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EXAMPLE 1

Consider the analog signal

x,(t) = 3 cos 100z

(a) Determine the minimum required sampling rate to avoid aliasing.

(b) Suppose that the signal is sampled at the rate F;, = 200 Hz. What is the discrete-
time signal obtained after sampling?

(c) Suppose that the signal is sampled at the rate F;, = 75 Hz. What is the discrete-time
signal obtained after sampling?

(d) What is the frequency F < F,/2 of a sinusoid that yields samples identical to those
obtained in part (c)?

Solution: (a) The frequency of the analog signal is F = 50 Hz. Hence the minimum
sampling rate required to avoid aliasing is F;, = 100 Hz.
(b) If the signal is sampled at F, = 200 Hz, the discrete-time signal is

1001 T
x(n) = 3 cos 200 n= 3coszn

(c) If the signal is sampled at F, = 75 Hz, the discrete-time signal is

100 4
x(n) = 3 cos 75ﬂn=3cos—31-r-n
=3cos(2¢r—2—ﬂ)n
3
2
= 3cos—£n

(d) For the sampling rate of F, = 75 Hz, we have
 F = fF, = 15f
The frequency of the sinusoid in part (c) is f = 3. Hence
F =25Hz
Clearly, the sinusoidal signal

y,(t) = 3 cos 2mFt
3 cos 50m

]

sampled at F, = 75 samples/s yields identical samples. Hence F = 50 Hz is an
alias of F = 25 Hz for the sampling rate F; = 75 Hz.




EXAMPLE 2

Consider the analog signal

) x,(t) = 3 cos 50wt + 10 sin 3007 ~ cos 100wt
What is the Nyquist rate for this signal?

Solution: The frequencies present in the signal above are

F, = 25Hz F, = 150 Hz F; = 50 Hz
Thus F,. = 150 Hz and according to (1.4.2),

F,>2F,_,. = 300 Hz

The Nyquist rate is Fyy = 2F,,. Hence
Fy = 300 Hz

Discussion: It should be observed that the signal component 10 sin 300m¢, sampled at
the Nyquist rate F,, = 300, results in the samples 10 sin wn, which are identically zero.
In other words, we are sampling the analog sinusoid at its zero-crossing points,
and hence we miss this signal component completely. This situation would not occur
if the sinusoid is offset in phase by some amount 6. In such a case we have 10 sin

(3007 + 6) sampled at the Nyquist rate F, = 300 samples per second, which yields
the samples

0

10(sin wn cos 6 + cos wn sin 6)
10 sin 0 cos wn

= (=1 10sin 6

Thus if § # Q or m, the samples of the sinusoid taken at the Nyquist rate are not all
zero. However, we still cannot obtain the correct amplitude from the samples because
the phase 9 is unknown. A simple remedy that avoids this potentially troublesome situ-
ation is to sample the analog signal at a rate higher than the Nyquist rate.

10 sin (wn + 9)

i

.sim B
Sin (A3B) = st A Cos® ¥ Cos A +5in



EXAMPLE - 3

Consider the analog signal

x,(t) = 3 cos 2000wt + 5 sin 6000w + 10 cos 12,000t

(a) What is the Nyquist rate for this signal?
(b) Assume now that we sample this signal using a sampling rate F, = 5000 samples/s.

What is the discrete-time signal obtained after sampling?

(c) What is the analog signal y,(f) we can reconstruct from the samples if we use ideal

interpolation?

Solution: (a) The frequencies existing in the analog signal are

F, = 1kHz F,=3kHz F;=6kHz
Thus F,, = 6 kHz, and according to the sampling theorem,
F,>2F . = 12 kHz
The Nyquist rate is
Fy = 12kHz

(b) Since we have chosen F, = 5 kHz, the folding frequency is

(©)

it = 2.5 kHz

2
and this is the maximum frequency that can be represented uniquely by the sampled
signal. By making use of (1.4.5) we obtain

T = n
x,(nT) = x, Fs

3 cos 2n@)n + 5 sin 2m@En + 10 cos 2w(@E)n
3 cos 2@)n + 5 sin 2m(l — H)n + 10 cos 2m(l + n
3 cos 2m(3)n + 5 sin 2m(—Hn + 10 cos 2w(E)n

I

x(n)

x(n) = 13 cos 2w(@E)n — 5 sin 2w(En

The same result can be obtained using Fig. 1.17. Indeed, since F, = 5 kHz, the
folding frequency is F,/2 = 2.5 kHz. This is the maximum frequency that can be
represented uniquely by the sampled signal. From (1.4.17) we have Fy = F, — kF,.

Thus F,, can be obtained by substracting from F an integer multiple of F, such that
—F,/2 < Fy, = F,/2. The frequency F, is less than F,/2 and thus it is not affected
by aliasing. However, the other two frequencies are above the folding frequency and
they will be changed by the aliasing effect. Indeed,

Fy=F, - F, = —2kHz
Fy=F, - F, = 1kHz
From (1.4.5) it follows that f; = §, f, = —%, and f; = %, which are in agreement
with the result above.

Since only the frequency components at 1 kHz and 2 kHz are present in the sampled
signal, the analog signal we can recover is

Yo(t) = 13 cos 2000mt — 5 sin 40001

which is obviously different from the original signal x,(¢). This distortion of the

original analog signal was caused by the aliasing effect, due to the low sampling
rate used.
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Kwdikag Matlab:

syms t
x(t)=-1+3*cos(100*pi*t)+2*sin(200* pi*t-pi/2)+cos(300*pi*t);
ezplot(x(t), [0,0.1]);



Explanation of 44.1 kHz CD sampling rate

The CD sampling rate has to be larger than about 40 kHz to fulfill the Nyquist criterion that requires
sampling at twice the maximum analog frequency, which is about 20 kHz for audio. The sampling
frequency is chosen somewhat higher than the Nyquist rate since practical filters neede to prevent
aliasing have a finite slope. Digital audio tapes (DATSs) use a sampling rate of 48 kHz. It has been
claimed that thier sampling rate differs from that of CDs to make digital copying from one to the other
more difficult. 48 kHz is, in principle, a better rate since it is a multiple of the other standard sampling
rates, namely 8 and 16 kHz for telephone-quality audio. Sampling rate conversion is simplified if rates
are integer multiples of each other.

From John Watkinson, The Art of Digital Audio, 2nd edition, pg. 104:

In the early days of digital audio research, the necessary bandwidth of about 1 Mbps per
audio channel was difficult to store. Disk drives had the bandwidth but not the capacity
for long recording time, so attention turned to video recorders. These were adapted to
store audio samples by creating a pseudo-video waveform which would convey binary as
black and white levels. The sampling rate of such a system is constrained to relate simply
to the field rate and field structure of the television standard used, so that an integer
number of samples can be stored on each usable TV line in the field. Such a recording
can be made on a monochrome recorder, and these recording are made in two standards,
525 lines at 60 Hz and 625 lines at 50 Hz. Thus it is possible to find a frequency which is
a common multiple of the two and is also suitable for use as a sampling rate.

The allowable sampling rates in a pseudo-video system can be deduced by multiplying
the field rate by the number of active lines in a field (blanking lines cannot be used) and
again by the number of samples in a line. By careful choice of parameters it is possible to
use either 525/60 or 625/50 video with a sampling rate of 44.1KHz.

In 60 Hz video, there are 35 blanked lines, leaving 490 lines per frame or 245 lines per
field, so the sampling rate is given by :

60 X 245 X 3=44.1 KHz

In 50 Hz video, there are 37 lines of blanking, leaving 588 active lines per frame, or 294
per field, so the same sampling rate is given by

50 X 294 X3 =44.1 Khz.

The sampling rate of 44.1 KHz came to be that of the Compact Disc. Even though CD
has no video circuitry, the equipment used to make CD masters is video based and
determines the sampling rate.

(Reference kindly provided by Kavitha Parthasarathy.)

Also, David Singer noted that 44,100 can be factored as 2A2 * 3A2 * 5A2 * 7A2 j.e., the product of the
squares of the first four prime numbers.

Last updated 01/10/2008 01:39:22 by Henning Schulzrinne



