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Kef�laio 1

O duðkìc q¸roc

1.1 Basikèc idiìthtec

'Estw V,W dÔo dianusmatikoÐ q¸roi epÐ enìc s¸matoc F (kurÐwc F = R   C)
kai jewroÔme ton dianusmatikì q¸ro L(V,W ) ìlwn twn grammik¸n apeikonÐsewn

T : V → W . Ja melet soume thn idiaÐterh perÐptwsh ìpou W = F, dhlad  to

sÔnolo L(V,F) = {f : V → F |f grammik }

Orismìc 1.1. O dianusmatikìc q¸roc L(V,F) onom�zetai o duðkìc q¸roc tou V

(dual space) kai sumbolÐzetai me V ∗.

Ta stoiqeÐa tou V ∗ onom�zontai kai grammik� sunarthsoeid    grammikèc morfèc.

Par�deigma 1.1. 'Estw V = R3 kai f : V → R me f(x, y, z) = x+ y + z.

Par�deigma 1.2. 'Estw V = Mn×n(F) kai f : V → F me f(A) = trA.

Par�deigma 1.3. 'Estw V = {x : [0, 2π]→ R : xsuneq c} kai g ∈ V . OrÐzoume
th sun�rthsh f : V → R me

f(x) =
1

2π

∫ 2π

0

x(t)g(t)dt

.

Sthn perÐptwsh pou h g(t) isoÔtai me sin(nt)   cos(nt), tìte to sunarthsoeidèc

f(x) onom�zetai n−ostìc suntelest c Fourier thc x.

Par�deigma 1.4. 'Estw V ènac dianumatikìc q¸roc peperasmènhc di�stashc

kai èstw B = {x1, . . . , xn} mia diatetagmènh b�sh tou V . Gia k�je i = 1, . . . , n
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orÐzoume fi : V → F me fi(x) = ai, ìpou x =
∑n

i=1 aixi ≡ [x]B. To sunarthsoei-

dèc fi onom�zetai h i-sun�rthsh suntetagmènwn wc proc th b�sh B. EpÐshc, eÐnai

fi(xj) = δij ìpou δij eÐnai to dèlta tou Kronecker.

E�n o V eÐnai peperasmènhc di�stashc, tìte

dim(V ∗) = dim(L(V,F)) = dim(V ) dim(F) = dim(V ), sunep¸c oi V kai V ∗ eÐnai

isìmorfoi. Ja doÔme p¸c mporoÔme na broÔme mia b�sh tou V ∗ e�n gnwrÐzoume mia

b�sh tou V .

Je¸rhma 1.1. 'Estw V ènac dianusmatikìc q¸roc di�stashc n kai èstw B =

{β1, . . . , βn} mia diatetagmènh b�sh tou V . An fi (1 ≤ i ≤ n), eÐnai h i-sun�rthsh

suntetagmènwn wc proc th b�sh B, tìte to sÔnolo B∗ = {f1, . . . , fn} apoteleÐ mia
b�sh tou V ∗. Epiplèon, gia k�je f ∈ V isqÔei f =

∑n
i=1 f(βi)fi.

Orismìc 1.2. H b�sh tou Jewr matoc 1.1 onom�zetai h duðk  b�sh thc B. Gia

th b�sh aut  isqÔei fi(βj) = δij.

ApodeiknÔoume to Je¸rhma 1.1.

Apìdeixh. Oi dianusmatikoÐ q¸roi V kai V ∗ èqoun thn Ðdia di�stash, �ra arkeÐ na

deÐxoume ìti to sÔnolo B∗ par�gei to V ∗, dhlad  ìti

f =
∑

f(βi)fi

Jètoume g =
∑
f(βi)fi. Tìte gia k�je 1 ≤ j ≤ n eÐnai

g(βj) =

(∑n
i=1 f(βi)fi

)
(βj) =

∑n
i=1 f(βi)fi(βj)

=
∑n

i=1 f(βi)δij = f(βj)

Oi grammikèc sunart seic g kai f sumfwnoÔn se mia b�sh B, �ra eÐnai Ðsec, dhlad 

f = g.

Par�deigma 1.5. 'Estw h diatetagmènh b�sh B = {(1, 2), (3, 4)} tou R2. Zht�me

th duðk  thc b�sh B∗ = {f1, f2}. Ja broÔme touc tÔpouc twn apeikonÐsewn f1 kai

f2.

'Estw {e1, e2} h kanonik  diatetagmènh b�sh tou R2. Tìte ex' orismoÔ thc B∗ h f1

ikanopoieÐ

1 = f1(1, 2) = f1(e1 + 2e2) = f1(e1) + 2f1(e2)

0 = f1(3, 4) = f1(3e1 + 4e2) = 3f1(e1) + 4f1(e2)



1.2. ASK�HSEIS 3

LÔnontac tic parap�nw exis¸seic wc proc f1(e1) kai f1(e2) brÐskoume ìti f1(e1) = −2

kai f1(e2) = 3
2
, sunep¸c

f1(x, y) = f1(xe1 + ye2) = xf1(e1) + yf1(e2) = −2x+
3

2
y

Parìmoia, prokÔptei ìti f2(x, y) = x− 1
2
y.

Dojèntoc enìc dianusmatikoÔ q¸rou V , orÐsame ton duðkì V ∗ kai wc dianu-

smatikìc q¸roc èqei kai autìc ton duðkì tou (V ∗)∗ ≡ V ∗∗. Ja apodeÐxoume ìti

an o V eÐnai peperasmènhc di�stashc tìte up�rqei ènac kanonikìc isomorfismìc

ψ : V → V ∗∗.

'Estw x ∈ V . OrÐzoume ψ(x) : V ∗ → F wc ψ(x)(f) = f(x) gia k�je f ∈ V ∗. H

apeikìnish ψ(x) eÐnai grammik  �ra ψ(x) ∈ V ∗∗. Ja deÐxoume ìti h ψ eÐnai isomor-

fismìc.

L mma 1.1. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai èstw

x ∈ V . An ψ(x)(f) = 0 gia k�je f ∈ V tìte x = 0.

Apìdeixh. Upojètoume ìti x 6= 0. Ja deÐxoume ìti up�rqei f ∈ V ∗ ¸ste ψ(x)(f) 6=
0 to opoÐo eÐnai �topo.

Pr�gmati, èstw B = {x1, . . . , xn} mia diatetagmènh b�sh tou V tètoia ¸ste x1 = x

kai èstw B∗ = {f1, . . . , fn} h duðk  b�sh thc B. Tìte isqÔei ψ(x)(f1) = f1(x1) =

1 6= 0 pou eÐnai �topo.

Je¸rhma 1.2. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc. Tìte h

apeikìnish ψ : V → V ∗∗ ìpwc orÐsthke parap�nw eÐnai isomorfismìc.

Apìdeixh. Skiagr�fhsh

•EÐnai aplì na deiqjeÐ ìti h ψ eÐnai grammik .

•Lìgw tou L mmatoc 1.1 h ψ eÐnai 1-1.

•Epeid  dim(V ) = dim(V ∗∗) kai h ψ eÐnai 1-1 prokÔptei ìti h ψ eÐnai isomorfismìc.

1.2 Ask seic

'Askhsh 1.1. Gia touc parak�tw dianusmatikoÔc q¸rouc V kai thn antÐstoiqh

b�sh B, na breÐte th duðk  b�sh tou q¸rou V ∗.

(α) V = R3, B = {(1, 0, 1), (1, 2, 1), (0, 0, 1)}.
(β) V = P2(R), B = {1, x, x2}.
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'Askhsh 1.2. 'Estw V = P1(R) kai W = R2 me antÐstoiqec b�seic B = {1, x}
kai Γ = {e1, e2}. OrÐzoume th grammik  apeikìnish T : V → W me T(p) =

(p(0)− 2p(1), p(0) + p′(0)), ìpou p′ eÐnai h par�gwgoc tou poluwnÔmou p.

(α) An f ∈ W ∗ eÐnai h grammik  morf  me

f(a, b) = a− 2b,

upologÐste thn Tt(f).

(β) BreÐte ton pÐnaka
[
Tt
]B∗

Γ∗ me apeujeÐac upologismì.

(γ) BreÐte ton pÐnaka [T]ΓB kai ton antÐstrofì tou, kai sugkrÐnete to apotèlesm�

sac me to er¸thma (β).
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