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Kef�laio 4

OrÐzousec

H ènnoia thc orÐzousac èqei paÐxei istorik� ènan shmantikì rìlo sthn an�ptuxh

thc grammik c �lgebrac, an kai stic mèrec mac h jèsh thc eÐnai ligìtero kentrik .

M�lista, eÐnai dunatìn na anaptuqjeÐ h jewrÐa thc grammik c �lgebrac qwrÐc kajì-

lou thn qrhsimopoÐhsh orizous¸n (blèpe gia par�deigma S. Axler: Linear Algebra

Done Right, 2nd edition, Springer 1997). Ousiastik� sto mìno shmeÐo pou ja tic

qrhsimopoi soume eÐnai ston orismì tou qarakthristikoÔ poluwnÔmou enìc pÐnaka

kai sth melèth twn idiotim¸n tou.

4.1 Orismìc thc orÐzousac

Up�rqoun di�foroi, isodÔnamoi trìpoi na orÐsoume thn orÐzousa enìc pÐnaka kai ìloi

èqoun arket� teqnikì qarakt ra. Ed¸ ja parousi�soume qwrÐc pollèc leptomèreiec

ènan apì autoÔc.

Orismìc 4.1. H orÐzousa (determinant) enìc 2× 2 pÐnaka A =

(
a11 a12

a21 a22

)
me

stoiqeÐa sto s¸ma F eÐnai o arijmìc

det(A) = |A| = a11a22 − a12a21.

ApodeiknÔetai ìti h orÐzousa wc sun�rthsh det : M2×2(F) → F èqei tic ex c

idiìthtec:

1) EÐnai grammik  wc proc k�je gramm , dhlad  an A =

(
A(1)

A(2)

)
, ìpou A(i) h

i-gramm  tou A, tìte

det

(
λA(1) + µA′(1)

A(2)

)
= λ det

(
A(1)

A(2)

)
+ µ det

(
A′(1)

A(2)

)
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80 KEF�ALAIO 4. OR�IZOUSES

kai an�loga gia thn deÔterh gramm .

2) An o A èqei dÔo grammèc Ðdiec, tìte det(A) = 0.

3) det(I2) = 1.

AntÐstrofa, èstw D : M2×2(F)→ F mÐa sun�rthsh tètoia ¸ste

1) H D na eÐnai grammik  wc proc k�je gramm .

2) An A èqei dÔo grammèc Ðdiec, tìte D(A) = 0.

3) D(I2) = 1.

Tìte D(A) = det(A) = a11a22 − a12a21.

MÐa endiafèrousa efarmog  eÐnai h ex c:

Prìtash 4.1. 'Estw A ∈ M2×2(F). Tìte h orÐzousa tou A eÐnai mh mhdenik  e�n

kai mìno e�n o A eÐnai antistrèyimoc. Epiplèon, e�n o A eÐnai antistrèyimoc, tìte

A−1 =
1

det(A)

(
a22 −a12

−a21 a11

)
.

Parat rhsh

H orÐzousa enìc 2×2 pÐnaka èqei thn ex c gewmetrik  ermhneÐa. AnA =

(
a11 a12

a21 a22

)
kai ta dianÔsmata (a11, a12), (a21, a22) eÐnai grammik¸c anex�rthta, tìte an Π =

span{(a11, a12), (a21, a22)} to parallhlìgrammo ston R2 pou par�getai apì ta dia-

nÔsmata - grammèc tou A, tìte Embadì(Π) = | det(A)|.

Par�deigma

'Estw a = (2, 0), b = (3, 5). Tìte ìpwc faÐnetai apì to parak�tw sq ma ja eÐnai

Embadì(Π) = 2 · 5 = 10 = det

(
2 0

3 5

)
.

Erqìmaste t¸ra na orÐsoume orÐzousa gia pÐnakec n× n, n > 2.

Orismìc 4.2. MÐa sun�rthshD : Mn×n(F)→ F onom�zetai sun�rthsh orÐzousac

e�n ikanopoieÐ ta ex c:

1) H D eÐnai grammik  wc proc k�je gramm .
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2) H D eÐnai enall�sousa, dhlad  e�n dÔo geitonikèc grammèc eÐnai Ðdiec tìte

D(A) = 0.

3) D(In) = 1.

O parap�nw orismìc èqei tic ex c sunèpeiec, oi apodeÐxeic twn opoÐwn eÐnai ar-

ket� teqnikèc.

Idiìthtec thc OrÐzousac

1) An o pÐnakac B prokÔptei apì ton pÐnaka A me enallag  dÔo gramm¸n, tìte

D(B) = −D(A).

2) An dÔo grammèc tou pÐnaka A eÐnai Ðdiec, tìte D(A) = 0.

3) An mÐa gramm  tou pÐnaka A eÐnai (0, 0, . . . , 0) tìte D(A) = 0.

4) An o pÐnakac B prokÔptei apì ton A pollaplasi�zontac mÐa gramm  tou A me

λ 6= 0, tìte D(B) = λD(A).

5) An o pÐnakac B prokÔptei apì ton A prosjètontac sthn gramm  j èna polla-

pl�sio thc gramm c i (i 6= j) tìte D(B) = D(A).

To er¸thma t¸ra eÐnai e�n up�rqei tètoia sun�rthsh pou na ikanopoieÐ tic idiìthtec

1)− 5) kai kurÐwc pwc upologÐzetai.

H ap�nthsh dÐnetai apì to ex c:
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Je¸rhma 4.1. 'Estw D : Mn×n(F)→ F mÐa sun�rthsh orÐzousac. Tìte gia k�je

1 ≤ j ≤ n+ 1 h apeikìnish εj : M(n+1)×(n+1)(F)→ F me tÔpo

εj(A) =
n+1∑
i=1

(−1)i+jaijD(Ãij)

(an�ptugma kat� thn j st lh) eÐnai mÐa sun�rthsh orÐzousac. O n× n pÐnakac Ãij

prokÔptei apì ton A = (aij) diagr�fontac thn i - gramm  kai thn j - st lh.

Me epagwg  prokÔptei plèon to ex c:

Pìrisma 4.1. Gia k�je n ≥ 2 up�rqei mÐa sun�rthsh orÐzousac.

Parat rhsh

O arijmìc (−1)i+jD(Ãij) onom�zetai h ell�ssousa orÐzousa pou antistoiqeÐ sto aij
(cofactor of aij).

Par�deigma

Ja upologÐsoume thn orÐzousa tou pÐnaka

A =

 1 2 3

4 5 6

7 8 9

 .

Ja k�noume an�ptuxh kat� thn trÐth st lh (j = 3). Gia i = 1, 2, 3 upologÐzoume

touc arijmoÔc (−1)i+3D(Ãi3). EÐnai,

gia i = 1,

(−1)1+3

∣∣∣∣∣ 4 5

7 8

∣∣∣∣∣ = −3

gia i = 2,

(−1)2+3

∣∣∣∣∣ 1 2

7 8

∣∣∣∣∣ = 6

gia i = 3,

(−1)3+3

∣∣∣∣∣ 1 2

4 5

∣∣∣∣∣ = −3.

Tìte D(A) = ε3(A) = a13 · (−3) +a23 ·6 +a33 · (−3) = 3 · (−3) + 6 ·6 + 9 · (−3) = 0.

Ja eÐqame brei to Ðdio apotèlesma e�n k�name an�ptuxh kat� thn pr¸th (j = 1)  

thn deÔterh (j = 3) st lh.

H sun�rthsh orÐzousac eÐnai monadik . Autì prokÔptei apì tic parak�tw idiì-

thtec (oi opoÐec kai apoteloÔn idiìthtec thc orÐzousac).
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Je¸rhma 4.2. 'Estw D : Mn×n(F)→ F mÐa sun�rthsh orÐzousac. Tìte

1) An rk(A) < n, tìte D(A) = 0.

2) D(AB) = D(A)D(B).

3) An o A eÐnai antistrèyimoc tìte D(A) 6= 0 kai D(A−1) = (D(A))−1.

4) An A ∈ Mn×n(F) tìte ta ex c eÐnai isodÔnama:

• D(A) = 0

• o A den eÐnai antistrèyimoc

• rk(A) < n

5) det(At) = det(A).

Pìrisma 4.2. H sun�rthsh orÐzousac eÐnai monadik  kai th sumolÐzoume me D =

det   D = | · |.

Me epagwg  apodeiknÔetai kai to ex c qr simo.

Je¸rhma 4.3. H orÐzousa enìc �nw trigwnikoÔ pÐnaka isoÔtai me to ginìmeno twn

diag¸niwn stoiqeÐwn tou.

Par�deigma

'Estw

A =


1 −1 2 −1

−3 4 1 −1

2 −5 −3 8

−2 6 −4 1

 .

Qrhsimopoi¸ntac stoiqei¸deic pr�xeic prokÔptei ìti

det(A) =

∣∣∣∣∣∣∣∣∣
1 −1 2 −1

0 1 7 −4

0 −3 −7 10

0 4 0 −1

∣∣∣∣∣∣∣∣∣ = (−1)1+1 · 1

∣∣∣∣∣∣∣
1 7 −4

−3 −7 10

4 0 −1

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
1 7 −4

−2 0 6

4 0 −1

∣∣∣∣∣∣∣ = (−1)1+2 · 7

∣∣∣∣∣ −2 6

4 −1

∣∣∣∣∣ = −7(2− 24) = 154.
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'Askhsh

'Estw

B =


1 −1 2 1

2 −1 −1 4

−4 5 −10 −6

3 −2 10 −1

 .

DeÐxte ìti det(B) = 18.

ShmeÐwsh

GenikeÔontac thn gewmetrik  ermhneÐa mÐac orÐzousac 2× 2, an

A =
(
A(1) A(2) A(3)

)
eÐnai ènac 3 × 3 pÐnakac kai oi grammèc A(1), A(2), A(3) eÐnai grammik¸c anex�rth-

tec, tìte isqÔei ìti | det(A)| = ìgko tou parallhlepipèdou tou R3 me pleurèc ta

dianÔsmata A(1), A(2), A(3).

Apì autì eÐnai safèc ìti mporoÔme na orÐsoume wc ìgko parallhlepipèdou ston

Rn ton arijmì | det(A)| gia k�je A ∈ Mn×n(R). H ènnoia aut  (an th skeftoÔme

wc stoiqei¸dh ìgko ston Rn) sundèetai me an�ptuxh jewrÐac olokl rwshc ston Rn

all� kai se pio genikoÔc q¸rouc (genikeÔontac kat�llhla thn ènnoia thc orÐzou-

sac).

4.2 Efarmogèc: Kanìnac Cramer kai upolo-

gismìc t�xhc pÐnaka

O kanìnac tou Cramer gia epÐlush susthm�twn n exis¸sewn me n agn¸stouc eÐ-

nai mÐa apì tic palaiìterec mejìdouc epÐlushc enìc grammikoÔ sust matoc. Den

brÐsketai se eureÐa qr sh lìgw tou meg�lou upologistikoÔ qrìnou pou apaiteÐ.

Je¸rhma 4.4. 'Estw Ax = B èna sÔsthma n exis¸sewn me n agn¸stouc. E�n

det(A) 6= 0 tìte to sÔsthma èqei monadik  lÔsh

 x1

...

xn

, h opoÐa dÐnetai wc ex c:

xk =
det(Mk)

det(A)
,

ìpou Mk eÐnai o n× n pÐnakac pou prokÔptei apì ton A antikajist¸ntac thn st lh

A(k) me thn st lh B twn stajer¸n ìrwn.
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Par�deigma

Na lujeÐ to grammikì sÔsthma

x1 + x2 + x3 = 1

2x1 + 3x2 + 4x3 = 2

5x1 + 4x2 + 6x3 = −1

 .

To sÔsthma gr�fetai wc 1 1 1

2 3 4

5 4 6


 x1

x2

x3

 =

 1

2

−1

⇔ Ax = B.

EÐnai

det(A) = 1 ·

∣∣∣∣∣ 3 4

4 6

∣∣∣∣∣−
∣∣∣∣∣ 2 4

5 6

∣∣∣∣∣+

∣∣∣∣∣ 2 3

5 4

∣∣∣∣∣ = 3 6= 0.

UpologÐzoume

M1 =

∣∣∣∣∣∣∣
1 1 1

2 3 4

−1 4 6

∣∣∣∣∣∣∣ = 1 ·

∣∣∣∣∣ 3 4

4 6

∣∣∣∣∣−1 ·

∣∣∣∣∣ 2 4

−1 6

∣∣∣∣∣+ 1 ·

∣∣∣∣∣ 2 3

−1 4

∣∣∣∣∣ = 2−16 + 11 = −3,

M2 =

∣∣∣∣∣∣∣
1 1 1

2 2 4

5 −1 6

∣∣∣∣∣∣∣ = 1 ·

∣∣∣∣∣ 2 4

−1 6

∣∣∣∣∣− 1 ·

∣∣∣∣∣ 2 4

5 6

∣∣∣∣∣+ 1 ·

∣∣∣∣∣ 2 2

5 −1

∣∣∣∣∣ = −8,

M3 =

∣∣∣∣∣∣∣
1 1 1

2 3 2

5 4 −1

∣∣∣∣∣∣∣ = −6.

Sunep¸c,

x1 =
det(M1)

det(A)
=
−3

3
= −1,

x1 =
det(M2)

det(A)
=
−8

3
= −8

3
,

x1 =
det(M3)

det(A)
=
−6

3
= −2.

'Ara h monadik  lÔsh eÐnai h (x1, x2, x3) = (−1,−8
3
,−2).

MÐa deÔterh efarmog  eÐnai o upologismìc tou antÐstrofou enìc pÐnaka.
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Prìtash 4.2. 'Estw A ∈ Mn×n(F) antistrèyimoc. Tìte

A−1 =
1

det(A)
adj(A),

ìpou adj(A) = (bij) onom�zetai o prosarthmènoc (adjoint) pÐnakac tou A kai èqei

stoiqeÐa bij = (−1)i+j det(Ãji), kai o pÐnakac Ãji orÐsthke sto Je¸rhma 4.1.

Par�deigma

Na brejeÐ (an up�rqei) o antÐstrofoc tou pÐnaka

A =

 1 −1 2

2 2 −1

−1 2 4

 .

EÐnai det(A) = 29 6= 0, �ra o A eÐnai antistrèyimoc. KaleÐtai o anagn¸sthc na

pistopoi sei ìti

adj(A) =

 10 8 −3

−7 6 5

6 −1 4

 .

Gia par�deigma, to stoiqeÐo 5 sth jèsh (2, 3) prokÔptei wc ex c: K�noume pr¸ta

pros mansh tou arqikoÔ pÐnaka wc ex c + − +

− + −
+ − +

 .

Sth sunèqeia upologÐzoume thn ell�ssousa orÐzousa pou antistoiqeÐ sto stoiqeÐo

(3, 2)
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dhlad  det

(
1 2

2 −1

)
= −1 − 4 = −5. 'Ara to stoiqeÐo sth jèsh (2, 3) eÐnai

to −(−5) = 5 (epeid  h jèsh (2, 3) èqei l�bei prìshmo ��−��). Sunep¸c,

A−1 =
1

det(A)
adj(A) =

1

29

 10 8 −3

−7 6 5

6 −1 4

 .

H teleutaÐa efarmog  eÐnai ènac enallaktikìc trìpoc upologismoÔ thc t�xhc e-

nìc pÐnaka. An kai den eÐnai polÔ qrhstikìc (idiaÐtera gia meg�louc pÐnakec) bohj�ei

se zht mata diereÔnhshc problhm�twn pou sqetÐzontai me thn t�xh enìc pÐnaka.

Prìtash 4.3. H t�xh enìc pÐnaka A eÐnai k e�n kai mìno e�n isqÔoun ta ex c:

1) Up�rqei ell�ssousa orÐzousa t�xhc k mh mhdenik .

2) 'Olec oi (k + 1)-t�xhc orÐzousec tou A eÐnai mhdèn.

Par�deigma

'Estw

A =

 1 2 3

−1 −3 1

0 −1 4

 .

EÐnai det(A) = 0 kai

∣∣∣∣∣ 1 2

−1 −3

∣∣∣∣∣ = −1 6= 0, �ra rk(A) = 2.

4.3 Ask seic

1) 'Estw

A =


1 2 3 . . . n

−1 0 3 . . . n

−1 −2 0 . . . n
...

. . .
...

−1 −2 −3 . . . 0

 .

DeÐxte ìti det(A) = 1 · 2 · 3 · · ·n = n!.

2) 'Estw ìti

A =

 0 1 + i 1 + 2i

1− i 0 2− 3i

1− 2i 2 + 3i 0

 ∈ M3×3(C).

DeÐxte ìti det(A) = 6.
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3) BreÐte thn t�xh tou pÐnaka

 1 1 2 1

1 2 −1 −2

1 3 1 5

 .

4) BreÐte ton antÐstrofo (an up�rqei) tou pÐnaka

A =

 1 −1 2

2 2 −1

−1 2 4

 .

5) 'Estw

A =

 1 2b 2c

1 b− a− c 2c

1 2b c− a− b

 .

DeÐxte ìti det(A) = (a+ b+ c)2.

6) 'Enac pÐnakac A ∈ Mn×n(R) onom�zetai orjog¸nioc e�n AAt = In. ApodeÐxte

ìti an o A eÐnai orjog¸nioc, tìte det(A) = ±1.

7) 'Estw A,B ∈ M2×2(F). ApodeÐxte ìti (AB −BA)2 = − det(AB −BA)I2.

8) Na upologistoÔn oi orÐzousec∣∣∣∣∣∣∣
1 2 3

8 9 4

7 6 5

∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣

1 + x 2 + x 3 + x

8 + x 9 + x 4 + x

7 + x 6 + x 5 + x

∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣
x1 x2 x3

x8 x9 x4

x7 x6 x5

∣∣∣∣∣∣∣ .
9) Na upologisteÐ h orÐzousa∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0 0

−1 1 1 0 0

0 −1 1 1 0

0 0 −1 1 1

0 0 0 −1 1

∣∣∣∣∣∣∣∣∣∣∣∣
.

10) Na upologistoÔn oi orÐzousec∣∣∣∣∣∣∣∣∣
0 0 a1 b1

0 0 a2 b2

a3 b3 0 0

a4 b4 0 0

∣∣∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣∣
a1 0 0 b1

0 a2 b2 0

0 b3 a3 0

b4 0 0 a4

∣∣∣∣∣∣∣∣∣ .
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11) Na deiqjeÐ ìti∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1

a1 a2 a3 . . . an

a2
1 a2

2 a2
3 . . . a2

n

. . . . . . . . . . . . . . .

an−1
1 an−1

2 an−1
3 . . . an−1

n

∣∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i<j≤n

(aj − ai)

(orÐzousa tou Vandermonde). Sugkekrimèna, an V eÐnai o n × n pÐnakac tou

opoÐou h (i, j)-jèsh isoÔtai me ji−1, tìte

det(V ) = (n− 1)(n− 2)2 · · · 2n−2.

12) 'Estw A ènac n× n pragmatikìc pÐnakac.

i) Na deiqjeÐ ìti an At = −A kai n perittìc, tìte |A| = 0.

ii) Na deiqjeÐ ìti an A2 + I = 0, tìte o n prèpei na eÐnai �rtioc.

iii) IsqÔei to ii) an o A eÐnai migadikìc pÐnakac?

13) Na deiqjeÐ ìti an gia ènan pÐnaka A isqÔei A3 = 2I, tìte o pÐnakac B = A2 −
2A+ 2I eÐnai antistrèyimoc.

14) Na upologistoÔn oi orÐzousec twn parak�tw pin�kwn. Wc s¸ma èqoume dialèxei

to C.  9 0 0

4 8 0

3 2 7

 ,

 4 −5 2

2 8 1

6 −1 3

 ,

 −2 + i −1 5i

3 3 + 2i −2i

4i 0 1 + i

 .
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