Kegdhoto 5

2uvtaxtixt) Tagtvéunon teotinmy

5.1 H o twv cuotnudteny cuvtaxtixsg TagLvéunong

1o xepddao autéd meptypd@oviar Ta GuVTAXTIXE guoThiuata Tagivéunong mpotinwy xat Slvovtar
Hepués and Tig aNUavTLGTEPES EPapUOYES TOUC.

Kdéfe yAbooa anotelelton ané MéEeig mou Sopody Tpotdaeic. Oa unobéoouue 6ti MéEelc aroteroly
T oToLYELddN TuhuaTa Tou Qouvouévou mou weketdue. Oa uroBéoouye eriong 6Tl xd4be yAdooa
anoteheltar and axoloublec TPOTACEWY oL onolec elvar ouvtacTind aouoyétiateg petaly tous.

5.2 TI'Adooa xot ypappatiss

Apyuxd Slvoupe xdroloug Baotxols opiopotc ané v Bewpla Twv cuvbrev.

Opwoués 4 Adpdfnro wiac yAdooac A ovoudlerar to TEMEPAOUEVO OUVOAD TWY oTOYEIWdGY ouu-
BéAwy rou thv araptilovy.

Opiowés 5 Ipdracy tou A elvar xdfe nenepacuév axolovbia orovyeiny tou A.

Topddeiypa 46 Av A = {a, B, v, 8} elvai 10 aApdfnro wag yddooas, y ouufoloccipd aaafyyyB elvaw ula npéraoy
tou A.

Optouds 6 Mifixoc mpdraone elvar o apibude ¢ o€ oUufolda xai ouuPolileras
|< ouuBoroaeipd >|. To urxoc xdbe mpdraone elvar puoixés aptbudc.

To whxog ¢ mpédraang Tou napadelyparog 1 elvou | aaaByyyB |=8.

Oprowés 7 Me A ovufoliletar  npbracy ue undevixd uixoc, Snladlf n mpbraay mou Sev nepiéye
xavéva olupolo.

Opioués 8 Me A* ouufolilerar to odvolo éhwy twy meotdaewy mov mapdyoviar and to adpdfyro
A. To avvolo A* repiéyer xau v mpdtaon undevixol uixous.

Oprowés 9 Me At guuBolilouue to olvodo Twv rpotdoewy Tou A To onoio 8ev mepiéyel Ty mpéTaoy
undevixod uihxous. Ioyder 6r: A* = A* — {A}.
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Optopés 10 Idooa L ue alpdBnro A ovoudlerar xdbe vroadvolo tou A*.

Av ahgdfinto eivan to gbvoro A = {a,B, 7,8}, YAbooa L ue ahpdfnto To A unopel v elvar to
axéloufo aivolo mpotdoewy:

L = {af, afip, ady, a58, véaa, BBAHABAAG}.

Optowéds 11 Tpauuatixf G elvar xdbe Statetayuévy tetpdda mou anotedeltar and ta ovvola G =
(VN,Vr, 8, P) xat nov 1o xd0e éva nepiypdge: ta axdlovba ototyela ¢ yoauuatixic:

VT elvar 70 odvodo twy tepuatixdy ouuféiwy,

VN elvar 1o avvodo twv up tepuatixdy ovuférwy i uerafAntdyv. To obvodo auté Secv mEPLEyEL
tepuatixd obufola, nA. Vo NVy = .

S elvar p uerafAnrif évapéne xa,

P eivar éva Siaretayuévo avvodo and Levyn ovuPolooeipdy (C, D) mov arotcAobvrar ard TEpua-
Tuxd xaw un tepuatixd ovufola, SpAadf C,D € (Vr U VN)* xat to C nepiéyer éva TovAdyioToy uy
Teppatixd ovufolo.

Ta diaterayuéva Ledyn (C, D) ovoudlovrar xat xavévec enavaypaglc f xavéves napaywyis xat
ouviffwe mapiotdvovrar we e€fc: C — D.

Opwouds 12 H ovufolooeipd u napdyet ducoa ™)y ouufoloceipd v xar ouufodilovue u 2 v dray
toyver: u = ayaag, v = afag xat o xavévac rapaywylc o — B avifxer oto abvolo twv xavévwy
rapaywyfs ¢ yoauuartixfc G.

Optowés 13 H ovufolooeipd oy mapdyer v ovuPoloaeipd an 1 a -—é> an 6TaV 10 Ay mapdycTal
ané 1o ay ue Swadoyuxl epapuoyl Twy xavévwy dueone napaywyhc ovuPoloceipdy.

Mpéner dnhadt) va urdpyouy &,i = 2,...,n — 1 tétolx date o % dit1.

Opiopég 14 TINdooa wac Yeouuatixifc elvat to oUvodo twy rapayduevey mpordocwy ané to olu-
Bolo exxivyons mov anotedodvrar uévo ard Tepuatixd olufola:

L(G)={z |z e V", S =;> z} (5.1)

Ta oduPola mov Bploxovtor uéoa oe awobtntes A nepLypdpovrar ue xepaaio Yedupata Ha Hew-
polue 6Tt avagpépoviar ot uetaPhntéc xdmotag Yeaupatixds. Ta mefd oluBola Ba Bewpobvrar bt
elvan Tepuatied oduBola.

TopdBevypa 47 Eotw 7 ypauuaruf G = ({8, A},{a,b},5,{S = aA,A - a4, A > b}). Aclle 6u N Yoauuarixy
rapdyet Ty yMbooa nov arotedelrar and t¢ mpordocic L(G) = {a"b|n=1,.}.

H an6deln elvan nokd evxokn xa Slvetar and ™y Sdoywe epappoY Twv xavévey nApAYWYHGS:

S:aA{ aaA =>{ aaaA { aaaaAd

ab aab aaab




5.2. TAQYXYA KAITPAMMATIKH 149

OpLowés 15 Ado ypauuatixéc Gi, G Aéyovrai toodUvauec bray o1 avriotolyec YAdooes touc elvau
{dieg, dpAads: L(G1) = L(G>).

Ocdpnua 7 Ze xdbe ypauuatixs G = (Vy,Vr, S, P) vrdpyet ula Tovddyiotov godUvauy yoauua-
wxf G' = (Vv', V1, S, P') tétowa dote ato apiatepd tufjua tov xavévey rapaywylc e G' va upv
undpyovy tepuatixd odufola.

H an6deiln Tou Bewpriuatog xau n edpean tng toodbvayung Ypoupatis yivetal ue Tov axéhoubo
TpbMO0:

Arnuovpyodue pia véa uetaBAnth yio x48e tepuatind oduPolo mou Bploxetat 670 aplatepd uépog
TV Xavéveyv tapayeyfs. Etotava;,i=1,...,N,a; € Vi elvat o 6Gvoro twy TEPLATLXDY GUUPBOAWY
o UTépXOUY aTO apPLoTEPS TWAUA TLV Xavévwy TapayweYrs, téte Aj i = 1,.., N , M€ A;j € Vy Ba
elvar 0 glvolo twv véwv petaBntdy.

IpoaBéroupe g vées petafintés, oto advolo Viy avuxabiotodue otous xavéves TopaywYhs Ta
Tepuatixd oUpBola pe Tig véeg petaPhntés xan npoaBiétouue N véous xavévee nopaywyhs A — a;,i =
L..,N.

Hopddevrpa 48 Egtw 7 ypaupatxy G = ({4, B, S}, {z,y, 2}, S, P) ue rous axdblouvfouc xavévee rapaywyfc:

S§—+zSAB SA-yyA yA-yzB
yS —+xB Az — zSAB yyzB — AB
S — zB Aoz B = zzy

Bpetre ula avtlovoiyy ypauuarief G’otyy onola va uyv urdpyouv tepuatixé avuPora ato apiotepd Tufua Twy
xavévwy rapaywyis.

Tapatnpodue 61 ato apiotepd TUHUA TV Xavévwv rapaywyhs Beloxovral ta teppatied otufora y xat z. Ay
Hwovpyolue dbo véeg petaBintés g Y, Z xon axohoufdvrag tig odnyleg tou Bewpriatog 1 éxouue v véa Loodbvaur
Yeappawxh G' = ({4, B, X,Y, S}, {z,y, 2}, S, P'). Ot véo. xavévec napaywyhc P’ elvai:

S—>2SAB SA-SYYA YA-YZB
YS—ozB AZ-zSAB YYZB -5 AB
S - zB A=z B 5 z2ZY
Yy Z—>z

Oproués 18 H ypauuatief G AMystar uy petobuevou uifxouc brav to pixos tyc apiotepfc ovuPoroocipds xdbe
xavéva rapaywyifs elval wixpbrepo and o ufxoc T avtlotoyyns 8edids ouuPfolooeipds.

Anhady yix xdbe xavéva tng ypappetxhic A — B 6a npéner va woyven: | A <] B|.

O Chomsky épiae téaoepeis xatnyoples ypapuatxdy tov Braxpivovtar avdroya e tnv popgH
TV xavévey napayeyhs toug. Ot xatnyoples autés avahdovra AentopepéoTepa GTIS Tapaypd@oug
Tou axoloubolv.

5.2.1 Tpapuatixy Torou-0

O ypappatieés mou 3ev €youv TepLopLoUOUS 6TOUC XAVOVES rapaywyhc ovopdovior ypauuatiée
Xwpls meploplouots f ypauuatixés Térou-0.

Elvor onuavrixé va towiotel 611 o1 ypappatixée xwels mepiopiopols uropody va mepLypddiouy
onowadnnote YAGooa ahhd uéypr arjuspa Bev éxouv dnuroupynBet anoteheopatixol wéBodot avdluang
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xan emegepyaoiag autdy TV Ypauuatxdy. H aduvapta aut elva xat To xvpLéTepo eunédio v Ty
Xeon auTdy TRV YpauuaTxdy oE TpayuaTiXés eQapuoYé.

To peyahitepo eunédio oty yprion ypauuatxdy tomou-0 elvar To Te6fBAnua TG ouvtaxtieg
avéhuorg moy umopel emypaupaTixd vor nepiypagel wg e&f: Aoouévng wag Ypopuatais va Peebet
av pia oupPBoloaeipd avixer ot YAdaoo g Ypauuatxis. Xto npbPAnua auté Bev éyet dobel ava-
Avtut) A akyoptBuuxd Adon adh& undpyouv xdmoec yevirée xatevBiveels yia Tov uetaoynuatious
TOV XaV6VLY TapaywYHS o€ X4moleg TUToToumuéveS UopPEs €taL date va SieuxohuvBel 1 dtadixaota
ouvtaxtLig avdhuerng. Mepués ané autés Tig xateuBivoeic divoviar otic EnOuEVES Tapaypdpous.

Ocdpnua 8 Ze xdbe yoauuatixy G tirov-0 undpyet uila tovddyioroy t6od0vauy Yoauuatixy G’
oty onola 6ot ot xavévee mapaywyifc avixouy ot ula arnd tic axdrovbec MHop@Ee:

S—=2 A=a A—- B
A—-BC AB—+ AC AB - CB
AB - B

ue S,A,B,C € Vy, a € Vp xat A elvar y ouufodooeipd undevixod urfxoue.

To Bedprua pag Mew 61t oe onowadhnote Ypapuatix uropodue va Bpodue wia Toukdyiotov oo-
8dvaun ypappatid v onola va éyel anhodc xavéveg dvo ouuPélwv ot xdle tufua TV xavévey
Tapaywyns, ot HEMGTA OTIS HOPPES TOU TEPLYPAPEL TO Bedpnua.

O xavéveg autol elvar 6ot un peroduevou whxoug extés ané Toug xavéveg NG wopphs S — A xaL
t0v AB = C. O xavévag S — A tonoBetelton yévo otV nepintwaen mou N yYAboox TNe ypauuatig
nepLéxeL Ty mpbraot undevixol uixoug.

L ™y oodbvaun ypapuatoo G’ Ba Aue 6t Beloxetar e xavovuxt wopph. H XATOOXEVY [ag
\ooddvaung Ypaupatixc o8 xavovix Lopey axoloubet Ta e€fg Puarta:

1. Bplaxouue pla 10086vaun ypaupaton] yia tnv omola éhot ot bpot 670 apLoTEPS TUAUA TV
xavévwy mapaywyhs elvon petafintés. H petatpory| S ypauuatixic Tpayuatonoteltay we Toug
xavéves Tou Bewpfiuatoc 1.

2. Avtuxabiotodue 6houg Toug xavéveg tng Hopphic A — A e xavéves g Hopyhc AX — X
x XA = Xy bheg tig petafhntéc xon Ta Tepuatid odufola g Ypaupatfs. Me auth Ty
avtucatdataon éyovue o toodbvaun ypaupaTxd yio Tig TEPUNTWOELS Tou 1 avtiotolyn yAdoou
™G ypapuatixfc Sev mepiéyel v mpbraon A. Av oty yYAdooa TepLéyETaL xau N mpbTaan A TétE
npocfétoupe xat Tov xavéva S — A.

3. Avtuxabiotolye 6houg Toug xavéves Tou xouv neploodtepa and 0o abuPola elte ot0 aplatepd
elte oo 8e&16 Toug TuAua axolovBdvrag v &g e VL

Eotw o xavévag ropaywyhs X1 Xe... Xy = V1Y5..Y, ue m,n > 1 xau e Touhdytotov éva ané
Ta m,n va sbvat yeyakdtepo Tou 2.

Anutovpyolye Tig véeg uetafintés: Uy, Uy, ..., Up_y, 21, ..., Zyp—1 xou avtixabiotobyue Tov xavéva
napaywyhs éTol dote:

XU —» YIZI Z, = Y:2Z,
U, - XoUs Zy — Y573

Um-—l - Xm—IXm Zn-1Y, 1Y,
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4. Me v egapuoyt| xat Tou tpitou Bruarog Bréroupe b1t uepuxol améd Touc véoug xavéveg mapa-
Yoyt Bploxovrar oty uopeh AB — CD. Kébe xavévag auths e uopphe propel va aviiataotalbel
ue xavéves g uopghic AB — AC, AB — CB ue v Porfex 360 véwv uetafintdy K M:

AB—+ AK AK -+ MK MK —CK CK —CD
TapaBevypo 49 Na Bocfel ula toodUvauy ypauuarixyf oe xavovixyf poppl tne ypauuatixfe tou rapadelyuaroc 5.

1. Ou xavéveg mopaywyhc e YPAUUATIXAG UETE TNV avTLXATEGTAGY TV TEPUATIXGY ouuférwv ato apiotepd
Twile Ty ouuBélwy tapaywyhs yYlvovral wg 23"

S—2SAB SAYYA YA-YZB
YS—>zB AZ - 2SAB YYZB — AB
S—>zB Aoz B zZY

Yoy Z =z

2. Aev undpyouv xavéves g uopphic A = A .

3. Avtixabiotolpe 5L xavéveg napaywyfs rov éxouy neprobtepa ané Svo MEAN oo apLoTepd 1 oto Bkl Toug T,

S = zR; Rl—)SRz R - AB
SA—SYR; RsoYA
YA—-YR, Rs—- ZB
AZ -+ xRy Ry —+SRs Rs — AB
YR; 5 AB R; - YRs Rg -+ ZB
B > xRy Ry - ZY

4. Ané toug mapandve xavévec rapayyh¢ autol mou Beloxovrat oty uoppy) AB = CD aviuxaBlotavrar ané
Toug axbéroufoug xavéves mapaywyrg:

SA— YRa < SA - SR]o SRlo - RuRlo RuRlo - YRlo YRlo — YR3
AZ - zRs & AZ 5 AR;. ARy; — Ri3R; RisRi; — zRi12 zR1; = TRy
YR; v AB& YR; > YR, YRis & RisRis RisRis — AR4s AR;4 - AB

H woo80vaun ypappatud ot xavovuey woper) Ba éxel tnv e€fic popyi:

G’ = ({A, B, X,l/, Z, S, Rl,Rz, ...,R14}, {z,y,z}, S,PI)
HE 29 xavévee Topuywyhs v to P’:

Yoy Z=z S— XB Aoz
S—)XRz R — SR, R; - AB YRlo —)YRs
R3 +YA YA—)YR.; Ry - ZB XR,2 —)XRs

Rs — SRg SA - SRy SRio & RiuRio RuRio—= YRy
Rs = AB AZ — ARy, ARi2 - RisRi2  Ri3Riz = zR1»
YR7 - YR14 YRM - R15R14 R15R14 - AR14 AR14 — AB
R; - YR; Rs - ZB B = XRy Ry - ZY
Xoz

Mnopolue va Sobue 6t 6hot oL xavévee ¢ Leodlvaurg ypauuatixic elvan oe xavovu uopei.

H yeratpons ypappatiedy tonou-0 oe xavovuef uopeA etvau pia arapaitnty mpoenedepyaoia xatd
™V epapuoy ueBédwy ouvtaxtinis avéluong.

Ocdpnpua 9 Kdbe ypapuatixf torov-0 yia )y onola toyUer 61ty 1oodvaun Yeauuatixy dev me-
piExet xavéva rapaywyfc tne Hoppiic AB — B xai dev mepiéyer v mpdracy undevixod uixouc,
elvar ypappartief un pewduevou uxovg.
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H anédeiZn elvon Tpogavrs BLéTi oL xavévec x&Be Yeauuatueds Tnou-0 unopoty va avaluBoty ot
anholotepoug HAVOVEC xavowixtig uopgig.

oupBolooeipd A mou nepLéyet ula TouldyioTov petaBnt étor dote ue NV eQapuoYh Twv xavévey
TAPAYWYNS TNG YpauuaTiels var elvat Buvath 1 xataoxev ™6 ovuPolooeipdc B. Mg Bdan auté 1o
Bedpnua av | A |>| B | a7 Yeapuati elvar pn uetoduevy téte dev uropel va undpEer uéBodoc
Tapaywyhs tou B ané to A.

Evgeta yprion tou Bewphuatog avtot yivera atoug ahydplBuoug ouvTaxTxfg avdluong.

9.2.2 Tpapuatixy tirou-1

O ypaupatuée ténou-1 ovoudZovtan xa ypauuaTtixée evatebning abvradng (context-sensitive).

Opwowés 17 H Yeauuarxlj G ovoudlera: timov-1 1f evalabntne ovvialne rav o xavéves napayw-
Y ¢ elvar Tou tUmou:

X14X; - X BX, ue X1,B, X, € (VrUVN)*, A € Vv xat B 8ev glvat n mpdtacy undevixos
Mifxous extés ané v neplntwon xatd tpv omola n YAdooa mepiéyer xau ™)V npdracy undevixol
urxoug.

Ocdpnua 10 Kibe Yeauuatixlf evalofnrne ovvialne elvau M7 pewluevy yoauuatixy.
H anédeiln elvar Tpopaviic ané 1o eldoc Twv xavHvey ™S Yeappatef.

Ocdpnua 11 INa xdbe MY petoluevy ypauuarixy umopoUue va fpodue ula avrioror X7 Yeauuatixy
evalanrne avvraéy.

H anédeiZn tou Bewphuatog xau 1 uéBodog Snuiovpyiag e avtioToryng Ypauuatic evalobning
otvradng elvan 7 ax6ioubn:

Olot o1 xavéveg uiag N peloduevng Ypauuatis €XOLV TV open:

X1 Xo.. X 5 VY5,

s MEM >0, n> 0 xaw m < n.

O xavévag autég uropet va avrixataotalel ané 10 ax6rovfo clivoro xavévey Tapaywyhg:

X1X2...Xm - Zle...Xm
Zng...Xm - Z]_Zg...Xm

Zl..-Zm_IXm - Zl..-Zm_l.XmYm.i.l..-Y;l
ZI---Zm—IZmYm+1---Yn i d H-~-Zm—IZmYm+l---Yn

K...Ym_IZmYm+1..-Yn — Yi...Ym_IYmYm_l_l...Y;l

Orov Z;, i = 1,...,m elvon véec etofAntés. Mropotue va dolue 61 6hot ot toodlvauot xavévee
elvat xavévee evatabintng obvtagrg.
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IMoapadevypa 50 Eotw j uy peioduevy Yeauuarixiy

G=({4,B,5},{z,9,2},5,P)

ue P va mepiéyet tovs axdrovfouc xavévec ovvradye:

§+2SAB SA-yyA yA - y2B
yS—+zB Az—2SAB yzB — AByA
S—zB Aoz B 5 zzy

Na fpebel 5 100dbvauy ypauparixf evalofyrye ovyralng.

Mepurol ané Toug xavéves napaywyrs Peloxovrar 18N oe popeh eualoining ovvialrg, o unbhourol uetaoynuoti-

Lovran w¢ e€g:

yS— 2,8 zZ; - zB
IS > 212y Z1Zy o z2,
Az 5 Z3z Z3z — Z3SAB
Z3SAB — rSAB
yzB - Z,;2B Z425yA > AZgyA
yzB - AByA & { Z42B — Z43ZsB AZsyA - AByA
Z4ZsB — Z4ZsyA

yS—)zBﬁ{

Az—-):zSAB@{

H wodlvayun ypapuatue] evalobying otvralng elvar g oebhouln:
G' = ({A, B, 21, 2, Z3, 24, Zs, S}, {z,y,2}, S, P') ue xavévec napaywyic P’ toug axérouBouc:

S - z2SAB SA = yyA YA -5 yzB
Az B 3 zzy YS—> Z,S
ZhS = 212, Z1\Zy — 22, Az > Z3z

Y2B > Z,2B ZyZsYA - AZgyA  Z.2B — Z,ZxB
Z42sB = ZyZyyA Z3z - Z3SAB AZsYA— ABY A
S —zB zZ; - zB Z3SAB — ¢SAB
Yoy

Ocdpnua 12 Ze xdbe ypauuatix upy uetoduevou Mifxouc if toodUvaua yia xdbe ypauuatixy svai-
ofntnc ovvralne uropodue rdvra va fpodus av uia tuyaia mpdraan P avifxer oty yAddooa tyc.

Enedq xdfe ypappatunf evalobning odvragng etvan un yeroduevou wrixoug xau emeldh to wixog
g npéraong P elvar tenepascuévo, To mAfBog twv tpotdoswy ™S Ypauuatuai Tou €xouv ufixog (oo
N wxpbTepo g P elvan xou auté nerepaouévo.

Anuiovpydvtag Aotéy o 6Gvoro Ay Twv TPOTACEWY IOV TAPAYOVTAL TG TNV YPAUUATL Xa
€xovv wixog wxpérepo Tou uhxoug Tng P uropodue va Bpobue av n P unopel va napayBet ané mv
Soouévn ypaupatue] evatofning sovragng.

Ocdpnpa 13 Ze xdbe yoauuatixf uy uetoduevou MYxous uropodue va Ppodue ule touAdyiotov
to0dUvaun yoauuatixy tov va nepiéyet xavévee oty uoppf KURODA. Mopgif KURODA éyouy ot
xavévec napaywylfc nov fploxoviar oe ula ard tic axdélovlec té00epic Loppéc:

A—>a A—-B A— BC AB—CD

ue A,B,C,D € Vy, xat a € Vy.
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H anddei€n tou Bewphuatog xau 1 uébodoc dnurovpyiag g Loodivaung Yeoppotxfs etvat N axd-
Aoufn:

Ou xavéveg xéfe un ueiobuevng ypaupatic éyouy ™V poppt:

X1X2...Xm - K)’zYn
yMEM > 0,n >0 xw m < n.

H yevoo] popgh twv xavévev mapayeyhs uropel va avrixataotodel ue éva alvolo wwodbvauwy
xavévwv mou Beioxovtal 6hot oTnv wopph KURODA Xpnowonoudvtag m véeg petafhntée, weg elhc:

X1X2 4 YiZg Zm e d YmZm+1
Z2X3 b d Y2Z3 Zm+1 — Ym+1Zm+2

Zm—1Xm -+Y -—1Zm Zn—l - Y, -1 Yn
Mapddevypa 51 Eotw y uy psoduevy veapuatxf G = ({A, B, S}, {a,b}, S, P), ue xavévec napaywyys:

S Aa Aa - bBa A- Ba Ba- aaa
bBA 5 bBaAA B—oa Ab AA- BbA

Na fpebel n avtlotoyy ypauuarixy ue xavévee rapaywyfs o uoppf KURODA.
MevaoynuatiZoupe toug xavéves napaywyic xou dev Beloxovrar o popph KURODA:

Aa = bBae { Aa—-bZ, Z, - Ba
Ba —aaas{ Ba—aZy; Z: > aa
bZ3 — bZ4 Za — BA
bBA — bBaAA & { Zs—+BZs 75— aZe
Ze -+ AA
AA - BbAs { AA5BZ; Z; - bA

Me v xpfion b0 véwv petaBintdy, Twv K,L pe tc onolec avixabiotolyue ta teppatixd obuBola a,b gridyvouue
plot Loodlvaun ypauuatixy ot popeh KURODA:

G'=({A,B,2,...,Z;,S},{a,b}, S, P"), ME xavéveg rapaywyhc P’
¢

S = AK Boa A—- BK A-=b
AK +BZ, Z -»BK BK-KZ, Z,— KK
LZs - LZs 23—+ BA Zs+BZy Zs -+ KZs
Zs +AA AA - BZ; Z; - LA K—>a

L—-b

5.2.3 Tpappatixs ténou-2

H ypapyatuef émou-2 # ypauuatxs ehetfepng obvragng (context-free) elvar n mhéov dradedouéwy
Yeapuatu ot epappoyés encgepyaotag puotxfc yAdooac. O onuavtixétepog Aéyos ypfions ypoy-
HoTLdy autol Tou Témou slvan 1 UnapEn alyoplBuwy ouvtaxtixfic avéhuerg mou uropody va ukomou-
Bodv otic meploobrepes TwY NEpnTdoEwY oE TpayUatixd xpbvo. Metovéxtnua anotelel to yeyovée
0T OTIG MEPLOGGTERES MEPINTHOELS 1) puovef yYAdooo 3ev uropel va poviehonowndei e axpiBera ue pla
Ypaupatxf ehetlepne abviaing.

Opioués 18 H ypauuatixf G ovoudlerar tdmov-2 1 Yeauuatix)f eAedbepne advralne érav ot xavé-
ves mapaywyifc tne elvat otyv uoppf A — B ue B € (VrUVy)*, A € Vy.
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Ocdpnpa 14 Se xdbe Yeauuatixlf eAedbepns advradne unopoduc va Beodue av ula rpdracy avixe:
oTNY YMdooa ¢ ypauuatixis.

H an6eiln elvar anhi) Su6te xdbe ypappatixh ehevBepng obvralng etvar xat Ypopuoatied un uewod-
pevou prxovs. T'vwpifouue and mponyoluevo Bedpnua b yia xde un UELobuEVY YpauuaTixs uro-
podue va Bpobue pe v Borfera akydpiBuou tou xpnotonoiel nenepacpévo aptBud unoroyioudy av
pla pbraoy avhixer otny YAdooa g Ypouuatihs.

Ocptowéds 19 H ypauuatixs elevBepne obvralne G Pploxetar otyv uopes Chomsky étav élor o
xavéves napaywyrs ¢ eivar tov Tmov A — a ue A € Vy,a € Vi # A= BC ue A,B,C € Vy.

Ocdpnua 15 Ze xdbe ypauuatixs eAeUbepne avvradne umopodue ndvia va Ppodue ula tovddyioroy
tooddvaun ypauuatuef eAedfepnc ovvralne oe uopp) Chomsky.

H ané8ei&n tou Bewphiuatos xat n uébodog Snuovpyiag tng Looddvaung Yeappatixig elvat n axé-
Aoubn:

1. Me v Borbera véwv petaBhntédv avixabiotodye ta Teppatixd olufola otoug xavéves napa-
Yoy mou dev Bplaxovton ot popeh Chomsky.

2. Metd tov mpdito pueTaoynuaTiou oL xavéveg rapaywyhs xdbe ypaupatumc ehetBepng olvtagng
€xouv v popghi X — Y1Yo..Yy,, ue n > 2. Iooddvayol xavéves unopolv va dnuioupynBody pe v
Borifex véwv petaBintdy, we eEvg:

X = Yi1Z; VAR Y.Z, .. Zp_9 - Yn—IYn

Anodewxvietal houréy 6L e v Boribera n-2 xouvoUpYLwY LeTaBAntdy x&Be xavévag wag ypou-
patueic eAedBepns olvradng unopel va épBet otnv uopeh Chomsky.

Mapddeiypa 32 Eotw 7y ypauuatixy eAetfeppe alvralye
G = ({4,B,5},{a,b,¢,+,(,)}, S, P), ue xavévec napayaryie:

S—+S+A A-AB B (S) B-b
S—a A>9a B—+a B-oc

Bpelre ula 1008dvauy ypauuatixy oe uoppy Chomsky.

H ypappatueh tou napadetypatog unopel va xenoworomnfel yia va mapdye. anhéc alyePpurée RAPACTAOELG TWY
a,b,c.

H edpeom piag ioodtvaung Ypappatxic ot popgh Chomsky napayuatonoteltal pe ™V axdhouvly Swadixacta:

1. Me v Borfeia véwv petaBintdy avixabotolye ta tepuatind oVuBora otoue xavévec TAPAYWYHC oL Sev
Beloxovta o€ popepr Chomsky. Tro napddelypa ypeidletal va oploouue Tpeic véee petafBintés, e C,D,E. Ou xavévec

rapaywYhs petaoynuatilovrar wg &g

§9SCA A—-AB B DSE B-ob
S—oa A- B B->a B—oe
C-+ D E )

2. Mevaoynuatiloupe touc xavévee rapaywyis mou éxouv wixog peyabtepo ané Sbo olufoha axolovBdvrac
v péodo nou avagépetat oo mponyouuevo Bedpnua. O xavévee Tapaywyhs g toodlvaung YeauuaTLOlC OE Yoppn
Chomsky etva o. axéiouvfol:
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S+SX A5 AB B DY B-b
S—a A B B—oa B¢
C—-+ D E=) X-=c04
Y 5 SE

5.2.4 Tpaupatixy Torov-3

H ypayyatoo] 1émou-3 # xavovee] ypapuatiof (regular language) TEPLEXEL TOUG TAEOV aUOTNPOYG
neploplopols aToug xavéves mapaywyhs. Ovoudfetor ERLONG XL YPOUUATIXY TENEPUOUEVWY XaTa-
OTAoEWV.

Opropés 20 H ypauuatixs G ovoudletar tomov-3 1j xavovix) yoauuatixf érav ot xavévec napa-
Yoy tns éxouv Ty uoppf: A — aB,A — a ye A,B € Vy,a € V.

5.3  Yuvtaxtua] tadivéunon npotinwy

H duadixaota ouvtaxtuis tafivéunong mpotinev ovoudletan xat GUVTAXTIXH AVEAUOT) TIROTUNWY.
To mpéBinua tng ouvtaxtueis avdluong uropel va mepiypagel amhd oav v uébodo mou mpénet va
axoloubficel xdnotog yia va Bpel av plo npbtaon avixer oty YAdooo uag ypapuatxis f tb arid
av 1 wpéTaon unopel va napaybel ue ddoyued epapuoyh TwV xavévey NS YPUUMaTIXG.

Ou ugBoBot ouvrtaxtunic avéluong unopodv va Saxpifody ot xatnyoples pe Bdon to eldog g
Ypapuateis tou umopodv va avalioouy xat v wéBodo mou to emtuyydvouy. Ao eivar ot Baouxéc
xatnyopies ueBédwy auvtaxtixrc avdluang npotdocwy:

1. Ou pébodor mou avalntobv v Badoyh Twv xavévey Tapaywyhs mou odnyodv ané to po-
vaduxé obpfolo exxiviong oty npbraon xar ovoudZovian uébodor ouvTaxXTLXhG avdhuong Tpog TNy
oupPoloaceipd (top-down parsing).

2. OuvuéBodoL mou uhorololy TV aviotpogn Suadixaosia, uetaoynuatifovrag v Soouévy ntpbtacy
ato povadixé avuforo exxivrarng. O uetaoynuatioués tpayuatonotettar ue v dwadoyixn epapuoyh
TV Xavévey TapaywYhs xatd v aviiotpopn gopk. H Suadixasia avalitnong e dadoyhs Twy
Xav6vey Tov unopody va odnyhoouy aro v npdrach 1o abuBoro exxivnang ovoudfeton ouvtaxtun]
avéAuom npog To aluBoro exxivnong (bottom-up parsing).

O texvixéq mou mapovaidfovron ot auté To xepdhato xpnotporoiobvtar x0pla and LeTappactés
(interpreters-compilers) cuuBolxod x@3ixa yia Tov éheyxo opbii olvradng tou quuBolxod xd-
Suxa e&etdlouv dInhadh av 7 oOvtagn Tou ouuBolxod x@dua axoloubel Toug xavévec s YAdooog

TPOYPOUUUATLONOY.

9.3.1 Xuvraxtixh avdhuon npog v cupBolooelpd

Avahutieh uéfodog ouvtaxtifs avéluang tpog Ty ouyBohooeipd YL Ypauuatixés Tinou-0 dev éxel
avaxalugBel uéypr ofuepa. T un peiobyueves Ypapuatids éyet A8n arnodevyBel (Bedpnua 6) 6t el
vou Buvartéy v umdpEer ahybpiBuog auvtatuehg avdAuong e epapuoy evés Tenepaouévoy aptfuod
xav6vev mapaywyng o onolog elvar ot B8an va tapdyel Gheg ot Tpotdoels g YAbooug ue Soouévo
wixog. Etou ue anh abyxpion g ekeyyduevng npbTaomg We T avioTouyes MpoTdoELS TG Ypay-
patig Tou éxouv to 8o whxog unopel va Bpebel av N ekeyybuevn npbraay uropet va napaydel ané
™V Ypauata.
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Alybpibpog 7 H ouvraxtixy avdAven up MEwluEVLY Yoauuatixdv uropel va Sicuxoduvlel brav
axolovbifoouue tic e&ric odnylec:

BHMA 1. Metaoynuatifouue toug xavévec ™S Ypappatixs mou dev Bploxovtan oty popeh
X = a,a € V7, X € Vy oc anholotepes popyés (mbavédy oe uopp) KURODA) eite oe pla ané tig
axo6loubes uoppéc:

In popyh: Avdduon ané apiotepd npog ta defid:

X —>aY,a €V, X,Y € (Vy U Vp)*

2n uopei: Avdduon ané 8e€id mpog Ta aploTepd:

X —=Yae,a€Vr,X,Y € (VwUVp)*

Zuvifog duakéyoupe exelvn Ty popyi oTny onola o nepioobtepoL XaUvbvee uropoly va ueTaoy Y-
HaTLoToly To £UXOAA.

H embdlwgn avth otoxelet oto va gépoupe v Ypappath o€ TéTow Lopyy étol Bhote va yivetat
euxoAétepn 1 avdluon ané 38 mpog T apLoTepd # o avtifeto. H Unapgn teppatixot cupBélov ata
apLaTepd A ot Se§id TwV xavévwY Tapaywyfs Steuxolivel Ty anbpuot uag ya v yprowuonoinoy
ToU xavéva oty mpoondbela va Bpodue Ty mpbtaay, Eexwvdvtac and o abuBolo exxivnong.

BHMA 2. ApyiZovrag ané to aduBolo exxtvnane xau AauBdvovtag urédm TNV LopPh TV XavéVLY
™S yeaupatms (Lopph 1 1 2) apxifouue va avtixabiotolue Tig uetaBAntés mou Bploxovian otny
YELTOVIE TV TEpUATIXGY GUUB6AWY EQPaPUOLOVTAG TOUC XavéVES ™S Ypaupatixig. Xe nepintwon nou
elvan duvatée nepioobrepeg G Qg avixatdotaorg, 6Aeg ol Suvatéc Aboeic npénel va eZetaotoly.
Katd ouvéneia o alybpiBuog mpémer v éxer avadpopuxs Loyo.

BHMA 3. H anbppum Mioewv etvar Suvath aTig un petotuevee Yeaupatixés ot e€¥g nepintdoeig:

a. Otav n guuPolooeipd twv TepuaTixdy ouuBérev (aré to dxpo mov éxer apyloet N avdluan)
Bev oupgpwvel pe ta Teppatied obuBola g eheyybuevg npéTaACYS.

B. Otav 10 wixog ¢ ouuPolooeipds éxel Eenepdoet To whxog g eAeyyduevng npbraong.

Alybpibuog 8 H ouvraxtixf avddvoy ypauuarixdy evalodnrne avvrane mpéner va axorouvbel toug
e&rfc xavdveg:

BHMA 1. Bploxoupe pia tooddvaun ypaupatid ot popgh KURODA.

BHMA 2. Ou xavéves napaywyrc petaoynuatiotilovar oe xdnowa ané Tic uoppés 1 % 2 tou
ahy6pifou 1. Katémy egapuélovrar ta Bhuata 2 xat 3 tou ahyépiBuou 1.

ANy6pBuog 9 H ouvraxti)f avdAvon yeauuartixdy eAeUbepnc avvradne axodovbel touc efrc xa-
VOveg:

BHMA 1. O xavéves g Ypaupatixf petatpénovon oe uop@y Greibach.
BHMA 2. Axoloubfoouv ta Briuata 2 xa 3 tou adyébpifuou 1.

HNopddevypa 53 Eotw j ypaupatixf eAedfepne ovvralye
G =({4,5},{1,2,3,4,5,6,7,8,9,0}, S, P) ue xavévec napaywyifc P:
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P={S—+SA,S+A,A-1|2(3|4|5]6|7|8|9]0}

énovD > A{B& DA DS B
H rpdraoy 345 avijxes oryyv yAdooa ¢ Yeauuartixie;.

Me egapuor Twv xavévwy avdluong npés v oupPolooeipd €youpe:

SAAA =| SAAA |> 3

SAA = AAA S 345
SA =
5= AA=| AA|=2
S5 = 345
A=|Al=1

HMupatmpotpe 6t n npbraon unopel va napayBel pe 3o Suagopetixols tpénouc. TMauté tov Aéyo n npbraoy 345
elva ouvtaTwd aoagic Y T yeaupat] G.

Mapddevypa 54 Eotw 5 uy pcoduevy veauuarixy o uoppj KURODA:

G = ({4, B, S}, {a,b}, S, P)
ue:

AB 5 bB BA - Baa bB — bba

S S4 A— AB AA—)Aa}
P=
A—=a B—o)b S—a

H npbracy aabb avixet oty yidooa ty¢ Yeauuartixi;.

Ag efetdoouye av v npdtaon aabb uropel va dnpoupynlel ue SraBoyua] egapuoyy Twv xavévey napaywyhc Tne
yeaupatudic G.

A ASAB B—b

X% 0AB* 2P 4 ABB “2° 0aBB 22’ aabB 22° aath

H npéraon uropel va napaybel and to ovuBoro exxivione. Zuvendg npétoon aabb avixet oty yhdooa tne
yeaupatic G.

5.3.2  Xuvtaxtuxr avdAuorn rpog To abuPolro exxlvnong

Ou uéBodor ouvraxtuxfc avdhuong mpog To onusio exxivnong nepthaBdvouy bhes Tic Texwxée ue
Tig onoleg mpoomalfolue va mapdyouue aro Ty TpéTaoy to obpPolo exxivions ue avtigtpogn
epapuoYh TV xavévwy tapaywyhs. Ot yevudés odnylec mou Loxdouv yia TNV guvtoncTix] avéiuoy
npog v cuufBohooeipd (alybpibuog 1) éyouv Loyl xan yia Toug akyopiBuous auvtaxtixfc avélueng
mpog 1o aluforo exxivnong.

AlyépiBupog 10 H ouvraxtix) avdAvey mpoc to oUufolo exxlvnone yia un peoduevey yoauuat-
xdv unopel va Sieuxoduvlel av axolovbfcovue Tic e&fc odpylec:

BHMA 1. I8i0 pe to Bnua 1 tou akyépibuou 1.

BHMA 2. ApyiZovtag ané v supBolooeipd ehatTédvoupe Tov aplBud Twv cuuBéhwy 6 npbra-
oS WE TV avtiotpogn egapuoY| TV Xxavévey mapayeyc, Beloxoviag Sladoyxd to mhéov xatdAhnio
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xavéva aro ta aploTtepd 1 T 3e8id g ouuBolooeipds, avéhoya ue TV WopPR TeV xavévey TPl
Yy mov dnovpyrifnxav oto BHMA 1. O nhéov xatéhAnhot xavéveg slvar ot axéhouBot:

«) Bploxoupe axoloubies teppatindy ouuBérey xau yetaBlntdy tou Beioxovia oto apiatepd (1
8e816) tufiua g ouuPolooelpds yia o onolo uropet va Bpefel xavévag mou va ta tepiéyet oo dekl
Twhua Tou. H xatedBuvan g avdhuong éxet gopd avtiotpopn twv xavbvey tou éxouy tapaylst ané
70 TpdTo Bhua Tou akybpibuou. Av ou xavéveg tapaywyhs avixouy oty TpdT xatnyopla apyiCouue
TG avTixataotdoe guuBolocelpdy NG TpdTaoNG AN To APLGTEPE, EVEG AV OL XAVOVEC ropaywyhs
aviixouv oty Bedtepn xatnyopla apxifouue Tig aviixataotdoeis ouuBoloaeipdy Tng npbraong and
To 3ed1d.

B) Avtixabiotodue axoloubies petaBhntdv mou Bploxoviar ato apiotepd (¥ 3eEib) U TG
ovuPBolooelpds.

Y) Avtixabiotolue v oupBolooeipd e o aluBoro exxivnang.

O ahyépifuol mou avagpépaue uéxpr Tdpa tapoustdfouy tny Suvatdrnta TOAATAGY avTiXaTaoT-
oewv ot xdfe Briua Twv peTaoynuatioudy e tpétaong. S auth Ty nepinton GAeg oL evalhaxtiée
Aboewg mpénel va e§etdlovtat. AucTuyds OTIG TEPLOGOTEPES TWV TPAXTIXGY EQAUPUOYGY 0L AIGELS av-
ghvouy yewuetpuxd pe To wixog g eheyyduevng tpbraong, anontéviag moAhés gopés xpovoPbpoug
urehoytopols o Beoyuedovrag peydhn uviun WBlaitepa dtav avakdovton npotdoels weydhou whxous.

Tevixd ou uéBodor ouvtaxtuig avéluorg mpos o abuBolo exxtvnong mapouaidfouy Myétepa
tpofMiuata aro Tig pebbédoug ouvtaxtiig avdluang mpog v cuuBolooeipd. Auté yivetar gavepé
ot nopadelypata tov axolovBolv, ota omola divetar N aviiotouyn ouvtaxtue avéluen mpog To
cbufolo exxivnong TV yYpauuatixdy Tev tapaderyudtov 13 xo 14.

Nopdderypa 55 Eotw ) ypapuartixf ededfepns ovvradne G tov napadelyuatos 13. H mpbracy 345 eAéyyerar auvra-
xtixd ue Ty uéGodo avéduons mpog to aduPolo exxlvyone we e&fs:

345 5 AAA S84 544524 g4 54 g

Hopdderypa 56 Eotw n uy petopevy ypauuatief tov napadelyuaros 14. H mpbracy aabb avijxet oty vidooa ti¢
YoauuaTixXiye;.

Me cuvtaxtua) avdhuor npog To obuforo exxdvrorng éxouue:

aabb °3° Sabb “3° SAbb B3° SABB 4 28P gAB A 2B g4 524 g

5.4 O AlyépiBpoc CYK

Ou ahy6pifuot mou nepLypdpnaay napouotdlouy éva anuavtixd peiovéxtnua. O ypévog enciepyasiac,
mou uropet va petpnfel anéd to TAffog Twv xavévev tapaywyfc Tou epapudlovral xatd v diadixa-
ola g ouvtaxtixis avéiuong, elvar exBetued ouviBug auEavéuevog pe to whxog Tng eheyybuevng
rpétaong. O akydpiBuog twv Cocke-Younger-Kasami (CYK) éyer ypévo ereepyaoiac mou elvat,
OTNV XEROTERY TWV TEpINTOOEWY, avdhoyos tng tpltng SUvaung tou ufixous tng mpbtacng. Elvan
aAy6pLBuog ouvtaxtuaic avéluang tpotdoewy yia Ypauuatxés eEAéubepng obvtaing mpog To abuBolo
exxtvong xa Basifeta oig texmxés Tou Suvaxod TpoypapaTLaUOY.
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Alybpbuog 11 Eotw 1 ypauuatixf ededfepnc advieéne G = (Vy, Vi, S, P) n omola Bploxera
oty pop@l Chomsky xav ) avtiotoyyn yMbaoa tne ypauuatixyc Sev nepiéyer TNV mpétacy updevixol
urixovs. Av ay,as,...,an elvar ula rpéracy ue odufola and to akpdfnro tepuatixdy ovuPélwv e
G, téte: av o nivaxag T nepiéyet oty yaunAdrepn Géon tou o ouvuPolo S téte n mpbracy ay, ay, ..., Gy
aviixer atnv yAddooa tne ypauuatixfc G.

H xataoxev tou nivaxa T ylvetaw ye v tonobéton oupBéhwy otic Béoeig Tou tji wg elhg:

BHMA 1. Tuurknpdve v npdtn ypauush e i axéhovbeg petafinrée:

th':{AIA—)aiEP}.

BHMA 2. Suunknpdve tig unbhounes ypaupés xatd abfovoa asipd ot Tic othheg and uxpbrepeg
Tpog MeYaAUTEPES TLUES:

tij={A|A—-BCePB € i, C €tj_p i1k, 0 < k < j}.

BHMA 3. Av S € tn; t61€ 1 np6Taton avixel oty yYAdooa tng ypauuaticic.

Iapddevypa 57 Eotw y ypapuartixl cAedbepne obvralye
G = ({4, S}, {a,b}, S, P) uc xavdvec napaywyrs:

S2A4AA S—AS S-ob
A9 SA A9 AS A

xai 3 npdracy abaab. Me tyv forffeia Tov adydpibuou CYK fpelre av y mpbracy avixe: oty ridooa ¢
vPauuaTixyc.

T tv npbrator) abaab, o nivaxag T elvor o axdiouboc:

Tlivaxag 5.1: ITivaxac CYK Ttou ropadelypatoc 18

Ll a [ b ][ a] ab]
1 & | s | A [ & |s
2L, 5| & [ 5 |&s

3| s s |54

4L s[4

5|1, s

H npéracn abaab avixel otqv yYAGooa g ypappatixfc 86T To olufolo S epgaviletal 610 yaunhétepo onuclo
Tou nlvaco.

HMapédevypa 58 Eotw y ypappatixif eAetbeppe ovvialye
G = ({4,B,C, S},{a,b}, S, P) uc xavévec napaywyss:

S+ AB S—-+BC A- BA
A—-a B-3CC B-b
C—oAB C-a

Me tyv fofffiera vou adybpifuov CYK Ppelre av g mpéracy baaba avixe: oty vAdooa ti¢ ypauuatixis.
T v rpbraon auth o wlvaxag T elvar o axcbrovBoc:

H npéraon baaba avixer oy yAGooa e ypaupatoais St to odufolo S epgpaviletan oto yaunhétepo onuelo

Tou wlvoa.
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Iivaxag 5.2: Tlivaxag CYK tou napadelyuatog 19

| b a | a [ b ] a |
1 B A, C A, C B A, C
2 S, A B S, C|S, 4
3 B B
4 S, A4, C
5| 5,A,C

5.5 H daduxaaio exraldeuong

Eva ané to Suoxolétepa npoPhfiuata tov ouvavtdvia xatd ™V oyedlaon cuotnudtey ouvtaxtudig
tagLvéunong mpotinwy etvat 1 wéBodog mou mpémet va axolovbinbel yiu v xataoxeur| e ypauuati-
xfg.

Ou teyvixég xau xau o akybpibuol mov mapoustdfovtan wog Sivouy TV SuvaTéTNTA VO XATATHEVE-
Covue pla ypapuatoed ané Selypa g YAdooag eite avté eivar Betind (x46e ouuBorooeipd Tou Bely-
Hatog avixel oty YAdoaa tng Ypauuatixic) eite slvon apvntixnd (xdfe oupuPolocepd Tou Selyparog
dev avixel otV YAbaoa TNg ypapuaTixfc).

5.5.1 Kataoxeun xavovixic yooupatixds

Eotw 6T éxouue éva Selypa tne YAdooag L xar 8éhouue va XATOOXEVAGOUUE (o XavovLXy Ypouua-
o0 ToU va tapdyet v YAdoow. Te auth v mepintwon arodewnvieTat 61t 7 Swaduaoia xataoxevc
™S Ypaupatiic elvan pia edxoln unéBeom. Avahouue xdfe Selyua ™S YA®ooag cav wa Sdoyh
xavévey rapaywyhs xaté v onola napdyetat x40e popd xau éva tepuatixd abuBoro g oupBolo-
oelpds Tou Selyuatog mou Srabétouye.

Aly6p8uog 12 Eotw 5 yAdooa L = {Xi,i=1,..,N}. Ta Tepuatixd odufora tne yAdooac opl-
Covrat va elvat 10 aUvolo bAwv twv ouufblwv rov Beloxovrar ota X;. Ot xavévec NS Yoauuatixc
Beioxoviar ue tnv avdAuay xdbe mpdracne Eeywpiord:

S — T1Z2..Zm & S — 2y Z1— 979 Z9 — .'1:3Z3, ey Dyp1 — Tm

Hopddevypa 59 Eotw y yAdooa L = {ab,baa,bbb, aaba}. Karaoxcvaoe pla xavovixyf ypauuatief nov va napdyet
v vidoow L.

Ta teppatixd otuBola tne Ypapuatie elvan tat a,b. Tia xdbe pla npétaoy tou mapadelypatog egapudln v
e v Tov adybplfpou:

Soabe S—-aZi Z,-ob

S = baa & S—)bZz Zz—)aZ3 Zs = a

S — bbb & S—)bZ4 Z4—)bZ§ Zs = b

S — agba & S—)O.Za Ze—)aZ7 Zv—)sz Zs —a

H ypappatix nou nepiypdgpel v yYAdooa tou rapadelyparos elvat n axéhovdn: G = ({8, 21, 2, .y Zs},{a,b}, P, S)

O xavéveg P elvan 1o oGvoro v xavévey rapaywyns tov Beloxovra ovo Se€l tufua Twy nponyotuevey Teo0adpwy
Looduvautdy:
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S5 aZ; Z1—=b

S—)bZz Zz—)dZa Z3—>a

S—)bZ4 Z4—)b25 Zs = b

S—)aZe Ze—)aZ'/ Z7—-)sz Zs > a

O xavéves mapaywytic Tou mapadeiypatog elvar rohhol xan Ba Hrav oxémyo v Toug pedbaouus
600 to Buvatdv mepLoabTepo pla xat 1) TaxUTHTA GUVTAXTLNG AvdAUGTS GUVBEETAL TOAG OTEVA UE TO
wixog ¢ mpétacTg mou avakdeta xat Tov apud Tey xavévey Tapaywylc NG YpauuaTXc.

AlybpLBuog 13 O1 xavdves mapaywylc tne xavovixic ypauuatixifc uropodv va edarrwboly xard
Toug axdbAovbous Tpbrouc:

BHMA 1. Evornototpe Ttig ustaBAntés otoug xavéves g popghc Z; —  yia 6AoUg T0UG XavOveg
mov xatalfyouv oto (dlo tepuatixd obuBolo.

BHMA 2. Evorotolye tic uetafAntés otoug xavéves tng uopphic S = £Z; yia 6houg Toug xavoveS
Tov nepiéyouv To (8o Tepuatixé abufolo.

Iopdderypa 60 Elarrdore tov aptfud twy xavévwy ¢ ypauuartixfc tov mpoyyobuevou nepadelyuarog.

BHMA 1. Evonototpe ta olufola (21, Zs) xa ta (Z3, Zs).

S aZ; Zi > b

S>bZ: Z3 -aZs Zs = a
S—bZy Z4-b2Z,

S—oaZs Zs>aZ; Z; > bZs

BHMA 2. Evonoiotue ta oOufoda (21, Zs) xat ta (22, Zs).

S—aZy Zi—>b

SobZ; Z; 5aZs Z3 —+a
Z; = bZ,
Zy = aZr 7y — bZ;

Lnv to0ddvaun ypaupatua] oL xavéveg ehattdinxav anéd 12 ot 8 xou oL yetaPAntéc ané 8 ot 4.

H napandve avélvon éyer éva uetovéxtnua. H ypaupatoe mou xataoxevdletar propet va 3n-
woupyfoet ™V YAdaoa Tou Selypatog mou €xoupe xan byt ula YAdooa mou va TepLéyEL NEPLOCGTEPEG
tpoTdoELs o anhég Bev éxouue oty didbeor pag xatd v Sadixaocta exraldevong.

To epdTnua mou mpoxtntel ebhoya eivon To axbéhovfo. Agod dev yvopifoupe g tpotdoelg T
YADOOouG, nwg €xoupe analtnon Vo PTIEEOUUE TNV YPAUHATIXA TOU V& TLG TapdYEL;

H péBodog mou axolouBel nepuypdper pla teyvie dnwovpylag wds ypappatfc oty onola to
Selypa mou Srabétouye elvar éva yviolo urooivord trg.

Oprowds 21 To Selyua tnc yAdooas mov SiabBétovus elvar Souixd nAffpec btav aro Selyua avtéd
€xyovv ypnowononGel 6ot o1 xavévee mapaywylfc Tne Ypaupatixic.

Yy mpaypotxdtyra noté dev elpaote alyovpol 6t to Belypa g YAdooag mou éxouye elvan
doutxd mAfpeg duétL arhovotata dev Yvwpilouye Toug xavéves Tapaywynhg s. Elvar enfong alfifeia
6TL oL ypapuaTixég Tou Snpioupyolue ue Toug ahybpiBuous mou Ba mepLypagolty avtioTolyoly ot
Sopxd mhfpn Seiypara g Yhdooag.
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OpLoués 22 H ypauuatixif Gy ovoud{eta anoppéovoa arnd tnv ypauuatixy Gz étav npoxtnte: and
v evorolnoy uerafAnrdy tnc yAdooag Ga.

Iapddewypo 81 Bpslte tyv anoppfovoa ypaupatix) tou mpoyyodusvou napadelyuaros mou mpoxintel e Tty evo-
nolyon twv uevafrnrdy (Z:, Zs, Zs) oc Zy, (22, Zs, Zs) o€ Zz, xat (24, Z7) oc Zs.

H anoppéouoa ypappati tou neptypdger Ty Yhdooa tou napadelypatog elvan 1 axéloubn:

G = ({8, 21, Z2, Z4},{a,b}, P, S)

Ou xavéveg rapaywyrc uetd v evorolnon xal Ty anadolph Twv lev xavévev yivovra:

S-aZ, Zi b S —bZ;
Z4 —+bZy Z;— aZy Z12a
Z2 = aZ, Zl - bZ4

H napandve ypappatx nepiypdeper éva unepotvolo tou Selypatog nov Siabétovye. Aev unopolue va anavtiooupe
e axplfeia oto epdtnua av N yeappate] auth unopel va nepypddel thipws v yAdooa tou Béhoupe. Mropel va
anodetyfel ebxoha b1 1) anoppéovoa ypauuaT] uropel va tapdye. 6Aes T Tpotdoels Tou delypatog nou Siafétouvye.

Me tnv péBodo nou nepuypdape propodue va napdyouue peyddo nhrfog yeauuatixdv. H xataoxeuh Aowndy uiag
xavovuerg ypaupatuais ané Selyua g yYAdooag g Sev €xel povoofuavin Mo,

Yug nepuntdoels mou drabétoupe xon apvntied delypa tne yhdooag (3nhadh mpotdaeis mou Sev
aviixouv oty YAwooa TNy Ypauuatis v onola tpoontaBolue va xataoxevdoovue) téte YETd TNV
xatagxevy x4be anoppéoucag ypauuats avaliouue suvtaxtixd xdfe npbraon Tou apvnTixod dely-
parog €tor Hote va emBeBardaovpe 6L x&be apvnTixnd Selyua dev aviixel otV YAdooa g YpauuaTi-
xfg. Av Bpebel éotw xau pia mpbdtacm mou avixel oty YAdooa g Ypauuatixfs ToU xaTaoxeLdoaue
t61e mpénel va avalnticouue véa anoppéovoa ypopuatix.

5.5.2 Kataoxeu vpauuatixig eAetBepns alvtaing

H xaraoxeur ypapuatixfc ehelBepng odvtagng elvar duoxorétepo eyyelpnua and tnv xataoxeud
pag xavovixns ypapuatxds Yeyovég mou ogelhetar oty peyakitepyn ntoAurhoxéTnta TwV Xavévwy
rapaywyfs. Aev éye Bpebel axbua autbuatn uéBodog xataoxeufs ypauuatixic ehetBepng adviaing
ano detyua g YAdooag. Ou uéBodol mou ypnowonolobvron elvan euneipixol xar Bagifovtal oe uia
Sradixacia emavaknrridy doxaudy. Tautéd tov Aéyo 1 eunepla Tou oyediaot nailet onuaviixé pbro
oty emtuyla xataoxevis g YpauuaTLS.

Ye aut] v mapdypapo nagoustdfoupe YeVixés odnyles xataoxeufc wag ypaupatixis ehedBepng
abvtaZng anb npotdoelg g YAdoouS.

To Bedpnua mou axohoubel uag Bonbd va arogactovue néte mpéner va xataoxevdoouyue ula
Ypappatxh eletbepng odvtagng ehéyyovtag tnv doun twv mpotdocwy. To Bedpnua elvor yYvwoté
oav pumping lemma.

Ocdpnua 16 Xe xdbe yoauuatixl eActfepnc ovvialne L(G) undpyovy axépaiot p xai q térolot dote
av

H ovuPoloocipd s = abede avijxer atny yAdooas ¢ ypauuartixifc
H ovuPolrooceipd s Exer ufxoc ueyaiitepo tou g,
to uifxoc tn¢ bed elvar wixpdrepo tou p,

ol o

0 b,d dev elvar ovuforoceipéc updevixod uhxove
161¢ xdfe ouuforooeipd Tnc popglfc abiede,i > 1 aviixel enione oty yAdooa ™S YeaupatixNc.
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Aro to mapandve Bedpnua Brérouue 61 éxouye ehnldec va avayvwploouus aro T TPOTAOELS
Tou Selypartog av pia yYAdooa pnopel va meprypaget and ypapuatie] ehetbepng auvtagng, Bploxovrag
ouddeg ouufBolooeipdy mou va uropotv va Teptypagoty ue Bdomn Ty ayéon mou divetar oto Bedpnua.

Ye aut v nepintwon to péyebog Tou Belyuatog xplvetan xplowo d6TL we auté tov tpéroO
uropodue va Bpodue euxohbtepa Tig axéoels Tou undpyouy ol ouuPBolocelpés Tou delyuxtoc.

Hapddevypa 62 Eotw to Selyua:

X = {aba,abba,abbba, bab, baab,baaab,aabb}. Bpéc uia ypapuarixi eAelfepns ovvralne mou va mapdyel fva
ungpadvoldo tou delyuaroc.

Mnopolue va ywploouue ta Selyuata oe tpels ouddeg:
1. aba, abba, abbba

2. bab, baab, baaab

3. aabb

O xavéveg napaywyric mou unopolv va Tapdyouy Tic Tpotdoels g npdtng opddag elvat oL axéiouvbol:

BBB B—-b S-aBa

O xavéveg napaywyic mou tapdyouv Tig Tpotdoels Tng Seltepng opddag pmopolv va elvar xau oL axéhoulo:

A—>AA A-a S bAb

H tpltn npbraon napdyeton anéd tov and xavéva S — aabb.
H ypapuatua tou xataoxevdoaue elvat:

G(L) = ({5, 4, B},{a,b}, P, 5)
ue xavéveg mapaywyhs P:

B—->BB B—b S—aBa
A AA A9 a S-bAb
S — aabb

5.6 Xtoxootixés YADGOES XoL YROUUULATIXES

H ouvraxtua] tafivéunen npotinwy mou nepiypddaue uropel va aravrthioet ato spdtnua av pla do-
opévn npbtaoy umopel va mapayfel ané toug xavéves g Ypaupatiic. Te mpaypatids epapuoyés
o pealoTixég, EVEALXTEG Xat Lo anodoTuég elvar suviBue oL YAdooeg oL onoleg guvodeltouy NV Ta-
paywyh xdfe npétaong ue nocotxé uéyebog mou dnAdver Ty mBavéTTa we TV omola 1) YpapuaTL]
ropdyet TV ouyxexpuuévn mpbtaoy. O ypaupatixés autés ovopdlovral oToaoTIXES YpaUaTXEC.

Opiowés 23 H yidooa L, ovoudletat otoyaotixif 6tav yia xdbe tnc mpéracy undpyer apifudc
fetixde xaw wixpdtepos ¢ povddoc o omolog Snddver Ty mbavéryra eupdvians ¢ mpbracne oty
rAdooa. Av z elvar ula mpbracy otny oroyaotixif yAdooa L, xat p(x) n avilotoiyn mbavéryra
Eupdvioric tne vére toyder:

d.p(z)=1

zeL




5.7. YYNOHKEY. XYNOXHY 165

Oprouds 24 Zroyaotid ypaupatixl Gy elvar xdfe Swaretayuévy tetpdda mov amotedeitar and ta
obvoda G5 = (Vn, V1,8, Ps) xat nov 1o xdbe éva ané avtd neptypdpet ta axdrovba aroyela ™me
Yeauuatixe:

Vr elvar o oUvodo twv tepuatixdy auuféiwy,

VN elvar 10 odvodo twv un tepuatixdy ovuféwv f petafAntdv. To obvolo auté dev mEpLEyet
tepuatixd odufola, Sph. Ve NVy = 0.

S elvar p uerafAnth évapéne xau,

P elvau éva Siaretayuévo abvolo and Levyn ovuPorooeipdv xau évay apifué mou Snidver v miba-
voTnTa Epapuoyiic Tou xavéva rapaywyic xard tnv Siadixacia rapaywyks twy npotdocwy (C, D, p).
Ta gdufoda C,D amotcdolvrar and tepuatixd xar un tepuatixd ovufola xai to C nepLéyet éva

TovAdyiotov un tepuatixé ovuPolo. Oi otoyactixol xavévee rapaywyfc mapiordvovrar we e€xc:
c4Dp.

Optowés 25 INdooa uiag aroxaa'rtx)k Yeaupatixifc elvar to ovvolo twv rapayduevwy diateray-
HEvey ouddwy (z,pz) mou anotedolvrar and ula ouufoloceipd xat Tpv aviiotol xn mbavérpra rapa-
YoYifc ¢ ané to avuPfolo exxivyong:

k
L(Ga) = {(:c,p(:z:)) I TE VT*aS f} xyj = 1, ---:kap(z) =H p]}
i j=1

Optouds 26 H oroyaotixsf ypauuatuef Gy ovoudletar timouv-1 f evalobpryc odvralne étav n avri-
otowyn ypapuatixy G mov mpoxUntel ue v agaipeon twv mbavotitwy and Tove xavévee napaywyc
elvat ypoupatixf evaiofnrye odvraéne.

Opiowés 27 H oroyaotixif ypaupatxry G, ovoudletar tonou-2 i eAebbepnc ovvralne bray n avti-
otoyn yYeauuatixij G mov mpoxUntel ue Ty agalpeon twv mbavorhrwy and Touc xavéves rapayyic
elvat ypauuatixlf eAedbepne obvrale.

OpLowés 28 H oroyaotucs ypauparixy G, ovoudletar tinov-3 oToyaaTixij xavovixy yoauuatixy

tay n avtioToryy ypaupatixif G mov mpoxdntet ye Ty agaipeoy twv mbavorirwy ard touc xavévee
rapaywylc elvar xavovixif ypauuatixy.

5.7 Xuvbfxeg cuvoyric

Do %dBe oroyaotu ypappatuo] ekedfepns obvraing toydet 61 to dBpotoua Ty mbavothtov napa-
Yovis v %dfe ovuBolo elvar too ye v povdda.

Eotw 1 otoyaotun ypauuatio] eedbepns advragne Gy = (V, Vr, S, P;) yia v orola ot xavé-
veg mapaywYhs yia v Tuyala petaBAnth A éxouv v LopeH:

(D .
A" BCi,i=1,..,1

ue A, B;, C;, € Vi, a; € V.
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O mBavétnres tng otoyaotuic Ypapuuatixfc Tpénel vor UTaxovouy oTig axbéhoubeg ouvbrixeg yia
x40 petafinth A:

I J
Jj=1

i=1
Ou xavéveg autol ovoudZovrar ouvbiixes ouvoyic e Ypaupatixfc.

Ilpoooxy npénel va Bobel oig mpotdoeis o onoleg urnopodv va mapayfoby ue tolharhols Tpéroue
ané v otoyaotief Ypappatoo]. Xe autég Tig mepuntdoes 1) mbavétnTa eupdvions g npbraong
LooUta e to dBpotoua Twv mbavothtey rapaywyhs g He 6houg Toug duvatols Tpéroug.

Ou oroyaotixés ypapuatixég Sieuxohivouy onuavtixd v Stadixacla cuvtaxtucic avéhuong duéTt
1 epappoYY TwY xavévey napaywyrs Sev elvar toonibavn alhd Beapupévn pe v mbavéTiTa e@ap-
uoYhS Twy xavévey. Xapaxtplotind napdderypa g xpnowubtntag tou éxouv ot mbavétnres eqap-
povhg Twv xavévey elvan 1 tepdpynon TwY xavévey Tapaywyhs mov Ba ypnowonotioouye i tny
Suaduxaaia ouvtaxtixfig avdluong 6tav éxouue gTéoeL ot xdnoto anueio ato onolo urnopoUue va em-
TUXOUKE TEPLOOGTEPES and pia avtiatastdoels otig wetaBAntéc f g otabepés g mpbraong Eite
Xenoworotodue uebédoug ouvrtaxtunis avdluong tpog Ty suuBolooeipd eite mpog To abBoNo exxi-
vnong. Aiatdoouue hondy xatd gbivouoa oeipd mbavétnrag egaproyhc Toug xavéves xat xatémy va
emAyoupe TV xpfon Twy mhéov mbavdy éto Gate va ueyiotonouigovpe Ty mlavétnta va Bpodue
™V Tpdraon obvropa edv BéBata 1) npdraan avixel oty YAGoGa TNg Ypappatuc.

Emnpéobeta pe v xpfon otoyactixdy ypaupatixdy éxouus v Suvatétnta va extiufoouue
xou va. SopbBdooupe auvtaxtixd Adbn oe npotdoeig.

Mupddevypa 83 Eoww 5 otoyactix) ypauuaruef eAcdfepye otvralye

G, = ({A,B,S},{a,b},S’,P,)
ue xavéves rapaywyiic Ps:
S3b4 ABaB A%
B%a B%bs

1 npéraoy baa uropel va napayfel and tyy ypauuatixf G, ;.

AnoBeucvietan 61 ) tpbacy baa unopel va rapoyBel and v ypaupatua) G, axohouldvac v uéBodo cuvrascti-
g avdhuorg wpog tnv cupfolooeipd:

1 0.9 0.4
S 245442 baB "23° baa
pe mbavétnra napaywyhs e npétaong and v yeauuatidi: p(baa) = 1+ 0.9 + 0.4 = 0.36.

Elvau euvénro 61t 6hot ot unérourot oplayol xon ta Bewpfiuata nov éyouv avagpepbel ata Tponyol-
Heva xepdhala yiot TLG TUTLKES YPOUUATIXES LOYUOUY XOL TNV TEPITTWON TWV GTOYAOTIXGY YPOUUO-
TLXDV.

5.7.1 Exnaldevom oToyaoTIXGY YRPUUUATIXGY

Orav yvepiZoupe toug xavéveg tapaywyhs g ypaupatuos ahld eivar &yveoTtee o avtioTolyeg -
BavéTntés Toug, o ouvBrixes ouvoyis dev emapxodv cuvifeg Yia va tpoodiopiaouy Tig aplOunTixés
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e twv mbavoritwy. Xpewlbuaote emnpbodetn thnpogopla mouv mpoépyetar ouviifug arné mei-
papatixés uetproels g cuyvétnTag Tapaywyhs npotdoewy. Me autée Tig HeTphoELg UE TG onoleg
uropolyue va utohoyicouue TpooeYYoTIXG Ty mBavéTnTa topayeYhs TwY Tpotdaswy Tou delyuatog
nov dxBétoupe. H mhnpogopia auth ocuurhnpdvel tov anapaitqro apifué eiodoewy mou ypeidleto
Y TRV Abav) EVOG OUGTHUATOSG ESLODCEWY.

Evdeuxtix6 g pebodoroylag mou axorouboldue xatd tov urohoyiousé twv mbavothitwviwy xavé-
vy tapaywyyhs slval to napddetypa tou axoAouBel.

HMopéderypa 64 Eotw 5 otoyactue ypauuarixy eAsvfepns ovvralye

G, = ({4, B, S},{a,b},S, P.)

e xavéves napaywyhs Py:

S»bp4 S'3*AB AP aB
A'3a BBy B'DPws

T emmAéov nAnpogoples ypeidleote yia va urodoylocre tic mbavérnee twv xavévoy napaywris;

O ouvtfixeg ouvoyis éxouv 187 xpnowonowmBel yia va ehattdoouy tov apifué Twv dyveotwy uetaintdy. Xeew-
Cépacte emnhéov tpels npotdoels g YAbooog e tig avilotoiyes nfavétntes eupdviong Toug étot GoTe va Propéooue
va gridZoupe éva obotnua tpubv eflodoewy pe tpels ayvdotous. Aro mewpdpata rhnpogopolueda tpele mbavétnteg
EQPAVIONG TpoTdoEWLY, TLS axdloudes:

p(ab) = 0.004,

p(ba) = 0.1,

xat p(bab) = 0.001.

H guvtaxtuaf avdhuon npéds Ty cuuBorooeipd v xdfe pla ané tic npotdoetg pag dtver tig axéloubes eilodoeig:

P/ Bob ., Ao
S X7 AB 3 Ab 3% ab

H mbavétnra rapaywys g npbdraong and v ypauuatod] poag dlvet v npdn e€lowon: 2(1—p,)ps(1—p.) = 0.004

shha ., A
'y —
S ="bA =" ba

H mbavénra napaywyiis g npbracng and ty ypaupatxs poc dlvet v dettepn e€lowon: p,(1 — pe) = 0.1

Ps Pa Py
S—bA A—aB B—b

§"="bA" =" baB = bab

H mbavétnra nepaywyiis g npbracyg and tny yeaupatxd pag dlver tyy tplty eilowon: pspapy = 0.001

Advoupue v 3eltepn eflowen wg npog ps xau To aviabiotolue oty rpdty xau tplty eilowan:

(1- Tﬁ(ii:;:f)pb(l - pa) = 0.002
_ 1
T 10(1 - pa)

1
10(1 — pa)paps

Advouyue v npdn elowon wg mpog Py xat aviixablotodue otny tplty e€lowan to py ondte éyoupe:

Ps

= 0.001

0.002p,

= 0.001
(100p, — 99)(pa — 1)
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H e&lowam éyeL 300 Aoels 1 ula twv onolwv elvan extée tou nedlov Ty rocottwy mfavétnrag mou elvar 1o
xhetoté Sidotnua [0, 1] xau yiawté Tov Adyo anopplrteTal.

AvruxaBuotdvrag oTig Tponyolpeves eflodaels éxoupe pla Moy yia Tig mbavétrTe TNe otoyaotxig Yeaupatixhg:

Pa =0.86349 p, = 0.015809 p, = 0.0732547

IMapdBewypa 65 O upyavixds nov avrixabiorodus ueleroloe éva oroyaatixé paivéuevo rou rapfraye ovuPohooet-
pés. Tug anueidoeic Tou Bpiixaue 61t povredonmolnae 1o patvéuevo ue oroyactixy ypauuartixyf xat ot uetpfoeis Tou
yia v ouyvétyta cupdvions twy xavévey dlvoviar otoy nlvaxa 5.1.

Hbvaxag 5.3: Hivaxag ouyvétnrtag egapuoyfc xavévwv touv tapadsiyuatog 30

Kavévag SHSA|S92AB| A—-Sa| A—=>a | B> Ba
Luxvétnta 10 50 30 10 10
Kavévac B—Ba| B—b
Luxvotnta 30 4

Zvveyloaue tic uetpfoeic tou npoxarbyov pac xat xifpaue dvo vées mpotrdoeic, ti¢: abaaa, aaba.

MropoUue dpaye va npoodioploovue Ty mbavéryra cupdvione th¢ npbracys aabaa ;

Tupddeiypo 66 Puoixd gaivduevo mpooouoidbyxe e oroyaatixf ypauuatixy eAevfepns obvialye

G, = ({A,B,S},{a,b},S,P,)

nov meptéyet Tov axdrovfous xavéves rapaywys:

534 SBaB SHB4
AB A4 ABa BH BB
B%b
Yrodorlote tic mbavéryres twv xavévey napaywyfs 6rav elvat yvaatéc ot ouyvéryres eugdvians npotdaswy tou
Stvovrat ovov nivaxa 5.2.

Mivaxag 5.4: ivaxag petprioewy ouyvétntag eppdviong npotdacwy yia o tapad. 32

Tpétaon aa | ba | abb | abbb | baa | baaaa
Zuxvétnra || 30 | 76 4 1 22 2

T ouunecpdouata uropelte va fydAete yia vo poviédo mov pridlars;

Apywd unopolpe va SLamoTGOOUPE 6TL ané TIG GUVBHXES GUVEXELNS TG OTOXUOTLAAS YPUUMATIXAS OL dYVWOTES
uetafAntés Sev elvar entd adhd povdya téooepic:

SBbA S/ §B4
A'3*44  aABa. B'Z" BB
BHb
O petprioeis mou éyoupe agopotv uetprioels ouyvéThTag eupdviong 5L Tpotdoewy, YeYovés Tou uag npofAnuatilet
L6t av axoloubrigouue v peBoSohoyla Tou mapadelypatoc 64 Ba éxoune mheovélovies eflodoec (o eEiadaeic Ba
elvaw neploodrepeg and tig petafhntés).
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Tiauté tov Adyo elvar npoTiuérepo va ypnowonotfcovyue tny wéBodo Tou oratiotixod urohoyiopol Tv tdavothtwy
Tapayw G TWV Xavévey and Tov ouxvéTTa Xperoms Tous oto mewpapatikd Selyua. Me auté Tov tpéro 7 mbavétnta

epapuoyr Tov xavéva A; i B; npoxinte ané tnv oyéor:

Py
2™
J

745 elvan 0 apLBube epappoYc TV xavévey otig relpapatixés petpioes. O napovopaotic exppdlet v ouyvétta
epapuoyfc xavéva ue obuforo oto apiwtepd Tou TuAua to A;.

Me fBdon to napandve oxenuxd extelolye ouviatx avdiuen yua xde ula tpétacy érot dote va Bpotue rboeg
popés ypnorponototue xdBe xavéva yia va Tapdyoupe Tig npotdoels Tou delypatog mov SuxBéroupe.

uuninpdvouue tov axbroubo nlvaxa yia xdbe pla ané tic ntpotdoets xaL yia x40e évav and Touc xavévee Topat-
YOS

Iivaxag 5.5: Xpfion xavévey otig npotdoeig

Iloétaon aa | ba | abb | abbb | baa | baaaa
SBbvallo]1] o 0 1 1
SBas|[o]|o0o] 1 1 [ 0
sBa 1{o0] o0 0 0 0
ABaa 1o ] o 0 1 3
A, 2 1] o 0 2 4
BBBB 0| o0 1 2 0 0
BE oo 2 3 0 0
[Tugvétnra || 3076 | 4 | 1 [22 | 2 |

YrohoylZoupe:

1. Tyv ouyvétnra e@apuoYhic TwV Xavévev xal

2. Tig avtlotoieg ouyvéintes epapuoyis opdduy xavévey tapaywyhs mou £xouv aTo aploTepb TOUC Tfua Ty
(Bl petaAnTh Yo 6AeC i MpoTdoELg TOU delyparog.

Iivaxag 5.6: Emavaliders xpriong xavévey otig tpotdoets Tou delypatog

Ipbtaon Luyvétnta | Iuyvétnta ouddog | MuBavétnta
SBba 100 136 L= 12
P

S -i aB 5 135 p2 = T%ﬁ
S5 a 30 136 ps = 22

A3 A 58 246 =
AR a 188 246 ps = 322

B3 BB 6 17 po= &
BH b 11 17 pr=4

Mapddevypa 87 Alvoviar oi otoyaotixés ypauuarixéc

ue xavéveg napaywyys:

G.1 = ({4, B, S},{a,b}, 8, Ps1)
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S3b4A 5HaB sH4
AX 44 4A%a BY BB
BXb
Gs2 = ({X,Y, S},{a,b}, S, P.2) ue xavéves napaywyi:
sHsx s¥y xUxe
X%a Y5
Gss = ({X,Y, 5}, {a, b}, S, P,3) ue xavéves napaywyis:
s¥sx s¥y x¥xa
X%ae YH¥p Y0
Hod ypauuatixy elvat no mibavéy va rapdyet tyv ovuPoloocipd bacaa;.
O oroyaotxés ypappatixés elvar acagels xaw ouverdg ta ueyédn nou Ba unohoyiofotv dev Ba exppdfouy peyéty
mfavorfrwv. H ypappatoo) ané v onola uropolue va napdyouds e v peyahitepn *mibavétnia” v npbraoy

baaaa elvaw xar 1) TAéov mboavi ypapuatod.

H nbavétnra mapaywyhs g tpdtaone and tny xpdty otoyaotixy ypaupate slva:

S P24 b4 4284 bAAAA “3° basaa
ue p(baaaa) = 0.8 * (6 + 0.2%) » (24 % 0.8*) = 0.33774.

H npéraon baaaa elvar suvtaxtixd acaghs yw v Sebtepn ypaupatued Si6t. uropel va napayBel pe 30o Siagope-
Twols TpbRovg.

S5SX X=X Y =b,X
§°* 8x *F® SXaaa ' 7 7 bagaa

e p(baaaa) = 0.8 * (0.6%) + 2 % 0.4 = 0.13824.

SSEX sxxxx 3 yxxxX V7 7 baaa
ue p(baaaa) = 0.8* + 0.2 * (120 * 0.4%) = 0.2516.
H mfavétnra rapayeyhs tne npdtaone and tny deltepr otoyxactud] ypouuatixd elvow:

p(bacaa) = 0.13824 + 0.2516 = 0.38984.

Me ov (Bio tpémo urnoroylletar xat n mbavénTa Tapaywys TN RpdTaong and Ty Tpltn oToyaoTLN YpappaTLC:

SSEX sxxxx R yxxxX "% 7 bagaa
ue p(baaaa) = 0.8 » 0.2 * (120 * 0.6 * 0.4*) = 0.15099.

S—+SX SY Y —ba,Xa

§"S7TFXXX = YXXX =% baaaa

ue p(baaaa) = 0.8% + 0.2 * (24 + 0.4 » 0.4%) = 0.06291.
Afporotixd 1 ouvohud mbavétnta mapaywys g mpdtaong ané v tplty oToxaoTL Ypaupatu] elvai 0.21390.

Yuvendg n npbraon baaaa elvar mBavétepo va napayBel ané tnv deltepn otoyacTLN YpapuaTiy.
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5.8 Avayvoplon allotwpévey Tpotdoewy

Yty avdhuon tov mponyhinxe Bewprfoaue 6Tt oL mpotdaels Tou avayvwptlape dev elyav mponyouus-
vwg uroaTel Tapapoppdatls eite bt elxav uetagepBet ané dlavko o onotog Sev mpbobieat HépuBo xa
M Ypapuatoeh mou tekixd xataoxeudotxe elval thfipng, mapbro mou ot mpaxTixés EPapUOYES OTdVLA
uropolue va ixavorolficouue autés T dUo unobéoeis.

To yeyovée névrag elvan 6t va and 1o guvnBéotepa mpoBhfuata tou éxovue va aviywetwrioouue
oe ouotiuata suvtaxtis Tagvéuneng npotinwy elvan N edpeon xdmowag LeB6dou pe Tt onola Ba
eluaate oe Béon va petpolue Ty "Bagopd”, "andatacn” # "opoibtnTa” onolaadinote tpdraong and
Yeappatu. Me auté Tov tpéro anogedyoups xataaTdaels 0Tl onoleg eV UROPOURE va Tafivour-
oouye opiopévo apbué npotdoewy. H drapdyn tétoiwy xatactdoemy anodenxvietar and To enbuevo

TopddeLypa:

HNopébevypx 68 Eotw ) ypauuatuof Gy = ({S}, {a,b}, {S = 55,5 — ab}, §) xat n ypauuarixf G2 = ({5}, {a, b}, {S =
58,8 — ba}, S)

Xe nod yAdooa avifxet y mpéraoy aba;

Eqapuélovrac tov ahydpiBuo CYK Bploxouue 6L axéua xaw av oL ypoppatixés mou Swabétaue frav otoyaotixés,
réAL Sev B unopoloape va tafivopficoupe Y tpbtaoy oe xdnowa anb TG YADGOES TV YpauuaTdy SibT Beloxouue
6t 1 npbraoy) aba Sev avixel ot xaupla and autée.

Axéua xai o oty neplntwon xotd v onola yvwplfouue 6t N npéraoy nou Srabétoupe avixel rpdyuot. ot
xdrowa ano Tig 800 ypouuatxés 1 mpétacy dev unopel va tafwounfel dubT elvar to anotéleoua wag Siaducaotac
rapapbppwong xdnolag dAAng npétacng 1 onola mpayuaTd repxeTan of ula and Tic 300 YAGGOES TWY YPUUUATIXGY.

H xaraoxevf suothuartog tagivéunang tpotdoewy to ornolo Ba elvar oe Héon va tafivouet onota-
$finote mpéraom anattel Vv LoBEnam xdmolou povtélou Tou va TEpLYPAPEL TOV Tp6TO UE Tov onolo
Tapapop@dvovial oL mpotdoelg. T'evied Mon ae auth Ty nepintwon dev undpyer, bt xaboprotixd
poéro atnv yoviedonoinoy Tou TpémOL TapPAUbPPLETS TwWY TPOTONWY TtatEL TO PUOLKS PALVOUEVD oL
NV tpoxaAel.

O amhobotepeg Adoelg autod Tou mpoBAiuatog Sivovtan oe autéd To eddgro. Apywxd opifouue
évav Tpéro pétpnong andotaors npotTdoewy xaL axohotbug oplfouue to xpitiplo Tallvéunomg.

5.8.1 Andotaoy npotdcewy

H ouvéptnon andoraorg npotdoewy mou Ba oploouue mpénel va axoloubBel tig woyupés auvBiixeg xau
va ueavorotel 6o0 yivetaw meploabdiepes aobevels ouvBhxeg brwg avtés éyouv Hdn meprypagel oto
xepdharo 2. Tra va mapouatdgoupe éva olotnua tagvéunang rpotdoewy To onolo tapouatdfe onua-
viud) Biddoom oF mpaxTxd cuaThyata TpENEL va X&vouye o auté to onueio pla unéBean. Bewpolyue
6t 1 Suadixaoia Tapapbpgwons TV mpotdoewy emdpd oc x&be éva tepuaTnd olBolo aveldpTnTa
and tig TUY6Y TapapoppdaEls oTa Yertowxd a¥uBola, YEYOV6S Tou Yevxd woyleL oe peydho aplud
EQUPUOYDV.

OpiCouue v andotaoy twy Tpotdoewy X, y oav ula guvdptnen tou eiaptdtan ané Tov ehdyiaTo
aptBud oroiyelwddy petaonuatioudy ot eninedo tepuatixdv ouuPBéhwy ue Toug omoloug uropodue
ané TNy tpbTaon x vo AdBouue v tpdtaoy y:

Opuouds 29 Andoracy Levenshtein uetald twy npotdoecwy z,y € Vr* oplletar 1o uéyeboc dr(z,y)
To onolo urodoyiletar oav o eAdyioToc apifuds Twv uetacynuatioudy avixatdoTacyc, analeprc
xau napayforifc ue tous onolovs Aaufdvouue ané tnv mpéracy T Ty mpdracy y.
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1. Metaoynuatiopds avixatdotaorng elvat xdbe avixatdotaoy tepuatixod ouuPélou:

abc - ade, b,deVpr, b#d, a,ceVp* (56.2)

2. Metaoynuatiopds anadewprs elvan 1 e€dhewdn tepuatixod ouufélov and v npdtaoy:

abc =+ ac, beVy, a,ceVr* (5.3)

3. Metaoynuatiopds napeuBorifs elvon 1 tpoaiinn tepuatixod ovufélov otny tpdraoy:

ac +>ade, d€Vp, a,ceVp* (5.4)

Tupddevywa 89 Bpelte tyv ardoracy Levenshtein twv npotdocwy abaabbbb xat aabaaabba.

O eAdyorog aplfipds petaoynuatiopdy nou pnopoupe va exteléoouue xau vo petafolpe ano Ty pla npbracn oty
ohhn elvar dr(abaabbbb, aabaaabba) = 3.

Opiowds 30 Lrafuiouévy anéoracn Levenshtein uerall twv mpordoewv z,y € Vr* oplletat 1o
uéyebog

dr(z,y) =mkz:n (Nqwq + Nywy, + Nywy) (6.5)

OMoV W, Wy, Wy Elvar mpayuatixol apibuol mouv yapaxtnellovy tyv Papltyra twy uctacynuati-
oudv avtixardotaone, araleiplfc xat napapfolfic avtiotoiya, evés Ny, Ny, N elvai o apibudc twv
avTioTOLYWY UETAOY NUATIOUGY.

IToAMés qopés auvnbileton ou auvtereatés Bapltntag va xavovixonotodvtal étot dote va Laylet:
Wy +wy +wy=1.

TMapdSevypa 70 Bpelte v orabfuiouévy arbéatacy Levenshiein twy npordoewv abaabbbb xai acbaaabba, dray o
ouvtedeotés BapUtytag twy ueraoypuatioudy Exovy tiués we = 0.1, wy = 0.6 xot we = 0.3.

H otaluiouévn andotao arotelel to dfpotopa pag anaheiphc ouuPéiou xat 3o aviucatactdoewy. Suvende
dr(abaabbbb, aabaaabba) = 0.6 + 2 x 0.1 = 0.8.

Le eqapuoyég ovotnudtwy ontwaig Tagvéunors xapwetipwy 1 AavBacuévy taZivéunor turoypa-
POV xapaxThipwy elval Loyupd avouotbuopen. Ta A&l avruxatdotaong Tou yapaxtipa g Teletag
HE %x6uua, TwY TOVOUUEVODY QUVNEVTWY UE To aviioToiya puvievTa 1 Tou xepalatov ypduuatog Gut-
xpov Ue Tov yapaxtfpa Tou aplBuod undév elvar ouvtpurtindg neplogbtepa and Ta unéhotra Adbn
aVTLXATAGTUONG.

Yuverdg av Ba Béhaue va xataoxevdoovue Eva odotnua autduatne dubpbworng opaludtwy To
onolo B avayvéple mapauoppwuéves AéEewg and éva Aefuxd tne ENnvixds yAdooag Ba émpene
n ouvdpTnon anbotacrg 1 onola Ba petpoloe v andotaon g AMéEng amo Tig avilotoiyes Aéfelg
Tov Aedixod va Aaufdvel unédn TG To YEYOVSS GTL oL UETaoYNUATIOMOL AVTLXATAGTAONG, ANAAELPHS
xa apauBolds dev €xouv tny (Bla Papitnta adld egaptdvtar xat anéd 1o eldog Tou yapuxthpa (to
TeppaTixd ovufolo) mou tagivousital.
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Opiowés 31 Xrabuiouévy andoraoy uetald twy npordoewy z,y € Vi* opiletar to uéyeboc do(z,y)
to onolo urodoy(letar oav to dfpoioua Tou xSatouc f Tne Papltytac TwY ueTaoyNUATIOUGY UE ToUG
onolou uetafaivouue and Ty npdtaoy T oTyy npéracy y.

Otav yproionoifigovue ™y ouvdpTtnon otabuiouévng anbotaong mpotdoewy téte Ho TpémeL v
uroroyloouue xatd v Baducasia exnaldevang ta x6otn A Toug ouvteeatés Baplttag TwY axd-
Aovbwv yetaoynuatioudy:

L. Metaoynuatiouds avixatdotaong:

d)

abe % ade, bdeVy, b#d aceVyt (5.6)
2. Meraoynuatiouds analerphs:
abe P ac, beVp, aceVp* (5.7)
3. Metaoynuatioués napeufolrc:
ac =) ade, d€Vr, a,ceVp* (5.8)

O oapiBuds twv ouvteheatdv xbotoug TV avtxataotdoEwy elvar (00§ HE TO TETPAYWVO TOU
apifuod Tev tepuatxdy guufélev Y Toug petaoynuatiopols aviixatdotaong xat (6o pe Tov
apifu6 TV TeppaTXdY oupBélwv Yia Toug uETaoyUATIOUOYS amalewprg Xat TapeuBolrg.

H emhoy tng ouvdptnons anboTaong npoTdoEmy ToU TPENEL Va XPTOLLOTOLGOUUE GTo GUaTUA
tagvéunong A Siépbuarng npotdoewy euptdrar and o eidog Tou mpoBMfuatos mou avtueTwrifouye.
Av Béhouye va Sropbdaoupe Tuyala opdiuata tou tapaLopPdVouY TPOTAaELS oL ueTadiBovTar and
xémoto TMhemxotvevaxd xavéh Aéyw UrapEng Aeuxot BopdBou téte N otabuiouévy anéotaon Lev-
enshtein xaAdnter suviBug To eldog TV oPaludtwy Tou suvavtdvTat. Av ypnoonotobue oloTY
Suépbwong opaludrwy oe ouotiuata tagvéunang owlag 1 ontueic Taivbunong Turoypapudy Aé-
Eewv, 161e 1) otabuiopévy andataoy npotdoewy de(z,y) arnotekel TV TpocopbTeEy Ao,

H péBodog mou axolouboiye yia va urohoyloouye v andotaon Twv npotdoEwy WE To XpLThpLo
ehdytotou xbotoug Baciletar otov Suvauixé tpoypappatious. H ouvdptnoy ouvokxfc andotaang
TwV npotdoewy at) = ajaz...ar xon B(t) = byba...by uroloyiletan avadpouxd we e&fg:

D(a102...a4—1,b1ba...bs—1) + ky(az, be)
D(aias...as, blbg...bt) = min D(alag...at, biba...by—1) + kn(bt) (5.9)
D(alag...at_l, b1b2...bt) + k)((at)

To uéyebog D(ayaz...az, byba...bs) ovoudfetar cuvoluxt] anéoTaoT TG RPGTAOYS a1G2...G¢ AN TNV
npbraoy biba...bs £V o edtepog mpoobetixdg bpog elvar T x60TN TV UETAGYNUATIOUGY.

H anbotaon Twv tpotdocwy a1az...an xat byby...by dlveton anéd v ouvohixt| anbotaoy, D(aias...an, by ba..
Mapdderypa 71 Yroloyelote tyy andotaoy rwv Aéécwv tyc EAApvixfc yAdooac "KAGE” xai "KANENA” Aaufd-

voviag undgy 6t To xdoTog uetaoynuatiouod avrixatdotaonc elvar (oo ue TRy arpaByrucf touc axdoraoy evd ot
ueraoynuariouol analeighc xau napauPolifc €xyovy oralepé xéorog 10.
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Iivaxag 5.7: Anéotaon twv MEswy "KABGE” xar "KANENA”

K A|N E N | A
0 |10 120 |30 | 40 | 50
10| 0 |30 |24 (34|40
20 |10 | 5 |16 | 25 | 36
30120116 | 6 | 15| 25

I @ o) X

Brov nlvaxa 5.7 Slvetar o mlvaxac twv cuvolwdy arootdoewmy v g 8o AéEeig bnwg autée unohoyllovran
avadpopuxd pe v péfodo tou duvapxol tpoypaupationot xatd atiovca oepd YPUUUOY XL oTNADY.

H ouvolud| anéotaoy twv MEewy "KABE” xa. "KANENA? elvay 25.

Ebvar gavepd 6T epboov oploaye Tov tpéro uétpnons e anboTacng UROPOVUE VA XATUOKEVE-

ooupe onoiodiirote dowxd olotua Tagtvéunans tpotdacwy brwg autd éxouv #dn mepLypagel oto
XepdAaio 2.

5.9 Avpéva ITpoBAfuata
Me6PAnpa 7 Eotw y ypappatxf G = ({S, 4,B},{0,1,2,3,4,5,6,7,8,9}, P, S) ue xavdvec ypau-
Matixs:

P ={S — AS|ABS|BA|BB, B - BAB, A — AA|AB(12|5/7/8|9, B — 0|1|3|4|5/6/8}

Mg A— B|C<=>A—->B,A->C.

Xpnowonoeidvrag tov adydpifuo CYK Ppelte av n apifuoceipd 235874 avixer atpv yidooa
™¢ yeauuatixlc G.

Adon:

1. H ypappatuo] elvon eAedbepng atvragng uéT xde xavévag rapaywyhs nepiéyet pla uetaBint
070 ApLoTERS TUAUA TWV XAVEVELY TapaywYHS.

2. H ypoppatxs) G Sev Sploxeton oe poppy Chomsky. Apyixd Aowmév mpéner va Bpotue pia
oodVvauy ypaupuatuef o wopyh Chomsky.

O xavéveg mou dev PBploxovrar oe wopyh Chomsky eivan Svo:

S — ABS,B —+ BAB

e v PoRfera vEwv yetafAnTdv gridyoupe Lood¥vauous xavéveg:

S — ABS <=> S5 - AK,K - BS

B+ BAB<=>B — BL,L -+ AB

Mua wo080vaun ypapuatx oe wopeh Chomsky etvar v axélovly:
G'=({S,4,B,K,L},{0,1,2,3,4,5,6,7,8,9}, P', §) ue xavévec YPOUMATIXHG
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P'={S — AS|AK|BA|BB,K — BS,B — BL,L - AB,

A — AA|AB|1|2|57/8(9, B — BL|0|1]3/4]5/6/8}

IIivaxoag 5.8: Mivaxoe CYK

Ll 2 [ 8 [ s [ 8 [7 [4]
1] & B A,B ALB | A |B
2| L, | s A,L,S K5 |LA
3||S,A,L|S,B,K| A,5K |A4,B,8,L
4s,L,A| S,K |A,L,5,K,B

5| S,A [S,B.X

6|[S,L,A

To obuPoro exxivnong meptéyetar oy teheutaia B6am Tou nivaxa. Suvends n apibuooeipd 235874
TEPLEXETAL BTNV YADOO NG Ypoupatixhs.

Ip6BAnpa 8 Bpeite ula xavovixl ypauuatix) n onola va neptéyet toug Atybrepouc Suvarolc xa-
vévee napaywyls xar n yAdooa tne ypauuatixfc va repiéyet TovAdyiatoy Tic axdroubec mpotdoeic:

{aaabb, abab, aabb, abb, ab}

EmnAéov n yMddooa tns ypauuatixifc dev mpénet va nepiéyet tic axdrovbes mpotdoeic:

{abba, aba, bbaa, ba}

Adon:
T %dBe pla ané tig mpotdoels Tou Betixob delypatog gridyvoupe wia xavovi Ypapuatid 1
onola Vo TapdyeL TNV ouyxexpuuévn TpbTaoy:

aaabb: S — aZy,Z, — aZy, Zy — aZs,Z3 — bZ4,Z4 —=b

abab: S — aZs, Zs — sz,Zs —aZ7,27 > b

aabb: S — aZg,Zg — aZg, Zg — bZlO’ZIO —=b

abb: S — aZu,Zu e d bZlg,Zlg —=b

ab: S — aZ3,213 = b
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ab: S — aZig,Z17 = b

Evornoiotue T mapauétpous {Z1, Zs, Zs, Z11, Z13, } xon {24, 27, Zv0, Z12, Z13}. Ta 360 obvora
nepéyouy Ty uetafAnth to Zi3 Yeyovés mou onualver 6T umopodye va evoroujoouus Ta otouyela
Twv 800 ouVOAwY x4Tw arné xové obuPolo, éotw To Z.

H xavovuef ypapuatued mou mapdye to Betind Belyua twv npotdoewy g doxnang wetd ™mv
evorolnom twv ouuBbéAwy xau TN analowph TV (Blwv xavévey tapaywyic eivar i axéhoub:

G = ({S,2, 2, Z3, Z4, Zg, Zo},{a, b}, P, S) e xavéves napaywyric P toug axéiovouc:

S —aZ Z — aZ, Z2—>aZ3 Zs = bZ
Z—b Z-bZ¢ Z¢—aZ Z —aZy
Z9g>bZ Z—bZ

D v mepantépw pelwon Tov xavévey umopolue va 30xiudoovuE TwY XATUOXEVY aRoppEoVadY
Ypoppatixdy o onoleg Suwg dev Ba npénel va tepéyouv atny avtiotoryn YAdeoa Toug npotdacic and
T0 apvnTxd delyua.

Aev undpyer akybpiliuog o omolog va pag e§xapalile pla Sudixasia evoroinong uetafAntdy té-
Tol BOTE 1) YAGGoU TG anoppéousag YpauuaTg va uny TEptéyeL Tpotdoels and To apvyTind delyua.
Yuvenie 1 peBodoloyia mou mpérer va axoloubhicoupe etvar va evorouigoupe avBaipeta petafintéc
xau xotémy va e§etdoouvue (e ouvtaxtiof avdluon) av xdrowo detyua apvtudic mpdTacmg avixe
oty YAQGOQ NG YpapuaTixhc.

Agob Sev undpyet uéBodog yia va Bpobpe motés uetaBAntéc unopotue va evomoLfigouye, ag Sodue
o€ petafintés dev elvar oxémuo v evonotfiooupe.

AveZdptnra and v emroy 1wy ouuBérwy tou Ba evorovjoouue BAéroupe 6Tt GAeg oL mpoTéoELS
T anoppéovoag ypappatixrs fa nepiéyouv oav telxé obpBolo to b av Sev evonotfigouue v peta-
BT Z, yeyovés mou onuatver ét xappla tpétaon anéd to apvntind delyua dev Ba mepiéyeton oty
YAdoou TG anoppéovcag YpouuaTixhc.

Ag evorotfigoupe hoinby 6Aeg Tig petaBhntés extés tng Z éxouue Ty evorolnom twv { Zs, Zs, Zs, Zg, S}
oc S.

H aroppéouoa ypauuatuer tou Ba mpoxdder elvar:

G'=({S,2,},{a,b}, P, S)
ue xavéves nopaywyhs P’

S—aZ S—-bZ Z—>aS Z—bS
Z—=b S—aS

H ypaupoti tov gridZape éxer €L xavéveg xa uxavoroiel Tig tpounoBéoeig mou pag {ntidnxay.

Mp6Bhnpa 9 Melerdue 0o dyvwotes xavovixée ypauuatixés yia tic onolec Siabétouue ubvo ue-
Tplfoels ouyvéTyTag eugdvions npotdocwy dnws autés Sdlvoviar oto axdAovbo mivaxa:

Karaoxevdote aviiotoiyes anoppéovoes ypauuatixéc mov va mepiéyouv Atydrepouc ané Séxa
xavévee napaywyfc xat ue to xpithpio eAdyiotov opdAuatos pTidéte obotnua Tadl véunons mpotd-
oewyv. Katémy Ppeite oc moid ypauuatif avifxouy ot mpotdoeic twv napadelyudtoy xat vrodoylote
10 eAdyi0T0 oPdAua Tou ouoTfuatos talvéunonc yia to Selyua nov eivar Siabéoiuo.
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Mivaxtag 5.9: Buyvétnta epgdvions Tpotdoeny xavonxdy ypauuatixdy

llpotéoeLg || abb | ab | aabbb | baa | bbaa
Luyvétnta || 10 | 22 8 37 15

| Dpotéoetg || ab [ abab [ aba | bab |
| Zuyvétnra [30] 8 [ 10 | 22 ]

Abon:
1. Karaoxevf tne npdtne otoyactixfc anoppéovoas yeapuatixfc. T x4Be uta anéd Tig npotéoeig

Tou Betixol delypartog gridyvouue o xavovixd ypaupatoo] n orola va mapdyet Ty oUYXEXPUEVT]
TpbTaoy:

abb: S —aZy,Zy - bZy,Z9 =5 b
ab:S > aZ3,Z3 b
aabbb: S = aZy,Zy — aZ5,25 — bZ6,Z¢ — bZ7, 27 = b
baa: S — bZg,Zg - aZy,Z9g — a

bbaa: S — bZlo, ZlO — qu, Zu — aZ12, Zia —a

Evorotodue g napapétpous {21, Z2, Z3, Z4, Z7} oc Z, tg peraPhntés {Zg, Z12} ae Zg xar Tig
{Zs, Z10} oc Zs. O xavéveg petaoynuatifovia oe:

S —>aZ,Z—bZ,Z—>b
Z = aZs, 25 — sz,Zs - bZ
S—)ng,Zg—)aZQ,Zg—)a

Zs — qu,Zu - aZQ

Amo ta mapadelypata BAémoupe 6T mBavév n xavovuxd ypauuatixf Tng YAdooog va mepLéyet
mpotdaels g uoppic a"b™ A b"a™. Tuverdg Ba mpayuaronoufoouye evorofaels auuBbrwy étot
@ote va mpoxiouv xavéves Tng wopghc X — aX,Y — bY.

KataoxeudZoupe howmdv v anoppéouaa xavovixt] ypaupatx n onola dabétel Aybrepoug and
éxa xavéves mapaywyhg evorowdvrag to oduPora {Zs, Zg} o Zs xu {211, Zg, S} oe S.

H xavovue] ypappatux Tou mpdtou Selyuatog npotéoewy etvan 1 axéioub:
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G1= ({5, 2,25, Z9},{a,b}, P1,S) ye xavéves napaywyfc P:

S—aZ Z-—-bZ Z=b Z—)aZ5 Zs — bZs
Zs>bZ S—bS S—oaZy Zg—a

H Bedtepn evépyein mou mpénel va xdvoude yia Tov TAipn Tpoadloploub Twv xavévey g oTo-
xaotuis xavovixrs ypapuatuais elvar vo urohoyigouue Tig mBavéTnTES TOV XAVOVELY napaywyhs.
D' xdfe pia and 1ig npotdoeis Tou Selypatog uroroyifouye tnv mbavétrTa epapuoyrc x40e xavéva
EeXWPLOTA MPAYUATOOWDVTAG GUVTAXTIXH avdAuoT).

§ 5287 47 22875 407 P20 4ab 7 5257 nabbz 7220 abbb

5 5285 pg S22 baZg %93% baa

S 529 b5 525 pbs 5285 ppaz, 25° bhaa

O wivaxag yprions TwV xav6vwV GTIS TPOTATELS TOU detyuatog wg xat ou avtiotouyeg mbavétnTeg
Twv xavévey uroloyilovtol atov nivaxa 5.10.

ITivaxag 5.10: Xpfion xavévwy o1ig tpotdoelg

[pbraon abb | ab | aabbb | baa | bbaa || Luyx. wnavéva | Luyx. opé&dag || MiBav.
sBaz |1 1] 1 o] o 40 159 0.2516
S B s o o] o 1 | 2 67 159 0.4214
SBazy || 0 | 0 0 1 1 52 159 0.3270
Z8 bz 1 |o0 0 0 0 10 58 0.1725

Z8By 1 | 1] 1 o | o 40 58 0.6896
Z%8azs | 0 |0 1 0 0 8 58 0.1379
ZsBbz; | o | o 1 0 0 8 16 0.5000
ZsBbz | 0o |0 1 0 0 8 16 0.5000
Z9B 4 0|0 0 1 1 52 52 1.0000

| Tuxvétnra || 10 [22] 8 |37 [ 15 | | I |

H mbavétyra napaywyfs tng mpéracns z ané v ypaupate] etvan p(z), evé 1 gTaTLOTLC T
Bavémta ané to Selyua auuBoMZetar P(z) ot yia xdbe pia and tig mpotdaeig Tou Selyuatog elvat
aptBunTd:
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p(abb|G1) = p1 X pg X ps = 0.0299 P(abb) = 10 = 0.1087
p(ab|G1) = p1 X ps =0.1735 P(abb) = 23 = 0.2391
p(aabbeGl) =p1 X ps X pg X pr X pg = 0.0119 P(abb) = 55 = 0.0869
p(baa|G1) = p2 X p3 X pg = 0.1378 P(abb) = 3 = 0.4021
p(bbaa|G1) = pa? x p3 x pg = 0.0580 P(abb) = 53 = 0.1630

2. Karaoxevy tne 8eUtepns atoyaotixic anoppéovoas ypauuatixis. T xdbe plo and g npotd-
oeig Tov BeTieod Selyuatog gridyvoupe uia xavovue ypopuatix 1 orola va mapdyet TNV cuYXEXpULévY
npbTaoT):

ab: S —aZ,,Z,>b
abab: S — a22,Z2 - bZ3,Z3 — aZ4,Z4 = b
aba: S — aZs5,25 = bZ¢,Z¢g - a

bab: S — bZ7, Z7 > aZg,Zg = b

Evoroiotue g napapétpoug {21, Z3, Z4, Zs, Zg} oc Z. Tty mepintwon auth dev yperdleton va
pridgoupe anoppéovoa ypappatix SL6TL petd Ty evortolnon twy uetaBAnTdy N xavovixd Ypaupatio
G2 = ({S,Z, Z3, Zg, Z}, {a, b}, P2, S) éxeL ox1d xavéveg:

S—=aZ Z-b Z - bZy Z3—aZ
ZbZs Zg—>a S—bZy; Z7;—=aZ

O xavéveg g ypappatueis unohoyifoviar 6nwg xon oty tpdn nepintwon. Ta xdbe pla and
LG Tpotdoelg Tov delyuatog npaypatonotolue Ty axéhouldn ouvtaxti avéluoy:

Z Z
5282 7 23b p

S528% 47 Z—=)gZ3 abZs z;,;az abaZ %3 abab

Z—bZ, Z
§ 5282 47 Z28% 47 753 aba

O nivaxag ypRong twv xavévev atig npotdaei Tou Sebtepou delypatog wg xat ou avtiotouyeg
mbavotnTeg TV xavévwv urtoloyllovtar otov nivaxa 5.12.

Ou aviiotoyes mbavénteg mapaywyhs g npbracyg and TNV YpauUAT] Xat OL GTATLOTLXES
mBavétnres and to detyua eivon:

p(ab|G2) = p; x p3 = 0.5274 P(ab) = 3 = 0.4286
p(abab|G2) = p1 X p3 X pg X pg = 0.0541 P(abab) = = = 0.1143
p(aba|G2) = p1 X ps X py = 0.0879 P(aba) = iﬁ = 0.1428
p(badb|Ga) = p2 X p3 % pg = 0.2418 P(abb) = 25 = 0.3143
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Iivaxag 5.11: Xphion xavévey atig tpotdoeig

lpétaon ab | abab | aba | bab || Zux. xavéva | Lvx. opddac || MLBav.
SBaez | 1] 1 1| o0 48 70 0.6857
SBbz, o] o | o | 1 22 70 0.3143

JA<Y) 1| 1 0o | 1 60 78 0.7692
Z8bzy 0] 1 0| o 8 78 0.1026
ZBbzs o o | 1 | o 10 78 0.1282
Z3BazZ 0] 1 0| o 8 8 1.0000
Ze B a 0| o 1 | o0 10 10 1.0000
Z:8az 0] o 0 | 1 22 22 1.0000

Zuxvétnta (| 30 8 10 | 22

H mBavéinra Aavlaouévng tagivéunong dlvetan ané v eElowon:

ILbavétnta Xedhuatos = p(abb € G3|G1)p(G1)+p(ab € G2|G1)p(G1)+p(aabbb € Go|G1)p(G1)+p(baa € (

O mBavétnreg eupdviang npotdong and Tic ypappatixés ( p(G1) xat p(Gs) ) dev Sivovtar. Tavté
Tov AéYo Tpénet va Tig pooeyyicouue and Ta mapadelyuata mou éxovue oy Bidbeat pag.

rpotdoeis ¢ Gy 92
= — = (.554
ouvoluwéc mpotdoelc 166 0.5542

p(G1) ~

npotdoeis ¢ Ga _ ,_ZQ,_
ouvolwés mpotdoelc 166

p(Ga) ~ = 0.4458

Lix 0 uroroyioud twv undhonwy mbavotitwy oty cuvdptnon mbavétnrag oedhuatog elvar
arnapalthto va tparypatonotfigoupe Ty Sladuxasia g Tagvéunong yia 6Aeg 1L TPOTAOELS TV TapPa-
detypdtwy.

Ot npéraom bab uropet va napoayBel xa and v ypappatudf Gy:
5 524 b5 5287 paz 23° bab

pe mbavétnra Tapaywyrs p(bab) = 0.0731.
AbpolCovrag tig mbavétntes g teheutalag otilng éxoupe ) ouvolued mBavéTnTa cYdAUaTOG:

opdlua = p(ab|G1)p(G1) + p(bab|G1)p(G1) = 0.0962 + 0.0405 = 0.1327
Hp6Phnpa 10 Oéovue va xaraoxevdoovus olotua avtduatye Sibphuwane opaludtwy o€ xwdixo-

rnounuéves Suadixés mpotdoeic mou exnéunovrar and ThAemixoivwviaxsd dopupbpo. Katd tnv anootols
Tou olfuatog oty vy nepovordletar napeufollf Acuxot GopUfBou.
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Hivaxag 5.12: Avayvdpion twv tpotdacwy Tou delyuarog

L Opstaon || p(z[G1) [ p(=|G2) [ p(2|G1)p(GL) | p(z]G2)p(Ga) | Avayv. || Teéua |

abb 0.0299 | 0.0000 0.0165 0.0000 G, 0.0000
ab 0.1735 | 0.5274 0.0962 0.2351 G2 0.0962
aabbb 0.0119 | 0.0000 0.0066 0.0000 G 0.0000
baa 0.1378 | 0.0000 0.0764 0.0000 G 0.0000
bbaa 0.0580 | 0.0000 0.0321 0.0000 G 0.0000
abab 0.0000 | 0.1143 0.0000 0.0501 G2 0.0000
aba 0.0000 | 0.0879 0.0000 0.0392 Ga 0.0000
bab 0.0731 | 0.2418 0.0405 0.1078 G2 0.0731

Lraniarixéc uerpioeic €deilav 61t o BbpuPoc ennpedlet ta oduPola mov ustadiBoviat xatd Tov
axdérovbo tpéro. Xe 500 napapoppdoeic tepuatixdy ouuPsrwv napatnofbpxav 400 avrixaracrdocic
Tov tepuartixol ouufdiov, 70 napaufolréc xar 30 aradeipés tepuatixdy ouufbiwy.

Ot mpotdaeic mov ueradldovra elvar téooepic "1100”, 700011”, ”101010”, "0101".
MdAic Adfape to axdrovfo ofua 100117, Iowd frav 5 mpbracy exmounfc ;

Yrobérovrag 6T to xé0T0g TV Hetaoyuatioudy Sev eZaptdtar and Ta avuBola Ba Xprowonoth-
oouye v otabuiouévn andotaoy Levenshtein xou n tagivéunon Ba mpayuatonoumnBet ye to xpLtiplo
eMdyrotng andotaong bt Siabétoupe éva ubvo mpotéTuno Yia xéfe xatnyopla.

Apyxd mpémet va unoloyioouue to UEYEDN Wy, Wy, Wy TWY CUVTENEGTOY Bapbtntag yio Toug pe-
TACYNUATLONOUS avTiXATacTdons, napaufolic xat analelprh.
Ered) deBéroupe oratiomxés uetphioeis Bétoupe oav ouvtelestée Bapltytag to avtiotpogo g

oranotef mbavétnroag, bt boo mo peydhn mbavétnta éxer va ovuPel évag petaoynuatioués
T600 UxpdTepog TpEmeL va lvar 0 cuvTEREaTAS BapdTNTAC TOU LETAGYUATLIONOY.

500
=2
Wa = 159 = 129
500
=0 714
w), 70 7.143
500
x = 5 = 16.667

Kavovixorotolue toug ouvteheatéc Bapltnrag €tot dote wy + wy + wy = 1:

1.25
Wa = eoe = 0.05
1.143
16.667 — 0.665

Yr = 5506
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Trov nivaxa 5.13 diverar o mivaxag twv guvoluxdy arnootdoewy Yo Ty mpétacy 10011 brwe
autés unoroyilovtar avadpouuxd ue TV TEXVIXY TOL SuVaULXOY TPOYPAUUATIOWOY.

Hivaxag 5.13: Andotaon tng npétaong 10011 and T tpotdoeis anooTolrg

1 0 0 1 1
1/0.000|0.285 | 0.570 | 0.855 | 1.140
1/(0.665 | 0.050 | 0.290 | 0.570 | 0.855
011.330 | 0.670 | 0.050 | 0.340 | 0.620
0]1.995|1.330 | 0.670 | 0.100 | 0.385

1 0 0 1 i
0]0.050 | 0.335 | 0.620 | 0.905 | 1.190
010.715 | 0.050 | 0.335 | 0.670 | 0.955
0]1.380 | 0.715 | 0.050 | 0.385 | 0.720
1|2.045(1.380 | 0.715 | 0.050 | 0.385
1]2.710 | 2.045 | 1.380 | 0.715 | 0.050

1 0 0 1 1
1(0.000|0.285 | 0.570 | 0.855 | 1.140
0]10.665|0.000 | 0.285 | 0.620 | 0.905
1|1.330 | 0.665 [ 0.050 | 0.285 | 0.620
0]1.995|1.330 | 0.665 | 0.100 | 0.335
1]12.660 | 1.995 | 1.330 | 0.665 | 0.100
0|3.326 {2.660 | 1.995 | 1.330 | 0.715

1 0 0 1 1
0]0.050 | 0.335 | 0.620 | 0.905 | 1.190
1]0.715 | 0.100 | 0.385 | 0.620 | 0.905
0|1.380 | 0.715 | 0.100 | 0.435 | 0.670
1(2.04511.430 | 0.765 | 0.100 | 0.385

To abatua 3uépbuong opaludtwy nou xataoxeudoaue avayvepllel TNy napapopPwévn Tpbd-
taon 10011 v npbdtacy arostolc 00011.

5.10 Alvuta ITpoBAjpata

Acxnon 20 Melerdue 300 dyvwores xavovixés ypauuatixés yia tic onolec Siabérovue ubvo ue-
tpljoets ouyvétnrac eupdvionc npotdocwy drwe avtés divoviar tov axdlovbo mivaxa 5.14:

1. Karaoxevdore 800 xavovixés ypauuatixéc nmov va mapdyouv Ti¢ mpotdoceic. Ymoloylote to
opdAua extiunons uerald twy mbavorftwy rapaywylc WY TPOTECEWY ANO TIC YPAUMATIXES WC Xau
Ti¢ avrlotolyes aratioTixés mbavérnrec mov mpoxUntouy and ta Selyuata mov dixbétouue.

2. Karaoxevdote amoppéovoa ypauuatixy yia xdfe Selyua n omola va unv mepiéyet mepioad-
1epous and €&t xavéves xat Ppeite Lavd to opdAua extiunone uetald twv mbavorfiwy napaywyic
TWY TPOTACEWY A0 TIC YPAUUATIXES WS Xau TiC avTioToLYEC oTaTioTixéc Tovug mbavéTnres.

T: maparnpeite xat nw¢ unopelte va dixawodoyfoete To anorédeoua;
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Mivaxag 5.14: ITivaxeg eupdvions TPoTEoELY Xavovixdy YPOUUOTLXODVY

llpotéoeLg || abbb | abb | aab | bba | bbaa
LuyvétnTta 10 26 | 30 | 120 | 84

| Dpotdoetg || abb | abab | baba | abbb | aabb |
[ Tuxvétnta || 4 | 45 [ 80 | 2 | 35 |

Aoxnom 21 Eotw 1 axdlouly xavovixy yoauuatics
G = ({8}, {a,b,c}, P, S) ue xavéves napaywyic P:

S—>aS S—5b5S S—a
S—=b S—=cS S-oc¢

Le ovolo 1000 mpotrdocwv uetprifnxay ot ouyvétyres eupdvians twy npordocwy Tou mivaxa 5.15.

Hivoaxag 5.15: TTivaxag ELPAVLOTS TPOTAOEWY

llpotdoerg || aaccac | aaacca | aabebe | bbbebe | cbecbe
Zuyvétnta 20 30 40 20 20

1. Yroloylote ti¢c mbavéryrec twv xavévwy napaywyns.
2. Hod elvar n mbavérnra rapaywyifc tne mpéracnc abbabbec;

Aoxnom 22 Xe ovvolo 2000 npotdocwy petpffnxay ot ouyvérytee EUPEVIONS TWY TPOTAOEWY Uiag
Yooupatixyc eAedbepne odvradne 5.16.

Ilivaxag 5.16: TIivaxag sugdvions npotdacwy

llpotdoerg | ab | ababab | aabb | aaabbb | abab | ba | baba | bababa
Luyvétnta || 260 20 80 15 120 | 210 | 90 5

1. Karaoxevdote Toug xavéves Ti¢ ypauuatixlfc xat vrodoylate tic mbavéryree twv.

2. o elvar o1 mpotdaoeic Tne ypauuatixfc mou xataoxevdoare mou éyouy urfxog uixpérepo
TwY 0x16 ouufiiwy.

3. Houd elvar n mbavétyra nepaywyifc mpérracnc and tnv ypauuatixlf tou éyet urxoc uixpdrepo
Twv oxtd ouufélwyv. Tt napatnpeite;

Aoxnom 23 Eotw ta delyuata mpordocwy tou nivaxa 5.17 mou aroteAoly urootvoio 8o YAwoody
Ly xau Log.

1. Karaoxebaoe xavovixl ypaupatoef xet taéivéunce tnv rpétacn abbch ue to xpitipio ¢
uéyiotng mbavéryrag.
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Mivaxag 5.17: Tlivaxeg eupdvions TpoTtdoemy xavovixdy YPAUUOTIX DY

llpotéoeLg || abbb | abbc | aaab | aabbac | bac
Luxvétnra 10 26 30 5 80

| Tpotéaoerg || abc | cab | beba | abeb | acbb |
| Zuxvémra || 80 [ 45 | 10 | 2 | 35 |

2. Me tpv utbodo Sibpbwone opatudrwy eddyiotye andoraone tatvdunoe v (8ia mpbracy
fewpdvrag 6T ta AdOn avrixardoracns anedeiphc xat rapauPolifc éxovv to (dio Pdpog.

3. Me tnv uébodo Sibpbwone opadudtwy xar xpithpio talivéunons ta névre rApotéotepa mpo-
tétuna Tadivéunoe v mpdracy abeabe Bewpdvrac om ta Adly aralewpc xau napauforrc éyovv
dirAdoa PapUtyra and ta Adby avixardoracrc.

Aoxnomn 24 H ouvdprnon ouvoduxifs anéoracre npotdocwy, n andotaon Levenshtein xat y orabut-
ouévn Levenshtein ixavonotody dAec tic acBevels ouvBixec tne ouvdpTnons ardoraonc;

Aoxnon 25 Yroloyelote tnv andoraoy twv Aéfewv "ANAPAS” xai "T'YNAIKA” Aaufdvovrag
urdgn 6t To xé0T0C UETATY NUATIOUOY avTIXaTdTTATNC Elvat (g0 ue Ty adpafnrixif Toug andotaone
xat ot ueraoynuatiouol araleipfc xaw napauBodrc éyovy xéoroc (oo ue to AoydpiBuo e andAurne
aApafnricc Géone twv.

Aoxnom 26 O¢hovue va xataaxcvdoovue ovoTnua autéuarns Sibpbwane opaludtwy oe mpotdoeic
Tov mapauoppdvovral ané Asuxd Bbpufo. O mpotdoeic arorclolviar and tola tepuatixd olufola

{a, B, 7}

Lraniotixés petpioeis édeilay Tous uetaoynuatiouotc tov mivaxa 5.18.

Mivaxag 5.18: Tuyvétnres eugpdwong petaoynuatioudy aviixatdotaans anahowphs xon mapeuPBolic

Teppatind odpporo a | B Y
Avtixatdotaon tov o || -- | 26 | 30
Avturatdotaon tov B [ 40 | -- | 100
Avtunatéotaon tou v || 10 | 80 | --

Teppotiné obuBoro || o (B | v
Anader ph 13| 2

Teppatiné obuPoro || a | B | v
HopepfoAry 318

Ou mpotdoeic mov uetadidoviar eivar tpelc "afyafy”, "PPaay”, "aaaff” xar avrioroiyec ou-
xvétntec anootolifc elvar 100, 20, 500. Karaoxevdore otoyaotixd uoviédo xau avayvwpiote Ty
mpétaoy "ayyypp’.




