SEEMOUS AND IMC PREPARATION, DAY 1, 2/12/2021
SEQUENCES, SERIES AND INEQUALITIES

1. BASIC KNOWLEDGE

1.1. Sequences. Sequences are one of the fundamental notions of Mathematical analysis. The most
important notions about them are boundedness (bounded sequences), monotonicity (increasing and
decreasing sequences) and convergence (the limit of a sequence).

We assume familiarity with the notions of a sequence, a subsequence and the limit of a sequence.
The most important facts are the following ones:

1) Algebra of limits: if x,, — = and y,, — y then x, + y, = & + y, Tpyn — 2y, ete.
2) Every bounded and monotone sequence converges to a finite limit.
3) Bolzano - Weierstrass: Every bounded sequence has a convergent subsequence.

4) Sandwich: If a,, < b, < ¢, for every n > ng with ng some fixed index, then a,, by, ¢, converge, then
lima, <limb, <limec,.
In particular, if a,, and ¢, converge and lim a,, = lim ¢,, then b,, converges and

lima,, = limb,, = limc,.

1.2. Series. Series are one of the fundamental notions of Mathematical analysis. The most important
notions about them are convergess and summation. Quite often, you must apply theory from inequali-
ties to solve some exercises (Cauchy-Schwarz inequality, etc.)

Main criteria of convergence:
1) Well known series: geometric series, harmonic series, Taylor series of standard functions.
2) Comparison test.

3) Cauchy test: If a,, is a non-increasing sequence of non-negative real numbers, then
(oo} (oo}
Za” <oo = Z 2" Ggn < 00.
n=1 n=1

4) Leibniz test: If a,, decreasing and a, — 0, then

Z(_l)nan

n=1

converges.
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5) Cesdro - Stoltz theorem: Let z,,y, € R be two sequences with y,, strictly positive, increasing
and unbounded. If

n=00 Yn+1l — Yn

. anrl — Tn
lim — =

then

1.3. Inequalities. Proving inequalities often involves the (possibly repeated) application of just a few
basic inequalities. The main examples are the following:

1. Squares are positive: for all z € R
22 > 0.

2. Rearrangement:
S e
k
is maximised when {z;} and {y;} (positive) are sorted the same way.

3. Arithmetic mean-Geometric mean: for real nonnegative z1, zo, ..., x, we have

> \Jx1T2...Xp.

1+ 2o+ ...+ 2y
n

(E) <)

(1) A convex function of a compact domain attains its maximum on the boundary.
(2) Jensen’s inequality: 13, f(z;) > f(1 3, ), for f convex.

6. Power-means:

4. Cauchy-Schwarz:

-
I M:
M
<
TN
\/

5. Apply convexity:

zllp = [lllg,
where p > ¢ and ||z||; denotes the k-norm of the vector z;
7. Probabilistic inequalities: The maximum attained by a random variable is larger then its mean.
8. Triangle inequality(!).
On the other hand, the technique is often quite subtle, since it involves balancing simplifying an expres-
sion (e.g. by applying an inequality), with ensuring not too much is given up in the process. Note there
are many other useful inequalities (Bernoulli’s, Holder’s, Minkowski’s, Chebyshev’s etc.), although for

problem solving purposes these give diminishing returns.

Hint: quite often, use induction!
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2. EXERCISES
Warm-up problems for Sequences

1. Find the limit of the sequence

an:\/1+\/1+\/1+...+\/i

2. A sequence S = {z,, }nen of real numbers satisfies 2,11 = x,, cos z,,. Does it follow that S converges
for all values of 17

3. What if x,, cosz,, in ex.1 is replaced with x,, sinz,,?

4. Prove that the following sequence converges:

an:\/1+\/2+\/3+...+\/ﬁ, n>1.

5. a) Let a1, ag, ... be a sequence of real numbers such that a; = 1 and a,11 > 3“7" for all n. Prove that
the sequence

has a finite limit or tends to infinity.
b) Prove that for all @ > 1 there exists a sequence a1, ag, ... with the same properties such that

. Qn
nh~>nc}o (3)”—1 -
2

Warm-up problems for Series

6. Let a,...an,... be a sequence of nonnegative numbers. Prove that if we have > a, < oo then

> a1, < 0.

7. Show that if a,, is decreasing and 3 a,, converges then lim na,, = 0.

8. Find a sequence a,, of real numbers such that
oo
> an
n=1

converges, but

diverges for every k > 1.
9. Does there exist a positive sequence a,, such that 3" a, and > 1/(n?a,) are convergent?

10. Let 0 < a,, < 1 for n € N. Assume that the series

2 Tog(1/ar)
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converges. Prove that the series

o0
> o
oy logn
also converges.
11. Let a, be a sequence of nonnegative real numbers such that
1 n 2n
— ap > a
Suz Y w
k=1 k=n-+1

for every n > 1. Prove that

oo
Z a, < 2ea;.
n=1

More difficult problems

12. Define the sequence {z;};ien by 21 = v/5 and 2,1 = 22 — 2. Compute

. ml'x2'x3"'xn
lim —————— .
n—oo xn+l
13. Compute
lim |[sin (71'\/ n?+n+ 1) ‘ .
n—oo

14. Let ag = v2,bp =2 and ap11 = 1/2 — V4—a2, by = #

a) Prove that a, and b,, are decreasing and converge to 0.
b) Prove that 2"a,, is increasing, 2"b,, is decreasing and they converge to the same limit.
c) Prove that there exist a constant C such that

0<b, —a, <—.
a 8"

15. Let S = {x1,29,...,%n, ...} be the set of all positive integers that do not contain the digit 9 in
their decimal representation. Prove that

=1
T;E<80.

16. For which positive values of x does the series

(¥7-1)

oo

n=1

converge?

17. Prove that
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18. The sequences a,, and b,, of positive real numbers satisfy

=1 <1
D=2 =™

n=1 n=1 "
Is it true that
> 1
DRI
— ap, + by,
n=1

19. Define the sequence {a, }nen by ag =1, a3 = 1/2 and

na2

C n>1.

an+1: 1+(n+1)an ) -

Does the series Y, (an+1/arn) converge, and if so, to which value?
20. For positive integers n, let the sequence a,, be determined by the rules a; = 1, as, = a, and

agn+1 = (—1)"a,. Find the value of
2016

§ anan—i-Q .
n=1

21. Let aq, ..., ay, be real numbers in (0,7/2) such that

" T
E tan(ak——> >n—1.
4
k=0
Prove that

n
H tan(az) > n"L
k=0

22. Let (z1,z2,...) be a sequence of positive real numbers satisfying

o0
ZQn—l

=1

S

Prove that

k
2 <

ﬁMg

3. SOLUTIONS

1. Prove it is bounded by 2 and increasing. Recursive formula for the limit.
2. NO. For z; = 7 we have z,, = (—1)"" 7.

3. YES. Notice that |y,| is nonincreasing and hence converges to some number a > 0. If a = 0,
then limy, = 0 and we are done. If ¢ > 0, then @ = lim |y, + 1| = lim |y, siny,| = a|sinal, so
sina = +1 and a = (k 4+ 1/2)7 for some nonnegative integer k.

Notice that ¢ - sint = (—t)sin(—t) = |¢|sin|¢| for all real ¢, hence Y41 = |yn|sin|y,| for all n > 2.

Since the function ¢ — tsint is continuous, yn+1 = |yn|sin|y,| — |a|sin|a| = a.
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4. Since a,, is increasing, it suffices to prove that a, is bounded. Notice that

1 2 3 n
= V2,|= z ST —
an V2 st Vst TV

< \/Q\/1+\/1+\/1+...+\/T.

The last term is less than 2v/2.

5. (a) Let

(427
3\n—1"
()
Then b,11 > by, thus the sequence (b,) is strictly increasing. Each increasing sequence has a finite

limit or tends to infinity.
b) For all a > 1 there exists a sequence 1 = ¢; < ¢3 < ... which converges to a. Choosing

3 n—1
Ap = Cp, (2> .

6. Cauchy-Schwarz for x, = \/an, Yn = /Gnt1- Or use the AM-GM inequality:

n =

we obtain the required sequence (ay,).

oo

oo oo o0

a +a a a
E [t 1y < E % — E "2+1 + ?”
n=1 n=1

n=1 n=1

7. Since the sequence of partial sums is Cauchy we have a, 11 + ... + ag, — 0. But a,, is decreasing i.e.
Gpt1 + oo + G2y > nag,. Hence 2nag, — 0. For odd index follows by ag,, > agpy1-

71)n,+1

8. Take ap = m

9. No. By AM-GM we have

10. Both series have nonnegative terms. If % < 2, then

an < 2a,
logn — log(1/a,)’

If % > 2, then a, < 1/n?, hence
an, 1
O SN
logn — n2logn

Hence
an 2a., 1

< .
logn ~ log(1/ay,) + n2logn
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11. For M € [2F, 2541 use (1 + z) < €* to write

2L+1

)

M
D an < (a1 + .+ ag) + (aggr + ..+ a

< <1+21L> (a1 4+ ... tage) < ... < <1+21L) (1+;) (a1 + a2)

L
< 2a161/2+“‘+1/2 < 2eaj.

12. Define y,, = 2. Then y,11 = (yn — 2)? and Y11 — 4 = Yn(yn — 4). We have yo = 9 > 5, hence
inductively ¥, > 5 for all n > 2. We get ¥, 11 — Yn = y2 — 5y, +4 > 4 for all n > 2. Hence y,, — oo.
BY Yni1 — 4 = yn(yn — 4) we conclude

<m1-x2-x3---xn>2 Y1 Y2 Y3 Yn
Tn+1 B Yn+1
_ yl'y2'y3"'yn.yn+1_4_y1'y2'y3"'yn—l_yn+1_4
B Ynt1 — 4 Ynt1 Yn —4 Yn+t1
= ..:y"+174~ L — 1.
Ynt1 Y1 —4

13. The function [sin x| is periodic with period 7. Hence

lim |sin (wx/nz +n+ 1)‘ = lim |sin (71'(\/712 +n+1 —n))‘ .
n—oo n— oo
But
1
lim vn?4+n+1-—n)= 3
n— oo
Hence
lim |sin (7‘(‘\/ n?+n+ 1)‘ = [sin(7/2)| = 1.
n—oo

14. a) Obviously as < v/2 = a;. But the function f(z) = v/2 — v/4 — 22 is increasing in [0,2]. Hence
ay, is decreasing. The limit satisfies the relation f(x) = = hence the limit is equal to 0. Same for b,,.
b) The inequality 2f(z) > « for all € (0,2) implies 2"a,, is strictly increasing. The inequality
2¢g(z) < x for all z € (0,2) implies 2"b,, is strictly decreasing. Use induction to prove that

2 __4b]
a; = .
"4+
This is decreasing.
The sequence 4" (a,,)? is increasing and
4472 4
. n 2 _ 1 n o __1: : n 2
lim 4™ (a,)* = lim T hmm lim 4™ (b,,)*.
The last part follows from the equality
(27b,)* 1 1

9" (b — an) = S .
(bn = an) = 0 T 3 )

15. Assume an n-digit such number. How many choices do we have? First digit cannot be 0 or 9
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(hence 8 choices) and all the other digits cannot be 9 hence 97~! choices. Totally 8 - 9"~! choices. All
are bounded by 10™. We conclude

1 n 1 ]. n 9m71
DD DD D P Pk b LI 9 () BT

X
T <10™ z €[10m—1,10™) k m=1 m=1

16. Clearly it converges for x = 1. For any other it diverges. To show this, assume x # 1. Then,
applying the Mean Value theorem to f,(t) = t'/" we find a ¢, between 1 and z such that

Ve—1 1 4/,

t—1 nr
Hence
Ye—1_ 1 1n-1< 1 -1
> —(max(1 /n=1 > Z (max(1
P > (max(1,2) Y > (max(1,2) 7,
hence we compare it with the harmonic series.
17. Use calculations or AM-GM to prove that
1 2 2

<7_

Van+1) v VT
2

hence, as a telescoping series, we get

18. No. Assume a, = 1/n for n even and 1/n? for n odd, and b, = 1/n for n odd and 1/n? for
n even.

19. Observe that

1+ (k+ 1aw)a a
( ( ) k) k—+1 _ k+1 +(l€+1)ak+1
Qg ar

k;ak =
for all £ > 1. Hence, we have the telescopic sum
" a a - 1
0< Y 5 = = 4 (kar — (k+ Dagsr) = 5 + a1 — (n+ Daggr = 1— (n+ Dagyq < 1.
P = 2

for all n > 0. Since all terms are positive, the sum is convergent. Hence — 0, i.e. there exists a

An+41
Qn

An+1
Qn

ng such that for all n > ng we have < 1/2. Induction proves there exists a constant C' > 0 such

that 0 <a, < 2% This means na,, — 0, hence

- G41
ongk =1—(n+1Dansy —1
k=0

asn — 0.

20. Calculate many first terms and use induction.

21.
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22. (IMC 2016, Problem 6) Interchange the sums to get

ook T e} 00 1

n

Sy oS (n 3 ).
k=1n=1 n=1 k=n

We use telescopic series to get the upper bound

=1 =1 > 1 1 2
kz_;k?<kz_;k2_}l<;(k—é_k+é)_2n—l

and we conclude the desired bound.



SEEMOUS AND IMC PREPARATION, DAY 2, 16/12/2021
SEQUENCES, SERIES AND INEQUALITIES

1. A BIT MORE OF THEORY

1.1. Sequences. A few more basic elements of the theory of real sequences.

1) Convergence of sequences can be deduced also by Cauchy criterion: a sequence is convergent if
and only if it is Cauchy.

2) Search for patterns, especially if a,, is given by a recursive relation.

3) Root test, ratio test.

1.2. Series. More criteria of convergence:
1) Absolutely convergent series.

2) Integral criterion: Let f be a monotone decreasing function in the interval [k,00). Then the se-
ries

converges if and only if

3) The Riemann zeta function

)=

n=1
converges for s > 1.

2. EXERCISES
Problems for Sequences

1. Let k£ > 0 be a real number. Compute the limit:
i 142k 430 4 4P
nggo nk+1 '

2. Let 29 € (0,1) and 2,41 = 2, — 22 for n > 0. Compute lim,, o, nT;,.

3. Evaluate the infinite product
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4. Evalueate the product

ﬁ (n® + 3n)?
ol né —64 °

Problems for Series

5. Prove that the series

diverges.

6. Prove that

7. Prove the inequalities

for k > 1 and, for a € (0, 1),

8. Prove that the limit

exists.

9. Evaluate the sum
1

kZ:O (4k + 1)(4k + 2)(4k + 3)(4k +4)

10. Use an elementary method to prove that

diverges.

3. SOLUTIONS
1. Apply Cesaro-Stoltz theorem for a, = 1¥ + 2% + 3% + ..+ n* and b, = n**!, then the desired
limit exists and is equal to
Up41 = an _ (n+ 1)k ) n® + O(nF-1) 1

I - - - .
W bt —bn m (DR gk T R ek Dk + O(mFL) k41

2. You can easily see by induction that 0 < z,, < 1 for every n. Hence z,, is decreasing. Bounded and

monotonic, x,, must converge to some limit z. Then z = z — 22 gives z = 0. The Cesaro-Stolz theorem

gives

n+1l-—n . Ty — 22 .
T T = lim n % —=liml—=z, =1.

Tnt+1 - Tn

lim nz,, = lim
LTn
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3. Use induction to show that the product up to n < N is equal to M.

4. (IMC 2019, Problem 1) Notice that
(n® + 3n)? n n n?+3 n?+3

—64 n—2 n+2 (n—12+3 (n+12+3

Thus we get

(P +3n)2  N(N 1) 3.4 N2+3 3343 122

W64 1.2 (N+)(N+2) 2+3 (N+1)2+3 2.7

\1.\ 3

5. We know that

1+—-) —e
n
from below, hence
1
Ve—1> —.
n

6. Using the elementary inequality 1 4+ x < e” for x > 0, we get

I10+an <exp(§ )

n=1

For a, = 1/n we telescopically get

S|

N
N+1<exp<z >
n=1

hence the result.
7. Work as in the previous exercise.

8. Use the graph of logz to deduce 1/2+...4+1/(n+1) <logn < 1+...4+1/n, i.e. apt1—1 <logn < a,.
Hence

logn < a, < ant+1 <logn + 1.
The sequence ¢, = a, — logn is increasing iff
1
] + logn — log(n + 1).

Study f” of the above function to deduce monotonicity.

9. Consider the function

x x4k+4
kZ:O 4k + 1)(4k + 2)(4k + 3)(4k 4+ 4)°

The series converges for |z| < 1 and we want to evaluate F'(1). Differentiating 4 times we get

(4) ak _
F Zx -
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’ "

We have F(0) = F'(0) = F"(0) = F"(0) = 0. Thus

t
/ / / / da:dydzdt
t=0Jz 0 1-

10. We have seen that > 1/n? < 2. We prove now that

S )3 L
— k= m2’

k=1 p<n P/ =
To see this:
1 n 1 n
Z p -y w2 omt
m=1 m=1,p<n m=1,p1,p2<n

and this last expression is bounded by

1\ «— 1 1 ! 1
H<1+)22<QH(1+>§2 ev =2exp [ Y =
< p - < p < P
psn m pPn Psn psn
Then
"1 1
loglog(n + 1) < log (Z k:) <log2+ Z s
k=1 p<n
Hence

1
Z — > loglog(n+1) —1.

p<n

p1p2m?



Theory

Weierstrass Polynomial Approximation Theorem. Let f(z) be areal-valued (or complex-
valued) continuous function on [0,1]. There exists a sequence of polynomials p,(z), n € N, which
converges, as n — 00, to f(x) uniformly on [0, 1]. For instance, we may take

n

pala) = 3 () S/t =

k=0

Proof. (Taken from Functional Analysis - K. Yosida) By applying 29, and 2202 to (x + y)" =
S 0( ) Fyn=F we get nx(z +y)" = > 1, ( )x y" % and n(n — D)a?(z + y)" = > p_ok(k —
1) ()akym k , respectively. Letting ri(z) = (7 ) (k/n)x*(1 — 2)"~* we have

Zrk(x) =1, Z kri(x) =nz and Z E(k — Drp(z) = n(n — 1)z (1)
k=0 k=0 k=0

Therefore,

n

Z(k —nx)’rp(z) = n?a2? Z ri(x) — 2nx Z kry(x) + Z k*ry.(z)
k=0 k=0 k=0

k=0 —
= n%2% —2nz -nz+ (nx +nn—-1)z?) = nz(l-2z). (2)
For any € > 0, due to uniform continuity, there exists a 6 > 0 such that |f(x) — f(Z)| < € whenever
|z — Z| < §. Hence, if we choose M > 0 such that |f(z)| < M, z € [0,1], by (1) and (2) we deduce

- kﬁ%f(k/nmu) - \2 F /o)
_ < | ) Z@ (f(z) = f(k/n))ri(z)| + | ) > 6 (f(z) = f(k/n))re(2)]
< sl _Z_ : re() +2M Y rk(x)_m|> '
|k—nz|<dn |k—nz|>dn
< szn:rk(z) n % n (k — na)2ry(z) = & + QMxn(;; 2 <oy 2%2.
= k=0
O

Bernoulli inequality. For any x > —1 and n € N, we have (1 + z)" > 1+ nx.
Proof. Follows by induction. O

Young inequality. Let p,q € (1,00) satisying p~! + ¢~! = 1. Then, for any a,b > 0 we have
a?  be
ab < — + —
p q’
Proof. Let p € (0,1) and y > 0. Let

g9(z) = pln(z) + (1 — p)In(y) —In(pz + (1 - p)y), = =>y.
We have

g(y) =0 and 8zg(x):£— P = (p—l)(lx—y) <0.
Therefore g(x) <0, i.e.
pln(z) + (1 —p)In(y) <In(pz + (1 —p)y) when z>y.
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Without loss of generality, setting r = p~ !, = a” and y = b7, we get

M_ngln(afp bj)

+
b q p q
The right hand side of the above inequality equals In(ab), so that the result follows by the fact that
the function In(+) is monotone increasing. O

Holder inequality. Let p,q € (1,00) satisfying p~! +¢~! =1 and let n € N. For any z,y € C",
x=(21,..,Zn), Yy = (Y1, -, Yn), we have

n

N (jilw) (iw)

Jj=1

= (i|xj|p)é and b= (Z|yj|p)

Proof. Setting

Q=

from Young inequality we get
‘xJHyJ (|$J|> (|?/j|)q 1
< - =] <-+-=1,
>l < 15 () 1S ()< S
where we have assumed a,b # 0, since, otherwise, the result is trivial. O

Holder integral inequality. Let Q be a measurable subset in R™ and f, g be measurable real
(or complex)-valued functions on €. Then

[ r@gids < ([ 1ra) ([ o)

1 =1, in the sense that finiteness of the right side implies that fg¢ is summable.

where p~! + ¢~

Minkowski inequality. Let p € (1,00) and n € N. For any x,y € C*, z = (x1,...,2,),
Yy = (y1,..-,Yn), we have

S

(jilmj +yj|p)% < (ilsz)’l’ (Z|%|p>

Proof. For any j € {1,...,n} we have

5 + 5P =l + yilleg + oy P < ol 4y P+ sl 4 g P

where, by summing up from j = 1 to 7 = n and then using Hélder’s inequality, we obtan

Sk ru < ((Sb) + (k) ) (S +uio)’

—1

where p~! + ¢7! = 1. The result follows since q(p — 1) = p. 0

Minkowski integral inequality. Let Q be a measurable subset in R™, f, g be measurable real
(or complex)-valued functions on € and p € [1,00). Then

([ 1@ +apas)” < ( [ 11@pas) "+ ( [ o@ra)”.

in the sense that finiteness of the right side implies that f + g is summable.



Problems

(1) Show that there exists no continuous and onto map f : [0,1] — (0, 1).

Solution. Assume that there exists such a map. Let z,, € [0, 1] such that 0 < f(z,) < 1/n, n € N.
By the Bolzano-Weierstrass theorem, let {x,;};en be a subsequence of {z,},en that converges to
some z € [0,1]. By continuity we get that f(z) = 0, which yields a contradiction. |

(2) Let a < b, a,b € R and f : [a,b] — R be a continuous function such that [a,b] C f([a,b]). Show
that the equation f(z) = x has at least one solution in [a, b].

Solution. Let f([a,b]) = [m,M], for some m,M € R, m < M, and z,,,xp € [a,b] such that
f(zm) =m and f(zp) = M. For the continuous function g(z) = f(x) — « defined on [a, b], we have
g(xm) <0 and g(xzpr) > 0. Hence, the result follows by the intermediate value theorem. O

(3) Let f:[~1,1] — R be continuous satisfying f(22? — 1) = 2z f(z), for all z € [-1,1]. Show that
f equals to zero identically on [—1, 1].

Solution. Define g(t) = f(cos(t))/sin(t), t € R\{kn |k € Z}. We have g(t + 7) = g(t) and, moreover,
f(2cos?(t) — 1)  2cos(t)f(cos(t))

2t) = = =g(1).
9(20) sin(2¢) sin(2¢) 9(t)
In particular,
k
gL+ o) = 92"+ km) = g(2") = g(1), forall k,m e Z.

™

Therefore, g is constant on S = {1 + 571 | k,m € Z}. Noting that S is dense in R, we get that g is
constant on R. Since g is odd, we conclude that ¢ = 0 on R. The result now follows by noting that
f(0) = f(1) = 0, due to the functional equation of f. O

(4) Show that for all p > 1 and a,b > 0 we have
al + P < (a+b)P < 2p_1(ap +bP).

Solution. Let f :[0,1] — R defined by f(z) = (1 +2)?/(1+4 zP). We have f'(x) > 0, for all z € [0, 1].
This implies 1 = £(0) < f(z) < f(1) = 2P~ z € [0,1]. Without los of generality, we may assume
that b # 0 and a < b. Then, the result follows by setting = a/b to the above inequality. O

(5) Let a € R and f : (a,00) — R be a nonconstant bounded twice differentiable function such that
f'>0and f” >0 on (a,00). Show that lim,_, f(z) = 0.

Solution. We have that f and f’ are nondecreasing on (a,00). Let ¢ = lim,_,~ f(x). Suppose that
¢ # 0. By I’ Hospital rule we have

0= lim %x): lim ().

Since f’ > 0 is nondecreasing, it follows that f* = 0 on (a,0), i.e. f is constant map, which is a
contradiction. ]

(6) (IMC 2002) Does there exist a continuously differentiable function f : R — (0,400) satisfying
fr=fof?

Solution. Suppose that such a function exists. Then, it has to be increasing. Therefore, f(z) > 0
implies f(f(x)) > f(0) for all x € R. That is f(0) is a lower bound for f’. By mean value theorem,



4

for x < 0, we have

T 2 IOV _ gy > s10)

for certain £ € (x,0), which implies f(x) < (z + 1) f(0). By choosing x < —1 we get a contradiction.
g

(7) (Math. Magazine, Problem 1005) Find all differentiable functions f and g defined on (0, +00)
that satisfy

f’(x):7$ and g’(x):f@ for all z > 0.

Solution. We have
(@(f(2) + 9(x)))" = zf'(z) + zg'(x) + f(x) + g(z) = 0.
Hence, there exists a ¢g € R such that f(x) + g(x) = 2¢y/z, for all x > 0. Furthermore,

(f(fr) —9(z) )’ _ af'(z) —zg'(x) - f(2) + 9(2)

=0.
T 2

Thus, there exists some ¢; € R such that f(x) — g(x) = 2¢yz. Summarising we obtain

f(x)=coz '+ 1z and g(x) =coxr™' —ciz forall z>0.

8) Find all integers a and b sucht hat 0 < a < b and a® = b®.
(8) g

Solution. Let f(z) = In(z)/x, > 0. Then, a® = b* if and only if f(a) = f(b). We have f'(z) =
(1 — In(z))/2?, so that f increases on (0,¢e) and decreases on (e,00). So, for f(a) = f(b) to be true,
we must have a € (0,¢) (i.e. @ € {1,2}) and b > e. The case of a = 1 gives no solution. On the other

hand, for a = 2 we get a solution with b = 4. Due to monotonicity of f, this is the unique solution.
|

(9) (Harvard-MIT Mathematics Tournament, 2002) Suppose that f is a differentiable real function
satisfying f(0) =0 and f(z) + f/(z) <1 for all x € R. What is the largest possible value of f(1)?

Solution. Consider the function g(z) = e®(f(xz)—1), € R. We have ¢'(z) = e (f(z)+ f'(z)—1) <0
for all x € R. In particular,

e(f(1) —1) =g(1) < g(0) = -1, 3)
i.e. f(1) <1—e L. On the other hand, if f is a function for which f(1) achieves its largest possible

value, then by (3) and the monotonicity of g, we have that g must be constant on [0, 1], i.e. g(z) = g(1)
for x = [0,1]. This implies that f(z) =1—e"*, 2z € R. O

(10) Let f:[1,00) — R be such that f(1) =1 and

1
!
- >
Show that the limit lim, . f(z) exists and is <14 7.

Solution. We have that f is increasing on [1,00), so that f(¢) > f(1) =1, ¢t > 1. Hence,

f'@) <

1+¢2° 21

Therefore, for each x > 1 we have

r o1 >~ 1 s
=f(1 "(t)ydt <1 ——dt <1 ——dt=1+ —.
f@ =1+ [ row<is [ mga<is [ pa=1+]



Thus, lim, o f(z) exists and is < 14 7. O

(11) Let f: [0,+00) be a continuous function. Show that

/OI (/Oy f(t)dt)dy = /Oz(x —y)f(y)dy, forall z>0.

Solution. For any x > 0, by integrating by parts, we get

[ ([ roaa= [wr( [ soa)ay= [ swa- [ vswa

]
(12) (IMC, 1998) Let f : [0,1] — R be a continuous function satisfying zf(y) + yf(x) < 1 for all
x,y € [0,1]. Show that

1
/ flzx)dz < w/4.
0
In addition, show that the above bound is optimal.

Solution. We have

J:/O f(m)dmz/o f(cos(t))sin(t)dt:/o f(sin(t)) cos(t)dt.

By summing up, we deduce

™

2] < / 1dt = /2.
0
Equality holds with f(z) = V1 — 22. O

(13) (Math. Magazine, Problem Q887) Show that

sin(z) In (71 + sin(z)

1- sin(x)) >22%, ze(-m/2,7/2).

Solution. Since both sides of the inequality are even functions, it suffices to consider the case = €
[0,7/2). We have

/0 cos(t)dt = sin(x) and /0 Kl(t)dt = %ln (1—’—21283)

Then, by Cauchy-Schwarz inequality (i.e. Holder for p = 2), namely

([ rwgwar)” < ([ Poa)( [ Po),

with f(t) = y/cos(t) and g(t) = 1/+/cos(t), we obtain the result. O



SEEMOUS AND IMC PREPARATION, DAY 4, 20/01/2022
BASIC LINEAR ALGEBRA

1. BASIC KNOWLEDGE

Vector spaces, matrices, diagonalization, eigenvalues.

2. EXERCISES
Warm-up problems

1. Determine

A1 0

0 X 1

0 0 A
2. Determine

01 1\"

1 0 1

1 1 0

3. Let A, B and C be real square matrices of the same size, and suppose A is invertible. Prove that if
(A— B)C = BA™!, then C(A—-B) = A"'B.

4. Let A and B be real symmetric matrices with all eigenvalues strictly greater than 1. Let A\ be
a real eigenvalue of matrix AB. Prove that [A| > 1.

5. Let A = (a;j)nxn be the n X n matrix with a;; = i+ j for all 4,5 = 1,2,...,n. What is the
rank of A?

More difficult problems

6. In the linear space of all real n X n matrices, find the maximum possible dimension of a linear
subspace V such that

VXY €V = tr(XY) =0.

7. Let n be a fixed positive integer. Determine the smallest possible rank of an n x n matrix that has
zeros along the main diagonal and strictly positive real numbers off the main diagonal.

8. Call a polynomial P(z1,22, ..., 2x) good if there exist 2 x 2 matrices Ay, ..., Ay such that

k
P(z1,xa,...,x)) = det (Z xiAi> .
i=1

Find all values of k£ for which all homogeneous polynomials with k variables of degree 2 are good.
1
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Solutions

1. Write A = A\l + B. Deduce

A7 n}\nfl n(nzfl) )\n72
A" = 0 A" N
0 0 A"

2. Write A = J — I where J is the matrix having 1 in every entry. Prove J™ = 3™~1J for every m > 1.
Use binomial theorem to deduce

A" = (—1)"] + éji(—n"—k (Z) 3k
k=1

on 4 (71)7171

J.
3

=(-1)"I+
3.The relation (A — B)C = BA™! is equivalent with AC — BC — BA™' + AA=! = I. This is equivalent
with (A — B)(C + A7) = I. Hence (C + A71)(A — B) = I also holds. Expand this to deduce the
desired relation.

4. The transforms given by A and B strictly increase the length of every nonzero vector, this can
be seen in a basis where the matrix is diagonal with entries greater than 1 in the diagonal. Hence their
product AB also strictly increases the length of any nonzero vector, and therefore its real eigenvalues
are all greater than 1 or less than —1

5. For n = 1 the rank is 1. Now assume n > 2. Since A = (i)7; + (j)7; is the sum of two ma-
trices of rank 1, we conclude rank(A) is at most 2. The rank of the top-let 2 x 2 minor is —1, so the

rank is exactly 2.

6. If A is a nonzero symmetric matrix, then tr(A4%) = tr(ATA) is the sum of the squared entries
of A which is positive. Hence, V' does not contain any symmetric matrix except 0.
Denote by S the linear space of all symmetric matrices. Then dim .S = w Since V' U S = {0},

we have dimV 4+ dim S < n? hence dimV < n? — w = @

n(n—1)
2

The space of strictly upper triangular matrices has dimension and satisfies the condition of

the problem. Therefore the maximum dimension of V is w

7. For n = 1 we have rank = 0. For n = 2 the determinant of such a matrix is negative, so the
rank is 2. We prove that for n > 3 the minimal rank is 3. Notice that the first three rows are linearly
independent. This can been proved as follows. Assume a linear combination of them with coefficients
c1,C2,c3. From the first column we have co, c3 have opposite signs or are both zero. Same applies to
(c1,¢2) and (c1,c2). Hence they are all zero.

To prove the rank is at most 3, we consider the matrix

A= ((i=))ij=1>

which has rank at most 3.

8. The possible values for k£ are 1 and 2.
If k =1 then P(z) = ax? and we can choose

1 0
ae(10)
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If k =2, then P(z,y) = az? + by? + cxy and we can choose

1 0
Al_(O a)’

0 b
W (80)

If k > 3, then P(zq,x9,...,2) = Zf:o x? is not good. Suppose that

i

k
P(l‘l,l‘g, ...,ZZ?k) = det (Z JizAz) .
i=1

Since the first columns of Ay, ..., Ay are linearly independent, the first column of some non-trivial linear
combination y1 A1 + ... + yr Ay is zero. Then det(y1 A1 + ... + yxAr) = 0, but P(y1,...,yx) # 0, a
contradiction.



PROBLEM SOLVING SEMINAR 2/12/2021
NUMBER THEORY DAY 1

1. BASIC KNOWLEDGE

In Number Theory we deal with problems related with the natural numbers N = {1,2,3,...} (or the
integers Z = {...,—2,—1,0,1,2,...}) and functions f : N = N or f :Z — Z. The prerequisites we want
are little, but problems can be extremely difficult.

1.1. Divisibility. One of the most basic notions in number theory is that of divisibility.

Definition 1.1. Let a, b be integer numbers. We say that a divides b (and we write a|b) if there exists
a number ¢ € Z such that b = ac.

If an integer number n is divided by an integer number a > 1, then we call it composite. Otherwise,
we call it prime.

Proposition 1.2. In what follows, we denote a,b,c denote integer numbers and p denotes a prime
number. Then, we have the following properties:

e Ifal|b and b|c then alc.
e Ifal|b and a|c then albx + cy for every x,y € N.
e If plab then pla or plb.

Theorem 1.3 (Division with remainder). Assume a and b are natural numbers. Then there exists
unique natural numbers q,r with 0 < r < b such that

a="bqg+r.

There are infinitely many prime numbers (if you do not know a proof of this theorem, see exercise
4). We denote them by p1 = 2,p2 = 3, ... and by P = {2,3,..} the set of the prime numbers. Further,
we have the following main theorem.

Theorem 1.4 (Unique factorization theorem). Every natural number n has a unique factorization of
the form
n = pi'py°..pp"
with a; > 1.
We denote by ged(a,bd) the geatest common divisor of a and b and by lem(a, b) their least common
multiple. We call them relatively prime or coprime if ged(a,b) = 1. Note that ged(a,b) = ged(a — b, b).

Hence, if a = bg + r then ged(a,b) = ged(r,b). Use the Unique factorization theorem to prove the
following proposition.

Proposition 1.5. For every a,b we have
ged(a, b) -lem(a,b) = a - b.
Moreover, we have the following property of the geatest common divisor.
Proposition 1.6. Fiz two natural numbers a,b. Then, there exists integers x,y such that

az + by = ged(a, b).
1
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1.2. Mod arithmetic and properties.
Definition 1.7. If a|b — ¢ we write b = ¢ (mod a) and we say that b is congruent to ¢ mod a.

Notice that, if we write b = ag; + r1 and ¢ = age + r2 with 0 < 71,79 < a, then b = ¢ (mod a) iff
r1 = ro. Congrunces can be added, subtracted and multiplied. We have the following proposition.

Proposition 1.8 (Properties of congruences). Let a,b,c,d, k,m be integer numbers such that a = b
(mod m) and ¢ =d (mod m). Then:

atc=b+d (mod m).

ka = kb (mod m).

a® = bk (mod m).

fla) = f(b) (mod m) for every polynomial f(x) with integer coefficients.

Further, if ged(n,m) = 1 then na = nb (mod m) implies a =b (mod m).

1.3. Induction. Our intuition about the natural numbers is fundamentally based on the following
principle.

Theorem 1.9. Assume a property P(n) defined for natural numbers n such that:
o P(1) is true.
e IfP(n—1) is true then P(n) is true.

Then P(n) is true for every n € N.

This theorem can be proved using the axiom that every non-empty subset of N has a minimum
element.

1.4. Arithmetic functions. There is a whole zoo of arithmetic functions (i.e. functions f: N — N or
f :Z — Z) with nice properties. An arithmetic function f: N — N is called multiplicative if

ged(m,n) =1 = f(mn) = f(m)f(n).

An arithmetic function f is called totally multiplicative if for every m,n we have
f(mn) = f(m)f(n).

Definition 1.10. The most important arithmetic functions are the following ones:

1) The divisor function d(n) defined as:

>
d|n

2) The sum of divisors o(n) defined as:

>
d|n

A number n is called perfect iff o(n) = 2n.

3) The Euler function ¢(n) defined as the number of integers 0 < k < n such that ged(k,n) = 1.

4) The Mébius function pu(n) is defined as p(1) = 1, u(n) = (=1)¥ if n = py..pp > 1 is squarefree
and pu(n) = 0 otherwise.

5) The function r(n) counts the number of ways n can be written as a sum of k squares.
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Theorem 1.11 (Fermat-Euler). If gcd(a,m) = 1 then
a®™ =1 (mod m).
In particular, if p is a prime not dividing a then
a ' =1 (mod p).

1.5. Formulas for arithmetic functions. Some basic formulas.

The function ¢(n) can be calculated using the following formula: if n = p{*...p%*, then

1
o(n) :nH (1 - ) .
) Pi
pi
We also have

d(n) =[] (@ +1)

i

ap+1
o(n) =] (mpi_ll> .

pi

and

Finally, we denote by [z] the integral part of 2 and by {z} the fractional part of .

1.6. Sums of two squares. There are many well-known facts about r(n), and many things that we
don’t know yet. Lagrange’s 4-squares theorem states that r4(n) > 0 for every n. On the other hand
there is a nice formula for r9(n) which is more complicated. Fermat proved that a prime p can be
written as a sum of two squares iff it is 1( mod 4).
It turns out that a closed formula for r9(n) is given by
k
ro(n) = 4H(ai +1)

i=1

where n = 2kp‘f1...pqufb1...q,%fm, with p; =1 mod 4 and ¢; =3 mod 4.

1.7. Pell’s equation. Pell’s equation is given by
2> —Dy? =1.

Lagrange proved the fundamental theorem that if D > 0 is not a perfect square, then Pell’s equation
has infinitely many solutions in positive integers and the general solution (z,, y,) is computed from the
relation

(Tn,Yn) = (1’1 + \/Byl)n7

where (271,y1) is the fundamental solution (the minimal solution different from the trivial solution

(1,0)).

1.8. Descent method. Fermat used the descent method to prove that there exists no solutions to
4 4 _ 4
T+ Yyt = 2%
The main idea is the following: assume there is a solution to the given equation. Then construct one
‘smaller’ solution, which leads to a contradiction.
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2. WARM-UP PROBLEMS

Use the above theory and techniques to solve the following warm-up problems.
1) Which one is larger, 444°55 or 5554447
2) If @ and b are odd numbers, then a? + b? is not a square.

3) Prove that if n is not a prime, then 2" — 1 is not a prime. Conclude that for every natural number
n > 3, at least one of 2 — 1 and 2" + 1 is composite.

4) If n|(n — 1)! + 1 then n is a prime.

5) Prove that if p < n then p{ (n!+ 1). Deduce there are infinitely many primes.

6) Can we find a polynomial f(z) with integer coefficients such f(231) = 554 and f(161) = 4967
7) If k > 1 then k(k 4 1) is not a power > 1.

8) For every a,b € N we have
ged(a, b) - lem(a,b) = a - b.
9) Fix two natural numbers a,b. Then, there exists integers z,y such that
az + by = ged(a, b).
10) Let  be a real number such that r +r~! € N. Prove that for every n € Z, 7" +r~" € N.

11) Let a,b be integers and p be a prime. If p|ab then pla or plb.
12) If n is a sum of two squares, then also 2n is.
13) Find all n € N such that [y/n] | n.

3. CHALLENGING PROBLEMS

More difficulet problems.

14) Prove that for any natural number n # 2,6 we have

¢(n) > v/n.

15) Prove that there exist infinitely many integers n such that n,n + 1,n 4+ 2 are each the sum of the
squares of two integers.

16) Prove that for no integer n > 1 does n divide 2™ — 1.

17) Show that the equation
2% 4 10y* = 322

has no solution in the positive integers.

18) Let m,n € N such that mn divides m? + n? + m. Then m is a square number.
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19) Find all n such that d(n) = n or d(n)? = n.
20) Prove that the product of four consecutive natural numbers cannot be the square of an integer.

21) Let f(z) be a polynomial with all coefficients being natural numbers. Can we find f(z) by de-
termining only two values of f(n), f(m) for two integers n, m?

22) If n is an integer, then
1 1 1
l+-+-+..+—¢Z.
ty byt ¢

23) Prove that there exists no n such that ¢(n) = 14. Are there infinitely many m such that ¢(n) = m
has no solution?

24) Show that if n > 1

Z wu(d) = 0.
d|n

25) We denote by [x] the integral part of x. Prove that if n € N and a > 0 real then

S e 2] <t

k=0

26) Prove that if n € N then

27) Prove that for every n € N

28) For every n > 1 let p(n) denote the number of partitions of n, i.e. the number of ways we can write
n as a sum of natural numbers. For instance p(3) = 3,p(4) = 5, .... Prove that p(n) — p(n — 1) is the
number of ways to express n as a sum of integers each of which is strictly greater than 1.

29) Let f : N — N such that f(2) = 2, f(mn) = f(m)f(n) and f(m) > f(n) if m > n. Prove
that f(n) =n.

30) Let n > 6 be a perfect number, and let n = p®'...p% its prime factorization, with p; < ... < p.
Prove that a; is an even number.

31) Let A be the set of natural numbers representable in the form a? + 2b? for some integers a and b
with b # 0. Show that if p? € A for a prime p, then p € A.

32) A prime number p cannot be written as a sum of two squares in two different ways.

33) Is there a polynomial f(z) with integer coeflicients such that f(n) is prime for every n € NU{0}?
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34) Determine all functions f : N — N such that

zf(y) +yf(z) = (= +y)f(@® +97).

35) Let f(x) be a polynomial of degree 2 with integer coefficients. Suppose that f(k) is divisible by 5
for every integer k. Prove that all coefficients of f are divisible by 5.

36) If 29 | (z* +y* + 2*) then 29 | (x* + y* + 2%).
37) If m = 1...12...25 with n ones and n + 1 twos, then m is a perfect square.
38) If a, b, c are natural numbers satisfying a? 4+ b> + 1 = ¢? then the quantity
5+ 5
2 2
is even.
39) If n > 1 then n* 4+ 4" is not a prime.

40) Prove that n is perfect iff

41) Show that if n has p — 1 digits all equal to 1, where p > 7 is a prime, then n is divisible by p.
43) Assume n > 2. If f(n) = 2" + n? is prime, then 3|f(f(n)).

44) Let m and n be positive integers such that lem(m,n) + ged(m,n) = m + n. Prove that one of
the two numbers is divisible by the other.

45) Determine all functions f : N — N such that
(f(m) +n)(m+ f(n))

is a perfect square for all m,n € N.

46) Find all positive integers n < 1019° for which simultaneously n divides 27, n — 1 divides 2" — 1, and
n — 2 divides 2" — 2.
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4. SOLUTIONS

We give here either full solutions or hints for the exercises.

1) It suffices to compare 444° with 555%, i.e. 45 x 111° with 5% x 1114, i.e. 111 x 4° with 5%, and
now the answer is obvious.

2) Since a and b are odds, we have a? + b2 is even. Since a = 1 (mod 2) we get a®> = 1 (mod 4).
Hence we have a? +b® = 2 (mod 4). If a® + b? was a even square we should have a? + b = 0 (mod 4),
which is a contradiction.

3) Assume a|n with @ > 1. Then, using mod arithmetic: 2% — 1|2" — 1 and 2* — 1 > 1.

4) Assume n is not prime. Then it has a prime divisor p < n. Then p|(n — 1)! + 1 and p|(n — 1)!
hence p|1, contradiction.

5) Obviously if p < n then p|n! and ged(n!,n! + 1) = 1. If there were finite p; < ... < pr < N,
then none of them would divide N!+ 1, contradiction.

6) We have f(a) = f(b) mod (a — b). If there was such a polynomial we would deduce 554 = 496
mod 70 i.e. 70|58, contradiction.

7) Assume k(k + 1) = m™. Since ged(k,k + 1) = 1, we have k = a™, k + 1 = 1", hence b"* — a™ = 1,
contradiction.

8) Standard theory, using prime factorization of a and b.

9)

10) Use induction in n.

11)

12) Notice that if n = a? + b? then 2n = (a + b)? + (a — b)2.

13) Assume [/n] = k. Then k < /n < k+ 1, ie. k* < n < k% + 2k + 1. The condition k|n
means n = k(k + 1) or n = k(k + 2). These are exactly the integers satisfying the given condition.

14) Use the formula for ¢(n) to deduce ¢(n) = p§* ' (p1 — 1)...p{* ' (py — 1) and the fact that

o /2
Pl (p — 1) > pi/2,

To see this, check separately a; = 1 and a; > 2.
15) First solution: Assume solutions: 32 + y2, 22 + 0,22 + 1. Solve Pell equation for 2y% + 1 = z?).

Second solution: Because (a2 + b?)(c? 4+ d?) = (ac — bd)? + (ad + bc)?, you can take any triplet (except
0, 1,2 which will give itself) and generate a new triplet. If n,n + 1,n + 2 is the chosen triplet then the
following is also a triplet:

nn+2)=n>+2n, (n+1)2+0*=n>+2n+1, (n+1)?+12=n*4+2n+2.
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Third solution: the numbers

dnt +4n?, At +4n? +1, 4ant +4n® + 2.

16)

17) Work mod 3. Then 2% + 3> = 0 mod 3, giving *+ = y = 0 mod 3. Then z = 3u,y = 3v
gives 3u? + 30v? = 22 hence z = 0 mod 3, and the result follows using descent method.

18)
19)
20) Assume n > 1 and consider the product (n — 1)n(n + 1)(n +2) = (n? +n — 1)2-1.
21)

22) Assume n >. Write the given sum as

1 1 1 nl/1+n!/2+..+nl/n
pelply Lony / /
2 3 n n!

Let m be the integer such that 2™ |n! but 21 { n! and s the integer such that 2° < n but 2571 > n.
Since n > 3 we get m > s > 0. The only integer in the set {1,2,...,n} divisible by 2° is 2° itself. We
conclude that for 1 <k <n

n!
gm=s |
1z,
and for every k # 2°
n!

2m75+1
| k

Hence
n!/1+n!/2+ . . +nl/n  2m75(2t+1) 2t+1

n! om o9k

This is not an integer.

Second solution: Using Bertrand’s Lemma. Pick the largest prime p < n and assume

1 1 1
1+-+-+..—=kezZ.
* 2 * 3 + n
By Bertrand’s lemma n < 2p.
23)
24) For n = 1 it is obvious. Assume n > 1. Then, notice that the divisors d|n contributing to

the sum are only the squarefree divisors. Write n = p®...p* . Then

k
S =Y (F)er=a-vr-o
d|n

m=1

25)
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26)

27)

28) (IMC 2012) Let P, = {(a1,...ax) : a1 + ... + ax = n} denote the set of partitions of n and 9,
the set of partitions of n including 1 i.e. Q, = {(a1,...ax,1) : a1 + ... + ax + 1 = n}. We have to prove
It suffices to prove that #P,_1 = #Q,, i.e. to find a bijection ¢ : P,,_1 — Q,,. Define

¢: (ay,...ax) = (a1, ...ap, 1).

29) We have 2 = f(2) = 2f(1) hence f(1) = 1. Further
M) = 22 ) = 2p@h Yy = = ok
by induction. For n = 2F + j € [2%, 2k*+1] we have
ok = f2F) < F(2F 4+ 1) < f(2" +2) < ... < f(2FFL — 1) < f(2FTT) = 2k D)

hence we have 2¥ — 1 numbers lying in an interval with 2¥ — 1 numbers. Since f is monotone, we
conclude the statement.

30) (IMC 2014) Suppose a; is odd. Then
i=k
o(n) = H(l +pi + ..+ Di) =2n = 2p7 P52 ...pek.
i=1

Since a4 is odd,

pr+1(I+p1+. +p7").
Hence p; +1|2n. But p; +1 > 2 which means that some p; divides p; +1. We have p3 > p; +1 and we
conclude ps|p; + 1. But p; + 1 < 2py which implies py = p; + 1, i.e. p; = 2,p2 = 3. That means 6|n.
Since n > 6 we conclude that n,n/2,n/3,n/6,1 are dinstict divisors of n and they sum up to

n n n
-+ +-+1=2 1>2
n+2+3+6+ n+ 1> 2n,

which means that o(n) > 2n, contradiction.

31) The case p = 2 is trivial. Assume p is odd. If p? = a? + 2b? then 2b* = (p + a)(p — a). Thus a is
odd, p > a and a is not divisible by p. We get ged(p — a,p + a) = ged(p — a,2p) = 2.If 4 | p — a then
4 1 p+ a, hence we can assume 4 { p — a (symmetry under a — —a). Hence p + a = 2m?, p — a = 2n?.
We obtain 2p = 2m?2 + n?, i.e. n is even, n = 2k. We conclude p = m? + 2k2.

32) engel 131

33)

34)

35)

36)
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37) Our number can be written as 5 + 2(10 + 10% + ... + 10"F1) + 1(10"+2 + ... 4+ 10?"+1) = 3 +
(14104 10% 4 ... + 10"*1) + (1 + 10 + ... + 10?"*1). Now this is equal to

1072 —1 10242 1 102742 11072 425 <1O"+1 + 5)2

3
+ 9 + 9 9 3

38) Working mod 4, we see that the left side is 1,2 or 3 and the right side is 0 or 1. Hence both are 1
mod 4, i.e. a,b are even and c is odd. Hence a = 2k, b = 2m, ¢ = 2n + 1. We get k? + m? = n? +n.
We want to show that k + n is even.

The side n? +n = n(n + 1) is even, hence k,m are either both odd or both even. If they are both
odd then k2 + m? = 2 mod 8. But then n is odd and the desired result follows.

If both k,m are even, then k2 4+ m? = 0 mod 4, and then n = 0 or 3 mod 4. To exclude the last
case, work again mod 8. The left side is 0 or 4 mod 8, the right side is 0 or 1 mod 8. The last case
is excluded, and we have the desired result.

39) Clearly if n is even then n* + 4" is even. Assume n is odd. Write n = 2k + 1 with & > 0.
We have the Germain’s identity:

at + dyt = (2 + 22y + 29°) (2 — 22y + 247).

Thus we conclude
n 44" = 2k + 1) +4- (204
is composite if (2k + 1) + 2 - 228 > 2(2k + 1)2*, which holds for k > 1.

40) Since n is perfect we have

n 1
2n:0(n):Zd:ZE:nZg.

d|n d|n d|n

41) We write n = 111...1 with p — 1 digits in the form
et —1 107t -1
w0-1 9
In order to conclude p|n we need p[10P~! — 1 i.e. 10P~1 =1 (mod p). This holds iff ged(p, 10) = 1 i.e.
p# 2,5.

42)

n=10P"2410P3+ .. +100+ 10+ 1=

43) We work (mod 6). Since f(n) = 2" + n? is prime we have 2" + n? = 1 (mod 6) or 2" +n? =5
(mod 6). Assume first 2" +n? = 6k + 1. Then

f(f(n)) =21 4 (6k +1)2=2-4%%F £ 36k* +12k+1=2+0+0+1=0 (mod 3).
If 2" +n? = 6k + 5. Then
F(f(n)) =255 4 (6k +5)2 = 2- 432 1 36k 430k +25=2+0+0+1=0 (mod 3).

44) Let d = ged(m, n). Then m = ad, n = bd with ged(a,b) = 1. We have
mn
gcd(m, TL) = W = abd
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hence
abd + d = ad + bd
ie.ab—a—-b+1=0o0r(a—1)(b—1)=0. Thusa=1orb=1.

45) Add IMO 2010, Problem 3.
46) (Putnam 2018, B3) Since n|2", n must be a power of 2, say n = 2".
Then prove the following Lemma: If (2¢ — 1)[(2° — 1), then alb.

To see this, write b = aq + s with s < a. Then 2° = 1 mod (2* — 1). Since s < a we get s = 0.
So alb.

Now (n —1) = (2" — 1)|(2" — 1) means r|n. But n = 2" hence r = 2¥ and n = 22",
Since n — 2 = 2(2"7! — 1) divides 2" — 2 = 2(2"~! — 1) we use the Lemma and get (r — 1)|(n — 1), i.e.

(2% —1)|(2" — 1), i.e. k|r = 2% hence k = 2™ and n = 22" We care for m such that 22° < 10190 and
that means 0 < m < 3.



[Tapouctiaon TpoPAnudTmy yio TNV
TEOETOLOGIO OTOUC PadNUATXo0C
OLOLY WVIOUOUC

8 Mogtiou 2022

IMebBAnua(l): Anuovpyolue Tuyaio évay aptdud yenotuomounmvTog Ghoug
Toug ouprploug and tov 19,20,21,...,92, o onolog oynuatiCetou pe mapdieon
TV TV oprdudy. No eletactel av o aprdudc mou mpoxdnTel elvar TéAELO
TETPAYWVO QUOLXOU aELiUOU.

Adon

1. O oynuatilouevog apriudg xde popd Yo €yet otadepd dipotopa Prepuny.
(Evtoniloupe 1t napopéver avorroiwto xdlde @opd oe auTtoév ToV opLiud)

2. Onote 10 ddpolopa Tov Pnelwy Tou eivo
17-24+3+4+5+6+7+8)+(1+9)+(9+0)+9+1)+(9+2)+7-1=0642.

3. Anhadt To ddpoioua TwV q)ncpiow auto) Tou optduoy datpeiton ue to 3
xa OV otanpeiton Ouwe ue to 9.

4. Enopévwg, aprduog autdg dev unopet va elvar oe xoplo tepintworn téheLo
TETPAYWVO QUGIXOU aELIUOU.

IMebéBAua(2): 'Eotwz,y, 2 € Z vote 29}x4 +yt 4+ 2. Na delyvel ot 294‘374 +yt 4 2t

Adon

4

1. ©€houye vo delouye O6TL 294‘:704 + y4 + 2%, Onote Yo emdupoloaye va

oAnvelel 29|:,E, 29|y Xl 29}2.



x, 29

2. Ioyveiopmodg: 29 v, 29|z.

3. Anodedn IoyvpropmoL: I'vwpillouye 6T
(

0 (0
+1 1
+2 16
+3 23 o
+4 24 )
+5 16

7
o ” 16

T, Y,z = 7 (mod 29) = I4,y47z4 ={923 (mod 29) - x4,y4,z4 = ”

+8 7

23
+9 7

24
+10 24

25
+12 1
+13 925
\:l:14 \20

Eneior) 1oy lel 29‘x4+y4—|—z4, OLUTIO TWOVOUNE OTL AUTO ETUTUYYAVETAL
UOVO OTaY T, Y, 2 = O(mod 29).
4. Suvende, zt yt, 2t = O(mod 294) =zt yt4 2t = (mod 294).
IebBAnua(3): Trdpyet puoxds aptiudc n HGOTE Vo Loy Vel 1 lodTnTa

(V2021 — v2020)*" = /n —v/n — 1 ;

Adon
2022 2022 )
1. (V2021 - v2020)" =3 ( . )\/2021“(—\/2020)2022—’f -
k=0

(mod 29) .

< (2022 ok < [ 2022 241
:Z( ) 2021 (— 2020)2022—2’f+z< ) 2021 (—v/2020)20%27 %1 =
k=0

2k 2k +1

k=0

1011 2022 1010 2022
— ( )2021’“ . 202010~k _ (Z ( )2021k : 202010““> /2021 - 2020 =
k=0

2k — 2k +1

(. (. /

Vv Vv
=AeN =BeN



— A — Bv/2021 - 2020.
2. (V2021 + v/2020)* = A + Bv/2021 - 2020.

3. A% —2021-2020 - B> = (A — Bv/2021 - 2020 )(A+B\/2021 2020 )
= (v/2021 — v/2020) " (v/2021 + v/2020) " = (¢2021 V2020)* = 1

4. Av Déoouue n = A? € N éyoupe vV —vVn — 1 = VA2 — /A2 -1 =
— A— /20212020 B? = A — B\/2021 - 2020 = (\/2021 ~ V2020)™.

IMeéBAnua(4): 'Eotw P onuelo tprycdvou ABC xou éotw enlone D, E, Z ot
meoPokéc and To P otig mhevpée BC, CA, AB, avtictorya. Beeite 6ha ta P
BC CA AB

OOTE TO + + va efvon ehdyloTo.

PD  PE PZ

Aon

1. Hopatneotye étw PD - BC + PE - AC + PZ - AB =2 - (ABC).

2. Egopuélovue tny ovicdtnta Cauchy — Schwarz og e€hg:
BC CA AB) B

2-(ABC)-<PD+PE+PZ

(PD-BC+PE~AC+PZ'AB>~(

BC+CA AB
PD  PE PZ

~ (VPD-BC' + VPE-AC' + VPZ-AF) <\/§ \/; \/g)

>/PD-BC- ﬁ—ng\/PE-AO- %%—\/PZ-AB-\/ﬁ:

BC  CA  AB (BC + CA+ AB)*
PD  PE  PZ~ 2. (ABC)

= (BC +CA+ AB)®

3. Omndte n ehdytotn tiun Aopfdveton 6Ty €youue
VPD - BC B VPE - AC B VPZ - AB o PD— PE—PZ.

BC cA AB
PD PE PZ

IMeoBAnua(5): ‘Olot ot guoxol aprduol Totodetolvion oe TELYWVIXT GEWd




OTWC TUEAUXBATE:
1 3 6 10 15 21 28
2 5 9 14 20 27
4 8 13 19 26 ---
7 12 18 25
11 17 24
16 23

Na Beetdel 1 yooupn xou n otiAn mou Peloxeton o apriudg 2022.

Adon
1. Ac sivan
I"othidn 2%cthkn 3"othkn 47cthAn SlothAn 6"cthAn ToThAn

=b =by =b3 =by =bs =bs =by
= ~~ = =~ = = =~

1"y popun 1 3 6 10 15 21 28

2" ypopuu 2 D 9 14 20 27

3" yeoquu 4 8 13 19 26 e

4y oo 7 12 18 25 e

SMypopuu 11 17 24 e

6"y o 16 23
Typoppr 22 a

2. Metd and autd TOQUTNEOVUE WS 1) TEMOTY YRUUUY TEPLEYEL TOUC TELY-

1
oVIxoUg apriuole, Onhadf b, =1 +2+---+n = @,Vn € N.
3. IIanowdlovye 660 T0 duvatdy TEPLoGOTERO ToV apLiud 2022, Tapatnemy-

63 - 64
Tac 6Tl bgz = —5 = 2016.

4. Onote oty 64" ypopur xou 11 othAN €youue Tov aprdud 2017,
5. Emouévwe, otny 59" ypouun xou 6" othin €youue Tov aprdud 2022.

ITebBANua(6): Oewpolue toug tuyaioug aprduoic a,b,c € R\ {0} pyea+b+c#0

1 1 1
MOTE v LoYVEL o + 7 + p = P ’Eatlo) év;xq OTCOLOGSlY/]TEOTE TEQLTTOC

vowoce aptduoe n, téTE vo ostydel T8 — + — + — = ———
¢ < dprupoc ) ar  bv v g+ b4




Adon

1 1 1 1
1. Tpd e S — abe.
pacpoupsorta+b+c a+b+c<:)(a+b+c)(ab+bc~l—ca) abc

2. BOewpolpe to toluvupo P(z) to onolo €yet pilec Toug aptipoic a, b xau
¢, nhadh P(x) = (v — a)(z — b)(x — ¢).

3. Amd v AN pepid ypdpouye P(z) = 23— pa? +qr —r, broup =a+ b+,
q = ab+ bc+ ca xou r = abe.

4. Andeler toc: pg = 1.
5. Hopatneolue ot
P(2) = 2 —pr*tqu—r = 2’ —pr*+qr—pq = 2 (x—p)+q(a—p) = (x—p)(a”+q).

6. Evroniloupe 61t to P(x) éyer yio nporypoatixd pilo tov aptdud p.

'p:a (a+b+c=a (b+c=0
U U U
7. Yuvenog, s p=b =ca+b+c=b =a+c=0
U U U
(p=c lat+b+c=c la+b=0
1 1 1 1 1 1
8. Avunotécoupe 6TLb+¢c=0,16Tc — + — + — = — + — + =
a™ bn cn am br (_b)n
1 1 1 1 1 1

av  br bt an ar b —br a4 (b an 4 b 4 e
Y10l OTIOLOVOHTOTE TEPLTTO PUOXO dELIUO N
Ynpeiwon: H oyéon 2 + 5 + % ~ o ibie elvon TEMXE LlGOOUVAUEL UE TNV
oyéon (a+b)(b+ c)(c + a) = 0, napemntdvToc AUt N TaporyovTonoinon etvor
"dUoxoAn” byl duns avépuxtn. Emnidov, to IpdfBinua oautd to €yel dnuioupyr-
oet o T'erence T'ao xau 1) 1W6€a Tou lvan axEBAOS AUTY TOU TEQLYEAPETOL.

EXdyroto IToAuddvupo: ‘Eotw évac tetporywvixde nivaxog A € Mnxn(F)
UE YUPOXTNELOTIXG TOAUWYUUO T 4(t), TOTE UTdPYEL UOVUDLIXG TOALGVLIO Mm(t),
T0 omnolo €yel dheg Tic pilec Tou TOhUWVOLOU T 4(t), TéTOlo DOTE:
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1. m(t) # 0, m(A) = O, xou to m(t) éyer peyiotoBdiuto cuVTEAETTY| éva
ONnAadY| elvar Lovixd TOAUGDYLUO,

2. av ¢(t) mohumvuuo Gote p(A) = O, t6te m(t)|e(?).
YxO6ho : Av xa(t) = (x — M)™ - (x — )™ -+ - (T — Ny)™, TOTE

Lomt)=(x—2)" (2 —2)2 - (2 — h)™,

2. 6mou Vi € {1,2,--+ ,n} : 1 < b; < a; xu

3. emmiéov etvan m(t)|za(t) ye deg(m(t)) < deg(za(?)).

IedBAua(7) : Eotw n évac Yetixdg axéponog, k € C xou A € M, ((C) ¢é-
o0 wote tr(A) # 0 xu rank(A) + rank(tr(A) - L, — k- A) = n. No Bpedet
to rank(A).

Adon
A
1. Apywdd yvoptlovpe 6t rank(tr(A) - I, — k- A) = mnk(tr( ) | I, — A),
ool k # 0.
2. Toéte éyoupe OTU:
n = rank(A)+rank(tr(A)-I,—k-A) = rank(A)+rank(tT§€A) .]In_A> -

= dim[Im(A)] + dim {# 1 A} _

= dim ]m(A+(tT§€A)-Hn—A)) +dim

Im(A)NIm (”5;4) ~]In—A>

> dim |Im (A+("§€A> -]In—A>) = dim {Im(t"’gjl) ]In>] - mnk(trgjl) -]In) _

3. LUVETOC 1) TUPATAVE oVICOTNTA LOYVEL OOV LOOTNTA, X0t dEol TEOXUTTEL

6t dim [Im(A) N Im(# 1, — A)] =0=Im(A)N Im(# 1, — A) = {0}.



4. Tagornpotye 6T A (“"ZA) I, - A) _ Ay e (”2‘4) I, - A> A

5. Av emhé€oupe 7 € C", etvou:
tr(A) "
Im(A)> A- I,—A) -7

k k k
Onhad €youpe Tog A - tri:l) -1, — A) -ZeIm(A)N ]m(tTECA) I, — A) = {6}
72 ’ tr( ) = ~ b d n
Tehixd €youpe 6L A - ’ I, —A)-2=0,Vr¥ e C".
A
6. Tote mpoxOmtel 1 e€rig oyéon: A - (tr; ) -0, — A) =Q0,.

7. To ehdyroto mohucvupo tou Tivaxa A,€otw vo elvon To my4(t), Supel To

TOAUGYUUO T - (# - t), Onhadh mA(t)’t : (trECA) - t>.

8. Omoéte o mivoxag A elvar BlorywVOTOLACHIOG, ETELDY| €EL DIUXEXQIIUEVES
eilec. Apa umdpyet avtioteédiuog mivaxag P € M, ((C) TETOLOC WOTE:

tr(A)
T . ]Ir @n—r
@nfr @r

A=P- Pl =rank(A).

9. Y11 ouvéyeta AouPdvoupe Ot

tr(A)
rank(A) = rank( E L Onr >
©n—r ©r

10. Emnicov €youue oti:

trld) 1 o, () \  tr(A)  tr(A)
tr(A) = tr( 6714 o > = tr(T-r) = T= g -rank(A) <
s tr(A) = tri{A) -rank(A) M rank(A) =k
DI L NN



1. I8€a : H npogavy| ovicotnta rank (C) + Tank:(D) > Tank:(C’ + D),VC’, D e M, (C)
ToEATNEOVUE OTL Loy VEL 1O LodTNTa, OTou NLooThTa Loy Ve 6tay dim | Im(C) N ]m(D)} =0

xou Gpa eivar Im(C) N Im(D) = {5} xou av oybet 6t C-D=D-C
wwe C-D=0,.

2. To mpofhnua xataoxevdotnxe ue v e€fc Aoyiny| : Ilpwtov, divouue
oav dedopévo dVo Tivaxeg ol omolol yetatidovton yetald Toug, ywelc va
ToEOUGCLACOUPE TNV PETAHETIXOTNTA AUTAOY TGV 600 TVEXGY, xot Ae)TEROVY
elvon 1 wobTnTa o Wit aviodtnTa. Tlopatneiote 6TL autd tar dVo elvan 6T
TEETEL Yot TNV enthucT Tou TEoPARuaTOC.

- tr(A
3/L(E%QJM_A>:@n@ti@.A_A2:@n tr(A) B—-B*=0, <

& B?=B& B"=BVYmeNe k" A" = (tr(A)"" - A,¥m € N.

4. O nlvaxac A € M, ((C) mou dlveton efvor BLotYVOTOWOWOS UE LOLOTIUT
tr(A)
k

xou mavoy tny 0.

ot

e Im(A) = Ker(tr(A) L, — k- A),
. Im<tr(A) 1, — k- A) = Ker(A) xu
o C"= Ker(A) @Ker(tr(A) I, — k- A).

IMebBANua(8): Oewpolue toug tivaxes A, B € Mapaox2022 (]R) étorwotce A-B=B-A
won A*? = B*?? = Ihg,. Nadelfete dtedv tr(A - B) = 2022, té6te tr(A) = tr(B).

Adon

1. Hapoatnpolue OTL T EAGYLOTO TOAUGVUUNL TwV Tvexwy A xa B, éotw
ma(t) xou mp(t), avriotolya dlupolv To Tohubdvudo 9% — 1, Srhadn
wy e 6t ma(t)|t*? — 1, mp(t)|t*** — 1.

2. AlmoTOVOUUE OTL Tal EAAYLOTO TOAUGOVLUA TwV Tvdxwy A xou B éyouv
Soexpuupéves pileg, xan polota auteg Yo etvon oe culuyn (euyn Tov
2022 pllwv tne povadag, onote ot tivaxeg A xon B etvon Slorywvonotouuot.



3. Emmiéov agol ot mivoxeg A xou B elvan mporyatixol émeton OTL oL LOLoTHIES
Toug Va elvar o (ebyrn culUYOV ULy adXDY oELIUMY.

4. Trodétouue 6Tl oL WBtoTEC Tou Tivoxa A elvon ot apduol A1, Ag, . .., Agp2o
ot omofot dev elvor amapaitnTa dtapopeTiol YeTall Toug, xou ag elval ol
WoTée Tou mivoxa B oov aprduol py, fla, . . ., fag22 OL omolol Oev elvou
amopaiTnTo SlapopeTixol YeTadd Toug.

5. Mdhota emeidr) ou nivoxeg autol petatilovton €youpe w¢ anotéAeoua
OTL untdpyel avTioTeéPlog Tivoxag P € Magaoxa022 (]R) TETOLOC WOTE VA

Loy el OTL
At 0 0 w0 0
ap |t "l pop |t M "l
| 0 0 A2022 0 0 H2022

Apr 0 0

AB = (PDP)(PQP ) = PDQPt=p| | T
6 0 a A2022;ll2022
2022 2022 2022

6. Emougvwg eneldr] 2022 = !tr A B

Z)\k 2 Z‘)\k'ﬂk‘:Z|)\k"|ﬂk‘:2022-
o =1

7. YUVETOC OLUTLO TOVOUPE OTL LoYVEL 1) LOOTNTA GTNY TELYWVIXT) AVICOTNTOL.

1
Omnote éyovue twg: A\ - i, = 1, Vk € {1 2, 2022} =M= — =g =

M
2022 2022 2022 ir(B)eR
T €
= tr(A) =) M=) fr= Zﬂk = tr(B) = tr(B) =——= tr(A) = tr(B).
k=1 k=1

IMebéBAua(9): Eotw (xn)+oo s oxohoutior TeoryUaTiX@Y aptiumy 1 omtola
\/_xn -
Ty + \/§

LXAVOTIOLEL TN OYEOT Tpy1 = ,Vn € N. Na deydel 6t n axoroudia

Ty, cbvan TEPLOOLXY).

Adon




tan(a) — tan(b)
1 — tan(a) - tan(b)

1. Hopatneotye 6t tan(a — b) =

1 3
VR fan(%) e n

1""%\/5 1+xn tan(%)’

2. Tpt+1 =

3. r1eR=Jt e (—g,g) cx1 = tan(t)

4 oy — xy — tan (%) _ tan(t) — tan (%) ~ tan(t - z)
' 1+ -tan(g) 1+ tan(t) - tan(F) 6
. Xy — tan(%) _ tan(t — %) — tan(%) _ tcm(t B 21)
S T 1, tan(F)  14tan(t—%) - tan(F) 6
6. x, = tcm(t — (n— 1)%>,Vn eN

s T T s
7. x, = tan(t — (n —7T1)—> = tcm(t — (n — 1)6 ;7‘(‘) = tcm(t —n— — 5—) =
= tan(t —(n+ 5)E> = tan(t —((n+6) — 1)6
IMeoPAnua(10): Aiveton 1 ouveyrc ouvdptnon f: R — R. No onoderyei

T /4f(x(x—3)2) d:p:2/3f(m(x—3)2

Aon

(=)

) = Tpt6, VN € N

1. Oewpolpe g: R — R pe tono g(z) = z(x — 3)* = 2° — 62% + 9z, émov

x € (—00,1)U(3,400) : ¢'(x) > 0 = g yvnoine avEovoa
g(x) =3 —-1)(z—-3)= {1
€ (1,3): ¢'(z) < 0= g yvnolwe @divovoo

adEouca

g=g :[0,1] 0,4 g '=g;'=hi:]0,4] —[0,1]

@dvouoa

0,4 gl=g;' =hy:[0,4] = [1,3] uegi(hi(z)) =,

ad&ovoa

U
2.99=92:11,3]

U

g

=9gs:1(3,4] 0.4 g7t =g5" =hs:[0,4] = [3,4]
Vo € [0,4], Vi € {1,2,3}, emmiéov ot tpelc auTtol ¥Addol Tne avtioTpogng
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cuUVdpTNONC g WavoTololy T oyéon g(z) =t & 2° — 62° + 9z =t Ty
omola Ty emhboVUE WS TPOg = Xt BeloXouUE TouC TpElS XhEdouc hy(t), ha(t), hs(t),
ot omtotot ixavonotoy Toug Timoug Vieta, dnhadt hy(t) + ha(t) + hs(t) = 6,Vt € [0, 4]

'Oflf(g,(x)) dz = Oflf(gl(:c ) do = ff ) dt, brou Déooys T = hn(t)
o
3 lf3 flg(x)) de = bf Fga()) da = — bf F(6)Hy(2) dt, bmou Séoaye @ = hy(?)
o
\jf(g(x)) dx:Zf( )dx_ff ) dt, v Veoae 7 — ha(t)
4 /f(m(x 3)?) da Q/f( (x— 3)?) du = /f(g(x)) dz Q/f(g(x)) dr =

/f DR (1 dt+/ FORLE) dt+/f(t)h’3(t) it =
=/f ) (R () + hy(t) + h5(t)) dt =0

IebBAnua(11): Alveton évag Tuyaiog Quotxog oprduog n € N xou ohoxhnewotun
ouvdptnon xatd Riemann f:[0,1] = R oto [0,1]. No SELxﬂsi 6TL umdpyel
an+*

a, € 01—— “ote /f dx—On/f d:zc—/f

Cbn-‘r*

11



Adon

1. Oewpolye TV Topaywylown ouvdptnon F : [0, 1] — R e tono F(z) = /f(t) dt
0
(il

[ f(x) do =

1
2. ©choupe vo deléouye 6TL UTdPYEL A, € [0, 1— —] OOTE ¢ 1
n

\0 an+l
an+ g an+g an
= = ) o o) e
~ <~
an 1 1 ant oy
[y de= [ ) de=[fw)de= [ jo
an+3

| Flan) = F(1) = P, + 1)

3. Emmiéov, éotw 1 napoywyiown ouvdptnon G : [0,1] — R e tono
T 1

G(z) = F(z) - (F(1) - F(x)) = / £(t) dt - / £(t) dt

4. ©choupe vo det€oupe 6TL UTdEYEL ay, € [O 1— %] oote G(a,) = G< n)
& Flan) - (F(1) = F(an)) = F(an + %) - (F F(an+ % )

5. ‘Eyoupe 6w G(0) = G(1) = 0

6. 0=G(1) — G(0)




1 1
7. Trodétoupe btL dev undpyet = € [O, ﬁ] wote G(z) = G(ZB + ﬁ)

8. Enedn n G elvon ouveyhc oto [0, 1] Yo Sratnpel otadepd mpdonuo oto
[0, 1].

G(m—i— %) —G(z) <0,Vz € [0,1]
9. "Apa ¢ 1 =
G(x—i— %) —G(z) > 0,Vx € [0,1]
ozGuywmnzzﬂG@+%>—G@ﬂ<m

=N , OOV o€ % &e

n—1

0=G(1)—GO) =3 [G(gﬁ) —G(g)} >0

TElMTOON XATAAYOUUE GE dToTO.

Egoppoyn: Eyouue w¢ anotéAeopa Lol ToQAdELY Mo OTL UTHEYEL TEAYUATIXOG
£+ 5553 1

¢
/ 20217 e’ et e*
aptﬁpog{’E[O,m]wﬁTS / x2+1dm:0n/x2+1d:v: / x2+1dx
I3 0

1
&+ 2022

Oecwpnua Movotovng XOyxihong: 'Eoto f,: A — R o axorouvdia
CUVUPTHCEWY OOTE:

1. filz) < folz) < < fule) < fo(x) <o ,VneNVe e ACR

2. fn 22 foto A

w

: A/fn(x) dx < 400

W

: A/f(:v) dr < 400

13




n—-+o0o

Téte lim | fo(z) de = [ f(z) d.
!

Ocwpenua Kuplapyodupevng Xoyxiong: 'Eoto f, : A — R wa axolou-
Vo cuVaETACENY WOTE:

Ig(x) : |fu(2)] < g(2),Vn eN,Vz € ACR

—_

[\]

C3f(@): fy 22 foto A

w

: A/fn(x) dx < 400

W

| /f(x) do < +o0

ot

/g(x) dr < 400

A

Tote lim [ fu(z) dv= [ f(z) dx.
[Free]

n—-+00

Ocwpnua Bepo — Levi: 'Eotw f, : A — R eivon pio axorouvdio cuvaptiioeswy,
ueE

+oo
1. 3f(x) an X% foto A
n=1
+oo
2. Z/|fn(:v)} dxr < +00
n:lA
+oo
3. /an(x) dr < 400
‘A n=1

Tére ;A/fn(x) dx:A/f(x) dz.

IMebBAnua(12): ‘Eotw f:[0,1] = R cuveync ouvdptnon. Na Beedel to dpto

14



1

lim [ (n+1)z"f(z) du.

n—-+o0o
0

Adon

1 1

1. /(n + Dz" f(z) doe = /f( "+\1/f) dt, ¥étovtact = 2" ue dt = (n + 1)2"dx

0 0
2. 'Eotw f, 1 [0,1] = R wio oxolouvdio cuvopthoewy ye Tomo
3. fu(t) = f("Vt),t€0,1],Yn €N
4. fu(t) elvar ohoxdnpdowec xotd Riemann oto [0, 1]

5.3M >0 |f,(t)| < M,Vz € [0,1],Vn € N, enedf n f ebvor cuveyfc oT0
[0, 1]

6. p([0,1]) = ([0, 1)) =
7. o =2 £(1) oyedév maviol oto [0, 1]

1 1

8. Toteoyber: lim [ (n+1)2"f(z) de = lim f("+\/_ = lim /fn =

n—-+o0o n—-+o0o n—-+o0o
0
= dim [ gdu= [ ) du= s
n——+o00
(0,1] [0,1]

IMopatnenoeis:

1. Ochpnua Weierstrass: I'o xdde ouveyr| ouvdptnon f : [a,b] = R

xou yia xéde € > 0 unapyet tohudvupo P(x) tétoto wote | f(z) — P(z)| <€, x € [a,b)].
Emmiéov oyohdlouye 6Tt av 1 ouvdptnon f(x) eivar cuveyhc oto [a, b]

T61€ LTdpEYEL axoloudia ToAVWYOPWY P,(x) 1 omolo cuyxhiver opoto-

LoppaL, dnhodr nginoo P,(z) = f(z) , x € [a,b].

1

2. (a) Acetvan L, (f(z)) = /(n+ Da"f(x) de = (n+ 1)/:L'”f(z) dx,¥n € N

0

15



(b) "Eyouue 6t n ouvdptnon f : [0,1] = R elvoaw cuveyhc oto xhetotd
Sdotnua [0, 1]

(c) Tote and 1o Ipooeyyotnd Oedpnua tov Karl — Weierstrass
€Y OUPE 6TL UTEPYEL TOAUGVULO D(T) = Ppra™ + P12™ ' + -+ + pra + po, Vo € [0, 1],
Y xdmoto m € N xon yioxde € > 0 vaioylet | f(z) — p(a)| < %,‘v’az € [0,1]

(d) Hoapotnpolue ot

1

L,(p(z)) = (n+1)/:n p(z) de = (n+1) / Zpkx dx =

4 k=0
L 1
(n+1/2pk$”+kdx— (n+1) Zpk/ " de =
0 k=0 k=0
B B e B I
- n+k:+1 s "mtk+1 1+ -k
pl b2 Pm—1 p
— po+ + +ooet + ¥n €N
ST L+ 00 1+

() Mm Ln(p(x)) =po+pi+- +pmr +pm =p(1) &

w(plx) =p(1)] < 3. Y0 > n

La(f@)) = £(1)] <

Lo (£(2) = La(ple)) | + [La(p(2)) = p(D)| + [p(1) = 1)) <

< Ve >0,dng € N:

(f) Ve >0,3ny € N :

<

0
<(n+1)/x”‘f(x)—p(x)’dx+2.€<(n+1)/x”-§d$+%:
0 0

= f(

2.
L TE — e Vn=nge lim L,(f(x))

n—-+o0o

Wl m

3. (a) Ly(f(2)) :/(n—l—l)x"f(x) dr = (n—l—l)/x”f(x) dr =

16



{o

=b,

(b) H oxohoudia (by,) e

=1 Elval yvrola ﬂETLXY}, (PﬂLVOUOO( XA POAYHUEVT)

Apy1 — Ap
( ) bn+1 - bn
(d) Xov va patveton 6Tt unopet va emhuiet ue to Oewenua Stolz — Cesaro

4. ‘Ouolo anoTéAeoua €YOUNE oV

(a) Aideton novveyrc ouvdptnon f : [0,1] — R. Téte lim /nx"f(:n) dxr = f(1).

n—-4o00

(b) Afdeton nouveync ouvdptnon f : [0,1] = R. Téte lim [ 2" f(z) dov = 0.

n—-+4o0o

0
1
(c) Aideton nyouveyrc ouvdptnon f : [0,1] = R. Téte ngrfoo/f(x”) dx = f(0).
0
IMebBAnua(13): 'Eotw wa napaywyiown ouvdptnon f : [0,1] — Ryue f(1) =1

o f(t) +tf(t) #0,Vt € (0,1). Téte voomodeiete 6t lim [ (f(¥/x))" do = T

n——+0o

Adon

1
‘Eotw 6t |1, = / (f(%))n dr , n > 2| pe 10 n va eivon évog Quods opL-
0

Yuoc. Tote

17



r=0:t=0,z=1,t=1

n / FO ()" dt A0 e b I=n / FO(g)"
J (0= 10+ # 0t € (0.1

t=g '(y) =hly) ©y=gt),dt =h(y)dy [—n/f
t=0:y=9g(0)=0t=1:y=g(1)=f(1)=1

/ - F(y) = f(h(y) (y).y € [0,1]
=" / y" () () dy

0

1 1
L= [ Gmy e EE et D=l B [ gyt
0 0
1

nlh/ )d:

1 1

e R e nd = nild
:>[n:n/y"_1F()d y=Voor=y'de—ny' dy [n:/F(C/E)dx,n>2,
y=0:z2=0y=1:2=1

0 0
XU 0TN GUVEYEL YVWeiloupe 6T hm I, = lim F({/z) dz=F(1) = f(h(1))h'(1) = !
Iapatnenosic:
1. Bospudlone f(1) = 1 — ¢ € 0,1], 600 f(1) = 74— = = 1
papuéloupe t+k:—1 610 hol ok 2
t
xou 1 ouvdptnon f(t) etvan taporywyiown e f/(t) = — k 5 = — £10) .t €0,1]
(t+k—1) k
ue
, k kt kt+k(k—1)—kt k(k—1)
F(H) +tf(t) = . — — 0,t € 0,1],
) W= (t+k—1)° (t+k—1)° (t+k:—1)27£ 0.1)
ol ! = 1 = , OTOTE T0 {NTOVUEVO OPLO LGOUTAL [E

1+f(1) 1-1 k-1

1
k " k
L= i ") de= ks
nr oo <%+k—1) TRt
0

2. 'Boto thpa f(t) =t — 2t +2,Vt € [0,1] ue f(1) =1, f'(t) = 2t — 2,Vt € [0, 1]
pideis
FO) +tf/(t) =t =2t 42412t —2) =t —20+2+2> -2t =3t> — 4t + 2 =

1 1
:t2—|—2(t— 1)2 #0,Vt € [0,1], eunhéov eivor T ) = 150 =1,

18



1
OLVETWC €youue 6TL L = lim (\/" 22 — 23T + 2)” dr = 1.

n—-+o00
0

1

3. Epwtnua : No uroloyiotel to 6pto  lim [n <L — / (f(%))n dx)] :

n—-+4o0o
0

IMebBAnua(13): No utohoyiotolv Ta mapoxdtw opto

1

1 2
1. lim LA nat dx
n—-+00 (1 + I‘Q)”
0

“+00
. e Tcosx
2. lim — dx
n—-+00 nx? + =
0 n

n

- arctan(%)
3. lim n/—”d:c
n—+00 .I(l‘2 + 1)

, h arctan(%) T
4. hmnn/—"dw——
n—-+o0 m(ﬂjz + 1) 2

0

1

1— n
5. lim n*™ /xk< x) dz,Vk € NU {0}
n—+00 1+2x

0

Adon

1. (a) Eotw f,:[0,1] = R wo axohoudio cuvaptAceny ye tino

1+ na?
(b) fulz) = m

(c) falx) elvon ohoxhnpwotpes xatd Riemann oto [0, 1]

,x €[0,1],Vn € N

1 + na?
N T

(e) p((0,1]) =1([0,1)) =1

< 1,Vn € N oyeddv navtol oo [0, 1]

19



(6) 1 2% 0

1
1 + na?

(g) Téte oyler: lim drx =

n—+00 (1 + :L’2
0

= lim /fndu—/Odu—O
n—+00

[0,1 [0,1]

+o0o +o0o

0

T—+00
= [e_’” - COS I - an(nzx) — [ (—ePcosz—e"

“+00

e *cosx e *cosx
a ———dz=n —— dx
(a) /nx2+% /(n:v)2+1
0

,ﬁﬁ/h

+oo

= / (e " cos ) (arctan(nx))/ dx =

= / e (cosz +sinz) - arctan(nz) dz

0

sinz)arctan(nz) dx

(b) Eotw f, : [0,4+00) = R o axohoudia cuvapthicewy ye timo
(¢) falz) =€ (cosz +sinz) - arctan(nz), z € [0,400),Vn € N

(d) Houvdptong(z) = ge_x - (cosz +sinz), Vo € [0, +00) etvan ohoxhnedowun

xotd Riemann oe xdie xhetotéd didotnua e uegric [0, M], M >0

- (cosz + sinz) - arctan(nz) de =

e T r—r+00 T
ol / g(x) de = [— Ee_x : Cosx] =5 < +o0
0
(e) |fn ‘ g " (cosz +sinz),Vz € [0, +00),Vn € N
(f) fu(z) elvar ohoxdnpdowec xotd Riemann oto [0, +00)
(&) fo =g
+00 C +o0
(h) lim / = tim [ e
n—-—4o00 nrs + = n—>+o<>

400

. T
= lim / falw) dr = lim / fo dp = / gdp= / 9(z) dv = 5
0 0

[0,400)

20
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arctan(%)

3. (a) Oewpolye Ty axohoudia cuvapthoewy f, : R —= R ue tino f,(x) = n———"5x (0,0 (7).

(b) (fa).2]
(c) flz) =

(@1 1)

| Ebvar Riemmann ohoxnpoowun oo (0, 4+00).

1
T 2 X04) (x) elvon Riemmann ohoxhnpwotun oto (0, +00)

ue fn == f.
(d) 3f € L' : | fulz)| < f(2),¥n € N,Vz € (0, +00).

n—-4o0o

n

( 1) n—-+oo

) ' arctan( z)
Téte lim n/ dr = lim /fn ) dx = hrn /fndu /fdu:
0

+oo

:/f(x)da::/l_:x2 dx:g.

R

0

n

tan(
4. (a) xn:nQ/Mda:—n ,Vn e N

(1 + x?)

n

1
(b) zn:n/ dx:n(g—arctan( )) Vn € Nye lim z,=1

14 22

n—-+o00
0

n

(©) = 12 /n arctan(®) J /n 1 dp — / n* - arctan(£) — nx Dy —
C) Yn =1 (T 22) ven [ o adr= P r =
0 0 0

1 1
2 2 242
. tan(t t tan(t t t

n/ n* - arctan(t) —n " / arctan(t) on dt.n e N

1.

ii.

iii.

iv.

nt(1 + n2t?) t3 1 + n2t?

Ocewpole Ty axohoutio cuvapthoewy f, @ (0,1] — R pe tino
arctan(t) —t  n?t>

fn(t) = 43 ’ 1+ 2t2X(O 1](t)'

(fn) elvor Riemmann ohoxhknpoowun oto (0, 1].

arctan(t) t

f(t) = 3 X(0,1](t) €lvar Riemmann ohoxhnedoin
%.0. . 1
1 e fu 2% f e lim f(t) = —.
oto (0,1] pe f, f}tout_lgif() 3

3f € L' |fu(t)] < —f(t),Vn e N,Vt € (0,1]

21



1
Téte lim y, = lim /fn dr = lim /fndu—/fdu—/f(t)dt—
n—-+00 n—-+o0o n—-+o0o
R R 0

1 t=1
B / arctan(t) —t g — [t — arctan(t) arctcm(t)]
t—0

N | —
19

#3 212 2
0

(d) 2, =Yn — 20,V €N
. . . ™

€ Dy = B e B =57

1 1 1
1—a\» 1—t\k " (1—t)k
k+1 k dr = 2 k+1 ( ) dt =2 k+1 /tn— dt
(a) m /x <1—|—:c) L= / 1+t/ (1+1)? " (14 t)k+2
0

0 0 _—

. k !
we fO(1) =0, € {0,1,2,. . K — 1} e f(1) = legk

1

(b) Oewpolye ™ ouvdptnon f:[0,1] = R pe tino f(t) =

n—-+o0o

(c) ©élouue va utoroyicouue To 6plo 2+ lim n*T /t”f(t) dt

0

1 1
k41 n Pk th ' ntt! n+1 g
(d) n tf +1 dt = ———— [t f(1) dt =
n n

0 0
1 1

k1 tn+2 / k1
/1 = (1) [ =
n+1 n—|—2 (n+1)(n+2)

0 0
1

nkJrl

:m:(_1)k(n+1)(n+2)...(n+k)/tn+kf(k)(t> it =

0

. nkJrl tn+k+1 / & B
= (=1 (n+1)(n+2)...(n+k)0/[n—I—kH—l} o) di =
B (_l)knk—i-lf(k)(l)
_{n+nm+m”(n+mm+k+n+

(=Dt ntk+1 p(k+1) _
+(n+1)(n+2)...(n+k)(n+k+1)O/t++f (@) dt =

22



CROARIEY
T+ D)1+ 2). (145 + 2
N (_1)k+1
QT+ +2). (1 +E) 1+ B

+

1

/tn+k+1f(k+1)(t) dt

0

(e) Houvdptnon f* () eivan ouveyfic oo xhetoté Bdotrpat € [0, 1].
‘Apa hNoBaver UEYLoTn xon EASYLIOTY) TYLY) O UTO6 To dLdoTnua. Onote
AM >0 | f* ()| < M, vt € [0, 1]

1

/tn+k+1f(k+1)(t) dt

0
v xdde n € N

1
(g) lim tn+k+1f(k+1)(t) dt =0

1 1
M
0 [l

0 0

n—-+o0o
0
1 1
1 — n
m) tim ot (D) e =2 o [0 i
0 0
(=1)Fk! k!

= 2(=1)F (1) = 2(—-1)* Sk = gryre 7k ENU {0}

MopatApnon: Adeta cuveyh ouvdptnon f : [0,1] — Rue (1) =0,Vi € {0,1,...,k — 1}

1

wou If® (1), yixdmowo k € N. Téte lim nFt! /:E”f(x) dz = (=1)*f®(1).

n—-+0o00
0

IMeopAnua(14): Aideton 1 axorovdia cuveywy cuvapthoewy K, : [0,1] — [0, 4+00)
1
o 0 Ypopuxdg tehecthc Ly, : C[0,1] — R pe tono L, (f) = /Kn(:v)f(:v) dx.
0

Av urdpyet zg € 0,1] wote L, (2') = 2f,Vi =0,1,2,...(yio tenepaouevo i)
v xée n € N. Tote liIJqu L,(f) = f(zo),Vf € C[0,1].
n——+0oo

Aon

1. 'Eotw wa tyoio ouveyh ouvdptnon f:[0,1] = R

23



2. D'vopiloupe 6L utdpyer TOAGVULO P(T) = Ppa™ + Pp12™ ' 4 -+ + pra + po, Vo € [0, 1],
i xdmoto m € Nxou yioxdde € > 0oyler | f(z) — p(a)| < %,Vx € [0,1]

1 1 1
3. VneN: L,(p) = /Kn(:v)p(:v) dx = /Kn(x) Zpimi dx = Zpl/Kn(x)x’ dr =
A 9 i=0 =0

1 1 1 1
:pO/Kn(x) dr + py /Kn(a:)x dx —|—1172/Kn(:1c).91:2 de + - -- —|—pm/Kn(a:)xm dr =
0 0 0 0
= po + p17o + ozl 4 -+ 2l do = p(x0)

4. lim Ln(p) = p(zg) & Ve > 0,3Ing € N :

n—-+00

Ly, (p) —p(xo)‘ < g,Vn > ng

5. Ve >0,3ng € N: |L,(f(z)) — f(zo)
Ln(f($>) - Ln(p<x>) Ly (p(x

<

~— —
~—
|
=
X
<
_l’_
=
8
S
|
—
~—~
8
<
A

_ ., . (2n+1)!
Egoppoyn: No unoloyiotel to 6plo nl_l)gloo W

6mou f:[0,1] = R elvon o cuveyhc cuvdpTnon.
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Integrals®

(i)

< d
/ r ln(2)’ m> 1
1 r+am m—1

/ ls(x) dx = 0.
o x*+1

/og \/sinm A=

(z) + /cos(z) 4

(if)

(iii)

(iv)
2

/0 2 (In(x))?dr = CEE a>—1.

)

tan™? <L> =sin"'(z), x>0.

V1—a?
0o
/ sin(x) de= T
0 xr 2

/oo d S— a € R\{kr + /2| k € Z}
o 2zt +2x2cos(2a) +1 4| cos(a)|’ '

(vi)

(vii)

(viii)

1
N 11 1

(ix)
/Oo ﬁdm = —1+In(v27),

x
where {z} € [0,1) stands for the fractional part of 2 > 0.

(%)
Lgae 1
/0 de = ln(a + 1), a Z 0

* The list is taken from:

e G. Boros, V. Moll. Irresistible integrals. Cambridge University Press (2004).

e P. J. Nahin. Inside Interesting Integrals. Undergraduate Lecture Notes in Physics, Springer Verlag
(2015)



Solutions

(i) We have

[ - [ gm0 e 2

T+ z™m zl-m 41 m—1

< In(z) = Y n(x)  In(x)
/0 x2+1dx—/0 x2+1dx+/1 x2+1dx.

Setting x = 1/t to the first integral on the right hand side, we get

1 oo -1 oo
1 1
/ ne) g, :/ n) gy — —/ (@) g
0o 2+1 1 tT2+1 ; x2 41

(ii) We have

(iii) We have

I / V/sin(z) L UTET / V/cos(y)
B \/sm +\/c05 B \/COb +\/Sln
21:/5 dr ==
O 2
d

1 1
d
“1 =— “dr = 1 —(a+1)"?
/0 2 In(z)dx da/o x%dr = da(a—l— )yt (a+1)

Thus

(iv) We have

Thus,
/1 “(In(z))? —_/1 “In(z)de =——(a+1)">=2(@a+1)""
| x x))“dz da J, T x)dx Ja

(v) It suffices to show that
‘/ac/\/l—ac2

0 1+ / V1
which holds true by changing t = y/+/1 — 32

(vi) Let r, R > 0 and consider the counterclockwise path ' =Ty UT9 UT3 Uy in C, where I'; =
{(z,0) |z € [r,R]}, Ty = {Re® |0 € [0.7/2]}, T3 = {(0,iy) |y € [r, R]} and T4{re’® |6 € [0.7/2]}. If
f(z) =¢%/z, z € C\{0}, then

iet ird

R iz 3 0 , R ,i(iy) 3 gle ,
O:jff(z)dz:/ e—dw+/2 . iRe“‘)de—/ < idy—/2 C __ire®ds,
r ro o Re? .oy o el

which gives
R T — =% 3 i . i
/ —dx —l—z(/ (elRe —e'" )d@) = 0. (1)
r T 0

. i o if _ . . ol . X
ezRe —efre” — o R31n(9)echos(9) —e 751n(9)ezrcos(0)7

We have

so that, by taking » — 0 and R — oo in (1), we get

/ cos(z) —isin(z) — e~ d:chi/z(fl)dF):O.
0 0

T




(vii) We have

/°° dz z=1/y / y2dx

I = 7} = .
o x*+2x2cos(2a) +1 o y*+2y?cos(2a)+1
Therefore,

Iil/oo (2% 4+ 1)dx
2Jo z*+222cos(2a) + 1’
and since the integrand is even, we get

I_l/+°° (22 + 1)dz

4 ) o x4+ 222cos(2a) +1°

4
By using cos(2a) = 1 — 2sin?(a), we observe that

z* + 22% cos(2a) + 1 = (22 — 2 sin(a) + 1)(a? + 2z sin(a) + 1).

Hence,
1:1/00 (2% + 1)dx
4 J_o (22 — 2xsin(a) + 1) (22 + 2z sin(a) + 1)
1 /°° (22 — 2z sin(a) + 1)dx
4 J_ (@2 = 2zsin(a) + 1)(22 + 2z sin(a) + 1)

1 /°° dx _ 1/0" dx
4 ) a2+ 2xsin(a) + 1 2 J_ 22+ 2zsin(a) + sin®(a) + cos?(a)

1 /°° dx
4 J)_o (x+sin(a))? + cos?(a)’
where at the second equality we used the fact that 2z sin(a) is odd. Letting z+sin(a) = u, we deduce
1 +oo T

° du 1, u
I= Z/OO u? + cos2(a)  4|cos(a)l [tan (cos(a))]—OO 4| cos(a)|’

(viii) We start with

2 3
v vy 49 4.
e—1+y+2!+3!+ , YER,

where, by setting y = ca” In(z), > 0, for certain ¥ € N and ¢ € R, we obtain
v c? c3
2 =14 cz”In(z) + 51’2” In?(z) + §x3” In®(z) + - -
Hence

/01 2 dr = -/01 (2 %}:xk” lnk(x)>dm. (2)

For any m,n € NU {0},we have

1 1 m41 1 !
m n _ T n J— n m n—1 — .. = (— HL
/0 ™ n (x)dx—/o ( +1) In"(z)dz = erl/O 2™ " (z)dx (-1 CESEEE

Thus, we can interchange the integral and the sum in (2) to obtain

1 o0 k
cx” _ _1\k C
/0 x dx—Z( 1) 7(/W+1)k+1'

k=0
j+1 dx
/ T
j X

(ix) We start with

k—1

n k
ln(n!):Zln(k):Z/l iﬁ:z

k=2 k=2 k=2 j5=1



4

where n € N, n > 2. For the double sum above, we write

k=2 : f]i ,

k=3 : f12 + f23 \

k=4 : [ + [, + [;

k:n f:12 "’ j23 + f.34 + o+ L

and then summing each column to obtain

2 3 n
In(n!) = (n—l)/1 d—x+(n_2) di+...+/ dﬁ

x s T 1

_ /12"xLdez+/23nxmd:c+m+/nnlnmmdx = /1nnxmdx,

where by |-| we mean integer part, i.e. * = |z] + {z}, for each x € R. Therefore

In(n!) = /1n’;dm—/lnda:+/ln{z}dx
= nln(n)—n-}—l-i—/ln{i}d:v :nlll(n)—n+1+m(m+/1nwdm

2 T
n _1 2
e} =172
T

= (n+1/2)In(n) —n+1+

= 1n(n"+%) +In(e™)+ 14 / Wda:,
1

which implies that
n {z}—-1/2
nl = pit e nelt )y B 2 de
Hence,
n {x}—-1/2 '
L 73 ’
nttae—n
where, by taking the limit as n — oo, and using Stirling’s asymptotic formula for n!, namely

|
lim — o — /2,

n—o00 nn+% e—"n

/axydy: /aeyln(ac)dy: ¢ — 1.
0 0 In(z)
Consequently,

1 a __ 1 a
/ uda: :/ / x¥dydx
o In(z) o Jo

= /Oa/o 2¥dxdy = / [(y + 1)—1xy+1](1)dy _ /Oa(y N 1)_1dy _ [ln(u)]‘fﬂ = In(a+1).

a
0

we find the result.

(x) We have




