Kegpdhoto 2

AouLxd GUGTHUATA

2.1 Ewayoyi

To Souixd ouaThuata anoTteAody T TPHTES XPOVOROYLXE TPOOTEHELES XATAOKEUNS AUTOUATGY UNY0-
vébv Tagvéunons npotinwy. Te avth Ty xatnyopia wedédwv n Sadixaata taivéunong Baoileta oty
WBiéTnra Tou éxouv ta tpdTuna TS (Blag xatnyoplag va éyouv opotdCouca A Wlopatix tapapETpXY
TepLypagt| o€ oYéon UE Ta TPGTUTA SARWY XATNYOPLGV.

Mia xatnyopia Sopuxdv uehoduv tafivéuneong expetaledetar Ty oTatiotef BéTHTa TOU EXOUY
Ta mpéTUT Wdg xatnyoplag va éxouv uxpbdtepn ardotaoy and Ta TPSTUTE SLUPOPETLXGY XATYO-
pudv. H tafivéunon mpaypatonoeltoan we olyxpion mpotdnwy. H adyxpion yivetaw pe pétpnon mg
" anéotacns” ToU dYVROETOL TPETUTOU UE TpwTTuTa Tou emhéyTrxay 1 éxouv Snutoupynbel texvntd
étol GOTE Va TEPLYPAPOUV TIC XATNYOPLES TWV AVTIXEWEVLY UE TOV xaATEpo Buvatd tporo.

Yrdpye. ula Siapopetin xatnyopto Souudy pebédwv ol omoleg tagivopoldv tpdrura uéow e
E0PEONG TOV YAPAXTNEIOTIX®Y EXELV@Y TOU TEPLYPAPOUY UE X0wvd xau {owg amoxheloTixd Tpémo Ta
npbTuma Wil xatnyoplag. Otav Ta yapuxtrplotixd yveplopata elvat yvootd, t6Te xpnotonolod-
VoL YPaUUOES ¥ W Ypauués ouvapTioeis anégaong ik vo Tagivoufoouy Ta mpétuna. Av Safé-
Touye Tapadelypata npoTinwy T6TE 1 EpESY TV WlogaTxdy yapaxtnptotxdy yiveto pe uebédoug
exnaideuons. 1o dedtepo pépog autol Tou xegalaiov mepiypdpovian o uéBodol Tou tagivouoly To
dyvewato tpbtumo e cuvapthaels anépaomng. O texvxés autég xpnouuonolodvia ot EQAPUOYES OTLG
omoie¢ 10 MAKBog TwY TapauéTpLY ToU TPGTUTOL Elval TOAG ueyého xat ou xatnyopleg etvan Ypauuxd
Baywptopéves. Tto TEM0G TOU XEPEAALOU AUTOVY Tapovatdfovtat ueptxés and tig TAéov Sadedouéveg
dopxég wébodoug Taivéunong un Ypauud duywplowey npotinwy.

2.2 O péBodol obvyxpLong TEOTUTWY

Tplo eivan T xupLdTepa poPAfjuata mou mpénet vo AuBodv xatd v oxedlaon ouotudtey Tagivé-
UNoNG TPOTUNWY UE OVYXPLOT.

Apyuxd mpénel va mpoadiopiatel N ouvdptnon mov Ba ypnowonownBel yia va petpnfel n andotaoy
TWY TPOTURWY.

Yy ouvéyela mpénet va Ppebel ula uéBodog unohoYLoUoU TWY MPWTOTUTWY IOV TEPLYPAPOLY UE
Tov xalbtepo duvaté tpémo ta mpbruma x&Be xatnyoplag. Embuunth Wibtrta g pebddou eivan n
exTéAEOT TV UTohoYlop®y va yivetaw pe Béhtato tpémo, dnhadh va elayiotonoeitar To opdAua
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g tafvéunons Tov tapadelypdtoy exnaidevons. Elvon avauevéuevo N ouvdptnan andotaong va
ennpedleL TOV TPTO LTOAOYLOUOY TWY MPWTETUTWY Xal Elvat YVWAT 6Tt o€ TOAD ORAWIES TEPINTHOELS
elvan duvatéy va emtdyouue tétoteg PédTiateg Aioews. Xty npddn undpyouv ahydptfol ou onolot
Sivouv pla npocéyyion autdy twy Aicewy.

To tpito Tp6PANUa Mou TPEMEL Vol AvTWUETWIOTEL EXEL VO XAVEL e ToV apliud TwV TEWTOHTUTWY
oU TpémeL Vo ToAoYLoToUY ané Ta mapadelypata exnaldevang étol dote To oloTnua Tagvéunerg
va. éyet teavortountue| adlomotia.

O utBodor tafLvéunarg e olyxpion Teotinwy £xouy pixph dopue) tolurhoxdtnta xat Uropody
va uhorounBouy evxoha. Atbvouv ueavoroutu] emtuyia tagivéunong pévo dtav Ta TPGTUTA TwY
xatnyopLdv elvon LeavorouTxd Slaywplopéva.

H 3wdixacio tafivéunong elvar amhf xau mporyuatornoweitan extehdviag 300 Stapopetixés Aet-
toupyles. Apyued umoloyiovion 6heg o amootdaelg peTadl Tou mapapeTpixoy Siaviouatog Tou
&yveoTou TpéTUTOL XaL TwY Tpetétunmy. AxolouBel n dwuducaoia tafvéunong 1 omota hauBdvel
unbdn uévo Ta peyEdn TwY arootdoewy Tou utoloyloTXay oTo mponyoluevo Bhua.

AuvEnuéveg unohoyiotixés anauthioetg €xouv ot uébodol mov yprowonoioly TOAMaTAd TpwtdTUTA
# xenotpomnotoby 6ha Ta mapadelypata exnaideuong xatd my dwduxasia tng tagwvéunors. H urolo-
Yot ToAumhoxétyTa Elvan avéhoyy Tou apfol Twv TpwTéTUTGY.

H tafuvéunon pe odyxpion mpotiney anotehel v théov SadeBopévn xon elvar yewxd wlo a&Lé-
motn oudda uebédov tafivéunong. Tautd tov Abyo ypnoiromolobvton ToAY ouyvd ot mpaxTixég
epapuoYEs.

2.2.1 O ouvapTHOELS ARGCTACYG REOTURWY

Atev urdpyer xowvé anodextds oplouds Yia o T tpounobéaels mpémer va mhnpel pia auvdptnon ané-
otaong. Oewpntixd onoladfitote ouVapTNAY Lxavorotel TNV Lo upt GuvBhxm tou axolovbel xon mpoat-
peTixd Tig aaBevele auvBrxes uropel va ypnowonomBel yia va Sdoet éva too0TIX6 uéyebog tng " and-
otaong” TPOTUNWY.

1. Ioyuplf owvixy. Tav pétpo anbotaong wropel vo optatel xdbe Bafuwti suvdpnan d(x,y)
wétowa dote d : S X S — R, 6mou S elvan to nedlo opiouod twv mpotinwy (S C RP), xou P
elvar o aptBubde TV TopAUETPwY TOV TPGTUTOL.

9. Acfeveic ouvbiixec. Ou ouvBifixes autég €xouv axomd va meprypdou xdmoteg embnuntés Buo-
teg mou Ba BEAape va éxer 1 ouvdptnon anbotaons. O onpavtixdtepes Wibnteg elvar o
axbéioubec:

(«) To nedlo Tiudv tnc ouvdptnane va unv nepiéyet apvnrixols apibuolc. H anboroaon npo-
TOmwv etvar évag un apwntixds tpayuatixds aplbude:

d(x,y) >0, vx,y € S (2.1)
(B) Kdbe mpérumo éxer undevixif anéoracy and tov €auté Tou:

dx,x) =0, VYx€S (2.2)

(Y) Zuupetpixs idiétyra. H evalhoyh g 88omg twv npotinwy dev ennpedle to uéyebog tng
HETPOVUEVYG ANOOTOOYG:
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d(x,y) = d(y,x), Vx,y €S (2.3)

(3) Torywvixf ouvbiixy. H anbotacn 6o npotinwv elvar pixpbrepn A ton ané to dbpoiopa
TwY anooTdoswy Toug and tpito tpdTuRo:

d(x,y) <d(x,z) + d(z,x), Vx,y,z€S (2.4)

H emhoyA tn ouvdptnong anbotaoyg etvou ula dGoxoly epyaoia 86t exnpedle xafoproTixd TV
«fromotia Tou ouothuatog Tagvéunons. H emdoyi g cuvdptnorng andotaong yivetu ouviifug ue
ushéty e xatavoufic TV TPOTUTWY TWV XATNYOPLDY 0T0 XHPO TV ueTpoEwy. Xe Uepixég mEPL-
nTHOEC URopoUlE Vo TPooBLoplaoUUE EX TWY TPOTEPWY TNV GUVARTNON anéotaong egontlag xdnowwy
XAPAXTNPLETLXGY 1BLOTHT®Y TOU €XOULV oL RAPEUETPOL TWY npotunwyv. Topdderyua TéTolov TUnou EQup-
woy Gy etvar 1 Tafivéunon tpotinwy oe xatnyopies mov axoloubody xavovixi| TuxvéTnTa mbavétnrag.
T10 snbuUevo xepdhato anodexvisTar 611 ot auth To eldog xatnyopldy Euxeidia Pefapuuévn and-
ataon Petafl ToU dYVeOTou TPGTUROU XaL TNG AVAUEVOUEVRS Tuig Tou npbrumov x4be xatnyopiag
elvat 1) ouVdpTNON anboTaons Tou ehayiatorotel Ty mbavéThTa AavBaopévng tagivéunorg.

v npd€n dev yvwplloupe auvifiog Ty xatavour Twv TPOTURWY OTO XWPO TWY UETPAOEWY Xot
ywawtéd tov Abyo dev elpaote oe Béorn va xévoupe tétorou eldoug exTunoeis. BePaing mohhés popé
éto10L eldoug uTobéoeic TpooeyY Yl ouy apxeTd TaTd T mparypaTixd deSouéva e dueco anotéleoua
v anoteAeouaTIXH TOUS Xprian ot mpayuaTixd mpofhfuata.

Eneidn 8ev umdpyer pla yevor] uéBodog emdoyric e xatakhqhétepng ouvlptnong anboTaAog
ylauTé tov Aéyo xatagelyouue cuviifug oe tewpapatiés ueBodous. Pridyvouus ouothuata Tagvé-
unong ta onola SLapépouv uévVo WG TPOG ToV TPOTO UE ToV oTolo ETPOUY TNV andaToon TwY NPOTUNWY.
MetpoUye T0 GPEAUA TV CUGTNUETOY XL 6TV ouvExel Blahéyoue oav xa\TepY oUVpPTNOT and-
otaong, exelvy mov diver To uixpbrepo opdiua.

Tia va eapuboovue auth Ty TeX v elvan anapaitro va yvwpl{ovue évav apibuéd cuvapticewy
anbéotaoyg TG onoleg dtadoyLxd eAéyyouue wg Tpog TV xaToAAHAG T T4 TOUG, GTav BV uropodue va
rpoodioplaoupe ex Twv tpotépwy TNy BéNTLOTNH GuVdpTNOY andoTaoNS.

Av X elvar 10 dyveato Tpétuto xau y € S etvan To TpwTéTUTO pLag xaTnyoplag, TOTE oL ONUAVTL-
X6TEPES GUVOPTHOELG AMOOTAOTG opiZovtar ané Tig axbhoubeg akyePprxé EXPPATELS:

1. EvxAeldia andaracy. Elvar n mhéov dadedouévn ocuvdptnan anbotacygs, tXavoroudvIog TaUTo-
xpova 6heg Tig aobevelc ouvbiixes. H Suadoor g ogelletan xuplag oty puowxh unbataay g
Euxhetdua ambataong n onola exppélet to ufxog tng euelag mou ouvder To dyvwoto npbTuNo
X %ot T0 TpeTtéTUTD TG Xatnyoplag y atov N-Bidatato Evxdetdio xbpo.

N 1/2
de(X,y) = (Z (i — yi)z) (2.5)

i=1

6mov T, yi etvar 1 1 ouviaTdoa Tov Btaviouatog Tou 4YVLETOL TPGTUTOL Xau TOU avtigToLyou
TpwTHTUTOL.

2. T'evixevuévy Buxdeldia anéotaoy. Eivar Mybtepo yvwot auvdptnon andotaeng xa arotehel
yevixevon g Euxheidiag andotaoy (s=2):
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N 1/3
dA&y)=(z:@r—wf) s=2,4,6,... (2.6)
i=1

H yeviceupévn Euxhetdia anbéataon uxavorotel 6heg tig aobevels ouvbiixes.

3. Zrafuiouévy EvxAelda andotacy. H ouvdptnon auth elvor napadhayf g Ewadeldug ané-
otaovg oty onola umoépyovral xou ToAlarhactaotixol bpot oL orolow etvan otafepés (elvon
wovoduxol oe xéfe olotnua Taflvéunors) A arotehoby yopaxTnELoTIXG YVOPLOUA x40 wdg
twv xatnyopudv (xéBe xatnyopla Siabétel 1o 6 g olvolo otabepwv ouvteheotdyv). H
ouvdptnon otabuopévy Euxkeldiag andotacng avonotel enlong 6hes tig aobevels ouvlixes,
exT6¢ and TN Tpryevixd Wbt oy epintwon xatd v onola xéBe xatnyopla dubéte o
3tx6 NG ohVOAO OUVTEAEGTOV.

N 1/2
dy(X,y, m) = (Z mi(zi — yi)2> (2.7)
i=1

Aro v ekiowon 2.7 yivetan @avepd 6L yia xdbe mpwréTUTO, EXTES ATG TNV TUPAUETPLXY] TOU
neprypagy (1o Sdvuoua y), xpetdletar xou o mpoodiopiauds Tou Saviapatog Bapitnrag tou
m yw xd6e plo anéd g xamyopleg (6tav auté petaBdMeton oTig xatnyopie). Av mopauEveL
otaBepb Ba mpémer xatd Ty Sidpxewa g exnaldeuong va unohoyiotel Eva Budvuoua BapitnTag.

O vuroloyioués Tou Slaviopatog Bapltnrag TpéneL v yivel ue tétolo Tpémo €10l BOTE Var Te-
pLypdpeL yopaxtploTixd yvwployata g xatnyoplag Tou mpwtétutou. To evdiagépov autéd
npbBAnua Béyetar moANég Moel. Mepuxés and autég Sivovion o€ auté To XEQEALO.

4. Arnéoracn Mahalanobis. tnv ouvéptnom auti, mou weavornotel uépog twv aobevov ouvinxdy,
366mpee To Hvopa tou Ivdod pabnuatixod Mahalanobis:

D(x,y,8) = (x—y)'s ' (x —y) (2.8)

6mou 8 elvan Tetpaywwxds nivaxag N X N.

Ot enbueveg dbo guvapthoelg anootdoewy dev wxavorolody 6Aeg Tig acbevel ouvBxes.

5. Andoracy tov avtloTpoPoy XAVOVIXOTOLNUEVOY ECWTEPLXOU YIVOUEVOU.

X
sty = I o8

6. Aréoraon Tanimoto.

xx+yTy

Ty (2.10)

s(x,y) =

H emoyt| g ouvdptnong anbdotacng, bmwg Ba gavel ata mapadelypata mov axohovBody, enn-
eedler onuaviixd v afomotia Tou gusThatog Tagvéunang xau xabopilel entong xou tov Tpémo
UTOAOYLOMOU TWV TPWTOTUTWY.
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2.2.2 Ta xpitipa tagLvéunong

Mezé v emthoy Tng ouvdpTnong anbataong npénet va neptypdoue Tov unyaviops exelvov o orolog
extehel v Tagivéunon AauBévovrag unédn Tov uTOAoYLOUS TWY ATOGTAGEWY TOU diaviouatog tou
4YVWOTOU TPGTUTOL ard T SLaVUCUATA TOV TEWTATUTLY TwV xatnyoptdv. Xe autéd to tufua Tou
xepahatou ylvetoa pla Aentouephs avéluon tav texvixdv tafivéunong tpotinwy e xatnyoples e
™y wébodo tng alyxpiomg.

Ta onuavuxétepa xpitipla TagvéUnonG TOU YXPNOLLOTOLOUVTAL OE TpaxTIXéC epapuoyés elvat

300, to xpitfplo g WixpbTEPNE amboTAGNG TLV TPOTURGY XAl TO xputhplo tagivéuneng tev K-
TANOLECTEPWV TPWTHTUTWY.

2.2.3 H ~afwéunon tng wxpbtepns andotaong npotirwy

To nhéov Siadedouévo xpitiplo tafvéunong we obyxpion mpéTunwy lvor 7 edpeon TN xatnyoplog
exelvng o mpwtéTuno TNg omolag €xel ™V wixpdTepy andatacy and To &yvVwoTo TAUpAUETELXO BLdvu-
oua. To xpirfipio Tagivéunomgs ovopdZetan Tagivéunoy g wxpbtepns anbotaon (minimum distance
pattern classification):

XEw; avv d(x,wj) <dx,o) Vi=1N (2.11)

6mou avv eivat 1 guvtopoypuagpla Tng Exppaons " av xat uévo av”, xat N o aptBuds Twv xaTnyopLdy
7oV 10 gUoTnua avayvepllet.

2.2.4 H raZvéunon tov K-thnoiéotepwv npwtétunany

Ly mepintwon xatd ™y onola 1) repLypagt| 1wV xatnyoptdy yivetar e TepLaodepa ToL EVEG TPWTS-
TURQ, TOTE EXT6G and TO XPLThpLo Wxp6TEPNC anboTaoTg EXouuE THY Suvaténta va ypnowonotficouue
xai o xpirhpto Tagvéunone v K-mhnoéotepwy mpwtétunwy (K-nearest neighbor classification).
To xpithplo auté yprnowsonoteltar omawdtepa, adhd moAhés popéc Siver uxpbTEPo opdAua and to
xputfipro Tagvéunong e wxpbteprg anbotao.

H taduvéunon mpayuatonoweitar pe v anopéveon twv K npwtéturey mou TapouaLdfovy v
puxpéTepN anbotacy and To dyvewoTo tpétuno xau axohoulel ) Tafvéunon oty xatnyopla exclvy T
TpwTéTURA NG omolag unepTepoUy ot apBud oTo ivolo Twy K-tAnaiéatepuy TpetéTunmy.

Hoapddevypo 1 Alvera oborqua taivéunone npotinwy Sdo xatyyopidy xat ta axbrovla rapadelyuara:

2= {((1: 1'3)7 “’1)1 ((2'27 2'5); "-’1)’ ((31 3'1)7 "’1)) ((47 3'5)7 6)1),

(a1, 1.8), wz2), ((2'51 43), wz2), ((3: 6.3), “-’2), ((47 7.6), wz)}-

O xaraoxsvaatis tou ovotfuatoc uac elne 6u to olorpua Soudeer noAd xald ue v avtlotpogy ouvdpryoy
TOU XAVOVIXOROINUEYOU ECWTEPIXOU Yivouévoy Xat uac £8wos oay mpwtétuna twy xatyyopidy, to (1,1) yia Tpv @1 xau
to (1,2) yie v ws.

Elvat oworol o1 1oyvpiouol tou;

Lia va edéyZoupe toug Loyuplopols Tou xataoxeuaoty urohoylCoupe v emruyle tng TawvéunoTe ano Ta mapa-
delypara. Erov nlvaxa mou axoloubel Slvovtal oL anootdoelc TwV TPOTUNWV ATd Ta TEWTOHTURA TV XATNYOPLGY.
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Tivaxac 2.1: ATooTdoELS TOU AVTIGTPOPOU XAVOVIXOTOINUEVOU EGWTEPLXOD YLVOUEVOY

Opétuma NG @1 (1.0,1.3) | (2.2,2.5) | (3.0,3.1) | (4.0,3.5)
Ipotétuno (1,1) 1.0085 1.0062 1.0010 1.0022
Opotétuno (1,2) 1.0187 1.0342 1.0486 1.0804
Tpétuna tne w2 || (1.1,1.8) | (2.5,4.3) (3,6.3) (4,7.6)
IOpotéturo (1,1) 1.0400 1.0344 1.0611 1.0470
Opotétuno (1,2) 1.0036 1.0019 1.0002 1.0002

BAénouge 61 1o olotrua rou tagwouel otny xatnyopla exelvn 1o mpwrétuno g omolag EXEL TNV wxpdtepn
anéotaon dlvel cwot Taglvéunon Yo 6ha ta tapadelypata Tuvende to opdipa Tou ouaTiatog Taglvéunong wou uag
360mxe elvan 0%.

Ag 3o0ye Tt enldpaon Ba éxer oy aftomiotia Tou ousThpaTog alayi g ouvdpTnomg andotaorg. Ag doxd-
covue v Ewaeldia ouvdptron aréortaorns. Etov nivaxa 2.2 3lvovtan ot Euxheldieg anootdoels TwV TPOTUNWY TWV

TUPABELYHAT®Y OO TA TPWTSTUTA TWVY AT Y OPLAV.

Mivaxac 2.2: Euxeldieg anootdoes 1wV TpoTinwy

Tpétuna tng @1 || (1.0,1.3) | (2.2,2.5) | (3.0,3.1) (4.0,3.5)
w1 0.3000 1.9200 2.9000 3.9050
w2 0.7000 1.3000 2.2825 3.3541

Mpétune tng wo || (1.1,1.8) | (2.5,4.3) (3,6.3) (4,7.6)
w1 0.8602 3.6249 5.6648 T.2498
w2 0.2236 2.7459 4.7423 6.3529

Ano ta anotehéopata tou nlvaxa PAéroupe 6Tl av npoonaffcoupe va tafivourficoupe ta TpdTura pe Bdon Ty
pwepbtepn anbdotact toug and ta aviioTouXa TPOTOTURA TWY XATNYOPUSY €YOUME HéVo TEVTE OTLS oxtd emtuyelg
tafwoptoe, emtuyla dnhadh tng 1é&ng Tou 62.5%.

Ané o aplfuntind dedopéva tou mapadelypatog ylvetow pavepb 6T av petaBdloupe TNV ouVdpTNHON anboTAOTS

rpénel Tautéypova va petafdAloupe xal T avtloTolya TPWTHTURA TWY XATNYOPLOY €10t BOTE Vo unopéaouue vao ou-
Yxplvouye HE aviiXelevxd Tpéro Ta cuoTiata togLvéunos.

Moupdsevypa 2 I T napadelyuare Tou npo nyoduevou napadelypatog vnoroylate Ty alontotie Tov ougtuarog ta-
Ewvéunane yia Ty auvdprnoy andotacys Tanimoto. T: rapatnpelte xat nw¢ unopelte va Sixaodoyfoete Tig Stapopéc
Ty anoteAsoudtwy nov mapouoidlovral yia Ti¢ Tpels Stagopetixnéc auvaptiocis andaraoys.

Mapdderypa 3 Tdorpua taftvéunons rporinwy TpLdv xatyyopidy €xet oav mpwréruma ta Siaviouara nou dlvovrat
otov nlvaxa 2.8. Xppowonoidvras tpv Euxdeldia ouvdptnoy andoraons Ppelte, ue to xpivfplo Tadtybunons ¢
uixpérepns andotaons xai 1o Xpitfpio TaGIY6UNONS TWY Tp1dy xovTvéTEpWY mpwrdtunwy T xatyyopla Twy dyveotwy
npétunwy (0.0,0.0) xai (2.0,2.0).

Hivaxag 2.3: ITivaxag TpeTdTURLY TPLOY XATHYOPLOV

Iputdtura NG @1 (1.0,1.3) (2.2,2.5) (3.0,3.1) (4.0,3.5)
Tputétuna TG W2 (2.0,2.9) (2.8,3.5) (3.5,2.4) (4.0,5.2)
Oputétune T s || (-1.1,0.4) | (-2.5,4.3) | (-3.0,3.3) (-2.5,2.6)
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IMivaxag 2.4: Hivaxag anooTdoewy TpoTHTWY and T TEOTOHTUTE TV XATNYOPLOV

Hputétuta TG w1 (1.0,1.3) (2.2,2.5) (3.0,3.1) (4.0,3.5)
(0.0,0.0) 1.640 3.330 4.314 5.315
(2.0,2.0) 1.221 0.538 1.487 2.500

Mowtétuna THe W2 (2.0,2.9) (2.8,3.5) (3.5,2.4) (4.0,5.2)
(0.0,0.0) 3.523 4.482 4.244 6.560
(2.0,2.0) 0.900 1.700 1.552 3.773

Hpwtétuma ™g w3 || (-1.1,0.4) | (-2.5,4.3) | (-3.0,3.3) | (-2.5,2.6)
(0.0,0.0) 1.077 4.974 4.460 3.607
(2.0,2.0) 3.488 5.0563 5.166 4.540
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Apyued xataoxeudloupe ToV TEVaXA TWY ATOOTECEWY TWY TPOTHTWY aNd TA MPWTSTUTA TWV XATNYOPLOY (Mlvencag
2.4).

To rpéruro (0.0,0.0) tadivopeltal otny tplty xatnyopla e To xpLtiplo pucpbdrepngs andataong, Subt. €xel andotao
1.077 axé 10 npdTo mpwtéTuno ¢ Teltng atnyoplag. Me to xptthplo Twy TpLdY XovTvétepwy npwTéTunwy Tafivoueltal
oty mpdn xatnyopla BL6TL ota Tpla xovTivétEpa TPWT6TURA BU0 avixouv oTny TEGTY xatnyopla (to TpdTo e 1.640
xau 10 detepo pe 3.330) xau éva oty tpltn xatnyopla (to xoviLvétepo, pe anbotacy 1.077).

Avtlotouya to Settepo np6Tuno (2.0,2.0) tafivopelton oty mpdtn xatnyopla We To xpithplo pixpdepng anbotaoms
(0.538). Me 10 xpLtripto Twv TPLdY XoVTLVTEPLY TpwT6TURLY Talvopeltal ndh oy TpdTy xatyyopla duéT ota tpla
xovivétepa TpwtéTuna 0o avixouv oty mpdtn xatnyopla (1o npdro ue anbotaon 1.221 xou o Bedtepo e 0.538)
xa éva otny dedtepy) xatnyopla pe andoraon 0.9.

2.2.5 H dwadixacla tng exnaldesvong

H teheutaia epyaoia mou mpémet vo TpoYHATONOUGOUUE i Vo OAOXANPHOOVUE TNV XATAGXEVY EVOQ
ovoThuatog tafvéunong ue olyxplon TpoTinwy (HETd TNV emAOYY TNG GUVEPTNOYG arbaTaaTS Xal
Tou xpLtnplou tafvéuneng) eivan o utoloyiopds Tou mpwTdTUNoL 1 TWY TPWTéTUNWY XdlE XaTYO-
plag. TTpéner Snhadh va exteléoouus v Swadixaoia extaidevons pe v onola Ba mpocapudooue
¢ Tapapétpous Tou cuoThuatog étot GoTe va Aettoupyel ue v éyioty duvath afomotia yia To
clvolo Twv TapadetyudTwy Tou dabétouye.

O tpénog pétpnong g andotacns Twv tpotinwy nailel xabopiotixd péro, dnwg Ba dodue oTig
ENMGUEVES TAPAYPAPOUS, T600 GTOV TPOTO UTOAOYIOUOY TWY MPWTGTUTWY TV XATNYOPLOY, 600 Xal
otnv tehuxt| aflomotia Tou ouotiuatog tagivéunons.

H Suduxaoia exnaideuang ennpedeton anéd to eidog Tou tpofAfuatog mou avtiuetwnilouye, Ty
emBupodyevy aftomatia, Tov apbud twv tapaderyudtwy Tou dtubétovye xatd Ty Sradixacta exmai-
Seuomg xat Toug TUYGY TEPLOPLOKOYS BTNV LTOAOYLETLN TOAUTAOXSTTA TOL GUATHUATOS TAELVOUTOT.
TIévte elvar or onuavtxbtepor uéhodol mou Srabétouue yia v vhonoinom wdc Sadixactag exmaldey-

ongs:

1. Na ypnotuonotficoupe 6ha Ta TpGTURA TWY Tapadelypdtwy oav TpwTéTUNa,
2. va ypnoworolficouue ubvo éva amo autd,
3. va emAéEoupe éva nemepaouévo aplub amd ta TPSTUNA TWY TUPASELYUATWY OV TPWTOTUTA,

4. vo xotaoxeudooupe éva etovxd (texvnté) mpwtdtuno yia xdbe xatnyopla aviixeluévoy, Xau
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5. va xataoxevdoovye ToAaTAd entovixd TpwTtéTUNA Y %dbe xatnyopla avixewéveoy Paols-
uevol e xdmowo xpitiplo Bedtiotonoinorg.

Ta xpLthpla emAoyfig TV TpwTéTURWLY WG Xat Y wéBodog(ot) e Tig omoleg Ba To emtiyouys slvan
T0 Béua mou BampayuaTeloVTaL OL ERGUEVES TopaYpPAPOL.

2.2.6 IIpwrtdtura elvar Ao Ta mapadetypato

Ye avtr v pébodo 6ha ta mpdTuna TwV mapadetyudtey Tou elval Sabéolua ypnoyionotobvian oav
TpwTSTUTA TV XaTYoptdy. Onwg éxe 81 tpoavagepbel n peBodohoyia auth axorouvbettor tav dua-
Bétoupe uixpd aplBuéd tapaderypdtwy A btav Bhouye va Exoupe Tohd peyddy afiomotia Tagvéunang
xopls va pag evdlagépet To unohoyloTid x6otos.

TapdSevypa 4 Ta va xaraoxsvdoouus ovotnua tadivéunons rpotimwy Tpidy xarynyoptdy pag Slvovrat ta mapa-
dclyuare tou nivaxe 2.5. Xpnoworotdyras tyy Buxdeldia ouvdptnoyn andotaons xat to xpitfpio tadivéunons s
uixpbrepne andaraone uroloylote to opdAua Tov ovotfuartoc talivéunors.

Tivaxag 2.5: Mivaxag rapadetyudroy ya tpelc xatnyoples aviueiévoy

HIpétuna tng o (1.0,1.3) (2.2,2.5) (3.0,3.1) (4.0,3.5)
Mpétuna g w2 (2.0,2.9) (2.8,3.5) (3.5,2.4) (4.0,5.2)
Ipétuna tng w3 || (-1.1,0.4) | (-2.5,4.3) | (-3.0,3.3) | (-2.5,2.6)

Ivwplfoupe 6T Bev unopolue va erttiyoupe axpiBy uroloyloué tou opdhuatog ot guotipata Taglvéunong tpo-
tOnwy 6tav éxouue otnv Sabeot| pag nenepaouévo aplbud rapaderypdtwy (xepdiato 1).

Me v péBo3o C xau U Ba unoroyloouvue to ehdyioto xau to péyloto opdiua Tou ouothiuatog Tagvéunong.

Av 6\a ta napadelypata exnaldsuong ypnowonoumfolv cav TpwTéTUTA TV Xatnyoptdy TéTE, epdoov Bev éxoupe
Tautéonua tpdTUTA GE TEpLOGTEPES TV B0 xatnyoples, To opda pe Ty pébodo C elvar 0 % apod Sha ta mpdTuna
nou Ba ypnowonoinBoby yia Ty pétpnon g aflomotlag Tou ouoTiuatog Bo elvon xal TpLTTUTA TV XATNYOPLOY.

To uéyioto opdhpa Ba to unohoylooupe ue Ty péBodo Tou aypnoitonolntou rapadelypatog Snhadl, x4be popd Ba
gudyvoupe and ta éviexa napadelypata To ovoTnua tagvéunons tpotinwy xat Ba xpnowonoolue to dwdéxato Y

va urohoylooupe To ogdhua Tou custhuatos. Duverds Bhoe e ueBéBou xaraoxevrs TwY TpwTéTURWY, Xdbe Popd
6ha ta mapadelyporta a elval xar TpwT6TURN TV XATNYOPUdV EXTES ané exeivo to onolo Ba ypnoyronoleltar Y TV

uétpnor Tou opdiuatos.

Apyud xotaoxreudfoupe Tov Tivaxa TV aToCTECEWY TWY TPOTUTWY and ta mpwidtuna twv xatnyopudy (Ilvaxag
2.6). KdBe ypaups tou nlvaxa avriotouel oe éva olotrua tafivéunong npotinwy tou éxel oav Tpwtétuna 6ha Ta
napadelypata Twv extés anb exelvo To onolo Beloxetal otny mpdty otikn xdbe ypapis. To npéTuno auté xenowo-
notebtan yia va petpnfel to opdlua tou cuotipatog tagvéunorng. H pwpbtepn andotacy Tou and ta mpwtdruta TwV
xatnyopudy Slvovran otig enbueves tpels othhes.

Ta mpétuna novu tafivopolvial ot owotés xatnyoples elvan uévo névre, dnhadh 1o opdiua Tou cuoThuatog
Beloxetal oo Sdotnua [0.00%, 58.33%).

2.2.7 Eva nopddetypa enthéyetal cav npwtdéTuno xatnyoplag

H emdoyt| tou mhéov xatdhAnhou mpbTunou npayuatonoteitol guvifing 6tav undpyouv coBapol me-
proptopol otV TayTNTa andxpLoNG TOU GUOTHUATOS TaEvounons f Ta TpdTura TV XATNYORIOY Elvan
capds Slaywplopéva.
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Tivaxag 2.6: Anoctéoeig npoTtinwy and To TP TOHTUTA TWY XATNYOPLDY

Opétuno eAéyyou w1 w2 w3

(1.0,1.3) € 1.6970 | 1.8868 | 2.2847
(2.2,2.5) €w 1.0000 | 0.4472 | 3.9115
(3.0,3.1) € wn 1.0000 | 0.4472 | 4.9091
(4.0,3.5) € »n 1.0770 | 1.2000 | 5.9680
(2.0,2.9) € w2 | 0.4472 | 1.0000 | 3.9826
(2.8,3.5) € w2 | 0.4472 | 1.0000 | 4.9819
(3.5,2.4) € w2 | 0.8602 | 1.3038 | 5.0159
(4.0,6.2) € w2 1.7000 | 2.0808 | 6.5620
(-1.1,0.4) € w3 || 2.2847 | 3.9824 | 2.6076
(-2.5,4.3) € w3 || 4.6097 | 4.7127 | 1.1180
(-3.0,3.3) €ws || 4.4721 | 6.0169 | 0.8602
(-2.5,2.6) € w3 || 3.7336 | 4.5099 | 0.8602

O ouvifing 1p6mog TPOOBLOPLOUOY TOU TPWTATUNO TpaYUATOTOLELTaL UE TNV EUPEDT) TOU TpbTUTOV
exelvov ov éxeL Ty wxpbTepn afpotoTixd andotacy and T napadelypata g xatyoplag Tou:

M
y =argminy  d(i,y;) (2.12)

Yi =1

Mapddevypa 5 Metpifore to opddua tou ouotifuatos tafivéunons KpoTUnwy Tou npoyyoluevov rapadelyuatos few-
plviag oav mpwrdtuno xdbs piag Twy xatnyopidy exclvo mou eAaytotonoiel o dfpotoua twy aroordocwy Tou and 1a
rpdruna Twy rapadeiyudtoy T)¢ xatyyoplas Tou.

AxohouBdvrag Ty Bia ueBodoroyla Aiong npooralfoliue va tpooeyylooupe To GpdAua Tou GLOTHLATOG tagivéun-
onc ue tny péodo C xar U.

H rpdt Slagopornolnon mov ouvavidue ot ayéon pe v Aboy mou Slvetal oTo mponyolpeve napddetypa elva o
tpbrog UTOAOYLOUOL ToL apdhuatog pe TV péBodo C. Apxuxd Bploxoupe to npdruno exelvo tov weavornotel Ty e€lowon
tou xputnplou xat xatémv tafouolue 6ha ta tapadelypata otig xatnyoples pe o xpitiplo Tou XOVTLVOTEPOU TIpW-
tétunou (ot auth Ty neplttwon dev uropolue va xpnoytonoticoupe dAlo xpitipLo tafwvéunong) 6nwe auté Selyvetal
otov nlvaxa 2.7.

Ty rpdtn ypapwy tou tlvaxa dimka oto obyufolo tng xatnyoplag fploxetal o mpwTHTURO IOV £xel emiheyel anéd
Ta mapadelypata pe T0 xpLthiplo TG RpdTeEEnS ARbéaTAOT.

To cbotnua Tafvépnons pe Ty wébodo-C rapoucidle tpla opdipata ot dddexa newpdyata, GUVERMS TO EAAYLOTO
opdipa Tou ousthuatog elvat 25%.

To uéyioto opdrua Ba 10 unohoylooupe ue v uéBodo tou aypnoytonolytou napadelyuarog.

O nivaxac TwV ATooTdcEWY TeV TPoTinwy ané Ti xatnyoples Sivetal otov nlvaxa 2.8. Te xdbe ypauuy tou nlvaxa
unohoylouye ta RpwT6TUTA YPToLLonoLdYTAC Ghat Ta Tapadelypata extés ané exelvo mov Pploxetan oty mpd oty
X otV Guvéyela uroroyilouue TNy arbotacy Tou aypnousonolyTtou tptunoy ané to TpwT6TUTO KOV EXEL UnohoyloTel.
Tty tehevtala oThin 3nhdvetan 7 xatnyopla otnv onola éxe Tagivounbel to aypnotuonolyro npdtuno (o mpdTuno g
npdIng oTHANG).

Ta npéruna mou tafivopolvial AavBaouéva elval Téaoepd, OUVERDS TO GPdAUA TOU CUGTHUATOS tagwéunons Ha
Beloxetaw oo didotnua [25.00%, 33.33%).

Mapatnpodye 61t o oxéom e To opdiua Tou sustiyatog Tafvéunong mou yenouonolel 6ha ta napadelyjata yia
rpwtéTUna 10 Suotua afefabtnTag elvan capde wxpbiepo yia TV péBoSo mpoadloplapod evég mpwTéTUROY ané Ta
rapadelyuata.

T v é6odo mpoadiopiapod evés npwtétunou and ta napadelypata Bhénoupe Suwe bt Exoupe @payus anb éva
xatdtepo enttpentéd opdhua (25%) To onolo elvan undevixé oty pébodo mou ypnowonolel dha Tat mapadelypara ooy
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Mivaxag 2.7: Hivaxoag anootdoewy tpotinwy anéd T xatnyoples xon tagivéunon

Ipétumo ©1-(2.2,2.5) | 02-(2.8,3.5) | w3-(-2.5,2.6) || TaXivéunoy
(1.0,1.3) 1.6970 2.8425 3.7336 (o7
(2.2,2.56) 0.0000 1.1661 4.7010 w1
(3.0,3.1) 1.0000 0.4472 5.5226 w2
(4.0,3.5) 2.0691 1.2000 6.5620 w2
(2.0,2.9) 0.4472 1.0000 4.5099 w1
(2.8,3.5) 1.1661 0.0000 5.3758 w2
(3.5,2.4) 1.3038 1.3038 6.0033 (A%}
(4.0,5.2) 3.2449 2.0808 7.0007 w2
(-1.1,0.4) 3.9115 4.9819 2.6076 w3
(-2.5,4.3) 5.0328 5.3600 1.7000 w3
(-3.0,3.3) 5.2611 5.8034 0.8602 w3
(-2.5,2.6) 4.7010 5.3758 0.0000 w3

Hivaxag 2.8: Mivaxag anootdoewy tpotinwy and Tug xatnyopieg xau tTagivéunon

Tipbéturo eAéyyou w1 w2 w3 Tag Lvépnom
(1.0,1.3) 2.690725 | 2.842634 | 3.733631 w1
(2.2,2.5) 1.000000 | 1.166190 | 4.701064 w1
(3.0,3.1) 1.000000 | 0.447214 | 5.522681 ©2
(4.0,3.5) 2.059126 | 1.200000 | 6.562012 w2
(2.0,2.9) 0.447214 | 1.000000 | 4.509989 w1
(2.8,3.5) 1.166190 | 1.303840 | 5.375872 w1
(3.5,2.4) 1.303840 | 1.303840 | 6.003332 w2
(4.0,5.2) 3.244996 | 2.080865 | 7.003571 w2
(-1.1,0.4) 3.911521 | 4.981967 | 2.607681 w3
(-2.5,4.3) 5.032892 | 5.360037 | 4.143670 ©3
(-3.0,3.3) 5.261179 | 5.803447 | 3.466987 w3
(-2.5,2.6) 4.701064 | 5.375872 | 2.607681 ©3

TpwTGTURA.

Tapdderypa 8 Metpfore to opdiua tov ovatiuatoc tafly6unons mpotunwy Tov mpo1yoUueyou rapadelyuazos ypn-
owonoidyras oay uétpo andotaays to avrlotpogo xavovixononuévo eowtepixd yivéuevo Stavvoudtwy xat yia Tic
800 uebbdouc npoodiopiouol twv mpwrétunwy twy xarnyopidv. Ti Stagopés mapatnpelte xat mws pmopelte va T
Sixaiodoyfoere.

2.2.8 Enulovy k-npétunwy anéd ta nopadelypata

H péBodog tng emhoyi k-npétunwy amo ta napadelypata sivan n théov Stadedopuévn oTig EQapioYES
xo arotehel ouviBug évay oupPBaoué avdueoa oty urtohoyioTixr ToAurhoxdtnta ToU ousTHUA-
tog Tafvéunorg Tou ypnawtonotel 6ha ta SaBéowua mapadelyparta Yk mpwtdtuna (dtvovtag A
aflomotio Tafvéunong) xoi Tou ouoThuatog Taflvéunans mou yenoidonolel poviya éva mpéTUTO
avapopds xaL Tapouotdlel YAy utohoyiaTix ToAurhoxbtrTa xaw cuvifug wxpbtepn adomotia
TagLvounons.

H enhoyA k-npétunwy ané to napadelyuata anoteket évav ouufiBacué ot Aioews nov rpotelvouv
oL mpornyosueveg ébodot ot onoleg wdhota unopel va Bewpnioly 6t anoteloly edixés TEpINTWOELS
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yu k=1 (emhoyA evég npbrumou and to napadetlyuata) xaw k=M (6ha ta TpdTURA TWV TAUPASELYHATWY
Bewpolvial xon TPWTGTURA TWY xaTnyopLdy).

To xpLtripio emhoyg evés ouvérou k BéATioTwY TpéTURLY anb Ta mapadelypata elvan To axérouvbo:

M
{z1,22, ..., 2k} = argmin Z min  d(Yi,2z), Zz € {Z1,22,... 2k} Yi € {Z1,22, w2y} (2.13)

Z1 ,Zg,...,ZKi:lzx WYiFZa

O unohoyiopés Ty Tpwtétunwy dev propet va yivel avalntdviag 10 EAEYLOTO TNG CUVEPTNONG
Beltiotonolnang BLéTL N ouvdpTNoY min Sev etvan maparywylown. H aduvapia auth dev anotehel tehxd
onuavtxd eunédio yia Ty Ao g eflowang 2.13 36T uTdpyeL enavainmTixdg alybplfuog pe Tov
omoto urnopodue va emtiyovue pla Sadoxuxd npocéyyion g Béktiang Adorg.

AlyépBpog 1 1. Apyuxés ouvbiixes Orwe Exet 8y avageplel oro xepdAaio 1 meptypdgpovrag
v otpatnywxl mou axolovbolue yia va vAoroufoovue pla Siadixacia avto-exraidevo, Ee-
avdue pe ula tuyala entdoylf Twv TPWTOTURWY 21, ..., Zk ané ta mpbTuna TWY TAPASELYNETLY Xa
enavaAnntixd enavanpoadiopilovue Tig TINES TWV.

2. Tafwéunon mpotbnwv. Bdoet Tou xpitnpiov ralivéunane ta mpbrume Tne xatnyoplag xata-
tdocovrar oe ula ané ti¢ K euxovixés xatnyopiec mov opllovrar amo ta mpwréruna.

3. Yroloyiouds ntpwtétunwy. Lt xdfe etxovixr xatnyoplia opllovue to mpwrdrumo oav To TpdTUTO
tou mapadelyuaros mov avifxel aTny eLxovixy xatnyopla xat eAayioronowel to dpotoua TwV
anootdoewy Tov and Ta undlotna mpbtura TN xatnyoplag.

4. Exeyyog tou xpitnptov Teppatiopod TV exavalfpewy. Av xard tnv Sadoywxif extiunon twy
npwtéTunwy autd Tapéucivay (i, T6TE 0 aAybpiBuoc tepuatilet, Stagopetixd enavalaufdveral
ano to devtepo Biiua.

Ot uéBodoL LTOAOYLOPOY TV TPWTOTUTWY WE eravéAndy TV TpLdY Brudtey Tou eptypdgnaay
ovopdZovtar alyépifuol Tou Timou k-péowy (k-means). O ahyépifuol avtol Tapouctéfouy eupela
314do0n oe mpaxTixd cuoThuata dLoTL ExEL amodetyBel 6t xdbe ahybpiBuog Tou timou K-uéowv av-
yxMver mévta. Metovéxtnua tou akybpfuou elvan 6T oUYXMaT emTUYXdVETOL OF éva TOmLXO
eEAdYLoT0 Tou aBpoloUaTog TWY ATOCTACEWY TWV TpotinwY and To TEWTOTUTRA.

Moapédevypo 7 Ta Siaféoua npdtune piag xatyyoplag 8lvovral ané to givolo:

2= {(17 _1)1 (2’ 7)) (41 4)’ (41 2)’ (4’ 1)1 (2, 2)1 (_'4, 1)}
Xpnoworoidyras o retpdywyo TI¢ BEuxieldiac andoraons unordyioe o PéAtioto (euydpt mpérunwy mou eAayt-

otonotel To xpithpio ¢ eflowans 2.13 ue Ty péfodo Twy 2-uéowy.

oy nlvaxa ©ou axohouletl Stvouue To TpwTéTURA, TV TAELVOUNON TPOTITWY TWY ToUPASELYHATV OTLG ELXOVIXES
xatnyopleg, xat TV ouvol anboTaoT TOUG ATO T rpwtéTUNA TOUL X&BE Qopd unoroyl{ovral. Sevixdpe tov ahyoplduo
emhéyoviag Tuyald ooy TPOTETUTA TV EXOVLXOY xatnyopudv ta dbo mpdta TpdTuna (1,-1) xou (2,7).

2.2.9 Yrohoyiopdg eLxovixol TewTéTUTou

MeketdvTag Tic tponyoUueves ueBédoug unoroyiouol twy TPOTUNWV avapopds Unopel xdnolog va
oxegrel ehoya whnwg avil g emhoyhg xdrolov ropadelypatog, Ba uropodae va npoadiopioel oTov
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Mivaxag 2.9: Enavalfifeig tou akydpiluov 2-uéowyv yia v emroy d0o mpwtinwy

| Enavéingm | Apxuxéc <ipéc | Emavaingn 1 | Enavéinn 2 |
1o OputéTumo (1,-1) (2,2 (2,2)
Opétuna 1ng watnyoplag 1,4,5,6,7 1,3,4,5,6,7 | 1,3,4,5,6,7
Anéotaon 1ng xatnyoplog 70 64 64
20 Mpwtétuno (2,7) (2,7 (2,7)
Ipétuna 21 xatnyoplag 2,3 2 2
Anéotaon 2ng xatnyoplag 13 0.00000 0.00000
| TuvoAun améotaan | 83 64 | 64 |

Xp0 TV TPOTUTWY TO ELXOVXS Exelvo Tp6éTUTO T onolo Ba eayiaTonoloUoe TNV andaTaoY TOL And
o TpbTuUTa TRV Tapadetypdtwy xde xatnyoplag. Lta mhaiola autol Tou culhoyiouol gt auTh TNV
rapdypago Ha avalntnlel o Sidvuoua Yo, Yo € S T0 omolo shayiotonoiel Ty axbroubn cuvdptnan:

M
Yo =arg;nin2 d(yi,y) (2.14)

i=1

Onwg elvar yvwoté ta Tomxd eAdylota g ouvexods cuvdptnorg PBeloxovton atig plleg g
TpdTNg mapaydyov, btav 1 devtepy mapdywyos €xer Betua Ty, Tuverdg ol BéAtioteg Tiuég TOU
Staviopatog y, Pploxovrat aro v Ao trg e€loworng:

M 9

Y —d(yi,y) =0 (2.15)
dy

i=1

Avotuydg 1 entluon g eElowang dev elvan eguxett| Yi 6heg 11§ guvapTthoelg anbotaoyg.

Xe auté to onueto elvar onuavts enlorng va emonudvoude 6T o Tpémog UETpong TNG anboTAoTS
TV Ttpotinwy xabopllel xa Tov Tpéro UTOAOYLOUOY ToU BEATLOTOU TPWTHTUTOY ARG TA KPOTUTRA TWV
TAPAdELYHATLVY.

Tuyvd oTig epapuoyés xau Waltepa otic nepirtdoelg oTig onoleg dev umopodue va Bpoldue avo-
AuTueh 1 adyoptBux Mion xatagedyouue oty Aoy, g avauevéuevng (uéomng) s, n onota divet
ouvibug éva tpetéTuNo Tou elvar xovtd oto mpayuated BéATioto. O xavévag autég dev elvar and-
Autog xat Ba npénel va dobet Wdaltepn Tpocoy av yprowworolobue xdnow GUVEPTNOT ARGCTAGYS TTOV
dev xavorotel T aclevelc ouvBiixes.

Me v péfodo 1N avauevbuevng s Twv tpotinwy exnaidevong To mpwtdTumo pmopel va
vroloytotel and v axbhoubn oyxéon:

1 M
y=“‘ﬁ§¥i

Mapédevypo 8 Av undpyouy Sabéoa M rapadelypara Bpelre ro féArioro sixovixd npwrétuno e xatnyoplas Sray
oav ouvidptyoy anbotacye yenoiporoweltar to tetpdywvo ¢ Euxleldiag andotaoys.

To npwrtétuno y Ba mpoxidel and Ty AMom tng axdroubng e&lowaong:




2.2. OI MEGOAOI XYI'KPIYXHY. IIPOTYII(ON 35

0
Y pt-9 -y =0=

i=1

M
8
> E;(yiTy- -y y -y yi+y'y)=0=

i=1

M M M 1 M
23 yi+2) y=0=> My=) wi= y=Hny
i=1 i=1

i=1 i=1
Ty wpala éxnhngn. Exel nou Myoue 611 ouvifug pla xadf oo elvat va uroloyl{oupe oav rpwtéTUo TNV UEGT) TN
Twv Tapaderypdrev xde xatnyoplag anodelfaue 611, oty neplntwon Tou YpnousoroloUUE ouv suvdpTnom anbortaong

0 teTpdywvo s Euxheldiag ardataorg, o BéAtioTo exovixd rpwtéTuro (exelvo rov ehayiotonotel to dfpoopa Twv
anootéoewy tou ané to mapadelypata) dlveton and v avilotouyn avapevépevn Th Toug.

Mopébevypa 9 Ta Siabéowa npbruna uiag xatyyoplag Slvovra axé to ouvolo:

N ={(1,1.5),(2,1.8),(3,3.1),(5,6.4)}
Yroloylote éva eixovixé mpbruno ue Ty uébodo Ty avauevduevis Tuifc xat éva rpdruro ue Ty uéodo emiroyic
rapadelyuarog.

T: napatnpelte yia to guvodixd dfpoioua Twy anootdocwy ToU rpwrdtunoy and T mpdrume Twy mapadeiyudrwy
xat no¢ Sixatoloyodvras ta anoteAéouara yia tig axdlovbeg ouvaptifosis anbotaois:

1. pv ouvdptyon anbotaoys Tanimoto,
2. tpy Buxieldia andoraoy.

3. v ovabutouévy BuxAeldia andoraoy.

Mpéypaupa 1 Mpdypauua uroloyiouol tov eAdyiotov xau uéyiotov opdAuarog ovoTiuarog ta-
Ewvbunone mpotinwy e v Pofifeia Tou tetpaydvov Tn¢ Euxlelbiac andotaoyg, o xpiThipto TG
uixpbtepne andataans xar ypnoworotdviag éva rpdturo avagopds avd xatnyopla.

function [Rc,Ru,Rep] = ClassMinDistFuclOne(x,c)

[Rc,Ru,Rep] = ClassMinDistEuclOne(x,c)
Pattern Recognition:
Distance measure: Euclidian
Prototypes: One Center
Classification rule: Minimum Distance
Input

x: Pattern Vectors
c: Classes

Output
Rc: Correct classification rate using the C-method
Ru: Correct classification rate using the U-method
Rep: Pattern vectors on each class

ECE RN BRI BB

NumDfClass = max(c) ;
NumOfPatterns = columns(x) ;

Mean = zeros(rows(x) ,NumQfClass) ;
Rep = zeros(NumOfClass,1) ;

#
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# C-Error
#
Rc = zeros(NumDfClass,1) ;
for j = 1:NumOfPatterns
k = ¢(j) ;
Rep(k,1) = Rep(k,1) + 1 ;
Mean(:,k) = Mean(:,k) + x(:,j) ;
endfor
for j=1:Num0OfClass
Mean(:,j) = Mean(:,j) / Rep(j,1) ;
endfor
for i = 1:NumDfPatterns
for j = 1:Num0OfClass
Dist(j) = (x(:,i) - Mean(:,j))’ * ( x(:,i) - Mean(:,j) ) ;
endfor
Rec = ArgMin(Dist) ;
if (Rec == c(i))
Rc(Rec) = Rc(Rec) + 1 ;
endif
endfor

#
# U-Error
#

Ru = zeros(Num(fClass,1) ;
for j = 1i:NumOfPatterns
k =c(j) ;
Mt = Mean(:,k) ;
Mean(:,k) = Rep(k,1) / (Rep(k,1)-1) * ( Mean(:,k) - x(:,j) / Rep(k,1)) ;
for i = 1:NumOfClass
Dist(i) = (x(:,j) - Mean(:,1))? * ( x(:,j) - Mean(:,i) ) ;
endfor
Rec = ArgMin(Dist) ;
if (Rec == k)
Ru(Rec) = Ru(Rec) + 1 ;
endif
Mean(:,k) = Mt ;
endfor
endfunction

function [Res] = ArgMin(x)

#

# Res = ArgMin(x)

# Return the POSITION of the minimum value

#
Num = length(x) ;
Res = 1 ;

MinNum = x(1) ;
for i = 1:Num
if (x(i) < MinNum)
MinNum = x(i) ;
Res = i ;
endif
endfor
endfunction




2.2. OI MEOOAOI LYI'KPIYHY, IIPOTYII{2N 37

2.2.10 Eolpeor k-euxovixdv npntéTURLY

H edpean evég Pétiatou aplBuod K-eucovxdy tpwtétunwy sivar 1 théov arodotuxi pébodog auts-
LATOU UTOAOYLOUOY TwY TpwT6TUTWY Xathyopudy. Anotelel 8 v nhéov ypnousonotoduevn pébodo
oTig egapuoyés. To xpitipio edaytotonoinoyg diupoponoteitan o pxpd Pabué and to avriotoiyo
xpLthipLo g erthoyg k-npotinwy and ta nopadelyyata.

M
y = argmin Zmin d(Yi,2z), 2z €{21,22,..,Z2N} Yi€S (2.16)
YI,st---,Yh-:l Zz

Onwg éyeL 13N npoavageplel 0 utoloylouds Twy Tpwtétutwy ke Bdon v ouvdptnoy Bektioto-
rolang dev elvan Suvatds pe avohutins Tpémo St 1) guvdpTnon min dev elvan napaywyiown. Iautd
t0v A6yo xatagebyouye tdh oty xehon tou enavainniixod akybpibuou Twv k-ufowy.

AlybplBuog 2 1. Apywrés ouvbixes. Sexwvdvtac and tuyales apyixés Tiuéc yia Ta k mpwtdTuna
extedoUue to emavaApnTind Turua Tov aAydpifuov.

2. Tautonoinan npotdnwv. Bdoe: tov xpttnplov taivéunone ta npdéruma ¢ xatnyoplac xara-
tdoovral oc ula ané tic K euxovixée xarnyopiec mov opilovial ano ta mpwrétura.

3. Yroloyioués npwibtunwy. Ze xdfe ewxovixl xatnyopia opilouue oav mpwrdtumo exelvo To
Sidvuoua mov eAaytotonolel To dbpoioua Twy arooTdocwy ToV ano Ta mpdTura TN¢ xaTnyoplag.

4. Eleyyog tou xpitnpiou tepuatiopod twv exavarifewy. Av xatd tnv Stadoyix) extiunon twy
npwtétunwy autd tapéuctvay (dia, Téte 0 akydpifuoc tepuarile, SiapopeTixnd emavalaufdverat
arno to 8eUtepo PBifua.

Mpéypapua 2 Yroloytoude k-etxovixdy mpotinwy ané napadelyuata ue guvdptnon anboraons o
tetpdywvo ¢ EuxAelbiac andoraonc.

function [Alphabet] = KMeans (Vector ,KM, Threshold)
[Alphabet] = KMeans(Vectors,KM,Threshord)

Input
Vector: Pattern Vectors
KM: Size of the alphabet
Threshold: Covergence threshold
Output
Alphabet: Vector alphabet

#* BN H

N = rows(Vector) ;

NumDfVect = columns(Vector) ;
if ( NumDfVect <= KM )

printf( "The size of the alphabet is greater than the number of the Vectors\n" ) ;
return ;

endif

Cluster = zeros(NumDfVect,1l) ;
Alphabet = zeros(N,KM) ;

Error = 1.0E28 ;

prError = 1.0E30 ;

for i=1:KM

while( 1)
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Alphabet(:,i) = Vector(:,floor(NumOfVect*rand())+1) ;
Same = 0 ;

for j=1:i-1

if ( Alphabet(:,j) == Alphabet(:,i) )

Same = 1 ;

break ;

endif

endfor

if ( Same == 0 )

break ;

endif

endvhile

endfor

while( (prError-Error)/Error > Threshold )
prError = Error ;

Error = 0.0 ;

NewAlphabet = zeros(N,KM) ;

Rep = zeros(KM,1) ;

for i = 1:NumDfVect

for j = 1:KM

Dist(j) = (Vector(:,i) - Alphabet(:,j))’ * ( Vector(:,i) - Alphabet(:,j) ) ;
endfor

Rec = ArgMin(Dist) ;

Error = Error + min(Dist) ;

Cluster(i) = Rec ;

Rep(Rec) = Rep(Rec)+i ;

NewAlphabet(:,Rec) = NewAlphabet(:,Rec) + Vector(:,i) ;
endfor

for i = 1:KM

Alphabet (:,i) = NewAlphabet(:,i) / Rep(i) ;
endfor

endwhile

endfunction

Hopédevypa 10 Ta Siabéoipa npbrune wias xarypyoplas Slvoviat ané to ovvodo:

2={(1,-1),(2,7),(4,4),(4,2),(41),(2,2),(-4, 1)}

Xppowonowdviac to tetpdywvo n¢ BuxdelBiac ouvdptnone andotaoys unoAbyioe 8o mpwrdtuna ue o xpitipio
1wy K-e1xovixdy npurérunay. DUyxpive ta anoteAéouata e to avilotoiyo napddeiyua avo onolo o unoloyiouds twy
rpwtdtunwy yiverat ue emdoyy k-napadeiyudrav.

H ouvéptnon tou tetpaydvou tne Euxdeldiag anéotaong pag Sieuxollvel oToug UTOAOYLOROUS [ag 6T xébe
gopd o TpwTbTUTO NG Exovxg xatnyoplag urohoylletan ané Tig aviloTouyeg Héoes TWES TRV TPoTURWY Ntou éxouv
tafvounfel oty xatnyopla.

Trov nivaxa mou axohoubel dlvoupe Ta tpeTdTuna, TNV TAELVOUNGT TWV TAPASELYUATOY OTLS ELXOVIXES XA TNYOPLES,
%L TV ouvoluo andoTaon Ty Tpotinwy xdfe xatnyoplas ané to avilotolxo mpwibTuNo TMOU uroloylletan ot x&be
Bripa Tou ahybpibuoy. Sevixdye Tou unoloYlopols pag emiéyovrag Tuyala ooy TPWTOTURY TWV ELXOVIXGOY XATYYOPLDY
Ta 3o wpdrta ropadelypata.

Ta 8% mpwrdtuna mou uroroyiooue elvan ta {(1.4,1),(3,5.5)} mou Slvouv cuvolixd dbpoiopa anoctdoewy 55.7.
To avilotolyo ouvokuxé GBpoloua TwY anootdoewy UE 10 XpLtiplo emthoyhs Twv k-tpbtunwy elvan 64 v tar Bia
ropadelypara. Hopatnpotpe enlong 6t xau o 3o mapadhayés Tov akybpibuou k-pécwv ouyxhivouv uetd aré dbo
eravahideLs.

Tewixd propolue va modue 6L 1 abyxhon Tov akyopifuwy k-uéowv ernpedletar onuavrued:

1. ané to TAffog TV mapaderypdtwy (avEavouévoy tou aptBiuol Tev tapaderypdtov avgdver xa
0 aplBuds Tev emavalidewy Tou akydpiBuou uéyp va emiteuyBel n odyxhion) xa,
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Mivaxag 2.10: Mivaxag exavalhidewy touv akydpliuou edpeong k-exxovixdy npwtéTunwy

| EnovaAngm I Apxuxéc tipég | Emav. 1 | Emav. 2 |
1o Hpuwtéturo (1,-1) (1.4,1.0) | (1.4,1.0)
Opétuna ing xat. 1,4,5,6,7 1,4,5,6,7 { 1,4,5,6,7
Ané6otaon Ing xax. 70 49.2 49.2
20 Dputétuto (2,7) (3,5.5) (3,5.5)
DIpétuna 2ng xat. 2,3 2,3 2,3
Anéotaon 2ng uat. 13 6.5 6.5
LuvoAuxf] andotaoy || 83 | 55.7 55.7 |

2. TV xatavopl Toug oToV XWpo TV UeTphoewy (600 Mo ouolbpoppa xaTavépovTal Ta npdTuTa
t660 auEdvouy xat to Briwata Tou akybpibuov).

Moapédevypa 11 Metpfote 1o eddyioro Suvaté opdhue ovotfuarog tadivéunons mpotinwy Tpidy xatyyopidy ané
o napadelyuara nou elvar Siabéoiua xat Slvovral ovoy nlvaxa 2.11, ypnoiuoroidvrag:

1. Tyv ovvdpryoy andoraons Tanimoto,

2. 1o xpitiipio Tadivéunons ¢ uixpdtepns andoraons xat
8. tqv uffodo umoloyiouod tou mpwrérumou xdfe xatyyoplas ue TV omola emAéyerar exelvo to mpbtumo mou
eAaytoronoiel o dfpotoua Twy anoordowy and ta mpétuna tng xatpyoplac.

Tivaxag 2.11: Tivaxag tpotdnwy ue mapadelyuata TpLdy xaTnyopLdV

Iipétuna tng w1 (1.0,1.3 (2.2,2.5) (3.0,3.1) (4.0,3.5)
Tlpétuna ™G W2 (2.0,2.9) (2.8,3.6) (3.5,2.4) (4.0,5.2)
Tpbruma e ws || (-1.1,0.4) | (-2.5,4.3) | (-3.0,3.3) | (-2.5,2.6)

Tl va HETphiooUKE To opdAua Tou cuoThUaToS TaEWouNaTg TpoTinwLY TPEneL apyxd va unohoyloouue Ta tpwibtura
twv xatqyopubv. Me Bdon T odnyles mou éxoupe AdPet unoroylloupe apyd to dBpolopa TwY arootdocwy xdfe
rpétunou and Ta undrotna mpdtuma TG xatnyoplag Tou. Amo tov axéloubo wivaxa (2.12) otov orolo 8lvovial ot
aBpoloTixés TiéS TV anooTdoEwY TPoXURTEL 6TL, Yia TS TPEls xatnyoples Ta avrloTolya mpwTéTuRa Elvat TO (2.2,2.5)
Yl TV @1, T0 (2.8,3.5) yiat v w2 xau t0 (1.5,2.6) Y TV w3.

Mivaxag 2.12: Afpototixd anbotacy Twv TpoTénwy anb Ta Tapadelypata TwY XaTNYOopLdY

Ipétuno g w1 (1.0,1.3) (2.2,2.5) (3.0,3.1) (4.0,3.5)
LuvoAuxd] anéotaoct 3.177 0.769 1.149 1.841

Ipétumo NG w2 (2.0,2.9) (2.8,3.5) (3.5,2.4) (4.0,5.2)
ZuvoAxy andotaon 0.645 0.304 0.578 0.856

Hpétuno g w3 (-1.1,0.4) | (-2.5,4.3) | (-3.0,3.3) | (-2.5,2.6)
LuvoAuxy) arnéotaoy) 9.898 4.856 3.632 2.147

To eAdyLoTo opdApa Tou ouoThuatog Tawéunorg uroloylletal av petpiooupe tig AavBaouéves avayvwploes 670
oUvoro TV mapadelypdtey exnatdevorns (MéBodac-C).

Ttov rlvaxa tou axorouBel Slvetar 1) xatnyopla tavéunois via 6ha ta napadelypata exnaldevong.
Ta opdhpata elvar €L ot éva obvolo 3dBexa mapadeiypdtwy. Tuvende o eAdyloto opdiua Tou ouotiuatog

tafwéunong elvae 50%.
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Tivaxag 2.13: Taguvéunon twv napaderypdtoy ot xatnyoples ue To xpithpLo NG wixpdtepng andota-
ong

Opétumo g @ || (1.0,1.3) | (2.2,2.5) | (3.0,3.1) | (4.0,3.5)
Tavtonolinon w3 w1 w2 w2
Hpétumo tng w2 (2.0,2.9) | (2.8,3.5) | (3.5,2.4) | (4.0,5.2)
Tavtonolinon W) w2 w2 w2
Opétuno tng ws || (1.1,0.4) | (1.5,4.3) | (1.0,3.3) | (1.5,2.6)
Tavtonolinon w1 w2 w3 w3

Mopddevypa 12 Merpfore o eAdyioto opdiua tov guotiuatog tadivunons rpotinwy TpIdy XaT)yopldy Ue T ma-
padelyuara nov Slvoviat otov nivaxa 2.11. Xpyotuonotelote oav auvdptyon andataoys to tetpdywvo tn¢ EvxAeldiac
arnbaraons, xpirfpio talivéunons oty xarnyopla ¢ utxpdtepns andoraons xai uéfodo unodoyiouol Tov mowTéTU-
nou xdfe xaryyoplac tyv extdoyy exclvou rou napadelyuatos nou eAayiotonoie! to dfpoioua twy anootdowy ané Ta
npbruna Ty rapadeiyudtwy.

1. Ioué elvar y Siagoporoloy twy anoredeoudrawy or oxéon ue to olotyua Tou nponyolucvou napadelyuaros.

2. Efpriffore noiolc emnpdofetous unodoytouodc fu extedovoate av oag xakoboay va aliodoyifoere ta Sbo ov-
otfuata tadivéunong.
3. Afiodoyifote ta ovotiuata xai aitiohoyelote Toug LoyUpLouols oag.

Hupaderypa 13 H exnaldevoy suotfuaroc radivéunons npotinwy e obyxpion npotinwy éxet fdn mpaypatonotybel
ue v uéfodo umoloytouod rou eixovixod mpwrérumou nov edayiotoroiel TV andotacy tou and ta mpdTuma TWY
rapadeiyudtov. Te xdbe xatpyopla éxovy ypnoiuonofel M napadelypara exnaldcuons.

AauBdvovrag unégy évi ypnoiyorowsltar oay guvdptyon andotaoys 1o tetpdywvo Ti¢ Euxdeldiae anéoraoyy,
uropelte va enavanpoodioplaste to BéAtioro mpwrdrumo tie xarpyoplag av oag yvwotonoufgouy Ty Unaply evés
véou rapadelyuarog;

To Bértoto ewovixd mpwibtuno, 6tav Ypnoyonoeltal to tetpdywvo s Euwxdeldiag ouvdptnorng andotaong,
unohoyiZetan andé M npéruna napadetyudtov ue v forfeia g axbdhoulng oytorng:

1 M
S >
i=1

Otay éyoupe oty Sudfeor wag M+1 npéruna napadetypdtwy, to véo ewxovixd tpwtdturo Slvetat and v axdhoubn
oyton:

1 N 1 1 - 1 M 1«
! = e ;= e S { = - B el ) i | =
y’M+1§:"‘ y M+1yM“+M+1Zy' y M+1yM+l+M+1(MZ1y‘)
=

i=1 i=1

’

1
Y =M¥1

YumM+1+Yy (2.17)

2.3 Xuvoptrioelg anépaors

M Sragpopetixnt| xatnyopia suoTnudtOY Tagvéunorg tpotinwy unopet va ukonownbel ye Tig Aeydueveg
ouvapThoeLs anbpacrg oL onoleg exteholy Ula LovoaHUAVTN AEXGVLET TOU YDPOL TWV UETPHOEWY TWV
Tpotinwy oTo o¥voho Twv TpayUatxdy aplBudy. Tho cuyxexpyéva yia éva cbatnua tadivéunong
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npotinwy N xamyopudv opifovtar N(N — 1) auvaptioeis andpaorg xdfe pla tov onolev ywpile
Tov Ydpo TV UeTpfioewy ot d¥o Teployés, Tov XWpo mou xotahauBdvouy To TPOTUTA TNG w; Xal
Tov X&po Tov xatahauBdvouy Ta TpéTUTY TNS W, ME Wi, @; cuuBolouue dVo tuyaieg xatnyopieg
Tou ouotfpatog Tagtvéunong. Av x elval Tuxalo tpdtuno 161 oL avtioToL e CLUVAPTAOELS ANGPaUOYS
dlvovtar ané v oyfoeg gii(X) we 4,5 =1, N, j # i xa gij(x) : § = R.

To rpétuno x tadivoueital oty xatnyopia w; 6tav:

gij(x) > 0, Vj 75 ) j = ].,N (2.18)

O apifés Twv ouvapthioewy ardpaons avEdvel anuavtixd pe Tov aplled Twv xatnyopLdy Tou ou-
othuatog tafivéunong. Na napddetypa 6tav 1o avotnua avayvwpilel 3éxa xatnyopleg avixeiévoy
w61e anontelton N edpeon 10 x 9 = 90 ouvapthioswy andpaans. O ueydros aptBuds Twv cuvapThoewy
anbaong éxeL oav dueen ouvérew, Ty adgnam g unoloyioTxg ToAvTAoxbTHTAG Xatd TNV Sradt-
naota Talvépunong, éxet VPnAéG arauthioels uviung xou arawteltal yeydhog apiBuds rapadelypdtov
yio v exnaideuaon.

Yrdpyouv 800 teywixés eENdTTwONG ToU aptBuol Twv cuvapTicEwy andpaong:

1. Optaude tnc avrifernc ouvdptnons arbpaonc. Mropolyue va utoBégoupe 6T gji(X) = —gij(x)
yopic vo PAédouye v yevixbtnta Twv Héxpr Thpa unobéaewy (6L uropodv va undpEouv Tétoieg
ovvapThoel andpaons). Elvar tpogavés 61t av xenaiuonoficouye Tov tapandve opioud elat-
tdvouye tov aplué Twy suvapticEwy oto woed, dnhady ararrodviar N(N — 1)/2 ouvaptioes
arnbégaons i cbotnua tagvéunong N xatnyoptdyv.

2. Awdonaoy tnc ouvdptnons andpaons. e epapuoYés ot omoleg o aplBuds TV xaTnYopLdV

elvon peydhog, o apBuds Twv cuvapthoewy andpaans dev umopel va meploplotel onuavixd
ax6ua xaL 6Tav YpnoLLonoLficouue Tov oploud Tng avtifetng auvdptneng andgasrg. Av éxouue
ovatnua 100 xatnyopudy and to apyxé civolo twv 9900 cuvapThoewy UTOPOUUE, UE TOV OpL-
oué g avtibetng ouvdptnong anégaong, va Ehattdooupe TG cuvapTHoElg andgaorg oe 4950.
Mopbha avtd o apiudg autds eEaxohoubel va elvar tpaxTixd anayopeutinds dLoTL Mapousdlet
HEYAAN uToloYLo TN TohumhoxbTnta xan Exel ueydhes anatioelg uviung 4950 * (P+1) Sexa-
duxddy apBudv oty neplntwon mou ypnoruononfel n arlolotepy TV ouvapThoEwy andgaorg,
7 ypauuw cuvdptnon. Me P ouuBolifoupe v didatacy tou napauetpixod Slaviouatos Ty
poTUTWY.
Otav éxouye peydho aptBud xatnyopidy uropolue va tetiyovye wia dpaotixnd pelwon tou apib-
Hob Twv guvapthioewy ardpacrg urobBétovtag 6TL uropodue va Saondgouvpe xéle guvdptnon
oe dVo Tuhpata. Yo tufua exelvo Tou anodidel v enidpaon tou Stavicuatog X ot Yopa-
XPLOTIXG YVwployata TG xatnyoplas @;, aupBoliletal oav ri(X) xaw ovoudletar guvdpTnon
Budxpramg, xon avitotoya To Tuhua exeivo tou anodidel Ty entdpacn tou Sraviouatog X oty
ouvépTnaY anbgaors 660V agopd Ty xatnyopla w; xar oupBoliletal cav r;(x). Yrobétovrag
6T 1 ouvdpTtnon andgacng uropel va avakubel oav pia Sagopd Twv cuvaptioewy dudxpiong
(discriminant functions) o apiBuds Twv cuvapTioewy dudxpiong Tou aratodvtan yia TV TAP
TEpLYPaP TOL GUOTHUATOS TaELVEUNaNS LoosTaL UE TOV apLBué TwY XaTNYOPLOY:

i (%) = ri(x) - r;(x) = —gji(%) (2.19)

Av uroBéaouye 6t oL ouvapthoei anbaans custiuatos tagvéunons 100 xatnyopldv uropoldy
npdypatt va diaoraatoly ot diapopéc ouvaptioswy didxpiong, ToTE xatd TV exnaldeuan tou
ouoThuatog anonteltor 0 UToAoYtouds exatd Lévov cuVIPTHOoEWY.
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To xpithiplo TaZvéunons Y Tic oUVaPTHOELS BLdxpLoTg TEOXURTEL LoodUvaua and To xptthplo
TV ouvaptioewy andgaong xat elval to e&vg:

X€w avv ri(x)>rix) Vj#i (2.20)

Te avrifeon pe tig ueBédoug taglvéunong ue olyxplon mpotUnwy oTig onoleg Yia xdbe mpdtuno
UTOPOUUE Vol ATOPUOLGOVUE OE oLl Xatnyopio auté avixel, 6tav xataoxevdfouue clotnua tafivé-
UNoMG TPOTUTWY UE ouvapTHOELS ardpaons Sev elvan mdvta equxth N Suvatdtnra Mdng andpaong.
Yrdpyouv mpétuna yia Ta omola Sev undpyel xatnyopla téTola GoTe OAeg OL GUVAPTHOELS andPaoTg
va elvon Beticég, dnhad Sev uropel va uxavorowmbel to xpitiplo Taguvéunong g etisworg 2.18 v
xapplo xatnyopla avixewévey. Xe auth v nepintwon to odotnua tafivéuneng dev propet va
arogaoioel Yo TNV npoéAeuoT) Tou TpdTuTTOUL.

H petdntwon tov oustiuatog taivéunang oty xatdotaon aduvaulag Afdrng xénotag andpaong
oc pepweée mepuntdoetg etvon embuunt, T, oe ouoThuata acpakelag, Tadvéunong Saxtulxdy
ATOTUTWUETOY, Watpuh SLEYvVRon x.0.%. SioTt €xel QuaLxd vénua 1 andvinan Tou ouotiuatog ”Aey
uropd va anogaciow”. Te dAhes epapuoyés bnwg T.Y. suaThyata autduatng thofynors, suotiuata
anoguyfc epnodlev, custhiuata Taglvéunons ophiag, autéuatng dbpbwong opaludtwy, ot choTnua
ontucc Tafvéunang ypauudtey f MEewy x.0.x., n W duvatétra Mng andeacng anoterel cagég
ueovéxtnua Tov cusThuatog Tagvéunorg.

Ocdpnpa 1 Av y ouvdptnon andgacnc unopel va diaonactel oc Siapopd ouvapthocwy Sdxpione
té1e Sev undpyet mpdturo To orolo va unv taivoucltar oe xdrowa xatnyopla.

H an6dei&n elvar amhf. T xéBe Sudvuopa X oL ouvaptioeis Sudxplang unopody va tonoBetnBolv
xatd pBlvouoa aplbuntud oepd, éotw: Ti(X) > r;i(X)... > rm(X). Aol 1 ouvdptnon Ti(x) €xeL Ty
ueyahbtepn apduntix TR, 161e eavoroieital to xpitiplo Tagvbunong g ediowong 2.20 yia Ty
xatnyopla w;.

AvaZntéhvrag xdnoto guvdeTixd xpixo avdueoa otic LeB6doug Tagtvéunong tpotinwy ue oUYxpioT
xaL Ue oUVAPTATELS andpaoyg unopolue va Sodue 6T, av oploouue oav anbdatasy tpoTinwy To avti-
oTpoQYo NG ouVdpTONg Bidxplong x&Be xatryopiag T6Te To xpiThplo TagLvOUNOTS UE CUVOPTHGELS
dubxprong (eElowan 2.20) elvar Looddvayuo Ue To xpitiplo TaELv6UNamG TPOTUNWY HE TV UxpdTERT
arnbdotaon (eElowon 2.11):

x€ew avw rx)>rix), Vi#Fie

1 1

XEw aAw > ——, VjiFi&
’ &0 e T

x€Ew avw di(x)<dj(x), Vj#i

H ta€wvéunon npotdnwy ue guvapthioei andgaors uropel va daxpiel oe exelveg g uebédoug mou
xpnowionotody Ypaptxés ouvapTHOEL anbdpaoTs xat Tig ueBéBoug Tou YpnoluoToLoUY UN-YpauxEs
ouvapThoelg anbpaong, 6Twe T cuoTAUXTA TAELVOUNGNG TPOTUTWY TOU YPTOLLOTOLOYY VEVPWILXA
dixtua. Ta guothuata autd Ba yehetnBolv ae enduevo xepdhato.
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2.3.1 Tpauuixés GUVIPTHOELS AROGPAONG

H ypopuuxs guvéptnon anégaang dtveton anb my oyéon g(x) = wIx + wn41, 6m0U X ebvan 1 Savu-
opaTu] TapdoTAcT) TRV UETPioEY TOU dYVLaTOou Tp6TUTOV, W XaL w41 Elvon oTabepés TapdpeTpol.
H empdvea dbo xotnyopidv mou opiletat ané 1o GUvoro TwY onueley Tou anotehody Adan g e&i-
owong g(x) = 0 ywplZeL Tov XHpo TwV UETPHOEWY OE 300 nepLoyEs, TV BETLXGY XaL TWY APYNTLXGY
TGOV TNG.

Ocdpnua 2 H Siaywptotixl empdvera dbo xatnyoptdyv elvat xdfety oto Sidvvoua w.

Oewpobie 300 onuela erdve oty Sl wpLoTX em@dvela To X1 xou To Xg. H eubela mou evéver
1 360 onpeta elvan To ddvuopa X1 — Xg. T va Sovue av 1 dywptaton empdvea elva xébetn oto
Sudvuopa w apxel va anodeifoupe 6t o Bidvuoua X1 — Xz TOU avixer aTnv daywplotun empdvela
elva xébeto oto wW. Tuvendg apxel vo anodetZouue 6TL:

(x1 —x2)w =0
H anédeiln elvon amAf:
(X1 — X)W =X1W + ZN41 — (Xow + TN41) = 9(X1) — g(x2) =0
Mrnopobye emiang v Topatnpfigouue 6TL Lévo oty replntwon xaté v onola xaTaoXEVA{OUUE
ovotnua Tafivéunong d0o xatnyopudv o aplBuds TV GUYTEAESTOY TV YPOUUXGY oLVAPTHOEY

anbacng elvar wxpdTepos anb Tov aviiaToryo apLBub TV GUVTERESTEHY TRV CUVAPTATEWY dudxpiong.

Moupddewypo 14 Alverat olotnua tafiybunons mpotunwy Tpidy xatyyoptdy To orolo avayvwpllet npdtura otoy xdpo
8o Daordocwy e ypauuixés ouvaptioeis andpaacg. Sroy nlvaxa nov axoloufel Sivovrar ot ouvteAsatés yia xdfe
ula axd tic ovvaptioelc TwY XaTnyopidy.

Mivaxac 2.14: Tivoocag ouvtereotdV TV guvapThoewy anbpaang

Katnyopla w1 wis - (1,2,3) wis - (1,3,1)
Ketnyopla @; || war - (-1,-2,-3) | wa3 - (-1,2,2)
Katqyoplo @3 || wai - (-1,-8,-1) | w32 - (1,-2,-2)

Bdost twy napadeiyudroy nov axoloufoly uetplote Ty aftomotia tou ovothuatos tadivéunans yia xdébe ula
aré tic xaryyoplec mou To oUoTRU avayvwpllet.

2= {((11 1)) “)2)’ ((27 1)) ml), ((21 2)’ 01), ((—2’ —1)1 “)2)1 ((2, —1)) “)1):
((11 —1)1 ")3)a ((—1, 1)) “"2)1 ((3, 1)1 “)1)) ((21 _2)7 "’3)) ((—2) 2)’ wl):

((17 -2)) “)3)’ ((—la "2)’ “’2)’ ((_4) _2)7 02)}

Apywxd urnopolye va rapatnericoupe 6Tl UREPYEL ula evdoyevic aduvapla oto obotnua. Ex twv TPOTEPWY YV~
plloupe 6L ot xdbe ovoTua TaELvéUNONS rpotURWY To onolo xpnoytonotel cuvapticelg anbégaorng btav auvtég dev
unopoty va avaluBoly oe ouvapTiocels Sudxplong, <6te elvan Suvatéy v urdpEouy mpbTurna yua ta onola To cloTNU
tavéunong dev propel va anogaoloe. ot noud xatnyopla avixouy.
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Mivaxag 2.15: Tagivounon twv napadetypdtov ye ouvaptioelc andpaong
??

| [t ]2]3]4|5 |6 |7 |8]9]10]11]12]} 13|
Avayvdpron || @01 |1 | @1 | w2 |~ | w3 @1 |@1 |3 | 01 | 03 | w3 | w2
Katnyopla W |0 | W |w | || @ | @ |03 0 | W3 | W | w2

Apynd uroroylfoupe 10 ecwTEPKS YLVOUEVO TV BLAVUOUETWY TV OUVIEAEGTAY TWY CUVAPTHoEWY andpacyg Ue
10 Sudvuopa Tou dyveotou rpdtunov (x,1). To npbturo tagivopceital oty xatnyopla exelvy otnv onola to ecwtepxd
ywégevo dhwv TV Svuoudtey TV cuvaptiocwy anépacng g xatnyoplag éxouv Beta Ty,  Av dev undpyet
xatnyopla Yud v onola 6Aec oL cuvapthoew anbgaong g xatnyoplag va éxouv Betuaf Ty téte dev unopolue va
tafvopficoupe to dyvwoto npéturo. Katd v Swaducacla tng tafivéunong undpyel xau o evdexduevo va Bpodue
reploabTepes NG Wids xatnyoplec o onoleg va napoualdlouv Betud Ty Yud 6Aeg Tig ouvaptiioelg anbgaorg. Te auth
v meplntwen To dyvwoto npbTuro Tavtoroeltal oe dheg Tig xatnyoples mou eavoroloby To xpLtfiplo Tagvbunors.

AxolouBdvrag tny Buadasla tafvéunone Bhénoupe otov nlvana Tig Taklvoproels xat TV rpaypatua] xatnyopla
x4Be mpbtunou. Me 1a otoiyela Tou Thvaxa uroroyi{ouue To KocooTé ENttUdY avayveploewy Y xdfe pla xatnyopla
EeywpLotd w¢ xat v ouvolue aglomotia g Tagvdunorg.

Emtuyta tafwvéunons e o1 = § = 80%.

Emttuyla tafivéunong g w2 = 2 = 40%.

Emtuyla tafivéunong g ws = 3 = 100%.

Suvohudi emttuyla tafvéunons % = 69.23%.

Tapatmpolpe extone 61 To €xto napddelypa dev punopodue va 1o Tafivouicouue anbégaong.

2.3.2 Awduxacia exrnaldevong

Evag and toug onuavtixétepous AéYoug Tou cuviapépouy oty Siddoan xdrotag uéBodou tagLvéunong
npotUnwy elvar xat 1 Grapdn evég netuynuévou akybpibuou exnaldeuong and mapadetypoara.

T g ouvdpTnoels andgaong xat dudxplorg undpyouy enavolnrtixol akybpbuol exnaidevang ou
omolol cuyxhivouv étav to napadelypata wou elvon diaBéaua elvon ypauuxd Siaywploya.

Optowéds 2 Ta napadelyuara Aéyovrar ypauuixd diaywpiowa dtav yia xdfe {evydpr xatnyoptdy
w; X @ LTdpyel W € RP* téroio dote yid tyv ouvdptnon gij(x,w) = WIX +wpyy va woyUet
9i(X) > 0 yia xdfe x € w; xau gij(x) <0 yia xdbe X € ;.

2.3.3 O aAydbpBuog perceptron

Eoto odotnua tafivéunong N xatnyopidv yia to onolo undpyouv M; mapadelypata oe x4be uia and
1 xatnyoples Tou. Av YpnouLonoioouie Ypauxés oLUVAPTHAEL andpasTns Yio T onoleg Loy Vel 6Tt
ij(x) = —g;i(x) 161€ 0 axbéhovbog eravahnmTindg akybpibuog cuyxAiver av ta nopadeiyuata slvo
Yoauuxd Siaywployso.

AhyépBpog 8 1. Apywés twés. TomobBetolue tuyaiec Tipéc otous ouvteAeotés twy N(N—1)/2
ovvaptiioewy anbépaong.

2. Avayviépion. EmAéyovue tuyala ula xatnyopla w; xai and autiy To mpéTumo T Xpy,. Ymodo-
yilovue élec Tic ouvapthoeic andpaone gij(Xm). I'a boec and avtés n ouvdptnon anbépacns
8ev elvar Betixsf eravampoodiopilovue tov avrioroiyous ouvtedeotés we edrg:
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Wi = Wi + a(xm, 1) (2.21)
énov a eivar BeTixdg mpayuatixds apifuds.

3. Eleyyog oOyxhong. Av ue tov édeyyo dhwy twv mapadeiyudtowy exnaldevans dev mpayuaro-
noinbel enavampoadioptoube Twv oUVTEAETTAY TV ouvapTHoewy andpaans o adybpibuog Tep-
uatiler. Aagopetixd enavadaufdvetar to nponyoluevo Brua.

O ahyépiBuog perceptron urohoyiler Tig ouvaptioelg andpaong Yo ovetnua tadivéunong N xa-
myopidv. O umoloyiouds twv ouvapthoewy avduesa ot d%o xatnyoples egaptdtan uévo and ta
avtiotouya mapadelypata TV xatnyopidy. Tuverds unopolje xdbe gopd va unohoyicouue aveddp-
T Toug ouvtereoté ik xéBe Jeuydpl xatnyopidy. Yroloyifouue dnhadh toug cuvteheotés g
ouvdptnamng gij(X) ané ta avriotoiya tapadelyUaTte TWY XATNYOPLWY Wi XAl Wj.

Ta va Betiboouue v Taxdtnta odyxhang Tou akyépibuov, apytxd tormoBetodue pla oxetxd
ueYdAn apywxh T otov ouvtereoth) exmaldevong, Ty @ = 1. Ty ouvéyewa emhéyovrag napo-
delypata extelolpe To emavadnmTind Thuo Tou akySpifuou perceptron. Otav ohoxAnpwBel évag
0A6XATPOG xUxhog ENEYYOL TV Tapadelyudtwy ot Sev npayuatoronBel xappia yetaBory twv ou-
vieeatdy g ouvdptnorg andgaang o akybpbuog teppatilel. Av to mpdTumo xdmowou mapadely-
uatog dev tafivounlel owotd, t6te To Bdvuoua Twy ouvtekeotdy BapbTag mou €xouv apvnTLX
Ty enavanpoodioptovon xon enavahauBévetor o xxhog eENéyyou TV mapadetyudtwy. Av uetd and
xémoreg enavolfidelc 6ha ta tpdTua Tagivounfoldy owotd t6Te T0 EAdXLGTO GPdAU TOL BUOTHULATOG
taZwéunong elvar 0% xon yvwptfovye entong 6w ta npbtuna elvan ypapuxd Saywplowa. Av to ema-
vaAnrTind Tuhpa Tou ahydpiBuou dev tepuatilel T161e eEhatTtdvoule Tov oUVTEAESTY ExTalBEuong & ot
enavalapPdvoupe Tov akybpiBuo. H Baduxasio uelwang tou ouvieheot exnaidevong enavahaufbve-
Ton Eavé av xon méM o akyépiuog oev cuyxAlver. Av 7 apBunruh Tywh Tou cuvteleoth exnatdevong
uerwlel onuavixg ywpls va teTdyoupe oGYxhan, T6Te UROPOUUE Vo LOYVPLOTOVUE UE apXETS LEYSAN
Befarbtnta 670 Tor TpbTUTE Bev elvan Ypappuxd Sraywplowa.

Mpéypapua 3 Exnaldevon xat urodyoouds tou eAdyiotou opdAuatoc ouatiuatoc taltvéunons
npotUnwy e ouvaptioels andpaons yid 8Uo xatnyoples mpotlinwy.

function [Rc,Rep] = Perceptron(x1,x2,Lr,MarRep)
[Rc,Rep] = Perceptron(x,c,Lr)

Input
x1: Pattern Vectors for the first class
x2: Pattern Vectors for the second class
Lr: Learning rate
MaxRep: Maximum repetitions
Output
Rc: Correct classification rate using the C-method
Rep: Pattern vectors on each class

R IR B BE B B R

Num0fP1 = columns(xl) ;

NumDfP2 = columns(x2) ;

Weights = 2 * rand(rows(x1)+1,1) - 1 ;
Rep = [NumOfP1,Num0fP2] ;

TotPat = sum(Rep) ;

Rc = zeros(2,1) ;

if ( rows(x1) !'= rows(x2) )
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printf( "Error in vectors x1, x2\n" ) ;
endif

#
# C-Error
&
for j = 1:MaxRep
if ( rand() > 0.5 )
k = floor(rand() * NumOfP1 + 1) ;
Pat = [x1(:,k);1] ;
Score = Weights’ * Pat ;
if ( Score < 0 )
Weights = Weights + Lr * Pat ;
endif
else
k = floor(rand() * NumOfP2 + 1) ;
Pat = [x2(:,k);1] ;
Score = Weights’ * Pat ;
if ( Score >= 0 )
Weights = Weights - Lr * Pat ;
endif
endif
Rc = zeros(2,1) ;
for i=1:Num0fP1
if ( Weights’ * [x1(:,i);1] >=0)
Rc(1) = Re(1) + 1 ;
endif
endfor
for i=1:NumQfP2
if ( Weights’ * [x2(:,i);1] <0 )
Re(2) = Rc(2) + 1 ;
endif
endfor
printf( "%8d", sum(Rc) ) ;
fflush(stdout) ;
if ( sum(Rc) == TotPat )

break ;

endif

endfor

printf( "\n" ) ;
endfunction

Hop&derypa 15 Eotw 6t Slvovrat ta axdlovfa rapadelyuara.

Q= {((1$ 2)’ “)1)$ ((_21 1); ")2)1 ((27 1)$ “’3)7 ((_0'57 -1), @), ((_17 _1)7 w2), ((_0'51 1)? “)3)}

Karaoxcvdote otorpua taltvéunonc mpotlrwy tpidy xatnyopidy ue ovvaptiocis anépaays.

Xproytonowdvrac Ty unédBeor 6 gij (2) = —gji(x) unohoyllouue Tov aptBus 1wy ouvapticewy oe: 3%(3-1)/2 = 3.

Eotw 611 oL ouvapthioels anbégpaong dlvovral anéd T oyéoeis:

g12(x) = —g21(x) = w1z * (x,1)

g13(x) = —gs1(x) = wiz * (x,1)

g23(x) = —gaz2(x) = was * (x,1)
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Apxuxd toroBetd Tuyalec TWES OTOUG ouvTEAEoTES TNG ouvdpTnong anégaons. Eotw 6T wip = —wz1 = (1,0,0),
w1z = —ws; = (0,1, 0), waz = —w3z = (0, 0, l).

Awkéyo xuxhd éva npoc éva T TpéTURY TV TapadelyudTLy Mot epapuéleo Tov alyépifuo perceptron 6nwg
autég Slvetan otov nlvas mou axolouBel (ue ouvteleoth exnaldevong a = 0.5).

Mezd v olyxhion Tou aAydpibuon (ypouuixd Sxywplowa rapadelypata 1 lwodlvaua ehdyioto opdhua 0%), o
ouvapTioeis andpaons x&Be xatnyoplac elva ol axdhoubeg:

912(x) = —ga1(x) = (1,0,0) * (x,1)
913(X) = —gs1(x) = (~1.75,0,2) * (x, 1)

923(x) = —gs2(x) = (1,0.5,0.5) * (x, 1)
IMapéderypax 18 Eorw 61t Slvovrat ta axdéAovla rapadelyuara yia Ty xaraoxevf ouotifuaros tafivéunons rpotinwy
Ue ouvaptifosic andpaoys.

N= {((17 1): wl); ((21 1): ")2); ((21 2), ")l): ((—2: _'1)7 “)2)’ ((11 2): w1 )}

Ynohorlote touc ouviedeotéc twv ouvaptiiocwy andpaoye, tonofstdvrac apyixés nuée w = (1,1,1) xat tono-
Oetelore tov ouvtedeotif enavanpoodiopiouoy rtou aAybpifuou perceptron oryy tuf a=1. Ti naparqpelte xard 12/1
eS€Miy tou ahydpibuov xat notée EvEpyetes unopelte va xdvete yia va Bervidoere ta anoredéouara.

2.3.4 O ahy6piBuog perceptron Yia Tig ouvapToels Sudxplorg

Av o1 ouvapTioei anbpaong utopody va EXPPAGTOVY oo Brxpopd YpauuLxdy ouvaptioewy Sudxplong
9i;(x) = —gji(x) = ri(x, w;) — 7j(x, W;) t61€ 0 emavaknriixée ahydpiBuog perceptron uropet va
tportorowlel wg e&xg:

AlvbplBuog 4 1. Apyurée Tyuée. TormoBetodue tuyaiec Tiée oroue ouvredeoréc twy N ouvap-
Toewy Sudxpione.

2. Tadwéunon. EmAéyouue tuyaia pia xarpyopla w; xai ané authy to TE6TUNO Xp,. Yrmoloyi-
fovue ™y Tk twy N ouvaptifoewy Sidxpians. Av undpyouy xdroiec xatnyoples w; yia g
onole¢ tayUet ri(Xm, w;) < Tj(Xm, W;) té1e enavanpoodiopilovue tov cuvreearéc Bapvtyrac
TWY avTioToLYwy Xxaryyopidv:

Wi = W; + a(Xp, 1) (2.22)

Wj = W; — a(Xm, 1) (2.23)
drov a elvat Getixds mpayuatixée aptBuée.

3. Ekeyyog abyxhang. Av ue tov £Aeyyo Shwv twv mapadeiyudtwy exnaldevone dev mpayuaro-
rnotnbel enavanpoadiopioude Twy ouvtedeotdy Twy owvaptioewy Sidxpions o alydpibuoc TEp-
patller. Atagoperixd enavadaufdverar to mpopyoduevo fiua.

HMopdBevypa 17 Eotw 6n Slvoviar ta axdlovba napadelyuara yia v xaraoxeul ouotiuaros tafivéunons npotinwy
8o xatpyopidy ue ouvaptifoeis Sudxpioyg.

2= {((1; 1), wl)r ((_3: 0)1 92): ((2: 2)’ ml)) ((—2a _2): “’2)’ ((11 2)! (‘)1)}

Yrohoylote toug auvredeotéc twy ouvaptioewy.
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Ereldy 1o obotua avayveplle Vo xamyoples, B éxoupe 3o ypauuixés auvaptioels Sudxplong
r1(X, W1) = wn 1 + w1222 + wis

ra(X, W2) = w2121 + waa2 + was

émou x = (z1,22).

Tonobetd apyweés Tiués otoug ouvieheotés g ouvdpene anbpaorg. Eotw 6t win = wiz = —1, w1z = 1 xau
w21 = wez = 1,wes = —1.

Avahéyo xuxhixd éva tpog €va Ta TpGTURA TWY TapadelyYHdTY Xau epapuélw Tov alydpiBuo perceptron e ouvte-
Aeoth a = 0.5. Ta anoteléopata Tou ahybpiiou oe xdbe eravainnnixé Phua tou Slvetan otov tlvaxa mou axohoubel.

Orav ohoxinpwBel évag oAbxhnpog xixhog eEréyyou TV napadelyudtov xat 3ev npaypatonowbel xauula uetaford
TOV GUVIEAEGTAY TN oUVpTNETG andgaong o ahybplBuog teppatile. (BAua 6-10).

O ouvaptiioels Budxplang ma xdBe ula ané tig xatnyopleg elvau:

ri(x) = 221 +0.522 + 1.5

Tz(x) = —2z; - 0.521 — 1.5

H Buagpopd e Taydtnrag olyxhiong twv alyopiBuwy perceptron mou yprowlorolobvial Yid ToV UTOAOYLOUS TV
ouvapthoewy anbpaors xa Sudplong ogelleton oe dUo rapdyovieg:

O npdrog napdyoviag opelletal oy woyuet exlBpaon tou éxouv oL apyuxéc ouvBixes otV olyXhion Tou ahyé-
pBuou. Kouaj emhoyt, mou ouviBug ornpalver 61u ou apyixés tués Siagpépouv onuaviixd and Tig Tehude Tég Tng
olyxhomng, auEdvel onuaviud tov apiBud Twv eravariewy tou aryéptfon.

O Beltepog mapdyovrag éxel vo xdver e tov apliiud Twv dyveoTwy tapapétpev ot ayéon e Tov aplBub Twv
rapaderypdrwy exnaldeuorns. T'vwplfoupe 61, xatd tnyv npooeyyioty extluon toludidotatwy tpoBAnuétwy PeAtiato-
rolnong o apfpde Twy enavakidewv tov akybpibuou éxel dueor ayxéon we Tov apBusd TwV tapapétpwy Tou Béoupe va
unoloylooupe. O apiBuée Twv enavahidewy avgdver pe v abgnon twv tapauétpwy Tou BElouue va exTLURoOUNE Xat
pdhiota pe exbBetoo) 1d€n otig teploobtepeg TwY nepirtdoswy. Enlong brav auvdvetar o apfués Twv napaderypdrov
exnaldevong ouviBug petdvetat xaL 10 oUVoAo TV anodextdv Aloewv pe cuvénewr va auEdvouy ta Phuata tou akyé-
pipou Bubt avZdver n mbavétnta N apywah Ty rou tlbetal otoug cuvtekeotés Papltnrag va Peloxetal paxpud ané
NV xovivéTepn arodexty Abor,.

Mupddevypa 18 Eotw 6u dlvovial ta axbAouba napadelyuata yia tyv xataoxevy ouotuatos taftyunons nporirwy
TpLdy xatyyopidy.

2= {((_2) 0)1 Ul), ((2) 2)7 “)2)7 ((_1) _4)a “’3)7 ((_31 1)» ‘01)) ((3) _1)) "’2)1 ((17 _3), “’3)}

Yroloylate toug ouvtedeotés twv ypauuixdy ouvaptiocwy ardpacys xat tou ouvtedeotés TWY YpauuIXGY ou-
vaptifocwy Sidxpions xat eAfySete av ot toyuptouol nov Siatundoaus oav ovurepdouate tc mpoynyoluevys doxpons
euataboiv.

2.3.5 O ahyépibuog ehayiatonolnong Tov opdhpatog extiunong

O akyébpifuog perceptron €xet €va toyupd uetovéxtua. TuyxAiver uévo étay ta tapadelyuota slva
Ypauued Staywptopéva, SLapopeTnd 0 ENUVUTPOGBLOPLOUGS TWY GUVTEAEGTWV TWY CUVAPTAGEWY anb-
paong 1 TV oUVTEAECTAY TV cuvapthoewy dudxpiong xataljyel o wla atépuovy Sradixacia ywpls
xappia mBavétnra odyrhong. e autés Tig nepuntdoeig elvan Sdoxoho va xpivouue av 1 aduvaula
oUYxAong opelhetar otV uEYEAN Tyl Tou ouvteleoth exraideuang X ot mapousta un Ypauuxdy
daywplowwy rapadetypdtwy.

O alyépiBuog ehayiatonolnong tou opdhuatos extiunone etvan évag enavalqraxés akydpibuog
0 omolog ouyxAiver axbua xaL 6Tg TEPLTTAOELS OTIS OTolEG Tl TPGTUNY TwY TAPABELYdTOY Sev elvor
Yeauuxd Siaywplouéva.
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Ag Bobe buwg nwg npoxdntel 0 akydpiBuog. Onwg éxer mpoavagpepbet peketdue To Tp6BANUA opt-
ool g ouvdpTnong andpacns dVo xatnyopudy wia xuL 0 uTohoYoUdS TV ouvtEAEaTGY eEapTdTan
povdya anéd ta mapadelypata d0o xatnyopidv xdfe gopd. Eotw gi2(X) = —go1(X) xon Ny, Na eivar
o aptluée Tev tapadelypdtey yia g d0o xatnyopleg avtiotorya.

Opiw oav x v enéxtaoy tou dlavicuatog xdbe tpdrunou Tov npoxdrter pe Y mpoabixn wés
véag Budotaong we tuh 1, x = (x/,1) 6rov x’ etvon 1o Btdvuoua Tou npéturov. Erniong yua xéfe
éva and ta Sraviouata exnaldeuans tng xatnyoplag wr AVTLOTPEP® TO TPGOTUO TWV GUVTEAETTOV
x = —X. H peratpons| auth petaaynuatilet to npéfinua exraidevorng tou ouothuatog otny edpeay
TWV OUVTEAEGTOV W oL onolol va ixavorolody Tig axbiovbeg aviodnteg:

xw>0, Vi=1..M xauu M=N+N, (2.24)

O\eg 15 ouvapthioelg unopolue va tig opadornoticouue oe:

Xw > 0, X = (x1,X2,...,Xp) (2.25)

To mp6fBinua enfiuang g aviowong unopel va avtixataotabel and éva npéBinua enthvong tne
e€lowang:

Xw=b, be(RH (2.26)

Avahuted Mom g 2.26 3ev uropel va emiteuyBel, yiautéd tov Aéyo mpooralbodyue va enttdyouue
pla emavaknrtixq Adon 7 onola va Bedtiotonoval diadoyixd ula ouvdptnon xpitnplov. H ouvdptnon
avuth Ba pag Selyver Tautdypova téoo Exovue TAnoudoet Ty emBuuoduevn Aion Tov npofAfuaros ot
xdBe emavédndn tou akyépiuov. H cuvdptnom ogdhuatog Slveton ané tny eklowoy:

M
Er(X, w,b) = % S (wWTx; — by)? = %uxW —b|? (2.27)
i=1
H Bérniotn 1y Tou w mpoxdntel and v edayiotonoinom g ouvdptnong Tou opdAuaTos.
Enewd urnopodue va ehayiotonotfjoouue v ovvaptnon uetoPdilovrog dGo aveEdpinrteg ueta-
BAntés Tic w, xaw b umoloyllovue TV mopdywYo NG OLUVAPTNOTNG CPIAUATOC WS TPOS AUTES TIG
uetafAnTés.

—é%Er(X, w,b) = XT(Xw — b) (2.28)
%ET(X, w,b) = —(Xw — b) (2.29)

Me yvwoth v Tipq b, n ehdayrom) i g ouvdptnong Beloxetar oto anueio ato onolo oyvel:

H éxgpaon (XTX)1XT ovopdletar yevixeupévog avtiotpogog tivaxac tov X.
O ovvieheotiig b enavanpoadiopifetar Bdaoe g uebbdou Pruatueic obyxhong:
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b=b- ca%Er(x, w,b) (2.30)

D va €xoupe anoBexti Mom Bev mparypatonoiodue ™y anhf aviixatdataon NG TUPAYAYOU 1o
eyoupe Ppel Bi6Tt Yvwplfoupe 61t o1 oumotdoeg Tou davdouatog b Tpérer va elvar mdvta Betixol
apifuol. Me v avadpouuci oxéon mou lvoupe otnv enduevy ellowaon enavanpoadopifouue Toug
ouvtekeatés Tou Suaviouatog b uéve oy mepintwon xatd v onola autol Ba avEnfoty aplBunTixd
OE XANOLES A6 T CLULATOGES TOUC.

b=b+>(Xw —b+|Xw - b)) (2.31)

Me myv texvuxf auth rpooeyyifoupe v exthuan g aviowong mou emBuyolye, ueavoroldvtag
TAVTOYPOVA XL TOUG TEpLopLoltols tov Béoaye.

Me Bdon ta napandve napabétouue Tov ahydpifuo utoloyiapol TwV auvapThaELY andpaong and
napadelypata mou Baoiletar oty ehayiatonoinen Tov opdhuatog extiunarng. Zuviing emhoyy tou
oUVTEAEOT € elvan xdmolog Wxpés Betinds mpaypatixds aplbués 0 < ¢ < 1. T autée Tic Tés o
ahyépifog, mov elvar Yvwatég xon pe to Svoua Ho-Kashyap, ouyxhiver axdua ot av ta Stavdopata
Sev elvay ypauuixd draywplowua.

AlybpiBpog 5 1. Apyués twés. TomoBerodue tuyaiovs uixpols Getixolc apifuobc atove au-
vieAeatéc Tov Siaviouatoc b.

2. Yrohoyioudg 1wy ouvieheotdy g ouvhpTnoTS anbgaons. Me Ty ayéon mov axoloubel moay-
uatonoiolue ula extiunon tov w.

w = (XTX)"1XTp (2.32)

3. Ekeyyoq obyxhang. Av Xw > 0 t6re ta napadelypata elvar ypauuixd Siaywplowa orndre
xaw 0 alybpibuoc tepuatiler. Av ) napandve ouvbifxn Sev ixavoroweltar xat ot uetaforéc
Tou W xatd dvo Siadoyinéc mpooeyyloeic éyouv petwbel onuavtind téte éyovue xardotaoy
oUyxAione tov adybpibuov. Ze auth tnv meplntwon yvwpilovue 61t ta napadelyuata Sev elva
Yeauuixd Staywpiowa.

4. Enavarpoodiopiouds tov b. H véa ) tov diavbouaroc b urodoyiletar ané tyv axdrouby

avadpouixlf oyéon:

b=b+ —;—(Xw—b+|Xw—b|) (2.33)

5. Enavéhndn tou akyépibuov. To emavadprtixd tufua tou adydpifuou extedeitar and to Sel-
€00 Priua.

Hpéypaupa 4 Yroloyiouds twv ouvredeotdy fapityrac ypaupuixos talivounts ue v Borfbeta Tou
adydpibuov Ho-Kasyap

function w = HoKaOrg( z, ir )
# [Rc,Rep] = BoKaOrg( x1,x2, ir )

#
# z: Pattern Array ir: Algorithm Repetitions




2.3. YYNAPTHXEIY AIIO®ASHX

#
# This function estimates the weights of a two classes linear classifier
# using the Ho Kasyap algorithm

Nv = rows(z) ;
Np = columns(z) ;
b =0.1 % rand( Np, 1) ;
piz = pinv(z’) ;
w =piz * b ;
bl =2’ % w ;
e=b1-b ;
i=0;
while( i < ir )

printf( "Step %d\n", i ) ;

printf( "Classification Score: %7.4f%/\n", ( 100 *

NoGreatValMat( b1, 0.0 ) ) / ( rows(bl) * colummns(bl)) ) ;
if ( GreatValMat(b1,0.0) == 1)
printf( "Linear Separation of classes in %d repetitions\n", i ) ;
return ;

endif

ea = AbsMat(e) ;

b=b+05% (e+ea) ;

w =piz * b ;

bl = 2’ * w ;

e=b1 -0 ;

i++
endwhile
printf( "Original Ho-Kasyap not convergence in %d repetitions\n", i ) ;
printf( "Classification Score: %7.4f%%\n", ( 100 *

NoGreatValMat( b1, 0.0 ) ) / ( rows(bl) * colums(bl)) ) ;

endfunction

function a = AbsMat( b )
# usage: a = AbsMat( b )

*

This function returns the absolute values of the array elements ]b(i,j)|

= rows(b) ;
columns (b) ;
for i=1:r
for j = 1:c
if ( b(i,j) < 0.0)
a(i,j) = - b(i,j) ;
else
a(i,j) = b(i,j) ;
endif
endfor
endfor
endfunction

O H #* 8

function a = GreatValMat( b, v )
#usage: a = GreatValMat( b, v )

This function returns 1 if one element of the matrix b
is less than v otherwise returns 0

rows(b) ;
columns(b) ;
for i=1:xr

0O N % % % %

51
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for j = 1:c
if (b(i,j) <v)
a=0;
return ;
endif
endfor
endfor
a=1;
endfunction

Topddevypa 19 Ano ta axdloufa napadelyuata xataoxsudote obotqua tafivéunone mpotirwy 8vo xaTyyopidy ue
ouvaptijoeic andpacrs.

N= {((010)’ “)l)’ ((01 1), 0)1), ((1: 0)) 02)7 ((1: 1)’ “’2)}

O. ouvtedeotés TV Ypappuxdy cuvapticewy anépaong Ba unrohoylotoly ue v wéBodo Ho-Kashyap.
HMoAamhaowiouye ta npbTuna g w2 HE 1OV GUVIEAESTA -1, onéte To Sidvuopa X Ba elvar:

0 0 1
0 1 1
X= -1 0 -1
-1 -1 -1

O yevixeuuévog avilotpogog mivaxas unoloyleta:
-1 -1 -1 -1
XTX)'XT=| -1 1 1 -1
05 05 -05 0.5

Eexwvdvrag Tov ahybpibpo (Brua 1) pe apyoeh Ty b = (1,1,1,1)7 xaw ¢ = 1, 7 npden extliunon twv cuvteheotéy
NG ouvdptnarg andgaore (Bhua 2) elvor:

-2
w=(xTxr‘be=( 0 )
1

YrohoylZoviag to xpitiplo tepuatiopnod tov akydpilpou (Bhua 3) Beloxouue:

Xw = >0

e

Ta npéruna TV napadeiypdtov elval ypapuxd Swywploya and to npdro Prhua tou akyépiuon. H {nroluevn
ouvdptnor andpaong Bu elvat: gia(x) =( =201 )* (21 29 1)T =22, + 1.

Hupddevypa 20 Xppowonoidvras ta axdélovba napadelyuara xataoxevdote odorque radivéunons rporinwv ddo
xaryyoptdy ue ouvaptifoets andpaocns.

2= {((_Zv —2)) ")1)7 ((27 2)7 "-’2)1 ((37 _1)) (01), ((11 _1)’ (‘)2)7 ((1) 1)1 “)1)}

Yrodoylote touc ouvtedeatés twy ypauuixdy ouvaptifoswy anbpaoye ue tny Boxbeta tou ad ybpifuov Ho-Kashyap
xaw axodelfte 6Ti Ta mpdruna Twy napadeiyudrwy elvar yoapuixd Siaywploa.
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2.3.6 Mnyvpapuuxés cuvapThoelg anbgaong

Ou unr-ypopuxés suvaptiioes anbpacng uropoby va Bewpnboldv 61t éyouy oTevl) ouyYéveld UE Ta
vevpwwixd suotiuata Tagvéunong BLéTL autd mepLé oy un-ypauuxols TekeaTéc. Bewphytag buwg
6Tt XapaxTNELOTLXS YVOPLOUD TV VEUpwWXdY Buxtiwy elvar 1 Slxctviesy buolwy V3 SR TVIVIRAYY
urohoyioTix@y uovadwy Ba avagpépouue o€ auTéd To T TWV ONUELBOEDY EXELVES TIG MY PAUULES
1eB680ug mou dev uropoly va avaluBolv av éva tohveninedo Blaauvdedeuévo abotnua duolwy un-
YPUUUXDY TENEGTOV.

2.3.7 O yevixeupéveg ouvaptiioels anbpacrg

Ppapuxd Swxywplowes xatnyopies elvar mohd dboxoro va PBpeBoby oe mpaxtied mpoPAfuarta. H
ouvifing xatdoTaon elvar 1 Grapn U Ypauuxdy Suywplotixdy empaveldy. Tto oyhua 2.1 aneuxo-
vifovton mapadelypata mpotdnwv d%o xatnyopudy ta onola dev elvar Ypapuixd Siaywelotyua.

-2.0 -1.0 0.0 1.0 2.0
2.0 —— . , —2.0
1.0f——s

-2 1.0
0.0 o -

: 0.0
-1.0 .
-2.0 ' ' -1.0

-1.0 0.0 1.0 2.0

xfua 2.1: Tpbtuna %0 xatnyopidy Ta onola dev unopody va SaywploToly we ypouuieée auvopTh-
gelg andpaang

I'é va xataoxevdoouue abotnua tagivéunone rpotinwy pe uPnhéd afiomotia ot autée Tic me-
PURTAOELS XoTaEdYOLUE O Wia TEXVLX TOU GOV OXOT EXEL TOV UTFYPAUUIXG LETACYTUATIONS TOU
X9pou Twv Tpotinwv ot éva véo ydpo WETprioEwY GToV omolo Ta mapadsiypate va elvan ypauud
Sraywpiowa. O oxondg autdg emtuyydvetan e To opioud g axbhoudng ouvdptnong dudepramg:

K+1

d(x) =) wifi(x) = wifi(xX) + wafa(X) + ... + wi fx(X) + wrp (2.34)
k=1

6mov fr(x),k = 1,...,K elvar yovodidotates ouvapTHoelS ToU mapaueTpLxos draviouatog tou
mpétunov. H oyéon twv cuvteheotdy Baplntag xan Twv TGV TwV ouvaptAoEGY Elvan YPApM
OUVENKS, 1| CUVEPTNGY anboTaoTg uTopel va Ypagel Looddvaua oov:

d(x) = wx* (235)
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émou X* = (f1(%), fo(X), .., fr (%), 1)T

Ytov petaoynuatiouévo xbpo twv uetpioewy eléyxoupe (eav auté elvan Buvatéy) Ty ypauuud
Blaywpioudtnta Twv nepaderyudtov xa epapuélouye tov akyépiuo perceptron yia Tig guvapTHoeLs
SLéxplong TRV xaTnyoptdy yia Ta UETATYNUaTIouéva Stavdouata X*.

Me v {da 2€6080 uropodue va yetaoymuaticovye Tov xGpo TwV peTpioEwY oL Vo utoloyi-
couvue avtl Twv ouvaptTioewy Sidxpiarng, Tig avioTolyes ouvapThoels anbpasng 1 ue Tov aly6piduo
perceptron A ue v uébodo twv Ho-Kashyap.

Tevux u€bodog mpoodiopopod g Slavuopatueis tapdotacne Twv guvapthioewy fx(X) oc oxéon
ue v dwaomopd Twv Tpotinwy oTo YGPo TwV uetphicewy duatuyds dev undpyer. H avalftnon twv
xatahAAAGTeEpLY ouvapThoewy anotelel Béua epneipiag Tou oyediaoth Tou cusThuatog. TuvnBile-
oL va emA€yovTal ouvaptioelg Toluwvupis popgrc dubtt elvar amhés otov umoloyioud Toug xou
Bi6m Yvwplouue 6T uropodv va npoaeyyioouy oroladirnote ouvdptnom dhhou Témou (avintuln xatd
Taylor).

Eva dsutepedov yeyovés mou Sieuxorbvel v daywplotudtnta Twv Tpotinwy 6Tov véo Ybpo Twv
uetpfioewy elvan N adnon twv Swwotdoewy Tou Slaviouatog Twy mpotinwy. H texvueh auth Bonfd
™v mBavétnta edpeans evés auvteheat| Bapltntag w o onolog Ba elvar oe Béan va daywplaet ta
npétuna TV napadetyudtwy, ST e Ty alinon twy dotdoewy Tou Savieuatog Tou TpéTuToL
€xovue avtéuata ot (oov apiBuod adinen twv dustdoswy Tou W, e dueor cuvénewa TV atinon
twv Babudy eheubeplag Tou akybpibuou exnaidevons. H avinom twv Babudy ereubeplag avEdve tny
utoloyioTixy ToAurhox6Tnta Tou ahydpiBuou alld avEdver Tautéypova o TNV SraxpLTix LxavéTnTa
NG GUVAPTNOTG andpaong.

H exvnti adénom tev dlaotdaewy Tou Slavisuatog twv tpotinwy etvan wa toAd ypfiowun texvix
1 oroto unopel va ypnowwonownBel ot Sragopetixés ueBbdoug tagivbunons npotdnwyv. M napbuola
epapuoyh Ba Sodue ato xepdhato ato onolo mepLypdgovtar Ta guoTiuata TafvéUnGYg TPOTUNWY TOU
nepLEouv vevpwvixd dixtua.

TMapddevyua 21 I'a ta npbruna tou oyifuatoc 2.1

= {(~18,1.1),(=1.1,0.5), (~1.4,1.2), (-0.3,0.2), (0.5, 0.5), (1.2, 0.8)}

2 = {(~1.4,0.3), (~1,0.1), (=0.5, —0.1), (~0.2, -0.05), (0.5, —0.2), (1.1, 0.5)}

Beelre ula ouvdpryoy andpaoye rov va Staywpilet ta npdruna twy tapadeiyudrov.

Aré v 8ibtaln Twy npotinwy oo enlredo BAéroupe b1t Bev undpyel eubela v onola va ywpllel 1o enlnedo oe do
Twiueta xdfe Eva v onolwy va mepéye 6ha ta npbTuna x&Be xatyyoplac. Mia SeutepoPdfuia e€lowon e wopyic
axz +bz1? +cz1 +d =0, pe x = (z1,22)7 lowg va uropotioe va oploe pla xauridy rou va dwywellet ta npdruna
TWY XATNYORLDV.

Erewdy 8ev uropolue elxola va unoloyloouue Toug ouviekeatés e e€lowong, agfvoupe T epyaola auth otov
ahyépiBuo exraldeuarg, oplfovtag o dudvuopa petaoynuatiopot x* = (z1%, 222, 123, 21, 22, 1)

O nlvencag X petd tov petaoynuatiopsé twv TROTiTwY Xl THY AVTLOTROPY TOU TPOOTUOY oTa TpéTuna G XAt
yoplag £25 ylveta:
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( 3.24 121 -198 -18 11 1
121 025 —055 -11 05 1
196 144 -168 -14 12 1
009 004 —006 -03 02 1
025 025 025 05 05 1
144 064 096 12 08 1
-196 -009 042 14 -03 -1
-1 =001 01 1 -01 -1
-025 -001 -0.05 05 01 -1
~0.04 -0.0025 —0.01 0.2 005 -1
-025 -004 01 -05 02 -1
\ -121 -025 -055 -11 -0.5 -1 )

O yevixevpévog avilotpogog nlvaxag uroroylletar and v oyéory:

(XTx)"'xT =

022 -0.09 -022 -023 -023 010 -0.23 -0.05 0.04 0.10 -0.13 -0.17
-0.27 -092 093 -061 -0.85 1.04 036 -033 -1.02 -0.32 -0.19 082
-038 -018 015 -0.20 -030 071 -0.14 -038 —0.44 -—0.04 0.46 0.36

021 -0.03 -0.17 0.00 014 -0.18 0.13 0.28 0.27 005 -039 -0.38
—-0.06 091 =015 0.7 1.07 -~045 0.00 0.34 0.89 0.33 091 -0.44
-0.06 0.07 0.03 0.2 017 -0.09 0.04 -0.04 -0.142 -0.20 -0.26 -—0.05

O vroloyioués Twv apyixdv Ty Tou akyépiou twv Ho-Kashyap oloxhnpdnxe. Tia to emavalnrried tufjua
Tou akyépduou Bétw apyixés Tyiés Y to Sidvuopa b = (111111111111)7 xou 861w v otaBepd ¢ oty Ty 2.

Zvov nlvaxa dtvoviar ov aplBunteés tyés g ouvdptnone anbpaons i xdfe éva ano ta mapadelypata ota
SlxBoyuxd Bipara Tou akybpiou. Onwg BAénoupe ato npdto Bhua Tou ahyépiluoy, 6ha Ta napadelypata tng debtepng
xatnyoplag apyixd tagivopolbvian oav mpétuna g tpdtng (ue ™V allayl Tou npootiuou ta Staviouata g Seltepng
xatnyoplag éxouv Betuaf ty). Tuverds 1o opdhua Tou custiuatog Tafvéunone ue v Tuyala apywof Ty elvar
50%.

Me o Bebtepo Briua Tou akyépifuou povdya to tekeutalo rpdtuno tafivoyelton AavBaouéva oty tpdtn xatnyopla.
Metd ané névie Siadoyixoic enavangoodiopopols Ty suvteleatdy Bapitytag fAinouue 6T oL cuvteheotés Baplthtag
mou uroloylotnxay uropobv va Suaywploouy emtuyds dha ta mapadeiyuata g exnaldevong.

To rapapetpued Sudvuopa tou tpbtunou elvat 10 x = (1, T2) T xat AapBdvoviag unéiv Tov apy w6 yetaoynuationsd
TV TPOTUTWY, N TEANN UN-yYpauuxl ouvdpTnon arégaorg v T SGo xatnyoples elvan N axéhoudn:

g12(x) = —4.349z, + 16.403z;> + 9.402z, 25 — 5.726z; + 8.382z; — 2.333

HMopdSerypa 22 Ta ta mpbruna tov oyfuaros 2.1 fpelre ula ouvdpryon andpaone mov va Staywpllet ta mpbruna
Twy napadeiypdrwy ypnoonoidvras oay Sidvuoua petacypuatiouold to x* = (z1%,x1,x2,1)7.

Tt rapavnpelte oc oyéon ue ta anoteréouata ¢ Adone nov mporelverat avo mpoyyoUucvo napddetyua;

2.3.8 O ouvaptioelg duvautxos

Xuwplg va fAdovue v Yewxbtnta g mpooéyyiong propolue va Bewphicoupe 6Tt 1 ouvdpTnon
ATOPAGTG TV XATRYOPLOV w; XA @; anoterelton and éva dBporoua opboxavovixdy ouvapthaewy:

9i; (%) =) _ ciFi(x) (2.36)
k=1
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Ou opBoxavovixés guvaptiioeis mou Ba emheyotv xabopilovia ouviBug ané ™y xatavoud twy
Tapadelydtwy xal Toug meploptopols oTny unoloyiotued rohurhoxdtnTa TN Staducactag Tafivé-
unong. O suvieheotés c; umohoyifovtan xatd tnv Swdixasta g exnaidevone and ta dabéoiua
nopadelypata.

Opropés 3 Zuvdprnan Suvauixol (potential functions) tov diavuauatixod ydpov twv mpotirwy
Adyw t¢ mapovolag Tov mpdrumou Xy opiletar va elvat to axdélovfo Pabuwrd uéyebog:

K(x,x) =3 AFi(x)Fi(xe) (2.37)
k=1

omov A;,¢ = 1,...,+00 elvar mpayuarixol aptfuol.

To 6voud toug autés oL guvapThoels To ogellouy oTNY Quowh urbotacy Tou uropolue va 3é-
OOUUE O quUTEG. Muyxexpiuéva 1 cuvdptnom duvauxol meptypdgpet v enidpaom Ny onola éyel to
Tapbdelyua X otov nepBdAdovta ydpo. H mapousia mohdy napaderyudrwv éxel oav anotéleoua
v abpolotixd napovoia twv avilotouyywy Suvauxdy Toug.

H napovsia tou afpolopatog anclpwy bpwv eunodiler v xataoxeud mpaxtxdy cuaTnudtwy,
YiawT6 Tov A6YO xatagedyouue ouviifiwg aTov urohoyioud evig enepaouévou abpotopatog opboxa-

vovix@v guvaptioewv. Ou ouvaptiioels autod tou Timou ovoudfoviar opBoxavovixés cuvapthoeig
tinou-1 (potential functions of Type 1):

Mm

K(x,xx) =) Fy(x)Fi(xx) (2.38)
k=1

OpBoxavovixés auvaptioelg tOrou-2 (potential functions of Type 2), etvon évag ténog ouppe-
TPLXOV oUVapTHoEWY oL omoleg Uropoldy va avehuBodv ot dBpotopa anclpwv bpwv opboxavovixdy
ouvapticewy. Xprowonolobvral cuyvoTEp OTIG EQapUOYES BLéTL Tapouotdfouv onuavTd wixpé-
TEPY UNOAOYLOTLXY TOAUTTAOXSTNTA.

O1 A€oV xoivéc ouvapthioelg autod Tou Thmou elvar ot axdloubeg:
_ _ 2
K(x,x;) = e~ oX—%ul (2.39)

1

K(x,xx) = T¥ax =% (2.40)

sin(a|x — x;|?)

K(x: xk) = alx - ch|2

(2.41)

6mov a elvon Betinde npayuatixds apBuds.

2.3.9 Awduxaocia exnaldevong

H ouvdptnon anbgaorg uropel va Bewpnbet 61 anotedel éva dBpoioua auvapthcewy duvauxod. H
enidpaom Tou Buvapuxod tou napdyel x4fe tapdderyua elvon aveEdpThTn aro TNV eniBpaom Tou aoxoly
o dANa rapadelypara, guvendg Eextvdviag and éva napdderyua uropodue Siadoyixd va utohoyioouye




2.3. YYNAPTHXEIY AIIOPAXHY. 57

™Y suvdptnon BudxpLomg Tou StavuopaTieos Xbpou Ty TpoTinwy we Bdon TNy ax6lovln avadpouuxr]
nopdoTaoT:

9i5(X) = gij (%) + riK (x, x3) (2.42)

O unoloytouds Tou ouvteheoth i, elvan xplowog yia v anédooy Tou suathuatog Tagvéunong
xat urohoyiletan étol Gate va elvon undév av to mapdderyua xx Tafivouciton owotd, drapopeind, oe
neplnrwon havBaouévng taduvéunons va avZdvel A va peidvel ™y aplbuntia Ty ™me ouvdptneng
anbpaorg oto onuelo xi. H napandve Aevtoupyia uropel va reprypaget ané v axéhoudn aiyeBpuh
oyéon:

0, av xp€w; xat gi(xx)>0
0, av x€ w;  xo g,-j(xk) <0
I, av xp€w; xar gij(xx) <0
=1, av X3 €w; xa gii(xx)>0

(2.43)

H duwduxaoia exnatdevang Tov ousthatos, aveEdptnta ané 1o eldog Twy ouvapthoewy duvapixod
nov Ba ypnowonoBody, emtuyydveta e v extiunon xdbe cuvdptnong andgaang ot xdbe Ledyog
xatnyopldv Eexwprotd. Elvaw 8¢ 1 axéioubn:

AlybpBpog 6 1. Apyués Twés. EmAéyouue tov tino twv Suvapixdyv ouvaptifocwy. Opllovue
pla toyala apyuof T yia tyv ouvdptnon arégaocne gij(x).

2. Ermavarpoodiopioués tng ouvdptnang anégaons oc Béon tuyaiov napadelypatog. EmAdyouus
tuyala éva mapddeiyue, é0tw to Xi. Ymodoyilouue tnpv i tne ouvdptnone andpacnc oe
auté 1o onuelo Pdoet e oyéone:

9ij(x) = gij(x) + ri K (X, Xy) (2.44)

0, av xXx€w; xa gij(xg)>0
0, av xx€w0; xa gij(xk) <0
1, av xp€w; xar g(xx) <0
-1, av xp€w; xau gi(xx) >0

(2.45)

3. Ydyxhon tov akybpiBuov. Av o ouvtedeotifc ry eivar undév yia éAa ta mapadelyuara (16o80-
vapa av 6Aa ta rapadelypara talivounbolv owatd), téte 0 akydpibuoc tepuariler. Aiagope-
Tixd enavadaufdvetar to nmponyoluevo Brua.

Topddevypa 28 Pridlte avoryua tadivéunone 8vo xatpyoptdy npotinwy ue ouvaptifosic anépaone nov aroteAoy-
viat and Suvauixés ouvapriocis tou tlmou:

2
K(x,x;) = eI X~X&l

bray elvat yvword téooepa napadelyuara (to npdfAnua tyc nvdyc XOR):

2= {((0’ 0)) (01), ((1) 1)) “)1), ((17 0); "-)2); ((01 1)’ 02)}-

"To mp6fAnua npoodLopapot tng e£630u g niAne XOR elvan o Théov amhé xau SudeSopévo np6finua taivéunorne
rpotinwy ue exnaldevon and napadelyparta ta onola Sev elvan ypouuxd Staywplowua. Tiautéd to A6yo moAhée Qopéc o
npéfinua g exnaldevorng oustiuatog Tagvéunoys tpotinwy oty rAy XOR Xerowonoweltar yid va ouyxplvovral
o. anodéoelg twy ahybpbuwy exraldeuorng.
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. Apywd oplfoupe apywei T e Ty ouvdptnen ardgaong Twv dYo xatyyopLby:

g12(x) =0

. Kuxhixd emdéyo ta napadelypata xai enavanpoodiopliw tnv ouvdptnon andgaons. Av xx = (0,007, <éte

g12(xx) = 0, ondre xau 1 cuvdptnon anbdgacrg exavarnpoodioplletan we e&hg:

=1 = gij(x) = K(x,xs) = e~ X- OO o o-1xi?
Av x;, = (1,1)7, t6te giz2(xk) = e™* > 0. H ouvdptnon andpaong napauével we éxet, SubTi i = 0:
Av xi = (0,1)7, 61 g1a(xx) = e™'. H ouvdiptnon anbgaorng ye ry = —1 enavanpoodioplletar wg e€fc:

re=—1 = gii(x)=gi(x)+ K(x,%x) = e~ IXI? _ g=1X-0O:071*

Av x; = (1,0), 161€ giz(xz) = €'

r = -—1:

—e™* > 0, onére xat v ouvdptnon anbgaarg eravanpoodiopleTar ST

re=—1 = gi(x) = gij (x) + K(x,%x¢) = ™ X1 — g~ IX-ODTIT _ —ix-(10)7)?

Endéyw néh to npdto napddeiypa xx = (0,0)T, t6te g12(xk) = € — 2¢™! > 0. H ouvdptnon anbpactg
TapaEvEL WG EYEL.

Av x, = (1,1)T, t61e gra(xk) = e % — 2! < 0. H ouvéptner anbpaong Me T = 1 eravanpoodioplletal we
eErc:

=1 = gi(x) = gis(x) + K(x,x0) = e X - o X-ODTR _ - X-(LOTI | -ix-,) TP

8. Av x; =(0,1), t6te g1z2(xx) =2e”' — 1 —e™* < 0. H ouvdptnon anbgaong napouével we éxet.
707 anoQacng nap X

. Av xi = (1,0), té1e g12(xk) = 2¢~
10.
11.
12.

! —1—e* < 0. H ouvdptnon andpaong napapéver wg Exet.

Av x; = (1,1), t67€ gra(xk) =1 = 2e~' +e7* > 0. H ouvdptnon anbpaong napauével wg ExeL.
Av xi = (0,0), t61€ g1a(xk) = e™* —2¢~! +1 > 0. H ouvdptnon anépaons napapéver ws ExeL.

O arydpiipog tepuatiZel Subt ora tedeutala téooepa Buata tou ahybpibuov, xatd Ta onola ehdyybBray 6ia
To mpdruna Twv Tapadelypdtwy, N ouvdptner anbpuons Slver Betudf T Yud Ta rpdTuna mOU avixouv otV
xanyopla xau apvrtwed Ty yid ta mpdtuna wou Sev avipouv oe auth. Tuverde oL cuvaptioe andpaorg yia
0 np6fAnua XOR elvar oL axéhoubes:

—1xi2 _Ix— T2 - T2 v T2
9i5(%) = —gsi(x) = e 1XI” _ e~ X-OT _ —1x-(0T? | ~1X-(,17)

2.3.10 Tevixeupéveg axtivixég cuVaPTHOELS BLdxpLong

O yewureupéveg axtivixés ouvaptioelg dudxpiong (Generalized Radial-Basis Functions Networks)
roAAég popég Bewpolvion 6Tt arotelolv Tuua vevpwvixdy guatnudtey enclepyaoctas ofjuatog xou
ta€wvéunong npotinwy. Euels 6o yehetiooupe auvth tnv uébodo tagivéunong ooy tudua T Soutxdy
ouoTNUdTWY Tadvéunong mpoTinwy Ue ouvapthoelg andpaone dubt N dout tng uebédov, 6mwg Ha
Solue oe embpeveg mapaypdeous, potdlet pe v pébodo twv ouvaptioewy duvamxol. H {dux Aoy
mpoxUntel xoi pe Ta RBF veupwwixd 3ixtua mou nepiypdgpoviar oto xepdhao 4.

Av B€houye va mpooeyyioouue v auvdptnom dudixpiang tng xatnyoplag w; pe évav tenepacuévo
aplBué cuvapthicewy, TéTe uropolUE va EXPPAGOUUE TNV GUVEPTNET SidxpLong cav To Ypauxd dBpot-
OUA QUTHV TV gUVaPTAGEWV:

K
gi(x) =) wrpr(x) (2.46)
k=1

émov g(x),k =1, K elvar K BabBuwtés ouvaptioetc.
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Eotw 6w £xouue oty dudbeor pag M napadeiypata. H ouvdptnon Sudxpiorg yio v xatnyopia
w; Béhovue va €yer xdmowa Wraitepa yapaxTnpLoTIXG Y T onuela Tou YGPOU TV TMPOTUTWY TOU
xahontovion and to dubéowwa mapadeiypata. H ouvdptnon Budxpiong gi(X) yia ta mpbtuma Twv
ropadelydtwy o aviixouy oty xatnyopla w; Bu Béhaue va éxel peyakdtepn aptBuntua Tuh and
™y Tl Mg cuvdpTnang dudxplong TV ALY XaTnyopLdY.

Tuvenddg 1o mpbéfAnua opiapod g xatdAMAng ouvdptnang didxpiong éxel petatpanel ot tpé-
BAnua ebpeang twv K ouvieheotdv wy s eglowang 2.46 étor dote 1 ouvdptnon va éxel Tig emBu-
polueves Tiuég oo onuela Tou xpou Tou xahintovrar and to napadelyuata:

9i(Xx) = dj, k=1,...M (2.47)

6mov di elvan oL emBupolpeveg Tyués.

Orav o apiuéds Twv tapadetyudtoy elvar yeyakbtepog and tov aptBuéd 1wy ouvtereotdv (M > K)
TOTE Umopolue Vo meTUyoupe Wovo ula tpooéyyion Tev embupoluevey tudy. Av (M=K) té1c unéd
xdmoieg npounobféaelg unopolue va Ppolue wa uévo Aoon (gi(xx) = di, k = 1,..., M).

H televtaia nepintwon ouvavtdta guyvétepa ot mpoPhiuata oyedlaomg tpoxids ot Siaotruixd

oyfuata ata onola To npdBAnua elvan va Bpolue TN TpoxLd Tou oTo SraaTnUxé Xdpo 1 orola Tpéret
va duépyetan axpLBdg and xdrowa onuela Tou xdpou ot Béoelg xovtd 1 endvw ot TAaviteg).

T Tov umoloyioud twv cuvtedeotdv g ouvdptnorg Ba ypnowonolfooupe ua tapadiayh g
eB6dou ehayioTonoinang Tou opdhuatos extiunong g ouvdptnome Sidxprong ané tig embupolueveg
Tég mou éxel 1dn avagepbel ot tponyoluevy napdypago.

To apdlua extiunong e ouvdptnong dudxpiong v ta M napadetyuata eivar to axéloubo:

M K 2
E=)" (dj— > 'wkgok(xj)> (2.48)
j=1 k=1

Av ot suvaptioels gr(x) urnopolv va exppactoldy péoa and évav eviato Tomo g wopphc @k (x) =
G(x,8;) = G(|x—8|) 167 10 oQEAua exTiunoNg Uropel va Exppactel ue TNV axdhoubn Savuopatix
Exppao:

E=|d- Gw| (2.49)

énouv d = (d1,ds, ..., dp)T, w = (wy, wa, ..., wg)T, xu

G(Xl,Sl) G(Xl,Sz) G(Xl,SK)
G-— G(x2,81) G(x2,82) .. G(x3,8K)
Glxa,s1) Glxars2) - Glxar,sK)

HNapaywylovrag Tnv ocuvdptnon opdhuatos ws tpog W xau utohoyifovrag Tig pieg Tng Tapdata-
omg mou mpoxuntel Bploxovue 6L oL cuvteheatég divovion and Ty axéhouly avalutu oyéon:

w=(GTG)'GTd (2.50)

Hopddewypa 24 Karaoxevdote olornua tafivéunone mpotdrwy to onolo va avayvepllet ti¢ xaryyoples tou rpofA -
parog tn¢ xUAns XOR. Ot 8Uo ouvvaptifosis Sidxpiong npénet va éxouy Ty axdéAoully uoppif:
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T v mpdty xaryyopla,

-1%-(0,0)T |2 —x—-(,nT?

91(x) = wiie + wize

Tia Ty Sedrepy xaryyopla,

—1x-(0,1)T}? ~[x-(1,0)T2

g2(x) = ware + waze

Enewd o npoodlopiopéde twv ouvieheatdv g ouvdptnong duixplomg pude xatnyoplac elvan aveldptnrog twv napa-
Serypdroy 1wv dAAwy xaTnyopudy, o unoloyiouds Bu npayuatorownbel yia xdfe pla arné i bo ouvaptioeis Eexwplotd.

1. Tw v ouvdptnon dudxplong e mpdTng xatnyoplag Bétoupe embupoltueves Twéc d = (1,1,0,0)7. Avw =
(w11, wrz)” elvon o Bidvuopa Twv ouvtekeatdy Papltntag, T6TE

e et

e €0

G= e~! et
el ¢!

Yrohoyllouue tov yevixeuuévo avilotpogo mlvorxa:

(GTG)"GT=( 0.831926 —0.186731 0.233085 0.233085)

—0.186731 0.831926 0.233085 0.233085

H Adom npoxinte. anéd tnv elowon:

w = (GTG)'G"d = (0.645195, 0.645195)”

Tuverdg 1 ouvdptnon arbgaorg Y v tpdtn xatnyopla elva:

91(x) = 0.645195¢/ %~ @71 | 0 645195¢/%~ (1D 1?

2. AxolouBel o unoloyioués g GuvdpTnoT Suxplong Y T Sedtepn xatnyopla N onola exteheltan e Tov Blo
tpéno:
Emfupotueves tipég g e£680u g ouvdptnone dudxptane d = (0,0,1,1)7, e w = (wa1, w22)7, xon

e e
e”! ¢!
G= e et
et ¢

O yevixeupévog avilotpogog nlvaag elva:

(GTG)"'GT = ( 0.233085 0.233085 0.831926 —0.186731 )

0.233085 0.233085 —0.186731 0.831926

H Mon npoxtntel and tnv elowon:

w=(GTG)'G"d = (0.466169, 0.466169)T

H ouvdptnon andpaorg v Ty npdn xatnyopla elval:
qn(x)= 0.4661696""(0’1)'rlz + 0.4661693|x_(1-°)r|2

To olotnua tadivéunong nov xataoxeudoaye fa tafvopel ta npdrura oty xatnyopla exelvy e omolag 3 ou-
véptnom Sudxplong éxel Ty ueyahitepn aplBunTue] T,
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2.4 Avpéva Ilpofijuata

Tpéfrnua 1 Ze ovorpua talivéunons rpotvnwy 8vo xatpyopidy xatd Tnv exnaldeuoy ypnoworouffyxav ta napa-
Sslypara nou Slvovraw otov nivaxe 2.19. Aedouévou 61t 1o ovorpua talivéunone npordnwy xenouonotel,

1. to rerpdywvo ¢ Euxleldeias auvdpryone arboraoys,

2. vo xpurfipio tadivéunons e uixpdrepne andoraons xat

3. oay uffodo unoloyiouot tou npwrdtunou xdfe xaryyoplag, to eixovixd npbruno nou eAaytoronotel o dfpotoua
TWY anoctacedy Tov and ta mpéruna twy napadeiyudrwy ¢ xarpyoplag.

Yroloylate o opddua vou ovotfuaros talivéunons xa ouyxplvere to anotédeaua nou B AdBete ue to avl-
otoiyo opdlua tou ouotfuaros mov Ba mpoxUgel av ta rapadelyuara ty¢ exnaldevons auépbolv oe €5 Ta 8o
rapadelyuata nov npoot(feviar elvat 1o {(12.5,2.5),(5.0,5.0)} yia tpv w1, xat 7o {(3.0,1.0), (1.0, 11)} rix v 2.

To ogéhua tou cuotfuarog tafvéunong Ba uroloyiotel péoa ot éva Bldotua eumotoclvig, eAdyloTo TV
orolwy elval To ogdipa nou unoroyifetar pe Ty éBodo-C xau uéyiato auté tou Ba unohoyiotel pe v uéfodo tou
ayprnowornolntouv napadelyparos.

Me tnv ué6odo-C xau ta Téooepa npdruna Tou nlvaxa uroroyifoupe o tpwtéTumo XEBe xatnyoplag xat taglvopolue
T oxtd napadelypata pe xpiripio v eAdylotn anéotaon. To ehdyioto opdhua Tou cuoThuatos elvar 75.00% yix
my @1 xa 50.00% yia tv w2. To ouvolxé opdiua petpnuévo e v wéBodo-C elvar 62.50%. To eAdyioto opdiua
Xenoionoubvrac xa ta E&L npbtuna yia xdbe xatnyopla elvar 50.00% yia v @1 xo 16.66% yia v w2. To ouvohixé
o@dhpa elvar 33.33%.

To uéyioto opdhua to unoroylfovue pe tnv pébodo tou axpnowsonolyrou napadelypatos. Emhéyoups éva rpétuno
xaL 6TV GUVEYELR Yprolonolole Ta unbhoina Yia va exnatdebooupe to adatua. Me to ayprowonolnto napddeiyua
HETPdUE TO o@dAua Tou ouothuatos.

Xenowonoudvtac ta téocepa mapadelypata avd xatnyopla, éxoune oav uéyioto opdiua Tou ousthuatog 100.00%
Yl Ty @1 X 100.00% v v w2, 3nhad uéyioto opdua yetpruévo ue Ty uébodo-U 100.00%.

Xpnowponoibvrag €5 napadelypata avd xatnyopla, éxoupe oav péyloto opdhua Tov cuothuatog 50.00% yix v
w1 o 66.66% Y TV w2, Snhadk péyioto cpdiua petpnuévo pe v uébodo-U 58.33%.

Av SuatdZoupe Ta Mifn mou unohoyloape ot oyton ue Tov apifué rapadeiypdtoy Tou ¥4fe popd elvar Swxbéoua
BAénouye 6, ye oxtd napadelypata exnaldeuong To opdiua Tou cuathuatoc Bploxeta péoa ota bpua [62.5%,100.0%)
xat ot 8odexa napadelypata to opdhua Beloxeton ota bpua [33.3%,58.3%).

Mropotue va rapatneficouue 6t o Sudotnua eunotootvrg Tou opdhuatos oty mpdtn neplntwon elval 37.5%,
evé oty Sedtepn neplntwon oty onola o aplBluée Ty dlabéoyiev rapuderypdtoy auEdvet, To SLEOTHUA EURIETOOUVIG
Tou cpdhuatog eAattdvetal ato 25%.

Pevucétepa unopodue va modue 6t avavopévou twv apluet tev dbéotuwy tapadelypdtoy To opdhua e TG
peB6Boug C xa U unohoylletar pe auavépevn axplBeia ubti To Sidotnua eumotootvng éxel T Tdom va eAattdveta.
Hapatnpeelron enlong xaw pla oratotwo] 1don va ehattdyetal xal To ouvolxé opdua Tou ousthipatog Suét aufavoué-
vou Tou aplBol Twy tapadelypdtwy o utoloylopds TN UvilNG Tou ouoThuatos Telvel va tpoceyYloel Tig TpaypatLXéc
TOU TiuéS.

2.5 Aluta ITpoBAfuata

Aoxnon 1 Adore pla Adon yia 1o npdBAnua tadivéunone twv e£68wv tne doyixifc nvAne XOR ue
YEVIXEUUEVES ouvapTHoELC anbpaocyc.

Aoxnon 2 Karaoxevdote olotnua talivéunans 8do xarnyopidv mpotirwy ue ouvaptioeic andpa-
an¢ mov anoteAoUvial and Suvauixés ouvaptioeic Tov tmou:

1

K = e
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via 1o npdfAnua tnc nvAne XOR

Aoxnon 3 Karaoxevdote obotnua talivéunons mpotinwy To orolo va avayvwpllet 8Vo xatnyoplec
Sedouévou 61t elvar yvwortd ta axdlovba mapadelyuara:

= {((11 1)7 0)1), ((I’O)a wl)a ((Oa O): “)2)1 ((01 1); (‘)2)}

Ot 8o ouvaptiioeic Sudxpians mpémet va éyouvv Tty Lopgk:

g1(%) = w0

g2(x) = waelx- OV

o eivar 10 eAdyioto opdAua tov ovatifuaroc tatvéunonc rov gridsate;

Aoxnon 4 Eotw én ota napadelyuara tne mponyoduevye doxnone mpoatibeten xat to napddetyua
((0.5,0.5),1). Me (8ia ta unbloina Sedouéva umodoylote to eAdyioto opdAua Tou ouoTHuatoc
taivéunonc.

1. T: napatnpeite xau nwg unopeite va feAndoete Ty aliomoria tou ouothuarog;

2. Ho eivar o uéyioro opdAua tov guotiuartos talivéunons;
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Mivaxag 2.16: BApata enavanpoodiopapod twv guvtereotdy Bapltntag twv ouvaptoewy anbpacng

| Dpétume || Zuv. | Tupf | Emav. | w | Tvv. | Tuy | Emav. | w |
(1,2 g12(x) 1 Oy - g13(x) 2 Oy -
(-0.5,-1) || gi2(x) { 0.5 Oy -- g13(x) -1 Nau 0.25,0.5,0.5
(-2,1) g21(x) 2 Oxu - g23(x) 1 Oxe --
(-1,-1) g21(x) 1 Oy — g23(x) 1 Ox -
(2,1) ga1(x) | -1.5 Nav -0.75,0,0 g32(x) -1 Nau -1,-0.5,0.5
(-0.5,1) gs1(x) | 0.375 | Oy - gaz2(x) 0.5 Oy --
1,2 g12(x) | 1 OxL == g13(x) | -0.76 | Nav | -0.25.1.0.5
(-0.5,-1) |l gi12(x) | 0.5 Oy -~ g13(x) | -0.625 | Nav 0,0.5,1
(-2,1) g21(%) 2 Oxu - g23(x) 2 Oy -
(-1,-1) g21(x) 1 Ox - g23(x) 2 Oy --
(2,1) ga1(x) | -1.5 Nau -1,0,0.5 gaz2(x) 2 Oy -
(-0.5,1) || ga1(x) 1 Ox - g32(x) 0.5 Oy -
1,2) gi12(x) 1 Oy - g13(x) -0.5 Nau -0.5,1,1
(-0.5,-1) || gi2(x) | 0.5 Oxe - q3(x) | -0.25 Nav | -0.25,0.5,1.5
(-2,1) ga1(x) 2 Oye - g23(x) 2 Oye --
(-1,-1) g21(x) 1 Oxe - ga3(x) 2 Oy -
(2,1) ga(x) | -1.5 Nat -1.25,0,1 gaa2(x) 2 Oxe -
(-0.5,1) gai1(x) | 1.625 [ Dy - g32(x) 0.5 Oxv --
(1,2) g12(x) 1 Oxe - g13(x) | -0.25 Nav -0.75,1,1.65
(-0.5,-1) || g12(x) 0.5 Oy - g13(x) | 0.125 ) -
(-2,1) g21(x) 2 OxL - g23(x) 2 OyL --
(-1,-1) go1(x) 1 OxL - g23(x) 2 Oy --
(2,1) g31(x) -1 Nev | -1.75,0.5,1 || gs2(x) 2 Oy -
(-0.5,1) | ga1(x) | 2.376 | Oy - g32(x) 0.5 Oye -
(1,2) g12(x) 1 Oy - q13(x) | 0.25 Oy -
(-0.5,-1) || gi2(x) 0.5 Oxe - q13(x) | -0.375 Nav -1.5,0,1.5
(-2,1) go1(x) 2 Oxu - g23(x) 2 Oxe -
(-1,-1) g21(x) 1 Oxe - go3(x) 2 Oxe -
(2,1) gai(x) | 1.5 Oxe - g32(x) 2 OyL -
(-0.5,1) | gai1(x) | 2.25 Oxe — ga2(x) 0.5 Oy -~
1,2) g12(x) 1 Oxe - g13(x) 0 Nat -1,1,2
(-0.5,-1) || gia(x) | 0.5 Oye - g13(x) 0.5 Oy --
(-2,1) g21(x) 2 Ox - gaa(x) 2 Oy -
(-1,-1) g21(x) 1 Oy - g23(x) 2 Oxe -
(2,1) g31(x) -1 Neet -2,0.5,1.5 gs2(x) 2 Oxe -~
(-0.5,1) || ga1(x) 3 Ox - gaz(x) 0.5 Oy -
(1,2) q2(x) 1 Oxu - g13(x) 0.5 Oy -
(-0.5,-1) || g12(x) | 0.5 Oy - 913(x) 2 Nav -1.75,0,2
(-2,1) g21(x) 2 Oxe - g23(x) 2 Oy -
(-1,-1) g21(x) 1 Oy - g23(x) 2 Oxe -
(2,1) ga1(x) | 1.5 Oxe - gaz2(x) 2 Oy --
(-0.5,1) || gai(x) | 2.875 | Oy - gaz2(x) 0.5 Oye -
(1,2) g12(x) 1 Oy - qis(x) | 0.25 Oy --
(-0.5,-1) || g12(x) | 0.5 Oy - qa(x) | 1.125 Oy --
(-2,1) g21(x) 2 Oxv -- g23(x) 2 Oxe --
(-1,-1) g21(x) 1 Ox - g23(x) 2 Oy -
(2,1) ga1(x) 1.5 Oxv - 932(x) 2 Oy -
(-0.5,1) || gai1(x) | 2.875 | Oy - g32(x) 0.5 Oyu -
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Hivaxag 2.17: Biuata eravanpoadiopiopot 1wy ouvtekeotdv Bapdtntag tg ouvdptnong Sudxpiang

| BEMA | npéTune | Néo w ri{x) | Néo w2 r2(x) | Enav. |
1 (1,1)€w; | -0.5,-0.5,1.5 | -1.0 | 0.5,0.5,-1.5 | 1.0 | Nat
2 (2,2) € o 0.5,0.5,2 | -0.5 | -0.5,-0.5,-2 | 0.5 | Nav
3 (1,2) € » - 3.5 - -3.5 Oy
4 || (~3,-0)€ws | 2,0.5,1.5 0.6 | -2,0.5,1.5 | 0.5 | Nat
5 (—2,-2) € wg - -3.5 - -0.5 Oxu
6 1,1) € ar = 2 - 4 | Oy
7 (2,2) € - 6.5 - -6.5 Oye
8 (1,2) € on - 4.5 -- ~4.5 Oxe
9| (=3, <0) € ws = 3% - 45 [ oy
10 (—2,-2) € w2 -~ -3.5 - 3.5 Oy

Ilivaxag 2.18: AptBuntudh T g ouvdptnon anbpaong xatd ta Swadoyixd Prhuata enavanpoodiopt-
ouoU TV ouvteAeoTAY PapdTntag

[BEMA 1 [ 2 | 3 | 4 [ 5 [ 6 | 7 | 8 [ 9 T10 il [ 12 ]
1 2771131 252 | 097 | 2.75 | 6.04 || -1.53 | -1.01 { -0.71 | -0.8 | -1.49 | -4.61
2 263 | 0.70 | 6.38 | 0.19 | 3.09 | 8.73 0.58 | 0.21 | 0.31 | 0.64 | 2.38 | -3.17
3 3.54 | 1.28 | 10.02 | 0.46 | 3.55 | 9.60 1.21 | 0.26 | 0.31 | 095 | 4.69 | -1.7
4 3.9 | 1.56 | 12.12 | 0.60 | 3.86 | 10.11 || 1.75 | 041 | 041 | 1.2 | 6.19 | -0.78
5 41 | 164 | 13.48 | 0.64 | 4.07 | 1042 || 2.27 | 0.67 | 0.60 | 1.43 | 7.15 | -0.21
6 421|174 | 14.41 (071 { 423 | 1063 || 2.59 | 0.80 | 0.68 | 1.565 | 7.8 0.18

Mivaxag 2.19: Ipétuna napadetypdtov %o xatnyopLdy

Hpétura g 1 (4.0,4.3) | (-2.2,4.5) | (-3.0,1.5) | (1.0,3.5)
IpéTuna g w2 || (-1.3,5.9) (4.0,1.0) (-2.0,-0.5) | (0.5,0.5)




