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Pulsatile flow in arterial 
circulation



Requirements: Basic fluid mechanics

• Relevant Chapters:

• Chapters 3 (138-142) & 4 (179-204) (left), 6 (right)
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From Basic fluid mechanics
To prove a linear relation between U(x,t) and P (x,t)

➢ No realistic analytic solution for non-
Newtonian pulsatile blood flow

➢ Newtonian approximation –
Womerslay’s solution

➢ Analogous solution – much simpler 
mathematics

• Consider a long two-dimensional (x,y) 
channel, half-height R, filled with 
Newtonian blood travelling to x
direction with velocity u

• A fluid element length δχ, height δy is 
examined

• Pressures p, p+δp are applied to 
surfaces normal to x

• Shear stresses τ, τ+δτ applied to 
surfaces parallel to x
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Non steady flow
Relationship of u/t,x →p/t,x

• A fluid element across a 
streamline:

u = u(y,t)

No radial u component (=u in axial 
direction alone), incompressibility

• P is uniform across a cross-section
of the tube (parallel axial flow)

• F acting as a sum of pressure-
viscous forces

• Newton's second law Per unit 
depth :

𝐹𝑥 = 𝑚𝑎𝑥 3.20

𝑃𝛿𝑦 + 𝜏 + 𝛿𝜏 𝛿𝑥 −

𝑃 + 𝛿𝑃 𝛿𝑦 − 𝜏𝛿𝑥 = 𝜌𝛿𝑥𝛿𝑦
𝜕𝑢

𝜕𝑡
(3.21)
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From Basic fluid mechanics

𝜏 = 𝜇
𝜕𝑢

𝜕𝑦

3.21 becomes

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+

𝜕𝜏

𝜕𝑦
or after τ replacement

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
3.22

For periodic (oscillatory) blood flow & 
pressure gradient
−𝜕𝑝

𝜕𝑥
= Π. cos ωt = (Real) Π𝑒𝑖𝜔𝑡 ,3.23)

BME Master program Upatras 2018-19 
Biocirculation 

http://www.google.gr/imgres?q=university+of+patras+logo&hl=el&sa=X&qscrl=1&rlz=1T4ADRA_elGR473GR473&biw=1184&bih=677&tbm=isch&tbnid=vr9seEgFfS3m7M:&imgrefurl=http://rd-connect.eu/organizations/upat/&docid=XCvSHXrLxR0w4M&imgurl=http://rd-connect.eu/rdcon/files/UPAT_logo.jpg&w=300&h=287&ei=e0VdUfuFBIX04QSF7IGwCQ&zoom=1&iact=rc&dur=250&page=2&tbnh=120&tbnw=114&start=23&ndsp=30&ved=1t:429,r:46,s:0,i:223&tx=46&ty=35


Hydrodynamic circulation

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
3.22

From 3.22, u→
𝜕𝑃

𝜕𝑥
is linear, so if we apply an 

harmonic (cos(ωt)) pressure P traveling to x then 
we expect to a similarly shaped velocity u at x 
direction, even with a phase shift (sin(ωt) = 
cos(ωt + φ) derivatives  of u, p).
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Hydrodynamic circulation

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
3.22

From 3.22, u→
𝜕𝑃

𝜕𝑥
is linear, so if we apply an 

harmonic (cos(ωt)) pressure P traveling to x then 
we expect to a similarly shaped velocity u at x 
direction, even with a phase shift (sin(ωt) = 
cos(ωt + φ) derivatives  of u, p).

𝑢 𝑦, 𝑡 =
𝛱

𝜌𝜔
(𝑅𝑒𝑎𝑙) ො𝑢(𝑦)𝑒𝑖𝜔𝑡 (3.24)
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Suggestion: Read about simple 
mathematics for complex numbers

• See Chapter 7, pages 
187-192 for application 
of complex numbers in 
pulsatile flow dynamics
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Hydrodynamic circulation

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
3.22

From 3.22, u→
𝜕𝑃

𝜕𝑥
is linear, so if we apply an harmonic (cos(ωt))

pressure P traveling to x then we expect to a similarly shaped 
velocity u at x direction, even with a phase shift (sin(ωt) = 
cos(ωt + φ) derivatives  of u, p).
−𝜕𝑝

𝜕𝑥
= Π. cos ωt = (Real) Π𝑒𝑖𝜔𝑡 ,3.23)

𝑢 𝑦, 𝑡 =
𝛱

𝜌𝜔
(𝑅𝑒𝑎𝑙) ො𝑢(𝑦)𝑒𝑖𝜔𝑡 (3.24)

Substituting 3.23 & 3.24 to 3.22 results finally to 

𝑖 ො𝑢 𝑦 =
𝜇

𝜌𝜔

𝑑2ෝ𝑢 𝑦

𝑑𝑦2
+ 1 (3.25) ,
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Hydrodynamic circulation

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
3.22

From 3.22, u→
𝜕𝑃

𝜕𝑥
is linear, so if we apply an harmonic (cos(ωt)) pressure 

P traveling to x then we expect to a similarly shaped velocity u at x 
direction, even with a phase shift (sin(ωt) = cos(ωt + φ) derivatives  of u, 
p).

𝑢 𝑦, 𝑡 =
𝛱

𝜌𝜔
(𝑅𝑒𝑎𝑙) ො𝑢(𝑦)𝑒𝑖𝜔𝑡 (3.24)

𝑖 ො𝑢 𝑦 =
𝜇

𝜌𝜔

𝑑2ෝ𝑢 𝑦

𝑑𝑦2
+ 1 (3.25) ,

ො𝑦 = ൗ
𝑦
𝑅

1

𝛼2
𝑑2 ො𝑢 𝑦

𝑑 ො𝑦2
− 𝑖 ො𝑢 𝑦 = −1

The Womersley parameter: 𝛼 = R
𝜔𝜌

𝜇
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Hydrodynamic circulation

The Womersley parameter: 𝛼 = R
𝜔𝜌

𝜇

• It is a measure of oscillatory pressure or velocity

• It is also a measure of the inertial (caused from pressure) vs viscous force (caused 
from shear) applied in fluid during pulsed flow.

➢ Great α means inertial force dominate
➢ Small α means the viscous forces dominates
➢ α = 20 in aorta, so inertia dominates vs viscous force
• At wall internal, u=0 so viscous force dominates
• At centerline u=max so inertial force dominates
• At distance δ, close to wall (boundary layer limit) inertial force equal viscous force.

𝜌𝜔𝑢 =
𝜇𝑢

𝛿2
→ 𝛿 =

𝜇

𝜌𝜔
→ 𝛼 =

𝑅

𝛿
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Physiological values
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• Mechanical & Electrical analog of  Windkessel model

• Gradual dissipation of oscillatory pressure and velocity

Arterial Compliance

Chamber with

compliance C
and volume V
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Windkessel model of circulation

• Oscillatory blood flow

• Arterial elasticity (dumbing of 

pulsation)

• Peripheral Resistance 

(bifurcations, arterioles, 

capillaries, venules, venous 

valves)

• Athreosclerosis increases vessel 

wall elasticity, reduces arterial 

compliance, increases Resistance, 

reduces dumbing of arterial tree

Otto Frank, 1899
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Arterial compliance

• For volume V, assuming dV
proportional to dP, then for 
Compliance C:

𝐶 =
𝑑𝑉

𝑑𝑃𝑎𝑟𝑡
if assume Part=ΔPperiph

C, R constant, 𝑃𝑎𝑟𝑡 𝑡 = 𝑄 𝑡 𝑅
QH=Cardiac flow, Q=Peripheral flow
Conservation of mass:

𝑑𝑉

𝑑𝑡
= 𝑄𝐻 − 𝑄

𝑅𝐶
𝑑𝑄

𝑑𝑡
+ 𝑄 = 𝑄𝐻
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Arterial compliance

• For volume V, assuming dV
proportional to dP, then for 
Compliance C:

𝐶 =
𝑑𝑉

𝑑𝑃𝑎𝑟𝑡
(4.8)

C, R constant, 𝑃𝑎𝑟𝑡 𝑡 = 𝑄 𝑡 𝑅
QH=Cardiac flow, Q=Peripheral flow
Conservation of mass:

𝑑𝑉

𝑑𝑡
= 𝑄𝐻 − 𝑄 (4.9)

𝑅𝐶
𝑑𝑄

𝑑𝑡
+ 𝑄 = 𝑄𝐻 (4.10)
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If 𝑄𝐻 𝑡 = 𝑄0 + 𝑄1 sin 𝜔𝑡

𝑄 𝑡 =
𝑄1

1 + (RC𝜔)2
sin 𝜔𝑡 − 𝜑 + 𝑄0 (4.11)

It is a phase shift between cardiac output and 
arterial circulation, due to arterial compliance.
• A part of the blood is stored in arteries and 

returns to circulation with a phase shift
• Complicated true volumetric flow deviates from 

simple harmonic oscillation, been the sum of a 
Fourier series periodic function of simple 
harmonic terms.

• NOT all parts of the arterial tree are distended in 
synchronization: finite blood pressure wave 
velocity, reflectance of wave in geometric 
disturbances, like bifurcations.

• Differences in wall elasticity across arterial tree

See the box 4.1, page 183 to get
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Pressure and velocities 
across arterial tree
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Elasticity and pulsation across arterial tree
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Wave propagation along 
elastic tubes

C0

1 2 3

𝐶0 =
𝐸𝑡

𝜌𝐷
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• Pressure pulses travel as transverse elastic waves along arterial tree

• Elastic energy is stored by arterial walls by elastic distensibility

• Nonlinear P/R

𝐸𝑃 = 𝑅0
Δ𝑃

Δ𝑅0
• Elastic tube filled with incompressible inviscid fluid, no flow (stationary state)

• Fluid pressure at entrance oscillates periodically (heart function)

• Elastic distension waves along the fluid in the tube 

• Pressure elevation at 1 cause fluid to move towards 2

• Non-rigid tube walls, so fluid inertia forces wall at 2 to distend and pressure to rise, 
while in 1 pressure falls

• Distension travels from 1 to 2 with a velocity C0

• It continuous from 2 to 3 next time

• Zero velocity means oscillation goes back and forth

• Relative magnitudes of fluid inertia and wall elasticity

• Similar effects in oscillatory flow

• Korteweg-Moens wave speed (after many assumptions):

E=elastic modulus, t=wall thickness, ρ=blood density, D=aortic diameter
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