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Kef�laio 2

To Je¸rhma Cayley-Hamilton

kai to el�qisto polu¸numo

Sto kef�laio autì ja epikentrwjoÔme se dÔo jèmata. To pr¸to eÐnai èna shman-

tikì je¸rhma thc Grammik c 'Algebrac, to je¸rhma twn Cayley kai Hamilton, kai

to deÔtero eÐnai h ènnoia tou qarakthristikoÔ poluwnÔmou enìc grammikoÔ telest ,

thn opoÐa ja qrhsimopoi soume sto epìmeno kef�laio.

2.1 To je¸rhma Cayley-Hamilton

'Estw T : V → V ènac grammikìc telest c ston dianusmatikì q¸ro V epÐ tou

s¸matoc F kai èstw f(x) = a0 + aax + · · · + anx
n èna polu¸numo me suntelestèc

sto F.
Gr�foume T2 = T ◦T, T3 = T2 ◦T, k.o.k. OrÐzoume ton grammikì telest 

f(T) = a0 IdV +a1T+a2T
2+ · · ·+ anT

n ∈ L(V ).

Parìmoia, an A ∈Mn×n(F), orÐzoume ton pÐnaka

f(A) = a0 In +a1A+a2A
2+ · · ·+ anA

n ∈Mn×n(F).

Par�deigma 2.1. 'Estw T : R2 → R2 me tÔpo T(a, b) = (a + b, a− b) kai èstw
f(x) = x2 − 3x+ 2. Tìte T2(a, b) = T(a+ b, a− b) = (2a, 2b) kai

f(T)(a, b) = (T2−3T+2 IdR2)(a, b)

= (2a, 2b)− (3a+ 3b, 3a− 3b) + 2(a, b)

= (a− 3b, 3a+ 7b).
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EpÐshc, an A =

(
2 1

0 −1

)
, tìte

f(A) = A2−3A+2 I2

=

(
4 1

0 1

)
− 3

(
2 1

0 −1

)
+ 2

(
1 0

0 1

)

=

(
0 −2
0 −6

)

Upojètoume ìti dim(V ) = n. Tìte dim(L(V )) = n2. An T ∈ L(V ) tìte ta

stoiqeÐa T0,T1,T2, . . . ,Tn2 ∈ L(V ) eÐnai n2 to pl joc, �ra eÐnai grammik¸c exar-

thmèna. Sunep¸c, up�rqoun a0, a1, . . . , an2 ∈ F, ìqi ìla mhdèn, tètoia ¸ste

a0 IdV +a1T+a2T
2+ · · ·+ an2 Tn2

= T0

ìpou T0 eÐnai o mhdenikìc telest c ston L(V ) (me tÔpo T0(x) = 0 ∈ V gia k�je

x ∈ V ).

'Ara blèpoume ìti o telest c T mhdenÐzei to polu¸numo a0+a1x+a2x2+· · ·+an2xn
2

bajmoÔ n2, o opoÐoc ìmwc eÐnai polÔ meg�loc.

To er¸thma eÐnai an up�rqei k�poio �llo polu¸numo mikrìterou bajmoÔ to opoÐo

na {mhdenÐzetai} apì ton telest  T. H ap�nthsh eÐnai h ex c:

Je¸rhma 2.1. (Cayley-Hamilton) 'Estw V dianusmatikìc q¸roc peperasmènhc

di�stashc, T ∈ L(V ) kai èstw f(t) to qarakthristikì polu¸numo tou T. Tìte

f(T) = T0.

Ja d¸soume mia apìdeixh sth sunèqeia.

Pìrisma 2.1. 'Estw A ∈ Mn×n(F) kai èstw f(t) to qarakthristikì polu¸numo

tou pÐnaka A. Tìte f(A) = 0, o mhdenikìc n× n pÐnakac.

Par�deigma 2.2. 'Estw T : R2 → R2 me T(a, b) = (2a+ b, a− b).
O pÐnakac tou T wc proc thn kanonik  diatetagmènh b�sh B = {e1, e2} tou R2 eÐnai

o A = {T}B =

(
2 1

1 −1

)
. To qarakthristikì polu¸numo tou telest  T (�ra kai

tou pÐnaka A) eÐnai

f(t) = det(A−t I) = det

(
2− t 1

1 −1− t

)
= t2 − t− 3.
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Tìte

f(A) = A2−A−3 I =

(
5 1

1 2

)
−

(
2 1

1 −1

)
−

(
3 0

0 3

)
=

(
0 0

0 0

)
.

EpÐshc eÔkola prokÔptei ìti

f(T) = T2−T−3 IdR2 = T0 .

Par�deigma 2.3. 'Estw A =


1 0 1 1

1 1 1 0

0 0 1 0

0 0 1 1

 .

Upojètoume ìti o A antistrèfetai. Ja upologÐsoume ton antÐstrofo A−1.

To qarakthristikì polu¸numo tou A eÐnai

f(t) = det(A−t I4) = det


1− t 0 1 1

1 1− t 1 0

0 0 1− t 0

0 0 1 1− t


= (1− t)4 = t4 − 4t3 + 6t2 − 4t+ 1.

Apì to je¸rhma Cayley-Hamilton èqoume ìti

A4−4A3+6A2−4A+ I4 = 0

 

A(A3−4A2+6A−4 I4) = − I4,

sunep¸c

A−1 = −A3+4A2−6A+4 I4 .

Sth sunèqeia, apodeiknÔoume to je¸rhma Cayley-Hamilton.

Apìdeixh. ArkeÐ na apodeÐxoume to je¸rhma gia pÐnakec. Ja d¸soume mia enalla-

ktik  apìdeixh ìpwc parousi�sthke sto Amer. Math. Monthly 2009 kai af noume

ston anagn¸sth na pistopoi sei tic leptomèreiec.

Lìgw thc idiìthtac det(−A) = (−1)n det(A) ac upojèsoume ìti to qarakthristikì

polu¸numo tou pÐnaka A eÐnai

det(t I−A) = c0t
n + c1t

n−1 + · · ·+ cn.
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Ja apodeÐxoume ìti

c0A
n +c1A

n−1+c2A
n−2+ · · ·+ cn I = 0.

ParathroÔme ìti isqÔei

det(I−tA) = t2 det(
1

t
I−A) = c0 + c1t+ c2t

2 + · · ·+ cnt
n. (2.1)

JumÐzoume ìti gia k�je B ∈ Mn×n(F) isqÔei B = adj(B) = det(B) I, ìpou adj(B)

eÐnai o prosarthmènoc pÐnakac tou B. Tìte eÐnai

det(I−tA) I = (I−tA) adj(I−tA). (2.2)

JewroÔme tupikèc dunamoseirèc wc proc th metablht  t kai me suntelestèc sto

Mn×n(F).
Tìte o pÐnakac I−tA eÐnai antistrèyimoc kai èstw

∑∞
i=0A

i ti o antÐstrofìc tou.

Tìte lìgw twn (2.1), (2.2) prokÔptei ìti

(
∞∑
i=0

Ai ti)(c0t
n + c1t

n−1 + · · ·+ cn) I = adj(I−tA). (2.3)

Ekfr�zoume ton pÐnaka adj(I−tA) wc mia tupik  dunamoseir�
∑∞

i=0 Bi t
i, Bi ∈

Mn×n(F), sunep¸c h (2.3) paÐrnei th morf 

(c0t
n + c1t

n−1 + · · ·+ cn)(
∞∑
i=0

Ai ti) =
∞∑
i=0

Bi t
i. (2.4)

Epeid  ta stoiqeÐa tou pÐnaka adj(I−tA) eÐnai polu¸numa wc proc t bajmoÔ to polÔ

n− 1, ja eÐnai Bi = 0 gia k�je i ≥ n.

Sunep¸c, exis¸nontac touc suntelestèc tou ìrou tn apì ta dÔo mèlh thc (2.4)

prokÔptei ìti

c0A
n +c1A

n−1+c2A
n−2+ · · ·+ cn I = 0.

2.2 To el�qisto polu¸numo

'Estw T ∈ L(V ) ènac grammikìc telest c epÐ enìc dianusmatikoÔ q¸rou V pepera-

smènhc di�stashc.
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Orismìc 2.1. 'Estw T ∈ L(V ). 'Ena polu¸numo p(t) onom�zetai el�qisto polu¸numo

(minimal polynomial) tou T ean

a) To p(t) èqei suntelest  megistob�jmiou ìrou 1

b) K�je polu¸numo pou mhdenÐzetai apì ton telest  T èqei bajmì megalÔtero   Ðso

tou p(t).

Parat rhsh 2.1. K�je telest c T epÐ enìc dianusmatikoÔ q¸rou V di�stashc

n èqei èna el�qisto polu¸numo bajmoÔ to polÔ n.

Pr�gmati, apì to je¸rhma Cayley-Hamilton to qarakthristikì polu¸numo p(t) tou

telest  T bajmoÔ n ikanopoieÐ f(T) = T0. Epilègoume èna polu¸numo g(t) ela-

qÐstou bajmoÔ tètoio ¸ste g(T) = T0 kai diair¸ to g(t) me ton suntelest  tou

megistob�jmiou ìrou tou. Tìte prokÔptei èna polu¸numo p(t) bajmoÔ to polÔ n.

H monadikìthta tou elaqÐstou poluwnÔmou prokÔptei apì thn parak�tw prìta-

sh.

Prìtash 2.1. 'Estw p(t) èna el�qisto polu¸numo tou telest  T ∈ L(V ), ìpou

V eÐnai dianusmatikìc q¸roc peperasmènhc di�stashc. Tìte

1) An g(t) eÐnai èna polu¸numo tètoio ¸ste g(t) = T0 tìte to p(t) diaireÐ to g(t).

Eidikìtera, to p(t) diaireÐ to qarakthristikì polu¸numo tou T.

2) To el�qisto polu¸numo tou telest  T eÐnai monadikì.

Orismìc 2.2. To el�qisto polu¸numo p(t) enìc pÐnaka A ∈ Mn×n(F) eÐnai to

elaqÐstou bajmoÔ polu¸numo me pr¸to suntelest  mon�da tètoio ¸ste p(A) = 0.

Prìtash 2.2. 'Estw dim(V ) < ∞. Tìte to qarakthristikì polu¸numo kai to

el�qisto polu¸numo enìc telest  T ∈ L(V ) (  pÐnaka A) èqoun tic Ðdiec idiotimèc.

Apìdeixh. 'Estw f(t) to qarakthristikì polu¸numo tou T kai p(t) to el�qisto

polu¸numo tou T.

Epeid  to p(t) diaireÐ to f(t), up�rqei polu¸numo q(t) tètoio ¸ste f(t) = q(t)p(t).

Ean λ eÐnai mia rÐza tou p(t) tìte

f(λ) = q(λ)p(λ) = q(λ)0 = 0,

�ra to λ eÐnai kai rÐza tou f(t).

AntÐstrofa, èstw ìti to λ eÐnai mia rÐza tou f(t), dhlad  mia idiotim  tou T. 'Estw

x ∈ V èna idiodi�nusma pou antistoiqeÐ sthn λ. Tìte o arijmìc p(λ) eÐnai mia idiotim 

tou telest  p(T) kai x eÐnai idiodi�nusma pou antistoiqeÐ sthn p(λ) ('Askhsh). Tìte

0 = T0(x) = p(T)(x) = p(λ)(x).
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Epeid  x 6= 0, prokÔptei ìti p(λ) = 0, dhlad  to λ eÐnai rÐza tou p(t).

Pìrisma 2.2. 'Estw dim(V ) <∞ kai T ∈ L(V ) me el�qisto polu¸numo p(t) kai

qarakthristikì polu¸numo f(t). An

f(t) = (t− λ1)n1(t− λ2)n2 . . . (t− λk)nk ,

ìpou λ1, λ2, . . . , λk eÐnai oi diakekrimmènec idiotimèc tou T, tìte up�rqoun akèraioi

m1, · · · ,mk me 1 ≤ mi ≤ ni (i = 1, · · · , k) tètoioi ¸ste

p(t) = (t− λ1)m1(t− λ2)m2 . . . (t− λk)mk .

Par�deigma 2.4. Na brejeÐ to el�qisto polu¸numo tou pÐnakaA =

 0 1 0

−4 4 0

−2 1 2

.

To qarakthristikì polu¸numo tou A eÐnai

f(t) = det(A−t I3) = t3 − 6t2 + 12t− 8 = (t− 2)3.

Ta upoy fia el�qista polu¸numa eÐnai ta t− 2, (t− 2)2   to f(t) = (t− 2)3. All�

A−2 I3 =

 −2 1 0

−4 2 0

−2 1 0

 6= 0

kai

(A−2 I3)2 = 0.

Sunep¸c to el�qisto polu¸numo tou A eÐnai to

p(t) = (t− 2)2 = t2 − 4t+ 4.

Par�deigma 2.5. 'Estw T : P2(R)→ P2(R) me T(g(x)) = g′(x). Ja broÔme to

el�qisto polu¸numo tou telest  T.

O pÐnakac tou T wc proc thn kanonik  diatetagmènh b�sh B tou P2(R) eÐnai

[T]B =

 0 1 0

0 0 2

0 0 0

 ,

�ra to qarakthristikì polu¸numo tou T eÐnai to f(t) = −t3. Ta upoy fia el�qista
polu¸numa eÐnai t, t2, t3. Epeid 

T2(x2) = T(T(x2)) = 2 6= 0,

eÐnai T2 6= 0, sunep¸c to el�qisto polu¸numo eÐnai to t3.
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'Askhsh 2.1. 'Enac tetragwnikìc pÐnakac A antistrèfetai an kai mìno an to

el�qisto polu¸numo tou T den èqei rÐza to 0.

Qrhsimopoi¸ntac to el�qisto polu¸numo mporoÔme na d¸soume èna krit rio

diagwniopoÐhshc enìc telest . H apìdeixh paraleÐpetai.

Je¸rhma 2.2. 'Estw dim(V ) < ∞ kai T ∈ L(V ). Tìte o T eÐnai diagwniopoi-

 simoc e�n kai mìno e�n to el�qisto polu¸numo p(t) tou T gr�fetai wc ginìmeno

prwtobajmÐwn paragìntwn

p(t) = (t− λ1)(t− λ2) · · · (t− λk),

ìpou λ1, λ2, . . . , λk eÐnai oi diakekrimmènec idiotimèc tou T.

Par�deigma 2.6. 'Estw T : P2(R) → P2(R) o telest c T(g(x)) = g′(x). Br -

kame parap�nw to qarakthristikì polu¸numo tou T to p(t) = t3. 'Ara o T den eÐnai

diagwniopoi simoc.

Par�deigma 2.7. 'Estw A =

(
2 5

6 1

)
. To qarakthristikì polu¸numo tou A

eÐnai to

f(t) = det

(
2− t 5

6 1− t

)
= (t− 7)(t+ 4)

to opoÐo eÐnai kai to el�qisto (giatÐ?).

Sunep¸c o pÐnakac A eÐnai diagwnopoi simoc.

Par�deigma 2.8. ApodeÐxte ìti an A ∈Mn×n(R) tètoioc ¸ste A = A3 tìte o A

eÐnai diagwniopoi simoc.

JewroÔme to polu¸numo g(t) = t3 − t = t(t + 1)(t − 1). Tìte isqÔei g(A) = 0,

sunep¸c to el�qisto polu¸numo p(t) tou A diaireÐ to g(t) (giatÐ?).

Epeid  to g(t) èqei diakekrimmènec rÐzec, to Ðdio sumbaÐnei kai gia to p(t), sunep¸c

o A eÐnai diagwniopoi simoc.

2.3 Ask seic

'Askhsh 2.2. BreÐte to el�qisto polu¸numo twn parak�tw pin�kwn:

(
2 1

1 2

)
,

(
1 1

0 1

)
,

 4 −14 5

1 −4 2

1 −6 4

 .
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'Askhsh 2.3. Na brejeÐ to el�qisto polu¸numo twn parak�tw grammik¸n apei-

konÐsewn:

1) T : R2 → R2 me T(x, y) = (x+ y, x− y).
2) T : P2(R)→ P2(R) me T(f) = −xf ′′ + f ′ + 2f.

3) T :Mn×n(R)→Mn×n(R) me T(A) = At (parathreÐste ìti T2 = Id).

'Askhsh 2.4. PoioÐ apì touc pÐnakec thc �skhshc 2.2 kai poièc apì tic apeikonÐseic

thc �skhshc 2.3 eÐnai diagwniopoi simoi/mec?

'Askhsh 2.5. Na brejoÔn ìloi oi grammikoÐ telestèc T tou R2 oi opoÐoi na eÐnai

diagwniopoi simoi kai na ikanopoioÔn th sqèsh T3−2T2+T = T0 (T0 o mhdenikìc

telest c).

'Askhsh 2.6. DÐnetai o pÐnakac A =

 −5 b a

−4 2 a

−4 b 0

, a, b ∈ R.

1) An eÐnai gnwstì ìti λ1 = −1 eÐnai mia idiotim  tou A pollaplìthtac 3, na

upologÐsete tic timèc twn paramètrwn a, b.

Gia tic timèc twn a, b ∈ R tou erwt matoc 1)

2) BreÐte to el�qisto polu¸numo tou pÐnaka A.

3) ApodeÐxte ìti isqÔoun oi sqèseic A3 = 3A+2 I, A4 = −4A−3 I.
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