
Ask seic sthn Grammik  'Algebra I

A. DianusmatikoÐ q¸roi, grammikèc apeikonÐseic
JEMA 1o:

(a) 'Estw V, W peperasmènhc di�stashc dianusmatikoÐ q¸roi epÐ tou F kai T :
V → W grammik  apeikìnish. DeÐxte ìti dim(V ) = dim(ImT ) + dim(KerT ).

(b) 'Estw T : R4 → R3, T (x, y, z, ω) = (x+ y− 2z +4ω, 2x+2y− 3z +ω, 3x+3y−
4z − 2ω). DeÐxte ìti h T eÐnai grammik  apeikìnish kai breÐte b�seic gia touc q¸rouc
ImT kai KerT.

JEMA 2o:
(a) 'Estw V dianusmatikìc q¸roc epÐ tou F kai W upìqwroc tou V. An {w1, . . . , wn}

b�sh tou W kai {w1, . . . , wn, v1, . . . , vm} b�sh tou V deÐxte ìti to sÔnolo {v1 +
W, . . . , vm + W} eÐnai b�sh tou dianusmatikoÔ q¸rou V/W.

(b) 'Estw W o upìqwroc tou R4 pou par�getai apì ta dianÔsmata v1 = (1,−2, 0, 1), v2 =
(1, 1, 1, 1), v3 = (3,−3, 1, 3). BreÐte b�seic gia touc q¸rouc W kai R4/W.

JEMA 3o: DÐnontai ta uposÔnola tou M2,2(F ), ìpou F = R h F = C,

W1 = {
(

a + b a
0 b

)
, a, b ∈ F},W2 = {

(
a 0
0 b

)
, a, b ∈ F}.

(a) DeÐxte ìti ta W1,W2 eÐnai upìqwroi tou M2,2(F ).
(b) BreÐte b�seic gia touc q¸rouc W1,W2,W1 ∩W2.
(g) DeÐxte ìti dimF (W1 +W2) = 3.

JEMA 4o:
DÐnetai grammik  apeikìnish T : R3 → R3 ¸ste

T (1, 0, 1) = (1, 0, 0), T (1, 1, 1) = (0, 1, 2), T (0, 0, 1) = (0, 1, 1).

(a) DeÐxte ìti h T eÐnai antistrèyimh.
(b) DeÐxte ìti

T (x, y, z) = (x− y,−x + y + z,−x + 2y + z).

(g ) Na brejeÐ h suzug c grammik  apeikìnish T ∗ thc T.

JEMA 5o:
'Estw X = {(1, 1, 0, 0), (0, 1, 0, 0), (3, 2, 0, 0)}.
(a) BreÐte mÐa b�sh B0 tou upìqwrou tou R4 pou par�getai apì to sÔnolo X.
(b) BreÐte b�seic B1, B2 tou R4 ¸ste B0 ⊂ B1 ∩B2 kai B1 6= B2.

JEMA 6o:
DÐnetai apeikìnish T : R4 → R4, T (x, y, z, w) = (x+y+z, x+z,−y, 2x+y−z+w).
(a) DeÐxte ìti h T eÐnai grammik  kai breÐte b�seic gia touc upìqwrouc ImT, KerT
(b) D¸ste touc tÔpouc mh mhdenik¸n grammik¸n apeikonÐsewn S1 : R4 → R2 kai

S2 : R2 → R4 ¸ste S1T = 0 kai TS2 = 0.

JEMA 7o: 'Estw W = {(x, y, z) ∈ R3 : x + y = 3z}.
(a) DeÐxte ìti o W eÐnai dianusmatikìc q¸roc kai breÐte mÐa b�sh tou.
(b) BreÐte upìqwrouc V1, V2 tou R3 ¸ste R3 = W⊕V1 = W⊕V2 kai V1∩V2 = {0}.

JEMA 8o: DÐnetai to uposÔnolo tou R3, W = {(x, y, z) : x− y = 2z}.
(a) DeÐxte ìti to W eÐnai upìqwroc tou R3 kai breÐte mÐa b�sh tou B.
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(b) EpekteÐnete thn B se b�sh tou R3

(g) OrÐste grammik  apeikìnish T : R3 → R ¸ste KerT = W.

JEMA 9o: 'Estw W to sÔnolo twn summetrik¸n 2 × 2 pin�kwn me stoiqeÐa apì to
R dhl. W = {A ∈ M2,2(R) : A = At} kai V to sÔnolo twn antisummetrik¸n 2 × 2
pin�kwn dhl. V = {A ∈ M2,2(R) : A = −At}.

(a) DeÐxte ìti oi V, W eÐnai upìqwroi tou M2,2(R).
(b) BreÐte b�seic twn V, W.

JEMA 10o:
DÐnetai o upìqwroc tou R3,

W = {(x, y, z) : x + y = z, 2x− z = y}.

(a) BreÐte b�sh B tou W.
(b) EpekteÐnete thn B se b�sh tou R3.
(g) BreÐte b�sh tou q¸rou phlÐko R3/W.

JEMA 11o:
DÐnetai to sÔnolo X = {(1, 2, 0), (1, 0, 1), (−1, 4,−3)} ⊆ R3 kai V o dianusmatikìc

q¸roc pou par�getai apì autìn: V = [X].
(a) BreÐte mÐa b�sh B tou V ¸ste B ⊆ X.
(b) EpekteÐnete thn b�sh aut  se b�sh tou R3.

JEMA 12o:
DÐnetai h grammik  apeikìnish T : C3 → C3, T (x, y, z) = (x − iy, x − y + iz, x).

DeÐxte ìti h T eÐnai isomorfismìc kai breÐte tÔpo gia thn apeikìnish S = T−1 (Mon.
2)

B. Grammikèc apeikonÐseic kai pÐnakec

JEMA 1o:
'Estw e h kanonik  b�sh tou V = R3 kai u1 = (1, 0, 1), u2 = (0, 1, 0), u3 = (x, y, z)

¸ste h tri�da u = (u1, u2, u3) na eÐnai b�sh tou R3.

(a) An v = (−1, 2, 1) ∈ V ¸ste [v]u =

 1
−1
1

 . Na deiqjeÐ ìti u3 = (−2, 3, 0).

Na brejeÐ o pÐnakac allag c b�shc (1V : e, u).
(b) 'Estw T : V → V grammik  apeikìnish kai u3 ìpwc sto (a). An (T : u, e) = 1 0 −1
2 1 1
−1 0 1

 , na brejeÐ to T (x1, x2, x3) gia (x1, x2, x3) ∈ V.

JEMA 2o: 'Estw e h kanonik  b�sh tou V = R3, u1 = (1, 1, 0), u2 = (0, 1, 1), u3 =
(0, 0, 1) kai T : V → V grammik  apeikìnish.

(a) DeÐxte ìti h tri�da u = (u1, u2, u3) eÐnai b�sh tou V. Na brejeÐ o pÐnakac
allag c b�shc (1V : e, u).

(b) An (T : u, e) =

 1 0 2
0 −1 1
−1 0 1

 , na deiqjeÐ ìti

T (x, y, z) = (3x− 2y + 2z, 2x− 2y + z,−y + z), ∀ (x, y, z) ∈ V.
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(g) Na brejeÐ h suzug c grammik  apeikìnish T ∗ thc T.

JEMA 3o:
DÐnetai grammik  apeikìnish T : R4 → R4 ¸ste T ◦ T = T, dimR(ImT ) = 3.
(a) DeÐxte ìti o q¸roc R4 eÐnai eujÔ �jroisma twn q¸rwn ImT kai KerT.
(b) DeÐxte ìti up�rqei diatetagmènh b�sh ū tou R4 ¸ste

(T : ū, ū) =

(
I3 0
0 0

)
.

(g) An A, 4 × 4 pragmatikìc pÐnakac t�xhc 3 ¸ste A2 = A deÐxte ìti up�rqei
antistrèyimoc pÐnakac P ¸ste

P−1AP =

(
I3 0
0 0

)
.

JEMA 4o:

'Estw A =

 1 2 −1
1 −1 0
2 −2 0

 .

Na brejoÔn antistrèyimoi pÐnakec P kai Q ¸ste

PAQ =

 1 0 0
0 1 0
0 0 0

 .

JEMA 5o: 'Estw h grammik  apeikìnish T : R3 → R3 kai

u1 = (1, 1, 0), u2 = (0, 1, 1), u3 = (0, 0, 1), u = (u1, u2, u3)

¸ste T (1, 1, 1) = u1, T (0, 1, 1) = u2, T (0, 0, 1) = u3.
(a) DeÐxte ìti h T eÐnai antistrèyimh.
(b) BreÐte touc pÐnakec (T−1 : u, e), (1R3 : e, u) ìpou e = (e1, e2, e3) h kanonik 

b�sh tou R3.
(g) BreÐte ton tÔpo thc apeikìnishc T−1.

JEMA 6o: 'Estw v = (v1, v2, v3), u = (u1, u2, u3) oi b�seic tou R3 ìpou

v1 = (1, 0, 0), v2 = (1, 0, 1), v3 = (0, 1, 1), u1 = (0, 1, 0), u2 = (1, 1, 1), u3 = (0, 0, 1)

kai T : R3 → R3 grammik  apeikìnish ¸ste

(T : u, v) =

 1 1 1
0 1 1
0 0 1

 .

(a) DeÐxte ìti h T eÐnai antistrèyimh apeikìnish.
(b) An e = (e1, e2, e3) eÐnai h kanonik  b�sh tou R3, breÐte touc pÐnakec (1R3 :

e, u), (1R3 : v, e)
(g) BreÐte ton tÔpo thc T.

JEMA 7o:
'Estw h grammik  apeikìnish T : R2 → R2 ¸ste T (x, y) = (−x + y, x− y).
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(a) BreÐte b�seic twn q¸rwn ImT kai KerT.
(b) Na epektajeÐ h b�sh tou KerT se b�sh tou R2.
(g) Na brejoÔn b�seic û, v̂ tou R2 ¸ste

(T : û, v̂) =

(
1 0
0 0

)
.

JEMA 8o:
DÐnetai h grammik  apeikìnish T : R3 → R2 me tÔpo T (x, y, z) = (x+y+z, x+y−z).
(a) BreÐte b�sh tou KerT kai epekteÐnete thn se b�sh tou R3.
(b) BreÐte diatetagmènec b�seic u tou R3 kai v tou R2 ¸ste

(T : u, v) =

(
1 0 0
0 1 0

)
.

G. Idiotimèc, idiodianÔsmata,idiìqwroi, diagwniopoÐhsh

JEMA 1o:

'Estw A =

 4 1 −1
2 5 −2
1 1 2

 .

(a) BreÐte touc idiìqwrouc tou pÐnaka A.
(b) BreÐte antistrèyimo pÐnaka P ¸ste o pÐnakac P−1AP na eÐnai diag¸nioc.

JEMA 2o:
'Estw h grammik  apeikìnish T : R3 → R3 me qarakthristikì polu¸numo p(t) =

−t(t− 1)2.
(a) DeÐxte ìti h T den eÐnai antistrèyimh kai ìti dim(ImT ) = 2
(b) An h T eÐnai diagwnÐsimh deÐxte ìti T n = T, ∀ n ≥ 2.
(g) 'Estw 1R3 h tautotik  apeikìnish ston R3. DeÐxte ìti h apeikìnish S = T +1R3

eÐnai antistrèyimh. BreÐte 2 idiotimèc thc S.

JEMA 3o:
(a) 'Estw A, B ìmoioi pÐnakec me stoiqeÐa apì to R. DeÐxte ìti oi A, B èqoun Ðdia

qarakthristik� polu¸numa.

(b) 'Estw A =

 4 −2 2
6 −3 4
3 −2 3

 . Na brejeÐ to qarakthristikì polu¸numo tou A

kai na exetasteÐ an o A eÐnai diagwnÐsimoc.

JEMA 4o: 'Estw h grammik  apeikìnish T : R3 → R3 kai u1, u2, u3 mh mhdenik�
dianÔsmata tou R3 ¸ste T (u1) = 0, T (u2) = u2, T (u3) = −u3.

(a) AitiologeÐste giatÐ ta u1, u2, u3 eÐnai grammik� anex�rthta.
(b) 'Estw e h kanonik  b�sh tou R3 kai A = (T : e, e). DeÐxte ìti A501+A101−2A =

0.
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(g) EÐnai o A isodÔnamoc me ton pÐnaka B =

 −1 2 0
3 −6 0
−1 2 0

 ;

JEMA 5o: 'Estw A =

 1 3 6
−3 −5 −6
3 3 4

 .

(a) BreÐte touc idiìqwrouc tou pÐnaka A.
(b) BreÐte antistrèyimo pÐnaka P ¸ste o pÐnakac P−1AP na eÐnai diag¸nioc.

JEMA 6o:

DÐnetai o pÐnakac A =

 1 2 −1
1 −1 0
2 −2 0


(a) Na brejoÔn oi idiìqwroi tou A
(b) Na deiqjeÐ ìti A5 = A.

JEMA 7o:DÐnetai h grammik  apeikìnish

T : R3 → R3, T (x, y, z) = (2x− 2y + 2z,−2y + 4z,−2y + 4z).

(a) BreÐte b�seic gia touc q¸rouc ImT kai KerT
(b) BreÐte to el�qisto polu¸numo thc T. EÐnai h T diagwnÐsimh?

JEMA 8o: JewroÔme ton pÐnaka A =

(
2 −7
1 −3

)
.

(a) Na upologisteÐ o pÐnakac A999 −A9 + A2.
(b) Na brejeÐ b�sh tou C2 pou na apoteleÐtai apì idiodianÔsmata tou A.

JEMA 9o:

(a) 'Estw o pÐnakac A =

 2 1 −1
−1 4 −1
−1 2 1

 . BreÐte to el�qisto polu¸numo tou

pÐnaka A. EÐnai o A diagwnÐsimoc? EÐnai o A antistrèyimoc?
(b) 'Estw T : R3 → R3 grammik  apeikìnish, e = (e1, e2, e3) h kanonik  b�sh tou

R3, kai upojètoume ìti (T : e, e) = A, ìpou A o pÐnakac sto er¸thma (a). BreÐte b�sh
u tou R3 ¸ste (T : e, u) = I3 ìpou I3 o tautotikìc pÐnakac.

(g) DeÐxte ìti oi idiotimèc k�je ermitianoÔ pÐnaka eÐnai pragmatikoÐ arijmoÐ.

JEMA 10o: 'Estw o pÐnakac A =

 2 −2 2
0 −2 4
0 −2 4

 .

(a) BreÐte to qarakthristikì kai to el�qisto polu¸numo tou A.
(b) EÐnai o A diagwnÐsimoc?

JEMA 11o:
DÐnetai o pÐnakac

A =

(
3 −2
1 0

)
.

(a) Na brejeÐ antistrèyimoc pÐnakac P ¸ste o pÐnakac P−1AP na eÐnai diag¸nioc.
(b) Na brejeÐ o pÐnakac A2014.

JEMA 12o:
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'Estw A =

 1 a 0
0 1 0
0 0 2

 .

(a) BreÐte tic idiotimèc kai touc idiìqwrouc tou A.
(b) BreÐte tic timèc tou a gia tic opoÐec o A diagwniopoieÐtai.

D. Eswterikì ginìmeno

JEMA 1o:
(a) 'Estw V dianusmatikìc q¸roc me eswterikì ginìmeno kai u1, u2, u3 orjokanon-

ik� dianÔsmata tou V. DeÐxte ìti ta u1, u2, u3 eÐnai grammik� anex�rthta.
(b) 'Estw W o upìqwroc tou R4 pou par�getai apì ta dianÔsmata u1 = (1, 1, 0, 0), u2 =

(0, 0, 1, 0), u3 = (0, 0, 1, 1), u4 = (1, 1, 2, 1) kai x = (1, 2, 3, 4). Na brejeÐ w0 ∈ W ¸ste
‖x− w0‖ = min{‖x− w‖ : w ∈ W}.

JEMA 2o:
'Estw S : C3 → C ¸ste S(x, y, z) = ix + y − iz DeÐxte ìti h S eÐnai grammik 

apeikìnish kai na brejeÐ u ∈ C3 ¸ste S(w) =< w, u > ∀w ∈ C3. (< ·, · > eÐnai to
kanonikì eswterikì ginìmeno ston C3.)

JEMA 3o:
(a) 'Estw T : C3 → C3 me T (1, 0, 0) = (0, 0, 0), T (1, 1, 1) = (2, 2, 2). DeÐxte ìti h

T den eÐnai kanonik  grammik  apeikìnish.
(b) 'Estw {e1, e2, e3} h kanonik  b�sh tou C3. Na brejeÐ isometrÐa T : C3 → C3

¸ste T (e1) = (ηµθ, συνθ, 0), T (e2 + e3) =
√

2(−συνθ, ηµθ, 0).

JEMA 4o: 'Estw W o upìqwroc tou R4 pou par�getai apì ta dianÔsmata v1 =
(1, 1, 1, 1), v2 = (0, 1, 1, 1), v3 = (0, 0, 1, 1).

(a) BreÐte orjokanonikèc b�seic gia touc q¸rouc W kai W⊥

(b) 'Estw x = (2, 3, 1, 2). Na analujeÐ to di�nusma x se dÔo sunist¸sec x1, x2

¸ste x1 ∈ W, x2 ∈ W⊥.

JEMA 5o:

(a) 'Estw U =

 1√
2

1√
2

0

? ? ?
−1√

3

1√
3

1√
3

 . Na sumplhr¸sete thn 2h gramm  ¸ste o

pÐnakac U na eÐnai monadiaÐoc.
(b) 'Estw e h kanonik  b�sh tou C3, T : C3 → C3 grammik  apeikìnish kai U

ènac opoisd pote monadiaÐoc pÐnakac me thn morf  pou dÐnetai sto er¸thma (a) ¸ste
(T : e, e) = U. Na aitiolog sete ìti h T eÐnai antistrèyimh apeikìnish kai na upologÐste
to di�nusma T−1(−1, 0, 3).

JEMA 6o:
(a) 'Estw o dianusmatikìc q¸roc Rn me to kanonikì eswterikì ginìmeno < ·, · >

kai x, y ∈ Rn. DeÐxte ìti | < x, y > | ≤ ‖x‖‖y‖ ìpou ‖x‖, ‖y‖ ta m kh twn x, y.
(b) 'EstwW o upìqwroc tou R4 pou par�getai apì ta dianÔsmata v1 = (1, 1, 0, 1), v2 =

(1, 0, 1, 0). BreÐte orjokanonikèc b�seic gia touc q¸rouc W kai W⊥.

JEMA 7o: 'Estw C to sÔnolo twn migadik¸n arijm¸n.
(a) DÐnetai grammik  apeikìnish T : C3 → C3 ¸ste

T (1, 0, 0) = (0, 0, 0), T (0, 1, 1) = (0, 2, 2), T (0, 1,−1) = (0, 3,−3).
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DeÐxte ìti h T eÐnai kanonik  grammik  apeikìnish.
(b) 'Estw {e1, e2, e3} h kanonik  b�sh tou C3. Na brejeÐ isometrÐa T : C3 → C3

¸ste T (ηµθ, συνθ, 0) = e1, T (−συνθ, ηµθ, 0) = 1√
2
e2 + 1√

2
e3.

JEMA 8o:
(a) 'Estw W = {(x, y, z, w) ∈ R4 : x = y + z + w}. DeÐxte ìti o W eÐnai dianus-

matikìc q¸roc kai breÐte mÐa orjokanonik  b�sh tou wc proc to kanonikì eswterikì
ginìmeno tou R4.

(b) Na BrejeÐ o tÔpoc mÐac isometrÐac T : R3 → R3 pou na ikanopoieÐ tic sqèseic

T (1, 0, 0) = (
1√
2
,

1√
2
, 0), T (0, 1, 0) = (0, 0, 1).

JEMA 9o: (a) DÐnetai isometrÐa T : Cn → Cn. DeÐxte ìti

< T (x), T (y) >=< x, y > ∀ x, y ∈ Cn,

ìpou < ·, · > eÐnai to kanonikì eswterikì ginìmeno tou Cn.(Mon. 1)
(b) 'Estw w1 = ( 1√

2
, 1√

2
, 0), w2 = (− 1√

2
, 1√

2
, 0), w3 = (0, 0, 1). Na grafeÐ to

di�nusma w = (a, b, c) wc grammikìc sunduasmìc twn w1, w2, w3. (Mon. 1)

JEMA 10o: 'Estw u = (1, 1, 1).
(a) BreÐte mÐa orjokanonik  b�sh tou q¸rou W = [u]⊥.
(b) Na brejeÐ w0 ∈ W ¸ste

‖v − w0‖ = min{‖v − w‖ : w ∈ W}

ìpou v = (1, 2, 1).

JEMA 11o: (a) 'Estw û = (u1, u2, u3), ŵ = (w1, w2, w3) orjokanonikèc b�seic tou
R3 kai T : R3 → R3 grammik  apeikìnish ¸ste T (ui) = wi, i = 1, 2, 3. DeÐxte ìti h T
eÐnai isometrÐa.

(b) DÐnontai ta dianÔsmata tou R3

u1 = (
1√
2
,

1√
2
, 0), u2 = (

1√
2
,− 1√

2
, 0), u3 = (0, 0, 1),

v1 = (
1√
3
,

1√
3
,

1√
3
), v2 = (− 2√

6
,

1√
6
,

1√
6
), v3 = (0, 1, 0),

kai T : R3 → R3 grammik  apeikìnish ¸ste T (ui) = vi, i = 1, 2, 3. DeÐxte ìti h T eÐnai
isomorfismìc. EÐnai h T isometrÐa?

JEMA 12o:
DÐnontai ta dianÔsmata

u1 =
1√
3
(1, i, 1, 0), u2 =

1√
2
(1,−i, 0, 0), u3 =

√
6

25
(−5

6
,−5

6
i,

5

3
, 0) ∈ C4.

(a) DeÐxte ìti ta u1, u2, u3 eÐnai orjokanonik� wc proc to kanonikì eswterikì
ginìmeno tou C4 kai epekteÐnetè ta se orjokanonik  b�sh tou C4.

(b) Gr�yte to v = (1, 1, 1, 0) wc grammikì sunduasmì twn u1, u2, u3.

7


