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Sqetik Entrop�a

D
(p||q)

•Hsqetik entrop�a(relative
en

tropy) apìstash

K
u
llb

ack-L
eib

lermetaxÔ

dÔokatanom¸n
pkai

qpouor�zontaisto�dioalf�bhto

AisoÔtaime

D
(p||q)

=
∑

x

p
(x

)
log

p
(x

)

q(x
)

=
E

p

[

log
p
(X

)

q(X
)

]

.

•Prosoq :Hmèshtim e�naiw
pro
thnkatanom 

p.
•ApìpoÔphg�zeiautì
oorismì
?'Opw
e�damesth``Jewr�a

Plhrofor�a
´',h

D
(p||q)posotikopoie�taepiplèon

b
itspouqreiazìmaste

gianasumpièsoumemiat.m.mepragmatik katanom 
pìtangiathsump�esh

qrhsimopoie�taihkatanom 
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Sqetik Entrop�a

D
(p||q)(sunèqeia)

•
H

(X
)
+

D
(p||q)≤

E
[l ∗]

<
H

(X
)
+

D
(p||q)

+
1,ìpou

E
[l ∗]e�naitomèso

m ko
toubèltistouk¸dikaphg 
giathnkatanom 

q.

•
D

(p||q)
≥

0.Apode�qjhkesth``Jewr�aPlhrofor�a
''meqr shth


anisìthta

Jen

senkaitougegonìto
ìtih

loge�naiko�lh(∩).Wstìso,h

D
(p||q)dene�naiapìstashkat�thnausthr ènnoia:

D
(p||q)6=

D
(q||p

).

Ep�sh
,denisqÔeihtrigwnik anisìthta.

5



DesmeumènhSqetik Entrop�akaiKanìna
Alus�da


•Desmeumènhsqetik entrop�a(con
d
ition

al
relative

en
tropy):

D
(p

(y|x
)||q(y|x

))
=

E
p

[

log
p
(Y

|X
)

q(Y
|X

)

]

=
∑

x

∑

y

p
(x

,y
)
log

p
(y|x

)

q(y|x
)
.

•Kanìna
alus�da
giathsqetik entrop�a
D

(p
(x

,y
)||q(x

,y
))

=
D

(p
(x

)||q(x
))

+
D

(p
(y|x

)||q(y|x
)).

•Apìdeixh:Apl ,meqr shorismoÔ(C
over

T
h
eorem

2.5.3).
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Amoiba�aPlhrofor�a

I
(X

;Y
)

•'Estwmiat.m.
X

∼
p
(X

).E�nma
gnwstopoihje�htim th
t.m.

Y,h

katanom pijanìthta
th

Xall�zeise

p
(X

|Y
).Epomènw
,kat�mèso

ìro,gn¸shth

Yall�zeithnabebaiìthtapouèqoumegiath

Xkat�

E
p

[
p
(X

|Y
)

p
(X

)

](hmèshtim upolog�zetaigiaìle
ti
timè
twn

Xkai

Y).

•Sunep¸
,I
(X

;
Y

)
,

E
p

[

lo
g

p
(X

|Y
)

p
(X

)

]

=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

|y
)

p
(x

)

=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

|y
)p

(y
)

p
(x

)p
(y

)
=
∑

x

∑

y

p
(x

,
y
)
lo

g
p
(x

,
y
)

p
(x

)p
(y

)

=
D

(p
(x

,
y
)||p

(x
)p

(y
))

=
E

p

[

lo
g

p
(X

,
Y

)

p
(X

)p
(Y

)

]

.
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Amoiba�aPlhrofor�a

I
(X

;Y
)(2)

•Profan¸
(apìthnprohgoÔmenhsqèsh),

I
(X

;Y
)

=
I
(Y

;X
).'Ara,

apok�luyhth

Xodhge�sthn�diametabol th
abebaiìthta
giathn

Ykat�mèsoìro.
•Hposìthta

I
(X

;Y
)onom�zetaiamoiba�aplhrofor�a.'Eqoumedei(kaija

toapode�xoume,kaip�li,argìtera)ìti
I
(X

;Y
)≥

0.

Epomènw
,apok�luyhth
tim 
th

Yelatt¸neithnabebaiìthtagiath

Xkat�mèsoìro.

•Prosoq :Giak�poie
timè
th

Y,endèqetai

I
(X

;Y
=

y
)

<
0.Wstìso,

isqÔeip�nta

I
(X

;Y
)

=
E

p
(Y

) [I
(X

;Y
=

y
)]≥

0.
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Amoiba�aPlhrofor�a

I
(X

;Y
)(3)

•Miadiaforetik ermhne�ath
amoiba�a
plhrofor�a
meb�shthsqetik 

entrop�a:Hplhrofor�apou``q�noume''e�njewr soumeìtioi

Xkai

Y

e�naianex�rthte
,en¸,sthnpragmatikìthta,dene�nai.

•
I
(X

;Y
)

=
H

(X
)
−

H
(X

|Y
)

=
H

(Y
)
−

H
(Y

|X
)

=
H

(X
)

+
H

(Y
)−

H
(X

,Y
).ProkÔpteiapìtonorismì(apode�qjhkesth``Jewr�a

Plhrofor�a
'').
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Amoiba�aPlhrofor�a

I
(X

;Y
)(4)

•
I
(X

;X
)
=

H
(X

)−
H

(X
|X

)
=

H
(X

).H

Xperièqeiìlhthnplhrofor�a

giatoneautìth
.
•Kanìna
alus�da
giathnamoiba�aplhrofor�a:

I
(X

1 ,X
2 ,...,X

n
;Y

)
=

n
∑i=

1

I
(X

i ;Y
|X

1 ,X
2 ,...,X

i−
1 ).

•Apìdeixh:EÔkola,apìkanìnaalus�da
entrop�a
kaiqr sh

I
(X

1 ,X
2 ,...,X

n
;Y

)
=

H
(X

1 ,X
2 ,...,X

n
)−

H
(X

1 ,X
2 ,...,X

n |Y
).

•Upìsunj khamoiba�aplhrofor�a:
I
(X

;Y
|Z

)
=

H
(X

|Z
)−

H
(X

|Y
,Z

).10



Di�gramma
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Kurtè
(c
o
n
v
e
x)kaiko�le
(c

o
n
c
a
v
e)sunart sei


•Orismì
:Miasun�rthsh
f
(x

)e�naikurt (∪)sedi�sthma

(a
,b)e�n,gia

k�je
x

1 ,x
2 ∈

(a
,b)kai

0
≤

λ
≤

1,
f
(λ

x
1
+

(1−
λ
)x

2 )≤
λ
f
(x

1 )
+

(1−
λ
)f

(x
2 ).

•Miasun�rthsh
f
(x

)e�naiausthr¸
kurt (strictly
con

vex)e�nhisìthta

sthnparap�nwsqèshisqÔeimìnogia
λ

=
0 

λ
=

1.
•Praktik�,miasun�rthshe�naikurt ìtanmiaqord pouen¸neidÔoopoies-

d potetimè
th
debr�sketaipotè``k�tw''apìthsun�rthsh.
•Parade�gmatakurt¸nsunart sewn:

x
2,|x|,

e
x,

x
log

x(gia
x
≥

0).12



Kurtè
(c
o
n
v
e
x)kaiko�le
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o
n
c
a
v
e)sunart sei


(sunèqeia)

•Orismì
:Miasun�rthsh
f
(x

)e�nai(austhr¸
)ko�lh(∩)sedi�sthma

(a
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−
f
(x

)e�nai(austhr¸
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x
≥
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a
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n
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Parade�gmatakurt¸nkaiko�lwnsunart sewn
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Anisìthta

J
e
n
se

n

•Je¸rhma:Miadiafor�simhsun�rthshe�nai(austhr¸
)kurt (∪)seèna

di�sthmaìtanèqeimharnhtik (jetik )deÔterhpar�gwgostodi�sthma

autì.•Apìdeixh:Sebibl�aan�lush
 
C
over

T
h
eorem

2.6.1

•Anisìthta

Jen
sen:E�nhsun�rthsh

fe�naikurt kaih

Xe�naituqa�a
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E
f
(X

)≥
f
(E

X
)
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d
u
ction)giadiakritè
t.m.(C

over)
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Apìdeixhanisìthta


J
e
n
se

n

•Giat.m.medÔoendeqìmena,apìtonorismìth
kurtìthta
,

p
1 f

(x
1 )

+
p

2 f
(x

2 )
≥

f
(p

1 x
1
+

p
2 x

2 )(dedomènouìti
p

2
=

1
−

p
1 ).

•'EstwìtihsqèshisqÔeigiat.m.me
k
−

1endeqìmena.

•Jètoume
p
′i
=

p
i

1
−

p
k ,gia

i
=

1
,
2
,
.
.
.
,
k
−

1.

k
∑i=

1

p
i f

(x
i )

=
p

k f
(x

k )
+

(1
−

p
k )

k
−

1
∑i=

1

p
′i f

(x
i )

(a
)

≥
p

k f
(x

k )
+

(1
−

p
k )f

(
k
−

1
∑i=

1

p
′i x

i )

(b)

≥
f

(

p
k x

k
+

(1
−

p
k )

k
−

1
∑i=

1

p
′i x

i )

=
f

(
k
∑i=

1

p
i x

i )

,

ìpousto

(a
)qrhsimopoi jhkehparadoq ìtihanisìthta

Jen
senisqÔeigia

k
−

1,en¸

sto

(b)qrhsimopoi jhketogegonì
ìtihanisìthtaisqÔeigia
k

=
2.
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Anisìthtaplhrofor�a
( 

G
ib

b
s):

D
(p||q)≥

0

•
D

(p
||q

)
=

0
⇔

p
(x

)
=

q
(x

)giak�je

x
∈

X.

•Apìdeixhmeqr shorismoÔkaianisìthta


Jen
sen:'Estw

A
=

{
x

:
p
(x

)
>

0
}.

−
D

(p
||q

)
=

−
∑x
∈
A

p
(x

)
lo

g
p
(x

)

q
(x

)
=
∑x
∈
A

p
(x

)
lo

g
q
(x

)

p
(x

)
=

(a
)

≤
lo

g
∑x
∈
A

p
(x

)
q
(x

)

p
(x

)
=

lo
g
∑x
∈
A

q
(x

)
(b)

≤
lo

g
∑x
∈
X

q
(x

)
=

lo
g

1
=

0
.

•Sto

(a
)qrhsimopoi jhketogegonì
ìtih

lo
g

te�naiausthr¸
ko�lhsun�rthshtou

t.

(b)giat�?

•HisìthtaisqÔeie�nkaimìnoe�n
q
(x

)/
p
(x

)
=

cgiaìlata
x,dhlad e�n

q
(x

)
=

c
p
(x

) .Ep�sh
,prèpei

∑

x
∈
A

q
(x

)
=
∑

x
∈
X

q
(x

)
=
∑

x
∈
X

c
p
(x

)
=

c
=

1 .

Sunep¸
,

D
(p

||q
)

=
0
⇔

p
(x

)
=

q
(x

)giaìlata
x
∈

A.

17



Sunèpeie
anisìthta
plhrofor�a


•Hamoiba�aplhrofor�ae�naip�ntotemharnhtik :Giaopoiesd potet.m.

Xkai
Y,

I
(X

;Y
)≥

0.ProkÔptei�mesaapìtonorismìth


I
(X

;Y
)

kaiapìthnanisìthtaplhrofor�a
.
•

D
(p

(y|x
)||q(y|x

))≥
0(Giat�?PìteisqÔeihisìthta?)

•
I
(X

;Y
|Z

)≥
0.

•
H

(X
|Y

)≤
H

(X
).Dedomènouìti

I
(X

;Y
)≥

0
⇒

H
(X

)−
H

(X
|Y

)≥
0.•Prosoq :DenisqÔeip�nta

H
(X

|Y
=

y
)
≤

H
(X

)(kai,epomènw
,den

isqÔeip�ntaìti

I
(X

;Y
=

y
)≥

0).
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Fr�gmaAnexarths�a
(In
d
e
p
e
n
d
e
n
c
e

B
o
u
n
d)

ApìKoinoÔEntrop�a


H
(X

1 ,X
2 ,...,X

n
)

=
n
∑i=

1

H
(X

i |X
1 ,X

2 ,...,X
i−

1 )≤
n
∑i=

1

H
(X

i ).

•HisìthtaisqÔeie�nkaimìnoe�noi
X

i e�naianex�rthte
.
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'Anwfr�gma
H

(X
)dedomènoutoupl jou
endeqomènwn

|X
|

•
H

(X
)
≤

log|X
|,ìpou

|X
|oarijmì
stoiqe�wn(card

in
ality)tou

X.H

isìthtaisqÔeie�nkaimìnoe�nh

Xe�naiomoiìmorfakatanemhmènhsto

X.•'Estw
u
(x

)
=

1
|X

| h(diakrit )omoiìmorfhkatanom m�za
pijanìthta


stosÔnolo
Xkai

p
(x

)hkatanom m�za
pijanìthta
th


X.Apìton

orismìth
sqetik 
entrop�a
,
D

(p||u
)

=
∑

p
(x

)
log

p
(x

)
u
(x

)
=

log|X
|−

H
(X

).

• Apìthnanisìthtaplhrofor�a
,
0

≤
D

(p||u
)

=
log|X

|−
H

(X
)
⇒

H
(X

)≤
log|X

|.

•HisìthtaisqÔeie�n

D
(p||u

)
=

0,dhlad e�nkaimìnoe�n
p
(x

)
=

u
(x

).20



Anisìthta

lo
g

su
m

•Anisìthta
log

su
m:GiamharnhtikoÔ
arijmoÔ


a
1 ,a

2 ,...,a
n kai

b
1 ,b

2 ,...,b
n ,

n
∑i=

1

a
i log

a
i

b
i ≥

(
n
∑i=

1

a
i )

log

∑
ni=

1
a

i
∑

ni=
1
b
i .

HisìthtaisqÔeie�nkaimìnoe�n
a

i
b
i
=

c,ìpou
cstajer�.

21



Apìdeixhanisìthta


lo
g

su
m

•Apìdeixh:'Estwìtia
i
>

0kaib
i
>

0(apode�xtew
�skhshthnper�ptwsh

poudenup�rqei
igiatoopo�onaisqÔei

a
i b

i
>

0).Hsun�rthsh

t
log

t

e�naiausthr¸
kurt (∪)((t
log

t)
′′

=
1t
log

e
>

0giajetikì

t).Apìthn

anisìthta
Jen

sen,
∑

λ
i f

(t
i )≥

f
(
∑

λ
i t

i )

,

gia

λ
i ≥

0,
∑

i
λ

i
=

1.Jètonta

λ

i
=

b
i

∑
nj
=

1
b
j kai

t
j

=
a

i
b
i ,

∑
a

i
∑

b
j
log

a
i

b
i ≥

∑
a

i
∑

b
j
log
∑

a
i

∑
b
j ⇒

∑

a
i log

a
i

b
i ≥

(
∑

a
i )

log

∑
a

i
∑

b
i .
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H
D

(p||q)e�naikurt (∪)

•H
D

(p
||q

)e�naikurt stozeÔgo
katanom¸n

(p
,
q
).Dhlad ,e�n

(p
1 ,

q
1 )kai

(p
2 ,

q
2 )

e�naizeÔghsunart sewnm�za
pijanìthta
,

D
(λ

p
1
+

(1
−

λ
)p

2 ||λ
q
1
+

(1
−

λ
)q

2 )
≤

λ
D

(p
1 ||q

1 )
+

(1
−

λ
)D

(p
2 ||q

2 ),

gia

0
≤

λ
≤

1.
•Apìdeixh:Meqr shth
anisìthta


lo
g

su
m.Giaopoiod poteendeqìmeno

x,

(λ
p

1 (x
)
+

(1
−

λ
)p

2 (x
))

lo
g

λ
p

1 (x
)
+

(1
−

λ
)p

2 (x
)

λ
q
1 (x

)
+

(1
−

λ
)q

2 (x
)
≤

λ
p

1 (x
)
lo

g
λ

p
1 (x

)

λ
q
1 (x

)
+

(1
−

λ
)p

2 (x
)
lo

g
(1

−
λ
)p

2 (x
)

(1
−

λ
)q

2 (x
)
.

Ajro�zonta
giaìlataendeqìmena
xkaimeqr shtouorismoÔth
sqetik 
entrop�a


prokÔpteihkurtìthtath


D.
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Hentrop�ae�naiko�lh(∩)

•E�dameìti,e�n
u
(x

)e�naihomoiìmorfhdiakrit katanom ,

D
(p||u

)
=

∑
p
(x

)
log

p
(x

)
u
(x

)
=

log|X
|−

H
(X

)⇒
H

(X
)
=

log|X
|−

D
(p||u

).

•Dedomènouìtih
D

(p||u
)e�naikurt ,h

−
D

(p||u
)(kai,epomènw
,kaih

entrop�a)e�naiko�lh.
•Sunep¸
,giathnentrop�aisqÔei

H
(λ

p
1
+

(1−
λ
)p

2 )≥
λ
H

(p
1 )

+
(1−

λ
)H

(p
2 ).

•Giaenallaktik apìdeixh,qwr�
qr shanisìthta

log

su
mde�te

C
over

T
h
eorem

2.7.3.
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H
I
(X

;Y
)e�naiko�lh(∩)sun�rthshth


p
(x

)giadedomènh

p
(y|x

)

•Apìdeixh:
I
(X

;
Y

)
=

H
(Y

)
−

H
(Y

|X
)

=
H

(Y
)
−
∑

x
p
(x

)H
(Y

|X
=

x
).

•1o
ìro
:
p
(y

)
=
∑

x
p
(y

|x
)p

(x
).Sunep¸
,giadedomènh

p
(y

|x
),h

p
(y

)e�nai

grammik sun�rthshth

p
(x

).H
H
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Anakefala�wshmaj mato


•Sqetik Entrop�akaiDesmeumènhSqetik Entrop�a;Amoiba�aPlhro-

for�a.
•AnisìthtaPlhrofor�a
kaisunèpeie
.Idiìthte
Entrop�a
kaiAmoiba�a


Plhrofor�a
.
•AnisìthtaEpexergas�a
Dedomènwn:Denup�rqeitrìpo
epexergas�a


pounampore�naaux seithnplhrofor�apouperièqetaisemiat.m.Ant�-

jeta,endèqetainathmei¸sei.
•Anisìthta

F
an

o.D�neifr�gmagiathnpijanìthtasf�lmato
sthnek-

t�mhsht.m.meb�shparat rhsh�llh
t.m.Jathqrhsimopoi soumeek-

ten¸
sthnKwdikopo�hshKanalioÔ.
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Anakefala�wshmaj mato
(sunèqeia)

•IdiìthtaAsumptwtik 
Isodiamèrish
(A
E
P):H``kardi�''th
sump�esh


(kaith
Jewr�a
Plhrofor�a
).Giameg�lam khakolouji¸nmporoÔme

naqwr�soumeti
akolouj�e
sedÔosÔnola

�TotupikìsÔnolo.To�jroismatwnpijanot twntwnakolouji¸npou

an kounseautìte�neiasumptwtik�sto1.

�TomhtupikìsÔnolo.
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Proepiskìphshepìmenoumaj mato


•IdiìthtaAsumptwtik 
Isodiamèrish
(A
E
P).Apode�xei
idiot twn.

•Efarmog tou
A

E
Psthnkwdikopo�hsh.Kwdikopo�hshstajeroÔm kou
.

•Je¸rhmaKwdikopo�hsh
Phg 
.Apìdeixhgiaphgè
qwr�
mn mh.52


