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Kef�laio 1

DianusmatikoÐ Q¸roi

1.1 Orismìc - Idiìthtec

To basikì antikeÐmeno melèthc thc grammik c �lgebrac eÐnai o dianusmatikìc q¸roc.

O anagn¸sthc mporeÐ na èqei kat� nou to sÔnolo twn sunhjismènwn dianusm�twn

me tic sun jeic pr�xeic prìsjeshc kai bajmwtoÔ pollaplasiasmoÔ, parìla aut� ja

melet soume sÔnola pio genik�, twn opoÐwn ta stoiqeÐa ja upakoÔn se idiìthtec

parìmoiec me autèc twn dianusm�twn (p.q. sÔnola pin�kwn, poluwnÔmwn, EukleÐ-

deioi q¸roi). Autì to opoÐo mac endiafèrei proc melèth eÐnai h <<grammik  dom >> tou

q¸rou.

Sta parak�tw ja sumbolÐzoume me F to s¸ma (field) twn pragmatik¸n arijm¸n

R   twn migadik¸n arijm¸n C.

Orismìc 1.1. 'Enac dianusmatikìc q¸roc (vector space) epÐ tou F eÐnai èna mh

kenì sÔnolo V (ta stoiqeÐa tou opoÐou ja onom�zontai dianÔsmata) efodiasmèno me

dÔo pr�xeic

+ : V × V −→ V

(x, y) 7−→ x+ y <<prìsjesh>>

· : F× V −→ V

(λ, x) 7−→ λ · x ≡ λx <<bajmwtìc pollaplasiasmìc   ginìmeno>>,

oi opoÐec ikanopoioÔn tic ex c idiìthtec:

i) x+ y = y + x gia k�je x, y ∈ V .

ii) (x+ y) + z = x+ (y + z) gia k�je x, y, z ∈ V .

iii) Up�rqei èna stoiqeÐo 0 ∈ V (mhdenikì di�nusma) tètoio ¸ste x + 0 = x gia

k�je x ∈ V .
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iv) Gia k�je stoiqeÐo x ∈ V up�rqei èna stoiqeÐo y ∈ V tètoio ¸ste x+ y = 0.

v) 1 · x = x gia k�je x ∈ V .

vi) (λ+ µ) · x = λ · x+ µ · x gia k�je λ, µ ∈ F, x ∈ V .

vii) (λµ) · x = λ · (µ · x) gia k�je λ, µ ∈ F, x ∈ V .

viii) λ · (x+ y) = λ · x+ λ · y gia k�je λ ∈ F, x, y ∈ V .

Parathr seic

1) O orismìc exart�tai apì to s¸ma F. H ènnoia tou dianusmatikoÔ q¸rou orÐzetai

gia opoiad pote s¸ma F, all� emeÐc ja perioristoÔme sthn perÐptwsh pou F = R  

C qwrÐc idiaÐterh ap¸leia thc genikìthtac thc ìlhc jewrÐac.

2) An F = R o V onom�zetai pragmatikìc dianusmatikìc q¸roc en¸ an F = C o V

onom�zetai migadikìc dianusmatikìc q¸roc.

ParadeÐgmata

1) To sÔnolo Fn = {x = (a1, . . . , an) : ai ∈ F} apoteleÐ dianusmatikì q¸-

ro epÐ tou F me pr�xeic prìsjesh kai pollaplasiasmì kat� suntetagmènh. An

x = (a1, . . . , an), y = (b1, . . . , bn), λ ∈ F tìte x + y = (a1 + b1, . . . , an +

bn), λx = (λa1, . . . , λan). 'Ena stoiqeÐo me thn idiìthta iii) tou OrismoÔ 1.1 eÐ-

nai to 0 = (0, 0, . . . , 0). 'Ena di�nusma tou Fn ja mporeÐ na gr�fetai eÐte ¸c èna

di�nusma-gramm  (a1, . . . , an) eÐte wc èna di�nusma-st lh

 a1

...

an

 .

'Etsi to R3 eÐnai dianusmatikìc q¸roc epÐ tou R, ìpou gia par�deigma

(−2, 3, 4) + (1,−1, 8) = (−1, 2, 12)

kai

−3(4, 0,−1) = (−12, 0, 3)

kai to C2 eÐnai dianusmatikìc q¸roc epÐ tou C ìpou gia par�deigma

(2 + 3i, 1) + (1− i, 4i) = (3− 2i, 1 + 4i)

kai

i(2 + i, 3) = (−1 + 2i, 3i).
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2) To C eÐnai dianusmatikìc q¸roc epÐ tou R.

3) To sÔnolo twn sun jwn dianusm�twn me pr�xeic th gewmetrik  prìsjesh ~v+ ~w

kai bajmwtì pollaplasiasmì λ~v (λ ∈ R) ìpwc tic gnwrÐzoume apì thn analutik 

gewmetrÐa apoteleÐ dianusmatikì q¸ro.

4) To sÔnolo twn akolouji¸n F∞ = {(a1, a2, . . . ) : ai ∈ F} epÐ tou F me tic Ðdiec

pr�xeic ìpwc sto Par�deigma 1.

5) 'Estw A 6= ∅ kai V = {f : A → F}. OrÐzoume pr�xeic sto V wc (f + g)(x) =

f(x) + g(x), (λf)(x) = λf(x), λ ∈ F. Tìte to sÔnolo V eÐnai dianusmatikìc q¸roc

epÐ tou F.

6) 'Enac m × n pÐnakac (matrix) me stoiqeÐa apì to s¸ma F eÐnai mia orjog¸nia

di�taxh thc morf c


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn


ìpou k�je stoiqeÐo aij (1 ≤ i ≤ m, 1 ≤ j ≤ n) eÐnai èna stoiqeÐo tou F. SumbolÐ-

zoume ton parap�nw pÐnaka kai wc A = (aij). Ta stoiqeÐa ai1, ai2, . . . , ain sunistoÔn

thn i-gramm  tou pÐnaka A kai ta stoiqeÐa a1j, a2j, . . . , amj sunistoÔn thn j-st lh

tou pÐnaka A. Ta stoiqeÐa aij me i = j onom�zontai diag¸nia stoiqeÐa tou pÐnaka

A. E�n m = n tìte o pÐnakac A ∈ Mn×n(R) onom�zetai tetragwnikìc. O n × n
pÐnakac me ìla ta stoiqeÐa 0 ∈ F onom�zetai mhdenikìc pÐnakac kai sumbolÐzetai me

0.

DÔo m × n pÐnakec A = (aij), B = (bij) onom�zontai Ðsoi e�n ta antÐstoiqa

stoiqeÐa touc eÐnai Ðsa, dhlad  aij = bij gia k�je 1 ≤ i ≤ n, 1 ≤ j ≤ m.

SumbolÐzoume me Mm×n(F) to sÔnolo ìlwn twn m × n pin�kwn me stoiqeÐ-

a apì to F. OrÐzoume dÔo pr�xeic sto sÔnolo Mm×n(F) prìsjesh kai bajmwtì

pollaplasiasmì wc ex c: 'Estw A = (aij), B = (bij) ∈ Mm×n(F) kai λ ∈ F. Tìte

(A + B)ij = (aij + bij) kai (λA)ij = (λaij). Gia par�deigma, sto sÔnolo M2×3(R)

eÐnai

(
1 2 3

4 5 6

)
+

(
−1 0 4

3 −1 −2

)
=

(
0 2 7

7 4 4

)
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kai

−4

(
1 0 0

2 −3 4

)
=

(
−4 0 0

−8 12 −16

)
.

Me tic parap�nw pr�xeic to sÔnolo Mm×n(F) apoteleÐ ènan dianusmatikì q¸ro epÐ

tou F.

7) 'Ena polu¸numo me suntelestèc sto s¸ma F eÐnai mÐa èkfrash thc morf c

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, (1.1)

ìpou n mh arnhtikìc akèraioc. Ta stoiqeÐa ai ∈ F onom�zontai suntelestèc tou

poluwnÔmou. An p(x) = 0, dhlad  an = an−1 = · · · = a1 = a0, to p(x) onom�zetai

mhdenikì polu¸numo. O bajmìc tou poluwnÔmou eÐnai o mègistoc ekjèthc tou x

pou emfanÐzetai sthn èkfrash (1.1). Sto mhdenikì polu¸numo jètoume sumbatik�

bajmì −1 (   kai −∞ merikèc forèc).

Duì polu¸numa

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

kai

q(x) = bmx
m + bm−1x

m−1 + · · ·+ b1x+ b0

onom�zontai Ðsa e�n m = n kai ai = bi gia i = 0, 1, . . . , n. 'Enac arijmìc x0 ∈ F
onom�zetai rÐza (root) tou poluwnÔmou p(x) e�n p(x0) = 0. Genik� mporoÔme na

jewr soume èna polu¸numo wc mia sun�rthsh p : F → F me tÔpo (1.1). SumbolÐ-

zoume me P(F) to sÔnolo ìlwn twn poluwnÔmwn me suntelestèc sto sÔnolo F. Ja

orÐsoume dÔo pr�xeic sto P(F) wc ex c: 'Estw

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

kai

q(x) = bmx
m + bm−1x

m−1 + · · ·+ b1x+ b0

dÔo stoiqeÐa tou P(F). Upojètoume ìti m ≤ n kai orÐzoume bm+1 = bm+2 = · · · =

bn = 0 opìte to q(x) gr�fetai wc

q(x) = bnx
n + · · ·+ b1x+ b0.

OrÐzoume

p(x) + q(x) = (an + bn)xn + (an−1 + bn−1)xn−1 + · · ·+ (a1 + b1)x+ (a0 + b0)
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kai gia k�je λ ∈ F

λp(x) = λanx
n + λan−1x

n−1 + · · ·+ λa1x+ λa0.

Me tic pr�xeic autèc to sÔnolo P(F) apokt� dom  dianusmatikoÔ q¸rou.

8) JewroÔme to sÔnolo V = {(a1, a2) : a1, a2 ∈ R} kai orÐzoume dÔo pr�xeic wc

ex c:

(a1, a2) + (b1, b2) = (a1 + b1, a2 − b2)

kai

λ(a1, a2) = (λa1, λa2), (λ ∈ R).

To sÔnolo V den eÐnai dianusmatikìc q¸roc epeid  oi idiìthtec i), ii),vi) tou orismoÔ

den isqÔoun genik�. Gia par�deigma, gia (a1, a2) = (1, 0) kai (b1, b2) = (0, 1) eÐnai

(1, 0) + (0, 1) = (1,−1) 6= (1, 1) = (0, 1) + (1, 0).

Shmei¸noume ìti èna sÔnolo V den eÐnai dianusmatikìc q¸roc ìtan den isqÔei tou-

l�qiston mÐa apì tic idiìthtec i) - viii) kai tìte ja prèpei (ìpwc k�name pio p�nw)

na broÔme èna polÔ sugkekrimèno antipar�deigma (counter-example).

Idiìthtec dianusmatik¸n q¸rwn

Me qr sh twn idiot twn i) - viii) tou OrismoÔ 1.1 eÐnai dunatìn na apodeiqjoÔn oi

parak�tw idiìthtec (�skhsh).

1) To di�nusma 0 thc idiìthtac iii) eÐnai monadikì kai ja onom�zetai to mhdenikì

di�nusma tou V .

2) To di�nusma y thc idiìthtac iv) eÐnai monadikì. Ja sumbolÐzetai me −x kai ja

onom�zetai to antÐjeto tou x.

3) Gia k�je x ∈ V kai λ ∈ F isqÔoun ta ex c:

0x = 0, x0 = 0

kai

(−λ)x = −(λx) = λ(−x).
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1.2 Upìqwroi

EÐnai sunhjismènh praktik  sthn �lgebra ìtan orÐzetai èna algebrikì antikeÐmeno

(p.q. om�da, daktÔlioc) eÐnai na orÐsoume èna uposÔnolì tou to opoÐo na èqei thn

antÐstoiqh pr�xh (p.q. upoom�da, upodaktÔlioc).

Orismìc 1.2. 'Ena uposÔnolo W enìc dianusmatikoÔ q¸rou V epÐ tou F onom�ze-

tai (dianusmatikìc) upìqwroc (subspace) tou V e�n toW eÐnai dianusmatikìc q¸roc

epÐ tou F me tic Ðdiec pr�xeic thc prìsjeshc kai bajmwtoÔ poll�plasiasmoÔ tou V .

Sumbolismìc: W < V .

Parathr seic

1) K�je dianusmatikìc q¸roc, V èqei dÔo upoq¸rouc, ton V kai ton mhdenikì ( 

tetrimmèno) upìqwro {0}.

2) K�je upìqwroc W tou dianusmatikoÔ q¸rou V perièqei to mhdenikì di�nusma

0 tou V . Pr�gmati, gia k�je w ∈ W eÐnai W 3 0w = 0. Gia na elègqoume ìti èna

uposÔnoloW enìc dianusmatikoÔ q¸rou V eÐnai upìqwroc arkeÐ na qrhsimopoioÔme

to parak�tw krit rio.

Prìtash 1.1. 'Estw W èna mh kenì uposÔnolo enìc dianusmatikoÔ q¸rou V .

To W eÐnai upìqwroc tou V e�n kai mìno e�n isqÔoun ta ex c:

1) x+ y ∈ W gia k�je x, y ∈ W ,

2) λx ∈ W gia k�je λ ∈ F, x ∈ W .

Apìdeixh. To eujÔ eÐnai �mmeso apì ton orismì. Gia to antÐstrofo, epeid  oi

idiìthtec i)− viii) isqÔoun lìgw tou ìti W ⊂ V , arkeÐ na apodeÐxoume ìti 0 ∈ W
kai ìti gia k�je x ∈ W isqÔei −x ∈ W . Pr�gmati, lìgw thc 2) eÐnai 0w = 0 ∈ W
gia k�je w ∈ W ⊂ V . EpÐshc, W 3 (−1)x = −x gia k�je x ∈ W .

Parat rhsh

'Enac sunhjismènoc trìpoc na elègqoume ìti to W eÐnai mh kenì sÔnolo, eÐnai deÐ-

qnontac ìti 0 ∈ W .

ParadeÐgmata

1) 'Estw W = {(x1, x2, 0) : xi ∈ F} ⊂ F3. Tìte to W eÐnai upìqwroc tou F3.

Pr�gmati, epeid  (0, 0, 0) ∈ W eÐnai W 6= ∅. 'Estw (x1, x2, 0), (y1, y2, 0) ∈ W kai

λ ∈ F. Tìte

(x1, x2, 0) + (y1, y2, 0) = (x1 + y1, x2 + y2, 0) ∈ W
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kai

λ(x1, x2, 0) = (λx1, λx2, 0) ∈ W.

2) 'Estw W = {(x1, x2, x3, x4) ∈ F4 : x3 = x4 + 2}. Tìte to W den eÐnai upìqwroc

tou F4. Prèpei na d¸soume èna antipar�deigma pou na deÐqnei ìti den ikanopoieÐtai

mÐa apì tic apait seic thc Prìtashc 1.1. Pr�gmati, gia to stoiqeÐo (1, 0, 3, 1) ∈ W
kai gia λ = 2 eÐnai 2(1, 0, 3, 1) = (2, 0, 6, 2) /∈ W (epeid  6 6= 2 + 2).

3) 'Estw n mh arnhtikìc akèraioc kai sumbolÐzoume me Pn(F) to sÔnolo ìlwn twn

poluwnÔmwn sto sÔnolo P(F) bajmoÔ to polÔ n. Tìte Pn(F) < P(F).

4) 'Estw W = {p ∈ P(F) : p(2) = 0}. Tìte W < P(F).

5) MerikoÐ upìqwroi tou R2 eÐnai oi {(0, 0)}, R2 kai oi eujeÐec pou dièrqontai apì

thn arq  twn axìnwn. Up�rqoun �lloi? MerikoÐ upìqwroi tou R3 eÐnai oi {0, 0, 0)},
R3, oi eujeÐec pou dièrqontai apì thn arq  kaj¸c kai ta epÐpeda pou dièrqontai apì

thn arq . Up�rqoun �lloi upìqwroi?

6) O an�strofoc (transpose) At enìc m × n pÐnaka eÐnai o n × m pÐnakac pou

prokÔptei apì ton A enall�sontac grammèc kai st lec. Gia par�deigma,

(
2 1 −3

4 1 0

)t

=

 2 4

1 1

−3 0


kai (

1 2

3 4

)t

=

(
1 3

2 4

)
.

'Enac pÐnakac onom�zetai summetrikìc e�n At = A kai antisummetrikìc e�n At = −A.
Parathr ste ìti summetrikoÐ kai antisummetrikoÐ pÐnakec eÐnai anagkastik� tetra-

gwnikoÐ pÐnakec. EÔkola prokÔptoun oi sqèseic (A+B)t = At +Bt, (λA)t = λAt.

Sunep¸c, ta sÔnola twn summetrik¸n kai antisummetrik¸n pin�kwn apoteloÔn upo-

q¸rouc tou dianusmatikoÔ q¸rou Mn×n(F).

7) 'Enac n× n pÐnakac A = (aij) onom�zetai diag¸nioc e�n aij = 0 gia k�je i 6= j,

dhlad  èqei th morf 
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A =

 a11 0
. . .

0 ann

 .

Tìte to sÔnolo ìlwn twn diag¸niwn pin�kwn eÐnai dianusmatikìc upìqwroc tou

Mn×n(F).

8) To Ðqnoc (trace) enìc n× n pÐnaka A = (aij) eÐnai o arijmìc

trA = a11 + a22 + · · ·+ ann ∈ F.

Gia k�je A,B ∈ Mn×n(F) kai λ, µ ∈ F isqÔei ìti tr(λA + µB) = λtrA + µtrB.

Sunep¸c, to sÔnolo

W = {A ∈ Mn×n(F) : trA = 0}

eÐnai upìqwroc tou Mn×n(F) (�skhsh).

1.3 DhmiourgÐa upoq¸rwn apì �llouc

Ja doÔme t¸ra pwc mporoÔme na dhmiourg soume dianusmatikoÔc upoq¸rouc apì

�llouc dianusmatikoÔc q¸rouc.

Prìtash 1.2. An W1,W2 eÐnai upìqwroi tou V tìte h tom  W1

⋂
W2 eÐnai upì-

qwroc tou V .

H ènwsh upoq¸rwn den eÐnai p�nta upìqwroc (d¸ste antipar�deigma). IsqÔei

ìmwc to ex c:

Prìtash 1.3. 'Estw W1,W2 upìqwroi tou V . Tìte h ènwsh W1

⋃
W2 eÐnai

upìqwroc tou V e�n kai mìno e�n eÐte W1 ⊂ W2 eÐte W2 ⊂ W1.

Orismìc 1.3. 'Estw W1,W2, . . . ,Wn upìqwroi tou V . To �jroisma orÐzetai wc

W1 +W2 + · · ·+Wn = {w1 + w2 + · · ·+ wn : wi ∈ Wi}.

To �jroisma eÐnai ènac upìqwroc tou V .

ParadeÐgmata

1) 'Estw W1 = {(x, 0, 0) : x ∈ F},W2 = {(0, y, 0) : y ∈ F}. Tìte W1 + W2 =

{(x, y, 0) : x, y ∈ F}.
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2) 'Estw W1 = {(x, 0, 0) : x ∈ F},W2 = {(y, y, 0) : y ∈ F}. Tìte W1 + W2 =

{(z, y, 0) : z, y ∈ F}.

Parat rhsh

ApodeiknÔetai ìti to �jroisma W1 + W2 + · · · + Wn eÐnai o mikrìteroc upìqwroc

(wc uposÔnolo) tou V pou na perièqei touc upoq¸rouc W1,W2, . . . ,Wn.

Orismìc 1.4. 'Estw U1, U2, . . . , Um upìqwroi tou V . An k�je v ∈ V gr�fetai

kat� monadikì trìpo wc

x = u1 + u2 + · · ·+ um, ui ∈ U,

tìte o V onom�zetai eujÔ �jroisma (direct sum) twn Ui kai gr�foume V = U1 ⊕
U2 ⊕ · · · ⊕ Um.

ParadeÐgmata

1) 'Estw

U1 = {(x, y, 0) ∈ F3 : x, y ∈ F}
U2 = {(0, 0, z) ∈ F3 : z ∈ F}
U3 = {(0, y, y) ∈ F3 : y ∈ F},

upìqwroi tou F3. Tìte F3 = U1 + U2 + U3, epeid 

(x, y, z) = (x, y, 0) + (0, 0, z) + (0, 0, 0),

all� F 6= U1 ⊕ U2 ⊕ U3. Pr�gmati, to (0, 0, 0) gr�fetai me dÔo trìpouc wc

(0, 0, 0) = (0, 1, 0) + (0, 0, 1) + (0,−1,−1)

= (0, 0, 0) + (0, 0, 0) + (0, 0, 0).

2) 'Estw V = P(F) kai Ue, U0 oi upìqwroi tou V me stoiqeÐa ta polu¸numa �rtiou

kai perittoÔ bajmoÔ antÐstoiqa. Tìte

P(F) = Ue ⊕ U0.

Prìtash 1.4. 'Estw U1, U2, . . . , Um upìqwroi tou V . Tìte V = U1⊕U2⊕· · ·⊕Um
e�n kai mìno e�n

1) V = U1 + · · ·+ Um.

2) O mìnoc trìpoc na grafteÐ to 0 ∈ V wc �jroisma 0 = u1 + · · · + um (ui ∈ Ui)
eÐnai ìtan ìla ta ui = 0.
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Apìdeixh. To 1) eÐnai �meso apì ton orismì. Gia to 2) èstw ìti 0 = u1 + · · ·+ um

gia k�poia ui ∈ Ui. Epeid  eÐnai kai 0 = 0 + · · · + 0, apì ton orismì tou eujèwc

ajroÐsmatoc prokÔptei ìti ui = 0. AntÐstrofa, èstw v ∈ V . Lìgw tou 1) eÐnai

v = u1 + · · ·+ um (1.2)

gia k�poia ui ∈ Ui, sunep¸c

V = U1 + · · ·+ Um.

Gia thn monadikìthta, èstw ìti èqoume

v = w1 + · · ·+ wm, (1.3)

wi ∈ Ui. Me afaÐresh twn (1.2) kai (1.3) prokÔptei ìti

0 = (u1 − w1) + · · ·+ (um − wm),

ìpou ui−wi ∈ Ui, sunep¸c apì to 2) prokÔptei ìti ui−wi = 0 gia k�je i = 1, . . . ,m,

�ra ui = wi.

H parak�tw eidik  perÐptwsh èqei endiafèron.

Prìtash 1.5. 'Estw W1,W2 upìqwroi tou V . Tìte V = W1 ⊕W2 e�n kai mìno

e�n V = W1 +W2 kai W1

⋂
W2 = {0}.

Apìdeixh. 'Askhsh.

1.4 GrammikoÐ sunduasmoÐ - Genn torec dia-

nusmatik¸n q¸rwn

Orismìc 1.5. 1) 'Estw V dianusmatikìc q¸roc kai v1, v2, . . . , vm ∈ V . 'Enac

grammikìc sunduasmìc twn v1, v2, . . . , vm eÐnai èna di�nusma thc morf c

λ1v1 + λ2v2 + · · ·+ λmvm, λi ∈ F.

2) To sÔnolo ìlwn twn grammik¸n sunduasm¸n tou sunìlou {v1, v2, . . . , vm} sum-
bolÐzetai wc

span{v1, . . . , vm} = {λ1v1 + · · ·+ λmvm : λi ∈ F}.

(Merik� biblÐa to sumbolÐzoun me 〈v1, . . . , vm〉)
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Par�deigma

'Estw V = F3. Tìte

(7, 2, 9) = 2(2, 1, 3) + 3(1, 0, 1),

�ra (7, 2, 9) ∈ span{(2, 1, 3), (1, 0, 1)}.

IsqÔoun ta ex c: ('Askhsh)

1) To sÔnolo span{v1, . . . , vm} eÐnai upìqwroc tou V kai onom�zetai o upìqwroc pou

par�getai apì ta dianÔsmata v1, . . . , vm   grammik  j kh tou {v1, . . . , vm}.

2) O upìqwroc span{v1, . . . , vm} eÐnai o mikrìteroc upìqwroc tou V pou perièqei

ìla ta dianÔsmata v1, . . . , vm. Sunep¸c, span{∅} = {0}.

Par�deigma

Orismìc 1.6. 1) An span{v1, . . . , vm} = V tìte lème ìti to sÔnolo {v1, . . . , vm}
par�gei ton dianusmatikì q¸ro V ,   ìti ta dianÔsmata v1, . . . , vm eÐnai genn torec

tou V .

2) O dianusmatikìc q¸roc V onom�zetai peperasmènhc di�stashc (finite dimen-

sional) e�n par�getai apì k�poio (peperasmèno) sÔnolo dianusm�twn v1, . . . , vm.

Diaforetik� o V onom�zetai �peirhc di�stashc (infinite dimensional).

ParadeÐgmata

1) O dianusmatikìc q¸roc Fn eÐnai peperasmènhc di�stashc. To sÔnolo
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{(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1)}

par�gei ton Fn (giatÐ?).

2) To sÔnolo {(1, 2), (7,−5)} par�gei ton dianusmatikì q¸ro R2 (giatÐ?).

3) O dianusmatikìc q¸roc Pn(F) twn poluwnÔmwn bajmoÔ to polÔ n eÐnai pepera-

smènhc di�stashc. Pr�gmati, Pn(F) = span{1, z, . . . , zn}.

4) Oi dianusmatikoÐ q¸roi P(F) kai F∞ eÐnai �peirhc di�stashc (�skhsh k�pwc dÔ-

skolh).

5) span{

(
1 1

1 0

)
,

(
1 1

0 1

)
,

(
1 0

1 1

)
,

(
0 1

1 1

)
} = M2×2(R) (giatÐ?).

Parat rhsh

EÐnai dunatìn na oristeÐ upìqwroc enìc dianusmatikoÔ q¸rou V pou par�getai apì

èna mh kenì uposÔnolo S tou V (endeqomènwc kai �peiro). Tìte k�je stoiqeÐo tou

V gr�fetai wc peperasmènoc grammikìc sunduasmìc stoiqeÐwn tou S. O upìqwroc

autìc onom�zetai upìqwroc pou par�getai apì to S kai sumbolÐzetai me span(S).

Gia par�deigma, èstw S = {(cos θ, sin θ) : θ ∈ R} to sÔnolo twn dianusm�twn tou

R2 pou sqhmatÐzoun ton monadiaÐo kÔklo S1. Tìte span(S) = R2.

1.5 Grammik  ex�rthsh kai grammik  anexar-

thsÐa

'Estw v1, . . . , vn dianÔsmata enìc dianusmatikoÔ q¸rou V kai v ∈ span{v1, . . . , vn}.
Tìte up�rqoun a1, . . . , an ∈ F tètoia ¸ste v = a1v1 + · · ·+ anvn. To er¸thma eÐnai

kat� pìson h èkfrash aut  eÐnai monadik . An den eÐnai monadik , tìte ja èqoume

ìti v = a′1v1 + · · ·+ a′nvn (a′i ∈ F) sunep¸c 0 = (a1 − a′1)v1 + · · ·+ (an − a′n)vn.

E�n to 0 ∈ V gr�fetai wc grammikìc sundiasmìc twn v1, . . . , vn mìnon ìtan

ai− a′i = 0, �ra h epilog  twn ai eÐnai monadik , tìte ja lème ìti ta v1, . . . , vn eÐnai

grammik¸c anex�rthta.

Orismìc 1.7. 1) Ta dianÔsmata v1 . . . , vn tou dianusmatikoÔ q¸rou V onom�zon-

tai grammik¸c anex�rthta (linearly independent) e�n o monadikìc trìpoc gia na

grafteÐ to 0 ∈ V wc a1v1 + · · · + anvn = 0 (ai ∈ F) eÐnai ìtan a1 = · · · = an =

0 ∈ F.



1.5. GRAMMIK�H EX�ARTHSH KAI GRAMMIK�H ANEXARTHS�IA 13

2) Ta v1, . . . , vn ja onom�zontai grammik¸c exarthmèna (linearly dependent) e�n den

eÐnai grammik¸c anex�rthta. Dhlad , up�rqoun a1, . . . , an ∈ F ìqi ìla mhdèn

tètoia ¸ste a1v1 + · · ·+ anvn = 0.

ParadeÐgmata

1) Ta dianÔsmata {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0)} eÐnai grammik¸c anex�rthta ston
F4.

2) Ta dianÔsmata {1, x, x2, . . . , xn} eÐnai grammik¸c anex�rthta ston Pn(F).

3) Ta dianÔsmata {

(
1 −3 2

−4 0 5

)
,

(
−3 7 4

6 −2 −7

)
,

(
−2 3 11

−1 −3 2

)
} eÐnai

grammik¸c exarthmèna ston M2×3(R), epeid 

5

(
1 −3 2

−4 0 5

)
+ 3

(
−3 7 4

6 −2 −7

)
− 2

(
−2 3 11

−1 −3 2

)
=

(
0 0 0

0 0 0

)
.

Orismìc 1.8. 'Ena uposÔnolo (endeqomènwc �peiro) S enìc dianusmatikoÔ q¸rou

V onom�zetai grammik¸c exarthmèno e�n up�rqei peperasmèno pl joc dianusm�twn

v1, v2, . . . , vn ∈ S kai a1, a2, . . . , an ∈ F ìqi ìla mhdèn ¸ste a1v1 + · · · + anvn = 0.

Diaforetik� to S onom�zetai grammik¸c anex�rthto.

'Askhsh

To uposÔnolo S = {(cos θ, sin θ) : θ ∈ R} tou R2 eÐnai grammik¸c anex�rthto.
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Parathr seic

1) To kenì sÔnolo eÐnai grammik¸c anex�rthto, epeid  den eÐnai dunatìn na broÔme

stoiqeÐa vi ∈ ∅, ai ∈ F ¸ste na isqÔei h isìthta
∑
aivi = 0.

2) 'Estw S = {v} èna monosÔnolo. An v 6= 0 tìte to S eÐnai grammik¸c anex�rthto.

Pr�gmati, an  tan grammik¸c exarthmèno ja up rqe 0 6= λ ∈ F tètoio ¸ste λv = 0.

Tìte ìmwc ja eÐqame ìti v = λ−1(λv) = λ−10 = 0 �topo. An v = 0 tìte to S eÐnai

grammik¸c exarthmèno, diìti 1 · 0 = 0.

3) Genik� an S = {0, v1, v2, . . . , vn} (n ≥ 1) tìte to S eÐnai grammik¸c exarthmè-

no. Pr�gmati, èstw ìti v1 6= 0. Tìte 1·0+0·v1 +0·v2 +· · ·+0·vn = 0 me 1 6= 0 ∈ F.

EÐnai dunatìn na apodeiqjeÐ to ex c.

Prìtash 1.6. 1) 'Estw S1 ⊂ S2 ⊂ V . An to S1 eÐnai grammik¸c exarthmèno

tìte kai to S2 eÐnai grammik¸c exarthmèno.

2) An to S2 eÐnai grammik¸c anex�rthto tìte kai to S1 eÐnai grammik¸c anex�rthto

('Ameso apì to 1)).

1.6 B�sh - Di�stash

Ja orÐsoume èna polÔ shmantikì uposÔnolo enìc dianusmatikoÔ q¸rou, thn b�sh

tou, to opoÐo ja èqei thn idiìthta ìti k�je stoiqeÐo tou dianusmatikoÔ q¸rou ek-

fr�zetai kat� mondikì trìpo wc grammikìc sunduasmìc twn stoiqeÐwn thc b�shc.

To pl joc twn stoiqeÐwn se mÐa peperasmènh b�sh ja onomasteÐ h di�stash tou

dianusmatikoÔ q¸rou kai apoteleÐ mÐa shmantik  analloÐwth posìtht� tou.

Orismìc 1.9. MÐa b�sh (basis) enìc dianusmatikoÔ q¸rou V eÐnai èna uposÔnolo

B tou V me tic idiìthtec.

1) To B eÐnai grammik¸c anex�rthto

2) To B par�gei ton V , dhlad  V = span(B).

TÐjetai amèswc to er¸thma: 'Eqei k�je dianusmatikìc q¸roc mÐa b�sh? Ja su-

zht soume to er¸thma autì parak�tw.

ParadeÐgmata

1) To kenì sÔnolo ∅ eÐnai mÐa b�sh tou mhdenikoÔ dianusmatikoÔ q¸rou {0}, epeid 
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to ∅ eÐnai grammik¸c anex�rthto kai span{∅} = {0}.

2) H b�sh enìc dianusmatikoÔ q¸rou den eÐnai monadik . Pr�gmati, ta sÔnola

B1 = {(1, 0), (0, 1)} kai B2 = {(1, 3), (7,−4)} apoteloÔn dÔo b�seic tou dianusma-

tikoÔ q¸rou R2.

3) 'Estw e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1). Tìte to sÔno-

lo B = {e1, e2, . . . , en} eÐnai mÐa b�sh tou Fn pou onom�zetai h kanonik  b�sh tou Fn.

4)MÐa b�sh tou dianusmatikoÔ q¸rou Pn(F) eÐnai to sÔnolo B = {1, x, x2, . . . , xn},
to opoÐo onom�zetai h kanonik  b�sh tou Pn(F).

5) Parathr ste ìti span{(1, 2), (3, 5), (4, 7)} = R2, all� to sÔnolo {(1, 2), (3, 5),

(4, 7)} den eÐnai b�sh tou R2 (giatÐ?).

6) 'Estw Eij o m× n pÐnakac me ìla ta stoiqeÐa tou 0 ektìc apì to stoiqeÐo sthn

(i, j)-jèsh pou eÐnai 1. Tìte to sÔnolo {Eij : 1 ≤ i ≤ m, 1 ≤ j ≤ n} apoteleÐ mÐa
b�sh tou Mm×n(F).

7) MÐa b�sh tou dianusmatikoÔ q¸rou P(F) eÐnai to sÔnolo B = {1, x, x2, . . . }.
ParathreÐste ìti to B eÐnai �peiro sÔnolo.

8) An V eÐnai o dianusmatikìc q¸roc twn dianusm�twn tou q¸rou R3 tìte opoia-

d pote trÐa mh par�llhla proc to Ðdio epÐpedo dianÔsmata apoteloÔn mÐa b�sh tou

V .

Je¸rhma 1.1. 'Estw B = {β1, . . . , βn} èna uposÔnolo tou dianusmatikoÔ q¸rou

V . Tìte to B eÐnai mÐa b�sh tou V e�n kai mìno e�n k�je v ∈ V gr�fetai v =

λ1β1 + · · ·+ λnβn (λi ∈ F) kat� monadikì trìpo.

Apìdeixh. Gia to eujÔ, arkeÐ na deÐxoume thn monadikìthta. 'Estw v = λ′1β1 + · · ·+
λ′nβn (λ′i ∈ F) mÐa �llh èkfrash tou v wc grammikìc sunduasmìc twn β1, . . . , βn.

Tìte 0 = (λ1−λ′1)β1 + · · ·+(λn−λ′n)βn kai epeid  to B eÐnai grammik¸c anex�rthto

paÐrnoume ìti λi = λ′i (i = 1, . . . , n).

AntÐstrofa, epeid  apì upìjesh span(B) = V , ja deÐxoume ìti to B eÐnai gram-

mik¸c anex�rthto . Pr�gmati, èstw λ1β1 + · · ·+ λnβn = 0 gia k�poia λi ∈ F. Tìte
lìgw thc monadikìthtac thc graf c tou 0 wc 0 = 0 · β1 + · · ·+ 0 · βn prokÔptei ìti

λi = 0 ∈ F (i = 1, . . . , n).
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To parak�tw je¸rhma eÐnai ousiastik� to kleidÐ prokeimènou na deiqjeÐ ìti k�je

dianusmatikìc q¸roc peperasmènhc di�stashc èqei mÐa b�sh.

Je¸rhma 1.2. An to sÔnolo V = {v1, . . . , vn} par�gei ton dianusmatikì q¸ro V

tìte up�rqei èna uposÔnolo tou S pou eÐnai b�sh tou V .

To je¸rhma ousiastik� lèei ìti eÐnai dunatìn na <<di¸xoume>> dianÔsmata apì to

sÔnolo S ¸ste ta upìloipa na eÐnai grammik¸c anex�rthta kai na par�goun ton V .

Gia thn apìdeix  tou parapèmpoume sth bibliografÐa, h idèa thc ìmwc anadeiknÔetai

sto parak�tw par�deigma.

Par�deigma

Ta dianÔsmata (2,−3, 5), (8,−12, 20), (1, 0,−2), (0, 2,−1) kai (7, 2, 0) par�goun ton

R3 (�skhsh). Epilègoume to pr¸to di�nusma (2,−3, 5). Epeid  (8,−12, 20) =

4(2,−3, 5) ta dianÔsmata {(2,−3, 5), (8,−12, 20)} eÐnai grammik¸c exarthmèna. Sth
sunèqeia elègqoume ìti ta dianÔsmata {(2,−3, 5), (1, 0,−2)} eÐnai grammik¸c ane-

x�rthta. PaÐrnoume to epìmeno, p.q. to (0, 2,−1) kai koit�zoume an ta {(2,−3, 5),

(1, 0,−1), (0, 2,−1)} eÐnai grammik¸c anex�rthta   ìqi. ProkÔptei ìti pr�gmati

eÐnai, kai paÐrnoume to teleutaÐo di�nusma (7, 2, 0). EÐnai 2(2,−3, 5) + 3(1, 0,−2) +

4(0, 2,−1)− (7, 2, 0) = (0, 0, 0) �ra eÐnai grammik¸c exarthmèna, sunep¸c to sÔnolo

S = {(2,−3, 5),(1, 0,

− 2),(0, 2,−1)} eÐnai grammik¸c anex�rthto kai par�gei ton R3.

Pìrisma 1.1. K�je dianusmatikìc q¸roc peperasmènhc di�stashc perièqei mÐa

b�sh.

Apìdeixh. Ex orismoÔ up�rqei peperasmèno uposÔnolo S tou V tètoio ¸ste span(S)

= v. Lìgw tou prohgoÔmenou jewr matoc up�rqei èna uposÔnolo tou S pou na

eÐnai b�sh tou V .

Parathr seic

1) MÐa b�sh tou V = {0} eÐnai to kenì sÔnolo ∅.

2) ApodeiknÔetai ìti kai k�je dianusmatikìc q¸roc �peirhc di�stashc èqei mÐa b�-

sh. H apìdeixh qrhsimopoieÐ to L mma tou Zorn (isodÔnamo tou axi¸matoc epilog c

sth jewrÐa sunìlwn).

To parak�tw je¸rhma apoteleÐ kat� k�poion trìpo to duðkì tou prohgoÔmenou

jewr matoc.
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Je¸rhma 1.3. K�je grammik¸c anex�rthto uposÔnolo enìc dianusmatikoÔ q¸rou

peperasmènhc di�stashc mporeÐ na epektajeÐ se mÐa b�sh. Sugkekrimèna, èstw B

mÐa b�sh tou dianusmatikoÔ q¸rou V me n stoiqeÐa kai èstw S = {y1, . . . , ym} èna
grammik¸c anex�rthto uposÔnolo tou V , m ≤ n. Tìte up�rqei S1 ⊂ B me n −m
stoiqeÐa ¸ste to S

⋃
S1 na eÐnai b�sh tou V .

Par�deigma

'Estw V = P2(R) kai S = {x2−4, x+4} grammik¸c anex�rthto (�skhsh). JewroÔme

th b�sh B = {1, x, x2} tou V kai èstw S1 = {x} ⊂ B. Tìte to sÔnolo B′ =

{x2 − 4, x + 4, x} apoteleÐ b�sh tou V . ApodeÐxte ìti span(B′) = V kai ìti to B′

eÐnai grammik¸c anex�rthto.

Parajètoume merikèc sunèpeiec twn parap�nw jewrhm�twn.

Pìrisma 1.2. 'Estw B mÐa b�sh tou V me n stoiqeÐa. Tìte k�je grammik¸c

anex�rthto uposÔnolo tou V me n stoiqeÐa eÐnai mÐa b�sh tou V .

Pìrisma 1.3. 'Estw V dianusmatikìc q¸roc kai B mÐa b�sh tou V me n stoi-

qeÐa. Tìte k�je uposÔnolo tou V me perissìtera apì n stoiqeÐa eÐnai grammik¸c

exarthmèno. Sunep¸c, k�je grammik¸c anex�rthto uposÔnolo tou V perièqei n to

polÔ stoiqeÐa.

Pìrisma 1.4. 'Olec oi b�seic enìc dianusmatikoÔ q¸rou peperasmènhc di�stashc

èqoun to Ðdio pl joc stoiqeÐwn.

'Etsi odhgoÔmaste ston parak�tw shmantikì orismì.

Orismìc 1.10. H di�stash (dimension) enìc dianusmatikoÔ q¸rou peperasmè-

nhc di�stashc eÐnai to pl joc twn stoiqeÐwn mÐac b�shc tou. An o V den eÐnai

peperasmènhc di�stashc tìte lème ìti o V èqei �peirh di�stash.

SumbolÐzoume me dimF V   dimV thn di�stash tou dianusmatikoÔ q¸rou V epÐ

tou s¸matoc F.

Ston parak�tw pÐnaka dÐnontai merikoÐ dianusmatikoÐ q¸roi pou qrhsimopoioÔn-

tai pio taktik� sthn Grammik  'Algebra me thn antÐstoiqh di�stas  touc. Protrè-

poume ton anagn¸sth na breÐ antÐstoiqec b�seic.
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V dimV

{0} 0

Fn n

Mm×n(F) mn

Pn(F) n+ 1

P(F) ∞

DÔo endiafèrousec eidikèc peript¸seic eÐnai, dimC C = 1 me b�sh B = {1} kai
dimR C = 2 me B = {1, i}, (i =

√
−1).

Merik� apotelèsmata sqetik� me th di�stash

Upojètoume ìti o V eÐnai peperasmènhc di�stashc.

1) An W < V , tìte dimW ≤ dimV . E�n dimW = dimV tìte W = V .

2) K�je uposÔnolo tou V pou par�gei ton V kai perièqei dimV to pl joc stoi-

qeÐa, eÐnai b�sh tou V .

3) K�je grammik¸c anex�rthto uposÔnolo tou V pou perièqei dimV stoiqeÐa eÐnai

mÐa b�sh tou V .

4) An W1 < V , tìte up�rqei W2 < V tètoioc ¸ste V = W1 ⊕W2.

5) An W1,W2 upìqwroi tou V tìte

dim(W1 +W2) = dimW1 + dimW2 − dim(W1

⋂
W2).

Sunep¸c, to �jroisma W1 + W2 eÐnai eujÔ e�n kai mìno e�n dim(W1 + W2) =

dimW1 + dimW2.

ParadeÐgmata

1) 'Estw W o upìqwroc tou Mn×n(F) pou apoteleÐtai apì ìlouc touc diag¸niouc

pÐnakec. MÐa b�sh tou W einai h B = {D11, D22, . . . , Dnn}, ìpou Dii o n × n pÐ-

nakac pou èqei pantoÔ 0 ektìc apì thn (i, i)-jèsh pou èqei 1. Sunep¸c, dimW = n.

2) 'Estw W o upìqwroc tou Mn×n(R) pou apoteleÐtai apì ìlouc touc summetri-

koÔc pÐnakec. MÐa b�sh tou W eÐnai h B = {Aij : 1 ≤ i < j ≤ n} ìpou Aij o n× n
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pÐnakac o opoÐoc èqei pantoÔ 0 ektìc apì tic jèseic (i, j) kai (j, i) pou èqei kai stic

dÔo 1. DeÐxte ìti dimW = n(n+1)
2

.

3) To uposÔnolo {(1, 1, 0), (0, 1, 1), (0, 0, 1)} tou R3 eÐnai grammik¸c anex�rthto,

�ra apoteleÐ mÐa b�sh tou R3.

4) To uposÔnolo {(1, 2), (3, 4)} tou R2 par�gei ton R2, �ra eÐnai mÐa b�sh tou R2.

1.7 Ask seic

1) DÐnontai ta dianÔsmata

a1 = (1,−3, 0, 2), a2 = (−2, 1, 1, 1), a3 = (−1,−2, 1, 3) ∈ R4.

Na exetasjeÐ an ta a1, a2, a3 eÐnai grammik¸c exarthmmèna. Na brejeÐ mÐa b�sh

kaj¸c kai h di�stash tou upìqwrou span{a1, a2, a3}.

2) 'Estw V o upìqwroc tou dianusmatikoÔ q¸rou R4 o opoÐoc par�getai apì ta

dianÔsmata

a1 = (1, 2, 3, 4), a2 = (2, 3, 4, 5), a3 = (3, 4, 5, 6), a4 = (4, 5, 6, 7).

Na brejeÐ mÐa b�sh tou V kaj¸c kai h di�stas  tou.

3) 'Estw ìti ta a1, a2, a3 eÐnai dianÔsmata grammik¸c anex�rthta. Na brejeÐ gia poi�

tim  tou k ta dianÔsmata a2 − a1, ka3 − a2, a1 − a3 eÐnai grammik¸c exarthmèna.

4) 'Estw

W = {

(
a b

b c

)
: a, b, c,∈ R}.

i) Na deiqjeÐ ìti to W eÐnai ènac upìqwroc tou M2×2(R) epÐ tou R kai ìti oi

pÐnakec (
1 0

0 0

)
,

(
0 1

1 0

)
,

(
0 0

0 1

)
,

apoteloÔn mÐa b�sh autoÔ .

ii) Na brejoÔn oi suntetagmènec tou pÐnaka

(
1 −2

−2 3

)
wc proc thn proh-

goÔmenh b�sh.
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5) 'Estw ìti to sÔnolo {a1, a2, . . . , an} (n ≥ 2) apoteleÐ mÐa b�sh tou dianusmatikoÔ

q¸rou V .

i) Na deiqjeÐ ìti to sÔnolo {a1, a1 +a2, . . . , a1 +a2 + · · ·+an} apoteleÐ epÐshc
mÐa b�sh tou V .

ii) IsqÔei to Ðdio gia to sÔnolo {a1 + a2, a2 + a3, . . . , an−1 + an, an + a1}?

6) 'Estw V kai W dÔo dianusmatikoÐ q¸roi epÐ tou F. 'Estw V ×W to sÔnolo

ìlwn twn diatetagmènwn zeÔgwn (v, w), ìpou v ∈ V kai w ∈ W , kai orÐzoume

(v1, w1) + (v2, w2) = (v1 + v2, w1 + w2),

k(v, w) = (kv, kw), k ∈ F.

i) Na deiqjeÐ ìti to V ×W eÐnai ènac dianusmatikìc q¸roc epÐ tou F.

ii) Na deiqjeÐ ìti an oi dianusmatikoÐ q¸roi V kai W eÐnai peperasmènhc di�-

stashc, tìte to Ðdio isqÔei kai gia ton V ×W .

iii) An dimV = m, dimW = n na brejeÐ h di�stash dim(V ×W ).

iv) Na exhghjeÐ giatÐ o dianusmatikìc q¸roc R×R2 mporeÐ na tautisteÐ me ton

R3.

v) Na brejeÐ mÐa b�sh tou R2 ×M2×2(R).

vi) Poi� eÐnai h di�stash tou M2×2(R)×M2×2(R)?

7) 'Estw A ∈ Mn×n(F). Na deiqjeÐ ìti to sÔnolo V = {X : AX = XA} eÐnai ènac
dianusmatikìc q¸roc epÐ tou F. Na brejoÔn ìloi oi pÐnakec pou metatÐjentai me

ton A kai na brejeÐ h di�stash tou dianusmatikoÔ q¸rou V , an

A =

 1 0 0

0 1 0

3 1 2

 .

8) Na brejeÐ o dianusmatikìc q¸roc twn pin�kwn oi opoÐoi metatÐjentai me ton

pÐnaka A, ìpou

i) A = In.

ii) A =

(
1 1

0 1

)
.

iii) A =

(
a 0

0 b

)
, a 6= b.
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iv) A =


0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

.

v) A ènac tuqaÐoc n× n pÐnakac.

9) 'Estw

W = {


x1

x2

x3

x4

 ∈ C4 : x3 = x1 + x2 kai x4 = x1 − x2}.

i) Na deiqjeÐ ìti o W eÐnai ènac upìqwroc tou C4.

ii) Na brejeÐ mÐa b�sh tou W . Poi� h di�stash tou W ?

iii) Na deiqjeÐ ìti to sÔnolo {k(1, 0, 1, 1)t : k ∈ C} eÐnai ènac upìqwroc tou

W .

10) Na deiqjeÐ ìti M2×2(R) = W1 ⊕W2, ìpou

W1 = {

(
a b

−b a

)
: a, b ∈ R}

kai

W2 = {

(
c d

d −c

)
: c, d ∈ R}.

An o V1 eÐnai ènac upìqwroc tou Mn×n(R) o opoÐoc apoteleÐtai apì ìlouc touc

n× n summetrikoÔc pÐnakec, na brejeÐ ènac upìqwroc V2 tou Mn×n(R) ¸ste na

isqÔei V1 ⊕ V2 = Mn×n(R).

11) Gia k�je èna apì ta akìlouja sÔnola poluwnÔmwn tou dianusmatikoÔ q¸rou

P3(R) na exetasjeÐ an to pr¸to polu¸numo mporeÐ na ekfrasteÐ wc grammikìc

sunduasmìc twn upoloÐpwn.

i) 4x3 + 2x2 − 6, x3 − 2x2 + 4x+ 1, 3x3 − 6x2 + x+ 4.

ii) −2x3 − 11x2 + 3x+ 2, x3 − 2x2 + 3x− 1, 2x3 + x2 + 3x− 2.

12) Na deiqjeÐ ìti oi parak�tw pÐnakec par�goun ton M2×2(F).(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)
.
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13) 'Estw

M1 =

(
1 0

0 0

)
,M2 =

(
0 0

0 1

)
,M3

(
0 1

1 0

)
.

Na deiqjeÐ ìti o q¸roc span{M1,M2,M3} isoÔtai me to sÔnolo ìlwn twn sum-

metrik¸n 2× 2 pin�kwn.

14) 'Estw V ènac dianusmatikìc q¸roc epÐ enìc s¸matoc tou opoÐou h qarakthri-

stik  eÐnai di�forh tou 2 (anazht ste sth bibliografÐa thn ènnoia thc qarakth-

ristik c enìc s¸matoc).

i) Na deiqjeÐ ìti to sÔnolo {u, v} (u 6= v) eÐnai grammik¸c anex�rthto e�n kai

mìno e�n to sÔnolo {u+ v, u− v} eÐnai grammik¸c anex�rthto.

ii) Na deiqjeÐ ìti to {u, v, w} eÐnai grammik¸c anex�rthto e�n kai mìno e�n to

{u+ v, u+ w, v + w} eÐnai grammik¸c anex�rthto.

15) Na deiqjeÐ ìti èna sÔnolo S eÐnai grammik¸c anex�rthto e�n kai mìno e�n eÐte

S = {0} eÐte up�rqoun diakekrimmèna dianÔsmata y, x1, x2, . . . , xn tou S tètoia

¸ste to y na eÐnai grammikìc sunduasmìc twn x1, x2, . . . , xn.

16) 'Estw M ènac pÐnakac o opoÐoc eÐnai �nw trigwnikìc kai me diag¸nia stoiqeÐa

di�fora tou 0. Na deiqjeÐ ìti oi st lec tou M eÐnai èna grammik¸c anex�rthto

sÔnolo.

17) Na prosdioristeÐ poiì apì ta akìlouja sÔnola apoteleÐ mÐa b�sh tou R3.

i) {(2,−4, 1), (0, 3,−1), (6, 0,−1)}.

ii) {(1,−3,−2), (−3, 1, 3), (−2,−10,−2)}.

18) 'Opwc h 'Askhsh 17 gia ton dianusmatikì q¸ro P2(R).

i) {1 + 2x+ x2, 3 + x2, x+ x2}.

ii) {−1− x+ 2x2, 2 + x− 2x2, 1− 2x+ 4x2}.

19) 'Estw {x, y} mÐa b�sh enìc dianusmatikoÔ q¸rou V . Na deiqjeÐ ìti ta {x+y, ax}
kai {ax, by} eÐnai b�seic tou V , ìpou a, b 6= 0.

20) 'Estw oi upìqwroi W1 kai W2 tou F5 me

W1 = {(a1, a2, a3, a4, a5) ∈ F5 : a1 − a3 − a4 = 0}

kai

W2 = {(a1, a2, a3, a4, a5) ∈ F5 : a2 = a3 = a4 kai a1 + a5 = 0}.
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Na brejeÐ mÐa b�sh gia ton W1 kai ton W2 kaj¸c kai oi antÐstoiqec diast�seic

aut¸n.

21) Na deiqjeÐ ìti to sÔnolo ìlwn twn �nw trigwnik¸n n × n pin�kwn eÐnai ènac

upìqwroc W tou Mn×n(F). Na brejeÐ mÐa b�sh tou W kaj¸c kai h di�stash

autoÔ.
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