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Continuous—Time Sinusoidal Signals
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* It is periodic for every fixed value of £, I.e. x,(t+T,)=Xx,(t), where T,=1/F
e For distinct (different) frequencies they are themselves distinct

e Increasing Fresults in an increase in the rate of oscillation
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Discrete-Time Sinusoidal Signals

x(n)=A cos(con + &)

e It is periodic only if f is a rational number

e Discrete-Time sinusoids whose frequencies are separated by an
integer multiple of 2n are identical

e The highest rate of oscillation is attained when w=n (or w=-n) or
f=1/2 (or f=-1/2)
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Continuous—-Time Sinusoidal Signals
xa(t)z A-cos(Qt+t9), —00 <t <

where A is the amplitude
Q is the frequency in rad/sec (Q=2nF)
0 is the phase in rad

Discrete-Time Sinusoidal Signals
x(n)z A-cos(a)n+6?), —00<n <00
where n integer variable
A the amplitude
w is the frequency in rad/sample (w=2nf)

0 is the phase in rad

A. ZKOAPAL SHMATA KAI 2YZTHMATA ENOTHTA6 — AIAQANEIA 4



Discrete-time sinusoids whose frequencies are separated by an
integer multiple of 2mt are identical.

Proof:
let  x(n)=A-cos(on+6)

Then the signal x,(n) of frequency w+2kris equal to

x,(n)=A4-cos|(w+2kz)n+6]=
= A-cos(wn + 60 + 2km) =
= A-cos(am+80)=

~x(n)
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f(t) = cosflt
12
~ =
flal) = cwfdal
S
fRl) = coan QT
fln] = cosnw
radians seconds __ radians
w = OT sec:nd " sample sanzzple
» radians
() — ‘analog frequency’ "™
s radians

w — ‘normalised frequency
sample
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A Brief History of Sampling Research

* 1915 - E.T. Whitaker devised a proof showing that a band-
limited function can be reconstructed from samples.

* 1920 - K. Ogura proved that if a function is sampled at a
frequency at least twice the highest function frequency, it
could be reconstructed from those samples.

* 1928 - Bell Labs engineer Harry Nyquist published an

H ; H H H ‘aol Harry Nyquist
article entitled Certain topics in Telegraph Transmission (1860-1976)

Theory. In this article he provided proof that for complete
signal construction, the frequency bandwidth is proportional
to the signaling speed, and that the highest frequency is
equal to half the number of code elements per second.

* 1949 - Claude Shannon unified many aspects of sampling,
founded that larger science of information theory.

‘r
Claude Elwood Shannon
(1916-2001)

A. ZKOAPAZ 2HMATA KAI 2YZTHMATA ENOTHTA6 — AIAQANEIA 7

Sampling the continuous-time (analog) sinusoid signal at a
frequency of F,=1/T, we get the discrete-time signal x(n):

x(n): X, (t)'z=nT =X, (nT) = A-cos(ZﬂFnT + 0):

=4- 003[27271 Fi + HJ =4- cos(27;fn + 9) =4- cos(a)n + 6)

S
: . - (1) -, -(n)=x ( Iina
AveAoviko x,(f) Q x(n)=x(nT) !
F El']:l.u - > /“A » Awkpirod
) f . Fs=|.-‘T Xpovov
1.C. F Aerypatornmng
x (1) x(n) e x,(0)
‘"\ . g x(n)=x_(nT)
\
— ! P ‘»*
or @=QT \_ { ] “
0| f (||1’14567.‘2\) n
Tar 5T 9T e=nT
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ALIASING

Continuous-Time Sampling Discrete-Time

x.()= A-cos(2aFyt +6) . x(n)=4-cos(2nfn+0)

X, (t) =4- cos(27szt + 9) /Whe(re fo=Fy/F,

where FE=F+kF, k=11%2,..
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Proof: x(n)z xa(”T): A-cos 27;E);—szn+9j _

N

F
=A-cos 2ﬂfon+9+2ﬂkn]:

S

= A-cos(2nf,n+0)=

~ x(n)

Frequencies' F,=F,+kF, cannot be distinguished from F,
after sampling. In other words, they are aliases of F,,.

This phenomenon is called aliasing or spectral overlap.
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Sampling Theorem or Nyquist Criteria or Shannon Theorem
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ALIASING
Continuous-time Sinusoids
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ALIASING
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ALIASING
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Aliasing example

Frame 1 1

)

Four frames of a movie showing three wagons moving in the same direction at different speeds. Wagon 2 is
traveling twice as fast as wagon 1, and wagon 3 is traveling seven times as fast as wagon 1. Temporal aliasing causes the
wheels of wagon 3 to appear to be rotating at the same rate as the wheels of wagon 1, but in the opposite direction.
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Aliasing demos

orsmunet
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Aliasing example

The original image of two buildings in (a) has 812 rows and 650
columns. When the linear sampling rate is reduced by a factor of four in (b),
the sampling rate is too low to accurately represent the vertical structures in
the more distant building in the lower left, and diagonal bands begin to
appear. In (c), the sampling rate is reduced by another factor of two, and
these aliasing effects become more obvious.
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Aliasing demo

Similar to one-dimensional discrete-time signals, images can also suffer

o . luti ixel o . _
from aliasing if the sampling resolution or pixel density, is inadequate (Moiré pattern)
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Aliasing example

I ————
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Aliasing demo

_

A. ZKOAPAL SHMATA KAI 2YZTHMATA ENOTHTA6 — AIAQANEIA 24



[TAro:
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Proof

x,(¢)=sin zﬂ@t

x,(¢) = sin zﬂ(_ %}

Aliasing example
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In conclusion ALIASING is ...

F, =F, +kF,,

x(n)=x,(nT)= Acos 27ZE)+—szn+9

N

F
= Acos| 2:m—"+ 0+ 27kn | =

N

= Acos(2af,n+6)
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k=+1,42,...

= ... higher frequency

impersonating lower
frequencies due to
the sampling rate not
satisfying the Nyquist
sampling criteria.
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Aliased frequencies

'/Fo v/Fk
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If F,.> F /2 then the actual frequency obtained is given by

1 1 Fs Fs
where k is any integer (- <k<w) such that - < F, < >
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Aliasing in the Frequency Domain

g

Fi rnm;ncy

(©)
X (e .. Spectral
Window

i} 055, 25
) Fraquency

Figure 5. Sampling seen in frequency domain {a) spectrum of the analog signal (b) spectrum of
the signal sampled just above the Nyquist rate (c) spectrum of the signal sampled below the
Nyquist rate {(d) spectrum of the signal sampled much above the Nyquist rate.
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Figure 15. (a) Frequency response of ideal low-pass filter for signal reconstruction, (b) impuise
response of the filter, (c) signal recovery through convolution of samples with impulse

response.
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¢ Analog Anti-Aliasing Filter (Lowpass Filter)

Analog signals must be band-limited to proper frequency before
sampling, because:

a. Input signal is time-limited and therefore cannot be band-limited

b. Even if the signal is “naturally” band-limited, additive noise has a
much broader spectrum than the signal.

antialias filter

reconstruction filter

. Digital ) Analog

: A AN - t 3\
AR X > [ - \
Analog Filterad Digitized Digitized SH Analog
Tnput Analog Input Output Analog Output
Inmput Output
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¢ Digital to Analog Converter (DAC or D/A)

D/A Converter With Binary Weighted Resistors

+5v
—0b
» 0.5 mA
R V2 RF 1 ko
O AN VWV
1 —
- 10 ka 0.5 mA
OQ\ R/2 8=0 +15v
5 ko \L
t)2 /I( -
_0\ E ViéZ0 351 -0
o'k ' N 7{ Vo== 0.5V
2.5 ka
ba =-15v
R R/8
0
1.25 ko www.CircuitsToday.com
/77777 7777
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¢ Analog to Digital Converter (ADC or A/D)

Both comparator

Sample output and start  Input clock
point line normally high pulses
Analog \é qnmn
input/ ) A3 Vs o, Comparator oot
- Start pulse resets the 17 g Start
counter and blocks line
clock during reset. 4t | AND
end of start pulse, the
5 [ counter starts.
Comparator F Reset
output
o Counter
— Digital Clock
"""" Ys -+ -to- ¢
DAC ‘When the digital ramp ﬁcnna::?
outout output of the DAC after
P reaches the signal Tocci
voltage Vs, the Counter increases voltage Digite;]
_ i comparator goes Tow, out of DAC until it reaches Sustems
1me stopping the count. the input sample voltage Vs v
Start]| |, t .
pulse , N 1 T
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¢ Analog to Digital Converter (ADC or A/D)
m Serial data
Clock Y Do atit
8-bit SAR 5 Start
D cc I 0 Conversion
Serial data Latch complete
input Q7 Q3 Qo enable
E
Digital
8-bit latch data
output
Anal(c))l?t\c)altage =—— Binary inputs
bz bo
8-bit DAC
/ N |
Combarator ”
Analog in:ut www,CircuitsToday.com

Successive Approximation Type Analog to Digital Converter
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4 Analog to Digital Conversion Stages

amplitude

Stage 1

ihoutsignal Signal sampled
amplitude /_ PHESS / by S/H
/\ fput ‘ —— output

| Y o -’| S/H I—-I Quantizer |—
b

ADC

clock

amplitude
Sequence of numbers Stage 2

from quantizer

= {... 0 0 +15 +60, +85, +72, +28, -17, -30, -21, -8, -1, ...}

time

k sampling period
or

sampling interval
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Quantization & Coding

Mertarponcac A/D

Avaioyikd Iiua KBavrticpévo Yneroxo
Inua Awxpiron Zipo Zipa
Xpovov
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Quantization & Coding
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Quantization & Coding

CD sampling {44.1kHz)
Ifp BkHz, ofp -0.2dB, residual -14.2dB

— Input — Z0H o/fp
— output — residual
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Quantization & Coding

Quantization introduces an error which cannot be removed !
The level of the error is a function of the number of bits ADC, being

approx. equal to 2 of an LSB.

Example: A 12-bit ADC with an input voltage range of +10) will have
a LSB of 20/212V, of 4.9mV and a quantization error of 2.45mV

For an ADC with b bits the number of quantization levels is 2, and the

interval between the levels, that is the quantization step size g is

b 1 2b

where Vy, is the full-scale range o?the ADC with bipolar signal inputs.
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Quantization & Coding

Maximum quantization error for rounding is J_r%

For a sine wave input of amplitude A, the quantization step size
becomes

24
6122—1,

The quantization error for each sample e is assumed to be
random and uniformly distributed in the interval +9 5 with
zero mean. Thus, the quantization noise power of variance is
given by

s T
‘12
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Quantization & Coding

For a sine wave input, the average signal power is AZ2/2.
The signal-to-quantization noise power ratio (SQNR), in decibels, is

SONR =10 1og10[81gnal powerj

noise power

Az/zj

=10lo —
glo[qz/IZ

=6.02b+1.76 dB

that is, SQNR increases by 6dB for each additional bit in the
wordlength.
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Quantization & Coding

Fput

Figure 2. Analog to digital conversion involves filtering, sampling, quantization and encoding.
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Figure 3. Signal waveforms at different stages of conversion.
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Appendix

FREQUENCY RANCES OF SOME BIOLOGICAL SIGNALS

Type of Signal Frequency Range (Hz)
Electrororetinogram?@ 0-20
Electronystagmogram?® 0-20
Pneumogram® 0-40
Electrocardiogram (ECG) 0-100
Electroencephalogram (EEG) 0-100
Electromyogram¢® 10-200
Sphygmomanogram® 0-200
Speech 100-4000

a8 A graphic recording of retina characteristics.
b A graphic recording of involuntary movement of the eyes.
¢ A graphic recording of respiratory activity.

d A graphic recording of muscular action, such as muscular contraction.

€ A recording of blood pressure.
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Appendix

5

Hz  100Hz

Tuna 50Hz-L1kHe (458w —

Chicken 125Hz2kHz  (4.08w3)| , S—— | | 1

Goldfish 20Hz-3kHz (728\a)|  —e—————— .

Bullfrog 100Hz3kHz (498w _| N— .

Catfish 50Hz4kHz (638w WENE————

Tree frog 50 Hz-4 kHz 638va| Er——mr———

Canar¥_ 250Hz-8kHz  (508va)| e .

Cockatiel 250Hz-8kHz  (508w); | Weseessmesess|

Parakeet 200Hz-85 kHz (54 8va) . Se—— |

Ele;lnhant 17Hz-105kHz (9.38\a)| sessemumm—— |

Ow! 200 Hz-12 kHz 5'98"'” || SS— | |l

Human 31Hz-19kHz (9.38v3) ST ;

Chinchilla 52Hz-33kHz (93 8va)| St

Horse 55 Hz-335 kHz 938\gl T

Cow 23Hz-35kHz (1068va)| weeesmesssm—————

Raccoon 100Hz-40kHz (868w ——————f e

Sheep 125Hz-425kHz (84 Bva TR e ST AT

Dog 64 Hz-44 kHz 9,48\/3' Ty

Ferret 16Hz-44kHz (114 8va) e e——————

dgehiog 250Hz45kHz  (758va) | A——————

Guinea pig 47Hz-49kHz (10.08va)! e

Rabbjt 96 Hz-49 kHz %9.08va: B s e s e

Sea lion 200 Hz-50 kHz 8.08vai | ——————

Gerbil 56 Hz-60kHz (101 8va)| N

Opossum S00Hz-64kHz  (7.08va) T Essrsamesmnes

Albino rat 390Hz-72kHz  (758va) ==t

Hooded rat 530Hz-75kHz (7.18w) —

Cat 55 Hz-77 kHz (lOSBvaI e r————C——

Mouse G00Hz-70kHz (648w L

Little brown bat  10.3 kHz-115 kHz 358vai L ———

Beluga whale | lkHz—IZBEE 698va)| | ————
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Appendix

FREQUENCY RANCES OF SOME SEISMIC SIGNALS

Type of Signal Frequency Range (Hz)
Wind noise 100-1000
Seismic exploration signals 10-100
Earthquake and nuclear explosion signals 0.01-10
Seismic noise 0.1-1

FREQUENCY RANCES OF SOME ELECTROMAGNETIC SIGNALS

Type of Signal Wavelength (m) Frequency Range (Hz)
Radio broadcast 104-10? 3 x 10%-3x 10°
Shortwave radio signals 10%-102 3 x10%-3 x 1010

Radar, satellite communications,
space communications,

common-carrier microwave 1-102 3x108-3 x 1010
Infrared 10310 3x10"-3x 10"
Visible light 3.9x107-8.1 x 107 3.7 x10"-7.7 x 104
Ultraviolet 107-10°8 3x10"'-3 x 106
Gamma rays and x-rays 109-10710 3x10'7-3x 108
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Appendix

The need for Decibels

Since one of the major uses of the frequency domain is to resolve
small signals in the presence of large ones, let us now address the problem of
how we can see both large and small signals on our display simultaneously.

Suppose we wish to measure a distortion component that is 0.1% of
the signal. If we set the fundamental to full scale on a four inch (10cm)
screen, the harmonic would be only four thousandths of an inch (0.1mm) tall.
Obviously, we could barely see such a signal, much less measure it accurately.
Yet many analyzers are available with the ability to measure signals even
smaller than this.

Since we want to be able to see all the components easily at the
same time, the only answer is to change our amplitude scale. A logarithmic
scale would compress our large signal amplitude and expand the small ones,
allowing all components to be displayed at the same time.
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Appendix

Alexander Graham Bell discovered that the human ear responded
logarithmically to power difference and invented a unit, the Bel, to help
him measure the ability of people to hear. One tenth of a Bel, the deciBel
(dB) is the most common unit used in the frequency domain today. A
table of the relationship between volts, power and dB is given in Figure A.
From the table we can see that our 0.1% distortion component example is
60 dB below the fundamental. If we had an 80 dB display as in Figure B,
the distortion component would occupy s of the screen, not 1/1000 as in
a linear display.
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Appendix
dB Power Ratio dB Voltage Ratio
+20 100 + 40 100
+10 10 +20 10
+3 2 +6 2
0 1 0 1
-3 1/2 -6 1/2
-10 1/10 -20 1/10
- 20 1/100 —-40 1/100

dB=10 log (Power Ratio)=20 log (Voltage Ratio)

Figure A
The relationship between decibels, power and voltage

1 0 -
-20+
5+ -40+
-60+
0 -80
Linear Amplitude
Scale
Figure B

Small signals can be measured with a logarithmic
amplitude scale
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