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Did�skwn: A. Arbanitoge¸rgoc

APANTHSTE SE 5 APO TA 7 ISODUNAMA JEMATA

1. (a) JewroÔme tic diaforikèc domèc φ(x) = x, ψ(x) = x3 tou R, ìpou x ∈ R.
ApodeÐxte ìti oi diaforikèc autèc domèc eÐnai diaforetikèc metaxÔ touc, all� oi
pollaplìthtec (R, φ), (R, ψ) eÐnai amfidiaforikèc.
(b) EÐnai h apeikìnish f : R→ R me f(x) = x2 ènac q�rthc thc pollaplìthtac
M = R; Exhg ste.

2. (a) 'Estw f : M → Rm kai fi = ui ◦ f oi sunist¸sec sunart seic thc f
(ui : Rm → R ui(x

1, . . . , xm) = xi). ApodeÐxte ìti h f eÐnai leÐa sto x e�n kai
mìno e�n oi fi eÐnai leÐec sto x, gia k�je i = 1, . . . ,m.
(b) 'Estw f : M → N . ApodeÐxte ìti h f eÐnai leÐa e�n kai mìno e�n gia k�je
g ∈ F(N) h sÔnjesh g ◦ f eÐnai leÐa sthn M .

3. (a) D¸ste ton orismì thc om�dac Lie.
(b) 'Estw MnC to sÔnolo ìlwn twn n × n migadik¸n pin�kwn. ApodeÐxte ìti
to sÔnolo GlnC = {A ∈MnC : det(A) 6= 0} eÐnai mia om�da Lie.
(g) JewroÔme th monadiaÐa om�da U(n) = {A ∈ GlnC : ĀtA = I} kai èstw
HermnC = {A ∈MnC : A = Āt} to sÔnolo ìlwn twn ermhtian¸n pin�kwn. Up-
ologÐste to diaforikì dfA thc apeikìnishc f : GlnC → HermnC, f(A) = ĀtA
se èna shmeÐo A ∈ GlnC kai apodeÐxte ìti autì eÐnai epÐ ìtan perioristeÐ sthn
U(n). Sumper�nete sth sunèqeia ìti h U(n) eÐnai leÐa pollaplìthta di�stashc
n2 kai om�da Lie.
(d) 'Estw SkewnC = {A ∈ MnC : Āt = −A} to sÔnolo ìlwn twn antier-
mhtian¸n pin�kwn. ApodeÐxte ìti dim SkewnC = n2 kai sth sunèqeia ìti
TIU(n) = SkewnC.

4. i) JewroÔme ta dianusmatik� pedÐa X = y ∂
∂x
, Y = x2

2
∂
∂y

tou R2.
(a) UpologÐste to dianusmatikì pedÐo [X, Y ].
(b) BreÐte tic oloklhrwtikèc kampÔlec twn dianusmatik¸n pedÐwn X, Y pou
dièrqontai apì to shmeÐo (1, 1) kai exet�ste an autèc orÐzontai se ìlo to R
(dhl. an ta pedÐa eÐnai pl rh).
(ii) Kataskeu�ste èna leÐo dianusmatikì pedÐo sthn sfaÐra S3 to opoÐo na mhn
mhdenÐzetai poujen�.
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5. (a) An ω eÐnai mia 1-morf  kai X èna dianusmatikì pedÐo se mia pollaplìthta
M , na orÐsete th sun�rthsh ω(X).
(b) ApodeÐxte ìti mia 1-morf  ω se mia pollaplìthta M eÐnai leÐa e�n kai mìno
e�n gia k�je leÐo dianusmatikì pedÐo X sthn M h sun�rthsh ω(X) eÐnai leÐa
sthn M .

6. (a) 'Estw σ1, . . . , σk k to pl joc 1-morfèc se ènan dianusmatikì q¸ro
V . ApodeÐxte ìti oi σ1, . . . , σk eÐnai grammik¸c anex�rthtec e�n kai mìno e�n
σ1 ∧ · · · ∧ σk 6= 0.
(b) AlhjeÔei ìti gia k�je diaforik  1-morf  isqÔei ìti ω ∧ dω = 0;

7. (a) D¸ste ton orismì tou arister� analloÐwtou dianusmatikoÔ pedÐou se
mia om�da Lie.
(b) BreÐte ìla ta arister� analloÐwta dianusmatik� pedÐa thc om�dac Lie GlnR

KALH EPITUQIA!


