Kegdhoto 6

ESaywy?h napauétpwy

6.1 Ewcayori

Ye auté to xepdhato neprypdgovran uébodol npoenegepyaaiag Twv mpoTinWV oL anooxomOvY OTNV
ouunicoy dedouévev Tou dwaviouatog Tov tpbTutov.

Onwg Ba Samotdoate xaw and v uehéty Twv Tpoyoluevwy xegalaiwy To eldog TwY TapaUéTpLY
mov Aopfdvovran and to puatxd avrixeluevo xal N Tu6Y eneEepyasia Toug ennpedlel onuavTLE TRV
aiomotia Tov ousThuatog TagLvbunong mpotinwy mou Ba xataoxevdaoupe. Mia ané TG Texvixég
rpoenedepyaoiag 1wV npotdnwy v pekethoaue dn cav turua evég douixod cuoTnudTtwy Tafvé-
unong mpotinwy (xepdhao 2). Io ouyxexpuyéva emyepfioaue v atlnon twv diaotdecwy Tou
Slaviopatog Tou mMpéTUTOL e WY Ypapuwxd cuvBuacud twv Siabéoiuwy uetphioswy xau eldaue 6t
n texvoef aut Behndver v aflomotia e tagvéunons Wiattepa omg nepintdoeg mou dev elvan
duvath n Ypauuxh SaywpLotubétnta TwV TpoTiTWY.

3ito napbv xepdhato Ba perethiooupe ula Siagopstuef xatnyopla texwixdv npoenetepyaotog Twy
TPOTUNWY MOV oxomd €xouv TNV pelwon Twy Sotdoswy Tou Staviouatos Tov TEGTUTOL A TV EmL-
Ao auTev TV Tapapétpey Tou cuVopépouy TNV ueyahbtepn mAnpogopla BraywptaubThTas Twy
XATNYOPLDY.

To npofhfuarta Tov suvavtdue xatd Ty Tpaxtue EQapUOYH GuoTHUdTEY TaELV6UNGNG TPOTUNWY
avapépovta suvifiug o autés Tig xatnyoplies tpoBAnudtey détt cuviBeg uropolue vo AdBouue évor
eydho mhfiflog petprioewv Tou avagépovral ot BLaPOpETIXG YAPAXTNELOTIXG TWY PUOLXGY aVTIXEWE-
VV.

To np@to mpéPAnua mov ouvavidue elvar va Bpodue molés and Tig HeTPHOELS MOV UTOPOUUE Va
ABoupe ouwiogpépouv TAnpogopies Yo Tov Blaywploud TV xaTHYoPLdY TRV TPOTiTLY. SucyeTé-
uevo elvan xat o tpofAfiuata ouxovoudy reploploudy tou tifevtar wg eEfig. Amo Tig peTprioels TwY
AVTIXELEVDY Ttov propodue va AdBovue Ba Béhaue va evronioouye exelves mou ueylotorooby v
Loy wpLotdTNTA TWV TPOTUNWY TWY XATNYOPLOY XAl TOL LXAVOTOLOYY TOUG TEPLOPLOUOYS X6OTOUS.

To 3ebtepo npdPAnua ouvtdrat oty andxpion tou suathuatog tafvéunons. H anéxpion eZaptd-
Tt onpaviixd ané tov aplfud twv napauétpwy Tou tpétunou. Odo tepoabTepEs slvan oL Blaotdoelc
Tou duaviouatog Tov mpdTumou téoo peyahdtepog elvar xan o xpévog andxplomg Tou cuoThUaTOS
Tagvéunong mpotinwy. LT TEPIRTHOEL ToL avTueTwri{oUUE TEPLOPLOUOYS GTOV aptBué Twv utolo-
Youdy nou Ba extedel To olotnua tadivéunang Ba Béhoupe pan Babuide tpoeneEepyaatog va cuumédet
Ta dedouéva (va ehattdver Tov aplBub twv Slaotdoewy Tou tpdtunov) étot dote va ueavornotnfodv
Tehixd xou oL epLopiaiol oe umoloylaTL] oG Tou ousThuatog. Mia xakk Aoy Ba frav o ueta-
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oxNuatiouds autds va ehayiotonotel xau v uelwaen g TAnpogopiag wg tpog TNV dlaywplobTTa
TWY XATNYOPLWY oV emLpéper ) Tumxr elwan Tng TAnpogoplaxig povis 6Tny elgodo tou cuothuatog
Tagvounong tpotinwy.

H owotf emhoyr) Tov yapaxtiplomxdy yveploudtey and ta aviixeiyeva mov npénet va uetph-
gouye elvan xplowun yia v afomatia Tou cueTiuatog tagvéunong tou Béhouue va gridEouue. H
emhoy! auth e€aprdtan onuaviixd xat ano to eldog TwY xatyopidy Tou Bélouvpe va avayvwploouue,
YeYOVOG mou anpatver 6T wptv and v ayedlaoy x4Be suothuatos Tadivéunong Ba npénel va Bpolie
mé elvar 10 xatahAnhéTepo 0Gvoro TaPAUETPWY MOV TPEREL VO KPOGBLOPLOTOVY and Ta TPGTUNA ETAL
&ote va BeAtiotonoteltal 1 adtomotia tne Tagivéunorg.

H otevi| oyéon avdueoa 6To eldog Twv xatnyoptdv tou to obotnua tagivéunong Saywpllel xat
T0 mapopsTexd Sidvuoua Twv tpotinwy Yivetow gavepr and to to e&fig anhb napdderypa: Eotw 6t
pag €xer Inmnbel va xataoxevdaovue éva olotnua autduatng Sxhoyhs motbtnTag Toptoxakdy. O
draywprauds Tpéne va yivel oe téooepi xatnyoples:

a) Yta mopToxdAa MOV TPEMEL Vo xaTacTpa@ody xat elvat autd Ta onola éxouv camioel xatd 50
% touldytotov avedptnta peyéBoug,

B) Lt moproxdha yuponoineyg ta onola mpénet v €xouv SLduetpo uéypt 7 exatooTd XaL Vo uny
rapouctdfouv avéntugy uixpoopyavioudy ueyaldtepn tou 15 %,

Y) Lta rotoxdha e§aywyfg Ta onola dev npénet va tapoustdlouy avarTuEn WIXpoOpYAVIOUGY Xat
va éyouv duduetpo peyahitepy twv 10 exatootdy,

3) Ooa 3ev gunintouv oTic napandve xatnyoples tpooplfovian ya TRV ey ydpia ayopd.

O aabntiipeg mou etvan Srabéarol unopolv va uetprigouy oe xébe noptoxdh byxo, ypdua, Bapog,
ruxvéTnTa, vypaoia xal oxAnpdTnta Tng EMPAVELAS.

Aro 7o &l8og Tou Saywplopol mou mpénel v xdvoupe yiveton gavepd 6t Ba mpéner va avalnTh-
ooupe 1pérous €Tol Wote va Saxplvouue ta avtuelueva anéd tov 6yxo, To Ypdua TV Vypaota xo
MY OXANEOTNTA TNG EMLPAVELIG.

6.2 XYratiotixn npoencgepyacio mpoTinwy

Mua anhdf xon npaxtixr uébodog mpoeneZepyaolag xal enhoyii napauétpwy unopel va eniteuybetl ue
otatioTu encgeppyacia twy petphocwy. Ta npotephuata avtic g weB6Bou etvan 67t dev ypetdleTan
va Yvepiouue mAnpogoples Yi TV oTo 0o TIX GUUTEPLPOPd TWV TPOTUTWY TwV Xxatnyoptdy. H ota-
Tiotueh tpoenegepyaoio aviiel Ta anoteléouatd g ue LeB6Boug eneepyaoiac Twv napaderyudtwy
exnaidevong.

Oplfouue oav avauevéuevy andotaoy twv M rpotinwey uag xatnyoplag and tuybv npbturo X 1o
axbéioubo uéyehog:

1 M
D(X, X) = ~~"M" Z d2(x:xj) (61)
=1

6mov X = (x1,X2, ..., Xar)-

Av vrohoyicouue v uéon T g avauevéuevng andotaorg twv M rpotdnwy TN xatnyopiag
ané Ta avrioTtolya mpéTurd TG Ba €xoupe To axbloubo uéyehos:
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1 M
D(X) = e d?(x;, x; 6.2
(X) ];M 1 ; (%5,%;) (6.2)
M M-1
D(X) = M(M ]Z“Z; d*(x;,%;) (6.3)

Av oploouue oav ouvéptnon andotaong v Euxheldia (atov xdpo twv RY) téte unopodue va
exgpdoovyue v andataan D(X) oav ouvdptnon tng dtaontopds x4be wag twv napapétpey Tou da-
viauatog Tou Tpotunov, wg eghg:

N
D(X) = «MM Z ( Ve ZZ (x;(™ — x; <">)2) (6.4)

j=li=1

p(x)= M z (Mz 35 (xR - o 3 x4 LSS <Xx‘"”2) (6:5)

j=1li=1 j=li=1 j=li=1

BMéroupe 6T uepued alfpolopata Aettoupyodyv wg toAanhaoiaotés tou atabepod aplbuod M:

D(X M(x:™)2 — 2. ML S ) . MRS [ (a2
()—mz M2Z (%) - WZ~ ”M‘"in +"‘M“*2“"Z(xi )*| (6:6)

j=1 i=1 i=1

M_ < (n)y2 WL S L S (2
D(x)=m; Z( ™) —2—2 '"szi"‘*‘“ﬁ;(xin)) (6.7)

j=1 i=1

M
1 Z ( Z (x;™)% - (-jéf Y (xi‘")))) (6.8)

j=1 i=1

N
D(X) = M?‘A-"/Il"i' 3 on? (6.9)
n=1

2

6mov ag,* elvar v Siaonopd TV yetpRoEwy NG N TopauéTpou ToL SLavioUATOS TOV TPOTYTOV.

Pvwplfoupue 6L N mpaypatud| otatiotoe| Staomopd ouvdéeton Ye TNy Tumxr Siaomopd pe TRV
oyton:

M
sn’ = ”M"”:"i“d'nz (6.10)

Avtucabiatdvrag oty tponyoluevn ayéon, éyw:

D(X) =2 frj 8n2 (6.11)
n=1




188 KE®AAAIO 6. EZAI'OI'H IIAPAMETPON

Anodelfape howdv 6t o nepintwon mou cuvdpTnon andataog etvar 1 Evxkelda téte n uéon
Ty e avapevépevng andotacng tev M mpotinwy g xatnyoplag and Ta avtictouya mpéTund
¢ elvon o dunhdoto Tou abpoiauatog Twv emPépoug TpaYHATIXGY SLHGTOPGY TOU TAPAUETPLY TOU
Saviopatog Tou mpdTumou yia Ta napadelyuata exrnatdevorg.

Ag Solue hownéy T Ba ouuPel av uroBégoupe étu uetaoynuatifovue ypouud To TpéTUTY Xat
HdAiota ypnotponotodue évav oTalepé morhamhaotaatixnd topdyovia Yia x4Be mapdueTpo Tou TPdTU-
ToV.

H Euxheldia anbdotaoy twv yetaoynuatiouévey tpotinwy Bu elval:
X 2
d(x*,y") = 21 (cnZn — cnyn) <
n=

N
d(x*,y*) =Z Wn (Tn — yn)2 (6.12)

n=1

Euxola amodewcvieton 6L 1 avauevéuesvy andotaoy twv M rpotdrwy tng xatmyoplag and ta
avtigtolya npéTund g dlveton ané tnv oyéon:

N
D(X)=2)" (wnsn)? (6.13)
n=1

Ye aut6 1o onueio uropouue va HEoouue Eva xpitiplo Yia Tov BéATLoTO UROAOYLOUS TWY GUVTE-
Aeotdv tou Swaviopatog w = (wy, wo, ..., WN).

H avapevéuevn andotaon twv mpotinwy tng xatnyoplag anéd ta avtiotouya npdtund tng yag
npoogépet éva mocotixd uéyebog Tng Siaomopds TV tpotinwyY TwV Tapadelyudtwy oTo XMPO TWV
uetprioewv. Bohuxd Ba fitav howmby va oploouue e tétolo tpémo to Sdvuoua w étol Hote HETE ToV
YPaLx6 UETACYNUATIONS TOV UETPAROEWY 1) AVOUEVGUEYN anbataoy) Twy Kpotinwy 11 xatnyoptas
and Ta avtiototya mpétumd va elvan ehdxiot). Me auté tov tpdmo unopodue va efaopalicoupe
6T touldyiatov Ta dlabéoiua tapadelyuata Ba cusowpeutody gt uixpdTepo Yhpo. Auté To YEYOVES
ouwogépeL guviiflug oTNY SlaywELotbTNTA TLY TPOTUTWY TwV XaTNYoPLdY, ahkd Sev undpyet anddelln
mou va 1o eEaopailet.

H ehayrotoroinem g avauevéuevng andotaong 1wy npotinwy g xatnyoplag anéd ta avilatoiya
npéTund g pnopel va mpaypatonowfel pe v npoabinn pla emnhéov ouvbBing dubtt 1 mpogavig
Mon w = 0 7 onola mpoxakel pla onueiaxf ousadpevon Twv ropaderyudtov dev tpoopépetar yia
Tpax T EXUETIAAEVOT).

Ado eivar oL onpavtixétepor xan arholotepot TeplopLopol Tov 0dnyody ot avahutixf Aar.

L. O apifunuixée péooc twv ouvtedeatdy tov W elvar otaflepde. Ag emAdoouue to mpBAnua
elaytotonoinorng yia Tov axdiovbo tepLoplousd:

! i w 1 (6.14)
— n = ee— .
N = N

Xpnownoidvrag tou tedeotés Lagrange to mpéBAnua ehayiotonolneng tng mocbtntag D(X)
petatpénetal oc mpbPAnua ehayratonolnong g mogbTNTag:
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N
D(X)-p (Z Wy, — 1) (6.15)

n=1

1 LoodUvaua

N N
D (wsn)® —p (Z Wn ~ 1) (6.16)
n=1 n=1

Hapaywyilovrag wg xpog wy xat Advovtag Tig axéroubec N efiodortg €Y ouye:

I
Wy, = 15,2 (6.17)

ABpollovrag te N eiiadoeic AouBdvoupe:

N N
1

E Wp=p E 152 (6.18)

n=1 n=1 ~°0

Advovtag wg mpbs p éxoupe TV axéroubn T yia Tov ToAAamhaciaotd Tou Lagrange:

4
P =% (6.19)
> 8”2
n=1
AvuxaBuotdvtag oty Adon tou npoPAfuatos éxouue ™V axéloubn avadutwe] Ao
1
Wy = ~320 (6.20)

N )
X
n=1

Amo v avahutoo] wopey g Aiong uropolue va dolue 6Tt o ouvteleatic Tou YPoUULXO0Y
etaoyuatiolol elval aviioTpégog avdhoyos g Sleoropds NG Tapauétpou oTa Tapadelyuota
exnaldeuong. Otav 1 daomopd Twy uetphioewy etvan peydhy o ouvtekeotdc yiveton uwpbds ondte
X ouNaPOpd auTHS TNG TaPapETEOL 6TO GUVOAKS utohoyious T Euxdeidiag anbotaong slvo
wxpbtepn and authv tou utoroylZeTar mEwy Tov Ypauuxd etaoyUaTIOUS.

Ta guunepdoyorta autd elvan xphoysa xon yix Ty Siadixacta emhoyrg petphocmy. Elvo puaLx6d
6tav Tefel Béua eEhdrTwong TwY TapapétpwY TOL TPGTUTOL VA XpPATHGOUUE uovdyo exelveg mov
€xouv TNV uixpbérep diaomopd.

2. O yewuetpixde uéoog twv auvteAeotdy Tov w elvar otabepde. Ag emhioouye To (o TpoBANua
ehayrotonolnomg yia tov axéioubo neploploué:

ITw.=1 (6.21)

Xepnownowbvrag tou tedeatéc Lagrange to mpéPBAnua ehayiotonoinang g moobtnrag D(X)
uetatpéretan ot mpéPAnua ehayiatonolnong g noobTTAG:
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N N
E ('wnsn)2 -p (H Wy, — 1) (6.22)
n=1 n=1

HapayweyiZovtag ©g npog wy xar Aovovtac Tig axéhovbec N e€lodaeig éyouye:

Wp = VP (6.23)

28p

TlIoharhaoidZovtac e N eiodoerg AopBdvouye:

N PN
Il wn =~ (6.24)
n=1 IT 2s,

n=1

Advovtag wg mpég p €xouue Ty axbéroubn A yia tov roAharhaoiaoty tou Lagrange:

N 2/N
- (H ) (6.25)
n=1

AvtxaBiotédvrag oty Moy tou rpohfiatog éxovue v axbérouby avahutie] Adon:

1 N
Wp = — (H s,,) 1/N (6.26)
n \n=1

Ao v avadutixh wopgi g Abarg uropodpe va Sodue 6Tt o GUVTEAEGTHG TOU YPaUULX0Y HETa-
oxnpatiopoey slvan aviiatpépog avdhoyos g Tumx andxMang TG napauétpou oTa tapadely-
pata exraidevong. Suvendg toydouy Ta iSue ouuTepdouata OV avapépae aTY TpoNYoUuEV

ASom,.

poooyt) Ba mpemer va Bobel ato YeYovés 6Ti Ta mopaUmdve GUUTEPSOUTY TPOXUTTOVY 6TaY TaV
ouvdpTnem anbéotaong ypnowwornoieiton N Euxdeldia ouvdptnon. Suvende oy nepintwan Tou ypnot-
uomoinfel &AAn ouvdptnon aréotaong 1 avdhuon mou éyive mpéreL var enavakneBel ye v véa ouvdp-
™momn anbotaor.

Hupddevypa T2 Yrobféore 61t éyoupe obornua taétvéugone T xaryyopidy xai Siabérovue évay apifud napadeiy-
pdrwy yia xdfe xarpyopla. Yrmoloylote touc ouvtedeatés ypauuixos ueTaoynuariouol twy mporirwy dtav ypnoi-
uonoiodue tyv Euxleldia ouvdptyon arnbotaoys ue xpirfpio v cAayiotonolnon Ty avauevbusvye anbotaoys twy
rpotirwy xdfe xaryyoplas and ta avrlovoiya rpdrund Ty¢.

H nooétnra mou Béhoue va ehayiotonouiooupe elval 7:

T
D=)"D(X:)

Axohovfotpe v B nopela yia va erttiyoupe Ty Adom Tov mpofifuaroc. Xenowunoubvrag Tou teheotés Lagrange
0 npdfAnua ehaylotonolnane ¢ rocbrnrag D(X) petatpéretar oe TpéPAnua ehaylotonolnorg tng nosbinTag:

T N
2 D(X,)-p (Z wy, — 1) (6.27)

t=1 n=l1
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1 L.oodivaua

t=1n=1 n=1

T N N
3N (waa)? —p (Z Wn ~ 1) (6.28)

HNapaywyllovras we mpog wy, %ot Advovtac ¢ axdhoulfes N eflodoeic éyoupe:

43 (sn®)2
t=1
Yroloylfoupe tov nohhanhagiaoty Tou Lagrange:

4

TN T
Z E (s,.(‘))"2

t=1ln=1

p= (6.30)

Avruxabiotdvtag oty Aot tou npoPMiuatog éxouue ™y axbéhouln avadutueh Aor:

T 1
2o

=l
Wn = e (6.31)
4

n

&

In=1

HMopddevypa 78 Ocwpdyrac 61t o yewuetpixde uéoog twy ouvtedeotdy Tou w elvar otabepbs Adote To roonyoluevo
rodBAnua.

6.3 Emhory) napapuétpey ue ehayiotonoinon tng eviponiog

To npéBAinua emhoyri Tou xatakAnhétepou YvioLou UTOGUVEAOL TV uetprioewy evég ouvéhou Quat-
x6bv aviixewévey ta onola Béhoupe ue autépato tpéro va avayvepiZouvue elvat o tpdto mpéBinua
mou €XEL va MoeL 0 oyadieatis wag wnyavic Tefvéunong tpotinwy.

Exouv npotafiel moAég Moeig oo npbBinua g Bértiong emdoyis Twv napapétpwy. Tty ou-
véxeLa auTod Tou xepahalov Ba mepiypddoupe Tig onuavTxdTepeg and autéc.

To xpitiiplo emhoyc mapauétpev Ue ehaytotonoinen g eviponiag TWY TPOTUMLY TOL PO Y-
nTouy elvar €va amé Ta anoTeAeoUaTIXGTEPY XL OUYVETEPX xpnowonotobueva xpitipla ouunriearng
TV durotdoewv Tou npéTunou. To xpithplo auté urohoyilet Toug OUVTEAEOTES YPUUULXOY UETAOY T
HaTiauoy Tou mpdTumou e TéTolo TpdTo ot Gote Vo ehayloTonoteiTal N ofefarbétnra wg Tpog TNV
SiaywptabTnTa TV TPOTUNWY TV XaTHYopLdY.

H evrporia twv napadieyudrov mg xatnyoplag w; dtvetan ané v oxéon:

Hy =~ [ plx|or)log(p(x|wr))dx (6.32)

x

Av yetaoynuaticouye ypappxd to tpéturo x:

y=Qx (6.33)

T6TE N avapevéuevn T Tou Saviouatog y yivetat:
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E(y)=E(Qx)=QE(X) = m,=Qm, (6.34)

H 3wonopd uroloytleton wg edhg:

s(y) = E((y - my)(y — m,)) = QE((x - m;)(x ~ m;)7)Q7 = Qs,QT (6.35)

Av unofiéooupe 6T n muxvéTnTa TBavéTyTag TOU TPGTUTOL X Elvan XavovLxh xatavour:

1 _lix_ “1(x—
p(xfw;) = W TS:TB 7(X-mz)Tex ! (x—m;) (6.36)

T67E N RUXvéTHTa mBavéTTas TG Stavuopatues uetaBltic y Ba elvan extong XAVOVIXT XATAVOUY
UE avapevopevn Ty my xou dwomopd Sy:

1 1 T -1
p(y|wi) = e~ z(y—my)T(sy)~'(y-m,) (6.37)
T @V fis,)

Avtixabiotdvrag Tig aviiotouyes TLwés Tng péomng Ty xat Tou mivaxa ¢ dlaomopds Exouue TNV
ax6houln xatavour) g y cav guvdptnemn Tou mivaxa Ypaupixol petaoynuaTiouod Q:

1 1 T Ty-1
p(yl(,)) = e_EQ(X—mz) (Qs:Q ) Q(X—mz) (638)
7 @nv2/iQs.qT)

H evrpornia tou véou mpbtuntou y elvau:

8 = - [ plyladlog(ylen)dy (6.39)
y

O Bértiortog nivaxag Q umopel va uroloyiotel oav to eEhdyioto TG GuVdpTHANG ¢ evrtponiog
s Swavuopatuais peteBintic y. H erfhuan tng axéhovbng Savuouatixhg eglowons odnyel otov
Béktioto mivaxa Q:

—H*=0 (6.40)

H enfluon g eflowang elvan Buvath adld mopaheinetar Subtt xahdnter peydho aplfué oehidwv.
Ta guunepdopata g entluong etvar ta axbéhouba:

O mivaxag ypappixod yetaoynuatiopot Q tov petphiocwy npoxintel us v torofétnon twv k
HAVOVLXOTOLNUEVELY tBLodlavuoudTwy Tou Tivaxa Slaomopds 8; Tou éxouv Tig avtloTolyes UxpbTepes
WBroTiués.

Luvendg av BEhouue va emthégoupe Tig BEATLOTES TapaUETPOUE TWY POTURWY UE TO xpttiplo ela-
xrotoroineng tng evtporniag mpénel va uroloyigoupe Tig WioTiée Tou mvaxa TV dlaomopdv Twv
TUPAUETPWY TOV TPETUTOL X Xatémy va emhéEoupe exelveg Tig mapauétpous Tou €YOUV TLG UuXp6-
TepeS LLoTLuéS.

Av B€houpe va ouumégouyue To Budvuoua Tou TPGTUTOL THTE TpéTEt Vot ppLéZoupe évay nivaxa Q
0 onoiog Ba amoteleltal and T xavovixomoinuéva Wiodlaviouata TeV UXpOTEPWY L3loTINAY.
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Mopddevypo 74 Eotw 6t éhouus va gridloupe ovorqua tafivéuyone mpotinwy Svo xarnyopidy xaw xyouue oty
Sudfeorf pag ta e&fc npbruna:

& ={(1,1,0)7,(1,0,0)7,(1,0,1)7, (0,0,0)T}

2, = {(07 0’ l)Tz (0: 11 l)T’ (07 1’ O)T: (17 1, I)T}

Meraoypuatiore ta mpérura Ty rapadetyudtoy oe Siavdouata 8vo Siaordoswy He xpitiipto Tpv cdayioronolpay
¢ eviponiag.

Apywd uroroylfouue v avayuevéuewn Tyt xa v Buomopd Twv npotirwy xdbe xatnyoplag Eeywplotd:

m; =0.25(3,1,1)T m. = 0.25(1, 3,3)T

H dwionopd twv mpotinwy tuyalver va elvas 1 (8ua xat yia tic 8% xatnyoplec:

3 1 1

s=8;=8,=00625] 1 3 -1

3 -1 3

O WBrotiég tou Savioparog s mpoxtntouy and v Abon tng axdérouvdng eflowong:
s—AT]=0

O Mioewc g tpLtofébuiag eElowerg mou rpoxtnter elvar:

AM=A= 0.25, A3 = 0.0625

Ta 130dlaviopata x npoxtnTouv aré v Ao} g cwebAoubng eglowong:

(s—AM)x=0
z1 = (0.816497, 0.408248, 0.408248) T
T2 = (—0.816494, ~0.410015, —0.406479)T

z3 = (0.57735, —0.57735, —0.57735)T
Awakéyoupe Ta 8% Wiodiaviouata tou éyouy Tic uuxpbepes WBotés. To mpdto emdéyerar evxola, elval 1o z3

Bub. avriaTouyel oo lodudvuopa ue Ty Huxpbrepn apubunroc Ty (A = 0.0625). To dcttepo emhéyetel tuyala Sttt
ot apéowg ueyahitepes Siotuée elvon loec.

Av oplgouye tov nlvaxa petaoynuatiopot Q cav:

Q= —0.816494 -—0.410015 —0.406479
- 0.57735 —-0.57735 -0.57735

61 ta véa Suaviouata 3Go drotdoewy Twv TpoTURWY TpoXUNTOUY ard v oxéon y = Qx:

" = {(-1.622,0)7, (-0.816,0.577)", (~1.222,0), (0,0) T}

2" = {(-0.406, -0.577) ", (~0.816, —1.154) 7, (~0.41, ~0.577) 7, (~1.632, —-0.577)T}
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6.4 Auwavuopatin enéxtaon twv Karhunen-Leone

Me v uébodo Sravuopateie enéxtaons twv Karhunen-Leone npoorafolyue va emhicouue to avri-
0Tp0¢o npGPANua. Oewpolue 6Tt Ta mpétuna X = (x1,...,Xx) mou elvar diabéowua and ta napadely-
MaTa TpoxdnTou and evav ypapuixé METAOYNUATLONG:

N
X=8C=) cjy; (6.41)
j=1

6mou ¢; etvon opBoxavovixd Sraviouata. Advovtac we Tpog TV uetaBinth c:

c=®Tx (6.42)

Arno v auvBix opBoxavovixétyrag yvepifouue 6t

¢ = 97X (6.43)

YroBétoupe bt eluaote oe Béon va uroloyloouye uévo ta M (N¢M) dwvbopata ¢;,i = 1, M
aAAd mapbha autd InTéue va €xoupe ula xad extiunon tou dwavdouatoc X. Yrobétoupe té1e b1
uta extiunon tou X Sivetar ané v oxéon:

A M N
X=)_cipi+ Y ojp; (6.44)
J=1 j=M+1

To apdlua tn¢ mpooéyyiong eivar:

N
A
X-X=+ ) (cj—o0))p; (6.45)
j=M+1

O otanotun avayevépevn T ToU TETPAYdVOU ToL oPdAuaToS Elvan:

A N N
E=EX-XP)=E Y Y (¢-o0;)ci— 0;); ;i) (6.46)
F=M+1i=M+1

Abyw ¢ opBoxavonxétntac twv Savuoudtwy @; 1 tapardve oxéon amlomoieitar xon ylvetar
toodlvapa:

N
E*= ¥ E((c; - 0,)? (6.47)
J=M+1

To npéfinua nou xakobuaste va Mooupe oe auth Ty neplntwon elva va Bpolue ta Sraviopata
0; Ta orolx eAayloTonololyv To o@dhua TG mposéyylons. Me ™y ouwibiouévn pag ma TaxX T
urnoAoyifoupe to ehdyioto ™S mapdaTacTg Tou opdAuatog e v elpeon twv plldy g TPOTNG
TPy dYOU:

BQME((CJ- - oj)z) = —2E(Cj) —0;=0 = (6.48)
Cj
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0; = E(¢;) = ;T E(X) (6.49)

AvtixaBiotéviag v Ao nou Bpfixaue oty eglowan Tou opdhuatog éxoupe:

N N
E*= 3 E(c;i-E(;)))= Y. &TE(X - EX))E(X - EX)))T®; (6.50)
j=M41 j=M+1
N
E= Y &Tsx®; (6.51)
J=M+1

6mov sx elvar o mivaxag Swuomopdv Tou Savdouarog X.

Av A; eivan ta Wiodlaviouata tou tivaxa ey Saoropdy téte yvwplfouue 6t oyleL:

Sxﬁ,‘ = A,'@,' (6.52)

Avturabiotdvrag oty e€lowon tou apdhypatog éyouys:

N N N
E'= Y ®Tu®i= ) \oTE®= Y A (6.53)
i=M+1 P Jj=M+1 T j=M+1 1 ‘
]: = =

H tehevtata tobdtnra toyde Subt yvepllovue 6t ta Siaviouata ®; elvar opboxavovixd.

Amo ta anoteléopata autd BAémouye howdv 6t Ta opdhua ™6 Tpoayyiong efaptdtaL ano to
4Bporopa TV BLoTdY TwV TapauéTpeY O APaIPOLVTIL atd ™V npootYYian. Tuvends To opdiua
G Tpogtyyions elayiotonoteitar 6tav and Tov nivaxa Sioropdy tov X apopéoouyue exelveg Tig
TapapéTpoug o €XouV Tig UixpbTepES LBLoTIUEG.

Ta ouurepdouata mou Bydhaye stvar avrifeta and my TPOGEYYLON MOV EMYELPHGAUE GTO TPOT)-

Yobuevo tufiua pe v mpoondbeta ehayiotonolong Tng eviponiag TV véwv TPOTOTWY XAt Yt TNV
nepintwon xatd v omola Ta mpéTURA axohouBolv TV xavovuxd xatovout.

To mheovéxtnua g otatiotunis mpoadyyiong mou divetar ue Ty dravuauatief enéxtaon twv
Karhunen-Leone eivou 611 1 uéBodog auti éxer yewxétepn epappoy” 86T dev Héter xappia rpouns-
Beon Y v oratioTed oupnepLPopd TwY TpoTiRWY.

Tuvodifovrag ta anotedéopata tng uebédou Savuopatiehs enéxtaong twv Karhunen-Leone (-
VOUUE [oug uroloyLopols Tou mpéTet va exteléoouue étol doTe va unoloyloouue ta véa ustwpévey
TapauéTpwY TpbTURA.

1. Ymoloyiouds tou nivaxa Siacropdyv. Tta Siubéoyua tpbruma vroAoy{lovyue Tov mivaxa Siaoro-
pdv.

sx = E((X — EX))E((X - E(X)))T (6.54)

2. Yrodoyiouds twv 1dotiudy tov nivaxa Siaomopdv. Metd Tov urohoyioud TV tdiotudy Tou
nlvaxa Staomopdy urohoyifouue Ta Ldlodlaviouata tou AVTLOTOL(0UV 0TI UEYAAGTEPES LBLOTIUES
xa Ue autd xataoxsudlouvue tov nivaxa B:

lsx —AI =0 (6.55)
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AL>A> .. > AN (6.56)
(sx — Al)g; =0, i=1M M<N (6.57)
® = (91,91, PM) (6.58)
3. Avaorpégouue tov rivaxa ®.
U =87 (6.59)
4. Ymodoyilouue ta véa mpéruna.
c=¥x (6.60)

Topédevypa 78 Kataoxeudore ovotnua tadivéunons npotbnwy e v uéfodo ¢ tadtvéunonc oto xovrivérepo
ewxovixd mpbrumo xat ypnowonoidvias tyy EuxAeldia ouvdptyoy anboracyc xat uroloylate to eAdyioro opdlua
edtyéunons Tou ovotiuarog nov xaraoxevdoate ue rpdruna (Sia ue autd mou Slvoviat oto rpoyyolusvo napddetyua.

Tloid elvar te ovuncpdouard oag ané Ty obyxpioy twv aviloroywy erdyiorey ~z~ludtoy, yia Ty uéfodo
Siavuouatixfc enéxtaons twv Karhunen-Leone

Te npaxtixés e@apuoyés 6mov 1 pébodog tng Siavuouatueic enéxtaong twv Karhunen-Leone egapudletal v
emhoy) mopapétpwy oe cuoTiuata Tagvéurnene npotinwy N avauevéuevn T xat o rlveocag Slaomopdv Twv npotinwy
xdfe xatnyoplac Sev elval o (Biog.

Xe autég tic nepntdoes Bewpodue 6L Ta mpbTuna SV TwV XaTNYOPLOGY avixouv oE wla eupUTep Opdda xon
urohoylfoupe tov nlvaxa Slonopdv 6rwY TwWY NPOTHRWY TV TAPABELYUETWY OV EYOUNE oty duifea yac. Etou q
avapevéuevn Ty xau o nivaxag Steomopdy TV npotinwy Twv tapaderypdtov elvat ol axéhovbol:

O Wotipés tou nivaxa Swonopdv elval:

A1 = 0.510316, Az = 0.428064, A3 = 0.170995

Eréyoupe to xavovionoounuévo Bodidvuopa tou éxel ™y peyahitepn ot

e; = (0.514831, —0.83801, —0.180799)7

Ta véa Swavioparta Twv tpotinwy tpoxtntouv and v ayéon:

y = eg Tx = (0.514831, —0.83801, —0.180799)x
2, = {1.35284, —0.695631, —0.503977, 0.}

2" = {—0.180799, 0.657211, 0.657211, 1.17204}
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Ta exovind TPWTETUTA TWY XATHYOPUHY TPOXLRTOUY AMG TLG UVANEVOUEVEG Tég Twy Tapadelypdtwy:

u1 = 0.0383, a2 = 0.5764

Tavtornoudviag ta npdruna pe v Buxheldia ouvdptnon andotaorg ato xovTvdtepo ecovixé rpwtbtuno £youye
éva ogdhua oe téooepeis TagLvoprioes (To npdto npbTuno) Yia TNV TpdTY xatnyopla o enlorg éva opdiua ot téooepelg
Tagvoprioels (to mpdto npéTuno) i Ty Sebtepn xatnyopla.

To ouvohxé opdlua tou ousthuartog Tadvéurnong elvar 2 /8 * 100 = 25%.

6.5 Emloyy nopapétpwv ue otoyactixt npocéyyion

Yta xepdhona ot onola mepiypdape Sopxés xu atoyaonxés uedédoug tafivéunang eldaue bt
uropoldue va npooeyyioouue TNy ouvdpTnoy Sudxpiomg uE cuveyels cuvapThoes. Te auté To U
Tou xegakaiou Ba neprypddoupe pla Texvixh emroyis rapapétpey ue v Boreta g ueBédou rpo-
oéyylong Tou eAdyioTou maklvdpourng ouvdptnoy ue tov alydpibuo twv Kiefer-Wolfowitz.

Eotw 6t 0 xatnyopla avixeévey o yapaxtplletar ané v ouvdptnan dudxpiong f(x).

A
Ac Bewphooupe pla mpoatyyion g f(x) v f(x). H avouevépevn Ty tou ogpdluatos e
tpocéyyiong dlvetan and v oxéon:

e= [ (169 - fx)p(xfo)ax (6.61)

XEw

Yrobétovtag 6T unopolje va exppdoovue v Tpocéyyion oav éva Ypauuxs ouvduaoué opbo-
YONWY cuvapThoEwy:

f (x) = co(x) (6.62)

Yuvendg to opdhpa unopel va exgppaotel oav ula nakivdpouy suvéptnon:

e= [ (#(x) - co(x)p(xlw)dx (6.63)

XEw
To np6fAnua mov Béhouue va Adoouue elvar va Bpodue Toug cuvteleatés ¢; yia Toug oroloug 1
oTOYaaTX GUVEPTNOY ToU oPdAuaTtos ENaytotonoteitaL:

TvwpiCouye 6T unopolue va mpooeyylooupe to eAdyioTo Uiag oToyaoTXS CUVEPTNONG WE TOV
emavainnuxd akybpibuo twv Kiefer-Wolfowitz.

H eravalnntixd oxéon mov divel Toug auvtekestés ¢; elvan 1 axbrouln:

1 = + 204 (f(x) — cDop(x)) i (x) (6.64)

Orovu ay, eivar n ouuPolooeipd Betixdy tpayUaTidy aptBudy Tou Tpémet Vo Lxavorotel Tig YvoaTég
ouvbiixes Tou ahy6piBuou Ty Kiefer-Wolfowitz.

H uéBodog emhovvs napapétpwy ue tnv uébodo oroyastixfs npoaéyyiong axoloubet ™V e€hg da-
Sueaaia: Mewbvouye tig tapapétpous Tou Slaviouatog Tou TpGTUTOL Xat unohoyiZouye 1o aBportotixd
opdMua TN mpooéyYloNg TNG ouvdpTNONG BLdxpLoNg Yo GAES Tig xatnyoples (apod mponyouuévwg
€xoupe unohoyioel Toug guvteleotés € Y xdbe xatnyopla Eeywpiotd).
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O napdpetpot Tov TpdTumou ntou ypnowonotficape oTo Wxpbtepo petpoluevo afipolatixd opdhpa
™G Tpootyyiang Wag divel xau Tig xahlTepe mapapéTpous mou Tpénel va anapti{ouy To didvuoua Tov
TpbTunov.

6.6 Emnhoyy) Tapap€tpey %ol 6TOYooTLXY AnéxALoY %o TNYOopLGY

H otoyaotuef anéxhon xatnyopdv eivaw éva uéyeBog pétpnong tng amdotacrg A avopolbtrTag
uetagy 300 xatnyopdv.

OplCovrag oav péyefog mAnpogoplag dubxpions g xatnyoplag w; and ™y xatnyopla w; T0 axb-
Aovfo uéyebog:

Ui = loa(20) (6.65)

N avauevéuevn Tk g Thnpogoplag didxpiong g xatnyoplag w; and v xatyoplx w; Slvetan
an6 to axbhouvbo uéyebog:

I = [ pi(0log(P)yax (6.66)

pj(x)

Tuppetpued 1 avauevouevn T e rAnpogoplag Suéxprang g xatnyoptas w; and v xatnyopla
w; Ba elvau:

Li= l pilog(2L ) ax (6.67)

Optlouue gav oroyastue] anbxhian xatnyopudy To dfpotoua Twy emuépous TUGY TV avauevs-
HEVWVY TGV TG TAnpogoplag Sidxprong:

$d(5,) = Sd(,i) = Iy + I = [ (0:(%) - p;())0og(Z) yax (6.68)
A Dj (x)

O omoudarétepeg Wibtntes TN otoyastunic anéxhiong xatnyoptdv elvar oL axéAouvbec:
1. H oroyaotix)f anéxAion elvar un apvprixde mpayuatixde apifude.

Sd(i,7) >0 (6.69)
2. H otoyaotixif anéxAian xdfe xatnyopiac ané rov eautd tn¢ elvar névra undév.

Sd(s,i) =0 (6.70)

3. H oroyaotixif andxAion elvar ovupetpws ouvdptnon.

Sd(i, §) = 5d(j,1) (6.71)
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4. Av 1o Sidvuoua tov mpérumov anotedeltat ané N oroyaotixd aveldptnTes mapauétpous n oto-
xaotxy andxAion tgoltar ue to dfpotoua Twv emudpove oToyaotixdyv anoxAlocwy Twy rapa-
UETPWY.

N
Sd(i, 3, (21,23, ..., zn)T) =Y Sd(i, j, z,) (6.72)

r=1

5. H eréxtaoy tov Staviouartoc tov mpdrumou ue véa napductoo auidve: TNV otoyaotixlf anéxAion
TWY XaTNYOopLdV.

Sd("’:]’ (xlv ceey mN)T) < Sd(zij’ (zla - TN, xN-l-l)T) (673)

Me v unéleon b1 o Bbo xatnyoples mpoTinwy wxoloubodv xavovix muxvétnta mbavétntag
ue dwagpopetined uéom tun xou Staomopd:

pi(x) = p(x|w;) = N(mj,s;),  p;(x) = p(x|w;) = N(m;,s;) (6.74)

v replnteoy 1oV xavowxdv xatavoudy tuxvétntag mbavéTrtag €youue TNy axbéhouvdn ayéon
mou pag Biver v gtoyaoTin andxion Twy xatnyopldy gav guvéptnon ™ MEomg Ty X TG
dlaomopds Twy:

1 8; 1 - - 1 -
Iij = Elog(-s-‘:—) + ETT[S,'(SJ' 1_ S; 1)] + §T7‘[Sj l(mi - mj)(m,- - mj)T] (675)

H ouvdptnon Tr[x] pag 3ivel to dBpoioua twv ototyelowv g Saywviou evée Siaydviou mivaxa x.

H otoyaotxh anbxhion xatnyopidy o stvar:

Sd(i,3) = 3Trle: - 85)(5™" — s + P77l + 87 (mi — my)mi —myT] (6.76)

Aq Boiue mwg umopodue va ypnawonoiuficouue TNV moobThTo ™S oToYacTIXf AndXMoT TwV
xatyopldv oty daduxacta oupricang twv Saotdoewy tou Saviouatog Tou pbTunov.

Eotw 6t petaoynuatifoupe ypouuxd to tpétuno tou dlaviouarog x,x € RY ue mivaxa Q da-
otdoewv M X N,M < N. To arotéheopa fa elvan éva Sidvuoua v,y € RM pLpdTEPLY BlaoTdoEwY:

y=Qx (6.77)

H atoyaotun] andxhion tev xatnyopudv g véag peteBAntic y yivetou:

e Biy)
Sd(i, j,y) = Z (2:() m(y))@g(pj(y))dy (6.78)

Av Ta tpéTuna TRV XaTHYoPLdY TN HeTaBANThc X axolouBoby TNV xavovuef xatavour, téte xou
Ta wpbTuRa TNG Véag petaBAnic y B axolouBolv eriong v *avoViXh XaTavouy| Ue avauevbuEvy
T o Saomopd Tig axbroubec:

m;* = Qmy, m;* = Qm; (6.79)
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8" = Qs;Q7, 8;* = Qs;QT (6.80)

H otoyaotnf anéxhon twv xatnyopidy g véag petaBAntic y O yivel:

Sd(,,y) = 5Trl(6;") 86" + (557) 785" = M+ STr{((8) 1 + (557) ) (om® — my*)emy* — ™))
(6.81)

Enewds n ouvdpnon T'r[x] tov nivaxa x unopel va uroroyiotet toodvapa gav To dBpoloua TV
WBloTiedy TNg Y1autd Tov AéYo 1 oToY s TN anbxAion TV XATYopLdY uropet va ypogel tooddvapa:

Sd(z‘jy):l}A!_:(Ai+l)—M+lA (6.82)
™ 2~ A; 2 )
Omou 43,2 = 1, M elvan o1 Brotiég g (85*) ~1si*+(8;*) 185 xou A elvan 7 WBLoTur Tou suVTEAEDTY
((8:*)~" + (85*) 1) (my* — my*) (my* — my*)T.
Evag BéAtiatog 1pbrog unohoyiopot 1w atotyelwv Tou tivasxa Q eivar va Bpolue yio Torég Tyuée
TOV 1) oTOoY A TLXY) AT6XAOYN TWV XATNYOpPLOY UEYLoTOTOKE TaN.

H B3éa efvon xahf alld uotuyde Sev uropodue va emrdyouue wia avadutixf Aon oto npbPhnua
@ut6 xon Waitepa oYY Yevuxh g meplntwon xatd v omola ta otaTiaTE XAPAATNPLOTLNE TWV
XAVOVIXGV TUXVOTHTWY TBavéTTag TV Xatnyopidy slvar Slapopetind. Tt auth v neplntwon yern-
oworotolue ueBédoug emavalnuiinhs tpocéyyione evés Tomued BéltioTou g ouvdptnong Sd(i, 7,y).

Enlong mpéner va mpooéZouue 6t odnynbhxaue ot avtd to ouunepdouata unobétoviag 6Tl Ta
TPOTURA TV XATNYOPLGY axolouBoly TV xavovuie TuxvéThTa mBavétntag. Luvends ol ayéacic ou
TpoavaPEPAUE LoXVOUY U6VO YLt auTH TRV XaTavout.

6.7 Auvpéva ITpofrjuata

HpéPAnua 11 Yroloyiore tous ouvtedeotés yoauuixos METAOYNUATIONOU TWY TpoTURwY dTav ypn-
owonoiolue to avtiotpogo eowtepixd yivbuevo oav ouvdption anboraons mpoTUTWY ue xpiThpio
TV eAayioTOROINGY TG AVAUEVOUEVNC andaTacnS TWY MPOTUNWY Xdhe xatnyoplag ané ta avrioroiya
rpdtund Tic.

Hebfanua 12 Yrobéote 6t Siabérovue napadelyuara ané toeic xatnyoples npotinwy:
& ={(1,2,3),(3,3,1),(4,4,2),(-2,3,3), (0,2, -1)}
= {('—la 1, 1)’ (2a -3, —1): (_1: 4, 3): (—2’ 4, 0)}
93 = {(_1’ -2, —l)a ('—31 1: _2)1 (2a 21 0)1 (2’ —61 _1)1 (0’ 0) _3)}

Agaipéore ula mopdustpo and ta mpéruma, ¢ridéTe To oUotnuae talivéunone mpotinwy xat umo-
Aorlote tov eddyioro opdAua Tou, ypnowonoidvrac v Euxleibia ouvdptnon andoracys.
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6.8 Alvta ITpofAjuata

Aoxnom 27 Yrnobéore 6t Siabérovus mapadelyuara 8o xarnyopidy mpoTUTWY:

-Ql = {(1; 2’ 3); (3; 3’ 1), (4a4v 2)’ (_2:31 3)’ (0: 2’ _1)}

92 = {(_11 11 1), (2) _31 '_1): (—la 41 3): (—21 4: O)}

Elarrdote tov apibué twv napauétpwy Tov mpérurov oe 8vo ypnowonoidyrac tov METACY NUATL-
oué tne eAdyiotne evrporniac.

Aoxnom 28 Elarrdote tov apifud twv mapauétpwv tou mpétumou Tne mponyoUuevns doxnons oe
ula yonowonowdvrag tov uetacynuatioud tne eAdyiotic eviponiac.

Aoxnon 29 Agaipéore pla napductpo and ta napadelyuara tne mponyoUuEYnS daxnons ypnotuo-
nowdvrag tnv EvxAeldia ovvdptnoy anbotacne xai xpitipio tnv eAeyiotonolnon e avapevouevng
andotaons twv mpotUnwv xdbe xatnyopiac and ta avtiotolya mpbturd TiC.

Aoxnom 30 Ia 1 mpéruma Twv napadeiyudtwy mou mpoxUmtouv amé TiC mponyoUuevee aoxfoeic
pridlte olotnua talivéunane mpotinwy ypnowonoidvrac tyv EuxAeidia ovvdptnon anboracns xat
Xpttifpio Tadtvbunons To xovTivérepo eixovixé mpwrdtumo mou edayiotonowel Tny arndéoraocy tov ard
Ta mpéTuma TNG xatnyoplac.

Yrodoriote 1o eAdyioto xat 10 uéyioro opdAua tou ovatiuatos talivéunonc mpotirwy xat
diarundote ta ovuepdouatd oag.

Aoxnon 31 Anodellte tic idibtntec ¢ oToyaoTIXIfc anbxAione xaTnyopidy.

Aoxmom 32 Yrodellte ula yevixy uéfodo uelwons twv napauétowy Tou mpdtumou ue YPAUUIXO UE-
Tacynuartioud o onolog va ueyioronowel v oroyactixf aréxiion N xatnyopidy uvnobérovrac 6t
ta npdrune Twy napadelyudtwy axorovfolv Ty xavovixy xaravous.
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