Kegdlato 3

2 TOYAOTLNE GUOTAUOTA

3.1 Ewsaywyn

Yito xe@dAato autéd meptypdpovrat, avahbovial ata pépn ToU Ta anoTeENoBY XaL UEAETGVTOL cUoTAUATA
Tagvéunong npotinwy tou nepéyouy og Pabuides Tou oroyaoTixés enelepyaotes.

Y10 nponyoluevo xepdhato pedethioope ta Soud oustipata Tagivéunong npotinwy Ta onola Ba-
oifovrar elte o€ péTpnam TG ANGOTAGYG TOV EYVWOTOV TPGTUTOL HE TO TPWTETUTO | o TPWTHTURA TV
xatnyopldv elte ypnowonotfoaue guvaptioels andgaong 1 ouvaptfioels dudxpiong. Ta cuotiuata
autd elvar oe Béon va ddaouy udnhy adiomotia tagivéunens ahld Sev uropolv va aviiuetwnicovy
e emtuyia v napovcia Bopufou otig ueTprioels TV mpotinwy, elte auth mpoépyetar and acugeic
petphoeis, ette ue npoobixn Bopdfou and tnhemixowvwviaxd suethiuata uetddoorns tAnpogoptdyv.

Ta otoyactixd cuctiuata Taglvéunang tpotinwy uropoby va avtuetwrioovy Le Béltioto 1pbro
T0 TPéBANua g Tagvéunone Tev Tpotinwy. Mropoly 3nhad va eEhaytotoroioouy 1y mbavétnTa
T0V 69dAaTog oty TagLvéunons, va aviipetericouy tpoBAfuata napeuBolic BoplBou otig petphoelg
TV TpoTinwy xat emnpbabeta unopoldy va expetaleutody dbo emnpbobetes TAnpogoples:

L. Tqv ouyvétnTa eugdvians Tev tpotinwy xdroag xatnyopias. H mAnpogopia auth elvar onua-
v 816TL uropodue va xataoxeudoouue To oToyaoTixb clotnua Tagvéunong tpotinwy étot
®oTE Vo avayvepilel ue pupdtepn mbavétnra o@dliatog Ta TPSTURE TV GUYVOTEPO EUQOVL-
Couevwv xatnyopldv, étol Gote 1 cuvohuh mbavétnta opdigatos va eEAaTTdvETAL.

2. Ta otoyaoTxd cuatiuata Taglvéunorng unopoldy Vo EVOWUATOGOUY TNV évvold Tou %x66T0ug
1, g emwavduvétnrag (risk) yid v anbgaon mou AauBdvetor. Xe mpaxtixés epapuoyés 1o
eldog Tou apdAuatog mou umopel v ouuBel ue v Mg g anbgaorg aro to ebotnua Taft-
véunong €yel Sagpopetinn onuacia xar guvendg Stagopetueh emxivduvétnra. Xapaxtnpiatixd
rapdderypa Slapopetinfg emvduvétntag mou uropel va éyouv ta A&l tng Taivéunorng elvan
ot egapuoyés emPBeBalwarng Tautdtnrag ot cuoThiuata aggalelag. Pavraoteite téoo anuavixd
elvar 10 opdlua mou Bo ouuBel btav To alotnua motonoiel 6TL oL peTphioElg TOL TPbTUTOU
npoepyetat ané dvBpwno atov onolo emtpénctan 1 npboPacm ot cloTU aoalelag, EVE oTNY
rpaypatxéa o dvbpwnog dev emtpénetan va éxet npboBacn. H avtibetn nepintwon opdhua-
705, 10 oUoTnua va aroppintel v aitnam npboPaorc evd o dvBpwnoc va éxer eouaiodbtno
npbéafaong, elvar Tohd Avybrepo anpavtuef Buétt o eEetalbuevog unopel anhd va tpoamabicet
Eavd va anmoxtioel tpbofacy oto olotnua aopdhela.

Ta napandve yapaxtplotxd npocdidovv ata ouatiuata tagivéunong ue otoyaotiés uedbédoug
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v aflomotia, Wiaitepa oL e@apuoyés 6mou napatneeiton onuavTxy dagpopd 1660 oV GUYVE-
TNTA EUPAVIONG TWV TPOTUTLY TV XATNYOPLAY 6G0 Xal OTNV EMLAVSLVSTNTA TWY CPUAUETLY TOU
auoTiiuatog Tagvéunong.

Nopddevypa 25 Eotw olotnua uctddoons Sedouévwy diadixrs uopyic and tplemixovevixaxsé Sopupbpo oe enlyeio
otafué. To ofua nov haufdverar elva évag mpayuarixbs apifuds. Eyet uetponfel év p arpbopaipe mpoofitel 6-
puPo oto ofjua nov ucradldcrar. O B6pufog xatd mpooéyyion £xet xavovixy nuxvéryra mibavéryras pe Srapoperixy
Siaomopd oty ovdfuy 0 ané 6t otyy ordfuy 1. To ofjua nov Aaufdverar orov exlyeio otabud (z) éxet Ty axdélouly
ruxvérnra mbavérprac avéloya ue to av o Sopupdpos éoteide 0 of 1:

z2

p(x|O Bopupbpoc éateide 0) = ! e 3%
2nag

“12—1)2

p(z|O Bopugbpoc éoteike 1) = \/2irrale 20

To npdBAnua nou xakovuaate va Aboouvue elvar to axérovbo: IToib elvat to BéArioro xardplt yia to onolo Ga

arnopaallovus 611, av 1o olfua mov AauPdvovus slvai uixpbrspo and to xardplt tére o Sopugbpoc fotetde 0 Siagoperixd
0 8opugdpog¢ éateile 1.

Av oplooupe 1o xatdghl tou Béhoune va Ppolue oav T, t6te 1 andpaoy pac o elvar

z<T=z€w

e>T=>2€wm

6mou wo elvan To YEYOVSs 6L 0 Sopupdpog Eotelke 0 xaL wy elvan To YEYOV6S 6TL 0 Bopupdpog éotelde 1.

H otoyaotud anégaon Oa npénel va Angbel urnohoyiloviag ng mbavétnreg p(wo|z) xon p(wr|z). Ta peyédy
autd petpoly Ty mifavétnta o Sopupbdpog va fotehe 0 % 1 avrlotoiya dedopévou 6tu éyoupe AdBel v pétpnon Tou
ouYXeEXpEéVou TpdTunou Z.

H péhtiotn andgaon o npénet va Angbel eZevdloviag tig avilotoiyes apbuntutée tée tev mbavothtwy, av
p(wolx) > p(w1|x) t61e "0 dopugbpog éotethe 07. Tuvende to xatdghe T Pploxetor and v tus tou x nou anotehel
xo. Mooy ¢ eEloworng:

P(wo|z) = p(w1|z)
Egapuélovtag tov xavéva tou Bayes ko ota §6o péhn tne egloworng éxyouye:

p(zlwo)p(wo) _ p(z|@r)p(wr)
p(z) p(z)
Avtuabiotdvrag Tig avilotoires muxvétntes mbavétnrag éxovue wa eglowon ye dyvwoto to x. H Mon g
e&lowong pag Slvel to oroyactixd Bétioto xatdgh anbdgaorng T.

& p(z|wo)p(wo) = p(x|wi)p(en)

2 (=—1)2

1 i 1 1 -
e 290° p(wo) = e 320 w]) &
Vanogt o plwo) = = plen)
_1\2 2
(z ]2‘) - z 5 xln(p(wl)ao)
201 209 p(we)or

O Aoelg mou npoxdrrouy elval dbo:

ool %0 V1 - 2(00? — a1 ?)in(Eemier)
' a0 — o2 90? — 012

002 0001 \/1 — 2(00® - c’12)171(11(031)60)

.,+.
0-02 - 012 0-02 - 012
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Zy replntwon nou o dueonopés tou BoplBou elvan Bieg oo = o1 = 4, 161 N Aiom nou mpoxvnTeL elva:

P(GO))
plo1)

T va SoGpe pepwd ypfowa oupnepdopata ané v akyepudh Adon tou xatwphlov oty nepiTTwOY TOU 0 Tpo-
ofetinég B6puBoc éxe Bia Sunanopd ato oha mou petapépst to 0 ot oto ofuce oy petapépe o 1.

T=%+Jm(

Av o Bopupdpog otéhvel Loomlfava ta 0 xau 1, Téte avedptyra and v mosdryta Tou Boplifou mou mpootifetal
010 ofjua, To BéhTioTo xatdoh anbpuorg Beloxeta oty Ty 0.5.

Av 1 dwonopd éxer apbumruof T 0.1 xau o Sopupbpog petadlidel Surhdoia 0 aré 1, téte 10 PéhtiaTo XaTdph
éxer Ty T = 0.5 + 0.1 x In(2) = 0.5693.

Av 10 enlnedo Bopifou augnBel 1600 bate N Slaonopd va rhpet TV TuA 0.5 xou 0 Sopupbpog petadidet Sunhdaia 0
and 1, té1e 10 Bédnioro xatdeh €xer ) T = 0.5 + 0.5 x In(2) = 0.8466.

Av 10 eninedo Oopifou augnbel onuavtnd étol dote 7 Sionopd va rdpet v Ty 1.0 xon o Sopupbpog ouveylost va
petadidel Sunhdoia 0 and 1, téte 10 BéhTioto xatdeh éxet iy T = 0.5+ 1 x In(2) = 1.19347. e auts v neplrtwon
TapouodleTal To garvolsvid apddofo yeyovés va arogaoiloupe 6T o Sopugbpog éotethe "1” pbvo oty neplitwon
o To afjpa nou Adfape éxel aplbuntuo] T yeyalitepn Tou 1.19347. Av to ovjua éxel aplBurntoa] T wixpbtepn Tou
1.19347 t61e anopacilovue 6t o Sopupbpog éotethe 0. H anbgaoy auth eEaogarilet, énwg Ou anodeiyfel napandve,
v uwpdtepn mlfavétnta havlaouévng andgoors.

3.2 XroyacTtixd xpithpla tagivéunong

Ta otoyactixd cuothuata tagivéunong TpoTinwy tapéyouy NEptoabTepes SuvatdTnTeg Ao ta Souxd
ouoThuata SL6TL e AUTE UMOPOUUE Vo EXUETAAEUTOVUE Xau ataToTixéc TAnpopoples, oL onoleg éyouv
va x@vouy elte ye TRV ouyvéTnTa ue TV orola epugavilovial Ta npdTuna TV XATHYOPLOY ElTE HE TNV
onuavtxéTnTa g anbdgaarg tov talpvetar yia xdbe xatnyopla. Avotuyds Ta Souxd cuoThiuaTa o
o ousThAuata Staduvdedeuévav ixtimy dev Exouv Ty duvatdnta xpRong oratioTLdY TANpoPopLdY
o\ onole¢ oTig TepLaabTEPES TPAXTIXES EQPapuoYES elvan Slabéoiueg.

3.2.1 To xpitripLo pueyahitepng mbavétntag

H mo anhf atoyaotuaf uébodog tadivéunong tpayuatonoeitot ue v edpeon g xatnyoplag exetvng
7 onola €yet xau TN peyakbtepn mbavétnta va cuufel, dedouévng g TAnpogoplag mou elvan dabé-
owung dnhadh tne uétpromng tou mpdrunou x. To aviiotoiyo xpithplo tagivéunane divetar and v

oyéon:

X€w; avv plwjx)>plwix) Vi#j (3.1)

H mbBavétnta p(w;|x) dev uropel va unohoyiotel edxola anevbelag. Aro ta napadetyyata uropet
va utoloyiatel xatd tpoofyyion v mbavétnta p(x|w;). Me Tov xavéva Tou Bayes to xpithpLo g
ueyalOtepne mbavérnrac tporonoieltar wg e8kg:

p(x|w;)p(w;) _ p(x|w)p(es) . , .
o) O ) T

XEwj avy (3.2)

Xx€w; avv p(x|lej)p(e;) > px|w)p(e;) Vi#j (3.3)

Yo teAxd xpithiplo tadvéunong BAénoupe 6t aupuetéyouv xon ou mbavéTnTeS ERpdviong Tpb-
TUTOV TV Xatyopdy p(w;). H ouuBolf twv mbavotfitey autdy atnv atgnorn g atomotiag Tou
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guvoluxol ouoTtiuatog Talvéunong elvat anuaviue] Wialtepa 6TIC TepLTTAOELS OTLS OTolEg TaPOUCLY-
Covtan peydhes Slapopés oTig mBAVETNTEG EUPAMATG TWY XATNYOPLEY, 6TWC BLVEBEL 670 TPONYOUUEVD
TapAdeLypa.

IMupdderypax 26 Egtw ovotpua talivéunone Si-didoratwy nporinwy tpidv xatnyopidy ue yvwotés ti¢ axdioubec
ruxvéTytes mifavéryrag:

|x} <1
x| =1

[=2 = L

pllon) = {

1 - - - T
p(x|w2) = M.Z;e FX-(2,2)T)T(x-(2,2)T)

1 _pex- Tex-
p(x|ws) = = F(x-(2,0T)7 (X~ (2,0)T)

Mag rAypogopoiv 61 ta mpéruna ty¢ Sevtepns xatyyoplas supaviloviar ue Sinddoia ovyvéryra and ta npéruna
Twy dAdwy xatyyopidy ot onolec elvat toonlfavec. Metpodue to mpéruro (0.9,0.9)7.

1. X rowd xaryyopla unopodus va to taivourfoovus ue to xpitfpio ¢ ueyaditepns mbavéryrag;

2. Ti Ba ovupPel av ta npbruna ty¢ Selrepys xarpyoplac eppaviloviar ue tpinAdota ouyvéryra ané ta mpbruna
twy dAAwy xarnyopidy;

Yrodoyi{ovue T apbuntués Tipés Ty rapaotdarny Tou xpitnelou tafwéunong g uéyahitepns mbavétnrag
bnwg autég dlvovian oty eflowon 3.3:

2((0.9,0.9)T|@1 )p(w1) = 0.25 x p(w)
2 - T_ T_
p((0.9,0.9)T|wz)p(¢n2) = ,2_(\/%’_36 £((0.9,0.9)7 —(2,2))T((0.9,0.9)T - (2,2)T) _ 0.2379 x p(w1)

2((0.9,0.9) |ws)p(ws) = g:(/m;_ge-}((0.9,0.9)T—(2.0)T)T((o.9,o.9)T—(2,0)T) = 0.0726 x p(w1)
i1

Eredn n nocénra p(wr) elvar Betinds apibuds m uéyiotn apBuntodh Ty epgpaviletan v tv npdn xatyopla
ouvendc 1o mpétuno (0.9,0.9)T npoépyetal ano ™y npdty) xatnyopla.

Av Ta nmpétuna g Sedtepng xatyoplag epgavifovial pe Tpurhdota ouyvéTTa and Ta TP6TUTA TV GAAWY XoTT-
Yopudv 161€ ahhdler 1 apBunTua) T Tou xputnplou Yo Ty dedtepn xatnyopla povéya xa ylvetaw:

2((0.9,0.9) |w2)p(w2) = 0.35685 x p(w2)

To npéuro (0.9,0.9)7 o auth v neplntwon tafivopeltal oty Sevtepn xatnyopla.

3.2.2 To xpLtvipLo ToL EAGYLOTOL X6GTOUS

Ag gavraotolue yia napddetyya v mepintwon wag avtéuatng wpefc Slaryveatums wnyavig
omola extud ue enedepyaoio eietdocwy v mbavétnta o efetalduevog va éyel pla Bavatnpbpa
acBévera. To odotnua malpvel tpudv e1ddv anogdosis, o egetalbuevos "acbevel”, "elvar popéag”,
"elvan uytf”. Oa Bélape To odotnua ddyvworng va ehayiotonoufoet ™V mbavétnia o acbevig
va "elvon popéag” 1 va "aclevel” xaw to olotnua va ddoel cav anotéleoua 1wy eistdoewy "elval
uyific”. Oleg ov dMheg nepuntdoels ogaludtey xpivovian hybtepo ooBapés, Bibtt A4y Sudyvwong
ota omola To unydvnua iver anotéheoua "elvar aoBeviis” 1 "elvar popéac” evé o efetalbuevog oty
nparyuaTixbTTa elvon vyt Ba €xouv oav anotéheoua Ty napanouns Tou acBevy yia Aentopepéatepes
efetdoels ot onoleg 6uwg Ba anodeifouy xon v mpaypaTxh xatdataon Tou eZetaléuevou.




3.2. YXTOXAXTIKA KPITHPIA TAZINOMHXHS. 69

Blénoupe hownév 611 gt moAMég TEpNTAOELS TO %60T0G TOV GPaALATOG TAELVOUNONG Yot XENOLES
xatnyopleg avrixeluévwy elvar SapopeTind. Ag Solue mwg uropolue va elgdyouvue v évvola Tov
x607T0Ug Ldg anbpacrg ot oToXaoTiXd cusTiuata Y Vv Tepintwan tadivéunons npbtunov oe
d0o xatnyopleg aviuewévey. Me v enaywyw uébodo uropobue edxoha va yevixeloouue To
anoteAéouata ac npéBinua tagivéunang ae N xatnyoples aviixeiévoy.

Eotw howéy 6T to obotnua avayvwpllet 300 xatnyopieg npotinwy, Tig wy xaL wg.
OpiCouye téooepa ueyéhn nov ovoudovton xbéatog Migng anbdgaorg:

c11, elvan 10 x667T0¢ MOV TPOXVNTEL Ty TO GUGTNUY anogaaicel 6TL X € W) EVE OTHY TPAYHATL-
x6TNTA X €

c12, €lvat 10 %60G70G OV TPOXUNTEL HTAY TO0 GUOTNUA aropaoioet 6T X € wy EVE OTNY RpaYMATL-
x6TNTa X € Wy

c21, Elvat to 660G oL TpoxdRTEL 6Tav TO oUoTNUR ano@aoioel OTL X € w1 EVD GTNY TpoyYUATL-
x6NTa X € w

€22, lvat 10 x6a6710g oV TPoXUNTEL 6TAV TO OVOTNUX anoPAOiOEL 6TL X € Wy EVH OTNV TpoYUATL-
x6TNTA X € wo

Orovu c1y, €12, €21, c22 elvan un apvntixcol tpayuatixol aptuol.

Acgaldg to x60T0¢ TNe AavBaocuévng anbdgaong elvar onuavtétepo (Ueyahitepo aplBuntixd)
and to x60T0g NG opbiic andyaorg (o1 nEPLOOGTEPES TpaxTIXéG EQapUOYES TO XboTog ThheTon GTO
p:qBév Ci] = Cyp = 0):

Cc12 > C11 xort C21 > C22 (3.4)
Av 21 xau 2, elvon oL 300 neproyés Tou ediov opLopol Tov TapaUETPLXol StaviouaTos TwY TpoT-
TV yia TG onoleg aropaoilovue 6T, av X € {2 => X € @) xoL av X € 2 = X € wy, T67E 1) PéATioT

emAoYn twv 3o neploydy unopel va utohoylatel ue xpithplo Ty eEhayiotoroinoy Tou avauevéuevou
x60T0UG:

C = E[xéovog] =

/ c11p( @1 [x)p(x)dx+ / c21p(wa|X)p(x)dx+ / c12p(@ [x)p(x)dx-+ / caz2p(wa|X)p(x)dx =
™ o) 2, 2

[ (captenpixion) + cup(enp(xlon)dx+ [ (cuap(enp(xiar) + capor)p(xion)dx
101 22

Egéboov ou neployés 21, £ 8ev unepxakintovial xal neptéyouv 6Ao tov Ydpo Twv UETPROEWY
oy et

/p(x|w,-)dx+ /p(xlwi)dx= 1, i=1,2
.Ql _(22

Avtixabiotdvtag v tapandve eglowarn oty ouVapTNON TOU AVIUEVOUEVOU XEaTOUG EYOUUE:
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C = ciop(w1) + coop(w2)+

/ (—(c12 = cr1)p(w1)p(x|w1) + (c21 — c22)p(w2)p(x|we))dx
1951

H Xbom tou npoPMfuatog dlvetar e Tqv emhoyn g nepoyris £2; v v onola 1 oAoxAnpwTu
Tapdotaoy elvar ehdytotn. H odoxhnpwtun napdotacy anoteleitar ano évay Betind xan Evay apvntid
bpo 36Tt oL Todhanhaotaotixol Gpot elvar 6hot Betixol (BAéne e&iowon 3.4).

Av o apvntués bpog elvar ueyaditepog Tou Betixod yia 6ha T TpdTuTA TOV AVijXOLY BTNV TEPLOXT
£, t61e N ohoxhnpwtixh mapdoTacy Exel apvnteés TWES TAVTA XAl TO CUVOAXS ohoxAfipwua divel
MV eAdytoTty apvntue] g .

H ouvB1un mou mpénet va Loy Vel €10l Hote va anogaosilovue Ue 1o EAdyloto x6oTog 6Tt TO dYVwoTo
npbTuno X avixel otnv neployh 21 etvon:

(c12 — a)p(w)p(x|w1) > (c21 — cp)p(w2)p(xjw2) = x€ (3.5)

H eZilowon 3.5 arotekel To xpitfiplo Ta&Lvéunong Touv EAGYLOTOV X606 TOUG.

Mopddevyua 27 Aopakiorixyf etaipela fpbe va extyufoet 1o olornua acpalelac rov gridlaue. Elpyfoaue ovoy
urevbuvo ¢ acpaliotixifs etaipelas 6t to olorpua emiPePardver Ty Tautdryra Tov avlpdnov nov {nrd mpdofacy
ouyxplvovrag tyv npogopd uias Aéns ard tnv owhla tou ue ula aviloroiyy mpwrdruny Aédy mov éxer anofnpxeutel
xat elvat yovadixy yia xdfe ouitAyry. Eyouue uroloyloesi 61t 10 uétpo andotaons mov npoxUrtel ané tny olyxpioy
Tou mpérumou ti¢ outAlac pe to mpwrdruro tou edeyyduevou oAyt elvar uta ovoyaotixy uetaBAnty ue ruxvéryra
mfavéryrac Ty xavovixy xatavouf xat otyy neplntwoy xatd tyv onola o outdyric 8lvet v aApfvif tou raurdryra
xat 6ty 8doet Pedtiey TavrdTyTa.

H emipefalooy ty¢ ravrdryras tov opidnty reayuatoroieltal ue xavdpdt anbpaons. Av p uroloyi{duevy ané-
otaoy tou mpbrumov femepvd to xatdphi Téte amayopevetar ) mpéofacy tou oAyt oto clotpua acpalielas. To
xatdpAt vrodoylotyxe ue érot dote va chayiotonoteltar § mbavéryra Aavlacuévys andpaocye.

O aopaldiotifc pag dxovoe mpooextixd xat uag pdrnoe oto tédog: "Av xat 8ev xardAafa tig teyvixéc Aenroué-
peteg, to olotpua nov gridlate dev elvar xatdAAnlo Si6tt yia pag elvar nodU onuavrixd va edayioronotfoovue Tty
nibavéryra npdofacns oto olornua acpalelas evés outdyty o orolog emuxalreltar Lévy rautdryra. Ia va uropéow va
acparlow ta replovoiaxd orouyela nov xaAdnrovial and To napdy olotnua acpalelac fa mpénet va pov elaopalioete
éti To aUotnua fa Aettoupye!l 100 popés mé auotnpd yia va emtpédet oe xdrnotoy nov erixalelrar Ppedrixy ravréryra
va eioéAbet oto olotnue and v neplntwan nov Aaviaouéva arnoppirret xdnotov opuAnty. Xto xérw-xdtw ¢ yeagls
av elvat Bpayviacuévoc ac favarpoonalfoe.”.

¢ unopelte va ixavorotfoete avty tyy analtyoyn rou aocpalioti;

T va eavoroujoouye v analtmorn tov acgaloty elval npogavég 611 Ba npénetl va tporonouijoouue to xpithplo
ue o onolo uroroylloupe 1o xatdghl anbypaorns. Av oploouue 61t 10 xbotog g AavBaouévng arodoyric (c1) elvar a
qopéc ueyakltepo ano to xbotog e havBaouévng andppufme tou ophnty (c2), xou entone av oplooupe oav @y v
xatnyopla yeyovétwy v "tautdtyta tou oplnth elval cwoth” xav w2 v xatyyopla yeyovétwy v "tautdtnta tou
ounth elvon AavBaouévy”, téte 10 xpithplo Mg anbgaong ue To eAdyLoTo x6otog ylvetal:

acap(w1)p(d(x, r)|w1) > cop(w2)p(d(x,r)|w2) = "H tavrétnta tou optAnm| elvat cwoth”

To Béhtioto xatdph rpoxdneL and tnv Abon ¢ e&lowong:

ap(w1)p(d(x, r)je1) = p(w2)p(d(x, r)|w2) <

1 _{Tr—my )2 1 _(Tr=m )2
ap(w1) e 217  =p(wy)— e 222 o
V2ro 2no2
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mi6® — maoy? — moz\/2<a22 ~ 012)log( %5422 + (my — ma)?

Tr =

022 — 0y

3.3 Xyéon ctoyacTtixdy xaL Souxdy xpitnplwy tadlvéunorg

H edpeon twv oyéoewv mou Siérnouv Tig dlagpopetinés uebddoug tagivéunone npotinwy Pondd onua-
vTd oty npocapioyh Aicewv mou €xouv PBpebel A tpotelvovan yid v pla xatnyopia uedbdowv va
uetagépovial oty GAAN xatnyopio.

3.3.1 ZXuvoptioels dudxpLorng xoL otoyaotixd xpLtipla Tatvéurnong

Efdaye oty nponyoduevy rapdypago 3%o ané ta onuaviixétepa otoyaoted xpitipa Tafivéunong
rpotinwy, 10 xpithiplo uEyiotng mbavétntog:

X€w; avw p(x|wj)p(w;) > p(x|e)p(ew;) Yi#j

Xdl T0 XPLTHPLO TOU EAGYLOTOV X6GTOVG:

(c12 — ci)p(w1)p(x|w1) > (co1 — co2)p(we)p(X|w2) = x€

Ko ottg 390 mepintdoeig urnoroyifouue ula apBuntucg toodtnta yuo %88 xatnyopla o oty
ouvéyera TagLlvouolye 1o dyvwaTto tpdTuno oY xatnyopia Tou éxe TNV YeYaAdTEpN aptBunTL Ty,
6T dnhad" xdvape xou yia Ta Sopxd cuoThuata Tagvéunons 6tav autd YpnouLonololy cuvapTHoELS
dudxpLome.

Yuverdg av oplow oav cuvdptnoy déxplone v

9i(x) = p(x|w;i)p(w;)

T61€ T0 oTo)XACTIXS XpLTpLo Tadbunong g wévtotng mbavétntag yiveta Leodbvauo ue v
dadixcaaia Tagivéunong evég douixod cuathuatos.

Mze Tov {dto 1pémo av opiow cav cuvdptnen dudxplomng:

9i(x) = cip(w;)p(x|w;)

T01€ T0 OTOYAOTLXS XPLTHPLO TaELVOUNANG TOU EAGXLOTOL X6aTOUS Elvar LOOSVVAUO HE TNV XpLTHpto
Tagwvéunang evég Souxol ouotiiuatog e ouvapthoels didxplong.

To mé onuavrié mheovéxtnua mou mpoxdntel and v emofjuaven authe g avuiotouyiag &l-
var 1 duvatdtnra mou éxouue va vlorotfoouue Tic ueB6Boug exraldeuons doudy cuotiudTeY Tou
Xenowonotody ouvapthcels dudxplang otig avriotolyes otoyaotixés ueBédous exmatdsvong.

O oAyépfuog perceptron yia Tig cuvapThoEL dudxpiamng, o alydpibuog elaylotonoinong Tou
o@dhuatog extiunome, v mpoctyylan g cuvdptnoms Sudxpiomg ue ouvapthoetg Suvapixol # e
YeVixeuueveg axTivixég ouvaptiioels ddxplang wnopoly va erextabodv xa va ypnotuonotnBody oe
oToyaotxd ouotiuata taglvéunong tpotinwy.
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Ipocoy Ba npénel va dobel atig tpooeyyLoTinée uebbdoug urtohoyLauoy g GuVdpTNONG duéeprong
Y Ta otoyaoTxd ouotiuata dubT | T T ouvdptromg dudxplong mpémet va Pploxetal mdvta
nepLoplolévn ae xAeot6 Sudatnua Tudy ([0, 1] yia Tig ouvaptrioels Sudxplang mou npoxdnTouy anb To
xpiriipuo uéyiotng mbavétnrag xau oto Sudatnua [0, ¢;] yia Tic ouvapTAGELS BLdxpLang Tou rpoxUTTOUY
ané To xpLthpLo Tou eAdyLaTou X6aT0US).

Y mohMéq mpaxtinés mepLnT@aelg oL mepoplaptol autol Buaxoletouy ae ToANég nepuntdoeis TV
Sraduxaaio extiunong Twv Tapauétpwy Tou oToXRETIXOL HovTéAou and mapadelypata.

3.3.2 XYyxfonm otoYaoTiXdY xaL douxdv custnudtewy GiYXELOTS TPOTURWLY

Mua an6 tig onuavtixétepes oxéaels avdpeca ot aToxaaTxég xa dopxés ueBbdoug tafivéunong elvat
exelvn mou ouvdéer to xpitfiplo TagLvbunong TNg Wxpbtepng otabuiouévng Evxdeldiag andotaong
xaL T0 oToXAoTLXG XpiThiplo Tagvéunong oty xatnyopla e v ueyaAltepn mbavétnTa, étav v
ruxvoTTa mbavétnrag Twy TPoTinwY Yia xdbe xatnyople axoloubel Tnv xavovixh xatavous.

Elvat yveoté 6t n nuxvétnta mBavémtag twv tpotinwy yid toAlée xatnyoples Quotxdy avti-

xewwévwy unopel va tpooeyylotel ue onpaviuo] axpiBela ue Ty TuxvéthTa mBavéTnTag TN xavovirhg
xatavouhs:

1 S W2V, SN
p(x,y,s) = me s(x-y)Ts~1(x-y) (3.6)

Yy neplrtwon xatd v omoio umobBétouue 6TL xdbe pla and Tic wapapétpoug Tou mpbTUNTOU
elvaw oToyaotxd aguoxétiatn and Tig unbloines mapauétpous, T6TE N ruxvéTHTA MBavéTHTAS Yia
Vv xavowxt| xatavour anhonowelton xat ylvetat:

15 (zi-¥;)?
(09,8) = e (3.7
X,Y,8) = s i :

PY.8) = on)Ne J6]
Omov y; xau s; elvan 1 uéan Tuud xau 7 duaontopd g i napauétpou Tou daviopatog TV TPoTiNWY.
Ag unobégoupe howndv bt éxouue do xatnyopies (w1, w2) Ta TPéTUTA TWY ontolwy axohouvBodv
™V xavovixf| xatavous (e§lowon 3.7).

H a&ivéunomn xdbe npdtumou x umopet va mpayuatornomBel ue évav otoyxaotixd Béhtiato tpéro,
peTp@dvtag v muxvétnta mbavétnrag x&le plag twv xatyyopudy otny Béon x xon talvoudviag to
dyvwoto npétumo otny xatnyopla exelvy oty onola 1 tuxvétnta mbavétntag peyiotonotelitar.

T oYompa tagvéunong 0o xatnyopidy to mpétuno X tadivousitar oty xatnyopla wy 6tav
Loy Oeu:

p(X,y1,81) > p(X,y2,82) > T € 0 &

N ey (1)y2 2imy: (212
1 e_%g( ’:(1)) > 1 e_%g( ':2 ) —ITEB
A TR 1= A A A = 1
(27‘[‘)N/2\/181| (27[)N/2\/ 82]

Av |81] = |s2| t61€ 1 TPONYOUUEVN avia6TNTA amhomoteital oE:
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N N
1 (x,--v,-(l) )2 1 (z,'—u,'(";))2
-43 e NS
1=

e >e = —STrTeEew &

-+ T E W &

f: (@i — uV)? <2N: (zi —5:®)?

8i 1

i=1 i=1

dy(x,y1,m) < dyy(X,y2, m) = T €

O mapandve culoyiopol arodetxviouv 61l To atoyactixd xpitfiplo Tadvéunong Ue Ty weyahl-
Tepn muxvéTnTa mbavénrag elvar Loodlvauo e To xpLthplo Tadvéunong e uxpdtepng atabutouévng
Euxdeldiag andotaong 6tav yia 6heg Tig xatnyopleg woydew: |s;| = |s;|, Vi, 5.

TlapdBevypa 28 Xpy neplntwon xard tyy onola toyvsl 8;| # |s;| noid elvat 5 oyéon nov ouvdéet to oroyaotind xpi-
tfpto uéyiotne nibavéryrac xaw 1o xpitfpio Tavivéunons ¢ uixpbtepns anbaracns bray n xuxvérpre mibavéryrag
TWY RPOTURWY TV XaTyYopidy axoloulfel xavovixy xaravour;

3.3.3 Xyxéom xpiimplov TaZivéurnorng twv k-tAnoiéotepwy tpotinwy xat tou TadLvé-
wnoms e TNy peyolitepy) mbavétnta

Av emyepficouue évav otatiotxd utoloyioud g ouvdpTtnomg TuxvéTHTag mbavéTnTag Twv TEOTY-
TWY TOV XOTNYOPLOV TOTE unopolue va dodue bt

Ni(lx—y| <¢)
N;

Pix-yl<o)= [ pxix~
[x-yl<e
6rou N;(|x —y| < €) slvon 0 apiBudg Twv Tapadetyudtoy e xatnyoplag w; Ta onola txavorotody
v oxéon |x; —y| < €, xau € Uxpbg Betinde mpayuatixds aptbude.

Av Bewpfiaouye 6TL on tepLoy mou oploape and ta onuela y mou uxavorolody Ty oxéen [x—y| <
£ Bploxovton Nj(|x — y| < €) nopadelyuata yid xd8e pla and g M xatnyoples.

To xpithpio péyiotng mbavétnta o aut v tepintwor yivetat:

X € w; avv p(x|e;j)p(w;) > p(x|e)p(e;) Vi#je

N; -y < N; —y| < 3 ,
X€w; avv ](Ix NYI E)P(wj) > i(fx N}’| S)P(wi) Vi£je
J i
. - , N; - ,
XEwj avv (% NY| <e) MN’ > ilx Nyl <e) MN’ Vi£je
! > Nm ' > Np
m=1 m=1

x€w; avw Nj(lx—y|<e)>Ni(lx—y|<e) Vi#j

H edeutaia oyéon pag Selyver 6T to xpirvplo tadivéunong g peyalitepng mbavétntag etvan
toodvapo ue 1o xpitiplo Tagvéunomng otnv xatnyopla exelvy g orolag Ta nepioobtepa napadely-
pata Bploxoviar oMy YELTOWLE TOU dYVWGTOU TIpéTUTOU, MpbxetTon SNAady yia To xpLtrplo Tafvéunomng
0wy k-tAnoiéotepwy npotinwy Tou rEpLYpAPNXE 0T0 TpoTYosUEVO XEPAAALO.
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3.4 H ouvdptnon nuxvétntag mbavétnTag xatnyopLdy

Anapaitntn npoundBeon yia v xataoxevy oToxaoTLXGY ouaTRUdTLY Tadvéunong tpotinwy elvon
7 edpeon g guvdpTnoTg TuxveTHTag mbavétnTag yie xdbe xatnyopla mpotinwy N orola cuviBug
urohoyileton and ta mapodelyporta xouw exppdletor e ™V axbéroubn cuvdptnon: p(x|w;).

O nepropiopdg mou npéne va uxavorotet pia ouvdptnam yié va exppdlet Ty tuxvétnta mbavétnrag
xatnyoplag npotinwy elvar o axbéhovfoc:

/ px|w;)dx = 1 (3.8)

XEw;

M onupavtun] ouxoyévela guvapThioewy Tou exppdlel tuxvétnteg mbavétnrag dlvetar and v
axdhovdn alyefpuxt| Exgppoon:

p(x]@;) = Cuy/|wil £ ((x — m)Twi(x — my)) (3.9)

6mov 1 otafiepd Cp tlleton yia va uxavomolfioel ToV TEPLOpLOUS TWY GUVAPTACEWY TUXVOTNTAG
mbavotnrag.

Euxola arodetxvietal 6t 1 ruxvétnta mbavotntag g xavovirc xatavouic avijxet o€ auth tny
xatnyopla xatavoudv.

Extég ané v xavovua xatavoprf undpyouy xai ot axéhoubeg tuxvétnteg mbavétnrag mov ypr-
agorolovvial Aydtepo ouyvd oTLS EQapuUoYEs.

1. Koravouy Pearson tinou-II (Pearson type-II):

I(zn+K+1) /(L = (x — mi)Twi(x — m;))~*
p(xm,-):{ Vit VWil (’; )T wi(x = mq)) ":Z (3.10)
3 X

H nepoyn S oploetan ané tnv oxéon:

S=|1-(x-—m)Twi(x-—m))| <1

I'a & = 0 n xatavouf Pearson timouv-II exquhiletar oe ouoibuopyn, xat Y k = 400 1
xatavoutr; Pearson tonov-II yetatpénetan o xavowxh xatavous.

2. Katavous Pearson tonou-VII (Pearson type-VII):

p(x|or) = wﬁ%\/wu Fo-m)Twix-m) ¥, k>in (31D)

I k = 00 1 xatavour Pearson ténou-VII petatpénetar o8 xavowxs xatavous.

Nopdderypo 28 Eotw otoyaotixd olotnua talivéunons nporinwy Vo xatpyopidy mou axoloufolv tnv xaraevoui
Pearson tinov-VII. YroAbyioe to xardpAi anépaons ue to onolo xéfe mpdruro talivoucltar oty xatyyopla ue tpv
ueyaAdrepn mbavéryra.
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H nuxvétnra mbavétnrag g npdng xatnyoplag Stvetan ané v oyéon:

Plxlo1) = e/l -+ (= ) (= )™

H nuxvétnra mbavétyrag g devtepns xatnyoplag lvetal anéd v oyéon:

plxon) = (D1 = )T = )

To Inroduevo xatdeAl anbpaorng vroroylfetar ané v Aoy ¢ e€lowong:

p(x|o1)p(w1) = p(x|w2)p(w2)

AviuabBiotdviag v avalutud] éxgpaocn Twv tuxvoritey mbavétntag éyouye:

VIwi|(L + (x = my) w1 (x — my)) "*p(@1) = /[wa|(1 + (x — mg)Twa(x — m2)) *p(ws)

(Iwalp(w2)?) % (1 + (x — m1)Twi(x — my)) = (w1lp(@1)?) % (1 + (x — mz)Twa(x — my))

Oérovrag C1 = (jw |p(w1)2)!!’=' xan Cy = (|walp(wz)?) %, £xoupe va emthGooupe v axéhoudy Seutepofdbuia
eElowon yux va Bpode 10 xatdehl andgpaong:

Ci(x—m) wi(x — my) - Ca(x - m;) T wa(x —my)+C; —C, =0

3.5 Yroloyioués tng nuxvétntag mbavétntog

TNy TAELOVETNTA TRV TPAXTXOVY EPApLOY®Y dev Yvwpllouue Tov avakutixé Témo TG ouVdpTNoNg
ruxvétntag miavétnrag. TuviBug auté mou Biabétouue elvan Evag nemepacuévos aptbude mapadely-
pdtov. Te autég TG TEPLTTAOELG, ToU elvan Xou 1) TAELOVOTNTO TWV TPAXTLXGY EQUPUOYGY, O UTOO-
Yiopdg NG ouvdptnomg muxvétntag mbavétntag unopel va yivel ue Sapopetixég pebbdoug. Eueic Ha
ueAetgouue Tig onuavTixdtepeg and autée.

3.5.1 Meviotonoinoy tng evrporniag

Eilvat yvwot6 6t v evrponia pag divel éva mogotixd pétpo g ataglag evés cuothuartos. H evtponia
™S ouvdptnong tuxvétntag mbavétrag uag dlvew Ty péan T g afefarbtntag A Looddvaua g
mAnpogoptag mou AauBdvouue and tnv pétpnon g Swvuouatixfc TapdoTacyg Tou TPéTUTOU X:

Evtponia = — /p(x)ln(p(x))dx (3.12)

X

Mua péfodog unoroyiopot g ouvdptnong Tuxvétntag mbavétnrag uropet va yive ue v edpear
g ouvhptnong exelvng 1 onola ueylotorolel Ty eviponia xou txavornotel éva mARBog nepLoploudy
MOV TPOXUNTOUY amd Tl OTATLOTIXG XAPAXTNPLOTIXG TWY Tapaderyudtwy tou Swabétovus. H yevud
nepiypagy tou mpoBifuatog mou Béhoupe va Adoouue elvan 1 e€dc: Eotw 6t éxouue éva atvohro
TEPLOPLOUEDV:

/ p(x)dx =1 (3.13)
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ol
/ RiX)px)dx = gi, i=1,I (3.14)
X

BO¢loupe va PBpodue v ouvdptnon p(x) 1 omola uxavomotel Toug mapandve TEpLOpLOROUS XAl
peyiatonotel v eviponia g, dnhadh v TAnpogopia mou AauBdvouue and Tig peTpoels.

Onwg BAénoupe Béhovpe va Ppodue ta axpdtata wag ouvdptnons (tne evipontag) étav auth
teavornotel éva odvoro meplopiopdyv. Mia yevixr Aian tou mpofMiuatog unopel vo emtevyBel ye v
Borewa evide Bewphuatog mov anédeile o Langrange.

Ocdpnpa 3 Eotw ot Gédovue va umodoyioouue ta axpbrata tne ouvdptnons f(X) endvw oty
empdvewa mov opiletar and éva olvolo meploptoudy:
q1(x) = @2(x) = ... = go(x) =0

X xdfe axpotato Ty ovvdpTnons oy et 6Ti:

9 -3 1L g =0 (3.15)
% 2 zaxgz = .

O: ovvtedeatés A; ovoud{ovian moAAamdaciactéc tov Langrange. Ta onuela twv axpdratwv
¢ ouvdptnone Peloxovrar ue tpv Aoy twv fiodocwy TwY mEplopLoudy xai TS elowans Twy
roAAardaciaotdyv tou Langrange.

Ocdpnua 4 Ay elvat yvwoté 6t To povodidotato mpéruro xatnyopla nepiopiletar oto Sidornua
T € [a,b], téte p ouvdprnon ruxvétprac mbavérnrac mov ueyiotonowel TV eviponia ¢ elvar:

_ -:1«;, z € [a, b]
”"’”’“{ 0 z¢ol

O uovaduxde neplopiouds Tou mpoPhfiuatog elvat:
p(z)dz =1
a<z<h
H e€lowon twv ntolanlactaotdv Tou Langrange yiverau:

] 9 -
Em a<{<b p(z)ln(p(x))dz ’ Aom a<{<b p(x)dx -7

/ %%p(x)ln(p(x))dx'l' / Ao gg%p(x)dz =0= / (In{p(z)) + 20 + 1)dz =0
a<z<b alz<b

a<z<b

H npogavric Ao elvae:
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p(z) =€t =c

Avticabiatdvtag tny opolbuoper tuxvétnta mbavétnTag ooV TEPLOPLOUG ROV EYOUUE:

_ B'%"&“’ z € [a,b]
“”‘{ 0, c¢a

Ocopnua 5 Av elvar yvwotd 6T 10 povodidotato mpdtuno xartnyopias mepopiletar oro didornua
z € RT, xat elvar yvworff ané orationxéc uetpfosic n uéon i e ouvdptione muxvéTyTag
mbavétnrac (1) téte n ouvdprnon mov ueytoronoel Tty eviponia Tne eivai:

-
e ®, zekRt

1
p(:c)={“0, z¢|R+

Ocdpnua 6 Av elvar yvwotif n uéon i (u) xa n Sieoropd (o) uovodidaratye tuyalas uetafintic
T 1616 1) ouvdpTnon nuxvéryrac mbavétyrag nov ueyiotonoiel v eviponla TR elvar n xavovixy
XATAVOUT].

3.5.2 IIpocéyyiom tng nuxvétntag mbavétntag ue opboxavovixés ouvaptioerg

Ag unobéoovue 6T unopolue va npooeyyioouue TV TUxvéTTa TbBavéTnTag TRV TPOTYTWY XdTOLUg
xatnyoplag npotinwy He éva gdvoro Q ouvapthcewy:

A Q
P(x) =) cigi(x) (3.16)
i=1

Oa Héhaue ue v Borifela xdrorov xprtnplov BeAtiatonoinorg va Bpodue Toug cuvteresTtés ¢, 1 =
1, Q ¢étow daote 1 wpoatyyion va divel uravorountudh aflomatia. Eva xalé xpitipio elvan 1 ehaytoto-
Tolnon tou oTabulouévou GPIALATOS TNG TPOGEYYLONG:

Er= / w(x)(p(z) — P(x))2dx (3.17)

émou w(x) elvan uia auvéptnom nou divel diagopetund Bapdtnta oV Tpooéyyion Yia Tig Stagpo-
peTuxég mepLoy€g Tou mediov TdY Twv tpotinwy. Ioodlvaua 1 axéan uropel va yive:

Q
Br= [ w)p(e)- 3 apx)dx (3.18)
x i=1

O auvteleotés ¢;, 1 = 1, Q npoxintouy and éva obotnua Q ypauuixdy eilodocwy:

i) .
E—é-;Er =0, 1=1,0Q (3.19)

Yrohoyiovtag Tic ueptxés napaydyoug EYOUUE:
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Q
Y- [ 0@ gs0dx = [ wix)g;(x)p(@)dx (3.20)

i=1 x

O é6pog Twvy eilodoewy mov Pploxetar oto deki Twhua BAémouue 6L mepLypdger TV uéon A
g mapdotaong w(xX)e;(X) cuverds autés o bpog umopel va mpooeyyiotel pe otatioTiég HeBb-
3oug. Amo ta M napadetypata tov dabétouye urohoyiZouue Tig aplBunTinés TiuéS TV TapaoTdoEWY
w(x;)@;(%i),i = 1, M xa oty cuvéysia unoBétovue 6T o apbunTixés Toug uéoog amotedel pio xaddf
rpocéyyLan Tou avtioTolyou oToyasTixol uégou:

M
[ weosipEx = 37 Y- wix)ei(x) (3:21)
x i=1

Avtixabiotdvrag Ty tapandve eiiowon éxovus:

Q 1 M
Y- o [wepx)esedxx 1 3 wlx)esx) (322)
i= x i=1

i=1

Av oL ouvapthoeis ¢;(x) éxouv exheyel £l date va eivar opfoxavovixég wg Tpog Ty cuvdpTnom
Bapdtnrag w(x) t6Te woydel 6T

/ w(x>¢i(x)¢j(x)dx={ 0 iz (3.29)

AayuBévovrag unédn ta napandve 0 TEAXGG UTOAOYLOUGS TWY CUVTEAETTAY YiveTaw and Tig oyé-
ocLg:

1 ¥ .
G~ 3 Z w(x;)pi(x;) Vi=1,M (3.24)
=1
Ouddeg opboxavovixdv ouvapthioewy divoviol 670 TApdPTNUX TV ONUELBOEWY.

3.5.3 Ta nhaicia Parzen

Mropotue va extiuficouue ue dragpopetuef| wéBodo tnv cuvdptnen nuxvétntag mbavérnrag and na-
padelyuata, unoBétoviag 6T To npbdtuno xdBe mapadelyuatog anotehel and pévo tou pla xatnyopia
aviietuévey. Me v uéBodo Twv mhatslwy Parzen xdfe napdderyua diabérel pia nuxvétnra mbavé-
ntag 1 onola ovoudletar xau ouvdptnom tuprva (kernel) xau v omoia eivar idtou TImou Y& Sha Ta
napadelypata exnaldevorng.

H ouvohue muxvétnra mBavétrag g xatnyoplag unoloyiletar and v oyxéon:

1 M
plolw) ~ o2 > K(z — i) (3.25)
i=1

H ouvéptnom rupfiva npénet va ueavornolel évav aplué neploploudy:
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+o0

/ K(z)dz =1 (3.26)
+o0
/ |K (z)|dz = +00 (3.27)

/ |zK(z)| =0 (3.28)
T—r+00

Tumxég ouvaptioeg tupva dlvovtat otov wivaxa mou axohouBet:

ITivaxag 3.1: Tumxés ouvaptioels Tuphiva

| Ovopaoia ouvdptnone || Tupfivag |
Opot Spoppog Ky(z) = m [fl<1
? 0, |F|>1
1 z z
1-[2)), [E[<1
TpLyoviuée Ki(z) = { H( 0 |E|) {g: ; L
.’I?‘
Kavoviuéeg Ky(z) = K/%;e"z"h‘“ﬁ“
ExBetinbe Ke(z) = e |7
Avtilatpoyog Ki(zx) = 7};11-(1%3-,
Huutévou K,(z) = -2—;1‘;(312%(552)2

Iapatnpolue 6T oL cuvapthoeis Tou tuprva eSaptdvton and v uetafAnth h 1 onola xabopllel
xa TV dlomopd Tng nuxvéTTa mbavétrtag Tou tuphva. H twwn g uetoPAntis h tiBetan euneipudd
adAd 7 yevueh odnyla mou uropodue va dooouue elvar 6Tt 600 auvgaver o aplBuds Twv dibéowwy
ropaderyudtwy, 1 il avtis e uetaPBAnths tpénel va uetdveTtat.

Mopdadevypo 30 Yroloyelote to eAdyioto opdlua oroyaotixol gvotfuaroc talivéunons mporlnwy éray § nuxvé-

yte mbavétyrac twy mpotUnwy Twy Xatnyopidy rpooeyyiletar ue rAalowa Parzen ypnowonoidvrac ouvaptiosic exle-
tuxod nupifva pe h=1.

Awalérovue oxrd rnapadelyuara:
= {((11 1)) “-’1)’ ((2, 2)’ “-’1)1 ((35) 2-1)’ “’1):

((1'1’ 2-8)7 “’2)’ ((27 5)1 “)2)7 ((01 1-3); “)2)) ((1'57 3); 6)2), ((0-07 2)’ 1"2)}'

Kputfpwo ralivéunone elvat g xaryyopla ue tyv uyeyeddrepy nifavéryra.
Aro 1o glvolo TV oxTtd rapadelyudrtov unoloylle Tig TBAVETNTES EUPEVIOTE TV TPOTUTWY TWV XATNYopLOV:

= 0.375

00|

plwr) =

o
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pla) = -Z— = 0.625.

H ruxvétnra mlavénrag g npding xatnyoplag e ta mhalow Parzen Slvetar ané v oyéon:
p(x|w) = %(e—lz—(hl)l +emlzm(Dl | -la-@E21)]y
H nuxvétnra mBavéinrag g dedtepng xatnyoplag dlvetan anéd tnv oyxéon:

plx|ws) = Il(_)(e—lx—u.x,z.s)u F el @O | o~le= QL] —la=(15,3)] 4 o~l=-O2)y

Trov nivonca mou axohouBel dlvovran ot aptBunmixés tyés Tou xptnplou Tagvéunomg g Heyalltepne mbavétntag
nou uroloylletar ané v oxéon p(wi)p(xjw:) ya tig o xatnyoples xat ya 6Aa ta napadelypata.

Mivaxag 3.2: Yroloyiopds tou xpitnpiou tadivéuneng g peyalitepns mbavétntag ue suvapthoeig
exBetixod Tuphva

| Kamqyople || (1,1), o1 | (2,2), @1 | (3.5,2.1), o1 | (1.1,2.8), ws |
w1 0.06459 0.07429 0.06829 0.020961
w3 0.03259 0.03656 0.00851 0.100984

| | 2,6), w2 | €0,1.3), w2 | (1.5,3), w2 | (0.0,2), w2 |
w1 0.003822 0.019628 0.020013 0.016555
w2 0.063170 0.089726 0.097430 0.096387

Ané ta apBunTud arotedéouata tou nlvaxa BAénouue 61t ha ta moapadelypata Talivopolvial cwotd. Suverdg
10 eEAd)LoTO opdAua Tou cuatiiuatog tagvdunorg tou xataoxevdooye ard ta noapadelypota etvar 0%.

3.6 Ymoloyioués Ty nopauéTpmwy g nuxvétntag mbavétntag

Mepixés gopés elpaote o Béon va yveplfouue v yewxy wopgh g ouvdptnons mou mepLypdget
™y nuxvétnTa mbavétnrag adkd ypeialbuaote ta rapadelypata yia va unohoyloouye T otafepéc
TUPAMETPOVG TTG.

Ye autég Tig mepToELS EXUETOAEVOUAOTE Ueptiés and TLg WBLETNTES TS BUVAEPTNONG TUXVETHTASG
mBavétnrag mou Exel va xdvel ue Ta aviloTolya aTaTIoTId TG YopaxTNpLoTLed, SnhadH:

1. Méon wu:

Q

BAémoupue 6t undpyet ula Siaopd avducoa 0Tov oTOXAGTIXG XaL TOV GTATLOTIXG UTOAOYLEUS TOU
Savdopatog g Tuyalag uetaBAntic Tou péturou. H Siagopd auth Snutoupyel xdmowa mpofhfuata
oTov utohoyioud Tng dlaamopds g Tuyaiag wetafinti, dét oty mpd&n dev Yvwpllovue ™V LA
g mpaypatixs péong tywis (Mr) adld pag mpootyyiong g, g otatotxis wéong T (M).

H oraniotixd diaonopd unohoyiletar ouvibug and tnv axdhouln oyéon:

Q
Mr =/ xp(x|w;))dx =~ M = 1 Z X; (3.29)
x j=1

Q
5= % 3 (% - M)T(x; — M) (3.30)
j=1




3.6. YIIOAOI'IXMOX T{IN TAPAMETP(N THY IYKNOTHTAY. IIIOANOTHTAY 81

H axpBéatepn extiunon e otatiotnis Siaonopdg Slvetan ané tnv oyéon:

Q Z — Mr) (3.31)

Ze auth v nepintwon BAénouue Suwe bt dev Yvwplloupe v mpayuatud uéon wh Mr. Ag
dolue T umopolue va xdvouue YLautd To TpéBAinua.

H e&lowon 3.30 uropel va ypagtel ioodbvaua oav:

Q
Z((xj ~ (M ~Mr))"((x; = Mr) - (M - Mr)) &

Q
5= % 3 (x; — Mr)T(x; — Mr) — (M — Mr)T(M — Mr) &

Sr=%+M-M)"(M-Mr)=X+ %E'r (3.32)

Aro avtf v e€lowor fAérouue 6T 1) mparypatied T TG oTatioTixis Siaomopd elvar TNV Tpay-
patxéTnTa weyahdtepy and auth tov ouviBug utoloyilouvue Ue TNV xhagouxy ayéon Tng duaonopds
(eZlowon 3.30). Abvovtag tnv eZlowon wg tpog Xr éyouue:

o= Q? 1 2 (% — M) (3.33)

Otav o aptBudg Ty rtapaderypdtov auZdver toTe xou 1) Tpayuatue] otatiotixl diaonopd tpooey-
yileL tnv otatioTixs| Slaonopd 1 ornola unoroyileton ue TNV xAaoouxr oxéor g edicwang 3.30.

Ané Ta napandve yivetar gavepd 6Tt v dedtepn) edlowom mou uag npoagépel duvatdtnTeg UToo-
Yool Twv otabepdv Tapauétpwy cuVapTNarg TuxvétnTag mbavétntag elvar 1 axxéhovln:

2. Awomnopd:

Q
/ (% — Mr)2p(x|w;)dx ~ Sr = 5'1:1" 3 (3 — M) (x; — M) (3.34)

HNoupdadewypa 31 Yrodoylote tic mapauérpovs ¢ ouvdptnong ruxvérpras mbavéryras tpe xavovixijc xaravouis
éray yvwp(lete névte npbruna uidc povodidoraoys tuyalac uerafiyrie, ta: {2,4,5,8,6}.

H uéon it twv yetphioewy elvar M = &iﬂi!séiéﬂ =7.

H otatiotxy diaonopd pe tov xhaowxé Tpéno uroroyiauol elvor:

oo C=-72+@-72+15-71+@B-7)2+(6-7)°
- 5

= @=1+U-12+(16-1)2+(6-7)2+(6-7)2 _ o5

= Z = 25.

= 20.

H npayuatued oratiotx Siaonopd elvon: ¥

H ouvdptnorn nuxvétnrag mbavétntag yua v xatnyopla twv npotinwy dlvetal and tnv axdhoubn oyton:

=—7)2

(3, ) = w\};_;e (3.35)
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3.7 H emhoyy) tng ouvdptnorng nuxvétntag mbavitnTog

Armo v mapandve avdluar mpoxdntel edloye to epdTiua: “BeBolwg xar éxoupe Tov TpbmO Va
urohoyioouye and Ta CTATLOTIXE YUPAXTNPLOTIXG TWY TPOTUTWY TwV TapaderyudTey 11§ Tapauétpoug
NG oLVdpTNOYG TuxVoTTag mMBavéTntag, alAd ue mowb tpéro Ba dakéZw Tnv TAéov xatdAAnhn and
avtég;”

Apyuxd ag dolue molég sivan ol TAéov auviBeig ouvaptioelg TuxvéTntag mbavétntag. Trtov nlvaxa
mou axoloubel dlvouue Tig onuavtxdtepes ouvapthoelg tuxvéTnTag mbavéTnTag TOL YpNoLULonoLoY-
VIOt OTLC EQUPUOTEG.

Tvwpilovrag éva mififog ouvaptioewy xalobuaote va Aicouue to mpdBinua tne emhoyhs g
TAéov xaTdAAnhng and autés. Tlpénel va Bpolue éva nocotixd uéyebog e o omolo va urohoyloouue
xatd T66o 1 guvdptnon tuxvétnTag mbavétytag Tou xpnowwonolodue Y Tatpldler” Ue Ta mparyMATIXd
dedouéva mou Bev elvar tirota dAho anéd ta TpdTURA TWV TapASELYHATWY.

Iivacag 3.3: Tuvapthoeig muxvétntag mbavotnrag xat To OTATIOTLXE XapAXTNPLOTIXE TV

| Ovopasla [ wuwvétnra muBavétnrag | Méan Tips | Avaonopé
Arcsine, a>0 "?(_‘ ) M=0 = %
I(a+b)(u(z)—u(z~1))z* " (1—-2)*"" — — b
Beta, 4 = :/2 ;-:.(z)r(b)z - M= b,a > 0 b>0 0'2 = Tath aa+ i)

Chi—Square »mme"/zu(x) M= N N= 1 0'2 =2N
Erlang, a > 0 WU(III) M= N =1,.. ol = flr
Exponential ae” **u(z) = a,a >0 o= &
Gamma wfw«:ﬁ«(%mu(z) M= a>0b>0 c=%

: o (a— Y273 — T
Gaussian MW M—a,b>0 02—5
Laplace 2e~blz=—al M=ab>0 oF = %

—(log{m—b)~a* a*

Log-Normal "(’_b)e‘/;;:;_:;a ke M=b+et/2 6>0 o = (e — 1)e2ete’
Rayleigh 2z - a)e=@=)/by(z — g) M=a+/2,b>0 o = ﬂi‘{«ﬂ
Uniform Uz—a)-ulz=h) M=22b>a o? = Ol
Weibull abzb‘le'“bu(z) M="= I:b_l) ,a>0,>0| 6?2 = ra=2e” 22:(1“-1)‘

H rmiéov dadedouévn uébodog eréyyou tng ouoldtnrag woag cuveyols GUVAPTNONG TUXVOTNTIS
mBavéTnrag xaL Tewv aviioTolywy oTatioTdy xatavoudy tou urohoyifovian and ta TpdTuRa RoP-
Serypdroy etvon o éheyyoc-z? (z2-test). O éheyyog autds mpayuatonoteltar exteAdvtag T axbérouda

Briuarta:

1. Optoude nepioydy eAéyyov. Xwpilouue tov ydpo twv npotinwy ot évayv aplfud neproydy étol
®ote xdbe neproyh va neptéyet Evav eEdytoto aplBud tpotdnwy aro ta tapadeiypata. Eotw 6Tt
7o medlo opiopol Twv npotinwy ywplotxe oe M neployés Tig S1, Sa, ..., SM-

2. Yrolorioude twv mbavorifrwv 1wy mepoydv edéyyov. Eotw 6t ehéyyouue v ouveyh ou-
véptnon nuxvétnta mbavétntag p(x). T x¢be ula and avtég g nepoyés unoroyilouue TNy
mBavétnta To mpdTumo NG xautnyoplag v avixel oty teployt. H aptBuntund T tng mbavé-
Tag urohoyileton and v axéiouln oxéomn:
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Pt; = p(x)dx (3.36)

3. Zraniorixde unooyioude twv mibavoriftwy twy nepioydv Aéyyou. Tia xdfe pia ané 1 teployés
EXTENOVUE TOV 6TATLOTIXG UToAOYLOUS TNg TBavéTnTag To TpdTuTo Vo aviXEL BTNV TEPLOYA TOV
ehéyyouvue. Av oty reploy S; Bploxovtar t; mpétuna oe éva odvoro T mapaderypdtov, T61E 1
otatotue mbavétnta vroroylleton and tny oxéon:

Ps; = T (3.37)
4. Yrmodoyiouds tnc andéxAians. Yrohoytlouue v anbdxhion twy mbavothtwy yia Aeg Ti§ mEPLO-
Xés:
M 2
Ps; — Pt.
AnbxAion =z M (3.38)
i=1 Pt'

5. Zdyxpion. T xdBe xatavour nou ehéyyouue Bploxouye to avtiotoiyo tocotixé uéyebog tng
andxhiong xpatdvrag atabepés Tig neployés eEhéyyou. H otoyaotue xatavous tou napouctdfet
™V ppdTepn anbdotaan and My oTaTIOTLXY XaTavoul| eRAEYETOL GaV 1) TAEOV AVILTPOGWREL-
et

ISwaitepn npogoyt mpénel va Bobel o 800 onuavtxd yeyovéta nou arnoteloly xat ta adlvata
onueta Tou ehéyyou-z2:

L. Otav o apBuéds twv mapadeiypdtwy mou Sabétouue elvon uxpés t6te To TEMX6 PéyeBog Tng
petpoluevng andxhong dev anotehel agiémotn uétpnom g dwagopds TN BewpnTuefc and tnv
oratotd xatavoud. O wxpbs apluds twv napadeltyudtwy xdver avaogarf Ty uétpnon g
otatiotua|c mbavétnrag oTie teptoyéc mou oplfoupe.

2. O opiopés twv mepoydy eAEyyou mallet mohd onuavted pdho otov TeEAxd unoloyioub Tng
anéxAlong TV xatavopdy Wiattepa 6tav o aplbuds twv rapaderyudtwy dev elvar peydrog A
6tav o Brapopés anoxhloewy TwV xatavoudv tou eEAéyyovton elvan uixpéc. TToAhés popés wuxph
Srapoponoinon twv neploy@dv unopet va enipéper onuavtue wetaBolf oTo uétpo Twv dlagopdy
TWV XATAVOUDV.

TMapdderypa 32 Eotw 61t €youue ta axdlovfa rapadelyuara povodidoratwy nportinwy.

2={22,3,4,44,48,55,6.1,6.6,6.9,7.3,8, 10,12}
Bpelte nowd and ti¢ axdlovfes xatavoués nuxvéryras mbavéryras poidlet nepioodrepo ue v orariotixf nu-
xvérprac mbavérprac:
1. Gaussian
2. Laplace
3. Uniform

Eredi| 8ev yvwplfoupe tig otabepés napapétpoug twv xatavoudy T uroroylloupe ano ta tpéruna Twv mapadely-
pdrwv. O otanietuds péoog 6pog elvan 6.21538, evéd 1 otatiotn Swuonopd BetBnxe va elvan 7.49641. Ou muxvétteg
mfavétnTag Tov avTLoToLYOUY OE QUT T GTATLOTIXG YapaxtnploTued elval oL axbhoubeg:
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1. Zuvéptnon Gauss

pe(z) = 0.1457¢~ (#—6.21538)% /14.9028

2. Laplace
p(z) = 0.25826¢—0-516521=—6.21538|
3. Uniform

u(z — 1.47310) — u(z — 10.95766)
9.48456

pu(z) =
Bdoet tov Brudtev Tou eAéyyou-x? extelote T axbéroubes epyaoles:

1. Opioube repioydv eAéyyou. Xwplloupe tov ydpo twv npotinwy ot tpelg teployés érol dote xdHe neployy va
repiéyel Touldylotov téooepa npétuna. To nedlo oplouod twv mpotinwy elvar to oGvolo TV TpayMATIXOY
aplludv xau ywplotnre otig elfic xornyoples:

51 = (—00,4.5] S2=(4.5,6.7] S3=(6.7,+00)

2. Yroloyioude twy mbavorifrov tev xeploydy eAéyyov. T xdBe ula anéb tic eheyydueves ouvaptioeic uroroyifw
v mbavétnta edpeong TpdTUTOL OTLS TEPLOYES ToV TpayHatonoweltal o EAeYyog:

1. Zuvdptnon Gauss

4.5
Pg, = / 0.1457¢~(e~8:21538)*/14.9028 5 _ () 965474

— 00

6.7
Pg2 =/ 0-14573'(1—6421533)’/14.9923dz = 0.304743

4.5
+o0
Pgs = / 0.1457¢ ™ (+—8:21538)* /14.0928 3, _ () 49973
6.7
2. Laplace
4.5
Pl = [ 0.25826¢~0-516521=-6-21538] g, — 0.206145
Zoo
8.7
Ply = | 0.25826¢ 0516521621538 3. — 0 404578
4.5
+o0
Pl3 = | 0.25826¢0-316821=-6.21538] 30 — 389277
6.7
3. Uniform
4.5
Pu, = / u(z — 1.4731(;)4;413(63 - 10.95766) do = 0.31913
8.7
Pu, =/ u(z — 1.4731(;)4;4145(61: — 10.95766) dz = 0.23195
4.5
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+o0
Pug = / u(z - 1.4731(;)4—8- :5(: — 10.95766) d = 0.44890
8.7

3. Tratiotuxéc urodoyiouds twy mbavorfrwy twy neploydy eréyyou. H aratiotua] mBavétnta Yo x40e pla and
T mepoyée elvau:

4

Ps; = = = 030769

Psy = — = 0.30769
LT

5
Pgz = T 0.38461

4. Yrohoyiouds tnc andxAians. Yroloylfoupe v anéxhon Twv Tlavotitey yua GAeS TG nepLoyEG:

AnbéxMonGaussian = 0.0424
AnéxiionLaplace = 0.090322

AnéxAionUniform = 0.069562

5. Ddyxpion. H xatavops nou npooeyyliel nepioobiepo TV oTatioTLe Xatavous elvat 1 xavovud) xarravopt) Subt
éxeL Ty pixpbrepn anbxuorn. Apéowg xahGtepr) elvan 1) opoLGHOEYT).

3.8 Xtoyootix6g UTOAOYLOUGS uxvétnTag mbavétntag

Y& noMA& pofAfuata oL UETPTioELS MoV TalpvouE repiéyouv " B6puBo”, aroterody 3nhadi mocéyyion

TV tparypaTixdy Ty egontlag Tg nenepaopévng axpiBetag Tou uetpnTios opydvou f Tng napousiag
BopVPou Tou mapeuPdiieTaL.

O guvapthaels Tahvdpdunong (regression functions) ot avtlBean pe Tig xoLvég ouvapThoeLs elvat
otanotxé ouvapthioes. XapaxTnplotind YvOpLopa TV ouvapTioewy TaAvdpbunorg elvan To YeYo-
véc 6Tt Bivouy x&Be popd Tou Lnrdue TV T TNg ouvéptnong ot éva onueto SlapopeTixt aptBunTLeh
tuf. Ot pébodot mov B mapouaLdaoupe elvar o€ Béon va exTiufioouy plleg xou axpdTata uovodidoTa-
TV xau ToAudtdoTaTEY cuvapticewy takvdpbunons. O uéBodoL autol ypnouLonotobvtar supdrata
oe TpoBAiuata avayvdplong TEOTUNWY Xa xuplws Yi& TV extiunom TG mUXVTNTOS nBavétnrag
TPOTUTWV. \

3.8.1 O alyépBpog twv Robbins-Monro

Eotw ouvdption f(z) n omota éxer pla povaduch plla f (:’z\:) = 0. Yrobétouue 6Tt oL TWES TG
ouvdptnong elvar apvnTixés oo SudoTnua TRV uxpbTEPWY TOV z TidY xat BeTinég oo BdoTnua TWY
poyaAGTEPWY TOV z tudy. H unébean avtd dev Bhdmret tnv yewuxtnra StéTt av oupBaivet o aviifeto

T6TE XEVOUUE TOUG UTOAOYLOPOUG Uag YLa TNV ouvéptnon —f(z) n onola XavoTOLEl TOV TEPLOPLOUS
nou Béoaye.

YroBétoupe 61t To HETPNTIXG OpYavo TTOV é)OUKE YLoL Vol LOG UETPE TLG TULES TNG oLVEPTNONG YL
LG Stépopeg TUYLES TOV X napevoyAettat and 86puBo o onolog alotdver TG petprioes. Tauté tov Aoyo
dev unopoupe va uroloyioouvue aneubelag Ty plla TN CLVEPTNOTS YPTOULOTOLOVTAG XATOLY YvVooT
aptBuntoed péBodo. Etou avil g rpaypatiefc s f(x) AapBdvoupe v T NG oUVAPTNONG
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nadwvdpdunang, ty g(z). H diaomopd tou opdhuatog extiunong e Tiwrg g cuvdptnong dlvetan
and v péon Twh e toadtntag |f(z) — g(z)|-
Kévouue 300 unobéoeig yia ta yapaxtnpiotixd tov Bopifou:

1. O Bdpupoc elvar tuyaios. Av o B6puBog mou ahloidiver Tig uetpfioeg elvar otoyaotixd aveEdp-
™tog and to orjua xat Exel undevixr u€omn Ty téte Loydel:

E{g(z,t)} = f(x) (3.39)

2. O Gépufoc elvar nemepaouévos. Av 1) evépyeia Tou Bopifou eivan nerepaopévy téte Ba Loyle
6t

o = E[E{(9(z,t) - f@))*})] <Tn, Th€R? (3.40)

O mepropiouds autég tibetan yio v emonudvouue 6t n evépyewa Tou BoplBou mou tpootifetat
elvon meplopiopévn. Oco mo uuxpen elvan 1 evépyeila tou BopiPou té660 xakltepn Ba elvon xou 1
extiunon g pllag e ouvdptorg.

Aro tou Robbins xow Monro anodelyOnxe 6t av o 66puPog ueavomotel tig napandve guvdixeg 1éte
o enavoknrteds alydpiBuog mou axoloubel cuyxhivel névta oe ornuelo movu Bploxetal oty yertowd

g mpaypatixfs pllag.

1. Apywxésc tyuée, k=0. Emiéyovue pla tud ywx 1o x €otw zg tétola Gote va elvon xovtd oty
plla g e&lowons. Av auté dev elvan Suvatdv va rpaypatorownbel Siahéyovue ula orowadirote
Tuyala T Zo.

2. Ernavampoodiopilovue tnv Tl tne pilag tne eélowons. Me v oyéon nou axoloulel erava-
rpoadiopifovue v extiunod pag yua v T g pllag g e€loworng:

ZTpy1 = Zx — a(k)g(zk) (3.41)

3. Eleyyoc tepuartiouol twv emavaldfpewv, k=k+1. Enewdf to powvéuevo eivon atoyaotixd dev
unopodue va Bewprioovue 6T Ta ouvily xpithpla abyxhong elvar adibmota, énwg x.y. TO
xpitiplo eEAéyyou e andlutng uetafolris tng extiunong g pilag g edlowang. To xpitiiplo
TOU XPNOLUOoTOoLoUUE O auTES TIg TEPIRTAOTELS Elvan 0 apiudg Twv eravalifewny Tov alydpibuou
% toodbvapua, o eAéyyouue v apBuntun] Ty tng otabepds a(k).

O rapdyovrag a(k) elvar pla axohovBia Hetuedy rpayuatixdv aptbudy  orola tpénet va txavomnoLel
TS axb6houbeg ouvBfxes:

klz’rgzo a(k)=0 (3.42)
i a(k) = 400 (3.43)
k=1

o0
Y ak)?=w,, WeR" (3.44)
k=1
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O tehevtaiog nepropiopés pag et 6t To dfpoloua Ty tEtpaydvey TG axoloubiag Bu mpéret va
elvay nenepaouévog Betixds apBuds.

Hapéderypa axoloviag apiBudy mou wxavoroloby Toug TeEpLoptoltods xaL XENoLLoToLOUYTAL TOAY
oUY VA 6TLG EQAPUOYES, AOYW NG amAéTNTaS TwV uTohoYtoudy, elvar

1
ak) =4, k=12, (3.45)

Albya ypbvia yetd v tapousiaon tou aly6pibuou twv Robbins-Monro anodeiyfnxe 61 0 alyé-
piBuog suyxhivel mdvta oe Ty mou Bploxeton xovtd otny mpaypate pifa. Tuyxexpyuéva o Blum
anédelle bru:

Prob(lim 7 =17) = 1 (3.46)
k—o0

HohAég popég o ahybpibuuog mapouaidler rohd apyoic pubuots odyxiiong yiawtd tov Aéyo xa-
Tapedyoupe guxvd oe Bidpopa Texvdouata Y& va avgfcouue Ty taybtnta 6byxhons. Evag anote-
Aeapatixég Tpémog Yo va emtayivoupe v oUyxAion Tou akyépiBuou elvor va pnv aArdloupe Tov
ouvtekeath a(k) 6tav 10 mpbomnuo TN guvdpTNors dev éxer ahNdEeL ot BYo StapopeTixd Phuata. Me
™y TEXVLO] auth dlatnpolue atabepd Tov ouviekeoT enavanpoodiopiouot g pilag btav Pploxbua-
ote paxpud and tny npayuata] Tl g pllag.

3.8.2 O aAydpBuog twv Kiefer-Wolfowitz

O aryépiBuog Twv Robbins-Monro unogel edxola va npoocapuootel étol dote vo urohoyilet Ta axpd-
TaTa WLag cuvdpTnong taAivdpdunorns. Elval yvwoté 6t ta axpbrata g cuvdptnong f(z) Bploxovtal
ot pilec e ouvdptnons:

d

*5“;f(-"7)=0

ondte xau 10 nPéBANUA e¥peEaNS TWY AXPOTATWY TNG BUVAPTNONG unopel elxola va petatpanet
oe avtiotoiyo npéBinua elpeong tTwv plkeY g tpdtng Tapaydyov tng. Erewdd n ouvdptnon na-
Avdpbunerg elvar atoyaatudf, N mapdywyos ot orowdfitote onueto unopel va urohoyiotel uévo e
aptBuntve uébodo.

I'vwpifoupe 61t 1) mapdywyog uiag ouvdptnong uropel va tpooeyylotel ané tnv axéioudn ayéon:

0 @) = f@=h)

51 (@) - (347)

An6 tov akyépifio twv Robbins-Monro, 1 avadpouud oxéon tou exavanpoodiopilet Tig pileg g
TAPAYDYOU TNG OUVAPTNOYG, ToU Elval Tautéypova xat ta avtioToiya tomixd eAdylota, Sivetal and
v oyéon:

Zrs1 = zp — alk) TEEF C(’“);czkg("”’“ — o(k)) (3.48)

evéd n avadpouuxr oxéorn mou enavarpoadiopllel TG TS TWV WEYLOTWY TNG CUVEPTNONG TakLy-
dpbunong elvon avtiotouya:
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k)g(wk + c(k)) = g(zx — c(k))
2¢(k)

Tkl = Tk + af (3.49)

H eravainrtud egloworn ovoudleton uébodog elpeans tTwv axpdtatwy nakivipouns ocuvdptnong
twv Kiefer-Wolfowitz.

Oleg ou mapatnphoeis xaL o neploplopol Tou tébnxav xatd v mepiypagh tng ueBbédou elpeong
Twv pullodv takivpouns cuvdptnong twv Robbins-Monro wybouv xat o auth v wébodo. Emnpd-
ofeta npénel va tovioouue 6TL ot axolovBieg Twv Betixdv npayuatixdy aplBudy a(k), c(k) npéner va
weavortotoly Tig axdiouvbeg auvBixeg:

Jim a(k) =0 (3.50)
Jim c(k) =0 (3.51)
g‘l a(k) = +00 (3.52)
f: (%{%)2 =W, WeRt (3.53)

k=1

Yuvferc axolovbieg Betixdv mpaypatixdv apliudy tou ypnowonolobvial oTig e@opuoYés AdYw
¢ UTohoytoTiric arAdtrtag elvan ou:

a(k) = % k=1,2,.. (3.54)
1

Mupédevypa 33 Tplexarcufuvduevo Babuvoxdpoc uedetrd vrobardooia peduare. Xxonde tov elvar va ucrafel oto
xévrpo unobBaldooiov pedpatoc xat va ndpet Sudpopes uetpfoeis. H aviyvevoy tou peduaros mpayuatonoteltar ue
uerpfoeis ¢ Gepuoxpaoiac rou vepol.

Ocwpdvrag 611 to xfévipo tou unolfaddooiov peduaroc Pfploxetat oo onuelo nov ueyiororowelrar n Siagopd Bep-
uoxpaalac, and onuelo avagopde orabepifc fcpuoxpaciag, unopelte va gridiete évay upyavioud rov va xarcufiver ro
Pabuoxdgoc avo xévipo tou, yvwpllovrag 61t ot uetpfoeis mou malpvere and vo Ospuduetpo rov Pabuoxdpouvs undxet-
viat o¢ noAdandés enibpdocic nou akdotdvouy Ty npayuarixs Gepuoxpacia rou vepou rou nepifdAdet to fabuoxdyoc.

ExteAéore ula apiBuntinf rpoowuoluoyn fewpdvras 6t n uétpnon tye fepuoxpaciac nov nalpvere aay ouvdpryoy
tou Pébovs (o€ yihibuetpa) elvas ula xaklvipouy ovvdpryon tyc yopgrs: B(z) = 5+10el*~0%2140.5rnd(),  Kelalov

énov 5 ouvdprpoy rad() elvau pla ouvdpryon nov 8lver évay tuyalo apifud oto Sdornue [0,1).

Elvar gavepd 61 yiar va Aioouue to npbPAnua npénet va Ppodye to péyiato tne taklvdpouns ouvdptnerg 6(z).
Oa egpappbéoouye Tov arybplfuo Ty Kiefer-Wolfowitz ypnowonoidvag tg axolouvbles tpayuatedv aptbudy

ak) = % k=1,2,..

c(k) = k=1,2,..

PIOESY
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xaw apyua Ty BdBoug 200 uérpa.

Erov nlvaxa mov axohouel fa Bolue T Slagopetinéc mpooeyyloec Tou Babouc oo onolo Peloxetar to xévipo
Tou uroBakdootou petpatog. O ouvteheatés a(k), c(k) Sev yetaBdihovrat 600 1) nosbtnta g(zk + c(k)) — g(zk — c(k))
nopapével opdonuy otig dudoyuée extiufioels Tou axpbraTou.

Mivaxag 3.4: Ta dadoyixd Briuata mpocéyyiong tou Bdboug oto orolo Pploxetar to xévigo tou
uroBaldooiov peduatog

| Bfwe || 1 2 3 4 5 | 6 7 8 9 |
B&Bog 0.4680 | 0.5376 | 0.5360 | 0.5451 [ 0.4829 [ 0.5352 | 0.4669 | 0.5932 | 0.4348
|2k — 2k-1| || 0.2680 | 0.0696 | 0.0016 | 0.0091 | 0.0623 | 0.0523 | 0.0683 | 0.1263 | 0.1584

[ Bfwe || 10 11 12 13 14 | 15 16 17 18 |
Bébog 0.5636 | 0.4924 | 0.6222 | 0.5264 | 0.5247 | 0.5122 | 0.5270 | 0.5112 | 0.5102
|2k — zx-1] || 0.1288 | 0.0712 | 0.0297 | 0.0042 | 0.0017 | 0.0126 | 0.0149 | 0.0158 | 0.0010

Metd and Sexaoxtd Piuata Tou akybplBou 1 tedu Béon Tou xévipou Tou unolBahdotou peduarog extuurfnxe bt
wpéneL va elvan ota 510.2 yétpa (o mpaypatind xévipo Pploxeran o Bébog 521 pyérpwy).

3.8.3 AA\yépLOpol tpocéyYLoTg TV AXp6TATWY TOAUSLAGTATOV GUVIPTAGEWY TTALALY-
Bpbunong

H eréxraon twv alyoplfuwy Twv Robbins-Monro xat twv Kiefer-Wolfowitz oe mohudidatateg ou-
vaptioelg makvdpounong elvor oyetind amhf unéBean. Ou evépyeilec mou mpérer va xdvoupe xat o
auvbrixeg mou mpémel va TAnpel o BépuPog Tou mapauoppdvel To orjua pag rapoapévouv ot ideg. H
avadpouux| extiunom g pllac tng mailvdpoungs eglowong yivetar:

X1 = Xg — a(k)g(xk) (3.56)

Av x € R eivar to rapapetpid Sidvuoua, oL avadpouunée ayéosic mou exavarpoadiopilet T
TS TV TomXd EAAYLOTWY TG ouvdptnons g(Xi) Twv Kiefer-Wolfowitz yivetar:

89 X
Iz

Bg.ggg, )

Xg+1 = X — a(k) (3.57)

ue

Og(xx) _, 9(xx + c(k)e:) — g(xk — c(k)e;)
a:Ci 2c(k)

(3.58)

To Sudvuopa e; €xer Ty undév ae bAeg g Béoeig Tou extdg and v didotaom i otny onola éyet
T éva: ¢; = (0,...,0,1,0,...,0)T

Avtiotorya 1 avadpouuh axéan mov enavarpoodioptle Tig Tiués TwV uéyloTwy Eivar aviioTolya:
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3y§xk2
1
ng X ’
Xp1 =Xy +a(k) [ 9o (3.59)
ay X
dzp
3.8.4 Ynoloryioués xatwhiewy anbpaong ue oroyaotixés uebbdoug
Eidaue ge nponyoluevo twiua autod tou xegadaiov 6t uropodue va tpooeyyloouus tyv cuvdptnoy

mBavétnrag ue Ypauuxd tpéno yetaoynuatifoviag Ta Saviouata Tov tpoTinwY TwY Tapadelyudtoy.
H ouvdptnon dudacpiang unopel va exppaotel oav:

Q+1
9(x) =p(w|x) =Y cigi(x) = cTx, (3.60)
i=1
6mov
a o1(x)
c2 pa(x)
c= XA Xg = (3.61)
cQ PQ(x)
CQ+1 1

M amhy uébodog unohoyiopol tng mbavétnrag p(w|x) uropei va yivel ue ™y yvdon g Thc
e ota Sudpopa onuela tou ydpou Twv yetphocwy T.Y. ota onueia tov Bploxovron ta npbTUTA TWY
TUPASELYMATOV.

H mhnpogopia mou dtabBétouue yiautd ta onuelo xatd tnv dudpxeia g exnaidevong elvan 7 tau-
61Nt TOu TMPdTUTOU. Exuetakeuducvol auth Ty mhnpogopla uropodue va opioouue v Takivipoun
ouvépTnon z(x) 7 orola maipvet Tic axdloubeg Tuués:

_J L xp€0w

Yrobétouue 67 M ouvdptnon 2(xy) anotelel uia tpocéyyion ng tparyuaTixfg cuvdpTnang Tuxvé-
wntag mbavétntog
z(xy) = p(w[xy) +n (3.63)

émou n elvan B6pufog o onolog uroBéToupe 6L Exel undevuxr o Twux xon tenepaouévr diaomopd.

H ouvéptnon:

M
R(z(xg4),¢) 2.2 |2(xp®) — Tx, )| (3.64)

i=1

elvaw xon auth pla ouvdptnom takwdpbunorg tov egaptdtar and o didvuoua T, xa M eivan o
aptBuds Ty Swabéawmy napadetyudtwy. Av ypnoiwornotfoouue Ty pébodo twv Kiefer-Wolfowitz yia
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va Bpote Tig Tés Tou dlaviopatog € yia To onolo 1) ouvdptnon takwdpbuneng ylveta ehdyloTn téte
€xoupe TV axdhoubn avadpouuxt e§lowan mou odnyel oty extiunon Tou eEhdyiotou g GUVdpTNONG:

Chrr = i — a(k) ( (3.65)

6R(z(x¢2l£2)
dc c=c;

Bploxovrag mv napdywyo g ouvdptnons wg mpog v Slavuopatue wetaflnTh X, éxouue:

OR(2(x4),0) _ &

5 - 2 x¢sgn(z(x¢(i)) - ch(P(i)) (3.66)
i=1
6mov
1, >0
sgn(z) = { _1 z<0 (3.67)

Me Bdoe To napandve ouuncpdouata 1 e€lowon 3.65 telud épyetan oTnv LopeH:

_J e +alk)x,, 2(xp) > cTxq
Ch+1= { cr — a(k)xy, z(xp) < cTxy (3.68)

Ané v poper| g axéong unopolue va mapatnpioouue 6Tl 0 otoyaoTeds akybpifLog mpoo-

dropiopeol evég BéhTiatou apllitol ouvtedeotdy TG Ypauuixrs cuvdptnong arnbpaorg LowdleL ue Tov
avtigtouyo akydpfio perceptron mou mepéyetat oto xepdharo 2. H povaduxd toug Sragpopd Bplaxe-
Tt GTOV GUVTEAEGTY Emavanpoadiopiopol o onolog oty wepinTwon tng otoyactixs npocéyylong
GUVEY DG EAaTTAVETAL EVO oToV ahydpilBuo perceptron mopauéver otabepds.

H onuavtixérepn dlagopd Twv 300 akyoplBuwy Beloxetal 010 YeYovds 6T 0 aroyaotxds akybpib-

Hog outxAiver mdvta aveEdoTnTa and TNV XATAVOWRY TV TEOTUNLY TV tapadetypudtey oto
X©p0 TV petpriotwy, oc avtifeon ue tov akydépbuo perceptron o orolog Géter oav arapaltytn
Tpounébeon yia ™V alyxhion TNV YPouULXH StaywptotuéTnTa TV TpoTiN®Y.

Mpéypappa 5 Yrodoyioude twy ouvteAeotdv ypauuixol taéivounti ue tyv forbeia tov adydpifuov
twy Kiefer- Wolfowitz

function [Rc,Rep] = KieWolLin(x1,x2,MaxRep,Const)

#
#
#

*

#H H BB E®

Num0O£fP1
Num0£fP2
Weights

[Rc,Rep] = KieWolLin(x1,x2,MaxRep,Const)

Input
x1: Pattern Vectors for the first class
x2: Pattern Vectors for the second class
MaxRep: Maximum number of repetitions
Const: Constand multiplier factor
Output
Rc: Correct classification rate using the C-method
Rep: Pattern vectors on each class

columms (x1) ;
columns(x2) ;
2 * rand(rows(x1)+1,1) - 1 ;

Rep = [NumOfP1,NumQfP2] ;
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TotPat = sum(Rep) ;
Re = zeros(2,1) ;

if ( rows(x1l) != rows(x2) )
printf( "Error in vectors x1, x2\n" ) ;
endif

for j = 1:MaxRep
if ( rand() > 0.5 )
k = floor(rand() * NumOfP1 + 1) ;
Pat = [x1(:,k);1] ;
Score = Weights’ * Pat ;
if ( Score < 0 )
Weights = Weights + (Const/j) * Pat ;
endif
else
k = flooxr(rand() * NumDfP2 + 1) ;
Pat = [x2(:,k);1] ;
Score = Weights’ * Pat ;
if ( Score >= 0 )
Weights = Weights - (Const/j) * Pat ;
endif
endif
Rc = zeros(2,1) ;
for i=1:Num0fP1
if ( Weights’ * [x1(:,i);1] >= 0 )
Rc(1) = Re(1) + 1 ;
endif
endfor
for i=1:Num0OfP2
if ( Weights’ * [x2(:,i);1] < 0)
Rc(2) = Re(2) + 1 ;
endif
endfor
printf( "%8d", sum(Rc) ) ;
fflush(stdout) ;
if ( sum(Rc) == TotPat )
break ;
endif
endfor
printf( "\n" ) ;
endfunction

Mapddevrpa 34 Alvovial 1 mpdtuna twy napadsiyudtoy 8bo un-ypauuixd Staywplowwy xatpyopidy:
? = {(0,-3),(-0.5,2), (1,-1),(1,1),(2,-1)}
2, = {(0'5) _1)7 ("0'5a —0'5), (_1: 2'5)) (_2’ 1): (—2: _1)
Bpelre tyy ouvdptyon andpaons yia to oroyeonixé poviédo tafivéunons e ueyadirepns mibavéryrac ue Ty
uébodo twy Kiefer- Wolfowitz.
Enrextelve v Sidotaon twv tpotinwy x = (x,1)7, onéte xou ta npbruna twv Tapadelypdtoy yivovray:

o = {(01 -3,1),(-0.5, 2,1), (1) -1,1), (11 1, 1)1 (21 -1, 1)}

‘Qz = {(0'5) —11 1)1 (_0-57 _0-5; 1)’ (_1’ 2-5a 1); (—Za 1: 1)1 (—2, —lr 1)
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H ouvéptnon anéeaorng dlvetar and v oxéon:

Q
9(x) = p(o]x) &) " cipi(x) = c"x,

i=1

Egéboov 8ev npayuatonoificoupe xdnotov HT-YPOpULXS Uetaoymuatious, N ouvdptioT anbpaons divetal ané v
oxéon:

9(x) = p(w|x) = "x

$rdyvew v ouvdptnon mov Slvel v Bupopd twv ouvaptiicewy andpaorng:

d(x) = g1(x) — ga2(x) = p(w1|x) — p(w2|x) = clTx - csz = (clT - czT)x =cTx

Avtl downby yux €€l ouvteheoTéc mou pénel vat urohoyloouye, av oploouys 8%o ouvaptioei andpaong, uropolie
va Yprioulonoujoouue TNV ouvdpetnon d(x) xau va oplooupe v €& naklvipoun ouvdptnon:

z(x)={ 1 xew

-1 x€w;

O oroxaotxnée ahydpiluog enavanpoodloplopod Twv cuvteAeotdy Bapbtnroac ylvetow:

Coar =4 CkTF a(k)x, z(x)>cTx
H1Z ek —a(k)x, 2(x) < cTx

Eexwvdvrag pe apy Ty Tev ouvtekestdy ¢o = {0,0, 0} otov nlvaxa mov axohouBel avaypdpoupe Ty T cpx
Y1d xdfe éva ané ta npéruna Ty tapadelypdtwy tou elvar Suabéowa, 6tav ouuninpwlel évac xxhog eravangoodlopt-
ol0U 10V oUVTEAEGTAY e Sha ta SuxbBéoua napadelypata. Etnv teheutala oA avaypdgetat o afpoloTnd opdiua
1Y Slagopdy [z(x) — exx| yia Ta mopadelypata g xatnyoplag.

Av Ba Béhaye va uetpricouue to ehdyloto opdhua Tou ovoTtiuatog tou grdEaue xatd TV Sudpxeia enavonpoodio-
pLOUOY TwY cuvTEEaTdY NG Ypapuule ouvdptnone andpaong unopolue va Solue 6t o opdhuata frav 5,5,5,4,3,3
o€ 3éxa mpbtuna.

H rehuaf) ouvdptnon andgaong elvaw:

d(x) = d((z1,22)) = 0.381183z; — 0.209777z2 — 0.0711072

H Siaduxacla tagivéuneng npaypatonotelton e ™y ebpeoy) g Tig g d(x) yut To TpéTuro Tou evdlagepduacte.
Av 1 T e ouvdptnene elvar Betudh o mpéruro Taguwvopeltar oty xarnyopla @1 Stagpopetind ta&vopeltal oty
xatnyopla ws.

3.8.5 Xrtoyaotuxbg alybpiBuog eEAdYLOTOU TETRPATWVIXOD oQPAALATOG
Av opiooupe pe Siagopetiné Tpémo TV oToYao T GUVAPTNOT Tou GPEAUATOS:
M . 13
R(z(xg),€) =Y (2(x®) — cTxy®)? (3.69)
i=1

axorouBdvtag Tov (3o tpémo anbderEng Unopodue va Seiouue 6L 0 Tpoodiopouds Tou EAdyioTou
g ouvdptnong R(2(x,), c) uropel va emrteuyBetl ue ™V e&fig avadpowxr oxéon:

Cr+1 = ¢ + a(k)Xy(2(x,) — cTx,) (3.70)
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ITivaxag 3.5: Yroloyioués ypauuxos xatwhou anépaong ue ™V uébodo twv Kiefer-Wolfowitz

Opétuna tng @, (0,-3) (-0.5,2) 1 ,-1) (1,1) (2,-1)

CiX 4.477 ~1.934 1.675 -0.929 1.477 11.3333
Opétuma tng w, (0.5,-1) (-0.5,-0.5) (-1,2.5) [ (-2,1) (-2,-1)

CrX 1.774 1.321 -2.486 -0.335 2.269 10.445
Ipétuta tng w; (0,-3) (-0.5,2) 1,-1) a,1) | (2,-1)

CpX 2.303 -1.123 0.789 -0.605 0.670 7.759
Opétuna tng w; (0.5,-1) | (-0.5,-0.5) (-1,2.5) | (-2,1) (-2,-1)

CrX 0.849 0.620 -1.41 -0.246 1.148 9.02397
Hpétuna tng wy (0,-3) (-0.5,2) (1 ,-1) (1,1) (2,-1)

CrX 1.462 -0.858 0.568 -0.349 0.601 5.01083
Ipétuna tng w; || (0.5,-1) (-0.5,-0.5) | (-1,2.5) | (<2.1) (-2,-1)

CkX 0.551 0.288 -1.104 -0.450 0.467 8.243
Ipétune tng @y (0,-3) (-0.5,2) a1 ,-1) (1,1) (2,-1)

CiX 0.865 -0.693 0.418 -0.175 0.566 3.930
Tpéruna e wp || (0.5,-1) | (-0.5,-0.5) | (-1,2.5) | C2.1) (-2,-1)

CpX 0.3456 0.048 -0.916 -0.618 | -0.024 7.701
OpéTune tng @ (0,-3) (-0.5,2) 1 ,-1) (1,1) (2,-1)

CrX 0.904 -0.819 0.501 -0.140 0.740 3.611
Ipétuna ¢ w2 || (0.5,-1) (-0.5,-0.5) | (-1,2.5) (-2,1) | (-2,-1)

CrX 0.382 -0.017 -1.097 -0.856 | -0.214 7.670
Opétuna tng (0,-3) (-0.5,2) 1 ,-1) (1,1) (2,-1)

CrX 0.710 -0.700 0.482 ~0.026 0.762 3.575
Opétuna g w2 || (0.5,-1) (-0.5,-0.5) | (-1,2.5) | (-2.1) (-2,-1)

CrX 0.342 ~0.064 ~-0.967 -0.866 | -0.357 7.833

Hopbderypa 35 Bpelre tpy ouwvdptyoy xarwpllov yia o otoyaotixd uovrédo tatvéupone ue v ueyaritepy miba-
vérpra ue gy uébodo rwy Kiefer-Wolfowitz, yia 1 rpdTura Tou npoyyolusvou rapadelyuaroc Xenotuorotdvrac tyy
ouvdptnoy nadivdpduyoye:

M
R(z(x,),c) =Z (2(xp®) - Txp®)?

i=1

xat Ty (Bia apyuxif T,

EravalauBdvovrag ™V Staducacia opouoy ™S ouvdpTnomg xatwehlov xau Toug BLoug petaoymnuatiopots tou
éywav xaL oto Tponyoluevo mapdderypa, n avadpouxn ouvdptnon ENAVATPOOBLOPLONOY TWY GUVTEAECTGY Bagbinrag
Yivetau:

Ck+1 = ck +a(k)x(2(x) — c"x)

Eexwvdvrag ue apxLa} T cuvteleotdy ™y co = {0, 0,0}, orov nlvaxa mou axohoulel avarypdQpoure Ty Tl cpx
Y4 %6Be éva and ta npbTuna TV rapadelypdtwy nou elvay Siabéowa, 6Tav ouunAnpwlel évag xixhoc Enavanpoodiopt-
OU0Y TWY ouVTEAEGTGY e 62 ta Siabéorua ropadelypara. Sty tehevtala othiAn avaypdgetal to afpoioTind opdiua
TV Blagopdy [2(x) — cpx]| yix ta rapadelypata e xatyyoplac.

To eAdyioto opddua tou SuoTiuaToC Xatd Ty didpxeia ERAVATE00BLOPLOUOG TV oUVTEAEGTGY ™me Yeauue
ouVdpPTNONS anbpaons rapouoLdle: XaMAGTERO PUBUS oPadudTLY an TV mponYoUUEVY mpooéyyion Xa npooeyyile.
™V teAud] T taydtepa. Ta opdAuara o auth Ty Ao elvon 4,3,3,3,3,3 vid Béxar npbtuna.

H tehuef ouvdptnon andpacre elvar exlong ehagpdg Sapoporoinuéwy, oe:

4(x) = d((z1,2)) = 0.287111z; + 00237388z — 0.109837
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Mivaxag 3.6: Yroloyioués ypapuxol xatwehov andpaang ue v wébodo twy Kiefer-Wolfowitz

Opétuna Tng w1 (0,-3) (-0.5,2) a ,-1) 1,1) (2,-1)

CEpX 3.940 -1.744 2.521 0.390 3.234 13.5
Mpétura tng w2 || (0.5,-1) | (-0.5,-0.5) | (-1,2.6) | (-2,1) | (-2,-1)

CrX 2.166 0.920 -2.633 -1.747 0.384 10.036
Hpétuna TG w1 (0,-3) (-0.5,2) a,-1) 1,1) (2,-1)

CLX -0.013 -0.052 0.467 0.534 0.881 4.821
lpbtuna tng w2 (0.5,-1) | (-0.5,-0.5) | (-1,2.5) | (-2,1) | (-2,-1)

CkX 0.260 -0.136 -0.242 -0.707 | -0.774 8.253
Dipétuna tng o (0,-3) (-0.5,2) (1 ,-1) (1,1) (2,-1)

CipX -0.115 -0.101 0.306 0.381 0.653 3.13069
Tpbtuna ™G W2 (0.5,-1) | (-0.5,-0.5) | (-1,2.5) | (-2,1) | (-2,-1)

CrX 0.132 -0.195 -0.256 -0.659 | -0.734 8.243
Iipétuna tng 1 0,-3) (-0.5,2) 1 ,-1 (1,1) (2,-1)

CrX -0.145 -0.137 0.241 0.308 0.561 3.579
Tpétura tng @2 || 0.5,-1) | (-0.5,-0.5) | (-1,2.5) | (-2,1) | (-2,-1)

CrX 0.081 -0.221 -0.280 -0.651 | -0.718 8.244
Hpétuna Tng o1 (0,-3) (-0.5,2) a,-1) (1,1) (2,-1)

CkX -0.159 -0.161 0.207 0.267 0.513 3.765
HDpétuna Tng w; (0.5,-1) | (-0.5,-0.5) | (-1,2.5) | (-2,1) | (-2,-1)

CeX 0.054 -0.237 -0.299 -0.651 | -0.711 8.248
Tpdtuna TG @1 (0,-3) (-0.5,2) 1 ,-1) (1,1) (2,-1)

CkX -0.167 -0.177 0.186 0.241 0.484 3.875
Tipéwona wng wz || 0.5,-1) | (-0.5,-0.8) | (-1,2.5) | (=2,1) | (-2,-1)

(%4 0.0369 -0.247 -0.312 -0.663 | -0.708 8.252

3.9 Avpéva IpoBAfjuarta

p6fAnpa 2 Egtw 6t ruxvétyra mbayéryras twy mporunwy wiag xatpyoplac éxet rpoocyyiorel ue Q opfoxavo-
vixés ouvaptfoeis xar Ty Pofibeia M noapadeiyudroy.

Q
P(x) =) cigi(x)

i=1

Mropelte va Bpelte ula véa npooéyyian tn¢ ouvdptyons nuxvéryras mibavéryrac dedouévou 6t rAnpogopnffxare
v Unaply evés véou mapadelyuarog, v dev éxyere mAéov oty Sidbeo)f oag ta unbloina rapadelyuata;

OL ouvtekeatés g ouvdptrone Tuxvétnag tlavétntag dlvovral ané v oxéon:

M
1
RV E 1 w(x;) pi(x;)
]=

Me v npoodipm evés véou mapadelypatog oL véol ouvteheotés dlvovtan and v oxéon:

M+1
!

1
V] z; w(x;)gi(x;) =
]=




96 KE®AAAIO 3. YTOXAXTIKA YYSTHMATA

&

M 1 1
/ M+1M e w(x;)pi(x;) + WW(XMH)(P"(XM"'I) =
j=

Lre

M 1
SR 1% T T xM)ei(xmn)
H avadpouixétnta otov unohoyiousd twv cuvteleotdy Twv ouvapThoE®Y TOU npooeyyilouv v nuxvétnta mbo-

vétnTag wdg xatyoplag mpotinwy wag lvel éva moAG onuaviié mheovéxtnua. Me autée Tis oyéoeic unopolye va
emttiyoupe pla anotelesuatin] xau auvey| exraldeuoy Tou cuoThuatog Tagivéunorg.

Mropolue apywed va extyufiooupe Toug suvieleotéc c; pe ta SiaBéoua Selypara, oty suvéyew va ta Suaypddoupe
xa. x&0e popd mou Pploxoupe éva véo rapddeiypa exnaldevong va enavarpoodloplfovue Toug suvteheotés. H uéwy
eninp6obetn mhnpogopla mou ypewdletan va xpatdue elval o ouvolixée aplfés TV napaderypdtov o onola éyouv
xenotporoumBel yia va exradeboouvy To oboTnua.

TpéPAnua 3 Yrodorelote to eAdyioto opddua otoyaotixos ovatifuaros tadvéunons npotinewy Srav § nuxvéryra
mifavéryrac Twy zpotinwy Twy xatyyopidy npooeyy(letar ue névie opfoxavovixéc ovvaptioeic xai Ty Pofbsia twy
axélovbawy rapadeiyudroy:

2= {((1’ 1): &)1), ((2'57 2~5)) 01)1 ((37 1'1)’ ")1)1 ((21 1'5), “-’1)1

((17 2-8)1 "')2)1 ((2‘57 5‘3)’ “’2)’ ((0’ 1): "-’2)’ ((1'57 3'5)1 "-’2)’ ((0-57 3)) "’2)}'

Apyued Ba yprouwonoviooupe ula ooyévela opfoxavovedy ouvvapticewy. Eotw éti Stahéyoupe ta mohudvupa

Hermite. TI'vwplfoupe 611, pe ouvdptnon Papbinrag my w(z) = e=*" ot0 Sudotnua —oo < T < +00 Tt axbrovba
noAudvupa elval opfoydvu.

Ho(.'t) =1
Hy(z) =22
Hy(z) = 42% -2

Hs(z) = 82% — 12z

Meratpénw tig opfoydvies ouvaptiioeic oe opfoxavovixés Bdoet Tou UETAOYNUATIONOG:

#i@) = U i (a)
6mou

A.-=/ e'”zH;Q(z)dz

-— 00

Ta avtlotoiya opBoxavovixd noludvupa Hermite elvon:

po(z) = e:/:—:
pi(z) = 2:;;%
wae) =[St -2)

€ (82® — 120)

p3(z) = VG
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i ta Suaviopata 3bo Sactdoewy opliw ané ta opboxavovixd mokudvuua Hermite réve GUVAPTHTELS:

e—r12-z22

T

P1(x) = go(z1)po(z2) =

2e-=17~#2?

B2(x) = ¢1(z1)po(z2) = ———
2e—% 2 _z,2

%5(x) = go(@1)pi(z2) = 1/ 22
—x12—z92

B4(x) = ¢1(z1) 1 (z2) = fw‘n 2122

400 = galer)gnten) = | [T (2ms? -1

H ouvdptnon nou npooeyyllel v muxvétnra mbavétntag yie xdbe ula and tic xatyyoples divetal ané tov yevixd
tino:

P(x) =) cidi(x)

i=1

O guvteheoTés ¢; Ba unohoyiotoly ané Ta M napadelypata ané v Yvwoth oyéan:

M
1
Ci & H Z Q,'(Xj)
ji=1

To eMdyLoto apdhpa Tou ousThuatog Tagvéunong npotinwy Ba urokoyiotel Ypnowonoidvtas 6ha ta napadelypata
xa vl exnaldever xal yia tov éheyyo g anddoorg.

Apywxd urohoylloupe Ty muxvéTTa mBavéTTag Y xdbe pia ané Tic xatnyoples Tou Guathuatos TagvéuUnoNg.
Srov nlvaxa mov axohoubel dlvovrar ot révie ouvieleotée ¢; yia Tic o xatnyopleg.

Hivaxag 3.7: Luvtekeatés opboxavovixdy auvaptioewy

| Katnyopla || c1 | c2 | c3 I c4 l s
w1 0.0592136 | 0.0955025 | 0.0888213 | 0.07500540 | 0.0798648
w2 0.0709839 | 0.0028726 | 0.1072550 | 0.00588822 | -0.0476267

To xpirfipo tadivéunemne we Bdom v peyahitepn mbavétnra anautel xal v yvodon g mbavéintag eppdviong
Twv rpotinwy xdfe xatnyoplag. Enedi| Sev éxouue éva tétolo edopévo xdvouue pla otatotue npocéyyion We Bdon
Tov apeé Twv napaderyudtov xdbe xatnyoplag mou Swubétoupe. Te oGvolo evvéa mapadeypdtwy Ta Téooepd avixouy
oty Tpdn xatnyopla xal wévie oty deltepn.

Suvends p(w1) = 3 xau p(w2) = §.

E1ov nlvonca wou axohoubel Blvovrat oL apiBuntucés Tég Tou xpLnplou tagvéunone e peyarbtepne mBavéTyTag
(p(wi)’ﬁ(x|a>,-)) yia Tig 800 xatnyoples xon yi ha o napadelypara.

To eMdyroto opdlua Tou suoTiuatog Tavéunone tou uidEaue and ta napadelypata elva 3 / 9 * 100 = 33.33%.

Be auté 1o onuelo npénel va dboouue §vo onuaviixée napatnphoels:

1. To xpirhpio Tagvéunong g peyalitepng mavétntag yia 1o tpétuno (3,1.1) xat tnv 3evtepy xatnyopla 3woe
apvnTixd aplbud, napého mou auté Bev emitpénetan pla xan To xpirhplo anotedeltal and yivéuevo bavotitewy.
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Mivaxag 3.8: ApBuntxés Twés Tou xprtnplov tagvéunens g peyahbtepns mbavétnrag

| Oepadelypata e w1 || (1,1) | (2.5,2.5) | (3,1.1) (2,1.5) | |
PH 0.04380 0.00089 | 0.002790 | 0.012808
w2 0.02632 0.00008 | -0.00052 | 0.001624

| Oepadelypata g w2 || (1,2.8) | (2.5,5.3) | (0,1) | (1.5,3.5) | (0.5,3) ]
oy 0.002525 | 2.39 x10~° [ 0.02325 | 0.00023 | 0.00150
w2 0.001930 | 6.62 x10~° | 0.05432 | 0.00012 | 0.00179

To yeyovée auté pag odnyel oo ouunépaoua 6w 1 mpooéyyion nou xdvape dev elvan apxetd xalf. Xpeud-
oviat mepioobTepes opfloxavovixés ouvaptioels Yx va urohoylooupe ue peyakGrepn axplPela Tig xuxvéTyTee
nfavéTTag Twv XaTnyoptdv.

2. Av arexoviiooupe ta napadelypata oto eninedo fa Sobpe 61 ta npbTuna elvan ypapuixd Swywplowa xatd ™y
feton Suaydwvio twv 45 popdy. Ou nepyévape to eAdyLoTo opdAua ToU ousThuatog Tatvéunong va elvon
0%. To yeyovég 6t Bev netiyaue To eAdyioto opdhua Tagvéunone ogelhetal Tdh oTov Wixpéd aplBuéd TV
opBoxavovixdy cuvapticewy tou Xproulonotfioaue Y TNV TpocEYYLaT.

3.10 Advra Ipofrfuata

Acxnon 5 Arnodeléte to Gedpnua 5.
Aoxnon 6 Anodeilte to fedpnua 6.

Aoxnon 7 Av elvat yvwoté 61t To povodidotato mpdtumo xatnyoplas repioplletar oo Sidoryua
z € [a,f],a,8 € RY, xat elvar yvworf and aranionxéc uetpfioeic n uéon Tif Tou mpérumou Ppelte
TV ouvdptnon nuxvétnrag mbavértnrac mov ucyioronotel Ty evipornia Tig.

Aoxnon 8 Yroloyelote 1o uéyioto opdAua tou oroyaotixol cuotiuatos taltvéunone rpotinwy
Tov npofBAfjuaroc 3.

Aoxnom 9 Auvlfote ta opfoxavovixd Siaviouata tov Auuévov npoBAfuaros 3 o 8éxa xat urodoy!-
ote {avd To eAdyioto opdAua ue To xpiThpto Tne ueyaAitepns mbavéryrag. Ti mapatnpelte;

Aoxnon 10 Eotw 61t p ruxvétypra mbavéryrag 8o xarnyopidv povodidoratwy mpotinwv axolou-
Govv TV xaravou:

eloy) = { 05T+ 0<z<2
POy = 0, <0 xar T>2
(slag) = { 052 =05, 1<z<3
plEioz) = 0, <1l xar >3

Yrodoyiote ta xardplia anbpacnc tov xpitnplov Ti¢ ueyaddtepns mbavétyrac oav ouvdpTnon
Tou Adyou Twv mbavotfTwy eupdvions Twy TOTUTWY TWV XaTnYopLdy.
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Aoxnon 11 I'vwpllovue éti n muxvétyra mbavéryrac 8o xatnyopidv avrixeiuévay axorovlel xa-
vovixif xatavoulf. Aedouévou 6Tt éyovue atny didbeolf pac Ta axdrovba napadelyuarta:

= {(Oa 4): (41 4)7 (01 0)1 (41 0)}

= {(3’ 5)) (3: 3), (51 5)7 (51 3)}

Yroloyiote 10 xatdgl anbpaons yia to xpithpio talivéunone e ueyadvtepns mbavéryrac,
yvwpilovrag 6t ta mpdruna ¢ SeUtepns xatnyoplac Exovy SirAdaia mbavdrnta eupdvione and ta
mpdTuna TS mEdtNe xarnyoplac.

Aoxmon 12 Eotw 6t n nuxvétyra mbavétyrac tpidy xatnyopidy uovodidotatwy mpotinwy axo-
AovBoUv tnv xatavou)f tov Reyleigh:

32

.
p(z|w;) = s1e 0, 20
0, z<0

Yroloriote 1a xatdpria andpacnc tov xpitneiov ¢ ueyaditepns mibavérnrac Sedouévou bt
Ta MPOTURE TWY XaTNYopLdy Exouy taoonifavy mbavétnra eupdviong.

Mropelte va vrodoyloere tyv Bewpntix)f mbavétyra opdAuaroc ralivéunonc;

Aoxnon 13 Eotw 6t n nuxvétyra mbavétnrac 8Uo xatnyopidy uovodidorarwy mpotinwy axolov-
Bodv v xatavoulf Pearson timov-2. Yrmoloyiote to xardpAt arbpacns tov xpitnplov the ueyadd-
tepnes mbavétnrag oay ouvdetnon tou Adyov mbavotitwy uPdEvIoNS TWY TPOTURWY TWV XATNYOPLEY.

Aoxnon 14 Eotw 611 Eyovue ta axdlovba mapadelyuata povodidotatwy mpotinwy.
2 ={1.0,29,38,4,4.5,55,6,6.5,6.9,7,8,10,12,15, 20}

Ivwpiloviac 6t To npbrumo malpver udvo Betixéc tyuée, Ppeite moid and ti¢ yvwortée xatavoués
ruxvétyras mbavéryrac (llivaxac 3.3) taipidlet nepiocdrepo ota napadelyuara mou Siabérovue;
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