ qrìnou se seir� apì armonik� migadik� ekjetik� s mata diakritoÔ qrìnou,dhlad , se s mata apl  suqnìthta. Perigr�yame th mèjodo prosdiorismoÔ twnsuntelest¸n tou anaptÔgmato kai d¸same th fusik  tou shmas�a. DieurÔname taparap�nw apotelèsmata kai ètsi perigr�yame to MF diakritoÔ qrìnou enì s matodiakritoÔ qrìnou. Parathr same, ìti, ìpw to an�ptugma se seir� Fouriertwn peri-odik¸n shm�twn diakritoÔ qrìnou, ètsi kai o MF diakritoÔ qrìnou twn mh periodik¸nshm�twn diakritoÔ qrìnou anaparist� mh periodik� s mata me ekjetik� s mata kaime ton trìpo autì apokalÔptei to fasmatikì tou perieqìmeno.Perigr�yame ti basikè idiìthte sti opo�e diafèroun o MF diakritoÔ qrìnouapì ton MF suneqoÔ. Parousi�same leitourg�e, ìpw h diamìrfwsh kai to je¸rhmath sunèlixh, me th bo jeia tou opo�ou h upologistik� polÔplokh sqèsh th sunèli-xh metasqhmatizìmenh kat� Fourier katal gei s' èna aplì ginìmeno sunart sewn.Me th bo jeia tou jewr mato tou Parsevale�dame ìti mporoÔme na upolog�soume thnenèrgeia enì s mato e�te sto ped�o tou qrìnou e�te sto ped�o twn suqnot twn.Gia na epexergastoÔme to MF diakritoÔ qrìnou me yhfiak� mèsa prob kame sekat�llhlh deigmatolhy�a tou MF kai sqhmat�same to diakritì MF. Parousi�sjhkanoi idiìthte tou diakritoÔ MF. Sth sunèqeia perigr�fhke o taqÔ MF, me ton opo�oepiteÔqjhke shmantik  upologistik  el�ttwsh.Sto kefala�o parousi�zontai trei p�nake. Ston pr¸to up�rqoun oi idiìthtetou MF diakritoÔ qrìnou, en¸ ston deÔtero oi MF diakritoÔ qrìnou merik¸n basik¸nakolouji¸n kai ston tr�to p�naka oi idiìthte tou diakritoÔ MF. Ja prèpei, telei¸non-ta to di�basma tou kefala�ou, na gnwr�zete kal� ti idiìthte kai na mpore�te, ba-sizìmenoi sta parade�gmata tou kefala�ou kai sti idiìthte, na br�skete tou MFtwn basik¸n akolouji¸n pou up�rqoun sto deÔtero p�naka.PROBLHMATA5.1 Na upologiste� o metasqhmatismì FourierdiakritoÔ qrìnou gia ta s mata1. x(n) = � 1; 0 � n � 30; alli¸2. x(n) = 3nu(�n)3. x(n) = �13�n u(n)



196 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 54. x(n) = �12�n os(
0n)u(n)5. x(n) = �13�n [u(n+ 2)� u(n� 3)℄6. x(n) = n �13�jnj7. x(n) = n �12�jnj os(
0n)8. x(n) = os �125 �n�+ sin(3n)5.2 Na upologistoÔn oi akolouj�e twn opo�wn o metasqhmatismì FourierdiakritoÔqrìnou e�nai1. X(
) = � 1; W < j
j � �0; 0 � j
j �W2. X(
) = 1� 4e�j3
 + 2e�j2
 + 5e�j6
3. X(
) =P1m=�1(�1)mÆ �
� �m2 �4. X(
) = sin2 
5. X(
) = � �
 �� � j
j < 0� � 
; 0 � j
j � �6. X(
) = 6e�j
6+e�j
�e�j2
5.3 D�netai GQA sÔsthma diakritoÔ qrìnou to opo�o èqei kroustik  apìkrishh(n) = sin(�n=6)�nNa upologiste� h èxodo tou sust mato, ìtan h e�sodì tou e�nai to s ma di-akritoÔ qrìnou x(n) = sin��n8 �� 2��n4 �5.4 D�netai GQA sÔsthma diakritoÔ qrìnou to opo�o qarakthr�zetai apì thn ex�swshdiafor¸n y(n) + 12y(n� 1) = x(n)1. Na upologiste� h apìkrish suqnìthta tou sust mato.2. An h e�sodo tou sust mato e�nai to s max(n) = �12�n u(n)na upologiste� h èxodo tou sust mato.



Enìthta 5.6 Probl mata 1975.5 D�nontai dÔo GQA sust mata diakritoÔ qrìnou ta opo�a èqoun apìkrish suqnìth-ta H1(
) = 1� e�j
1 + 12e�j
 kai H2(
) = 11� 12e�j
 + 14e�j2
ant�stoiqa. Ta dÔo sust mata sundèontai se seir�. Na upologiste� h ex�swshdiafor¸n h opo�a qarakthr�zei to sunolikì sÔsthma.5.6 D�netai GQA sÔsthma diakritoÔ qrìnou to opo�o qarakthr�zetai apì thn ex�swshdiafor¸n y(n)� 19y(n� 1) = x(n)1. Na upologiste� h apìkrish suqnìthta tou sust mato.2. An h e�sodo tou sust mato e�nai to s max(n) = (n+ 1)�13�n u(n)na upologiste� h èxodo tou sust mato.5.7 D�netai GQA sÔsthma diakritoÔ qrìnou to opo�o èqei kroustik  apìkrishh(n) = �12�n u(n) + 12 �14�n u(n)Na upologiste� h ex�swsh diafor¸n h opo�a sundèei thn e�sodo kai thn èxodotou sust mato.5.8 D�netai èna GQA sÔsthma diakritoÔ qrìnou me kroustik  apìkrishh(n) = [ 1"; 2; 1 ℄1. Na g�noun oi grafikè parast�sei tou mètrou kai th f�sh th apìkrishsuqnìthta tou sust mato se sun�rthsh me th kuklik  suqnìthta.2. Na breje� h èxodo tou sust mato sth mìnimh kat�stash, an to s maeisìdou e�nai x(n) = 1 + 2 os��3n� �6�5.9 D�netai èna GQA sÔsthma diakritoÔ qrìnou me kroustik  apìkrishh(n) = [ 1"; 0; �1 ℄H e�sodo tou sust mato e�nai to s ma diakritoÔ qrìnoux(n) = 2(n� 1); 0 � n � 3Qrhsimopoi¸nta kuklik  sunèlixh na prosdior�sete thn èxodo tou sust mato.



198 An�ptugma - Metasqhmatismì Fourier Diakrit¸n Shm�twn Kef�laio 55.10 D�netai to s ma x(n) = � 1; 0 � n � 40; alli¸1. Na apodeiqje� ìti o metasqhmatismì FourierdiakritoÔ qrìnou X(
) e�naiX(
) = sin(2
)sin(
=2)e�j 3
22. An g�nei omoiìmorfh deigmatolhy�a tou metasqhmatismoÔ Fourier diakri-toÔ qrìnou se suqnìthte pou apèqoun metaxÔ tou kat� �
 = 2�N , nasqedi�sete to anakataskeuasmèno s ma apì ta de�gmata tou metasqhma-tismoÔ FourierdiakritoÔ qrìnou X �k 2�N � gia N = 4 kai N = 8.5.11 Na upologiste� kai na sqediaste� h apìkrish pl�tou tou sust mato pou peri-gr�fetai apì thn ex�swsh diafor¸ny(n) = 13 [x(n+ 1) + x(n) + x(n� 1)℄5.12 D�netai to analogikì s max(t) = os(200�t) + 0; 6 os(624�t)G�netai deigmatolhy�a tou s mato me suqnìthta 512 Hz. Me th gnwst  sqèshxa(t) = 1Xn=�1xa(nTs)sin� t� nTsTs �anakataskeu�zetai to analogikì s ma xa(t). Na sugkr�nete ta arqikì analogikìs ma x(t) kai to anakataskeuasmèno s ma xa(t). Poie e�nai oi parathr seisa kai pw autè dikaiologoÔntai;Bibliograf�a5.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.5.2 N. Kaloupts�dh, “S mata Sust mata kai Algìrijmoi” , D�aulo, Aj na, 1994.5.3 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20035.4 J. G. Proakis, D. G. Manolakis, “Introduction to Digital Signal Processing”,
MacMillan Publishing Company, 1994.5.5 A. V. Oppenheim, R. W. Schafer, “Digital Signal Processing”, Prentice - Hall Inc.,
N. Y., 1975.5.6 A. V. Oppenheim, R. W. Schafer, J. R.Buck “Discrete-Time Signal Processing”,
2nd ed. Prentice - Hall Inc., N. Y., 1999.



                                                           ÊÅÖÁËÁÉÏ  6

           ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ   LAPLACE

Skopì tou kefala�ou e�nai na or�sei ton amf�pleuro metasqhmatismì Laplace , apl¸, metasqhmatismì Laplace (ML)kai to monìpleuro metasqhmatismì Laplace
(MML) , na perigr�yei ti basikè tou idiìthte kai na upolog�sei tou ant�stoiqoumetasqhmatismoÔ stoiqeiwd¸n shm�twn, pou antimetwp�zoume sth melèth grammik¸nsusthm�twn. Ep�sh, sto kef�laio autì ja parousi�soume th dunatìthta pou èqeio MML na epilÔei diaforikè exis¸sei, oi opo�e èqoun mh mhdenikè arqikè sun-j ke kai sth sunèqeia ja ekmetalleutoÔme th dunatìthta aut  gia th melèth GQAsusthm�twn. Tèlo, skopì tou kefala�ou e�nai na anade�xei th sqèsh pou up�rqeimetaxÔ th aitiìthta, th eust�jeia enì GQA sust mato, tou ped�ou sÔgklishth sun�rthsh metafor� tou kai th jèsh twn pìlwn aut  sto migadikì ep�pedo,ìpou or�zetai o metasqhmatismì Laplace.EISAGWGHSto Kef�laio 2, e�dame ìti h e�sodo kai h èxodo enì analogikoÔ GQA sust -mato sundèontai me m�a diaforik  ex�swsh me stajeroÔ suntelestè. àtsi, gia naprosdior�soume thn èxodo enì sust mato an gnwr�zoume thn e�sodì tou, prèpei naepilÔoume thn ant�stoiqh diaforik  ex�swsh. Sto �dio Kef�laio parathr same ìtimporoÔme na upolog�soume thn èxodo enì sust mato an gnwr�zoume thn e�sodì tou,me th bo jeia tou oloklhr¸mato th sunèlixh. Sto Kef�laio 3 or�same to MF,o opo�o parèqei th dunatìthta met�bash apì to ped�o tou qrìnou sto ped�o thsuqnìthta. H idiìthta th sunèlixh tou MF metatrèpei to olokl rwma th sunèli-xh se èna aplì ginìmeno twn antisto�qwn metasqhmatism¸n, me th bo jeia tou opo�ouupolog�zetai o MF th exìdou kai sth sunèqeia me èna ant�strofo MF prosdior�zetaih èxodo tou sust mato sto ped�o tou qrìnou. O MF, loipìn, èdwse m�a eÔkolh lÔshsto prìblhma eÔresh th exìdou enì sust mato, sthn per�ptwsh pou gnwr�zoumethn e�sodì tou kai thn kroustik  tou apìkrish. Dustuq¸, ìmw, up�rqoun poll�s mata, ta opo�a suqn� sunant�me sthn pr�xh, gia ta opo�a den up�rqei o MF.Sto kef�laio autì ja perigr�youme to Metasqhmatismì Laplace, o opo�o meta-trèpei èna s ma suneqoÔ qrìnou se m�a analutik  sun�rthsh migadik  metablht .äpw ja doÔme, poll� apì ta s mata me praktik  spoudaiìthta, gia ta opo�a den



200 METASQHMATISMOS LAPLACE Kef�laio 6up�rqei o MF, up�rqei o ML kai ètsi dieurÔnetai to sÔnolo twn shm�twn gia ta opo�ampore� na epiteuqje� met�bash apì to ped�o tou qrìnou sto ped�o suqnìthta.Sto Kef�laio 4, me th bo jeia tou MF upolog�same thn èxodo enì GQA sust -mato to opo�o br�sketai arqik� se kat�stash hrem�a. Sto kef�laio autì ja doÔmeìti ìtan to sÔsthma de br�sketai se kat�stash hrem�a, o MML ma epitrèpei nasumperil�boume ti arqikè sunj ke sth diaforik  ex�swsh pou sundèei to s maeisìdou kai exìdou tou sust mato kai na prosdior�soume thn èxodo tou sust mato.Tèlo, sto kef�laio autì ja doÔme ìti h qr sh tou migadikoÔ ped�ou suqnìthtakai h jèsh twn pìlwn se autì ma epitrèpei na ex�goume basikè idiìthte twn susth-m�twn, ìpw h aitiìthta kai h eust�jeia. Gia ìlou tou parap�nw lìgou, o MLapotele� èna akìma basikì majhmatikì ergale�o gia th melèth GQA susthm�twn.6.1 ORISMOISthn Enìthta 2.5.1 èqoume dei ìti an h e�sodo enì grammikoÔ qronik� anallo�wtousust mato e�nai to s ma x(t) = Aest, tìte to s ma exìdou e�naiy(t) = H(s) �Aest (6.1.1)ìpou H(s) = Z 1�1 h(t)e�st dt (6.1.2)e�nai o metasqhmatismì Laplaceth kroustik  apìkrish tou sust mato kai e�naih sun�rthsh metafor� tou sust mato.O metasqhmatismì Laplaceantistoiqe� sto s ma suneqoÔ qrìnou x(t) th sun�rth-sh L[x(t)℄ = X(s) � Z 1�1 x(t)e�st dt (6.1.3)H X(s) e�nai migadik  sun�rthsh th migadik  metablht  � + j! kai onom�zetaiMetasqhmatismì Laplace (ML)tou s mato x(t). Merikè forè anafèretai kai wamf�pleuro metasqhmatismì Laplacegia na toniste� h diafor� tou apì to monìpleurometasqhmatismì Laplacepou ja or�soume sthn Enìthta 6.3. To sÔnolo twn migadik¸narijm¸n � + j!, gia to opo�o up�rqei h X(s), dhlad  to ant�stoiqo olokl rwmaorismoÔ th sugkl�nei, onom�zetai perioq  sÔgklish (PS) th X(s). Gia eukol�a, o
ML tou s mato x(t) merikè forè sumbol�zetai w L[x(t)℄ kai h sqèsh metaxÔ toux(t) kai tou ML upodeiknÔetai w x(t) L ! X(s) (6.1.4)h de perioq  sÔgklish dhl¸netai w R.



Enìthta 6.1 Orismo� 201Parathr sei1. An o ML up�rqei kai gia timè me � = 0, dhlad  s = j!, tìte X(j!) =R1�1 x(t)e�j!t dt pou den e�nai t�pote �llo apì to MF th sun�rthsh x(t),dhlad  X(s)js=j! = F [x(t)℄ (6.1.5)2. O ML sqet�zetai me to MF kai sthn per�ptwsh ìpou h metablht  s den e�naifantastikì arijmì (� 6= 0). Pr�gmati,X(� + j!) = Z 1�1 x(t)e�(�+j!)t dt = Z 1�1 �x(t)e��t� e�j!t dt (6.1.6)O ML th x(t) mpore� na ermhneuje� kai w o MF th sun�rthsh x�(t) =x(t)e��t. Epomènw, gia na up�rqei o metasqhmatismì Laplacetou s matox(t) prèpei na up�rqei o metasqhmatismì Fouriertou s mato x(t)e��t, dhlad to s ma x(t)e��t na e�nai apolÔtw oloklhr¸simoZ 1�1 ��x(t)e��t�� dt <1H parous�a tou ìrou e��t parèqei th dunatìthta sÔgklish tou oloklhr¸ma-to kai kat� sunèpeia thn Ôparxh tou ML akìma kai an den up�rqei o MF thx(t). Gia par�deigma, h ekjetik� aÔxousa sun�rthsh (s ma) x(t) = eatu(t)gia a jetik  pragmatik  stajer� den e�nai apolÔtw oloklhr¸simh kai wek toÔtou den up�rqei o metasqhmatismì Fourier. An epilege� � > a, tìteh sun�rthsh x(t)e��t = e(a��)tu(t) e�nai apolÔtw oloklhr¸simh, epomè-nw up�rqei o metasqhmatismì Laplace. Sto Sq ma 6.1 up�rqoun oi grafikèparast�sei twn shm�twn x(t), e��t kai x(t)e��t se sun�rthsh me to qrìno.
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Sq ma 6.1 (a) To s ma x(t) = eatu(t) gia to opo�o den up�rqei o MF (b) o par�gonta exas-jènish e��t kai (g) to s ma x(t)e��t = e(a��)tu(t) to opo�o e�nai apolÔtw oloklhr¸simo.



202 METASQHMATISMOS LAPLACE Kef�laio 66.1.1 Metasqhmatismì Laplace stoiqeiwd¸n shm�twnSthn par�grafo aut  ja upolog�soume tou ML orismènwn stoiqeiwd¸n shm�twn.Par�deigma 6.1.1 (Migadikì aitiatì ekjetikì s ma)Na upologiste� o ML tou s mato x(t) = e�atu(t), ìpou a migadikì arijmì.LÔsh Apì ton orismì tou ML èqoumeX(s) = Z 10 e�ate�st dt = limT!1 Z T0 e�(a+s)t dt= limT!1 �1a+ s he�(a+s)T � 1i (6.1.7)All� limT!1 e�(a+s)T = 0, e�n <e[a+ s℄ > 0, sunep¸ pa�rnoumex(t) = e�atu(t) L ! X(s) = 1s+ a me perioq  sÔgklish <e[s℄ > �<e[a℄ (6.1.8)ParathroÔme ìti h perioq  sÔgklish R tou migadikoÔ aitiatoÔ ekjetikoÔ s mato e�naito dexiì hmiep�pedo me sÔnoro th gramm  pou e�nai k�jeth ston pragmatikì �xona sthjèsh �<e[a℄, (blèpe Sq ma 6.2).
t0

x(t)

1

(á) (â)

ℑm

eℜaeℜSq ma 6.2 (a) To s ma x(t) = e�atu(t) kai (b) h perioq  sÔgklish tou ML .Parathr sei1. An a = 0, tìte x(t) e�nai h sun�rthsh monadia�ou b mato, x(t) = u(t) kai o
ML e�nai X(s) = L[u(t)℄ = 1s me perioq  sÔgklish <e[s℄ > 0 (6.1.9)2. An �<e[a℄ < 0, mporoÔme na upolog�soume to X(s) gia � = 0, dhlad  up�rqeikai o MF kai e�nai X(0 + j!) = 1j! + a (6.1.10)3. An �<e[a℄ > 0, o MF den up�rqei, en¸ profan¸ up�rqei o ML .



Enìthta 6.1 Orismo� 203Par�deigma 6.1.2 (Austhr� mh aitiatì ekjetikì s ma)Na upologiste� o ML tou s mato x(t) = �e�atu(�t), ìpou a migadikì arijmìLÔsh O ML tou s mato e�naiX(s) = � Z 0�1 e�ate�st dt = � limT!1 Z 0�T e�(a+s)t dt= 1s+ a h1� limT!1 e(a+s)T i (6.1.11)E�nai limT!1 e(a+s)T = 0 an <e[s+ a℄ < 0. Sunep¸X(s) = 1s+ a me perioq  sÔgklish <e[s℄ < �<e[a℄ (6.1.12)ParathroÔme ìti h perioq  sÔgklish R tou austhr� mh aitiatoÔ ekjetikoÔ s matoe�nai to aristerì hmiep�pedo me sÔnoro th gramm  pou e�nai k�jeth ston pragmatikì�xona sth jèsh �<e[a℄ (blèpe Sq ma 6.3).
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eℜaeℜSq ma 6.3 (a) To s ma x(t) = �e�atu(�t) kai (b) h perioq  sÔgklish tou ML .ParathroÔme ìti ta s mata x(t) = e�atu(t) (Par�deigma 6.1.1) kai x(t) =�e�atu(�t), (Par�deigma 6.1.2) èqoun thn �dia sun�rthsh w ML all� diaforetik perioq  sÔgklish. Gia to lìgo autì, p�nta ektì apì thn X(s) ja prèpei na d�netaikai h ant�stoiqh perioq  sÔgklish ¸ste na prosdior�zetai monos manta to s ma x(t).Par�deigma 6.1.3Na upologiste� o ML tou s mato x(t) = e�tu(t) + e�2tu(t).LÔsh O ML tou s mato e�naiX(s) = Z 1�1 �e�tu(t) + e�2tu(t)� e�st dt = Z 10 e�te�st dt+ Z 10 e�2te�st dt(6.1.13)K�je èna apì ta oloklhr¸mata sthn (6.1.13) èqoun thn �dia morf  me to olokl rwmasthn (6.1.7) ètsi, an qrhsimopoi soume to apotèlesma tou Parade�gmato 6.1.1 èqoumeX(s) = 1s+ 1 + 1s+ 2 = 2s+ 3s2 + 3s+ 2 (6.1.14)



204 METASQHMATISMOS LAPLACE Kef�laio 6To s ma x(t) e�nai �jroisma dÔo pragmatik¸n ekjetik¸n shm�twn kai apì thn (6.1.14)parathroÔme ìti o X(s) e�nai �so me to �jroisma twn ML twn epimèrou shm�twn.O pr¸to ìro e�nai o ML tou e�tu(t) me PS <e[s℄ > �1 kai o deÔtero e�nai o MLtou e�2tu(t) me PS <e[s℄ > �2. Oi koinè timè tou s gia ti opo�e kai oi dÔo MLsugkl�noun e�nai autè gia ti opo�e <e[s℄ > �1. àqoume, epomènw,e�tu(t) + e�2tu(t) L ! 2s+ 3s2 + 3s+ 2 ; me PS <e[s℄ > �1 (6.1.15)Se k�je èna apì ta tr�a parap�nw parade�gmata o ML e�nai rht  sun�rthsh, dhlad e�nai lìgo dÔo poluwnÔmwn th migadik  metablht  s, ètsiX(s) = N(s)D(s) (6.1.16)M�a sun�rthsh X(s) onom�zetai analutik  sthn perioq  R tou migadikoÔ epipèdou-s,e�n (a) e�nai monìtimh sun�rthsh sthn R kai (b) e�nai paragwg�simh se k�je shme�oth R. An h X(s) den e�nai analutik  se èna shme�o s0, tìte to shme�o autì lègetaishme�o anwmal�a. Oi r�ze tou arijmht  N(s) onom�zontai mhdenik� th X(s) kaiparist�nontai me “Æ” sto migadikì ep�pedo. Sta shme�a aut� h X(s) mhden�zetai. Oir�ze tou paronomast  D(s), ìpou h X(s) den or�zetai, onom�zontai pìloi th X(s)kai parist�nontai me “�” sto migadikì ep�pedo. Sto Sq ma 6.4 fa�netai h perioq sÔgklish, oi pìloi kai to mhdenikì tou ML tou s mato sto Par�deigma 6.1.3.
ℑm

eℜ-2 -1
Sq ma 6.4 H perioq  sÔgklish, oipìloi kai to mhdenikì tou ML tou s -mato x(t) sto Par�deigma 6.1.3.Par�deigma 6.1.4Na upologiste� o ML th sun�rthsh Æ(t).LÔsh L[Æ(t)℄ = Z 1�1 Æ(t)e�st dt = 1 me perioq  sÔgklish <e[s℄ > �1 (6.1.17)ìpou qrhsimopoi jhke h (1.4.19).Par�deigma 6.1.5D�netai to s ma x(t) = e�bjtj (blèpe Sq ma 6.5a). Na upologiste� o ML .
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t0

x(t)

1

(á) (â)
t0

x(t)

1Sq ma 6.5 H grafik  par�stash tou s mato x(t) = e�bjtj gia (a) b > 0 kai (b) b < 0.LÔsh To s ma gr�fetai x(t) = e�btu(t) + ebtu(�t) (6.1.18)Gnwr�zoume ìtie�btu(t) L ! 1s+ b ; me PS <e[s℄ > �b (Par�deigma 6.1.1)ebtu(�t) L ! �1s� b ; me PS <e[s℄ < b (Par�deigma 6.1.2)ParathroÔme ìti, an b < 0, oi dÔo epimèrou ìroi den èqoun koin  perioq  sÔgklishkai to s ma x(t) den èqei ML . An b > 0, èqoumee�bjtj L ! 1s+ b � 1s� b = � 2bs2 � b2 me PS � b < <e[s℄ < b (6.1.19)Sto Sq ma 6.6 fa�nontai h perioq  sÔgklish kai oi pìloi tou ML tou s mato x(t).
ℑm

eℜb-b
Sq ma 6.6 H perioq  sÔgklish tou ML tou s matox(t) = e�bjtj sto Par�deigma 6.1.5 kai oi pìloi tou giab > 0 .Par�deigma 6.1.6 (Poluwnumikì ekjetikì s ma).Na upologiste� o ML tou ekjetikoÔ poluwnumikoÔ s mato t�xh m, pou or�zetai wx(t) = tmm!e�atu(t) (6.1.20)LÔsh Sto Par�deigma 6.1.1 èqoume de�xeiZ 10 e�ate�st dt = 1s+ a gia <e[s℄ > �<e[a℄ (6.1.21)



206 METASQHMATISMOS LAPLACE Kef�laio 6Paragwg�zonta w pro a kai ta dÔo mèlh th (6.1.21) èqoumedda Z 10 e�ate�st dt = �1(s+ a)2   Z 10 te�ate�st dt = 1(s+ a)2 (6.1.22)H teleuta�a isìthta dhl¸nei ìti to s ma x(t) = te�atu(t) èqei MLx(t) = te�atu(t) L ! X(s) = 1(s+ a)2 me <e[s℄ > �<e[a℄ (6.1.23)An a = 0, èqoume L [tu(t)℄ = L [r(t)℄ = 1s2 me <e[s℄ > 0 (6.1.24)ìpou r(t) e�nai h sun�rthsh kl�sh. Nèa parag¸gish th (6.1.22) w pro a d�neiZ 10 t2e�ate�st dt = 2(s+ a)3opìte t22 e�atu(t) L ! 1(s+ a)3 me PS <e[s℄ > �<e[a℄ (6.1.25)Genik� mpore� na deiqje� epagwgik� ìtitmm!e�atu(t) L ! 1(s+ a)m+1 me PS <e[s℄ > �<e[a℄ (6.1.26)6.1.2 Idiìthte th perioq  sÔgklish - Ìparxh metasqhmatismoÔ LaplaceApì ta prohgoÔmena parade�gmata parathr same ìti o metasqhmatismì Laplacedenprosdior�zei monos manta to s ma ektì an èqei orisje� h perioq  sÔgklish. Ep�sh,parathr same ìti h morf  th perioq  sÔgklish tou metasqhmatismoÔ Laplaceexart�tai apì ta qarakthristik� tou s mato. Sthn enìthta aut  ja broÔme tontrìpo me to opo�o sundèetai h perioq  sÔgklish me ta qarakthristik� tou s ma-to x(t). Ja parousi�soume ti idiìthte qrhsimopoi¸nta diaisjhtik� epiqeir matapar� austhrè majhmatikè apode�xei. Gnwr�zonta ti idiìthte e�nai efiktì o pros-diorismì th perioq  sÔgklish apì to metasqhmatismì LaplaceX(s) kai èqontaperiorismènh gn¸sh twn qarakthristik¸n tou s mato x(t).àna pr¸to sumpèrasma e�nai ìti h perioq  sÔgklish tou metasqhmatismoÔ Laplacepou e�nai rht  sun�rthsh th metablht  s den perièqei pìlou.äpw parathr same sthn prohgoÔmenh enìthta, gia na up�rqei o metasqhmatismì
Laplacetou s mato x(t) prèpeiI(�) = Z 1�1 jx(t)j e��t dt <1 (6.1.27)



Enìthta 6.1 Orismo� 207Oi timè th pragmatik  metablht  � pou ikanopoioÔn thn parap�nw anisìthta or�-zoun thn perioq  sÔgklish tou metasqhmatismoÔ. H posìthta � e�nai to pragmatikìmèro tou migadikoÔ arijmoÔ s (s = �+j!), epomènw h perioq  sÔgklish exart�taiapì to pragmatikì mèro, en¸ to fantastikì mèro den ephre�zei th sÔgklish. Giato lìgo autì h perioq  sÔgklish e�nai z¸ne par�llhle sto fantastikì �xona touepipèdou-s.Gia èna peperasmèno s ma x(t) (up�rqei jetikì arijmì M gia ton opo�o e�naijx(t)j �M ), to opo�o e�nai peperasmènh di�rkeia (x(t) = 0 gia t < T1 kai t > T2),tìteI(�) = Z 1�1 jx(t)j e��t dt � Z T2T1 Me��t dt = � �W� �e��T2 � e��T1� ; � 6= 0M(T2 � T1); � = 0Sthn per�ptwsh aut  to olokl rwma I(�) e�nai peperasmèno gia ìle ti peperasmènetimè th metablht  �. Sumpera�noume, loipìn, ìti:H perioq  sÔgklish enì peperasmènou s mato kai peperasmènh di�rkeiasumperilamb�nei olìklhro to ep�pedo-s.Sth sunèqeia ja exet�soume th genik  per�ptwsh kat� thn opo�a to s ma x(t)den e�nai periorismènh di�rkeia kai e�nai mh peperasmèno. To s ma autì onom�zetaiamf�pleuro s ma. Sthn per�ptwsh aut  diaqwr�zoume to I(�) se dÔo tm mata. Stopr¸to tm ma I�(�) ta ìria olokl rwsh e�nai �1 kai 0I�(�) = Z 0�1 jx(t)je��t dtSto deÔtero tm ma I+(�) ta ìria olokl rwsh e�nai 0 kai1I+(�) = Z 10 jx(t)je��t dtdhlad , I(�) = Z 0�1 jx(t)j e��t dt+ Z 10 jx(t)j e��t dt = I�(�) + I+(�)Gia na e�nai to I(�) peperasmèno prèpei kai ta dÔo epimèrou oloklhr¸mata na e�naipeperasmèna. Autì sunep�getai ìti to jx(t)j prèpei na e�nai fragmèno kai gia tijetikè kai gia ti arnhtikè timè tou qrìnou.A upojèsoume ìti mporoÔme na fr�xoume to jx(t)j gia ti jetikè kai gia tiarnhtikè timè tou qrìnou br�skonta ti el�qiste stajerè M > 0 kai �# tètoie¸ste jx(t)j �Me�#t; t > 0;



208 METASQHMATISMOS LAPLACE Kef�laio 6kai th mègisth stajer� �� tètoia ¸stejx(t)j �Me��t; t < 0;To s ma x(t) to opo�o ikanopoie� ta fr�gmata aut� qarakthr�zetai w s ma ekjetik t�xh. Ta fr�gmata upodhl¸noun ìti to jx(t)j den aux�netai taqÔtera apì to ekjetikìs ma e�#t gia ti jetikè timè tou qrìnou kai e��t gia ti arnhtikè timè tou qrìnou.Shmei¸netai ìti up�rqoun s mata ta opo�a den e�nai ekjetik  t�xh, gia par�deigmata s mata et2 kai t3t. Ta s mata aut� den emfan�zontai se fusikè efarmogè kai ètsiden ma dhmiourgoÔn probl mata.Upojètonta ìti to s ma x(t) e�nai ekjetik  t�xh èqoume gia to olokl rwmaI�(�) I�(�) = Z 0�1 jx(t)j e��t dt � M Z 0�1 e(����)t dt= M�� � � �e(����)t���0�1� (6.1.28)kai gia to olokl rwma I+(�)I+(�) = Z 10 jx(t)j e��t dt � M Z 10 e(�#��)t dt= M�# � � he(�#��)t���10 i (6.1.29)ParathroÔme ìti to I�(�) e�nai peperasmèno ìtan � < �� kai to I+(�) e�nai peperas-mèno ìtan � > �#. To olokl rwma I(�) sugkl�nei gia ti timè tou � gia ti opo�e kaita dÔo oloklhr¸mata I�(�) kai I+(�) sugkl�noun. �ra, o metasqhmatismì Laplaceup�rqei gia ti timè tou � oi opo�e ikanopoioÔn th �# < � < ��.H perioq  sÔgklish enì amf�pleurou s mato e�nai m�a z¸nh sto migadikì ep�pedome ìria ti euje�e � = �� kai � = �# .To s ma x(t) = ebjtj, tou opo�ou o metasqhmatismì Laplacebrèjhke sto Par�deigma6.1.5, e�nai èna amf�pleuro s ma.Shmei¸netai ìti sthn per�ptwsh ìpou �# > ��, den up�rqoun timè tou � gia tiopo�e o metasqhmatismì Laplacesugkl�nei.Sth sunèqeia ja exet�soume thn per�ptwsh kat� thn opo�a to s ma x(t) = 0 giat > T2. àna s ma pou ikanopoie� thn idiìthta aut  onom�zetai aristerìpleuro s ma.



Enìthta 6.1 Orismo� 209Sthn per�ptwsh to I(�) èqoumeI(�) = Z 0�1 jx(t)je�t dt+ Z T20 jx(t)je�t dt� M�� � � he(����)ti���0�1 +( �W� he��tjT20 i ; � 6= 0M(T2 � 0); � = 0 (6.1.30)Apì thn parap�nw parathroÔme ìti h perioq  sÔgklish enì aristerìpleurou s -mato apotele�tai apì ti timè th metablht  s gia ti opo�e to pragmatikì mèroikanopoie� th � < ��, dhlad H perioq  sÔgklish enì aristerìpleurou s mato e�nai to aristerì hmiep�pedome ìrio thn euje�a � = ��.To s ma x(t) = �e�atu(�t), to opo�o melet same sto Par�deigma 6.1.2, e�naièna aristerìpleuro s ma.Tèlo, ja exet�soume thn per�ptwsh kat� thn opo�a to s ma x(t) = 0 gia t < T2.àna s ma pou ikanopoie� thn idiìthta aut  onom�zetai dexiìpleuro s ma. Me ìmoiotrìpo parathroÔme ìti h perioq  sÔgklish enì dexiìpleurou s mato apotele�taiapì ti timè th metablht  s gia ti opo�e to pragmatikì mèro ikanopoie� th � > �#.H perioq  sÔgklish enì dexiìpleurou s mato e�nai to dexiì hmiep�pedo me ìriothn euje�a � = �#.To s ma x(t) = e�atu(t), to opo�o melet same sto Par�deigma 6.1.1, e�nai ènadexiìpleuro s ma.6.1.3 Idiìthte tou metasqhmatismoÔ LaplaceSthn par�grafo aut  ja parousi�soume merikè idiìthte tou ML . Oi idiìthte autèja ma bohj soun ston upologismì tou ML shm�twn, qwr� na qreiaste� na upo-log�soume to olokl rwma orismoÔ. Arketè apì ti idiìthte jum�zoun ti idiìthtetou MF. Gia ti apode�xei twn idiot twn, ìpou autè den e�nai profane�, o endiafe-rìmeno anagn¸sth parapèmpetai sto [1℄.(1) GrammikìthtaAn x1(t) L ! X1(s) me PS R1 kai x2(t) L ! X2(s) me PS R2, tìte gia opoies-d pote stajerè a kai b e�naiax1(t) + bx2(t) L ! aX1(s) + bX2(s) me PS R = R1 \R2dhlad  h perioq  sÔgklish tou grammikoÔ sunduasmoÔ e�nai h tom  twn epimèrouperioq¸n sÔgklish twn X1(s) kai X2(s). Se orismène peript¸sei e�nai dunatìn h



210 METASQHMATISMOS LAPLACE Kef�laio 6perioq  sÔgklish na e�nai megalÔterh, ìtan k�poia mhdenik� th m�a sun�rthshakur¸noun k�poiou pìlou th �llh.(2) Metatìpish sto qrìnoAn x(t) L ! X(s) me PS R tìte gia opoiad pote qronik  tim  t0 isqÔeix(t� t0) L ! e�st0X(s) me thn �dia PS R(3) Metatìpish sth migadik  suqnìthtaAn x(t) L ! X(s) me PS R, tìtees0tx(t) L ! X(s� s0) me PS R+ <e[s0℄ìpou h stajer� s0, sth genik  per�ptwsh, e�nai migadik  posìthta. H PS touX(s�s0)e�nai h PS tou X(s) metatopismènh kat� <e[s0℄.(4) Klim�kwsh sto qrìno kai sth suqnìthtaAn x(t) L ! X(s) me PS �1 < <e[s℄ < �2, tìte gia opoiad pote stajer� ax(at) L ! 1jajX � sa� me PS �1a < <e[s℄ < �2a(5) Parag¸gish sth suqnìthtaAn x(t) L ! X(s) me PS R, tìte(�t)nx(t) L ! dnX(s)dsn me PS R(6) Olokl rwsh sth suqnìthtaAn x(t) L ! X(s) me PS R, tìtex(t)t L ! Z 1s X(�) d� me PS R(7) Metasqhmatismì Laplace parag¸gouAn x(t) L ! X(s) me PS R, tìtedx(t)dt L ! sX(s) me thn �dia PS R



Enìthta 6.1 Ant�strofo Metasqhmatismì Laplace 211H PS tou sX(s) mpore� na e�nai megalÔterh apì thn R, an h X(s) èqei w aplì pìloton s = 0 o opo�o akur¸netai me ton pollaplasiasmì me s. Epagwgik� mporoÔme nagenikeÔsoume thn parap�nw idiìthtadnx(t)dtn L ! snX(s) me thn �dia PS R(8) Metasqhmatismì Laplace oloklhr¸matoAn x(t) L ! X(s) me PS R, tìteZ t�1 x(�) d� L ! 1sX(s) me PS thn R \ f<e[s℄ > 0gH PS tou (1=s)X(s) mpore� na e�nai megalÔterh apì thn R\f<e[s℄ > 0g, an o pìlosto mhdèn akur¸netai me ant�stoiqo mhdenikì th X(s).(9) Je¸rhma th sunèlixh sto qrìnoAn x1(t) L ! X1(s) me PS R1 kai x2(t) L ! X2(s) me PS R2, tìtey(t) = x1(t) ? x2(t) L ! Y (s) = X1(s) �X2(s)me perioq  sÔgklish thn R1\R2, dhlad  h perioq  sÔgklish tou ginomènou X1(s) �X2(s) e�nai h tom  twn epimèrou perioq¸n sÔgklish twn X1(s) kai X2(s). E�naidunatìn na or�zetai kai megalÔterh perioq  sÔgklish, an k�poia mhdenik� th miasun�rthsh akur¸noun k�poiou pìlou th �llh. ParathroÔme, dhlad , ìti ìpwkai sthn per�ptwsh tou MF, h sunèlixh metasqhmat�zetai se ginìmeno.Pèra apì ta stoiqei¸dh s mata, ta opo�a melet jhkan sta Parade�gmata 6.1.1 -6.1.6, up�rqoun kai arket� �lla pou ep�sh emfan�zontai w sustatik� mèrh �llwnshm�twn, pou sunant�me sth melèth grammik¸n susthm�twn. Oi ML twn shm�twnaut¸n upolog�zontai me th bo jeia tou orismoÔ kai twn idiot twn tou metasqhmatismoÔ
Laplace. Ston P�naka 6.1 up�rqoun oi idiìthte tou ML , en¸ ston P�naka 6.2 up�rqounoi ML kai oi ant�stoiqe perioqè sÔgklish gia ti plèon sunhjismène kai qr simepeript¸sei.6.2 ANTISTROFOS METASQHMATISMOS LAPLACEAn � e�nai èna pragmatikì arijmì, èqoume parathr sei ìti o ML X(s) tou s matox(t) sump�ptei me to MF tou s mato x�(t) = x(t)e��t se ìla ta shme�a tou migadikoÔ



212 METASQHMATISMOS LAPLACE Kef�laio 6PINAKAS 6.7 Oi idiìthte tou MetasqhmatismoÔ LaplaceIdiìthta S ma ML Ped�o sÔgklishx(t) X(s) R=fs:�1<<e[s℄<�2gx1(t) X1(s) R1x2(t) X2(s) R2Grammikìthta ax1(t) + bx2(t) aX1(s) + bX2(s) R1 \R2Metatìpish sto qrìno x(t� t0) e�st0X(s) RMetatìpish sth es0tx(t) X(s� s0) R+ <e[s0℄migadik  suqnìthtaKlim�kwsh sto qrìno x(at); a > 0 1aX � sa� Rakai sth suqnìthtaParag¸gish sth (�t)nx(t) dndsnX(s) RsuqnìthtaOlokl rwsh sth x(t)t R1s X(�) d� Rsuqnìthta
ML parag¸gou dnx(t)dtn snX(s) R

ML oloklhr¸mato R t�1 x(�) d� 1sX(s) RH idiìthta th y(t)=x1(t)?x2(t) Y (s)=X1(s)�X2(s) R1 \R2sunèlixhPeriodik� s mata x(t)=x(t+T ) X(s)= 11�e�sT R T0 x(t)e�st dt <e[s℄ > 0epipèdou-s pou an koun sthn euje�a <e[s℄ = �. Pr�gmati,X(s) = Z 1�1 x(t)e�st dt,  X(� + j!) = Z 1�1 x(t)e�(�+j!)t dt= Z 1�1 x�(t)e�j!t dt (6.2.1)àtsi, an qrhsimopoi soume ton tÔpo antistrof  tou MF, pa�rnoumex(t)e��t = F�1 [X(� + j!)℄ = 12� Z 1�1X(� + j!)ej!t d! (6.2.2)  pollaplasi�zonta kai ta dÔo mèlh me e�t èqoumex(t) = 12� Z 1�1X(� + j!)e(�+j!)t d! (6.2.3)



Enìthta 6.1 Ant�strofo Metasqhmatismì Laplace 213PINAKAS 6.8 Metasqhmatismo� Laplacemerik¸n basik¸n shm�twnS ma Metasqhmatismì Laplace Perioq  sÔgklish1 Æ(t) 1 Gia k�je s2 u(t) 1=s <e[s℄ > 03 �u(�t) 1=s <e[s℄ < 04 e�atu(t) 1s+a <e[s℄ > �<e[a℄5 �e�atu(�t) 1s+a <e[s℄ < �<e[a℄6 tmm!e�atu(t) 1(s+a)m+1 <e[s℄ > �<e[a℄7 � tmm!e�atu(�t) 1(s+a)m+1 <e[s℄ < �<e[a℄8 Æ(t� T ); T � 0 e�sT Gia k�je s9 [os(!0t)℄u(t) ss2+!20 <e[s℄ > 010 [sin(!0t)℄u(t) !0s2+!20 <e[s℄ > 011 [e�at os(!0t)℄u(t) s+a(s+a)2+!20 <e[s℄ > �<e[a℄11 [e�at sin(!0t)℄u(t) !0(s+a)2+!20 <e[s℄ > �<e[a℄13 un(t) = dnÆ(t)dtn sn Gia k�je sme allag  metablht  apì � + j! se s odhgoÔmaste sthn ex�swsh antistrof  tou
ML (e�nai ds = jd! afoÔ h � e�nai stajer�)  x(t) = 12�j Z �+j1��j1 X(s)est ds (6.2.4)To olokl rwma èqei thn ènnoia ìti h olokl rwsh ektele�tai p�nw sthn euje�a <e[s℄ =�, h opo�a prèpei na perièqetai sto ped�o sÔgklish tou X(s).6.2.1 Upologismì tou Ant�strofou MetasqhmatismoÔ LaplaceO apeuje�a upologismì tou ant�strofou ML mèsw th ep�lush tou oloklhr¸ma-to th (6.2.4) apaite� efarmog  teqnik¸n olokl rwsh migadik¸n sunart sewn. Hmèjodo aut  mpore� na apodeiqje� ep�ponh diadikas�a kai gia to lìgo autì sun jwakoloujoÔntai èmmesoi trìpoi upologismoÔ tou ant�strofou ML .An h morf  th sun�rthsh X(s) e�nai apl  kai mpore� eÔkola na ekfraste� w�jroisma epimèrou stoiqeiwd¸n ìrwn, tìte me th qr sh twn gnwst¸n ML (P�naka



214 METASQHMATISMOS LAPLACE Kef�laio 66.2) kai twn idiot twn tou ML mporoÔme apeuje�a na upolog�soume ton L�1 [X(s)℄ =x(t). äpw èqoume parathr sei kai sta ant�stoiqa parade�gmata, sta perissìteraprobl mata pou antimetwp�zoume sth jewr�a twn susthm�twn, o ML èqei th morf rht  sun�rthsh. Sti peript¸sei autè o ML mpore� na ekfraste� w �jroismaapl¸n klasm�twn, gia kajèna apì ta opo�a upolog�zoume ton ant�strofo ML , me thbo jeia tou P�naka 6.2. Sto Par�rthma B perigr�fontai oi trìpoi an�lush rht¸nsunart sewn se apl� kl�smata. Sta parade�gmata pou akoloujoÔn efarmìzoume thmèjodo aut .Par�deigma 6.2.1 (Oi r�ze tou paronomast  e�nai aplè kai pragmatikè)Na upologiste� o ant�strofo ML th sun�rthsh X(s), ìpouX(s) = 3s+ 7s2 + 4s+ 3 ; me PS <e[s℄ > �1 (6.2.5)LÔsh Oi r�ze tou paronomast  e�nai �1 = �1 kai �2 = �3. H X(s) mpore� naekfraste� w �jroisma apl¸n klasm�twnX(s) = 3s+ 7s2 + 4s+ 3 = C1s+ 1 + C2s+ 3 (6.2.6)kai upolog�zoume ti stajerè C1 kai C2 w ex :C1 = (s+ 1)X(s)js=�1 = 3s+ 7s+ 3 ����s=�1 = 2kai C2 = (s+ 3)X(s)js=�3 = 3s+ 7s+ 1 ����s=�3 = 1�ra X(s) = 2s+ 1 + 1s+ 3 (6.2.7)O L�1 [X(s)℄ e�nai �so me to �jroisma twn ant�strofwn ML twn apl¸n klasm�twnoi opo�oi br�skontai eÔkola me th bo jeia tou zeÔgou (4) tou P�naka 6.2. Telik� ozhtoÔmeno ant�strofo ML e�naix(t) = �2e�t + e�3t�u(t) (6.2.8)Par�deigma 6.2.2 (Ìparxh pollapl  pragmatik  r�za ston paronomast )Na upologiste� o ant�strofo ML th sun�rthsh X(s), ìpouX(s) = s2 � 3s+ 1(s� 1)2(s� 2) ; me PS <e[s℄ > 2 (6.2.9)



Enìthta 6.1 Ant�strofo Metasqhmatismì Laplace 215LÔsh O paronomast  èqei m�a dipl  pragmatik  r�za thn �1 = 1 kai m�a apl  thn�2 = 2. H X(s) mpore� na ekfraste� w �jroisma apl¸n klasm�twnX(s) = C11s� 1 + C12(s� 1)2 + C21s� 2 (6.2.10)kai upolog�zoume ti stajerè C11, C12 kai C21C11 = 1(2� 1)! dds �(s� 1)2X(s)�����s=1 = dds �s2 � 3s+ 1s� 2 �����s=1 = 2kai C12 = (s� 1)2X(s)��s=1 = s2 � 3s+ 1s� 2 ����s=1 = 1C21 = (s� 2)X(s)js=2 = s2 � 3s+ 1(s� 1)2 ����s=2 = �1�ra X(s) = 2s� 1 + 1(s� 1)2 � 1s� 2 (6.2.11)Me th bo jeia twn zeug¸n ML (4) kai (6) tou P�naka 6.2, o L�1 [X(s)℄ prokÔpteix(t) = �tet + 2et � e2t�u(t) (6.2.12)Par�deigma 6.2.3 (Ìparxh migadik¸n riz¸n ston paronomast )Na upologiste� o ant�strofo ML th sun�rthsh X(s), ìpouX(s) = s+ 2s2 + 4s+ 13 ; me PS <e[s℄ > �2 (6.2.13)LÔsh Oi r�ze tou paronomast  e�nai �1 = �2+3j kai �2 = �2�3j. H X(s) mpore�na ekfraste� w �jroisma apl¸n klasm�twnX(s) = C1s+ 2� 3j + C2s+ 2 + 3j (6.2.14)Upolog�zoume ti stajerè C1 kai C2C1 = (s+ 2� 3j)X(s)js=�2+3j = s+ 2s+ 2 + 3j ����s=�2+3j = 12kai C2 = (s+ 2 + 3j)X(s)js=�2�3j = s+ 2s+ 2� 3j ����s=�2�3j = 12



216 METASQHMATISMOS LAPLACE Kef�laio 6�ra X(s) = 12 1s+ 2+ 3j + 12 1s+ 2� 3j (6.2.15)O ant�strofo ML lìgw th (4) tou P�naka 6.2 e�naix(t) = 12 he�(2+3j)t + e�(2�3j)tiu(t)= 12e�2t �e�3jt + e3jt�u(t)= e�2t os(3t)u(t) (6.2.16)Sthn per�ptwsh pou èqoume migadikè r�ze, mporoÔme na akolouj soume ènan enal-laktikì trìpo, o opo�o bas�zetai sta zeÔgh ML (9), (10), (11) kai (12) tou P�naka 6.2.H X(s) gr�fetai X(s) = s+ 2s2 + 4s+ 13 = s+ 2(s+ 2)2 + 32 (6.2.17)Me th bo jeia tou zeÔgou ML (11) sto P�naka 6.2 parathroÔme ìtix(t) = L�1 [X(s)℄ = e�2t os(3t)u(t) (6.2.18)Sto Sq ma 6.7 fa�nontai oi suzuge� migadiko� pìloi, oi opo�oi br�skontai sto arnhtikìhmiep�pedo, to mhdenikì kai h perioq  sÔgklish tou X(s), h opo�a perièqei to fan-tastikì �xona. ParathroÔme ìti to s ma x(t) e�nai aitiatì afoÔ to ped�o sÔgklishe�nai to dexiì hmiep�pedo kai e�nai èna fj�non sunhmitonoeidè s ma.
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Sq ma 6.7 (a) H perioq  sÔgklish, oi pìloi kai to mhdenikì tou ML (b) tou s mato x(t)sto Par�deigma 6.2.3.6.3 O MONOPLEUROS METASQHMATISMOS LAPLACESthn Par�grafo 6.1 or�same ton ML . Sthn par�grafo aut  ja or�soume to Monì-pleuro Metasqhmatismì Laplace(MML) tou s mato x(t). Ja esti�soume sta basik�shme�a tou MML kai kur�w se aut� pou ton diaforopoioÔn apì to ML .



Enìthta 6.2 O monìpleuro Metasqhmatismì Laplace 217H diafor� metaxÔ twn dÔo metasqhmatism¸n entop�zetai sta ìria olokl rwshtou orismoÔ. An to k�tw ìrio sto olokl rwma sth sqèsh (6.1.3) e�nai to mhdèn, tìteor�zetai o monìpleuro metasqhmatismì LaplaceL [x(t)℄ = X (s) = X+(s) � Z 10 x(t)e�st dt (6.3.1)To sÔnolo twn migadik¸n arijm¸n s = � + j! p�nw sto opo�o up�rqei kai or�zetai hX (s), ìpou dhlad  to ant�stoiqo olokl rwma orismoÔ sugkl�nei, onom�zetai perioq sÔgklish (PS) th X (s).Profan¸, an dÔo s mata e�nai diaforetik� gia t < 0 kai �sa gia t � 0, tìte èqounton �dio MML kai diaforetikì ML . Gia aitiat� s mata, x(t) = 0 gia t < 0, o ML kai o
MML sump�ptoun. Me �lla lìgia o monìpleuro metasqhmatismì Laplacetou s ma-to x(t) taut�zetai me ton amf�plero metasqhmatismì Laplacetou s mato x(t)u(t).Efìson to s ma x(t)u(t) e�nai aitiatì s ma, h perioq  sÔgklish tou monìpleuroumetasqhmatismoÔ Laplacee�nai p�nta to mègisto dexiì hmiep�pedo pou den perièqeipìlou tou sust mato. H diafor� metaxÔ twn dÔo orism¸n e�nai ousiastik , kaiìpw ja doÔme, parèqei sto MML th dunatìthta ep�lush diaforik¸n exis¸sewn, oiopo�e èqoun mh mhdenikè arqikè sunj ke. ätan to s ma perièqei sunart sei Æ(t),o orismì tou or�ou sto mhdèn apaite� prosoq , diìti to apotèlesma ja exart�taie�n prosegg�zoume to mhdèn apì arister�   apì dexi�. Sthn per�ptws  ma jew-roÔme to ìrio apì arister� (t ! 0�) kai epomènw h sun�rthsh Æ(t) emperièqetaisto olokl rwma. E�n den up�rqoun sunart sei Æ(t), to parap�nw sqìlio e�nai �neushmas�a.O monìpleurou metasqhmatismì Laplaceèqei parìmoie idiìthte me to metasqh-matismì Laplaceti opo�e parajètoume ston P�naka 6.3. M�a diafor� up�rqei sthnidiìthta parag¸gish sto qrìno.(1) Parag¸gish sto ped�o tou qrìnouAn x(t) L ! X (s) me PS R kai h sun�rthsh (s ma) x(t) e�nai paragwg�simh giat � 0, tìte o metasqhmatismì Laplaceth parag¸gou th e�naidx(t)dt L ! sX (s)� x(0�) me thn �dia PS RApìdeixhO monìpleuro metasqhmatismì Laplaceth parag¸gou e�naiL �dx(t)dt � = Z 10 dx(t)dt e�st dt= [x(t)e�st℄��10 + Z 10 sx(t)e�st dt= limt!1[x(t)e�st℄� limt!0[x(t)e�st℄ + sZ 10 x(t)e�st dt



218 METASQHMATISMOS LAPLACE Kef�laio 6ìpou qrhsimopoi jhke h mèjodo olokl rwsh kat� par�gonte. Dedomènou ìti hx(t) e�nai ekjetik  t�xh ja up�rqei M > 0 kai t0 gia ta opo�a��x(t)e�st�� = jx(t)j e��t < Meate��t =Me(��a)tgia k�je t � t0. àtsi, limt!1[x(t)e�st℄ = 0 ìtan<e[s℄ > a. Ep�sh, e�nai limt!0[x(t)e�st℄ =x(0�) kai R10 x(t)e�st dt = X (s). Epomènw, èqoumedx(t)dt L ! sX (s)� x(0�); <e[s℄ > aParathroÔme ìti, epeid  to k�tw ìrio tou oloklhr¸mato orismoÔ tou monìpleuroumetasqhmatismoÔ Laplacee�nai to mhdèn, sto monìpleuro metasqhmatismì Laplacethparag¸gou tou x(t) up�rqei h arqik  sunj kh x(0�).O monìpleuro metasqhmatismì Laplaceth parag¸gou t�xh n e�naidnx(t)dtn L ! snX (s)� sn�1x(0�)� sn�2 dx(t)dt ����t=0� � � � � � dn�1x(t)dtn�1 ����t=0�M�a deÔterh diafor� up�rqei sthn idiìthta th olokl rwsh sto qrìno.(2) Olokl rwsh sto ped�o tou qrìnouAn x(t) L ! X (s) me PS R, tìtey(t) = Z t�1 x(�) d� L ! 1sX (s) + 1s Z 0��1 x(�) d� = X (s)s + y(0�)sApìdeixhParathroÔme ìti dy(t)dt = x(t). H y(t) e�nai paragwg�simh, an h x(t) e�nai suneq .Ep�sh e�nai ekjetik  t�xh. Qrhsimopoi¸nta thn idiìthta th parag¸gish stoped�o tou qrìnou èqoumeL �dy(t)dt � = L[x(t)℄) sY(s)� y(0�) = X (s)Epomènw, èqoume Y(s) = X (s)s + y(0�)sParathroÔme ìti sto monìpleuro metasqhmatismì Laplacetou oloklhr¸mato toux(t) up�rqei h arqik  sunj kh y(0�).Tèlo, o monìpleuro metasqhmatismì Laplaceparèqei th dunatìthta na prosdio-risje� h arqik  tim  x(0+) kai to limt!1 x(t) me to je¸rhma th arqik  kai telik tim  kai ìqi mèsw tou id�ou tou s mato x(t).



Enìthta 6.3 Efarmogè twn Metasqhmatism¸n Laplace 219(3) Je¸rhma arqik  tim àstw to s ma x(t), to opo�o den perièqei kroustikè sunart sei sto t = 0, me
MML X (s) kai perioq  sÔgklish <e[s℄ > �0. Tìte isqÔeix(0+) = lims!1 sX (s) (Arqik  tim )ìpou x(0+) e�nai h tim  tou s mato x(t) ìtan h metablht  t plhsi�zei to mhdèn apìjetikè timè.(4) Je¸rhma telik  tim àstw to s ma x(t), me MML X (s) kai perioq  sÔgklish <e[s℄ > �0. An h sX (s)e�nai analutik  sun�rthsh sto fantastikì �xona kai sto dexiì migadikì hmiep�pedo,tìte isqÔei limt!1x(t) = lims!0 sX (s) (Telik  tim )To je¸rhma th telik  tim  qrhsimopoie�tai sth melèth grammik¸n susthm�twngia ton prosdiorismì twn tim¸n isorrop�a kai th mìnimh kat�stash tou.Oi idiìthte autè apoteloÔn th dÔnamh tou monìpleurou metasqhmatismoÔ Laplacegiat� èqoume th dunatìthta na epilÔoume grammikè diaforikè exis¸sei me stajeroÔsuntelestè kai na analÔoume GQA sust mata ta opo�a den br�skontai se hrem�a.6.4 EFARMOGES TWN METASQHMATISMWN LAPLACESthn enìthta aut  ja anaptÔxoume ti efarmogè twn metasqhmatism¸n Laplace. Ei-dikìtera ja axiopoi soume th dunatìthta pou parèqei o MML gia thn ep�lush di-aforik¸n exis¸sewn oi opo�e èqoun mh mhdenikè arqikè sunj ke kai ja thn efar-mìsoume sth melèth GQA susthm�twn. Telei¸nonta, ja exet�soume th sqèsh pouup�rqei metaxÔ th jèsh twn pìlwn th sun�rthsh metafor� sto migadikì ep�pedome ti idiìthte th aitiìthta kai th eust�jeia enì GQA sust mato.6.4.1 Ep�lush grammik  diaforik  ex�swsh me th bo jeia MMLLìgw th idiìthta tou MML pou anafèretai sthn par�gwgo kai to olokl rwmamia sun�rthsh, èqoume th dunatìthta na epilÔoume grammikè diaforikè exis¸seime stajeroÔ suntelestè. H genik  morf  mia grammik  diaforik  ex�swsh mestajeroÔ suntelestè e�naiandnx(t)dtn + an�1dn�1x(t)dtn�1 + ::: + a1dx(t)dt + a0x(t) = g(t) (6.4.1)me arqikè sunj kex(t)jt=0 = b0; ; dx(t)dt ����t=0 = b1; ::: ; dn�1x(t)dtn�1 ����t=0 = bn�1 (6.4.2)



220 METASQHMATISMOS LAPLACE Kef�laio 6PINAKAS 6.9 Oi idiìthte tou Monìpleurou MetasqhmatismoÔ LaplaceIdiìthta S ma Monìpleuro MLx(t) X (s)x1(t) X1(s)x2(t) X2(s)Grammikìthta ax1(t) + bx2(t) aX1(s) + bX2(s)Metatìpish sth suqnìthta es0tx(t) X (s� s0)Klim�kwsh sto qrìno x(at); a > 0 1aX � sa�Sunèlixhx1(t) = x2(t) = 0 gia t < 0 x1(t) ? x2(t) X1(s) � X2(s)Parag¸gish sto qrìno? ddtx(t) sX (s)� x(0�)Parag¸gish sth suqnìthta �tx(t) ddsX (s)Olokl rwsh sto qrìno? R t�1 x(�) d� X (s)s + y(0�)sArqik  tim  x(0+) = lims!1 sX (s)Telik  tim  limt!1 x(t) = lims!0 sX (s)? ätan oi arqikè sunj ke e�nai mhdèn, oi idiìthte th parag¸gish kai ti olo-kl rwsh tou MML e�nai oi �die me ti ant�stoiqe tou ML .Ta b mata pou akoloujoÔme gia thn ep�lush th e�nai:1. Pa�rnoume to MML kai sta dÔo mèlh th ex�swsh. Lìgw th grammikìthta,o MML tou aristeroÔ mèrou isoÔtai me to �jroisma twn MML twn epimèrouìrwn.2. LÔnoume thn ex�swsh pou prokÔptei w pro ton MML X (s) th sun�rthshx(t).3. Br�skoume ton L�1 [X (s)℄, dhlad  th lÔsh x(t).Efarmìzoume ta parap�nw sto par�deigma pou akolouje�.Par�deigma 6.4.1Na epiluje� h diaforik  ex�swshdx(t)dt + 3x(t) + 2 Z t�1 x(�) d� = u(t) (6.4.3)



Enìthta 6.3 Efarmogè twn Metasqhmatism¸n Laplace 221me arqikè sunj ke x(0)� = 2 kai R 0��1 x(�) d� = 0.LÔsh Efarmìzonta MML kai sta dÔo mèrh th (6.4.3) kai qrhsimopoi¸nta tiidiìthte pou anafèrontai sthn par�gwgo, to olokl rwma mia sun�rthsh kai tiarqikè sunj ke èqoumesX (s)� x(0�) + 3X (s) + 2X (s)s + 2s Z 0��1 x(�) d� = 1s  sX (s)� 2 + 3X (s) + 2X (s)s = 1skai telik� X (s) = 2s+ 1s2 + 3s+ 2 = � 1s+ 1 + 3s+ 2 (6.4.4)Efìson x(t) = 0, gia t < 0, oi X (s) kai X(s) taut�zontai. �ra, o ant�strofo MMLth X (s) d�nei th lÔsh th diaforik  ex�swsh pou e�naix(t) = L�1 [X (s)℄ = ��e�t + 3e�2t�u(t) (6.4.5)6.4.2 H qr sh tou metasqhmatismoÔ Laplace sthn an�lush GQA susthm�twnSthn par�grafo aut  ja esti�soume se efarmogè tou ML sth melèth GQA susth-m�twn basismènoi sth gn¸sh twn ant�stoiqwn shm�twn eisìdou kai exìdou. Sto Ke-f�laio 2, e�dame ìti h èxodo y(t) enì GQA sust mato sundèetai me thn e�sodì toux(t) me to olokl rwma th sunèlixhy(t) = x(t) ? h(t) = Z 1�1 h(�)x(t� �) d� = Z 1�1 h(t� �)x(�) d� (6.4.6)Lìgw th idiìthta th sunèlixh tou ML èqoumeY (s) = H(s) �X(s) me PS toul�qiston thn RH \RX (6.4.7)ìpou H(s) e�nai h sun�rthsh metafor� tou sust mato (Enìthta 2.5).ParathroÔme ìti h H(s) d�netai w phl�ko twn ML th exìdou tou sust matopro ton ML th eisìdou tou sust mato, dhlad  H(s) = Y (s)=X(s).Sto Kef�laio 2, ep�sh, èqoume dei ìti an ekmetalleujoÔme ti fusikè sqèsei pouup�rqoun metaxÔ twn stoiqe�wn enì sust mato GQA, katal goume se mia grammik diaforik  ex�swsh me stajeroÔ suntelestè, h opo�a èqei th genik  morf NXk=0 ak dky(t)dtk = MXk=0 bk dkx(t)dtk (6.4.8)



222 METASQHMATISMOS LAPLACE Kef�laio 6ìpou ak; k = 0; 1; 2; :::; N kai bk; k = 0; 1; 2; :::; M pragmatikè stajerè, oiopo�e perigr�foun to sÔsthma. Efarmìzonta to ML kai sta dÔo mèlh th (6.4.8),katal goume sth sqèsh H(s) = Y (s)X(s) = PMk=0 bkskPNk=0 aksk (6.4.9)Apì thn (6.4.9) upolog�zoume th sun�rthsh metafor� tou sust mato me th bo jeiatwn suntelest¸n ak; k = 0; 1; 2; :::; N kai bk; k = 0; 1; 2; :::; M .Parat rhsh: Tìso h (6.4.7) ìso kai h (6.4.9), pro�pojètoun ìti gnwr�zoume tiemplekìmene sunart sei gia t > �1, me �lla lìgia gia mhdenikè arqikè sunj ke.E�n oi emplekìmene sunart sei e�nai aitiatè kai oi arqikè sunj ke e�nai mhdèn,ja ft�soume sti (6.4.7) kai (6.4.9) kai me ton MML , pou se aut n thn per�ptwshtaut�zetai me ton ML . Dhlad , h sun�rthsh metafor� H(s) èqei nìhma mìno k�twapì mhdenikè arqikè sunj ke.Ton�zetai ìti, epeid  h sun�rthshH(s) qarakthr�zei to sÔsthma, ja prèpei loipìnna mhn exart�tai apì ti arqikè sunj ke sti opo�e br�sketai to sÔsthma.Par�deigma 6.4.2Na upologiste� h sun�rthsh metafor� kai h kroustik  apìkrish tou kukl¸mato touSq mato 6.8.
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Ä Sq ma 6.8 To kÔklwma touParade�gmato 6.4.2.LÔsh Efarmìzoume to deÔtero kanìna Kirchhoff sto kÔklwma kai pa�rnoumeLdi(t)dt +Ri(t) = �in(t) (6.4.10)kai epeid  �R = iR; d�Rdt = R didt èqoumed�R(t)dt + RL�R(t) = RL�in(t) (6.4.11)àtsi, efarmìzonta metasqhmatismì Laplacekai sta dÔo mèlh th (6.4.11) pa�rnoumesVR(s) + RLVR(s) = RLVin(s)apì thn opo�a prosdior�zetai h sun�rthsh metafor� tou kukl¸matoH(s) = R=Ls+R=L (6.4.12)



Enìthta 6.3 Efarmogè twn Metasqhmatism¸n Laplace 223To sÔsthma èqei èna pìlo sto shme�o�R=L, me apotèlesma to PS e�nai<e[s℄ > �R=L,afoÔ to sÔsthma w fusikì sÔsthma prèpei na e�nai aitiatì. H kroustik  apìkrishtou sust mato e�nai h(t) = L�1 [H(s)℄ = RLe�RL tu(t) (6.4.13)An den èqoume arqikè sunj ke, tìte h èxodo sust mato prosdior�zetai me th bo -jeia tou jewr mato th sunèlixh sto qrìno gnwr�zonta th sun�rthsh metafor�tou sust mato kai to ML tou s mato eisìdou.Par�deigma 6.4.3D�netai to kÔklwma tou Sq mato 6.8. An to kÔklwma arqik� hreme� kai sthn e�sodì tou,kat� th qronik  stigm  t0 = 0, efarmìsoume phg  stajer  t�sh V , na prosdioriste�h t�sh sta �kra th ant�stash, �R(t), se sun�rthsh me to qrìno.LÔsh Epeid  h e�sodo e�nai phg  stajer  t�sh, h opo�a efarmìzetai th qronik stigm  t0 = 0, èqoume�in(t) = V u(t) L ! Vin(s) = Vs ; <e[s℄ > 0 (6.4.14)To sÔsthma br�sketai se hrem�a kai o ML th exìdou VR(s) upolog�zetai me th bo jeiatou jewr mato th sunèlixh pou d�neiVR(s) = H(s)Vin(s) = V (R=L)s[s+ (R=L)℄= V RL �C1s + C2s+ (R=L)�= V �1s � 1s+ (R=L)� ; <e[s℄ > 0 (6.4.15)ìpou h VR(s) èqei analuje� se apl� kl�smata kai oi stajerè C1 = L=R kai C2 =�L=R èqoun prokÔyei me to gnwstì trìpo. H èxodo �R(t) upolog�zetai me ton an-t�strofo ML th VR(s), dhlad �R(t) = V u(t)� V e�RL tu(t) = V �1� e�RL t�u(t) (6.4.16)An èqoume arqikè sunj ke, tìte sth diaforik  ex�swsh (6.4.8), lìgw twn idiot twnth parag¸gish sto qrìno kai th olokl rwsh sto qrìno pou èqei o monìpleurometasqhmatismì Laplace, sumperilamb�noume ti arqikè sunj ke kai sthn Y (s) =H(s)X(s) emfan�zetai kai èna epiplèon ìro o opo�o proèrqetai apì ti arqikèsunj ke.



224 METASQHMATISMOS LAPLACE Kef�laio 6Par�deigma 6.4.4D�netai to kÔklwma tou Sq mato 6.8. An h t�sh sta �kra th ant�stash arqik� e�nai�R(0�) kai kat� th qronik  stigm  t0 = 0, efarmìsoume phg  stajer  t�sh V , naprosdioriste� h t�sh sta �kra th ant�stash, �R(t), se sun�rthsh me to qrìno.LÔsh Epeid  to sÔsthma èqei arqikè sunj ke, efarmìzonta to monìpleuro metasqh-matismì Laplacekai sta dÔo mèlh th diaforik  ex�swsh (6.4.11), pou qarakthr�zeito kÔklwma, enswmat¸noume ti arqikè sunj ke kai èqoumesVR(s)� �R(0�) + RLVR(s) = RLVin(s)�s+ RL�VR(s) = RLVin(s) + �R(0�)VR(s) = R=Ls+R=LVin(s) + 1s+R=L�R(0�)(6.4.17)Epeid  to s ma eisìdou e�nai aitiatì, o MML tou e�nai �so me to ML�in(t) = V u(t) L ! Vin(s) = Vs (6.4.18)èqoume VR(s) = R=Ls+R=L Vs + 1s+R=L�R(0�)VR(s) = V �1s � 1s+R=L�+ �R(0�) 1s+R=L (6.4.19)Sugkr�nonta thn (6.4.15) me thn (6.4.19) parathroÔme ìti o VR(s) perièqei ènan epi-plèon ìro o opo�o exart�tai apì thn arqik  sunj kh sthn opo�a br�sketai to sÔsthma.H èxodo �R(t) upolog�zetai me ton ant�strofo ML th VR(s), dhlad ,�R(t) = V �1� e�RL t�u(t) + �R(0�)e�RL tu(t) (6.4.20)Par�deigma 6.4.5D�netai to kÔklwma tou Sq mato 6.8. Na breje� o metasqhmatismì Laplaceth exìdouìtan to s ma eisìdou e�nai x(t) = te2tu(t). D�netai ìti h stajer� qrìnou tou kukl¸-mato e�nai � = L=R = 0; 2se kai to sÔsthma br�sketai se hrem�a.LÔsh Me th bo jeia twn (6.4.12) kai (6.1.23) br�skontai oi ML th kroustik apìkrish tou sust mato kai tou s mato eisìdou x(t)H(s) = 5s+ 5 ; me <e[s℄ > �5kai X(s) = 1(s� 2)2 ; me <e[s℄ > 2



Enìthta 6.3 Efarmogè twn Metasqhmatism¸n Laplace 225ìpou qrhsimopoi jhke ìti h stajer� qrìnou tou sust mato e�nai 0; 2se. Me th bo -jeia tou jewr mato th sunèlixh br�sketai o ML th exìdou tou sust matoY (s) = 5(s� 2)2(s+ 5) ; me <e[s℄ > 2 (6.4.21)ParathroÔme ìti to s ma eisìdou den e�nai apolÔtw oloklhr¸simo, epomènw denup�rqei o MF tou kai w ek toÔtou den e�nai dunat  h qr sh twn mejìdwn pou qrhsi-mopoioÔn metasqhmatismoÔ Fouriergia th lÔsh tou probl mato.Par�deigma 6.4.6Na prosdiorisje� h arqik  kai h telik  tim  tou s mato x(t) tou opo�ou o monìpleurometasqhmatismì Laplacee�nai X (s) = 7s+ 10s(s+ 2)LÔsh Efarmìzonta to je¸rhma th arqik  tim  br�skoume ìtix(0+) = lims!1 s 7s+ 10s(s+ 2)= lims!1 7s+ 10(s+ 2)= 7 (6.4.22)Efarmìzonta to je¸rhma th telik  tim  br�skoume ìtix(1) = lims!0 s 7s+ 10s(s+ 2)= lims!0 7s+ 10(s+ 2)= 5 (6.4.23)Shmei¸netai ìti h arqik  kai h telik  tim  mpore� na breje� afoÔ prosdiorisje� hanalutik  morf  tou s mato kai sth sunèqeia prosdiorisje� h arqik  kai h telik tim  tou s mato. Pr�gmati, parathroÔme ìti o X (s) e�nai o MML tou s mato x(t) =5u(t) + 2e�2tu(t) apì thn opo�a epalujeÔoume ìti x(0+) = 7 kai x(1) = 5.6.4.3 Parathr sei gia thn perioq  sÔgklish tou metasqhmatismoÔ Laplaceäpw gnwr�zoume, o ML e�nai sun�rthsh th migadik  metablht  s. Upenjum�zoumeìti oi r�ze tou arijmht  N(s) sthn (6.1.16) onom�zontai mhdenik� th H(s). Pro-fan¸ sta shme�a aut� h H(s) mhden�zetai. Ep�sh, oi r�ze tou paronomast  D(s),ìpou h H(s) den or�zetai, onom�zontai pìloi th H(s).Gia na e�nai èna sÔsthma aitiatì prèpei h perioq  sÔgklish na e�nai to dexiì h-miep�pedo tou migadikoÔ epipèdou me sÔnoro th gramm  pou e�nai k�jeth ston prag-matikì �xona sth jèsh �<e[ak℄jmax, ìpou ak me k = 1; 2; ::: e�nai oi pìloi th H(s)



226 METASQHMATISMOS LAPLACE Kef�laio 6kai max sumbol�zei ton pìlo me to mègisto pragmatikì mèro (blèpe Par�deigma6.1.3). Me �lla lìgia, to ped�o sÔgklish enì aitiatoÔ sust mato e�nai to mègistodunatì dexiì hmiep�pedo, to opo�o den perièqei pìlou th H(s).An o bajmì tou poluwnÔmou tou N(s) e�nai megalÔtero   �so apì to bajmì toupoluwnÔmou D(s), tìte, prin analÔsoume se apl� kl�smata, prèpei na ektelèsoumeth dia�resh N(s)=D(s). Sthn per�ptwsh aut  h H(s) perilamb�nei ìrou th morf sk; k > 0. A jewr soume t¸ra èna sÔsthma sth sun�rthsh metafor�, H(s), touopo�ou up�rqei o ìro s. Tìte, an h e�sodo tou sust mato e�nai h u(t), h opo�aèqei ML �so me 1=s, h èxodo tou sust mato ja e�nai h y(t) = L�1[s(1=s)℄ = Æ(t).ParathroÔme ìti, h èxodo tou sust mato den e�nai fragmènh, se ant�jesh me thne�sodì tou h opo�a e�nai fragmènh. Me b�sh ta parap�nw katal goume se èna pr¸tosumpèrasma:
“ìtan o bajmì tou poluwnÔmou touN(s) e�nai megalÔtero apì to bajmì tou poluwnÔ-mou D(s) to sÔsthma den e�nai FEFE eustajè” .Sth sunèqeia ja doÔme ìti pèra apì th sqèsh twn bajm¸n twn poluwnÔmwn N(s)kai D(s), h jèsh twn pìlwn th H(s) kajor�zei thn eust�jeia tou sust mato. StoPar�deigma 2.4.1 èqoume dei ìti gia na e�nai èna sÔsthma FEFE eustajè prèpei hkroustik  apìkris  tou na e�nai apìluta oloklhr¸simh. Sthn per�ptwsh ìmw aut up�rqei o MF th, dhlad  h apìkrish suqnìthta tou sust matoH(!). Gnwr�zoume,ep�sh, ìti gia na up�rqei o MF prèpei to ped�o sÔgklish tou ML na perièqei tofantastikì �xona. àtsi:
“gia na e�nai to sÔsthma FEFE eustajè, prèpei o fantastikì �xona na perièqetaisto ped�o sÔgklish tou ML” .Sundu�zonta t¸ra ta parap�nw katal goume ìti gia na e�nai èna sÔsthma tautì-qrona aitiatì kai FEFE eustajè prèpei1. h perioq  sÔgklish na e�nai to dexiì hmiep�pedo tou migadikoÔ epipèdou mesÔnoro th gramm  pou e�nai k�jeth ston pragmatikì �xona sth jèsh�<e[ak℄jmaxkai2. o fantastikì �xona na perièqetai sto ped�o sÔgklish tou ML .Genikìtera, h jèsh twn pìlwn tou ML X(s) enì s mato sto migadikì ep�pedo-sprosdior�zei th sumperifor� tou s mato. Eidikìtera, isqÔoun ta ex 1. Aplo� pìloi sto arnhtikì hmiep�pedo (<e[s℄ < 0 kai =m[s℄ = 0) tou epipèdou-santistoiqoÔn se s mata ta opo�a sto ped�o tou qrìnou e�nai pollaplasiasmèname e�jajt pou fj�nei ekjetik� pro to mhdèn, kaj¸ t ! 1. Se ant�jesh, aplo�



Enìthta 6.3 Efarmogè twn Metasqhmatism¸n Laplace 227pìloi sto dexiì hmiep�pedo tou s antistoiqoÔn se s mata pollaplasiasmèna meejajt, pou aux�netai ekjetik� pro to �peiro kaj¸ t!1.2. Aplo� pìloi sto fantastikì �xona antistoiqoÔn se s mata twn opo�wn to pl�toparamènei stajerì me to qrìno, en¸ pollaplo� pìloi sto fantastikì �xonaantistoiqoÔn se s mata pollaplasiasmèna me tn.3. Migadiko� suzuge� pìloi antistoiqoÔn se s mata pou uf�stantai tal�ntwsh, toi perièqoun hmitonikoÔ ìrou (Par�deigma 6.2.3). An to pragmatikì mèrotwn suzug¸n pìlwn e�nai mhdèn, tìte èqoume ame�wte talant¸sei, en¸ an topragmatikì mèro e�nai mh mhdenikì, èqoume talant¸sei ekjetik� aÔxouse, anoi suzuge� pìloi br�skontai sto jetikì hmiep�pedo,   ekjetik� fj�nouse, an oisuzuge� pìloi br�skontai sto arnhtikì hmiep�pedo.Parìmoia isqÔoun kai gia thn kroustik  apìkrish enì sust mato an�loga me thjèsh twn pìlwn th H(s) sto migadikì ep�pedo. Sto Sq ma 6.9 parist�nontai oiidiìthte enì aitiatoÔ sust mato kai h sumperifor� th kroustik  apìkrous tou, ìpw aut  prosdior�zetai apì th jèsh twn pìlwn tou sto migadikì ep�pedo.
jù

ÅõóôáèÝò ÁóôáèÝò

ó

Sq ma 6.9 Oi idiìthte enì sust mato kai h sumperifor� th kroustik  tou apìkrishan�loga me th jèsh twn pìlwn th sun�rthsh metafor� tou sto migadikì ep�pedo.Par�deigma 6.4.7Na deiqje� ìti to kÔklwma tou Sq mato 6.8 e�nai eustajè sÔsthma.LÔsh H sun�rthsh metafor� tou sust mato èqei èna pìlo sth jèsh �(R=L) < 0,dhlad  sto arnhtikì hmiep�pedo. Epeid  to sÔsthma w pragmatikì sÔsthma e�naiaitiatì, to ped�o sÔgklish prèpei na e�nai <e[s℄ > �RL . ParathroÔme ìti sto ped�osÔgklish perièqetai o fantastikì �xona, me apotèlesma to sÔsthma na e�nai eusta-jè.



228 METASQHMATISMOS LAPLACE Kef�laio 6Par�deigma 6.4.8àna GQA sÔsthma èqei sun�rthsh metafor�H(s) = s+ 1(s+ 2)(s� 1) (6.4.24)Na upologiste� h kroustik  apìkrish tou sust mato.LÔsh H H(s) analÔetai se apl� kl�smata th morf H(s) = 13 1s+ 2 + 23 1s� 1 (6.4.25)Gia to GQA sÔsthma tou parade�gmato den prosdior�zetai h perioq  sÔgklishth sun�rthsh metafor�. Oi pijanè perioqè sÔgklish e�nai oi trei, oi opo�eeikon�zontai sto Sq ma 6.10. An to sÔsthma e�nai aitiatì, h perioq  sÔgklish e�nai<e[s℄ > 1 (Sq ma 6.10a) kai h kroustik  apìkrish tou sust mato e�naih(t) = �13e�2t + 23et�u(t) (6.4.26)Sto Sq ma 6.11a fa�netai h kroustik  apìkrish tou sust mato ìtan h perioq  sug-klish e�nai <e[s℄ > 1. Sthn per�ptwsh aut  to sÔsthma e�nai aitiatì afoÔ to ped�osÔgklish e�nai to mègisto dexiì hmiep�pedo to opo�o den perièqei pìlou. To sÔsthmaden e�nai ìmw eustajè, afoÔ den perièqetai sto ped�o sÔgklish o fantastikì �xona.To ìti to sÔsthma den e�nai eustajè fa�netai kai apì to ìti h(t)!1 ìtan t!1.An to sÔsthma e�nai eustajè, h perioq  sÔgklish e�nai h �2 < <e[s℄ < 1 (Sq ma6.10b) kai h kroustik  apìkrish tou sust mato e�naih(t) = 13e�2tu(t)� 23etu(�t) (6.4.27)
ℑm
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eℜ-2 1Sq ma 6.10 Oi pijanè perioqè sÔgklish th sun�rthsh metafor� gia to sÔsthma touParade�gmato 6.4.8 (a) aitiatì (b) eustajè kai (g) mh aitiatì mh eustajè sÔsthma.
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Sq ma 6.11 Oi pijanè kroustikè apokr�sei gia to sÔsthma tou Parade�gmato 6.4.8 (a)aitiatì, (b) eustajè kai (g) mh aitiatì mh eustajè sÔsthma.Sto Sq ma 6.11b fa�netai h kroustik  apìkrish tou sust mato ìtan h perioq  sug-klish e�nai �2 < <e[s℄ < 1. Parathre�ste ìti to sÔsthma t¸ra e�nai eustajè, dene�nai ìmw aitiatì.Tèlo, an h perioq  sÔgklish tou sust mato e�nai <e[s℄ < �2 (Sq ma 6.10g), tosÔsthma den e�nai oÔte aitiatì, oÔte eustajè kai h kroustik  apìkrish tou sust matoe�nai h(t) = ��13e�2t � 23et�u(�t) (6.4.28)Sto Sq ma 6.11g fa�netai h kroustik  apìkrish tou sust mato ìtan h perioq  sug-klish e�nai <e[s℄ < �2.Par�deigma 6.4.9D�netai to grammikì qronik� anallo�wto sÔsthma tou opo�ou h sqèsh s mato eisìdouexìdou perigr�fetai apì th diaforik  ex�swshddty(t) + 3y(t) = d2dt2x(t) + ddtx(t)� 2x(t) (6.4.29)Na breje� h sun�rthsh metafor� tou antistrìfou sust mato. Gia to sÔsthma autìup�rqei ant�strofo sÔsthma to opo�o na e�nai eustajè kai aitiatì;LÔsh Lamb�nonta metasqhmatismì Laplacesta mèlh th (6.4.29) èqoumeY (s)(s + 3) = X(s)(s2 + s� 2)apì thn opo�a br�sketai h sun�rthsh metafor� tou sust matoH(s) = Y (s)X(s) = s2 + s� 2s+ 3 (6.4.30)H sun�rthsh metafor� tou ant�strofou sust mato e�naiHant(s) = 1H(s)= s+ 3s2 + s� 2= s+ 3(s� 1)(s+ 2) (6.4.31)



230 METASQHMATISMOS LAPLACE Kef�laio 6To ant�strofo sÔsthma èqei dÔo pìlou sto shme�a s = 1 kai s = �2. Oi dÔo pìloibr�skontai ekatèrwjen tou fantastikoÔ �xona, epomènw den e�nai dunatìn to mègistodexiì hmiep�pedo pou den perièqei pìlou (aitiatì sÔsthma) na perièqei to fantastikì�xona (eustajè sÔsthma). �ra, gia to sÔsthma (6.4.30) den up�rqei ant�strofo sÔsth-ma to opo�o na e�nai sugqrìnw aitiatì kai eustajè.SÔnoyh Kefala�ouSto kef�laio autì or�same to metasqhmatismì Laplacekai to monìpleuro metasqh-matismì Laplace, parousi�sthkan oi idiìthtè tou kai upolog�same tou ML orismèn-wn basik¸n shm�twn, ta opo�a sunant�me sth melèth grammik¸n susthm�twn. Sthsunèqeia prosdior�same ton ant�strofo ML . E�dame ìti, an h morf  tou ML e�naiapl , tìte mporoÔme na upolog�soume ton ant�strofo ML me th bo jeia tou P�na-ka 6.2. An o ML den èqei apl  morf  all� e�nai rht  sun�rthsh, tìte analÔoume thsun�rthsh se apl� kl�smata kai me th bo jeia twn idiot twn tou ML kai tou P�naka6.2 upolog�zoume eÔkola to s ma qwr� na katafÔgoume sthn ex�swsh antistrof .Ep�sh, sto kef�laio autì anaptÔxame di�fore efarmogè tou ML . Eidikìteraexet�same th dunatìthta pou èqei o MML na epilÔei grammikè diaforikè exis¸-sei me stajeroÔ suntelestè, oi opo�e den èqoun mhdenikè arqikè sunj ke. Hdunatìthta aut  ofe�letai sti idiìthte tou MML pou anafèrontai sthn par�gwgokai to olokl rwma mia sun�rthsh. Sth sunèqeia parousi�sthkan oi efarmogè twnmetasqhmatism¸n Laplacese ìti afor� th melèth GQA susthm�twn. Prosdior�sameth sun�rthsh metafor� sust mato apì th diaforik  ex�swsh pou sundèei thn èxodokai thn e�sodo tou sust mato, upojètonta ìti oi arqikè sunj ke e�nai mhdenikè.Ep�sh, me th bo jeia th diaforik  ex�swsh, prosdior�same to MML th exìdousust mato, to opo�o mpore� na mh br�sketai se kat�stash hrem�a, kai antistrè-fonta to MML prosdior�same thn èxodo tou sust mato. Tèlo, parousi�sthkan tasumper�smata pou ex�goume apì thn perioq  sÔgklish kai th jèsh twn pìlwn thsun�rthsh metafor� tou sust mato sto migadikì ep�pedo� aut� aforoÔn sthn eu-st�jeia kai sthn aitiìthta tou sust mato kaj¸ kai sth sumperifor� th kroustik apìkris  tou.PROBLHMATA6.1 Na upologiste� to aitiatì s ma pou èqei metasqhmatismì Laplacea) X(s) = 3s+7s2+4s+3 b) X(s) = 3s�5s2�2s�3g) X(s) = ss2+4 d) X(s) = s+2s2+4s+13e) X(s) = 2s2+12s3+4s st) X(s) = s2+5s+15s3+3s26.2 Na upologiste� h sunèlixh twn shm�twn x1(t) = u(t) � u(t � 1) kai x2(t) =u(t)� u(t� 2) me th bo jeia th idiìthta th sunèlixh tou metasqhmatismoÔ
Laplace.



Enìthta 6.4 Probl mata 2316.3 Na brejoÔn ta aitiat� s mata twn opo�wn oi metasqhmatismo� Laplacee�naiX1(s) = 1s2 + 3s+ 2 kai X2(s) = s+ 1(s+ 3)(s2 + 4s+ 5) (6.4.32)6.4 Gia to kÔklwma RLC pou perigr�fetai sto Sq ma 6.12.1. Na prosdioriste� h grammik  diaforik  ex�swsh h opo�a sundèei thn e�sodotou kukl¸mato �in(t) kai thn èxodì tou �o(t).2. Na prosdioriste� h sun�rthsh metafor� tou sust mato. E�nai to sÔsth-ma eustajè;3. An h e�sodo tou kukl¸mato e�nai �in(t) = e�3tu(t) me th bo jeia toumetasqhmatismoÔ Laplase, na upolog�sete thn èxodo �0(t) gia t > 0, ìtanoi arqikè sunj ke e�nai �o(0�) = 1 kai d�o(t)dt ���t=0� = 2.
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Ä Ã Sq ma 6.12 To kÔklwma tou Probl mato 6.4.6.5 H sun�rthsh metafor�, enì GQA aitiatoÔ sust mato, e�naiH(s) = s+ 1s2 + 2s+ 2 (6.4.33)Na upologiste� h apìkrish y(t) tou sust mato ìtan to s ma eisìdou x(t) d�ne-tai apì thn x(t) = e�jtj; �1 < t <1 (6.4.34)Na prosdior�sete to ped�o sÔgklish k�je for� pou parousi�zetai metasqhma-tismì Laplace.6.6 H apìkrish enì grammikoÔ qronik� anallo�wtou sust mato sto s max(t) = u(t)e�nai to s ma y(t) = (1� e�t � te�t)u(t)Me th bo jeia tou metasqhmatismoÔ Laplacena breje� h e�sodo tou sust matoìtan to s ma exìdou e�naiy1(t) = (2� 3e�t + e�3t)u(t)



232 METASQHMATISMOS LAPLACE Kef�laio 66.7 Sthn e�sodo enì GQA sust mato me kroustik  apìkrishh(t) = e�2tu(t)Efarmìzetai to s ma x(t) = e�3tu(t)Na breje� to s ma exìdou y(t), tou sust mato1. ìtan to sÔsthma arqik� hreme� kai2. ìtan y(0�) = 1.6.8 D�netai to eustajè grammik� anallo�wto sÔsthma me sun�rthsh metafor�H(s) = 22� s1. Na breje� h kroustik  apìkrish h(t), tou sust mato.2. Me th bo jeia tou metasqhmatismoÔ Laplacena breje� h èxodì tou ìtanto s ma eisìdou e�nai x(t) = 2e�2tu(t)6.9 D�netai to RC se seir� kÔklwma tou Sq mato 6.13. Na upologistoÔn1. h sun�rthsh metafor� H(s) tou kukl¸mato,2. h kroustik  apìkrish h(t) tou kukl¸mato kai3. h suqnìthta - 3 dB.
R=10 Ù

i(t)

õï(t)õin(t)

C=10  F
-6

6 Sq ma 6.13 To kÔklwma tou Probl mato 6.9.Bibliograf�a6.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.6.2 A. M�rgarh, “S mata kai Sust mata SuneqoÔ kai DiakritoÔ Qrìnou ” , Ekdì-sei Tziìla 2012.6.3 S. Haykin, B. Veen, “Signal and Systems”,John& Wiley Sons, Inc.20036.4 A. V. Oppenheim, R. S. Willsky, I. T. Young, “Signal and Systems”, Prentice -
Hall Inc., N. Y., 1983.



                                          ÊÅÖÁËÁÉÏ   7

           ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ  Z

O metasqhmatismì z e�nai o ant�stoiqo Laplacegia s mata diakritoÔ qrìnou kaiapotele� gen�keush tou metasqhmatismoÔ FourierdiakritoÔ qrìnou.Skopì tou Kefala�ou e�nai na or�sei ton amf�pleuro metasqhmatismì z,   apl�metasqhmatismì z (Mz) kai to monìpleuro metasqhmatismì z (MMz), na perigr�yeiti basikè tou idiìthte kai na upolog�sei tou ant�stoiqou metasqhmatismoÔ stoi-qeiwd¸n shm�twn pou antimetwp�zoume sth melèth grammik¸n susthm�twn diakritoÔqrìnou. Ep�sh, sto Kef�laio autì ja parousiaste� h dunatìthta pou èqei o monì-pleuro metasqhmatismì z na epilÔei exis¸sei diafor¸n, oi opo�e èqoun mh mh-denikè arqikè sunj ke kai sth sunèqeia ja ekmetalleutoÔme th dunatìthta aut gia th melèth GQA susthm�twn. Tèlo, skopì tou Kefala�ou e�nai na anade�xei thsqèsh pou up�rqei metaxÔ th aitiìthta, th eust�jeia enì GQA sust mato, thperioq  sÔgklish th sun�rthsh metafor� tou kai th jèsh twn pìlwn aut sto migadikì ep�pedo.Eisagwg H e�sodo kai h èxodo enì GQA sust mato diakritoÔ qrìnou sundèontai me m�aex�swsh diafor¸n me stajeroÔ suntelestè. àtsi gia na prosdior�soume thn èxodoenì sust mato an gnwr�zoume thn e�sodì tou ja prèpei na epilÔoume thn ant�stoiqhex�swsh diafor¸n. Sto Kef�laio 2 parathr same ìti mporoÔme na upolog�soume thnèxodo enì sust mato an gnwr�zoume thn e�sodì tou, me th bo jeia tou ajro�smatoth sunèlixh. Sto Kef�laio 5 or�same to MF diakritoÔ qrìnou, o opo�o parèqei thdunatìthta met�bash apì to ped�o tou qrìnou sto ped�o th suqnìthta. H idiìthtath sunèlixh tou MF metatrèpei to �jroisma th sunèlixh se èna aplì ginìmenotwn antisto�qwn metasqhmatism¸n, me thn bo jeia tou opo�ou upolog�zetai o MF thexìdou kai sth sunèqeia me ant�strofo MF prosdior�zetai h èxodo tou sust matosto ped�o tou qrìnou. O MF loipìn, èdwse m�a eÔkolh lÔsh sto prìblhma eÔreshth exìdou enì sust mato, an gnwr�zoume thn e�sodì tou kai thn kroustik  touapìkrish. Dustuq¸, ìmw, up�rqoun poll� s mata diakritoÔ qrìnou, ta opo�a suqn�sunant�me sth pr�xh, gia ta opo�a den up�rqei o MF.



234 Metasqhmatismì z Kef�laio 7Sto Kef�laio autì ja perigr�youme ton Metasqhmatismì z, o opo�o metatrèpeièna s ma diakritoÔ qrìnou se m�a analutik  sun�rthsh migadik  metablht . äpwja doÔme, se poll� apì ta s mata diakritoÔ qrìnou me praktik  spoudaiìthta, giata opo�a den up�rqei o MF diakritoÔ qrìnou, up�rqei o Mz kai ètsi dieurÔnetai tosÔnolo twn shm�twn diakritoÔ qrìnou gia ta opo�a mpore� na epiteuqje� met�bashapì to ped�o tou qrìnou sto ped�o th suqnìthta.Sto Kef�laio 5, me th bo jeia tou MF upolog�same thn èxodo enì GQA sust ma-to diakritoÔ qrìnou to opo�o br�sketai arqik� se kat�stash hrem�a. Sto Kef�laioautì ja doÔme ìti an to sÔsthma de br�sketai se kat�stash hrem�a, o monìpleurometasqhmatismì z ma epitrèpei na sumperil�boume ti arqikè sunj ke sth ex�swshdiafor¸n kai na prosdior�soume thn èxodo tou sust mato.Tèlo, sto Kef�laio autì ja doÔme ìti h qr sh tou migadikoÔ ped�ou kai h jèshtwn pìlwn se autì ma epitrèpei na ex�goume basikè idiìthte twn susthm�twn di-akritoÔ qrìnou, ìpw h aitiìthta kai h eust�jeia. Gia ìlou tou parap�nw lìgou,o metasqhmatismì z apotele� èna akìma basikì majhmatikì ergale�o gia th melèthGQA susthm�twn diakritoÔ qrìnou.7.1 ORISMOISthn Enìthta 2.5.2 èqoume dei ìti an h e�sodo enì grammikoÔ qronik� anallo�wtousust mato diakritoÔ qrìnou, pou èqei kroustik  apìkrish h(n), e�nai zn tìte tos ma exìdou e�nai y(n) = H(z) � zn (7.1.1)ìpou H(z) = 1Xn=�1h(n)z�n (7.1.2)e�nai o metasqhmatismì z th kroustik  apìkrish h(n) kai e�nai h sun�rthshmetafor� tou sust mato.O metasqhmatismì z antistoiqe� sthn akolouj�a x(n) th sun�rthshX(z) � 1Xn=�1x(n)z�n (7.1.3)H X(z) e�nai migadik  sun�rthsh th migadik  metablht  z = rej
 kai onom�zetaiamf�pleuro metasqhmatismì z tou x(n)   apl� metasqhmatismì z. O monìpleurometasqhmatismì z or�zetai apì th sqèshX (z) � 1Xn=0x(n)z�n (7.1.4)



Enìthta 7.1 Orismo� 235H perioq  tim¸n tou z, gia ti opo�e o metasqhmatismì z èqei peperasmènh tim kale�tai perioq  sÔgklish (PS) (region of convergence ROC). Gia eukol�a o metasqh-matismì z tou x(n) merikè forè sumbol�zetai w Z[x(n)℄ kai h sqèsh metaxÔ toux(n) kai tou metasqhmatismoÔ tou upodeiknÔetai wx(n) Z ! X(z) (7.1.5)Parathr sei1. An o Mz up�rqei kai gia timè me r = 1, dhlad , z = ej
, tìte X �ej
� =P1n=�1 x(n)e�j
n pou e�nai o MF diakritoÔ qrìnou th akolouj�a x(n),dhlad , X(z)jz=ej
 = F [x(n)℄ (7.1.6)Sto ep�pedo-so metasqhmatismì Laplacemetatrèpetai se metasqhmatismì Fouri-
er sto fantastikì �xona (dhlad , s = j!). Sto migadikì ep�pedo-z o metasqh-matismì z metatrèpetai se metasqhmatismì Fourieran to mètro th posìthtametasqhmatismoÔ z e�nai mon�da (z = ej
), dhlad , an br�sketai sto mona-dia�o kÔklo tou migadikoÔ epipèdou-z Sq ma 7.1. Me �lla lìgia o monadia�okÔklo tou migadikoÔ epipèdou-z èqei ton �dio rìlo me to fantastikì �xona stoep�pedo-s tou metasqhmatismoÔ Laplace.Met� thn parat rhsh aut  e�nai skìpimo na k�noume m�a apl  allag  tou sum-bolismoÔ tou metasqhmatismoÔ FourierdiakritoÔ qrìnou thn opo�a sunant�mepollè forè sta enqeir�diaX(z)jz=ej
 = F [x(n)℄ = X(ej
) ant� tou X(
) (7.1.7)
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0 1 Sq ma 7.1 To migadikì ep�pedo-z. O metasqhma-tismì z metatrèpetai se metasqhmatismì Fourier giati timè tou z pou br�skontai sto monadia�o kÔklo.2. O Mz sqet�zetai me to DTFT kai sthn per�ptwsh ìpou h metablht  r 6= 1.Pr�gmati X(rej
) = 1Xn=�1 �x(n)r�n� e�j
n = F �x(n) � r�n� (7.1.8)



236 Metasqhmatismì z Kef�laio 7ParathroÔme ìti X(rej
) e�nai o metasqhmatismì Fourierth akolouj�a x(n)pollaplasiasmènh me thn pragmatik  ekjetik  akolouj�a r�n. Epomènw giana sugkl�nei o metasqhmatismì z prèpei o metasqhmatismì FourierdiakritoÔqrìnou th akolouj�a x(n) � r�n na sugkl�nei, dhlad , h akolouj�a x(n)z�nna e�nai arijm simh kat� apìluth tim jX(z)j = ����� 1Xn=�1x(n)z�n����� � 1Xn=�1 jx(n)jr�n <1 (7.1.9)H parous�a tou ìrou r�n parèqei th dunatìthta sÔgklish tou ajro�smatokai kat� sunèpeia thn Ôparxh tou metasqhmatismoÔ z akìmh kai an den up�rqeio DTFT th x(n). O DTFT th x(n) = anu(n) den up�rqei ìtan jaj > 1,dedomènou ìti x(n) e�nai m�a ekjetik  aÔxousa akolouj�a ìpw fa�netai stoSq ma 7.2a. An epilege� r > a tìte h akolouj�a r�n ìpw fa�netai sto Sq ma7.2b elatt¸netai taqÔtera apì ìti h x(n) aux�netai. àtsi h akolouj�a x(n)r�nìpw fa�netai sto Sq ma 7.2g e�nai arijm simh kat� apìluth tim  kai up�rqeio metasqhmatismì z.
(á)

x(n)=

(â) (ã)

1

0 n2 4 6 8-2-4 10 0 n2 4 6 8-2-4 10 0 n2 4 6 8-2-4 10

r -n x(n) r-ná  u(n),n
á>1

r >á
1

Sq ma 7.2 (a) H akolouj�a x(n) = anu(n) gia th opo�a den up�rqei o DTFT (b) o par�gontaexasjènish r�n kai (g) h akolouj�a x(n)r�n h opo�a e�nai arijm simh kat� apìluth tim .7.1.1 Metasqhmatismì z stoiqeiwd¸n akolouji¸nSthn par�grafo aut  ja upolog�soume to Mz orismènwn basik¸n akolouji¸n.Par�deigma 7.1.1 (S ma peperasmènh èktash)Na upologiste� o metasqhmatismì z tou orjog¸niou parajÔrou di�rkeia N + 1x(n) = � 1; 0 � n � N0; alli¸ (7.1.10)LÔsh O metasqhmatismì z e�naiX(z) = 1Xn=�1x(n)z�n = NXn=0 1z�n = z�N NXn=0 zn



Enìthta 7.1 Orismo� 237kai me th bo jeia tou tÔpou me ton opo�o upolog�zoume to �jroisma twn ìrwn gewmetrik seir� èqoume X(z) = ( z�N zN+1�1z�1 = zN+1�1zN (z�1) ; z 6= 1; z 6= 0N + 1; z = 1 (7.1.11)H perioq  sÔgklish kalÔptei ìlo to migadikì ep�pedo ektì apì to mhdèn.Par�deigma 7.1.2 (To ekjetikì aitiatì s ma)Na upologiste� o metasqhmatismì z gia to s max(n) = anu(n) (7.1.12)LÔsh O metasqhmatismì z e�naiX(z) = 1Xn=1 anu(n)z�n = 1Xn=0(az�1)nGia na sugkl�nei o X(z) prèpei to �jroisma twn ape�rwn ìrwn th gewmetrik  seir�,me lìgo az�1, na sugkl�nei, dhlad , P1n=0 jaz�1jn < 1. àtsi h perioq  sÔgklishe�nai h perioq  tim¸n tou z gia thn opo�a jaz�1j < 1   jzj > jaj, opìteX(z) = 1Xn=0(az�1)n = 11� az�1 = zz � a; ìtan jzj > jaj (7.1.13)O metasqhmatismì z or�zetai sto exwterikì kÔklou akt�na Rx = jaj blèpe Sq ma 7.3.
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(á)Sq ma 7.3 (a) To s ma x(n) = anu(n) ìtan a e�nai pragmatikì arijmì < 1 kai (b) hperioq  sÔgklish, o pìlo kai to mhdenikì tou metasqhmatismoÔ z sto Par�deigma 7.1.2.Gia a = 1 tìte to s ma x(n) e�nai h akolouj�a monadia�ou b mato, h opo�a èqeimetasqhmatismì z u(n) Z ! U(z) = 11� z�1 = zz � 1 me jzj > 1 (7.1.14)



238 Metasqhmatismì z Kef�laio 7dhlad , me perioq  sÔgklish to exwterikì tou monadia�ou kÔklou.Parathr sei1. O metasqhmatismì z th akolouj�a x(n) sugkl�nei gia k�je peperasmènh tim tou a, en¸ o metasqhmatismì Fouriertou x(n) sugkl�nei an jaj < 1.2. An jaj > 1 h perioq  sÔgklish den perièqei to monadia�o kÔklo kai gia ti timèautè den up�rqei o metasqhmatismì Fourierth akolouj�a anu(n).3. O metasqhmatismì z èqei klasmatik  morf , dhlad , èqei mhdenik� kai pìlou.Sto Par�deigma 7.1.2 o metasqhmatismì z èqei èna mhdenikì “Æ” gia z = 0 kaièna pìlo “�” gia z = a (blèpe Sq ma 7.2).Par�deigma 7.1.3Na upologiste� o metasqhmatismì z gia to s max(n) = nan�1u(n) (7.1.15)LÔsh Paragwg�zonta thn ex�swshP1n=0 anz�n = zz�a w pro a èqoume1Xn=1nan�1z�n = z(z � a)2 me jzj > jajApì thn parap�nw ex�swsh prokÔpteix(n) = nan�1u(n) Z ! X(z) = z(z � a)2 me jzj > jaj (7.1.16)Nèa parag¸gish w pro a d�nei1Xn=2n(n� 1)an�2z�n = 2 z(z � a)3 me jzj > jajgia apì thn opo�a èqoumex(n) = n(n� 1)2 an�2u(n) Z ! X(z) = z(z � a)3 me jzj > jaj (7.1.17)An epanal�boume thn parag¸gish ja odhghjoÔme se ant�stoiqa apotelèsmata.Par�deigma 7.1.4Na upologiste� o metasqhmatismì z tou monadia�ou de�gmato.LÔsh O metasqhmatismì z tou monadia�ou de�gmato x(n) = Æ(n) e�naiZ[Æ(n)℄ = 1Xn=�1 Æ(n)z�n = 1; me z 6= 0 (7.1.18)



Enìthta 7.1 Orismo� 239kai tou olisjhmènou kat� k b mata monadia�ou de�gmato Æ(n� k), e�naiZ[Æ(n� k)℄ = � 0; k < 0z�k; k � 0 (7.1.19)H perioq  sÔgklish kalÔptei ìlo to migadikì ep�pedo ektì apì thn arq ,Par�deigma 7.1.5Na upologiste� o metasqhmatismì z tou s matox(n) = �12�n u(n) +�13�n u(n) (7.1.20)LÔsh O metasqhmatismì z e�naiX(z) = 1Xn=0�12�n z�n + 1Xn=0�13�n z�n= 11� 12z�1 + 11� 13z�1= 2� 56z�1�1� 12z�1� �1� 13z�1�Telik� X(z) = z �2z � 56��z � 12� �z � 13� (7.1.21)Gia na èqoume sÔgklish tou X(z) prèpei jzj > 1=2 kai jzj > 1=3. Epomènw prèpeijzj > 1=2. MporoÔme na odhghjoÔme sta �dia apotelèsmata an basistoÔme sta dÔoprohgoÔmena parade�gmata kai qrhsimopoi soume thn idiìthta th grammikìthta toumetasqhmatismoÔ z thn opo�a ja doÔme sth sunèqeia.Par�deigma 7.1.6 (Austhr� mh aitiatì ekjetikì s ma)x(n) = �anu(�n� 1) (7.1.22)LÔsh O metasqhmatismì z e�naiX(z) = � 1Xn=�1anu(�n�1)z�n = � �1Xn=�1 anz�n = � 1Xn=1a�nzn = 1� 1Xn=0(a�1z)nan ja�1zj < 1   isodÔnama jzj < jaj to �jroisma sugkl�nei kai èqoumeX(z) = 1� 11� a�1z = 1� a�1z � 11� a�1z = zz � a (7.1.23)me perioq  sÔgklish to eswterikì kÔklou akt�na Rx = jaj Sq ma 7.4.
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( â )(á)Sq ma 7.4 (a) To s ma x(n) = �anu(�n � 1) ìtan a pragmatì arijmì > 1 kai (b) hperioq  sÔgklish, o pìlo kai to mhdenikì tou metasqhmatismoÔ z sto Par�deigma 7.1.6.ParathroÔme ìti o metasqhmatismì z tou austhr� mh aitiatoÔ s mato x(n) =�anu(�n�1) èqei thn �dia algebrik  par�stash me to ekjetikì aitiatì s ma x(n) =anu(n), all� �llh perioq  sÔgklish. Autì shma�nei ìti h perioq  sÔgklish, ìpwkai sto metasqhmatismì Laplace, apotele� anapìspasto tm ma tou metasqhmatismoÔz kai prèpei p�ntote na kajor�zetai. An ma doje� mìno o metasqhmatismì z qwr�thn ant�stoiqh perioq  sÔgklis  tou ja up�rqei abebaiìthta ston prosdiorismì thakolouj�a pou od ghse s' autìn, afoÔ ja up�rqoun perissìtere apì m�a apant sei.Par�deigma 7.1.7Na upologiste� o metasqhmatismì z tou s matox(n) = ajnj; �1 < n <1 kai jaj < 1 (7.1.24)LÔsh To s ma x(n) gr�fetaix(n) = anu(n) + a�nu(�n� 1)Apì to Par�deigma 7.1.2 èqoumeanu(n) Z ! 11� az1 = zz � a me jzj > jajen¸ apì to Par�deigma 7.1.6 èqoumea�nu(�n� 1) Z ! �11� a�1z�1 = az1� az me jzj < 1jajEpeid  jaj < 1, e�nai kai jaj < jaj�1. àtsi o metasqhmatismì z tou x(n) e�naiX(z) = zz � a + az1� az ; me jaj < jzj < 1jaj (7.1.25)Sto Sq ma 7.6 fa�nontai h perioq  sÔgklish, to mhdenikì kai oi pìloi tou Mz thakolouj�a x(n) = ajnj.
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( â )(á)Sq ma 7.5 (a) H akolouj�a x(n) = ajnj ìtan a pragmatì arijmì < 1 kai (b) h perioq sÔgklish, oi pìloi kai to mhdenikì tou metasqhmatismoÔ z sto Par�deigma 7.1.7.Par�deigma 7.1.8Na upologiste� o metasqhmatismì z tou s matox(n) = an; �1 < n <1 (7.1.26)LÔsh To s ma x(n) gr�fetaix(n) = anu(n) + anu(�n� 1)Apì to Par�deigma 7.1.2 èqoumeanu(n) Z ! 11� az1 = zz � a me jzj > jajen¸ apì to Par�deigma 7.1.6 èqoumeanu(�n� 1) Z ! � 11� az�1 = zz � a me jzj < jajParathroÔme ìti en¸ oi metasqhmatismo� z th anu(n) kai th anu(�n� 1) up�rqoun,epeid  prèpei tautìqrona na isqÔei jzj > a kai jzj < a, to ekjetikì s ma x(n) = anden èqei amf�pleuro metasqhmatismì z.7.1.2 Idiìthte th perioq  sÔgklish-Ôparxh metasqhmatismoÔ zApì ta prohgoÔmena parade�gmata parathr same ìti o metasqhmatismì z den pros-dior�zei monos manta thn akolouj�a (s ma) ektì an èqei orisje� h perioq  sÔgklish.Ep�sh parathr same ìti h morf  th perioq  sÔgklish tou metasqhmatismoÔ zexart�tai apì ta qarakthristik� th akolouj�a. Sthn enìthta aut  ja broÔme totrìpo me to opo�o sundèetai h perioq  sÔgklish me ta qarakthristik� th akolou-j�a x(n). Ja parousi�soume ti idiìthte qrhsimopoi¸nta diaisjhtik� epiqeir ma-ta par� austhrè majhmatikè apode�xei. Gnwr�zonta ti idiìthte e�nai efiktì o



242 Metasqhmatismì z Kef�laio 7prosdiorismì th perioq  sÔgklish apì to metasqhmatismì z, X(z), kai èqontaperiorismènh gn¸sh twn qarakthristik¸n th akolouj�a x(n).M�a pr¸th idiìthta e�nai ìti h perioq  sÔgklish tou metasqhmatismoÔ z, poue�nai rht  sun�rthsh th metablht  z, den perièqei pìlou.äpw parathr same sthn prohgoÔmenh enìthta gia na up�rqei o metasqhmatismì
z tou s mato x(n) prèpeijX(z)j = ����� 1Xn=�1x(n)z�n����� � 1Xn=�1 jx(n)jr�n <1 (7.1.27)h posìthta r e�nai to mètro tou migadikoÔ arijmoÔ z = r � ej
 kai oi timè th prag-matik  metablht  r pou ikanopoioÔn thn parap�nw anisìthta or�zoun th perioq sÔgklish tou metasqhmatismoÔ. E�nai fanerì ìti h sÔgklish exart�tai mìno apìto mètro r = jzj kai ìqi apì to 
, to opo�o shma�nei ìti h perioq  sÔgklish jakajor�zetai apì omìkentrou kÔklou me kèntro thn arq  twn axìnwn tou migadikoÔepipèdou-z.Gia m�a peperasmènou m kou akolouj�a, dhlad , x(n) = 0 an n < N1 kai n > N2h opo�a e�nai fragmènh, dhlad , up�rqei jetikì arijmìM gia ton opo�o jx(n)j �Mo metasqhmatismì z e�nai X(z) = N2Xn=N1 x(n)z�n (7.1.28)E�nai fanerì ìti h sun�rthsh aut  sugkl�nei gia k�je tim  tou z, dhlad ,h perioq  sÔgklish mia peperasmènou m kou kai fragmènh akolouj�a e�nai ìloto migadikì ep�pedo-z me dÔo pijanè exairèsei1. an N1 < 0 tìte oi timè tou z me �peiro mètro apokle�ontai apì thn perioq sÔgklish.2. an N1 < 0 kai N2 > 0 tìte h arq  twn axìnwn apokle�etai apì thn perioq sÔgklish.Sth sunèqeia ja exet�soume th genik  per�ptwsh kat� thn opo�a h akolouj�-a x(n) den e�nai periorismènh di�rkeia kai e�nai fragmènh. H akolouj�a aut onom�zetai amf�pleurh akolouj�a. Sthn per�ptwsh aut  diaqwr�zoume to �jroismaP1n=�1 jx(n)jr�n <1 se dÔo tm mata. Sto pr¸to tm ma I�(r) ta ìria tou ajro�s-mato e�nai �1 kai �1 I�(r) = �1Xn=�1 jx(n)jr�n



Enìthta 7.1 Orismo� 243Sto deÔtero tm ma I+(r) ta ìria tou ajro�smato e�nai 0 kai 1I+(r) = 1Xn=0 jx(n)jr�ndhlad , jX(z)j � �1Xn=�1 jx(n)j r�n + 1Xn=0 jx(n)j r�n = I�(r) + I+(r)Gia na e�nai to jX(z)j fragmèno prèpei kai ta dÔo epimèrou ajro�smata na e�naipeperasmèna.A upojèsoume ìti mporoÔme na fr�xoume th jx(n)j br�skonta ti el�qistejetikè stajerè M�, M#, r� kai r# tètoie ¸stejx(n)j �M�(r�)n; n < 0; (7.1.29)kai jx(n)j �M#(r#)n; n � 0 (7.1.30)H akolouj�a x(n) h opo�a ikanopoie� ta fr�gmata den aux�netai taqÔtera apì thnakolouj�a (r#)n gia ti jetikè timè tou n kai th (r�)n gia ti arnhtikè timè th n.Shmei¸netai ìti an kai up�rqoun akolouj�e oi opo�e den ikanopoioÔn ta parap�nwfr�gmata, gia par�deigma h akolouj�a �n2 , oi akolouj�e autè den emfan�zontai sefusikè efarmogè kai ètsi den ma dhmiourgoÔn probl mata.An to fr�gma pou prosdior�zetai apì thn (7.1.29) ikanopoie�tai, tìteI�(r) = �1Xn=�1 jx(n)j r�n � M� �1Xn=�1(r�)nr�nm=�n= M� 1Xm=1� rr��m (7.1.31)Gia na up�rqei to �jroisma twn ape�rwn ìrwn th gewmetrik  proìdou prèpei olìgo � = rr� na e�nai mikrìtero th mon�da. Epomènw to �rjoisma P11 � rr��mup�rqei gia ti timè tou z oi opo�e ikanopoioÔn thn jzj = r < r�. An to fr�gma pouprosdior�zetai apì thn (7.1.30) ikanopoie�tai, tìteI+(r) = 1Xn=0 jx(n)j r�n � M# 1Xn=0(r#)nr�n= M# 1Xn=0�r#r �m (7.1.32)



244 Metasqhmatismì z Kef�laio 7To �rjoisma P10 �r#r �m up�rqei gia ti timè tou z oi opo�e ikanopoioÔn thn jzj =r > r#.ParathroÔme ìti to pr¸to �jroisma up�rqei gia ti timè to z gia ti opo�e jzj <r� en¸ to deÔtero gia ti timè to z gia ti opo�e jzj > r#. Sth per�ptwsh aut  hperioq  sÔgklish e�nai h tom  twn dÔo parap�nw perioq¸n tou epipèdou-z.H perioq  sÔgklish mia amf�pleurh akolouj�a apotele�tai apì ti timè toumigadikoÔ epipèdou z gia ti opo�e isqÔei r# < jzj < r�, dhlad , h perioq  sÔgklishèqei morf  daktul�ou.Par�deigma amf�pleurh akolouj�a e�nai h akolouj�a x(n) = ajnj sto Par�deigma7.1.7.An r# � r� tìte oi dÔo perioqè sÔgklish den allhloepikalÔptontai kai h perioq sÔgklish tou X(z) e�nai to kenì sÔnolo (blèpe Par�deigma 7.1.8).Sth sunèqeia ja exet�soume th per�ptwsh kat� thn opo�a h akolouj�a x(n),ikanopoie� th sunj kh x(n) = 0 gia n < N1. H akolouj�a aut  onom�zetai dex-iìpleurh akolouj�a. Sthn per�ptwsh aut  èqoumejX(z)j � 1Xn=N1 jx(n)jr�n � 1Xn=N1M#rn#r�n =M# 1Xn=N1 �r#r �n (7.1.33)ìpou upojèsame ìti to fr�gma pou prosdior�zetai apì thn (7.1.30) ikanopoie�tai. Giana up�rqei to �jroisma twn ape�rwn ìrwn th gewmetrik  proìdou prèpei o lìgo� = r#r na e�nai mikrìtero th mon�da. Epomènw o X(z) up�rqei gia ti timè tou zoi opo�e ikanopoioÔn thn jzj = r > r#.H perioq  sÔgklish mia dexiìpleurh akolouj�a apotele�tai apì ti timè toumigadikoÔ epipèdou z gia ti opo�e isqÔei r# < jzj, dhlad , h perioq  sÔgklish miadexiìpleurh akolouj�a tou Mz ekte�netai èxw apì kÔklo akt�na r# sto ep�pedo-z.Dedomènou ìti h perioq  sÔgklish den perièqei pìlou r# e�nai h mikrìterh akt�nakÔklou ston opo�o perièqontai ìloi oi pìloi tou X(z).H akolouj�a x(n) = anu(n) thn opo�a melet same sto Par�deigma 7.1.2 e�nai m�adexiìpleurh akolouj�a.Sth sunèqeia ja exet�soume th per�ptwsh kat� thn opo�a h akolouj�a x(n),ikanopoie� th sunj kh x(n) = 0 gia n > N2. H akolouj�a aut  onom�zetai aris-terìpleurh akolouj�a. Sthn per�ptwsh aut  èqoumejX(z)j � N2Xn=�1 jx(n)jr�n � N2Xn=�1M�rn�r�n =M� 1Xn=�N2� rr��n (7.1.34)



Enìthta 7.2 Idiìthte tou MetasqhmatismoÔ z 245apì thn opo�a parathroÔme ìti oX(z) up�rqei gia ti timè tou z oi opo�e ikanopoioÔnthn jzj = r < r�.H perioq  sÔgklish mia aristerìpleurh akolouj�a apotele�tai apì ti timètou migadikoÔ epipèdou-z gia ti opo�e isqÔei jzj < r�, dhlad , h perioq  sÔgk-lish mia aristerìpleurh akolouj�a tou Mz e�nai to eswterikì kÔklou akt�nar� sto ep�pedo-z. Dedomènou ìti h perioq  sÔgklish den perièqei pìlou, r� e�nai hmegalÔterh akt�na kÔklou ston opo�o den perièqontai oi pìloi tou X(z).Par�deigma aristerìpleurh akolouj�a e�nai h akolouj�a x(n) = �anu(�n�1)sto Par�deigma 7.1.6.An�loga me to e�do tou s mato katal xame se trei diaforetikoÔ tÔpou peri-oq¸n sÔgklish. Shmei¸netai ìti isqÔei kai to ant�strofo, dhlad , an h perioq  sÔg-klish e�nai to exwterikì kÔklou jzj > R to s ma e�nai aitiatì, an e�nai to eswterikìkÔklou jzj < R e�nai mh aitiatì kai an èqei morf  daktul�ou R+ < jzj < R� to s mae�nai m�a amf�pleurh akolouj�a.7.2 IDIOTHTES TOU METASQHMATISMOU ZSthn par�grafo aut  ja parousiastoÔn basikè idiìthte tou metasqhmatismoÔ z.Oi idiìthte autè ja ma bohj soun ston upologismì tou metasqhmatismoÔ z miadedomènh akolouj�a qwr� kat' an�gkh na prosdior�zetai to sqetikì �jroisma.(1) GrammikìthtaAn x1(n) Z ! X1(z) me perioq  sÔgklish P1 kai x2(n) Z ! X2(z) me perioq sÔgklish P2 tìte gia opoiesd pote stajerè a kai b isqÔeia � x1(n) + b � x2(n) Z ! a �X1(z) + b �X2(z) (7.2.1)H perioq  sÔgklish tou Z [a � x1(n) + b � x2(n)℄ e�nai toul�qiston h P1 \P2. H lèxh
“toul�qiston” qrhsimopoi jhke gia thn per�ptwsh kat� thn opo�a o grammikì sundu-asmì e�nai tètoio ¸ste k�poia mhdenik� na exoudeter¸noun orismènou pìlou. Semia tètoia per�ptwsh h perioq  sÔgklish e�nai megalÔterh apì thn tom  twn dÔoepimèrou perioq¸n sÔgklish.H apìdeixh th grammikìthta apotele� �meso epakìloujo th grammikìthta touajro�smato ston orismì tou metasqhmatismoÔ z.(2) Idiìthta th qronik  ol�sjhshàstw s ma x(n) me amf�pleuro metasqhmatismì z X(z) kai perioq  sÔgklishP = fz 2 C : R+ < jzj < R�g, tìte gia k�je akèraio n0, jetikì   arnhtikì, isqÔeix(n+ n0) Z ! zn0X(z); R+ < jzj < R� (7.2.2)



246 Metasqhmatismì z Kef�laio 7ApìdeixhH apìdeixh aporrèei �mesa apì tou orismoÔ. Pr�gmati, èqoumeZ [x(n+ n0)℄ = 1Xn=�1x(n+ n0)z�ni=n+n0= 1Xi=�1x(i)z�i+n0= zn0 1Xi=�1x(i)z�i= zn0X(z)Gia n0 = �1 èqoume Z[x(n� 1)℄ = z�1 �X(z).To sÔsthma diakritoÔ qrìnou tou Sq mato 7.6 to opo�o prokale� kajustèrhshenì de�gmato sumbol�zetai me z�1. Genik� èna sÔsthma diakritoÔ qrìnou to opo�oprokale� kajustèrhsh kat� m de�gmata sumbol�zetai me z�m.
x(n) x(n-1)z -1 Sq ma 7.6 Sqhmatik  perigraf  sust -mato kajustèrhsh enì de�gmato.(3) Idiìthta th sunèlixh   sunèlixh sto ped�o tou qrìnouAn x1(n) Z ! X1(z) me perioq  sÔgklish P1 kai x2(n) Z ! X2(z) me perioq sÔgklish P2 tìtex(n) = x1(n) ? x2(n) Z ! X(z) = X1(z) �X2(z) (7.2.3)H perioq  sÔgklish tou X1(z) � X2(z) e�nai toul�qiston h P1 \ P2. Se merikèpeript¸sei mpore� to ginìmeno na up�rqei kai se megalÔterh perioq , gia tou �dioulìgou ìpw kai sth grammikìthta.ApìdeixhEpeid  x(n) = 1Xk=�1x1(k)x2(n� k)



Enìthta 7.2 Idiìthte tou MetasqhmatismoÔ z 247èqoumeX(z) = 1Xn=�1x(n)z�n = 1Xn=�1" 1Xk=�1x1(k)x2(n� k)# z�n= 1Xk=�1x1(k)" 1Xn=�1x2(n� k)z�n#= 1Xk=�1x1(k)z�k " 1Xn=�1x2(n� k)z�(n�k)#m=n�k= 1Xk=�1x1(k)z�k " 1Xm=�1x2(m)z�m)#= X1(z) �X2(z) (7.2.4)(4) Idiìthta th diamìrfwsh   ol�sjhsh suqnìthta-klim�kwsh sto ped�otou zàstw s ma x(n) Z ! X(z) me perioq  sÔgklish P = fz 2 C : R+ < jzj < R�g,kai  migadikì arijmì. Tìte o metasqhmatismì z tou s mato y(n) = nx(n) e�naiy(n) = nx(n) Z ! Y (z) = X �z� me jjR+ < jzj < jjR� (7.2.5)Apìdeixh Y (z) = 1Xn=�1 y(n)z�n = 1Xn=�1 nx(n)z�n= 1Xn=�1x(n)�z��n = X �z�(5) Idiìthta th parag¸gish sto ped�o tou zàstw s ma x(n) Z ! X(z) me perioq  sÔgklish P = fz 2 C : R+ < jzj < R�g,tìte nx(n) Z ! �z dX(z)dz me thn �dia perioq  sÔgklish (7.2.6)



248 Metasqhmatismì z Kef�laio 7Apìdeixh X(z) = 1Xn=�1x(n)z�ndX(z)dz = � 1Xn=�1nx(n)z�(n+1)= �z�1 1Xn=�1nx(n)z�n= �z�1Z [nx(n)℄(6) Idiìthta th suzug�a (Suzug  akolouj�a)àstw migadikì s ma x(n) me metasqhmatismì z X(z) me perioq  sÔgklish P =fz 2 C : R+ < jzj < R�g, tìtex?(n) Z ! X?(z?); R+ < jzj < R�<e [x(n)℄ Z ! 12 [X(z) +X?(z?)℄ (7.2.7)=m [x(n)℄ Z ! 12j [X(z) �X?(z?)℄ApìdeixhAn y(n) = x?(n) èqoumeY (z) = 1Xn=�1x?(n)z�nY ?(z) = 1Xn=�1x(n) (z?)�n = X(z?)Y (z) = Z[x?(n)℄ = X?(z?) (7.2.8)(7) Katoptrismì sto qrìnoàstw s ma x(n) Z ! X(z) me perioq  sÔgklish P = fz 2 C : R+ < jzj < R�g,tìte x(�n) Z ! X(z�1); me PS 1R� < jzj < 1R+ (7.2.9)



Enìthta 7.2 Idiìthte tou MetasqhmatismoÔ z 249Apìdeixh Z[x(�n)℄ = 1Xn=�1x(�n)z�nk=�n= 1Xk=�1x(k) �z�1��k= X(z�1) (7.2.10)(8) SusqètishAn jewr soume dÔo s mata w dianÔsmata, èna arijmì pou metr�ei thn o-moiìtht� tou e�nai to eswterikì tou ginìmeno. Autì g�netai mègisto gia dianÔsmata(s mata) pou sump�ptoun, en¸ mhden�zetai gia dianÔsmata pou e�nai k�jeta.Wstìso, se ìti afor� sta s mata, pollè forè aut� e�nai apl¸ metatopismè-na to èna se sqèsh me to �llo qwr� na e�nai ousiastik� diaforetik�. àtsi ènamìno arijmì (eswterikì ginìmeno) den e�nai arketì gia na antimetwp�sei ìle tipijanè sqetikè metatop�sei metaxÔ twn shm�twn. Qrei�zetai loipìn na oriste� ènanèo s ma (sun�rthsh) tou opo�ou h anex�rthth metablht  ja ekfr�zei thn metatìpishmetaxÔ twn dÔo shm�twn. Or�zetai loipìn h sun�rthsh - akolouj�a susqètish   etero-susqètish twn s matwn diakritoÔ qrìnou - akolouji¸n x(n) kai y(n) wrxy(l) = x(n) ? y(�n) = 1Xn=�1x(n)y?(n� l); �1 < l <1 (7.2.11)Thn anex�rthth metablht  l ja onom�zoume kajustèrhsh (lag).An x(n) Z ! X(z) me perioq  sÔgklish P1 kai y(n) Z ! Y (z) me perioq sÔgklish P2, tìte o metasqhmatismì z th susqètish twn dÔo shm�twn e�nairxy(l) Z ! X(z) � Y (z�1) (7.2.12)ApìdeixhH apìdeixh th idiìthta g�netai an qrhsimopoihjoÔn oi idiìthte sunèlixh kaitou katoptrismoÔ. H perioq  sÔgklish tou Z[rxy(l)℄ e�nai toul�qiston h P1 \ P2.H susqètish exart�tai apì thn enèrgeia twn dÔo shm�twn. O suntelest  susqètish�xy(l) dÔo shm�twn diakritoÔ qrìnou or�zetai w%xy(l) = rxy(l)pExpEy ; �1 < l <1 (7.2.13)



250 Metasqhmatismì z Kef�laio 7e�nai sun�rthsh th kajustèrhsh twn dÔo akolouji¸n kai e�nai anex�rthto apì thnenèrgei� tou.àna �llo polÔ qr simo mègejo e�nai h sun�rthsh autosusqètish (autocorrelation).H sun�rthsh autosusqètish or�zetai apì th sqèshrxx(l) = x(n) ? x(�n) = 1Xn=�1x(n)x?(n� l); �1 < l <1 (7.2.14)H akolouj�a autosusqètish èqei dÔo basikè idiìthtea) H enèrgeia tou s mato e�nai �sh me th tim  th sun�rthsh autosusqètis  tougia l = 0. Pr�gmati rxx(0) = 1Xn=�1 jx(n)j2 dn = Ex (7.2.15)b) O metasqhmatismì FourierdiakritoÔ qrìnou th sun�rthsh autosusqètish enìs mato isoÔtai me th fasmatik  puknìthta enèrgeia tou s mato. H sun�rthshfasmatik  puknìthta enèrgeia perigr�fei ton trìpo me to opo�o katanèmetai henèrgeia tou s mato sto q¸ro suqnot twn. Pr�gmati, lìgw tou jewr mato thsunèlixh tou metasqhmatismoÔ Fourierèqoumerxx(l) = x(n) ? x?(�n)) F [rxx(l)℄ = jX(
)j2 (7.2.16)kai apì to je¸rhma tou ParsevalèqoumeEx = rxx(0) = 1Xn=�1 jx(n)j2 dn = 12� Z2� jX(
)j2 d
 (7.2.17)Pèra apì ta stoiqei¸dh s mata, ta opo�a melet jhkan sta parade�gmata, up�rqounkai arket� �lla pou ep�sh sunant¸ntai sth melèth grammik¸n susthm�twn diakritoÔqrìnou. Oi metasqhmamo� z twn shm�twn aut¸n upolog�zontai me th bo jeia tou oris-moÔ kai twn idiot twn tou metasqhmatismoÔ z. Ston P�naka 7.1 up�rqoun oi idiìthtetou metasqhmatismoÔ z, en¸ ston P�naka 7.2 up�rqoun oi metasqhmatismo� z kai oiant�stoiqe perioqè sÔgklish gia ti plèon sunhjismène kai qr sime peript¸sei.7.3 O MONOPLEUROS METASQHMATISMOS ZSthn par�grafo aut  ja esti�soume sta basik� shme�a tou monìpleurou metasqh-matismoÔ z kai kur�w se aut� pou ton diaforopoioÔn apì to metasqhmatismì z. Hdiafor� metaxÔ twn dÔo metasqhmatism¸n entop�zetai sta ìria tou ajro�smato oris-moÔ X (z) �P1n=0 x(n)z�n



Enìthta 7.3 O Monìpleuro Metasqhmatismì z 251PINAKAS 7.10 Oi idiìthte tou MetasqhmatismoÔ zIdiìthta S ma Metasqhmatismì z Perioq  sÔgklishx(n) X(z) P=fz2C:R+<jzj<R�gx1(n) X1(z) P1=fz2C:R+1 <jzj<R�1 gx2(n) X2(z) P2=fz2C:R+2 <jzj<R�2 gGrammikìthta ax1(n)+bx2(n) aX1(z)+bX2(z) Toul�qiston P1\P2Qronik  ol�sjhsh x(n+n0) zn0X(z) PSunèlixh x1(n)?x2(n) X1(z)�X2(z) Toul�qiston P1\P2sto ped�o tou qrìnouKlim�kwsh sto ped�o z nx(n) X( z ) jjR+<jzj<jjR�  ol�sjhsh suqnìthtaParag¸gish nx(n) �z dX(z)dn R+<jzj<R�sto ped�o zSuzug�a x?(n) X?(z?) PAjro�smato Pnk=�1 x(n) 11�z�1X(z) Toul�qiston P1\jzj>1Katoptrismì ston x(�n) X(z�1) 1R�<jzj< 1R+�xona tou qrìnouProfan¸ an dÔo s mata diakritoÔ qrìnou e�nai diaforetik� gia n < 0 kai �sagia n � 0 tìte èqoun ton �dio MMz kai diaforetikì Mz. Gia aitiat� s mata, x(n) = 0gia n < 0, o Mz kai o MMz sump�ptoun. Me �lla lìgia o monìpleuro metasqh-matismì z tou s mato x(n) taut�zetai me ton amf�pleuro metasqhmatismì z tous mato x(n)u(n). Efìson to s ma x(n)u(n) e�nai aitiatì s ma, h perioq  sÔgk-lish tou monìpleurou metasqhmatismoÔ z e�nai p�nta to exwterikì mèro kÔklou meth mikrìterh akt�na Rx pou perilamb�nei tou pìlou tou s mato.Sqedìn ìle oi idiìthte tou metasqhmatismoÔ z isqÔoun kai gia to monìpleuro.Epeid  to k�tw ìrio tou ajro�smato orismoÔ tou monìpleurou metasqhmatismoÔ ze�nai to mhdèn o monìpleuro metasqhmatismì èqei thn idiìthta th dexi� kai tharister  ol�sjhsh oi opo�e apoteloÔn th dÔnamh tou monìpleurou metasqhmatismoÔ
z. Oi idiìthte autè kai h idiìthta th sunèlixh parèqei sto monìpleuro metasqh-matismì z th dunatìthta ep�lush exis¸sewn diafor¸n, oi opo�e èqoun mh mhdenikèarqikè sunj ke.(1) Idiìthta th dexi� ol�sjhsh - KajustèrhshAn x(n) Z ! X (z) me akt�na sÔgklish Rx tìtex(n� n0) Z ! z�n0X (z) + z�n0 n0Xi=1 x(�i)zi gia k�je n0 � 1 (7.3.1)



252 Metasqhmatismì z Kef�laio 7PINAKAS 7.11 Metasqhmatismo� z merik¸n basik¸n shm�twn diakritoÔ qrìnouS ma Metasqhmatismì z Perioq  sÔgklish1 Æ(n) 1 Gia k�je z 6= 02 u(n) 11�z�1 = zz�1 jzj > 13 Æ(n�m); m > 0 z�m jzj 6= 04 anu(n) 11�az�1 = zz�a jzj > jaj5 an�1u(n� 1) 1z�a jzj > jaj6 nanu(n) az�1(1�az�1)2 jzj > jaj7 �anu(�n� 1) 11�az�1 = zz�a jzj < jaj8 �an�1u(�n) 1z�a jzj < jaj9 �nanu(�n� 1) az�1(1�az�1)2 jzj < jaj10 [os(
0n)℄u(n) 1�(os 
0)z�11�(2 os
0)z�1+z�2 jzj > 111 [sin(
0n)℄u(n) (sin
0)z�11�(2 os
0)z�1+z�2 jzj > 112 [rn os(
0n)℄u(n) 1�(r os
0)z�11�(2r os 
0)z�1+r2z�2 jzj > r13 [rn sin(
0n)℄u(n) (r sin
0)z�11�(2r os 
0)z�1+r2z�2 jzj > rApìdeixhH apìdeixh aporrèei �mesa apì tou orismoÔ. Pr�gmati, èqoumeZ[x(n� n0)℄ = 1Xn=0x(n� n0)z�n n�n0=i= 1Xi=�n0 x(i)z�i�n0= z�n0 " �1Xi=�n0 x(i)z�i + 1Xi=0 x(i)z�i#= z�n0X (z) + z�n0 n0Xi=1 x(�i)ziParathroÔme ìti kat� th dexi� ol�sjhsh nèa de�gmata eisèrqontai sto di�sthma[0; 1) ja prèpei na l�boun kai aut� mèro stou upologismoÔ. Ta nèa de�gmatae�nai ta x(�1); x(�2); : : : ; x(�n0).Gia n0 = 1 èqoume Z[x(n� 1)℄ = z�1X (z) + x(�1).



Enìthta 7.3 O Monìpleuro Metasqhmatismì z 253(2) Idiìthta th arister  ol�sjhsh - Pro ghshAn x(n) Z ! X (z) me akt�na sÔgklish Rx tìtez�n0Z[x(n+ n0)℄ = X (z)� n0�1Xi=0 x(i)z�i gia k�je n0 � 1 (7.3.2)ApìdeixhH apìdeixh aporrèei �mesa apì tou orismoÔ. Pr�gmati, èqoumeZ[x(n+ n0)℄ = 1Xn=0x(n+ n0)z�n n+n0=i= 1Xi=n0 x(i)z�i+n0= zn0 " 1Xi=0 x(i)z�i � n0�1Xi=0 x(i)z�i#= zn0 "X (z)� n0�1Xi=0 x(i)z�i#ParathroÔme ìti kat� thn arister  ol�sjhsh k�poia apì ta up�rqonta de�gmatabr�skontai ektì diast mato [0; 1) kai sunep¸ prèpei na afairejoÔn apì to suno-likì �jroisma. Ta de�gmata aut� e�nai ta x(0); x(1); : : : ; x(n0 � 1).Gia n0 = 1 èqoume z�1Z[x(n+ 1)℄ = X (z)� x(0).(3) Je¸rhma th Arqik  Tim An x(n) Z ! X (z) me akt�na sÔgklish Rx tìtex(0) = limz!1X (z) (7.3.3)(4) Je¸rhma th Telik  Tim An x(n) Z ! X (z) me akt�na sÔgklish Rx tìtelimn!1x(n) = limz!1(z � 1)X (z) (7.3.4)Parat rhsh: Ta jewr mata th arqik  kai telik  tim , ìpw kai ta ant�s-toiqa jewr mata tou metasqhmatismoÔ Laplace, ma parèqoun th dunatìthta upolo-gismoÔ th asumptwtik  tim  th akolouj�a x(n) ìtan e�nai gnwstì o monìpleurometasqhmatismì z kai ètsi apofeÔgetai o upologismì tou x(n) apì ton X (z). Tajewr mata isqÔoun ìtan sth perioq  sÔgklish tou X (z)   (z�1)X (z) perilamb�ne-tai o monadia�o kÔklo ètsi ¸ste to s ma, ìpw ja doÔme, na e�nai eustajè.



254 Metasqhmatismì z Kef�laio 7Par�deigma 7.3.1Na upologiste� o monìpleuro kai o amf�pleuro metasqhmatismì z tou s matox(n) = anu(n) (7.3.5)LÔsh Epeid  x(n) = 0; n < 0, o monìpleuro kai o amf�pleuro metasqhmatismì ze�nai �soi X(z) = X (z) = 11� az�1 = zz � a an jzj > jaj (7.3.6)Par�deigma 7.3.2Na upologiste� o monìpleuro kai o amf�pleuro metasqhmatismì z tou s matoy(n) = an+1u(n+ 1) (7.3.7)LÔsh O monìpleuro metasqhmatismì z e�naiY(z) = 1Xn=0 y(n)z�n= 1Xn=0 an+1z�n= a1� az�1 ; me jzj > jaj (7.3.8)O monìpleuro metasqhmatismì z mpore� na upologiste� kai w ex . Gnwr�zoumex(n) = anu(n) Z ! X (z) = 1=(1 � az�1) me jzj > jaj. Me th bo jeia th idiìthtath arister  ol�sjhsh èqoumez�1Z [x(n+ 1)℄ = X (z)� x(0)= 11� az�1 � 1= az�11� az�1 )Z [y(n)℄ = a1� az�1Gia ton amf�pleuro metasqhmatismì z gnwr�zoume ìti x(n) = anu(n) Z ! X(z) =1=(1� az�1) me jzj > jaj. Me th bo jeia th idiìthta th ol�sjhsh èqoumeZ[x(n+ 1)℄ = zX(z) = z1� az�1 )Z[y(n)℄ = z1� az�1 ; jzj > jaj (7.3.9)



Enìthta 7.3 O Monìpleuro Metasqhmatismì z 255(5) O monìpleuro metasqhmatismì z periodik¸n shm�twnàstw to periodikì s ma x(n) me per�odo N , dhlad , x(n + N) = x(n). Tìte omonìpleuro metasqhmatismì z X (z), tou x(n) up�rqei kai d�netai apì th sqèshX (z) = 11� z�N N�1Xn=0 x(n)z�n me jzj > 1 (7.3.10)ApìdeixhX (z) = 1Xn=0x(n)z�n= N�1Xn=0 x(n)z�n + 2N�1Xn=N x(n)z�n + : : : + (k+1)N�1Xn=kN x(n)z�n + : : :H antikat�stash l = n� kN sto �jroismaP(k+1)N�1n=kN x(n)z�n d�nei(k+1)N�1Xn=kN x(n)z�n = N�1Xl=0 x(l + kN)z�(l+kn)= z�kN N�1Xl=0 x(l)z�l�ra, X (z) = [1 + z�N + z�2N + : : : ℄N�1Xn=0 x(n)z�n= 11� z�N N�1Xn=0 x(n)z�nSton P�naka 7.3 up�rqoun oi idiìthte tou monìpleurou metasqhmatismoÔ z.Par�deigma 7.3.3Na upologiste� o monìpleuro metasqhmatismì z tou periodikoÔ orjog¸niou kÔmatome per�odo N x(t) = � 1; kN � n < kN +N1 k = 0; 1; 2; : : :0; kN +N1 � n < (k + 1)N N1 < N (7.3.11)



256 Metasqhmatismì z Kef�laio 7PINAKAS 7.12 Oi idiìthte tou monìpleurou metasqhmatismoÔ zIdiìthta S ma Metasqhmatismì z Perioq  sÔgklishx(n) X (z) P=fz2C:R<jzjgx1(n) X1(z) P1=fz2C:R<jzjgx2(n) X2(z) P2=fz2C:R<jzjgGrammikìthta ax1(n)+bx2(n) aX1(z)+bX2(z) P1\P2Dexi� ol�sjhsh x(n�n0); n0�1 z�n0 [X (z)+Pn0i=1 x(�i)zi℄ R<jzjKajustèrhshArister  ol�sjhsh x(n+n0); n0�1 zn0hX (z)�Pn0�1i=0 x(i)z�ii R<jzjPro ghshSunèlixh x1(n)?x2(n) X1(z)�X2(z) P1\P2sto ped�o tou qrìnouKlim�kwsh sto ped�o z nx(n) X( z ) jjR<jzj  ol�sjhsh suqnìthtaSuzug�a x?(n) X ?(z?) R<jzjPeriodikì s ma x(n+N)=x(n) 11�z�N PN�1n=0 x(n)z�n jzj>1Je¸rhma x(0) = limz!1X (z)arqik  tim Je¸rhma limn!1 x(n) = limz!1(z � 1)X (z)telik  tim LÔsh O metasqhmatismì z d�netai apì thn ex�swshX (z) = 11� z�N N1�1Xn=0 z�n= 11� z�N z�N1 � 1z�1 � 1 (7.3.12)7.4 O ANTISTROFOS METASQHMATISMOS ZGnwr�zoume X(rej
) = F �x(n) � r�n� (7.4.1)kai an jzj = r kai br�sketai sthn perioq  sÔgklish èqoumex(n) � r�n = F�1 �X(rej
)�) x(n) = rn 12� Z<2�>X(rej
)ej
n d




Enìthta 7.4 O Ant�strofo Metasqhmatismì z 257Me eisagwg  th rn sto eswterikì tou oloklhr¸mato èqoumex(n) = 12� Z<2�>X �rej
� �rej
�n d
 (7.4.2)Me allag  metablht  z = rej
 kai epeid  r e�nai stajer  posìthta, prokÔptei ìtidz = jrej
 d
 = jz d
   d
 = (1=j)z�1 dz. To olokl rwma or�zetai p�nw sedi�sthma 2� tou 
. Gia th nèa metablht  z to di�sthma autì antistoiqe� se kampÔlhgÔrw apì to kÔklo jzj = r. àtsi èqoumex(n) = 12�j ZC X(z)zn�1 dz (7.4.3)ìpou C e�nai mia aristerìstrofh kleist  kampÔlh olokl rwsh gÔrw apì thn arq twn axìnwn, h opo�a br�sketai sto eswterikì th perioq  sÔgklish tou metasqhma-tismoÔ z, h de olokl rwsh g�netai ant�strofa apì th for� twn deikt¸n tou rologioÔ.7.4.1 Upologismì tou ant�strofou metasqhmatismou z gia rhtè sunart seiO apeuje�a upologismì tou ant�strofou metasqhmatismoÔ z mèsw tou oloklhr¸ma-to th (7.4.3) e�nai ep�ponh diadikas�a kai gi' autì sun jw akoloujoÔntai èmmesoitrìpoi eÔresh tou ant�strofou metasqhmatismoÔ z. An h morf  th sun�rthshX(z) e�nai apl  kai mpore� eÔkola na ekfraste� w �jroisma epimèrou stoiqeiwd¸nìrwn, tìte me th qr sh gnwst¸n metasqhmatism¸n z kai twn idiot twn tou metasqh-matismoÔ z mporoÔme ap' euje�a na upolog�soume ton ant�strofo metasqhmatismì
z. An h sun�rthsh X(z) e�nai rht  sun�rthsh tìte thn anaptÔssoume se apl� k-l�smata kai upolog�zoume ton ant�strofo metasqhmatismì z, me th qr sh gnwst¸nmetasqhmatism¸n z se aut�.7.4.2 Upologismì me an�ptuxh se apl� kl�smataThn an�ptuxh mia sun�rthsh se apl� kl�smata thn èqoume diapragmateuje� stoPar�rthma B. ExeidikeÔonta thn teqnik  sthn per�ptwsh tou metasqhmatismoÔ z,diakr�noume dÔo peript¸sei1. An o bajmì m, tou poluwnÔmou tou arijmht  e�nai mikrìtero tou bajmoÔn, tou poluwnÔmou tou paronomast  h rht  sun�rthsh anaptÔssetai se apl�kl�smata sÔmfwna me thn ex�swshX(z) = C11(z � z1) + C12(z � z1)2 + � � �+ C1r(z � z1)r+ C21(z � z2) + C31(z � z3) + � � � + C(n�r)1(z � zn�r) (7.4.4)



258 Metasqhmatismì z Kef�laio 7ìpou z1; z2; : : : ; zl e�nai oi l = n�r pìloi thX(z) me pollaplìthte r; 1; : : : ; 1ant�stoiqa. Oi suntelestè C1;k prosdior�zontai apì ti sqèseiC1k = 1(r � k)! dr�k(z � z1)rX(z)dzr�k ����z=z1 ; k = 1; 2; : : : ; r (7.4.5)Gia tou aploÔ pìlou oi suntelestè Ci1 prosdior�zontai apì ti sqèseiCi1 = (z � zi)X(z)jz=zi ; i = 2; 3; : : : ; n� r (7.4.6)àqonta analÔsei th sun�rthsh X(z) se apl� kl�smata, mporoÔme sth sunè-qeia sqetik� eÔkola na upolog�soume ton ant�strofo metasqhmatismì z. Pr�g-mati upolog�zoume pr¸ta tou epimèrou metasqhmatismoÔ z twn apl¸n klas-m�twn kai Ôstera ajro�zoume ti prokÔptouse ekfr�sei.Orismèna apì ta pio sunhjismèna zeÔgh metasqhmatism¸n z parat�jentai s-ton P�naka 7.2 Ta zeÔgh aut� ma bohjoÔn ston upologismì tou antistrìfoumetasqhmatismoÔ z, ekfr�zonta thn sun�rthsh X(z) w grammikì sunduasmìaploustèrwn sunart sewn.2. An o bajmì m, tou poluwnÔmou tou arijmht  e�nai megalÔtero   �so tou ba-jmoÔ n, tou poluwnÔmou tou paronomast  tìte diairoÔme pr¸ta ta polu¸numakai katal goume se mia èkfrash pou èqei th morf X(z) = Bm�nzm�n +Bm�n�1zm�n�1 + : : : ;+B0z0 +X1(z) (7.4.7)ìpou h sun�rthshX1(z) èqei bajmì arijmht  mikrìtero tou bajmoÔ tou parono-mast , kai thn opo�a anaptÔssoume se apl� kl�smata sÔmfwna me ta prohgoÔ-mena.àna sunhjismèno tèqnasma gia na apofÔgoume th dia�resh poluwnÔmwn, anm =n, e�nai na qrhsimopoi soume th sun�rthsh X1(z) = X(z)=z aux�nonta ètsito bajmì tou poluwnÔmou tou paronomast  kat� èna, kai na anaptÔxoume sthsunèqeia se apl� kl�smata th sun�rthshX1(z) ìpw fa�netai sto Par�deigma7.4.3.Par�deigma 7.4.1Na upologiste� to s ma x(n) to opo�o èqei metasqhmatismì z th sun�rthshX(z) = 3� 5=6z�1(1� 1=4z�1)(1� 1=3z�1) jzj > 13 (7.4.8)LÔsh AnalÔoume se apl� kl�smataX(z) = C11� 1=4z�1 + C21� 1=3z�1



Enìthta 7.4 O Ant�strofo Metasqhmatismì z 259kai upolog�zoume ti stajerè C1 kai C2.C1 = (1� 1=4z�1)X(z)jz�1=4 = 1 kai C2 = (1� 1=3z�1)X(z)jz�1=3 = 2àtsi o metasqhmatismì z apokt� th morf X(z) = 11� 1=4z�1 + 21� 1=3z�1 = X1(z) +X2(z)Me th bo jeia tou Parade�gmato 7.1.2 èqoumex1(n) = �14�n u(n) Z ! X1(z) = 11� 1=4z�1 jzj > 14x2(n) = 2�13�n u(n) Z ! X2(z) = 21� 1=3z�1 jzj > 13Telik�x(n) = �14�n u(n) + 2�13�n u(n) Z ! X(z) = 3� 5=6z�1(1� 1=4z�1)(1� 1=3z�1 jzj > 13Par�deigma 7.4.2Na upologiste� to s ma x(n) to opo�o èqei metasqhmatismì z th sun�rthshX(z) = 3� 5=6z�1(1� 1=4z�1)(1� 1=3z�1) 14 < jzj < 13 (7.4.9)LÔsh Apì to prohgoÔmeno par�deigma èqoumeX(z) = 11� 1=4z�1 + 21� 1=3z�1 = X1(z) +X2(z)lìgw th perioq  sÔgklish kai me th bo jeia twn Paradeigm�twn 7.1.2 kai 7.1.5èqoume x1(n) = �14�n u(n) Z ! X1(z) = 11� 1=4z�1 jzj > 14x2(n) = �2�13�n u(�n� 1) Z ! X2(z) = 21� 1=3z�1 jzj < 13Telik� x(n) = �14�n u(n)� 2�13�n u(�n� 1)



260 Metasqhmatismì z Kef�laio 7Par�deigma 7.4.3Na upologiste� to s ma x(n) to opo�o èqei metasqhmatismì z th sun�rthshX(z) = zz2 + z � 2 (7.4.10)LÔsh AnalÔoume se apl� kl�smata th sun�rthsh X(z)=z, kai èqoumeX(z)z = 1(z + 2)(z � 1) = �13 1z + 2 + 13 1z � 1àtsi prokÔptei X(z) = �13 zz + 2 + 13 zz � 1Gia to GQA sÔsthma tou parade�gmato den prosdior�zetai h perioq  sÔgklish thsun�rthsh metafor�. Oi pijanè perioqè sÔgklish e�nai oi trei, oi opo�e eikon�-zontai sto Sq ma 7.7.
zeℜ

ℑm z

( â )

1-2 0

( ã )

zeℜ

ℑm z

1-2 0zeℜ

ℑm z

1-2 0

( á )Sq ma 7.7 Oi pijanè perioqè sÔgklish tou metasqhmatismoÔ z th akolouj�a x(n) stoPar�deigma 7.4.3.1. Sth perioq  fz 2 C : 0 < jzj < 1g upoqrewtik� èqoumeZ�1 � zz + 2� = �(�2)nu(�n� 1) kai Z�1 � zz � 1� = �u(�n� 1)sunep¸, to s ma e�naix(n) = 13(�2)nu(�n� 1)� 13u(�n� 1)2. Sth perioq  fz 2 C : 1 < jzj < 2g upoqrewtik� èqoumeZ�1 � zz + 2� = �(�2)nu(�n� 1) kai Z�1 � zz � 1� = u(n)sunep¸, to s ma e�naix(n) = 13(�2)nu(�n� 1) + 13u(n)



Enìthta 7.4 O Ant�strofo Metasqhmatismì z 2613. Sth perioq  fz 2 C : 2 < jzj <1g upoqrewtik� èqoumeZ�1 � zz + 2� = (�2)nu(n) kai Z�1 � zz � 1� = u(n)sunep¸, to s ma e�nai x(n) = �13(�2)nu(n) + 13u(n)7.4.3 Upologismì me an�ptuxh se dunamoseir�SÔmfwna me th mejodolog�a aut  anaptÔssoume th sun�rthsh X(z) se dunamoseir�kai sth sunèqeia h akolouj�a x(n) upolog�zetai me antisto�qish stou suntelestèth dunamoseir�. H an�ptuxh mia rht  sun�rthsh se dunamoseir� epitugq�netaisun jw me suneq  dia�resh. H mejodo aut  den katal gei se m�a analutik  èkfrashgia thn x(n). E�nai mia arijmhtik  mèjodo me thn opo�a mporoÔme na upolog�zoumeèna stoiqe�o th x(n) k�je for�.Par�deigma 7.4.4Na upologiste� h akolouj�a x(n) h opo�a èqei metasqhmatismì z th sun�rthshX(z) = 11� az�1 ; jzj > jaj (7.4.11)LÔsh H èkfrash aut  mpore� na anaptuqje� se dunamoseir� me suneqe� diairèsei1 1 �az�1�1 +az�1 1+az�1 +a2z�2+ : : :+az�1�az�1 +a2z�2+a2z�2�a2z�2+a3z�3+a3z�3ParathroÔme ìti to �jroisma 1+az�1+a2z�2+a3z�3+ : : : sugkl�nei an ��az�1�� < 1,dhlad , an jaj < jzj. àtsi èqoume to an�ptugma gia to metasqhmatismì zX(z) = 11� az�1 = 1 + az�1 + a2z�2 + a3z�3 + : : : (7.4.12)Sugkr�nonta thn parap�nw èkfrash me thn sqèsh orismoÔ tou metasqhmatismoÔ zX(z) = 1Xn=�1x(n) � z�nèqoume: : : x(�2) = 0; x(�1) = 0; x(0) = 1; x(1) = a; x(2) = a2; x(3) = a3; : : :



262 Metasqhmatismì z Kef�laio 7dhlad  x(n) = anu(n) apotèlesma to opo�o anamèname lìgw tou Parade�gmato 7.1.2.An ��az�1�� > 1, dhlad , an jaj > jzj tìte h an�ptuxh se seir� tou metasqhmatismoÔ zg�netai me thn parak�tw dia�resh.1 �az�1 +1�1 +a�1z �a�1z �a�2z2 �a�3z3� : : :+a�1z�a�1z +a�2z2+a�2z2�a�2z2+a�3z3+a�3z3Me parìmoio trìpo skèyh ìpw kai sthn prohgoÔmenh per�ptwsh katal goume: : : x(�3) = �a�3; x(�2) = �a�2; x(�1) = �a�1; x(0) = 0; x(1) = 0; x(2) = 0; : : :dhlad  x(n) = �anu(�n�1) apotèlesma to opo�o anamèname lìgw tou Parade�gmato7.1.6.Par�deigma 7.4.5Na upologiste� h akolouj�a x(n) h opo�a èqei metasqhmatismì z th sun�rthshX(z) = log �1 + az�1� ; jzj > jaj (7.4.13)LÔsh Gnwr�zoumelog(1 + w) = 1Xn=1 (�1)n+1wnn ; jwj < 1; (An�ptugma se seir� Taylor)Me efarmog  th parap�nw sqèsh èqoumeX(z) = 1Xn=1 (�1)n+1anz�nnSugkr�nonta thn parap�nw èkfrash me thn sqèsh orismoÔ tou metasqhmatismoÔ zèqoume x(n) = � (�1)n+1 ann ; n � 10; n < 0Telik� prokÔptei x(n) = � (�a)nn u(n� 1) (7.4.14)7.5 EFARMOGES TOU METASQHMATISMOU ZSthn enìthta aut  ja anaptÔxoume ti efarmogè twn metasqhmatism¸n z. Eidikìteraja susthmatikopoi soume th dunatìthta pou parèqei o monìpleuro metasqhmatismì
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z gia thn ep�lush exis¸sewn diafor¸n oi opo�e èqoun mh mhdenikè arqikè sun-j ke kai ja efarmìsoume th diadikas�a aut  sth melèth GQA susthm�twn diakritoÔqrìnou. Telei¸nonta, ja exet�soume th sqèsh pou up�rqei metaxÔ th jèsh twnpìlwn th sun�rthsh metafor� sto migadikì ep�pedo me ti idiìthte th aitiìthtakai th eust�jeia enì GQA sust mato diakritoÔ qrìnou.M�a apì ti pio shmantikè idiìthte tou metasqhmatismoÔ z e�nai aut  th sunèli-xh. Sto par�deigma pou akolouje� prosdior�zetai, qwr� na katafÔgoume sto �jroi-sma th sunèlixh, h akolouj�a exìdou enì GQA sust mato diakritoÔ qrìnou, an hkroustik  apìkrish kai h e�sodì tou e�nai akolouj�e peperasmènh èktash.Par�deigma 7.5.1Na prosdioriste� h akolouj�a exìdou enì GQA sust mato diakritoÔ qrìnou, to opo�oèqei kroustik  apìkrish h(n) = [ 1"; 2; 3℄ ìtan diege�retai apì thn akolouj�a x(n) =[ 3"; 4; 5; 2℄.LÔsh Oi metasqhmatismo� z th kroustik  apìkrish kai th eisìdou e�naiH(z) = 1 + 2z�1 + 3z�2 kai X(z) = 3 + 4z�1 + 5z�2 + 2z�3H èxodo tou sust mato prosdior�zetai apì to �jroisma th sunèlixh y(n) = h(n) ?x(n) kai lìgw th idiìthta th sunèlixh èqoume Y (z) = H(z) �X(z), ètsi èqoumeY (z) = 3 + 10z�1 + 22z�2 + 24z�3 + 19z�4 + 6z�5Me ant�strofo metasqhmatismì z br�skoume thn akolouj�a exìdou.y(n) = [ 3"; 10; 22; 24; 19; 6℄7.5.1 Sust mata ta opo�a qarakthr�zontai apì grammikè exis¸sei diafor¸nme stajeroÔ suntelestèGia ta sust mata ta opo�a qarakthr�zontai apì grammikè exis¸sei diafor¸n mestajeroÔ suntelestè, o metasqhmatismì z apotele� isqurì ergale�o gia ton pros-diorismì th sun�rthsh metafor� sust mato   th apìkrish suqnìthta   thkroustik  apìkrish sust mato.Genik�, ìpw gnwr�zoume, oi pr�xei oi opo�e prèpei na g�noun, sto ped�o touqrìnou, apì èna GQA sÔsthma diakritoÔ qrìnou sta dedomèna eisìdou, ¸ste naprokÔyei h akolouj�a exìdou, perigr�fontai apì mia grammik  ex�swsh diafor¸nme stajeroÔ suntelestè. Me �lla lìgia, gnwr�zoume ìti h e�sodo kai h èxodo enìGQA sust mato diakritoÔ qrìnou ikanopoioÔn mia grammik  ex�swsh diafor¸n me



264 Metasqhmatismì z Kef�laio 7stajeroÔ suntelestè th morf NXk=0 aky(n� k) = MXk=0 bkx(n� k) me a0 = 1 (7.5.1)Efarmìzoume metasqhmatismì z kai sta dÔo mèlh th ex�swsh. Jewr¸nta ti ar-qikè sunj ke mhdenikè, lìgw twn idiot twn th grammikìthta kai th qronik metatìpish pou èqei o metasqhmatismì z, èqoume thn ex�swsh,NXk=0 akz�kY (z) = MXk=0 bkz�kX(z) (7.5.2)Gnwr�zoume Y (z) = H(z) �X(z) (7.5.3)ìpouH(z) e�nai o metasqhmatismì z th kroustik  apìkrish kai e�nai h sun�rthshmetafor� tou sust mato. àtsi h sun�rthsh metafor� sust mato to opo�o qarak-thr�zetai apì thn ex�swsh diafor¸n e�naiH(z) = Y (z)X(z) = PMk=0 bkz�kPNk=0 akz�k (7.5.4)ParathroÔme ìti h sun�rthsh metafor� enì GQA sust mato e�nai rht  sun�rthsh.H eust�jeia kai h aitiatìthta tou sust mato ìpw ja doÔme prosdior�zoun thnakrib  perioq  sÔgklish.Par�deigma 7.5.2 (SÔsthma diakritoÔ qrìnou pr¸th t�xh)Na upologiste� h sun�rthsh metafor� kai h kroustik  apìkrish tou aitiatoÔ GQAsust mato diakritoÔ qrìnou pr¸th t�xh, to opo�o ìpw e�nai gnwstì perigr�fetaiapì thn ex�swsh diafor¸ny(n)� ay(n� 1) = bx(n); a kai b jetiko� pragmatiko� arijmo� (7.5.5)LÔsh Efarmìzoume metasqhmatismì z kai sta dÔo mèlh th ex�swsh kai lìgw twnidiot twn th grammikìthta kai th metatìpish tou metasqhmatismoÔ z, èqoume thnex�swsh Y (z)� az�1Y (z) = bX(z)Y (z) �1� az�1� = X(z)apì thn opo�a br�skoume th sun�rthsh metafor�H(z) = Y (z)X(z) = b1� az�1 (7.5.6)



Enìthta 7.5 Efarmogè tou MetasqhmatismoÔ z 265Upolog�same thn algebrik  èkfrash th H(z) kai èqoume dÔo pijanè perioqè sÔgk-lish, h mia e�nai h jzj > a kai h �llh h jzj < a. Epeid  to sÔsthma e�nai aitiatì hperioq  sÔgklish e�nai jzj > a.H kroustik  apìkrish tou sust mato e�naih(n) = Z�1 [H(z)℄ = b � anu(n) (7.5.7)Sto Sq ma 7.8 perigr�fetai to sÔsthma pr¸th t�xh diakritoÔ qrìnou ìpw autì èqeiulopoihje� me th bo jeia mia mon�da kajustèrhsh enì de�gmato, enì ajroistoÔkai dÔo pollaplasiast¸n kai h kroustik  tou apìkrish, dhlad , h akolouj�a exìdoutou ìtan h e�sodì tou e�nai h kroustik  akolouj�a.
x(n)=ä(n)

n0 2 4-2

y(n)=h(n)

n0 2 4-2

x(n) y(n)

z -1

a

bSq ma 7.8 H kroustik  apìkrish tou sust mato pr¸th t�xh diakritoÔ qrìnou.Par�deigma 7.5.3Na upologiste� h sun�rthsh metafor� kai h kroustik  apìkrish tou aitiatoÔ GQAsust mato diakritoÔ qrìnou, to opo�o perigr�fetai apì thn ex�swsh diafor¸ny(n)� a1y(n� 1) + a2y(n� 2) = x(n) (7.5.8)LÔsh Efarmìzoume metasqhmatismì z kai sta dÔo mèlh th ex�swsh kai lìgw twnidiot twn th grammikìthta kai th metatìpish tou metasqhmatismoÔ z, èqoume thnex�swsh Y (z) + a1z�1Y (z) + a2z�2 = X(z)Y (z) �1 + a1z�1 + a2z�2� = X(z)apì thn opo�a br�skoume th sun�rthsh metafor�H(z) = Y (z)X(z) = 11 + a1z�1 + a2z�2 (7.5.9)Upolog�same thn algebrik  èkfrash th H(z). Epeid  to sÔsthma e�nai aitiatì hperioq  sÔgklish e�nai jzj > R.An a1 = �1; 2728 kai a2 = 0; 81 to sÔsthma èqei dÔo suzuge� pìlou tou 0; 9e�j �4 .H sun�rthsh metafor� H(z) analÔetai se apl� kl�smata wH(z) = 0; 5(1� j)1� 0; 6364(1 + j)z�1 + 0; 5(1 + j)1� 0; 6364(1� j)z�1= p22 e�j �4 11� 0; 9ej �4 z�1 + p22 ej �4 11� 0; 9e�j �4 z�1 (7.5.10)



266 Metasqhmatismì z Kef�laio 7kai h kroustik  apìkrish tou sust mato e�naih(n) = p22 e�j �4 �0; 9ej �4 �n u(n) + p22 ej �4 �0; 9e�j �4 �n u(n)= p2(0; 9)n os h(n� 1)�4 iu(n) (7.5.11)Sto Sq ma 7.9 perigr�fetai h perioq  sÔgklish oi suzuge� migadiko� pìloi tou sust -mato diakritoÔ qrìnou kai h kroustik  tou apìkrish h opo�a e�nai m�a fj�nousa h-mitonoeid  akolouj�a. To sÔsthma e�nai eustajè.
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4Sq ma 7.9 H perioq  sÔgklish, oi suzuge� migadiko� pìloi, to mhdenikì me pollaplìthta2 kai h kroustik  apìkrish tou sust mato diakritoÔ qrìnou sto Par�deigma 7.5.3.An a1 = �1; 5556 kai a2 = 1; 21 to sÔsthma èqei dÔo suzuge� pìlou tou 1; 1e�j �4 .H H(z) analÔetai se apl� kl�smata wH(z) = 0; 5(1� j)1� 0; 7778(1 + j)z�1 + 0; 5(1 + j)1� 0; 7778(1� j)z�1= p22 e�j �4 11� 1; 1ej �4 z�1 + p22 ej �4 11� 1; 1e�j �4 z�1 (7.5.12)kai h kroustik  apìkrish tou sust mato e�naih(n) = p22 e�j �4 �1; 1ej �4 �n u(n) + p22 ej �4 �1; 1e�j �4 �n u(n)= p2(1; 1)n os h(n� 1)�4 iu(n) (7.5.13)Sto Sq ma 7.10 perigr�fetai h perioq  sÔgklish oi suzuge� migadiko� pìloi, to mh-denikì me pollaplìthta 2 tou sust mato diakritoÔ qrìnou kai h kroustik  tou apìkr-ish h opo�a e�nai m�a aÔxousa hmitonoeid  akolouj�a. To sÔsthma e�nai mh eustajè.Par�deigma 7.5.4àstw to aitiatì sÔsthma tou opo�ou h e�sodo kai h èxodo ikanopoioÔn th grammik ex�swsh diafor¸n y(n)� 12y(n� 1) = x(n) + 13x(n� 1) (7.5.14)
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4Sq ma 7.10 H perioq  sÔgklish, oi suzuge� migadiko� pìloi kai h kroustik  apìkrish tousust mato diakritoÔ qrìnou sto Par�deigma 7.5.3.Na upologiste� h kroustik  apìkrish tou sust mato.LÔsh Efarmìzoume metasqhmatismì z kai sta dÔo mèlh th ex�swsh kai lìgw twnidiot twn th grammikìthta kai th metatìpish tou metasqhmatismoÔ z, èqoume thnex�swsh Y (z)� 12z�1Y (z) = X(z) + 13z�1 )Y (z)�1� 12z�1� = X(z)�1 + 13z�1�)apì thn opo�a br�skoume thn sun�rthsh metafor�H(z) = Y (z)X(z) = 1 + 1=3z�11� 1=2z�1 (7.5.15)Upolog�same thn algebrik  èkfrash th H(z) kai èqoume dÔo pijanè perioqè sÔgk-lish, h mia e�nai h jzj > 1=2 kai h �llh h jzj < 1=2. Epeid  to sÔsthma e�nai aitiatìh perioq  sÔgklish e�nai jzj > 1=2.Epeid  o bajmì tou poluwnÔmou tou arijmht  e�nai �so me to bajmì tou poluwnÔmoutou paronomast  prèpei na g�nei dia�resh prin thn an�lush se apl� kl�smata. àtsièqoume H(z) = �23 + 53 11� 1=2z�1 (7.5.16)H kroustik  apìkrish tou sust mato e�naih(n) = Z�1 [H(z)℄ = �23Æ(n) + 53 �12�n u(n) (7.5.17)Oi idiìthte th dexi� kai th arister  ol�sjhsh se sunduasmì me thn idiìthta thsunèlixh d�noun ax�a sto monìpleuro metasqhmatismì z, giat� ma epitrèpoun na lÔ-noume diaforikè exis¸sei me arqikè sunj ke, kai na upolog�zoume thn èxodo GQAsusthm�twn, ta opo�a den br�skontai arqik� se hrem�a, an gnwr�zoume thn sun�rthsh



268 Metasqhmatismì z Kef�laio 7metafor� tou sust matoH(z) kai to metasqhmatismì z tou s mato eisìdou X(z).Efarmìzoume ta parap�nw sto par�deigma pou akolouje�.Par�deigma 7.5.5D�netai to aitiatì GQA sÔsthma diakritoÔ qrìnou tou opo�ou h e�sodo kai h èxodosundèontai apì thn ex�swsh diafor¸ny(n)� 0; 5y(n� 1) = x(n) (7.5.18)Na breje� h sun�rthsh metafor� kai h kroustik  apìkrish tou sust mato.LÔsh Efarmìzoume metasqhmatismì z kai sta dÔo mèrh th ex�swsh diafor¸n kaièqoume Y (z)� 0; 5z�1Y (z) = X(z) (7.5.19)Apì thn opo�a br�skoume th sun�rthsh metafor� tou sust matoH(z) = 11� 0; 5z�1 (7.5.20)me perioq  sÔgklish jzj > 0; 5 afoÔ to sÔsthma e�nai aitiatì. H kroustik  apìkrishtou sust mato upolog�zetai me ant�strofo metasqhmatismì zh(n) = (0; 5)nu(n) (7.5.21)An den èqoume arqikè sunj ke tìte h èxodo tou sust mato prosdior�zetai me thbo jeia tou jewr mato th sunèlixh gnwr�zonta th sun�rthsh metafor� kai tometasqhmatismì z tou s mato eisìdou.Par�deigma 7.5.6D�netai to aitiatì GQA sÔsthma diakritoÔ qrìnou tou opo�ou h e�sodo kai h èxodosundèontai apì thn ex�swsh diafor¸ny(n)� 0; 5y(n� 1) = x(n) (7.5.22)Na upologiste� h èxodo tou sust mato an to s ma eisìdou e�nai x(n) = u(n) kai tosÔsthma br�sketai se hrem�a.LÔsh Sto prohgoÔmeno par�deigma èqei upologiste� h sun�rthsh metafor� tousut mato H(z) = 11�0;5z�1 me ped�o sÔgklish jzj > 0; 5. O metasqhmatismì z thakolouj�a eisìdou e�nai X(z) = 11�z�1 me ped�o sÔgklish jzj > 1. O metasqhma-tismì z th akolouj�a exìdou e�naiY (z) = H(z)X(z) = 11� 0; 5z�1 � 11� z�1 (7.5.23)me perioq  sÔgklish thn tom  twn dÔo epimèrou perioq¸n sugkl�sh, dhlad , jzj > 1.AnalÔoume ton Y (z) se apl� kl�smata kai èqoumeY (z) = �11� 0; 5z�1 + 21� z�1 (7.5.24)



Enìthta 7.5 Efarmogè tou MetasqhmatismoÔ z 269kai me ant�strofo metasqhmatismì z br�sketai h akolouj�a exìdou tou sust mato.y(n) = �(0; 5)nu(n) + 2u(n) (7.5.25)
y(n)
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n0 2 4 6 8 10 12 14 Sq ma 7.11 H akolouj�a exìdou touProbl mato 7.5.6.Sto Sq ma 7.11 fa�netai h èxodo tou sust mato. ParathroÔme ìti limn!1(0; 5)nn(n) = 0, epomènw h èxodo tou sust mato gia n >> 0 e�nai h(n) = 2u(n).H kat�stash aut  qarakthr�zetai w mìnimh kat�stash (steady-state response). Todi�sthma tim¸n sto opo�o o ìro (0; 5)nu(n) den e�nai per�pou �so me mhdèn qarak-thr�zetai w metabatik  kat�stash (transient response). H metabatik  kat�stash ek-te�netai sto di�sthma 0 � n � 7 kai h mìnimh kat�stash gia ti timè tou n pou e�naimegalÔtere   �se apì 8.An èqoume arqikè sunj ke tìte sthn ex�swsh diafor¸n lìgw th idiìthta tharister  ol�sjhsh tou metasqhmatismoÔ zsumperilamb�noume ti arqikè sunj ke.Par�deigma 7.5.7D�netai to GQA sÔsthma diakritoÔ qrìnou tou opo�ou h e�sodo kai h èxodo sundèontaiapì thn ex�swsh diafor¸n y(n)� 0; 5y(n� 1) = x(n) (7.5.26)Na upologiste� h èxodo tou sust mato an to s ma eisìdou e�nai x(n) = u(n) mearqik  sunj kh y(�1) = 1LÔsh Efarmìzoume monìpleuro metasqhmatismì z kai sta dÔo mèrh th (7.5.26) kaièqoume Y(z)� 0; 5 �z�1Y(z) + y(�1)� = X (z) (7.5.27)Y(z)� 0; 5z�1Y(z)� 0; 5 = X (z) (7.5.28)LÔnonta thn (7.5.27) w pro Y(z) èqoumeY(z) = 11� 0; 5z�1X (z) + 0; 51� 0; 5z�1= H(z)X (z) + 0; 51� 0; 5z�1= Yo(z) + Yi(z) (7.5.29)



270 Metasqhmatismì z Kef�laio 7ìpou Yo(z) = H(z)X (z) = 11� 0; 5z�1 11� z�1= � 11� 0; 5z�1 + 21� z�1 (7.5.30)e�nai o metasqhmatismì z th exìdou tou sust mato gia mhdenikè arqikè sunj ke.O ant�strofo metasqhmatismì z d�neiyo(n) = �(0; 5)nu(n) + 2u(n) (7.5.31)kai e�nai gnwst  w apìkrish mhdenik  kat�stash (zero stage response)kai Yi(z) = 0; 5 11� 0; 5z�1 (7.5.32)e�nai o metasqhmatismì z th exìdou tou sust mato o opo�o proèrqetai apì ti ar-qikè sunj ke tou sust mato. H suneisfor� tou ìrou sthn èxodo tou sust matobr�sketai me ant�strofo metasqhmatismì z kai e�naiyi(n) = 0; 5(0; 5)nu(n) (7.5.33)kai e�nai gnwst  w apìkrish mhdenik  eisìdou (zero input response).H èxodo tou sust mato ja e�naiy(n) = yo(n) + yi(n) = �(0; 5)nu(n) + 2u(n) + 0; 5(0; 5)nu(n)= [�0; 5(0; 5)n + 2℄u(n) (7.5.34)7.5.2 Melèth GQA sust mato me th bo jeia metasqhmatismoÔ z. Apì thn (7.5.4) parathroÔme ìti h sun�rthsh metafor� sust mato e�nai rht sun�rthsh. Upenjum�zetai ìti oi r�ze tou arijmht  onom�zontai mhdenik� th H(z)kai oi r�ze tou paronomast  pìloi th H(z).Apì thn perioq  sÔgklish kai th jèsh twn pìlwn kai twn mhdenik¸n mporoÔmena ex�goume sumper�smata gia thn eust�jeia kai thn aitiatìthta tou sust mato,pr�gmati� àna GQA sÔsthma diakritoÔ qrìnou e�nai aitiatì an h(n) = 0 gia n < 0. Sthnper�ptwsh aut  h perioq  sÔgklish tou metasqhmatismoÔ z th kroustik apìkrish, e�nai to exwterikì enì kÔklou me akt�na R+ �sh me to mètro toupìlou pou èqei mègisto mètro. Me �lla lìgia gia na e�nai èna sÔsthma diakritoÔqrìnou aitiatì prèpei h perioq  sÔgklish na e�nai to exwterikì kÔklou me thnmikrìterh akt�na pou perièqei tou pìlou.



Enìthta 7.5 Efarmogè tou MetasqhmatismoÔ z 271� àna GQA sÔsthma diakritoÔ qrìnou e�nai eustajè an gia fragmènh e�sodo,jx(n)j < M1, kai h èxodo e�nai fragmènh. Pr�gmatijy(n)j = 1Xk=�1 jh(k)x(n� k)j �M1 1Xk=�1 jh(k)j <1) 1Xk=�1 jh(k)j <1ParathroÔme ìti an to sÔsthma e�nai eustajè h kroustik  apìkrish e�naiapolÔtw fragmènh kai ètsi up�rqei o metasqhmatismì Fourierth. �ra gia nae�nai to sÔsthma eustajè prèpei h perioq  sÔgklish tou H(z) na perièqei tomonadia�o kÔklo, oÔtw ¸ste na sugkl�nei o metasqhmatismì Fouriertou h(n).� Gia na e�nai eustajè kai aitiatì prèpei na isqÔoun kai oi dÔo parap�nw sun-j ke   ìloi oi pìloi prèpei na br�skontai sto eswterikì tou monadia�ou kÔklou.Genikìtera h jèsh twn pìlwn thH(z) sto ep�pedo z prosdior�zei th sumperifor�th kroustik  apìkrish tou sust mato.AnaptÔssonta th sun�rthsh metafor� se apl� kl�smata kai upojètonta ìtièqoume aploÔ pìlou �1; �2; : : : ; ; �N èqoumeH(z) = C1 zz � �1 + C2 zz � �2 + : : : + CN zz � �N (7.5.35)Apì thn opo�a br�skoume thn kroustik  apìkrish tou sust matoh(n) = Z�1[H(z)℄ = (C1�n1 + C2�n2 + : : : CN�nN ) u(n) (7.5.36)� An èqoume pragmatikì pìlo �, tìte h kroustik  apìkrish èqei ti akìloujeidiìthtea) 0 � � < 1 limn!1(�n) = 0h suneisfor� tou ìrou sth h(n) e�nai m�a fj�nousa ekjetik  akolouj�ab) � = 1 �n = 1 gia ìle ti timè tou nh suneisfor� tou ìrou sth h(n) e�nai h bhmatik  akolouj�ag) 1 < � limn!1(�n) =1h suneisfor� tou ìrou sth h(n) e�nai m�a aÔxousa ekjetik  akolouj�ad) �1 < � < 0 limn!1(�n) = 0 kai to �n enall�ssei prìshmoh suneisfor� tou ìrou sth h(n) e�nai m�a fj�nousa ekjetik  akolouj�a me ìroupou enall�soun prìshmoe) � = �1 �n = � 1; n = 2k�1; n = 1k + 1h suneisfor� tou ìrou sth h(n) e�nai h bhmatik  akolouj�a me ìrou pou enal-l�ssoun prìshmost) � < �1 limn!1 j�nj =1 kai to �n enall�ssei prìshmoh suneisfor� tou ìrou sth h(n) e�nai m�a aÔxousa ekjetik  akolouj�a me ìroupou enall�ssoun prìshmo



272 Metasqhmatismì z Kef�laio 7� An to polu¸numo tou paronomast  èqei dÔo migadikè suzuge� r�ze � kai �? hkroustik  apìkrish tou sust mato e�naih(n) = [C�+ C?(�?)n℄ u(n)upojètonta C = jCjej� kai � = j�jej� èqoumeh(n) = jCjj�jnej(n�+�) + jCjj�jne�j(n�+�)u(n)= 2Cjj�jn os(n�+ �)u(n)O ìro os(n�+�) e�nai fragmèno apì to �1. H sÔgklish   mh th kroustik apìkrish tou sust mato ja prosdior�zetai apì ton ìro j�jn. An j�j < 1 hkroustik  apìkrish apotele� fj�nousa hmitonoeid  seir� (blèpe Par�deigma7.5.3). Sth per�ptwsh aut  to sÔsthma e�nai eustajè. Ant�jeta an j�j > 1 hkroustik  apìkrish apotele� aÔxousa hmitonoeid  seir� kai to sÔsthma e�naiastajè. An j�j = 1 h kroustik  apìkrish tou sust mato e�nai hminonoeid seir� me stajerì pl�to.Sto Sq ma 7.12 parist�netai h sumperifor� th kroustik  apìkroush enìaitiatoÔ sust mato diakritoÔ qrìnou, ìpw aut  prosdior�zetai apì th jèsh twnpìlwn tou sto migadikì ep�pedo.
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Sq ma 7.12 H sumperifor� th kroustik  tou apìkrish enì sust mato diakritoÔ qrìnouan�loga me th jèsh twn pìlwn th sun�rthsh metafor� tou sto migadikì ep�pedo z.Par�deigma 7.5.8JewroÔme to sÔsthma diakritoÔ qrìnou, me e�sodo x(n) kai èxodo y(n), to opo�o peri-gr�fetai apì thn ex�swsh3y(n)� 7y(n� 1) + 2y(n� 2) = 3x(n� 2) (7.5.37)



Enìthta 7.5 Efarmogè tou MetasqhmatismoÔ z 273Na upologiste� h kroustik  apìkrish tou sust mato gia na e�nai to sÔsthma a) aitiatìkai b) eustajè. Mpore� na e�nai to sÔsthma suqrìnw aitiatì kai eustajè;LÔsh Efarmìzonta metasqhmatismì z kai sta dÔo mèlh th ex�swsh èqoumeZ �y(n)� 73y(n� 1) + 23y(n� 2)� = Z [x(n� 2)℄Y (z) �1� 73z�1 + 23z�2� = z�2X(z)kai h sun�rthsh metafor� tou sust mato e�naiH(z) = Y (z)X(z) = z�21� 73z�1 + 23z�2= 1z2 � 73z + 23= 1�z � 13� (z � 2)AnaptÔssonta thn H(z) se apl� kl�smata èqoumeH(z) = C1z � 13 + C2z � 2= �35 1z � 13 + 35 1z � 2 (7.5.38)(a) Gia na e�nai to sÔsthma aitiatì prèpei h perioq  sÔgklish na e�nai jzj > 2. àtsi hkroustik  apìkrish tou aitiatoÔ sust mato e�naih(n) = �35 �13�n�1 u(n� 1) + 35(2)n�1u(n� 1) (7.5.39)ìpou qrhsimopoi jhke to zeug�ri Mz 5 tou P�naka 7.2.(b) Gia na e�nai to sÔsthma eustajè prèpei h perioq  sÔgklish na perièqei to mona-dia�o kÔklo dhlad  na e�nai 13 < jzj < 2. àtsi h kroustik  apìkrish tou eustajoÔsust mato e�nai h(n) = �35 �13�n�1 u(n� 1)� 35(2)n�1u(�n) (7.5.40)ìpou qrhsimopoi jhkan ta zeug�ria Mz 5 kai 8 tou P�naka 7.2.Parathr sei� H parap�nw ex�swsh diafor¸n den mpore� na perigr�fei sÔsthma pou na e�naisugqrìnw eustajè kai aitiatì.� Gia thn per�ptwsh aitiatoÔ sust mato limn!1 h(n) =1.



274 Metasqhmatismì z Kef�laio 7SÔnoyh Kefala�ouSto Kef�laio autì or�same to metasqhmatismì z kai to monìpleuro metasqhma-tismì z, parousi�sthkan oi idiìthtè tou kai upolog�same tou metasqhmatismoÔ zorismènwn basik¸n shm�twn diakritoÔ qrìnou, ta opo�a sunant�me sth melèth gram-mik¸n susthm�twn. Sth sunèqeia prosdior�same ton ant�strofo metasqhmatismì z.E�dame ìti an h morf  tou metasqhmatismoÔ z e�nai apl , tìte mporoÔme na up-olog�soume ton ant�strofo metasqhmatismì z me th bo jeia tou P�naka 7.2. An ometasqhmatismì z den èqei apl  morf  all� e�nai rht  sun�rthsh, tìte analÔoumeth sun�rthsh se apl� kl�smata kai me th bo jeia twn idiot twn tou metasqhma-tismoÔ z kai tou Pin�ka 7.2 upolog�zoume eÔkola to s ma qwr� na katafÔgoumesthn ex�swsh antistrof .Ep�sh sto Kef�laio autì anaptÔxame ti efarmogè tou metasqhmatismoÔ z.Eidikìtera exet�same th dunatìthta pou èqei o monìpleuro metasqhmatismì z naepilÔei grammikè exis¸sei diafor¸n me stajeroÔ suntelestè oi opo�e den èqounmhdenikè arqikè sunj ke. H dunatìthta aut  ofe�letai sti idiìthte tou monì-pleurou metasqhmatismoÔ z pou anafèrontai sth dexi� kai arister  ol�sjhsh. Sthsunèqeia parousi�sthkan oi efarmogè tou metasqhmatismoÔ z se ìti afor� th melèthGQA susthm�twn diakritoÔ qrìnou. Prosdior�same th sun�rthsh metafor� tousust mato apì thn ex�swsh diafor¸n pou sqet�zei thn èxodo kai thn e�sodo tousust mato, upojètonta ìti oi arqikè sunj ke e�nai mhdenikè. Ep�sh me th bo jeiath ex�swsh diafor¸n, prosdior�same to monìpleuro metasqhmatismì z th exìdoutou sust mato, to opo�o mpore� na mh br�sketai se kat�stash hrem�a kai antistrè-fonta to monìpleuro metasqhmatismì z prosdior�same thn èxodo tou sust mato.Tèlo parousi�same ta sumper�smata pou ex�goume apì thn perioq  sÔgklish kaith jèsh twn pìlwn th sun�rthsh metafor� tou sust mato sto migadikì ep�pedokai ta opo�a aforoÔn sthn eust�jeia kai thn aitiìthta tou sust mato diakritoÔsust mato kaj¸ kai sth sumperifor� th kroustik  apìkrish tou sust mato.7.6 PROBLHMATA7.1 D�netai to GQA sÔsthma to opo�o qarakthr�zetai apì thn ex�swsh diafor¸ny(n) = x(n) + x(n� 2)Na prosdioriste� o sun�rthsh metafor� tou sust mato H(z). Me th bo jeiath H(z) na upologiste� h apìkrish suqnìthta tou sust mato H(
). Nag�noun oi grafikè parast�sei tou mètrou jH(
)j kai th f�sh argH(
) sesun�rthsh me thn 
.



Enìthta 7.6 Probl mata 2757.2 D�netai to eustajè kai aitiatì sÔsthma, to opo�o perigr�fetai apì thn ex�swshdiafor¸n y(n) + 12y(n� 1) = x(n)1. Na upologiste� h apìkrish suqnìthta tou sust mato2. Na upologiste� h apìkrish tou sust mato an to s ma eisìdou e�naix(n) = Æ(n)� 12Æ(n� 1)7.3 Aitiatì sÔsthma diakritoÔ qrìnou èqei sun�rthsh metafor�H(z) = z + 1z2 � 0; 9z + 0; 811. Na sqediaste� to ped�o sÔgklish oi pìloi kai ta mhdenik� tou sust mato.2. Na upologiste� h apìkrish suqnìthta tou sust mato.3. Na prosdioriste� h ex�swsh diafor¸n, me stajeroÔ suntelestè, h opo�aqarakthr�zei to sÔsthma.7.4 D�netai sÔsthma diakritoÔ qrìnou to opo�o èqei sun�rthsh metafor�H(z) = 1� z�21� 0; 81z�2 ; jzj > 0; 91. Na upologiste� h kroustik  apìkrish tou sust mato.2. Na prosdioriste� h èxodo tou sust mato an h e�sodì tou e�nai h sun�rthshmonadia�ou b mato.7.5 D�netai GQA sÔsthma to opo�o èqei kroustik  apìkrishh(n) = �13�n u(n)Na upologiste� h èxodo tou sust mato an h e�sodì tou e�nai to s max(n) = �12�n u(n)



276 Metasqhmatismì z Kef�laio 77.6 Na upologiste� h aitiat  lÔsh th ex�swshy(n)� 32y(n� 1) + 12y(n� 2) = x(n); n � 0ìtan x(n) = �14�n u(n)an y(�1) = 4 kai y(�2) = 107.7 àna grammikì qronik� anallo�wto sÔsthma èqei kroustik  apìkrishh(n) = �2��12�n�u(n)1. Na breje� h èxodo tou sust mato ìtan to s ma eisìdou e�nai x(n) =�14�n u(n). Oi arqikè sunj ke tou sust mato e�nai y(�1) = 4 kaiy(�2) = 10.2. Poio e�nai to s ma sthn èxodo tou sust mato sth mìnimh kat�stash;7.8 D�netai èna GQA sÔsthma diakritoÔ qrìnou me kroustik  apìkrish h(0) = 1,h(1) = 2 kai h(2) = 11. Na upolog�sete th apìkrish suqnìthta H(
) tou sust mato kai2. na k�nete th grafik  parast�sh tou mètrou th apìkrish suqnìthta tousust mato se sun�rthsh me th suqnìthta.7.9 Na breje� to s ma diakritoÔ qrìnou, tou opo�ou o metasqhmatismì z èqei peri-oq  sÔgklish, tou pìlou kai ta mhdenik� pou eikon�zontai sto Sq ma 7.13.
Im
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11 Sq ma 7.13 Oi pìloi, ta mhdenik� kai h perioq sÔgklish sto Prìblhma 7.9.7.10 D�netai to aitiatì GQA sÔsthma diakritoÔ qrìnou me sun�rthsh metafor�H(z) = 1� k4z�11 + k3z�1



Enìthta 7.6 Probl mata 2771. Gia poie timè tou k to sÔsthma e�nai eustajè;2. Gia k = 1 kai s ma eisìdou x(n) = �23�n, poia e�nai h èxodo tou sust -mato;7.11 Gia èna grammikì qronik� anallo�wto sÔsthma d�nontai1. An to s ma eisìdou e�nai to s ma x(n) = (�2)n, tìte h èxodo tou sust -mato e�nai to s ma y(n) = 0 kai2. an to s ma eisìdou e�nai to s ma x(n) = �12�n u(n) tìte h èxodo tousust mato e�nai to s ma y(n) = Æ(n) +  � 14�n u(n), ìpou  stajer�posìthta.1. Na breje� h stajer� .2. Na upologiste� h sun�rthsh metafor� tou sust mato, kai3. na prosdioriste� h èxodo tou sust mato ìtan h e�sodì tou e�nai to s max(n) = 1.7.12 D�netai to aitiatì GQA sÔsthma diakritoÔ qrìnou tou opo�ou h e�sodo x(n) kaih èxodo y(n) ikanopoioÔn thn ex�swsh diafor¸ny(n) + k3 y(n� 1) = x(n)� k4x(n� 1)To opo�o br�sketai se hrem�a.1. Na breje� h sun�rthsh metafor� tou sust mato kai na sqedi�sete todi�gramma twn pìlwn kai mhdenik¸n kai na sqedi�sete th perioq  sÔg-klis  th.2. Gia poie timè th paramètrou k to sÔsthma e�nai eustajè;3. Na prosdioriste� h èxodo tou sust mato an k = 1 kai to s ma eisìdoue�nai x(n) = �23�n7.13 àna aitiatì sÔsthma diakritoÔ qrìnou qarakthr�zetai apì thn ex�swsh diafor¸ny(n) = 14y(n� 2) + x(n)� x(n� 2)ìpou x(n) e�nai to s ma eisìdou kai y(n) to s ma exìdou. Na upologistoÔn1. H sun�rthsh metafor� tou sust mato.



278 Metasqhmatismì z Kef�laio 72. Na g�nei to di�gramma twn pìlwn kai mhdenik¸n kai h perioq  sÔgklishth sun�rthsh metafor� tou sust mato3. H kroustik  apìkrish tou sust mato.4. H èxodo tou sust mato an x(n) = u(n) ìpou u(n) e�nai h monadia�abhmatik  akolouj�a.To sÔsthma br�sketai se hrem�a.7.14 D�netai sÔsthma diakritoÔ qrìnou to opo�o èqei sun�rthsh metafor�H(z) = 1� z�21� 0; 81z�2 ; jzj > 0; 91. Na upologiste� h kroustik  apìkrish tou sust mato.2. Na prosdioriste� h èxodo tou sust mato an h e�sodì tou e�nai h sun�rthshmonadia�ou b mato.7.15 An x(n) = an na upologistoÔn oi monìpleuroi metasqhmatismo� z1. X [x(n� 2)℄2. X [x(n+ 2)℄7.16 Na breje� h kroustik  apìkrish thlepikoinwniakoÔ kanalioÔ sto opo�o parousi�-zontai dÔo diadìsei, dhlad , perigr�fetai apì thn ex�swsh diafor¸n,y(n) = x(n) + ax(n� 1)Gia poie timè th paramètrou a to ant�stofo sÔsthma e�nai aitiatì kai eusta-jè;Bibliograf�a7.1 S. Jeodwr�dh, K. Mpermper�dh, L. Kof�dh, “Eisagwg  sth Jewr�a Shm�twnkai Susthm�twn” , Tupwj tw - Gi¸rgo Dardanì, Aj na 2003.7.2 N. Kaloupts�dh, “S mata Sust mata kai Algìrijmoi” , D�aulo, Aj na, 1994.7.3 J. G. Proakis, D. G. Manolakis, “Introduction to Digital Signal Processing”,
MacMillan Publishing Company, 1994.7.4 A. V. Oppenheim, R. W. Schafer, “Digital Signal Processing”, Prentice - Hall Inc.,
N. Y., 1975.



                                             ÐÁÑÁÑÔÇÌÁ Á

                ÌÅÑÉÊÁ ÂÁÓÉÊÁ ÓÔÏÉ×ÅÉÁ ÃÉÁ 
                    ÔÏÕÓ ÌÉÃÁÄÉÊÏÕÓ ÁÑÉÈÌÏÕÓ

Sto par�rthma autì anafèrontai oi trìpoi par�stash enì migadikoÔ arijmoÔsto migadikì ep�pedo kai or�zontai merikè basikè ènnoie, ìpw mètro, f�sh, prag-matikì mèro, fantastikì mèro migadikoÔ arijmoÔ kai suzug  migadikì arijmì.A.1 PARASTASHMIGADIKOU ARIJMOU STOMIGADIKO EPIPEDOSe kartesianè suntetagmène h morf  enì migadikoÔ arijmoÔ z d�netai apì thn ex�sw-sh z = x+ jy (A.1.1)ìpou j = p�1 kai x kai y e�nai pragmatiko� arijmo�, oi opo�oi ant�stoiqa onom�zontaipragmatikì mèro kai fantastikì mèro   tm ma, tou migadikoÔ arijmoÔ. Sun jwsumbol�zoume x = <e[z℄ kai y = =m[z℄. O migadikì arijmì z mpore� ep�sh naparastaje� se polikè suntetagmène apì thn ex�swshz = r � ej� (A.1.2)ìpou r > 0 e�nai to mètro tou migadikoÔ arijmoÔ z, to mètro sumbol�zetai kai mejzj kai � e�nai h gwn�a   h f�sh tou migadikoÔ arijmoÔ z (� = arg z   � = \z).Sto Sq ma A.1 up�rqei h par�stash enì migadikoÔ arijmoÔ sto migadikì ep�pedo.H sqèsh metaxÔ twn dÔo aut¸n ekfr�sewn twn migadik¸n arijm¸n aporrèei apì thsqèsh tou Euler ej� = os � + j sin � (A.1.3)  apì thn sqed�ash tou z sto migadikì ep�pedo, Sq ma A.1. ParathroÔme ìtix = r � os � kai y = r � sin � (A.1.4)



280 Merik� Basik� Stoiqe�a gia tou MigadikoÔ ArijmoÔ. Par�rthma A
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r Sq ma A.1 Par�stash enì migadikoÔ arijmoÔsto migadikì ep�pedo.ìpou r = px2 + y2� = sin�1 ypx2 + y2! = os�1 xpx2 + y2! = tan�1 �yx� (A.1.5)Me th bo jeia th sqèsh tou Euler èqoumeej� = os � + j � sin � os � = 12 �ej� + e�j��e�j� = os � � j � sin � sin � = 12j �ej� � e�j�� (A.1.6)A.2 SUZUGHS MIGADIKOS ARIJMOS - IDIOTHTESAn z = x + jy = r � ej� e�nai èna migadikì arijmì tìte o suzug  migadikì tou zpou sumbol�zetai w z?, d�netai apì th sqèshz? = x� jy = r � e�j� (A.2.1)Gia dÔo suzuge� migadikoÔ arijmoÔ èqoume ti idiìthte1. An èna migadikì arijmì e�nai �so me to suzug  tou migadikì arijmì, tìte tofantastikì tou mèro e�nai �so me mhdèn, dhlad  o arijmì e�nai pragmatikì,pr�gmati z = z? ) x+ jy = x� jy ) y = 02. To tetr�gwno tou mètrou migadikoÔ arijmoÔ e�nai �so me to ginìmeno tou mi-gadikoÔ arijmoÔ ep� to suzug  tou migadikì arijmì, pr�gmatiz � z? = r � ej� � r � e�j� = r23. To pragmatikì mèro enì migadikoÔ arijmoÔ e�nai �so me to hmi�jroisma toumigadikoÔ arijmoÔ kai tou suzug  tou migadikoÔ arijmoÔ, pr�gmatiz + z? = x+ jy + x� jy = 2x kai <e[z℄ = z + z?2



Enìthta A.2 Suzug  migadikì arijmì - Idiìthte 2814. To fantastikì mèro enì migadikoÔ arijmoÔ e�nai �so me thn hmidiafor� tousuzugoÔ migadikoÔ arijmoÔ tou apì to migadikì arijmì diairoÔmenh me j, pr�g-mati z � z? = x+ jy � x+ jy = 2jy kai =m[z℄ = z � z?2jPar�deigma A.1Na ekfraste� o migadikoÔ arijmì z = 4+3j2�j se polik  morf  kai na parastaje� stomigadikì ep�pedo.LÔsh Pollaplasi�zoume arijmht  kai paronomast  me to suzug  tou paronomast ,ètsi èqoumez = 4 + 3j2� j = (4 + 3j)(2 + j)(2� j)(2 + j) = 8 + 4j + 6j � 34 + 1 = 5 + 10j5 = 1 + 2jSto Sq ma A.2 blèpoume th par�stash tou migadikoÔ arijmoÔ sto migadikì ep�pedo.
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y=2 Sq ma A.2 H grafik  par�stash tou migadikoÔarijmoÔ sto Par�deigma A.1.Par�deigma A.2Na ekfraste� o migadikì arijmì z = p3+ j se polik  morf  kai na parastaje� stomigadikì ep�pedo.LÔsh Me th bo jeia twn sqèsewn (A.1.5) upolog�zetai to mètro tou migadikoÔ arijmoÔr = p3 + 1 = 2kai h f�sh tou tan � = 1p3 = p33 ) � = �6ètsi h polik  morf  tou migadikoÔ arijmoÔ e�naiz = 2 � ej �6Sto Sq ma A.3 up�rqei h par�stash tou migadikoÔ arijmoÔ sto migadikì ep�pedo
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6 Sq ma A.3 H grafik  par�stash tou migadikoÔarijmoÔ sto Par�deigma A.2.A.3 PROBLHMATAA.1 Na ekfraste� k�je èna apì tou migadikoÔ se kartesian  morf  kai na paras-taje� sto migadikì ep�pedo sto opo�o na fa�netai to pragmatikì kai to fan-tastikì tm ma k�je arijmoÔ.z1 = p2 � ej �4 z2 = 3 � ej4� + 2 � ej5� z3 = 6 � ej4�31� j z4 = �2j � ej 9�4A.2 Na ekfraste� k�je èna apì tou parak�tw migadikoÔ arijmoÔ se polik  mor-f  kai na parastajoÔn sto migadikì ep�pedo ìpou na fa�netai to mètro kai hf�sh k�je arijmoÔ.z1 = �3 z2 = (1� j)4 z3 = �p3 + j3��p3 + j�2 z4 = p3 + j1 + jp3



                                                 ÐÁÑÁÑÔÇÌÁ B

                ÁÍÁÐÔÕÎÇ ÑÇÔÇÓ ÓÕÍÁÑÔÇÓÇÓ 
                                             ÓÅ ÁÐËÁ ÊËÁÓÌÁÔÁ

O basikì skopì tou parart mato e�nai na parousi�sei ton trìpo an�lushmia rht  sun�rthsh, dhlad , mia sun�rthsh h opo�a mpore� na ekfraste� wlìgo dÔo poluwnÔmwn th metablht , se �jroisma apl¸n klasm�twn.àstw h rht  sun�rthsh f(x) h opo�a èqei th morf f(x) = N(x)D(x) = bmxm + bm�1xm�1 + : : : + b1x+ b0anxn + an�1xn�1 + : : : + a1x+ a0Ja exet�soume pr¸ta thn per�ptwsh sthn opo�a o bajmì tou arijmht , m, e�naimikrìtero tou bajmoÔ tou paronomast , n (m < n) kai sth sunèqeia ja exet�soumethn per�ptwsh pou o bajmì tou arijmht  e�nai megalÔtero   �so tou bajmoÔ touparonomast .B.1 O BAJMOS TOUN(x) EINAIMIKROTEROSTOU BAJMOUTOUD(x).ätan o bajmì tou polu¸numou tou arijmht  N(x), e�nai mikrìtero tou bajmoÔ toupoluwnÔmou tou paronomast D(x), dhlad  e�naim < n, analÔoume ton paronomas-t  se ginìmeno paragìntwn D(x) = nYi=1(x� �i) (B.1.1)ìpou �1; �2; : : : ; �n oi r�ze tou D(x). An�loga me th fÔsh twn riz¸n diakr�noumeti peript¸sei:B.1.1 R�ze diakekrimène kai pragmatikèA jewr soume ìti o bajmì tou paronomast  e�nai 2, opìte h sun�rthsh f(x) gr�fe-tai diadoqik�f(x) = b1x+ b0x2 + a1x+ a0 = b1x+ b0(x� �1)(x� �2) = C1x� �1 + C2x� �2 (B.1.2)



284 An�ptuxh rht  sun�rthsh se apl� kl�smata. Par�rthma BTo prìblhma e�nai na upolog�soume ti stajerè C1 kai C2. K�nonta apaloif paronomast¸n èqoume diadoqik�:b1x+ b0 = C1(x� �2) + C2(x� �1) = (C1 + C2)x� (C1�2 + C2�1)apì thn opo�a èqoume to sÔsthma twn dÔo exis¸sewnC1 + C2 = b1C1�2 + C2�1 = �b0H lÔsh tou sust mato d�nei ti timè twn stajer¸n C1 kai C2C1 = b1�1 + b0�1 � �2C2 = b1�2 + b0�2 � �1 (B.1.3)An kai o trìpo autì isqÔei p�nta, up�rqei mia pio eÔkolh mèjodo. An jèloume naupolog�soume th stajer� C1 pollaplasi�zoume thn (B.1.2) me x� �1 kai èqoume(x� �1)f(x) = C1 + C2x� �1x� �2 (B.1.4)AfoÔ oi r�ze �1 kai �2 e�nai diakritè, o deÔtero ìro tou dexioÔ mèlou th (B.1.4)e�nai �so me mhdèn gia x = �1, ètsi èqoumeC1 = (x� �1)f(x)jx=�1 = b1�1 + b0�1 � �2 (B.1.5)ìmoia br�skoume kai C2 = (x� �2)f(x)jx=�2 = b1�2 + b0�2 � �1 (B.1.6)Oi dÔo auto� trìpoi genikeÔontai, an o bajmì tou paronomast  e�nai n, kai èqoumef(x) = C1x� �1 + C2x� �2 + : : : + Cnx� �n (B.1.7)kai oi stajerè upolog�zontai apì ton tÔpoCk = (x� �k)f(x)jx=�k ; k = 1; 2; : : : ; n (B.1.8)



Enìthta B.1 O bajmì tou N(x) e�nai mikrìtero tou bajmoÔ tou D(x). 285B.1.2 R�ze pollaplè kai pragmatikèA upojèsoume ìti o paronomast  èqei m�a dipl  pragmatik  r�za, thn �1, kai m�aapl  pragmatik  r�za, thn �2, tìte h sun�rthsh f(x) gr�fetai:f(x) = b2x2 + b1x+ b0(x� �1)2(x� �2) (B.1.9)Sthn per�ptwsh aut  anazhtoÔme èna an�ptugma th morf :f(x) = C11(x� �1) + C12(x� �1)2 + C21(x� �2) (B.1.10)Gia na upolog�soume tou suntelestè C11, C12 kai C21 mporoÔme kai ed¸ na k�noumeapaloif  paronomast¸n na exis¸soume tou suntelestè twn omob�jmiwn ìrwn kaina lÔsoume to sÔsthma. Up�rqei ìmw kai giaut  thn per�ptwsh èna aploÔsterotrìpo.Pollaplasi�zoume thn (B.1.10) me (x� �1)2 kai èqoume:(x� �1)2f(x) = C11(x� �1) + C12 + C21(x� �1)2(x� �2) (B.1.11)Apì thn (B.1.11) upolog�zoume thn C12 me th sqèsh:C12 = (x� �1)2f(x)��x=�1 = b2�21 + b1�1 + b0�1 � �2 (B.1.12)Gia na upolog�soume to C11 diafor�zoume thn (B.1.11) w pro x kai èqoume:ddx �(x� �1)2f(x)� = C11 + C21 2(x� �1)(x� �2)� (x� �1)2(x� �2)2= C11 + C21 �2(x� �1)(x� �2) � 2(x� �1)2(x� �2)2 � (B.1.13)o teleuta�o ìro th (B.1.13) e�nai �so me mhdèn gia x = �1 ètsi èqoume:C11 = ddx(x� �1)2f(x)����x=�1= 2b2�1 + b1�1 � �2 � b2�21 + b1�1 + b0(�1 � �2)2 (B.1.14)O suntelest  C21 upolog�zetai apì th gnwst  sqèsh:C21 = (x� �2)f(x)jx=�2= b2�22 + b1�2 + b0(�2 � �1)2 (B.1.15)



286 An�ptuxh rht  sun�rthsh se apl� kl�smata. Par�rthma BGenik�, an to polu¸numo tou paronomast  èqei th r�za �1 me pollaplìthta r kai n�raplè r�ze �2; �3; : : : ; �n�r+1 tìte o paronomast  analÔetaiD(x) = (x� �1)r n�r+1Yi=2 (x� �i) (B.1.16)ètsi sun�rthsh f(x) analÔetai se apl� kl�smata wf(x) = C11(x� �1)+ C12(x� �1)2+� � �+ C1r(x� �1)r+ C21(x� �2)+� � �+ C(n�r)1(x� �n�r) (B.1.17)kai oi suntelestè C1i; i = 1; 2; : : : ; r upolog�zontai apì thn:C1i = 1(r � i)! dr�idxr�i [(x� �1)rf(x)℄����x=�i (B.1.18)oi upìloipe stajerè Cki; 4 = 2; 3; : : : ; n� r upolog�zontai me thn (B.1.8).B.1.3 Ìparxh migadik¸n riz¸nAn to polu¸numo D(x) èqei èna zeÔgo suzug¸n migadik¸n riz¸n �1 = � + j! kai�2 = �?1 = � � j!, tìte h sun�rthsh f(x) analÔetai w:f(x) = C1x� �1 + C2x� �?1 + C3(x� �3)r + � � �+ Cnx� �n (B.1.19)äloi oi suntelestè upolog�zontai apì thn sqèsh:Ck = (x� �k)f(x)jx=�k ; k = 1; 2; : : : ; n (B.1.20)shmei¸netai ìti oi suntelestè C1 kai C2 e�nai suzuge� migadiko� (C2 = C?1 ). Seper�ptwsh pou oi r�ze emfan�zontai me k�poia pollaplìthta, akolouje�tai h pro-hgoÔmenh mejodolog�a.B.2 O BAJMOS TOU N(x) EINAI MEGALUTEROS H ISOS TOU BA-JMOU TOU D(x)An o bajmì tou polu¸numou tou arijmht N(x), e�nai megalÔtero   �so tou bajmoÔtou polu¸numou tou paronomast  D(x), dhlad , m � n, k�noume th dia�resh kai hsun�rthsh f(x) gr�fetai: f(x) = N(x)D(x) = �(x) + g(x)D(x) (B.2.1)Epeid  o bajmì tou poluwnÔmou g(x) e�nai mikrìtero apì to bajmì touD(x), o ìrog(x)D(x) sthn (B.2.1) analÔetai se apl� kl�smata ìpw se k�poia apì ti peript¸seipou perigr�yame.



                                                 ÐÁÑÁÑÔÇÌÁ Ã

                ×ÑÇÓÉÌÏÉ ÌÁÈÇÌÁÔÉÊÏÉ ÔÕÐÏÉ

O basikì skopì tou parart mato e�nai na parousi�sei qr sime sqèsei apìta majhmatik�.G.1 Trigwnometr�a.Gia to orjog¸nio tr�gwno tou sq mato isqÔoun oi sqèseisin � = yr (G.1.1)os � = xr (G.1.2)tan � = yx = sin �os � (G.1.3)sin2 � + os2 � = 1 (G.1.4)os�� � �2� = � sin � (G.1.5)sin�� � �2� = � os � (G.1.6)
r

x

y

èTo orjog¸nio tr�gwno.
Sth sunèqeia parousi�zontai trigonwmetrikè tautìthtesin(� � �) = sin � os�� os � sin� (G.1.7)os(� � �) = os � os�� sin � sin� (G.1.8)2 sin � sin� = os(� � �)� os(� + ') (G.1.9)2 os � os� = os(� � �) + os(� + ') (G.1.10)2 sin � os� = sin(� � �) + sin(� + ') (G.1.11)os2 � = 12(1 + os 2�) (G.1.12)



288 Qr simoi Majhmatiko� TÔpoi. Par�rthma Gsin2 � = 12(1� os 2�) (G.1.13)os(2�) = os2 � � sin2 �= 2 os2 � � 1= 1� 2 sin2 � (G.1.14)4 os3 � = 3 os � + os(3�) (G.1.15)4 sin3 � = 3 sin � � sin(3�) (G.1.16)a os � � b sin � = A os(� + �) (G.1.17)ìpou A =pa2 + b2� = tan�1(b=a)a = A os�b = A sin�G.2 Aìrista oloklhr¸mata.G.2.1 Rht¸n alebrik¸n sunart sewnZ xn dx = 1n+ 1xn+1; n 6= �1 (G.2.1)Z dxa+ bx = 1b ln ja+ bxj (G.2.2)Z (a+ bx)n dx = (a+ bx)n+1b(n+ 1) ; n > 0 (G.2.3)Z dx(a+ bx)n = �1(n� 1)b(a + bx)n�1 ; n > 1 (G.2.4)Z dxa2 + b2x2 = 1ab tan�1�bxa � (G.2.5)Z xdxa2 + x2 = 12 ln(a2 + x2) (G.2.6)Z x2dxa2 + x2 = x� a tan�1 �xa� (G.2.7)



Enìthta G.2 Aìrista oloklhr¸mata 289G.2.2 Trigwnometrik¸n sunart sewnZ os(x) dx = 1 sin(x) (G.2.8)Z x os(x) dx = 12 [os(x) + x sin(x)℄ (G.2.9)Z x2 os x dx = 2x os x+ (x2 � 2) sinx (G.2.10)Z sin(x) dx = �1 os(x) (G.2.11)Z x sin(x) dx = 12 [sin(x) + x os(x)℄ (G.2.12)Z x2 sinx dx = 2x sinx� (x2 � 2) os x (G.2.13)G.2.3 Ekjetik¸n sunart sewn Z eax dx = 1aeax (G.2.14)Z xeax dx = eax�xa � 1a2� (G.2.15)Z eax sin(x) dx = eaxa2 + 2 [a sin(x)�  os(x)℄ (G.2.16)Z eax os(x) dx = eaxa2 + 2 [a os(x) +  sin(x)℄ (G.2.17)G.2.4 Orismèna oloklhr¸mataZ 11 e�x=2�2 dx = �p2�; � > 0 (G.2.18)Z 11 x2e�x=2�2 dx = �3p2�; � > 0 (G.2.19)Z 11 e�a2x+bx dx = p�a e b24a2 ; a > 0 (G.2.20)Z 10 sin(x) dx = Z 10 sinxx dx = �2 (G.2.21)Z 10 sin2(x) dx = �2 (G.2.22)



290 Qr simoi Majhmatiko� TÔpoi. Par�rthma GG.3 Gewmetrikè seirè NXn=1n = N(N + 1)2 (G.3.1)NXn=1n2 = N(N + 1)(2N + 1)6 (G.3.2)NXn=1n3 = N2(N + 1)24 (G.3.3)N�1Xn=0 xn = ( 1�xN1�x ; x 6= 1N; x = 1 (G.3.4)mXn=k xn = ( xk�xm+11�x ; x 6= 1m� k + 1; x = 1 (G.3.5)1Xn=0xn = 11� x; jxj < 1 (G.3.6)1Xn=k xn = xk1� x; jxj < 1 (G.3.7)1Xn=knxn = x(1� x)2 ; jxj < 1 (G.3.8)NXn=0 ej(�+n�) = sin[(N + 1)�=2℄sin(�=2) ej[�+(N�=2)℄ (G.3.9)ex = 1 + x+ x22! + x33! + � � � = 1Xn=0 xnn! (G.3.10)
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