
EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáò ÖõëëÜäéï 9Ä. ÔïõìðáêÜñçò 11 Áðñéëßïõ 2011EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáòÅíäåéê�éêÝò Ëýóåéò 1çò ÓåéñÜò ÁóêÞóåùí1. Åðåîåñãáóßá ÄåäïìÝíùí (Cover & Thomas 2.15)¸ó�ù ü�é ïé �.ì. X1 → X2 → X3 → : : : → Xn ó÷çìá�ßæïõí áëõóßäá Markov,äçëáäÞ p(x1; x2; : : : ; xn) = p(x1)p(x2|x1) : : : p(xn|xn−1). Âñåß�å �çí ðéï áðëÞ Ýêöñáóçðïõ ìðïñåß�å ãéá �çí I(X1;X2; X3; : : : ; Xn).ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí áìïéâáßá ðëçñïöïñßá,I(X1;X2; X3; : : : ; Xn) = I(X1;X2)+ I(X1;X3|X2)+ : : :+ I(X1;Xn|X2; X3; : : : ; Xn−1):�íùñßæïõìå ü�é óå ìéá áëõóßäá Markov, �ï ðáñåëèüí êáé �ï ìÝëëïí åßíáé áíåîÜñ�ç�áäïèÝí�ïò �ïõ ðáñüí�ïò. �éá ðáñÜäåéãìá, p(x1|x2; x3) = p(x1|x2; x3; x4) = p(x1; x4|x2; x3)=p(x4|x2; x3) ⇒ p(x1; x4|x2; x3) = p(x1|x2; x3)p(x4|x2; x3). ÅðïìÝíùò, åê�üò áðü �ïíðñþ�ï üñï, üëïé ïé Üëëïé üñïé éóïýí�áé ìå 0, êáéI(X1;X2; X3; : : : ; Xn) = I(X1;X2):Åíáëëáê�éêÞ áðüäåéîç (áðü óõíÜäåëöü óáò �ï 2008):ÄåäïìÝíïõ ü�é X1 → X2 → X3 → : : : → Xn, éó÷ýåé, åðßóçò, Xn → Xn−1 → Xn−2 →: : : → X1 êáé, åðïìÝíùò, p(x1|x2; x3; : : : ; xn) = p(x1|x2). ÅðïìÝíùò,I(X1;X2; X3; : : : ; Xn) = H(X1)−H(X1|X2; X3; : : : ; Xn)
= H(X1)−

∑x1;x2;:::;xn p(x1; x2; : : : ; xn) log p(x1|x2; x3; : : : ; xn)
= H(X1)−

∑x1;x2;:::;xn p(x1; x2; : : : ; xn) log p(x1|x2)
= H(X1)−

∑x1;x2 p(x1; x2) log p(x1|x2)
= H(X1)−H(X1|X2) = I(X1;X2):



2. Ìéá åíáëëáê�éêÞ áðüäåéîç �çò áíéóü�ç�áò D(p||q) ≥ 0 (Cover & Thomas 2.26)(á) Äåßî�å ü�é, ãéá 0 < x < ∞, ln x ≤ x− 1.ÁðÜí�çóç:Ç f(x) = ln x åßíáé êïßëç ∩ ãéá x > 0. Óõíåðþò, ç åöáð�ïìÝíç ó�ï x = 1âñßóêå�áé ðÜí�ï�å åðÜíù áðü �çí f(x). H åöáð�ïìÝíç äßíå�áé áðü �çí åîßóùóçy − f(1) = f ′(1)(x− 1) ⇒ y = 1x |x=1(x− 1) = x− 1. ÅðïìÝíùò, ln x ≤ x− 1.Åíáëëáê�éêÜ, �ï áðï�Ýëåóìá ðñïêýð�åé ìå ìåãéó�ïðïßçóç �çò g(x) = ln x− x+ 1(Þ ìå åëá÷éó�ïðïßçóç �çò −g(x)) êáé áðü �ï ãåãïíüò ü�é ç g(x) åßíáé êïßëç ∩ ó�ï
(0;+∞) êáé, åðïìÝíùò, �ï �ïðéêü ìÝãéó�ï ó�ï x = 1 åßíáé êáé ïëéêü.(â) ÄéêáéïëïãÞó�å �á ðáñáêÜ�ù âÞìá�á

−D(p||q) = ∑x p(x) ln q(x)p(x)
(i)
≤

∑x p(x)(q(x)p(x) − 1

)

(ii)
≤ 0:ÁðÜí�çóç:

(i) Åñþ�çìá (á) (ii) H q(x) åíäÝ÷å�áé íá Ý÷åé ìç ìçäåíéêÞ ìÜæá ãéá x üðïõ p(x) = 0,ïðü�å ∑x q(x) ≤ 1.(ã) �ü�å éó÷ýåé ç éóü�ç�á;ÁðÜí�çóç:�éá íá éó÷ýåé ç (i) ìå éóü�ç�á ðñÝðåé q(x)=p(x) = 1 ãéá üëá �á x üðïõ p(x) > 0.�ñïöáíþò, ó�çí ðåñßð�ùóç áõ�Þ éó÷ýåé êáé ç (ii). Óõíåðþò, ç éóü�ç�á éó÷ýåé åÜíêáé ìüíï åÜí p ≡ q.3. Áíéóü�ç�á Fano (Cover & Thomas 2.32)¸ó�ù ç åîÞò áðü êïéíïý êá�áíïìÞ ìÜæáò ðéèáíü�ç�áò ãéá �éò �.ì. (X; Y )Ya b 1 1
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6¸ó�ù, åðßóçò, X̂(Y ) åê�éìç�Þò ãéá �ç X ìå âÜóç �çí Y êáé Pe = Pr{X̂(Y ) 6= X}.2



(á) Âñåß�å �ï âÝë�éó�ï åê�éìç�Þ X̂(Y ), êáèþò êáé �çí Pe ðïõ áí�éó�ïé÷åß ó�ï âÝë�éó�ïåê�éìç�Þ.ÁðÜí�çóç:Áðü �ïí ðßíáêá, ðáñá�çñïýìå ü�é ï âÝë�éó�ïò êáíüíáò áðüöáóçò åßíáé ïX̂(y) = 





1 ãéá y = a
2 ãéá y = b
3 ãéá y = �éï áõó�çñÜ, ï âÝë�éó�ïò êáíüíáò áðüöáóçò (Maximum a Posteriori { MAP {detetor) ðñïêýð�åé áðü �ç ìå�éó�ïðïßçóç �çò åê �ùí õó�Ýñùí ðéèáíü�ç�áò

maxx p(x|y):Ôï âÝë�éó�ï x ãéá êÜèå �éìÞ y �çò Y ðñïêýð�åé áðåõèåßáò áðü �ïí ðßíáêá.Ç åëÜ÷éó�ç ðéèáíü�ç�á óöÜëìá�ïò ãéá �ïí åê�éìç�Þ éóïý�áé ìåPe = Pr
{X̂(Y ) 6= X}

=
∑x p(x) Pr{X̂(Y ) 6= X|X = x}

=
1

3
{Pr {Y 6= a|X = 1}+ Pr {Y 6= b|X = 2}+ Pr {Y 6= |X = 3}} =

1

2
:(â) Âñåß�å �ï öñÜãìá ãéá �çí Pe ðïõ ðñïêýð�åé áðü �çí áíéóü�ç�á Fano êáé óõãêñßíå�å.ÁðÜí�çóç:Áðü �çí áíéóü�ç�á Fano, Pe ≥ H(X|Y )− 1

log |X |
:Ç H(X|Y ) ìðïñåß íá õðïëïãéó�åß ùò åîÞòH(X|Y ) =

∑y p(y)H(X|Y = y) = 1

3
× 3H (

1

2
; 1
4
; 1
4

)

= 1:5 bits:Óõíåðþò, Pe ≥ 0:5
log

2
3
≈ 0:316:�áñá�Þñçóç: Áí ÷ñçóéìïðïéÞóïõìå Ýíá êáëý�åñï êÜ�ù öñÜãìá:Pe ≥ H(X|Y )− 1

log (|X | − 1)
;�ü�å Pe ≥ 0:5.
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4. ¼ñéï ãéíïìÝíïõ (Cover & Thomas 3.8)¸ó�ù ç áêïëïõèßá X1; X2; : : : ; Xn ç ïðïßá áðï�åëåß�áé áðü áíåîÜñ�ç�åò êáé ïìïßùòêá�áíåìçìÝíåò (i.i.d.) �.ì. ïé ïðïßåò áêïëïõèïýí �çí êá�áíïìÞXi = 





1 ìå ðéèáíü�ç�á 1
2

2 ìå ðéèáíü�ç�á 1
4

3 ìå ðéèáíü�ç�á 1
4Íá âñåèåß �ï limn→∞(X1 ·X2 ·X3 · · ·Xn−1 ·Xn)1=n.ÁðÜí�çóç:Áðü �ïí áóèåíÞ íüìï �ùí ìåãÜëùí áñéèìþí,

limn→∞
log(X1 ·X2 ·X3 · · ·Xn−1 ·Xn)1=n = limn→∞

1n ∑i log(Xi) → E [logX] :ÅðïìÝíùò, limn→∞(X1 ·X2 ·X3 · · ·Xn−1 ·Xn)1=n = 2E[logX]. Áí�éêáèéó�þí�áò, 2E[logX] ≈
1:565.Åíáëëáê�éêÞ áðüäåéîç (áðü óõíáäÝëöïõò óáò):Áðü �çí éó÷õñÞ �õðéêü�ç�á, ó�ï üñéï (n → ∞), èá Ý÷ïõìå np1 = n

2
\1", np2 = n

4
\2"êáé np3 = n

4
\3".ÅðïìÝíùò, limn→∞(X1·X2·X3 · · ·Xn−1·Xn)1=n = limn→∞

(
1n=2 · 2n=4 · 3n=4)1=n = 61=4 ≈

1:565.5. AEP êáé Ó÷å�éêÞ Åí�ñïðßá (Cover & Thomas 3.9)¸ó�ù áíåîÜñ�ç�åò êáé ïìïßùò êá�áíåìçìÝíåò (i.i.d) äéáêñé�Ýò �.ì. X1; X2; : : : ðïõ áêï-ëïõèïýí êá�áíïìÞ ìå ìÜæá ðéèáíü�ç�áò p(x) êáé |X | < ∞. EðïìÝíùò, p(x1; x2; : : : ; xn) =∏ni=1 p(xi). Åßäáìå ü�é − 1n log p(X1; X2; : : : ; Xn) → H(X) êá�Ü ðéèáíü�ç�á. ¸ó�ù,�þñá, ìéá Üëëç óõíÜñ�çóç ìÜæáò ðéèáíü�ç�áò q(x) ïñéóìÝíç ó�ïí ßäéï äåéãìá�éêü ÷þñï
X ìå �çí p(x), êáé q(x1; x2; : : : ; xn) = ∏ni=1 q(xi).(á) Âñåß�å �çí �éìÞ �ïõ ïñßïõ − 1n log q(X1; X2; : : : ; Xn) åÜí ïé X1; X2; : : : åßíáé áíåîÜñ-�ç�åò êáé ïìïßùò êá�áíåìçìÝíåò (i.i.d) ìå êá�áíïìÞ p(x).ÁðÜí�çóç:ÄåäïìÝíïõ ü�é ïé Xi åßíáé áíåîÜñ�ç�åò, êáé ïé q(Xi) åßíáé áíåîÜñ�ç�åò. Áðü �ïí
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áóèåíÞ íüìï �ùí ìåãÜëùí áñéèìþí,
limn→∞

−
1n log q(X1; X2; : : : ; Xn) = limn→∞

−
1n log

∏i q(Xi)
= limn→∞

−
1n ∑i log q(Xi) (a)

→ −Ep(log q(X))

= −
∑x p(x) log q(x)

=
∑x p(x) log p(x)q(x) −∑x p(x) log p(x)

= D(p||q) +H(p):Ó�ï (a) ÷ñçóéìïðïéÞèçêå �ï ãåãïíüò ü�é ç q() åßíáé í�å�åñìéíéó�éêÞ óõíÜñ�çóç �çò�.ì. X ç ïðïßá áêïëïõèåß êá�áíïìÞ p.�áñá�çñÞó�å ü�é êá�áëÞîáìå ó�ï ßäéï áðï�Ýëåóìá ìå �çí êùäéêïðïßçóç ìå�áâëç�ïýìÞêïõò (áðü �ï ìÜèçìá ``Èåùñßá �ëçñïöïñßáò''): ÅÜí óõìðéÝóïõìå ìå áêïëïõèßåòó�áèåñïý ìÞêïõò (Þ ó÷åäüí ó�áèåñïý åÜí èÝëïõìå íá óõìðåñéëÜâïõìå êáé �éò ìç�õðéêÝò áêïëïõèßåò), áëëÜ èåùñþí�áò �çí êá�áíïìÞ q áí�ß ãéá �çí (ðñáãìá�éêÞ)êá�áíïìÞ p, èá ÷ñåéáó�ïýìå, êá�Ü ìÝóï üñï, D(p||q) åðéðëÝïí bits áíÜ óýìâïëï.�áñá�çñÞó�å, åðßóçò, ü�é åÜí ç X áêïëïõèåß êá�áíïìÞ q, áëëÜ óõìðéåó�åß èåùñþ-í�áò êá�áíïìÞ p �ï ``êüó�ïò'' åíäÝ÷å�áé íá åßíáé äéáöïñå�éêü, äåäïìÝíïõ ü�é, ó�çãåíéêÞ ðåñßð�ùóç, D(q||p) 6= D(p||q).(â) Âñåß�å �çí �éìÞ �ïõ ïñßïõ − 1n log q(X1;X2;:::;Xn)p(X1;X2;:::;Xn) (log-likelihood), üðïõ, êáé ðÜëé, ïéX1; X2; : : : åßíáé áíåîÜñ�ç�åò êáé ïìïßùò êá�áíåìçìÝíåò (i.i.d) ìå êá�áíïìÞ p(x).ÅðïìÝíùò, ç ðéèáíü�ç�á íá èåùñÞóïõìå ü�é ïé Xi áêïëïõèïýí êá�áíïìÞ q(x) (áí�ßãéá p(n)) åëá��þíå�áé åêèå�éêÜ ìå �ï n êáé ìå ñõèìü áíÜëïãï �çò D(p||q).ÁðÜí�çóç:¼ðùò êáé ó�ï ðñïçãïýìåíï åñþ�çìá,
− limn→∞

1n log
q(X1; X2; : : : ; Xn)p(X1; X2; : : : ; Xn) = − limn→∞

1n log
∏i q(Xi)p(Xi)

= − limn→∞

1n ∑i log
q(Xi)p(Xi) → −Ep(log q(X)p(X)

)

= −
∑x p(x) log q(x)p(x) = D(p||q):Óõíåðþò, log q(X1;X2;:::;Xn)p(X1;X2;:::;Xn) → −nD(p||q) ⇒ q(X1;X2;:::;Xn)p(X1;X2;:::;Xn) → 2−nD(p||q); êáé ç ðé-èáíü�ç�á íá èåùñÞóïõìå (ëáíèáóìÝíá) ü�é ç X áêïëïõèåß êá�áíïìÞ q áí�ß ãéáp åëá��þíå�áé åêèå�éêÜ êáèþò ìáò áðïêáëýð�ïí�áé üëï êáé ðåñéóóü�åñá äåßãìá�á�çò X. ¼óï ðéï êïí�Ü ó�çí p âñßóêå�áé ç q, �üóï ðéï äýóêïëï ìáò åßíáé íá �éò``îå÷ùñßóïõìå''. 5



6. AEP (ÔåëéêÞ ÅîÝ�áóç Éïõíßïõ 2008)Èåùñïýìå �çí �.ì. X ìå �éìÝò ó�ï óýíïëï X = {0; 1; 2} êáé óõíÜñ�çóç ìÜæáò ðéèá-íü�ç�áò p(0) = 1=2, p(1) = p(2) = 1=4. �ïéåò áðü �éò ðáñáêÜ�ù áêïëïõèßåò åßíáé�õðéêÝò óýìöùíá ìå �ïí ïñéóìü �çò (áóèåíïýò) �õðéêü�ç�áò ðïõ äþóáìå ó�ï ìÜèçìá;ÈåùñÞó�å � = 0. ÄéêáéïëïãÞó�å åðáñêþò �çí áðÜí�çóÞ óáò.(á) (5 ìïíÜäåò)1 2 0 0 0 0 2 1(â) (5 ìïíÜäåò)0 1 2 0 1 2 0 1 2 0 1 2(ã) (5 ìïíÜäåò)0 1 2 0 0 2 0 0 2 0 2 2ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò (áóèåíïýò) �õðéêü�ç�áò, ìéá áêïëïõèßá x åßíáé (áóèåíþò) �-�õðéêÞùò ðñïò �çí êá�áíïìÞ p(x) ü�áí
∣
∣
∣
∣
−
1n log p(x)−H(X)

∣
∣
∣
∣
≤ �:�éá � = 0, ðñÝðåé íá éó÷ýåé − 1n log p(x) = Ç(X).H(X) = −1

2
log 1

2
− 2× 1

4
log 1

4
= 1

2
+ 1 = 3

2
.(á) 1 2 0 0 0 0 2 1 ÍÁÉ

− 1n log p(x) = 1
8
(4× log 2 + 4× log 4) = 3

2
. H áêïëïõèßá åßíáé �õðéêÞ.(â) 0 1 2 0 1 2 0 1 2 0 1 2 O×I

− 1n log p(x) = 1
12
(4 × log 2 + 4 × log 4 + 4 × log 4) = 5

3
. H áêïëïõèßá äåí åßíáé�õðéêÞ.(ã) 0 1 2 0 0 2 0 0 2 0 2 2 ÍÁÉ

− 1n log p(x) = 1
12
(6 × log 2 + log 4 + 5 × log 4) = 3

2
. H áêïëïõèßá åßíáé (áóèåíþò)�õðéêÞ!�áñüëï ðïõ ç áêïëïõèßá äåí ðåñéÝ÷åé ßóï áñéèìü 1 êáé 2 åßíáé (áóèåíþò) �õðéêÞäåäïìÝíïõ ü�é ç åìðåéñéêÞ �çò åí�ñïðßá éóïý�áé ìå �çí åí�ñïðßá �çò p(x). Ùó�üóï,ç áêïëïõèßá äåí åßíáé éó÷õñþò �õðéêÞ.7. Áðï�áìßåõóç (ÔåëéêÞ ÅîÝ�áóç Éïõíßïõ 2009)¸íáò êá�áèÝ�çò áíïßãåé ëïãáñéáóìü ìå áñ÷éêü êåöÜëáéï X0 = 1000 êáé ìçíéáßï åðé�ü-êéï 1%. Èåùñïýìå ü�é �ï åðé�üêéï áõ�ü åßíáé åããõçìÝíï ãéá üóï ðáñáìÝíåé áíïé÷�üò ïëïãáñéáóìüò, äçëáäÞ äå ìå�áâÜëëå�áé. Åðßóçò, èåùñïýìå ü�é ï �üêïò õðïëïãßæå�áé ó�ï�Ýëïò êÜèå ìÞíá. Ó�ï �Ýëïò êÜèå ìÞíá ï êá�áèÝ�çò Ý÷åé �çí åðéëïãÞ íá åéóðñÜîåé �ïí6



�üêï Þ íá �ïí áöÞóåé ó�ï ëïãáñéáóìü, ïðü�å áõ�üò ðñïó�ßèå�áé ó�ï õðÜñ÷ïí êåöÜëáéï.Èåùñïýìå, �Ýëïò, ü�é äåí åðé�ñÝðå�áé ó�ïí êá�áèÝ�ç íá åéóðñÜîåé ðïóü äéáöïñå�éêü áðü�ïí �üêï ó�ï �Ýëïò êÜèå ìÞíá (ïý�å ìåãáëý�åñï ïý�å ìéêñü�åñï). ÄçëáäÞ ï êá�áèÝ�çòðñÝðåé íá åéóðñÜîåé åß�å �ïí �üêï �ïõ ìÞíá Þ �ßðï�á.(á) EÜí óå óýíïëï N ìçíþí ï êá�áèÝ�çò Ý÷åé åéóðñÜîåé �ïí �üêï K öïñÝò, äþó�å ìéáÝêöñáóç ãéá �ï êåöÜëáéï, ×Í , ó�ï �Ýëïò �ïõ N−ïó�ïý ìÞíá. Èåùñïýìå ü�é ç XNéóïý�áé ìå �ï êåöÜëáéï ðïõ áðïìÝíåé ìå�Ü áðü �çí åßóðñáîç �ïõ �üêïõ, åöüóïíáõ�Þ ãßíåé. ÅÜí ï êá�áèÝ�çò äåí åéóðñÜîåé ðï�Ý �ïõò �üêïõò, ìå�Ü áðü ðüóïõòìÞíåò èá Ý÷åé äéðëáóéÜóåé �ï áñ÷éêü êåöÜëáéï; Äßíå�áé ü�é 1= log2(1:01) ≈ 69:66.ÁðÜí�çóç: XN = 1000 · (1:01)N−K:ÅÜí ïé �ïêïé äåí åéóðñá÷èïýí ðï�Ý,XN = 1000 · (1:01)N = 2000:Ëýíïí�áò ùò ðñïò N , N = ⌈log 2= log(1:01)⌉ = 70:(â) Èåùñïýìå, �þñá, ü�é ï êá�áèÝ�çò åíäÝ÷å�áé íá Ý÷åé áíÜãêç áðü �ïõò �üêïõò, ìåáðï�Ýëåóìá íá �ïõò åéóðñÜ��åé ó�ï �Ýëïò êÜèå ìÞíá ìå ðéèáíü�ç�á 1=4. Ç áðüöáóçáí èá åéóðñÜîåé �ïõò �üêïõò �ï ìÞíá i åßíáé áíåîÜñ�ç�ç áðü �çí áðüöáóÞ �ïõ �ïìÞíá j 6= i.Ìå �é éóïý�áé ç áðü êïéíïý åí�ñïðßá H(X0; X1; : : : ; XN);Ìå �é éóïý�áé ï ñõèìüò åí�ñïðßáò, H(X );Ìå �é éóïý�áé ç áðü êïéíïý åí�ñïðßá H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN), ãéá êÜ-ðïéï 0 < j < N ;Äßíå�áé log2 3 ≈ 1:585.ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí åí�ñïðßá,H(X0; X1; : : : ; XN) = H(X0) +H(X1|X0) + · · ·+H(XN |X0; X1; : : : ; XN−1)

(i)
= H(X0) +H(X1|X0) +H(X2|X1) + · · ·+H(XN |XN−1)

= 0 +H(1=4) + · · ·+H(1=4)
︸ ︷︷ ︸Í üñïé = NH(1=4)

= N (
1

4
log 4 +

3

4
log

4

3

)

= N(2−
3

4
log 3) ≈ 0:8113N:

(i) Ïé Xi ó÷çìá�ßæïõí ÌáñêïâéáíÞ áëõóßäá.7



O ñõèìüò åí�ñïðßáò éóïý�áé ìåÇ(X ) = limN→∞

1NH(X0; X1; : : : ; XN) = H(1=4) ≈ 0:8113 bits:Åíáëëáê�éêÜ,Ç(X ) = limN→∞
H(XN |XN−1; : : : ; X0) = H(XN |XN−1) = H(1=4):�éá íá õðïëïãßóïõìå �çí H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN) åöáñìüæïõìå êáéðÜëé �ïí êáíüíá áëõóßäáò.H(X0; X1; : : : ; XN) = H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN)

+H(Xj|X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN) ⇒H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN) = H(X0; X1; : : : ; XN)
−H(Xj|X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN)
(ii)
= H(X0; X1; : : : ; XN)−H(Xj|Xj−1; Xj+1):

(ii) Ïé Xi ó÷çìá�ßæïõí ÌáñêïâéáíÞ áëõóßäá.Ìðïñïýìå íá õðïëïãßóïõìå �çí H(Xj|Xj−1; Xj+1) äéáêñßíïí�áò ðåñéð�þóåéò:1) Xj+1 = Xj−1: Pr{Xj+1 = Xj−1} = (3=4)2. Ó�çí ðåñßð�ùóç áõ�Þ, Xj =Xj+1 = Xj−1 êáé H(Xj|Xj−1; Xj+1) = 0.2) Xj+1 = (1:01)2Xj−1: Pr{Xj+1 = (1:01)2Xj−1} = (1=4)2. ÅðïìÝíùò, Xj =
1:01 ·Xj−1 êáé H(Xj|Xj−1; Xj+1) = 0.3) Xj+1 = 1:01 ·Xj−1: Ó�çí ðåñßð�ùóç áõ�Þ õðÜñ÷ïõí äýï éóïðßèáíá åíäå÷üìåíá(�ï êáèÝíá ìå ðéèáíü�ç�á (1=4) · (3=4)). Xj+1 = Xj = 1:01 · Xj−1 Þ Xj+1 =
1:01 ·Xj = 1:01 ·Xj−1. Óõíåðþò, H(Xj|Xj−1; Xj+1) = 1.ÓõíäõÜæïí�áò �á ðáñáðÜíù,H(Xj|Xj−1; Xj+1) = 2(1=4)(3=4) · 1 = 3=8:EðïìÝíùò,H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN) = ÍÇ(1=4)− 3=8 ≈ 0:8113N − 0:375:Åíáëëáê�éêÞ ëýóç (äüèçêå áðü 2 öïé�ç�Ýò ó�ï äéáãþíéóìá):Ìå ÷ñÞóç êáíüíá áëõóßäáò,H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN)

= H(X0) +H(X1|X0) +H(X2|X1; X0) + : : :
+H(Xj−1|Xj−2

0 ) +H(Xj+1|Xj−1
0 ) +H(Xj+2|Xj+1; Xj−1

0 ) + : : :+H(XN |XNj+1; Xj−1
0 )

(iii)
= H(X1|X0) +H(X2|X1) + : : :+H(Xj−1|Xj−2) +H(Xj+1|Xj−1)

+H(Xj+2|Xj+1) + : : :+H(XN |XN−1)

= (N − 2)H(1=4) +H(Xj+1|Xj−1):8



(iii) Ïé Xi ó÷çìá�ßæïõí ÌáñêïâéáíÞ áëõóßäá.Ç H(Xj+1|Xj−1) ìðïñåß íá âñåèåß áðü �çí p(xj+1|xj−1). Åýêïëá âëÝðïõìå ü�éXj+1 = {Xj; (1:01)Xj; (1:01)2Xj} ìå ðéèáíü�ç�åò {(1=4)2; 2(1=4)(3=4); (3=4)2},áí�ßó�ïé÷á. Óõíåðþò,H(Xj+1|Xj−1) =
1

16
log 16 +

6

16
log

16

6
+

9

16
log

16

9

=
1

4
+

3

2
−

3

8
log 6 +

9

4
−

9

16
log 9

=
16

4
−

3

8
−

3

8
log 3−

9

8
log 3

=
29

8
−

3

2
log 3 ≈ 1:2475:ÅðïìÝíùò, H(X0; X1; : : : ; Xj−1; Xj+1; : : : ; XN) ≈ 0:8113N − 0:375:(ã) Äýï öïé�Þ�ñéåò ðñïóðáèïýí íá åê�éìÞóïõí ðüóïé ìÞíåò èá ÷ñåéáó�ïýí þó�å ïêá�áèÝ�çò íá êá�áöÝñåé íá ïê�áðëáóéÜóåé �ï áñ÷éêü �ïõ êåöÜëáéï. Ç åê�ßìçóç�çò ðñþ�çò åßíáé ü�é áõ�ü èá Ý÷åé óõìâåß ó÷åäüí óßãïõñá óå 209 ìÞíåò. Ç äåý�åñçéó÷õñßæå�áé ü�é ç åê�ßìçóç áõ�Þ åßíáé ðáñáêéíäõíåõìÝíç êáé õðïèÝ�åé ü�é èá ðñÝðåéíá ðåñéìÝíïõìå �ïõëÜ÷éó�ïí 279 ìÞíåò. �ïéá áðü �éò äýï åê�éìÞóåéò åßíáé ïñèü�åñç;ÄéêáéïëïãÞó�å åðáñêþò �çí áðÜí�çóÞ óáò. ¼ðùò êáé ó�ï ðñïçãïýìåíï åñþ�çìá,èåùñïýìå ü�é, ó�ï �Ýëïò êÜèå ìÞíá, ï êá�áèÝ�çò åéóðñÜ��åé �ïõò �üêïõò ìå ðéèá-íü�ç�á 1/4.ÁðÜí�çóç:Ç ðñþ�ç öïé�Þ�ñéá õðïèÝ�åé ü�é ï êá�áèÝ�çò äå èá åéóðñÜîåé ðï�Ý �üêïõò, ïý�ùòþó�å íá éó÷ýåé 1000(1:01)N > 8000 ⇒ Nmin = 209. Ùó�üóï, áõ�ü èá óõìâåß ìåðéèáíü�ç�á (3=4)209 ≈ 7:72 · 10−27!H äåý�åñç öïé�ç�ñéá, ç ïðïßá ðéèáíþò ãíùñßæåé �ï AEP (Þ, éóïäýíáìá, �ï íüìï�ùí ìåãÜëùí áñéèìþí), óêÝö�å�áé ü�é, êáèþò �ï N ìåãáëþíåé, ç ðéèáíü�ç�á óõãêå-í�ñþíå�áé ó�éò �õðéêÝò áêïëïõèßåò. ÅðïìÝíùò, èåùñåß ü�é ï êá�áèÝ�çò èá åéóðñÜîåé�ïõò �üêïõò ðåñßðïõ Í=4 öïñÝò êáé ü�é äå èá �ïõò åéóðñÜîåé �éò õðüëïéðåò 3N=4.ÅðïìÝíùò, åðéëýåé �çí åîßóùóç 1000(1:01)3N=4 > 8000 ⇒ Nmin = 279. �áñüëï ðïõï áêñéâÞò õðïëïãéóìüò �çò ðéèáíü�ç�áò ç äåý�åñç öïé�Þ�ñéá íá Ý÷åé äßêéï äåí åßíáéåýêïëïò, ðáñá�çñïýìå, êá�' áñ÷Üò, ü�é, äåäïìÝíïõ ü�é ðåñéìÝíáìå ðåñéóóü�åñï, çðéèáíü�ç�á íá Ý÷ïõìå ö�Üóåé �éò 8000 åßíáé ìåãáëý�åñç áðü (3=4)209 ≈ 7:72 ·10−27.Ùó�üóï, �ï ðüóï êïí�Ü åßìáó�å ó�ï 1, åîáñ�Ü�áé áðü �ï áí �ï N åßíáé áñêå�ÜìåãÜëï. Áõ�ü ìðïñåß íá åðáëçèåõ�åß ìüíï áñéèìç�éêÜ êáé äåí åßíáé åýêïëï.(*ä) Äþó�å ìéá Ýêöñáóç ãéá �çí �éìÞ �çò H(XN) ãéá N → ∞.Õðüäåéîç: ×ñçóéìïðïéÞó�å �ï êåí�ñéêü ïñéáêü èåþñçìá. Ç Ýêöñáóç ðïõ èáðñïêýøåé åßíáé óõíÜñ�çóç �ïõ N . 9



ÁðÜí�çóç:¸ó�ù Zi �.ì. ìå �éìÝò 0 êáé 1 ðïõ õðïäçëþíåé åÜí ï êá�áèÝ�çò åéóÝðñáîå �ïõò�üêïõò �ï ìÞíá i. ÅðïìÝíùò, ï áñéèìüò �ùí öïñþí ðïõ åéóðñÜ÷èçêáí ïé �üêïéóå äéÜó�çìá N ìçíþí éóïý�áé ìå AN =
∑Ni=1 Zi. Ïé Zi åßíáé Bernoulli i.i.d.ìå p = Pr{Zi = 1} = 1=4. Óõíåðþò, ç ÁÍ áêïëïõèåß äéùíõìéêÞ (binomial)êá�áíïìÞ. �áñá�çñïýìå ü�é XN = 1000 · (1:01)N−AN : ÅðïìÝíùò, óå êÜèå �éìÞ �çòAN áí�éó�ïé÷åß ìéá ìïíáäéêÞ �éìÞ �çò XN ç ïðïßá Ý÷åé �çí ßäéá ìÜæá ðéèáíü�ç�áò,ìå áðï�Ýëåóìá H(XN) = H(AN).ÁðïìÝíåé íá âñïýìå �çí åí�ñïðßá �çò äéùíõìéêÞò êá�áíïìÞò. Ùó�üóï, áõ�ü áðï-�åëåß äéóåðßëõ�ï ðñüâëçìá. Áðïäåéêíýå�áé ü�é ç H(XN) �åßíåé áóõìð�ù�éêÜ ó�çí�éìÞ 1

2
log(2�eNp(1− p)) +∑k≥1 akN−k, üðïõ ak ó�áèåñÝò.Åìåßò èá åó�éáó�ïýìå ìüíï ó�ïí ðñþ�ï üñï. Áðü �ï êåí�ñéêü ïñéáêü èåþñçìáãíùñßæïõìå ü�é ï ìÝóïò üñïò áèñïßóìá�ïò i.i.d. �.ì. �åßíåé ó�ç �êáïõóéáíÞêá�áíïìÞ ìå ìÝóï üñï � êáé äéáóðïñÜ �2=N , üðïõ � êáé �2 o ìÝóïò üñïò êáéç äéáóðïñÜ, áí�ßó�ïé÷á, �çò Æ . ÄåäïìÝíïõ ü�é ç åí�ñïðßá óõíå÷ïýò �.ì. äåíåîáñ�Ü�áé áðü �ï ìÝóï üñï �çò, åîå�Üæïõìå �ç äéáóðïñÜ. Åýêïëá ðñïêýð�åéü�é ç äéáóðïñÜ �.ì. Bernoulli éóïý�áé ìå �2 = E[X2] − E[X]2 = p(1 − p).Óõíåðþò, [((1=N)

∑Zi)2 − �2] = p(1 − p) ⇒ E[(
∑Zi)2 − N2�2] = N2p(1 − p).ÅðïìÝíùò, Þ AN �åßíåé óå �êáïõóéáíÞ êá�áíïìÞ ìå ìÝóç �éìÞ Í� êáé äéáóðïñÜN2p(1− p)=Í = Íp(1− p).Áí�éêáèéó�þí�áò ó�çí Ýêöñáóç ãéá �ç (äéáöïñéêÞ) åí�ñïðßá �êáïõóéáíÞò �.ì.,H(XN) = H(AN) → 1

2
log(2�eÍp(1− p)) → 1

2
log(N) ãéá N → ∞:Åíáëëáê�éêÞ ëýóç (áðü �ï óõíÜäåëöü óáò Á. Ìåóïëïããß�ç):Ìðïñïýìå íá ãñÜøïõìå XN = 1000

∏Ni=1(1 + 0:01Zi), üðïõ Zi �.ì. Bernoulli ðïõõðïäçëþíåé åÜí ï �üêïò åéóðñÜ÷èçêå (Zi = 0) Þ ü÷é. Ëïãáñéèìßæïí�áò,
log(XN) = log(1000) +

N∑i=1

log(1 + 0:01Zi):ÅÜí èÝóïõìå SN , XN − 1000 êáé Yi , log(1+ 0:01Zi), ç SN åßíáé Üèñïéóìá i.i.d.�.ì. Yi ìå ìÝóç �éìÞ
[log(1 + 0:01Zi)] = p · 0 + (1− p) · log 1:01 = 0:0108; êáé�2(Yi) = [log(1 + 0:01Zi)2]− (0:0108)2

= p · 0 + (1− p) log(1:01)2 − (0:0108)2 = 3:864 · 10−5:Êáé ðÜëé, åðåéäÞ õðÜñ÷åé áí�éó�ïé÷ßá 1-ðñïò-1 ìå�áîý SN = log(XN) êáé XN ,H(XN) = H(SN) → 1

2
log(2�eÍ × 3:864 · 10−5) →

1

2
log(N) ãéá N → ∞:H äéáöïñÜ åäþ åßíáé ü�é ç SN äåí áêïëïõèåß äéùíõìéêÞ êá�áíïìÞ ãéá�ß ïé Yi äåíåßíáé Bernoulli. 10


