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ProepiskìphshshmerinoÔmaj mato

•SunèqeiaEpan�lhyh

�Sqetik Entrop�a

�Amoiba�aPlhrofor�a.

�Kurtèsunart seikaianisìthta
Jen

sen.

�IdiìthteEntrop�a,Sqetik Entrop�akaiAmoiba�aPlhrofor�a.

•AnisìthtaEpexergas�aDedomènwn.
•Anisìthta

F
an

o.

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P):H``kardi�''thsump�esh

(kaithJewr�aPlhrofor�a).
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AnisìthtaEpexergas�aDedomènwn

•Epan�lhyhBasik¸nPosot twnJewr�aPlhrofor�a(sunèqeia)

•AnisìthtaEpexergas�aDedomènwn
•Anisìthta

F
an

o

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P)
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Sqetik Entrop�a

D
(p||q)

•Hsqetik entrop�a(relative
en

tropy) apìstash

K
u
llb

ack-L
eib

lermetaxÔ

dÔokatanom¸n
pkai

qpouor�zontaisto�dioalf�bhto

AisoÔtaime

D
(p||q)

=
∑

x

p
(x

)
log

p
(x

)

q(x
)

=
E

p

[

log
p
(X

)

q(X
)

]

.

•Prosoq :Hmèshtim e�naiwprothnkatanom 

p.
•ApìpoÔphg�zeiautìoorismì?'Opwe�damesth``Jewr�a

Plhrofor�a´',h

D
(p||q)posotikopoie�taepiplèon

b
itspouqreiazìmaste

gianasumpièsoumemiat.m.mepragmatik katanom 
pìtangiathsump�esh

qrhsimopoie�taihkatanom 

q.

4



Sqetik Entrop�a

D
(p||q)(sunèqeia)

•
H

(X
)
+

D
(p||q)≤

E
[l ∗]

<
H

(X
)
+

D
(p||q)

+
1,ìpou

E
[l ∗]e�naitomèso

m kotoubèltistouk¸dikaphg giathnkatanom 

q.

•
D

(p||q)
≥

0.Apode�qjhkesth``Jewr�aPlhrofor�a''meqr shth

anisìthta
Jen

senkaitougegonìtoìtih

loge�naiko�lh(∩).Wstìso,h

D
(p||q)dene�naiapìstashkat�thnausthr ènnoia:

D
(p||q)6=

D
(q||p

).

Ep�sh,denisqÔeihtrigwnik anisìthta.

5



DesmeumènhSqetik Entrop�akaiKanìnaAlus�da

•Desmeumènhsqetik entrop�a(con
d
ition

al
relative

en
tropy):

D
(p

(y|x
)||q(y|x

))
=

E
p

[

log
p
(Y

|X
)

q(Y
|X

)

]

=
∑

x

∑

y

p
(x

,y
)
log

p
(y|x

)

q(y|x
)
.

•Kanìnaalus�dagiathsqetik entrop�a
D

(p
(x

,y
)||q(x

,y
))

=
D

(p
(x

)||q(x
))

+
D

(p
(y|x

)||q(y|x
)).

•Apìdeixh:Apl ,meqr shorismoÔ(C
over

T
h
eorem

2.5.3).
6



Amoiba�aPlhrofor�a

I
(X

;Y
)

•'Estwmiat.m.
X

∼
p
(X

).E�nmagnwstopoihje�htim tht.m.

Y,h

katanom pijanìthtath
Xall�zeise

p
(X

|Y
).Epomènw,kat�mèso

ìro,gn¸shth
Yall�zeithnabebaiìthtapouèqoumegiath

Xkat�

E
p

[
p
(X

|Y
)

p
(X

)

](hmèshtim upolog�zetaigiaìletitimètwn

Xkai

Y).

•Sunep¸,I
(X

;
Y

)
,

E
p

[

lo
g

p
(X

|Y
)

p
(X

)

]

=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

|y
)

p
(x

)

=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

|y
)p

(y
)

p
(x

)p
(y

)
=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

,
y
)

p
(x

)p
(y

)

=
D

(p
(x

,
y
)||p

(x
)p

(y
))

=
E

p

[

lo
g

p
(X

,
Y

)

p
(X

)p
(Y

)

]

.
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Amoiba�aPlhrofor�a

I
(X

;Y
)(2)

•Profan¸(apìthnprohgoÔmenhsqèsh),

I
(X

;Y
)

=
I
(Y

;X
).'Ara,

apok�luyhth
Xodhge�sthn�diametabol thabebaiìthtagiathn

Ykat�mèsoìro.
•Hposìthta

I
(X

;Y
)onom�zetaiamoiba�aplhrofor�a.'Eqoumedei(kaija

toapode�xoume,kaip�li,argìtera)ìti
I
(X

;Y
)≥

0.

Epomènw,apok�luyhthtim th
Yelatt¸neithnabebaiìthtagiath

Xkat�mèsoìro.

•Prosoq :Giak�poietimèth
Y,endèqetai

I
(X

;Y
=

y
)

<
0.Wstìso,

isqÔeip�nta

I
(X

;Y
)

=
E

p
(Y

) [I
(X

;Y
=

y
)]≥

0.
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Amoiba�aPlhrofor�a

I
(X

;Y
)(3)

•Miadiaforetik ermhne�athamoiba�aplhrofor�ameb�shthsqetik 

entrop�a:Hplhrofor�apou``q�noume''e�njewr soumeìtioi

Xkai

Y

e�naianex�rthte,en¸,sthnpragmatikìthta,dene�nai.

•
I
(X

;Y
)

=
H

(X
)
−

H
(X

|Y
)

=
H

(Y
)
−

H
(Y

|X
)

=
H

(X
)

+
H

(Y
)−

H
(X

,Y
).ProkÔpteiapìtonorismì(apode�qjhkesth``Jewr�a

Plhrofor�a'').
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Amoiba�aPlhrofor�a

I
(X

;Y
)(4)

•
I
(X

;X
)
=

H
(X

)−
H

(X
|X

)
=

H
(X

).H

Xperièqeiìlhthnplhrofor�a

giatoneautìth.
•Kanìnaalus�dagiathnamoiba�aplhrofor�a:

I
(X

1 ,X
2 ,...,X

n
;Y

)
=

n
∑i=

1

I
(X

i ;Y
|X

1 ,X
2 ,...,X

i−
1 ).

•Apìdeixh:EÔkola,apìkanìnaalus�daentrop�akaiqr sh

I
(X

1 ,X
2 ,...,X

n
;Y

)
=

H
(X

1 ,X
2 ,...,X

n
)−

H
(X

1 ,X
2 ,...,X

n |Y
).

•Upìsunj khamoiba�aplhrofor�a:
I
(X

;Y
|Z

)
=

H
(X

|Z
)−

H
(X

|Y
,Z

).10



Di�gramma

V
e
n
n

HsqèshmetaxÔentrop�a,desmeumènhentrop�akaiamoiba�aplhro-

for�ampore�naanaparastaje�kaimeqr shdiagr�mmato

V
en

n.
11



Kurtè(c
o
n
v
e
x)kaiko�le(c

o
n
c
a
v
e)sunart sei

•Orismì:Miasun�rthsh
f
(x

)e�naikurt (∪)sedi�sthma

(a
,b)e�n,gia

k�je
x

1 ,x
2 ∈

(a
,b)kai

0
≤

λ
≤

1,
f
(λ

x
1
+

(1−
λ
)x

2 )≤
λ
f
(x

1 )
+

(1−
λ
)f

(x
2 ).

•Miasun�rthsh
f
(x

)e�naiausthr¸kurt (strictly
con

vex)e�nhisìthta

sthnparap�nwsqèshisqÔeimìnogia
λ

=
0 

λ
=

1.
•Praktik�,miasun�rthshe�naikurt ìtanmiaqord pouen¸neidÔoopoies-

d potetimèthdebr�sketaipotè``k�tw''apìthsun�rthsh.
•Parade�gmatakurt¸nsunart sewn:

x
2,|x|,

e
x,

x
log

x(gia
x
≥

0).12



Kurtè(c
o
n
v
e
x)kaiko�le(c

o
n
c
a
v
e)sunart sei

(sunèqeia)

•Orismì:Miasun�rthsh
f
(x

)e�nai(austhr¸)ko�lh(∩)sedi�sthma

(a
,b)e�nh

−
f
(x

)e�nai(austhr¸)kurt .

•Parade�gmatako�lwnsunart sewn:
log

x, √
x(gia

x
≥

0).

•Hsun�rthsh

a
x

+
b(affi

n
e)e�naikurt kaiko�lh.
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Parade�gmatakurt¸nkaiko�lwnsunart sewn
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Anisìthta

J
e
n
se

n

•Je¸rhma:Miadiafor�simhsun�rthshe�nai(austhr¸)kurt (∪)seèna

di�sthmaìtanèqeimharnhtik (jetik )deÔterhpar�gwgostodi�sthma

autì.•Apìdeixh:Sebibl�aan�lush 
C
over

T
h
eorem

2.6.1

•Anisìthta

Jen
sen:E�nhsun�rthsh

fe�naikurt kaih

Xe�naituqa�a

metablht ,

E
f
(X

)≥
f
(E

X
)

•Apìdeixhmeepagwg (in
d
u
ction)giadiakritèt.m.(C

over)
15



Apìdeixhanisìthta

J
e
n
se

n

•Giat.m.medÔoendeqìmena,apìtonorismìthkurtìthta,

p
1 f

(x
1 )

+
p

2 f
(x

2 )
≥

f
(p

1 x
1
+

p
2 x

2 )(dedomènouìti
p

2
=

1
−

p
1 ).

•'EstwìtihsqèshisqÔeigiat.m.me
k
−

1endeqìmena.

•Jètoume
p
′i
=

p
i

1
−

p
k ,gia

i
=

1
,
2
,
.
.
.
,
k
−

1.

k
∑i=

1

p
i f

(x
i )

=
p

k f
(x

k )
+

(1
−

p
k )

k
−

1
∑i=

1

p
′i f

(x
i )

(a
)

≥
p

k f
(x

k )
+

(1
−

p
k )f

(
k
−

1
∑i=

1

p
′i x

i )

(b)

≥
f

(

p
k x

k
+

(1
−

p
k )

k
−

1
∑i=

1

p
′i x

i )

=
f

(
k
∑i=

1

p
i x

i )

,

ìpousto

(a
)qrhsimopoi jhkehparadoq ìtihanisìthta

Jen
senisqÔeigia

k
−

1,en¸

sto

(b)qrhsimopoi jhketogegonììtihanisìthtaisqÔeigia
k

=
2.
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Anisìthtaplhrofor�a( 

G
ib

b
s):

D
(p||q)≥

0

•
D

(p
||q

)
=

0
⇔

p
(x

)
=

q
(x

)giak�je

x
∈

X.

•Apìdeixhmeqr shorismoÔkaianisìthta

Jen
sen:'Estw

A
=

{
x

:
p
(x

)
>

0
}.

−
D

(p
||q

)
=

−
∑x
∈
A

p
(x

)
lo

g
p
(x

)

q
(x

)
=
∑x
∈
A

p
(x

)
lo

g
q
(x

)

p
(x

)
=

(a
)

≤
lo

g
∑x
∈
A

p
(x

)
q
(x

)

p
(x

)
=

lo
g
∑x
∈
A

q
(x

)
(b)

≤
lo

g
∑x
∈
X

q
(x

)
=

lo
g

1
=

0
.

•Sto

(a
)qrhsimopoi jhketogegonììtih

lo
g

te�naiausthr¸ko�lhsun�rthshtou

t.

(b)giat�?

•HisìthtaisqÔeie�nkaimìnoe�n
q
(x

)/
p
(x

)
=

cgiaìlata
x,dhlad e�n

q
(x

)
=

c
p
(x

) .Ep�sh,prèpei

∑

x
∈
A

q
(x

)
=
∑

x
∈
X

q
(x

)
=
∑

x
∈
X

c
p
(x

)
=

c
=

1 .

Sunep¸,

D
(p

||q
)

=
0
⇔

p
(x

)
=

q
(x

)giaìlata
x
∈

A.
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Sunèpeieanisìthtaplhrofor�a

•Hamoiba�aplhrofor�ae�naip�ntotemharnhtik :Giaopoiesd potet.m.

Xkai
Y,

I
(X

;Y
)≥

0.ProkÔptei�mesaapìtonorismìth

I
(X

;Y
)

kaiapìthnanisìthtaplhrofor�a.
•

D
(p

(y|x
)||q(y|x

))≥
0(Giat�?PìteisqÔeihisìthta?)

•
I
(X

;Y
|Z

)≥
0.

•
H

(X
|Y

)≤
H

(X
).Dedomènouìti

I
(X

;Y
)≥

0
⇒

H
(X

)−
H

(X
|Y

)≥
0.•Prosoq :DenisqÔeip�nta

H
(X

|Y
=

y
)
≤

H
(X

)(kai,epomènw,den

isqÔeip�ntaìti

I
(X

;Y
=

y
)≥

0).
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Fr�gmaAnexarths�a(In
d
e
p
e
n
d
e
n
c
e

B
o
u
n
d)

ApìKoinoÔEntrop�a

H
(X

1 ,X
2 ,...,X

n
)

=
n
∑i=

1

H
(X

i |X
1 ,X

2 ,...,X
i−

1 )≤
n
∑i=

1

H
(X

i ).

•HisìthtaisqÔeie�nkaimìnoe�noi
X

i e�naianex�rthte.
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'Anwfr�gma
H

(X
)dedomènoutoupl jouendeqomènwn

|X
|

•
H

(X
)
≤

log|X
|,ìpou

|X
|oarijmìstoiqe�wn(card

in
ality)tou

X.H

isìthtaisqÔeie�nkaimìnoe�nh

Xe�naiomoiìmorfakatanemhmènhsto

X.•'Estw
u
(x

)
=

1
|X

| h(diakrit )omoiìmorfhkatanom m�zapijanìthta

stosÔnolo
Xkai

p
(x

)hkatanom m�zapijanìthtath

X.Apìton

orismìthsqetik entrop�a,
D

(p||u
)

=
∑

p
(x

)
log

p
(x

)
u
(x

)
=

log|X
|−

H
(X

).

• Apìthnanisìthtaplhrofor�a,
0

≤
D

(p||u
)

=
log|X

|−
H

(X
)
⇒

H
(X

)≤
log|X

|.

•HisìthtaisqÔeie�n

D
(p||u

)
=

0,dhlad e�nkaimìnoe�n
p
(x

)
=

u
(x

).20



Anisìthta

lo
g

su
m

•Anisìthta
log

su
m:GiamharnhtikoÔarijmoÔ

a
1 ,a

2 ,...,a
n kai

b
1 ,b

2 ,...,b
n ,

n
∑i=

1

a
i log

a
i

b
i ≥

(
n
∑i=

1

a
i )

log

∑
ni=

1
a

i
∑

ni=
1
b
i .

HisìthtaisqÔeie�nkaimìnoe�n
a

i
b
i
=

c,ìpou
cstajer�.
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Apìdeixhanisìthta

lo
g

su
m

•Apìdeixh:'Estwìtia
i
>

0kaib
i
>

0(apode�xtew�skhshthnper�ptwsh

poudenup�rqei
igiatoopo�onaisqÔei

a
i b

i
>

0).Hsun�rthsh

t
log

t

e�naiausthr¸kurt (∪)((t
log

t)
′′

=
1t
log

e
>

0giajetikì

t).Apìthn

anisìthta
Jen

sen,
∑

λ
i f

(t
i )≥

f
(
∑

λ
i t

i )

,

gia

λ
i ≥

0,
∑

i
λ

i
=

1.Jètonta
λ

i
=

b
i

∑
nj
=

1
b
j kai

t
j

=
a

i
b
i ,

∑
a

i
∑

b
j
log

a
i

b
i ≥

∑
a

i
∑

b
j
log
∑

a
i

∑
b
j ⇒

∑

a
i log

a
i

b
i ≥

(
∑

a
i )

log

∑
a

i
∑

b
i .
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H
D

(p||q)e�naikurt (∪)

•H
D

(p
||q

)e�naikurt stozeÔgokatanom¸n

(p
,
q
).Dhlad ,e�n

(p
1 ,

q
1 )kai

(p
2 ,

q
2 )

e�naizeÔghsunart sewnm�zapijanìthta,

D
(λ

p
1
+

(1
−

λ
)p

2 ||λ
q
1
+

(1
−

λ
)q

2 )
≤

λ
D

(p
1 ||q

1 )
+

(1
−

λ
)D

(p
2 ||q

2 ),

gia

0
≤

λ
≤

1.
•Apìdeixh:Meqr shthanisìthta

lo
g

su
m.Giaopoiod poteendeqìmeno

x,

(λ
p

1 (x
)
+

(1
−

λ
)p

2 (x
))

lo
g

λ
p

1 (x
)
+

(1
−

λ
)p

2 (x
)

λ
q
1 (x

)
+

(1
−

λ
)q

2 (x
)
≤

λ
p

1 (x
)
lo

g
λ

p
1 (x

)

λ
q
1 (x

)
+

(1
−

λ
)p

2 (x
)
lo

g
(1

−
λ
)p

2 (x
)

(1
−

λ
)q

2 (x
)
.

Ajro�zontagiaìlataendeqìmena
xkaimeqr shtouorismoÔthsqetik entrop�a

prokÔpteihkurtìthtath

D.
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Hentrop�ae�naiko�lh(∩)

•E�dameìti,e�n
u
(x

)e�naihomoiìmorfhdiakrit katanom ,

D
(p||u

)
=

∑
p
(x

)
log

p
(x

)
u
(x

)
=

log|X
|−

H
(X

)⇒
H

(X
)
=

log|X
|−

D
(p||u

).

•Dedomènouìtih
D

(p||u
)e�naikurt ,h

−
D

(p||u
)(kai,epomènw,kaih

entrop�a)e�naiko�lh.
•Sunep¸,giathnentrop�aisqÔei

H
(λ

p
1
+

(1−
λ
)p

2 )≥
λ
H

(p
1 )

+
(1−

λ
)H

(p
2 ).

•Giaenallaktik apìdeixh,qwr�qr shanisìthta
log

su
mde�te

C
over

T
h
eorem

2.7.3.
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth

p
(x

)giadedomènh

p
(y|x

)

•Apìdeixh:
I
(X

;
Y

)
=

H
(Y

)
−

H
(Y

|X
)

=
H

(Y
)
−
∑

x
p
(x

)H
(Y

|X
=

x
).

•1oìro:
p
(y

)
=
∑

x
p
(y

|x
)p

(x
).Sunep¸,giadedomènh

p
(y

|x
),h

p
(y

)e�nai

grammik sun�rthshth
p
(x

).H
H

(Y
)e�naiko�lhsun�rthshth

p
(y

)kai,epomènw,

kaith
p
(x

).
•2oìro:Grammik sun�rthshth

p
(x

).
•Epomènw,h

I
(X

;
Y

)e�naiko�lh(∩)sun�rthshth
p
(x

)giadedomènh

p
(y

|x
).

•Jumhje�teìtisediakrit�kan�liaqwr�mn mhhqwrhtikìthtaisoÔtaimethmègisthtim 

th

I
(X

;
Y

).Togegonììtih
I
(X

;
Y

)e�naiko�lhgiadedomènokan�li(p
(y

|x
))

shma�neiìtie�nbroÔmeènatopikìmègisto,tìtee�naikaiolikìmègistokaihant�stoiqh

katanom phg 

p
∗(x

)e�naiaut hopo�aepitugq�neithqwrhtikìthta.
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H
I
(X

;Y
)e�naikurt (∪)sun�rthshth

p
(y|x

)giadedomènh

p
(x

)

•'EstwdÔoupìsunj khkatanomèm�zapijanìthta

p
1 (y

|x
)kai

p
2 (y

|x
).

p
1 (x

,
y
)

=

p
(x

)p
1 (y

|x
)kai

p
2 (x

,
y
)

=
p
(x

)p
2 (y

|x
).Ep�sh,

p
1 (y

)
=
∑

x
p

1 (x
,
y
)kai

p
2 (y

)
=
∑

x
p

2 (x
,
y
).Hperij¸riakatanom twn

p
1 (x

,
y
)kai

p
2 (x

,
y
)wpro

xe�naih
p
(x

).
•'Estw,t¸ra,hupìsunj khkatanom pouprokÔpteiapìthn``an�mixh''twn

p
1 (y

|x
)kai

p
2 (y

|x
):

p
λ
(y

|x
)

=
λ

p
1 (y

|x
)
+

(1
−

λ
)p

2 (y
|x

),
0
≤

λ
≤

1
.

Sunep¸,isqÔei,ep�sh,
p

λ (x
,
y
)

=
p

λ (y
|x

)p
(x

)
=

λ
p

1 (y
|x

)p
(x

)
+

(1
−

λ
)p

2 (y
|x

)p
(x

)

=
λ

p
1 (x

,
y
)
+

(1
−

λ
)p

2 (x
,
y
)

kai

p
λ (y

)
=

λ
p

1 (y
)
+

(1
−

λ
)p

2 (y
).
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H
I
(X

;Y
)e�naikurt (∪)sun�rthshth

p
(y|x

)giadedomènh

p
(x

)(sunèqeia)

•Or�zoumethnkatanom 
q
λ (x

,y
)wtoginìmenotwnperij¸riwn

katanom¸n:q
λ (x

,y
)

=
p
(x

)p
λ (y

)
=

λ
q
1 (x

,y
)
+

(1−
λ
)q

2 (x
,y

).

•Apìtonorismìthamoiba�aplhrofor�aparathroÔmeìti

I
(X

;Y
)

=
D

(p
λ (x

,y
)||p

λ (x
)p

λ (y
))

=
D

(p
λ (x

,y
)||p

(x
)p

λ (y
))

=
D

(p
λ (x

,y
)||q

λ (x
,y

)).

•H

D
(p||q)e�naikurt sun�rthshtouzeÔgou

(p
,q).Epomènw,kaih

I
(X

;Y
)e�naikurt sun�rthshth

p
(y|x

).
•Sunep¸,giadedomènhkatanom phg ,up�rqeik�poiokan�litoopo�o

elaqistopoie�thnplhrofor�apoumporoÔmenametad¸soumestodèkth.27



AnisìthtaEpexergas�aDedomènwn

•Epan�lhyhBasik¸nPosot twnJewr�aPlhrofor�a(sunèqeia)

•AnisìthtaEpexergas�aDedomènwn
•Anisìthta

F
an

o

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P)
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AnisìthtaEpexergas�aDedomènwn

•Oi
X

,Y
,Zsqhmat�zounalus�da

M
arkov(X

→
Y

→
Z)e�n

p
(x

,y
,z

)
=

p
(x

)p
(y|x

)p
(z|y

).
•IsodÔnama,

X
→

Y
→

Ze�nkaimìnoe�n

p
(x

,z|y
)

=
p
(x|y

)p
(z|y

)

(dhlad ,oi
xkai

ze�naiupìsunj khanex�rthtededomènhth

y).

•
X

→
Y

→
g
(Y

).

•AnisìthtaEpexergas�aDedomènwn(D
ata

P
ro

cessin
g

In
eq

u
ality):E�n

X
→

Y
→

Z,tìte

I
(X

;Y
)≥

I
(X

;Z
).
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AnisìthtaEpexergas�aDedomènwn(apìdeixh)

•Apìtonkanìnaalus�dagiathnamoiba�aplhrofor�a,

I
(X

;Y
,Z

)
=

I
(X

;Z
)

+
I
(X

;Y
|Z

)
=

I
(X

;Y
)

+
I
(X

;Z
|Y

)
=

I
(X

;Y
),lìgwth

upìsunj khanexarths�atwn
Xkai

Zdedomènhth

Y.Lamb�nonta,

ep�sh,upìyhìti
I
(X

;Y
|Z

)≥
0
,prokÔpteihanisìthta.

•Meton�diotrìpomporoÔme,ep�sh,nade�xoumeìti

I
(X

;Y
|Z

)
≤

I
(X

;Y
) .

•
I
(X

;Y
)≥

I
(X

;g
(Y

)).Sunep¸,hplhrofor�agiath

Xpouperièqetai

sthn

Ydempore�naauxhje�meepexergas�ath
Y(ant�jeta,m�lista,

endèqetainameiwje�).Wstìso,kat�llhlhepexergas�ath

Yendèqetai

nadieukolÔneithnexagwg thplhrofor�a.
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth

p
(x

)giadedomènh

p
(y|x

)�Enallaktik Apìdeixh(G
a
lla

g
e
r)

•Meqr shanisìthtaepexergas�adedomènwn.

•'Estwkan�limee�sodo
X,p�nakamet�bash

p
(y|x

)kaiexìdou

Y.

•'Estwauja�retekatanomè
p
1 kaip

2 kaiI
1 kaiI

2 oiamoiba�eplhrofor�e

twn

Xkai

Yìtanhkatanom eisìdoue�naih
p
1 kai

p
2 ,ant�stoiqa.'Estw

tuqa�apar�metro
θ,me

0
<

θ
<

1,
p

=
θ
p
1
+

(1−
θ)p

2 kai

Ihant�stoiqh

amoiba�aplhrofor�a.Jade�xoumeìti
θ
I
1
+

(1−
θ)I

2 ≤
I
.
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth

p
(x

)giadedomènh

p
(y|x

)�Enallaktik Apìdeixh(2)

•MporoÔmenaupojèsoumeìtioi
p
1 kai

p
2 e�naiupìsunj khkatanomè

pouexart¸ntaiapìmiaduadik t.m.
Z:

p
1 (x

)
=

p
X

|Z
(x|1),

p
2 (x

)
=

p
X

|Z
(x|2)

• Jètoume

p
Z
(1)

=
θkai

p
Z
(2)

=
1−

θ.
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth

p
(x

)giadedomènh

p
(y|x

)�Enallaktik Apìdeixh(3)

Toprìblhmafa�netaistoparak�twsq ma.

ParathroÔmeìti

Z
→

X
→

Ykai
p
(y|x

,z
)
=

p
(y|x

).

Ep�sh,

θ
I
1
+

(1−
θ)I

2
=

I
(X

;Y
|Z

)kai
I

=
I
(X

;Y
).
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth

p
(x

)giadedomènh

p
(y|x

)�Enallaktik Apìdeixh(4)

•Dedomènouìtioi
Zkai

Ye�naiupìsunj khanex�rthte,

I
(Y

;Z
|X

)
=

0.

•Ep�sh,ìpwkaisthnapìdeixhthanisìthtaepexergas�adedomènwn,

I
(Y

;X
,Z

)
=

I
(Y

;Z
)
+

I
(Y

;X
|Z

)
=

I
(Y

;X
)
+

I
(Y

;Z
|X

)⇒
I
(Y

;Z
)
+

I
(Y

;X
|Z

)
=

I
(Y

;X
)⇒

I
(Y

;X
|Z

)
=

I
(X

;Y
|Z

)≤
I
(Y

;X
).

•Meparìmoiotrìpompore�naapodeiqje�ìtih
I
(X

;Y
)e�naikurt (∪)

sun�rthshth

p
(y|x

)giadedomènh
p
(x

)(G
allager

T
h
eorem

4.4.3).34



Anisìthta

F
a
n
o

•Epan�lhyhBasik¸nPosot twnJewr�aPlhrofor�a(sunèqeia)

•AnisìthtaEpexergas�aDedomènwn.
•Anisìthta

F
an

o

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P).
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Ekt�mhshtim tuqa�ametablht 

•Skopìthepikoinwn�ae�naiodèkthnal�beithnplhrofor�apoutou

stèlneiopompìmèswenìkanalioÔ.

•'Estwìtiht.m.
Yperièqeik�poiaplhrofor�agiath

X(opìte,oi

Xkai

Ydene�naianex�rthte,kai
I
(X

;Y
)
>

0).
•Ektimht (estim

ator):Miasun�rthshth
Yhopo�apar�geimiaekt�mhsh

( estim
ate)giath

X:
X̂

=
g
(Y

).
•JèloumenabroÔmepoiae�naihpijanìthtahekt�mhsh

X̂namhnisoÔtai

methnpragmatik tim tht.m.
Xpoumetèdwseopompì.

•Or�zoumethnPijanìthtaSf�lmato
P

e
=

P
r{

X̂
6=

X
}.
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Ekt�mhshtim tuqa�ametablht (sunèqeia)

•Profan¸,e�n
H

(X
|Y

)
=

0,up�rqeiektimht ,oopo�opar�geiektim -

seime
P

e
=

0.
•Diaisjhtik�perimènoumeìtimikrètimèth

H
(X

|Y
)jaodhgoÔnse

ektim seimemikr 
P

e (efìson,bèbaia,qrhsimopoihje�kalìektimht ).

•Hanisìthta

F
an

od�neiènak�twfr�gmagiathn

P
e sunart seith

H
(X

|Y
).
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Anisìthta

F
a
n
o

•Giak�jeektimht tètoio¸ste

X
→

Y
→

X̂,

H
(P

e )
+

P
e
log|X

|≥
H

(X
|X̂

)≥
H

(X
|Y

),

ìpou

H
(P

e )
=

−
P

e
log

P
e −

(1−
P

e )
log

(1−
P

e ).

•Parathr steìtioektimht dene�nai,kat'an�gkh,nomoteleiak 

sun�rthshth

Y.Ep�sh,
P

e
=

0
⇒

H
(X

|Y
)

=
0.
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Anisìthta

F
a
n
o(sunèqeia)

•Jètonta
H

(P
e )

=
m

ax
p
H

(p
)

=
1prokÔpteitoligìteroakribèk�tw

fr�gma,
1

+
P

e
log|X

|≥
H

(X
|Y

)⇒
P

e ≥
H

(X
|Y

)−
1

log|X
|

.

•Jaqrhsimopoi soumethnanisìthta
F
an

osthnapìdeixhtouJewr mato

Kwdikopo�hshKanalioÔ(ant�strofo).
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ApìdeixhAnisìthta

F
a
n
o

(C
o
ver

T
h
eorem

2
.1

0
.1

)

•'Estwht.m.sf�lmato
E

=

{
1 e�n

X̂
6=

X
,

0 e�n
X̂

=
X

.

•AnaptÔssoumethn
H

(E
,
X

|X̂
)meqr shtoukanìnaalus�dagiathnentrop�a:

H
(E

,
X

|X̂
)

=
H

(X
|X̂

)
+

H
(E

|X
,
X̂

)
︸

︷
︷

︸
=

0

=
H

(E
|X̂

)
︸

︷
︷

︸

≤
H

(E
)=

H
(P

e
)

+
H

(X
|E

,
X̂

)
︸

︷
︷

︸

≤
P

e
lo

g
|X

|

.

�

H
(E

|X
,
X̂

)
=

0giat�e�nxèroumetitimètwn
X̂kai

Xgnwr�zoumee�nèqei

emfaniste�sf�lmaekt�mhsh.
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ApìdeixhAnisìthta

F
a
n
o(sunèqeia)

�
H

(E
|X̂

)
≤

H
(E

).Dedomènouìtihpijanìthtasf�lmato(E
=

1)isoÔtaime

P
e ,

ht.m.akolouje�katanom 
B

ern
o
u
llimepar�metro

P
e kai

H
(E

)
=

H
(P

e ).

�
H

(X
|E

,
X̂

)
=

P
r(E

=
0
)H

(X
|X̂

,
E

=
0
)

+
P

r(E
=

1
)H

(X
|X̂

,
E

=

1
)
≤

(1
−

P
e )0

+
P

e
lo

g
|X

|,dedomènouìtie�ndenup�rqeisf�lmaekt�mhsh

X
=

X̂,en¸hqeirìterhper�ptwshe�nèqeisumbe�sf�lmae�naih

Xnaakolouje�

omoiìmorfhkatanom .
•Epomènw,

H
(P

e )
+

P
e
lo

g
|X

|
≥

H
(X

|X̂
).

•Dedomènouìti
X

→
Y

→
X̂,

I
(X

;
Y

)
≥

I
(X

;
X̂

)
⇒

H
(X

)
−

H
(X

|Y
)
≥

H
(X

)
−

H
(X

|X̂
)
⇒

H
(X

|X̂
)
≥

H
(X

|Y
).Sunep¸,

H
(P

e )
+

P
e
lo

g
|X

|
≥

H
(X

|X̂
)
≥

H
(X

|Y
).

•E�napait soumehektim¸menhtim 
X̂naan keistosÔnolo

X,

H
(X

|E
,
X̂

)
≤

P
e
lo

g
(|X

|
−

1
)kaiH
(P

e )
+

P
e
lo

g
(|X

|
−

1
)
≥

H
(X

|X̂
)
≥

H
(X

|Y
).
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IdiìthtaAsumptwtik Isodiamèrish(A
E
P)

•Epan�lhyhBasik¸nPosot twnJewr�aPlhrofor�a(sunèqeia)

•AnisìthtaEpexergas�aDedomènwn.
•Anisìthta

F
an

o

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P)
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IdiìthtaAsumptwtik Isodiamèrish(A
E
P)�Eisagwg 

•JewroÔmemiaakolouj�aanex�rthtwn,omo�wkatanemhmènwn(i.i.d
.)di-

akrit¸nt.m.
X

i :
X

n1
=

X
1 ,X

2 ,...,X
n .

•HapìkoinoÔsun�rthshm�zapijanìthtatwnt.m.pouapoteloÔnthn

akolouj�aisoÔtaime
p
(X

1 ,X
2 ,...,X

n
)

=
∏

ni=
1
p
(X

i ).

•'Estwìtioi
X

i akoloujoÔnkatanom 
B

ern
ou

llimepar�metro

p
=

P
r{

X
i
=

1}.
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IdiìthtaAsumptwtik Isodiamèrish(A
E
P)�Eisagwg (2)

•
A

sym
p
totic

E
q
u
ip

artition
P
rop

erty
–

A
E
P:Aux�nontatom koth

akolouj�a,−
1n

lim
n
→

∞
log

p
(X

1 ,X
2 ,...,X

n
)

=
−

lim
n
→

∞

1n
log

n
∏i=

1

p
(X

i )

=
−

lim
n
→

∞

1n

n
∑i=

1

log
p
(X

i )

=
−

E
[log

p
(X

)]
=

H
(X

),

apìtonAsjen NìmoMeg�lwnArijm¸n(W
eak

L
aw

of
L
arge

N
u
m

b
ers).44



IdiìthtaAsumptwtik Isodiamèrish(A
E
P)�Eisagwg (3)

•Epomènw,e�nsqhmat�soumemiaakolouj�apolÔmeg�loum kou,

hapìkoinoÔsun�rthshkatanom m�zapijanìthtajasugkl�nei

kat�pijanìthtasthntim 
2
−

n
H

(X
).

•Jaapode�xoumeìtiup�rqounper�pou
2

n
H

(X
)tètoie,tupikè,akolouj�e

kaiìtito�jroismatwnapìkoinoÔsunart sewnm�zapijanìtht�tou

prosegg�zeito1.
•To�jroismatwnpijanot twntwnupìloipwn,mhtupik¸n,akolouji¸n

m kou

nte�neisto0.

•Epomènw,mporoÔmenakwdikopoi soumemìnotitupikèakolouj�e

→

qreiazìmaste

n
H

b
itsant�gia

n.
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IdiìthtaAsumptwtik Isodiamèrish(A
E
P)�Eisagwg (4)

•Epeid hpijanìthtanaemfaniste�mhtupik akolouj�ate�neisto0,hpi-

janìthtanamhmporoÔmenakwdikopoi soumethnakolouj�a

X
n1 meqr sh

n
H

b
itste�neisto0gia

n
→

∞.
•To

A
E
Papotele�stulob�ththJewr�aPlhrofor�a.
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E�dhsÔgklish(upenjÔmish)

Miaakolouj�at.m.
X

1 ,X
2 ,...sugkl�neisemiat.m.

X:

1.Kat�pijanìthta(in
prob

ab
ility)e�n,giak�je

ǫ
>

0,

P
r{|X

n
−

X
|

>

ǫ}
→

0gia
n
→

∞.

2.Kat�mèshtetragwnik tim (m
ean

sq
u
are)e�n

E
(X

n −
X

)
2→

0.

3.Mepijanìthta1( sqedìnbèbaia)e�n
P

r{lim
n
→

∞
X

n
=

X
}

=
1
.47



TupikìSÔnolo(T
y
p
ic

a
l
S
e
t)kaiidiìthte

•TotupikìsÔnolo
A

(n
)

ǫ pouantistoiqe�sthnkatanom 

p
(x

)apotele�tai

apìtiakolouj�e
(x

1 ,x
2 ,...,x

n
)∈

X
npouikanopoioÔnthsqèsh

2
−

n
(H

(X
)+

ǫ)≤
p
(x

1 ,x
2 ,...,x

n
)≤

2
−

n
(H

(X
)−

ǫ).

•Idiìthte
A

(n
)

ǫ :
1.E�n

(x
1 ,x

2 ,...,x
n
)∈

A
(n

)
ǫ ,tìte

H
(X

)−
ǫ≤

−
1n

log
p
(x

1 ,x
2 ,...,x

n
)≤

H
(X

)
+

ǫ.
2.

P
r{

A
(n

)
ǫ

}
>

1−
ǫgia

nmegalÔteroapìk�poiatim 

n
0 .

3.|A
(n

)
ǫ

|≤
2

n
(H

(X
)+

ǫ),ìpou|A
ǫ
(n

)|oarijmìtwnstoiqe�wntoutupikoÔ

sunìlou

A
ǫ
(n

).
4.|A

(n
)

ǫ
|≥

(1−
ǫ)2

n
(H

(X
)−

ǫ),gia
nmegalÔteroapìk�poiatim 

n
0 .48



TupikìSÔnolo
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Anakefala�wshmaj mato

•Sqetik Entrop�akaiDesmeumènhSqetik Entrop�a;Amoiba�aPlhro-

for�a.
•AnisìthtaPlhrofor�akaisunèpeie.IdiìthteEntrop�akaiAmoiba�a

Plhrofor�a.
•AnisìthtaEpexergas�aDedomènwn:Denup�rqeitrìpoepexergas�a

pounampore�naaux seithnplhrofor�apouperièqetaisemiat.m.Ant�-

jeta,endèqetainathmei¸sei.
•Anisìthta

F
an

o.D�neifr�gmagiathnpijanìthtasf�lmatosthnek-

t�mhsht.m.meb�shparat rhsh�llht.m.Jathqrhsimopoi soumeek-

ten¸sthnKwdikopo�hshKanalioÔ.
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Anakefala�wshmaj mato(sunèqeia)

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P):H``kardi�''thsump�esh

(kaithJewr�aPlhrofor�a).Giameg�lam khakolouji¸nmporoÔme

naqwr�soumetiakolouj�esedÔosÔnola

�TotupikìsÔnolo.To�jroismatwnpijanot twntwnakolouji¸npou

an kounseautìte�neiasumptwtik�sto1.

�TomhtupikìsÔnolo.
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Proepiskìphshepìmenoumaj mato

•IdiìthtaAsumptwtik Isodiamèrish(A
E
P).Apode�xeiidiot twn.

•Efarmog tou
A

E
Psthnkwdikopo�hsh.Kwdikopo�hshstajeroÔm kou.

•Je¸rhmaKwdikopo�hshPhg .Apìdeixhgiaphgèqwr�mn mh.52


