
EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáò ÖõëëÜäéï 11Ä. ÔïõìðáêÜñçò 5 ÌáÀïõ 2011EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáòÅíäåéê�éêÝò ëýóåéò 2çò ÓåéñÜò ÁóêÞóåùí1. *Ôá êáíÜëéá ìå ìíÞìç Ý÷ïõí ìåãáëý�åñç ÷ùñç�éêü�ç�á { Cover & Thomas7.3 (�ñïðïðïéçìÝíç)ÈåùñÞó�å �ï êáíÜëé Yi = Xi ⊕ Zi, üðïõ ⊕ ðñüóèåóç modulo-2 (XOR). Ïé ìå�áâëç�ÝòXi êáé Yi åßíáé äõáäéêÝò, áëëÜ ü÷é, êá�' áíÜãêç, ïìïßùò êá�áíåìçìÝíåò. ¸ó�ù, åðßóçò,ü�é ç Zi Ý÷åé ó�áèåñÞ ìÜæá ðõêíü�ç�áò ðéèáíü�ç�áò Pr{Zi = 1} = p = 1−Pr{Zi = 0}.Ùó�üóï, ïé Z1; Z2; : : : ; Zn äåí åßíáé, êá�' áíÜãêç, áíåîÜñ�ç�åò.(á) Äþó�å Ýíá ó÷åäéÜãñáììá �ïõ êáíáëéïý. ÌïéÜæåé ìå êÜðïéï ãíùó�ü óáò êáíÜëé;Óå �é äéáöÝñåé (áí äéáöÝñåé);ÁðÜí�çóç:
¸íá ó÷åäéÜãñáììá �ïõ êáíáëéïý äßíå�áé ó�ï ó÷Þìá. �ñüêåé�áé ãéá �ï äõáäéêüóõììå�ñéêü êáíÜëé, ìå �ç äéáöïñÜ ü�é ó�ï äõáäéêü óõììå�ñéêü êáíÜëé ïé ðéèáíü-�ç�åò áíáó�ñïöÞò åßíáé áíåîÜñ�ç�åò ìå�áîý äéáöïñå�éêþí ÷ñÞóåùí �ïõ êáíáëéïý.(â) ÅÜí ïé Zi åßíáé áíåîÜñ�ç�åò, áí, äçëáäÞ, �ï êáíÜëé äåí Ý÷åé ìíÞìç, ðïéá åßíáé ç÷ùñç�éêü�ç�Ü �ïõ êáé ìå ðïéá êá�áíïìÞ p(x) åðé�õã÷Üíå�áé; ÏíïìÜó�å áõ�Þ �ç÷ùñç�éêü�ç�á C.ÁðÜí�çóç:ÅÜí �ï êáíÜëé äåí Ý÷åé ìíÞìç, �áõ�ßæå�áé, äçëáäÞ, ìå �ï äõáäéêü óõììå�ñéêüêáíÜëé, ç ÷ùñç�éêü�ç�Ü �ïõ éóïý�áé ìå C = 1−H(p).(ã) Åðéó�ñÝöïí�áò ó�ç ãÝíéêÞ ðåñßð�ùóç üðïõ ïé Z1; Z2; : : : ; Zn äåí åßíáé, êá�' áíÜãêç,áíåîÜñ�ç�åò, äåßî�å ü�é, åÜí ç åßóïäïò åßíáé áíåîÜñ�ç�ç êáé ïìïßùò êá�áíåìçìÝíçBern(1=2), I(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn) ≥ nC;



üðïõ C ç ÷ùñç�éêü�ç�á �ïõ êáíáëéüý ÷ùñßò ìíÞìç �ïõ Åñù�Þìá�ïò (â).ÁðÜí�çóç:Ìðïñïýìå íá ãñÜøïõìåI(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn) = H(X1; X2; : : : ; Xn)−H(X1; X2; : : : ; Xn|Y1; Y2; : : : ; Yn)
(�)
= H(X1; X2; : : : ; Xn)−H(Z1; Z2; : : : ; Zn|Y1; Y2; : : : ; Yn)
(�)
≥ H(X1; X2; : : : ; Xn)−H(Z1; Z2; : : : ; Zn)
()
≥ H(X1; X2; : : : ; Xn)−∑H(Zi)
= H(X1; X2; : : : ; Xn)− nH(p)
(Æ)
= n− nH(p) = nC:(á) Yi = Xi ⊕ Zi ⇒ Xi = Yi ⊕ Zi, (â) ç õðü óõíèÞêç åí�ñïðßá äåí õðåñâáßíåé �çíåí�ñïðßá, (ã) ç áðü êïéíïý åí�ñïðßá äåí õðåñâáßíåé �ï Üèñïéóìá �ùí åðß ìÝñïõòåí�ñïðéþí, (ä) Ïé Xi åßíáé i.i.d êáé áêïëïõèïýí êá�áíïìÞ Bernoulli(1/2).(ä) Ìå âÜóç �ï Åñþ�çìá (ã), óõìðåñÜíå�å ü�é, ãéá �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ìåìíÞìç C ′ , 1n maxp(x) I(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn), éó÷ýåé C ′ ≥ C.ÁðÜí�çóç:Ó�ï ðñïçãïýìåíï åñþ�çìá äåßîáìå ü�é, ãéá Xi i.i.d, Bern(1/2),I(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn) ≥ nC. ÅðïìÝíùò,C ′ =

1n maxp(x) Ip(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn)
≥

1nIp(x)=i.i.d Bern(1/2)(X1; X2; : : : ; Xn;Y1; Y2; : : : ; Yn) ≥ C:(å) Äþó�å ìéá äéáéóèç�éêÞ äéêáéïëüãçóç ãéá �ï áðï�Ýëåóìá ðïõ áðïäåßîá�å ó�ï (ä),ü�é, äçëáäÞ, ç ÷ùñç�éêü�ç�á �ùí êáíáëéþí ÷ùñßò ìíÞìç äåí ìðïñåß íá õðåñâåß �ç÷ùñç�éêü�ç�á �ùí áí�ßó�ïé÷ùí êáíáëéþí ìå ìíÞìç.ÁðÜí�çóç:Óå êáíÜëéá ÷ùñßò ìíÞìç, ãíþóç �ùí åîüäùí êá�Ü �éò ÷ñïíéêÝò ó�éãìÝò 1; 2; : : : ; n−
1 äå ìáò ðáñÝ÷åé êáìßá ðëçñïöïñßá ãéá �ç ÷ñïíéêÞ ó�éãìÞ n. Áí�ßèå�á, ç óõìðåñé-öïñÜ êáíáëéþí ìå ìíÞìç åîáñ�Ü�áé óå êÜðïéï âáèìü áðü �éò ðñïçãïýìåíåò åéóüäïõò(êáé åîüäïõò). ÅðïìÝíùò, Ý÷ïõìå êÜðïéá ðëçñïöïñßá ãéá �ï ðþò èá óõìðåñéöåñèåß�ï êáíÜëé, ãåãïíüò �ï ïðïßï ïäçãåß óå áýîçóç �çò ÷ùñç�éêü�ç�áò.
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2. ÕðïâÝë�éó�ïé êþäéêåò { Cover & Thomas 7.9ÈåùñÞó�å �ï êáíÜëé Æ ìå ðßíáêá ðéèáíï�Þ�ùí ìå�ÜâáóçòQ =

[

1 0
1=2 1=2 ] x; y ∈ {0; 1}:¸ó�ù ü�é êá�áóêåõÜæïõìå �õ÷áßï êþäéêá (

2nR; n) ìå ñßøåéò áìåñüëçð�ïõ êÝñìá�ïò.Ìå �ïí �ñüðï áõ�ü äåí åðé�õã÷Üíïõìå ìå�Üäïóç ìå �ç ÷ùñç�éêü�ç�á (ãéá�ß;). Âñåß�å�ï ìÝãéó�ï åöéê�ü ñõèìü ìå�Üäïóçò, R, þó�å ç ìÝóç �éìÞ �çò ðéèáíü�ç�áò óöÜëìá�ïòP (n)e åðß üëùí �ùí êùäßêùí ðïõ êá�áóêåõÜæïí�áé �õ÷áßá ìå áìåñüëçð�åò ñßøåéò íá �åßíåéó�ï 0 êáèþò �ï ìÞêïò, n, �ïõ êþäéêá �åßíåé ó�ï Üðåéñï.ÁðÜí�çóç:Ó�ï ìÜèçìá \Èåùñßá �ëçñïöïñßáò" âñÞêáìå ü�é �ï êáíÜëé Æ ìå f , Pr{Y = 0|X =
1} = 1=2 Ý÷åé ÷ùñç�éêü�ç�á C = H(1=5)− 2=5 ç ïðïßá åðé�õã÷Üíå�áé ìå p = Pr{X =
1} = 2=5. Áí ìå�áäþóïõìå ìå p = 1=2 (áìåñüëçð�ï êÝñìá),I(X;Y ) = H(Y )−H(Y |X)
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≈ 0:8113− 1

2
= 0:3113 < 0:322 ≈ C:Óõíåðþò, ï ñõèìüò ìå�Üäïóçò ðïõ åðé�õã÷Üíå�áé áí ÷ñçóéìïðïéÞóïõìå áìåñüëçð�ïêÝñìá ãéá �ç äçìéïõñãßá �ïõ êþäéêá åßíáé ìéêñü�åñïò áðü �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïýÆ ìå f = 1=2.O ìÝãéó�ïò ñõèìüò ìå�Üäïóçò ðïõ ìðïñïýìå íá åðé�ý÷ïõìå åßíáé R = 0:3113.3. ÊáíÜëé äéáêñé�þí åéóüäùí, óõíå÷þí åîüäùí { Cover & Thomas 9.15¸ó�ù Pr{X = 1} = p, Pr{X = 0} = 1−p êáé Õ = ×+Æ , üðïõ ç Z åßíáé êá�áíåìçìÝíçïìïéüìïñöá ó�ï äéÜó�çìá [0; a], a > 1. Åðßóçò, ç Z åßíáé áíåîÜñ�ç�ç �çò X.(á) Õðïëïãßó�å �çí I(X;Y ) = H(X)−H(X|Y ).ÁðÜí�çóç:H(X) = H(p).�éá �ïí õðïëïãéóìü �çò H(X|Y ) äéáêñßíïõìå 3 ðåñéð�þóåéò:(a) Y < 1: X = 0 ìå ðéèáíü�ç�á 1.(b) Y > a: X = 1 ìå ðéèáíü�ç�á 1.() 1 ≤ Y ≤ a: X = 0 Þ 1 ìå ðéèáíü�ç�á 1− p êáé p, áí�ßó�ïé÷á.3



Óõíåðþò, Ç(× |Õ ) = Pr{Y ∈ [1; a]}H(X|Y ∈ [1; a]) = a−1a H(p) = (

1− 1a)H(p).¢ñá, I(X;Y ) = H(p) +H(p) (1a − 1
)

= 1aH(p).�áñá�çñÞó�å ü�é, ãéá a = 1, I(X;Y ) = H(p). Åðßóçò, ç ó÷Ýóç äåí éó÷ýåé ãéáa < 1. Ó�çí ðåñßð�ùóç áõ�Þ Ç(× |Õ ) = 0 êáé I(X;Y ) = H(p). Êáèþò �ïa áõîÜíåé, áõîÜíåé êáé ç ðåñéï÷Þ \åðéêÜëõøçò" �ùí åîüäùí ðïõ áí�éó�ïé÷ïýí óåX = 0 êáé 1, ìå áðï�Ýëåóìá íá åëá��þíå�áé êáé ç ðëçñïöïñßá ðïõ ìðïñïýìå íáìå�áäþóïõìå ìÝóá ó�ï êáíÜëé.(â) Yðïëïãßó�å, �þñá, �çí I(X;Y ) ìå äéáöïñå�éêü �ñüðï, ìå ÷ñÞóç �çò I(X;Y ) =h(Y )− h(Y |X).ÁðÜí�çóç:h(Y |X) = h(Z) = −
∫ a
0

1a log 1ada = log a.�éá íá âñïýìå �çí h(Y ) õðïëïãßæïõìå �ç ó.ð.ð. �çò Y :fY (y) = 





(1− p)=a ãéá 0 ≤ y < 1
1=a ãéá 1 ≤ y < ap=a ãéá a ≤ y < 1 + aMå ðñÜîåéò, h(Y ) = −

∫ 1+a
0

fY (y) log2 fY (y)dy =
1aH(p) + log a:ÅðïìÝíùò, êáé ðÜëé, üðùò ðåñéìÝíáìå, I(X;Y ) = 1aH(p).(ã) Õðïëïãßó�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ìåãéó�ïðïéþí�áò ùò ðñïò p.ÁðÜí�çóç:�áñá�çñïýìå åýêïëá ü�é, ãéá ïðïéïäÞðï�å a, ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé ìåp = 1=2. C = 1a bits/÷ñÞóç �ïõ êáíáëéïý.4. Ôå�ñáäéêÜ ÊáíÜëéá äéáãñáöÞò (�ñï÷ùñçìÝíá ÈÝìá�á È.�., ÔåëéêÞ ÅîÝ�áóçÉïõíßïõ 2008)ÈåùñÞó�å �á êáíÜëéá äéáãñáöÞò ÷ùñßò ìíÞìç �ïõ Ó÷Þìá�ïò 1. Ó�ï êáíÜëé Á ó�ÝëíïõìåÝíá áðü 4 ðéèáíÜ óýìâïëá. Ï äÝê�çò ãíùñßæåé ðü�å ç ìå�Üäïóç Ý÷åé ãßíåé óùó�Ü êáéðü�å Ý÷åé ðñïêýøåé äéáãñáöÞ. Ó�ï êáíÜëé Â, üðùò êáé ó�ï êáíÜëé Á, ï ðïìðüò åðéëÝãåéêÜèå öïñÜ íá ìå�áäþóåé Ýíá áðü 4 óýìâïëá. ÅÜí óõìâåß äéáãñáöÞ ï äÝê�çò ãíùñßæåé ü÷éìüíï ü�é óõíÝâç äéáãñáöÞ, áëëÜ, åðéðëÝïí, �ï õðïóýíïëï ó�ï ïðïßï áíÞêåé �ï óýìâïëïðïõ ìå�áäüèçêå áðü �ïí ðïìðü ({0; 1} Þ {2; 3}).(á) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý Á, êáé �çí êá�áíïìÞ ìå �çí ïðïßá áõ�Þåðé�õã÷Üíå�áé.ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò ÷ùñç�éêü�ç�áò,4



Ó÷Þìá 1: Ôå�ñáäéêÜ ÊáíÜëéá ÄéáãñáöÞòC = maxp(x) I(X;Y ) = maxp(x) {H(Y )−H(Y |X)} = maxp(x) H(Y )−H(�):ÁíåîÜñ�ç�á áðü �çí êá�áíïìÞ �çò X, Pr{E} = �. �ñïêåéìÝíïõ íá ìåãéó�ïðïé-Þóïõìå �çí åí�ñïðßá �çò Y , åðéëÝãïõìå ïìïéüìïñöç êá�áíïìÞ ãéá �á õðüëïéðáåíäå÷üìåíá Y êáé, åðïìÝíùò, ïìïéüìïñöç êá�áíïìÞ ãéá �ç X. Óõíåðþò,C = maxp(x) {H(X)−H(X|Y )} = log 4−�H(X|Y = E)−(1−�)H(X|Y 6= E) = 2−2�:Ç Üóêçóç ìðïñïýóå, åðßóçò, íá ëõèåß ðáñá�çñþí�áò ü�é �ï êáíÜëé åßíáé áóèåíþòóõììå�ñéêü êáé, åðïìÝíùò, ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé ìå ÷ñÞóç ïìïéüìïñöçòêá�áíïìÞò ó�çí åßóïäï. Åðßóçò, ìðïñïýóå íá ëõèåß õðïèÝ�ïí�áò ãåíéêÝò �éìÝòãéá �éò ðéèáíü�ç�åò åéóüäïõ p(X = i) êáé ìåãéó�ïðïéþí�áò �çí C = H(Y ) −H(Y |X). Ùó�üóï, ç ìÝèïäïò áõ�Þ, �çí ïðïßá ÷ñçóéìïðïßçóáí êÜðïéïé, Þ�áí êáéðéï ÷ñïíïâüñá.(â) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý Â ü�áí � = �, êáé �çí êá�áíïìÞ ìå �çíïðïßá áõ�Þ åðé�õã÷Üíå�áé. Óõãêñßíå�å ìå �çí �éìÞ ðïõ âñÞêá�å ó�ï ðñïçãïýìåíïåñþ�çìá. Ó÷ïëéÜó�å.ÁðÜí�çóç:Áðü �ï äõáäéêü êáíÜëé äéáãñáöÞò ãíùñßæïõìå ü�é ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áéìå ïìïéüìïñöç êá�áíïìÞ åéóüäïõ. ÅðïìÝíùò, �á óýìâïëá 0 êáé 1 ðñÝðåé íáìå�áäßäïí�áé ìå �çí ßäéá ðéèáíü�ç�á. Ôï ßäéï éó÷ýåé êáé ãéá �á 2 êáé 3. Áõ�ü ìðïñåßíá äåé÷�åß êáé ðéï áõó�çñÜ ìå ÷ñÞóç �ïõ ïñéóìïý �çò ÷ùñç�éêü�ç�áò. ¼�áí � = �,áðü �ç óõììå�ñßá �ïõ ðñïâëÞìá�ïò (Þ ìå �çí ðáñá�Þñçóç ü�é êáé áõ�ü �ï êáíÜëé,üðùò êáé �ï êáíÜëé �ïõ ðñïçãïýìåíïõ åñù�Þìá�ïò, åßíáé áóèåíþò óõììå�ñéêü),5



üëá �á óýìâïëá ðñÝðåé íá ìå�áäßäïí�áé ìå �çí ßäéá ðéèáíü�ç�á. Óõíåðþò, p(x) = 1
4ãéá üëá �á x.C = maxp(x) {H(X)−H(X|Y )} = log 4−

�
2
H(X|Y = E1)−

�
2
H(X|Y = E2) = 2−�:�áñá�çñïýìå ü�é ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý Â ìå � = � åßíáé ìåãáëý�åñç áðü �ç÷ùñç�éêü�ç�á �ïõ êáíáëéïý Á. Äéáéóèç�éêÜ �ï áðï�Ýëåóìá åßíáé óùó�ü, äåäïìÝíïõü�é ó�ï êáíÜëé Â õðÜñ÷ïõí äýï åßäç äéáãñáöþí ïðü�å Ý÷ïõìå ðåñéóóü�åñç ðëçñï-öïñßá ãéá �ï ìå�áäïèÝí óýìâïëï (ãíùñßæïõìå ü�é åßíáé Ýíá áðü 2 ðéèáíÜ óýìâïëá,óå áí�ßèåóç ìå �ï êáíÜëé Á üðïõ äå ãíùñßæïõìå �ßðï�á Üëëï ðëçí �ïõ ü�é Ý÷åéðñïêýøåé äéáãñáöÞ).ÊÜðïéïé èåþñçóáí åóöáëìÝíá ü�é �ï êáíÜëé áðï�åëåß�áé áðü äýï êáíÜëéá ðïõ ÷ñç-óéìïðïéïýí�áé �áõ�ü÷ñïíá. �áñüëï ðïõ �á äýï ``õðï-êáíÜëéá'' äåí ðáñåìâÜëëïí�áé�ï Ýíá ó�ï Üëëï, êÜèå ÷ñïíéêÞ ó�éãìÞ ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå ìüíï Ýíáóýìâïëï åéóüäïõ êáé, åðïìÝíùò, ìðïñïýìå íá ìå�áäþóïõìå ìüíï óå Ýíá ``õðï-êáíÜëé''.(ã) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý Â ü�áí � 6= �, êáé �çí êá�áíïìÞ ìå �çíïðïßá áõ�Þ åðé�õã÷Üíå�áé. Óõãêñßíå�å ìå �çí �éìÞ ðïõ âñÞêá�å ó�ï ðñïçãïýìåíïåñþ�çìá. Ó÷ïëéÜó�å. �ïéá åßíáé ç ÷ùñç�éêü�ç�á ó�çí åéäéêÞ ðåñßð�ùóç üðïõ � = 1êáé � = 0 êáé ìå ðïéá êá�áíïìÞ åéóüäïõ åðé�õã÷Üíå�áé;ÁðÜí�çóç:¼�áí � 6= �, �ï êáíÜëé äåí åßíáé ðëÝïí óõììå�ñéêü. Ùó�üóï, �á åðéìÝñïõò êáíÜëéáåßíáé óõììå�ñéêÜ. ÅðïìÝíùò, ãåíéêÜ, ç p(x) Ý÷åé êá�áíïìÞ { Æ

2
; Æ
2
; 1−Æ

2
; 1−Æ

2
}.C = maxp(x) {H(X)−H(X|Y )}

maxÆ {

−2×
Æ
2
log

Æ
2
− 2×

1− Æ
2

log
1− Æ
2

− Æ�− (1− Æ)�}
= maxÆ {

−Æ log Æ
2
− (1− Æ) log 1− Æ

2
− Æ�− (1− Æ)�} ;üðïõ ÷ñçóéìïðïéÞóáìå �ï ãåãïíüò ü�é H(X|Y ) = 0 · H(X|Y 6= {E1; E2}) +�ÆH(X|Y = E1) + �(1− Æ)H(X|Y = E2).To üñéóìá �çò max åßíáé êïßëç (∩) óõíÜñ�çóç �çò ðáñáìÝ�ñïõ Æ, (Üèñïéóìá êïßëùíêáé ãñáììéêþí óõíáñ�Þóåùí). �éá íá âñïýìå �ï ìÝãéó�ï ðáßñíïõìå �çí ðáñÜãùãïùò ðñïò Æ:
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��Æ {−Æ log Æ
2
− (1− Æ) log 1− Æ

2
− Æ�− (1− Æ)�}

=
��Æ {−Æ log e ln Æ

2
− (1− Æ) log e ln 1− Æ

2
− Æ�− (1− Æ)�}

=− log e ln Æ
2
− log e+ log e ln 1− Æ

2
+ log e− � + �

= log e ln 1− ÆÆ − � + � = 0

⇒ log
1− ÆÆ = �− � ⇒

1− ÆÆ = 2�−�
⇒Æ∗ = 1

1 + 2�−� :H ÷ùñç�éêü�ç�á éóïý�áé ìåC = −Æ∗ log Æ∗
2
− (1− Æ∗) log 1− Æ∗

2
− Æ∗�− (1− Æ∗)�

= −Æ∗ log Æ∗ − (1− Æ∗) log(1− Æ∗) + log 2− Æ∗�− (1− Æ∗)�
= 1 +H(Æ∗)− Æ∗�− (1− Æ∗)�:Ìå ðñÜîåéò, C = 1 + log(1 + 2�−�)− � = 1 + log(1 + 2�−�)− �:�áñá�çñïýìå ü�é, ãéá äåäïìÝíï �, êáèþò �ï � áõîÜíåé, ç ÷ùñç�éêü�ç�á åëá��þíå�áé.Ç ÷ùñç�éêü�ç�á áõîÜíåé êáèþò �ï � �åßíåé ó�ï 0. �éá � = 0, C = 1+log(1+2�)−�.�éá � = 1 êáé � = 0, C = log 3 êáé Æ = 1

3
. To áðï�Ýëåóìá Ý÷åé íüçìá: ¼�áí �á0 êáé 1 ðÜí�á äéáãñÜöïí�áé, åíþ �á 2 êáé 3 ö�Üíïõí ðÜí�ï�å ó�ï äÝê�ç ùò Ý÷ïõí,ìðïñïýìå íá ó�åßëïõìå log 3 bits ðëçñïöïñßáò. �éá íá ó�åßëïõìå �á ìçíýìá�á 2êáé 3 ÷ñçóéìïðïéïýìå �á óýìâïëá 2 êáé 3, áí�ßó�ïé÷á. �éá íá ó�åßëïõìå �ï ìÞíõìá1 ÷ñçóéìïðïéïýìå �á óýìâïëá 0 êáé 1 ìå ïðïéáäÞðï�å áíáëïãßá, áñêåß �ï ÜèñïéóìÜ�ùí ðéèáíï�Þ�ùí åêðïìðÞò íá éóïý�áé ìå p(0) + p(1) = 1

3
.�áñá�çñïýìå, åðßóçò, ü�é, ãéá � = �, C = 1+1−� = 1+1−�, �ï ïðïßï óõìöùíåßìå �ï áðï�Ýëåóìá �ïõ ðñïçãïýìåíïõ åñù�Þìá�ïò.
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5. To äõáäéêü óõììå�ñéêü êáíÜëé äéáãñáöÞò (BSEC) (�ñï÷ùñçìÝíá ÈÝìá�á È.�., ÔåëéêÞ ÅîÝ�áóç, Éïýíéïò 2010)Óå áõ�ü �ï ðñüâëçìá èá èåùñÞóïõìå Ýíá ðéï ñåáëéó�éêü äõáäéêü êáíÜëé äéáãñáöÞò,�ï BSEC. Ó�ï BSEC, åðéðëÝïí �ùí äéáãñáöþí, åíäÝ÷å�áé íá Ý÷ïõìå êáé áíáó�ñïöÞøçößïõ.ÓõãêåêñéìÝíá, ï ðßíáêáò ìå�Üâáóçò �ïõ BSEC åßíáé ïPY |X =

[

1− �− � � �� � 1− �− � ] :
X = {0; 1} êáé Y = {0; E; 1}.(á) Ó÷åäéÜó�å �ï äéÜãñáììá ìå�áâÜóåùí �ïõ êáíáëéïý. Åßíáé �ï êáíÜëé óõììå�ñéêü;Åßíáé áóèåíþò óõììå�ñéêü;ÁðÜí�çóç:To äéÜãñáììá ìå�áâÜóåùí �ïõ êáíáëéïý Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 2. Ôï êáíÜëéäåí åßíáé óõììå�ñéêü ïý�å áóèåíþò óõììå�ñéêü ãéá ãåíéêÝò �éìÝò �ùí � êáé �.

Ó÷Þìá 2: ÊáíÜëé ãéá õðïëïãéóìü CUB.(â) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ BSEC, êáèþò êáé �çí êá�áíïìÞ åéóüäïõ, p∗, ìå �çíïðïßá åðé�õã÷Üíå�áé ç ÷ùñç�éêü�ç�á. Óõãêñßíå�å ìå �ç ÷ùñç�éêü�ç�á �ïõ BEC(� = 0).Õðüäåéîç: ¸íáò �ñüðïò ãéá íá áðïöýãå�å �éò ðïëëÝò ðñÜîåéò åßíáé íá ÷ñçóéìïðïé-Þóå�å �çí áñ÷Þ äéá÷ùñéóéìü�ç�áò �çò åí�ñïðßáò (2 öïñÝò).ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò ÷ùñç�éêü�ç�áò,C = maxp(x) I(X;Y ) = maxp(x) {H(Y )−H(Y |X)}:8



�áñá�çñïýìå, êá�' áñ÷Üò, ü�é ç H(Y |X) äåí åîáñ�Ü�áé áðü �çí p(x). ¸ó�ù�.ì. V ðïõ éóïý�áé ìå 1 ó�çí ðåñßð�ùóç äéáãñáöÞò, áëëéþò ìå 0. Áðü �çí áñ÷Þäéá÷ùñéóéìü�ç�áò �çò åí�ñïðßáò,Ç(Õ |×) = Ç(1− �− �; �; �)
= H(V |×) + �H(Y |X; V = 1) + (1− �)H(Y |X; V = 0)

= H(�) + (1− �)H (

1− �− �
1− � ; �

1− �) :ÈÝ�ïí�áò Pr{X = 0} = p, Pr{Y = 0} = p(1−�−�)+(1−p)� = p(1−�−2�)+ �.
Pr{Y = 1} = 1− Pr{Y = 0} − � = 1− �− �− p(1− �− 2�).×ñçóéìïðïéþí�áò, êáé ðÜëé, �çí áñ÷Þ äéá÷ùñéóéìü�ç�áò �çò åí�ñïðßáò,Ç(Õ ) = H(V ) + �H(Y |V = 1) + (1− �)H(Y |V = 0)

= H(V ) + (1− �)H(Y |V = 0)

= H(�) + (1− �)H (p(1− �− 2�) + �
1− � ; 1− �− �− p(1− �− 2�)

1− � ) :�áñá�çñïýìå ü�é ìüíï ï äåý�åñïò üñïò åîáñ�Ü�áé áðü �çí êá�áíïìÞ, p. Áñêåß íáåðéëÝîïõìå �çí p Ý�óé þó�å p(1−�−2�)+�
1−� = 1

2
. Ìå ðñÜîåéò, p∗ = 1

2
. Óõíåðþò,H(Y ) = H(�) + (1− �):Áí�éêáèéó�þí�áò ó�çí Ýêöñáóç ãéá �ç ÷ùñç�éêü�ç�á,C = maxp(x) I(X;Y ) = maxp(x) {H(Y )−H(Y |X)} = maxp(x) H(Y )−H(Y |X)

= H(�) + (1− �)−H(�)− (1− �)H (

1− �− �
1− � ; �

1− �)
= (1− �)− (1− �)H (

1− �− �
1− � ; �

1− �) :
= 1− �+ (1− �) [1− �− �

1− � log
1− �− �
1− � +

�
1− � log

�
1− �]

= 1− �+ (1− �− �) log(1− �− �) + � log �− (1− �) log(1− �):�áñá�çñïýìå ü�é, ó�ç ãåíéêÞ ðåñßð�ùóç, ç ÷ùñç�éêü�ç�á �ïõ BSEC åßíáé ìéêñü�åñçáðü �ç ÷ùñç�éêü�ç�á �ïõ BEC. Åðßóçò, ç êá�áíïìÞ ðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü-�ç�á �ïõ BSEC åßíáé ç ïìïéüìïñöç ãéá ïðïéáäÞðï�å �éìÞ �ïõ � êáé �ïõ �.Óçìåßùóç: Èá ìðïñïýóá�å (üðùò Ýêáíáí êÜðïéïé êáé ó�ï äéáãþíéóìá) íá ÷ñç-óéìïðïéÞóå�å �ç óõììå�ñßá �ïõ äéáãñÜììá�ïò ìå�Üâáóçò �ïõ êáíáëéïý ãéá íáóõìðåñÜíå�å áðåõèåßáò ü�é ç ïìïéüìïñöç êá�áíïìÞ åéóüäïõ åðé�õã÷Üíåé �ç ÷ù-ñç�éêü�ç�á ÷ùñßò íá �ï áðïäåßîå�å ìå ðñÜîåéò. Ó�ç óõãêåêñéìÝíç ðåñßð�ùóç(�ïõ BSEC), ç ïìïéüìïñöç êá�áíïìÞ åéóüäïõ åßíáé ç ìüíç ðïõ åðé�õã÷Üíåé �ç÷ùñç�éêü�ç�á, áëëÜ áõ�ü äåí éó÷ýåé ðÜí�ï�å (Ýíá ðáñÜäåéãìá åßíáé ç åíèüñõâçãñáöïìç÷áíÞ). 9



Ó�ç óõíÝ÷åéá, èá õðïëïãßóïõìå �ç ÷ùñç�éêü�ç�á �ïõ BSEC ìå Ýíáí åíáëëáê�éêü �ñüðï.(ã) Äåßî�å ü�é �ï BSEC éóïäõíáìåß ìå Ýíá BSC ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõÆ = �
1−� �ï ïðïßï áêïëïõèåß�áé áðü Ýíá BEC ìå ðéèáíü�ç�á äéáãñáöÞò �.ÁðÜí�çóç:Ç äéáäï÷Þ �ùí äýï êáíáëéþí Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 3. Åýêïëá äéáðéó�þíïõìåü�é Pr{Y = 0|X = 0} = Pr{Y = 1|X = 1} = (1 − Æ)(1 − �) = 1 − � − �,

Pr{Y = 1|X = 0} = Pr{Y = 0|X = 1} = Æ(1 − �) = � êáé Pr{Y = E|X = 0} =
Pr{Y = E|X = 1} = 1− (1− �− �)− � = �.

Ó÷Þìá 3: BSEC ùò äéáäï÷Þ BSC êáé BEC.(ä) ÅÜí X åßíáé ç åßóïäïò ó�ï BSEC, Y ç Ýîïäüò �ïõ êáé U ç (åíäéÜìåóç) Ýîïäïò�ïõ BSC, ÷ñçóéìïðïéÞó�å �á âÞìá�á �çò áðüäåéîçò �çò áíéóü�ç�áò åðåîåñãáóßáòäåäïìÝíùí ãéá íá åêöñÜóå�å �çí I(X;Y ) óõíáñ�Þóåé ìüíï �çò I(X;U) êáé �çòðáñáìÝ�ñïõ �.ÁðÜí�çóç:ÄåäïìÝíïõ ü�é X → U → Y , áðü �çí áíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùí,I(X;U; Y ) = I(X;U) + I(X;Y |U) = I(X;Y ) + I(X;U |Y ) ⇒I(X;Y ) = I(X;U)− I(X;U |Y ):�éá �çí I(X;U |Y ) éó÷ýåé I(X;U |Y ) = �I(X;U |Y = E)+(1−�)I(X;U |Y 6= E).¼�áí Y 6= E, Õ = U . Óõíåðþò, I(X;U |Y 6= E) = H(U |Y 6= E)−H(U |X; Y 6=E) = H(U |Y = U)−H(U |X; Y = U) = 0. Áí�ßèå�á, ü�áí Õ = Å, ç áâåâáéü�ç�Üìáò ãéá �çí U ðáñáìÝíåé ç ßäéá üðùò êáé ó�çí Ýîïäï, U �ïõ BSC (ëüãù �çòóõììå�ñßáò �ïõ BEC). ÅðïìÝíùò, I(X;U |Y = E) = H(U |Y = E)−H(U |X; Y =E) = H(U)−H(U |X) = É(X;U). Óõìðåñáßíïõìå, ëïéðüí, ü�éI(X;Y ) = I(X;U)− I(X;U |Y ) = I(X;U)− �I(X;U) = (1− �)I(X;U):Óçìåßùóç: Åäþ èá ìðïñïýóá�å íá ÷ñçóéìïðïéÞóå�å áðåõèåßáò �ï áðï�Ýëåóìá �çò¢óêçóçò 7.27 �ùí Cover & Thomas. Ç äéáäï÷Þ BSC êáé BEC åßíáé ìéá åéäéêÞðåñßð�ùóç �çò ¢óêçóçò. 10



(å) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ BSEC ìåãéó�ïðïéþí�áò �çí I(X;U) �ïõ BSC ùò ðñïò�çí êá�áíïìÞ �çò X.ÁðÜí�çóç:Êá�Ü �á ãíùó�Ü, CBSC = 1− Ç(Æ) êáé åðé�õã÷Üíå�áé ìå p∗ = 1
2
. ÅðïìÝíùò,CBSEC = (1− �) (1−H(Æ))

= (1− �)(1 + 1− �− �
1− � log

1− �− �
1− � +

�
1− � log

1− �− �
1− � )

= 1− � + (1− �− �) log 1− �− �
1− � + � log 1− �− �

1− �
= 1− � + (1− �− �) log(1− �− �) + � log �− (1− �) log(1− �):Êá�áëÞîáìå, åðïìÝíùò, üðùò Þ�áí áíáìåíüìåíï, ó�çí ßäéá Ýêöñáóç ãéá �ç ÷ùñç-�éêü�ç�á êáé ó�çí ßäéá êá�áíïìÞ åéóüäïõ, p∗.6. Water�lling ìå ðåñéïñéóìü ìÝãéó�çò éó÷ýïò (�ñï÷ùñçìÝíá ÈÝìá�á È. �.,ÔåëéêÞ ÅîÝ�áóç, Éïýíéïò 2010)Óå ïñéóìÝíåò ðåñéð�þóåéò, åíäÝ÷å�áé íá ìç èÝëïõìå íá õðåñâïýìå ìéá óõãêåêñéìÝíç�éìÞ éó÷ýïò ó�ïí ðïìðü, áêüìá êáé åÜí ç éó÷ýò åßíáé äéáèÝóéìç (ãéá ðáñÜäåéãìá, ãéáëüãïõò ëåé�ïõñãßáò �ïõ åíéó÷õ�Þ Þ ãéá íá ìçí ðñïêáëÝóïõìå ðáñåìâïëÝò óå ãåé�ïíéêÝòóõíäÝóåéò). Ó�ï ðñüâëçìá áõ�ü èá åîå�Üóïõìå ðþò ðñÝðåé íá ìå�áâÜëïõìå �ç ëýóçwater�lling ãéá íá éêáíïðïéÞóïõìå êáé Ýíá ðåñéïñéóìü ìÝãéó�çò éó÷ýïò åêðïìðÞò, Pmax;k,ãéá êÜèå ÷ñÞó�ç, k.Èåùñïýìå Ê ðáñÜëëçëá �êáïõóéáíÜ êáíÜëéá êáé óõíïëéêÞ äéáèÝóéìç éó÷ý P . Ç äéá-óðïñÜ �ïõ èïñýâïõ óå êÜèå êáíÜëé éóïý�áé ìå Nk. Ç äéáèÝóéìç éó÷ýò ìðïñåß íáêá�áíåìçèåß ó�á êáíÜëéá üðùò åðéèõìïýìå, áñêåß, óå êÜèå êáíÜëé, ç éó÷ýò íá ìçíõðåñâáßíåé ìéá ìÝãéó�ç �éìÞ Pmax;k. Äéåõêñéíßæå�áé ü�é, ó�ç ãåíéêÞ ðåñßð�ùóç, ç Pmax;käåí åßíáé ç ßäéá ãéá üëá �á êáíÜëéá.(á) Èåùñïýìå, êá�' áñ÷Üò, �çí ðåñßð�ùóç 2 ÷ñçó�þí, äçëáäÞ K = 2. Åðßóçò, ìüíï óåáõ�ü �ï åñþ�çìá, èåùñïýìå ü�é äåí õðÜñ÷åé ðåñéïñéóìüò éó÷ýïò, Þ, éóïäýíáìá, ü�éPmax;k = P . ×ùñßò âëÜâç �çò ãåíéêü�ç�áò, Ýó�ù ü�é N2 ≥ N1.Äþó�å ìéá Ýêöñáóç óå êëåéó�Þ ìïñöÞ ãéá �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ðïõáðï�åëåß�áé áðü �á 2 ðáñÜëëçëá �êáïõóéáíÜ êáíÜëéá.Õðüäåéîç: �ñÝðåé íá äéáêñßíå�å ðåñéð�þóåéò, áíÜëïãá ìå �çí �éìÞ �çò P .ÁðÜí�çóç:�éá P ≤ N2 − N1, ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå ìüíï �ï êáíÜëé 1. Óõíåðþò,C = C1(P1) =

1
2
log2

(

1 + PN1

) :
11



�éá P > N2−N1, ÷ñçóéìïðïéïýìå êáé �á äýï êáíÜëéá: P1 = �−N1 êáé P2 = �−N2.P = P1 + P2 = 2� −N1 −N2 ⇒ � = P+N1+N2

2
. ÅðïìÝíùò,C = C1(P1) + C2(P2)

=
1

2
log2

(

1 +
P1N1

)

+
1

2
log2

(

1 +
P2N2

)

=
1

2
log2

(

1 +
� −N1N1

)

+
1

2
log2

(

1 +
� −N2N2

)

=
1

2
log2

( �N1

)

+
1

2
log2

( �N2

) :Óõíïøßæïí�áò,C =







1
2
log2

(

1 + PN1

) ü�áí P ≤ N2 −N1

1
2
log2

(

1 + P−N1+N2

2N1

)

+ 1
2
log2

(

1 + P+N1−N2

2N2

) ü�áí P > N2 −N1(â) ÈåùñÞó�å, �þñá, ü�é åíäÝ÷å�áé êÜðïéåò áðü �éò Pmax;k (Þ üëåò) íá åßíáé ìéêñü�åñåòáðü P . �éá �ï êáíÜëé 2 ÷ñçó�þí (Ê = 2) âñåß�å ðïéåò óõíèÞêåò ðñÝðåé íá éó÷ýïõíãéá �éò Pmax;1 êáé Pmax;2 óõíáñ�Þóåé �ùí P , N1 êáé N2, þó�å ïé ðåñéïñéóìïß íá ìçíåðçñåÜæïõí �ç ÷ùñç�éêü�ç�á, äçëáäÞ ç ÷ùñç�éêü�ç�á ãéá äåäïìÝíåò �éìÝò �ùí P ,N1 êáé N2 íá éóïý�áé ìå �çí �éìÞ ðïõ âñÞêá�å ó�ï Åñþ�çìá (á).Ìðïñåß�å êáé ðÜëé íá èåùñÞóå�å, ÷ùñßò âëÜâç �çò ãåíéêü�ç�áò, ü�é N2 ≥ N1.ÁðÜí�çóç:�éá íá ìçí õðåéóÝñ÷ïí�áé ïé ðåñéïñéóìïß ó�ç ÷ùñç�éêü�ç�á, ðñÝðåé íá âñßóêïí�áéåðÜíù áðü �ï �åëéêü \åðßðåäï" �ïõ íåñïý ìå�Ü �çí ïëïêëÞñùóç �çò äéáäéêáóßáòwater�lling. ÅðïìÝíùò, ðñÝðåé Pmax;i ≥ (� −Ni)+.ÅðïìÝíùò, áí P ≤ N2 − N1, ðñÝðåé Pmax;1 ≥ P . H �éìÞ �çò Pmax;2 äåí åðçñåÜæåé�ï áðï�Ýëåóìá.¼�áí P > N2 − N1, ðñÝðåé Pmax;1 ≥ � − N1 = P+N2−N1

2
êáé Pmax;2 ≥ � − N2 =P+N1−N2

2
.(ã) Ó�ç óõíÝ÷åéá, ãéá íá áðëïðïéÞóïõìå �éò åêöñÜóåéò, èåùñïýìå ü�é Pmax;1 = Pmax;2 =Pmax. Åðßóçò, èåùñïýìå ü�é Pmax;1 + Pmax;2 = 2Pmax ≥ P , äçëáäÞ ü�é üëç çóõíïëéêÞ éó÷ýò êá�áíÝìå�áé, �åëéêÜ ó�á êáíÜëéá.Âñåß�å �ç ÷ùñç�éêü�ç�á �ùí 2 ðáñÜëëçëùí êáíáëéþí ãéá ïðïéáäÞðï�å �éìÞ �ïõPmax (äçëáäÞ, áêüìá êáé ãéá �éìÝò ðïõ åíäÝ÷å�áé íá áëëÜæïõí �ç âÝë�éó�ç ëýóç�ïõ Åñù�Þìá�ïò (á)).ÁðÜí�çóç:Ï ðåñéïñéóìüò åßíáé ç Pmax;1, äåäïìÝíïõ ü�é �ï êáíÜëé 1 Ý÷åé ÷áìçëü�åñï èüñõâï.ÅÜí P ≤ N2 −N1,C =







1
2
log2

(

1 + PN1

) ü�áí Pmax;1 ≥ P
1
2
log2

(

1 + PmaxN1

)

+ 1
2
log2

(

1 + P−PmaxN2

) ü�áí Pmax < P:12



ÅÜí P > N2 −N1,C =
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log2
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1 + PmaxN1

)

+ 1
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log2
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1 + P−PmaxN2

) ü�áí Pmax < P−N1+N2

2
:(ä) Ó�ç óõíÝ÷åéá, èåùñïýìå �ç ãåíéêÞ ðåñßð�ùóç K ÷ñçó�þí. ÕðïèÝó�å ü�é, áñ÷éêÜ,åê�åëïýìå �ïí áëãüñéèìï water�lling ÷ùñßò ðåñéïñéóìïýò. Ìå�Ü �çí åê�Ýëåóç�ïõ áëãïñßèìïõ ðáñá�çñïýìå ü�é óå êÜðïéá êáíÜëéá Ý÷ïõìå õðåñâåß �çí Pmax;k.ÕðïèÝó�å ü�é, ìå�Ü �çí åê�Ýëåóç �ïõ áëãïñßèìïõ water�lling Ý÷åé êá�áíåìçèåß ìçìçäåíéêÞ éó÷ýò óå üëá �á K êáíÜëéá (äçëáäÞ Pk > 0 ãéá üëá �á k). ÕðïèÝó�å,åðßóçò, ü�é ó�á êáíÜëéá üðïõ äåí Ý÷ïõìå õðåñâåß �çí Pmax;k äåí õðÜñ÷åé ðåñéïñéóìüòéó÷ýïò. �þò ðñÝðåé íá êá�áíåßìïõìå �çí ðëåïíÜæïõóá éó÷ý ∑k∈O (Pk − Pmax;k)ó�á õðüëïéðá êáíÜëéá þó�å íá ìåãéó�ïðïéÞóïõìå �ï Üèñïéóìá ñõèìþí ìå�Üäïóçò;(O åßíáé �ï óýíïëï �ùí êáíáëéþí üðïõ ï áëãüñéèìïò water�lling õðåñÝâç �éò Pmax;kêáé Pk ïé ëýóåéò �ïõ áëãïñßèìïõ water�lling ÷ùñßò ðåñéïñéóìïýò).ÁðÜí�çóç:Ó÷çìá�éêÜ, áí ðñïóèÝóïõìå �çí ðëåïíÜæïõóá éó÷ý ó�á êáíÜëéá ðïõ áðïìÝíïõí áíâãÜëïõìå �á êáíÜëéá üðïõ õðåñâÞêáìå �çí Pmax;k, �ï åðßðåäï �ïõ íåñïý èá áíÝâåéêá�Ü �çí ßäéá ðïóü�ç�á óå üëá �á êáíÜëéá ðïõ áðïìÝíïõí. ÅðïìÝíùò, ç éó÷ýòìïéñÜæå�áé éóüðïóá óå üëá �á êáíÜëéá �ïõ O. ¸íáò Üëëïò �ñüðïò (ó�çí ïõóßá, ïßäéïò), åßíáé áðü �éò ó÷Ýóåéò Pk = �−Nk. ÅðåéäÞ ÷ñçóéìïðïéïýí�áé üëá �á êáíÜëéá,Pk;new = �new−Nk = �+ �add−Nk = �add+Pk. ÔÝëïò, Ýíáò �ñüðïò åßíáé ìå âÜóç�çí ðáñÜãùãï �çò 1

2
log
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1 + PkNk): ddPk 1
2
log
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1 + PkNk) = 1
2

NkNk+Pk 1Nk = 1
2(Pk+Nk) =

1
2� . ÅðïìÝíùò, üëá �á êáíÜëéá Ý÷ïõí �ï ßäéï êüó�ïò áíÜ ìïíÜäá åðéðñüóèå�çòéó÷ýïò êáé ç éó÷ýò ðñÝðåé íá êá�áíåìçèåß óå áõ�Ü éóüðïóá.(å) �ñï�åßíå�å Ýíáí �ñïðïðïéçìÝíï áëãüñéèìï water�lling ãéá �çí ðåñßð�ùóç ðïõ Ý÷ïõìåðåñéïñéóìïýò éó÷ýïò, Pmax;k, óå êÜèå êáíÜëé. Óå áõ�ü �ï åñþ�çìá èåùñÞó�å �çãåíéêÞ ðåñßð�ùóç, äçëáäÞ ü�é õðÜñ÷ïõí ðåñéïñéóìïß óå üëá �á êáíÜëéá. Åðßóçò, óåáí�ßèåóç ìå �ï ðñïçãïýìåíï åñþ�çìá, õðÜñ÷åé ðåñßð�ùóç ìå�Ü �çí åê�Ýëåóç �ïõáëãïñßèìïõ water�lling ÷ùñßò ðåñéïñéóìïýò éó÷ýïò êÜðïéá êáíÜëéá íá ìç ÷ñçóé-ìïðïéïýí�áé (äçëáäÞ íá Ý÷ïõìå Pk = 0).ÁðÜí�çóç:Ç âáóéêÞ ðáñá�Þñçóç åßíáé áõ�Þ ðïõ Ýãéíå ó�ï Åñþ�çìá (ä), ü�é, äçëáäÞ, ìå�Ü �çíåê�Ýëåóç �ïõ áëãïñßèìïõ water�lling ÷ùñßò ðåñéïñéóìïýò, üóá êáíÜëéá ÷ñçóéìï-ðïéïýí�áé Ý÷ïõí �ï ßäéï åðßðåäï \èïñýâïõ". Åöáñìüæïõìå, áñ÷éêÜ, �ïí áëãüñéèìïwater�lling ÷ùñßò ðåñéïñéóìïýò. Ó�ç óõíÝ÷åéá, áí õðÜñ÷ïõí êáíÜëéá ó�á ïðïßáÝ÷ïõìå õðåñâåß �ïí ðåñéïñéóìü éó÷ýïò, ðåñéïñßæïõìå �çí éó÷ý �ïõò ó�éò �éìÝòPmax;k êáé õðïëïãßæïõìå �çí ðëåïíÜæïõóá éó÷ý ∑k∈O (Pk − Pmax;k). Áöáéñïýìå�á êáíÜëéá �ïõ óõíüëïõ O êáé åöáñìüæïõìå water�lling (÷ùñßò ðåñéïñéóìïýò) ó�áåíáðïìåßíáí�á êáíÜëéá ìå �çí åíáðïìåßíïõóá éó÷ý. Ó�á êáíÜëéá ðïõ ÷ñçóéìï-ðïéÞèçêáí áðü �ïí áëãüñéèìï water�lling ÷ùñßò ðåñéïñéóìïýò, Nk = �, åíþ ó�á13



êáíÜëéá ðïõ äå ÷ñçóéìïðïéÞèçêáí, äéá�çñïýìå �ïí áñ÷éêü èüñõâï (ï ïðïßïò åßíáéìåãáëý�åñïò áðü �). ÅðáíáëáìâÜíïõìå �ç äéáäéêáóßá Ýùò ü�ïõ êá�áíåßìïõìå üëç�çí éó÷ý, P , Þ Ýùò ü�ïõ äåí ìðïñïýìå íá êá�áíåßìïõìå éó÷ý óå êáíÝíá êáíÜëéëüãù �ùí ðåñéïñéóìþí.
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