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Like fire in a piece of flint, knowledge exists in the mind.
Suggestion is the friction which brings it out.

Vivekananda






Preface to the Second Edition

This expanded and corrected second edition has a new chapter on
the important topic of equidistribution. Undoubtedly, one cannot
give an exhaustive treatment of the subject in a short chapter. How-
ever, we hope that the problems presented here are enticing that the
student will pursue further and learn from other sources.

A problem style presentation of the fundamental topics of ana-
lytic number theory has its virtues, as I have heard from those who
benefited from the first edition. Mere theoretical knowledge in any
field is insufficient for a full appreciation of the subject and one of-
ten needs to grapple with concrete questions in which these ideas
are used in a vital way. Knowledge and the various layers of “know-
ing” are difficult to define or describe. However, one learns much
and gains insight only through practice. Making mistakes is an in-
tegral part of learning. Indeed, “it is practice first and knowledge
afterwards.”

Kingston, Ontario, Canada, September 2007 M. Ram Murty
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Preface to the First Edition

“In order to become proficient in mathematics, or in any subject,”
writes André Weil, “the student must realize that most topics in-
volve only a small number of basic ideas.” After learning these basic
concepts and theorems, the student should “drill in routine exer-
cises, by which the necessary reflexes in handling such concepts
may be acquired. ... There can be no real understanding of the basic
concepts of a mathematical theory without an ability to use them in-
telligently and apply them to specific problems.” Weil’s insightful
observation becomes especially important at the graduate and re-
search level. It is the viewpoint of this book. Our goal is to acquaint
the student with the methods of analytic number theory as rapidly
as possible through examples and exercises.

Any landmark theorem opens up a method of attacking other
problems. Unless the student is able to sift out from the mass of the-
ory the underlying techniques, his or her understanding will only
be academic and not that of a participant in research. The prime
number theorem has given rise to the rich Tauberian theory and a
general method of Dirichlet series with which one can study the as-
ymptotics of sequences. It has also motivated the development of
sieve methods. We focus on this theme in the book. We also touch
upon the emerging Selberg theory (in Chapter 8) and p-adic analytic
number theory (in Chapter 10).



xii Preface

This book is a collection of about five hundred problems in ana-
lytic number theory with the singular purpose of training the begin-
ning graduate student in some of its significant techniques. As such,
it is expected that the student has had at least a semester course in
each of real and complex analysis. The problems have been orga-
nized with the purpose of self-instruction. Those who exercise their
mental muscles by grappling with these problems on a daily basis
will develop not only a knowledge of analytic number theory but
also the discipline needed for self-instruction, which is indispens-
able at the research level.

The book is ideal for a first course in analytic number theory ei-
ther at the senior undergraduate level or the graduate level. There
are several ways to give such a course. An introductory course at
the senior undergraduate level can focus on chapters 1, 2, 3, 9, and
10. A beginning graduate course can in addition cover chapters 4,
5, and 8. An intense graduate course can easily cover the entire text
in one semester, relegating some of the routine chapters such as
chapters 6, 7, and 10 to student presentations. Or one can take up a
chapter a week during a semester course with the instructor focus-
ing on the main theorems and illustrating them with a few worked
examples.

In the course of training students for graduate research, I found
it tedious to keep repeating the cyclic pattern of courses in ana-
lytic and algebraic number theory. This book, along with my other
book “Problems in Algebraic Number Theory” (written jointly with
J. Esmonde), which appears as Graduate Texts in Mathematics, Vol.
190, are intended to enable the student gain a quick initiation into
the beautiful subject of number theory. No doubt, many important
topics have been left out. Nevertheless, the material included here
is a “basic tool kit” for the number theorist and some of the harder
exercises reveal the subtle “tricks of the trade.”

Unless the mind is challenged, it does not perform. The student
is therefore advised to work through the questions with some at-
tention to the time factor. “Work expands to fill the time allotted
to it” and so if no upper limit is assigned, the mind does not get fo-
cused. There is no universal rule on how long one should work on a
problem. However, it is a well-known fact that self-discipline, what-
ever shape it may take, opens the door for inspiration. If the mental
muscles are exercised in this fashion, the nuances of the solution



Preface xiii

become clearer and significant. In this way, it is hoped that many,
who do not have access to an “external teacher” will benefit by the
approach of this text and awaken their “internal teacher.”

Princeton, November 1999 M. Ram Murty
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I Problems






1

Arithmetic Functions

N will denote the natural numbers. An arithmetic function f is a
complex-valued function defined on the natural numbers N. Such
an f is called an additive function if

f(mmn) = f(m) + f(n) (1.1)

whenever m and n are coprime. If (1.1) holds for all m, n, then f is
called completely additive. A multiplicative function is an arith-
metic function f satisfying f(1) = 1 and

f(mn) = f(m)f(n) (1.2)

whenever m and n are coprime. If (1.2) holds for all m, n, then f
is called completely multiplicative. The notation (m, n) will be fre-
quently used to denote the greatest common divisor of m and n.
Thus, (m,n) = 1if and only if m and n are coprime.

Let v(n) denote the number of distinct prime divisors of n. Let
(n) be the number of prime divisors of n counted with multiplic-
ity. Then v and (2 are examples of additive functions. Moreover,
is completely additive, whereas v is not.

Let s € C and consider the divisor functions
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os(n) = Z d’,

dn

where the summation is over the sth powers of the positive divi-
sors of n. The special case s = 0 gives the number of divisors of n,
usually denoted by d(n). It is not difficult to see that for each s € C,
os(n) is a multiplicative function that is not completely multiplica-
tive. We also have a tendency to use the letter p to denote a prime
number.

An important multiplicative function is the Mdbius function, de-
fined by

[ (=)™ if n is square-free,
pln) = { 0 otherwise.

We set (1) = 1.
The Euler totient function given by

w11

is another well-known multiplicative function which enumerates
the number of coprime residue classes (mod n).
The von Mangoldt function, defined by A(1) = 0 and

An) = logp ifn = p® for some o > 1, and p prime
o 0  otherwise,

is neither additive nor multiplicative. Still, it plays a central role in
the study of the distribution of prime numbers.

1.1 The Mobius Inversion Formula
and Applications

Exercise 1.1.1 Prove that
1 if n=1,

> p(d) =

dln 0 otherwise.
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Exercise 1.1.2 (The Mobius inversion formula) Show that

n):Zg(d) Vn e N

din

if and only if
ZN f(n/d)  V¥neN.

Exercise 1.1.3 Show that

> p(d) =

din
Exercise 1.1.4 Show that
p(n) _ — w(d)
n d

Exercise 1.1.5 Let f be multiplicative. Suppose that
n = H pe
p*n
is the unique factorization of n into powers of distinct primes. Show that
) =T+ @) + @) + -+ f).

din peiln

Deduce that the function g(n) = 3_,, f(d) is also multiplicative. The
notation p®||n means that p® is the exact power of p dividing n.

Exercise 1.1.6 Show that
Z A(d) = logn.
dn

Deduce that

=— Z w(d)logd.

din
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Exercise 1.1.7 Show that

> ud) =

d?|n

1 if nis square-free,
0 otherwise.

Exercise 1.1.8 Show that for any natural number k,

{ 1 ifnis kth power-free,

> () =

d*|n 0 otherwise.

Exercise 1.1.9 If for all positive x,

n<x
show that .
Flz) =Y n(n)G(*)
n<x
and conversely.
Exercise 1.1.10 Suppose that
ng ) f(kz)| < oo,

where ds(k) denotes the number of factorizations of k as a product three
numbers. Show that if

z) =Y f(ma),

m=1
then

= uln)g(na
n=1

and conversely.

Exercise 1.1.11 Let \(n) denote Liouville’s function given by A(n) =
(—1)¥) where Q(n) is the total number (counting multiplicity) of prime
factors of n. Show that
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Y M) =

dln 0 otherwise.

{ 1 ifnisasquare,

Exercise 1.1.12 (Ramanujan sums) The Ramanujan sum c,(m) is de-
fined as
hm
wm = ¥ ('),

where e(t) = e2™. Show that
cn(m) = Z du(n/d).
d|(m,n)

Exercise 1.1.13 Show that

1<h<n
(h,n)=1

Exercise 1.1.14 Let § = (n, m). Show that

cn(m) = p(n/6)p(n)/p(n/d).

1.2 Formal Dirichlet Series

If f is an arithmetic function, the formal Dirichlet series attached to
f is given by

D(f,s) =Y fln)n™".
n=1

We define the sum and product of two such series in the obvious
way:

D(f,s)+D(g,s) = Y _(f(n) +g(n)n"*

n=1

and
o

D(f,5)D(g,s) = Y _ h(n)n"*,

n=1
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where

h(n) =Y f(d)g(e).

de=n
We sometimes write h = f * g to denote this equality. It is also
useful to introduce 6(n) = 1ifn = 1, §(n) = 0 for n # 1. Thus
D(6,s) = 1.

Exercise 1.2.1 Let f be a multiplicative function. Show that

D9~ ] (z f(p”)p‘”s> |
P v=0

Exercise 1.2.2 If

show that

where —('(s) = > _.2 ;(logn)n=%.

Exercise 1.2.4 Suppose that

f(n) =2 g(d).
dln

Show that D(f,s) = D(g, s)¢(s).

Exercise 1.2.5 Let A(n) be the Liouville function defined by \(n) =
(=1)¥™), where Q(n) is the total number of prime factors of n. Show
that

¢(s)
Exercise 1.2.6 Prove that
i 2u(n) B CZ(S)
w29
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Exercise 1.2.7 Show that

n ¢(2s)

Exercise 1.2.8 Let d(n) denote the number of divisors of n. Prove that

Zl IM(Z)! _ 4(s)

— d’(n) _ ¢*(s)
; ns  ((2s)

(This example is due to Ramanujan.)

Exercise 1.2.9 For any complex numbers a, b, show that

i ga(n)op(n) _ ¢(s)C(s = a)((s = b)((s —a—b)
— ns ¢(2s —a —b) ’
Exercise 1.2.10 Let g;(n) be 1 if n is kth power-free and 0 otherwise.
Show that

o~ ax(n) _ C(s)
nzzzl ns  ((ks)

1.3 Orders of Some Arithmetical Functions

The order of an arithmetic function refers to its rate of growth. There
are various ways of measuring this rate of growth. The most com-
mon way is to find some nice continuous function that serves as a
universal upper bound. For example, d(n) < n, but this is not the
best possible bound, as the exercises below illustrate.

We will also use freely the “big O” notation. We will write f(n) =
O(g(n)) if there is a constant K such that |f(n)| < Kg¢(n) for all val-
ues of n. Sometimes we use the notation > and write g(n) > f(n) to
indicate the same thing. We may also indicate this by f(n) < g(n).
This is just for notational convenience. Thus d(n) = O(n). However,
d(n) = O(yv/n), and in fact is O(n¢) for any € > 0 as the exercises
below show. We also have ¢(n) = O(n).

It is also useful to introduce the “little 0o” notation. We will write
f(z) = o(g(x)) to mean

f(@)/g(z) =0
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as z — oo. Thus d(n) = o(n?), and in fact, d(n) = o(n°) for any
¢ > 0 by Exercise 1.3.3 below. We also write p®||n to mean p®|n and
pa+1 J(n

Exercise 1.3.1 Show that d(n) < 2/n, where d(n) is the number of di-
visors of n.

Exercise 1.3.2 For any € > 0, there is a constant C(e) such that d(n) <
C(e)nt.

Exercise 1.3.3 For any n > 0, show that

d(n) < 20+ logn/loglogn
for all n sufficiently large.
Exercise 1.3.4 Prove that o1(n) < n(logn + 1).
Exercise 1.3.5 Prove that

cin? < ¢(n)oi(n) < con’
for certain positive constants c¢; and ca.

Exercise 1.3.6 Let v(n) denote the number of distinct prime factors of n.
Show that

1.4 Average Orders of Arithmetical Functions

Let f(n) be an arithmetical function and g(x) a monotonic increas-
ing function of z. Suppose

Y f(n) = wg(z) + o(zg(x))

n<x
as z — oo. We say that g(n) is the average order of f(n).
Exercise 1.4.1 Show that the average order of d(n) is log n.

Exercise 1.4.2 Show that the average order of ¢(n) is cn for some con-
stant c.
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Exercise 1.4.3 Show that the average order of o1(n) is cin for some con-
stant cq.

Exercise 1.4.4 Let qi(n) = 1 if n is kth power-free and zero otherwise.

Show that
Z qrx(n) = cgx + O (azl/k> ,

n<x

where

— (n)
Ck = Z YV
n=1

1.5 Supplementary Problems

Exercise 1.5.1 Prove that

as xr — OQ.

Exercise 1.5.2 Let J,(n) be the number of r-tuples of integers

(a1,a2,...,a,) satisfying 1 < a; < nand ged(ay, ..., ar,n) = 1. Show
that )
Jr(n)=n" (1 — —)
(n) H po

(Jr(n) is called Jordan's totient function. For r = 1, this is, of course,
Euler’s ¢-function.)

Exercise 1.5.3 For r > 2, show that there are positive constants ¢, and
¢ such that
an” < Jy(n) < ean'.

Exercise 1.5.4 Show that the average order of J.(n) is cn” for some con-
stant ¢ > 0.

Exercise 1.5.5 Let di(n) be the number of ways of writing n as a product
of k positive numbers. Show that

n=1

n




12 1. Arithmetic Functions

Exercise 1.5.6 If d; (n) denotes the number of factorizations of n as a
product of k positive numbers each greater than 1, show that

o di(n)

nS

= (¢(s) - D

(]

n=1

Exercise 1.5.7 Let A(n) be the number of nontrivial factorizations of n.
Show that

n=1

as a formal Dirichlet series.

Exercise 1.5.8 Show that

Y n= ¢2(Z):c2 + 0(d(k)z),

n<z
(n,k)=1

where d(k) denotes the number of divisors of k.

Exercise 1.5.9 Prove that

5wty = -y ("),

din
v(d)<r

where v(n) denotes the number of distinct prime factors of n.

Exercise 1.5.10 Let w(x, z) denote the number of n < x coprime to all
the prime numbers p < z. Show that

w(w,2) =[] (1 _ ;) +0(2%).

p<z

Exercise 1.5.11 Prove that

1
Zf > loglogx + ¢
p<w

for some constant c.

Exercise 1.5.12 Let m(x) be the number of primes less than or equal to x.
Choosing z = log x in Exercise 1.5.10, deduce that

(z) = o(@).
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Exercise 1.5.13 Let M (z) = >_, -, u(n). Show that
x
n<x

Exercise 1.5.14 Let F)[z] denote the polynomial ring over the finite field
of p elements. Let Ng be the number of monic irreducible polynomials of
degree d in Fp,[z]. Using the fact that every monic polynomial in Fy,[x] can
be factored uniquely as a product of monic irreducible polynomials, show

that
pn = Z de.
dn

Exercise 1.5.15 With the notation as in the previous exercise, show that
1
N, == d)p™?
n= 0 dz p(d)p
n

and that N,, > 1. Deduce that there is always an irreducible polynomial
of degree n in Fp[z].

Exercise 1.5.16 (Dual Mobius inversion formula) Suppose f(d) =
>_djn 9(n), where the summation is over all multiples of d. Show that

n
g(d) = ; u(Z)fm)
and conversely (assuming that all the series are absolutely convergent).

Exercise 1.5.17 Prove that

Z SOEZH) = cz + O(log z)

for some constant ¢ > 0.

Exercise 1.5.18 For Re(s) > 2, prove that

o~ e(n) _ ((s—1)

n® ¢(s)

n=1
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Exercise 1.5.19 Let k be a fixed natural number. Show that if

=> g(n/d"),
dk|n
then
Z w(d) f(n/dr),
dk|n

and conversely.

Exercise 1.5.20 The mth cyclotomic polynomial is defined as

where (,,, denotes a primitive mth root of unity. Show that
m—1=]]¢a()
dlm

Exercise 1.5.21 With the notation as in the previous exercise, show that

the coefficient of
pp(m)—1

in () is —p(m).
Exercise 1.5.22 Prove that
dm(z) = [J (2 = 1)/,

dlm

Exercise 1.5.23 If ¢, () is the mth cyclotomic polynomial, prove that
if m=p°
Pm(1) =

1 otherwise,
where p is a prime number.
Exercise 1.5.24 Prove that ¢,,(x) has integer coefficients.

Exercise 1.5.25 Let g be a prime number. Show that any prime divisor p
of a? — 1 satisfiesp = 1 (mod q) or p|(a — 1).
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Exercise 1.5.26 Let q be a prime number. Show that any prime divisor p
of 1+a+a%+ - +a? ! satisfiesp=1 (mod q) or p = q. Deduce that
there are infinitely many primes p =1 (mod q).

Exercise 1.5.27 Let g be a prime number. Show that any prime divisor p

of
1+b4b"+ - 4 b1

withb = a?"" satisfies p = 1 (mod ¢*) or p = q.

Exercise 1.5.28 Using the previous exercise, deduce that there are infi-
nitely many primes p = 1 (mod ¢*), for any positive integer k.

Exercise 1.5.29 Let p be a prime not dividing m. Show that p|¢n,(a) if
and only if the order of a (mod p) is m. (Here ¢y, (x) is the mth cyclo-
tomic polynomial.)

Exercise 1.5.30 Using the previous exercise, deduce the infinitude of
primes p =1 (mod m).






2

Primes in Arithmetic Progressions

In 1837 Dirichlet proved by an ingenious analytic method that there
are infinitely many primes in the arithmetic progression

a, a+q, a+2q, a+3q, ...

in which a and ¢ have no common factor and ¢ is prime. The general
case, for arbitrary ¢, was completed only later by him, in 1840, when
he had finished proving his celebrated class number formula. In
fact, many are of the view that the subject of analytic number theory
begins with these two papers. It is also accurate to say that character
theory of finite abelian groups begins here.

In this chapter we will derive Dirichlet’s theorem, not exactly fol-
lowing his approach, but at least initially tracing his inspiration.

2.1 Summation Techniques

A very useful result is the following.

Theorem 2.1.1 Suppose {a, }°; is a sequence of complex numbers and
f(t) is a continuously differentiable function on [1, x]. Set

At) =) an.

n<t
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Then
S anf(n) = A(@) () - / A(t) (1)t

n<x

Proof. First, suppose z is a natural number. We write the left-hand
side as

S anf(n) = S{A(m) ~ A(n— 1)} f(n)

n<x n<z
= ZA(n Z An)f(n+1)
n<lx n<lzr—1
n+1
= - Y An) / £ (t)dt
n<x—1
_ Z/ ‘)
n<z—17"

since A(t) is a step function. Also,
S / dt= [ aws o,
n<zg—17" 1

and we have proved the result if x is an integer. If = is not an integer,
write [z] for the greatest integer less than or equal to x, and observe
that

A(e){f () = f([])} - i At)f'(t)dt =0,

which completes the proof.

Remark. Theorem 2.1.1 is often referred to as “partial summation.”

Exercise 2.1.2 Show that

Z logn = xlogz — x + O(log ).
n<x
Exercise 2.1.3 Show that

1
Z — =logxz + O(1).
n

n<x
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In fact, show that
. 1
Jim (3 —toss)
n<x

exists. (The limit is denoted by v and called Euler’s constant.)

Exercise 2.1.4 Let d(n) denote the number of divisors of a natural num-
ber n. Show that

Z d(n) = zlogz + O(x).
n<x
Exercise 2.1.5 Suppose A(x) = O(x°). Show that for s > §,
o )
an _ s/ A(t)dt
1

ns t8+1 :

n=1
Hence the Dirichlet series converges for s > 4.

Exercise 2.1.6 Show that for s > 1,

$ > {=}
G R A==

where {x} = x — [z]. Deduce that lim,_,;+ (s — 1){(s) = 1.

Consider the sequence {b,(x)}22, of polynomials defined recur-
sively as follows:

bg)(:c) = 1,

X b(z) = rb_1(x) (r>1),
/br(x)dx = 0 (r>1).
0

Thus, from the penultimate equation, b,(z) is obtained by integrat-
ing rb,_1(x), and the constant of integration is determined from the
last condition.

Exercise 2.1.7 Prove that

xt

te
t

o tr
F(x,t) = Zbr(m)ﬁ =4
r=0 ’
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It is easy to see that

bo(z) = 2% —w — 3,
b3(z) = 2® — 322 + L,
ba(z) = 2t — 223 + 2% — L,

bs(z) = 2° — 2% + %x‘g — %:r.

These are called the Bernoulli polynomials. One defines the
rth Bernoulli function B,(z) as the periodic function that coin-
cides with b,(z) on [0,1). The number B, := B,(0) is called the
rth Bernoulli number. Note that if we denote by {z} the quantity
2 — [t], B,(x) = by ({a}).

Exercise 2.1.8 Show that By,1 = 0 forr > 1.

The Bernoulli polynomials are useful in deriving the Euler -
Maclaurin summation formula (Theorem 2.1.9 below).

Let a,b € Z. We will use the Stieltjes integral with respect to the
measure d[t]. Then

b
> s = [ s
a<n<b @
Notice that the interval of summationis a < n < b, so that
b b
> s = [ st [ sz
a<n<b a a
because d[t] = dt — d{t} and B;(t) = {t} — 3, by the theory of the

Stieltjes integral. We can evaluate the last integral by parts:

b b ,
/ F(OdBy () = (F(b) — f(a))By — / By(t)f (1),
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since By (b) = Bi(a) = B1(0). From By(t) = 2B (t), we can write

/ FABL(E) = (F(b) ~ F(@)Br — o / £ (t)dBa(t

provided that f is differentiable on [a, b]. We can iterate this proce-
dure to deduce he following theorem:

Theorem 2.1.9 (Euler-Maclaurin summation formula) Let k be a
nonnegative integer and f be (k + 1) times differentiable on [a, b] with
a,b e Z. Then

r+1
b) - f(r) (a))Bry1

/ F(t)dt + Z
(-1)F /b (k+1)
Example 2.1.10 For integers x > 1,

Zl log + 7+ + s +0 (=
og x —_— — .
P U W 23

n<x

Solution. Put f(¢t) = 1/t in Theorem 2.1.9,a = 1,b = z, and k = 2.

Then
5 3ot () s 1) [ B

2<n<zx

a<n<b

so that

1 1 1 ' Bs(t 1 1
Zzlog:ﬁ—l———/ 3()dt+f—
n 1

t4 2¢ 122"

Since

we must have

Also,

so that the result is now immediate.
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Exercise 2.1.11 Show that for some constant B,
Zi—z\/iJrBJrO(i)
= N NZZa

Exercise 2.1.12 For z € C, and |arg z| < m — 0, where § > 0, show that

Zlog(z—l—j) = <z+n—|—%)log(z+n)
=0

1 " Bi(x)dx
—n—( )10gz+/0 otz

2.2 Characters mod ¢

Consider the group (Z/qZ)* of coprime residue classes mod ¢. A
homomorphism
X (ZfgZ) —C*

into the multiplicative group of complex numbers is called a charac-
ter (mod ¢). Since (Z/qZ)* has order ¢(q), then by Euler’s theorem
we have

a?? =1 (mod q),

and so we must have x¥(9(a) = 1 for all a € (Z/qZ)*. Thus x(a)
must be a ¢(g)th root of unity.
We extend the definition of x to all natural numbers by setting

(n(modgq)) if (n,q) =1,
x(n) = { * 0 ! otl(lergvise.

Exercise 2.2.1 Prove that x is a completely multiplicative function.

We now define the L-series,

L(57X) = Z XT(L?) .
n=1

Since |x(n)| < 1, the series is absolutely convergent for Re(s) > 1.
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Exercise 2.2.2 Prove that for Re(s) > 1,

L(s,x) = H (1 . X(p)>17

S
p p

where the product is over prime numbers p.

The character
xo: (Z/qZ)" — C*

satisfying xo(a) = 1 for all (a,q) = 1 is called the trivial character.
Moreover, if x and v are characters, so is v, as well as ¥ defined by

which is clearly a homomorphism of (Z/qZ)*. Thus, the set of char-
acters forms a group. This is a finite group, as the value of x(a) is a
©(q)th root of unity for (a,q) = 1.

But more can be said. If we write

as the unique factorization of ¢ as a product of prime powers, then
by the Chinese remainder theorem,

Z/qL =~ ®;Z/p;'L
is an isomorphism of rings. Thus,
(Z/qZ)* ~ &;(Z/p"Z)*.

Exercise 2.2.3 Show that (Z/pZ)* is cyclic if p is a prime.

An element g that generates (Z/pZ)* is called a primitive root
(mod p).

Exercise 2.2.4 Let p be an odd prime. Show that (Z/p®Z)* is cyclic for
any a > 1.

In the previous exercise it is crucial that p is odd. For instance,
(Z/8Z)* is not cyclic but rather isomorphic to the Klein four-group
727 x 7/2Z. However, one can show that (Z/2°Z)* is isomorphic
to a direct product of a cyclic group and a group of order 2 for o > 3.
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Exercise 2.2.5 Let a > 3. Show that 5 (mod 2%) has order 242,

Exercise 2.2.6 Show that (Z/2°Z)* is isomorphic to (Z/2Z) X
(Z.)20727), for a > 3.

Exercise 2.2.7 Show that the group of characters (mod q) has order p(q).

Exercise 2.2.8 If x # xo, show that

Z x(a) = 0.

a(mod q)

Exercise 2.2.9 Show that

_ [ ole) if n=1(modg),
Z x(n) = { 0 otherwise.
X(mod q)

2.3 Dirichlet’s Theorem

The central idea of Dirichlet’s argument is to show that
T S
s—1+ p3 N ’
p=a(mod q)

where the summation is over primes p = a (mod q).
If ¢ = 1, this is clear, because

P v’
and .
log¢(s) = — Zlog (1 — E)
P
- ; (; n;”5>

upon using the expression

=z
—log(l —x) = Z —
n=1
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Observing that
lim ((s) = +o0
s—1+ C( )
by virtue of the divergence of the harmonic series, we get

lim log((s) = 4oc.

S— 1 +
Consequently,

: 1
i (2%

P n>2

1
npns> = +00.

In view of the fact for s > 1,

1 1 1
>0 nSSZZWS§M<w

n
p n>2 P p n>2

we deduce

1
lim — = +00.
8—>1+ ; pS

Exercise 2.3.1 Let x = xq be the trivial character (mod q). Show that

lim log L(s, xo0) = +0o0.

s—1t

Exercise 2.3.2 Show that for s > 1,

Z IOg L(S, X) = (P(Q) Z Z n;ns :

x (mod q) n>1 p?=1(mod q)

Exercise 2.3.3 Show that for s > 1 the Dirichlet series

o

% = 11 LGx)

n=1 x(mod q)

has the property that a; = 1 and a, > 0 for n > 2.

25

Exercise 2.3.4 For x # xo, a Dirichlet character (mod q), show that

| > < X(n)| < q. Deduce that

x(n)

L(37X) -

n=1

converges for s > 0.
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Exercise 2.3.5 If L(1, x) # 0, show that L(1,%) # 0, for any character
X 7# Xo modg.

Exercise 2.3.6 Show that

lim (s —1)L(s, x0) = ¥(q)/q.

s—1+

Exercise 2.3.7 If L(1, x) # 0 for every x # xo, deduce that

li - 1) L(
i L s 40
x(mod q)

and hence

p=1(mod q)
Conclude that there are infinitely many primes p = 1(mod q).
This exercise shows that the essential step in establishing the in-
finitude of primes congruent to 1 (mod g) is the nonvanishing of

L(1, x). The exercise below establishes the same for other progres-
sions (mod q).

Exercise 2.3.8 Fix (a,q) = 1. Show that

Z X(G)X(n) :{ g(Q) lf nE_a (mOdQ)a

otherwise.
x(mod q)
Exercise 2.3.9 Fix (a,q) = 1.If L(1, x) # 0, show that

lim (s — 1) H LSXXC”#O

—>1+
# x (mod q)

Deduce that

p=a(mod q)

The essential thing now is to show that L(1,x) # 0 for x # xo.
Historically, this was a difficult step to surmount. Now, there are
many ways to establish this. We will take the most expedient route.
We will exploit the fact that

II L

X (mod q)
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is a Dirichlet series > > a,n~® with a; = 1 and a,, > 0. If for some
x1, L(1, x1) = 0, we want to establish a contradiction.

Exercise 2.3.10 Suppose x1 # X1 (that is, x1 is not real-valued). Show
that L(1, x1) # 0 by considering F'(s).

It remains to show that L(1, x) # 0 when x is real and not equal
to xo.

We will establish this in the next section by developing an inter-
esting technique discovered by Dirichlet that was first developed by
him not to tackle this question, but rather another problem, namely
the Dirichlet divisor problem.

2.4 Dirichlet’s Hyperbola Method

Suppose we have an arithmetical function f = g * h. That is,
Z g(d)h(n/d)
dln

for two arithmetical functions g and h. Define

G(z) =) g(n),
H(z) = h(n)

Theorem 2.4.1 For anyy > 0,

Do f) =Y g@H () + 3 n@G(G) - cwH().

n<z d<y <z
Proof. We have

Yo f) = Y g(d)he)

n<z de<z
_ Z, g(d)h(e) + > gld)h(e)
_ f:yg(d)ﬂ<d) +d>i ne){G(2) - 6w}
d<y e<y
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The method derives its name from the fact that the inequality
de < x is the area underneath a hyperbola. Historically, this method
was first applied to the problem of estimating the error term F(x)
defined as

E(x) = oo(n) - {z(logz) + (2y - 1)z},

n<x
where o (n) is the number of divisors of n and ~y is Euler’s constant.

Exercise 2.4.2 Prove that

Z oo(n) = zlogz + (2y — 1)z + O(V/x).

n<x

Exercise 2.4.3 Let x be a real character (mod gq). Define

=> x(d)

dn

Show that f(1) = 1 and f(n) > 0. In addition, show that f(n) > 1
whenever n is a perfect square.

Exercise 2.4.4 Using Dirichlet’s hyperbola method, show that

Zf —2L(1,)VF + O(1),

n<z

where f(n) =3 4, x(d) and x # Xo.

Exercise 2.4.5 If x # xo is a real character, deduce from the previous
exercise that L(1, x) # 0.

Exercise 2.4.6 Prove that
1
Z x(n) _ O<f)
n z
n>x

whenever x is a nontrivial character (mod q).
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Exercise 2.4.7 Let

an = Z X(d)

dn
where x is a nonprincipal character (mod q). Show that
> an =2L(1,x) + O(Vx).
n<x
Exercise 2.4.8 Deduce from the previous exercise that L(1, x) # 0 for x
real.

Thus, we have proved the following Theorem:

Theorem 2.4.9 (Dirichlet) For any natural number q, and a coprime
residue class a (mod q), there are infinitely many primes p = a (mod q).

2.5 Supplementary Problems

Exercise 2.5.1 Let di(n) be the number of ways of writing n as a product
of k numbers. Show that

)k—l

Z di(n) = M

(o= 1)1 + O(z(log z)"2)

n<x
for every natural number k > 2.

Exercise 2.5.2 Show that

ZlogE =z + O(logx).
n

n<x

Exercise 2.5.3 Let A(z) =), ., an. Show that for x a positive integer,

n<x

T T A(t)dt
Z:anlogn:/1 (t) .

n<x

Exercise 2.5.4 Let {x} denote the fractional part of x. Show that

> {Z}=a-na+oE,

where ~y is Euler’s constant.
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Exercise 2.5.5 Prove that

Z log® % = O(x)

n<x
forany k > 0.

Exercise 2.5.6 Show that for x > 3,

zloglogx+B+O< )
xlogx

Exercise 2.5.7 Let x be a nonprincipal character (mod q). Show that
x(m) _ (L
2 o)

Exercise 2.5.8 For any integer k > 0, show that

loghn  loghtta
= o).
Z n k41 +0(1)

n<x

Exercise 2.5.9 Let d(n) be the number of divisors of n. Show that for some
constant c,

d(n)

1 1
S e of 1)

n<x

forx > 1.
Exercise 2.5.10 Let oo > 0 and suppose a,, = O(n®) and

A(z) = Zan = 0(2%)

n<x
for some fixed 6 < 1. Define
b, = Z aq.
dn

Prove that
Z b, = cx+ O ($(175)(1+a)/(275)) 7

n<x

for some constant c.
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Exercise 2.5.11 Let x be a nontrivial character (mod q) and set
=> x(d)

d|n

Show that
> f(n) =xL(1,x) + O(¢v/),

n<x

where the constant implied is independent of q.

Exercise 2.5.12 Suppose that a,, > 0 and that for some 6 > 0, we have

Zan <<

n<x

Let by, be defined by the formal Dirichlet series

gbz_ (in‘*)Q'

Show that

b < z(logz)l™ 20,

n<zx

Exercise 2.5.13 Let {a,} be a sequence of nonnegative numbers. Show
that there exists o € R (possibly infinite) such that

o0

fs) ="

n=1

converges for Re(s) > o and diverges for Re(s) < oy. Moreover, show
that the series converges uniformly in Re(s) > oo + ¢ for any 6 > 0 and

that
Y[\ — (_ o an(logn)”
fP(s) = ( 1)’“;1 pr

for Re(s) > oq (0g is called the abscissa of convergence of the
Dirichlet series > ° | a,/n°).
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Exercise 2.5.14 (Landau’s theorem) Let a,, > 0 be a sequence of non-
negative numbers. Let o be the abscissa of convergence of

e}

an
f(s) = prl

n=1

Show that s = oq is a singular point of f(s) (that is, f(s) cannot be
extended to define an analytic function at s = sq).

Exercise 2.5.15 Let x be a nontrivial character (mod q) and define

Oax = Z x(d)d”

dln

If x1, x2 are two characters (mod q), prove that for a,b € C,

ZUaXI n)ob,x,(n)n”="

~ C(s)L(s —a,x1)L(s — b, x2)L(s —a—b, X1X2)
L(2s —a—b,x1x2)

as formal Dirichlet series.

Exercise 2.5.16 Let y be a nontrivial character (mod q). Set a = b, x1 =
X and x2 = X in the previous exercise to deduce that

.- 2 —s _ C(8)L(s —a,x)L(s — @ X)L(s — a — @ xo)

D loax(m)Pn* = —

L(28 —a- CL,X())

n=1

Exercise 2.5.17 Using Landau’s theorem and the previous exercise, show
that L(1, x) # O for any non-trivial real character (mod q).

Exercise 2.5.18 Show that ((s) # 0 for Re(s) > 1

Exercise 2.5.19 (Landau’s theorem for integrals) Let A(x) be right
continuous for x > 1 and of bounded finite variation on each finite in-

terval. Suppose that
* A(x)
fo)= [ s,

with A(x) > 0. Let oq be the infimum of all real s for which the integral
converges. Show that f(s) has a singularity at s = oy.
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Exercise 2.5.20 Let A denote Liouville’s function and set

S(x)=>_An).

n<x

Show that if S(x) is of constant sign for all x sufficiently large, then
((s) # 0 for Re(s) > 3. (The hypothesis is an old conjecture of
Pélya. It was shown by Haselgrove in 1958 that S(x) changes sign
infinitely often.)

Exercise 2.5.21 Prove that
" /n
1(0) =3 () Bocsa®
k=0

where by,(x) is the nth Bernoulli polynomial and B, denotes the nth
Bernoulli number.

Exercise 2.5.22 Prove that
bn(1 =) = (=1)"bu (),
where by, (x) denotes the nth Bernoulli polynomial.

Exercise 2.5.23 Let
sp(n) =18 2% 3% ... (n — ).

Prove that for k > 1,

(k‘ + 1)sk(n) =

M-

Il
o

<k‘ ‘|‘ 1) Bynkti=i,

]
%
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The Prime Number Theorem

Let 7(x) denote the number of primes p < x. The prime number
theorem is the assertion that
()

li =1
00 x/logx

It was proved independently by Hadamard and de la Vallée Poussin
in 1896. It is the goal of this chapter to prove this theorem follow-
ing a method evolved by Wiener and Ikehara in the early twentieth
century.

As far as we know, it was Legendre who first conjectured that for
large z, 7(z) is approximately

x

logz —1.08"

This suggests the truth of the prime number theorem. In a letter of
1849, Gauss related that as a boy he had thought about this question
and felt that a good approximation to 7(x) is given by the logarith-
mic integral

odt

iz := —_
2 logt

This is closer to the truth. Indeed, one can prove
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w(2) = liw + O (we™eV7)

for some constant c. Integrating the logarithmic integral by parts,
we see that

liz = L + x + +n!x+(n+1)‘/xdt
~logz  (logz)? (log z)n+1 “Jy (logt)ntt’

from which it is easily deduced that if we interpret Legendre’s state-

ment as
T

"= g — A

where A(z) — 1.08, then the above analysis shows that it is false,
since A(z) — 1.

Chebyshev in 1851 obtained by very elementary methods upper
and lower bounds for 7 (x). He proved that

()
x/logx

m(z)

lim inf
imin +/log s’

<1 < limsup

so that if the limit exists, then it must be 1.

3.1 Chebyshev’s Theorem

The elementary method of Chebyshev begins by observing that the
binomial coefficient

2n

n

is divisible by every prime between n and 2n.

Exercise 3.1.1 Let
6(n) = logp,

p<n

where the summation is over primes. Prove that
6(n) < 4nlog 2.
Exercise 3.1.2 Prove that 6(2m + 1) — 6(m) < 2mlog 2. Deduce that

0(n) < 2nlog2.
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Exercise 3.1.3 Let

d(z) =) logp=1y A(n),

<z n<lx

where A is the von Mangoldt function. Show that

lem[1,2, -+ ,n] = e? (™),
Exercise 3.1.4 Show that

1
ew(2n+1)/ In(l o l‘)ndﬂj
0

is a positive integer. Deduce that 1)(2n + 1) > 2nlog2. (The method of
deriving this is due to M. Nair.)

Exercise 3.1.5 Prove that there are positive constants A and B such that

Az Bx
< 7mlx) <
logz — ~ logx

for all = sufficiently large. This result was first proved by Chebyshev.

Exercise 3.1.6 Prove that

1
T(x) = Zlogn =zlogx —x + §logw+c+0(1/x)

n<x
for some constant c (this improves Exercise 2.1.2).

Exercise 3.1.7 Using the fact

logn = Z A(d),
dn
prove that
Z Ann) =logz + O(1).
n<x

Exercise 3.1.8 Prove that

Z 1o loglogz + O(1).

p<z
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Theorem 3.1.9 (Bertrand’s postulate) For n sufficiently large, there is
a prime between n and 2n.

Proof: (S. Ramanujan) Observe that if
apg > a1 = ag 2 -+ -

is a decreasing sequence of real numbers tending to zero, then
[e o]
ap—ay <Y (—1)"an < ag — a1 + as.
n=0

This is the starting point of Ramanujan’s proof. We can write

T(x) = Zlogn = Z A(d) = qu(g)

n<lz de<z e<z

We know that T'(z) = zlog x —z+ O(log z) by Exercise 2.1.2. On the
other hand,

1) 21(3) - Sero(3) v o(5) )

n<x

by the observation above. Hence

x xr

Y(x) — w(g) + ¢<§> > (log2)z + O(log z).
On the other hand,
x
b(@) = (3 ) < (log2)z + Ologa),
from which we deduce inductively
P(z) < 2(log2)z + O (log®z) .
Thus, ¥(z) — ¢(§) > L(log2)x + O(log? z). Now, 1(z) = 0(z) +
O (v log? z) . Hence
0(z) — 9(%) > é(log 2)z + O (Vzlogz) .

Therefore, for x sufficiently large, there is a prime between
x/2and x.

Remark. This theorem was first proved by Chebyshev by a similar,
but more elaborate, method.
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Exercise 3.1.10 Suppose that {a,, }°; is a sequence of complex numbers

and set
S(z) = Z .
n<x
If
lim 5(z) = q,
r—oo I
show that
Qn
Z — = alogz + o(log )
n<x n
as x — Q.

Exercise 3.1.11 Show that

lim M =1
r—0o0 I
if and only if
m(x)

z—oo z/log x

Exercise 3.1.12 If
m(z)

)

z—o0 z/log x
then show that

1
Z — = aloglogx + o(log log z).
p<w

Deduce that if the limit exists, it must be 1.

3.2 Nonvanishing of Dirichlet Series on Re(s) = 1

The proof of the prime number theorem, as given by Hadamard
and de la Vallée Poussin, has two ingredients: (a) the analytic con-
tinuation of ((s) to Re(s) = 1 and (b) the nonvanishing of {(s) on
Re(s) = 1.

It was believed that any proof of the prime number theorem must
use the theory of complex variables until Erdos and Selberg inde-
pendently discovered an “elementary proof” in 1949.

In this section we will discuss nonvanishing results of various
Dirichlet series.
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Exercise 3.2.1 Show that

((s) = i s w{$}dx

s—1 o 1 prst1
for Re(s) > 1. Since the right-hand side of the equation is analytic for
Re(s) > 0, s # 1, we obtain an analytic continuation of (s — 1)((s).

Exercise 3.2.2 Show that ((s) # 0 for Re(s) > 1.

Exercise 3.2.3 Prove that for o > 1,t € R,

Relog (o +it) = Y An)

5 17 logn

cos(tlogn).

n=

Exercise 3.2.4 Prove that

Re(3log( (o) + 4log (o + it) + log (o + 2it)) > 0,
foro>1,teR.

Exercise 3.2.5 Prove that foro > 1,t € R,
€03 ¢( + it (o + 2it)] = 1.

Deduce that ((1 + it) # 0 forany t € R, t # 0. Deduce in a similar way,
by considering

¢(0)’L(0,x) " L(o,x*),
that L(1, x) # 0 for x not real.

Exercise 3.2.6 Show that —5 (s) has an analytic continuation to Re(s) =
1, with only a simple pole at s = 1, with residue 1.

In the exercises below we will attempt to unravel the essential
trigonometric idea underlying the proof of the nonvanishing of ((s)
on Re(s) = 1. We begin with a few trigonometric identities.

Exercise 3.2.7 Prove that

1 sin(n + )0
— +cosf 4+ cos20 + --- + cosnf = ('792).
2 2sin 5

Exercise 3.2.8 Prove that

sin 2n6
25in6

cosf +cos360 + -+ cos(2n —1)0 =
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Exercise 3.2.9 Prove that

sin36  sin 56 sin(2n —1)0 (Sinn9)2
sinf = sin6 sin ~ \sinf /-

Exercise 3.2.10 Prove that
ot sin(m + 3)0 ?
(2m+1)+2 Z (j 4+ 1)cos(2m — j)0 = <2> ,
j=0
for all integers m > 0.

Remark. Notice that the case m = 1 gives
3+ 4cosf +2cos20 >0,

which would have worked equally well in Exercises 3.2.4 and 3.2.5.

The following exercise gives us a general theorem of nonvanish-
ing of Dirichlet series on Re(s) = 1.

Exercise 3.2.11 Let f(s) be a complex-valued function satisfying:
1. fis holomorphic in Re(s) > 1 and non-zero there;

2. log f(s) can be written as a Dirichlet series

Oob,n

ns
n=1

with by, > 0 for Re(s) > 1;

3. on the line Re(s) = 1, f is holomorphic except for a pole of order
e>0ats=1.

If f has a zero on the line Re(s) = 1, then prove that the order of the zero
is bounded by e /2. (This result is due to Kumar Murty [MM, p.10].)

Exercise 3.2.12 Let f(s) = [, L(s,x), where the product is over
Dirichlet characters (mod q). Show that f(s) is a Dirichlet series with
nonnegative coefficients. Deduce that L(s, x) # 0 for Re(s) = 1.
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3.3 The Ikehara - Wiener Theorem

We begin by reviewing certain facts from Fourier analysis. Let
[e’e] : n dmf +
S=<¢feC®R): lim 2"—= =0 forall n,meZ" ;.

This space is called the Schwartz space of rapidly decreasing func-
tions. For f € S, we have the Fourier transform

1 > —itx
flz) = \/ﬂ/_oo f(t)e " dt.

The Fourier inversion formula gives
1@ == [ Foea
21 J—o '

Fa=n == [ et

Hence

so that f(z — y) and f(t)e®¥ are Fourier transforms of each other.
Parseval’s formula is

[ twrsteria= [ foioa

Though these formulas are first established for f,g € S, they are
easily extended to all f,g € L?(R). We will employ these facts for
such functions.

The Riemann - Lebesgue lemma states that

A—00

lim / ft)erdt =0
for absolutely integrable functions. The Fejér kernel

sin? \z
o)==z

has Fourier transform

_ L
KA(:U)—{ 0”/2( S i o] <2,

otherwise.

We begin with the following theorem due to Ikehara and Wiener
(see for example, [MM, p.7]).
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Theorem 3.3.1 Let F(s) = Y .7 by/n® be a Dirichlet series with non-
negative coefficients and absolutely convergent for Re(s) > 1. Suppose
that F'(s) can be extended to a meromorphic function in the region Re(s) >
1 having no poles except for a simple pole at s = 1 with residue R > 0.
Then
B(x) := Z b, = Rz + o(z)
n<lz

as x — OoQ.

Remark. Without loss of generality, we may suppose R > 0, for if
R = 0, we can consider F'(s) + ((s). If F(s) is analytic at s = 1, we
obtain ), _ by, = o(z) as z — oo.

Proof. Replacing b, by b,/ R, we may suppose without loss of gen-
erality that R = 1. Then

* B(x) dx

F(s)=s —s1 4z

1

Set x = e“. Then

Note that

/ eV gy — 1
0 S—].

Setting s =146 +it, 0 > 0, we get

F(1 ‘ 1 = ‘
(L+0+it) = / (B(e")e ™ —1)e e ™Mdu.  (3.1)
0

1446+t s—1

Set
g(u) = B(e")e™,
 F(+45+it) 1
M) = srw s-v
and P14 )
npy = TAHD) (s = 1+ it),

1+t s—1
which extends to a continuous function for all t € R. We also put

w)—1)e ™ ify
o ={ ¢ 0
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Our goal is to prove g(u) — 1 as u — oo. The formula (3.1) says
that the Fourier transform of v/27¢s is hs(t). Observe that for 6 > 0,
both of these functions are square-integrable, since

B(z) =) ba < Y lbul(z/n)" < 2,
n=1

n<x

for every ¢ > 1. Applying Parseval’s formula gives, for each real v
and real A > 0,
Jo(gw) = e ™Ky (u—v)du = [ (ZS(S(U)K)\(Z/L\— v)du
= 0= 75 ha(EA(t)e ™ dt.

Since Ky has compact support, the limit as § — 0 of the right-hand
side exists. The limit of the left side as 6 — 0 is

/0 " (9w) — DE(u — v)du

by the monotone convergence theorem. Hence,

~ 1 > 7o itv
/O (g(u) - 1)K)\(u - U)du = \/72—71_ /_OO h(t)K,\(t)e dt.

By the Riemann - Lebesgue lemma, the limit of the integral on the
right-hand side as v — oo is 0. Thus,

(e 9]

lim (9(u) = 1)Kx(u — v)du = 0.

V—00 0

Since (by Exercise 3.4.13)

* sin? \z
/ v dr =,

o0

we obtain
o0

lim g(u)K\(u —v)du = .

vV—00 0

Making the substitution © = v + a/\ and noting that g(u) = 0 for
u < 0 gives

/Ooog(u)K/\(u - U)duz/oog(u)K)\(u — v)du:/oog(v +a/A) sin’ ®da.

2
oo oo «
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Thus,
00 2
lim glv+ oz/)\)sm a

—
v—0oo J_ o

doa =,

for each X\ > 0. Since B(z) is monotone increasing, we see that

g(ug) > g(u1)e" ™2, wuy < uo.

Thus, for |a| < v/, we have

leY 1 _1l_a 1 _2
o(0+5) a0 ) FE 2ol )

VA VA
Hence
2 2
glv—1/VN) _Q/W/ sin adaS/ (U—i-a/)\)sm ?da
V5N a?
o) 2
g/ (v+a/>\)sm adoz.
o a?
Consequently
re2/VX
limsup g(v) = limsup g(v — 1/VA) < .
V—00 V—00 f \f Sln [e%

Letting A — oo, we get

limsup g(v) < 1.

v—00

In particular, we conclude that g is bounded. Let A = sup, g(v).
Then,

e sin? o VA sin? o
v+ a/\ da—/ glv+a/A do
| stw+am [ awranT

—0o0

0 sin? a > da 1
= +a/N) — —a/A da < 2A < —.
| o ar) gt Ftia < [ 05 < o

Hence

VA 2
liminf/ (v—l—a/)\)sm Yo = 7+ O(1/VN).
v—oo J_ /3
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For |a| < VA, we have
gv+a/X) <g(v+ 1/\5\)61/\&_0‘/\5‘ <g(v+ 1/\/X)62/\/X

so that

VO v -2
s+ VN [T Sz [T glosan™ Y

2

VA o -V
and so
liminf g(v) = liminf g(v 4+ 1/VA) > ™+ O(1/V) .
e v 62/\/X fﬁ Mda
SN o2

Letting A — o0, it follows that

liminf g(v) > 1.

We therefore conclude that lim, .~ g(v) = 1. This implies that
lim Blz)

r—00 I

=1,

or equivalently
B(z) =z + o(x).

We apply this theorem to the Dirichlet series

—CC,(S) => AT(:Z)7

which has nonnegative coefficients and is absolutely convergent for

Re(s) > 1. By virtue of ((s) # 0 on Re(s) = 1, we see that —%(s)
extends to a meromorphic function that has a simple pole at s = 1

with residue 1. Indeed, we know that

h(s) = (s = 1)¢(s)

is analyticats = 1 and (1) = 1. Moreover, as {(s) # 0 onRe(s) > 1,
we get by logarithmic differentiation:

h'(s) 1 ¢

h(s) s—1 * Z<s>’
for which our assertion is obvious. Applying the Ikehara - Wiener
theorem, we obtain the prime number theorem:

n=1
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Theorem 3.3.2 (The Prime Number Theorem) Let

W)=Y An).
Then :
tim 2@y,

Exercise 3.3.3 Suppose

f) =) an/n’
n=1

is a Dirichlet series with real coefficients that is absolutely convergent
for Re(s) > 1. If f(s) extends to a meromorphic function in the re-
gion Re(s) > 1, with only a simple pole at s = 1 with residue r, and
lan| < by, where F(s) =Y °° | by/n® satisfies the hypotheses of Theorem

3.3.1, show that
Z an = rz + o(x)

n<x

as xr — OoQ.

Exercise 3.3.4 Show that the conclusion of the previous exercise is still
valid if a,, € C.

Exercise 3.3.5 Let g be a natural number. Suppose (a,q) = 1. Show that

d(zig,a) = Y An)

n<z
n=a (mod q)

satisfies
P(x)
1m
v—00 2/p(q)
Exercise 3.3.6 Suppose F'(s) = > >, b,/n® is a Dirichlet series with
non-negative coefficients and is convergent for Re(s) > ¢ > 0. If F(s)

extends to a meromorphic function in the region Re(s) > c with only a
simple pole at s = c with residue R, show that

> by = (z°)

Rx¢
+o
c

asx — OoQ.
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Exercise 3.3.7 Suppose f(s) = >_.°, an/n’ is a Dirichlet series with
complex coefficients that is absolutely convergent for Re(s) > c. If f(s)
extends to a meromorphic function in the region Re(s) > c with only
a simple pole at s = ¢ and residue r, and |a,| < b, where f(s) =
Y o2 bn/n® satisfies the hypothesis of Exercise 3.3.6, show that

as xr — Q.

Exercise 3.3.8 Let a(n) be a multiplicative function defined by a(1) = 1
and

a | pre if a=1,
a(p”) = { 0 otherwise,

where |c,| < p? with § < 1. Show that as x — oo,

n<x
for some non-zero constant r.

Exercise 3.3.9 Suppose c,, > 0 and that
Z cn = Ax + o(x).
n<x

Show that .
Z — = Alogx + o(log 7)
n

n<x

asr — Q.

3.4 Supplementary Problems

Exercise 3.4.1 Show that

ZA )logn = (x)logz + O(x).

n<x
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Exercise 3.4.2 Show that

% A(d)A(8> = A(n)logn + Z p(d) log? d.

dn

Exercise 3.4.3 Show that

Zu log

{ log? = if n=1,
2A(n)logx — A(n)logn + > ,.—, A(h)h(E) if n> 1.

Exercise 3.4.4 Let
Show that

Exercise 3.4.5 Show that

— 72 =Y ld) | 2] { 10825 =42},

d<z
where ~y is Euler’s constant.

Exercise 3.4.6 Show that

x) = xZM;d){logQ % —72} + O(z).

d<z

Exercise 3.4.7 Using the fact
1 1
Z — = 10g33+’y—|—0(—),
n T
deduce that

M: Z lé?(logﬁ—’y) +O(1).

49
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Exercise 3.4.8 Prove that

Sf) = 2logz + O(1).

Exercise 3.4.9 (Selberg’s identity) Prove that

X

wﬁﬂng%—E:A@ﬂw(a)::2xbg$+IXx)

Exercise 3.4.10 Show that

v(n) = O(lo?liﬁn)’

where v(n) denotes the number of distinct prime factors of n.

Exercise 3.4.11 Let v(n) be as in the previous exercise. Show that

Z v(n) = zloglogz + O(x).
n<x
Exercise 3.4.12 Let v(n) be as in the previous exercise. Show that
Z v%(n) = z(loglogz)? + O(xloglog z).
n<x

Exercise 3.4.13 Prove that

— 00
Exercise 3.4.14 Let

T(z):= Z log n.

n<x

Show that for x > 1,
|T(x) — (xlogx — )| < 4+log(z+1).
Exercise 3.4.15 Show that
¢@g—¢(g)g(bg@x+12+3ng+1y

Deduce that

12logz  3log(x + 1)logz
log 2 log 2 '

P(z) < 2(log2)z +
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Exercise 3.4.16 Show that
Y(x) — w(g) + 1#(%) > (log2)x — 2log(z + 1) — 7.
Exercise 3.4.17 Prove that for z > e'2,

x

1= 0(2) > S - sl =

- 7.
log 2

Exercise 3.4.18 Find an explicit constant cy such that for x > co,

o) — ¢<§> S (10%2):3 _

Exercise 3.4.19 With c as in the previous exercise, show that for x > cy,

x) - (log2)z vz (log x)?

Oz) = 0(5 6 log 2

Exercise 3.4.20 Find an explicit constant ¢y such that for x > ¢y,

0(z) — 9(%) > OOf;)x _7.

Exercise 3.4.21 Find an explicit constant cz such that for v > c3, 6(z) —
0(x/2) > 1. Deduce that for x > cs, there is always a prime between x /2
and x.

Exercise 3.4.22 Let

o - ()

n<x

be a function of bounded variation in every finite interval (1, z|. Suppose
that as © — oo,
F(z) = zlogz + Cx + O(2")

with C, 3 constant and 0 < § < 1. Show that if M(x) :== > .. pu(n) =
o(x) as x — oo, then -

f(2) = 2+ ola).
Exercise 3.4.23 Assuming M (x) = o(x) as in the previous exercise, de-

duce that
lim L(a:)

r—o00 I

=1.






4
The Method of Contour Integration

Given a sequence of complex numbers {a, }°° ;, one would like to
study the asymptotic behavior of

A(z) := Z an

n<x

as ¢ — oo. A standard method of analytic number theory is to study
instead the associated Dirichlet series

OB
n=1

derive an analytic continuation to a region containing the line
Re(s) = 1, and then apply methods of contour integration to deduce
an asymptotic formula for A(x).

4.1 Some Basic Integrals

We shall adopt the following notation:

1 e f(s)ds

2mi c—100
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will be abbreviated to

1

% (c) f(S)dS

This integral must be interpreted in the principal value sense. That
is, we first integrate from ¢ — iR to ¢ + iR and take the limit as R
goes to infinity.

Exercise 4.1.1 If x > 1, show that

1 s
21 (c) S

forany c > 0.

Exercise 4.1.2 If0 < z < 1, show that

1 S
— | Zis=0, e>o
271'2 (c) S
Exercise 4.1.3 Show that
1 d 1
— j = -, c> 0.
21 Jie) s 2

We summarize the previous examples and exercises in the follow-
ing. If
0 if 0<z<1,

§(z)=¢ 1 if z=1,
1 if z>1,
then
1 c+1i00 5
o(z) = — —ds.
(m) 27TZ /c‘—ioo S 5

Theorem 4.1.4 Let §(x) be defined as above. Let

1 c+iR .5
I(a;,R):/ L ds.

2mt Jo_ip S
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Then, for x > 0,¢ > 0, R > 0, we have

z°min(1, R™Ylogz|™Y) if x#1,
(2, R) = d(x)] <
< if x=1
7 .

Proof. Suppose first 0 < x < 1. Consider the rectangular contour
Ky oriented counterclockwise with vertices ¢ — iR,c + iR, U + iR,
U — iR, U > 0. By Cauchy’s theorem

1 S
— x—dS:O:(;(x).
21 Jg, S

To prove the theorem, we must estimate the three integrals

1 U+iR s 1 U—iR s 1 U+iR s
P —ds, —— —ds, — —ds.
218 Jerir S 2mt Jo_ip S 2mt Jy_in S

Now,
U+iR ,.s 1 U
/ x—ds < / 29ds.
c+iR S R c

As U — oo, this integral is bounded by

xC

R|log x|

A similar estimate holds for the other integral. Now,
2R
< -

1 /U+iR 5ds
211 U—iR S U ’

which goes to zero as U — oo, since 0 < z < 1. This proves one
of the two stated inequalities in the case 0 < z < 1. For the other
inequality, consider the circle of radius (¢ + R?)!/? centered at the
origin. This circle passes through ¢ —¢R and c+iR. We can therefore
replace the vertical line integral under consideration by a circular
path on the right side of the line segment joining ¢ — iR to ¢ + iRR.
The integral is easily estimated:

C

1 x
I < —7R- T < ge
[I(z,R)| < 27T7rR 7 < xf,
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since |z®| < z¢ on the circular path.

The proof when = > 1 is similar but uses a rectangle or a circular
arc to the left. The contour then includes the pole at s = 0, where
the residue is 1 = §(z). We leave the details as an exercise to the
reader.

Finally, the case x = 1 is handled directly as in Exercise 4.1.3. We
have

2+ 2’

1 [“TRas ¢ /R dt
271'7; c—iR S ™ Jo

1/R/C du 1 1/00 du
Tfo 1+u2 2 7« Rje 1+ u?

The last integral is less than ¢/ R, and this proves the theorem. [

which equals

Exercise 4.1.5 Let

o0

fls) =3

n=1

an

be a Dirichlet series absolutely convergent in Re(s) > ¢ — €. Show that if
x is not an integer, then

n<x
(The integral is taken in the sense of Cauchy’s principal value.)

Exercise 4.1.6 Prove that for ¢ > 0,
1 x’ 5 Hlogz)* if x>1,
270 Je) sk 0 if <1,
for every integer k > 1.

Exercise 4.1.7 Let

o

RN

n=1

Gnp,

be a Dirichlet series absolutely convergent in Re(s) > ¢ — €. For k > 1,
show that
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1 T\ F 1 x®
k!;an(logr) =5 (C)f(s)—skHdS.

Exercise 4.1.8 If k is any positive integer, ¢ > 0, show that

k
1/ x8ds _ %(1—%) if z>1,
21 Jigy s(s +1) - (s + k) 0 if 0<z<l1.

Exercise 4.1.9 Let

o0

)=

n=1

be a Dirichlet series absolutely convergent in Re(s) > ¢ — e. Show that

k! c+ioo f(S)xst
kZanm—n 270 Joino S(s+1)---(s+k)

forany k > 1.

4.2 The Prime Number Theorem

We will use the ideas of the previous section to give another proof of
the prime number theorem. Our derivation is illustrative of a gen-
eral method of contour integration to derive such formulas. Thus, it
can be applied in other contexts. The method also has the advantage
of giving an explicit error term.

Our strategy is to begin with the formula

1 ¢ xt
=M= g [, E@ T

n<x

which is valid when z is not an integer. We will then move the line
of integration to the left and pick up the residue at s = 1 coming
from the simple pole of —(’(s)/((s). This residue is x, which is the
main term in the formula for ¢(z). Our contour will not include
s = 0 nor any of the zeros of —('(s)/((s), and so the error term
comes from estimating the horizontal and vertical integrals of the
contour.
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Exercise 4.2.1 Using the Euler - Maclaurin summation formula (Theo-
rem 2.1.9), prove that for o = Re(s) > 0,

n—1

1 n=>s nlfs 00 4 [1’]—%
C(S):ZE‘F 9 +$—1_S/T; Tdﬁﬂ,

m=1

where [x] denotes the greatest integer function.

We will now study ((s) in the region Ry described by the rectan-
gle joining 2 — T, 2 +iT, oo + T, 0p — iT, where op = 1 — 1/log T,
T > 2.

Exercise 4.2.2 Using the previous exercise, show that

Cs) - —

s —

1= O(logT)
fors € Ry.
Exercise 4.2.3 Show that
((s) = O(log T)
for s on the boundary of Rr.

Exercise 4.2.4 Show that for ¢ > L, ((s) = O(TY?), where T =
| Im(s)| — oc.

Exercise 4.2.5 For s € Ry, show that

= O(log? T).

Exercise 4.2.6 Show that
¢'(s) = O(log* T),
where T' = |Im(s)| and s is on the boundary of Rr.

The method used to show that ((s) # 0 for Re(s) = 1 can be
sharpened to yield a region in which ((s) # 0.

Theorem 4.2.7 Let s = o + it. There are positive constants c; and cy
such that

L— (1o§1T)9 <02

IS > oy
where 1 < |Im(s)| < T.
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Proof. In Exercise 3.2.5, we proved
C(0)*C(o +it) ¢ (o + 2it)] > 1
for 0 > 1. Thus,
Clo+it)l* = ¢(o +2it)[H1¢(0)] 2.

Now, ((c)(c—1) remains bounded as ¢ — 11 and being continuous
for 1 < o < 2 has an upper bound in that region. By Exercise 4.2.3,
for some constant K,

|C(o +2it)| 7t > K(log T) ™.

Thus we get
Clo+it)* > Ki(logT) " (o — 1)°.
If o
14+ —5 <02

* (logT)? — 7=
then we obtain

N g7y
in this region. We can extend this result to the region

! ‘1

1-—<0<1
(logT)? — o=t (log T)?

and 1 < |Im(s)| < T, by using the mean value theorem. Indeed,
choose s’ such that s’ = ¢’ + it, with

/ C1
=14 -—0 .
7= T og 1)

Then
C(o" +it) — ((o +it) = O((c — ') log? T)

by an application of the mean value theorem and Exercise 4.2.5.
Thus, if ¢; is chosen sufficiently small, we obtain

[C(s)] > (log 7).
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Exercise 4.2.8 Let s = o + it, with 1 < [t| < T. There is a constant
¢ > 0 such that )
¢'(s)

_ 09
(s) = O(log” T')

for
C
1-—% <os<o9.
(logT)® =7 =

We can now prove the prime number theorem in the following
form:

Theorem 4.2.9 Let
d(x) =Y An).
n<x
Then
Y(x) =2+ 0 (x exp <—c(log :c)l/lo))

for some positive constant c.

Proof. We have for x which is 1/2 more than a natural number,

S

_ z
a 21 (a) C S

Y(x) ds
for any a > 1. We choose a = 1 + ¢/log? T, with T > 1 to be
determined later. By Theorem 4.1.4, we can replace the infinite line
integral by the finite line integral:

1 a+iT <~/ _:[;S

P(x) = o= (s)—ds

270 Joir ¢ s

+O<n§ (E)GA(n) min (1, 71 }bg 2‘_1» .

The O-term is estimated as follows:
if n < £orn > 3 then [logZ| > log3, and the summation

corresponding to such n is bounded by

o(a-17) =0(“FT),

since

i AT(LZL) <(a—1)"
n=1
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for any fixed a > 1. For £ < n < 3£ we put z = 1 — 2 and observe
that |z| < 1/2. Also,
log ~ log(1 — z) + G +
og—=—log(l—2)=z2+4+ —+---
g n g 9 )
so that for |z| < 1/2,
x 3
log =| > 7z,
’ ©8 nl = 4‘Z|
Thus, for the summation corresponding to this range, we get the
estimate

(log x) Z ga__ T < %(log z)?

T|x —n|
z/2<n<3x/2
since |x — n| ranges over %, %, cee % + % Therefore, the O-term is

log? T xlog’z
0( a )
Tt

Now, —(’(s)/¢(s) has a simple pole at s = 1 with residue 1. By
Cauchy’s theorem,

1 a+iT C/ xsd
o7y (T

1 biT a—iT -
—a—— {(JIT+ BT+ L) - S 5ds )

where b = 1 — log%gT. The integrals in the above formula are easily
estimated using Exercise 4.2.8. Indeed,

1 b+iT ! s % 1o 9T
/ —C(S)ds‘ &< 7g
210 Jopir € S T

with a similar estimate for

1 a+iT / s
— _s (s) T ds.
21 Jyir € s

b—iT C/ x5
d
/bJrzT < ( ) g

Also,

< zblogt?
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Therefore,

%1log” T

b1.,10
1 T
T + 2" log +

¢(x):x+o( W)

We choose T such that
2clogz = log!’ T.
The error term becomes
O(z exp(—ci(log z)'/10))

for some constant ¢; > 0. This completes the proof. O]

In a later chapter we will see that this error term can be improved

to
O (;U exp (—02(log 1:)1/2)>

for some constant ¢, > 0. This can be further improved but not
substantially. The Riemann hypothesis would give an estimate of

O(z'?log? ).

4.3 Further Examples

The technique introduced in the last two sections can be used to
treat other questions. We illustrate this through some examples.

Example 4.3.1 Prove that

d?(n)log® - zP3(logz) + O (/%)
n

n<x

where P3(t) is a polynomial of degree 3 and d(n) denotes the number of
divisors of n.

Solution. By Exercise 1.2.8, we have

Ci(s) ()
(2 " 2w

n=1
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Thus, by Exercise 4.1.6 (with k£ = 3), we have

1 2 3z 1 ¢H(s) 2
QZd(n)log ol ) (23 5 5t

n<x

where a > 1. We first truncate the infinite line integral at R and
estimate the portion of the integral from —oo to —R and from R to
oc. By Exercise 4.2.4, we have (*(s) = O(|t|?), so that

1 C4(3) xsd _L a+iR C4(S) sd ¢

X
270 Jiy ((25) s* ° 7 2mi a_in C(2s) st S+O<E>'

Now let C be the rectangular contour joining a — iR, a + iR, & + iR,
and 1 — iR. By Cauchy’s theorem,

ot Mgt
ami Jo C(2s) 517 = RS gt

Since

C(s):%+co~l—cl(s—1)+

it is easily seen that

Resszlm = zP3(log )
for some polynomial P3(t) of degree 3. Now we can write
where 1 [U2ER (g) o

M=o atin  ((2s) st
and

B 1 o+iR C4(3) T
B 2mi oc—iR 6(25) 54

The horizontal integrals H4 can be bounded using Exercise 4.2.4
and Theorem 4.2.7 to give

0 z%log” R .
R2logx
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For the vertical integral V; /5, we have
V1/2 < 1'1/2.

Choosing a = 1 + 1/ log x, we obtain that the sum in question is

zPs(logz) + O <R2 log:c> +0 (az ) .

Choosing R = z gives an error term of O (z'/2) as stated. O

Exercise 4.3.2 Suppose that for any € > 0, we have a,, = O(n¢). Prove
that for any c¢ > 1 and x not an integer,

L O o s 0(Z ) o208y,

e}

fls) =3

n=1

The Lindel6f hypothesis is the assertion that for every ¢ > 0,
¢(s) = O(t) for Re(s) > 1. One can show that it follows from the
Riemann hypothesis. It is, however, a substantially weaker conjec-
ture, which still remains unproved.

Exercise 4.3.3 Assuming the Lindelof hypothesis, prove that for any >0,
Z dr(n) = xPy_1(logz) + O(x1/2+€)7
n<x

where dy(n) denotes the number of ways of writing n as a product of k
natural numbers.

Exercise 4.3.4 Show that
M(x) = Z uin) =0 (x exp <—C(log x)l/l()))

n<x

for some positive constant c.

Exercise 4.3.5 Let E(x) be the number of square-free n < x with an even
number of prime factors. Prove that

E(z) = %x +0 (ac exp (—c(log x)l/lO))

for some constant ¢ > 0.
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4.4 Supplementary Problems

(=1)¥™) where Q(n) is the total number of prime factors of n, counted
with multiplicity. Show that

Z A(n) =0 (a: exp (—C(log x)l/l()))

n<x

Exercise 4.4.1 Let A(n) be the Liouville function defined by \(n) =

for some constant ¢ > 0.

Exercise 4.4.2 Show that
oo

p(n)

n=1

converges for every s with Re(s) = 1.

Exercise 4.4.3 Show that

Z A;n) =logz+ B+ O <eXp (—c(log l,)l/lo))

n<x

for some constants B and ¢, with ¢ > 0. [This improves upon Exercise
3.1.7.]

Exercise 4.4.4 Let f(s) = > 2, A,/n® be a Dirichlet series absolutely
convergent for Re(s) > 1. Show that for any ¢ > 1,

> Ay =0(").

n<x

Exercise 4.4.5 Define a,, for n > 1 by

. a 1
20 = EG)

E

3

Prove that

Z an =0 <x exp (—c(log $)1/10>>

n<x

for some positive constant c.
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Exercise 4.4.6 Prove that

Z p(n)d(n) = O (w exp <_c(10g x)l/lo))

n<x
for some constant ¢ > 0.

Exercise 4.4.7 If f(s) = > .2, an/n® is a Dirichlet series converging
absolutely for o = Re(s) = o4, show that

lim / fo +it)ymeTidt = ay,.

Exercise 4.4.8 Suppose

[e.e]

= Zan/ns,
n=1
o0

= an/ns,
n=1

and f(s) = g(s) in a half-plane of absolute convergence. Then prove that
an = by, forall n.

Exercise 4.4.9 If
(e.¢]
=3
n=1

converges absolutely for o = Re(s) > o4, show that

1 T 2 = |an|2
lim — ) t = .
P QT/_Tf(U+Zt)| d ; n2o

Exercise 4.4.10 Let Q)(x) be the number of square-free numbers less than
or equal to x. Show that

Qx) = % +0 (x1/2 exp (—c(log x)1/10>)

for some positive constant c.

Exercise 4.4.11 Let y(n) = [[,,,, p. Show that

Z 1

< 0
= m(n)
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Exercise 4.4.12 Show that
— << x.
Z o

Exercise 4.4.13 Deduce by partlal summation from the previous exercise
that

1
Z M < IOg.’L’.

n<zx
Exercise 4.4.14 Prove that
Z L clogx
= o(n)

for some positive constant c.

Exercise 4.4.15 (Perron’s formula) Let f(s) = >..° a,/n® be a
Dirichlet series absolutely convergent for Re(s) > 1. Show that for x
not an integer and o > 1,

S

n<x
1 o+iT .TS 1
i s 0 (30 (E) Jantmin (1 L))
= oy TS (nzl o i T|1ogz\>>

Exercise 4.4.16 Suppose a,, = O(n) for any € > 0 in the previous exer-
cise. Show that for x not an integer,

1 o+iT s xo—l—e
Zan—Tm_ f(S)SdS+O< T >

n<x o—iT

Exercise 4.4.17 Let f(s) = Y .2 an/n®, with a,, = O(n®). Suppose
that

F(s) = ¢(5)*q(s),
where k is a natural number and g(s) is a Dirichlet series absolutely con-
vergent in Re(s) > 1 — 6 for some 0 < § < 1. Show that

Zan'\‘g logm)k 1/( !

n<x

as r — oQ.
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Exercise 4.4.18 Let v(n) denote the number of distinct prime factors of
n. Show that

Z 21/(n) fElOg.’E
¢(2)

n<x

as xr — OoQ.
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Functional Equations

In this chapter we will derive the functional equations of ((s) and
Dirichlet’s L(s, x). Our main tools will be the Poisson summation
formula and the theory of Fourier transforms.

5.1 DPoisson’s Summation Formula

Let us recall Fejér’s fundamental theorem concerning Fourier series.
Let f(x) be a function of a real variable that is bounded, measur-
able, and periodic with period 1. The Fourier coefficients of f are,
by definition, given by

1
cn:/ f(x)e 2™ d,
0

for each n € Z. The partial sums of the Fourier series of f are de-
fined as

SN(%): Z Cn€27rina:.

In|<N

Let zyp € R be such that the function f(z) admits left and right limits:

f(zo £0) = Jim, f(zo £ h).
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Then Fejér proved
flxo+0)+ f(zo —0) ~ lim So(zo) 4+ -+ - + Sn(xo)
2  Noso N +1 )

If f(z) is continuous at x(, and the partial sums Sy (x¢) converge,
then

e}
f(xO) =co+ Z (cne2m'nmo + c_nef27rinxo>.
n=1
When f(x) is continuous and » > |¢,| < oo, then the function is
represented by the absolutely convergent Fourier series

[ee]

f(l') _ Z Cne27rmx.

If F(z) is continuous such that
oo
/ |F(z)|dr < oo,
then we define its Fourier transform by
F(u) = / F(z)e 2m@udy,

It is also a continuous function of w. If

[ 1rwin < .

—00

then we have the Fourier inversion formula
OO A .
F(z) = / F(u)e?™ ™ dy,.
—Oo

Thus, the Fourier transform of F'(u) is F(—z).
Exercise 5.1.1 For Re(c) > 0, let F(x) = e~°I*l. Show that

A 2c
Fu) = 2 4+ 4Am2y2’

2

Exercise 5.1.2 For F(z) = e~™"  show that F'(u) = e~ ™.
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Theorem 5.1.3 (Poisson summation formula) Let F € L'(R). Sup-

pose that the series
Z F(n+wv)

converges absolutely and uniformly in v, and that

> F(m)| < oo
MmEZL
Then
ZF n+ U ZF 27rzm)
neL nez

Proof. The function

is a continuous function of v of period 1. The Fourier coefficients of
G are given by

1
Cm = /G(v)e_%imvdv

_ Z/ n—i—’u —27r7,mvd,U

neL

— Z / —27rim:vdl,

nez

= / F(z)e ™M dy = F(m).
— 0o
Since ),z |E'(m)| < oo, we can represent G by its Fourier series

Z F(n + v ZF 27rmv

nez ne”L

as desired. O

Corollary 5.1.4 With F as above,

nez neL
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Proof. Set v = 0 in the theorem. O
Exercise 5.1.5 With F as in Theorem 5.1.3, show that

SoP() = S HE e,

neZ nez
Exercise 5.1.6 Show that

o0

e +1 2c
e —1 _202—1—4772712'

— 00

Exercise 5.1.7 Show that

2 :6—(n+a)27r/3: _ $1/2 § :6—n27rx+27rina

nez nez

forany o € R, and x > 0.

Setting a = 0 in the previous exercise gives the following theo-
rem.

Theorem 5.1.8

—n2 2
E:e nﬂ/x:xl/ZE :6 nirx.

nel nez

5.2 The Riemann Zeta Function

We will now derive the functional equation of the Riemann zeta
function and its analytic continuation to the entire complex plane.
To this end, we introduce the 9-function

9(2) _ Zemn2z

nel

for z € C, with Im(z) > 0. If we put z = iy and set w(y) = 0(iy),
Theorem 5.1.8 gives us the functional equation:

w(l/z) = 2" w(x).

Riemann derives his functional equation from this fact. Recall
that the I'-function is given by the integral

F(s):/ e ‘57 tdt,
0

valid for Re(s) > 0.
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Exercise 5.2.1 Show that
I'(s+1) =sI'(s)

for Re(s) > 0 and that this functional equation can be used to extend
I'(s) as a meromorphic function for all s € C with only simple poles at
s=0,—-1,-2,....

Noting that

and putting t = n’rz, we get

o0
W_S/QF(;>n_s:/ z3lemm'TT gy
0

Hence, for 0 > 1, we can sum both sides of the above equation over
all positive integers n, to obtain

W*S/zlﬁ(g)g‘(s) = /000 27! ( i 67"2”>da:,
n=1

the inversion being justified by the absolute convergence of the
right-hand side. Indeed, notice that

o)
Ze—n27rm < e %
n=1
Observing that
o0
Z —nlrz _ w(x) -1
e =—5
n=1
we get

Let us put

and write the right-hand side as

/ 227 YW (z)da.

0
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We decompose this as

o0 1
/ J;§1W(x)d:1:+/ 22 YW (x)dx
1 0

and make the change of variables x — 1/z in the second integral to
get
° dx o 1\ _sdx
/1 W (2) = +/1 W(;)x 2
Now,

w(l)-2ig=1 2ol

by Theorem 5.1.8. Therefore,
o0 ]. _§d{E o o0 1 1/2 1/2 §d!E
/1 wip)e i, = /1 (—3+g e Ww)a i

11 © . d
= —+ +/ 2T W)
1

1
+ 51‘1/2 + 22w (z)

s—1 T

Putting this together proves that

7r_s/2f<g)f(3) / W(x xz T )‘iﬁ

for Re(s) > 1. However, the integral on the right-hand side con-
verges absolutely for all s € C, since W (z) = O(e™™) as x—o0. This
gives the analytic continuation and functional equation for ¢(s):

Theorem 5.2.2 We have

m(3)e) = o+ [ W (o 405 T

forall s € C. Moreover, if we define

(s) 1= s(s = Va1 (5 )¢(s),

then £(s) is entire and £(1 — s) = £(s).
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Exercise 5.2.3 Show that ((s) has simple zeros at s = —2n, for n a posi-
tive integer.

Exercise 5.2.4 Prove that ((0) = —1/2.

Exercise 5.2.5 Show that ((s) # 0 for any real s satisfying 0 < s < 1.

5.3 Gauss Sums

For any character x (mod ¢), the Gauss sum 7 () is defined by

=Y x(me(7).

m=1

where e(t) = e>™*. The Gauss sum plays a significant role in the
functional equation of Dirichlet L-functions.

Before we proceed, we classify Dirichlet characters (mod ¢) into
two types: primitive and imprimitive. Let yo denote the trivial char-
acter (mod ¢). If d|q and 1) is a character (mod d), then xo¢ is a
character (mod q). If d is a proper divisor of g characters (mod ¢) ob-
tained in this way will be called imprimitive. Otherwise, we shall
say the character is primitive.

Example 5.3.1 If (n,q) = 1, then

Solution. We have

x(m)7(%) = fjx<m>x<n>e(m)

on putting h = mn~! (mod ¢), which we can do, since (n,q) = 1. U
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Exercise 5.3.2 If x is a primitive, nonprincipal character (mod q), show

that .
e = 3 xoe()

m=1
if (n,q) > 1.
Theorem 5.3.3 Ifx is a primitive character (mod q), then |7(x)| = ¢'/?

Proof. By Exercise 5.3.2,

(0= x(m)e(" ")

m=1
Thus
mp —m
ORI = 3 3 Rlmn)x(ma)e( 222,
m1=1mo=1 q

1= 2=
Summing over n for 1 < n < g gives

$(a)lT (I = g0(a),
so that |7(x)|*> = ¢, as required. O

5.4 Dirichlet L-functions

The functional equation for a Dirichlet L-function L(s, x) can be
derived easily by means of the Poisson summation formula. The
discussion splits according as x is an even or odd character, that is,
according as x(—1) = 1 or —1, respectively.

We discuss the even case first and relegate the odd case to the
exercises. Thus, suppose x(—1) = 1. We have

ﬂ_S/QqS/QF(f>n_S = /00 eI/ 4y dx
2 0 x

We multiply this equation by x(n) and sum over n to get

W_S/QqS/QF(g)L(S X) / 2 (ZX —nzﬂz/q>iﬁ7
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for Re(s) > 1. Since x(—1) = 1 and x(0) = 0, we rewrite this as
1
/ z*20(z, X)dx
2 Jo

oo

Oz, x) = Y x(n)e ™™/,

n=—oo

where

We can derive a functional equation for 6(z, x) by noting that upon
multiplication of the Gauss sum 7(%), we get

q 00
T(Y)H(CC,X) = Z Y(m) Z efn2771/q+27mmn/q.
m=1

n=-—oo

By Exercise 5.1.7, the inner sum is equal to

(q/x)1/? S emtmm/ayinale,
so that
T(X)0(z,x) = (q¢/z) 1/22 Z —(ng+m)?r/zq
= (q/x)l/Q Z y(l)efﬂﬂ/xq
l=—00

= (a/2)"*0("",%).

Thus, as before, we write the integral for L(s, x) as
1 d 1 [ _s d
AR A R

1 00 s dx q1/2 o B dx
_ = - 0 —.
2/1 220(z, x)— + 2T(x)/1 z72 0z, %) —

The right-hand side is regular for all s € C, since 6(z, x) = O(e™™").
Also, if we replace s by 1 — s and x by ¥, the expression becomes

1/2 0 d 1 0 . d
q s x x
r20(x, —l—/ z 2 O(x

27(X)/1 ( X)$ 1 ( X)
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which is the previous expression multiplied by ¢'/2/7(x), since
|7(x)|? = ¢. This proves the following theorem.

Theorem 5.4.1 Suppose x(—1) = 1. Set

§(s,x) = 7220 (5 ) L(s, ).
Then &(s, x) in entire and
§(s,x) = wy&(1 = 5,%),
where wy = 7(x)/ V.

Exercise 5.4.2 Suppose x(—1) = 1. Show that L(s, x) has simple zeros
ats=—2,—4,—6,. ...

Below, we will derive the functional equation in the case x(—1) =
—1. Note that the above argument fails because for now, §(z, x) is
identically zero.

Exercise 5.4.3 Prove that

7r_(8+1)/2q(8+1)/2f (78 a 1>n_3 = /oo ne~ /4,55 dz
2 0 x

and hence deduce that

—(s£hy (51 :1/°° s+1 dx
I (S ) L0 = 5 | e T
where -
Ou(z,x) = Y. nx(n)e ™/,

Exercise 5.4.4 Prove that

i ne—nQTrr/q+27rz’mn/q — (q/x)3/2 i (n + %)e—w(n—km/q)Qq/z'

n=—0oo n=—0oo

Exercise 5.4.5 Prove that for x(—1) = —1, if we set

_ —5/2,5/2 s+1
§(s0) = 77 2q T (25— ) Ls, ),
then £(s, x) is entire and

5(37 X) = wxf(l - S,Y),

where wy, = 7(x)/ig"/?.
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Exercise 5.5.1 Let -
Fy) =) ane ™
n=1

converge for y > 0. Suppose that for some w € Z,

f(/y) = (=1)"y" f(y),

and that a,, = O(n®) for some constant ¢ > 0. Let

Ly(s) = i apn”®.
n=1

Show that (2r) ~°T'(s) L ¢ (s) extends to an entire function and satisfies the
functional equation

(2m) T(s)Ly(s) = (1) (2m) """ (r — 5) Ly (r — s).
Exercise 5.5.2 Let -
g(y) — Z ane—27rny
n=0

converge for y > 0. Suppose that for some w € Z,

9(1/y) = (=1)"y"g(y)

and that a,, = O(n€) for some constant ¢ > 0. Let Ly(s) = > o2 | apn™>.

n=1

Show that (2m)~*I'(s)Lg4(s) extends to a meromorphic function with at
most simple poles at s = 0 and s = r and satisfies the functional equation

(2m) 7T (s)Lg(s) = (=1)"(2m)"°L'(r — )Ly (r — ).
Exercise 5.5.3 Let

_ x_[x]_l f ng’
‘I’(x)_{o i ;’xEZ.

Show that

W(z) + Z e(mx) < 1

2mim | — 2nM ||z’
0<|m|<M

where e(t) = > and ||z denotes the distance from x to the nearest
integer.
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Exercise 5.5.4 Let f(z) be a differentiable function on [0, 1] satisfying
| (z)| < K. Show that

Z /01 f(x)e(mz)dx — f(O)‘;‘f(D < KlogM.

M
Im|<M

Deduce that

o [ _ O+ M)
Z.;/o f(x)e(mz)dr = 5 .

Exercise 5.5.5 By using the previous exercise with f(x) = z°, deduce
that

=
= m 6

Exercise 5.5.6 (Pdlya - Vinogradov inequality) Let x be a primitive
character mod q. Show that for ¢ > 1,

> x(n)| < ¢"*logq.

n<x
Exercise 5.5.7 Show that if x is a primitive character (mod q), then

L(l,x):Z@—FO((]l/ng(I)

X
n<x

forany x > 1and ¢ > 1.

Exercise 5.5.8 Prove that

> L(1,x) = ¢(q) + O(¢"/*log q),
XFX0

where the summation is over all nontrivial characters (mod q).
Exercise 5.5.9 For any s € C with Re(s) > 0, show that for any z > 1,

L(s,x) =) qu,n) +0 (qu logq) ,

ox®
n<x

where x is a nontrivial character mod q and o = Re(s).
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Exercise 5.5.10 Prove that for any o > 1/2,

> Lio,x) = ¢(g) + O(¢**),
X7X0

where the sum is over all nontrivial characters (mod q).

Exercise 5.5.11 Let B, (x) denote the nth Bernoulli polynomial intro-
duced in Chapter 2. For n > 2, show that

Bula) _ g~ elms)

(2mim)"’

m#0

Exercise 5.5.12 Let f(x) be differentiable on [A, B] and satisfy for some
constant K, | f'(x)| < K forall x € [A, B]. Show that

B 00 B
PIOEDY | f@petmayis

m=—00

where the dash on the summation means that the end-terms are replaced
by f(A)/2and f(B)/2. (Hint: Use Exercise 5.5.4.)

Exercise 5.5.13 Apply the previous exercise to each of the functions
f(x) = cos(2m2?/N) and f(x) = sin(272%/N) to deduce that

o (1+4)NY2 if N =0 (mod4),
S:Ze(ﬂ): N1/2 if N =1 (mod4),
— \N 0 if N =2 (mod4),
iN1/2 if N =3 (mod4).

Exercise 5.5.14 Let x be a nontrivial quadratic character mod p with p
prime. Show that

p—1 .
B m\ [ \/p if p=1(mod4),
) = ;X(m)e(p ) - { iv/p if p=3(modd).
From this result we can deduce the law of quadratic reciprocity
as follows.
Let p and ¢ be distinct odd primes. Let 7(x) be the Gauss sum for
X the quadratic character modulo p. Using the above formula and
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(a/q) = al971/2 (mod q) we get

0T = ()P 2p(r ()02

= (=1)P=1/2p(—1)p=Dla=D/4,(a=1)/2

= (D)D) 4y, <§> (mod q).

On the other hand, using the multinomial theorem, we obtain

()™ = 7000 = () (Z (Z) e(na/p) + f(e(l/p))> ,

where f(x) is a polynomial with integer coefficients divisible by g.
Using Exercise 5.3.2 we get

; (Z) e(nq/p) = (Z) 7(x)-

()T = (j}) (—)EDp 4 he(1/p))

for another polynomial h(xz) with integer coefficients divisible by g¢.
Collecting same powers of e(1/p) and using the fact that 1, e(1/p),
e(2/p), ..., e((p—2)/p) are linearly independent, since 1 + z + z2 +
.-+ 2P~ Lisirreducible (see, for example, [EM, p. 37 and p. 183]) we

get

So

<Z) p(—1)P-D/2 = (_1)-D/2+p-D(a-D/1, <Z> (mod q).

from which it follows easily that

()= ()

Exercise 5.5.15 Let ¢(s) = (2m)°T'(s)((s)((s+1). Show that ¢(—s) =
¢(s).
Exercise 5.5.16 Show that ¢(s) in Exercise 5.5.15 has a double pole at

s = 0 and simple poles at s = +1. Show further that Ress—1¢(s) = m/12
and Ress—_1¢(s) = —m/12.
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Exercise 5.5.17 Show that if o(n) = >_,,, d, then

Znerl = ((s+1),

and that

Exercise 5.5.18 Show that

o(n) T mx 1 o(n)

§ : 2mne § : 2mn/x

- —_ T T T 1 g - .
n ¢ 12z 12 2 08T n ¢

n=1 n=1

Exercise 5.5.19 For a and b coprime integers and b > 0, define

b—1
ay 2mij2a/b
c(3) = 2 ¢ ‘
7=0
Let q be prime and (p, q) = 1. Show that

2 1

lim, /26 (¢ + ﬁ) —c(-1).
t—0 q

Exercise 5.5.20 Let r = p/q. Show that

i \ ¢ +t2ir0<t +12ir> - (i\;ﬁ? C(%)’

with notation as in the previous exercise.

Exercise 5.5.21 Deduce from the previous exercise the law of quad-
ratic reciprocity

3) (ﬂ) = (-1 T

(0)() =0

for odd primes p and q, and where () denotes the Legendre symbol.

Exercise 5.5.22 Suppose that f(s) is an entire function satisfying the
functional equation

AT(s)f(s) = AV°T(1 — s) f(1 — ).
Show that if f(1/2) # 0, then

f’(%) — _f(1/2) <logA + ?((11//22» .
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Hadamard Products

An entire function f(z) is said to be of finite order if for some o > 0,

we have
f(z)=0 <e|z‘a)

as |z| — oo. If & = 0, then f(z) is constant by Liouville’s theorem.
The infimum of the numbers « such that the above estimate holds
is called the order of f(z).

In the 1890s, Hadamard developed the theory of entire functions
of finite order. He showed that, very much like polynomials, they
can be factored into an infinite product over the zeros of f(z).

In this chapter we will derive this factorization theorem of
Hadamard for entire functions of order 1 and then apply it to de-
rive a wider zero free region for ((s).

6.1 Jensen’s Theorem

Let f(z) be an entire function of finite order 3. Jensen’s theorem
relates (3 to the distribution of the zeros of f(z).

Example 6.1.1 Show that an entire function f(z) of finite order 3 with-
out any zeros must be of the form f(z) = e9), where g(2) is a polynomial
and 3 = degg.
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Solution.
Let h(z) = log f(z) — log f(0). Then h(z) is entire, since f(z) has
no zeros. Also, for any € > 0,
Reh(z) =log|f(z)| < R’*e.
Writing

h(z) =) (an + ibp)2"

n=0

with ap, b, € R, we see that for z = Re®,

Re(h(z)) = Z anR" cosnf — Z by R" sinnf.

n=0 n=0

By Fourier analysis, we get

lan| R" < /027r Re (h (Reie))‘de.

Since h(0) = 0, we have ayp = 0, and therefore

/0 7 Re (h <Rei9>) db = 0.

Observe that for = € R, we have

20 if x>0,
|z| + 2 =

0 if z<O.

Hence
2T ) .
lan|R" < / {| Re(h(Re™?))| + Reh(Rew)}de
0
< RPte
Letting R — oo yields a,, = 0if n > f3. a
Notice that in this example the same result holds if the estimate
HOE

holds for |z| = R; and R; is a sequence tending to infinity.
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Theorem 6.1.2 (Jensen’s theorem) Let f(z) be an entire function of
order 3 such that f(0) # 0. If 21,22, ..., 2y, are the zeros of f(z) in
|z| < R, counted with multiplicity, then

n

1 2 X R
il 1 Re|do =1 0)| +log (——— ).
3= | ol (Re)jd0 = oz | (0)] + o ()

Proof. We may assume, without loss of generality, that f(0) = 1.
Also, it is clear that if the theorem is true for functions g and h, that
it is also true for the product gh. Thus, it suffices to prove it for
functions with either no zero or one zero in |z| < R. Indeed, if f has
no zeros in |z| < R, the right-hand side is zero. The left-hand side is

[ tosrenZ,

21 \z|:R

which by Cauchy’s theorem is zero. Taking real parts gives the de-
sired result.

If f has one zero z = 2 in |z| < R, we consider the contour
|z| = R taken in the counterclockwise direction and cut it from z;
to the boundary. We deform the contour so that we go around z;
in a clockwise direction along a circle of radius € (say). Then, by
Cauchy’s theorem with g(z) = log f(2),

1 dz
0=5- 9 (2)7
where C is the contour given above.

Since the argument changes by —27i when g(z) goes around the
zero z = z1, we see that as e — 0, we deduce

1 2T ) R
| s (e dp = 10g
2w 0 ‘2’1‘
as desired. This completes the proof. O

An alternative proof of Jensen’s theorem can be given that avoids
the use of cutting the plane. One considers

Then f(z) is regular for |z| < R. Moreover, |f(z)| = 1 on |z| = R,
and |f(0)| = |z1|/R, as a simple calculation shows. Jensen’s theorem
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is easily verified for this choice of f. But any holomorphic function
on |z| < R can be written as a function with no zeros in |z| < R and
a product of functions of the form

R(z — z;)
R2—7%Zz

Now Jensen'’s theorem easily follows.

Corollary 6.1.3 Let f be as in Theorem 6.1.2. Then

log (HR> < max log| f(2)| ~ log | £(0)]

|znl z|=
Proof. This is clear from Jensen’s theorem. O
Now define n(r) := n(r) to be the number of zeros of fin |z| < r.

Exercise 6.1.4 Show that

R
/0 n(r)dr < max log|f ()| — log|f(0)],

r |z|=R
with f as in Jensen’s theorem.

Exercise 6.1.5 If f(z) is of order (3, show that n¢(r) = O(r’*€), for any
e> 0.

Exercise 6.1.6 Let f(z) be an entire function of order [3. Show that

00
> |l
n=1

converges for any € > 0 (Here, we have indexed the zeros z; so that
21] < 2| <---).

6.2 Entire Functions of Order 1

We will now derive a factorization theorem for entire functions of
order 1. A similar result holds for entire functions of higher order,
and we relegate their study to the supplementary problems.
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Theorem 6.2.1 Let f(z) be an entire function of order 1 with zeros
21,22, ... arranged so that |z1| < |zo| < --- and repeated with appro-
priate multiplicity. Then f can be written as

f(z) = oA+ Bz ﬁ (1 _ Zi>ez/zn’
n=1 n

where A and B are constants.

Proof. The product

converges absolutely for all z, since
(1—2)e* =1—22+--.

and by Exercise 6.1.6. Thus, P(z) represents an entire function. If
we write

f(z) = P(2)F(2),

then F'(z) is an entire function without zeros. If F' were of finite
order, we could conclude by Example 6.1.1 that F(z) = ¢9(*), where
g(z) is a polynomial.

By the remark after Example 6.1.1, it suffices to show that

|F(2)] < R

to deduce that F(z) = ¢9(*) where g(z) is of the form A 4 Bz for
certain constants A and B.
To this end, we will choose R; satisfying

‘Ri “zall > |22

for all n. This can be done, since the total measure of the intervals
(1zn] = 20|72, |2n] + |2n|7?) is bounded by

o0
22 |2n| 72 < o0,
n=1

since f(z) has order 1.
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We write
P(z) = Pi(2)P2(2) P3(2),

where in P, |z,| < %Ri, in P, %Ri < |zn| € 2R;, and in Ps, |z,| >
2R;. For the factors of P; we have for |z| = R;,

1— * ez/zn > < Z _ 1)€—|z\/|zn\ > e_Ri/|2n“
Zn o Zn
Since
1T\ €
-1 —1—e€
> leal™ < (5R) D Jaal
‘Zn|<%R n=1
we get
|Pi(z)] > exp(—RiHe),
For P(z),

> e %z — 2,|/2R; > RP

(-2~
Zn

by the way we have chosen R;.
Since n(R;) = O(R} ), we get

_ 1+e€ .
|P2(2)| > (R; HET > exp(—ci R T%).

Finally, for P3(z), we have |z/z,| < 1/2 so that

(e
Zn

(0.]
D7 lml P < @RI z] T
n=1

|zn|>2R

> e—CQRf/\znP

and

Thus, on |z| = R; we have
|P(2)] > exp(=R"™™),

so that
|F(2)] < exp(R'™).

Hence, F(z) = e9%), where g(2) is a polynomial of degree at
most 1. O
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6.3 The Gamma Function
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We will prove that 1/T'(z) is an entire function of order 1 and derive

its Hadamard factorization.

Exercise 6.3.1 Show that
/OO v* Ly o7
o l+wv  sinmz

Exercise 6.3.2 Show that

for0 <z <1.

/2
I'(x)'(y) =2 (x + y)/o (cos §)2*~(sin §)* 1

fora,y > 0.

Exercise 6.3.3 Show that

1
D(z)T(y) = T(z + y)/o A1 = N)rlan,

(The integral is denoted B(x,y) and called the beta function.)

Exercise 6.3.4 Prove that

™

[(z)D(1 —2) =

sin T

foro<ax <1.

Exercise 6.3.5 Prove that

()
Exercise 6.3.6 (Legendre’s duplication formula) Show that

F(2:1:)F<%) - 22x*1r(x)r(x + %)

forz > 0.
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Exercise 6.3.7 Let c be a positive constant. Show that as x — oo,
Iz +c¢) ~ T (x).
Exercise 6.3.8 (Stirling’s formula) Show that
[(z) ~ e %2 Y221
as x — 00.

Exercise 6.3.9 Show that 1/I'(z) is an entire function with simple zeros
atz=0,-1,-2,....

Exercise 6.3.10 Show that for some constant K,

IZ 1 3
Fr((z)) :/O {1—(1—t)z 1}%-}(.

Exercise 6.3.11 Show that for z not a negative integer,

'2)
?(z) :g(nil_n—ll—z)_[(

for some constant K.

Exercise 6.3.12 Derive the Hadamard factorization of 1/T'(z):

1 i z
— % 1 7) —z/n
I'(2) ° Z};[l ( YA

where ~y denotes Euler’s constant.

Exercise 6.3.13 Show that

1 1 00 _ 1
logI‘(z) = (z — 5) logz — 2z + 210g27r+/ Mdu.
0

Exercise 6.3.14 For any § > 0, show that

1 1 1
logT'(2) = (z — 5) logz — z + 510g27r—|—0(—)

2]

uniformly for —m 40 < argz < m — 4.
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Exercise 6.3.15 If o is fixed, and |t| — oo, show that
ID(0 + it)] ~ e~ 3 |¢]7=2 \/2r.
Exercise 6.3.16 Show that 1/T'(z) is of order 1.

Exercise 6.3.17 Show that

I'(2)
I()

for |z| — oo in the sector —m + ¢ < argz < m — 0 for any fixed § > 0.

= logz—l—O(i)

2]

6.4 Infinite Products for £(s) and £(s, x)

In this section we will establish that £(s) and £(s, x) are entire func-
tions of order 1. Then we will derive their Hadamard factorizations.
Recall that

£(s) = 55(s — DT (3 ) c(s)

and that when x is a primitive character (mod g¢),

§(s,x) = (¢/m) 2 T

sta (s +a>L(s,x),

where a = 0 or 1 according as x(—1) =1 or —1.
Exercise 6.4.1 Show that for some constant c,

[§(s)| < exp(c]s|log|s|)
as |s| — oo. Conclude that £(s) has order 1.

Exercise 6.4.2 Prove that ((s) has infinitely many zeros in 0 <Re(s) < 1.

Exercise 6.4.3 Show that

where the product is over the nontrivial zeroes of ((s) in the region 0 <
Re(s) <land A= —log2, B=—v/2—1+ % log 47, where v is Euler’s
constant.
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Exercise 6.4.4 Let x be a primitive character (mod q). Show that £(s, x)
is an entire function of order 1.

Exercise 6.4.5 Show that L(s, x) has infinitely many zeros in 0 < Re(s)

<1 and that
— At+Bs _ S\ s/e
£(s,x)=e 1;[ (1 p)e ,

where the product is over the nontrivial zeros of L(s, x).

Exercise 6.4.6 For A and B occurring in the previous exercise, show that

e =£(0,x)
and that

Re(B) = — Y Re (;)
P

where the sum is over the nontrivial zeros p of L(s, x).

6.5 Zero-Free Regions for ((s) and L(s, x)

In Exercise 3.2.5 we proved the nonvanishing of ((s) for Re(s) = 1.
A similar deduction was made for L(s, x) in Exercise 3.2.12. Using
the Hadamard factorization for £(s) and £(s, x), we will derive a
wider zero-free region.

The starting point is

—Ke (gé: >)

no ’

. A(n) cos(tlogn
>_Zl () cos(tlog )

where, following custom, we write s = o + it.

Exercise 6.5.1 Show that

-3

o R (o) ~Re(Gam) 20

fort e Rand o > 1.



6.5 Zero-Free Regions for {(s) and L(s, x)

Exercise 6.5.2 For 1 < o < 2, show that

¢(o) 1
~ ((o) < o—1

+A

for some constant A.

Exercise 6.5.3 Prove that

-—Re(C%$)-</uogm-§:Re(sip-%1)
p

¢(s) p
forl <o <2and|t| > 2.

Exercise 6.5.4 Show that

Deduce that

forl1 <o <2 |t| >2.

95

Exercise 6.5.5 Let p = (3 + iy be any nontrivial zero of ((s). Show that

for |t| > 2, .
" Re (C (o +it)

1
C(J—i—it)) < Aloglt]| — ——.

o—p

Theorem 6.5.6 There exists a constant ¢ > 0 such that {(s) has no zero

in the region

o>1— " jt>2.
log [t

Proof. By Exercise 6.5.5,
¢(o +1t) 1
—Re (Z-——= Ajlog|t| — ——.
e(g‘(a+it))< 1 log £ oc—0
We also know, by Exercises 6.5.2 and 6.5.4, that
¢'(o) 1

C(o) <cr—1

+ Az

and ) .
" Re (C (o + 2it)

(o + 2i0) ) < Aglog [t].
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Inserting these inequalities into

_3(’(0) _4Re<C’(a+it)> _Re(C’(a+2z’t)) > 0

¢(o) C(o+1it) C(o + 2it)
(Exercise 6.5.1), we obtain
4 3

for some constant A. Taking o = 1 + 6/ log |t| gives

o 40

1 _
O<1¥ el " BT Ao ol

so that if ¢ is sufficiently small, we get
c
1— —
v= log [t]
for some suitable positive constant c. O
Corollary 6.5.7 There exists a constant ¢ > 0 such that ((s) has no zero
in the region

C
>1 - — .
7= og(lt] + 2)

Proof. The region ¢ > 1, |t| < 2 contains no zeros of ((s). Thus,
there must be a constant ¢; > 0 such that ((s) has no zeros in o >
1—cy and |t| < 2. Combining such a region with the zero-free region
provided by the theorem gives the result. O

Exercise 6.5.8 Show that

~Re (1) < e (

for some constant ¢; > 0and o > 1.

——) + 1 log([t] +2)

In the following exercises we will derive analogous results for the
Dirichlet L-functions L(s, x).

Exercise 6.5.9 Suppose that x is a primitive character (mod q) satisfying

X% # Xo. Show that there is a constant ¢ > 0 such that L(s,x) has no
zero in the region
c

c>1——
log(qt| +2)
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Exercise 6.5.10 Show that the previous result remains valid when x is a
nonreal imprimitive character.

We now proceed to extend the previous results for x? = xo. Let
us first observe that

Voo 0]y,

L(s,x0)  <(s)
for o > 1. By Exercise 6.5.8,

“Re (g((;)) <Re (%) +e1 log(|t] + 2).

Hence, if x> = xo,

r 2it, 2 1
(0 + z,x)>< e(

ke 1
\ Lo+ 2it, ) o — 1+ 2it

) + exlog(a(lf] +2).
When we insert this estimate into our previous calculations, we
obtain

4 3

<
co—p o-—1

—i—Re( )+03 log(q(|v] +2))-

1
o—1+4 2y

Let us write £ for log(q(|t| + 2)). Taking 0 = 1 + § /L and assuming
v > §/L gives

so that
4 — 03(5 1)

B 16 + 563(5 Z
Hence if ¢ is sufficiently small in relation to c3, we get the following:

0<1

Theorem 6.5.11 There exists an absolute constant ¢ > 0 such that if
0 < 0 < cand x is a real, nonprincipal character (mod q), L(s, x) has no
zeros in the region

1)
1— —
g > AL
and
t| > ,
It] e q

where L = log(q(|t| + 2)).
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The case where |t| < §/log g still needs to be considered. We will
show that for suitable ¢ (independent of ¢) there is at most one zero
in the region and this zero is simple and real. Such a zero, if it exists,
is called a Siegel zero in the literature.

Theorem 6.5.12 There exists a positive absolute constant c such that if
0 < 6 < ¢, then L(s, x) has no zeros in the region

C

§>1-— —— —
log q(|t] +2)

except possibly if x is real and nonprincipal, in which case there is at most
one simple, real zero in the region.

Proof. We need only consider the case where x is real and nonprin-
cipal and |y| < 4/ logq. First suppose there are two complex zeros
in the region. We have

L'(o,x) 1
— < cilogq— )
L(o, x) 2 o—p

P
the sum over the zeros being real, since they occur in complex con-
jugate pairs. If 3 + iy are zeros of L(s, x), with v # 0, then

L'(o,x) 2(c — B)
— <clogqg— —————.
L(o,x) (0 —B)?+~2
Also,
oo
Plo) s xwhtn), _so A gl 1,
- = o) o
for some constant ¢g. Thus
2(c — B)
_ < 1 -~ 7
o—1 R
and taking o = 1 + 26/ log q gives
1 <ol 8
_ cologg — —
o1 et 5(c — B)
because
1

bl < o = o= 1) < 500~ ).

logg 2
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Therefore,
B<1-—
log g
for a sufficiently small 6. The argument for two real zeros or a dou-
ble real zero is the same. This completes the proof. O

6.6 Supplementary Problems

Exercise 6.6.1 Prove that I'(s) has poles only at s = 0,—1,—2, ..., and
that these are simple, with

Res,—_;I'(s) = (—1)*/k!.

Exercise 6.6.2 Show that

e Ve = / x°T'(s)ds,
(o)

27

forany o > 1land z > 1.

Exercise 6.6.3 Let f(s) = >.>°, an/n® be an absolutely convergent
Dirichlet series in the half-plane Re(s) > 1. Show that

oo

1
—n/r _ s
ngl ane 277 o) f(s)z°T(s)ds

forany o > 1.
Exercise 6.6.4 Prove that
o0 22
smz:zH (1— W)
n=1
Exercise 6.6.5 Using the previous exercise, deduce that
o0

1
>

n=1
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Explicit Formulas

In this chapter our goal is to derive the explicit formula

z# ¢(0) 1 —2
Yr)=2-—)» ——222——log(l—27),
ZP: p o ¢0) 2

where the sum is over the nontrivial zeros p of ((s). The method
will then be used to derive the result

Y(x)=2+0 <x1/2 log? :c)

assuming the Riemann hypothesis. A similar result can be obtained
for primes in arithmetic progressions.

7.1 Counting Zeros

If f(2) is analytic in C' and non-vanishing on C, then the integral

1 I
Tm o 7(z)dz

is equal to the number of zeros of f inside C, counted with multi-
plicity. This is easily seen by Cauchy’s theorem.
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Since

d
glogf(z) =

we have

/ P (2)dz = Aclog f(2),
cf

where A denotes the variation of log f(z) around the contour C.
Also,

log f(z) = log | f(2)| + iargf(2),

and log | f| is single-valued. Thus, the formula can be rewritten as

1
EAoargf(z).

Exercise 7.1.1 Let L be the two line segments formed by the line joining
2 to 2 + T and then § + iT. Show that

Aparg(s—1) = g —1—0(%).

Exercise 7.1.2 With L as in the previous exercise, show that

s/2

T
Apargn %% = 3 log 7.

Exercise 7.1.3 With L as in the previous exercise, show that

s T T T 3 1

Exercise 7.1.4 Show that
R )
~ 1+ (T =)

where the sum is over the nontrivial zeros p = 3 + iy of ((s).

Exercise 7.1.5 Let N(T') be the number of zeros of ((s) with 0<Im(s)<
T. Show that

N(T +1) = N(T) = O(log T).
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Exercise 7.1.6 Let s = o + it with t unequal to an ordinate of a zero.
Show that for large |t| and —1 < o < 2,

¢'(s) 1
= —— + O(log |t]),
o) ~ 2 5p  Ollel)
where the dash on the summation indicates that it is limited to those p for
which |t —~| < 1.

Theorem 7.1.7 Let N(T') be the number of zeros of ((s) in the rectangle
0<o<1,0<t<T. Then
T T T 7

log——f+*+S(T)+O<%)a

N(T) = —
27 2t 2w 8

where
wS(T) = A arg ((s)

and L denotes the path of line segments joining 2 to 2 + i1 and then to
1 +4T. We also have
S(T) = O(logT).

Proof. Let R be the rectangle with vertices 2, 2 4+ i7", —1 + /T, and
—1, traversed in the counterclockwise direction. Then

2rN(T) = Ararg&(s).

There is no change in the argument as s goes from —1 to 2. Also,
the change when s moves from $ + 47 to —1 + 47 and then to —1 is
equal to the change as s moves from 2 to 2 + i7" and then to % + 4T,
since

Elo+it) =61 — o —it) =&(1 — o +it).

Hence 7N (T) = Ay argé(s), where L denotes the path of line seg-
ments joining 2 to 2 + i7" and then to % + T By Exercises 7.1.1 and
7.1.3, we deduce
T T T 7 1
N(T) = - log o — o= + <+ S(T) +o(f),
where
wS(T) = A arg ((s).

Now, the variation of ((s) along o = 2 is bounded, since log ((s) is
bounded there. Thus,
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=S(T) = 0(1) — / o (C/(S)) ds.

1yir (s)

We now apply Exercise 7.1.6, which says that

¢'(s) 1
=Y '—— +0(lo
Ry, (logt),

¢(s)

where the dash on the summation means | Im(s—p)| < 1. Observing
that

24T 1
/ Im( )dSZAarg(s—p)
1T S=p

is at most 7 and noting that the number of terms in the sum above
is O(log |t|) by Exercise 7.1.5 gives us

S(T) = O(logT).

This completes the proof. O

7.2 Explicit Formula for ¢ (x)

Our main tool in deriving the explicit formula for +/(z) will be The-
orem 4.1.4. Recall that this theorem says that

1 c+iR .5
I(x,R) = / L ds
2t J._ip S
satisfies
z°min(1, R~!logx|~Y) if xz#1,
[ (z, R) — 6(z)] <
< if z=1
R )
where
0 if O0<xz<l,
ox)=< 1/2 if x=1,

1 if z>1.
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Exercise 7.2.1 Show that if x is not a prime power and x > 1, then

1 ct+iR C(S)is
Vo) = 27”/R C(S)Sd

+0 (S (2 i (1.0 2] 1))

Exercise 7.2.2 Prove that if x is not an integer, then

-1
‘logf‘ —O( logx>
n ]

where ||z|| denotes the distance of x to the nearest integer.

%x<n<2m

Exercise 7.2.3 By choosing ¢ = 1 + loéx in the penultimate exercise,
deduce that
1 et _((s)a® rlog?z
—ds+ O
o= [~ s+ (M)
if v — § is a positive integer.

Exercise 7.2.4 Let C be the rectangle with vertices c—iR, c+iR, —U+iR,
—U — iR, where c = 1+ 1/logz, and U is an odd positive integer. Show
that

1 C’(s):n
27i C(s) s Z

¢ |y |<R

x—2m
Z 2m

0<2m<U

(0)

where we are writing the nontrivial zeros of ((s) as p = [+ ivy. (R is
chosen so that it is not the ordinate of any zero of ((s).)

Exercise 7.2.5 Recall that the number of zeros p = [ + iy satisfying
|y — R| < 1is O(log R). Show that we can ensure |y — R| > (log R)™*
by varying R by a bounded amount.

Exercise 7.2.6 Let U be a positive odd number. Prove that
I¢'(5)/¢(s)] < (log2s])

for =U < o < —1, provided that we exclude circles of a fixed positive
radius around the trivial zeros s = —2,—4, ... of ((s).
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Exercise 7.2.7 In Exercise 7.2.4, letting U — oo along the odd numbers
and R — oo appropriately (that is, as in Exercise 7.2.5) prove that

Y(x)=x— Zp:xpp _ 2/((8)) + %log(l — 33*2)’

whenever x is half more than an integer.

We use these ideas to prove the following result:

Theorem 7.2.8 For some constant ¢; > 0,

(@) =2+ 0 (vexp (~e1/logz))

Proof. By the solution to Exercise 7.2.7, we know that

_ a? ¢'(0) 1 —2 zlog’z | zlog” R
w(m)—x—ng— RO) +§10g (1 - ) +0 < R + Rlogx > ‘

By Theorem 6.5.6, we have Re(p) = 5 < 1 — bgﬁ' so that the sum
over the zeros is

By partial summation and Theorem 7.1.7 we have
1 Blogt

Yo =< / 8% 4t < log? R.
1] 1t

The optimal choice for R satisfies
log R = ca(log z)'/?

for some appropriate constant cy. It is now easily verified that this
gives the desired result. O

Exercise 7.2.9 Assuming the Riemann hypothesis, show that
Y(x)=x+0 (m1/2 log? a:)

as x — 00.

Exercise 7.2.10 Show that if
Y(x)=x+0 (x1/2 log? a:)

then ((s) has no zeros for Re(s) > 1/2.
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7.3  Weil’s Explicit Formula

The general philosophy of explicit formulas is to relate the sum of a
suitable function over prime powers to the sum of the Fourier trans-
form of that function over the zeros of the zeta function. The same
philosophy applies to any function of the Selberg class (see Chapter
8). Here, we develop it only for the zeta function. In many applica-
tions, such formulas are useful in establishing subtle information on
the distribution of prime numbers by exploiting information about
the zeros of ((s) or vice versa.

Lemma 7.3.1 Let € > 0and let h(s) be holomorphic in the strip —% —e <
Re(s) < & +eand satisfy h(s) = h(—s), h(s) = O(|s|717¢) as |s| — .
Then /(1
1 £
— s)ds = h(iv),
27 (%_,_6) f( —l—s Z

where £(s) = s(s — 1)7~%/?T(s/2)((s), and the summation is over all
such that § + ivy is a zero of {(s) with Im(i~y) > 0.

Proof. Recall that £(s) is an entire function of order 1 and has the
factorization )

2 Bs _ S\ os/p

26 l;I (1 p)e ’

where the product is over the nontrivial zeros p = § + i of ((s) in
0 < Re(s) < 1 (Exercise 6.4.3).
Thus

§s) _ 1
@ - P2

By the argument in Exercise 7.1.6, we see that

£'(s) _ 18 .
&(s) Z,; o(s —p) + O(log(t| + 1)),

where the dash on the summation means |Im(s — p)| < 1 and t =
Im(s). For any given T' we can vary 7' by a bounded amount to
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ensure that |y — t| > (logT)~! by the argument in Exercise 7.2.5.
Thus the summation is O(|s|log |s|) for Im(s) = T.

Thus, by the hypothesis on h(s), we can always find arbitrarily
large T' > 0 such that

(5 +s)
£(3+9)
fors =c+iTand -1 - <o < 1+e.Now1etRTbetheclosed
rectangular contour described by traversing the vertices 1 5 +e—1T,

h(s) = O(|s|™)

1+e+iT, —3 —e+4T,and —1 — e —iT. Since the zeros of {(s) occur
in pairs 1/2 i iy, it follows by Cauchy’s theorem that
1 5’( 5 +5)

— [ 2 Zh(s)ds=2 Y h(iy).

2mi 5( + S) 0<Im(ivy)<T

Since

. (o +1T) o
Th_r)rolomh(a—i-zT)— IEEOO( =0

for —% —e<o< % + ¢, it follows that the horizontal integrals tend
to 0 as T' — oo. By the functional equation £(s) = £(1 — s), we have

g3+s) _ €G-
£(3+9) &3—9)

so that the vertical line integrals are equal to

1 LteiT {/( + 5)

—_— h(s)ds.
2wi Sy (s

Now

&3 +s) 1 1 [(s/2+3/4) ('(s+1/2)

i+ s—12 28T G T (st

On the vertical line Re(s) = £ + ¢, the quantity

1 1 ((s+1/2)
s—i2 T2l s

is bounded by
((1+e)

1/ —i—llo +
€ — ™
2 BT T 11
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Also,
I(s/2+3/4)
[(s/2 + 3/4)
is bounded according to Exercise 6.3.17 by O(log(|s| 4+ 1)). Since

h(s) = O(|s|717¢), the above integral converges absolutely. Letting
T — oo establishes the lemma. O

Theorem 7.3.2 (Weil’s explicit formula) Assume that h(s) satisfies
the conditions of Lemma 7.3.1. In addition, assume that h(it) = ho(t/2m)
is a real-valued function for t € R whose Fourier transform

ho(y) = / ho(t)e 2™ dt

satisfies the bound
ho(y) = O™ x)

for fixed e > 0 as y — oo. Then we have

o0

; h(iy) + Z A\f (logn)

:hG)—;mmmwn+/Z¥&ﬁiZg%®ﬁ

where the first sum is over all zeros 1/2 + i~y satisfying Im(iy) > 0, and
A(n) is the von Mangoldt function, so that the second sum is over all
prime powers.

Remark. The growth conditions on % and g ensure that the inte-
grals and sums in the formula converge absolutely.

Proof. Recall that

g5+

£z +9)

_ 1 1 1 I(1/4+5/2)
Seri2 sz 2T T/t 52 Zns+1/2’
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so that inserting this into Lemma 7.3.1 we see that

1/ S B
— — —logm
omi Jupg \s+ 12 s—1/2 2 ¢

I'(1/4 4+ s/2 © Aln .
F((l//4 + s//2)) a nzl ns—f—l/)Q }h(s)ds = ; h(i).

Observe that by the growth condition on h,

1 1
— h(s)n " %ds = — h(s)n"%ds
2mi (1+e) () 27t J (o) ()

by moving the line of integration to the purely imaginary axis. Thus

1 1 [ .
— h(s)n"%ds = — / h(it)e losnqy
21 (%—&—e) 21 —c0

1 [ ’
= / ho(t/27r)e_”1°g”dt
27 J_ o

— 1/00 ho(t)e—Qm'tlogndt
27 J_ o

= ho(logn).

Similarly, we can also move the other integrals to Re(s) = 0, which
gives rise to the other terms of the formula. This completes the
proof. O

7.4 Supplementary Problems

Exercise 7.4.1 Using the method of Exercise 6.5.3, prove that for 1 <
o<2|t[>2

L'(s, x)
—Re( )<Allogq t+2) — Re(
L(s ) (l+2)-3
where Ay is an absolute constant, and the summation is over all zeros p
of L(s,x), and x is a primitive Dirichlet character (mod q). (Of course,
s = o +it, as usual.)
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Exercise 7.4.2 Let x be a primitive Dirichlet character (modq). If p =
B + iy runs through the nontrivial zeros of L(s,x), then show that for
any real t,

1
2 e = Olosalli +2)

Exercise 7.4.3 With x a primitive character (mod q) and t not coinciding
with the ordinate of a zero, show that for —3/2 < o < 5/2, |t| > 2,
L/

AR Zip + Ologa(lf] +2))

where the dash on the sum means we sum over p = [3 + i~y for which
It —v] < 1.

Exercise 7.4.4 Let x be a primitive Dirichlet character (modgq). Let
N(T, x) be the number of zeros of L(s,x) in the rectangle 0 < o < 1,
|t| < T. Show that

qT

T T
N(T,x) = —~ log or " 3m + O(log qT)

forT > 2.

Exercise 7.4.5 Let x be a primitive Dirichlet character (modq). If  is
not a prime power and x(—1) = —1, derive the explicit formula

P, x) = Y x(n)A(n)

1-2m

r o I/(0, >
_ _ZUL_ ( X)+Z$ :
~ p  L(0,x) 1 2m—1

where the first sum on the right-hand side is over the nontrivial zeros of
L(s, X)-

Exercise 7.4.6 Let x be a primitive Dirichlet character (mod q). If = is
not a prime power and x(—1) = 1, derive the explicit formula

p

1
LESIEEDY % ~loga — b(x) — 5 log(1 —272),
p

where b(x) = lims_ (LL/((SS’;)) - %), and the sum on the right-hand side

is over the nontrivial zeros of L(s, x).
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Exercise 7.4.7 Let x be a primitive Dirichlet character (mod q) and set
a = 0or 1 according as x(—1) = 1 or —1. If & — 1/2 is a positive integer,
show that

xp
b(x,x) = — Y, ——(1—a)(logz+b(x))
p
<R
L gem zlog? qzR
+ Z 2m —a * O( R )’

where the first summation is over zeros p = [3+1iy and R is chosen greater
than or equal to 2 so as not to coincide with the ordinate of any zero of

L(s, x).

Exercise 7.4.8 If we assume that all the nontrivial zeros of L(s, x) lie on
Re(s) = 1/2 (the generalized Riemann hypothesis), prove that

U(x,x) = O(al;l/2 log? qz).

Exercise 7.4.9 Let

blega)= S Aln).

n<x
n=a(mod q)

Show that the generalized Riemann hypothesis implies

T

Ve ea) = o

+0 (x1/2 log? qx)

when (a,q) = 1.

Exercise 7.4.10 Assuming the generalized Riemann hypothesis, show
that there is always a prime p < ¢ log® q satisfying p = a (mod q) when-
ever (a,q) = 1.

Exercise 7.4.11 Show that if q is prime, then

1 if a has order ¢ — 1

o(g—1) p(d) _
q-—1 dlqz—l ¢(d) Z x(e) =

o(x)=d 0 otherwise,

where the inner sum is over characters x mod q whose order is d.
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Exercise 7.4.12 Let q be prime and assume the generalized Riemann
hypothesis. For q sufficiently large, show that there is always a primep < q
such that p is a primitive root (mod q),

Exercise 7.4.13 Let q be a prime. Show that the smallest primitive root
mod g is O (2"9"Vq'/2log q), where v(q — 1) is the number of distinct
prime factors of ¢ — 1.

Exercise 7.4.14 Let g be a prime and assume the generalized Riemann
hypothesis. Show that there is always a prime-power primitive root satis-
fying the bound O (4V9~Y) log* q).

Exercise 7.4.15 Let q be prime and assume the generalized Riemann hy-
pothesis. Show that the least quadratic nonresidue (mod q) is O(log? q).

Exercise 7.4.16 Let q be prime and assume the generalized Riemann hy-
pothesis. Show that the least prime quadratic residue (mod q) is O(log? ¢).

Exercise 7.4.17 Prove that forn > 1,
1 A(n)
lim — p— 2\
7o T Z " T’
[v|I<T

where the summation is over zeros p = (3 + iy, € R, of the Riemann
zeta function.






8
The Selberg Class

The Selberg class S consists of functions F'(s) of a complex variable
s satisfying the following properties:

1. (Dirichlet series): For Re(s) > 1,

n—=

1
where a; = 1. (We will write a,,(F) = a,, for the coefficients of
the Dirichlet series of F.)

2. (Analytic continuation): For some integer m > 0, (s — 1) F'(s)
extends to an entire function of finite order.

3. (Functional equation): There are numbers Q > 0, o; > 0, 1; €
C with Re(r;) > 0 such that

d
D(s) = Q° HF(ais + 7)) F(s)
i=1
satisfies the functional equation
O(s) = wd(1 — s),

where w is a complex number with |w| = 1 and ®(s) = ®(3).
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4. (Euler product): For Re(s) > 1,

where
b, x

F,(s) = exp <§: ﬁ)

k=1

and by = O(p*?) for some § < 1/2, and p denotes a prime
number here. We shall write b,(F') = b,.

5. (Ramanujan hypothesis): For any fixed ¢ > 0,
a, = 0(n°),
where the implied constant may depend upon e.

A prototypical example of an element of S is, of course, the Rie-
mann zeta function. But more exemplary is the Ramanujan zeta
function

> 7
La(s) = n%
n=1

where 7, = 7(n)/n''/? and 7 is defined by the infinite product

Y rme" =q -
n=1 n=1

Ramanujan established properties (1), (2), and (3) and conjectured
(4) and (5). Property (4) was proved by Mordell and (5) by Deligne.

8.1 The Phragmén - Lindel6f Theorem

We discuss an important theorem that allows us to estimate the
growth of a function in the region a < Re(s) < b from its behaviour
on Re(s) = a and Re(s) = b. We first recall the maximum modulus
principle.

Exercise 8.1.1 Let f(z) be an analytic function, reqular in a region R
and on the boundary OR, which we assume to be a simple closed contour.
If | f(2)| < M on OR, show that |f(z)| < M forall z € R.
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Exercise 8.1.2 (The maximum modulus principle) If f is as in the
previous exercise, show that |f(z)| < M for all interior points z € R,
unless f is constant.

Theorem 8.1.3 (Phragmén - Lindel6f) Suppose that f(s) is entire in
the region
S(a,b) ={s € C: a <Re(s) <b}

and that as |t| — oo,
()] =0 (")
for some o« > 1. If f(s) is bounded on the two vertical lines Re(s) = a

and Re(s) = b, then f(s) is bounded in S(a,b).

Proof. We first select an integer m > a, m = 2 (mod 4). Since arg s —
7/2 ast — oo, we can choose T sufficiently large so that

|arg s — w/2| < w/4m.
Then for | Im(s)| > T3, we find thatarg s = 7/2—§ = 6 (say) satisfies
cosmb = —cosmd < —1/V/2.

Therefore, if we consider

m

ge(s) = e f(s),

then
lge(s)| < Keltl* g—elsI™/vV2

Thus, |ge(s)] — 0 as |t| — oo. Let B be the maximum of f(s) in the
region
a<Re(s) <b, 0<|Im(s)| <Ti.

Let T5 be chosen such that
|9¢(s)| < B
for | Im(s)| > T5. Thus,
‘f(8)| < Be—e|s|mcos(margs) < BS€|S|m

for [ Im(s)| > T5. Applying the maximum modulus principle to the
region

a <Re(s) <b, 0<|Im(s) <7,
we find that |f(s)| < Be*I™. This estimate holds for all s in S(a, b).
Letting € — 0 yields the result. O
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Corollary 8.1.4 Suppose that f(s) is entire in S(a,b) and that |f(s)|
= O(ell™) for some o > 1 as |t| — oco. If f(s) is O(|t|) on the two
vertical lines Re(s) = a and Re(s) = b, then f(s) = O(|t|!) in S(a,b).

Proof. We apply the theorem to the function g(s) = f(s)/(s — u)4,
where v > b. Then g is bounded on the two vertical strips, and the
result follows. O

Exercise 8.1.5 Show that for any entire function F' € S, we have
F(s) =0 ([t/"),

for some A > 0, in the region 0 < Re(s) < 1.

8.2 Basic Properties

We begin by stating the following theorem of Selberg:

Theorem 8.2.1 (Selberg) For any F € S, let Np(T') be the number of
zeros p of F(s) satisfying 0 < Im(p) < T, counted with multiplicity.

Then
TlogT
NF(T)~<22ai> 25

=1

asT — oo.

Proof. This is easily derived by the method used to count zeros of
¢(s) and L(s, x) as in Theorem 7.1.7 and Exercise 7.4.4.
g
Clearly, the functional equation for F' € S is not unique, by virtue
of Legendre’s duplication formula. However, the above theorem
shows that the sum of the «a;’s is well-defined. Accordingly, we
define the degree of F' by

d
deg F' := 220@.

=1

Lemma 8.2.2 (Conrey and Ghosh) If F' € S and deg F' = 0, then
F=1.
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Proof. We follow [CG]. A Dirichlet series can be viewed as a power
series in the infinitely many variables p~* as we range over primes
p. Thus, if deg F' = 0, we can write our functional equation as

San(F) =way

n=1

where |w| = 1.

Thus, if a, # 0 for some n, then Q?/n is an integer. Hence Q?
is an integer. Moreover, a,, # 0 implies n|Q?, so that our Dirichlet
series is really a Dirichlet polynomial. Therefore, if Q? = 1, then
F =1, and we are done. So, let us suppose ¢ := Q* > 1. Since a; =
1, comparing the Q% term in the functional equation above gives
laq| = Q. Since a,, is multiplicative, we must have for some prime

power p'||q that |a,-| > p"/2. Now consider the p-Euler factor
T Qi
Fp(s) = s
=0 p]s
with logarithm
00 b ;
log F(s) = LS
=0 7

Viewing these as power series in x = p~*, we write
. ,
P(l’) = Zj:o ijju

log P(x) = Z;‘;OBjxj,

where A; = a,;, B; = b,;. Since a; = 1, we can factor

pis
,

P(z) =[] - Rix),

Jj=1

so that

We also know that



120 8. The Selberg Class

so that

>
o 1l 2 9"

b7 = 1B, = 12

tends to max;<;<, |R;| as j — oo, which is greater than or equal to
p'/2. This contradicts the condition that b, = O(n?) with § < 1/2.
Therefore, Q = 1 and hence F' = 1. O

But
7 11/j

We can now prove the following basic result:

Theorem 8.2.3 (Selberg) If FF € S and F is of positive degree, then
deg F' > 1.

Proof. We follow [CG]. Consider the identity

Z ane =5 o F(s)z™°T'(s)ds.
Because of the Phragmen - Lindelof principle and the functional
equation, we find that F'(s) has polynomial growth in |Im(s)| in
any vertical strip. Thus, moving the line of integration to the left,
and taking into account the possible pole at s = 1 of F'(s) as well as
the poles of I'(s) at s = 0, —1,—2, ..., we obtain

P(log > F(—n)(=1)"z"
zane _ Ploga) | 5 FEm)(C1's

xr
n=0

where P is a polynomial. The functional equation relates F'(—n) to
F(n + 1) with a product of gamma functions. If 0 < degF' < 1,
we find by Stirling’s formula that the sum on the right-hand side
converges for all z. Moreover, P(log x) is analyticin C\{x <0:xz €
R}. Hence the left-hand side is analytic in C\{z < 0 : z € R}. But
since the left-hand side is periodic with period 27, we find that

S
— 2 :anefnz
n=1

is entire. Thus, for any z,

2w
ane " = / f(z+iy)e™dy < n~2
0
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by integrating by parts. Choosing = = 1/n gives a,, = O(1/n?).
Hence the Dirichlet series

converges absolutely for Re s > —1. However, relating F'(—1/2+it)
to F'(3/2 — it) by the functional equation and using Stirling’s for-
mula, we find that F'(—1/2 + it) is not bounded. This contradiction
forces deg F' > 1. O

An element F' € S will be called primitive if F' # 1and F' = F1 F5
with F1, F» € S implies | = 1 or F» = 1. Thus, a primitive function
cannot be factored nontrivially in S.

Exercise 8.2.4 Show that
deg I F5 = deg Fy + deg F5.
Exercise 8.2.5 If F' € S has degree 1, show that it is primitive.

Exercise 8.2.6 Show thatany F € S, F' # 1, can be written as a product
of primitive functions.

Exercise 8.2.7 Show that the Riemann zeta function is a primitive func-
tion.

Exercise 8.2.8 If x is a primitive character (mod q), show that L(s, x) is
a primitive function of S.

Exercise 8.2.9 If F € S and € > 0 is fixed, show that |a,| < c(e)n®
implies that

b | < c(e)(2F — 1)p*e/k.
Exercise 8.2.10 Prove the asymmetric form of the functional equation for
C(s):

ST

(1—s)= 21_57r_5(cos 7>F(3)C(s).
Exercise 8.2.11 Show that for k € N,
C(—k)| < CR!/(2m)"

for some absolute constant C.
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Exercise 8.2.12 Show that

> P :l‘_1+ > g(_k)(_x)k

Deduce that for k = 2,3, ...
((1—k)=—Bi/k

and ((0) = —1/2, where By, denotes the kth Bernoulli number.

Exercise 8.2.13 Let x be a primitive Dirichlet character (mod q) satisfy-
ing x(—1) = 1. Prove that

L(1-s,%) = \/zj;/:) (2;)1/2_8(008 g)F(S)L(s, X)

where T(x) denotes the Gauss sum.

Exercise 8.2.14 Let x be a primitive character (modq), satisfying
Xx(—1) = 1. Show that for k € N,

|L(=k, X)| < Cki(q/2m)*
for some constant C' = O(,/q).

Exercise 8.2.15 Let x be a primitive character (modq), satisfying
x(—1) = 1. Show that

L(1-s,X)= —(2%)1/2% <2;)1/2_S(sin ?)I’(s +1)L(s, x).

Exercise 8.2.16 Let x be a primitive Dirichlet character (mod q) satisfy-
ing x(—1) = —1. Show that for k € N,

|L(—k, x)| < C(k +1)!(g/2n)"

for some constant C' = O(,/q).
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Exercise 8.2.17 Prove that
- —-n - L(_k7X)(_x)k
> iy - 3 Bkl
n=1 k=0

Deduce that for n > 1,
where
with by, () denoting the nth Bernoulli polynomial.

8.3 Selberg’s Conjectures

We have seen in the previous section that ((s) and Dirichlet’s L-
functions L(s, x) are primitive since they are of degree 1. Selberg
[S] conjectures that as © — oc:

(a) for any primitive function F,

)2
Zap(p)‘ = loglogz + O(1);

(b) for two distinct primitive functions F' and G,

Z GP(F)GP(G) _ O(l)

p<z p

We have also seen that any function of S can be factored into
primitive functions. Two of the important consequences of conjec-
tures (a) and (b) are contained in the following exercises.

Exercise 8.3.1 Assuming (a) and (b), prove that any function F' € S can
be factored uniquely as a product of primitive functions.

Exercise 8.3.2 Suppose F,G € S and a,(F) = a,(G) for all but finitely
many primes p. Assuming (a) and (b), prove that F' = G.
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This exercise shows that a form of “strong multiplicity one” holds
for the Selberg class. It is possible to prove a slightly stronger ver-
sion of this fact without assuming (a) and (b). This is the goal of the
exercises below.

Exercise 8.3.3 If F((s) = Y >~ a,n ® and 0 = Re(s) > o4(F), the
abscissa of absolute convergence of F, then prove that

1 T . an(F) Z_f n= y’
lim / F(o+it)y"tdt =

T—oo 21" J_p 0 otherwise,
for any real y.
Exercise 8.3.4 Prove that
1 yods a 2yPlelogy if y>1,
i Joy (as+ B2 | if 0<y<l,
forc>0and «, 5 > 0.

Exercise 8.3.5 Let f(s) be a meromorphic function on C, analytic for
Re(s) > %, and nonvanishing there. Suppose that log f(s) is a Dirich-
let series and that f(s) satisfies the functional equation

H(s)=wH(1 - s),
where w is a complex number of absolute value 1, and
T D(ais + 5)

T2, T(yis + 63)

with certain A, «;, v; > 0 and Re(5;), Re(d;) > 0. Show that f(s) is
constant.

H(s)=A (s)

Exercise 8.3.6 Let F,G € S. Suppose a,(F') = a,(G), a
for all but finitely many primes p. Show that F = G.

2(F) = a,2(G)

P
Exercise 8.3.7 Assume Selberg’s conjectures (a) and (b). If F € S has a
pole of order m at s = 1, show that F(s)/((s)™ is entire.

Exercise 8.3.8 Assume Selberg’s conjectures (a) and (b). Show that for
any F' € S, there are no zeros on Re(s) = 1.
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8.4 Supplementary Problems

Exercise 8.4.1 Verify that the primitive functions ((s) and L(s, x), where
X is a primitive character (mod q), satisfy Selberg’s conjectures (a) and (b).

Exercise 8.4.2 For each F', G in S, define

(F® G)( HH

where
s) = exp (Z Kb,k (F)bpk(G)p*kS)
k=1

If Fy(s) = det(1— App~*) "t and G,(s) = det(1 — Bpp=*)~! for certain
nonsingular matrices A, and By, show that

Hy(s) = det(1 — (4, ® B,)p™) ™"

Exercise 8.4.3 With notation as in the previous exercise, show that if
F,G € S, then F ® G converges absolutely for Re(s) > 1

Exercise 8.4.4 If F' € S and F ® F extends to an analytic function for
Re(s) > 1/2, except for a simple pole at s = 1, we will say that F is @-
simple. Prove that a ®@-simple function has at most a simple pole at s = 1.

Exercise 8.4.5 If F' € S and
F=FOF2... F&
is a factorization of F' into distinct primitive functions, show that
Z |ap (e? 4+ e2 4 - +ef)logloga + O(1),
p<a
assuming Selberg’s conjectures (a) and (b).

Exercise 8.4.6 If F € Sand F ® F € S show that F is ®-simple if and
only if F' is primitive, assuming Selberg’s conjectures (a) and (b).

Exercise 8.4.7 If F € S is ®-simple and entire, prove that F'(14it) # 0
forallt € R.
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Exercise 8.4.8 Let I' € S and write

F > .
5 (s)= ;Ap(n)n

ForT > 1landn € N, n > 1, show that

Z nf = —%Ap(n) +0 (n3/2 log? T) ,

[VI<T
where p = [ +iv, > 0, runs over the nontrivial zeros of F(s).
Exercise 8.4.9 Suppose I',G € S. Let
Zr(T)={p=p0+iv,8>0,F(p) =0and |y| < T}.
Suppose that as T — oo,
|Ze(T)AZa(T)| = ofT),

where A denotes the symmetric difference AAB = (A\ B) U (B \ A).
Show that F' = G.
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Sieve Methods

9.1 The Sieve of Eratosthenes

The basic principle of a sieve method is the following: Given a finite
set of natural numbers, estimate its size (from above and below)
given information about the image of the set mod p for a given set
of primes p. For example, let S be the set of primes in the interval
[Vz, z]. We know that for each prime p < \/z, the image of S mod p
fails to contain the zero residue class. Given this information, the
estimation of S from above and below gives us estimates for 7(z) —
(V7).

The oldest method to attack this question is the sieve of Eratos-
thenes (300 B.C.). It was formally written in the following form by
Legendre in the eighteenth century.

Example 9.1.1 (Eratosthenes-Legendre) Let P, be the product of the
primes p < z, and 7(x, z) the number of n < x that are not divisible by
any prime p < z. Then

n(z,2) = > p(d) [2]

d|P.
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Solution. Clearly,

m(r,z) = Z Z

n<z d|(n,P.)
= Dud 3 1= @]
d|P. nsa d|P.
as required. O

We saw in Exercise 1.5.10 that
1
m(x,z) = JJH (1 — 7> + 0(2%),
p<z p

and in Exercise 1.5.11 that

H (1—;) 1>>10g,z.

p<z

This gives the estimate (Exercise 1.5.12)

m(z,2) <

2Z
logz +0(2).

Choosing z = log z, we obtain

m(z) = O(logfogw)

Exercise 9.1.2 Prove that there is a constant c such that
1 ¢ 1
H(1_7>:16 <1+O<1 ))
s D og z og z

There is a famous theorem of Mertens that shows that the con-
stant ¢ in the previous exercise is Euler’s constant v, given by

1
1= Jim (37 —lost).

n<t

This is proved in the following way. For o > 0, we have

o0

o)=Y s

n=1
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Now consider

o) = logC(1+0)— prﬂ,

P
| 1 1 1
B _Z{ Og< N p1+0) +pl—i-cr}'
p
In Exercise 9.1.2 it was proved that ¢ = ¢ + ¢, where

coz—zp:{log(l—;)—F;}

and )
c] = le)rgo (Z; —loglogz).

p<z

Hence ¢y = lim,_¢ f(0). It is clear that as 0 — 0%, log((1 + o) =
log L +O(c). Now, as ¢ — 01, log(1 — %) = log o + O(0), so that
aso — 0F,

log{(1+0) = —log(l—e"7)+0O(o)
= Z €:n + O(0).
n=1

Put H(t) =3, Land P(t) = > op<t %. By partial summation,

Z 1 = 0 Oop(u)du

140 140
> P 1 u
= a/ P(e)e tdt.
0
Similarly,
logC(1+0) =0 / e H(t)dt + O(o)
0

as 0 — 01. Hence,
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Since H(t) = logt + v + O(1/t) by Example 2.1.10, and P(e) =
logt + c1 + O(1/t), we deduce

flo) = a/oooe_”t<7—cl+0(L))dt—i—O(J)
= (v —61)+0/000 ‘”tO( P )dt+0( ).

An easy integration by parts shows that the integrand is O(¢), so
that f(0) = cp = v — ¢1. This proves the following theorem:
Theorem 9.1.3 (Mertens)

Viz) = H (1 - ]19> - Ingz (1 +O(lo;z)>'

p<z

Exercise 9.1.4 For z < log x, prove that

xe 7
w(2,2) = (1 +0(1)

log 2z
whenever z = z(x) — 0o as x — 0.

We now define ®(z, z) to be the number of n < x all of whose
prime factors are less than or equal to z. This function, along with
7(z, z), plays an important role in sieve problems.

Exercise 9.1.5 (Rankin’s trick) Prove that

(z,z <x5H<1——>

-1

p<z
forany § > 0.
Exercise 9.1.6 Choose 6 = 1 — logz in the previous exercise to deduce
that log
O (z,z) < z(log z) exp ( — logz)'

Exercise 9.1.7 Prove that

m(x, 2 —xz ( logz)exp< igij))

d| P
d<ux

for z = z(x) — oo as x — oo.
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Exercise 9.1.8 Prove that

5O T (- ) ot (- 252))

d|P: p<z
d<zx

with z = z(x) — oo as x — oo.

Exercise 9.1.9 Prove that

m(x,z) =2V (z) + O(a:(log z)%exp ( - 10gx>>’

log 2z
where .
V(z) = H <1 — 7)

p<z p
and z = z(x) — o0 as r — 0.
Exercise 9.1.10 Prove that

() < < loglog x
log

by setting log z = elog x/loglog x, for some sufficiently small €, in the
previous exercise.

Exercise 9.1.11 For any A > 0, show that

re
(e, (log2)*) ~ Aloglog

as x — oo.

The estimate of Exercise 9.1.9 for 7(z) will be seen to be as good
as the one obtained by the elementary Brun sieve of the next section.
Let A be any set of natural numbers and let P be a set of primes. To
each prime p € P, let there be w(p) distinguished residue classes
mod p. Let A, denote the set of elements of A belonging to at least
one of these distinguished classes mod p. For any square-free num-
ber d composed of primes p € P, let

Ay = ﬂp\dAp-
We denote by S(A, P, z) the number of elements of
A \ UpEP,pSZAzr

Letw(d) = [[,4w(p), and P(2) = [[,<, pep P-



132 9. Sieve Methods

Exercise 9.1.12 Suppose that

Z w(p)logp < klogz+ O(1).
p<z b
peEP
Show that
Fu(t,z) == )  w(d)
d<t
d|P(z)

is bounded by O(t(log 2)" exp ( — 1%2)).
Exercise 9.1.13 Let C be a constant. With the same hypothesis as in the
previous exercise, show that

> wild) = O((tog 2+ exp ( - logw»'

log 2z
d|P(2)
d>Cz

We are now ready to prove our version of the sieve of Eratos-
thenes. We follow [MS]. We suppose there is an X such that

Xw(d)
d

|Ad‘ = + Ry

with Rg = O(w(d)). We also assume

Z w(p) log p <klogz+O(1)
p<z p
peP
and set
wi(z) =[] (1—‘”(1’))
p<z p
peEP

Exercise 9.1.14 (Sieve of Eratosthenes) Suppose there is a constant
C > 0 such that |Aq| = 0 for d > Cx. Then

S(A,P,z) = XW(z)+ O(az(log 2)"exp ( - Eij))
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9.2 Brun’s Elementary Sieve

By comparing coeffients of 2" on both sides of the identity

1—2) ' -z =010-2)!

Sent(y) = (7).

we deduce

This implies that

din
v(d)<r

where v(n) is the number of prime factors of n. This observation is
the basis of Brun’s elementary sieve. Namely, let

w(d) if v(d)<r
Mr(d) =
0 if  v(d) >r.

Then setting

Ur(n) = 3 (),

dn

we find thatif riseven, ;. u(d) < ¢r(n) andif risodd, 3, 1(d)
> ¢p(n). Thus

> uld) = v m+0( > |ud)).
dln din
v(d)=r+1

Exercise 9.2.1 Show that for r even,

m(x,z) <z Z r(d) +O0(=").

d
d|P.

We now turn our attention to

pir (d)
>

d|P,
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By Mobius inversion,

o (d) = 3 u(d/8)4,(6),

sld

so that

S S LS g 9)

d|P, dP,  §d

¥r(d d
- S

0| P, d|P./é

¥r(9)
V(z) :
>4l

where V (z) is as in the previous section and ¢ denotes Euler’s func-
tion. Let us note that

M_ 5 5 Yr(6)
> —V()+V()Z¢(5).

d|P. >
5>1

We now want to estimate the last sum. Observe that

0 (6) < (”@ - 1),

-
so that the sum under consideration is bounded by

v(d) — 1) 1 (m) 1 1 \m
2 o = 2 U )ml2TT
T ( r ®(9) r<mzn(s) r ) m! (p<z p— 1)

6>1

1
< —‘(log log z + ¢1)" exp(loglog z 4 ¢1),
r!

where we have utilized the elementary estimate
1

Z — <loglogz+ ¢

Pz
for some constant c;. Since e > %, we can write 1/r! < (e/r)", and
thus 2(6)

V(z) v
25

8| Py
6>1

< coexp(r —rlogr + rlogA),
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where A = loglog z + ¢1, and we have used the estimate

Viz) < gz’

The idea is to choose r so that the r log r term dominates. This will
minimize the error term. Indeed, choosing r to be the nearest even
integer to alog x/ log z, with o < 1, gives an error term of

Ofwew (~aiy2))

for some constant c3, and we impose

alog x

> 2(loglog z + ¢1)
log 2z

to ensure that the error term is sufficiently small. This proves the
following theorem:

Theorem 9.2.2 There is a constant c4 > 0 such that for
log z < ¢4log z/loglog z,

we have

m(x,z) <zV(z)+ O(a: exp ( — 0310gx>).
log 2z
Remark. Observe that this is comparable to the estimate obtained
earlier by using the sieve of Eratosthenes combined with the careful
application of Rankin’s trick (Exercises 9.1.8 and 9.1.9).
Also note that Theorem 9.2.2 gives us the upper bound

() < a:

log 1
1ng(og og ),

which is comparable to the estimate we obtained in Exercise 9.1.10.
Brun used his method described above to deduce that the number
of primes p < z such that p + 2 is also prime is bounded by

< ( (loglog z)2.

log x)?

From this, it is easy to deduce by partial summation that

Z/;<oo,
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where p is such that p + 2 is prime, a result that created a sensation
at the time it was proved by Brun.

Let A be a finite set of natural numbers, P a set of primes. For
square-free d composed of primes from P, let A; be the set of ele-
ments of A divisible by d. For some w(d) multiplicative, suppose

4d = D14 4 B,

Let S(A, P, z) denote the number of elements of A coprime to

“[I»

p<z
peEP

As above

S(AP,z) = Y. >

neAd|(n,P(z))

= Y (vren+o( Y 1))

neA d|(n.P(2))
v(d)=r+1
d A
= 3 @) (“Darra) 10 ().
d 7!
d\P(2)

We make the hypothesis |R;| < w(d). Then

pr(d)w(d) AlZ"
S(A,P,z) = |4 D (’r")

d|P(z)

+ O(l—i—pr) i

p<z
Exercise 9.2.3 Show that

Z:U'r :H( p)z¢r56

d|P(z p<z 5|P(z
peEP

where Q(8) = [[,5(p — w(p)).
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Exercise 9.2.4 Suppose that w(p) < c, and that

Z @ < cyloglogz + ¢
p<z
peEP

for some constants c, c¢1, and co. Show that there are constants c3, ca, and
s such that

(0w
Z Yr(0)w(9) 5 (03 loglog z + ¢4)" (log 2)

31 P(2)
6>1

We can put these inequalities together in the following form:

Theorem 9.2.5 (Brun’s elementary sieve) Suppose that w(p) < cand
that

E @ < ciloglog z + ¢
p<z
peEP

for some constants c,cy, and cy. Suppose further that Ry = O(w(d)).
Then there are constants cs and c4 such that

S(A,P,2) = mH( >+0<’fﬂz>+0( )

p<lz
pEP

r!
for any even number r.

To make this amenable for applications, we use the inequality

1 e\”
1<)
to obtain
S(A,P,z) =|A|(W(z) + O(exp(—rlogr +rlogz+r))) + O(z").

Our intention now is to make the r log r term dominate so that we

can get a small error term in the above result. Suppose that |[A| < z.
We choose 7 to be the nearest even integer to

nloglog 2z



138 9. Sieve Methods

for some 7 = n(x, z) soon to be specified. With this choice of r the
error term becomes

< zexp(—n(logn) loglog z-+n(log z) log log z-+1nlog log z) + 27818,

If we choose

alog x
log z)(loglog z)’
for some a < 1, the error term is

log
<L xexp _C3logz ,

T

for some positive constant c3. In particular, there is a constant ¢ > 0
such that for

clogx
log 2z
loglog x
we have
1
S(AP.2) = [AW(2) + O (wexp (—esi -] ). ()
loglog x

Exercise 9.2.6 Show that the number of primes p < x such that p + 2 is
also prime is < x(loglog z)?/(log x)?.

Exercise 9.2.7 (Brun, 1915) Show that
/1
>hen,
p

where the dash on the sum means we sum over primes p such that p + 2 is
also prime.

9.3 Selberg’s Sieve

The key idea of Selberg is to replace the use of the Mobius function
that appears in Brun’s sieve as well as the sieve of Eratosthenes by
another sequence optimally chosen so as to minimize the resulting
estimates. The method is best illustrated by the example below.

Let A1 = 1, and let us set A\; = 0 for d > z. Let us now consider
the problem of estimating 7 (z, ).
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Exercise 9.3.1 Let P, = []
Show that

p<» D e the product of the primes p < =.

<Y (X M)
n<z  d|(n,Ps)

for any sequence \; of real numbers satisfying A\ = 1.

Exercise 9.3.2 Show that if |\q| < 1, then

Ady Ad 9
m(z,z) < Z x4+ 0(z2%),
s d1, da]

where [dy, do) is the least common multiple of dy and d.

The main idea is to notice that we have a quadratic form on the
right-hand side, given by

Z Ady Ny
s [d1, do]

and we seek to minimize it. We will show that there is a choice of
Ad’s such that [\ < 1, as required in Exercise 9.3.2. It should also
be noted that the error term here is O(z?) in contrast to O(2%), which
we obtained in the simplest form of the sieve of Eratosthenes.

Exercise 9.3.3 Prove that
[d1,d2](dy,d2) = dida,
where (dy, d2) is the greatest common divisor of d; and ds.

Exercise 9.3.4 Show that

Mg A Ag )\ 2
2 [df,dd; Z‘b (X7)
z

We now use the method of Lagrange multipliers to minimize the
quadratic form of the previous exercise.

Exercise 9.3.5 If
Ad

us =

d|d
<z
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show that \
5

sld

(Note that us = 0 for 6 > z, since \q = 0 for d > z.)

Exercise 9.3.6 Show that if \y = 1, then

Z )\d1 )\d2
[dl 3 d2]

di,d2<z

attains the minimum value 1/V (z), where

2(d
ve) = B

d<z

By Exercise 9.3.4, we must minimize

S o) (X’

0<z old
d<z

subject to the constraint A\; = 1.
Exercise 9.3.7 Show that for the choice of
us = p(8)/(6(6)V(2)),
we have |\g| < 1.
This leads to the following problem:

Exercise 9.3.8 Show that

Deduce that 7(z) = O (z/log x) by setting z = x'/>=¢.

Exercise 9.3.9 Let f be a multiplicative function. Show that

f(ld1,d2]) f((di,d2)) = f(d1)f(d2).
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Let P be a set of primes. Suppose that we are given a sequence
of integers A = {a,}°°; and we would like to count the number
N(z,z) of n < x such that (a,, P(2)) = 1 where P(z) is the product
of the primes p < z, p € P. We now derive a more formal version of
Selberg’s sieve. For convenience, we write N (d) for the number of
n < x such that d|a,,, and assume

X
f(d)

for some multiplicative function f and some X.

N(d)z + Ry

Theorem 9.3.10 (Selberg’s sieve, 1947)

X
N2) < 55 +0( 3 IRuail),

dy,da<z
where ()
U
DTz
and
= fi(d)
dn

Proof. We have
2

Z)SZ( Z /\d)7

n<z d|(an,P(2))
an€A

where \; = 1 and )4 are real numbers to be chosen. We will set \; =
0 for d > z. Expanding the right-hand side of the above inequality,
we get

N(z,z) < Y )\dl)\dQ( 3 1)

dy,d2<z dy,dz|an
n<x
< )\dl)\dz
< X ) (d d) +0( D PallAasllRia, aal)-
di,d2<z 1,¢2 di,d2<z

By Exercise 9.3.8, we have

f([d1, dz]) = f(d1)f(d2)/ f((d1,d2)).
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Hence, the first sum can be rewritten as

Z f )\d1)\d2 dl,d2 Z f )‘d1)\d2 Z f1

di,d2<z dy,d2<z 5\dd

Rearranging, we get

Zfl@)( > %)2,

6<z 8ld
d<z
which we seek to minimize subject to the condition \; = 1. As

before, we set

w=Y R
é|d
d<z

By Mobius inversion (Exercise 1.5.16),

As "
m %u(d/é) d

Thus, we must minimize

> f(8)ud

6<z

subject to the condition
1= Z ,u(d)ud.
d

By the Lagrange multiplier method,

2£1(8)us = Au(0)

for some scalar \. Thus,

so that




9.3 Selberg’s Sieve

Therefore, the minimum is

/\2 2(5)
21Oy~ T

In addition, we have

Ad = Zﬂ(t)udt

f(d) -
_ w(d) 2 (1)
A 2, HEOUE
t<z/d
Hence, 2( )
f(d) A (t
Ve =md) 5 ) WZ:l i)
t<z/d
Now, for d square-free,
fld)  _ 11 flp) _ fp)
fi(d) ba 1) o fp) -1
1
- g(lJrf(p)—l)
Therefore,
. R0 0
U(z)Ad = p(d) (M fl(é)) a2 h )
t<z/d

from which we see that |\;| < 1. Hence, the error term is

O( Z |R[d17d21|)'
[d1,d2]<z

We have therefore proved

X
N(.’E,Z) S W""O( Z |R[d1,d2]‘)7
[d1,d2]<z

as desired.
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Exercise 9.3.11 Show that

1
Uz) > ) ——,
; f(9)

where f(n) is the completely multiplicative function defined by f(p) =
f(p)-

Exercise 9.3.12 Let my(z) denote the number of twin primes p < x.
Using Selberg’s sieve, show that

o) = O(lo;x)'

Exercise 9.3.13 (The Brun - Titchmarsh theorem) For (a, k) = 1, and
k < z, show that

__@+dr
m(x, k,a) < o(k)log(2z/k)

for x > wo(€), where w(x, k,a) denotes the number of primes less than x
which are congruent to a (mod k).

Exercise 9.3.14 (Titchmarsh divisor problem) Show that

> dlp—1) = O(a),

p<z

where the sum is over primes and d(n) denotes the divisor function.

9.4 Supplementary Problems

Exercise 9.4.1 Show that

1 logl log k
Z 1< og log x + log ,
p (k)

p<z
p=1 (mod k)

where the implied constant is absolute.

Exercise 9.4.2 Suppose that P is a set of primes such that
1

> -

peP p

Show that the number of n < x not divisible by any prime p € P is o(x)
as x — 0o.
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Exercise 9.4.3 Show that the number of solutions of [dy,d2] < =z is
O(z(log 2)?).
Exercise 9.4.4 Prove that
1 loglog x
Z log(z/p) =0 logz )’
peara Plog(/p g
where the summation is over prime numbers.

Exercise 9.4.5 Let 7y (x) denote the number of n < x with k prime fac-
tors (not necessarily distinct). Using the sieve of Eratosthenes, show that

z(Aloglogx + B)*
k!'log x

mr(z) <
for some constants A and B.

Exercise 9.4.6 Let a be an even integer. Show that the number of primes
p < x such that p + a is also prime is

T 1
T+ ).
< e (145
pla

where the implied constant is absolute.

Exercise 9.4.7 Let k be a positive even integer greater than 1. Show that
the number of primes p < x such that kp + 1 is also prime is

<<(10g2)2££(1+]1)).

Exercise 9.4.8 Let k be even and satisfy 2 < k < x. The number of
primes p < x such that p — 1 = kq with q prime is
< i
p(k)log?(z/k)
Exercise 9.4.9 Let n be a natural number. Show that the number of so-
lutions of the equation [a,b] = n is d(n?), where d(n) is the number of
divisors of n.

Exercise 9.4.10 Show that the error term in Theorem 9.3.10 can be re-

placed by
o( 3 d(aQ)]Ra\).

a<z?



146 9. Sieve Methods

Exercise 9.4.11 Show that

Z g -0 (L»
el —1) log z
where the summation is over prime numbers.
Exercise 9.4.12 Prove that

H (1 B %) < (loglrr)T'

r<p<z

Exercise 9.4.13 Prove that for some constant ¢ > 0, we have

n2
Z Cﬁm; = c(log z)?® + O(log? ).

n<x

Exercise 9.4.14 Let d(n) denote the number of divisors of n. Show that

Z d*(p — 1) = O(zlog® x loglog z),

p<z
where the summation is over prime numbers.

Exercise 9.4.15 Show that the result in the previous exercise can be im-
proved to O(zlog? z) by noting that d*(n) < dy(n), where dy(n) is the
number of ways of writing n as a product of four natural numbers.



10
p-adic Methods

10.1 Ostrowski’s Theorem

Recall that a metric on a set X isamap d : X x X — Ry such that
1. d(z,y) =0z =y;

2. d(x,y) = d(y, »);
3. d(z,y) <d(z,z) +d(z,y)Vz € X.

Property (3) is called the triangle inequality. The pair (X, d) is
then called a metric space, with metric d.

A normon a field Fisamap || - || : F' — R, such that

(1) [[z]] = 0 & 2 = 0;

(@) lleyll = llallyll;

(3) [l + gl < llel] + Iyl (triangle inequality).

Exercise 10.1.1 If F'is a field with norm ||-||, show that d(x,y) = ||x—y||
defines a metric on F.

The well-known norm on the field of rational numbers is, of
course, the usual absolute value | - |. The induced metric |z — y/| is the
usual distance function on the real line. But there are other norms that
we can define on Q that give rise to other metrics and “new” notions
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of distance. For each prime p and any rational number = # 0, we can
write z = p*»(®)z; where ; is a rational number coprime to p (that
is, when x7 is written in lowest terms, neither the numerator nor the
denominator is divisible by p). Define a norm | - |, by

|x’p — piyp(x)
for x # 0 and for z = 0, |0[, = 0.
Exercise 10.1.2 Show that | - |, is a norm on Q.

A norm satisfying
|z + y[| < max([|z[],[|yl])

is called a nonarchimedean norm (or a finite valuation). The solu-
tion of Exercise 10.1.2 shows that the p-adic metric | - |, is nonar-
chimedean. A metric that is not nonarchimedean is called
Archimedean (or an infinite valuation).

Exercise 10.1.3 Show that the usual absolute value on Q is archi-
medean.

The celebrated theorem of Ostrowski states that essentially the
only norms we can define on Q are the p-adic norms and the usual
absolute value. To make this precise, we need the notion of equiva-
lence of two normes.

Given a metric space X, we can discuss the notion of a Cauchy
sequence. This is any sequence {a, }7>; of elements of X such that
given any € > 0, there exists an NV (depending only on €) such that
d(am,an) < € for m,n > N.

Two metrics dq,dz on X are said to be equivalent if every se-
quence that is Cauchy with respect to d; is also Cauchy with respect
to da. Two norms on a field are said to be equivalent if they induce
equivalent metrics.

Exercise 10.1.4 If 0 < c < 1 and p is prime, define

CVP(Z) 1f x#07
lzl| =
0 if =0

for all rational numbers x. Show that || - || is equivalent to | - |, on Q.
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The usual absolute value on Q we will denote by | - |« to distin-
guish it from the p-adic metrics. Note that we can always define a
“trivial” norm by setting ||0|| = 0, and ||z|| = 1 for  # 0. We also
note that || — z|| = ||z|| follows from the axioms.

Theorem 10.1.5 (Ostrowski) Every nontrivial norm ||-|| on Q is equiv-
alent to | - |, for some prime p or | - |-

Proof. Case (i): Suppose there is a natural number n such that ||n|| >
1. Let ng be the least such n. We know that ng > 1, so we can write
||no|| = ng for some positive . Write any natural number n in base
no-

n=ag+ang+---+asny, 0<a;<no,
and a, # 0. Then, by the triangle inequality,

Inll < laol| + [larnol + - - - + |lasng]|

< Nlaoll + llasllng + - - + [las|ng®.

Since all the a; are less than ny, we have ||a;|| < 1. Hence,

Inll - < 14ng +---+ng®

1
(14 La ).
0

IN

Since n > ng, we deduce ||n|| < Cn® for some constant C' and for
all natural numbers n. Thus, ||nV|| < CnN®, so that ||n|| < CY/Nne.
Letting N — oo gives ||n|| < n® for all natural numbers n. We can
also get the reverse inequality as follows: since n§™ > n > ng, we

have

lngtY] = [ln+ng™ —nl]
< Anl] + [[ngt = nl],
so that
lnll > [lng] = [Ingt! = nl|
>l (gt Z e,
Thus,
1
]| > nS D% = (ngtt = ng)e,
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since n > ny, so that

ol > w0 (1= (1= )"

2 C’lno‘

for some constant C;. Repeating the previous argument gives ||n|| >
n® and therefore ||n|| = n® for all natural numbers n. Thus, || - || is
equivalent to | - |.

Case (ii): Suppose that ||n|| < 1 for all natural numbers. Since the
norm is nontrivial, there is an n such that ||n|| < 1. Let ny be the
least such n. Then ny must be prime, for if ng = ab, then ||ng|| =
lla]|||b]] < 1 implies ||a|| < 1 and ||b|]| < 1, contrary to the choice
of ng. Say ng = p. If ¢ is a prime not equal to p, then we claim
llg|| = 1. Indeed, if not, then ||g|| < 1, and for sufficiently large
N, ||¢"|| < 1/2. Similarly, for sufficiently large M, ||pM|| < 1/2.
Since pM, ¢V are coprime, we can find integers a and b such that
ap™ + bgV = 1. Hence

1= lap™ +bg™ || < llall[lp™[| + 1b]l]1g"]]
< 1/2+1/2=1,

a contradiction. Therefore, ||g|| = 1. Now write C' = ||p||. Since
any natural number can be written uniquely as a product of prime
powers, we get

Inl] = .

By Exercise 10.1.4, this metric is equivalent to | - |,, which com-
pletes the proof. O

Exercise 10.1.6 Let F be a field with norm || - || satisfying
|z + yll < max({[«]], |[yl])-

Ifa € F,andr > 0, let B(a,r) be the open disk, {x € F : ||z —al|| <r}.
Show that B(a,r) = B(b,r) for any b € B(a,r). (This result says that
every point of the disk is a “center” of the disc.)

Exercise 10.1.7 Let F' be a field with || - ||. Let R be the set of all Cauchy
sequences {an }7° ;. Define addition and multiplication of sequences point-
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wise: that is,
{antoZy +{bn}nzy = {an + bn}nly,

{antnzs X {bn}nZy = {anbn}il,-
Show that (R, +, x) is a commutative ring. Show further that the subset
R consisting of null Cauchy sequences (namely those satisfying ||a,|| — 0
as n — oo) forms a maximal ideal m.

We can embed our field F' in R by the map a — (a,a, . ..), which
is clearly a Cauchy sequence. Since m is a maximal ideal, R/m is a
field. R/m is called the completion of F' with respect to || - ||. In the
case of F' = Q with norm | - |,, the completion is called the field of
p-adic numbers, and denoted by Q,.

We can extend the concept of norm to Q, by setting

‘a‘p = nhjgo ‘an‘p

for any Cauchy sequence a = {a,}22 . It is easily seen that this is
well-defined.

Theorem 10.1.8 Q, is complete with respect to | - |p.

Proof. Let {a,(j)}]?“;1 be a Cauchy sequence of equivalence classes
in Q,. We must show that there is a Cauchy sequence to which it

converges. We write al/) = {ag)};’f’:l and set s = {agj) 321, the
“diagonal” sequence. First, observe that s is a Cauchy sequence,
since {aU )};-";1 is Cauchy, so that given ¢ > 0, there is an N (¢) such
that for j,k > N(e), we have |al)) — a(*)|, < ¢. This means that for

J,k,n > Ni(e) for some Ni(e), we have

agj ) — ag‘:)

< €.
p

In particular,

)

‘agj) - a,(gk)‘p < max (‘agj) - a](cj)

o) — ¥ ’,,)

for j,k > Ni(€). Therefore, s is a Cauchy sequence. We now show
that lim; a’) = 5. That is, given ¢ > 0, we must show that there
is an Ny (€) such that for j > Ny (€), we have

la¥) — 5|, <.
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This means that we must show that for some N3(¢) and j,n > N3(e),
we have \aﬁf ) a1V |p < €. But this is clear from the above for N3(¢) =
Ni(e). O

When we complete Q with respect to the usual absolute value
| - |oo, We get the real number field R, which is complete. When we
complete Q with respect to | - |, we get Q,, which we just proved to
be complete. It is this point of view that motivates p-adic analysis.
Real analysis is seen to be the special case of only one completion
of Q. As we shall see, it is fruitful to develop p-adic analysis on an
equal footing. When applied to the context of number theory, we
get an important theme of p-adic analytic number theory, which is
playing a central role in the modern perspective.

Exercise 10.1.9 Show that
Ly ={z€Qp: ||, <1}
is a ring. (This ring is called the ring of p-adic integers.)

Exercise 10.1.10 Given x € Q satisfying |z|, < 1, and any natural
number i, show that |x—a;|, < p~*. Moreover, we can choose a; satisfying
0<a; < pi.

Just as it is impractical to think of real numbers as Cauchy
sequences, it is impractical to think of elements of @, as Cauchy
sequences. It is better to think of them as formal series

oo
Z bpp", 0<b,<p-—1,
n=—N

as the following theorem shows.

Theorem 10.1.11 Every equivalence class s in Q, for which
|s|, < 1 has exactly one representative Cauchy sequence {a;}5°, satis-
fying 0 < a; < p*and a; = a;+1(mod p') fori =1,2,3,. ...

Proof. The uniqueness is clear, for if {a;}?°, is another such se-
quence, we have a; = a}(mod p'), which forces a; = a}. Now let
{c¢i}32, be a Cauchy sequence of Q,, in s. Then for each j, there is an
N (j) such that

|Ci - Ck‘p S p_]
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for i,k > N(j). Without loss of generality, we may take N(j) > j.
Since |s|, < 1, we have |¢;|, < 1 fori > N(1) because

lcily < max(|eglp, [ei — cklp)

< max(|eglp, 1/p),

so that by choosing a sufficiently large k£ we are ensured that
leklp < 1, since |s|, = limg_ |ck|p < 1. By Exercise 10.1.10, we
can find a sequence of integers a; such that

|a; — CN(j)’P < p_jv

with 0 < a; < p/. The claim is that {a;}32, is the required sequence.
First observe that by the triangle inequality,

|aj11 —ajlp < maX(’ajJrl - CN(j—i—l)‘pa |CN(j+1) - CN(j)‘pv

len gy — as,)

1

< max(p 7 p I, pI) =p,

so that 4
a;j = aj1(modp’),

fori=1,2,....Second, for any j, and i > N(j), we have

lai —cilp < max(la; — ajlp, |a; — engylp, leng)y = ¢ilp)

< max(p,p,pI) =p
so that lim; . |CLZ' — Ci|p =0. O

The above theorem says that Z is dense in Z,,, the ring of p-adic
integers. Now writing each a; of Theorem 10.1.11 in base p, we see
that

ai =by+bip+ -+ biap!

where 0 < b; < p. The condition a; = a;41 (mod p‘) means that
aiv1 =bo+bip+ - +bi_1p! +bip'

inbase p. Therefore, every element of Z,, can be written as ZZO:O bnp™,
0 <b, <p. Ifz € Q, we can always multiply x by an appropriate
power of p (say p”) so that [p™ z|, < 1. Then, we can expand p"¥z as
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above to deduce that every p-adic number has a unique expansion
asy 2 nbpp" 0<b, <p-—1

It is useful to observe the analogy with Laurent series and the
tield of meromorphic functions of a complex variable. At each point
z € C, the meromorphic function has a Laurent expansion, which is
unique. Thus, if a rational number has denominator divisible by p,
we can think of it as having a “pole” at p. This analogy has been a
guiding force for much of the development in p-adic theory.

Exercise 10.1.12 Show that the p-adic series

00
§ Cp, CnC @p7
n=1

converges if and only if |c, |, — 0.

Thus convergence of infinite series is easily verified. Note, how-
ever, that the analogue of Exercise 10.1.12 is not true for the real
numbers, as the example of the harmonic series shows.

Exercise 10.1.13 Show that
o0
>
n=1

converges in Q.

Exercise 10.1.14 Show that

o0
Zn-n! =1
n=1

in Qp.
Exercise 10.1.15 Show that the power series
o0 $n
2
n=0

1
converges in the disk ||, < p »=T.
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Exercise 10.1.16 (Product formula) Prove that for x € Q, x # 0,
H |zl =1
P

where the product is taken over all primes p including oo.

Exercise 10.1.17 Prove that for any natural number n and a finite prime

b,
1

nl, > ——.
| |p— ’n’oo

10.2 Hensel’s Lemma

In many ways Q, is analogous to R. For example, R is not algebrai-
cally closed. The exercises below show that @, is not algebraically
closed. However, by adjoining i = /-1 to R, we get the field of
complex numbers, which is algebraically closed. In contrast, the
algebraic closure Q, of Q,, is not of finite degree over Q. Moreover,
C is complete with respect to the extension of the usual norm of
R. Unfortunately, @, is not complete with respect to the extension
of the p-adic norm. So after completing it (via the usual method of
Cauchy sequences) we get a still larger field, usually denoted by C,,
and it turns out to be both algebraically closed and complete. It is
this field C, that is the p-adic analogue of the field of complex num-
bers. Very little is known about it. The topic of rigid analytic spaces
in the literature refers to its study, which we will not cover in this
chapter. We confine much of our study to Q,.

Exercise 10.2.1 Show that x> = 7 has no solution in Qs.
Example 10.2.2 Show that 2* = 6 has a solution in Q.

Solution. The equation 2 = 6 (mod 5) has a solution (namely z =
1 (mod 5)). We will show inductively that 2> = 6 (mod 5") has a
solution for every n > 1. Suppose

22 = 6 (mod 5").

We want to find 22 ; = 6 (mod 5"). Write 2,41 = 5"t + z,,. So we
must have
(5"t + )% = 6 (mod 5™ 1),
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which means that 2 - 5"z, + 22 = 6(mod 5"!). This reduces to

2
-6
n = 0(mod5),

2tx, + 5

so that we can clearly solve for ¢. The method produces a sequence
of integers {z,,}°° ; such that z2=6 (mod 5") and z,,4 1 =x,(mod 57).
The sequence is therefore Cauchy and its limit  (which exists in Q,
by completeness) satisfies 72 = 6. O

The method suggested by the previous example is quite general.
It is the main idea behind Hensel’s lemma which is the following
theorem.

Theorem 10.2.3 Let f(x) € Zy[z]| be a polynomial with coefficients in
Zy. Write f'(x) for its formal derivative. If f(z) = 0(modp) has a
solution ag satisfying f'(ap) # 0 (mod p), then there is a unique p-adic
integer a such that f(a) = 0and a = ag (mod p).

Proof. We imitate the construction suggested by the example. Sup-
pose

f(x) = 0 (modp")

has a solution a,,. We claim that there is a unique solution

an+1 (mod p™ )

such that
flans1) =0 (mOdPnH)

and a, 41 = ap(mod p™). Indeed, writing a,,+1 = p"t+a,, we require
f(p™ + a,) = 0 (mod p™*1). We write f(z) = Y, c;a?, so that

fo"t+an) = Z ci(an + p"t)"
i

> cilal, +iaj 'p™t) (mod p™tt)
i

= flan) +p"tf (an) (modp”“).

We need to solve for ¢ in the congruence

p"tf (an) + f(an) =0 (modp”“).
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Since f(a,) = 0 (mod p™), this reduces to

tf'(an) = —(f(an)/p") (modp),

which has a unique solution (mod p), since f'(a,) # 0 (modp), be-
cause a, = ap(mod p). This proves the claim. As before, {a,}2°, is
a Cauchy sequence, whose limit is the required solution. Since a,4+1
is a unique lifting (mod p™*!) of a,, (mod p™), the uniqueness of the
solution is now clear. O

Exercise 10.2.4 Let f(x) € Zp[x]. Suppose for some N and ay € 7Zj,
we have f(ag) = 0(mod p>N*1), f'(ag) = 0 (modp™) but f'(ag) #
0 (mod pN*1). Show that there is a unique a € Z, such that f(a) = 0
and a = ag (mod p™¥ *1).

Exercise 10.2.5 For any prime p, and any positive integer m coprime to
p, show that there exists a primitive mth root of unity in Q,, if and only if

m|(p —1).

Exercise 10.2.6 Show that the set of (p — 1)st roots of unity in Q, is a
cyclic group of order (p — 1).

Remark. The previous exercise shows the existence of p-adic num-
bers wy,wt,...,w,—1 that are roots of the polynomial ¥ — z = 0
such that w; = i (modp). These roots are called the “Teichmiiller
representatives.”

Exercise 10.2.7 (Polynomial form of Hensel's Lemma) Suppose
f(x) € Zy|x] and that there exist g1, hy € (Z/pZ)[z] such that

f(@) = gi(x)hi (z) (mod p),

with (g1, h1) = 1, g1(x) monic. Then there exist polynomials g(z), h(z) €
Zp|z| such that g(x) is monic, f(z) = g(z)h(z), and g(x) = gi1(x)
(modp), h(z) = hi(z) (mod p).

We now consider @p, the algebraic closure of Q,. The p-adic norm
extends uniquely to @, in the obvious way, which we will also
denote by | - |,. Indeed, if K/Q, is a finite extension of degree n,
we have for x € K,

2]y = (| Nske/q, ()]p) /™

Theorem 10.2.8 | - |, is a nonarchimedean norm on K.
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Proof. It is clear that |z|, = 0 if and only if = 0. It is also clear that
|zy|p = |x|p|y|p, since the norm is multiplicative. To prove that

|+ ylp < max(|z(p, [ylp)
we see (upon dividing by y) that it suffices to prove for a € K,

|a + 1], < max(|afp, 1).
It is easily seen that this follows if we can show

lal, <1=|a—-1[, <1.
That is, we must show

[Nicjg,(@)lp < 1= |Ngjg, (@ =1, < 1.
This reduces to showing
Ng g, (@) € Zp = Ni g, (0 — 1) € Zy,.

It is now necessary to use a little bit of commutative algebra. Clearly,
Qp(a) = Qy(a — 1). Now let

f(@)=a"+an_12" '+ -+ a7 + ag

be the minimal polynomial for o. The minimal polynomial for oo — 1
is clearly

fl@+1)=a"+ (a1 +n)a" "+ 4+ (L+ap_1 + -+ + a1 + ag).
Now Nk q, () = (—=1)"ap and
NK/Qp(a - 1) = (_l)n(l +ap—1+---+a1+ ao).

We now use the polynomial form of Hensel’s lemma. If all the coef-
ficients of f(z) are in Z,, we are done. So, assume that

f(x)=2"+ ap12" 4 -+ a1z + ag

is such that ag € Z, but some a; ¢ Z,. Choose m to be the smallest
exponent such that p™a; € Z, for all i and now “clear denomina-
tors”:

g(x) = p™f(z) = bpa™ + bp_12™ - F b+ by



10.3 p-adic Interpolation 159

with b; = p™a;. Since f(z) is monic, b, = p™, and by = p™ap. By
assumption, at least one b; is not divisible by p. Thus

g(x) = (bnxnfk + -+ bk)xk (mod p),

where £ is the smallest index such that b, is not divisible by p. By Ex-
ercise 10.2.7 (the polynomial form of Hensel’s lemma) this lifts to a
factorization in Z,[x], which means that g(x) = p™ f(z) is reducible,
a contradiction, since f(x) is the minimal polynomial of «. This
completes the proof. O

Exercise 10.2.9 Show that for p /=2, the only solution to x?=1 (mod p")
is x = %1, for every n > 1.

10.3 p-adic Interpolation

The notion of p-adic continuity is evident. We say that a function
f:Q, — Q,is continuous if f(x,) — f(x) whenever z,, — x.

The problem of interpolation is this: Given a sequence ay, as,
as, ... of elements in Q,, does there exist a continuous function
f:Z, — Qp such that f(n) = a,? Since the set of natural num-
bers is dense in Z,, there can exist at most one such function.

The classic example of interpolation is given by the I'-function:

o0
I'n+1)= / e Yx"dr = nl.
0
Hence
oo
I'(s+1)= / e “z’dx
0

interpolates the sequence of factorials.

Exercise 10.3.1 Show that there is no continuous function f : Z, — Q,
such that f(n) = n!

The difficulty in interpolation stems from n! being highly divisi-
ble by p. Thus, a natural idea is to consider the sequence

IT 4
1<j<n
(Up)=1
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instead of the factorials and hope that this works.

A continuous function f : Z, — Q, is in fact determined by its
restriction to natural numbers. Thus given a sequence of integers
{ar}72 ), we need only verify that for any natural number m, there
is an integer N = N (m) such that

k=K (mod p") = aj, = aj (mod p™). (10.1)

That is, whenever k and %’ are close p-adically, then aj and ay are
close p-adically.
We first begin by showing that the sequence defined by

a=[] 7
J<k
(:p)=1
has almost the property (10.1). As we shall see, this is essentially
Wilson'’s theorem of elementary number theory.

Exercise 10.3.2 Let p # 2, be prime. Prove that for any natural numbers
n, s we have

S

p®—1
(n+j) = —1(modp’).
j=1
(n+j4,p)=1
Exercise 10.3.3 Show that if p # 2,
ap = H ja

i<k
(4:p)=1

then ajyps = —ay, (mod p®).

The previous exercise almost satisfies (10.1) apart from the sign.
This motivates the definition of the p-adic gamma function:

Exercise 10.3.4 Prove that for p # 2,

I'p(k +p®) =Tp(k) (modp?).



10.3 p-adic Interpolation 161

We now prove Mahler’s interpolation theorem. As will be seen,
the essential idea is combinatorial analysis based on a simplification
due to Bojanic.

Exercise 10.3.5 Let n, k be natural numbers and write
n=ag+ap+ap’+---,

k‘:bo—l—b1p+bgp2+"',

for the p-adic expansions of n and k, respectively. Show that

()= () ) () - oot

Exercise 10.3.6 If p is prime, show that

() =

for1 <k <p"—1landalln.
Exercise 10.3.7 (Binomial inversion formula) Suppose for all n,
bn = Z <Z> ag.
k=0

Show that

and conversely.

Exercise 10.3.8 Prove that

S (eu(y={ 0

k=0 0 otherwise.

Exercise 10.3.7 suggests the following. If f : Z, — Q, is continu-

ous, then let
n

) =3 () 10 ta0m),

k=0
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so that

n

s =3 ()i,

k=0
If we can show that the function

ki;o (2)%(1‘“)

is p-adically continuous, then this solves the interpolation problem.
That is, if we can show that the series converges, we are done. This is
the key idea of Mahler’s theorem, namely, to show that |ax(f)|, — 0
if the sequence { f(k)};2, satisfies condition (10.1).

Exercise 10.3.9 Define

A" f(x i() D" Ff(x + k).

k=0
Show that .
NS ( )A“ﬂf z —m).

7=0
Exercise 10.3.10 Prove that
" /m . i (n
S (" Janest = () sta e m
=0 \J k=0
with a,,(f) defined by

aal) = S0 (1) 100

k=0

Exercise 10.3.11 Show that the polynomial

<$> { x(x—l)-;b(!z—n—i-l) 1f n>1,
" 1 if n=0,

takes integer values for x € Z. Deduce that

(2

<1
p

forall x € Zy.



10.3 p-adic Interpolation 163

Theorem 10.3.12 (Mahler, 1961) Suppose f : Z, — Q, is continuous.

Let "
an, = _qynk (" )
D=3 (7))
Then the series -
kzzo<k>ak(f)

converges uniformly in Z, and

o0

fa) =3 (ﬁ) ar( ).

k=0

Proof. We know that given any positive integer s, there exists a pos-
itive integer ¢ such that for =,y € Z,,

lz—yl, <p™' = |f(x) = FW)lp <p~°.
In particular,
|f(k+p") = f(K)|, <p~*

fork=0,1,2,....

Since f is continuous on Z,, it is bounded there (recall that Z, is
compact), and so we may suppose without loss of generality that
|f(z)|, < 1forall x € Zy. Hence,

lan(f)lp <1 for n=0,1,2,....
Now by Exercise 10.3.10,

(=S (a0 o=+ () {100}

j=1 k=0

t

By Exercise 10.3.6, p|(*.) for 1 < j < p' — 1, so that
y j

|an+pt(f)’p < max {p_l‘an+j(f)‘pyp_s}~
1<j<pt

Since |an(f)|p < 1, we obtain

lan(P)lp <p~' for n>p
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Replacing n by n + p' in the penultimate inequality and using the
above inequality, we obtain

lan(f)l, <p 2 for n>2pt.
Repeating the argument (s — 1) times gives
|an(f)|p < p_s for n > spt‘

This proves a,,(f) — 0 as n — oco. By Exercise 10.3.11, we have

)=

for x € Z,. Therefore, the series

> T

> () st

k=0

converges uniformly on Z, and thus defines a continuous function.

Since this function agrees with f(n) on the natural numbers and N
is dense in Z,,, we deduce the result. O

Exercise 10.3.13 If f(x) € Clz] is a polynomial taking integral values at
integral arguments, show that

for certain integers cy.

Exercise 10.3.14 If n = 1 (modp), prove that n?" = 1 (mod p™*1).
Deduce that the sequence ay, = n* can be p-adically interpolated.

The previous exercise shows that if n = 1 (mod p), then f(s) = n®
is a continuous function of a p-adic variables s. The next exercises
show how this can be extended for other values of n.

Exercise 10.3.15 Let (n,p) = 1. If k = k' (mod (p — 1)p"), then show
that

k —

n* = n*¥ (mod p™N ).

Exercise 10.3.16 Fix sp € {0,1,2,...,p — 2} and let Ay, be the set of
integers congruent to sy (mod p — 1). Show that A, is a dense subset of
Lp.
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Exercise 10.3.17 If (n,p) = 1, show that f(k) = n* can be extended to
a continuous function on As,.

Remark. By Exercise 10.3.16, we see that f(s) = n® is a continuous
function f, : Z, — Z, that interpolates n®, for s = sop(mod p — 1).

10.4 The p-adic Zeta-Function

We begin with a brief description of p-adic integration theory. For
further details we refer the reader to Koblitz [K]. A p-adic distrib-
ution i on Z,, is a Q,-valued additive map from the set of compact
open subsets in Z,,. It is called a measure if there is a constant B € R
such that

(W), < B

for all compact open U C Z,,.
To define a distribution or measure on 7Z,, it suffices to define it
on subsets of the form

I={a+p"Z, 0<a<p"-1, N=12..},

since any open subset of Q,, is a union of subsets of this type.
It is not difficult to verify that a map p : I — Q, satisfying

p—1
pla+p"Zy) = Z p(a +bp"™ + p"*t17Z,)
b=0

extends uniquely to a p-adic distribution on Z,,.
We define the Bernoulli distributions. Let

1 1
_57 b2($):$2—$+6,

be the sequence of Bernoulli polynomials. Define
n _ n(k-1) a
pi(a+p"Zy) =p bk(pn)-

Exercise 10.4.1 Verify that i, extends to a distribution on Zj,.

If v is a p-adic measure, one can define a good theory of integra-
tion:
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Theorem 10.4.2 Let 11 be a p-adic measure on Zy, and let f : Z, — Q,
be a continuous function. Then the “Riemann sums”

Sy = Z f(xa7N)u(a + pNZp),

a<a<pN -1

where x4 N is any element in the “interval” a 4+ p™Z, converge to a limit
in Qpas N — oo, and this limit is independent of the choices {x4 N}

Proof. We first show that the sequence of Sy is Cauchy. By the conti-
nuity of f, we assume that N is large enough so that
|f(z) — f(y)| < e whenever z = y(modp"). Now let M > N. By
the additivity of 1, we can rewrite

SN = Z f(xan)u (a + pMZp) )

0<a<pM—-1

where a denotes the least nonnegative residue of a (mod p”) . Since
Ta,N = Tq M (mode) ,

| SN —SM|p = Z (f(fEE,N) —f(xa,M)):“ (a—l—pMZp)

0<a<p -1
< Be,

where |p(U)|, < B for all compact open U. Since Q, is complete,
the sequence of Sy’s converges to a limit. This limit is easily seen to
be independent of the choice of the z, n's. O

If 4+ is a measure on Z, and f : Z, — Q, is a continuous func-
tion, we denote by fzp f(x)du(z) the limit of the “Riemann sums”
of Theorem 10.4.2.

We now introduce the Mazur measure. Let a € Z,. We let () n
be the rational integer between 0 and p" — 1 that is congruent to
a (mod p™). If p1 is a distribution and o € Q,, it is clear that ayu is
again a distribution. If a € Zj, then y/ defined by ¢/(U) = pu(aU) is
again a distribution. Now let « be any rational integer coprime to p
and unequal to 1. We define the “regularized” Bernoulli distribution
by setting

pka(U) = e (U) — o * g (al)

for any compact open set U. It can be shown that /i, o is a measure.
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Exercise 10.4.3 Show that 1 ., is a measure.

The measure (i1  is called the Mazur measure. Its significance is
disclosed by Theorem 10.4.7.

Exercise 10.4.4 Let dj, be the least common multiple of the denominators
of coefficients of by (x). Show that

difik,0(a + pNZp) = dkkzak_lulﬁa(a + pNZp) (mode).

Exercise 10.4.5 Show that

/ dprg o = k/ xk_ld,ul,a.
ZP ZP

For any compact open set U and a continuous function f : X —
Qp, we define

/ fdpw="[ f(@)xv(@)dp.

U Zp

Exercise 10.4.6 If Z;, is the group of units of Z,, show that
pha(Zy) = (1= a™)(1 = p* 1By,

where By, is the kth Bernoulli number.

Putting these two exercises together gives the following impor-
tant theorem:

Theorem 10.4.7 (Mazur, 1972)

1
—(1—=p"HBy/k = ] / "Ly g
zy

By Exercise 8.2.12, we can interpret the left hand side of the equa-
tion in Theorem 10.4.7 as

(1 —p’“_l) (1= k).

The theorem allows us to show that these values can be p-adically
interpolated, provided that & lies in a fixed residue class (mod p—1).

Exercise 10.4.8 (Kummer congruences) If (p—1)tiand i=j (mod p™),
show that

(1—p"NBi/i=(1-p")B;/j (mod p"*1).
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Exercise 10.4.9 (Kummer) If (p — 1) 1 i, show that |B; /|, < 1.

Exercise 10.4.10 (Clausen and von Staudt) If (p — 1)|i and i is even,
then
pB; = —1 (mod p).

Theorem 10.4.7 and the Kummer congruences motivate the de-
finition of the p-adic (-function. If k is in a fixed residue class sg
(mod p — 1), then the Kummer congruences imply that the numbers

(1 — p’H) ¢(1—k)

can be p-adically interpolated. By Theorem 10.4.7 we see that this
function must be

1 so+(p—1)s—1
a—Go+(p—1)s) _ 1 /Z . i1,

and we designate it as (4, (s), and call it the p-adic zeta function.
One can show that ¢, 5, (s) does not depend on the choice of c.

This observation of Kubota and Leopoldt in 1964 initiated a rich
theory of p-adic zeta and L-functions. We refer the reader to Koblitz
[K] and Washington [W] for further details.

10.5 Supplementary Problems

Exercise 10.5.1 Let 1 < a < p — 1, and set ¢(a) = (a?~* — 1)/p. Prove
that ¢(ab) = ¢(a) + ¢(b) (mod p).
Exercise 10.5.2 With ¢ as in the previous exercise, show that
¢(a+ pt) = ¢(a) — at (modp),
where aa = 1 (mod p).

Exercise 10.5.3 Let [x] denote the greatest integer less than or equal to x.
For1l < a <p—1, show that
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Exercise 10.5.4 Prove the following generalization of Wilson’s theorem:
(p—k)!(k = 1)! = (=1)* (mod p)

for1 <k<p-1.

Exercise 10.5.5 Prove that for an odd prime p,

pfl 1)+t

(mod p).
=1

.

Deduce that 2P~ = 1 (mod p?) if and only if the numerator of

1 1 1
e
23 p—1

is divisible by p.

Exercise 10.5.6 Let p be an odd prime. Show that for all x € Z,, I';(x +
1) = hy(x)L'y(x), where
o if felp=1,
hy(x) =
-1 if |z|p <1

Exercise 10.5.7 For s>2, show that the only solutions ofa;2zl (mod 2%)
arex=1,—1,25"1 —1,and 2571 + 1.

Exercise 10.5.8 (The 2-adic I'-function) Show that the sequence defined
by
To(n) = (-1)" ] J
1<j<n
G.2)=1
can be extended to a continuous function on Zs.
Exercise 10.5.9 Prove that for all natural numbers n,
Tp(~n)Tp(n + 1) = (—1)/Phmst,
Exercise 10.5.10 If p is an odd prime, prove that for x € Z,,
Tp(2)Tp(1 — x) = (1)),

where ((x) is defined as the element of {1,2,...,p} satisfying {(x) =
x (mod p). (This is the p-adic analogue of Exercise 6.3.4.)
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Exercise 10.5.11 Show that
1 if p=3(mod4),
Ip(1/2) =
-1 if p=1(mod4).



11
Equidistribution

11.1 Uniform distribution modulo 1

The theory of uniform distribution of sequences is vast and varied.
A good reference book is [KN]. Here, we give the most basic intro-
duction to this important chapter of analytic number theory.

A sequence of real numbers {z,}2° ; is said to be uniformly dis-
tributed modulo 1 (abbreviated u.d.) if for every pair of real num-
bers a,b with 0 < a < b < 1, we have

o SN @) efab)
N—o0 N

where (z,,) := z,, — [x,] denotes the fractional part of z,,.

Usually, it is convenient to take a sequence {xz, }22 ; satisfying 0 <
zn < 1indiscussing uniform distribution and we assume this is the
case in the discussion below. It is clear from the definition that if a
sequence {z,}>°  is u.d. then it is also dense in the unit interval.

Exercise 11.1.1 Let us write the sequence of non-zero rational numbers
in [0, 1] as follows:
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where we successively write all the fractions with denominator b for b =
1,2,3,.... Show that this sequence is u.d. mod 1.

Exercise 11.1.2 If a sequence of real numbers {x, }*; is u.d., show that
for any a with 0 < a < 1, we have

#{n < N:z, =a} =0(N).

Exercise 11.1.3 If the sequence {x,}5° , isu.d. and f : [0,1] — Cisa
continuous function, show that

N 1
Nh;nw;fun) = | f@)de,

and conversely.

Exercise 11.1.4 If {z,,}2 , is u.d. then

N 1

for any piecewise C-function f : [0,1] — C.

In particular, if {z,}>2, is u.d. then for the functions f,,(z) =

e2mimz e have
i L e
N—oo N ’
n<N

for all non-zero integers m. Weyl’s criterion (to be proved below) is
that the converse is true.

Theorem 11.1.5 [Weyl, 1916] A sequence {x,,}5° ; is u.d. if and only if
N .
Do eFmmin —o(N),  m =41, 42,... (11.1)
n=1

Proof. As observed earlier, the necessity is clear. For sufficiency, let
e > 0 and f a continuous function f : [0, 1] — C. By the Weierstrass
approximation theorem, there is a trigonometric polynomial ¢(x)
such that deg ¢ < M, with M depending on € such that

sup |f(z) — ¢(x)| <e. (11.2)
0<z<1
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Then,

By (11.2), the first term is < e. The second term is

1 1 &
/ dlede = 53 o)

Again by (11.2), the last term is < e. Writing

QZS(.CL‘): Z am€2ﬂ'imz’

[m|<M

< + %Z(aﬁ(xn) = flzn))]-

we see that .
/ o(x)dx = ap,
0

and

n=1 1<|m|<M n=1
so that
! d 1 al < 1 al 2TIMTy
/0 dlode 5 3 olan) _szljwramr v

Let T = 3y | ;nj<ns |am|- We may choose N (which depends on M)
sufficiently large so that all of the inner terms above are < ¢/7" by
virtue of (11.1). Thus, this term is also < €. Hence,

SR !
dm oy 3w = [ o)

This completes the proof. O

Exercise 11.1.6 Show that Weyl's criterion need only be checked for pos-
itive integers m.
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Exercise 11.1.7 Show that the sequence {xy, }22, is u.d. mod 1 if and only

if

for any family of functions f which is dense in C|0, 1]. Here, C'0, 1] is the
metric space of continuous functions on [0, 1] with the sup norm.

Exercise 11.1.8 Let 6 be an irrational number. Show that the sequence
Ty, = nbis u.d.

Exercise 11.1.9 If 6 is rational, show that the sequence x,, = nf is not
u.d.

Exercise 11.1.10 Show that the sequence x,, = logn is not u.d. but is
dense mod 1.

Exercise 11.1.11 Let 0 < z,, < 1. Show that the sequence {xy}>> ; is
u.d. mod 1 if and only if

e 1
lim — r =
RS DI s
n=1
for every natural number .

Exercise 11.1.12 If {z,,}3°  is u.d. mod 1, then show that {mx,}7° , is
u.d. mod 1 for m a non-zero integer.

Exercise 11.1.13 If {z,}°  is u.d. mod 1, and c is a constant, show that
{zn +c}2 is u.d. mod 1.

Exercise 11.1.14 If {z,,}?2 is u.d. mod 1 and y,, — c as n — oo, show
that {x,, + yn}5°, is u.d. mod 1.

Exercise 11.1.15 Let F,, denote the nth Fibonacci number defined by the
recursion Fy = 1, Fy = 1, F,11 = F,, + F,,_1. Show that log F,, is u.d.
mod 1.

To study the equidistribution of various sequences, an important
technique was introduced by Weyl and van der Corput. The tech-
nique is based on the following simple inequality.
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Theorem 11.1.16 (van der Corput, 1931) Let y1,...,yn be complex
numbers. Let H be an integer with 1 < H < N. Then

2
<

N+ H 2, 2(N +H)
H+1Z|"| H+1 Zl< H+1>

Proof. It is convenient to set y,, = 0 forn < 0and n > N. Clearly,

i Z Yn+h| = Z iyn-&-h

h=0 n n  h=0

2
(H +1)?

We note that the inner sum is zeroif n > N +1orn < —H. Thus, in
the outer sum, n is restricted to the interval [-H + 1, N]. Applying
the Cauchy-Schwarz inequality, we get that this is

N+HZ

Expanding the sum, we obtain

Z Z Z Yn+hYnyk = H + 1 Z ‘yn’ + Z Z Yn+hYn+k-

n h=0k=0 n htk

In the second sum, we combine the terms corresponding to (h, k)
and (k, h) to get that it is

2Re (Z i > yn+hyn+k> :

n h=0k<h

We write m = n + k£ and re-write this as

2Re (Z i > ymthm) =2Re( i YmtrTm >, 1

m h=0k<h m r=1 k<h;h—k=r

The innermost sum is easily seen to be H + 1 — r. Therefore,
2
<
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H
N+ H 2 2(N +H) r
1—
HHZ‘"| H+1 §:< i

This completes the proof. O

Corollary 11.1.17 (van der Corput, 1931) If for each positive integer r,
the sequence xyy — xy, is u.d. mod 1, then the sequence x,, is u.d. mod 1.

Proof. We apply Theorem 11.1.16 with y,, = €2™™@n to get
1 Y 2miman
N 2e

n=1

H
1+ H/N 2(N+H
e N (
H+1 N(H+1)T:1

2

2mim(Tp4r—Tn )
) [ )

Taking the limit as N — oo and using the fact that z,, 4, — =, is u.d.
mod 1 for every r > 1, we see that

2

1 N
: - 2TIMTy il
&ﬂoNgk "’
for any H. Choosing H arbitrarily large gives the result. O

Exercise 11.1.18 Let y1, ..., yn be complex numbers. Let H be a subset of
[0, H] with 1 < H < N. Show that

H

2
_N+H ,  2(N+H)

n N,
=TT Z\yl THE Z

where N, is the number of solutions of h—k = r with h > kand h, k € 'H.

Exercise 11.1.19 Let 6 be an irrational number. Show that the sequence
{n?0}2°  is u.d. mod 1.

Exercise 11.1.20 Show that the sequence {an®+ bn}°°_, is u.d. provided
that one of a or b is irrational.

Exercise 11.1.21 Let P(n) = agn® + ag_1n®* 1+ - +a; +ag bea
polynomial with real coefficients with at least one coefficient a; with i >
1 irrational. Show that the sequence of fractional parts of P(n) is u.d.
mod 1.
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11.2 Normal numbers

Let = be a real number and b > 2 a positive integer. Then, = has a

b-adic expansion
e}
a
v=[a]+) o
n=1

with 0 < a,, < b. This expansion is essentially unique. x is said to be
simply normal to the base b if for each 0 < a < b,

. #{n<N:ap,=a} 1

N N T
In other words, each digit occurs with equal frequency in the b-adic
expansion of z. More generally, we may consider a block of digits of
length & and inquire how frequently this block appears in the b-adic
expansion. To be precise, let By be a natural number whose b-adic
expansion is of the form b1bs - - - by. A number z is called normal to
the base b if

1 1
lim N#{”SN_k+13@n+j—1:bjf0r1§j§k}:b7~

N—o0

For instance, the number

o
0.010101 - - - = Z

n=1

1
o

is simply normal to the base 2 but not normal to the base 2 since the
block 11 does not occur at all in the expression.
Exercise 11.2.1 Show that a normal number is irrational.

Theorem 11.2.2 The number x is normal to the base b if and only if the
sequence (zb™) is u.d. mod 1.

Proof. Let By, = b1bs - - - b, be a block of k digits. The block

AmAm+1 * * * Omp4-k—1
in the b-adic expansion of x is identical with By, if and only if

Bk+l
bk

< (@™ <
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Let I;, denote this interval of length 1/b*. If the sequence {xb"}° ;
is u.d. then

#{m <N —k+1:a0™ e} ~N/bF

as N tends to infinity. Thus, = is normal to the base b. Conversely, if
x is normal to the base b, then for any rational number of the form
y = a/b¥, we have

#H{n<N : (xb)<a/b*}=#{m < N —k+1: (zb™ Y<a/b*} + O(k).
This is easily seen to be equal to

S #Hm <N —k+1: (2™ ") € I} + O(k)

Br<a
-y (N/bk + o(N)) +O(k)
Bi<a

which is aN/b* + o(N) since  is normal to the base b. Since the
numbers of the form a/b* are dense in [0, 1], the asymptotic above
extends to all y with 0 < y < 1. This completes the proof. O

Exercise 11.2.3 If = is normal to the base b, show that max is normal to
the base b for any non-zero integer m.

We will now show that almost all numbers are normal (in the
sense of Lebesgue measure).

Exercise 11.2.4 Let {v,, }22 , be a sequence of distinct integers and set for
a non-zero integer h,

N

_ i 2mivpxh
S(N,x) = nzle :
Show that
1 ) 1
| 1svay i = 5
and

o 1
Z/ |S(N?, z)2dz < .
N=1"0
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From the previous exercise and Fatou’s lemma, we deduce
1 o
|3 s apde < o,
0 nN=1
so that
(o)
DTSN ) < o0,
N=1

for almost all . Therefore,

lim S(N?%,z)=0

N—oo

for almost all 2. Now, given any NV > 1, we can find an m such that

m? < N < (m+1)%

Thus,
SN, 2)] < |S(m?,2)] + 22 < |S(m?,x)| + —
) = ) N = s \/N
Thus,
lim S(N,z) =0,
N—oo

forall z ¢ Vj, with V}, a set of measure zero. Since a countable union
of sets of measure zero is still measure zero, we have proved:

Theorem 11.2.5 Let v, be a distinct sequence of natural numbers. For
almost all z, the sequence {v,x}52 ; is u.d. mod 1.

Applying the above theorem with v, = b" and using Theorem
11.2.2, we deduce that almost all numbers are normal to every base
b.

Exercise 11.2.6 Show that the sequence nle is not u.d. mod 1.

The determination of which numbers are normal is not an easy
one. For instance, it is known that the number

0.12345678910111213...
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called Champerowne’s number, obtained by writing all the
numbers in sequence is a normal number to the base 10. In 1946,
Copeland and Erd6s showed that

0.23571113171923...

obtained writing the sequence of prime numbers is normal to the
base 10. It is unknown at present if numbers such as v/2,log2, e
or m are normal numbers to any base b. In fact, there are no con-
crete examples of numbers which are normal to any base b, although
almost all numbers are normal to any base b.

Exercise 11.2.7 If = is normal to the base b, show that it is simply normal
to the base b™ for every natural number m.

11.3 Asymptotic distribution functions mod 1

Let {z,,}>2, be a sequence of real numbers and let S(z; N) = #{n <
N :0 < (x,) < x}. A sequence {z,}°° ; is said to have the asymp-
totic distribution function (abbreviated a.d.f. mod 1 or simply

a.d.f.) g(z) if
Sz N)
Jm 25 = o
for all 0 < z < 1. Clearly, g is non-decreasing and we have ¢g(0) =
0 and g(1) = 1. A sequence which is u.d. mod 1 has asymptotic
distribution function g(x) = z. Thus, this is a generalization of the
concept discussed in the first section. As stated earlier, we assume

we have a sequence {z, }°>; with 0 < z,, < 1.

Exercise 11.3.1 A sequence {x,}5° | has a.d.f. g(x) if and only if for
every piecewise continuous function f on [0, 1], we have

R _ [
lim nz::lf(wn)—/o f(x)dg(z).

N—ooco N

Exercise 11.3.2 A sequence {x,,}5° | has a.d.f. g(x) if and only if

1 N 1

. 2TIMIn 2mimax

]\}lm N gle _/0 e dg(x),
o0 n—

for all integers m.
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Theorem 11.3.3 [Wiener - Schoenberg, 1928] The sequence {xy}22
has a continuous a.d.f. if and only if for every integer m, the limit

2mima
Q= lim E n
N—>OON

exists and

N
> lam|* = o(N). (11.3)
m=1

Proof. Suppose the sequence has a continuous a.d.f. g(x). The exis-
tence of the limits is clear. Now, by Exercise 11.3.2, we have

1
am:/ 2T dg ().
0

Thus,

2 27mm x
&gNZmJI%NZ// D dg(2)dg(y).

This is equal to

J%//( Zﬁmw%mmw

By the Lebesgue dominated convergence theorem this is equal to

/01/01 <n1320 mi i y) g(z)dg(y).

The integrand is zero unless x — y € Z, in which case it is 1. The
set of such (z,y) € [0,1]% is a set of measure zero. Therefore the
limit is zero. Conversely, suppose that the limit is zero. By the Riesz
representation theorem, there is a measurable function g(z) such
that

1
am:/ eme:tdg(m)‘
0
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Consequently,

/o1 /01 fl@ —y)dg(z)dg(y) =

where f(x —y) = 0 unless z — y € Z, in which case it is 1. We want
to show that this implies that g is continuous. Indeed, if g has a
jump discontinuity at ¢ (say), the double integral is at least [g(c+) —
g(c—)]? > 0. This completes the proof. O

Exercise 11.3.4 Suppose that {x,,}°° ;| is a sequence such that for all in-
tegers m, the limits

2mimax
m = lim g e n
N—»ooN

exist and
[ee)
Z am|? < oo.
m=—00
Put
OO .
i (.’L’) _ Z ame27rzmx.
m=—00
Show that
. #{n<N:z,€la,f]} /ﬂ
1 = d
i, N , @

for any interval [, 5] contained in [0, 1].

11.4 Discrepancy

Given a sequence {z, }52;, we define the sequence Dy by setting

< N:a< <b
Dy = sup #{n < a < (x,) < b}
0<a<b<1l N

—(b—a)

and call this the discrepancy of the sequence.

Exercise 11.4.1 Show that the sequence {xy, }2° ; is u.d. mod 1 if and only
if Dy — 0as N — oo.
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Exercise 11.4.2 Show that

() Xt o

n=—oo

The proof of Weyl’s criterion relied on the existence of finite
trigonometric polynomials which approximate the characteristic
function of an interval. It will be useful to have a quantitative ver-
sion of these approximations. There are several ways of obtaining
such a version. A most expedient route was discovered by Mont-
gomery [Mo] using functions that had earlier been discovered by
Beurling and Selberg and utilised by the latter to obtain sharp con-
stants in the large sieve inequality. This is the route we shall follow.

For z € C, we define sgnz = 1if Re(z) > 0 and sgnz = —1 if
Re(z) <0

Theorem 11.4.3 (Beurling, 1938) Let

s= () (St Sevar )

Then
1. B(z) is entire;
2. B(z) > sgnx for real x;
3. B(z) = sgnz + O(e2rlImzl /),

4 N
/ (B(z) —sgnz)dr = 1.

—00

Proof. The first assertion is clear since sin 7z has simple zeros for
z € 7. To prove the second assertion, we observe that

. 2 o0
sinmz 1
— =1 11.4
() X aLy
which is the content of Exercise 11.4.2. For x > 0, we also have
(x +n)?

n=1
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oo

<Z/x+n dU_/ du 1 Z/m+n+ldu #
N —_1Jzt+n—1 u? T T+ n— O(x"i_n)Q7

n=1
(11.5)
by the method used to prove the integral test. From (11.4), we have

sinmz\? [ 2 > 1
B(z)—sgnzz( - > <2—2Z:1(Z+n)2>
for Re(z) > 0 and
. 2 e ]
e (22 (2125 1)
n=0

for Re(z) < 0. The second assertion follows immediately from these
identities and (11.5). For the third assertion, we note that

sin? 2z = O(e>! Im(z)\)'

In addition, for x,y > 0, we have

o0

Z 1 < 1 +min(/°° dt /°° dt )
)y Sy o @i Py

=0

1 4 mi 1«
= ———+min| -, — ).
x? 4 y? x’ 2y

Therefore,

Z|Z+n|2= (1/|2]),  for Re(z) = 0

and

=1
> Z—nf O(1/]z]), for Re(z) <0
n=0

The third assertion is now immediate from these observations.
Finally, for the last assertion, we note from the second assertion that
the integrand is non-negative. Also,

/A (B(x)—sgnx)dx:/OA(B(:I:)—i-B(—x))d:c:/OA <Si“”)22dx,

A T x?
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after a short computation. The last integral tends to 1 as A tends to
infinity. This completes the proof. O

Following Selberg, we now use this theorem to majorize and mi-
norize the characteristic function of an interval via finite trigono-
metric polynomials.

Theorem 11.4.4 (Selberg, 1970) Let I = [a, b] be an interval and x its
characteristic function. Then, there are continuous functions Sy (x) and
S_(x)in L' (R) such that

S—(x) < xr(z) < Sy (x),

with )
Si(t)=0, for |t|>1.
In addition, .
| tut) - s-@nds =1
and

[t @ - =1

—0o0

Proof. With B as in Theorem 11.4.3, let

S, (z) = %(B(:U —a)+ B(b—1)).
Then,
S4(x) > 3 (sem (x — a) + 50 (b~ ) = x1(),
and

JICREEEE

—0o0
by the last assertion of Theorem 11.4.3. Hence, S; € L'(R). More-

over, the function S is continuous, being the restriction of an entire
function. Now we will show that for ¢ > 1,

S, (t) = /_ h Sy(x)e(—tx)dz =0, e(u)= >

To this end, we begin by showing

J(A,B) = /i Sy (x)e(—tx)de = O (ix n ;)
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as A, B tend to infinity. By contour integration, J(A, B) can be writ-
ten as the sum of three line integrals, two of them being along the
vertical line segments [-A, —A —iT| and [B — T, B] and one being
along the horizontal segment [-A — i7", B — iT. This last integral is
easily estimated using Theorem 11.4.3. It is bounded by
B/ !
/ |B(z —iT)|e T dz < / AT e=2mT gy
_Al _A/
where A’ = A + max(|al,|b|) and B’ = B + max(]al, |b]). This inte-
gral tends to zero as 7" tends to infinity. The other two integrals are

similarly estimated. For z = — A + iy, we have

6727ry

B(z—a):—1+0( ), for A > |al,
e—27ry
B(b—z):1+0< 1 >, for A > |b),
so that
S 6727ry
+(Z) < A

and the integral over the left vertical line is

< 1 /0 —27y 27rtyd < 1
— & e —.
Al Y7

The other vertical line integral is similarly estimated so that letting
A, B tend to infinity, we deduce that S, (t) = 0for¢ > 1. Fort < —1,

we use S (—t) = S (t) and deduce the desired result from this. For
t = %1, the result follows by continuity of S.. Finally, we set

1
S_(z) = —5(3(33 —a)+ B(x —b)),
and proceed analogously to complete the proof of the theorem. [

Exercise 11.4.5 For any 6 > 0, and any interval I = [a,b], show that
there are continuous functions Hy (x), H_(x) € L1 (R) such that

H () < xi(x) < Hy (),
with H(t) = 0 for |t| > & and

| e~ i@ = [ @) - =

—00 — 00
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Exercise 11.4.6 Let f € L'(R). Show that the series

F@)=3" f(n+a),

ne”L

is absolutely convergent for almost all x, has period 1 and satisfies F(k) =
(k).

Theorem 11.4.7 Let M be a natural number. For any interval I = [a, b]
with length b — a < 1, write

Er(zr) = ZXI(n+x).

neL

Then, there are trigonometric polynomials

Syi(x) = Y Sy(m)e(ma),

m|<M

such that for all x
Syl) < Z(2) < S} (@),
and
S (0)=b—a— —— .
M+1 M+1
Proof. Take 6 = M + 1 in Exercise 11.4.5 and let H. be the functions
obtained by that exercise. Put

Vi(z) = Z Hyi(n+ x).
neL

S3(0)=b—a+

By Exercise 11.4.6, Vi.(z) € L'(0,1) and Vi (t) = 0 for [t| > M + 1.
Thus, R
Vi(z)= Y Vi(m)e(mz),

m|<M

almost everywhere. Now set

S]j\i,: Z Vi (m)e(mz).

Im|<M

Since x;(z) > H_(z), we get

E@) =) xiln+a)> H (n+z)=V(2)

neL nez
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for almost all x. By continuity, we deduce that =;(x) > S,,(x) for
all z. Similary, we deduce Z;(z) < S3,(z) for all z. In addition, we
have

Sﬁ(O):b—aiMH.

O
We now prove the following theorem due to Erdés and Turan.
The proof given below is due to Montgomery [Mo].

Theorem 11.4.8 (Erdos-Turan, 1948) For any integer M > 1,

N
§ :eQﬂhnxn )

n=1

Dy <

1 Mo
3 -
SUSHED DS

Proof. Let x; be the characteristic function of the interval I = [a, b].
Using Theorem 11.4.7, we have

N N
S () < 375 (o)
n=1 n=1

to deduce
~ 1 A
185, (m)] < /0 (5,(x) — Er(2))de + [E1(m).

The integral is 1/(M + 1) and

e(—%m(a n b)>sin (b — a)m7

m™m

(11>
=
2

I

from which we get

S (m)| <

sin (b — a)m‘ 3

™m ~ 2|m|
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Thus,

N

eQm’mmn
=1

al N M
Er(xn) < N(b— —
Zl r(an) < N( a>+M+1+3lem

3
I

n

Similarly, we obtain

N N Mo
ZEI(mn)zN(b—a)—M_i_l—?)Za

n=1 m=1

)

N
2 : 62m’m:cn
n=1

from which the theorem follows. O

Exercise 11.4.9 Let x1,...,xx be N pointsin [0,1]. For 0 < x <1, let
Ry(z)=#{m < N:0<ux, <z} — Nz.

Show that

N

2
1 1 =1
/0 R?V(x)d:v: <Z(xn—l/2)> +277T22ﬁ

n=1

Exercise 11.4.10 Let « be irrational. Let ||z|| denote the distance of x
from the nearest integer. Show that the discrepancy Dy of the sequence
no satisfies

1 1L
D 4 - -
NS M+NmZ:1mHmaH’

for any natural number M.

11.5 Equidistribution and L-functions

We will discuss a general formalism to study equidistribution due
to Serre [Se]. Let G be a compact group with Haar measure y nor-
malized so that ;(G) = 1. The space X of conjugacy classes of G
inherits a natural topology from that of G as well as the measure.
Let K be a number field and for each place v of K, let Nv denote its
norm and let us suppose we have a map

V= X, € X.
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For each representation,
p:G— GL(V),

we set
L(s,p) = Hdet(l — p(zy)Nv=%) 7L

Exercise 11.5.1 Show that L(s,p) defines an analytic function in the
region Re(s) > 1.

The sequence z, is said to be p-equidistributed in X if for any
continuous function f on X we have

>t = [ f@inte)

1
lim ———
) Nv<zx

z—o0 T (T

where 7 (x) denotes the number of places v with Nv < z.

By the celebrated Peter-Weyl theorem, every continuous function
f can be approximated by a finite linear combination of irreducible
characters x. Thus, it suffices to verify the existence of the limit
when f is restricted to an irreducible character. The orthogonality
relations now give us:

Theorem 11.5.2 (Weyl criterion for compact groups) Let G be a com-
pact group with normalized Haar measure p. Let X be the space of con-
jugacy classes of G as above. A sequence x,, is is p-equidistributed if and
only if for every irreducible character x # 1 of G, we have

Z x(xy) = 0.

Nv<zx

lim
=00 T (2)

Exercise 11.5.3 (Serre) Suppose that for each irreducible representation
p # 1, we have that L(s, p) extends to an analytic function for Re(s) > 1
and does not vanish there. Prove that the sequence x,, is p-equidistributed
in the space of conjugacy classes, with respect to the image of the normal-
ized Haar measure . of G.

This formalism includes many of the classical prime number the-
orems. Indeed, if G = (Z/mZ)* is the group of coprime residue
classes mod m, and K is the rational number field, then we can as-
sociate to each prime p coprime with m, the residue class it belongs
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to mod m. The associated L-functions are the Dirichlet L-functions.
Their analytic continuation and non-vanishing on Re(s) = 1 is the
content of Chapter 3. In this way, we deduce Dirichlet’s theorem
concerning the distribution of primes in a given arithmetic progres-
sion. More generally, if K/Q is a Galois extension with group G and
we associate to each unramified prime p of Q the conjugacy class
of the Frobenius automorphism of the prime ideal p lying above p,
then, the corresponding equidistribution theorem is the Chebotarev
density theorem.

A conjectural example is given by the Ramanujan 7 function. Re-
call that this function is defined by the product expansion

[e.9] o0

Y or)gt =q]]@—qm*
n=1 n=1

In 1916, Ramanujan conjectured that 7(n) is a multiplicative func-

tion and this was proved a year later by Mordell. He also conjec-

tured that for every prime p, we have

m(p)| < 2p"/2.

Thus, we may write

11/2

T(p) = 2p cos O,

for some unique 6, € [0, 7]. Inspired by the Sato-Tate conjecture in
the theory of elliptic curves, Serre [Se] made the following conjec-
ture. Let G = SU(2) be the special unitary group of 2 x 2 matrices
over the complex numbers. The conjugacy classes of G are para-
metrized by elements of the interval [0, 7]. More precisely, for each
6 € [0, 7] the corresponding conjugacy class X (6) has the element

et 0
0 €—i9 .

In Serre’s formalism, we can construct a family of L-functions at-
tached to the irreducible representations of SU(2) via the mapping

P X(Qp).

SU(2) has a standard 2-dimensional representation given by the
natural map p into GL(2). It is known that all the irreducible repre-
sentations of G are the m-th symmetric powers Sym™ (p). The Sato-
Tate conjecture (as formulated by Serre in this context) is the as-
sertion that the elements X (,) are equidistributed in the space of
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conjugacy classes of SU (2) with respect to the Haar measure, which
one can show is

2 sin® 6de.
T

To prove this conjecture, it suffices to show that each of the L-series
attached to these representations extends to Re(s) > 1 and does not
vanish there. This conjecture fits neatly into a larger package of con-
jectures in the Langlands program. In fact, the example given above
with the Ramanujan 7 function is a special case of a larger family of
conjectures, one for each Hecke eigenform, and more generally, for
automorphic representations on GL(2). At present, it is known that
for m < 9, the m-th symmetric power L-series has the predicted
analytic continuation and non-vanishing property. Recently, Taylor
has announced a proof of the Sato-Tate conjecture for elliptic curves
(which is the original context in which such equidistribution con-
jectures were made).

Exercise 11.5.4 Let G be the additive group of residue classes mod k.
Show that a sequence of natural numbers {x,, }7°; is equidistributed in
G if and only if

N
Z e?m’axn/k; — O(N),
n=1

fora=1,2,.. k—1

Exercise 11.5.5 Let p,, denote the n-th prime. Show that the sequence
{log p, }5°; is not u.d. mod 1.

Exercise 11.5.6 Let vy, v, ... be a sequence of vectors in R / ZF. Show
that the sequence is equidistributed in R* /ZF if and only if

N
D et = o(N),
n=1

for every b € ZF with b unequal to the zero vector.

Exercise 11.5.7 Let 1,1, aa,...,cq be linearly independent over Q.
Show that the vectors v, = (nay, ..., nay,) are equidistributed in R* /ZF.

Exercise 11.5.8 Let a be a squarefree number and for primes p coprime to

a, consider the map
a
P Tp = 2; ,
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where (a/p) denotes the Legendre symbol. Show that the sequence of x,)’s
is equidistributed in the group of order 2 consisting of {£1}.

11.6 Supplementary Problems

Exercise 11.6.1 Show that Exercise 1.1.2 cannot be extended to Lebesgue
integrable functions f.

Exercise 11.6.2 (Féjer) Let f be a real valued differentiable function, with
f(x) > 0 and monotonic. If f(z) = o(z) and xf'(x) — oo when x —
oo, show that the sequence { f(n)}>2 is u.d. mod 1.

Exercise 11.6.3 For any ¢ € (0,1), and o« # 0, show that the sequence
an®is u.d. mod 1.

Exercise 11.6.4 For any ¢ > 1, show that the sequence (logn)® is u.d.
mod 1.

Exercise 11.6.5 Let f be real valued and have a monotone derivative f’
in [a,b] with f'(x) > A > 0. Show that

b .
/ 62mf($)d$

Exercise 11.6.6 Let f be as in the previous exercise but now assume that
f'(xz) < =X < 0. Show that the integral estimate is still valid.

2
< —,
-7

Exercise 11.6.7 Let f be real-valued and twice differentiable on [a, b] with
f"(z) > & > 0. Prove that

b .
/ 62Trzf(x)dx

Exercise 11.6.8 Let b—a > 1. Let f(x) be a real-valued function on [a, b]
with f"(x) > § > 0 on [a, b]. Show that

Z eQﬂ’if(n)

a<n<b

<4
_\/g‘

f'(6) = f'(a) +1
7 :

Exercise 11.6.9 Show that the estimate in the previous exercise is still
valid if f"(z) < -6 < 0.

<
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Exercise 11.6.10 Show that the sequence {logn!}>°  is u.d mod 1.

Exercise 11.6.11 Let ((s) denote the Riemann zeta function and assume
the Riemann hypothesis. Let 1/2 + i~1,1/2 + ivys, ... denote the zeros of
((s) with positive imaginary part, arranged so that ; < v < ~yg---.
Show that the sequence {~,} is uniformly distributed mod 1.

Exercise 11.6.12 Let A,, be a sequence of sets of real numbers with # A,—
oo. We will say that this sequence is set equidistributed mod 1 (s.e.d.
for short) if for any [a, b] C [0, 1] we have

Tim #{t € An#jlf (t) < b}

=b—a.

The usual notion of u.d. mod 1 is obtained as a special case of this by taking
Ay, = {z1, ...,y }. Show that the sequence of sets A,, is s.e.d. mod 1 if and
only if for any continuous function f : [0,1] — C, we have

1 e
(U /0 f(@)da.

teAp

Exercise 11.6.13 Show that the sequence of sets A, is s.e.d mod 1 if and
only if for every non-zero integer m, we have

1 .
lim e2rimt — (),
o 2

Exercise 11.6.14 Let A,, be the finite set of rational numbers with denom-
inator n. Show the sequence A,, is set equidistributed mod 1.

Exercise 11.6.15 A sequence of sets A, with A, C [0,1] and #A,, — o0
is said to have set asymptotic distribution function (s.a.d.f. for short)

g(z) if

. #{te A, 0t <z}

T A, -

Show that the sequence has s.a.d.f. g(x) if and only if for every continuous
function f, we have

g9(z).

. 1 !
T e 30 = [ f@agla)

teAn
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Exercise 11.6.16 (Generalized Wiener-Schoenberg criterion) Show
that the sequence of sets {A,}5° , with A, C [0,1] and #A, — oo
has a continuous s.a.d.f. if and only if for all m € Z the limit

exists and
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1

Arithmetic Functions

1.1 The Mobius Inversion Formula
and Applications

1.1.1 Prove that

1 if n=1,
Zu(d){

dln 0 otherwise.

Let n = p* ---p}* be the unique factorization of n as a product
of powers of primes. Let N = p; - - - py. Then

> p(d) =" p(d),
djn AN

since the Mobius function vanishes on numbers that are not square-
free. Any divisor of N corresponds to a subset of {p1,...,p}. Thus,
forn > 1,

k

S =Y (F) -1 = -1t =o.

dln r=0

The result is clear if n = 1. O
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1.1.2 (The Mobius inversion formula)Show that

= Zg(d) Vn e N
dn
if and only if
g(n) =Y p(d)f(n/d)  V¥neN
dn
We have

eln

= D> gle)d uld)
|

= g(n),

since the inner sum in the penultimate step is zero unless n/e = 1.
The converse is also easily established as follows. Suppose

Z,u f(n/d).

dln
Then
dogld) = > > ule)f(d/e)
dln din eld
= Y ule)f(s)
est=n
= D [ nle)
s|n el
= f(n),
since the inner sum is again by (1.1.1) equal to zero unless
n/s=1. O
1.1.3 Show that

D o(d) =

dn
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We shall count the residue classes (mod n) in two different ways.
On the one hand, there are n residue classes. Each residue class
representative v can be written as dng, where d = (u,n). Thus
(ng,n/d) = 1. Thus, we can partition the residue classes u(mod n)
according to the value of gcd(u,n). The number of classes corre-
sponding to a given d|n is precisely ¢(n/d). Thus

n=> on/d)=> ¢d)

din dln
as desired. O

1.1.4 Show that
=y M
I
dln

This is immediate from the Mdbius inversion formula and Exer-
cise 1.1.3.

1.1.5 Let f be multiplicative. Suppose that

n = Hpa

p*[In
is the unique factorization of n into powers of distinct primes. Show that

Zf = [Ta+r@+ 0"+ + f@*).

p*||n

Deduce that the function g(n) = 3_,,, f(d) is also multiplicative. The
notation p®||n means that p® is the exact power dividing n.
A typical divisor d of n is of the form d = [, ., p°®) where 3(p) <

a and p®||n. Thus f(d) = [, f (»° ®)), wh1ch is a typical term
appearing in the expansion of the product on the right-hand side.
Clearly, if ny and ng are coprime, then

glmna) = [ 4@+ + 1)

p*[|ninz

= g(n1)g(na),

since we can decompose the product into two parts, namely those
primes dividing n; and those dividing ns. (This result can be used
to give an alternative solution of Exercise 1.1.4.) O
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1.1.6 Show that

Z A(d) = logn.

d|n
Deduce that

A(n) = — Z p(d)logd.
din

This is immediate from the unique factorization theorem:
n :p?l .o pgk’
where the p; are distinct primes. Then

k

logn = Zai log p; = ZA(d).

=1 dln

The equality
n
An) = 3" p(d)log

din

follows from Mobius inversion. Therefore,

Am) =~ Y (@) logd.
din

since }y, 1(d) = O unless n = 1 (by Exercise 1.1.1).
1.1.7 Show that

1 if n is square-free

> p(d) =

d2n 0 otherwise.

Clearly, the sum on the left-hand side is a multiplicative function.
It therefore suffices to evaluate it when n is a prime power. If n = p“,
we see that

1 if a<l,

d2|pe 0 otherwise.
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The result is now clear from this fact. OJ

1.1.8 Show that for any natural number k,

> u(d) =

dk|n

{ 1 if n is kth power-free,

0 otherwise.

Since the left-hand side is a multiplicative function of n, it suffices
to evaluate it when n is a prime power. Thus

1 if a<k-—1,

> ud) =

d¥|p> 0 otherwise,

from which the result follows. O

1.1.9 If for all positive x,

show that

and conversely.

We have

Same(Z) = Suo S r(2)

n<x n<lz m< =
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by an application of Exercise 1.1.1. For the converse,

SF(G) = X X wme(D)

n<z n<zx m<z/n
= >6(3) XZutm)
r<z m|r
= G(z),
as required. O
1.1.10 Suppose that
ng ) f(kz)| < oo,

where d3(k) denotes the number of factorizations of k as a product of three
numbers. Show that if

then

f(x) = u(n)g(n)

n=1

and conversely. We have, by absolute convergence of the series in-
volved,

o0 [e.o]

S umgnz) = S un) S f(mna)
n=1 n=1

m=1

= > s St

nlr

= fx)
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by Exercise 1.1.1. For the converse,

Zf(mx) = Zz,u g(mnzx)

m=1 m=1n=1

= ZW 2 nn)

nlr

= g(2),

as required. In the first case, the rearrangement of the series is justi-
fied by the absolute convergence of

> flmna) =" d(k) f(ka
m,n k=1

where d(k) is the number of divisors of k. In the second case, the
absolute convergence of

Zg(mna})

follows from the convergence of

Zd?, ) f (k)|

g

1.1.11 Let A(n) denote Liouville’s function given by A\(n) = (—1)%™),
where Q)(n) is the total number (counting multiplicity) of prime factors of
n. Show that

1 if nis a square,

> @) =

din 0 otherwise.

The left-hand side is multiplicative and therefore it suffices to
compute it for prime powers. We have

1 if « iseven,

D oA@) =

dlp 0 if o isodd,
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from which the result follows immediately. OJ

1.1.12 The Ramanujan sum c,(m) is defined as

where e(t) = e*™. Show that

Z dp(n/d).

d|(m,n)
Let
1<h<n
Since this is the sum of a geometric progression, we find that
n if nlm,
0 otherwise.

But we can write

DIED D ICS

djn 1<h<n
(h,n)=d

S (CU]

dn 1<h1<n1
(h1,n1)=

where we have written h = dhi, n = dny with (hy,n1) = 1 in the
last sum. Thus,
g) =3 epalm),
din
which by Mdobius inversion (Exercise 1.1.2) gives

Z,u g(n/d).

d|n
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But g(d) = d if d|m and vanishes otherwise. Therefore,

calm) = 3 dp(n/d)

d|(n,m)
as required.
1.1.13 Show that

Set m = 1 in the previous exercise.
1.1.14 Let 6 = (n,m). Show that

cn(m) = p(n/6)p(n)/p(n/d).

We have (by Exercise 1.1.12)

calm) = " du(n/d)

dls

= > dp(ne/o)
de=§

= Z du(nie),
de=4

207

where n = dn;. Now, u(nie) = u(ni)p(e) if (n1,e) = 1 and 0 other-

wise. Thus,

calm) = 3 dulm)nle)

(n1,e)=1

= p(n1)d Z p(e)

e
e|é
(ny,e)=1

| <1 - ;) .

plo
ptny
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By Exercise 1.1.4,

S () =T (=),

pln p|é
piny piny

from which the result follows. O

1.2 Formal Dirichlet Series

1.2.1 Let f be a multiplicative function. Show that

11(5 ).

p

This is more or less an extension of Exercise 1.1.5 and is imme-
diate upon expansion of the infinite product on the right-hand side
and the unique factorization theorem. O

1221f

(s = Dl1s) = D0,

n=1
show that
D(p,s) = 1/¢(s).
By Exercise 1.2.1,

1 11 1\
p p
p P

Again by Exercise 1.2.1,

D(u.s) = [J(1 - ).

p

The result is now immediate. O

1.2.3 Show that
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):ZATL

where —('(s) = o2 (logn)n~*. Since

oo
Z logn)n™*
n=1
and
1 [e.9]
=) un)n"
SORPS
by the previous exercise, we obtain upon multiplying the two series,
D(p+ (~log), ),
which by Exercise 1.1.6 is the formal series attached to A. O
1.2.4 Suppose that
=> g(d)
dln

Show that D(f, s) = D(g, s)C(s).

This is immediate from the formula for the multiplication of for-
mal series. O

1.2.5 Let A(n) be the Liouville function defined by A(n) = (—1)%"),
where Q)(n) is the total number of prime factors of n. Show that

¢(2s)
C(s)

Since A is multiplicative, by Exercise 1.2.1 we have

D\s) = H(1_1+L_;+...)

D(\, s) =

s p*p p
- T0(5) ~T(-%) (-5)
-@

by an application of Exercise 1.2.2.
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1.2.6 Prove that

= 2 _ ¢
nz:l ns  ((2s)

Since 2¥(") is multiplicative,

= 2v(") 2 2
> = v+
n=1 n p p p
(43 0-3))
p p p
(=3) G03)
= 11— prrd (e
p p p p
(=3) (+5)
= II(t-- 1+
» p p
1
= ((S)H<1+s)
P
The latter product is ((s)/{(2s) by Exercise 1.2.5, so that the result
is now immediate. O

1.2.7 Show that

e ()
; ns  ((2s)

Since || is a multiplicative function, we obtain

= Ju(n)] 1) <)
2 _H<“mJ‘a%r

p

by Exercise 1.2.5. U
1.2.8 Let d(n) denote the number of divisors of n. Prove that

o~ d*(n) _ ¢H(s)
2w @

n=1

(This example is due to Ramanujan.)
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We observe the following identity due to Ramanujan:

> an—H o 5n+1 ,yn—i-l _ 5n+1 .
> - ) — )T
= oa—=p y—90

1 — apyéT?

(1 =aT)(1 = adT)(1 = ByT)(1 = BOT)’

which is proved easily using the formula for the sum of a geometric
series. This identity is useful in other contexts, and so we record it
here for future use.

If we write

an—l—l - ﬁn+1
a—f
we see that the special case a = 3 = v = § = 1 gives the identity

:Odn—i-an_lﬁ—i-"'—i-aﬁn_l—l—ﬂn,

> 1-1?
;(n+1)2T": a=T)
Thus,
= d?(n > (a+1)?
> ()
n=1 p a=0
1 1\
= () (- 5)
_ )
¢(2s)’
as desired. O

1.2.9 For any complex numbers a, b, show that

o Ta(n)op(n) _ ((s)¢(s — a)¢(s — b)¢(s —a —b)
Z ns - ¢(2s —a—b) .

n=1

We have

n=1 a=0
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Now,

pa(a—i—l) -1

Ou(p) = 1 p" P ™ = Ty

We apply Ramanujan’s identity (see Exercise 1.2.8) to deduce

0 ala+l) _ bla+1) _
Z(p p*—1 1)(p pb—1 1)Ta

1 _pa+bT2
(1= p***T)(1 = p*T)(1 = p*T)(1 = T)

Putting T' = p~* in this identity, we deduce the stated result. 0
1.2.10 Let g (n) be 1 if n is kth power-free and 0 otherwise. Show that

— a(n)  ((s)
n’ C(ks)”

n=1

If we multiply out the series on the right-hand side, we obtain

pld) 1
d,e n=1 dke=n
The inner sum is g;(n) by Exercise 1.1.8. O

1.3 Orders of Some Arithmetical Functions

1.3.1 Show that d(n) < 2+/n, where d(n) is the number of divisors of n.
Each divisor a of n corresponds to a factorization o = n. One

of a or f must be less than or equal to y/n. Thus, the number of

divisors of n is less than or equal to 2/n. O

1.3.2 For any € > 0, there is a constant C(€) such that d(n) < C(e)n".
Observe that

d(n) _ H a+1
€ ae
" p*||n p
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We decompose the product into two parts: those p < 2/ and those
p> 9l/e
In the second part, p¢ > 2, so that p*® > 2% and

a+1 a+1<

< 1.
pO(G - 206 -
Thus, we must estimate the first part. Notice that
1
LR L ,
ae poe € log 2
since
aclog2 < eaelogQ — 20€ < pae‘
Hence )
1 =C
H < + elog 2) ()
p<21/e
is the desired constant. O

1.3.3 For any n > 0, show that
d(n) < 20+ logn/loglogn

for all n sufficiently large.

We refine the argument of Exercise 1.3.2, where we now set

(14 2)log2
~ loglogn
in the proof. The estimate for the second part of the product remains
valid. We must estimate (by applying 1 + x < %)

H 1+ ! < exp ;21/6
elog2 ) — elog2 '

p<21/e

Now,
ol/e _ (log n)l/(1+g)’

so that

loglogn n
C(G) S exXp {M)log22(log n)l/(1+2)}

7 (log 2) logn
P2 log logn

IN

for n > ng(n). O
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1.3.4 Prove that o1(n) < n(logn + 1).
We have

al(n):Zd:ZggnZ%

dn dn d<n

Zl</ndt—lon
d= ), ¢ %™

2<d<n

Now,

1.3.5 Prove that
c1n? < p(n)oy(n) < con?

for certain positive constants c¢; and ca.

We have o) .
n
=o=10-)
pln
and ot 1
oi(n) =[] —
i P
Now,
017(ln):H(1++2+ +p1a’>
p*[|n
so that b(n)o () .
n)oi(n
=10 )

p*[|n

Since each factor in the product is less than or equal to 1, we have

¢(n)oi1(n)

Also,
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where v(n) denotes the number of distinct prime factors of n, and
p; is the ith prime.
Recall that an infinite product

o0

[T +an

n=1

converges if and only if Y7, |ay| < co. Therefore
1 1

In addition, ¢(2) # 0. Since the product converges to a nonzero
limit, it is clear that there is a ¢; > 0 such that

H (1 - 1712) > cq.
i<v(n) ¢
a
1.3.6 Let v(n) denote the number of distinct prime factors of n. Show that

Writing n = p{ - - - pi*, where the p; are distinct primes, we obtain

Z a; log p; < logn.

(2

Since each p; > 2, we deduce the stronger result
(log 2)2(n) < logn,
where Q(n) = Zle Q. O

1.4 Average Orders of Arithmetical Functions

1.4.1 Show that the average order of d(n) is log n.

We have .
Zd(n): Z 1:2[5}.

n<lz ab<z alz
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Now,

Thus,

We can compare

1
a
a<lx
with the integral
Tdt 1
— =logx,
n g

1

and we easily obtain

Zé =logz + O(1).

a<z

Thus,

Z d(n) = zlogz + O(x).

n<x

1.4.2 Show that the average order of ¢p(n) is cn for some constant c.
By Exercise 1.1.4, we obtain

Yem) = 3

n<lz ab<z

The inner sum is

which is equal to
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Inserting this into the penultimate sum, we obtain

Setn) = Y uta) (i +00)

n<x alx
2* o pfa)
? Z ? + O(SC]ngL‘).
a<x
Now,
pa) _§~pa) o (1
a? a? T
a<lzx a=1

by an easy application of the integral test.

The series -
Z p(a)
a2

a=1
converges by the comparison test. This completes the proof. (Later,
we shall see that the value of the series is 6/72. ) O
1.4.3 Show that the average order of o1(n) is cin for some constant c;.
We have
o)=Y d=>d
n<z n<z dn de<x
Now,
2 d =) ) d
de<x e<z d<z/e
lrx x
= 2sleE]+Y)
e<x
x
= ) |= )
> [7)(2 +ou)
= fZ{ } + O(zlogx).
elx
Also,
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so that

72
Zal(n) = 72 6—12 + O(z log x).

n<z e<wz
Since Y~ 1/e* < oo, we deduce
Z o1(n) ~ c12?
n<z
for some constant c;. O
1.4.4 Let g;,(n) = 1 if n is kth power-free and zero otherwise. Show that

qu(n) =crx + 0 (:L‘l/k> ,

n<z

where

By Exercise 1.1.8,

dk|n
so that
doan) = Y u(d)
n<x dke<zx
x
= > @)%
dk<z
_ 1/k
= > p(d) 2 + O k.
dk<z
By the integral test,

d * dt 1
&k) < / = <aE,
Pyl d 21/k T

so that the desired result follows immediately. O
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1.5.1 Prove that

Z % ~ ¢§€k) log x

n<x
(n,k)=1

as x — oo.
By Exercise 1.1.1, the left-hand side can be written as

SO ) = Yy

n<w d|(n k) dlk TZSJC

In

-y

d|k t<az/d

= Z ,u(dd) (logg + O(l))

dlk
by the solution of Exercise 1.4.1. Therefore,

Z % = (Zuigd)) logz + O(1),
d|k

n<x
(n,k)=1

219

where the O-constant now may depend on k. But, by Exercise 1.1.4,

u(d) _ o)
2o TR

d|k

which completes the proof.

0

1.5.2 Let J,(n) be the number of r-tuples (a1, az, . .., a,) satisfying a; <

nand ged(ay, . .., ar,n) = 1. Show that

0= TI(-3)

pln

(Jr(n) is called Jordan’s totient function. For r = 1, this is, of course,

Euler’s ¢-function.)

We partition the total number of r-tuples (a1, ag, ..., a,) accord-
ingtod = ged(ay,...,ar,n). Thus, 1 = ged(a1/d, ..., a,/d,n/d) and

each a; < n, so that we have

n" =Y J.(n/d).

dln
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By Mobius inversion, the result is now immediate. ]

1.5 Supplementary Problems
1.5.3 For r > 2, show that there are positive constant c¢; and c such that

an” < Jp(n) <can'.

Since each factor of

pln

is less than 1, we can take ¢y = 1. For the lower bound, we have
1 1

00 2)= 1001

r r
pld P iy bi

which converges to a nonzero limit as v(n) — oo. Thus, there is a
constant c¢; such that
Jr(n) > cin”.

O

1.5.4 Show that the average order of J,.(n) is cn” for some constant ¢ > 0.
We have (by Exercise 1.5.2)

_ » N H(d)
er(n) B Zn Z dr

n<z n<z dln
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where we have written n = dt in the inner sum of the penultimate
step. Now,

k+1

N ok
S s
k=1"k-1

by a comparison of areas. Thus

N
Yot o= / v"dv 4+ O(N")
1

tT<Z/

1<t<N

1<t<N
_ N o)
Thus,
S =Y ua {5 +0((5))}

n<lz d<x

from which we deduce

Z J-(n) = c,2" T 4 O(z"),

n<x

where

8

since it can be written as

AT A

1.5.5 Let di(n) be the number of ways of writing n as a product of k
positive numbers. Show that

> _ his),

nS
n=1

Clearly,

= di_1(0)

dn
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since for each factorization n = de we can count the number of ways
of writing § as a product of £ — 1 numbers to enumerate d(n). This
shows that

>~y At
n=1 n=1

Since da(n) = d(n) satisfies

S A g,

nS

n=1
the desired result follows by induction. O

1.5.6 If d;(n) denotes the number of factorizations of n as a product of k
positive numbers each greater than 1, show that

> A (s -1yt
n=1

Expanding the right-hand side as a Dirichlet series and collecting
terms we get the desired result. O

1.5.7Let A(n) be the number of nontrivial factorization of n. Show that

n

> 20 g
n=1

as a formal Dirichlet series. We can write

A(n) =1+ di(n),
k=2

so that
o0 A o0
S g () - )+ Y - D
n=1 k=2
which is equal to
1
2—-((s)

as required. O



1.5.8 Show that

1.5 Supplementary Problems

¢ (k)

n=-—z%4+ 0(d(k)x),

2k

where d(k) denotes the number of divisors of k.

We have

(]

which is equal to

as required.

1.5.9 Prove that

2?¢(k)

> nd  p(d)

n<zr dn
d|k

doud)d o n

dlk n<z
d|n

> udyd Yt

d|k t<z/d

Suan{3[2] (3] 1)

d|k

Zu(d)d{;; +O(Z>}

d|k

2% + O(zd(k)),

where v(n) denotes the number of distinct prime factors of n.
By comparing the coefficient of " on both sides of the identity,

(1-2)7'1-2)"=1-2)"",

223
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Sent(y) =cor (")

k<r

we deduce

Now, if N is the product of the distinct prime divisors of n, then

Souldy= Y ),

dn d|N
(d)<r v(d)<r

and the latter sum is
() ()

by our initial observation. O

1.5.10 Let 7(z, z) denote the number of n < x coprime to all the prime
numbers p < z. Show that

m(x,z) = xpl;lz (1 — ;) + O(2%).

Let P, denote the product of the primes less than or equal to z.
Then

m(z,z) = Y uld)
n<x
d|(n,P:)

= > @[3

d|P,

= xZMEZd)JrO(?)

d|P,

= xH(l—;>+O(2z)

p<z

by Exercise 1.1.4, as required. O
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1.5.11 Prove that

1
Zf > loglogzx + ¢
p<w

for some constant c.
Since every natural number can be written as a product of prime
numbers, we have

Sl

n<x p<lz

Taking logarithms and using the fact that

1
Z — =logz+ O(1),
n

n<x
we deduce
1
— Zlog (1 — 7> > loglogz + O(1).
> p
P
Now, ) . )
—log <1 - 7> = - —l—O(—Z),
p p p
so that )
Z = >loglogz + O(1),
p<z
since ), 1/p* < oo. This completes the proof. O

1.5.12 Let w(x) be the number of primes less than or equal to x. Choosing
z = log x in Exercise 1.5.10, deduce that

m(z) = O(loglxoga)'

Clearly,
m(x) < m(x, 2) + 2.
Now, )
7(z, 2) :wH (1 —5) +0(2%)

p<z
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by Exercise 1.5.10. Choosing z = log x and observing that

—Zlog (1—]1)) :Z}—FO(l),

p<z p<z p

we deduce

m(x,2) = wexp ( -y 1y 0(1)) + O(z'82)

p<z

- O(loglmogx)

by the previous exercise. This completes the proof.

1.5.13 Let M (x) = .. u(n). Show that

Su() -

n<x

n<zx

We have

SM(E) =30 Y wld) = Y ) =3 (Yo ul@).

n<x n<zd<z/n dn<z r<x d|r

The inner sum is 1 if » = 1, and 0 otherwise by Exercise 1.1.1. The

result is now immediate.

1.5.14 Let [, [x] denote the polynomial ring over the finite field of p ele-
ments. Let N be the number of monic irreducible polynomials of degree d
in I [x]. Using the fact that every monic polynomial in Fy[x] can be fac-
tored uniquely as a product of monic irreducible polynomials, show that

pt =) dN,.

dn

Consider the formal power series

Z Tdeg f7

f
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where the summation is over monic polynomials f in [F,[x]. Since

every f can be written uniquely as a product of monic irreducible
polynomials and deg f1 fo = deg f1 + deg f2, we obtain

ZTdegle_I(1_i_]vdegv_i_ijdegv_i___.)7

f v

where the product is over monic irreducible polynomials v of Fp[z].
Thus,

Tdegf — 1— Tdegv -1
> 11

f v

- ﬁ (1 —Td>_Nd.

d=1

But the left-hand side is
Z p"T" = (1—pT)~"
since the number of monic polynomials of degree n in p™. Therefore,

~log(1 — pT) = Z Nylog (1 — Td>

so that
> ngm > O de
p"rt T
2. = XN
n=1 d=1 e=1
[e.9]
T’n
- STy aw)
n
n=1 de=n
Comparing coefficients of 7" gives us the result. O

1.5.15 With the notation as in the previous exercise, show that

1 n
Nn = E Zﬂ(d)p /d

dln
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and that N,, > 1. Deduce that there is always an irreducible polynomial
of degree n in Fp[x].

The formula for IV, is immediate upon Mébius inversion of the
result derived in the previous exercise. Notice that

niN, = Zu(d)pn/d.
d|n

The right hand side can be viewed as the difference of two num-
bers in base p with the larger number having (n + 1) digits and the
smaller one at most /2 + 1 digits. Thus, the righthand side is not
zero, so that nN,, > 1, which implies N,, > 1/n. Since N,, is an
integer, we get IV,, > 1. (This fact is used to establish the existence
of finite fields F,» for every n.)

1.5.16 Suppose f(d) = >_4,, 9(n), where the summation is over all mul-
tiples of d. Show that

and conversely (assuming that all the series are absolutely convergent).
We have

Su(5) e = Yo ut)fn

= > u® glatr)
= Y glm)( Y ult)) = glm),

tr=m
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since the inner sum is 1 if m = 1, and zero otherwise. Similarly, for
the converse,

Sgn) = Sgld)

dln

= 3> uln)ft)
= Y fdm)( Y um) = (),

tr=m
since the inner sum is again 1 if m = 1, and zero otherwise. Il

1.5.17 Prove that
Z pln) = cx + O(log x)
n

n<x

for some constant ¢ > 0. We have

p(n) N~ w(d)
n d’
dn
so that
pn) _ ﬂ@ﬁ]
n d Ldl’
n<lz d<zx
Hence,
p(d) 127 _ p(d)
7 [d} =z ) — +O0(logr)
d<zx d<z
Now,
S () 5l
2 2 2
d<z d d=1 d d>x d

and the latter sum is O(1/x). Thus,

Z gogln) = cz + O(log x)

n<lz

with ¢ = Y353, ju(d) /a2 = [T, (1~ 1/p) #0. O
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1.5.18 For Re(s) > 2, prove that

p(n) _ C(s—1)
2w T )
Since
Zu (n/d),
dn
we have

as required.

1.5.19 Let k be a fixed natural number. Show that if

=> g(n/d"),
dk|n
then
Z w(d) f(n/d")
dk|n
and conversely.
We have
Yooudfle) = Y ud) gle/s")
dke=n dke=n 5kle
= Y uld)g(t)
dk&kt=n
> gt/ (D wla),
rk|n dé=r

and the inner sum is 1 if » = 1, and 0 otherwise. Therefore,

Zu ) f(n/d").

dk|n
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For the converse,

> gn/dy) = Yy u(6)f(e/d")

dke=n dke=n &k|e
= D ) f@)
dkskt=n
= Y s (X w6)) = fin),
*n do=r

as required.
1.5.20 The mth cyclotomic polynomial is defined as
om(z) = [[ (@~
1<i<m
(i,m)=1
where ¢, denotes a primitive mth root of unity. Show that

" —1= H¢d(x)

dim

We have ‘
2" —1= ] @=¢).

1<i<m

231

We can partition the right-hand side according to d = gecd(i, m).

Then, (i/d,m/d) = 1, and

G = ijé?d

is a primitive (m/d)th root of unity. Also, every primitive (m/d)th

root of unity is a root of ™ — 1. Thus,

2™ =1 =[] bmyalz) = ][ a(z)

d|m d|m

as required.

O

1.5.21 With the notation as in the previous exercise, show that the coeffi-

cient of )1
P\
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i () i5 —p(m).
The coefficient of z¢(™)~1 in ¢,,,(z) is clearly

> G

1<i<m

(i,m)=1
which is the Ramanujan sum —c¢,,(1) = —p(m) by Exercise 1.1.13.
O
1.5.22 Prove that
dlm
By Exercise 1.5.20,
" —1= H ¢a(x)
dlm
so that
log(x Z log ¢pg(x
dlm

as formal series. By Mobius inversion,

l0g ¢m () = Y _ p(d)log(z™* —1).

dlm
Hence
bm(z) = H(xd _ 1)u(m/d),
dlm
as required. O

1.5.23 If ¢, () is the mth cyclotomic polynomial, prove that

if m=p*,
¢m(1) =

1 otherwise,

where p is a prime number.
We have

_ 11 - H Pa(x)

d#1
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The left-hand sideis 1 +x + 22 + - - - + 2™, Evaluating both sides
of the equation at z = 1 gives

logm = Z log ¢4(1).

dlm

d#1
Set g(d) =log ¢4(1), if d # 1 and g(1) = 0 otherwise. Thus,
logm = g(d),
dlm

and by Mobius inversion, we have

g(m) = > u(d)logm/d

dm

= =) u(d)logd

djm
for m # 1. By Exercise 1.1.6, g(m) = A(m) as required. O
1.5.24 Prove that ¢,,,(x) has integer coefficients. We proceed by induc-
tion on m. For m = 1, this is clear. Writing

=1 = [[ou@) = 6ule)( ] ¢at@)
dm

dlm
d<m

= Om(x)v(z) (say),

we find that v(x) has integer coefficients by induction. Also note
that v(z) is monic. Thus, by long division, we can write

2™ —1=q(x)v(x) + r(z),

where ¢(z), r(x) have integer coefficients and either » = 0 or degree
of r < degree of v. For every complex root a of v(x), we have o —
1 = 0 so that 7(«) = 0. This forces r = 0 for otherwise it will have
more complex roots than its degree. Hence ¢(z) = ¢,,,(x) has integer
coefficients. O

1.5.25 Let q be a prime number. Show that any prime divisor p of a? — 1
satisfies p = 1 (mod q) or p|(a — 1). We have
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a? = 1(mod p).

Thus, the order of ¢ (mod p) divides g¢. Since ¢ is not a prime, it
must be either 1 or ¢. If itis 1, then a = 1 (mod p), so that p|(a — 1).
If the order is ¢, then ¢|p — 1, since the group of coprime residue
classes (mod p) has order p — 1. O

1.5.26 Let q be a prime number. Show that any prime divisor p of 1 4+ a +
a? 4 -+ a9 ! satisfies p = 1 (mod q) or p = q. Deduce that there are
infinitely many primes p =1 (mod q).

Notice that

if a # 1. Hence if
l+a+a®+---+a'=0 (mod p),

then either a? =1 (mod p) and a # 1 (mod p) ora =1 (mod p). In
the former case ¢|p — 1, since @ has order ¢. Notice that any prime
divisor of 27— 1 is congruent to 1 (mod ¢), by the previous exercise.
Thus, there is at least one prime congruent to 1 (mod ¢). If there are
only finitely many such primes, let us list them as

b1, P2, P3,---5 DPk-

Then, putting a = gp1p2 - - - pi,, we find that any prime divisor p of

l4+a+a®+---a9?

is first, coprime to a = gp; - - - px, and second, must be congruent to
1 (mod ¢) or equal to ¢, which is a contradiction. O

1.5.27 Let q be a prime number. Show that any prime divisor p of
L+b+b% 4 001

withb = a?" " satisfies p=1 (mod ¢*) or p = .
Ifb# 1 (mod p), then

b1 —1

b—1

14+b4+--- 4001 = =0 (mod p)

implies that a has order ¢*, so p = 1 (mod ¢*). If b = 1 (mod p),
then p = ¢, as required. O
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1.5.28 Using the previous exercise, deduce that there are infinitely many
primes p = 1 (mod ¢*), for any positive integer k. In the previous

exercise, we set b = a?° ' to deduce that
L+b+b>+ -+ b0

has a prime divisor congruent to 1 (mod ¢*). Thus, there is at least
one prime congruent to 1 (mod ¢*). Now suppose there are only
finitely many such primes, p1, p2, ..., p, (say). Then, with

k—1

b= (gp1---p)?

we deduce 1 + b + --- 4+ b7~ ! has a prime divisor congruent to 1
(mod ¢*) different from p1, ..., p, a contradiction. O

1.5.29 Let p be a prime not dividing m. Show that p|¢y,(a) if and only if
the order of a mod p is m. (Here ¢, () is the mth cyclotomic polynomial.)

Since
" —1= H¢d(x)7

dlm

we deduce ™ =1 (mod p). If k is the order of a (mod p), then

@*—1=[[¢a@) =0 (modp),

so that ¢4(a) = 0 (mod p) for some d|k. If k& < m, then
a™ —1 = ¢m(a)pq(a) (other factors) = 0 (mod p?).
Since ¢, (a + p) = ¢ (a)(mod p) we deduce
(a+p)™ =1 (mod p?),

on the one hand, and

1

(a+p)™=a"+ma™ 'p (mod p?),

on the other. Thus, ma™ 'p = 0 (mod p?), so that p|m (because
(a,p) = 1). This is a contradiction. Hence & = m. For the converse,
if a has order m, then ¢ =1 (mod p). From

a™ —1 =[] ()
dlm
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we deduce ¢4(a) =0 (mod p) for some d < m. If d < m, then

a’—1= H¢5(a)

s|d
is divisible by p, implying a¢ = 1 (mod p). This contradicts the fact
that a has order m. O

1.5.30 Using the previous exercise, deduce the infinitude of primes p = 1
(mod m).

Observe that from

2™ —1 =[] ¢al)
dlm

we deduce that ¢4(0) = £1 for any d. Thus, ¢,,(m") is coprime to
m. As r varies over positive integers, only a finite number of them
can be equal to £1 since ¢,,(z) has degree ¢(m). Thus, for some r,

|Gm(m")] > 1,

and so there is a prime divisor p of ¢,,(m"). The order of m” (mod p)
is m. Hence, there is a prime p = 1 (mod m). If there are only
finitely many such primes p1, pa, ..., p; (say), then

Gm(mp1p2 -+ pt)

must have a prime divisor p =1 (mod p) different from py, ..., p:.
This is a contradiction. O
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Primes in Arithmetic Progressions

2.1 Characters mod ¢

2.1.2 Show that
Z logn = zlogz — z + O(log x).

n<x

Put f(t) = logt, a,, = 1 in Theorem 2.1.1. We obtain

Zlogn = [x]logx—/lx[t]cit

n<x

= zlogx —x + O(logx)

upon writing [t] = t — {t}, where {t} denotes the fractional part of

t, in the integral. O
2.1.3 Show that )
Z — =logz + O(1).
n
n<z
In fact, show that
. 1
lim (Z - — loga:)
T—00 n

n<x

exists.
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Put a, =1, f(t) = 1/t in Theorem 2.1.1. Notice that for x a posi-
tive integer, we have

1 1 T dt
> e = Y - [

2<n<zx 2<n<zx

1 ™odt
> G-[.7)
PR
Since
(o)A bl
we deduce that
Z %—logx

2<n<zx
converges to a limit as x — oo.

2.1.4 Let d(n) denote the number of divisors of a natural number n. Show
that

Z d(n) = zlogz + O(x).
Since d(n) = >_4),, 1, we have
x 1
;d(n) — ; HE x(s;fS +0(x),

and by Exercise 2.1.3, we are done. O

2.1.5 Suppose A(x) = O(x%). Show that for s > 6,

o
an _ s/ A(t)dt
1

ns ts+1 :

e}

n=1

Hence the Dirichlet series converges for s > 6.
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By Theorem 2.1.1, with f(n) =n"%,

—s _ Alx) vA()
Zann _1.3—*—8/1 ts""ldt'

n<x

For s fixed, s > §, we know that A(z) = O(z°), so that

A
lim (Zj) =0.
r—00 I
Thus
o0
an At
E e 8/ tss_l) dt,
n=1 1

for any s > 4.

2.1.6 Show that for s > 1,

()= s [ gy

s—1 1 rstl

where {x} = x — [z]. Deduce that lim,_,;+ (s — 1){(s) = 1.

By Exercise 2.1.5, we get
C(s) = 5/1 mstx
= 5/1 pores] dx

s > {z}
= 3—1_5/1 ;L‘SJFldx.

Also,

(s=1)((s) =s—s(s—1) /100 ii}ldx,

so that
lim (s —1)((s) =1,

s—1t

since the integral converges for s > 0.

239
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2.1.7 Prove that

text
er —1°

o0 tr
F(x,t) = Zobr(x)r! =
By the recursion for b, (x), we have

d NN
%F(%t) = ;br(fﬁ)rl

tT
= Z rbr—1 () o

r=1

= t-F(x,t).

Thus,
log F(z,t) =tz + c(t).

Exponentiating, we get

F(x,t) = etvte®),

On the other hand,
1 1 o0 t
F(x,t)dz :/ by(z)— )dx =1
|, Fatae= [ (3nr)
Thus,
tr 4 p=1
L = ol(etx+c(t))dx_ et [t ] -0
_ ec(t)e — 1’
t
so that .
te*
F(zx,t) = EaE
as desired.

2.1.8 Show that Boy+1 = 0 for r > 1.

Since

TR tr t t tlet+1)
Z b I _ = T
2+rz:;] T(O)T! et—1+ 1)

Do |
[\
—
®
~
|
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and the right-hand side is an even function, it follows that b,(0) = 0
for r odd, r > 3. O
2.1.11 Show that for some constant B,

Z\}EIQ\/E—FB—FO(\}E).

n<x

Suppose first that z is a natural number. Put f(¢) = 1/+/t in The-
orem 2.1.9,a = 1 and b = z. Take &k = 0. Then,

3 \/1% =2(Vz - 1) +% (\}5—1) +;/1t(—;>t_3/232(t)dt.

1<n<lz
The integral

* By(t)

et

converges, and we may write for some constant B,

CBy(t) . [ Ba(t)
/1 ad =5 = [

The latter integral is O(1/+/x), whence

Z%:NEHHO(\}E)

n<x

for some constant B. If z is not a natural number, notice that

(f_\/m) (\/E‘F\/Q) =z —[z] <1

From this inequality, the result is clear for all z. 0

2.1.12 For z € C,and | arg z| < m — 0, where § > 0, show that

< 1
Zlog(z+j) = <z+n+ 2> log(z +n)
=0

1 n
o <z_> logz+/ Bi(z)dx
2 0o Z+=z
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We apply Theorem 2.1.9 for k = 1:

) b 1
> 16) = [ s+ 50 - fa)

a<j<b

b
— / Bi(t)f'(t)dt.

Now set f(j) = log(z+ j) which is analytic in |arg z| < 7 — 4. The
result is now immediate.
2.2.1 Prove that  is a completely multiplicative function.

We must show that y(mn) = x(m)x(n) for all natural numbers
m, n. If m or n is not coprime to ¢, then both sides of the equation
are zero, and the result is clear. If m and n are coprime to g, then
since x is a homomorphism, the result is immediate. O

2.2.2 Prove that for Re(s) > 1,

L@@—Ho—ﬁﬁ)i

P
where the product is over prime numbers p.
Since y is multiplicative, so is x(n)/n®, and so
x(p) | x(°)
p
Now, x(p™) = x(p)™ so that

i xX®™) _ <1 - X(P)>_17

ms S
meo P p

and the result is now clear. O
2.2.3 Show that (Z/pZ)* is cyclic if p is a prime.
We first list all the possible orders of elements of (Z/pZ)*:

di,da, ..., d, (say).
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Let e be the least common multiple of di, ds, . . ., d, and factor

e = pClllng . .ka
as a product of distinct prime powers. For each p;" there is some d;
divisible by it. Thus
dj = p?it
for some t coprime to p;. Since the d;’s are orders of elements of
(Z/pZ)*, there is an element z; whose order is p;’t. Therefore, the
element y; = z! has order p;*. Hence, the element y,ys - - - yx has
order e. Thus, we have found an element of order e. Therefore, e|p —
1. But the polynomial
¢ —1

has (p — 1) roots (mod p), since every nonzero element of Z/pZ is a
root. Since Z/pZ is a field, any polynomial of degree e cannot have
more than e roots. Thus, (p — 1) < e. Since e|p — 1, we deduce e =
p — 1. Thus, we have found an element of order p — 1. O

2.2.4 Let p be an odd prime. Show that (Z/p*Z)* is cyclic for any a > 1.

For a = 1, we are done by Exercise 2.2.3. Let g be a primitive root
(mod p). We first find a ¢ such that

(g+p)P~"#£1 (mod p?).
Indeed, if g1 # 1 (mod p?), then we can take ¢ = 0. Otherwise,
(g+pt)r~t = g" 1+ pp— Dtg?™*  (mod p?)

= 1+p(p—1)tg2 (mod p?),

so that t = 1 works. Let g + pt have order d (mod p®). Then d|p(p®)
by Euler’s theorem. Thus, d|p®~!(p — 1). Since g is a primitive root
mod p, (p — 1)|d, and so d = p"~!(p — 1) for some r < a. We also
know that

(g +pt)"~" =1+ pu,

where u; is not divisible by p. Thus

(g+pt)PP= D = (14 puy)?

= 1+ppur) + B)(pw)? +--- .
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Because pis odd, (5) = @ = 0 (mod p). Thus
(g+pt)’?™D =1+ p*u;  (mod p?).
By induction,
(g+pt)” P =1+ phu  (mod pt).
Now, g + pt has order d = p"~1(p — 1) (mod p*) implies
(g+ptyf @V =1 (modp").

But then 1+ p"u; = 1 (mod p"*1) if < a — 1, which implies p|u;, a
contradiction. Thus, r = a, and we are done. O
2.2.5 Let a > 3. Show that 5 (mod 2%) has order 292,

We will prove by induction that

on—3

57" =1+2""1 (mod 2"

for n > 3. For n = 3, this is clear, since 5 = 1 + 4 (mod 8). Suppose
we know

2n73

5 =14+2""1 4 9y,

Then squaring both sides, we obtain
5277 = (142071 4 2ny)2
= 142272 4272 4 2n 4 2ntly 4 22y
= 1420420 fu 4 27Ty 4201?2773

from which the result is immediate.
It is also clear that

5277 = (142712 (mod 2")
= 1 (mod 27).
Thus, 5 has order 2”2 (mod 2"). O

2.2.6 Show that (Z./2°7)* is isomorphic to (Z/27) x (Z/2°7%Z), for
a> 3.
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By Exercise 2.2.5, we see that 5 has order 2472 (mod 2%). Observe
that if 5 = —1 (mod 2%), then 1 = —1 (mod 4), a contradiction.
Thus —1 is not in the subgroup generated by 5 (mod 2¢). Hence,
every coprime residue class can be written as £-5. O

2.2.7 Show that the group of characters (mod q) has order p(q).

Since

(Z/qZ)" = (Z)pY*Z)* % -+ x (Z[p}*Z)",
where ¢ = pi* - - - p* is the unique factorization of ¢ into prime pow-
ers, we see that any character x (mod ¢) decomposes uniquely as

X1X2 " Xk

where y; is a character of (Z/p}Z)*. If p; is odd, the latter group is
cyclic of order ¢(p;*), so that the number of choices for x; is ¢(p]*).
If p; = 2, then x; is a character of Z/27 x 7Z/2%~2Z, and again the
number of such characters is ¢(2%¢). Thus, the total number of char-
acters is o(pi") - ¢ (py*) = ¢(q)- O

2.2.8 If x # xo, show that

Z x(a) = 0.

a(mod q)
Since x # xo, thereisab (mod ¢) such that (b, ¢) = 1and x(b) # 1.

Then
s= 3 o= 3 xab) = xb)s,

a(mod q) a(mod q)

since ab runs through coprime residue classes as a does. Hence

(1= x(b))s = 0.
Therefore, s = 0, since x(b) # 1. O
2.2.9 Show that

o(q) ifn=1 (mod q)

x(mod gq) 0 otherwise.
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If n =1 (mod q), the resultis clear. If n # 1 (mod ¢) and (n,q) =1,
then there is a character ¢ such that ¢)(n) # 1. Thus

T= Y xm= Y @om=vm) ¥ xn

x(mod q) x(mod q) x(mod q)

because 1y ranges over all the characters (modg) as x does. But
then

(1=9¢(m) Y x(n) =0,

x(mod q)

so that 3 (10 g) X(1) = 0, since ¢ # 1. O

2.2 Dirichlet’s Theorem
2.3.1 Let x = xq be the trivial character (mod q). Show that

lim log L(s, xo) = +0o0.

s—1+

Since L(s, xo) = ¢(s) [1,(1 — I%), the result is clear. O
2.3.2 Show that for s > 1,

Z log L(S, X) = (P(Q) Z Z n;ns :

x(mod q) n=1 pn=1(mod q)

)
Since L(s, x) =[], <1 —XP ) , we have

pS
> legLs) = X (X0 ns)
x(mod q) x(mod ¢g) p n>1
1 Vel
= anns< Y X )),
pn x(mod q)

the interchange of summation being justified because the series con-
verge absolutely for s > 1. By Exercise 2.2.9, we find that the inner
sum is 0 unless p” = 1mod ¢ in which case it is ¢(q). The result is
now immediate. O
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2.3.3 Show that for s > 1 the Dirichlet series

%:: H L(s, x)

n=1 x(mod q)

o0

has the property that a1 = 1 and a,, > 0 for n > 2.
If we exponentiate the identity of Exercise 2.3.2 and use the series
2
x
T = —_— DY
ef=1+z+ o T
the result is clear. O

2.3.4 For x # Xo, a Dirichlet character (mod q), show that

> x(n)| <q.

n<x

Deduce that

L(S, X) = Z XT(;L)
n=1

converges for s > 0.

By Exercise 2.1.5

St
L<S7X) = S/l tsg—l) dt,

where S(t)=)_, ., x(n). By Exercise 2.3.8, we know that > _, - x(n)=
0. Since y is periodic with period ¢, >, <4, x(n) = 0 for any k. Let k
satisfy kg <t < (k + 1)q. Then -

St)y=Y xm)+ Y xn).

n<kq kq<n<t
The first sum is zero, and the latter sum cannot exceed ¢. Thus, the

series converges for s > 0. O

235 1If L(1,x) # 0, show that L(1,%) # 0, for any character x # xo
(mod q).

We know that
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L) = Jim 30X

n<x

since the series converges by Exercise 2.3.4. Now,

x(n)

L(L¥) = lim Y~ A2 = I(LX),
n<x

from which the result follows. O
2.3.6 Show that

lim (s = 1)L(s, x0) = ¢(a)/a-

Since )
Lisxo) =< [T (1= 7).
plg

we obtain

. . 1
lim (s — 1)L(s, xo) = lim [(s — 1)¢(s)] H (1 — E) _ ©(q)

s—1t s—1t

by Exercise 2.1.6. O
2.3.7If L(1, x) # O for every x # xo, deduce that

lim (s —1) L(
s—1t H S X
x(mod q)

and hence

Z 1:—|—oo.

p=1(mod q) p
(That is, there are infinitely many primes congruent to 1 (mod ¢).)

We have

lim (s —1) ) JI Lsx) = slir{g(s— DL(s,x0) [] L(s:x)
x(mod q) X#X0

— HL

XF#X0
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On the other hand, by Exercise 2.3.2,

1T L(s,x)zexp(so(Q) > n;n)

X(mOd q) p"Eln’rﬁod q)

Observe that we can write the exponential as

1 1
SD(Q) < E : S + Z ns ) ’
P p p,n>2 P
p=1(mod q) p™=1(mod q)

and we clearly see that

. 1 1
hm+ — < —
s—lF S mp oLy
1
< < 00
zp: plp—1)
Thus, X
lim (s —1)exp <<p(q) —) # 0.
s—1t ps
p=1(mod q)
It is now immediate that szl(mod 9 % = +00. O

2.3.8 Fix (a,q) = 1. Show that

¢(q) if n=a(mod q)

Y. xla)xm) =

x(mod q) 0  otherwise.

Note that x(a)x(a) = 1. Also, x(a)x(a~!) = 1. Hence x(a) =
x(a~1), where a~! is the inverse of a in (Z/qZ)*. Therefore,

> xlaxn)= D x(@'n),

X (mod q) X (mod q)

which by Exercise 2.2.9 is ¢(q) if a™'n = 1 (mod ¢), and 0 other-
wise. Thus,

©(q) if n=a (mod q),

x(mod gq) 0 otherwise.



250 2. Primes in Arithmetic Progressions
2.3.9 Fix (a,q) = 1. If L(1, x) # O, show that

li -1) L( X a)
S_l)rtlﬂ+ s H (s,x) #0.
x(mod q)

Deduce that

= +400.

D

1
p=a (mod q) p

We see that for s > 1,

Y x@lgLisy) = Y x@ Y M)

x(mod q) x(mod i) P
= Y —( X X@xem)
o P x(mod g)

as in Exercise 2.3.2. The inner sum, by Exercise 2.3.8,is ¢(q) if p" = a
(mod ¢) and zero otherwise. Thus

IT Zesx)x —eXp<90(q) > n;ns)-

x(mod q)

n,p
p"=a(mod q)
As before

lim (s —1) Il LsXX(“

5—>1+
x(mod q)

_ _ x(a)
= sl_lffl+(3 1)L(s, xo0) H L(s, x)X'* # 0,
XFX0

since L(1, x) # 0. The result now follows as in Exercise 2.3.7. O

2.3.10 Suppose x1 # X, (that is, xi1 is not real-valued). Show that
L(1,x1) # 0 by considering F(s).

By Exercise 2.3.4, L(s, x) converges for s > 0. If L(1, x1) = 0 then
set

L(s,x1) = (s = 1)g(s,x1) (say),

where ¢(s, x) is continuous for s > 0, s # 1. Observe also that since

> S(t
L(s,x) = 8/1 tsgrl)dt,




2.3 Dirichlet’s Hyperbola Method 251

where |S(t)| < g, the integral is absolutely convergent for s > 0.
We also see that L(s, x) is differentiable. Thus if we set ¢g(1,x) =
L'(1, x1) above, then g¢(s, x) is continuous for all s > 0. By Exercise
2.3.5, L(1,%,) # 0, and we can also write L(s,%;) = (s — 1)g(s,x1)-
Therefore,

[T ZGs 0 = Lis,x0) (s — D2g(s, xa)g(s,x1) [ L(s.x)
X XFX1:X1:X0

and we see that

lim || L(s, x)

s—1t

= lim (s = 1)L(s,x0)(s = Da(sx)a(s,x) - [[ - L(s:x)
B XFX1,X1,X0

_ o) g, (s=Dalsx)gsx) [ L) =0.

q s—1t +
XFX1,X1:X0

However, writing

e | R

n=1 x(mod gq)
e a
n
= 1+ 5
n=2
we proved a,, > 0 in Exercise 2.3.3, so that

slilg H L(s,x) > 1.
x(mod q)

This contradiction implies L(1, x1) # 0. O

2.3 Dirichlet’s Hyperbola Method
2.4.2 Prove that

Zao(n) =zlogz + (2y — 1)z + O (V).

n<x
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We have

oo(n) = Z 1.

dn

We can apply Theorem 2.4.2 with f(n) = og(n), g = h = 1, and
y =

oo = 2 5] - [vaP

nw A<z

By Exercise 2.1.10, we have
1 1 1

Z —=-logz+v+0(—=),
5 - jmerrro()
so inserting this above leads to

S oo(n) = zlogz + 2va — [Vl + O(Va).

n<z
Now,

Wal? = (Vi — (V&) = + O(va)
from which we deduce the final result. O
2.4.3 Let x be a real character (mod q). Define
fn) =2 x(d).
d|n

Show that f(1) = 1 and f(n) > 0. In addition, show that f(n) > 1
whenever n is a perfect square.

Since x is multiplicative, so is f. If we write

— (875
n_pll...pk

as the unique factorization of n as a product of prime powers, then

fn) = fi)-- f(pp*)

= T (0 +x@) +x@) + -+ x3).

pn
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Since x is real, x(p) = £1 whenever p is coprime to ¢. If x(p) = 1,
then

T+x(p) +-+x(p") =a+120.

If x(p) = —1, the sum is either 0 or 1 according as « is odd or even.
If p|g, the sum is 1. In every case we have f(n) > 0. Clearly, f(1) =1
and when n is a perfect square, each «; is even. Thus, each sum in
the product is greater than or equal to 1. Hence f(n) > 1 whenever
n is a perfect square. O

2.4.4 Using Dirichlet’s hyperbola method, show that

Zf = 2L(1, )VZ + O(1),

n<zx

where f(n) =3 4, x(d) and x # Xo.

We let g(d) = x(d)/V/d, h(e) = 1//e in Theorem 2.4.1. We choose
y = v/z. Therefore,

f(n X 1 T

; d<z J(5)+ Y 76(3) - evmEE)

n<w f d</z
with notation as in Theorem 2.4.1. Now,
,;f_%FJFBJrO(f)
by Exercise 2.1.11. Also,

_Nxxm (1 1
- 213 o (5)

since
> n 1
3 x(n) _ (X) ,
= Vn 2

and by partial summation,

x(n S(t) 1
Z / +3/2 SR dt< N

n>x
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where S(t) = >, -, x(n). Therefore,

1 1
We will write

S 5 2u(5) e § L(e(Z) -awa).

n<x d</z

so that

Observe that

Hence,

f(z) ZX {[+B+O<:/€>}+O(1)

n<x d<z

= 2\/51/(17 X) + 0(1)7

where we have used
Z (n) L(1,x) + O( )
n<lz

which is easily deduced by partial summation. This completes the
proof. O

2.4.5 If x # xo is a real character, deduce from the previous exercise that

L(1,x) # 0.
Suppose L(1, x) = 0. Then
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On the other hand, by Exercise 2.4.3, f(n) > 0, and f(n) > 1 when
n is a perfect square, so that

Z f Z > logz,
n<x m<f

a contradiction. O

2.4.6 Prove that (n) .
x(n
> =0(3)

whenever x is a nontrivial character (mod q).

By partial summation, we have

Z X(nn) < /Oo s(gdt’

x

where s(t) = 3, -, x(n). But |s(?)| < g, so that the estimate is now
immediate. 0

2.4.7 Let
an = Z x(d)
din

where x is a nonprincipal character (mod q). Show that

> an =xL(1,x) + O(Va).

n<x

We apply Dirichlet’s hyperbola method:

S Saafs]e () -wfi]

n<x

where s(y) = >, <, x(n). Since [s(y)| < ¢, we get
_ x(d) z
Zan —mz P + O(y) —i—O(y).
n<x d<y
Choosing y = /x, we obtain

Zan:x Z X(dd)—FO(\/E)

n<z d<\/z
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Finally, by the previous exercise,

> AP = - AP
d<\/x d>\z

= L(Lx) +0<\/15),

which implies the required result. O
2.4.8 Deduce from the previous exercise that L(1, x) # 0 for x real.

Consider the Dirichlet series

with a, = 2, x(d) > 0, as in Exercise 2.4.3. Then, if L(1,x) = 0,
by Exercise 2.4.7

F(m):Zan:O(\/E).

A summation by parts, as in Exercise 2.1.5 gives

" > F(t
a:s/ ()dt
1

ns ts—f—l

[e.o]

n=1

for s > 1/2 and the Dirichlet series converges for Res > 1/2. By
Exercise 1.2.4

E

S

3

Z On _ L(s,x)¢(s), Res>1. (2.1)
n=1

Since L(s, x) converges and is analytic for Re s > 0 by Exercise 2.3.4
and ((s) has analytic continuation to Re s > 0 by Exercise 2.1.6 we
can set s = 1/2 + € in (2.1). The product on the right of (2.1) con-
verges to L(1/2,x)¢(1/2) as ¢ — 0, since ((s) has only a pole at
s = 1 by Exercise 2.1.6. On the other side of (2.1)

o0 [e.9] [e.o]

an, 2 r
Z /24 = Z ml+2e =z Z mitee C(1 +2¢)

n=1 m=1 m=1

by 2.4.3. However, as € — 0, {(1 4 2¢) — oo, since 1 is a pole of ((s).
This gives a contradiction. O
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2.4 Supplementary Problems

2.5.1 Let di(n) be the number of ways of writing n as a product of k
numbers. Show that

-1

ogxr k
Z dys(n lgi)' + O(z(log z)k~2)

n<zx
for every natural number k > 2.

For k = 2, this is Exercise 2.1.4. We will prove the result by induc-
tion on k. Recall that
n) =Y dp_1(0)

d|n

so that

d dp(n) = D> dia(0)

n<z n<z §|n

= > dp_1() [a

o<z

= 72 dkg(é) +O(x(log z)"?)

o<z

by the induction hypothesis. Also by the same, and by Theorem
2.1.1,

oy Y Bt [ o DA+ O((log 1))

t

dt+0((log z)*=2),

o<z 1

which easily gives

oo T k—1
S A LR 4 O((oga)t )
o<z ’

Inserting this in the above calculation gives the desired result. [

2.5.2 Show that .
Z log = + O(log z).

n<x
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By Exercise 2.1.2,

Zlogn =zlogz — z + O(log z).

n<x
Thus,
Z logz = [z]logz = xlogx + O(log ).
n<x
Subtracting gives the result. 0

2.5.3 Let A(z) = 3_, <, an. Show that for x a positive integer,

A(t)dt
Zanlog— / (t) .

n<x

We write the left-hand side as

> {Am) —A(m—D}log ™ = 3" A(n)log -

n<x n<x

since A(t) is a step function. O

2.5.4 Let {z} denote the fractional part of x. Show that

> {Z}=0-e+0a"),

n<x
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where ~y is Euler’s constant.

We have
{1 = e[
= IZ%— oo(n)

By Example 2.1.10 and Exercise 2.4.2, we find that this is

T <10g:v+7+0<i>> — (zlogz + (27 — Dz + O(Vz)) ,

which simplifies to
as required.

2.5.5 Prove that .
Z log" o= O(z)

n<x

forany k > 0.
Since log ¢ is an increasing function of ¢, we have for n > 2,

n
logk z < / (10g'€ 5) dt.
n n—1 t

x
Z logk% < /1 (logk %) dt.

Hence,

Set u = z/t in the integral to deduce

T ] k
Zlogk% < x/ %8 U iu = O(z),
1

u2

259

since the latter integral converges for any k£ > 0. (This also gives

another proof of Exercise 2.5.2 in the case k = 1.)

2.5.6 Show that for x > 3,

2.

3<n<zx

1
:loglog:c+B:O< )

nlogn zlogx

g
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We apply Theorem 2.1.9 with f(t) = 1/(tlogt), a = 3, b = x, and
k = 0. Then,

nlogn — J3 tlogt 2zlogz  6log3

2<n<x

T ({z} — %)(1 + logt)
+ /3 dt

(tlogt)?

the first integral is
log log x — log log 3.

For the second integral, observe that the integrand is
1
(7oge)
t2logt

/00 ({t} — 3)(1 +logt)dt
3

(tlog 1)2 =c < 00.

so that

Thus, the second integral can be written as

C_O(/:O tQi)tgt) :C+O(x1;gx)'

This completes the proof. O

2.5.7 Let x be a nonprincipal character (mod q). Show that
x(n) L
== =0(—=).
S o( )
By Exercise 2.3.4, we know that

S x(n) = O(1).

n<z
Thus, by partial summation,

SR =0 7R =o()

n>x
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as required. O

2.5.8 For any integer k > 0, show that

log"n  loght'x
= 0O(1).
Z n k41 +0()

n<x

We apply Theorem 2.1.1 with a,, = 1/n and f(n) = log® n. Using
Example 2.1.10, we have

k
E log"n = (log"z) (logx +v+0 <1>>
n x

n<x
¥ 1 dt
- / <logt +v+0 <t>> k(logh—! t)?
1

The main term is now evident. The terms involving ~y as a coefficient
cancel. The remaining error terms are easily seen to be O(1). In fact,
this argument can easily be modified to show that

Z logh n _ loght! o +C+O(logkx>.
n k+1 x

n<x

2.5.9 Let d(n) be the number of divisors of n. Show that for some constant
¢

Zd(nn) = ;log2m+2ylogfv+c+0(\}i)

n<z
for positive integers x > 1.

We apply Theorem 2.1.1 with a,, = d(n) and f(n) = 1/n. Using
Exercise 2.4.2, we get

Z d(nn) _ /‘” (tlogt + (2 — 1)t + O(\/1))dt

t2
n<x 1

n (xlogz + (2y — 1)z + O(\/;E))
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The integral is

1., T g
§log 96—1—(27—1)10;3;:10—1—0(/1 5”7>

Since the integral in the error term converges, we can write it as

01—0(/:07;32)2014—0(\}5)

for some constant c¢;. Combining these estimates gives the final re-

sult. 0
2.5.10 Let o« > 0 and suppose a,, = O(n®) and
x) = Z an = O(z?
n<x

for some fixed 6 < 1. Define

b, = Zad.

d|n

(1=8)(1+a) &( a)
Zb —C:U—i—O( = ),

for some constant c. By Dirichlet’s hyperbola method,

Sh = Salf]e XA)

n<x

Prove that

é

= Zad[g} + ZO(%) + O(zy®~h).

d<y d<y
The sum ;. d=%is O(y'~?%), so that

an_z [ }JFO( Syl=0 4 gyf-1).

n<x d<y

1-6 Ce . . .
We choose y = z2-3 to minimize the error terms (which is the case

when the two terms are equal). Thus

>b= Y ail3]+0(«FF).

n<z d<y
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Also,
> aal] == 3% + o)
d<y d<y
and -
aq aq aq
d<y d dzl d d>y d
We have

(e.)
c:z%d<
d=1

(by Exercise 2.1.5). By partial summation,

Zad / dt<<y -1

>y

Thus,
Z aq [3} =cz + O(zy’ 1 + y1t9).

d<y

With the choice of y given above, we get

(1-5)(1+a) 1-5—52
an:cx—i—O(:r 2-5 g 29 )

n<x

Since (1 —0)(1 4+ a) > 1 — 6 — 42, we get

S0 = o+ 0(s )

n<x

as required.
2.5.11 Let x be a nontrivial character (mod q) and set

=> x(d)

din

Show that
> f(n) = zL(1,x) + O(¢V/x),

n<x

where the constant implied is independent of q.

263
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We apply Dirichlet’s hyperbola method with y = \/z. Let S(z) =
Engx x(n). Then

S fm) =Y @2+ Y s(5) -5 (va) [val

n<z d<\T A<z

Since |S(z)| < ¢, we have

> fm) =Y x(@)]5] +Olava).

n<z d<\/z
Now,
2] _ x(d)
> @3] =2 Y XF+0Wa)
A<z d<\/z
and ()
X q
> S =) +0o(—=),
e (%)
by partial summation. Putting this all together gives the desired
result. If we use Exercise 5.5.6, we can replace ¢ by 2 logq. O

2.5.12 Suppose that a,, > 0 and that for some § > 0, we have

X
2 < (iogay

n<x

Let by, be defined by the formal Dirichlet series

Sr-(2u)

n=1 n=1
Show that
Z by < x(logx) =%,
n<x
We have
bn = Z adan/d7

dln
and so we can apply Dirichlet’s hyperbola method with

Az) = Z Qn,

n<x
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to get
Sbe=2 aA(Z) - AVE)
n<e d<\z

The last term is O(z/(log 2)??). The summation on the right hand
side is bounded by

T aq
< (log z)? Z d’
i<y

By partial summation,

w  AWVD) [V AW
QSsz:ﬁ - < N +/1 dt,

which is easily seen to be O (log1_6 z), and this gives the stated re-
sult. O

2.5.13 Let {a,} be a sequence of nonnegative numbers. Show that there
exists og € R (possibly infinite) such that

o0

fls) =Y o

n=1

an

converges for Re(s) > o and diverges for Re(s) < og. Moreover, show
that the series converges uniformly in Re(s) > oo + 6 for any 6 > 0 and
that
o0 k
B gy — (_1yk - @nllogn)®
P = (1 3o

for Re(s) > oy. (0 is called the abscissa of convergence of the Dirich-
let series Y 2 | an/n®.)

If there is no real value of s for which the series converges, we
take oy = oo, and there is nothing to prove in this case. Now sup-
pose there is some real sy for which the series converges. By the
comparison test, the series converges for all Re(s) > sg, since the
coefficients are real and nonnegative. Now let o be the infimum
of all real sy for which the series converges. This establishes the
existence of 0. The uniform convergence in Re(s) > oo + ¢ for any
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0 > 0 is immediate. Thus, in this region, we can differentiate the
series term by term to derive the formula

fk(S) — (_1)k io: an(log n)k

n=1
O

2.5.14 Let a,, > 0 be a sequence of nonnegative numbers. Let oy be the
abscissa of convergence of

e}

fls) =y

n=1

an,

Show that s = oy is a singular point of f(s). (That is, f(s) cannot be
extended to define an analytic function at s = s.)

By the previous exercise, f(s) is holomorphic in Re(s) > oy. If f
is not singular at s = 0y, then there is a disk

D={s:|s—o1| <d}

where 01 > o¢ such that |0y — 01| < § and a holomorphic function
g in D such that g(s) = f(s) for Re(s) > so, s € D. By Taylor’s
formula,

© oK) (y
g(S) _ kz_og k(‘ 1)(5_0_1)k

(k) (4
_ ka( 1)(8—0'1)k,

k!
k=0

since g(s) = f(s) for s in a neighborhood of ¢;. Thus, the series

2 (—1)FfE) (o
Z( )}i‘ (1)(0'1—5)k
k=0 '
converges absolutely for any s € D. By the previous exercise, we

can write this as a double series

2 (01— 8)F X an(logn)k
Z k! Z no1 :

k=0 n=1
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If o1 —0 < s < o1, this convergent double series consists of nonneg-
ative terms and we may interchange the summation to find

Since 01 — § < 0g < 01, this is a contradiction for s = 0. Thus, the
abscissa of convergence is a singular point of f(s). O

2.5.15 Let x be a nontrivial character (mod q) and define

Oa,x = Z x(d)d

dln

If x1, x2 are two characters (mod q), prove that for a,b € C,

—S
E:UGM UbXQ n)n° =

C(s)L(s —a,x1)L(s —b,x2)L(s —a—b,x1Xx2)
L(2s —a—b,x1X2)

as formal Dirichlet series.
We apply Ramanujan’s identity (see Exercise 1.2.8)
io: (an—H _ /8n+1> <’Yn+1 _ 6n+1)Tn
a—pf y—20

1 — afByoT?
(1= arT)(1 — adT)(1 — Ay T)(1 — BoT)

to deduce that

Zaa x1 (P")obx, ()T

n+1,b(n+1)

yrtpa(nl) _ _
_Z<Xl -1 1><X2(pi<2(p]))p—1 1>T"

_ 1 — x1(p)xa(p)p+*T?
(1 =xa@rx(P)P*T) (1 = xa(E)p*T)(1 = x2(p)p"T)(1 = T)
Putting 7' = p~* and multiplying over the primes p gives

C(s)L(s —a,x1)(L(s—b,x2)L(s—a—b X1X2)
L(2s —a—b,x1x2)
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2.5.16 Let x be a nontrivial character (mod q). Set a = b, x1 = x, and
X2 = X in the previous exercise to deduce that
i ‘Uzz X(n)’2n75 _ C(S)L(S —a, X)L(S — a, %)L(S —a—a, XO) )

’ L(2s —a—a,x0)

n=1
Observe that
2
Tax(n)oax(n) = |oax(n)|
and xX = xo, so that the result is now immediate. d

2.5.17 Using Landau’s theorem and the previous exercise, show that
L(1, x) # 0 for any nontrivial real character (mod q).

Set a = 0 in Exercise 2.5.16. Then

— |oox (n)[> _ ¢(s)L(s,x)L(s,%)L(s, x0)
nz::l ns N L(2s, x0) '

The right hand side is regular for Re(s) > 1/2, except possibly s = 1.
However, if L(1, x) = 0, then the right-hand side is regular at s = 1.
Therefore, the Dirichlet series

i loo,x(n) |2
nS
n=1

represents an analytic function for Re(s) > o(, where oy is the

abscissa of convergence. We must have oy < 1. However, for y real
and n = m?,
2
UO:X(m ) Z 17

so that the Dirichlet series diverges for s = 1/2. Hence 1/2 < 0 < 1.
Since L(2s,x0)"! is regular for s > 1/2, we have a contradiction
because
¢(s)L(s, x)L(s,Xx)L(s, x0)
L(2s,x0)
is regular for any real s > 1/2. O

2.5.18 Show that ((s) # 0 for Re(s) > 1. We have for 0 = Re(s),

C(s)zH(1+pls+piS+-~),

P
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so that ) .
mwzgow—wf ).
so that .
€(s)] = p(l—pa_1)¢o
and the infinite product converges because o > 1. O

2.5.19 (Landau’s theorem for integrals)Let A(x) be right continuous
for x > 1 and of bounded finite variation on each finite interval. Suppose

that ~ 4
o= [ S

with A(x) > 0. Let o be the infimum of all real s for which the integral
converges. Show that f(s) has a singularity at s = o(. This is simi-

lar to Exercise 2.5.14, and so we merely indicate the modifications
needed in the solution of that problem to obtain the required result.
As before, we can differentiate under the integral sign to get

f(k)(s) = (1) /100 A(z)(log x)kd%

Z.s—l-l

If 09 is not a singularity, we deduce that

(01— K)F % A(z)(log )"
Z I /1 dx,

1»0'14-1
k=0

using the notation in the solution to Exercise 2.5.14. Interchanging
the summation and integration gives

/loo A(x)dx < 00

strl

for s satistying o1 — < s < 01. For s = 0y, this is a contradiction. [J
2.5.20 Let A denote Liouville’s function and set
S(z) =Y An).
n<zx

Show that if S(x) is of constant sign for all x sufficiently large, then
¢(s) # 0 for Re(s) > 1/2. (The hypothesis is an old conjecture of Pélya. It
was shown by Haselgrove in 1958 that S(x) changes sign infinitely often.)
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We have by Exercise 1.2.5 and partial summation that

¢(2s) _ S/Oo S(z)dz
1

C(s) rstl -’

If S(z) > 0 for all z, then the integral represents an analytic function
for Re(s) > oo, where o0y is the abscissa of convergence. However,
by Exercise 2.1.6,

> {=z}
poeRE] dzx,

(s—=1)((s) =s—s(s—1)

1

so if ((s) = 0 for some s satisfying 1/2 < s < 1, we get

_ = iz}
1=(s—1) 1 xsﬂdfv,

a contradiction because the right-hand side is negative. Thus ((s) #
0for1/2 < s < 1. We find that ((2s)/((s) has its first real singularity
at s = 1/2. Therefore, oy = 1/2. Therefore, ((2s)/((s) is regular for
Re(s) > 1/2, which means that {(s) # 0 for Re(s) > 1/2. (This is
the celebrated Riemann hypothesis, which still remains unproved,
as of the year 2000.) O

2.5.21 Prove that

bo(z) = zn: (Z) B, _nz*

k=0
where by, (x) is the nth Bernoulli polynomial and B, denotes the nth
Bernoulli number.

We have from Exercise 2.1.7 that
F(x,t) = ™ F(0,t).

As power series, this equation is

o0 o0 o0
br(z)t" x"t" B, t"
r <Z 7! >(Z 7! )’
r=0 r=0 r=0

so that comparing the coefficients of " on both sides gives the
result. O
2.5.22 Prove that

bp(1 —x) = (—1)"by(z),
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where by, (x) denotes the nth Bernoulli polynomial.

We have from Exercise 2.1.7 that

o tT‘ te(l—.’[)t
F(1— = - 1 —
(1—=x,t) TZ b x) —
B ( t)e” (= by () (1)t
- t -1 - Z
r=0
from which the result follows. O

2.5.23 Let
sp(n) =18 428 4135 ... 4 (n — D).

Prove that for k > 1,

k

(k + 1)s(n Z (k:+1> .

1=

We consider the power series

00 k 0 L n—1
sp(n)t™ t K
> = alXd)
k=0 k=0 7=0
n— 1 tj ent . 1
= (& =
= et —1
Writing
et — 1 B ent —1 t
et—1 t et —1
N S Bt
N <Z k! ) (Z 3! )
k=1 j=0

and comparing coefficients of both sides gives the result. O






3

The Prime Number Theorem

3.1 Chebyshev’s Theorem

3.1.1 Let

0(n) = logp,

p<n
where the summation is over primes. Prove that

0(n) < 4nlog?2.

Since every prime between n and 2n divides

(Zn) <2
n

because it is one of the binomial coefficients occurring in the bino-
mial expansion of (1 + 1)?", we see that

0(2n) —0(n) < 2nlog?2.

If n = 27, we obtain (2" ') — 9(2") < 2"tllog2, valid for r =
0,1,2,...,m (say). Adding up these inequalities, we obtain

< (22 —1)log2 < 2™ log 2.
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If n satisfies 2™ < n < 2™*! then
O(n) = 0(2™)+ (0(n)—0(2™))
< 2mHllog2 4 (2™ ) — g(2™))
< 2mHl]og2 4 2mFlog 2 < dnlog 2.

3.1.2 Prove that
0(n) < 2nlog?2.

We induct on n. If n is not prime, then
On)=0(n—1) <2(n—1)log2
by the induction hypothesis. If n is odd, write n = 2m + 1, then

notice that
2m +1
m

is divisible by all the primes between m + 1 and 2m + 1. Notice that
2m +1 n 2m +1 < 92m+l
m m+1) ~ ’

2<2m‘|’ 1> < g2ml

m

so that

Hence
0(2m + 1) — 6(m) < 2mlog2

and induction gives §(m) < 2mlog?2, so that
6(2m+ 1) < 4mlog2 < 2(2m + 1) log?2

as desired. O

3.1.3 Let

b)) =Y logp=_ An),

<z n<lx
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where A is the von Mangoldt function. Show that

lem[1,2,...,n] = e ()

Clearly, we can write
lem[1,2,...,n] = Hpep,
p<n
where e, is the largest power of p < n. Thus

¢, — [logn} _ Z 1,

log p pazn

from which the result follows.
3.1.4 Show that )
e¥(2ntl) / 2" (1 —x)"dx
0

275

is a positive integer. Deduce that 1)(2n + 1) > 2nlog 2. (The method of

deriving this is due to M. Nair.)
The integral

I:/le"(l—x)"dx _y (Z)(—l)kfolx”+kdx

- (0.5

b
[e=]

is a rational number. It is clear that lem[1,2,...,2n+1]I is a positive

integer. Since

z(1—2x) <

B~ =

for 0 < x < 1, we obtain
I<27",

Hence, by Exercise 3.1.3, we obtain

61/)(277,4—1)[ Z 1’

so that e¥(2"+1) > 22 ag required.
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3.1.5 Prove that there are positive constants A and B such that

for all x sufficiently large. (This result was first proved by
Chebycheff.)
By the previous exercises, we have

O(x) < 2xlog2,
Y(2n+1) > 2nlog?2.

Hence,
Z logp < 2xlog2,

Va<p<w
which implies
(m(z) — 7 (V) %10gz < 2zxlog 2.
This yields
< 4x log 2

m(x) <
Since 7 (/z) < \/z, we get

W(m)§4x10g2+0(\/5):0( T )

log

log ™ (V).

For the lower bound, notice that

P(x) > x,
and that
P(z) —0(x) = Z logp = O(vzlog?z).
=y
Hence
0(z) > z,

and as before,

Z logp + O(v/zlogz) > z,
Vz<p<z
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g

so that 7(z) log « > « for z sufficiently large. Thus, 7(z) >
3.1.6 Prove that

T
logz*

T(z):= Zlogn =zloge —z+c+ O(1/z)

n<x
for some constant c. (This improves Exercise 2.1.2.)

We apply Theorem 2.1.9 with f(n) = logn, a = 1, b = z, and
k =1to get

* 1 1 [*B
Zlogn:/ logtdt+logw+/ 2(t)dt+0(1).
. 2 2 ),

n<x
Y Ba(t)dt [ Bo(t)dt 1
/1 2 /1 2 O(E)’

and the integral on the right-hand side converges because Bs(t) is
bounded. Since

We have

x
/ logtdt =xlogx —z + 1,
1

this completes the proof. O
3.1.7 Using the fact
logn = Z A(d),
dn

prove that

Z Al) =logz + O(1).

n<zx n

We have
x A(d
T(x) =Y A(d) [ﬂ =2y Ez ) L 0(w(a)).

d<z d<z
Since T'(x) = zlogz+O(x) and ¢)(x) = O(z), we obtain the required
result upon dividing by =. O
3.1.8 Prove that )
Z — =loglogz + O(1).

p<z
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From Exercise 3.1.7, we deduce

1
>, %P~ loga +0(1),

p<z

since the contribution from higher prime powers is bounded by a
convergent sum. Thus, by partial summation,

Zlogp_ 1 —0(1)+/;{1°gt+0(1)}dt.

=P logp (logt)? t
Now,
/x dt = loglogz + O(1)
9 tlogt
and v
/2 t(logt)? o).
The result is now immediate. O

3.1.10 Suppose that {a,, }°2 is a sequence of complex numbers and set

S(x) = Z .

n<x
If
S
lim (z) = aq,
r—o0 I
show that a
Z — = alogx + o(log )
n<x n
as x — 0o.

By partial summation

o _S(), [0

n x 12

dt = alogx + o(log z).

n<z

The integral is divided into two parts:

TS(Wdt Y S@dt [T S(t)dt
/1 2 _/1 2 +/y 2
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We may use S(t) = at + o(t) in the second integral if we choose
y = y(x) — oo. The first integral is O(log y). Thus, choosing y such
that log y = o(log z) justifies the last step. O

3.1.11 Show that

lim 2 _ 4
r—00 I
if and only if
()
im =
z—oo x/log x
We have
s A v v d
1 ~ logx (logt)? t
9<n<s ogmn g 2 g
rodt
~ logux (logx) O</2 10g2t>
Now, ()
;logn =m(z)+ O <x logx) .
We have

Todt Toodt T
/2 logt 0 (ve) +/\/5 log?t O(log2x)'

Thus, ¢¥(z) = = + o(z) implies 7(z) = z/logx + o(x/logx). The
converse is similarly deduced. Let f(n) = 1 if n is prime, and zero
otherwise. Then

0(z) = > f(n)logn =m(x)logz — /j ”f)dt

n<x

= z+o) +O<lo§m>'

Therefore, 6(z) = z + o(z). Since ¥(z) = (z) + O (z}/?log? z) ,
we deduce ¢(z) = = + o(x) as required.
O
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3.2 Nonvanishing of Dirichlet Series on Re(s) =1

3.1.12If
()

o x/logx B

then show that

1
Z — = aloglogz + o(log log z).
p<w

Deduce that if the limit exists, it must be 1.

By partial summation,

1 w(x) T r(t)
ZZ; = +/2 12 dt

x
p<z
= a«aloglogz + o(loglog ).
By Exercise 3.1.8, we know that a must be 1. O

3.2.1 Show that

C(s):L s Ao} dx

s—1 1 s+l

for Re(s) > 1. Since the right-hand side of the equation is analytic for
Re(s) > 0, s # 1, we obtain an analytic continuation of (s —1)((s). This

was already derived in Exercise 2.1.6. It remains only to observe
that the integral on the right-hand side converges for Re(s) > 0.
Observe that ((s) has a simple pole at s = 1 with residue 1. O

3.2.2 Show that {(s) # 0 for Re(s) > 1.
We have
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and
1 1 L =1 1 >1 ! >0
4 p20' - p°—1= 20 _ 1
for o > 1, we are done. O

3.2.3 Prove that for o > 1,t € R,

, = An)
Rel t) = —_— tl .
elog (o +1it) nz:; nTlogn cos(tlogn)
We have
1
log((s) = -— log(1——
(s) Z (1-5)
= Z i k 1ks
p k=1 P
<A
= 2o l(:g)n {cos(tlogn) —isin(tlogn)},
from which the result follows. O
3.2.4 Prove that

Re(3log ((o) + 4log ((o + it) + log ((o + 2it)) > 0,
foro>1,teR.

By Exercise 3.2.3, we see that the left-hand side of the inequality
is

i An) {3+ 4 cos(tlogn) + cos(2tlogn)} .

= n? logn
Since 3 + 4cosf + cos20 = 2(1 + cos#)? > 0, the result is now
immediate. O

3.2.5 Prove that foro > 1,t € R,
1C(0)3¢ (o + it) (o + 2it)| > 1.

Deduce that (1 + it) # 0 for any t € R, t # 0. Deduce in a similar way,
by considering

¢(0)’L(0,x) "' L(o,x*),
that L(1, x) # 0 for x not real.
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By Exercises 3.2.3 and 3.2.4 we obtain

¢(0)3¢(0 + it)*¢ (o + 2it)| > 1.
Now, we know that

lim (o —1)¢(0) = 1.

o—1+

Suppose ((s) has zero of order m at s = 1 +it, t # 0. Then

C(o+it)

lim —=c#0.

o—1+t (O' — 1)
Hence,
}(0 — 1)3C(0)3(U — 1)74m<(0' + it)4C(U + 2it)‘ > (0 — 1)3747”.

Letting 0 — 17 gives us a finite limit on the left-hand side and
infinity on the right-hand side if m > 1. Therefore, ((1 + it) # 0
fort € R, t # 0. If x> # xo, where X is the principal character
(mod g), then

v

> 1,

log L(o, x) ZZ );)(p)

p v=1

and similarly for x2. Notice that if y(p) = ¢*"%, then y2(p) = *7i%.

Using the inequality 3+ 4 cos 6 + cos(260) > 0 and Exercise 3.2.3 with
t = 0, we get by taking real parts that

3log (o) + 4Relog L(o, x) + Relog L(a, x%) > 0.

This gives
¢(0)*Lie, x)* Lo, x*)| > 1,

similarly to the above. If L(1,x) = 0 we get a fourth-order zero
for L(o, x)* while ¢(c)? gives a third-order pole. However, L(o, x?)
does not have a pole at s = 1, since x? is not the principal character.
|

3.2.6 Show that —?( s) has an analytic continuation to Re(s) = 1, with
only a simple pole at s = 1, with residue 1.
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Since ((s) # 0 for Re(s) > 1, s # 1, —%(s) is analytic for
Re(s) > 1, s # 1. Now,

_ > {«}
(3—1)((8)—s—s(s—l)/1 xs+1d$
by Exercise 3.2.1. Thus, we can write

(s =1)C(s) = sf(s),

where f(s) is analytic for Re(s) > 0. Therefore, differentiating the
equation, we get ((s) + (s — 1)¢’(s) = sf'(s) + f(s), so that

NI OO
LD = T

Since lim,_,1+ ((s) = +00, we get lim,_,1+ (s — 1)%(3) = _1. ]

3.2.7 Prove that

sin(n + 3)0
—

1
§+cosc9+cos29+'~+cosn0:
2

2sin

The left-hand side is the real part of
1 0 | _2i0 nif
5t (1 +eV +e+te ) .

The term in the parentheses is the sum of a geometric progression
and equals

ei(n-‘rl)e -1 (ei(n-‘rl)Q _ 1) e—i€/2

¢f—1  —  2isin(6/2)
The real part is
sin(n + %)9 1
T o0 a
2sin 5 2
and the result is now immediate. O
3.2.8 Prove that
in 2n6
cosf + cos 30 + - - - + cos(2n — 1)0 = sin 206
2sin 6

By Exercise 3.2.7,
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1 sin(2n + 1)0
— 4 cosf 4+ cos26 + --- 4 cos2nb = ('792)
2 2sin 5

and
sin(2n + 1)0
2sinf '
putting first 2n instead of n and 260 instead of 6, respectively. Sub-
tracting gives

1
5+cos29+cos40+-~+cos2n9:

cosf +cos36 + -+ cos(2n —1)0 =

sin(2n 4+ 3)0  sin(2n + 1)6
2sin § 2sing

Now, sin§ = 2sin g cos g, so that the above is equal to

2cos § - sin(2n + 3)0 — sin(2n + 1)0
4 sin g coS g .

Since
. . 1 o .0 1
sin(2n + 1)8 = sin | 2n + 3 9COS§ —|—sm§cos 2n + 3 9,

we deduce that the expression in question is

cos §sin(2n + 1)0 — sin § cos(2n + 1)0 _ sin2nf
2sin 6 2sinf’

as desired. O

3.2.9 Prove that

1+

sin36  sin 56 sin(2n — 1)0 sin nf\ 2
+ +ot = (22

sin 0 sin 0 sin 0 sin 0

We prove this by induction on n. For n = 1, it is clear. Assuming
that it is true for n < m, we must show it forn = m + 1. After a
simple calculation, we are led to prove that

sin?(n + 1)0 = sin® nf + (sin(2n + 1)6) sin 6,

or equivalently,
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(sin(n + 1)0 — sinnf)(sin(n + 1) 4 sinnf) = (sin(2n + 1)6) sin 6.

Using B B
sin A +sin B = 2sin ; cos ;

and A+B  A-B
sin A —sin B = 2 cos ; sin ;

we find that we must prove that

1
4 cos (n + ;) 0 sin g sin <n + 2) OCosg = (sin(2n + 1)0) sin 6.

But the left-hand side is
) 1 .
sin 2 (n+ 2> 0 -sin 6,

as desired. O
3.2.10 Prove that

2m—1 . 9
(2m+1)+2 Z (j +1)cos(2m — 5)0 = (Sln(?n—;%)@) 7
=0

for all integers m > 0.

We must prove

sin 2

m sin(m + 3)0 ?
2m+1—|—22(2m—j+1)cosj9:<92> .
2

j=1

Changing 6 to 2¢, we must prove that

2m , , sin(2m + 1)¢ 2
2m+1+22(2m—j+1)6052]g0: —_— ] .
= sin

By Exercise 3.2.7, we know that

sin(2n + 1)0

1
— 4+ cos260 4+ cos40 + - - - + cos2nb = -
2 2sin 0
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That is,
sin(2n + 1)¢

n
1+220052j<p: iy

j=1
Summing both sides over 0 < n < 2m, we obtain

2m n 2m

2m+1)+ 2 cos2jp = w
( ) ;} ; i ;} o
The left-hand side is
2m 2m
(2m+1)+220052j4p Z 1= (2’m+1)+22(2m—j+1) cos 2j ¢,
j=1 j<n<2m j=1

and the right hand side is
<sin(2m + 1)<p> 2
sin ¢
by Exercise 3.2.9, as desired. 0
3.2.11 Let f(s) be a complex-valued function satisfying

1. f is holomorphic in Re(s) > 1 and non-zero there;
2. log f(s) can be written as a Dirichlet series

9]
bn,
ns

n=1

with by, > 0 for Re(s) > 1;

3. on the line Re(s) = 1, f is holomorphic except for a pole of order
e>0ats=1.

If f has a zero on the line Re(s) = 1, then the order of the zero is
bounded by e/2. (This result is due to Kumar Murty.)

Suppose f has a zero at 1 + ity of order k > §. Then e < 2k — 1.
Consider the function

2%
g(s) = f(8)2k+1Hf(s+ijt0)2(2k+1—j)

J=1

F($)FTLf(s 4 ito)* f (s + 2itg)F 2. f(s + 2kity)>
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Then g is holomorphic for Re(s) > 1 and vanishing to at least first
order at s = 1, since

4k — 2k +1)e > 4k* — 2k +1)(2k — 1) = 1.

However, for Re(s) > 1,

[e%s) 2k
b 3

1 - l(% 1425 202k +1—j —W0>.

0g g(s) nzlns +1+ ;( +1—j)n
Let 6 = tglogn. Then for s = o > 1,

[e%s) b 2k

Rel —1 = —”(Qk 1425 22k +1— 4 '9).
elog g(0) = log|g(o)] nzlng +1+ ;( +1—j)cos

By Exercise 3.2.10, the quantity in the parentheses is greater than or
equal to 0. Thus,

l9(o)| = 1.
Letting 0 — 17 we get a contradiction, since g(1) = 0. O

3.212 Let f(s) = [, L(s,x), where the product is over Dirichlet char-
acters (mod gq). Show that f(s) is a Dirichlet series with nonnegative
coefficients. Deduce that L(s, x) # 0 for Re(s) = 1.

By the Euler product for each L(s, x), we know that it does not
vanish for Re(s) > 1. Also, for Re(s) > 1,

log f(s) = > logL(s,x) = n;ns > x)
X n,p X

which by the orthogonality relations (see Exercise 2.3.8) is equal to

O n;ns’

n7
p"=1 (mod q)

This is patently a Dirichlet series with nonnegative coefficients.
L(s, x) is regular for Re(s) > 0 (by Exercise 2.3.4) for x # Xxo.
L(s, xo0) has a simple pole at s = 1. Applying Exercise 3.2.11 gives
the desired result. O
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3.3 The Ikehara - Wiener Theorem
3.3.3 Suppose

f(s) =2 an/n’
n=1

is a Dirichlet series with real coefficients absolutely convergent for Re(s) >
1. If f(s) extends to a meromorphic function in the region Re(s) > 1,
with only a simple pole at s = 1 with residue r, and |a,| < by, where
F(s) =Y, b,/n” satisfies the hypotheses of Theorem 3.3.1, show that

Z an =1+ 0o(7)
n<x
as x — oo.
The series G(s) = F(s) — f(s) is a Dirichlet series satisfying the
hypotheses of Theorem 3.3.1, and therefore
Z(bn —ay) = (R—r)x+ o(x)

n<x

as ¢ — oo. On the other hand,

Z b, = Rx + o(x),

n<x
so that
Z an =1z + o(x),
n<x
as required. O

3.3.4 Show that the conclusion of the previous exercise is still valid if
a, € C.

Define
Fi(s) = an/n’
n=1

and observe that

1 o, (=
f—2(f+f)+l( 2% )
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Furthermore, (f+ f*)/2 and (f — f*)/2i are represented by Dirichlet
series with real coefficients, absolutely convergent in Re(s) > 1.
Since

we have f*(s) = f(3).

We leave it to the reader to show that f*(s) satisfies the Cauchy
- Riemann equations and thus both (f + f*)/2 and (f — f*)/2i
satisfy the condition of the previous exercise. The result is now
immediate. g

3.3.5 Let q be a natural number. Suppose (a, q) = 1. Show that

Y(xiga) = > An)

n<x
n=a (mod q)

satisfies
()

w—oo z/p(q) .

We apply the previous exercise to the function

!/

)=~ ¥ @)= F )

which is

n=a (mod q)

Since L(s, x) # 0 on Re(s) = 1, and the only character contributing
a pole to the sum is the principal character, we see that

Ress—1 f(s) = So(lq),

from which the result is immediate. O

3.3.6 Suppose F'(s) = >_>° | bn/n® is a Dirichlet series with non-negative
coefficients and is convergent for Re(s) > ¢ > 0. If F(s) extends to a
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meromorphic function in the region Re(s) > c with only a simple pole at
s = c with residue R, show that

S b= 4 o)

C
n<x

as xr — OoQ.

The Dirichlet series G(s) = F'(s+ ¢ — 1) satisfies the conditions of
Theorem 3.3.1. Therefore,
bn,
Az) == Z T = Rz + o(z)

n<x

as x — oo. Now, by partial summation,

Sb = Al - /1 " A (e — 1)te2dt

n<x

as required. O

3.3.7 Suppose f(s) = > o7 an/n’ is a Dirichlet series with complex
coefficients absolutely convergent for Re(s) > c. If f(s) extends to a mero-
morphic function in the region Re(s) > c with only a simple pole at s = ¢
and residue r, and |a,| < by, where f(s) = Y .7 by/n® satisfies the
hypothesis of Exercise 3.3.6, show that

rac
> an = +o(z")

n<zx

as r — oQ.

If we write g(s) = f(s + ¢ — 1), then ¢(s) satisfies the conditions
of Exercises 3.3.3 and 3.3.4. Thus,

Z In g + o(x)

nc—l
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as ¢ — oo. By partial summation (as in the previous exercise), the
result is now immediate. O

3.3.8 Let a(n) be a multiplicative function defined by a(1) = 1 and
p+e if a=1,

0 otherwise,

where |c,| < p? with § < 1. Show that as x — oo,

n<x

for some nonzero constant r.
The Dirichlet series f(s) =)~ a(n)/n’ is

H(1+p;cp)zn(1+ 81,1+C—p).

p p

We can factor

1 Cp 1 Cp 1 -1
<1+p571+1;) = (1+p871)<1+1¥(1+p571) )

It is easy to see that
c 1 \-1
ns) =11+ 2 (14 —=) )
( ) . ps ps—l

converges absolutely for Re(s) > 1 + 6. Moreover, h(s) does not
vanish in this half-plane. Also,

o 1 B C(s—1)
9()=]1 (1 + ps—l) ~((25-2)

p

by Exercise 1.2.7. Thus,

C(S — 1) h(S)

f(S) = 4(28—2)
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can be continued analytically to Re(s) > 2 with only a simple pole
at s = 2 and residue r = h(2)/((2) # 0. We can now apply the
previous exercise with ¢ = 2 to deduce the result. O

3.3.9 Suppose ¢, > 0 and that

ch—Am+o z).

Show that .
Z gn = Alogz + o(log x)

n<x
as r — oo.
Let s(z) =, <, cn- By partial summation, we get

cn  s(x) T s(t)
P

n<x

= Alogz + o(logx)

as required. O

3.4 Supplementary Problems

3.4.1 Show that

ZA )logn = (x)logz + O(z).

n<z

By partial summation,

ZA )logn = ¢(x )logx—/lx¢(i)dt.

n<x

Using Chebyshev’s estimate that 1)(z) = O(z) in the integral gives
the result. U

3.4.2 Show that

Z A(d)A(g) = A(n)logn + Z (d) log?d.
dln

d|n
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By Exercise 1.1.6, we have

din
so that
n
3 A(d)A(E) = Y A)A(e)
dln de=n
= =) Ad)) u(d)logs
de=n té=e
= — Z ) log dA(d
dtd=n
Since
td=n/é
we have
n n
3 A(d)A(E) = = uld)logdlog
din din
= A(n)logn+ Z (d) log? d
dln
as required. O
3.4.3 Show that
> p(d log
dn

{ log? if n=1,

2A(n)logx — A(n)logn + > ., A(h)h(k) if n>1.
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If n = 1, the result is clear. For n > 1, recall that }_,, u(d) = 0
(Exercise 1.1.1) and that — 3, pu(d) log d = A(n) (Exercise 1.1.6), so
that

Z (d) log? g = Z w(d)(log? d — 21og xlog d)
din

= 2A(n)logz + Z p(d) log? d.
dln

By the previous exercise, we have

Z,u( ) log? d—ZA A(n)logn,

dln hk=n
which completes the proof. O
3.4.4 Let
=3 (Do mayiog® 7).
n<z dn
Show that

S(z) = ¢(z)logz + Z A(n)zb(%) + O(x).

n<x
We sum the result of Exercise 3.4.3 to get

S(z) = log?z + 2i(x log:c—ZA )logn + Z A(m)A(n

n<z mn<z

The first sum, by Exercise 3.4.1, is ¢(z) log x4+ O(z). The second sum

is
x
> Awm().
n<x
Putting all this together gives the desired result. 0
3.4.5 Show that

= S f3] o3 ),

d<x

where ~y is Euler’s constant.
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We have

—*=>> ud {log = 72}

n<z djn

since } 4, 1(d) = 1if n = 1, and 0 otherwise. Interchanging the

sums now gives the required result. O
3.4.6 Show that
_ @ 2% 2
x)_xd;x p {log 77 }—i—O(w).

Recall that (Exercise 2.5.5)
Z log

so that when we remove the square brackets in [z/d] in Exercise
3.4.5, the error term is O(x). O

3.4.7 Using the fact

1 1
Z—:logxﬁ-’y—i-O(f),
n x

n<x

deduce that

@: Z ﬁ(logﬁ—v) + O(1).

By the previous exercise, we can write

- Z Iu(dd) {logg — 7} {10g§ +’Y} + O(1).
d<ax

Writing 1 ;
g +7= 3 £+0(3)

e<z/d
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gives

M S M (102 5) S L 0(2 Y w0,
d<z

e<z/d d<z

and the error term is O(1) by Exercise 2.5.5, which proves the result.
O
3.4.8 Prove that

S(x)

——= =2logz + O(1).
x

By the previous exercise,

0 - ()

n<x dln

= Z M +logx — v
n
n<x
= 2logz + O(1)
by Exercise 3.1.7.
3.4.9 (Selberg’s identity) Prove that

X

Y(x)logx + Z A(”ﬁﬁ(g) =2zlogz + O(x).

By Exercise 3.4.4,

S(x) = (@) logaz + 3 A(n)w(%> +0(x).

n<x
By the previous exercise,
S(z) =2zlogx + O(x).

Putting these facts together gives the result. O

3.4.10 Show that |
B ogn
v(n) = O(loglogn)’
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where v(n) denotes the number of distinct prime factors of n.
In the interval [1, n], the number with the largest number of prime
factors is
N=]]»
p<t

where ¢ is chosen as large as possible so that NV < n. Hence

v(n) < 7(t),

and by Chebyshev’s theorem (Exercise 3.1.4) we have log N > t. By
Exercise 3.1.5,

(t) < —
7T —
logt’

so that v(n) < (log V)/logt. Also, n <[], p, by our choice of ¢.
Again by Chebyshev’s theorem,

logn < t,

so that

v(n) < logn/loglogn
as required. O
3.4.11 Let v(n) be as in the previous exercise. Show that

Z v(n) = zloglogz + O(x).

n<x

We have

v(n) = Z 1,

pln

so that

Zu(n) = Z[E} ZZ'Z;—FO(.T)

n<w Pz p p<w

= zxloglogz + O(x)

by Exercise 3.1.8.
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3.4.12 Let v(n) be as in the previous exercise. Show that

Z v*(n) = z(loglog z)? + O(zloglog ).

n<z

We have
>rm=3 3 1= o]+ 2 D)
n<z n<z p,gn pa<z p<z

PF#q

The second sum is O(z log log ) by the previous exercise. The first
sum is

pa<s P4 pg<x p?<z b
pP#q
T
= Y —+0()
pq<z pq

Now,

> (Z) T

pq<x p<zx p,q<z
pg>x

and the first sum on the right-hand side is
(loglogz + O(1))?
by Exercise 3.1.8. The second sum is bounded by
1 1
Zrmn
since p, ¢ < x and pg > z imply either p > \/z or ¢ > /z. But

1 T (t)dt
> <</ W(Q) <1
P t

VI<p<z v

by partial summation and Chebyshev’s estimate for 7(t). Thus, the
second sum in question is

O(loglog x),
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which completes the proof.

3.4.13 Prove that
/ ® sin? \z
3 dr =7
oo AT
Let
1 if |t < A,
ft) =
0 otherwise.
Then 5 cin )
. sin A\x
) = .
f(z) o

By Parseval’s theorem

as desired.
3.4.14 Let
T(x) = Z log n.
n<x

Show that for x > 1,

|T(z) — (xlogx — z)| <4+ log(x +1).

By the inequalities of the integral test, we have

T(z) 2/ logtdt = xlogx —x + 1.
1

Also,

299

z+1
T(x) g/ logtdt = (x+1)log(z +1) — (x+1) —2log2 + 2.
1

Hence

1
T(x) — (xlogz — z) < zlog (%) +log(z + 1) + 3 — 2log 2.
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Since log(1 +t) < 't, for |t| < 1 we deduce
|T(z) — (xlogz — z)| <4 +log(x+1)

as required. O

3.4.15 Show that

P(z) — @D(g) < (log2)z + 12 4 3log(x + 1).

Deduce that

12logz  3log(x + 1)logz

< 2(log 2
(@) < 2(log2)x + log 2 log 2

We have (by the proof of Theorem 3.1.9)
x x
@) - o(3) <T@ -27(3).
By Exercise 3.4.14, we have

T(z) — 2T(§) < (log2)z + 12 + 3log(z + 1).

By iteration we obtain

T

Tﬁ(*) —Tﬁ(E) < (log2)g + 124 3log(x + 1)

2 4
and so on. Adding these up gives the stated inequality. O
3.4.16 Show that

P(x) — 1/1(%) + ¢(§) > (log2)z — 2log(z + 1) — 7.

We have (as in the previous exercise or by the proof of Theorem
3.1.9)

x x x
v = o(3) +u(3) 2 7@ - 21 (3).
Using Exercise 3.4.14 now gives the result. O

3.4.17 Prove that for z > e'2,

1 5(log z)log(x + 1)

v(@) = (5) > 3log2)a - g 2 -7
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By the previous two exercises

9@~ () = 3(log2)r — 2log(r +1)) ~ 7

~12log(z +1) 3(logz)log(z + 1)
log 2 log 2 '

If z > e!2, we can replace 2log(z + 1) and 2log(z + 1)/log2 by
(log z)(log(z + 1))/ log 2. O

3.4.18 Find an explicit constant cq such that for x > cy,

() — w(g) - (log62):n _

Since log x < log(x + 1), we may write by the previous exercise

5(log(x + 1))

log 2 -7

o)~ o(3) > S (log2)z -

Now let ¢ = (log 2)?/30, so that we have (log(x+1))? < cz, provided

that
(c:c)3/2

6
or, equivalently, x > 36/c®. This yields

l+z<1+

v(@) - v(5) 2 slog2)z — 7.

provided that z > ¢y = 36/c>. O

3.4.19 With cy as in the previous exercise, show that for x > co,

x (log2)r  x(logz)?
O(z) = 0(5) Z 6 log2 .

Let

0*(x) = Z log p.

p*<w
a>2
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Then, by the previous exercise,

T log2)z

. (
9(z)—9(2)+9(:ﬁ)> =2 T
for x > ¢g. Also,
0*(x) < Va(logz)®/log2,
from which the result follows. O

3.4.20 Find an explicit constant ¢y such that for x > c;,

0(z) — 9(%) > OOf;)x _7.

We have
vz (log z)? - (log2)x
log 2 12

iff v < exp ((log 2)z'/4//12). This is certainly the case if

< — | —=—=2x ,
8! <\/12

or in other words, if z > ¢y = 12* - 8!/(log 2)®. Therefore,

o -0(3) - 52

if > max(cp, c2), with ¢y as in Exercise 3.4.18. We set ¢;= max(cy, ¢2)
to deduce the stated inequality. O.

3.4.21 Find an explicit constant c3 such that for x > c3, 0(z) — 6(x/2) >
1. Deduce that for x > c3, there is always a prime between x /2 and x.

By the previous exercise, we may set c3 = max(c1,96/log2) to

deduce that 0(x) — 0(x/2) > 1 for z > c3. O
3.4.22 Let -
F(z) = 2
@=31()

be a function of bounded variation in every finite interval [1, z|. Suppose
that as © — oo,
F(z) = zlogz + Cx + O(z”)
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with C, 8 constant and 0 < 8 < 1. Show that if M(x) :== >, .. u(n) =
o(x) as x — oo, then -
f(@) =z +o(x).
By replacing f(x) by
folz) = fz) —x = (C =),

o= 34 (2)

n<x

we find that

satisfies Fy(r) = O(z?). It suffices to show that fo(x) = o(z). By
Mobius inversion,

T
folw) =3 nm)Fo(=).
n<x
It is clear that Fj is also of bounded variation. We write

foz) = ZM(N)F0(2)+ > M”)FO(%)

n<ex ex<n<x

= Zl+22 (say).

We estimate ), trivially:

T\ 8 e.r_
‘Zl‘«Z(g) <<xﬂ/ t=Aat,
1

n<exr

which is O(¢' Px).

For ) ,, we may write Fy(z) = P(z)—Q(x) with P and @ positive
monotonic increasing functions, since Fy is of bounded variation.
Thus

22 = Z M(”)%(%)

ex<n<z
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We estimate > _ ., .. u(n)P (%) as follows. By partial summation,
for x a positive integer,

S oumpP(S) = Y {M@) -ME-1}P(5)

ex<nx ex<n<zx

=M(@@)P1) + Y M(n)(P(%)—P(nil».

ex<n<z—1

Thus,
> umP(2)] <2P(2) max [M(n),

n €/ ex<n<lzx
ex<n<lx

and a similar estimate holds for the )-term. For any fixed ¢ > 0,

Jim e P i s B <,
so that for x sufficiently large,
Jo(z) = olx)
as required. O

3.4.23 Assuming M (z) = o(x) as in the previous exercise, deduce that

lim M

r—o00 I

=1.

We know that

T(z):= Z logn = xlogz — x + O(log )

n<z
and - Z . ( . >
x) = — ).
n<z
We may apply the previous exercise with ¢ = =l and any 0 < 8 <

1. We deduce that ¢(x) = x + o(z), which is the prime number
theorem. O



4
The Method of Contour Integration

4.1 Some Basic Integrals

4.1.1If x > 1, show that

1 S
2wt J) s

forany ¢ > 0.

Consider the integral

1 c+iR xsd
— ~ds,
2ri Jo_ir S

with R > ¢, and the contour (i described by the line segment join-

ing ¢ — iR to ¢ + iR and the semicircle Sg of radius R centered at c
and enclosing the origin. By Cauchy’s theorem,

1 S S
/ x—ds = Resszox— =1.
211 n S s

Thus iR
1 CT1 S 1 S
2mt Jo_ip S 21 Jg, S
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The second integral satisfies

3m/2
‘1/ ajdsl <<:l:c/ m/ $RCOSL’Dd<,0.
27 Jg,, S 271 /2

Since x>>1 and cos ¢ is negative in [r/2/37/2], we see that |z"“?| <
1. We split the integral by writing

3m/2 /248 3w/2—6
/ $RCOS¢d¢§ / chos¢d¢+/ chos¢d¢
/2 /2 /240

3r/2
_|_/ ZCRCOS¢d¢,
3m/2—0

for some arbitrarily small 6 > 0. The first and last integrals are
bounded by J. The middle integral is bounded by

ﬂ_l,—Rsiné'

As R tends to infinity, the middle integral tends to zero. The other
two integrals are bounded by ¢ and since ¢ can chosen to be arbi-
trarily small, the integral in question tends to zero as R tends to

infinity. O
41.21f0 < x < 1, show that
1 S
— | Zds=0, e>o
211 ) S

We proceed as in Exercise 4.1.1 and consider
1 c+iR 5

— —ds.

271 c—iR S
However, the contour we choose will be Dgr described as the line
segment joining ¢ — iR to ¢ + iR and the semicircle sg to the right
of the line segment, of radius R, centered at c and not enclosing the
origin.

By Cauchy’s theorem,
1 S
— s =
27t Jpy, S
Thus ViR
1 CT1 S 1 Sd
— Tas+— | T2 .

27 Jo—ir S 21 Jg, S
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The second integral can be estimated as before by

_ /2
‘1/ x—sds‘ < $C/ ! 2T,
2 Jop, S 27 Jr /2

The integral is easily estimated as in the previous exercise and so

the integralgoes to zero as R — oo. O
4.1.3 Show that
1 d 1
1 ofds_ 1
2mi Jie) s 2
We have
1 [tFas 1 R ogdt
omi Joig s 2mi J_pc+it

1 [B®c—it
= o | apdt
2r J_gpco+t
The imaginary part of the integral vanishes, since the range of inte-
gration varies from —R to R. Thus, the integral is

c /R dt 1 /R/C du

Tl 24+t2 7w )y 14+u?
The latter integral tends to arctan co = m/2, so that the final result
is 1/2. O
4.1.5 Let

o0

fls) =Y o

n=1

an

be a Dirichlet series absolutely convergent in Re(s) > ¢ — €. Show that if
x 1s not an integer,

1 z
Z Ap = Tm (C) f(S)?dS

n<x

(The integral is taken in the sense of Cauchy’s principal value.)
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We can integrate term by term in the expression

L e 2m/2

271 (c) 8

since the function f(s) is uniformly convergent in this half-plane

Sds

By Theorem 4.1.4, we get, letting 7" — oo,

S as(5) = Yo

n<x

4.1.6 Prove that for ¢ > 0,
i (log )"

1/ xsd
— s =
21 Jie) S 0 if <1,

for every integer k > 1.
When 2 > 1, we choose our contour (g as in Exercise 4.1.1. By
Cauchy’s theorem,
S

1 x° T 1
/ ——ds = Ress—o—— s E(logm)k.

970 ght1
Thus
1 c+iR s 1 5
— —d — ——ds 1
27 Jo_ip sFt1 *t om /S sh177 T g ( ogz)".

The second integral is bounded by

$C

2 Rk+17

which goes to zero as R — oc.
If + < 1, we choose our contour Dp as in Exercise 4.1.2. By

Cauchy’s theorem,
1 S
/ T ds=0.
D

2mi Jp, 1
Thus iR
1 et s 1 s
— k+1d8+2ﬂ_i/Rsk+ldS:0.

2 Jo_ir S
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The second integral is easily estimated by

C

T
2 Rk+17
which goes to zero as R — oo. O
4.1.7 Let
o~ a
— n
fls) = 2 s

be a Dirichlet series absolutely convergent in Re(s) > ¢ — €. For k > 1,
show that

1
EZan(log 271'2/ ut skH

n<x

This is straightforward from the previous exercise. The proof is
analogous to that of Exercise 4.1.5. O

4.1.8 If k is any positive integer, ¢ > 0, show that

k
1/ x%ds B %(1_%> if x=>1,
2mi Jioy s(s+ 1)+ (s +k)

The method is identical to that of the previous exercises. If z > 1,
we choose our contour as in Exercise 4.1.1. We choose R > 2k such
that by Cauchy’s theorem,

1/c+zR 5ds +1/ 5ds
270 Jo—ir S(s+1)---(s+k) 2mi Jg,s(s+1)---(s+k)

S

k
- ; =5+ 1) (5 + k)

The residues are easily calculated:

:L.S

B PRV N PR N ) S R R

(

“HM)Q2) - (k=j)
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which is o
(1Y
JHk =)V
and the sum of these residues is

1 <N [k N1 1\k
k!;@(‘x) =a(i-2)

On Sk we obtain
|s+j|>R—k> g

and hence
C

1 z3ds x
27Ti/sRs(s+1)~--(s+k:) O(Rk)

which goes to zero as R — oo. In the case 0 < = < 1, we use
the contour as in Exercise 4.1.2, and since the integrand is analytic
inside this contour, Cauchy’s theorem gives

L c+iR x5ds - L / z5ds
2mi Joip s(s+1)---(s+k)  2miJg, s(s+1)--(s+k)
with R > 2k, as before. The integral on the right is

c

T
O(3)-
which tends to zero as R — oc. O
4.1.9 Let -
an
f(s) = vy
n=1

be a Dirichlet series absolutely convergent in Re(s) > ¢ — e. Show that

Z . B k! c+ioco f(S)fL‘st
= " T 2mi c—ico S(s+1)---(s+k)
forany k > 1.
Substituting the Dirichlet series for f(s) in the expression
1 f(s)z*ds
27 (C)8<8+1)(S+k)

and integrating term by term using the previous exercises, we ob-
tain the result. O
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4.2 The Prime Number Theorem

4.2.1 Using the Euler - Maclaurin summation formula (Theorem 2.1.9),
prove that for o = Re(s) > 0,

n—1

1 n=s pl=s <z —[z]— é

m=1

where (] denotes the greatest integer function.

In Theorem 2.1.9, we take f(t) = 1/t* and k = 1 to get

G| 1 Pa—fe-1/2
Z ms +Bs>78 n merl dx

Let B — oc. Then,

=1 1 al= /00( ] 1) da
— = — -5 T — |z
—m* 2n° 1l-s " 27 gpstl’
Thus,
—1 _
(=Y Lyt —nls—s/oox_[x]_édx
f=mf 25 1-—s n s+l
as desired. m

4.2.2 Using the previous exercise, show that

((s) ~ = = Olog )
f01’ s € Ry.
We have
n—1
B 1 nlfs -1 ©(z—[z] —1/2)dx
Cls) - _mz:lms s T s—1 —s/n astl ’

and we observe that writing s = o + it,

11 B s| [ de
<X gt [ ey [

‘ n—1
m=1
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since
nl=s -1 " dx

s—1 1 x8
and |z — [2] — 3| < . Also, by the integral test,
351 <y [T

me 1 xo
m=1

which gives an estimate of

"dx o |s| [ dx 2(nt=o —1) |s|n=°
142 — + — <1
+ 1m0+2/n xotl * -0 * 20
< 2n1=9 n |sn=7
“1l-0 20

We are free to choose n optimally to minimize this quantity. Let
n=1[T].In Ry, |s| <2+ T and foro > 1/2,

ls|] 24T
<

— <2+4T,
20 20 +

which leads to a final estimate of

_ 2 24T
T — .
<l—o+ T )

1
log T’

we have 1 — o < 1/logT, from which we get from above

e [

By monotonicity, we get

1 o gt
‘qg—s_l 1+2ﬂ —H|/ e

< logT,

Since

c>o09=1-

IN

for s € Ry, as required. O
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4.2.3 Show that
((s) =O(logT)
for s on the boundary of Rr.

Since

=il =l = =e7)
s—1l lo—t+l =" G- T
and o > 1—1/logT for s on the boundary of Rr, we get the desired
result. O

4.2.4 Show that for o > 1/2,((s) = O(T"/?), where T = | Im(s)| — oo.
By Exercise 4.2.1, we get with n = [T7],

<) <0 (1'72)

by an easy estimation of the quantities in that formula. O

4.2.5 For s € Ry, show that

= O(log? T).

We use Exercise 4.2.1 again and differentiate the formula there
with respect to s. Thus

1 i, logm  logn " (log z)dx
/ _ _
O T L e et |
*xr— —1/2
[remisa,
n x8+1

Cx—[z]—-1/2
+s /n iirl/(logm)dx.

Estimating all of the terms on the right-hand side as in Exercise
4.2.2, we get with n = [T'] the desired estimate. O

4.2.6 Show that
('(s) = O(log® T),
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where T = |Im(s)| and s is on the boundary of Rr.
We proceed as before:
3
o1 logT"’

which implies (1 —¢)~2 < log? T, and this gives us the stated result.
O

4.2.8 Let s = o +it, with 1 < |t| < T. There is a constant ¢ > 0 such
that

¢'(s) _ 0e?
() - O(log” T')
for

C
— <g<2.
(logT)° =7 =

Combining Theorem 4.2.7 and Exercise 4.2.5 gives the result. [

4.3 Further Examples

4.3.2 Suppose that for any e > 0, we have a,, = O(n). Prove that for any
¢ > 1, and x not an integer,

o= [ L o) 0T
where -
fe)=3"%
n=1
By Theorem 4.1.4, we have
c+iR
% - f ;an—i—O(Z\an\( ) mln( ’R‘l(l)gfl‘>>.
n#x

The analysis of the error term is handled as in the proof of Theorem
4.2.9. We split the sum into three parts: n < x/2, /2 < n < 2z, and
n > 2x. For the first and last parts | log z/n| > log 2, so that

T\ €
> faal(5) <
n

n<z/2
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Also,

AN 1
> |an|<5) <ty —= < zite,

n>2xc n>2x

Finally, for the middle part (z/n) is bounded so that

Z |ap| min <1,¥> < x—ﬁlogac.
R‘log%’ R

z/2<n<2zx

Putting all this together gives the desired result. O
4.3.3 Assuming the Lindelof hypothesis, prove that for any e > 0,

> " di(n) = 2Py (logz) + O(x'/*%9),

n<x

where dy(n) denotes the number of ways of writing n as a product of k
natural numbers.

By Exercise 1.5.5, we know that

> dk(n)
¢"(s) = :
) Ezjl 5

n

By Exercise 1.3.2 and the fact that di(n) < d(n)*, we see that dj,(n) =
O(n) for any € > 0. Applying the previous exercise, we obtain

1 c+iR Ck(s)l‘s SL‘C+€
dp(n) = — 2T g R
; k() 27 /ciR S S+O< R )

for any ¢ > 1. If C is the rectangular contour joining ¢ — iR, ¢ + iR,
3 + iR, 3 — iR, we have by Cauchy’s theorem

1 k k s
— / C‘7(8)36%13 = ResszlC (s)z = 2P, (logx)
2t Jo s S

for some polynomial P;_; of degree k — 1. Also

1 k s
L ()2°
2 Jo s

ct+iR ~k c
i) s+ 0ty ) +O( )
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where the horizontal and vertical integrals in the contour have been
estimated using ¢(s) = O(t¢). Choosing R =z and ¢ =1+ 1/logx
gives the desired result. O

4.3.4 Show that

=Y p(n) = O(z exp(—c(log z)"/1°))

n<x

for some positive constant c.

By Exercise 4.3.2 with € = 0,

ct+iR s c+e
Z“(”>:271ri/c_m jcg:) +0( ).

n<zx

By Theorem 4.2.7, |1/{(s)| = O(log” R) for 1 < |Im(s)| < R and

0=1-

<o <2
log R
We choose C to be the rectangular contour joining ¢ — iR, ¢ + iR,
0 + iR and § — iR. Then, by Cauchy’s theorem,
1 x%ds

2mi Jo s((s)

Therefore,

1 c+iR SdS 0+iR c—iR x5ds
2ri e_in sC(s) </+ZR /5+zR / > < )

We use the estimate provided by Theorem 4.2.7 to estimate these

integrals:
1 6+iR /c iR 1€ 10g7 R
- < ,
21t \Jeyir Rlogx

if R > 1. For the vertical integral, we can use the same technique to
bound the integrand, observing that 1/{(s) is regular at s = 1 and
thus is bounded in 0 < |Im(s)| < 1,0 < Re(s) < 2. Therefore, the
vertical integral is

< log® R.
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Putting this all together gives

zete  2flog" R 5. o
Zu(n)<< 7 + Rlogz + 2° log® R.

n<x

Put ¢ = 1 + 1/log z. The optimal choice of R is obtained hy equat-
ing error terms. We choose R = exp(ci(logx)'/1?) to get for some
constant ¢ > 0,

M(x) < xexp (—c(log m)l/lo)

as required. O

4.3.5 Let E(x) be the number of square-free n < x with an even number
of prime factors. Prove that

E(z) = %x +0 (ac exp (—C(log x)1/10>)

for some constant ¢ > 0.

The function a,, = p?(n)(1+p(n))/2is 1 if n is squarefree and has
an even number of prime factors, and 0 otherwise. Thus,

E(z) = an = Q(x)/2 + O(M(x)),

where (Q)(z) is the number of square-free numbers less than or equal
to z. Now apply Exercise 1.4.4 to deduce the behavior of the main
term. By the previous exercise, M (z) = O (z exp (—c(log z)*/1?)), so
that the result is now immediate. O

4.4 Supplementary Problems

4.4.1 Let \(n) be the Liouville function defined by \(n) = (—1)%™,
where Q(n) is the total number of prime factors of n, counted with multi-
plicity. Show that

Z A(n) =0 <x exp (—c(log $)1/10>>

n<x

for some constant ¢ > 0.
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Recall that (see Exercise 1.2.5)

o~ Am) _ <(2s)
2w

n=1

One can apply the method of contour integration as in Exercise 4.3.4
and derive the result. An alternative approach is to make use of Ex-
ercise 4.3.4 in the following way. We have from the above Dirichlet

series
An) =Y ule),
d2e=n
so that
STAm) = 3 ) = Y Ma/d?)
n<z d2e<z d?<z

in the notation of Exercise 4.3.4. By that exercise, we have

M(x) =0 (m exp <_C(10g $)1/10))

for some constant ¢ > 0. Inserting this estimate above gives

S - B olimlte)”)

n<zx d<\/T

= Z + Z (say).

d<zl/4  zl/d<d<gl/2

The first sum is easily seen to be

O (x exp (—01 (log x)1/10> )
for some constant ¢; > 0. The second sum is bounded by
Z % < w3/4’
d>x1/4
and this completes the proof. O
4.4.2 Show that

n
converges for every s with Re(s) = 1.
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Let s = 1 + it. By partial summation

. M(N N .
Z p(n)n = = N1(+it) +(1+ zt)/ M (w)w™ > " duw.
n<N 1

The first term on the right-hand side is, by Exercise 4.3.4,

(0] (exp (—c(log N)l/w)) :

The second term can be written as
(14 1t) / M(w)w 2% dw — (1 + it) / M (w)w 2" duw.
1 N

Since M (w) = O(w/ log® w), the first integral above converges to a
limit L (say). The second integral is bounded by

< / exp(—c(log w)/1%)dw /w
N

d

c *° c w
< exp(—2(logN)1/10)/ exp (—i(logw)l/lo) o

which is !
@) (exp (—g(log N)1/10)> ,

since the integral converges. Letting N — oo shows that the series
converges to L. O
4.4.3 Show that
A
Z ﬂ =logz+ B+ O <exp (—c(log x)1/10)>
n<x "

for some constants B and c, with ¢ > 0. The summation is over prime
numbers. (This improves upon Exercise 3.1.7.)

We have
A(n) () “ap(t)dt
r; n N z +/1 12

= 14 O(exp(—c(logz)'/1%)) + logz:

+ /lm O(t™" exp(—c(logt)'/1%))dt
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The integral is easily seen to converge. Accordingly, we split the
integral into two parts as
(e 9] o0
I

and estimate the second integral as in the previous exercise. This
shows that

A
Z ﬂ =logz+ B1 + O (exp (—cl(log :c)l/lo))
n<x n
for some constants By, ¢; with ¢; > 0, as desired. O

4.4.4 Let f(s) =Y o2, An/n® bea Dirichlet series absolutely convergent
for Re(s) > 1. Show that for any ¢ > 1,

> A =0(°).
n<x
We have
DIZHES SIFHES SIFHIE I
n<lx n<z n<lz n
as required. O

4.4.5 Define a,, for n > 1 by

anp 1
;m‘@@
Prove that
Z an =0 <x exp (—c(log $)1/10>>

n<x
for some positive constant c.

We have
an =3 u(d)le).

de=n

Applying Dirichlet’s hyperbola method (Theorem 2.4.1), we have
x x x
an =) p(d)M(-)+ p(d)M (=) = M(y)M{—).
2o = @M () + 3w () ()

n<x
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We choose y = v/x and apply Exercise 4.3.4 to get

Z a, = O ( gexp <—c (log Z)l/w))
d<vz

n<z

= 0 (33 exp (—cl (log x)1/10)>

for some positive constant c; as required. O
4.4.6 Prove that

Z u(n)d(n) = O (ac exp <—c(log x)1/10)>

n<x

for some constant ¢ > 0.

We have

We may write

so that

_g(s)
f(S) - CQ(S)a

where ¢(s) is a Dirichlet series absolutely convergent for Re(s) >
1/2. Writing
%) bn
g(S) = Z s
n=1 n

let us note that

u(n)d(n) = Z agbe,

de=n

where a,, is as in the previous exercise. Applying Dirichlet’s hyper-
bola method with
Ax) = Z A,

n<x
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:ana

we get -
S u(n)d(n) = ZbdA(g) + 3 adB(g) - A(y)B(%).
n<z d<y d<z/y

We choose y = /= and note that for some positive constants c,
A(z) =0 (;U exp (—C(log x)l/m))

(by Exercise 4.4.5). Also, by Exercise 4.4.4, B(z) = O (z/%*€) . Thus

> p(n)d(n)
n<z
d Qad € €
<Lz Z uexp logw)l/lo) + Z dl/QLxl/“ —1—0(303/4Jr ).
d<\/x d<y/z
The series

T [bal
d
d
is finite, and a,, = O(n¢), and the second sum is
0 <$3/4+E> )
The final contribution is
@) (x exp (—c(log x)l/w))

as required. O

4.4.7 If f(s) = > o2, an/n® is a Dirichlet series converging absolutely
for o = Re(s) = o4, show that

lim / flo +itymotat =
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Now,
2T if m=n,

T it
/T (%) it = 2sin(T log m/n)

logm /n otherwise.

The sum

> el
e n?|logm/n|
n#m

323

converges. Indeed, if n < m/2 orn > 2m, this is clear, since | log m /n/|
is then bounded. If m/2 < n < 2m, then the finite sum is clearly

bounded. The result is now immediate.

4.4.8 Suppose

o0

= Zan/ns,
n=1
[e.9]

= an/ns,
n=1

g

and f(s) = g(s) in a half-plane of absolute convergence. Then a,, = by,

forall n.

We apply the previous exercise:

— Ii = o+it
am S 2T/ flo+it)ym"dt
1 (7 ,
= Tlgréo oT /Tg(a + it)ym7 T dt = by,

4.49 If
%)
=S
n=1

converges absolutely for o = Re(s) > o4, show that

1 T 2 S |an|2
lim — i) |“dt = .
i o [ 1560 o= 3 el
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We have
N2 QmGn
[fle+i)? = > o Fitpo—it
m,n
‘an‘Q AmQp, it
- Z n2o Z moenc E )
n=1 m#n
so that
1

| n|2 Ay, 2sin(T logn/m)
— it)|2dt = :
2T |f ot Z %: mn® 2T (logn/m)

The double series is analyzed as before. For fixed m, the ranges n <
m/2 and n > 2m are easily handled, and the remaining range is
finite. Thus, for fixed m, the summation over n is bounded. The
summation over m is also bounded, since o > o,. Thus the double
sum is O(1/T) and the result follows. O

4.4.10 Let Q(x) be the number of squarefree numbers less than or equal to
x. Show that

Qz) = % +0 (x1/2 exp (—c(logm)l/w))

for some positive constant c.

We have "
Q)= Y uld) =Y u(d)| ]

d?e<x d?<zx

as in Exercise 1.1.9. Writing [x/d?] = x/d?+ E(x, d), we observe that
|E(z,d)| < 1. Now,

Q)= Y nd)5+ > pd)E.d

d<Vz d<Vz

Let us analyze the first term. We have

p(d) p(d 1(d)
Z 42 Z e

d<\/x d>Vz

- o [0,
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By Exercise 4.3.4,
M(z) =0 (:z exp (—c(log x)l/w)) )

so that
M

<< Y2 exp <—c(log m)l/w) .
For the second term, we write

S wdE(r,d) = 3 (M(d) - M(d - 1) E(x, d)
d<\/z d<\/z

= M([Va)E(z, [Va]) + Y M(d){E(z,d) — E(z,d+1)}.

d<yz—1

325

Using the estimate for M (x) and the fact |E(z,d)| < 1 gives the

result.

4.4.11 Let »(n) = [1,,,, p. Show that

Z 1

< 0
= n(n)

Clearly, v(n) is multiplicative. Also,

11
nz <<H<1+p2+p3+-~->,

—m(n)

from which the result follows.

4.4.12 Show that
DA

n<x

We have

S ot - ZH(**) - é

n<z pjn <z y(d)fn

IN
&\»—‘
&M
5

—~| & 8
&

y(d)<z

0
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by the previous exercise. 0

4.4.13 Deduce by partial summation from the previous exercise that

Z o << log x.

n<x
By partial summation,
ZL 1<</Ialt<<loggc
= d(n) n 1t
as desired. O

4.4.14 Prove that 1
Z —— ~clogz
= p(n

for some positive constant c.
We consider the Dirichlet series

11 1 1
O =2 5oy o = H<1+p5(p—1)+p25+1(p—1)+m>

p

B H(1+(p_1)(§s+1_1))-

p

The quotient f(s)/((s+ 1) is easily seen to be regular for Re s > —1,
simply by long division of the Euler factors. We may write

f(s) =¢(s+ 1)h(s),
so that

f(s—l)zzﬁ

n=1

is ((s)h(s — 1), with h(s — 1) regular for Res > 0. We therefore have
by contour integration (or by an application of a Tauberian theorem)

that n

By partial summaton, we can deduce the desired result. O
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4.4.15 (Perron’s formula) Let f(s) = > >, an/n® be a Dirichlet series
absolutely convergent for Re(s) > 1. Show that for = not an integer and
o>1,

This is just a straightforward application of Theorem 4.1.4. 0

4.4.16 Suppose a,, = O(n°) for any e > 0 in the previous exercise. Show
that for x not an integer,

o+iT

S =g [ 1050+ 0(*)

n<x

We estimate the error term in the previous exercise as in Theorem
4.2.9forn < x/2orn > 3x/2. In these cases, the log term is bounded
absolutely from below. The series

converges. For /2 < n < 32/2, we have |a,| = O(z¢), and we use
this in the estimate. The log term for this range of n is handled as in
the proof of Theorem 4.2.9. O

4.4.17 Let f(s) =Y o2, an/n®, with a, = O(n®). Suppose that
fs) = C(s)"g(s),

where k is a natural number and g(s) is a Dirichlet series absolutely con-
vergent in Re(s) > 1 — 6 for some 0 < § < 1.

Show that
> an ~ g(Dz(ogx)*1/(k - 1)!

n<x

as xr — oQ.
By the previous exercise,

o+iT

Z n = i /g_iT Ck(s)g(s)%sds + O<x:r€>'

n<x
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We move the line of integration to Re(s) = a > 1 — 4. The pole at
s = 1 of {(s) contributes

zg(1)(log )
k-1l

By Exercise 4.2.4, ((s) = O(T"/?) for T — oo. Thus, the horizontal

integral contributes
6T§ -1
log

and the vertical integral contributes

0] (x“Tk/2)

on the line Re(s) = a. We choose T' = 2%°/¥, and this gives an error
term of

0 (l,a—&—zf + J;U(l—%)—i—e) )
We can choose o such that e + 0 < 1 and o(1 — 2/k) + € < 1. This
completes the proof. O
4.4.18 Let v(n) denote the number of distinct prime factors of n. Show that

v(n) xlogz
2.2~ e

n<x

asr — Q.

We have

B i 21/(71) B CQ(S)
N — n -~ ((29)
by Exercise 1.2.6. Also, f(s) satisfies the hypotheses of the previous

exercise. Hence
Z ov(n) xlogm

n<x

as x — oo. O
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Functional Equations

5.1 Poisson’s Summation Formula

5.1.1 For Re(c) > 0, let F(z) = e~°I*l. Show that

N 2c
Fu) = 2 4+ An2y2’

F(u) = /00 e~ clzlg=2miuz g
—o0

— / 6_(C+2mu)rd£€ + /_ e_(c_%i“)‘”dm.
0 0

o
1
/ e Tdx = —
0 v

A 1 1 2c
F = = .
(u) c+2miu ¢ —2miu 2 + 4n2u?

Since

for Re(v) > 0, we get
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5.1.2 For F(z) = e~ ™", show that F(u) =e ™,

We must show that

[
2 o 2
/ e~ 2m:cudx — o~ TU ,

—0o0

which is the same as

But this is essentially the famous probability integral

I—/ e ™ dy = 1.

To see this, observe that for u = 0, we have

I’ = / e‘”Qd:B/ e ™ dy
= / / (=*+y?) )dx dy
00 2 )
= / rdr/ e ™ de,
0 0

where we have made the polar substitution z = rcosf, y = rsin6.
Thus

o
I? = / G_WTQ(QWT)CZT =1
0



5.1 Poisson’s Summation Formula 331

Since I > 0, we conclude that I = 1. For the general case, notice

that
o [ 2 * 0 .
v —m(x+iu) _ m(z+iu)
70 /_ e dx / < aue )d:c

o

= 27ri/ (a:—i—iu)e_”(”i“)?dx

—00

_ / Z (icewwwf)dx
- [ T

Thus, the value of the integral is independent of w. But for u = 0,

the value is 1. Hence

5.1.5 With F' as in Theorem 5.1.3, show that

S F(* Jtr N) = 3 E @,

neL ne’

Observe that the Fourier transform of F(z/t) is |t|F(tu), so that
the result is now immediate from Theorem 5.1.3. g

5.1.6 Show that

e+1 >
ZCQ+47T 2p2”

By Exercise 5.1.1 and Corollary 5.1.4, this result is immediate. [
5.1.7 Show that
Z 6—(n+o¢ njr _ 1/2 Z —n?rr+2mina
neZ neZ

forany o € R, and x > 0.
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We have the pair of Fourier transforms

Ft)=e ™ and F(t)=e ™.

Thus, the function e ™(+®)° has transform e2™ e~ Also,

e~ m(a+t/vV2)? has transform

; g2
x1/2e27rmt\/56 Tt

Applying the Poisson summation formula gives

Z efﬂ(a+n/\/5)2 _ xl/? Z e*ﬂ'n2x+2ﬂ'ian\/§.

ne”L nel

Setting o = a+/x gives

— 2 —m2 ;
§ :6 m(nta)?/z _ 1,1/2 § :6 mnr+2rina

nel nel

as desired. N

5.2 The Riemann Zeta Function

5.2.1 Show that
[(s+1) =sI(s)

for Re(s) > 0 and that this functional equation can be used to extend
I'(s) as a meromorphic function for all s € C with only simple poles at
s=0,—-1,-2,....

The equation
I'(s+1) =sI'(s)

is easily deduced by an integration by parts. Thus, for Re(s) > —1,
we can define r
I(s) = (s+1)

s
from which we see that I'(s) has a simple pole at s = 0. Continuing
in this way, we see that

~ I(s+2)
I'(s) = m,
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which gives a meromorphic continuation to Re(s) > —2 with again
a simple pole at s = —1. The result is now clear. O

5.2.3 Show that ((s) has simple zeros at s = —2n, for n a positive integer.

The integral on the right-hand side in Theorem 5.2.2 converges
for all s € C. Thus 7%/?T'(s/2)((s) is analytic for any s = —2n,
with n a positive integer. Note that
dx

> 0.

1 M2 1 > -n n+1/2
+2n(2n + )/1 W(a:)(x + )x

Since the I'-function has a simple pole there, ((s) must have a sim-
ple zero at that point. O
5.2.4 Prove that ((0) = —1/2.

Since T'(s/2) ~ (s/2)7! as s — 0, multiplying the equation in
Theorem 5.2.2 by s/2 and taking limits as s — 0 gives the result. [J

5.2.5 Show that ((s) # 0 for any real s satisfying 0 < s < 1.

Since © (2}
s T
<<3>:8_1—8/1 vt
we see that
s * dx
‘C(S)—S_l'<8/1' mzl
Hence
1 S S 2s —1
=—-14+—< <1 = .
s—1 +5—1 C(S) +s—1 s—1

Thus, for 1/2 < s < 1, we have (2s — 1)/(s — 1) < 0, which shows
that ((s) # 0 for 1/2 < s < 1. By the functional equation, we have
it for the whole range 0 < s < 1.

5.3 Gauss Sums

5.3.2 If x is a primitive nonprincipal character (mod q), show that

X(m)7 (%) = Z_ xOm)e (" ")

m=1
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if (n,q) > 1.
Let us put

n niy
- =—,

q q1
where (n1,¢1) = 1 and qi1|q, ¢1 < ¢. If n is a multiple of ¢, the left-
hand side is zero, and so is the right-hand side, since

> x(m)=0.

m=1

So, we may suppose 1 < g; < g. We have to prove that

Z X(m)e(mnl> =0.

m=1

Write ¢ = ¢1¢2 and put m = aq; + b, where 0 < a < ¢, 1 < b < ¢.
Then, the above sum can be rewritten

bn
> (™) S xom )
1<b<q > B/ 0<a<an
and it suffices to prove that the inner sum is zero. Let us write
S®)= Y x(aq +b).
0<a<q2
Observe that S(b + ¢1) = S(b). If c is any integer satisfying
(¢,q) =1, ¢=1(mod q1),
then
X(@S®) = > X(cagq + cb)

0<a<qz

= > Xlaqi+b)=S(b),

0<a<qz

since S(b+ q1) = S(b). Since x is a primitive character (mod ¢), it
is not periodic to any modulus ¢; that is a proper factor of g. Thus,
there are integers ¢y, ¢ such that

(c1,9) = (c2,9) =1, ¢1 = c2(mod q1),

and x(c1) # x(c2). Hence, there exists ¢ = ¢ic; ! (mod q1), (¢, q) = 1,
such that x(c) # 1. Thus S(b) = 0, as desired. O
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5.4 Dirichlet L-functions

5.4.2 Suppose x(—1) = 1. Show that L(s,x) has simple zeros at s =
—2,—4,-6,. ...

Since L(1 — s,%) has no zeros for Re(1 — s) > 1 and I'((1 — s)/2)
has no zeros at all, the only zeros of L(s, x) for Re(s) < 0 are at
s = —2,—4,—6, ... corresponding to the poles of I'(s/2). This is so

because by the above, their product is entire. O
5.4.3 Prove that
71_7(8+1)/2q(5+1)/211 (S';‘l> N — /OO ne~ T t/a, % dj,
0 T

and hence deduce that

—(=t1) (sl (St :1/°° =1 d
n 2 g2 F( 5 )L(S,x) 2/, 1 (z, x)x 2 .

where
oo

bi(ex) = 3 nx(n)e

Changing s to s 4 1 in the formula

e sd
7T_S/2q5/2F<3/2)n_5 _ / 6_n2wx/qx§§
0

gives the first result. Then summing over n gives the second equa-

tion upon noting that since x(—1) = —1,
> 2 > 2
Do) = 3 mx(me T =23 (e T
n=-—00 n=1
g
5.4.4 Prove that

i nefnzﬂ’:p/quQﬂ’imn/q — i(q/l‘)g/Q i (n+ %)e*ﬂ(ner/qy‘]/z.

n=—oo n=—oo
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This is immediate from Poisson’s summation formula. Indeed, by
Exercise 5.1.7, we have

o o0

Z efn27ry+2m'na:yfl/2 Z e*ﬂ(nJra)z/y'

n=—oo n=—oo

Differentiating with respect to « gives

00 0o
i Z nefn27ry+27rina — —27Ty7% Z (n_~_O[)€f(n+a)27r/y7

n=—oo n=—oo

and substituting = /q for y and m/q for a gives the stated equation.
O

5.4.5 Prove that for x(—1) = —1, if we set
E(s,x) = 7*2¢*PD (s +1)/2)L(s, ),

then £(s, x) is entire and

5(5,)() = wxf(l - S,Y),
where wy, = 7(x)/(iq"/?).

By Exercises 5.4.3 and 5.4.4, we obtain

s 1
§1T(8+ )L(S,x)
2
E d s d
— / 01(x, x)x +1$ /91 ,X)T +1xx

/ 01(x, x)x 3 da: qu/? / 61 (x,X)x  dr
= 1 1 =
\/;E

This gives the analytic continuation for L(s, x) and establishes the

functional equation, since the change of the right-hand side when s
is replaced by 1 — s is as stated. O

5.5.1 Let

)
— E an6—27rny
n=1
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converge for y > 0. Suppose that for some w € Z,

fF(/y) = (=)%Y " f(y),

and that a,, = O(n°) for some constant ¢ > 0. Let

o0
Ly(s) = Z apn”®.
n=1

Show that (2r)~°T'(s) Ly (s) extends to an entire function and satisfies the
functional equation

(2m)T(s)Ly(s) = (=1)*(2m) " IT(r — s)Ly(r — s).

We have
/0 flyy™! = /O D ane” Ty dy
n=1

> [e'¢)
— Z an/ 6—27rnyys—ldy,
n=1 0

the interchange being justified by the estimate a,, = O(n®) which
implies the absolute convergence of the integral. Changing vari-
ables in the integral gives

(27) T ()L (s) = /0 " Hyydy,

which converges absolutely for Re(s) > 0. Now write the integral
as

1 [e'e)
/ Py dy + / )y dy.
0 1

We make a change of variable y = 1/t in the first integral:

1 o0
/ f(y)ys‘ldyz/ 1/t at.
0 1
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Using the fact that f(1/t) = (—1)"t" f(t), we obtain

1 00
/ f(y)ys‘ldy:(—l)w/ FO—tdt.
0 1

(2m)T(s)Ly(s) = / O + (1))

Hence

dy

= (=1)"@n) " ""I0(r — s)Ly(r — s),

which establishes the functional equation. Note that the integral
converges for all s € C. This gives the result. O

5.5 Supplementary Problems
5.5.2 Let
_ Z an6727my
n=0
converge for y > 0. Suppose that for some w € Z,
9(1/y) = (=1)"y"g(y)

and that a,, = O(n°) for some constant ¢ > 0. Let
o0
Y
n=1

Show that (2m)~*T'(s)Lg(s) extends to a meromorphic function with at
most simple poles at s = 0 and s = r and satisfies the functional equation

(2m)"°T(s)Lg(s) = (=1)"(2m)"°T'(r — s)Ly(r — s).

Set

[ee]
=" ane™¥™ = g(y) — ao.
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Note that the Dirichlet series >~ , a,n™* converges absolutely for
Re(s) > 1 + c. Thus, in this half-plane,

(2m)T(s)Ly(s) = / " h(y)ydy

= [ o) a0y ay,
which converges for Re(s) > 0. Now,
h(l/y) = g(1/y) —ao

= (=D""9(y) —ao

= (=1)"y"h(y) —ao(—=1)"y" — ao.
We write the integral

1 [e%e)

/0 h(y)y* ™ dy +/1 h(y)y*™dy

and change variables in the first integral by setting y = 1/t to obtain

/0 )y = /1 S

1
= /0 {(=1)"y"h(y) — ao(=1)"y" — a0}y 'dy
by the functional equation for h. Thus

(2m)°T(s) Ly (s)

- / TR+ (1P dy

o0 o0
—ao/ (—=1)“y "ty — ao/ y 5" ldy,
1 1
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and the two integrals are easily evaluated:
o0 —5-00 1
/ y o ldy = [— Y } =,
1 s J1 S

() T—5 100
r—s—1 Y 1
/]: Y Y r—sii r—s

so that

(27)T(s)Ly(s) = —a0<(_1)w+1>

r—s s
+ [ HE )y,
and the right-hand side gives the meromorphic continuation with

only simple poles at s = 0, r. Also, the functional equation is imme-
diate, since

(2m) =90 — s)Ly(r—s) = —ao ((_1)111 . 1 >

" / TR (1P dy

= (=D)"2m)°T(s)Ls(s),

as required. O
5.5.3 Let
r—[z] -1 if 2¢Z
U(x) =
0 if zelZ
Show that
e(mx) 1
V@t D G| S T

0<|m|<M

where e(t) = €™ and ||z|| denotes the distance from x to the nearest
integer.
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The function ¥(z) is periodic with period 1. If x € Z, the result is
clear, since in the sum we can pair m and —m to get 0. Suppose first
0 <z <1/2. Then

/CE e(mt)dt = e(m:r) _ e

1/2 2wim  2mwim’

so that summing both sides of this equation for 0 < |m| < M gives

0<\ |<M 0<|m|<M
since
(=pm
> =0
2mim
0<|m|<M
Thus

/1/2 t))dt: > m-{-(iﬁ—;)

0<|m |<M 0<|m|<M

The integrand is a geometric progression, which is easily summed
to

e((2M +1)t) — 1) _e((M D) —e(—(M + )t)

e(—DMt) ( () — 1 e(t/2) —e(—t/2)

sin((2M + 1)xt)
sin 7t ’

Recall the following mean value theorem for integrals: Let f(xz) be
bounded, monotonic decreasing, nonnegative, and differentiable in
[a,b] and let g(z) be a bounded integrable function. Then

[ s = 1@ [ owas

for some a < £ < b. Indeed, letting
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we have by integration by parts,

b b
/ f(@)g(x)dz = G(b) £(b) - / f(@)G(x)d,

and the last integral is, by the familiar mean value theorem for
integrals,

b
=Gl [ F@)ds = Gln)(£4) - F(@).

for some a < n < b. Suppose now, without loss of generality, that
G(n) < G(b). Then, since f(a) > f(b), we deduce that

G(n)f(a) < GO)f(b) + G(n)(f(a) = f(b)) < G(b)f(a).

Since G is continuous, we must have

G(0)f(0) + Gn)(f(a) = f(b)) = G(§) f(a)

for some ¢ satisfying a < £ < b. Note that we apply this with f(z) =
1/sinmz, g(x) = sin(2m + 1)7zx, and [a,b] = [z,1/2]. Then f(x) is
monotone decreasing, and we have

dt

sin 7t sin Tx

/1/25'1n(2m+1)7rt - ! /gsin(2m+1)7rtdt
x xX

1 {_ cos(2m + 1)7rt}5

sin 7z 2m+1)r la
Thus,
/"’3 sin(2m + 1)7t 1
1/2 sin 7t ~ (2m+ )7z

by the elementary inequality sinma > 2z, valid for 0 < x < 1/2.
The result is proved for 0 < z < 1/2. We still need to treat the range
1/2 < z < 1. Observe that V(1 — z) = ¥(—x) (because ¥ has period

1) and ¥(—z) = —¥(x) because for x > 0, [-z] = —[z] — 1. Thus by
the above,
e(m(1 —x)) 1
— < .
Ta-a)+ ) omim |~ (2M + D)r(1 — z)
0<|m|<M
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Now, 1 —z = ||z|| for 1/2 < = < 1. Hence

e(—mzx) 1
v .
@+ > S| < @y Dalal
0<|m|<M
which gives
e(mx) 1
G <
@+ > S| S @A DR
0<|m|<M

for 2 < 2 < 1. This completes the proof.

5.5.4 Let f(x) be a differentiable function on [0, 1] satisfying | f' ()|
Show that
fO)+f)| _ KlogM
Z / f(x)e(mz)dx — 5 < o
Im|<M
Deduce that

o [ _ O+ f()
Z.O/O f(z)e(mz)dr = 5 :

By integrating by parts, we have for m # 0,

/f mmdw‘{f 2mim ] /f 2mm

Summing both sides over 0 < |m| < M gives

> [ e =- [ 1w Y 4

0<|m|<M 0<\m\<M

since

o 3 ] <o

as is easily seen by pairing m and —m in the summation.
By the previous exercise,

> 62(22 ()+O(M|1 ||>

0<|m|<M

343

.

<K.
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Before inserting this fact into the integral, let us note that

1/M
/0 () Z e(mm)dx < KlogM.

2mim M
0<|m|<M
Similarly,
e, e(m:n)d < K log M
1 1f($) Z omim | = M
- 0<|m|<M
Thus,

B 1-1/M . 1-1/M f’(w)dm
<—AM{ fﬁwW@Mx+O(AMI JWMH).

The error term is easily estimated by breaking the interval into two
parts: [1/M,1/2] and [1/2,1 — 1/M]. The error is O(K log M /M).
Therefore,

Klog M
f(z)e(mzx)dx = f'(2)¥(z)dx + O <> .
2 e = [ i

The integral on the right-hand side is

[rofe-2)a - (et - [ o

ENOESON
- R [

which completes the proof. O
5.5.5 By using the previous exercise with f(x) = x?, deduce that

<1
2%
—

2
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We have for m # 0,

[ s@enajas

2mim 2mim

[x?e(mx)]: - 2/01 ve(ma)dz

1 L 1
2mim  2m2m?2’

by an easy integration by parts.

For m =0,
1 1
der = —.
/0 fla)de = 3

By Exercise 5.5.4,

1 1 1 1 log M

f - 1eo(5)

3+ Z (27rim+27r2m2) 2" M

0<|m|<M
Since
> g
im
0<|m|<M

the result is now immediate upon letting M — oo. O

5.5.6 (Pdlya - Vinogradov inequality) Let x be a primitive character
(mod q). Show that for ¢ > 1,

‘ Z X(n)‘ < ¢"*logyq.

n<x

We use Gauss sums. By Example 5.3.1 and Exercise 5.3.2, we can
write

r(Ox() = 3 x(m)e(" ")
m=1

Since the summation is over any complete set of residues (mod ¢),
we can replace the range of summation by —¢/2 < m < ¢/2. Thus,

T oxm = 3 Xtm Yo7 7)

n<wz 0<|m|<q/2 n<z
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The inner sum is bounded by 2/|e(m/q) — 1|. Writing e(m/q) — 1 =
e(m/2q)(e(m/2q) — e(—m/2q)) we obtain

I x| < > W

nlz 0<|m|<gq/2

Using the inequality |sin mz| > 2z for 0 < z < 1/2, we get

(0 ) x(n)] < qlogg.

n<x

Finally, by Theorem 5.3.3, |7(X)| = ¢*/?, so that the result is now
immediate. O

5.5.7 Show that if x is a primitive character (mod q), then

g of 221

n<z
forany x > 1and ¢ > 1.
We have

00
L) =3 Xy s )
n=1 n<z n>x

By partial summation and the Pélya - Vinogradov inequality
(Exercise 5.5.6), the second sum is

1/2]
< Y
T
as required. O
5.5.8 Prove that
> L(1,x) = ¢(q) + O(¢"*log ),
XF#X0

where the summation is over all nontrivial characters (mod q).

By Exercise 5.5.7,

L(L,x) =) xtn) O(q1/2 logq>

X
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for any nontrivial character y because the conductor of x is bounded
by ¢. Summing this over x # xo (mod g), we get

3/21,
3 L(l,x):Z%( 3 X(n)) +0 (qigq>

X7X0 n<x XFX0

We choose x = ¢. Also,

v(qg)—1 ifn=1 (mod q),

> x(n) =

XFX0 -1 otherwise.

Thus,
ST LX) = )+O<1/2logq),

XF#X0
as desired. O

5.5.9 For any s € C with Re(s) > 0, show that for any x > 1,

1/2
0 =YX g (\S\q aogq> |
o ox

where x is a nontrivial character (mod q) and o = Re(s).

By partial summation and the Pélya - Vinogradov inequality, we

have 1/2
X log q)
SN gy [T
n>x
from which the result is now immediate. O

5.5.10 Prove that for any o > 1/2,
> Lo = ¢(a) + 0 (¢¥/277)
XFX0

where the sum is over all nontrivial characters (mod q).
By the previous exercise,

oy X0 o 2)

no x°
n<x
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Summing both sides over x # xo, we get

210
Z L(a,x)zznl—a (Z X(n)) +O<q32xigq>‘

X7X0 n<z XFX0

We treat the inner sum as in Exercise 5.5.8 and choose x = ¢, to
obtain

> L) = wla)+0 (a7 +¢2)
XFXO0

= ¢(q)+0 (q?’/z"’) :

as required. O

5.5.11 Let By, (z) denote the nth Bernoulli polynomial introduced in Chap-
ter 2. For n > 2, show that

B, (z e(mx
- - 2 (27(rzm))”
m##0

For n > 2, the function defined by the series is uniformly contin-
uous. Let us denote it by By, (z)/n!. Then By, /n! = B,_1(z)/(n - 1)},
so that B/, (z) = nB,_1(x). Also,

1
/Bn(x)daczo for n>2.
0

Exercise 5.5.3 shows that the formula stated in the exercise holds for
n = 1. These must therefore coincide with the Bernoulli polynomi-
als. This completes the proof. O

5.5.12 Let f(x) be differentiable on [A, B] satisfying | f'(x)| < K for all
x € [A, B]. Show that

B 00 B
PIOEDY | f@etmays

m=—00

where the dash on the summation means that the end-terms are replaced

by £(A)/2 and f(B)/2.
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By Exercise 5.5.4, we have

f()+fn+ Klog M
Z x)dz| < .

Im|<M

Adding this result over n € [A, B] gives

B—-A)KlogM
Z Z / f(x)e(mz)dx| < ( ) K log .
M
n=A |m|<M
Now let M — oo to deduce the result. O

5.5.13 Apply the previous exercise to each of the functions f(x) =
cos(2mx?/N) and f(x) = sin(272?/N) to deduce that

N (1+4)N'Y2 if N =0 (mod4),
G\ 6(7#)_ N1/2 if N =1 (mod4),
B — AN )0 if N =2 (mod4),
- iN'/? if N =3 (mod4).
By Exercise 5.5.12, we have to evaluate
N
ZI n?/N) = Z / ( + mx) dx.
n=0 m=—o0

We change variables in the integrand: put x = Nt so that the
integral is

N/O1 e(Nt2 + mNt)dt = Ne <—NZ‘2> /01 e (N(t+m/2)?) dt

We must therefore evaluate

/1 e(N(t4m/2)?)dt = /m/2+1 e(Ny?)dy.
0

m/2

Thus, we have

i RN =N Y ( 2) /ﬂfﬂe(zvy%dy.
n=0 m=—o0 m
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Now e(—Nm?/4)is 1 if mis even, and i~ if m is odd. This suggests
we divide the infinite sum into two parts, m even and m odd:

N 00 j+1/2
> e(n?/N) = NZ / e(Ny?)dy+Ni Ny~ / e(Ny?)dy
n=0 j=—00 j=—o00’J 1/2

=N +i™) /_OO e(Ny?)dy.

If we put y = N~!/2y, then the integral becomes

[ee)
N_I/Q/ e(u?)du = N~1/%¢

for some constant c. This constant is easily evaluated upon setting

N = 1. Then
N

Z/e(nQ/N) =1,

n=0
sothat ¢ = (1 +i71)~! = (1 — i)~!. Therefore,

N

> el /) = (H) e

Notice that the left-hand side is equal to S and the right-hand side
takes the four values stated according as N belongs to the various
classes (mod 4).

5.5.14 Let x be a nontrivial quadratic character (mod p) with p prime.
Show that

(x) = p-1 x(m)(z(E) _ { Vb if Zié(mod 4),

— D i/p if (mod 4).
Clearly,
p—1
00 = 1= 30(1+ x(m) ()

since 271 e(m/p) = —1.
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Now, 1 4 x(m) = 2 or 0 according as m is a square (mod p) or not
for (m,p) = 1. Thus,

00 = Ye(5)+1

m=0

By the previous exercise, the sum is p'/? if p = 1 (mod 4) and ip'/?
if p = 3 (mod 4), and this completes the proof.

5.5.15 Let ¢(s) = (2m)~°T'(s)((s)¢(s + 1). Show that ¢p(—s) = ¢(s).

By Legendre’s duplication formula (see Exercise 6.3.6) we have

rer(y) =2 r(5)e(*5):

Also, by Exercise 6.3.5, I'(1/2) = y/m. Therefore,

os) = (n) w0 (E D) )t + )
= 27 (0 (s/2)C()n 20 (T s 1),

By the functional equation of the {-function, we see that

o(s) = 27} (x(=/2p(
= 6(-s)

by another application of the duplication formula.

) - oy (S0)e(-s)

5.5.16 Show that ¢(s) in Exercise 5.5.15 has a double pole at s = 0 and
simple poles at s = +1. Show further that Ress—14(s) = n/12 and
Ress—_1¢(s) = —m/12.

Since I'(s) has a simple pole at s = 0 and ((s + 1) has a simple
pole at s = 0, it is clear that ¢(s) has a double pole at s = 0. It is also
clear that ¢(s) has simple poles at s = 1 and s = —1, the latter pole
arising from the I'-function. We have

Res,—1¢(s) = lim(s — 1)¢(s) = (2m)71¢(2).

—1
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By Exercise 5.5.5, this is equal to 7/12. Also,

Ress—_1¢(s) = Sl_i)n_ll(s—}— 1)o(s)
sL(s+2)

((s)¢(s+1)

= lim (27)~
s——1

= —(2m)¢(=1)¢(0).

By Exercise 5.2.4, ((0) = —1/2. Also, by the functional equation for
the Riemann zeta function, we have

wr( - %)((—1) _1¢(2) = /6.

Now (—1/2)I'(—1/2) =T'(1/2), since sI'(s) = I'(s + 1). By Exercise
6.3.5,'(1/2) = /7. Therefore

¢(—1) = —1/12.

Therefore,

Res,__16(s) = —(2m)(~1/12)(~1/2) = 7/12.

5.5.17 Show that if o(n) = _ 4, d, then

and that

o 1 2+i00
Z e " /2 x°T(s)¢(s)¢(s + 1)ds.

The first part is clear. The second part follows from Exercise
6.6.3. ]

5.5.18 Show that

oo
—2mnz _ O-(n 727rn/x
- _m L .
n ¢ 123: 12 + g+ Z n
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By Exercise 5.5.17, we can move the line of integration to Re(s) =
—2 to deduce

ig(n)e—%mx _ L_E‘f‘ 110 T
n T 12z 12 T2
n=1
1 —24i00
+5— (2mz)°T'(s)C(s)C(s + 1)ds
21 J 2 ico

by an application of Exercise 5.5.16. By Exercise 5.5.15, the inte-
grand becomes

29(—s) = 2 (s)

upon changing s to —s. Moreover,

1 2+ioo0 e ag n ) /
= S(2) ST 1 —27n x
el ORI ONONEERITED e
n=1
as desired. O

5.5.19 For a and b coprime integers and b > 0, define

b—1
ay _ 2mija/b.
C(b) ]de ’

Let q be prime and (p, q) = 1. Show that

i 1+3) -1 (2

Observe that
9 )
0 <t + m) _ Z e—Trthe—QwinQp/q
q n=—o0
q—1
— Z 6727Tib2p/q ( Z efﬂn2t) )
b=0 n=b (mod q)

We now write n = ¢gm + b in the inner sum:

o0

2 2
Z e Tt Z e—nt(qm+b) )

n=b(mod q) m=—00
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Let 0(t,a) = 3.°° ___e2™na—n*1t Then, by Exercise 5.1.7, we have

> —nta2(m 2 _1/2 1 b
2 = 0 ().

Hence,

q—1
hm N <t+ > _ lim\/ize—meQp/lI( 2)-1/2¢ < 1 b) '
q t—0 b—o

tq®> q

Ast — 0, 1/t¢*> — oo, and the f-term goes to 1. The result now
follows. U

5.5.20 Let r = p/q. Show that

. t 1 ) q
A 2 <t+2ir> T 4ypg ¢ <4p> ’

with notation as in the previous exercise.
Write

1 ?

. =T )
t+ 2ir 2r

where
it 2rt
C2r(t2 4 4r2)

Then the limit in question is

lim <] i o2 (T—i/2r)

t—0 \ t+ 2ir o
— lim t 41"21 e?m’qu/4p Z 6—7rn2'r
=0\ t+ 2ir — ’

n=b (mod 4p)

which is treated as in the previous exercise. The limit is easily eval-

uated to be
/2p 1
qi 4p e ( 4p )

Since



5.5 Supplementary Problems 355

is analytic for Im(z) > 0, the functional equation of the #-function

extends to O:
O(-1/z) = \/f@(z).

Now, /z is well-defined on the cut plane C \ (—oo, 0]. This means
that i = ¢’™/2 and
1 V2

\72.:7(1—@')

in the above limit that was evaluated. This completes the proof. [

5.5.21 Deduce from the previous exercise the law of quadratic reciprocity:

<§> (Z) = (-1

for odd primes p and q, and (a/b) denotes the Legendre symbol.

The limits in the two previous exercises are equal by the func-
tional equation of the #-function. Therefore,

1 P 1—1 q

o(=7)= 4@0(4]9)-

o(~2) = e (Dyo(})

and it is easily checked that
(i) =e(F)e )

c(%) = 2(1 + 7).

We use Exercise 5.5.13 (or put p = 1 in the above identity relating
C(—p/q) with C(q/4p)) to deduce

Va ifg=1(mod4),
C(UQ){

i/q if ¢ =3 (mod4).

We have

Also
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Moreover, C(4q/p) = (¢/p)C(1/p), so that

S0 - ()0

from which the result easily follows. O

5.5.22 Suppose that f(s) is an entire function satisfying the functional
equation
AT (s)f(s) = AT°T(1 — s) f(1 — ).

Show that if f(1/2) # 0, then

f’(%) — —f(1/2) <logA + r'(1/2)) .

I'(1/2)

We logarithmically differentiate the functional equation and set
s = 1/2 to get the desired result. O
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Hadamard Products

6.1 Jensen’s theorem

6.1.4 Show that

B on(r)dr
/0 (r)d < max log |f(2)| — log|f(0)],

r |z|=R
with f as in Jensen’s theorem.

Let us order the z; so that
0= 20| < 21| <22 <+ <zl < |znga] = R

Then
R n |2i41]
/ —n(T) dr = Z / —n(T) dr
0 r i=0 |2i] r

R
log@-}-Qlog@—l—“-—knlog—
|21 |22] |2n]

= o8 (i)
E\Jallzal - lzal )



358 6. Hadamard Products

The result is now clear from Jensen’s theorem. 0
6.1.5 If f(2) is of order j3, show that ny(r) = O(rP*€), for any e > 0.

Since

max [ (2)] < exp (RO*)

|z|=R

we get by Exercise 6.1.4 that

2R
/ @dr < RPte,
0

,
But then -
/ Mdr < Rﬂ+€’
R r
so that n(R)log 2 < RA*<, as desired. O

6.1.6 Let f(z) be an entire function of order (3. Show that

oo

Z |Zn’_6_E

n=1

converges for any € > 0 (Here, we have indexed the zeros z; so that
|21] < lz2f <--).

By partial summation,
00 00
B n(r)dr
Zl |2 < /1 e
n=

By Exercise 6.1.5, n(r) < r%+</2, and therefore the integral con-
verges.

6.2 The Gamma Function

1w s
o 14w sin mx

6.3.1 Show that

for0 <z < 1.
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/ 2" 1dz
Ce 1 + 2z ’
where C, is the contour taken along the real axis from € to R, then in
the positive direction along the circle ¢; of radius R centered at the
origin, and then back along the real axis to z = € and finally around
the circle ¢, of radius € centered at the origin, taken in the negative

direction.
The function

Consider the integral

szl

1+2
is regular except at z = —1, where it has a simple pole with residue

eﬂ'i(a:fl).

We will take e < 1 < R so that integrating the function along the
contour indicated above shows by Cauchy’s theorem

Boyr=Ldy 2214z € (ue?™)*=1duy, 214z
+ v
e 14w o 1tz R 1+u o 1+2

= (2mi)e™ @),

The two integrals along the real axis together give

R z—1 R, z—1
(1 o 627Ti($1))/ ut " rdu _ _2ie7ri$(sin 7'['.’13)/ u® du
e 14w e l4u

The other two integrals tend to 0 as R — oo because on ¢y,

r—1 x—1
z < R 7
1+z| - R-1
so that . )
/ z z < or R — TR 7
o 1+2 R-1 R-1
which tends to 0, since z < 1.
Similarly,
/ 2% 1dz 2me*
o 1+z |7 1—¢€
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which tends to 0, as € — 0 since x > 0. Therefore,

oo , x—1
. u*du i
—2ie™* (sin 7r:1:)/ TTu —2mie™,
0 u

which gives

o) uxfl T
/0 l+u sinmz’
6.3.2 Show that

/2
I(x)l(y) =2(x + y) /0 (cos )L (sin§)®~1dp

fora,y > 0.

For x,y > 0, we have

['(z)[(y) = ( /0 h e_ttx_ldt> < /0 h e_“uy_ldu> :

Putting v = tv and inverting the order of integration, we obtain

o0 o0 d
T(z)[(y) = / et 14t / e v
0 0 v

o0 oo
— / Uy_ld’U / e—t(1+v)t$+y—1dt
0 0

oo ¥ ldy
= T —_ .

The interchanging of integrals is easily justified by Fubini’s theo-
rem. This last integral is

/2
2/ (cos §)2*~1(sin )%V~ 1d),
0

where we have put v = tan? 6.
Again, making a substitution of A = cos? § transforms the integral
to

1
/ AT — a)ytan,
0
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which is the familiar beta function B(z,y).
For 0 < z < 1, we obtain

D(z)I(1—2z)= /01 AL — N7,

Putting
A
v=—2
1-A
in the integral gives
<y ldy
Fx)I'(1l—-2z) =
@ra—a) = [ 5=
which by Exercise 6.3.1 is
™
sinmz’
which gives the desired result. O

6.3.3 Show that
1
I@)(y) = Tz +y) / T (1 = Ay,
0

(The integral is denoted by B(z, y) and called the beta function.)

Making the substitution of A = cos? 6 in the integral of Exercise
6.3.2 gives

1
/ A1 = a)yla,

0

which is the familiar beta function B(z, y). O
6.3.4 Prove that .
M)l —2z) = pr—
foro <z <1.
This is clear from the solution to Exercise 6.3.2. O
6.3.5 Prove that
()

r(%)z = 21(1) /Oﬁ/2 o = .
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Since I'(1/2) is positive, we obtain I'(1/2) = /7.

6.3.6 Show that

r(m)r(%) - 22x*1r(g;)r(x + %)

forx > 0.

In Exercise 6.3.3, put z = y to obtain

I(z)> = I‘(Qx)/ol AT = ) d

1/2
= 2F(2m)/ AT — )Tt
0

Since A(1—\) < 1, we may write \(1—\) = 1 — £, sothat A =
This substitution gives

1
= 212xr(2x)/ (1 —t)> 124z
0

The latter integral is, by Exercise 6.3.3,

r@;)r(%)

Inserting this in the penultimate step gives the desired result.

6.3.7 Let c be a positive constant. Show that as x — oo,

I(xz +¢) ~ zT(z).

1-vt
5 -
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Suppose first that ¢ > 1. Then, by Exercise 6.3.3,

1

= / (T =X TA"ldA
0

— / (1 _ e—t)c—le—xtdt
0

[e.9] o
= / et qt — / {t = (1 —e ) et
0 0
The first integral is I'(c)z—¢. The second integral is easily estimated
as follows. Notice that 1 — et < t for t > 0, and that

1
l—et>t— -t
c 2

for 0 < t < 1. Thus, the second integral is positive and less than
1 00
/ {1—(1—¢t/2)7 b te " at +/ t e qt.
0 1

For 0 < x < 1, we have forc > 1,

t —1
1—(1—7)0 <t
2

as is easily checked by elementary calculus. Thus, the second inte-
gral is less than

1 )
T(c+1
/ e dt + / eertgy — L) +1 ).
0 1 rct

This proves the result for ¢ > 1. For 0 < ¢ < 1, we can use the
formula
Iz +1) =aI'(z)

to deduce the result. O

6.3.8 Show that
[(z) ~ e %z /227

as r — OoQ.
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By Exercise 2.1.12 we know that for a natural number n,
1
logT'(n) = log(n — 1)! = (n — 5) logn —n+c; +o(1)

as n — oo (and with ¢; an absolute constant). If x is not an integer,
let us write x = n + c for some 0 < ¢ < 1. By Exercise 6.3.7, we have

I(n+c) ~nT(n),

so that

logT'(z) = logT'(n)+ clogn + o(1)

1
= (x— 5) logn —n+c1 + o(1).
Also, .
n-—+c c c

log (=) =log (1+ ) = T +0(5).

so that

1
logx = logn + © +O(—2>.
n X

Inserting this observation above gives
1
logT'(x) = (x - 5) logx —x +¢1 +o(1).
We can use the duplication formula to evaluate ¢;. Indeed, on the
one hand we have from above

1
logI'(2x) = <2$ - 5) log 2z — 2z + ¢1 + o(1).

On the other hand, by the duplication formula (Exercise 6.3.6) we
have

1 1
logT'(2z) = (22 — 1) log2 + logI'(x) + logI‘<x + 5) ~ 3 log T,

which is equal to
1 1 1
(23: — 5) log 2z — 22 — 510g2 +2¢1 — 5 log T+ o(1),

so that . o2
0
01:201—§log7r— § .
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Thus, as required

c1 = log v 2. O
6.3.9 Show that 1/T'(z) is an entire function with simple zeros at z =
0,—1,-2,....
From the functional equation

s

Fz)I'1—2) =

sinmz’
we see that I'(2)I'(1 — z) is regular except when z is an integer, in
which case it has a simple pole.
We also see from this functional equation that since I'(z) is regular
in Re(z) > 0, I'(1 — z) has simple poles at z = 1,2, 3, . ... Therefore,
1/T(z) =T(1 — z)(sinmz) /7

is regular in Re(1 — z) > 0. If Re(z) < 0, then Re(1 — z) > 1 and the
right-hand side of the above equation is regular. This completes the
proof. O

6.3.10 Show that for some constant K,

r’ 1 dt
(Z):/ {1_(1_15),271}7_}{‘

['(2) 0 13

By Exercise 6.3.3, we have

F(Z — h)r(h> — /1 th_l(l _ t)z_h_ldt
0

I'(z)
- % - /01 {(1 — )7 l}th_ldt.

The Taylor expansion of the left-hand side with respect to A is

1
I'(z)

{F(z)—F’(z)h+...}{%+K+...}

1 T'(2)

T h T(2)

+ K +0(h).
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The Taylor expansion of the right-hand side is

::L+/01{(1—t)2—1 }dt +O(h),

so that by equating the constant terms we get the desired result. [

6.3.11 Show that for z not equal to a negative integer,
I'(z) =/ 1 1

= — - K
I'(z) Z (n +1 n+ z)

for some constant K.

First, for z > 1, we use Exercise 6.3.10 and expand

in the integrand and integrate term by term to obtain the result. The
step is valid for z > 1 and by analytic continuation for all z unequal
to a negative integer. O

6.3.12 Derive the Hadamard factorization of 1/T'(z) :

1/T(z —e”’zzH (1—1— ) —z/n

where v denotes Euler’s constant.

We integrate the formula
I —/ 1 1
G i)
L(z) “—Z\n+1l n+z
from z = 1 to z = w and take exponentials, to obtain

r(lz) = ﬁ (1 + %)efz/n

n=1

for some constant B. Putting z = 1 gives
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0 = B—i—i{log(l-ﬁ-;)—;}

n=1
_— 1\ 1
= B+ Jm 3 {les (14 0) - 1)

6.3.13 Show that

2 u—+ 2z

1 1 00 _ 1
logI'(z) = <Z - ) logz — 2z + 510%2% +/ Mdu.
0

By Exercise 6.3.12,

logI'(z) = i{; — log (1—1—%)} — vz —log 2

n=1

with each logarithm having its principal value.
By Exercise 2.1.12, we see that

=2

1{Z—log(l+2>} = log(N—l)!+z(1+%+--'+m>

3
Il

—(z+%>logz
—(N—%—Fz)log(N—Fz)—N

N Bi(u)du
0 u+z

_|_

Letting N — oo, and using

1 1
14 -4+ -—— —1logN 1
+2+ +N—1 og N +v+o(1)

367
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as well as 1
z
log(N + z) =log N + N + O(ﬁ)’
we obtain the desired result by an application of Stirling’s formula.
This completes the proof. O

6.3.14 For any § > 0, show that
logT'(z) = <z—})lo - —i—llo 27+ O L
g - 2 gZ < 2 g ™ ‘Z|
uniformly for —m + 60 < argz <7 — 4.

By the previous exercise, it suffices to estimate

/OO Bi(u)du
0 u+z
Let us write f(v) = [ ([u] —u+ %)du Then f is bounded, since

f(v+1) = f(v) for any integer v. Thus,

> f(u > f(u)du
0 g, [ S

0o ut+z

Writing 2 = re’®, we see that
lu+z* = (u+re”)(u+re ™)
= (u+rcosp)®+risin®p

= u?+2urcosyp +rl

We break the integral into three parts,

r/2 2r 00
Lol
0 r/2 2r
Since f is bounded, each of these integrals is O (%) as required. [

6.3.15 If o is fixed and |t| — oo, show that

ID(o +it)| ~ e~ 2™l t]7~2/2r.
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This is immediate from Exercise 6.3.14.
6.3.16 Show that 1/T'(z) is of order 1.
This is a consequence of Stirling’s formula.
6.3.17 Show that
()
I'(z)

= logz+0<i)

2]

369

for |z| — oo in the angle —m + 6 < argz < m — 0 for any fixed § > 0.

By Exercise 6.3.13, we can differentiate the expression

1 1  [u] —u+ 3
logT'(2) = (z—2> logz—z+210g27r+/0 [u]ufZQdu

to obtain

Ve 1 [(*k-ut}
T(z) 8 2z/0 (wt oz

The integral is easily seen to be O(1/|z|).

6.3 Infinite Products for £(s) and £(s, )

6.4.1 Show that for some constant c,

[§(s)| < exp(c|s|log|s])

as |s| — oo. Conclude that £(s) has order 1.
By the functional equation,

§(s) = €(1 —s),

so that it suffices to prove the result for o = Re(s) > 1/2.
Clearly,

1
53(3 — ) %/2| < exp(c]s)),
and by Stirling’s formula

IT(s/2)| < exp(c|s|log]s]),
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which is valid in the range under consideration. We also have

)= [T A,

s—1

valid for ¢ > 0. (Here {z} denotes the fractional part of z.) The
integral is bounded for o > 1/2. Since

lim =1,
|s|—o0 s — 1
we see that for some constant c,
[C(s)] < s

as |s| — oo. Putting all this together shows that £(s) satisfies the
stated inequality. Observe also that ((s) — 1 as s — oo through real
values, and since log I'(s) ~ slog s, we see that

§(s)| > exp(cislog s)
for such values of s. Therefore, £(s) has order 1. O

6.4.2 Prove that ((s) has infinitely many zeros in 0 < Re(s) < 1.

The zeros of ((s) in the stated region are precisely those of £(s). If
there were only finitely many zeros, {(s)e™“ would be a polynomial
for some constant c. In particular,

£(s)] < e?lel,

for some constant A. This contradicts the observation(deduced from
the solution to the previous exercise) that for a positive constant ¢y,

[€(s)| > exp(c1slog s)
for real s tending to infinity. a
6.4.3 Show that
5(3) _ eA+Bs H (1 _ S> 6s/p7

P P

where the product is over the nontrivial zeros of ((s) in the region 0 <
Re(s) < land A = —log2, B = —v/2 -1+ %1og47r, where ~y is
Euler’s constant.
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The existence of the factorization is clear since £(s) has order 1.
Since the trivial zeros of ((s) are canceled by the simple poles of
I'(s/2), we see that the product must be over nontrivial zeros of
¢(s). Notice that

(1) = lim 15(5—1)w—8/2r(§)g(5)

s—1

(
_ Lty !

by Exercise 6.3.5. Therefore, £(0) = 3, and consequently, e = 1/2,
as required. To evaluate B, we logarithmically differentiate £(s):

g o 1 1 T+
€0 ) Ta1 2T or(y )

so that
o) g

- E0) g
from the functional equation. We therefore need to evaluate
For the Hadamard product for 1/I'(s), we see that

§()
O

S )

2F<%+1> 1 s+2n 2n
so that I(3/2)
Y
- =2 _1+1log?2
or(3/2) 2 8%
since
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Thus,
¢ _ . fd(s), 1 1 g
=1 — —logdm — — + 1.
AN OREY
Now, .
= —sI
((s) = = = s1(s),
where (21
x}dx
)= [
so that (s) .
_ s
gq{((s) 5—1} 1-1()
Now, v
_ [ =) / {z}
I(l)—/1 x2d —]\;1_)001 x2dx,
and the latter integral is
Nx—[z] = gy
/1 = dr = logN — nZ::l n/n 2
N—1
1 1
= logN — - —
8 ; n(n n+1
N
= logN — —+1
n=1
= 1—7.
Therefore,
¢ 1
5((1)) = % +1- 510g47r
and )
T 44z
B = 5 1+ 5 log 4w,

as required.
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6.4.4 Let x be a primitive character (mod q). Show that £(s, x) is an entire
function of order 1.
Recall that “ 5(x)
X
L(87 X) = 3/1 dev

where S(z) = >, ., x(n). Since [S(z)| < ¢, the integral converges
for Re(s) > 0. Also, by the functional equation for £(s, x), it suffices
to estimate it for Re(s) > 3. Thus, for o = Re(s) > 1/2,

[ L(s,x)| < 24]s],

so that

o+3
1€(s,x)] < 2¢ 2 |s

r(5)

o+3
q 2 exp(Cls[log]s|)

IN

for some suitable constant C. This inequality is best possible, since
for s — oo through real values, L(s, x) — 1, and Stirling’s formula
implies that the above inequality cannot be improved. O

6.4.5 Show that L(s, x) has infinitely many zeros in 0 < Re(s) < 1 and

that B Ny
— AtBs _ 2 \eslp
(s, x) =e l;[ (1 p)e :

where the product is over the nontrivial zeros of L(s, x).

The trivial zeros of L(s, x) are cancelled by the I'((s + a)/2) fac-
tor. If L(s, x) had only finitely many zeros in the critical strip (0 <
o < 1), then it would be a polynomial and hence of order zero,
which is not the case. The final product follows from the Hadamard
factorization theorem. O

6.4.6 For A and B occurring in the previous exercise, show that

e = ¢(0,x)

Re(B) = — Y Re ([1))
P

where the sum is over nontrivial zeros p of L(s, x).

and that
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Setting s = 0 in the Hadamard factorization of £(s, x) gives e =
€(0,x). (By the functional equation, we can therefore express A
in terms of L(1,%).) Logarithmic differentiation of the Hadamard
product and setting s = 0 gives

_ €00 _ €0
0 €LY

by the functional equation. Writing B, for B (since it depends on
X), we find upon logarithmic differentiation of the expression for
€(s,x) and setting s = 1 that

gx) 11
£(1,%) _B"+Z<1—p+p>’

P

where the sum is over nontrivial zeros p of L(s, x). Thus,

sz—BX—Zp:<1+1).

1-p p

Since By = B,, we get
—2Re(B ZRe( >+Re (p>

The terms in the sum are nonnegative, and we can replace 1 — p
by p, since by the functional equation 1 — p is also a zero of L(s, x)
whenever p is. Thus,

2Re(B ZRe( )

so that .
— zp: Re (;)

as required. O

6.4 Zero-Free Regions for ((s) and L(s, x)

6.5.1 Show that

_34;((;7)) —4Re (W) ~Re <m> -
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fort € Rand o > 1.
Since

3+ 4cosf + cos20 > 0,
the result is clear (See Exercise 3.2.4).

6.5.2 For 1 < o < 2, show that

(o) 1
o) <U_1+A

for some constant A.

The function f(s) = (s — 1)((s) is regular, and nonvanishing for
Re(s) > 1. Hence,

fs) 1 ()
fl5) “s=17 ¢

Since the left hand side is regular in Re(s)

)
> 1,
f'(o)
f(o)
is bounded by a constant for 1 < o < 2. This proves the result.
6.5.3 Prove that

g

¢(s) 11
—Re (C(S)> < Alog |t] — ;Re <S —, + p)
forl1 <o <2and |t| > 2.
By Exercise 6.4.3, we know that
§'(s) < 1 1>
=B -
&(s) +2; s=p 0
and ( )
) _ s, 11 Mzt
—-=1
€0 T eI T2 (Y
so that
d(s) _ 1

1
- _B-:-1
C(s) s—1 g 8Tt
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By Exercise 6.3.17, the I'-term is O(logt) for |[t| > 2and 1 < ¢ < 2.
Thus, in this region,

(S8 < En( 1)

s=p P

Re(sil) :Re<(a—i)+it> - (J—Ul—i)_;—i-t2 :O(tl?)

]
6.5.4 Show that . )
Re ( ~)=0
s=p P
Deduce that C(s)
S
—Re ) < Alog|t
(9 ‘
forl <o <2 |t| >2.
Let us write p = 3 + iv. Then,
1 —
()= 0
s=p/ |s—pl
and )
Re (f) = %
p/ lpl
Thus, by Exercise 6.5.3, we get the required estimate. O

6.5.5 Let p = [3 + i~y be any nontrivial zero of ((s). Show that

('(o +1t) 1
—Re | Z——+ Alog|t| — ——.
e<((a+it) < Aloglt o—p0
In the sum in Exercise 6.5.3, by taking one term involving 5 we
obtain the result. O
6.5.8 Show that

—Re (E“/((j))> <Re (%) + c1log(|t] +2)

for some constant ¢y > 0 and o > 1.
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We proceed as in Exercise 6.5.3:

IECC N NP PN ¢
(s) s—1 B log + % Zp:( )

The sum over the zeros is positive. The I'-term is O(log(|t| + 2)).
Thus

_Re (g((;)) <Re (i) + g log(Jt] + 2).
O

6.5.9 Suppose that x is a primitive character (mod q) satisfying x* # Xo-
Show that there is a constant ¢ > 0 such that L(s, x) has no zero in the
region

c

o>1—— -
log(qt| +2)

We proceed as in the case of the (-function. We first observe that

L' (o, x0) L' (o +it, x) L' (o +it, x%)
32 DA YRe (T T} Re (A
L(a, x0) “\Llo+it,x) \Llo+ityd) ) = :

fort € Rand o > 1. (Here we are using x? # Yo, for otherwise, the
x? term above will present difficulties.)
Observe that

for 1 < o0 < 2 and some constant ¢; > 0. Also (with the notation of
Exercise 6.4.5),

w(§) (2 2)

. s—p P

and fora =0or 1,

Re (o)) = Jomt e me (e ) + v ().
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Thus,
()
_ %log%—i-Re (QFF,((?;D ~Re(B) — ) Re (sier;)'

By Exercise 6.4.6,
1
e ()

s p

and the I'-term is O(log(|t| 4+ 2)) by Exercise 6.3.17. Thus,
L'(s, x)
-R ’ 1 2) R
e(L(&X) < c2log(qlt| +2) Z e p—

This estimate holds for any primitive character x (mod ¢), real or

complex. Since
1
>
Re (5 — p) 20,

we can omit the series or any part of it in our estimations. Thus,

L'(s, x7)
—Re <L(5»X)> < c2log(qlt] + 2),

provided that x? is a primitive character (mod g). If x? is not primi-
tive, let x1 be the primitive character inducing x2. Then

‘L’(s, X3 L'(s,x1)
L(37X2) L(S7X1)

7]
w < Zlogp <logg.

plq plg

Thus, the penultimate estimate remains valid whether x? is primi-
tive or not. Hence, as before, we get (by choosing ¢ = v)

_Re (L’(J +it, x)

] t|+2) —
L(a+it,x))<62 ogq(|t| +2)

1
— B’
so that

4 3
— +eslogq([t] +2).
p Rl ogq([t| +2)
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Taking 0 = 1+ §/log ¢(|t| + 2) with ¢ sufficiently small gives
B <1—ca/logq(|t| +2)

as required. O

6.5.10 Show that the previous result remains valid when x is a nonreal
imprimitive character.

If x; induces Y, then the zeros of L(s, x) are the zeros of L(s, x1)
and the zeros of a finite number of factors of the form 1 — x1(p)p~*.
But the additional zeros are on the line o = 0. Thus, the result of Ex-
ercise 6.5.9 holds for all characters x (mod ¢) satisfying

x* # Xo- O

6.5 Supplementary Problems

6.6.1 Prove that I'(s) has poles only at s = 0, —1, ..., and that these are
simple, with
Res,—_I'(s) = (—1)*/k!.

By Exercise 6.3.9, we know that 1/I'(s) is entire and has simple
zeros at s = 0,—1,—2,.... By the Hadamard factorization of 1/I'(s)
(Exercise 6.3.12), these are the only zeros. Thus, the first part of the
question is established. For the second part, we need to calculate

lim (s+ k)I'(s).

But sI'(s) = I'(s + 1), so that

F()_F(s—Fl)_I‘(s—l—Q)_”__ [(s+ k)
Y T s T s+ T s (s+k—1)

by integration. Hence

) B (s+k)'(s+k)
sl—l}ljk<s + k)r(s) N sLHElk S(S + 1) cee (8 + k- 1)
I(s+k+1)

i
s—l>n—lks(s+1)---(s+k:—1)

= (=1)"/k.



380 6. Hadamard Products

6.6.2 Show that

1
e~ Ve = / z°T'(s)ds,

27 (0)
forany o > 1,and x > 1.

We first truncate the infinite line integral at R and use Stirling’s
formula (Exercise 6.3.15) to estimate it. Thus

1 o+100
/ x°T'(s)ds
21 Jotir

o

s 1

<<$U/ e 21772 t,
R

and the latter integrand is clearly e “* for some constant ¢ > 0.
A similar analysis applies to the range from o — iR to o — ico. Thus,

= 2°T'(s)ds = = T 2°T(s)ds + O (27e~F)
271 (o) 27 o—iR '
As usual, we move the line of integration to Re(s) = —N — 1, N a

positive integer. We pick up the residue at the poles of I'(s), namely

N

> (=DFa kR

k=0

The horizontal and vertical integrals are estimated easily using Stir-
ling’s formula. Indeed, the horizontal integral

1 [~(N+3H)+R
— 2°T'(s)ds
2mi o+iR
is bounded by O <x"N e gR) . A similar estimate holds for the other

horizontal integral. The vertical integral

1 —(N+1)+iR
- 2°T(s)ds
27 J_(N+1)—iR
is bounded by
N1 (B 1
<z 2/ I(—N — +it)‘dt.
R 2
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Using the functional equation sI'(s) = I'(s + 1), we find that on
repeated application of this

I'(—N —1/2+it) =

(=N =1 +it) - (=1 +it)’

so that
ID(5 +it)|
N!

By Stirling’s formula, |[T'(3 +it)| = O (e*%‘”) and we deduce

1 —(N+1)+iR 1
/ 2°T(s)ds| =0 | —— | .
NigN+z2

2mi —(N+1)—iR
We now choose R = N and let N — oo through the integers to
deduce

(=N —1/2+4it)] <

1 s _ - (_1)kx_k _ —1/z
% (U)flf F(S)ds—;]k' =e

as required. This could also be derived by Mellin inversion. O
6.6.3 Let f(s) = > o an/n® be an absolutely convergent Dirichlet series
in the half-plane Re(s) > 1. Show that

= 1
g ane M = — f(s)z°T(s)ds
n=1 )

21 (0'

forany o > 1.
We have

ﬁ o (Ti %)xSF(S)dS = ian;m, /(U) (%)SF(S)d&

the interchange being justified by absolute convergence of the term
on the left-hand side. By Exercise 6.6.2, the integral on the right-
hand side is e~"/%, which completes the proof. O

6.6.4 Prove that

0 2

sinz:zH (1—#).

n=1
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We have ,
—1z
. —e
sing = ———
2i ’

eZZ

so that
| sin z| < el

Since sin z is entire, the above estimate shows it has order 1. By
Hadamard’s factorization theorem,

sinz oA+Bz H (1 _ i)e—z/m’b7

z ™
nez

n#0

for some constants A, B. Combining the terms corresponding to £n
in the product gives

. o0 )
San:eA+BzH<1_ z )
z w2n?
n=1
Letting z — oo gives
1= eA,

so that A = 0. Also, sin(—z) = —sin z yields

so that €28% = (), forcing B = 0. Thus,

00 2
) z
smz:z”(l— 22),
TN
n=1

as desired. ]

6.6.5 Using the previous exercise, deduce that

2 o
=n 6
We have
: 2 4 00 2
sin z z z z
14+ _...= 1— =),
z 6+120 H( 7T2n2>
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Expanding the product on the right-hand side and comparing the
coefficient of z2 on both sides gives

1 =1
6 Z 22
n=1

as desired. O.







7

Explicit Formulas

7.1 Counting Zeros

7.1.1 Let L be the line joining 2 to 2 + iT and then 1 + iT. Show that

Aparg(s—1) = g —1—0(%).

We have

1 1
Aparg(s—1) =arg(iT — =) = T 4 arcsin <> .

2 2 V1 +4T?

Since .

lim sinz_ 1,

z—0 X
we have .

arcsin x
11m =
x—0 X

Thus,

arcsin | ——————= | = =,
14472 T

which proves the assertion.
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7.1.2 With L as in the previous exercise, show that

s/2

T
Apargm %% = —3 log 7.

We have

1 1
Apargm /% = AL(—itlogw) = —§Tlog7r.

7.1.3 With L as in the previous exercise, show that

s TG T T 3 1
ALargF(§+1) _510g§_§+§7r+0<f)'

By Stirling’s formula,

ALargI‘<§ + 1) = Imlogl“(% + %)

:Im{(§+%>log<g+%> —§—E+llog2ﬂ+0(%>}.

This is easily calculated to be

zIOZ—Z—F§ +0 z
9 %%y Ty gT T)

as required. O

7.1.4 Show that )
zp: TH (T =2~ O(logT),

where the sum is over the nontrivial zeros p = 3 + i~y of ((s).

By Exercise 6.5.3 we know that
C’(S)) ( ! 1)
—Re| 2= | <Alog|t|— » Re + -
(C(S) el zp: S=p p

for1 < o < 2and [t| > 2 with A an absolute constant. If we take
s = 2 + 1T in this formula, we deduce

1 1
ZRe( +> < AilogT
P p

s=p
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for some constant Aj, since |(’/¢] is bounded for Re(s) = 2. But

1\ 23 1
Re<s—p> RO LN R G

and
1
Re <> = %
p Ip|
Since
3 I
2 b
~ |l
we deduce

1
—— < AslogT
Ep: A+ (T —~)2 7208
for some constant As. Since
A+ (T -2 <4(1+(T-7)%),

the required result is now immediate. O

7.1.5 Let N (T') be the number of zeros of {(s) with 0 < Im(s) < T Show
that
N(T+1)— N(T)=0(ogT).

We must count zeros p = 3 + iy satisfying ' < v < T+ 1. Thus,
0 <~y —T < 1. From the previous exercise, the contribution of such
zeros to the sum is greater than or equal to 1/2. Hence, the estimate
now follows from the previous exercise. O

7.1.6 Let s = o + it with t unequal to an ordinate of a zero. Show that for
large |t| and —1 < o < 2,

o1
=Y —— + O(log [t
Zs_p+0(ogll),

where the dash on the summation is limited to those p for which |t—~| < 1.

)

From the formula

(s) 1 1 (s/2+1
) so1 PRl oGt Z(

p
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evaluated first at s = 0 + it and then at 2 + it and subtracting gives
¢'(s) 1 1

= — 1
¢(s) Zp: s—p 2+it—0p + Olog 1)

because of the estimate for the growth of the I'-term (see Exercise
6.3.17). Note that

1 1 ‘_ 2—0o < 3
s—p 2+it—p| |(s—p)2+it—p)| = [t—~*

so that the contribution of the zeros satisfying [t — y| > 1 is
3 6
> RSl iiioon
—_~2 = _ ~|27
o1 |t — | 1+t =]

and the latter sum is O(log|t|) by Exercise 7.1.4. Finally, in the re-
maining terms, |y — t| < 1, and we have

|24 it —p| >1

for such zeros. The number of such zeros is O(log |t|) by the previ-
ous exercise. Putting this all together gives the desired result. [

7.2 Explicit Formula for ¢ (x)

7.2.1 Show that if  is not a prime power and x > 1, then

1 c+iR CI(S) 5

% c—iR C(S) S

U(z) =

n

S A () min(1 B log &1
+O(n§:1:A(n)( ) min(1, R~ |log | )).
Since x is not a prime power,

i) = imw(jﬁ).

n=1

By Theorem 4.1.4, the result is now immediate. O
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7.2.2 Prove that if = is not an integer, then
-1
’logf‘ = ( logm>
) n |||
§$<n<2x

where ||x|| denotes the distance of x to the nearest integer.

Let z; be the largest integer less than z. Split the sum into two
parts: 3z < n < z and x < n < 2z. Writing n = 21 — v, we have

logleogﬂ:—log <1_v) > 2
n n

I T
Thus,
1
1 f‘ <y 1
) og < Z » O(zlogx).
7ac<n<ac1 -

For n = 1, we have

1 T T

The analysis for the range x < n < 2z is similar. Putting this all
together gives the stated result. O

7.2.3 By choosing c =1 + @ in the penultimate exercise, deduce that

g L o (M)

. 1 . e .
if x — 5 is a positive integer.

By Exercise 7.2.1, we must estimate

e ——
1

with ¢ = 1 + 1/logz. Indeed, if n < 3z, orn > 2z, [log 2|71 is
bounded, and the contribution of such terms is

x
R
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By partial summation

C<</7’Z) < log
n

by an application of Chebyshev’s estimate for ¢)(x). Thus, the con-
tribution from the terms n < {z orn > 2z is

O(:Ul;ggﬁ)

For 5 < n < 2z, we apply Exercise 7.2.2 and observe that in this
range z/n is bounded. Since ||z|| = 3, we find that the contribution

from n in this range is
zlog?
0
(%)
where we have used A(n) < log 2z for n < 2z. O

7.2.4 Let C be the rectangle with vertices c—iR, c+iR, —U+iR, —U —iR,
where ¢ =1+ 1/logx and U is an odd positive z'nteger. Show that

n=1

1 C ( ) / l,me
2mi ((s) s Z res ﬂ Z 2m '

¢ <R 0<2m<U

where we are writing the nontrivial zeros of ((s) as p = B+ iy. (R is
chosen so that it is not the ordinate of any zero of ((s).)

By Cauchy’s theorem, we need to compute the residue of the in-
tegrand whenever a pole occurs. Since ((s) has zeros at s = —2m
with m > 0, in addition to its nontrivial zeros, we must compute
the residue of the integrand there. By Exercise 6.5.3 and the partial
fraction expansion for

I’ (g + 1)

2r(3+1)

we see that —(’(s)/((s) has a simple pole at s = —2m with residue
—1. Thus, the residue of the integrand above is 272%™ /2m when s =
—2m. The contribution of the remaining singularities is clear. O

7.2.5 Recall that the number of zeros p = 3 + 7y satisfying |y — R| < 1
is O(log R). Show that we can ensure |y — R| > (log R) ™! by varying R
by a bounded amount.
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Consider the zeros p = 3 + iy satisfying R — 1 < v < R+ 1.
The number of such zeros is O(log R). We subdivide the interval
[R — 1, R + 1] into equal parts of length ¢/ log R for some constant
c. The number of parts is O(log R), and we now choose ¢ such that
the number of parts exceeds the number of zeros. By the pigeonhole
principle, there is a part that contains no zero. Thus for R; lying in
such a part, we must have |R;—~| > (log R;)~!. Since R,— R = O(1),
we have proved the desired result. O

7.2.6 Let U be a positive odd number. Prove that

IC'(s)/¢(s)] < (log2s])

for —=U < o < —1, provided that we exclude circles of a fixed positive
radius around the trivial zeros s = —2,—4, ... of ((s).

The functional equation in its asymmetric form is

C(1—ys)= 21*57r75<cos ?)F(S)C(S).

The logarithmic derivative of the right-hand side is

1 ws  I'(s) ('(s)
—log2m — —mtan — .
og 2w 27r an 5 + T(s) + ()
We need to estimate this for 0 > 2. The tangent term is bounded if
|s — (2m + 1)| > r for some fixed r. The second term is O(log]|s|)
by Stirling’s formula and therefore O(log 2|1 — s|) if ¢ > 2. The last
term is bounded in the region. This completes the proof. O

7.2.7 In Exercise 7.2.4, letting U — oo along the odd numbers and R — oo
appropriately (that is, as in Exercise 7.2.5) prove that

w(x):x_zﬁ—gl(())+110g(1—l‘_2),

p C0) 2

whenever x is half more than an integer.
By Exercise 7.2.3,

1 R () 2t rlog?
=5 [ s w0 (FR0)

We replace the vertical line segment by the contour C and take into
account the contribution of the residues:
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p ! —2m 1 2
TEED DEANLC NI g —IR—IU+O<“}§$>,

[v|<R p C(O) 0<2m<U

where Ir denotes the two horizontal integrals in the contour C and
Iy denotes the vertical integral along Re(s) = —U. By Exercise 7.1.6
we have

¢'(s) 1
= + O(log R),
¢(s) g §=p
where the dash on the summation means |[R—v| < land —1 <o <2.
With R chosen as in the previous exercise, we can arrange
Iy — R| > (logR)™".
The number of zeros in the summation is O(log R). Thus,
¢'(s)
¢(s)
for —1 < o < 2. Thus the contribution to the horizontal integral I
for this range of o is

< (log2 R) /

-1

= O(log” R)

Cc

—ds| K
s

x® ’ zlog? R

Rlogzx
In the range 0 < —1, we use Exercise 7.2.6 to get

zlog? R log2R [~}

I 7d
< Rlogz R |y v
which is
0 <xlog2R> ‘
Rlogzx
The vertical integral is
log2U [ 1
Iy <« °8 U/ x Vdt < Roig;].
—-R Uzx

We first let U — oo along odd positive integers to obtain

B o C0)
Vo) = w - D )

[vI<R

1
+ 5 log(1 - z7?)

zlog?z xzlog’R
(@) :
* < R * Rlogz
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Now let R — oo appropriately (as in Exercise 7.2.5) to deduce the
result. O
7.2.9 Assuming the Riemann hypothesis, show that

Y(x)=xz+0 <x1/2 log? a:)
as T — oo.
Again, by Exercise 7.2.7, we have

£p+0 <xlog2m x log? R)

Ylz) == - R + Rlogzx

[vI<R

The Riemann hypothesis says that p = § + i7. Thus, the sum over

the zeros is
O <x1/2 log? R) .

Choosing R = \/x gives the desired result. 0
7.2.10 Show that if

Y(x)=x+0 <x1/2 log? :c)

then ((s) has no zeros for Re(s) > 1/2.
By partial summation

) /°° b (w)da

C(S) prstl

Inserting the estimate for ¢(x) into the integral gives an analytic
continuation of —(’(s)/((s) for Re(s) > 1/2 apart from a simple
pole at s = 1. This means that {(s) has no zeros for Re(s) > 1/2, as
required. (The same deduction can be made from the weaker esti-
mate of O(z'/2+¢) for any € > 0, for the error term.) O

7.3 Supplementary Problems

7.4.1 Using the method of Exercise 6.5.3, prove that for 1 < o < 2, |t| > 2,

e () <o 1)
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where Aj is an absolute constant, and the summation is over all zeros p
of L(s, x), and x is a primitive Dirichlet character (mod ¢). (Of course,
s = o +it, as usual.)

This is essentially contained in the solution to Exercise 6.5.9.

7.4.2 Let x be a primitive Dirichlet character (mod q). If p = [ + i~y runs
through the nontrivial zeros of L(s, x), then show that for any real t,

1
; TH =)~ O(log q([t] +2)).

We take s = 2+it in the previous exercise. Since | L'/ L| is bounded
for such s, we obtain

ZRe(S i p) < Aslog g([t] + 2).
p

Now,

I 2 1
Re(s—p> R R T i e vy

and this last quantity is greater than or equal to (1 + (t — v)?)
from which the result follows. 0.

-1

7.4.3 With x a primitive character (mod q) and t not coinciding with the
ordinate of a zero, show that for —3/2 < o < 5/2, [t| > 2,

r o1
f(&X) = ; s—p + O(log q([t| +2)),

where the dash on the sum is over p = [3 + iy for which |t — | < 1.
The method is essentially the same as Exercise 7.1.6. O

7.4.4 Let x be a primitive Dirichlet character (mod q). Let N (T, x) be the
number of zeros of L(s, x) in the rectangle 0 < o < 1, |t| < T. Show that

T ¢ T
N(T,x) = ;log% ~ 9 + O(log ¢qT)

forT > 2.
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We follow the method of Theorem 7.1.7. Let R be the rectangle
with vertices

5 5 3 3

5 — T, §+iT, —§+iT, —3 —iT.
(This rectangle is slightly larger than the one used for ((s) so as to
include a possible zero at s = —1.)

This rectangle contains at most one trivial zero of L(s, x), either
at s = 0 or s = —1. Therefore,
QF(N(T7 X) + 1) = AR arg£(57 X)
By the functional equation (Theorem 5.4.1),
arg{(o +it,x) =argé(l —o —it,x) + ¢

for some constant independent of s. Therefore, the contribution of
the left half of the contour is equal to that of the right half. Clearly,

s+a

Aargf( >:Tlogg—T—&—O(1),

where a = 0 or 1 according as x(—1) is 1 or —1, and A is the half
contour from % — 14T to g — 1T, then to g + 4T, and then to % + 4T
We add these two variations and then double the result. It remains
to consider

21S(t, x) = AL(s, x).

Since log L(s, x) is bounded on Res = 5/2, it suffices to consider the
variation along the horizontal segments from 1/2 — i7" to 5/2 — T,
and from 5/2 + iT to 1/2 + ¢T. By Exercise 7.4.3, this reduces to
calculating A arg(s — p) along the line segments. But this variation
is at most m, and we get

S(t, x) = O(log q([t] + 2)).
This gives the desired formula for N (7', x). O

7.4.5 Let x be a primitive Dirichlet character (mod q). If = is not a prime
power and x(—1) = —1, derive the explicit formula

Pz, x) = Z x(n)A(n)
i xf  L'(0,%) =, glo2m
_Zp:_ L(0, x) + Zl2m—1’
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where the first sum on the right hand side is over the nontrivial zeros of
L(s, x)-

This follows easily by the method used in Exercise 7.2.7 where
we replace ('(s)/¢(s) by L'(s, x)/L(s, x)- O
7.4.6 Let x be a primitive Dirichlet character (mod q). If x is not a prime
power and x(—1) = 1, derive the explicit formula

aP 1 _
b, x) ==Y — ~loge —b(0) ~ 3log(1 ~a %),
p

where b(x) = lims_ (% — %), and the sum on the right-hand side
is over the nontrivial zeros of L(s, x).

This again follows mutatis mutandis from the method of Exercise
7.2.7. However, the only difference is that now L(s, x) has a simple
zero at s = 0, and so

L’(s’x) :é—i—b(x)—i—-u

Since

z® 1

— =—+4logx+---,

S S
the residue of —L'(s, x)z*/sL(s,x) at s = 0is —(logz + b(x)). The
trivial zeros contribute

X .—2m
T 1 9
E 5 :—§log(1—x )

m=1

O
7.4.7 Let x be a primitive Dirichlet character (mod q) and set a = 0 or 1
according as x(—1) = 1 or —1. If x — 1/2 is a positive integer, show that

2P
d(z,x) = = ) = —(1—a)(logz+b(x))
p
<R
>, gom zlog? qzR
+mz:1 2m —a © < R ) ’

where the first summation is over zeros p = [3+1ivy and R is chosen greater
than or equal to 2 so as not to coincide with the ordinate of any zero of

L(s, x).
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We follow the method of Exercises 7.2.3, 7.2.4 and 7.2.7. The only
difference is that we must use the estimate

L'(oc+iR,x)

= O(log?
L(o + iR, y) O(log” gR),

valid for —1 < o < 2, which is easily deduced from Exercises 7.4.2
and 7.4.3. For ¢ < 1, we must use the estimate

provided that we exclude circles of radius 1/2 around the trivial
zeros. The latter estimate comes from logarithmic differentiation of
the functional equation in its asymmetric form:

L(1—s,x) = w(x)2" " a~5¢ /2 (cos %’/T(S - a)) I'(s)L(s, X)

(see Exercises 8.2.13 and 8.2.15), where |w(x)| = 1. The result is now
derived as in Exercise 7.2.4. O

7.4.8 If we assume that all the nontrivial zeros of L(s, x) lie on Re(s) =
1/2 (the generalized Riemann hypothesis), prove that

Pz, x) =0 (x1/2 log? qx) .

We choose R = 2'/2 in the previous exercise. We need to estimate

Zi

iz I

as well as b(x). By partial summation and Exercise 7.4.4, we obtain

Z |1| = O(log? q).

ly|<zl/2

As for b(x), this appears only if x(—1) = —1. In that case, we have
from Exercise 6.4.5 that

L) 1, 4 T2 e
Ls) ~ 2% 2r<s/2>+B(X”¥<s—p+p)‘
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Replacing s by 2 and subtracting gives us

L'(s,x) _ T7(s/2) 1 1
Ls,v)  20(s/2) +§p:(s_p 5 p)+0( ),

so that

) =-% (1 +2%) +O(1).
P

In this sum, the terms with |y| > 1 are easily handled:

Z Z Iy |2 = O(logq)

>1 h>1

]

by Exercise 7.4.2. For |y| < 1, we observe that |2 — p| > |2 — p|?, so
that

b(x) = O(log q) Z =
<1 ?
The number of zeros in the sum is O(log q) by Exercise 7.4.4, and for
each p we have |p| > 1, from which the result follows. O
7.4.9 Let

baqa)= Y Aln).

n<x
n=a(mod q)

Show that the generalized Riemann hypothesis implies

U(z,q,a) = % +0 (x1/2 log? qa:)

when (a,q) = 1.
We have

1

For x = xo, the trivial character, we have
(@, x0) = 2 + O(z'/?log” )

by Exercise 7.2.9. For x # xo, we have ¢)(z, x) = O (xl/Q log? q;v) by
the previous exercise, from which the desired result follows. O
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7.4.10 Assuming the generalized Riemann hypothesis, show that there is
always aprime p < ¢* log* ¢ satisfying p = a (mod q) whenever (a, q) = 1.
By Exercise 7.4.9, we have

x

v ga) = ¢(q)

+0 ($1/2 log? qa:) .

Putting = Aq®log® ¢ for an appropriate constant A gives us the
required result. O

7.4.11 Show that if q is prime, then

¢(g—1) p(d) Q) — 1 if a hasorder g —1
qg—1 d|z_:1‘P ZX() {

(d) 0 otherwise.
o(x)=d

where the inner sum is over characters x (mod q) whose order is d.
Let f(a) = 1if a is a primitive root and 0 otherwise. Let g be a
primitive root (mod ¢) and set

T(gj) = e2mj/q_1, 1<j<q—1.

Then T is a multiplicative character (mod ¢) and all multiplicative
characters mod ¢ can be written as Tk for some k, 1 < k < q—1.
Now write

fla) =" f)x(a).
X
By orthogonality, we see that

. 1 g

ky _ 2mijk/q—1

f(T)_q—l 2 e?makia—t,
(4,9—1)=1

The right hand side is a Ramanujan sum and by Exercise 1.1.14 is

easily evaluated as

olq— 1)#(%)
(a- Do)

If we write d = (¢ — 1,k), then d|q — 1. Moreover, T* has order
(¢ — 1)/d. As d ranges over the divisors of ¢ — 1, so does (¢ — 1)/d,
and the result is now clear. O
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7.4.12 Let q be prime and assume the generalized Riemann hypothesis. For
q sufficiently large, show that there is always a prime p < q such that p is
a primitive root (mod q).

By the previous exercise, we have that
q—1 d
S051—1) 2 ZEd; 2 v
dlg—1 o(x)=d
is the number of prime powers p/ weighted by log p such that p’ is

a primitive root (mod ¢). The leading term (corresponding to d = 1)
gives

plg—1)
q_ilﬁb(x)

For x # xo, we use Exercise 7.4.8 to deduce that the contribution is

O (S()E]q__ll)d(q— 1)z'/?log? qar),

where d(q — 1) is the number of divisors of ¢ — 1, since the number
of characters of order d is p(d).

Since ¢(z) =z + O (:1;1/2 log? z) , we see that for = = ¢, the main
term is larger than the error term, for ¢ sufficiently large. Moreover,
if p/ < g is a primitive root, sois p < ¢. 0

7.4.13 Let q be a prime. Show that the smallest primitive root (mod q)
is O(2"(9= /2 log q), where v(q — 1) is the number of distinct prime
factors of ¢ — 1.

By Exercise 7.4.11, the number of primitive roots (mod ¢) that are
less than x is

( —1) —1) p(d)
Squ—l qq—l Z o(d) Z (ZX(@)'

dlq 1 a<z

By the Pdlya - Vinogradov inequality (Exercise 5.5.6) we find that
the innermost sum is O (¢*/?log ¢) . Thus, the number of primitive
roots less than z is

p(g—1) v(g—1),1/2
1 <a:—|—O(2 q logq)),

which is positive if = 3> 2/(971) /2 log ¢. This completes the proof.
O
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7.4.14 Let q be a prime and assume the generalized Riemann hypothe-
sis. Show that there is always a prime-power primitive root satisfying the
bound O (4V9~Vlog* q).

We examine the solution of Exercise 7.4.12, where we showed
that the number of prime-power primitive roots is

¢(g—1) v(g—1) ,1/2
1 (:1:—1—0(2 q logq)>.
A little reflection shows that d(¢ — 1) can be replaced by 2(4=1).

Setting 2 = C4¥(4=1 log? ¢ for a sufficiently large constant gives us
the desired result. O

7.4.15 Let q be prime and assume the generalized Riemann hypothesis.
Show that the least quadratic nonresidue (mod q) is O (log* q).

Since
a 2 if a is a nonresidue,
- (2)-
q 0 otherwise,
we see that ,
1 P’
3 3 (1 () oer
pl<z
equals
w(zx) +O(z'/*1og? qu)

under the stated hypothesis. If x = C log* ¢ for a sufficiently large ¢,
the result is now clear. O

7.4.16 Let q be prime and assume the generalized Riemann hypothesis.
Show that the least prime quadratic residue (mod q) is O(log® q).

This is clear from the method of the previous exercise. O
7.4.17 Prove that for n > 1,

lim 1 Z nP:_M’

T—o0 ™
[vI<T

where the summation is over zeros p = (3 + iy, 8 € R, of the Riemann
zeta function.
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Let R denote the rectangle oriented counterclockwise with ver-
tices 3/2 —iT, 3/2 +iT, —1/2 +14T, —1/2 —iT. Clearly,

nSds — p_
27r’LR( ds = Zn

where p runs over zeros of ((s) inside the rectangle. Let I3,...,14
be the four parts of the integral relative to the sides of R starting
with the vertical one in the half-plane Re(s) > 1 and proceeding
counterclockwise. Moreover, we have chosen T such that

/

—Cc(a +it) = Olog? 1)

uniformly in —2 < ¢ < 3, which we can do as in the solution of
Exercise 7.2.7. Thus,

Lo Z ( )3/2+ztdt

= —Tam+o( Y A(m)(;)g/QW).

m=1

m#n

Splitting the summation into the ranges
m<n/2, n/2<m<2n, m>2n

and handling these sums as in Exercises 7.2.2 and 7.2.3 gives an
estimate of O (n?/2) for the error term above. By using the estimate
of O (log? T) for the integrand, we deduce that

L, I, < n3/2 log2 T.

Finally, for I3, we use the functional equation to relate ¢'/¢(—1/2 +
it) to ¢’ /¢(3/2 — it). The T-factor gives rise to a term of the form

O(logT)
by Stirling’s formula, and after integrating we get that
Iz < n3/? log? T.

Thus, the result is now clear. O
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The Selberg Class

8.1 The Phragmén - Lindel6f Theorem

8.1.1 Let f(z) be an analytic function, reqular in a region R and on the
boundary OR, which we assume to be a simple closed contour. If | f(z)| <

M on OR, show that |f(z)| < M forall z € R.

If z € R, then by Cauchy’s theorem,

1 " (w)dw
fn(z) — T L’
i Jop W — 2
so that
()] < KM",
where

K:l/ | dw |
2 Joplw — 2

Taking nth roots and letting n — oo gives the result.

]

8.1.2 (The maximum modulus principle) If f is as in the previous ex-
ercise, show that |f(z)| < M for all interior points z € R, unless f is

constant.
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If zp is an integer point, consider the Laurent expansion of f about

20-
o0
f <zo + rew) = Z anre™.

n=0

Parseval’s formula yields that

1 2

f (zo + rew) ‘2 do = i |an |72
n=0

21 Jy

If zp is an interior point where the maximum is attained, we have
|agp| = M and

M = |ao|* < |ao|* + |a1[*r® + -+ < |f(20)]* = 1,

so that we are forced to have a; = as = --- = 0 and f is constant. [

8.1.5 Show that for any entire function F' € S, we have
F(s) =0 (t")

for some A > 0, in the region 0 < Re(s) < 1.

This is an immediate consequence of the functional equation and
Stirling’s formula. Indeed, F'(s) isbounded on Re(s)=2. By the func-
tional equation and Stirling’s formula, it has polynomial growth on
Re(s) = —1. By the Phragmén - Lindelof theorem, it has polynomial
growth in the region —1 < Re(s) < 2. O

8.2 Basic Properties
8.2.4 Show that
deg [ F5 = deg Fy + deg Fb.

Since
NF1F2(T) = NFl(T) + NF2<T)7

the result is immediate from Theorem 8.2.1.

8.2.5If F' € S has degree 1, show that it is primitive.
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If F'is not primitive, we can write F' = F1 Fy with F1 # 1, Fy # 1.
But then, deg F' = deg F} +deg F5, and by Theorem 8.2.3 and Lemma
8.2.2, deg F1 > 1 and deg F» > 1 so that deg F' > 2, a contradiction.
[Observe that the proof shows that any F' € S of degree less than 2
is primitive.]

]
8.2.6 Show that any F' € S, F # 1, can be written as a product of primi-
tive functions.

We first show that every F' € S is divisible by a primitive func-
tion. If F' is not primitive, we write F' = F1G; with F; # 1 and
G1 # 1. Since deg 7 < deg F', we either have F} primitive or not.
If not, factor F; = F»G9 and in this way we get deg F» < deg Fy. In
fact, we have

0<degFi < degl —1,

0<degFr < deglj)—1<degF —2,

and so on. This cannot go on ad infinitum. Thus, any function F' € S
has a primitive factor, F (say). Write F' = F1G; and now proceed
to decompose G. Since the degree of each factor is strictly less than
deg F', the process terminates. O

8.2.7 Show that the Riemann zeta function is a primitive function.
((s) has degree 1 by Theorem 5.2.2. Now apply Exercise 8.2.5. [

8.2.8 If x is a primitive character (mod q) show that L(s, x) is a primitive
function of S.

By Theorem 5.4.1 and Exercise 5.4.5 we see that L(s, x) extends
to an entire function and has degree 1. O

8.29If F € S, show that |a,| < c(e)n implies that

by | < c(e)(2F — 1)p*/k.

We have

F(s)=)_

n=1

SIE

:E[exp(g;;r;)

1
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so that

We deduce that

anlogn = Z jbpj (IOgP)an/pj :

pIn
Setting n = p* yields
k—1
kb, log p = kak logp — Zjbpj (log p)ak—;-
j=1

We now induct on k. For £ = 1, we have a, = b, and the result is
clear.

Assume that the inequality has been proved for exponents less
than or equal to £ — 1. Then

kbl < e(e)kp™ + Y jlbylc(e)p e

IN
Q
—~
)}
~—r
=
=
o™
oy
_I_
5
NS}
<.
|
—
~—

VAN
Q
—~
[}
SN—
iS
x
a
/N
[\)
B
|
[a—

as desired. O

8.2.10 Prove the asymmetric form of the functional equation for {(s):

C(1—5) =257 <Cos %) T(s)C(5).

We recall that T'(s) satisfies
I'(s)I'(1 —s) = w/sinws,

by Exercise 6.3.9 and the Legendre duplication formula (Exercise
6.3.6):

D(2s)y/ = 227 T(9)r (5 + %)
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Combining these two facts gives
(3)
1—
o)

By the functional equation for ((s), we may write

= n~1/291-s < cos %S) I'(s).

_g) = gl/2—s I'(s/2) s
(1) GRS

by Theorem 5.2.2. Putting these together gives the result.
8.2.11 Show that for k € N,

IC(~k)| < Ckl/(2m)F

for some absolute constant C.

By the previous exercise,

IC(—Fk)| = ‘Qkﬂ'kl cos <(k +21)7r)
Since limg_,o0 ((k + 1) = 1, we get
[C(=h)| < CRY/(2m)"

as required.

8.2.12 Show that

o0

—nr __ _—1 G C(_k)(_‘r)k
S e =gty Y SERET
n=1 k=0
Deduce that for k = 2,3, ...

(1 —k) =—B/k

) T(k+1)C(k + 1)] .

407

and ((0) = —1/2, where By, denotes the kth Bernoulli number. med-
skip We specialize the proof of Theorem 8.2.3 to the case of the (-

function:
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By Exercise 8.2.11, the power series on the right-hand side con-
verges for |z| < 2m. The left-hand side is a geometric series that
is easily summed to be

By Exercise 2.1.7,

so that

We may compare coefficients of the two power series to deduce that
(—D*'C(1 — k) = By/k.

For k odd, k£ > 3, By = 0 by Exercise 2.1.8. Hence the formula is
clear for k odd > 3. For k even, we obtain

¢(1 = k) = —By/k.

For k = 1, we have ((0) = By = 1/2, and we recover the result of
Exercise 5.2.4. ]

8.2.13 Let x beaprimitive Dirichlet character (mod q) satisfying x(—1) = 1.
Prove that

L(1—s%) = \/zqm(%)w_s(cos ) r(s) L5, X),

)\ ¢
where 7(x) denotes the Gauss sum.

By the functional equation (Theorem 5.4.1), we have

1/2

L(1—s,X) = Tq(X)(Dl/H F<%>
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As in the solution to Exercise 8.2.10, we have

r(s)

= g 1/291=s ( cos ?) I'(s),
from which the result is easily deduced. O

8.2.14 Let x be a primitive character (mod q) satisfying x(—1) = 1. Show
that for k € N,
|L(=k, X)| < Ck!(q/2m)*

for some constant C' = O(,/q).

We proceed as in Exercise 8.2.11, except that we use the previous
exercise instead of Exercise 8.2.10. O

8.2.15 Let x be a primitive Dirichlet character (mod q) satisfying x(—1)=
— 1. Show that

L(1-s7) = —(271')_1/22;1(1)5 (T)l/Qs(sin g)F(s +1)L(s, x).

This again uses the method of Exercise 8.2.10. By Exercise 5.4.5,
we have

iq"? /7 1/2,51“(%)
00 (3) r(—;)L

L(1_37Y): q

By the formula

= g 1/291-s ( cos %S> I'(s)

(derived in the solution to Exercise 8.2.10) we obtain the desired
result. O

8.2.16 Let x be a primitive Dirichlet character (mod q) satisfying x(—1)=
— 1. Show that for k € N,

|L(—k,x)| < Ck +1)(g/2m)"

for some constant C' = O(,/q).



410 8. The Selberg Class

We proceed as in Exercises 8.2.14 and 8.2.11, except that we use

the previous exercise to derive the estimate. O
8.2.17 Prove that
[e.9] o0
- L(=k,x) (=)
nr __ Y
> yimee = 3 Uk
n=1 k=0

Deduce that for n > 1,
L(1 —n,x) = —Bny/n,
where .
a
Buy=¢""") x(a)Bu(-),
X > (o) (%)
with By, (x) denoting the nth Bernoulli polynomial.

From the proof of Theorem 8.2.3, the derivation of the formula

= - — L(—k, x)(—z)"
(e = 3 S
;X ;;) !

is clear. The left-hand side can be simplified as follows.

o)

Sxme™ = 3 ) Y e
n=1 b(mod q) n=b(mod q)

(e}

— i x(b) ( Z 6—(qr+b)$)

b=1 r=0

Now, by Exercise 2.1.7,

b ()t e
Z 7!

Cet—1°
=0

<3

Thus,
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can be expanded as

rflxrfl

>ou(i-)

When we insert this in the above formula, we obtain

(o] o0 q .
n _ by (gz)"”"
Do xme™ =37 (Do (1- )
n=1 r=0 b=1
(notice that for » = 0, bp(x) = 1), and since
q
> x(b) =0,
b=1
the polar term disappears. We deduce
o' b
Dm0 =3 X (1- )
Recall that B,,(x) = b, ({z}) and that
B,(1—2)=(-1)"Byu(x)
(see Exercise 2.5.22), from which the stated result follows. O

8.3 Selberg’s Conjectures

8.3.1 Assuming (a) and (b), prove that any function F' € S can be factored
uniquely as a product of primitive functions.

Suppose
F=F&...Fr

is a factorization of F' into distinct primitive functions F; and
_f f
F=aGl"...agf

is another factorization of F into distinct primitive functions Gi.
Then
r— [
Fo ... For =G ...qf
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and we may suppose, without loss of generality, that no F; is a G;.
Comparing the pth coefficient of both sides of the above equation,

we deduce
Z eiap(F, Z fiap(G

Multiplying both sides of the equation by a,,(F}), dividing by p, and
then summing over p < x gives us

erloglogz 4+ O(1) = O(1),
assuming (a) and (b). Thus, e; = 0, a contradiction. This proves the

unique factorization. O

8.3.2 Suppose F,G € S and a,(F) = a,(G) for all but finitely many
primes p. Assuming (a) and (b), prove that F' = G.
Let us write

F=F - Fr
G g Flfl P F7-f7'
where Fi,. .., F, are distinct primitive functions and e;, f; are non-

negative integers. We want to show that e; = f; for all i. Without
loss of generality, suppose e; # fi. Then, since

we have

Z eiap(F; Z fiap(F,

for all but finitely many primes p. Multiplying both sides of the
equation by a,(F1), dividing by p, and then summing over p < z
gives

QB (Z >p<F1>)

p<lz 1>2 p<lzx

2 Va
py AR 5 (Z ) p<F1>)

p<z 122 p<zT
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Assuming (a) and (b) gives
erloglogz + O(1) = f1loglogz + O(1),

whence e; = f1, a contradiction. Thus, e; = f;, for all i and we have
F=q@G. O

833 IfF(s) =Y 2 apn % and o = Re(s) > o,(F), the abscissa of

n=1
absolute convergence of F', then prove that

Thm 57 / F(o +it)y " dt =
- -T 0 otherwise,

for any real y.
We have

1 T . ya T o a Y it
— F it ”“tdt:/ ( —"(—) )dt.
o7 | Tl ity o |, nz::lnv n

Interchanging the summation and integration, which is justified
by absolute convergence of the Dirichlet series, we obtain that the

above is Tlog(y/n)
sin T log(y/n
~at s S (et )

with the a, term occurring only if y is a natural number. The series

is easily seen to converge absolutely if n > 2y or n < y/2. The
intermediate range is a finite sum, and so as 7' — oo, the summation
in the penultimate step goes to zero as required. This completes the
proof. O

8.3.4 Prove that

2, ~f/a -
1 yods a~fy P logy if y>1,

271 (C)(as+ﬁ) 0 if 0<y<l1,

forc>0and o, 3 > 0.
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First, suppose y > 1. We apply contour integration as in Exercise
4.1.6. Let (g be the contour described by the line segment joining
¢ — iR to ¢ + iR and the semicircle Si of radius R centered at ¢
enclosing — /. Then, by Cauchy’s theorem

1 yods y® 9 _
— —~——— = Res,._ —_— = Bley .
2T Cn (as + /3)2 €S5=—03/a (OzS + 5)2 a Yy ogvy
Thus,
1 c+iR sd 1 sd
y as _yas oFQy*B/a log y.

2mi Join (as+ B " 2mi Jg, (as+ B)?

The second integral satisfies

1 3m/2
/ / Rcosgodso
27i Jg, (as + ﬁ ’

and the latter integral is easily seen to be bounded (see Exercise
4.1.1). Thus, as R — oo, the integral goes to zero.

If now 0 < y < 1, then we choose the contour Dy (as in Exercise
4.1.2) described by the line segment joining ¢ — iR to ¢ + iR and the
semicircle Sg to the right of the line segment of radius R, centered
at c and not enclosing s = —f3/a. By Cauchy’s theorem,

1 yods

L ——
2mi Jp,, (s + 3)?

O

We now proceed exactly as above.

8.3.5 Let f(s) be a meromorphic function on C, analytic for Re(s) > 3
and nonvanishing there. Suppose that log f(s) is a Dirichlet series and
that f(s) satisfies the functional equation

H(s) =wH(1 - s),
where w is a complex number of absolute value 1, and

14, D(eus + 535)
H?il T(~vis + 6;)

with certain A, «;, v; > 0 and Re(5;), Re(d;) > 0. Show that f(s) is
constant.

H(s) = A® f(s)
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Since f(s) is analytic in Re(s) > 1, and the T-function does not
have any poles in Re(s) > 0, we see immediately that H(s) is ana-
lytic and nonvanishing (since f is) in the region Re(s) > 1/2. By the
functional equation, the same is true for Re(s) < 1/2. Thus H(s) is
entire. By Stirling’s formula and the functional equation, we see that
H (s)is of order 1. Since H (s) has no zeros, it follows by Hadamard’s
theorem that H(s) = e***? for some constants a and b. Hence

f'(s)
f(s)

is a Dirichlet series (since log f(s) is). The derivative of this is again
a Dirichlet series. Since

d (T — 1
i (70) =2 e
m=
then by Exercise 8.3.4 we deduce

1 f'(s) _
210 J () ds (f( ))ydy_O(l)

for any y > 1. By Exercise 8.3.3, this means that every coefficient of

a <f’(8)>

ds \ f(s)
is zero. Since f’(s)/f(s) is a Dirichlet series, this means that f(s)/
f(s) = 0. Hence f(s) is a constant. O

8.3.6 Let F,G € S. Suppose a,(F) = a,(G), a,2(F) = a,2(G) for all
but finitely many primes p. Show that F = G.

Set
s) =[] Fo(s)/Gpls)

Since log Fj,(s) is an absolutely convergent Dirichlet series for
Re(s) > 0,wededucethat F},(s)is absolutely convergentforRe(s) > 6
and is nonvanishing there. Since 6 < 1/2, this holds for Re(s) > 1/2.
Since a,(F') = a,(G) and a2 (F) = a,2(G) for all but finitely many
primes p, we can factor

(1 L aF) ap2<F>)‘1

ps p2s

d2

/ P/
a—logA—i—Z (7vis + 0i). ZF(O@S—F@')O@

i=1

P P
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from the numerator and denominator of F),(s)/a,(s) and write
f(s) =159,
P

where each f,(s) is absolutely convergent for Re(s) > 1/2 and non-
vanishing there. Thus, f(s) satisfies the conditions of Exercise 8.3.5.
Hence f(s) is constant, and that constant must be 1, since

lim f,(s) =1
S§—00
and consequently lims_., f(s) = 1. Therefore, F' = G. O

8.3.7 Assume Selberg’s conjectures (a) and (b). If F' € S has a pole of order
moat s =1, show that F(s)/((s)™ is entire.

If G is a primitive function that has a pole at s = 1, then

ap(G)
2.7y

p<z

is unbounded as x — oo. If G # ¢, by (b) we have

Z ap(G) — Z ap(G;ap(C) — o(1),

p<z b p<z
a contradiction. Thus, the only primitive function with a pole at s =
1 is the Riemann zeta function. By Exercise 8.3.1, {(s) must appear
in the unique factorization of F as a product of primitive functions.
g

8.3.8 Assume Selberg’s conjectures (a) and (b). Show that for any F € S,
there are no zeros on Re(s) = 1.

By Exercise 8.3.1, it suffices to prove this for primitive functions
F. For the primitive function ((s), this is true by Exercise 3.2.5. So
we may suppose F' # (. By Exercise 8.3.7, we may also suppose
F(s) has no pole at s = 1 and that it extends to an entire function.
For any t € R, we can conclude that G(s) = F(s + it) is again
primitive. By conjecture (b),

Z ap(G;ap(C) —o()

p<z
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as x — oo. This means that

> @) —on)

p<z

for all ¢ € R. Hence, F'(s) has no zeros on Re(s) = 1. O

8.4 Supplementary Problems
8.4.1 Verify that the primitive functions ((s), and L(s, x), where x is a
primitive character (mod q), satisfy Selberg’s conjectures (a) and (b).

To verify (a) for ((s), we apply Exercise 3.1.8. This also verifies (a)
for all L(s, x). To verify (b), notice that

Z M Z anogn oQ)

p<x

follows easily by partial summation.

Now,
n)lo n
P x(mlogn iy v

n<z

and hence is O(1). On the other hand, we can write log n= 73, A(d),
o ()1 (@A) [ x(0)
x(n)logn X x(e
Z n B Z d ( Z e )
n<zx d<z e<z/d

The inner sum by Exercise 2.4.6 is

L(1,x) + o(g).

Hence

x(n logn _ x(d)A(d)
o e —L(Lx)zid +0(1)

n<z d<z

by an application of Chebyshev’s theorem (Exercise 3.1.5). There-

fore,

d<zx
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since L(1, x) # 0 by Exercises 2.3.10 and 2.4.5. The result now fol-
lows easily by partial summation.

Finally, if x1 and x» are distinct primitive characters mod ¢; and
mod ¢y (respectively) then we may view x;Y2 as an imprimitive
character mod [q1, ¢2]. Indeed, we may extend both x; and x» to
characters mod [g1, ¢2] in the usual way. If ¢; = ¢2, the extended
character is trivial if and only if x1 = x2. If g1 # @2, then x1Xx2 is
never trivial, and so we are done by the previous considerations. [J]

8.4.2 For each ', G in S, define

(F® G)( HH

where -
s) = exp (Z Kb,k (F)bpk(G)pka)
k=1

If Fy(s) = det(1— App=*) "t and G,(s) = det(1 — Bpp—*)~! for certain
nonsingular matrices A, and By, show that

Hy(s) = det(1 — A, ® Bpp~®)~L.

We use the well-known identity

det(1 — At) = exp (i W) )

k=1
so that what we must show is

& r k r k\+k
det(1~ (4@ B)t) = exp (3 W).
k=1

Since the matrices A, and B, are nonsingular, the eigenvalues of the
matrix A® B can be taken to be A;11; as A; runs through eigenvalues
of A and p; runs through eigenvalues of B. Thus the right-hand
side of the identity to be proved is det(1 — (A ® B)t) as required. O

8.4.3 With notation as in the previous exercise, show that if F,G € S,
then F' ® G converges absolutely for Re(s) > 1.

This is the immediate consequence of Exercise 8.2.9.
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8.44If F € Sand F®F extends to an analytic function for Re(s) > 1/2,
except for a simple pole at s = 1, we will say that F' is ®-simple. Prove
that a ®@-simple function has at most a simple pole at s = 1.

Suppose F has a pole of order mat s = 1. Let sbe realand s — 17
Then

log F(s) ~ml :
og F'(s) ~mlog —

But log F(s) = Y (F) O(1). Since F' is ®-simple, we have by
definition

as s — 17. Thus, by Cauchy’s inequality

a(F) (PP (= 1)
3ol (D) T (1)

S
p P p p

from which we deduce that |m| < 1, as required. O

845If F € Sand
F=F]F - F

is a factorization of F into distinct primitive functions, show that

F 2
S (21 v+ ) logloga + O(L),

p<z p

assuming Selberg’s conjectures (a) and (b).

We have clearly
ap(F) = eiap(F),

i

from which

ZHZ% )7

p<lzx

Z |ap(F

p<lz p

and the result is now clear. O

846IfF € S,and F ® F € S show that F is ®@-simple if and only if F
is primitive, assuming Selberg’s conjectures (a) and (b).
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One way is clear. If F' is primitive, then F' is ®-simple. Now sup-
pose F'is ®-simple. Then

F 2
Zap(p)‘ = loglogz + O(1).

p<z
If ' = F{'F3? - - Fi.* is the factorization of F' into distinct primitive
functions, then by Exercise 8.4.5, we get
l=ei+es+-+ef,
from which we deduce that F' is primitive. O

8.4.7 If F € S is ®-simple and entire, prove that F (1 + it) # 0 for all
teR

Suppose F has a zero on Re(s) = 1. By translating, we may sup-
pose F has a zero at s = 1. Consider

G(s) = ((s)F(s)F(s)(F ® F)(s).

Then G(s) is a Dirichlet series that is analytic for Re(s) > 1/2. Also,
log G(ss) is a Dirichlet series with nonnegative coefficients. By Exer-
cise 3.2.11, G(1 +it) # 0 for all ¢ € R. By Landau’s theorem (Exer-
cise 2.5.14) the abscissa of convergence is a real singularity o (say).
Thus log G(o) > 0 for o > 0. Hence

G(o)] =1

for o > oy. By continuity, |G(o9)| > 1. However, oy is a singularity
of log G(s), which must come from a zero of G(s). Thus G(sp) = 0,
which is a contradiction. Hence, F'(1) # 0. O

8.4.8 Let F' € S and write

ForT > landn € N, n > 1, show that

Z nf = —%AF(n) +0 (n3/2 log? T)

[vI<T

where p = (3 +ivy, 8 > 0 runs over the non-trivial zeros of F'(s).
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This is a generalization of Exercise 7.4.17 and the proof is similar.
(The result shows how to reconstruct F'(s) from a knowledge of its
Zeros.) 0

8.4.9 Suppose F,G € S. Let
Zp(T)={p=pB+1iv,8>0,F(p) = 0and |y| <T}.
Suppose that as T — oo,
|Zp(T)AZG(T)| = o(T),

where A denotes the symmetric difference AAB = (A\ B) U (B \ A).
Show that F' = G.

By the previous exercise,

—Ap(n) = lim — Z n’

T—oo 1
[v|<T

where the summation runs over zeros of F'(s) with imaginary part
~ satisfying |y| < T Since the zeros of G(s) are the same apart from
o(T) of them, we find that the above limit is —Ag(n). Thus, F' = G,
as required. O






9
Sieve Methods

9.1 The Sieve of Eratosthenes
9.1.2 Prove that there is a constant c such that

[L(1-)) =50

p<z

Let V(2) =[], (1 - 7> Then

—logV(z Z +ka

p<z k>

The second sum satisfies

Yy =Y s

o

2

1
log z

)

k>2 p<z k>2 p<z
p<z
so that )
—logV(z) = Z —+co+ O(f),
p<z p
with

)
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On the other hand, we have

1
R(z) := Z 98D _ logz+ O(1)
p<z

by Exercise 3.1.7, so that by partial summation

Zl B R(z)+/ZR(t)dt
p  logz o tlog?t

p<z

1
= loglogz+cl+0< )
log 2z

for some constant c;. Thus,

1
—logV(z):loglogz—i—(co—i—cl)—i—O( >,
log 2z

so that with ¢ = ¢g + ¢1,

1 —¢ 1
() = (o (e))
o< P og z ogz
as required. O
9.1.4 For z < log z, prove that
xe !
= (1 1
w(.2) = (Lt o(1)

whenever z = z(x) — 00 as x — 0.

By Exercise 9.1.2,
m(x,z) =x H (1 — 1> +0(2%).
p<z p

For z < logx, the error term is O(z?) with § < 1. The result now
follows by applying Mertens’s theorem. 0

9.1.5 (Rankin’s trick) Prove that

1\ 1
®(z,2) <2’ H (1 — p5>
p<z

forany § > 0.
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For any 6 > 0, we have

O(x,2) < Z 1< Z (%)6

pln=>p<z pln=p<z
1
< ST(-55)
p<lz
U
9.1.6 Choose § = 1 — - o7 in the previous exercise to deduce that
log
®(z,2) < (1 ( — )
(z,2) < z(log z) exp Tog 2

Choosing § =1 —nwithn — 0 as z — oo, we see that
1
O(z, 2 <<ac5H (1+ )
p<lz
Applying the elementary inequality 1 + z < e”, we obtain
D(x,2) < exp ((ﬂogx + Z >
p<z

Writing p° = p~!p7 = ple”°¢? and using the inequality
e’ <1+ ze®, we deduce

Z <y - ( nlogp)z">

p<z p<z

since p < z. Now choosing n =
9.1.7 Prove that

m(x, 2) —xz ( logz)exp( logx>>

oy log z
d<z

1oéz gives the desired result. O

for z = z(x) — oo as x — oo.
Observe that

m(x,z) = Z M(dd) +O(®(z, 2)),

d| Py
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since [z/d] = 0 unless d < z. Now use Exercise 9.1.6. O
9.1.8 Prove that
wd) 1 2 _ logx
; d pl:IZ (1 p> + O((logz) <P ( logz>>’

with z = z(x) — oo as x — oo.
We have
ud) i u(d)
SEL-TI(i-) -2

d| Py pSz d| Py
d<z d>z

The last sum is dominated by
1 O(z, 2) O, z)dt
<\ A\~
Z d— x +/x 2
d| P

d>x

on using partial summation. Using the estimate derived for ®(t, z)
in Exercise 9.1.6, we get that the integral is bounded by

o0 logt\ dt o di
tog2) [ e (~1g0)T = oea) [

logx>
logz/"

< (logz)%exp ( -

This completes the proof. O
9.1.9 Prove that

(z,2) = 2V(2) + O <m(log 22 exp (_ii : )) ,

where

and z = z(x) — o0 as © — 0.
This essentially follows from Exercises 9.1.7 and 9.1.8. O

9.1.10 Prove that .

m(x) <

loglog x
log
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by setting log = = elogx/loglog x for some sufficiently small € in the
previous exercise.

We have
m(z) < m(z, z) + 7(2).
Choosing = as stated shows that

x
m(x,2) <

log log x
log z

from Mertens’s theorem and Exercise 9.1.9. Here, the implied con-
stant depends on e. O

9.1.11 For any A > 0, show that

A ze 7
™ (i, (log )" Aloglog
as xr — oQ.
Apply Exercise 9.1.9 with z = (log z)4. O
9.1.12 Suppose that
Z w(p) log p < klogz+ O(1).
p<z p
pEP
Show that
Fu(t,z):= ) w(d)
d<t
d|P(2)
is bounded by
. logt
O(t(log z)" exp ( " Tog z>) .

We apply Rankin’s trick for any § > 0,
Ft2)< S wd)t/d).
d|P(z)

Since w is multiplicative (by definition), we see that

F,(t,z) <exp | dlogt+ Z if;) ,
p

p<z
peEP
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on applying the elementary inequality 1 + x < e®. Setting §d = 1 — ¢
and using the inequality e* < 1 + ze”, which is valid for z > 0, we
obtain

p)1
Fu(t,2) < texp | —nlogt+ S 8L | pon o wlp)loap
E E

The hypothesis gives by partial summation that

Z w(p) < kloglogz+ O(1),
p

p<z
pEP

so that
F,(t,z) < texp(—nlogt + rloglog z + kn(log z)2").

Choosing = 1/ log z gives the result. O

9.1.13 Let C be a constant. With the same hypothesis as in the previous
exercise, show that

)

d|P(z)
d>Cz

With the notation of Exercise 9.1.12, we have

w(d) o F,(t, z)dt
> <</Cw o

d|P(z)
d>Cz

and the previous exercise immediately gives the result. O

9.1.14 (Sieve of Eratosthenes) Suppose there is a constant C' > 0 such
that |A4| = 0 for d > Cx. Then

S(A,P,z)=XW(z)+ O(m(log 2)" L exp ( - Eij))
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By the inclusion - exclusion principle, we have

S(A,P,2) = > ud)|Ad

d|P(z)

= Y w2 Lo (cx, ),

d
d|P(z)
d<Cz

in the notation of the previous exercise. Then, the first sum can be
rewritten

XZ“ - 5 D
PG e

so that we can use the estimate of Exercise 9.1.13 on the second sum.
Exercise 9.1.12 gives an estimate for F,,(Cz, z). This completes the
proof. O

9.2 Brun’s Elementary Sieve

9.2.1 Show that for r even,

m(z,z) <z Z MTfld) +0(2").

d|P,

Recall that

w(x,z) = Z Z

n<w d|(n,P;)

DD TAC)

n<z d|(n,P;)

> wel(d) [g]

d| P,
pr(d
D 5 (@)
d|P; d| P,

IN

IN

IN

The last term is easily seen to be O(z"), as required. O
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9.2.3 Show that
wr(d)w(d) w(p Yr()w
> T (1- )z b
d|P(z e 5|P(
where 2(6) = T1,15(p — (7).
By Mobius inversion, we have
= u(d/8)e(5),
8ld
so that
" w(d
y pdeld) s El) S /) (6)
d|P(z) d|P(z) 5|d
_ Pr(6)w(0) u(d)w(d)
o Z Z d
5|P(z d|P(2)/5
B w(p) Y (d)w
- 1I ( ) > i
psz 8|P(z
peEP
where Q(6) = []5(p — w(p))- O
9.2.4 Suppose that w(p) < ¢, and that ) <. ‘”p) < ¢1 loglog z + ¢4 for

peP
some constants c, c1, and cs. Show that there are constants cs, c4 and cs

such that

Z r(0)w(9) 5 (03 loglog z + c4)" (log 2)®

5\P( )

Recall that 51
6,(6) < <”< ) - )

r

so that the sum under consideration is

G

8| P(z)
5>1
m\ 1 w(p) )m
< _—
- Z (r) m! (Z p—c
r<m<m(z) IIJ’GS;

IN

1
ﬁ(c;; loglog z + ¢4)" exp(c3 loglog z + ¢4),
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which gives the result. 0
9.2.6 Show that the number of primes p < x such that p + 2 is also prime
is < x(loglog )%/ (log z)2.

Let A={n:n<z}; P={p: 2<p<z}, the set of odd primes
less than or equal to z. For each odd prime p, we distinguish the
residue classes 0 and —2(mod p), so that w(p) = 2. Then, w(d) =
2(4), where v(d) is the number of prime factors of d, and A; =
NplaAp- By the Chinese remainder theorem,

zw(d)
d

|Ad| = + Ry

with |R4| = O(2"¥). Applying (9.1), we get

S(A, P, z) =a2W(z) + O(a:(exp < — C‘ii(g)ilr))

We choose log z = log 2/Aloglog x for an appropriate constant A
This gives the result, since

we = ] (1—;)§ (e

3<p<z 3<p<s P

so that an application of Mertens’s theorem completes the proof. [J

9.2.7 (Brun, 1915) Show that
i1
Sl
p

where p is such that p + 2 is prime.

Let () be the number of twin primes less than or equal to z. By
partial summation, the sum is

o o (t)dt /OO (loglog t)%dt
— Y <
< /3 2 <)o Tilognz =%
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9.3 Selberg’s Sieve

9.3.1 Let P, =[] . p be the product of the primes p < z. Show that

m(x, z) < Z ( Z /\d>2,

n<z d|(n,P;)

p<z

for any sequence \q of real numbers satisfying A\ = 1.

This is clear from A\; = 1. The quantity on the right-hand side is
always nonnegative and is equal to 1 when (n, P,) = 1. O

9.3.2 Show that if |\4| < 1, then

Ad; Ady 2
m(z,z) < Z x4+ 0(2%),
s [d1, do]

where [d1, do) is the least common multiple of dy and ds.

In Exercise 9.3.1, we expand the sequence,

m(r,2) < Z > A
n<T dy,da|(n,Pz)
< 3 ()
d1,d2<z dlnffm

since Ay = 0 for d > z. Since

x
1= +0(1
2 1= g O
(il,EQ\n
and |\4| < 1, the estimate is clear. O

9.3.3 Prove that
[d1,d2](d1,d2) = dida,

where (dy, dz) is the greatest common divisor of dy and ds.

This is clear from unique factorization. Write

dy =[], do=]]r".
p p
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Then
[y, d2] = Hpmax(a”’ﬁp)
p
and
() = [T
[l
9.3.4 Show that

Z )\dl)\dz Z‘b ( /\d)2

di,d2<z [ 1d 6<z 5|d
d<z

By the previous exercise, we can write the left-hand side as

R R

1 2

di,do<z dy,d2<z d|(d1,d2)
A
= Yeo)(X ),
<z sld

d<z

as required (notice that this is a “diagonalization” of the quadratic

form). O
9.3.5If
" Ad
5 = 4’
s|d
d<z
show that

=S /oy

8ld
(Note that us = 0 for 6 > z, since \q = 0 for d > z.)

This is an application of the dual Mébius inversion formula (Ex-
ercise 1.5.16). (I

9.3.6 Show that if \; = 1, then
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attains the minimum value 1/V (z), where

u

d<z

By Exercise 9.3.4, we must minimize

S o)(3 )

0<z s|d
d<z

subject to the constraint A\; = 1. By Exercise 9.3.5 we must minimize

> p(0)u

0<z

subject to

Z u(d)ug = 1.

d<z

By the Lagrange multiplier method, this minimum is attained when

26(8)us = Au(3)

for some scalar A. Thus,

so that

as desired. O
9.3.7 Show that for the choice of
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we have |\g| < 1.

We have, by Exercise 9.3.5,

MY

t<z/d
Hence
1 12 (t)
V(iz)\g = d 1+ >
= @I (14, 55) ¥ 5
p‘d t<z/d
(t,d)=1
— ) 12 (9) w1
2 50) 2=, o)
(t,d)=1
Thus,
2
p(t)
AV (2)| < =V(z),
so that |\4| < 1, as required.
9.3.8 Show that .
— 9,
m(x, z) < V) + O(z%)

Deduce that 7(z) = O(%) by setting z = z'/27¢.

logx
We have

2(9)
V(z) = a > log z
2 i) >

by the following elementary argument. We have

12(9) 12 (9)
2o 2l

0<z <z

Now,

Z% =log z+ O(1),

6<z

435
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and it is clear that

SN

2(0
Zﬂé):;

0<z

i1
- E R
m
m<z

where the dash on the sum means that m has a squared prime factor.

Clearly,
1 1
Z <y Z 5 < S (logz+0(1)).
m<z 0<z/
Thus,
Z 1 (9)
= ¢(9)
Now choose z = x1/27¢ to obtain the desired result. O

9.3.9 Let f be a multiplicative function. Show that

f([d1,da]) f((d1,d2)) = f(d1)f(d2).

We can write
[d1,d2] = (d1,d2)ere,

where el(dl, dg) = dl, eg(dl, dz) = d2. Thus €1, €9, (dl, d2) are mutu-
ally coprime. Therefore,

f(ldr, d2]) = f((da, dz2)) f(er) f(e2)-
Multiplying both sides by f(d1, d2) gives

f([dy,d2]) f((d1,d2)) = f(dy1)[f(d2)

as desired, since e; and (d;, d2) are coprime, as well as e and (d, da2).
O

9.3.11 Show that .
Ulz) > )y ——,
2 Q)

<z

where f(n) is the completely multiplicative function defined by f(p) =
f(p).
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We have

Now, for square-free n,
f(n) f(p) < 1 )_1
= = 1— —
fi(n) g flp) -1 g f(p)
oy 1
o fd)
where the dash on the summation means that d ranges over ele-

ments of the monoid generated by the prime divisors of n. Hence,
for square-free n,

so that

_ HA(d) 1
Uiz = ; fi(d) = g 7(0)’

as required. O

9.3.12 Let ma () denote the number of twin primes p < x. Using Selberg’s

sieve, show that
xT
=0 ——|.
() <log2 ar)

We consider the sequence a,, = n(n + 2) and count the number
of elements coprime to P,. The number of n < z such that d|a,, is
clearly

2ov(d)

+0 (27

by an application of the Chinese remainder theorem. Thus, f(d) =
d/ 27(d) in the notation of Selberg’s sieve, and we have

N(w,z) < — +O( > 2”[d1’dﬂ)

U(Z) dy,da<z

Ufz) + o(gw)?

IN
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By Exercise 1.4.1, the error term is easily seen to be O (2?log? z) . By
Exercise 9.3.11,

d )
d<z

where w(d) is the number of prime factors of d counted with mul-
tiplicity. By partial summation (using the result of Exercise 4.4.18)
we deduce

d<z

gw(d) )

~ c(log z)

for some nonzero constant c. Thus,
x

N(.fL‘,Z) < m

+0 (z2 log? z).

The number of twin primes is clearly less than or equal to 2+ N (z, 2)
for any value of z. Choosing z = z'/* (say) gives us the required
result. O

9.3.13 (The Brun - Titchmarsh theorem) For (a,k) = 1, and k < z,
show that

2+ e
(k) log(2z/k)
for x > xo(€), where w(x, k, a) denotes the number of primes less than x
which are congruent to a (mod k).

m(z, k,a) <

We consider the set of numbers n < z, n = a (mod k) that are not
divisible by primes p such that p < z and (p, k) = 1. Clearly, the
primes counted by

m(x,k,a) —m(z,k,a)

are contained in this set. In the notation of the Selberg sieve, we
obtain

N(d) = @ +0(1),
and the upper bound becomes
z 2
U (2) + 0(z%).

By Exercise 9.3.11,

> 3 g

d<z
(d,k)=
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Now,

v =10, X =2

plk d<z m<z
(d.k)=

and the latter quantity is asymptotic to log z. This gives a final esti-
mate of

T
w(x, k,a) < +0(z?),
B0 = o+ O

and choosing » = (2x/k)'/?~¢ gives the final result. O

9.3.14 (Titchmarsh divisor problem) Show that 3, d(p—1) = O(x),
where the sum is over primes and d(n) denotes the dzvzsor function.

We have, trivially,
n) <2 Z 1,
L0
so that
ddp-1)<2 ) w(x,d,1).
p<lzx d<\/z

By an application of the Brun - Titchmarsh theorem we get

de_ < log:c Z qﬁ

p<x

By Exercise 4.4.14 (or the weaker 4.4.13) we are done. O

9.4 Supplementary Problems

9.4.1 Show that
1 log1 log k
Z L og ogxk+ og 7
= o(k)
p=1 (mod k)

where the implied constant is absolute.
By partial summation, we have

1 w(x, k1) Tr(t,k,1)dt
I
p T 9 t

p<z
p=1(mod k)
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We have the trivial estimate n(z,k,1) < z/k, so the first term is
negligible.

For the integral, we break the interval of integration into two
parts: [2, k?] and [k?, z]. On the first interval we use the trivial esti-
mate to get an estimate of O((log k)/k). On the second interval, we
use the Brun - Titchmarsh theorem (Exercise 9.3.13) to obtain the
final result. O

9.4.2 Suppose that P is a set of primes such that
1
>
pef’p

Show that the number of n < x not divisible by any prime p € P is o(x)
as & — 00.

We apply the sieve of Eratosthenes. The number is clearly

bounded by
1
o1 (1-3) +oe)

p<z
peEP

for any value of z. Now, for 0 < z < 1,
e <(1—x)7!

so that 1 —z < e™*. Hence the bound in question is

< zexp ( - Z ;) + 0(2%).

p<z
pEP
Since
Z 1 = 400,
pef’p
the result follows upon choosing z = log . O

9.4.3 Show that the number of solutions of [d1, dz] < z is O(z(log 2)3).

The number in question is clearly

< 2 g

dy,d2<z d|d1,dz
12 2 2(6)
< - RN
< zg (b(d)( g d> < z(log z) 5
<z old 0<z
d<z

< z(log2)3,
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as required. O
9.4.4 Prove that
1 loglog x
Z log(z/p) =0 logz )’
p<z)2 plogl\z/p g
where the summation is over prime numbers.

We subdivide the interval [1,z/2] into subintervals of the form
I; = [e7,e7*t] . We estimate

1 1 1
I;j plog(@/p) — log(z/e?) 2 p’

pEIj

By Chebyshev’s theorem,

Z <e” () < =

1
J
We need to estimate
o8/ loglog x
Z =0(Tgs )
= g(x / el) log x

by an easy partial summation. O

9.4.5 Let () denote the number of n < x with k prime factors (not
necessarily distinct). Using the sieve of Eratosthenes, show that

z(Aloglogz + B)*
k!log x

m(z) <

for some constants A and B.

We prove it by induction on k. For k£ = 1, this is Exercise 1.5.12.

Clearly,
1
m(z) < > ma(e/p),

p<z/2
since a number p; - - - pr. < x is counted k times in the summation

S ma(a/p).

p<z/2
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(Also, we may suppose that each p; < x/2, since £k > 2.) By the
induction hypothesis and Exercise 9.4.4, we are done. O

9.4.6 Let a be an even integer. Show that the number of primes p < x such
that p + a is also prime is

< (logm)2 g (1 + ]17)’

where the implied constant is absolute.

We let a,, = n(n + a) and apply the Selberg sieve. For P, we take
the set of all primes, and in the notation of Theorem 9.3.10 we take
2<z<\z.lf n> \/z,thena, =0 (mod p) implies that either n or
n + a is composite. Thus, the number to be estimated is less than or
equal to

Vz + N(z, 2).

Let us write each square-free d as

d=p1- - Prqr- -,

where the p;’s divide a and the ¢;’s are coprime to a. By the Chinese
remainder theorem it is easily seen that for square-free d,

where Ry < 24 and f(d) is the completely multiplicative function
defined by

+ Rda

p/2 if (pa) =1,
flp) =
P if pla.
Thus, by Exercise 9.3.11 and Theorem 9.3.10, we obtain that the
number of primes in question is

gﬁ+ﬁ+0<22w@).

d<z2

The error term is easily seen to be O(2? log 2). As for the other term,

we have .
U -
(2) > ng: o)’
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where
oWa (m)

1/f(m) =

with w,(m) equal to the total number (including multiplicity) of
prime factors of m that are coprime to a. If we let d,(m) be the num-
ber of divisors of m coprime to a, then we see that

1/f(m) > d,(m)/m. Hence

(Se)e- ) st

m<z pla

m

3\>—‘

Z
A(n)

where ~(n) is the product of the distinct prime divisors of a.
Rearranging the sums, we find that the above sum is

>Z > da(m)zZ% > da(m)

m<z t<z mlt
mlt,y(t/m)|a y(t/m)la

The inner sum is clearly greater than or equal to d(t). Thus

>H<1—>Zd(tt).

pla t<z

By Exercise 2.5.9, this gives
1 2
2)21_[ 1—]; (log z)=.
pla

Choosing z = z'/* and observing that

(-5 = IM0-5) a+)

pla pla

< H(1+;)

gives the final result. O
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9.4.7 Let k be a positive even integer greater than 1. Show that the number
of primes p < x such that kp + 1 is also prime is

< (10§m)2 g (1 + ;)

We proceed as in Exercise 9.4.6 and take the sequence
an = n(kn + 1). As before, we obtain

x
N(d) = —= + Ry
D=7
with |Ry| < 294, and f(d) as in Exercise 9.4.6. We proceed as in the
previous exercise to deduce the result. O

9.4.8 Let k be even and satisfy 2 < k < x. The number of primes p < x
such that p — 1 = kq with q prime is

T

< SR g @k

We substitute x/k for x in the previous exercise and observe that
we have actually proved

2
ok log” x

as the upper bound. Since the product is k/p(k), the result follows.
g

9.4.9 Let n be a natural number. Show that the number of solutions of the
equation [a,b] = n is d(n?), where d(n) is the number of divisors of n.

Clearly, a and b can only have prime factors dividing n. Writing
n= l_‘[pr(n)7 a = Hpvp(a)’ b= Hpvp(b)
pln pla p|b

we must have v,(n) = max(vp(a), vp(b)). The number of solutions
for this latter equation is enumerated as follows. We can set v, (a) =
vp(n) and vary v,(b) between 0 and v,(n) or the other way around.
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But we have counted the pair (v,(a),v,(b)) = (vp(n),vp(n)) twice.

Thus the number of solutions is

[T (2vp(n) + 1) = d(n?).

pln

9.4.10 Show that the error term in Theorem 9.3.10 can be replaced by

o( 3 d(ag)]Ra\).

a<z?

By the previous exercise, the number of solutions of [d1, da]

is d(a?), and we are done.

9.4.11 Show that )
p— B T
2 plp—1) O(@)’

p<w

where the summation is over prime numbers.

Observe that
n -1
m:]‘[(l—;) <II(1+-).
pln pln
so that
U
pln) —a=n
Therefore,

Z p—1 <<Z7r(:c,dd,1).

plp-1) =

=a
O

The latter sum is split into two parts: d < /z and d > /z. On
the second part we use the trivial estimate 7(z,d,1) < z/d, and on
the first part, we use the Brun - Titchmarsh theorem to deduce the

desired estimate.

9.4.12 Prove that

IT (- %) < (1oglx)r‘

O
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We have the inequality

l—z<e™®

Y

easily verified to be valid for z > 0. Indeed, let f(z) = e ™ + 2 — 1.
Then f’'(z) = —e~® + 1, which is nonnegative for z > 0. Hence, f(x)
is increasing, so that f(z) > f(0) = 0, for z > 0. This fact, combined
with the elementary fact

1
Z » = loglogz + O(1),
p<w

gives the desired result. O

9.4.13 Prove that for some constant ¢ > 0, we have

n2
Z d(n”) = c(logz)® + O (log2 ).

n<x

We consider the Dirichlet series

. d(n? 3
S =2, <(n>rzs:1;[<”ps<p—1>+”')'

n=1 ¥

We see that g(s) = f(s — 1) has a pole of order 3 at s = 1. Moreover,
we can write g(s) = ¢3(s)h(s), where h(s) is regular for Re(s) > 1/2.
Hence by the methods of Chapter 4, we deduce that

Zd yn/p(n) ~ ciz(logz)?.
n<x

The result now follows by partial summation. O
9.4.14 Let d(n) denote the number of divisors of n. Show that

Zdz(p — 1) = O(zlog? zloglog z),
p<z

where the summation is over prime numbers.
The sum in question is

> w(w,ldy,dg), 1) =Y w(x,n,1)d(n?)

[dy,d2]<z n<lx
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by Exercise 9.4.4. By the Brun - Titchmarsh theorem, this latter sum
is bounded by
xd(n?)
<Y e
; p(n)log &
We split the summation over dyadic intervals of the form

[2F,2k+1] = I}, (say). The sum is

N-1

T d(n?
<<ZN—/<: > ()

k=1 nely (p(n)

where N = [log z/log 2]. The inner sum by the previous exercise is
O(k?), and we must estimate

=

-1 ]{72 N-1

1 j=1

(N —j)?

>
Il
S

< xN?log N = O(zlog? zloglog z),

as desired. O

9.4.15 Show that the result in the previous exercise can be improved to
O(xlog? z) by noting that d*(n) < dy(n), where dy(n) is the number of
ways of writing n as a product of four natural numbers.

If we write n = dydydsds < z, then we must have some d; > n'/%.
It is than not difficult to see that

-1 < > dilp—1)

p<z p<z
< Y 7w, didads, 1),
didadz<z3/4

Now apply the Brun - Titchmarsh theorem (Exercise 9.3.13) to get
the desired result. O






10
p-adic Methods

10.1 Ostrowski’s Theorem

10.1.1 If F' is a field with norm || - ||, show that d(z,y) = ||z — y|| defines
a metric on F.

We may suppose 0 # 1 in F, in which case |[1|| = |[1]|? implies
|1]| = 1. Hence || — 1||> = 1 gives || — 1]| = 1. Now, d(z,y) = 0
< ||z —y|| = 0& z = y;also, d(z,y) = d(y,z), since || — 1|| = 1.
Finally, d(z,) = [lz — yll < llo — 2[| + ||z — 2| = d(z, 2) + d(z,2),
which is the triangle inequality. O

10.1.2 Show that | - |, is a norm on Q.

Clearly |z|, = 0 if and only if x = 0. Also, we can write z =
pr @y = prWy, with 2,1 coprime to p. Then, it is clear that
lzylp, = |z|p|ylp- To prove the triangle inequality, suppose first that
vp(z) # vp(y) and without loss of generality v,(x) < v,(y). Then
T4y = pVP(I)wl + pVP(y)yl = pVP(x) (931 +pVP(y)_VP(I)y1), so that ’gj +
Ylp < |z|p, = max(|z|p, |y|p) in this case. If v, (z) = vp(y), the number
x1 + y1 when written in lowest terms has denominator coprime to
p. Thus,

|+ ylp < max(|z(p, [ylp)
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in this case also. Thus, we have the triangle inequality satisfied in a
sharper form. U

10.1.3 Show that the usual absolute value on Q is archimedean.

We must show that |z + y| < max(|z|, |y|) is not satisfied for some
pair of rational numbers z, y. If > y > 0, we have [z +y| =z +y >
x = |x|. O

10.1.4 If 0 < ¢ < 1 and p is prime, define
@ if o #£ 0
ell = { :

0 ifx =0,
for all rational numbers x. Show that || - || is equivalent to | - |, on Q.
Since vp(z + y) < min(v,(x), v, (y)) the result is clear. O

10.1.6 Let F be a field with norm || - ||, satisfying

|z +yl| < max({|[], |ly]])-

Ifa € Fandr > 0, let B(a,r) be the open disk {xz € F : ||x — al| < r}.
Show that B(a,r) = B(b,r) for any b € B(a,r). (This result says that
every point of the disk is the ‘center” of the disk.)

If z € B(a,r), then ||z—a|| < r,sothat||z—0b|| = |[(x—a)+(a—b)||
< max(||z — al|,|la — b||) < r, so that x € B(b,r). The converse is
also clear. O

10.1.7 Let F be a field with || - ||. Let R be the set of all Cauchy sequences
{an}22 . Define addition and multiplication of sequences pointwise: that
is,
{an}niy +{bn}niy = {an + bu}oly,
{antnzs X {bn}nZy = {anbn}i,-
Show that (R, +, x) is a commutative ring. Show further that the subset

R consisting of null Cauchy sequences (namely those satisfying ||a,|| — 0
as n — oo) forms a maximal ideal m.

We must first show that the sum and product of two Cauchy se-
quences is again Cauchy. Let ¢ > 0. Choose N; such that ||a, —
am|| < €/2 for n,m > Ni. Choose Ny such that ||b, — by,|| < €/2 for
n,m > Ns. Then, for N = max(Ny, N3), we have

[[(an +bn) = (@m + b))l < lan — aml| + [|bn — O]
< €/24¢€/2=F¢,
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for n,m > N. Thus, the sum of two Cauchy sequences is again
Cauchy. Now let K be such that ||a,|| < K, ||b,|| < K for all n (this
is clear from the Cauchy property). Then given ¢ > 0, choose M;
such that for n,m > M, we have ||a,, — a,,|| < €/2K. Let M, be
such that ||b, — by, || < €/2K for n,m > My. For M = max(M;, Ma)
and n,m > M, we have

|anbn — ambml|l < [lanl|[|bn — bm|| + |[bmll||am — anl]

< €/24¢€/2=c¢.

Thus, the product of two Cauchy sequences is again Cauchy. There-
fore R is closed under taking sums and products. The other ring
axioms are easily verified. Clearly, the sum and product of two null
sequences is again a null sequence. It is also clear that given a null
sequence {a,} >, and a Cauchy sequence {b,}°°, € R, {anby}>>

is again a null sequence. Therefore, the null sequences form an 1dea1
m of R. To show that m is a maximal ideal, it suffices to show that
R/m is a field. To do this, we must show that any nonzero element
has an inverse. Thus, given {a,,}°°; ¢ m, we know that there is an
€1 > 0 such that |ay,|, > € for all n sufficiently large. By adjust-
ing a few of the initial elements (if necessary) we may suppose that
ap # 0 for all n, because the adjusted sequence would still be in the
same equivalence class (mod m). It is now clear that {1/a,}7° ; is a
Cauchy sequence and is inverse to the given sequence. Thus, R/m
is a field and m is a maximal ideal. O.

10.1.9 Show that
p—{xe@p |x‘p<1}

is a ring. (This ring is called the ring of p-adic integers.)

Each z € Q, is a Cauchy sequence, say {a, };> ;. We have defined
|z|, = limy o0 |anlp. Thus, |ay|, < 1 for n sufficiently large, since
the values taken on by |ay,|, are integral powers of p. If z,y € Q,, are
such that |z,| < 1 and |y,| < 1, then writing y = {b,}72;, we see
that |ay, + by|, < max(|ay|p, |bnlp) < 1 for n sufficiently large. The
same is true for |a,by,|, = |an||bs|. Thus, it is clear that Z,, is a ring.

This completes the proof. O

10.1.10 Given = € Q satisfying |z|p, < 1, and any natural number i, show
that |z — a;|, < p~*. Moreover, we can choose a; satisfying 0 < a; < p'.
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Let x = a/b, with (a,b) = 1. Since |z|, < 1, p does not divide b,
so that p’ and b are coprime. We can therefore find integers u and v
such that ub + vp’ = 1. Let a; = ua. Then

a a
la; — x|, = ’ua— E‘p = ‘E‘plub— 1,

< p

)

so that a; does the job. By translating a; by a multiple of p’ we can
ensure 0 < a; < p*, and the above inequality is not altered. [J

10.1.12 Show that the p-adic series

o0
E C1'L7 Cn € Qp
n=1

converges if and only if ¢, |, — 0.

It is clear that if the series converges, then |c,|, — 0. Now sup-
pose |cul, — 0. Let sy = 3.V ¢,,. Since Q,, is complete, it suffices
to show that {sy}%°_, is Cauchy. We have for M > N,

|si—snlp = |CN+1+CN+2+"‘+CM|p
< max (lentlp, [ent2lp - -5 lemlp)
which goes to 0 as N — oo. O

10.1.13 Show that
oo
>
n=1
converges in Q.

Clearly, |n!|, — 0 as n — oo, and we are done by Exercise
10.1.12. i

10.1.14 Show that
o0
Z n-nl=-1
n=1

in Qp.
We have
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as an easy induction argument shows.
Indeed, sy = 2! —1=1and
sNy1=sN+(N+1)(N+1)!=(N+2)!-1
by the induction hypothesis. Thus, limy_,o, sy = —1.
10.1.15 Show that the power series

o0 n

>
n!

n=0

1
converges in the disk |x|, < p »-1.

The power of p dividing n! is

> n oon
NN

Therefore,
[n]p > p Y,

so that
2" /nll, < |afpp™ 7Y,

which goes to 0 as n — oo.
10.1.16 (Product formula) Prove that for v € Q,

H |5U‘p =1,
p

where the product is taken over all primes p including oo.
This is just a restatement of unique factorization.
10.1.17 Prove that for any natural number n and a finite prime p,

1
Inlp =2 —-.
1|00

This also is clear from

nly = 55"

and
n]eo = p7™ (n/pr™).

453
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10.2 Hensel’s Lemma

10.2.1 Show that x> = 7 has no solution in Qs.

If it did, then we could write x as a 5-adic number

o0
T = E anpd".
n=—N

The 5-adic expansion of 7is 2 4+ 1 - 5, so that NV = 0. Thus

e 2
(Zan5"> —2+1-5.
n=0

Reducing (mod 5) shows that a3 = 2 (mod 5) has a solution, which
is not the case. U

10.2.4 Let f(x) € Zy[x]. Suppose that for some N and ay € Z, we
have f(ag) = 0 (mod p* 1), f'(ag) = 0 (modp™) but f'(ag) # 0
(mod p™N ). Show that there is a unique a € Z, such that f(a) = 0 and
a = ag (mode+1) .

We proceed as in the proof of Theorem 10.2.3. Write f(z) =
>, ciz'. We will solve inductively

f(an) =0 (modp2N+'rL+1)

satisfying a1 = a, (modp™V "), f'(a;) = 0(modp") and
f(an) # 0(modp™*h). Writing ant1 = a, + tp ™", we need
to solve

flan + tpNHLH) =0 (modp2N+"+2) ,

which reduces (as before) to
f(an) + pN+n+1tf’(an) =0 (modp2N+n+2) )

2N+n+1

We can divide through by p , since

f'(an) = f(ag) =0 (mode) ,

which gives a congruence (mod p) since f(a,)/p" is coprime to p
Thus, we can solve for t. The sequence {a,};2; is Cauchy, and its
limit satisfies the required conditions. O

10.2.5 For any prime p and any positive integer m coprime to p, show that
there exists a primitive mth root of unity in Q, if and only if m|(p — 1).
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First suppose m|(p—1). The polynomial f(x) = 2™ — 1 has m dis-
tinct roots (mod p) because (Z/pZ)* is a cyclic group of order (p—1).
Moreover, each of these roots lifts to Z, by Hensel’s lemma. Among
the roots (mod p), precisely ¢ (m), where ¢(m) denotes Euler’s func-
tion, have order exactly m. For the converse, notice that if « € Q,
such that « has order m then, since f(z) is monic, a € Z, and « is
an element of order m (mod p). Thus, m|(p — 1). O

10.2.6 Show that the set of (p — 1)st roots of unity in Q, is a cyclic group
of order (p — 1).

This is again a consequence of Hensel’s lemma. Each of the
residue classes mod p lifts to a unique (p — 1)st root of unity in Z,,.
It is clear that the set of such roots of unity is a group. The cyclic-
ity follows from the fact that there is an element of order (p — 1)
established in the previous exercise. O

10.2.7 (Polynomial form of Hensel’s lemma) Suppose f(x) € Z,[x]
and that there exist g1, hy € (Z/pZ)|x] such that f(x) = g1(x) hi(x)
(modp), with (g1, h1) = 1, g1(x) monic. Then there exist polynomials
g(x), h(z) € Zy[x] such that g(x) is monic, f(x) = g(z)h(x), and g(z) =
91(x) (modp), h(x) = hi(x) (mod p).

The idea is to construct two sequences of polynomials g,, and h,
such that

In+1 = gn(mOdpn)7 hn+1 = hn(mOdpn)a

and f(z) = gn(x)hp(x)(mod p™), with each g, monic and of degree
equal to deg g; and then take the limit. The idea is as in Hensel’s
lemma. We do this first for n = 2. Write g2(x) = g1(x) + pri(x), for
some polynomial ri(z) € Zp[z]. Similarly, ho(z) = hi(z) + psi(x).
We want

f(2) = ga(x)ha(z) (modp?).

That is,

f(z) = g1(@)h1(z) + pri(z)hy(x) + psi(x)gi(z) (mod p?).

Since f(z) = g1(x)h1(z) (mod p), we can write f(x) — g1(x)hi(z) =
pki(x) for some ki (x) € Zy[x]. Therefore, we get

ki(x) = ri(x)hi(z) + s1(x)g1(z) (mod p).
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Since (g1, h1) = 1, we can find polynomials a(z), b(x) such that
a(z)gi(z) + b(z)hi(z) = 1 (modp).

If we set 7 (z) = b(z)ki(x), 51(x) = a(z)ki(x), these polynomials
almost work for r1, s;. We have to ensure that deg go» = deg g1 and
that g» is monic. By the Euclidean algorithm for (Z/pZ)|x],

m(z) = g1(x)q(z) + ri(x)
with degr; < deggi. Set si(x) = §1(x) + h1(z)g(x); then
ri(@)hi(z) + s1(2)g1(x) = ki(x) (mod p)

as required. Also, since degr; < degg;, we have g» monic and
deg g2 = deg g1. We now continue in this way for gs, g4, . . . and take
the limit. 0.

10.2.9 Show that for p # 2, the only solution to x> = 1 (modp") is
x = %1, for every n > 1.

For n = 1, this is clear. Since the polynomial f(z) = 2% — 1
satisfies f'(z) = 2z and f/(£1) # 0 (modp) (since p # 2), we
can apply Hensel’s lemma to obtain that both z = 1 (modp) and
x = —1 (mod p) extend to p-adic solutions. These are clearly z = +1.
O

10.3 p-adic Interpolation

10.3.1 Show that there is no continuous function f : Z, — Q, such that
f(n) =mnl

Let x € Z, \ Z. We want n! — f(x) as n — x. But n! is getting
p-adically closer to 0 as n — x (since n gets large in the usual sense
as n — z). Therefore, lim,,_,, n! = 0, so that there is no continuous
p-adic function interpolating the factorials. O

10.3.2 Let p # 2 be prime. Prove that for any natural numbers n, s we
have

S

pS—1

H (n+7) = —1(mod p*).

j=1
(n+j,p)=1
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The numbers n,n+1,...,n+p°—1 form a complete set of residues
mod p°. The product therefore is congruent to the product of all the
coprime residue classes mod p®. Now, in any abelian group A4,

[Tos=119

geA geA
g2=1

since we can pair g and g1

10.2.9,

in the left-hand product. By Exercise
22 =1 (mod p®)

has only 2 solutions, namely = = £1. Thus,

H (n+j) = —1 (mod p*).
(n+

(Notice that for s = 1,n = 0, this is just Wilson’s theorem.) O
10.3.3 Show that if p # 2,

II 7 -
i<k
(4:p)=1

then ajyps = —ag(mod p®).
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We have

1= 1147 1II

J<k+p® J<p®  p*<j<k+p®
(4,p)=1 (4,p)=1 (4,p)=1
= = I dtuods)
i<k
(4,p)=1

by application of Exercise 10.3.2. Therefore,

Aftps = —aj (mod p®).

10.3.4 Prove that for p # 2,

Ip(k +p°) = Tp(k) (mod p®).

We have I',(n) = (—1)"ay,—1, in the notation of the previous exer-
cise. Thus,

Tp(k+p°) = (—1)"" apipe 1 = (—1)Fap_1 (modp?),

which gives the result. (Note that p is odd.) O

10.3.5 Let n, k be natural numbers and write
n=ag+ap+ap’ +---,

k:bo+b1p+bgp2+"',

for the p-adic expansions of n and k, respectively. Show that
ny __[(ao al a9 o
(1) = ()G () -

We have

(L+2)" = (1+2)°(1+2)"P(1+2)" -
(14 2)%(1 +a?)* (1 + )% ... (modp).
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Now compare coefficients of z* on both sides. Since k = bg+b1p+- - -
is the unique p-adic expansion, the result is now evident. O

10.3.6 If p is prime, show that

(p,: ) = 0 (mod p)

for1 <k <p"—1landalln.

The p-adic expansion of p” is just p", so that a9p = a1 = ---
an—1 = 0 from which the result now follows. O

10.3.7 (Binomial inversion formula) Suppose for all n,
bn = Z <Z> Q..
k=0

Show that

and conversely.
Consider the multiplication of formal power series:
o0

(S (o) =y

It is easily seen that

bn = Z <Z> ApCp—k-
k=0

Thus, the given relation for b,, implies

=e
n! n!

n=0 n=0

from which the result is clear. O
10.3.8 Prove that
(=)™ if n=m,

2 (1) -1,

otherwise.
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Put

(=)™ if k=m,
ay =

0 otherwise.

In the notation of the previous exercise,

so that

o SIS [T

otherwise,

as desired. O

10.3.9 Define

n

ansa) = 3 () s

k=0

Show that

A" fj( Jartiste - m).

3=0

It suffices to show that
m m '
r@) =3 ()& - m),
=0 N

for the result follows by applying the operator A™ to both sides of
the equation. But then

S0 EOEG e

oo (5) (o

k=0 J=
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and the inner sum is 0 unless k = m, in which case it is (—1)™, by

Exercise 10.3.8. Thus, the result is immediate. O
10.3.10 Prove that
" (m - e
> (" )anest = () sta
i=o \J k=0 k

with a,(f) defined by

ant$) = S0 () 10,

For m = 0, the formula is clear. By the previous exercise,

m

ansom =3 (" )amf10)

j=0
Now,

angm) =3 (1) 1+

k=0

and we need only observe that A" f(0) = a,(f) to complete the
proof. O

10.3.11 Show that the polynomial

z(x—1)--(z—n+1) if n>1
(o)~ ]
n { )

n!
takes integer values for x € Z. Deduce that
T
n
For z a natural number, this is clear. If z = —m (m € N) then

()= er

<1
p

forall x € Zy.
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The polynomial (?) is continuous. Since Z is dense in Zj, it follows

that for all x € an
xT
n
10.3.13 If f(x) € Cl[z] is a polynomial taking integral values at integral

arguments, show that
=2 (3]

<1. O
p

for certain integers cy.

This is purely formal, and a consequence of Exercise 10.3.7. In-

deed, set
) =3 (1) 1400,

k=0

which gives a sequence of integers, since the f(k) are all integers.
By the binomial inversion formula,

Let D be the degree of f. Set

() = kiio ()axts)

Now, for0 < n < D,

k=0

Since the polynomials f(z) and f*(x) have the same degree and
agree on D + 1 points, we must have f(z) = f*(z). This completes
the proof. O

10.3.14 If n = 1 (mod p), prove that n?™ = 1 (mod p™*1). Deduce that
the sequence ay, = n* can be p-adically interpolated.

We prove the congruence by induction. For m = 1, we may write
n = 1+ tp, for some t, so that n? = (1 + tp)? = 1 (mod p?). Assume
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that the result has been shown for m < n. Then, we must show that
that n?" = 1 (mod p"*2). By induction, we have n?" = 1 + jp"*! for
some j. Hence, n?""" = (1 + jp"™)P = 1 (mod p"*2) as required.
To prove that the sequence of a;’s can be p-adically interpolated, it
suffices to show that if ¥ = k'(mod p™), then ap = ag (mod p™*1).
Indeed, we have

n** = 1(mod p™*1)
by what we have just shown. O
10.3.15 Let (n,p) = 1. If k = k' (mod (p — 1)p"), then show that

k K’

n"=n (mode'H) .

We have to prove

n* % =1 (mod p™N+1).

But this follows from Euler’s theorem. O

10.3.16 Fix so € {0,1,2,...,p — 2} and let Ay, be the set of integers
congruent to so (modp — 1). Show that Ay is a dense subset of Zj,.

This is an application of the Chinese reminder theorem. Given
m € Z,, we must find an integer n such that n = m(modp") and
n = so(mod p — 1), which we can do since p and p — 1 are coprime.
g

10.3.17 If (n, p) = 1, show that f(k) = n* can be extended to a continu-
ous function on Asg,.

For s € As,, we write s = sg + (p — 1)s1, and hence f(s) =
n0(nP~1)%1, Since n?~! = 1 (modp), the function (nP~!)%1 can be
p-adically interpolated for all s; € Z, by Exercise 10.3.14. Thus, f
extends to a continuous function on A, . O

10.4 The p-adic (-Function

10.4.1 Verify that i, extends to a distribution on Z,,.
We must verify that

p—1
pi(a+p"Zp) = pra +bp™ + " Zy).
b=0
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The right-hand side equals

L a + bp"
(n+1)(k—1)
p Zb ( n+1 )
b=0

After multiplying both sides by p~"(1), the identity to be proved

reduces to
k(px) pht Z by, <x + >

and this is easily deduced from the power series generating func-
tion for the Bernoulli polynomials O

10.4.3 Show that pu; ,, is a measure.
We have

ez = %L1

- b T [3)

where [-] denotes the greatest integer function. Thus,

aa (1/a) =1
|

Since a € Z;, 1/a € Zp and ((1/a) —1)/2 € Zy ifp # 2. If p = 2,
then a™! =1 (mod 2) and (o' — 1)/2 € Z, in this case also. Thus,

1
pala+pNZy) = — [

1,0 (a + pNZp) € Ly,
and hence
‘“La (a "’pNZPH <1

Since every compact-open set U is a finite disjoint union of inter-
vals of the form a + pv Zy, the result immediately follows from the
nonarchimedean property of the p-adic norm. O

10.4.4 Let dj, be the least common multiple of the denominators of coeffi-
cients of by (x). Show that

dpti,o(a +pNZp) = dpka™ i o (a +pNZ,) (modp”).
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The Bernoulli polynomial begins as

as is easily checked. Now,

_ a - oa
dipir,a(a + pVZy) = dyp™*Y (bk (pN> —a Fy, <( pf\)fN>> ‘

The polynomial dj By (z) has integral coefficients, and its first two
terms are dyz"® — k(d;/2)z*"!. Since z = a/p" has denominator
p", and we are multiplying by p™*~1), the terms after 2*~2 will be
divisible by p¥ for z = a/p". Thus,

dlc,uk(a + pNZp)

ak—1

5 G~ (5)) (mod )

-l -t 5 - [5])

Al

N e e [
k

3@ a M@k 1aE ) (modpY)

1 [aa a -1

dgkat ! (= N 5— ) (modp™)

dka" ' o(a+ pNZy) (mod p™).

10.4.5 Show that

dpig,e =k xk_ld,ul,a.
ZP ZP
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In the notation of the previous exercise we see that

dk/ dptg,e = Z fika (a+pNZp) (modp™)
Ly 0<a<pN -1
= dek Y d" e (a+pNZ,) (modp™),
0<a<pN -1
from which the result now follows. O

10.4.6 If Z,, is the group of units of Zy,, show that

pka(Zy) = (1—a ) (1= p* ) By,
where By, is the kth Bernoulli number.

Clearly,

Hk,a(Z;) = pka(Zp) — tr,a(PZp)
= wk(Zyp) — a_k,uk(ozZp) — i (PZyp) + Ol_kﬂk(azp)-
Now, 1ix(Zy) = By, and pux(pZ,) = p* ! By. Also, since « is an inte-

ger coprime to p, aZ, = Zy, so that p(aZ,) = By, and p,(apZ,) =
p*~1By,. The result now follows. O

10.4.8 (Kummer congruences) If (p — 1) { i and i = j (mod p™) show
that

(1—p" HB;Ji=(1—p ")B;/j (modp™*).

Let a be a primitive root (mod p). Since (p — 1) 1 i, we have o’ # 1
(mod p), so that =" — 1 € Z¥. By Theorem 10.4.7, it suffices to prove
a”'—1=a"7 -1 (modp™*!)and

J

The former congruence follows from Euler’s theorem. The latter fol-
lows from 2~ = 27! (mod p"*1), by the same theorem. O

10.4.9 (Kummer) If (p — 1) { ¢, show that |B;/i|, < 1.
As in Exercise 10.4.8,
/ xi_ldlufl,a
Z*

P

xi_ldul’a E/ 2V o (modp”“).
z

* *
P p

|Bi/ilp = o™ =11 =/

p



10.4 The p-adic ¢-Function

Since (p — 1) /i, o’ — 11is coprime to p. Thus,

Bl = |[ o e
P

< 1

p

)

because |1t1,,(U)|, < 1 for all compact-open sets U.

10.4.10 (Clausen and von Staudt) If (p — 1)|i and i is even, then

pB; = —1 (mod p).

By Exercise 2.5.23,

(m+1 i < >kam+1k7

k=0
where
sm(p) =1"+2"+ -+ (p—1)™.

Therefore,

m—1

1
me - Sm <m + >kam+1k
k=0 m+

which is equal to

m—1

m Bkm—Hk
m(p) - 27 z( )

467

By Exercise 10.4.9, |By/kl, < 1if (p — 1) { k. We now write

m = (p — 1)t and induct on ¢. For ¢ = 1,

_ . 71_1)_2 p—1 % -k _
PBp-1=sp1(0) =1 =D () P’ = —1 (modp)

-1/ k

k=1

by Fermat’s little theorem. The result is now deduced by an easy

induction argument.

0
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10.5 Supplementary Problems

1051 Let 1 < a < p — 1, and set ¢(a) = (aP~! — 1)/p. Prove that
¢(ab) = ¢(a) + ¢(b) (mod p).
We have

(ab)P~! = @' = (14 pg(a))(1 + pe(b))
= 1+ p(¢(a) +¢(b)) (mod p?),

and the result is now clear. O

10.5.2 With ¢ as in the previous exercise, show that

¢(a+pt) = ¢(a) —at (modp),

where aa = 1 (mod p).

We have
(a+pt)~" = @ +p(p—1)ta’? (modp?)
= 1+ po(a) — pta?~'a (mod p?)
= 1+ p¢(a) — pt(1+ pp(a))a (modp?)
= 1+pg(a) —pta (mod p?),
from which the congruence follows. 0

10.5.3 Let [x] denote the greatest integer less than or equal to x. For 1 <
a < p— 1, show that

a’ —a _ pz} Bﬂ (mod p).

p =
We have
p—1 p—1 p—1
> dlag) = > éla)+ Y 6(j) (modp)
7j=1 7j=1 7j=1
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Thus . .
a) =Y 6(j) — Y _ é(aj) (modp).
j=1 j=1

Write aj = r; + pg;, where 1 < r; < p — 1. Then by Exercise 10.5.2,

élaj) = é(r; +pay) = 6(r;) — °* (modp),
J
so that
p—1 p—1 —
> olag) =) (r)) Z ; (mod p).
j=1 j=1 j=1

Now, aj = r;j (mod p) and ¢; = [aj/p], so that

Ez:: [‘”} (mod p)

as desired. O

10.5.4 Prove the following generalization of Wilson’s theorem:

(p = K)I(k = D! = (=1)* (mod p)
for1 <k<p-1
Write
Sl === (- D -2)- - (- 1D)p - k) (modp)
= (=D 1(k = 1)p — k)! (mod p),
from which the result follows. O

10.5.5 Prove that for an odd prime p,




470 10. p-adic Methods

Deduce that 2P~1 = 1 (mod p?) if and only if the numerator of

1 1 n 1 1
23 p—1
is divisible by p.
We have,
or—1 _1q _ (1+1)p_2 :ipfl <p>
p 2p 2p = \J

By Wilson’s theorem the numerator of each summand is congruent
to —1 (mod p). By Exercise 10.5.4, the denominator is congruent to
(—1)7j(mod p). Thus

as desired. O

10.5.6 Let p be an odd prime. Show that for all x € Z,, I'y(x + 1) =
hy(z)Tp(z), where

—x if |z|, =1,
hp(x) =
-1 if |z|, <1

From the definition, we have

—nl'p(n) if (n,p) =1,
Fpn+1) =
Tyn) i () £ L

The result now follows by continuity. O

10.5.7 For s > 2, show that the only solutions of x*> = 1 (mod 2°) are
r=1,-1,2""—1,and 21 + 1.
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We have 2%|(z% — 1). Since 22 — 1 = (z — 1)(z + 1), exactly one of
(x — 1) or (z + 1) is divisible by 4. Either 2||(z — 1) or 2||(x + 1). In

the former case, v = —1 (mod 2°~ 1), so that

r=2"1-1
for some ¢. If ¢ is even, we get + = —1 (mod 2°). If ¢ is odd, we get
r = 2°"1 — 1 (mod 2°.) In the latter case, * = 1 (mod 2°71), and if ¢
is odd, we get x = 2°71 4 1 (mod 2%). O

10.5.8 (The 2-adic I'-function) Show that the sequence defined by

To(n) = (1" ] i
1<j<n
(4,2)=1

can be extended to a continuous function on Zs.
We have
To(n+2°) =Ta(n) [] (n+4)

0<j<2°
(n+5,2)=1

As we remarked earlier, the product of all the elements in an abelian
group is equal to the product of the elements of order 2. We must
therefore solve

22 =1 (mod 2°).

By Exercise 10.5.7, these are precisely 1, —1,25"! + 1, and 257! — 1.
Therefore,
Iy(n + 2°%) =Ta(n) (mod 2°%),

from which the result follows by an application of Mahler’s theo-
rem. This completes the proof. O

10.5.9 Prove that for all natural numbers n,

Dy(—n)Ty(n + 1) = (~1)l/rlnst,

By Exercise 10.5.6, we have

1=Tp(0) = Tp(=1)hp(=1) = Tp(=2)hp(=2)hp(-1),
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and so on. Thus,
Lp(—n)~" =[] hp(—)
j=1

for any natural number n. Again by Exercise 10.5.6, we know that
hp(—j) = —1if p|j, and j otherwise. Thus,

Ty(—n)™t = (=) T i
1<j<n
(4:p)=1
— (—1)["/p]+”+1f‘p(n+1),
as desired. O

10.5.10 If p is an odd prime, prove that for x € Z,,

Lp(@)Tp(1 - z) = (=1)"),

where ((x) is defined as the element of {1,2,...,p} satisfying ¢(x)
x (mod p). (This is the p-adic analogue of Exercise 6.3.4.)

From Exercise 10.5.9, we have
Ly + )0y (—n) = (—1)+ 1+,
Write n — 1 instead of n:
Ty(m)Ty(1 = n) = (~1) -0/
If n = ag + a1p + asp® + - - - is the p-adic expansion of n, then
[(n —1)/p] = [((a0 — 1) + ar1p+---)/p].
First suppose ag # 0. Then
[(n=1)/pl = a1 +ap+---,
so that n — p[(n — 1)/p] = ap = ¢(n). Clearly,
(1) H=0/pl — (_qyn=pln=1)/p] — (1)t

and the formula is proved in this case. If ag = 0, then

n—1=@pE-1)+bip+---
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and
[(n—=1)/p] =b1+bap+---,
which gives
n—pl(n=1)/p] = p=tn),
and again the formula is proved.

10.5.11 Show that

1 if p=3(mod4),

ry(1/2)? = {
-1 if p=1(mod4).

By Exercise 10.5.10,

Lp(1/2)* = (-2

Now, £(1/2) = ¢((p+1)/2) = (p+ 1)/2, so the result follows.
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11
Equidistribution

11.1 Uniform distribution modulo 1

11.1.1 Let us write the sequence of non-zero rational numbers in [0, 1] as
follows:
112131234135
23344555566
where we successively write all the fractions with denominator b for b =
1,2,3,.... Show that this sequence is u.d. mod 1.

We denote by z,, the sequence thus formed. Our goal is to show
that the number of n < M with z,, < x is asymptotically Mx. Let
us first consider all the fractions with denominator at most V. The
number of such fractions is

For each z, we count the number of fractions < z. This number is

S5 Y )

b=1 a<bz d|a,d|b
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since the inner sum is zero unless (a,b) = 1. We find easily that this

Sy Y

b=1 dJb a<bz,d|a

The innermost sum is [bz/d| and so the sum in question is

N

zY ¢ +0 (D db) ],

b=1 b<N

where d(b) denotes the number of divisors of b. By Exercise 1.4.1,
the error term is O(N log N). By Exercise 1.4.2, the main term is as-
ymptotic to cx N 2 for some constant c. In other words, Vy ~ ¢NZ2.
Now let M be an arbitrary integer. As the sequence Vy is strictly
increasing, there is an IV such that

Vn <M< VN+1.
The number n < M with z,, < z is equal to
VN + O(Nlog N) + O(¢(N +1)).

Since M = Vi + O(¢(N + 1)), this completes the proof. O
11.1.2 If a sequence of real numbers {x,,}°°; is u.d., show that for any a
with 0 < a < 1, we have

#{n < N:(x,) =a} =o0(N).

For any € > 0, we take b = a + € so that from the definition of u.d,
we have
#{n < N (2a) € [a,a+ €]} < 2N,

for N > Npy(e). Since the quantity in question is bounded by the
above, we are done. O
11.1.3 If the sequence {xy }72; is u.d. and f : [0,1] — C is a continuous
function, show that

and conversely.



11.1 Uniform distribution modulo 1 477

It suffices to establish the result for real-valued functions. For any
characteristic function of an interval, we have the result by virtue
of the definition of uniform distribution. Let ¢ > 0 be fixed. By
the theory of the Riemann integral, we know that there are step
functions (that is, finite R-linear combinations of characteristic func-
tions) f1, fo such that

filz) < fz) < fa(a),
1 1 1
/0 fl(x)dx§/0 f(m)d:z:ﬁ/o fa(x)dz,

1
0< /0 (fa(@) — fi(2))dz < c.

and

The result is now immediate from our initial remark. For the con-
verse, we observe that given any € > 0, the characteristic function
X[a,p) Of the interval [a, b] can be approximated by continuous func-
tions f1, f2 such that

f1(2) < Xpap(2) < fol2),
and

1
/0 (fo(z) — f1(x))dx < e.

Indeed, we may take

(0 ifr<a

(r—a)fe fa<zx<a+e
filx) =41 ifa+te<xz<b—e

(b—x)/e iftb—e<ax<bh

0 ifo<cz

with f2(z) analogously defined. Note that

1
/0 (f2(z) — fi(x))dz < 2e.

This completes the proof. O
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11.1.4 If {z }02 is u.d. then

1
Jm 3" f(a) = /0 f(@)da,
n=1
for any piecewise C'-function f : [0,1] — C.

This is clear from the previous exercise. O
11.1.6 Show that Weyl's criterion need only be checked for positive integers
m.

This is immediate upon taking complex conjugation in Weyl'’s cri-
terion. g

11.1.7 Show that the sequence {x,, }5° ; is u.d. mod 1 if and only if
1 & !
Aim D J(e) = | f@)de,
for any family of functions f which is dense in C[0, 1]. Here, C[0, 1] is the
metric space of continuous functions on [0, 1] with the sup norm.

The proof of this result follows the method of Theorem 11.1.5. We
simply replace trigonometric polynomials by finite linear combina-
tions of functions in our family. O
11.1.8 Let 0 be an irrational number. Show that the sequence x,, = nf is
u.d.

By Weyl’s criterion, it suffices to check

N
Z €27rimn9 _ O(N)
n=1

form = 1,2, ... Indeed, the sum on the left hand side is the sum of a
geometric progression and equals

627Tim(N+1)9 -1

627r7imb? -1

This is bounded by 2/[e**™Y — 1|, where the denominator is non-
zero since 6 is irrational. Thus, the sum in question is clearly o(NV).
O
11.1.9 If 0 is rational, show that the sequence x,, = nf is not u.d.

Let # = a/bwith a, b coprime integers. Then, Weyl’s criterion fails
with m = b since

N .
Z 6271'zb(na/b) - N.
n=1
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]
11.1.10 Show that the sequence x,, = logn is not u.d. but is dense mod 1.
By Weyl’s criterion, we need to consider the sum

N N
§ :62mm10gn — § :nZTrzm‘
n=1 n=1

We may apply the Euler-Maclaurin summation formula to the right
hand side to deduce that it is

N N
. 1 , )
/ 2mim gt 4 §(N27”m —1)+ / By (t)(2mim)t?™ ™1 dt.
1 1

This is easily seen to be

N27rim+1 -1
————— +O(logN).
arim 1 T OUos )
Dividing by N and letting N tend to infinity shows that the first
term does not converge. For example, for m = 1, we have

N?™ = cos(2mlog N) + isin(2m log N).
If N =2", we get
N?™ = cos(2nr log 2) + i sin(277 log 2).

Since log 2 is irrational, the sequence 7 log 2 is u.d. and we can make
rlog 2 (mod 1) to be close to any number for infinitely many choices
of r. Thus, the limit does not exist. To show the sequence is dense
mod 1, we need only note that mlog2 is u.d. mod 1 since log 2 is
irrational. O
11.1.11 Let 0 < z, < 1. Show that the sequence {x,,}°° ; is u.d. mod 1 if
and only if

1 & 1
lim — > al =
N%N;xn r+ 1

for every natural number .

If the sequence is u.d., then the value of the limit follows from
Exercise 11.1.3. The converse is immediate upon applying the
Weierstrass approximation theorem that states that every continu-
ous function can be approximated by a polynomial. O
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11.1.12 If {x, } 02 is u.d. mod 1, then show that {mx,, }°  is u.d. mod 1
for m a non-zero integer.

This is an immediate application of Weyl's criterion. 0
11.1.13 If {x, }52, is u.d. mod 1, and c is a constant, show that {x,, +
c}o0 y isu.d. mod 1.

This is again an immediate consequence of Weyl's criterion. [
11.1.14 If {x,}5°, is u.d. mod 1 and y,, — c as n — oo, show that
{zn +yn}o2, is u.d. mod 1.

By the previous exercise, we may suppose that ¢ = 0. We must
show that for any interval [a, b],

#{n < N : (@0 +ya) € [a,b]} = (b — Q)N + o(N).

To this end, let € > 0 be such that 2¢ < b—a and |y, | < € for n > Nj.
Then,

#{n < N :(x,) € [at+eb—¢€l}—No < #{n < N:(xp+yn) € [a,b]}
and
#{n < N :(xp+yn) € [a,b]} <#{n <N :(x,) €la—eb+el}+ Ny

Using the known u.d. of the sequence of z,,’s, we now deduce the
desired result. O
11.1.15 Let F,, denote the nth Fibonacci number defined by the recursion
Fo=1,F=1,F,y1 = F, + F,_1. Show that log F,, is u.d. mod 1.

It is easy to deduce (by induction, for example) that

an+1 _ 5n+1
a—p

where a = (1++/5)/2and 8 = (1 —+/5)/2. Thus, it suffices to show
log(a™*! — g"*1) isu.d. mod 1. Since |3/a| < 1, and we must study
the sequence

Fy =

(n +1)loga + log(1 — (3/a)" ™),

it suffices to show that (n + 1)log « is u.d. since the second term
tends to zero as n tends to infinity. By a classical theorem of Her-
mite, log « is irrational and thus the sequence (n + 1)log « is u.d.
mod 1. 0
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11.1.18 Let y1, ..., yn be complex numbers. Let H be a subset of [0, H]
with 1 < H < N. Show that

H

N+H 2N + H)
< Z lonl” + = ZN

where N, is the number of solutions of h — k = r with h > k and h, k €
H.
We proceed as in the proof of Theorem 11.1.16. We have

2: Zzyn+h2: ZZZMMQ

heH n n heH

As before, we note that the inner sum is zero if n ¢ [—H + 1, N|.
Applying the Cauchy-Schwarz inequality, we get a bound of

<(N+H)Y . Zyn+h

n |heH

Expanding the sum, we obtain

Z Z Yn+hYntk = \H|Z|yn!2+z Z Yn+hYntk-

n hkeH n hatkhkeH

In the second sum, we combine the terms corresponding to (h, k)
and (k, h) to get

2Re ZZ Z Yn+hYntk

n heH k<h,keH

As before, writing m = n + k, we can re-write the above as

H
2Re (Z Z ym+rymNr>

m r=1

from which the result is now easily deduced. O
11.1.19 Let 6 be an irrational number. Show that the sequence {n?0}°°
is u.d. mod 1.

For each fixed h, the sequence (n + h)?0 — n%0 = 2hn + h%¢ is
u.d. and so by Corollary 11.1.17, we are done. O
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11.1.20 Show that the sequence {an? + bn}S , is u.d. provided that one
of a or b is irrational.

Suppose first that a is irrational. An application of Corollay
11.1.17 immediately gives the result. If a is rational, then b must
be irrational by hypothesis. Writing « = A/B with B > 0, we can
re-write the corresponding Weyl sum as:

B—1[N/B]
Z Z 2mim(A(Bk+d)? /B+b(Bk+d))
d=0 k=1
This simplifies to
B-1 [N/B]-1
eQﬂ'im(Ad2/B+bd) Z eQﬂimek + O(B)
d=0 k=1

Since b is irrational, the inner sum is o(N/B) from which the result
follows. O
11.1.21 Let P(n) = agn® + ag_1n® "+ - +ay +ap bea polynomial
with real coefficients with at least one coefficient a; with ¢ > 1 irrational.
Show that the sequence of fractional parts of P(n) is u.d. mod 1.

We proceed by induction on the degree of P. If the degree of P is
1 or 2, the result follows from the previous exercises. Suppose first
that a; is irrational and as, ..., a4 are rational. Letting B be the least
common multiple of all the denominators of as, ..., a4, we have as in
the previous exercise,

N B—1[N/B]
Z 6271"L'mP(n) Z Z 27mmP (Bk+d) + O(B)
n=1 =0 k=1

Since a; is irrational, the sequence a1 Bk is u.d. and we find the inner
sum is
[N/B]-1

Z eZﬂim(Bka1+a1d+ao)?

k=1
which is o(N/B). The result now follows in this case. Now suppose
that the highest index for which a; is irrational is ¢. If t = 1 we
are done by the argument just given. For fixed h, consider P, (n) =
P(n + h) — P(n), which is a polynomial of degree d — 1 and whose
corresponding highest index irrational coefficient is the coefficient
of nt~1. By induction, this sequence is u.d. By Corollary 11.1.17, we
are done. O
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11.2 Normal numbers

11.2.1 Show that a normal number is irrational.

A rational number has a b-adic expansion which is eventually
periodic and thus cannot be normal since we can find a block Bj,
which does not occur at all in the expansion. O
11.2.3 If x is normal to the base b, show that mx is normal to the base b for
any non-zero integer m.

By Theorem 11.2.2, we need to check that for every h # 0,

N
Z €27rihmzb" — O(N)
n=1

But this is clear since z is normal. O
11.2.4 Let {v,, }32 ; be a sequence of distinct integers and set for a non-zero
integer h,

1
]\/v7 .Z') _ N Z eQﬂzvnxh.
n=1

Show that )
1
2 —
| 1svapas = 5,

and
Z/ IS(N?, z)2dx < oo.
We have
/ |S(N, x)|? dl‘—N2 Z / 27V —vm)T g
n,m=1

The integral on the right hand side is zero if v, # v, and 1 other-
wise. As the v,,’s are distinct, this means the integral is 1 if n = m
and zero otherwise. The result is now immediate. O
11.2.6 Show that the sequence nle is not u.d. mod 1.

We have

| n'+n!+ +n! . 1 i 1 n
2 n! n+1l (n+1)(n+2)
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The term in the first set of brackets is a positive integer and the term
in the second set is bounded by
1 n 1
n+1l (n+4+1)2

1
n Y
which is less than 1 if n > 2. Thus, the fractional part tends to zero
as n — oo and hence cannot be u.d. mod 1. O
11.2.7 If x is normal to the base b, show that it is simply normal to the base
b™ for every natural number m.

If = has b-adic expansion,

n

S

I
NE
15

where

Ar(m) = Z a(r—l)m—l—kbm_k'
k=1

The result now follows from the definition of normality. O

11.3 Asymptotic distribution functions mod 1

11.3.1 A sequence {x,, }22 | has a.d.f. g(z) if and only if for every piecewise
continuous function f on [0, 1], we have

This is immediate from the solution to Exercise 11.1.3 where the
theory of the Riemann integral is replaced by the theory of the
Riemann-Stieltjes integral. O
11.3.2 A sequence {x, }7> | has a.d.f g(x) if and only if

1 & 1
lim N;emmn _ /0 e2MimT (),

N—o0
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for all integers m.

The necessity follows from Exercise 11.3.1. For the sufficiency, we
modify the proof of Theorem 11.1.5 by using the Riemann-Stieltjes
integral instead of the Riemann integral. O
11.3.4 Suppose that {x,}>2; is a sequence such that for all integers m,
the limits

2mima
am = lim E n
N—»ooN

exist and -
Z lam|? < oco.
Put -
Z ame27rima:.
Show that
. #{n<N:z,€la,p8} [P
. N = /. olw)dz,

for any interval [c, 3] contained in [0, 1].

By the Wiener-Schoenberg theorem, the sequence has a continu-
ous a.d.f. Letting f be the characteristic function of the interval and
using Exercise 11.3.1, the result follows. Il

11.4 Discrepancy

11.4.1 Show that the sequence {xy, }72 ; is u.d. mod 1 if and only if Dy —
0as N — oo.

The sufficiency is clear. To show necessity, let m be an integer > 2
and for 0 < k < m — 1, let Iy = [k/m, (k + 1)/m]. As the sequence
is u.d. mod 1, there is an Ny = Ny(m) so that for N > Ny, and for
every k =0,1,...,m — 1, we have

1 1 <#{n§N:(xn)€Ik}<i+1

m m? - N ~m  m2
Now consider J = [a,b]. We “approximate” J by intervals of the
type Ii. Indeed, there exist intervals J;, Jo which are a finite union

of intervals I, so that
J1 € JC Js,
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and 5 5
|Jo| = — < |J| < |1+ —.
m m

Clearly,

#{n<N:(xp) €N} <H# NN :(v,)eJ}<#{n<N: (x,) € Ja},

so that N S
<N :(xp 2
#{TL_ (x)e }—‘J'SB‘F
N m  m
Therefore Dy < 3/m + 2/m? for N > Ny. Since m can be taken to
be arbitrarily large, we deduce that Dy — 0 as N — oo. O
11.4.2 Show that
. 2 ]
sinmz 1
=1 Z
() et o

By exercise 6.3.4, we get upon logarithmic differentiation that

22

oo
zeotz=1+2 _
nzlzz_n%z

We can rewrite this as a conditionally convergent series:

1
wcoth:z( )
zZ—n

neL

Differentiating this once more, we obtain the desired result. O
11.4.5 For any § > 0, and any interval I = [a,b], show that there are
continuous functions Hy (x), H_(x) € Li(R) such that

H_(x) < x1(z) < Hy (),

with H(t) = 0 for |t| > & and

| ) i@y = [ @) - =

. e 5

Choose S4(x) for the interval I = [da,0b] as in Theorem 11.4.4.
Put Hy(x) = S1(dx). These functions have the stated property. O
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11.4.6 Let f € L'(R). Show that the series

F(z)=Y f(n+a),

ne”Z

is absolutely convergent for almost all x, has period 1 and satisfies F(k) =

(k).
The fact that F'(z) is absolutely convergent for almost all z fol-
lows from

1 0
/O Z]f(n+x)]da::/oo|f(t)\dt<oo.

nez -
The periodicity is clear. Finally,

1 1 o)
Pk) = /0 Fla)e(—ka)dz = 3 /O F(nta)e(—kz)dz /_ F(t)e(—kt)dt.

neL

O
11.4.9 Let x4, ...,z be N points in (0,1). For 0 < z <1, let

Ry(x) =#{m < N:0<uz, <z}— Nuz.

Show that
1 N 2 Lo |y | 9
/0 R?V(Zﬁ)da? = <Z(l‘n — 1/2)) + 277-(2 Z ﬁ Z e?mhxn
n=1 h=1 n=1

Ry (z) is a piecewise linear function of « with discontinuities only
atzy,...,zn. Also, Ry(0) = Ry(1). Thus, we may expand Ry (x) as
a Fourier series which represents Ry (x) apart from a finite set of
values of x. Writing

oo
RN(SU): Z ah€27rzh:v,
h=—o00

we have that
1
ap = / Ry (x)e~2mihe,
0
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For1 < n < N, let ¢, be the characteristic function of the interval
[y, 1]. Then,

ch(x):#{nSN:Oangx}

1/ N A
= / <Z cn(x) — Nx) e~ 2T .
0 n=1

so that

In particular,

ao—Z/ d:c—— EN: n—1/2).

n=1
For h # 0,
N 1 N
, N 1 ,
—2mihx —2mihx
h Z/x ¢ T S = o 2
n=1v"n n=1

The result now follows using Parseval’s identity. O

11.4.10 Let « be irrational. Let ||z|| denote the distance of x from the near-
est integer. Show that the discrepancy D of the sequence no satisfies

1 1 1
D R -
NSt NmZ:lmHmaH’

for any natural number M.
This is immediate from the Erdos-Turan inequality and the obser-

vation that
‘ Z e27rzhna 1 1

< .
~ |sinmhal T 2||hall

11.5 Equidistribution and L-functions

11.5.1 Showthat L(s, p)definesananalytic functionintheregionRe(s) > 1
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This is clear since the representations are unitary and finite di-
mensional. [0 11.5.3 (Serre) Suppose that
for each irreducible representation p # 1, we have that L(s, p) extends to
an analytic function for Re(s) > 1 and does not vanish there. Prove that
the sequence x,, is p-equidistributed in the space of conjugacy classes, with
respect to the image of the normalized Haar measure p of G.

By logarithmic differentiation and an application of the Tauberian
theorem, we deduce that for y = trp,

S x(@a) = olmk()).
Nv<z

The result now follows from Theorem 11.5.2. O
11.5.4 Let G be the additive group of residue classes mod k. Show that a
sequence of natural numbers {x,}5° | is equidistributed in G if and only

if
N .
2627maxn/k — O(N),
n=1

fora=1,2,.. k-1

Thisisimmediate upon applying Weyl’s criterion (Theorem 11.5.2)
to the group Z/kZ and noting that its irreducible characters are
given by x s e?iaz/k, O
11.5.5 Let p,, denote the n-th prime. Show that the sequence {log p,}7°
is not u.d. mod 1.

Let a,, = 1if n is prime and 0 otherwise. By Weyl’s criterion, we

must examine
2 : aanﬂ'zm logn )
n<N

Using the prime number theorem and partial summation, we easily
tind that this sum is

N27‘rim+1 N
- +0(——].
(2mim + 1) log N <10g2 N)

Reasoning as in Exercise 11.1.10, we deduce that upon dividing by
N/log N and letting N tend to infinity, the first term does not con-
verge. O
11.5.6 Let vy, va, ... be a sequence of vectors in RE / 7. Show that the se-
quence is equidistributed in R* /Z* if and only if

N
> e = o(N),
n=1
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for every b € Z* with b unequal to the zero vector.

This follows upon writing down Weyl’s criterion (Theorem 11.5.2)
for the group R*/ZF and observing that all its characters are given
by
eQm'b-v

UV — s

as b ranges over all the vectors of ZF. O
11.5.7 Let 1, v, g, ..., o, be linearly independent over Q. Show that the
vectors v, = (nay, ..., nay) are equidistributed in R* /7.

We apply the previous exercise and consider the Weyl sums:

§ : e27rin(b1a1+'--+bkak)

n<N

Since 1 and the «;’s are linearly independent over Q, the term by a1 +
-+ + by, is irrational and the geometric sum is easily estimated to
be O(1) when the b;’s are not all zero. O
11.5.8 Let a be a squarefree number and for primes p coprime to a, consider

the map
eonim (7).

where (a/p) denotes the Legendre symbol. Show that the sequence of ;s
is equidistributed in the group of order 2 consisting of {£1}.
We use Serre’s theorem. The L-series to consider is

I (- (5))

p,(p,a)=

and this converges for Re(s) > 1 and extends to an entire function
since it is a Dirichlet series attached to a quadratic character mod
a, by quadratic reciprocity. Thus, by Dirichlet’s theorem, it is non-
vanishing on Re(s) = 1 and so the equidistribution result follows.
O

11.6  Supplementary Problems

11.6.1 Show that Exercise 1.1.2 cannot be extended to Lebesgue integrable
functions f.
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Let f(z) = 1 if x = z,, for some n and zero otherwise. Then,

1 N
N Z f(l"n) =1,
n=1
whereas

/01 f(z)dz = 0.
g

11.6.2 (Féjer) Let f be a real valued differentiable function, with f'(x) > 0
and monotonic. If f(x) = o(x) and x f'(x) — oo when x — oo, show that
the sequence { f(n)}>2  is u.d. mod 1.

We apply Weyl’s criterion to show that

N .
Z e27mmf(n) — O(N),
n=1

for every non-zero integer m. By the Euler summation formula
(Theorem 2.1.9), we have

N

Z eZTrimf(n)

n=1

N N
= / 2™ (@) g / By (z)2mimf! (z)e*™ ™ @) dx + O(1).
1 1

Since f'(x) > 0, the second integral is bounded by

N
2r|m) / f(@)dz < 2mlm|(F(N) — F(1)) = o(V),

by the first hypothesis. To estimate the first integral, let u(z) =
cos 2mrma and v(z) = sin 2rma and let us consider the integrals

/lN u(f(z))dz, and /le(f(:c))d:c.

We estimate the first one, the estimation of the second one being
similar. By the second mean value theorem for integrals, there is a §
with 1 < ¢ < N such that

/ " () = / " dulf(z)

2rmf'(x)
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1 ¢ 1 Y
S / W) + gt /5 du(f(z)).

The two integrals on the right are easily seen to be bounded so that
the integral is O(1/f'(N)). The result is now immediate. O
11.6.3 For any c € (0,1), and o # 0, show that the sequence an® is u.d.
mod 1.

Let f(z) = az® and apply the previous exercise. O
11.6.4 For any c > 1, show that the sequence (logn) is u.d. mod 1.
Let f(z) = (log z)¢ and apply the previous exercise. O

11.6.5 Let f be real-valued and have a monotone derivative f'in [a, b] with
f'(z) > X > 0. Show that

b .
/ 627Tzf(:v)dl,

The integral in question is

2
< —.
TA

1 b deQﬂif(x)

2miJo f(2)
Using the hypotheses satisfied by f’, we may apply the second mean
value theorem to see that the integral is equal to

i 1 /Cd 2mi f (x) + 1 /bd 2mif (x)
2mi \ /(@) Jo THON |

for some c with a < ¢ < b. The final estimate is now easily deduced
from this. g
11.6.6 Let f be as in the previous exercise but now assume that f'(z) <
—\ < 0. Show that the integral estimate is still valid.

This is immediate from the previous exercise by replacing f by
— f and this does not change the absolute value of the integral. [J
11.6.7 Let f be real-valued and twice differentiable on [a, b] with f"(x) >

0 > 0. Prove that ,
/ eZwif(x)dx
a

Clearly f'(z) is increasing. Suppose first that f'(z) > 0 in [a, b].
By the mean value theorem of differential calculus, we have for a <

c<b,
f'(e) = f'(a)

cC—a

<t
_\/g'

= 1"(9),



11.6 Supplementary Problems 493

for some ¢ € [a, ¢]. Thus,
fi(@) = fi(e) = (c = a)d + f'(a) = (c = a)g,

for x € [c, b]. By the previous exercises, we obtain

b .
/ e2mf(m)dx

Breaking the original integral into two parts as:

b c b
/eQﬂif(x)dx:/ e?ﬁif(x)+/ e27'1'1']‘(:(:)7

and using the trivial estimate of ¢ — a for the first one, and the esti-
mate of O(1/(c — a)é) for the second one, we choose ¢ — a = 1/v/d
to derive the final estimate. If f’(z) > 0 throughout the interval,
we break up the interval into two subintervals on which f’(z) has
constant sign. O
11.6.8 Let b — a > 1. Let f(x) be a real-valued function on [a, b] with
" (xz) > 6 > 0on [a,b]. Show that

Z eQﬂ’if(n)

a<n<b

<

(c—a)d’

f'(b) — f'(a) +1
N :

<

Since f”(x) > 6 > 0 and f’(z) is increasing, we may write the
exponential sums as the (finite) sum,

> Sm,

where
S, = Z e27rif(n) )
a<n<bm—1/2<f'(n)<m+1/2

We may write
S, = Z eQﬂ'if(n) ’

am <n<bm

for certain integers a,, by,. Writing F},,(z) = f(z) — mx, and using
the Euler-Maclaurin sum formula, we get that

bm
S, = / 2T (@) g 4 % (e2iFm(@n) | 2miFn(bm)) 4
am
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bm .
/ By (z)2nF!, ()™ Fm (@) gy
am

By the previous exercises, the first integeral is at most 4/ V6 and the
second integral is bounded since |F], (z)| < 1/2 in this range. Thus,

4
S| < —=+3.
[Sim| 7
There are at most |f'(b) — f'(a) + 2| values of m for which S,, is
non-zero and this completes the proof. O

11.6.9 Show that the estimate in the previous exercise is still valid if
fx) < =d6<0.

This is clear by replacing f(x) by — f(x) in the previous exercise.
O
11.6.10 Show that the sequence {logn!}>  is u.d mod 1.

By Stirling’s formula and Exercise 11.1.14, it suffices to show that
the sequence

(n+1/2)logn —n

isu.d. mod 1. Let f(x) = (z + 1/2) log x — x. By Exercise 11.6.8,

Z e2mmf(n) « N1/21og N,
1<N

from which we deduce the u.d. mod 1 of the sequence f(n). O
11.6.11 Let ((s) denote the Riemann zeta function and assume the Rie-
mann hypothesis. Let 1/2+1iv1,1/2+ 17, ... denote the zeros of ((s) with
positive imaginary part, arranged so that v; < v < ~3---. Show that
the sequence {~,} is uniformly distributed mod 1. The method of Ex-
ercise 8.4.8 can be adapted to show that the result still holds if n is
replaced by > 1 where we set Ap(z) = A(n) if z = n and zero
otherwise. With F' = ¢ and = = ¢*™™, the corresponding Weyl sums
are all shown to be sufficiently small. O
11.6.12 Let A,, be a sequence of sets of real numbers with #A,, — oco. We
will say that this sequence is set equidistributed mod 1 (s.e.d. for short)
if for any [a, b] C [0, 1] we have

L #HEEAa< (t) <b)

bo 4A, =b-a.

The usual notion of u.d. mod 1 is obtained as a special case of this by taking
A, = {z1, ...,y }. Show that the sequence of sets A,, is s.e.d. mod 1 if and
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only if for any continuous function f : [0, 1] — C, we have

1
S ) = /0 f(@)da.

teAp

lim

It suffices to consider real-valued functions f. The necessity is
clear by approximating the continuous function f by step functions
as in the solution of Exercise 11.1.3. For the converse, we again pro-
ceed as in Exercise 11.1.3 and approximate the characteristic func-
tion of an interval by continuous functions. O
11.6.13 Show that the sequence of sets Ay, is s.e.d mod 1 if and only if for
every non-zero integer m, we have

1 .
lim e2mimt — (),
oo # Ay, t;:n

This is again immediate from the fact that any continuous func-
tion can be uniformly approximated by a finite trigonometric poly-
nomial. The proof follows closesly that given for the Weyl criterion.
|
11.6.14 Let A,, be the finite set of rational numbers with denominator n.
Show the sequence A,, is set equidistributed mod 1.

By the previous exercise, it suffices to check

ST eEmmin— ofg(n)),

(t,;n)=1

for non-zero m. But the exponential sum is a Ramanujan sum ¢,,(m)
which equals p(n/d)p(n)/¢(n/d) where d = (m,n). For m fixed, d
is bounded since it must be a divisor of m. As n tends to infinity,
¢(n/d) tends to infinity and the result is now clear. O
11.6.15 A sequence of sets A, with A,, C [0,1] and #A,, — oo is said to
have set asymptotic distribution function (s.a.d.f. for short) g(x) if

) ted, : 0<t<z
i FEERDEE g,

Show that the sequence has s.a.d.f. g(x) if and only if for every continuous
function f, we have

. 1 !
T e 30 = [ f@agla)

teAn
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This is again similar to the proof of Theorem 11.3.1. O
11.6.16 (Generalized Wiener-Schoenberg criterion) Show that the se-
quence of sets { Ay, }2° | with A,, C [0, 1] and #A,, — oo has a continuous
s.a.d.f. if and only if for all m € 7 the limit

. 1 ;
A, := lim E e2mimt

n—o0 #An teA,
exists and
N
> Jaml* = o(N).
m=1

This too follows closely the proof of Theorem 11.3.3 where the
arguments are replaced by the appropriate limits over sets. O
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