
EE725 - ÅéäéêÜ ÈÝìá�á Øçöéáêþí Åðéêïéíùíéþí ÖõëëÜäéï 2Ä. ÔïõìðáêÜñçò 4 ÌáÀïõ 2009EE725 - ÅéäéêÜ ÈÝìá�á Øçöéáêþí ÅðéêïéíùíéþíËýóåéò 1çò ÓåéñÜò ÁóêÞóåùí1. Ï ðñþ�ïò ìáò áó�åñéóìüò (CioÆ 1.1)(á) Äåßî�å ü�é ïé óõíáñ�Þóåéò âÜóçò �1(t) êáé �2(t) åßíáé ïñèïêáíïíéêÝò�1(t) =

{ √
2 cos(2�t) åÜí t ∈ [0; 1]

0 áëëéþò�2(t) =

{ √
2 sin(2�t) åÜí t ∈ [0; 1]

0 áëëéþòÁðÜí�çóç
∫ �1(t)�∗

2(t)dt =

∫ 1

0

2 sin(2�t) cos(2�t)dt =

∫ 1

0

sin(4�t)dt =

= − 1

4� cos(4�t)∣∣∣
∣

1

0

= 0:Åðßóçò,
∫ �1(t)�∗

1(t)dt =

∫ 1

0

2 cos2(2�t)dt =

∫ 1

0

(1 + cos(4�t))dt = 1 êáé
∫ �2(t)�∗

2(t)dt =

∫ 1

0

2 sin2(2�t)dt =

∫ 1

0

(1 − cos(4�t))dt = 1:ÅðïìÝíùò, ïé �1(t) êáé �2(t) åßíáé ïñèïêáíïíéêÝò.



(â) ÈåùñÞó�å �éò ðáñáêÜ�ù äéáìïñöùìÝíåò êõìá�ïìïñöÝòx0(t) =

{ √
2 (cos(2�t) + sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx1(t) =

{ √
2 (cos(2�t) + 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx2(t) =

{ √
2 (3 cos(2�t) + sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx3(t) =

{ √
2 (3 cos(2�t) + 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx4(t) =

{ √
2 (cos(2�t) − sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx5(t) =

{ √
2 (cos(2�t) − 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx6(t) =

{ √
2 (3 cos(2�t) − sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx7(t) =

{ √
2 (3 cos(2�t) − 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòxi+8(t) = −xi(t); i = 0; : : : ; 7:Ó÷åäéÜó�å �ïí áó�åñéóìü ÷ñçóéìïðïéþí�áò �éò óõíáñ�Þóåéò âÜóçò �ïõ åñù�Þìá�ïò(á).ÁðÜí�çóçÄéáðéó�þíïõìå åýêïëá ü�éx0(t) = �1(t) + �2(t) = [1 1][�1(t) �2(t)]T ;x1(t) = �1(t) + 3�2(t) = [1 3][�1(t) �2(t)]T ;x2(t) = 3�1(t) + �2(t) = [3 1][�1(t) �2(t)]T ;x3(t) = 3�1(t) + 3�2(t) = [3 3][�1(t) �2(t)]T ;x4(t) = �1(t) − �2(t) = [1 − 1][�1(t) �2(t)]T ;x5(t) = �1(t) − 3�2(t) = [1 − 3][�1(t) �2(t)]T ;x6(t) = 3�1(t) − �2(t) = [3 − 1][�1(t) �2(t)]T ;x7(t) = 3�1(t) − 3�2(t) = [3 − 3][�1(t) �2(t)]T êáéxi+8(t) = −xi(t); i = 0; : : : ; 7:Ï áó�åñéóìüò Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 1(ã) Õðïëïãßó�å �ç ìÝóç åíÝñãåéá Ex êáé �ç ìÝóç åíÝñãåéá áíÜ äéÜó�áóç Ēx(i) ãéá �çí ðåñßð�ùóç ðïõ üëá �á óÞìá�á åßíáé éóïðßèáíá.2



Ó÷Þìá 1: O áó�åñéóìüò �çò ¢óêçóçò(ii) ãéá �çí ðåñßð�ùóç ðïõ p(x0) = p(x4) = p(x8) = p(x12) = 1
8
êáé p(xi) = 1

24
ãéá�á õðüëïéðá i.ÁðÜí�çóçÄåäïìÝíïõ ü�é ïé �1(t) êáé �2(t) åßíáé ïñèïêáíïíéêÝò, ìðïñïýìå íá õðïëïãßóïõìå�ç ìÝóç åíÝñãåéá áðåõèåßáò áðü �ïí áó�åñéóìü. ÂëÝðïõìå åýêïëá ü�é

Einner = 2; Eside = 10 êáé E
orner = 18:ÅðïìÝíùò, ãéá éóïðßèáíá óýìâïëá, Ex = 1
16

(4 × 2 + 8 × 10 + 4 × 18) = 10 êáé
Ēx = 5, åðåéäÞ ï áó�åñéóìüò Ý÷åé Í = 2 äéáó�Üóåéò.�éá �çí êá�áíïìÞ �ïõ (ii), Ex = 1

8
(4× 2) + 1

24
(8× 10 + 4× 18) = 1 + 19=3 = 22=3êáé Ēx = 22=6.H ìÝóç åíÝñãåéá åßíáé ìéêñü�åñç ó�ç äåý�åñç ðåñßð�ùóç åðåéäÞ �á åóù�åñéêÜ óçìåßá�ïõ áó�åñéóìïý (�á ïðïßá Ý÷ïõí êáé �ç ìéêñü�åñç åíÝñãåéá) ÷ñçóéìïðïéïýí�áé ìåìåãáëý�åñç ðéèáíü�ç�á áðü �á õðüëïéðá.(ä) ¸ó�ù yi(t) = xi(t) + 4�3(t); üðïõ�3(t) =

{

1 åÜí t ∈ [0; 1]
0 áëëéþò :Õðïëïãßó�å �ç ìÝóç åíÝñãåéá, Ey, �ïõ y(t) ü�áí üëá �á óÞìá�á åéóüäïõ åßíáééóïðßèáíá. 3



ÁðÜí�çóç�ñÝðåé, êá�' áñ÷Þí, íá äïýìå áí ïé �1(t), �2(t) êáé �3(t) áðï�åëïýí óýíïëïïñèïêáíïíéêþí óõíáñ�Þóåùí.
∫ �1(t)�∗

3(t)dt =

∫ 1

0

√
2 cos(2�t)dt =

√
2

2� sin(2�t)∣∣∣
∣

∣

1

0

= 0:Oìïßùò, ∫ �2(t)�∗
3(t)dt = 0. Åðßóçò, ∫

|�3(t)|2dt = 1. ÅðïìÝíùò, ïé �1(t), �2(t)êáé �3(t) åßíáé ïñèïêáíïíéêÝò.Ç åíÝñãåéá êÜèå óõìâüëïõ åßíáé áõîçìÝíç êá�Ü 16 óå ó÷Ýóç ìå �á ðñïçãïýìåíáåñù�Þìá�á. ÅðïìÝíùò, Ex = 10 + 16 = 26 êáé Ēx = 26=3.�áñá�çñÞó�å ü�é íÝïò áó�åñéóìüò ðñïêýð�åé áðü �ïí ðñïçãïýìåíï ìå ðñïóèÞêçìéáò óõíå÷ïýò óõíéó�þóáò (DC) ðëÜ�ïõò 4.2. Åýñåóç âÜóçò ìå ÷ñÞóç MATLAB (CioÆ 1.4 { �ñïðïðïéçìÝíç)ÊÜèå ó�Þëç �ïõ ðßíáêá A ðïõ äßíå�áé ó�ç óõíÝ÷åéá åßíáé Ýíá óýìâïëï �ï ïðïßï÷ñçóéìïðïéåß�áé ãéá íá êá�áóêåõáó�åß ç áí�ßó�ïé÷ç êõìá�ïìïñöÞ áðü Ýíá óýíïëïïñèïêáíïíéêþí óõíáñ�Þóåùí âÜóçò {�1(t); �2(t); : : : ; �6(t)}. To óýíïëï �ùíäéáìïñöùìÝíùí êõìá�ïìïñöþí ðïõ áí�éó�ïé÷ïýí ó�éò ó�Þëåò �ïõ A ìðïñåß íá ðåñéãñáöåßìå ëéãü�åñåò óõíáñ�Þóåéò âÜóçò.
A = [a0 a1 · · · a7] =

















1 2 3 4 5 6 7 8
1 3 5 7 9 11 13 15
2 4 6 8 10 12 14 16
0 1 0 1 0 1 0 1
0 2 0 2 0 2 0 2
2 4 2 4 2 4 2 4

















:
Tá óÞìá�á ai(t) ðïõ ìå�áäßäïí�áé áíáðáñßó�áí�áé ùòai(t) = a∗i 









�1(t)�2(t)...�6(t)










= a∗iφ(t);üðïõ o áó�åñßóêïò (∗) õðïäçëþíåé áíÜó�ñïöï äéáíýóìá�ïò Þ ðßíáêá. Ìðïñïýìå, åðïìÝíùò,íá ãñÜøïõìå, A(t) = A∗�(t); üðïõ êÜèå ãñáììÞ �ïõ A(t) åßíáé Ýíá áðü �á óÞìá�á ðïõåíäÝ÷å�áé íá åêðÝìøåé ï ðïìðüò.ÕðïèÝ�ïõìå ü�é �á óýìâïëá ðïõ ìå�áäßäïí�áé åßíáé éóïðßèáíá.(á) Õðïëïãßó�å �çí åíÝñãåéá êÜèå óõìâüëïõ, êáèþò êáé �ç ìÝóç åíÝñãåéá �ïõ áó�åñéóìïý.ÁðÜí�çóç 4



H åíÝñãåéá �ïõ êÜèå óõìâüëïõ, i, éóïý�áé ìå �ï �å�ñÜãùíï �ïõ ìÝ�ñïõ �çò ó�Þëçò ai�ïõ ðßíáêá A. Ìå ÷ñÞóç MATLAB, {Ei} = {10; 50; 74; 150; 210; 332; 418; 566}.ÄåäïìÝíïõ ü�é �á óýìâïëá åßíáé éóïðßèáíá, Ex = 1
8

∑i Ei. Ìå ÷ñÞóç MATLAB,
Ex = 225.(â) ×ñçóéìïðïéÞó�å �ç MATLAB ãéá íá âñåß�å ìéá ïñèïêáíïíéêÞ âÜóç ãéá �éò ó�Þëåò�ïõ A. Äþó�å �ïí ðßíáêá äéáíõóìÜ�ùí âÜóçò ðïõ ðñïêýð�åé. Ïé åí�ïëÝò help êáéorth �çò MATLAB åíäÝ÷å�áé íá óáò öáíïýí ÷ñÞóéìåò (ç åí�ïëÞ help orth èáóáò äþóåé ìéá ðåñéãñáöÞ �çò åí�ïëÞò orth). ÓõãêåêñéìÝíá, Þ åí�ïëÞ Q=orth(A)åðéó�ñÝöåé Ýíáí ïñèïãþíéï ðßíáêá Q �Ý�ïéï þó�å Q∗Q = I êáé A∗ = [A∗Q]Q∗.Ïé ó�Þëåò �ïõ Q ìðïñïýí íá åéäùèïýí ùò íÝá âÜóç. ÅðïìÝíùò, ðñïóðáèÞó�å íáåêöñÜóå�å �ïí A(t) ìå �Ý�ïéï �ñüðï þó�å íá ðñïêýøåé Ýíá íÝï óýíïëï óõíáñ�ÞóåùíâÜóçò êáé ìéá íÝá ðåñéãñáöÞ �ùí 7 ðéèáíþí ìå�áäéäüìåíùí êõìá�ïìïñöþí.ÁðÜí�çóçÌå ÷ñÞóç �çò orth âñßóêïõìå ìéá ïñèïêáíïíéêÞ âÜóç ãéá �éò ó�Þëåò �ïõ A. ÇïñèïêáíïíéêÞ âÜóç ðïõ ðñïêýð�åé åßíáé ç

Q = [q0 q1 q2] =

















−0:3394 0:0323 −0:1124
−0:6190 0:2214 0:3512
−0:6788 0:0647 −0:2249
−0:0338 −0:2450 0:3479
−0:0677 −0:4900 0:6959
−0:1873 −0:8035 −0:4563

















:
(ã) �üóåò óõíáñ�Þóåéò âÜóçò áðáé�ïýí�áé ãéá íá áíáðáñáó�Þóå�å �ï óýíïëïêõìá�ïìïñöþí �ïõ ðïìðïý; ÅêöñÜó�å �éò íÝåò óõíáñ�Þóåéò âÜóçò ìå ÷ñÞóç �ùíáñ÷éêþí

{�1(t); �2(t); : : : ; �6(t)}.ÁðÜí�çóç¼ðùò öáßíå�áé áðü �ïí ðßíáêá Q, 3 óõíáñ�Þóåéò áñêïýí ãéá íá áíáðáñáó�áèåß �ïóýíïëï êõìá�ïìïñöþí �ïõ ðïìðïý. Ïé íÝåò óõíáñ�Þóåéò âÜóçò,  i(t), óõíáñ�Þóåé�ùí áñ÷éêþí, éóïýí�áé ìå [�1(t); �2(t); : : : ; �6(t)]qi.(ä) Bñåß�å �ï íÝï ðßíáêá Â ï ïðïßïò áíáðáñéó�Ü �éò êõìá�ïìïñöÝò åéóüäïõ ìå ÷ñÞóç�ùí íÝùí óõíáñ�Þóåùí âÜóçò ðïõ âñÞêá�å ó�ï (â). ï Â èá Ý÷åé 8 ó�Þëåò, ìéá ãéáêÜèå óýìâïëï. Ï áñéèìüò ãñáììþí �ïõ Â èá åßíáé ï áñéèìüò �ùí óõíáñ�ÞóåùíâÜóçò ðïõ âñÞêá�å ó�ï (â).ÁðÜí�çóçÏé óõí�å�áãìÝíåò êÜèå ó�Þëçò ai ùò ðñïò �ï j−ïó�ü äéÜíõóìá �çò êáéíïýñãéáòâÜóçò ìðïñïýí íá âñåèïýí ðñïâÜëëïí�áò êÜèå ó�Þëç ó�á íÝá äéáíýóìá�á. ÄçëáäÞ,âñßóêïí�áò �ï åóù�åñéêü ãéíüìåíï �i;j = 〈ai; qj〉. Ó�ç MATLAB, ïé óõí�åëåó�Ýò�i;j ìðïñïýí íá âñåèïýí ìå ÷ñÞóç �çò åí�ïëÞò A'*Q (ç ïðïßá õëïðïéåß �çí ðñÜîç5



A∗Q). Ï íÝïò ðßíáêáò, Â, ïé ó�Þëåò �ïõ ïðïßïõ åßíáé �á óýìâïëá åêöñáóìÝíá ìå÷ñÞóç �ùí íÝùí óõíáñ�Þóåùí âÜóçò, åßíáé ïÁ̂ = [â0 â1 : : : â7] =




−2:6907 −6:1696 −8:5609 −12:0398 −14:4311 −17:9100 −20:3013 −23:7802
−1:2239 −3:4513 −0:0148 −2:2422 1:1943 −1:0331 2:4034 0:1760
−1:1235 −0:1561 −0:8430 0:1244 −0:5625 0:4049 −0:2820 0:6853 

 :(å) Õðïëïãßó�å �çí åíÝñãåéá êÜèå óõìâüëïõ ü�áí áõ�ü áíáðáñéó�Ü�áé óõíáñ�Þóåé �ùííÝùí óõíáñ�Þóåùí âÜóçò, êáèþò êáé �ç ìÝóç åíÝñãåéá �ïõ áó�åñéóìïý. Ó÷ïëéÜó�å.ÁðÜí�çóçH åíÝñãåéá êÜèå óõìâüëïõ õðïëïãßæå�áé áêñéâþò üðùò ó�ï åñþ�çìá (á), áõ�Þ�ç öïñÜ ìå ÷ñÞóç �ïõ ðßíáêá Â. Ôá áðï�åëÝóìá�á åßíáé �á ßäéá. Áõ�ü åßíáéáíáìåíüìåíï äåäïìÝíïõ ü�é Ýíáò ïñèïãþíéïò ìå�áó÷çìá�éóìüò äå ìå�áâÜëëåé �ïó÷Þìá �ïõ ÷þñïõ. Áðü �ç óêïðéÜ �ùí Øçöéáêþí Åðéêïéíùíéþí, ç åíÝñãåéá åíüòóÞìá�ïò ðáñáìÝíåé ç ßäéá, áíåîÜñ�ç�á �çò (ïñèïêáíïíéêÞò) âÜóçò ç ïðïßá÷ñçóéìïðïéåß�áé ãéá �çí ðåñéãñáöÞ �ïõ.Ó�ç óõíÝ÷åéá äßíå�áé Ýíá ðáñÜäåéãìá ðñïãñÜììá�ïò MATLAB ãéá �çí Üóêçóç.% MATLAB 
ode for EE725, HW1, Prob 2% Dimitris Toumpakaris% Mar
h 28, 2009% 
lear all variables
lear all;% define matrix AA=[ 1 2 3 4 5 6 7 8;1 3 5 7 9 11 13 15;2 4 6 8 10 12 14 16;0 1 0 1 0 1 0 1;0 2 0 2 0 2 0 2;2 4 2 4 2 4 2 4℄;% Find orhonormal basis for 
olumns of AQ=orth(A);% Find matrix A_hat, representing the modulated% waveforms as a fun
tion of the new basis fun
tions% first find transpose 6



A_hat = A'*Q;% transpose to find matrix whose 
olumns are the symbolsA_hat = A_hat'% 
al
ulate energy of ea
h symbol% for original representationenergy_orig = sum(A.^2,1)% for new representationenergy_new = sum(A_hat.^2,1)% 
al
ulate average 
onstellation energy% for original representationenergy_ave_orig = sum(energy_orig)/size(A,2)% for new representationenergy_ave_new = sum(energy_new)/size(A_hat,2)3. Êáíüíåò áðüöáóçò ãéá äõáäéêÜ êáíÜëéá (CioÆ 1.5 { �ñïðïðïéçìÝíç)(á) ÅêöñÜó�å �ïõò êáíüíåò áðüöáóçò MAP êáé ML ãéá �ï äõáäéêü óõììå�ñéêü êáíÜëé(BSC) ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ p ãéá ïðïéáäÞðï�å êá�áíïìÞ åéóüäïõ.ÁðÜí�çóçÏ êáíüíáò áðüöáóçò MAP åßíáé ïxi = arg maxxj p(xj|y):Èåùñïýìå �ï äõáäéêü óõììå�ñéêü êáíÜëé �ïõ Ó÷Þìá�ïò 3, üðïõ Pr{X = 0} = q.�áñá�çñÞó�å ü�é ïé åßóïäïé äåí åßíáé, êá�' áíÜãêç, éóïðßèáíåò.

Ó÷Þìá 2: Äõáäéêü óõììå�ñéêü êáíÜëé ìå áõèáßñå�ç êá�áíïìÞ åéóüäïõ¸ó�ù ü�é Y = 0. O äÝê�çò èá áðïöáóßóåé ü�é X = 0 åÜí p(X = 0|Y = 0) >p(X = 1|Y = 0). ÅðïìÝíùò, áñêåß íá óõãêñßíïõìå �éò p(x|Y = 0) Þ, éóïäýíáìá,7



�éò p(x)p(Y = 0|x). ÅðïìÝíùò, X̂ = 0 åÜí p(× = 0)p(Y = 0|× = 0) > p(× =
1)p(Y = 0|× = 1) Þ q(1 − p) > (1 − q)p Þ q > p. Óõíåðþò, åÜí q > p, êÜèå öïñÜðïõ ï äÝê�çò ëáìâÜíåé 0 áðïöáóßæåé 0, åíþ, áí q ≤ p ï äÝê�çò áðïöáóßæåé 1.¸ó�ù, �þñá, ü�é Y = 1. X̂ = 0 åÜí p(× = 0)p(Y = 1|× = 0) > p(× = 1)p(Y =
1|× = 1) Þ qp > (1 − q)(1 − p) Þ p + q > 1. Óõíåðþò, åÜí p + q > 1, êÜèå öïñÜðïõ ï äÝê�çò ëáìâÜíåé 1 áðïöáóßæåé 0, åíþ, áí p+ q ≤ 1 ï äÝê�çò áðïöáóßæåé 1.�áñá�çñÞó�å ü�é, ó�ç ãåíéêÞ ðåñßð�ùóç, ï êáíüíáò áðüöáóçò MAP äåí åßíáéóõììå�ñéêüò. ÄçëáäÞ, õðÜñ÷ïõí êáíÜëéá ãéá �á ïðïßá ðÜí�ï�å èá áðïöáóßæïõìåX̂ = 0 (Þ X̂ = 1) ï�éäÞðï�å êáé áí ëÜâïõìå ó�ï äÝê�ç. �éá ðáñÜäåéãìá, åÜíp = 2=3 êáé q = 5=6, ðÜí�á áðïöáóßæïõìå ü�é X̂ = 0, áíåîáñ�Þ�ùò �çò åéóüäïõ.�éá �çí ðåñßð�ùóç �ïõ áðïêùäéêïðïéç�Þ ML, áñêåß íá èÝóïõìå q = 1=2. Óõíåðþò,X̂(Y = 0) = 0 ü�áí p < 1=2, áëëéþò X̂(Y = 0) = 1.(â) ÅêöñÜó�å �ïõò êáíüíåò áðüöáóçò MAP êáé ML ãéá �ï äõáäéêü êáíÜëé äéáãñáöÞòìå p(Y = 0|X = 0) = 1 − p1; p(Y = E|X = 0) = p1; p(Y = 1|X = 1) = 1 − p2;p(Y = E|X = 1) = p2:ÁðÜí�çóçTo äõáäéêü êáíÜëé äéáãñáöÞò ìå áõèáßñå�åò ðéèáíü�ç�åò åéóüäïõ öáßíå�áé ó�ïÓ÷Þìá ??.

Ó÷Þìá 3: Äõáäéêü êáíÜëé äéáãñáöÞò ìå áõèáßñå�ç êá�áíïìÞ åéóüäïõ�ñïöáíþò, ü�áí Y = 0 Þ Y = 1, �üóï ï áðïêùäéêïðïéç�Þò ML üóï êáé ï MAPáðïöáóßæïõí X̂ = 0 êáé 1, áí�ßó�ïé÷á. ¼�áí Y = E, p(X = 0)p(E|X = 0) >p(X = 1)p(E|X = 1) ⇒ qp1 > (1 − q)p2. Ó�çí ðåñßð�ùóç áðïêùäéêïðïéç�Þ ML,q = 1=2, ïðü�å X̂(E) = 0 ü�áí p1 > p2, áëëéþò X̂(E) = 1.4. �åñéï÷Ýò áðüöáóçò (CioÆ 1.6)Èåùñïýìå �ï ìïíïäéÜó�á�ï äéáíõóìá�éêü êáíÜëéy = x+ n;8



üðïõ x = ±1 êáé n åßíáé �êáïõóéáíüò èüñõâïò ìå �2 = 1. Ïé ðåñéï÷Ýò áðüöáóçò �ïõáðïêùäéêïðïéç�Þ ML åßíáé ïéDML;1 = [0;∞) êáé DML;−1 = (−∞; 0):ÄçëáäÞ, åÜí �ï y âñßóêå�áé ó�çí ðåñéï÷Þ DML;1, x̂ = 1, áëëéþò x̂ = −1.ÈåùñÞó�å, �þñá, Ýíá äéáöïñå�éêü äÝê�ç, R, ìå ðåñéï÷Ýò áðüöáóçòDR;1 =

[

1

2
;∞) êáé DR;−1 =

(

−∞; 1
2

) :(á) Õðïëïãßó�å �éò Pe;ML êáé Pe;R óõíáñ�Þóåé �çò px(1) = p ãéá �éìÝò �çò p ó�ïäéÜó�çìá [0; 1]. Ó�çí ßäéá ãñáöéêÞ ðáñÜó�áóç ó÷åäéÜó�å �çí Pe;ML êáé �çí Pe;Rùò óõíÜñ�çóç �çò p.ÁðÜí�çóçPe;ML|x=+1 = Pr{y < 0|x = +1} = Pr{n < −1|x = +1} (á)
= Pr{n < −1} = Q(1);Pe;ML|x=−1 = Pr{y > 0|x = −1} = Pr{n > 1|x = −1} (á)

= Pr{n > 1} = Q(1);üðïõ �ï (á) éó÷ýåé åðåéäÞ ï èüñõâïò åßíáé áíåîÜñ�ç�ïò �çò åéóüäïõ. Óõíåðþò,Pe;ML = p(x = −1)Pe;ML|x=−1 + p(x = +1)Pe;ML|x=+1 = Q(1).Ïìïßùò, ãéá �çí ðåñßð�ùóç �ïõ äÝê�ç R,Pe;R|x=+1 = Pr{y < 1=2|x = +1} = Pr{n < −1=2|x = +1} = Pr{n < −1=2} = Q(1=2);Pe;R|x=−1 = Pr{y > 1=2|x = −1} = Pr{n > 3=2|x = −1} = Pr{n > 3=2} = Q(3=2):ÅðïìÝíùò, Pe;R = p(x = −1)Pe;R|x=−1 + p(x = +1)Pe;R|x=+1 = (1 − p)Q(3=2) +pQ(1=2).Ïé Pe;ML êáé Pe;R Ý÷ïõí ó÷åäéáó�åß ó�ï Ó÷Þìá 4 ãéá p ∈ [0; 1].(â) Õðïëïãßó�å �á maxp Pe;ML êáé maxp Pe;R. Óõìöùíåß �ï áðï�Ýëåóìá ìå �ï èåþñçìáminimax, óýìöùíá ìå �ï ïðïßï, ãéá Üãíùó�ç êá�áíïìÞ åéóüäïõ êáé åöüóïí çäåóìåõìÝíç ðéèáíü�ç�á óöÜëìá�ïò Pe;ML|m=mi äåí åîáñ�Ü�áé áðü �ï ìÞíõìá miðïõ ìå�áäßäå�áé, ï áðïêùäéêïðïéç�Þò ML åëá÷éó�ïðïéåß �ç ìÝãéó�ç ðéèáíü�ç�áóöÜëìá�ïò;ÁðÜí�çóçH Pe;ML åßíáé ó�áèåñÞ êáé áíåîÜñ�ç�ç �çò p. Ç Pe;R åßíáé aÆne óõíÜñ�çóç�çò p êáé, åðïìÝíùò, êáé êõñ�Þ (êáé êïßëç). Óõíåðþò ìåãéó�ïðïéåß�áé óå ÝíáÜêñï �ïõ äéáó�Þìá�ïò [0; 1] Þ ó�ï óçìåßï ãéá �ï ïðïßï ddpPe;R = 0. ddpPe;R =Q(1=2) − Q(3=2) > 0. Óõíåðþò, ç Pe;R åßíáé ãíçóßùò áýîïõóá ãéá üëá �á p êáé,åðïìÝíùò, ìåãéó�ïðïéåß�áé ó�ï p∗ = 1 : maxp Pe;R = Q(1=2). To áðï�Ýëåóìá åßíáéáíáìåíüìåíï äéáéóèç�éêÜ: Ôï üñéï �ùí ðåñéï÷þí áðüöáóçò âñßóêå�áé ðéï êïí�Ü ó�ï9
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Ó÷Þìá 4: Óýãêñéóç �çò ðéèáíü�ç�áò óöÜëìá�ïò �ùí äýï äåê�þí óõíáñ�Þóåé �çò ðéèáíü�ç�áòìå�Üäïóçò �ïõ óõìâüëïõ x = +1.óçìåßï x = +1, ìå áðï�Ýëåóìá ç ìå�Üäïóç áõ�ïý �ïõ óçìåßïõ íá ïäçãåß óå óöÜëìáìå ìåãáëý�åñç ðéèáíü�ç�á. ÅðïìÝíùò, ç ìåãáëý�åñç ìÝóç ðéèáíü�ç�á óöÜëìá�ïòåìöáíßæå�áé ü�áí ÷ñçóéìïðïéïýìå áðïêëåéó�éêÜ �ï x = +1. �áñá�çñïýìå ü�é �ïáðï�Ýëåóìá óõìöùíåß ìå �ï èåþñçìá, äåäïìÝíïõ ü�é Pe;ML|x=+1 = Pe;ML|x=−1 =Q(1) êáé maxp Pe;R = Q(1=2) > Q(1) = maxp Pe;ML.(ã) �éá ðïéá �éìÞ �çò p ï êáíüíáò MAP óõìðßð�åé ìå �ï äÝê�ç DR;ÁðÜí�çóçO êáíüíáò MAP óõìðßð�åé ìå �ï äÝê�ç DR ü�áí p(x = −1|y = 1=2) = p(x =
+1|y = 1=2). ÄçëáäÞ, p(x = +1)p(y = 1=2|x = +1) = p(x = −1)p(y = 1=2|x =
−1) ⇒ pQ(1=2) = (1 − p)Q(3=2) ⇒ p(Q(1=2) + Q(3=2)) = Q(3=2) ⇒ p =Q(3=2)Q(1=2)+Q(3=2) ≈ 0:187. Ó�çí ðåñßð�ùóç áõ�Þ, Pe;R = Pe;MAP = 0:1098 < Pe;ML.5. Èüñèõâïò ó�ï äÝê�ç (CioÆ 1.9)Ó�çí Üóêçóç áõ�Þ ìðïñåß�å íá ÷ñçóéìïðïéÞóå�å MATLAB ãéá �ïõò õðïëïãéóìïýò.ÊÜèå ó�Þëç �ïõ A ðïõ äßíå�áé ðáñáêÜ�ù åßíáé Ýíá óýìâïëï äåäïìÝíùí �ï ïðïßï÷ñçóéìïðïéåß�áé ãéá íá êá�áóêåõáó�åß ç äéáìïñöùìÝíç êõìá�ïìïñöÞ ðïõ �ïõ áí�éó�ïé÷åßìå ÷ñÞóç óõíüëïõ ïñèïêáíïíéêþí óõíáñ�Þóåùí âÜóçò

φ(t) = [�1(t) �2(t) · · · �6(t)]:10



ÕðïèÝó�å ü�é üëá �á ìçíýìá�á åßíáé éóïðßèáíá.A =

















1 2 3 4 5 6 7 8
2 4 6 8 10 12 14 16
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
3 3 3 3 3 3 3 3
5 6 7 8 5 6 7 8

















:ÅðïìÝíùò, x(t) = φ(t)A = [x0(t) x1(t) · · · x7(t)]:�áñá�çñÞó�å ü�é ç Ýêöñáóç ãéá �ç x(t) åßíáé éóïäýíáìç ìå áõ�Þí ãéá �ïí A(t) �çò 2çòÜóêçóçò. ¸íá äéÜíõóìá èïñýâïõ n =







n1...n6





ðñïó�ßèå�áé ó�ï äéÜíõóìá óõìâüëùí, x, þó�åy(t) = Φ(t)(x+ n);üðïõ n1; n2; : : : ; n6 åßíáé áíåîÜñ�ç�á êáé nk = ±1 ìå ßäéá ðéèáíü�ç�á.Ç ìå�áäéäüìåíç êõìá�ïìïñöÞ y(t) áðïäéáìïñöþíå�áé ìå ÷ñÞóç áðïêùäéêïðïéç�Þ óõó÷Ý�éóçò(Þ ðñïóáñìïóìÝíùí ößë�ñùí). Ôï ðñüâëçìá áõ�ü åîå�Üæåé �ï ëüãï óÞìá�ïò ðñïò èüñõâï�ïõ áðïäéáìïñöùìÝíïõ äéáíýóìá�ïò y = x+ n.(á) Bñåß�å �á Ēx, �2 êáé SNR=Ēx=�2 åÜí üëá �á ìçíýìá�á åßíáé éóïðßèáíá.ÁðÜí�çóç¼ðùò êáé ó�ç 2ç Üóêçóç, ç Ēx ìðïñåß íá âñåèåß áðü �ï �å�ñÜãùíï �ïõ ìÝ�ñïõ �ùíó�çëþí �ïõ A êáé èÝ�ïí�áò N = 6. Ēx = 30:1667.H äéáóðïñÜ �ïõ n ïñßæå�áé ùò E[n2 − (E[n])2] = E[n2] =
∑E[n2i ] = 6, äåäïìÝíïõü�é �á ni åßíáé áíåîÜñ�ç�á.Óõíåðþò, SNR=5.0278=7.0138 dB.(â) Âñåß�å �ïí åëÜ÷éó�ï áñéèìü äéáíõóìÜ�ùí âÜóçò êáé �ï íÝï ðßíáêá Â üðùò ó�çí¢óêçóç 2 êáé õðïëïãßó�å �á íÝá Ēx, �2 êáé SNR.ÁðÜí�çóçÌå �ïí ßäéï �ñüðï üðùò êáé ó�çí ¢óêçóç 2, ðñïêýð�åé ü�é 3 äéáíýóìá�á âÜóçòáñêïýí ãéá �çí ðåñéãñáöÞ �ùí óçìÜ�ùí. Ï ðßíáêáò Â åßíáé ïÁ̂ = [â0 â1 : : : â7] =





−4:9564 −7:3362 −9:7160 −12:0958 −12:5841 −14:9639 −17:3437 −19:7235
−3:8839 −3:4860 −3:0881 −2:6901 0:9914 1:3894 1:7873 2:1853

0:5912 0:1691 −0:2530 −0:6751 0:8108 0:3887 −0:0335 −0:4556 

 :11



�ñïêåéìÝíïõ íá âñïýìå �ïõò óõí�åëåó�Ýò �ùí óçìÜ�ùí ùò ðñïò �ç íÝá âÜóç, áñêåßíá �á ðñïâÜëïõìå ó�éò ãñáììÝò �ïõ ðßíáêá Q∗: Â = Q∗A. ÅðïìÝíùò, ï èüñõâïòìå�áó÷çìá�ßæå�áé óå n̂ = Q∗n êáé �̂2 = E[n̂2] = E[n∗QQ∗n] = E[n∗n] = �2. Toáðï�Ýëåóìá Þ�áí áíáìåíüìåíï äåäïìÝíïõ ü�é ï ìå�áó÷çìá�éóìüò åßíáé ïñèïãþíéïò.Óõíåðþò, üðùò ìðïñåß íá åðéâåâáéùèåß êáé ìå ÷ñÞóç MATLAB, ç ìÝóç åíÝñãåéá
Ex �ïõ áó�åñéóìïý ðáñáìÝíåé áíáëëïßù�ç.Ùó�üóï, ç ìÝóç åíÝñãåéá �ïõ áó�åñéóìïý áíÜ äéÜó�áóç, Ēx êáé �ï SNR áëëÜæïõí,äåäïìÝíïõ ü�é ï áñéèìüò �ùí äéáó�Üóåùí åßíáé, ðëÝïí, ßóïò ìå 3 áí�ß ãéá 6. Áõ�üäå óçìáßíåé ü�é Üëëáîå êÜ�é üóïí áöïñÜ �çí áðüäïóç �ïõ áó�åñéóìïý, áöïý ïìå�áó÷çìá�éóìüò åßíáé ïñèïãþíéïò êáé, åðïìÝíùò, áí�éó�ñÝøéìïò.(ã) ÅÜí �ï íÝï äéÜíõóìá åîüäïõ éóïý�áé ìå ỹ = x̃ + ñ, åßíáé áìå�Üâëç�ïò (invariant)ï ìå�áó÷çìá�éóìüò áðü �ï y ó�ï ỹ; Ìå Üëëá ëüãéá, åðçñåÜæå�áé ç Pe áðü �ïìå�áó÷çìá�éóìü;ÁðÜí�çóçÇ Pe äåí åðçñåÜæå�áé áðü �ï ìå�áó÷çìá�éóìü åðåéäÞ áõ�üò åßíáé áí�éó�ñÝøéìïò.ÓõãêåêñéìÝíá, ìðïñïýìå íá \åðéó�ñÝøïõìå" ó�ï áñ÷éêü óýó�çìá óõí�å�áãìÝíùí,äåäïìÝíïõ ü�é Â = Q∗A⇒ A = (Q∗)−1Â = QÂ.(ä) Óõãêñßíå�å �á b̄ êáé Ēx ìå �ï ðñïçãïýìåíï óýó�çìá. Ôï íÝï óýó�çìá õðåñ�åñåß�ïõ ðñïçãïýìåíïõ; �éá�ß Þ ãéá�ß ü÷é;ÁðÜí�çóç¼ðùò áíáöÝñèçêå ó�ï ðñïçãïýìåíï åñþ�çìá, ç Ēx åßíáé, �þñá, äéðëÜóéá áðü �çíðåñßð�ùóç �ïõ åñù�Þìá�ïò (á). Ïìïßùò, ï áñéèìüò �ùí bits/äéÜó�áóç, b̄, éóïý�áé ìå
log2(8) = 3=3 = 1, áí�ß ãéá 0.5. Ôï íÝï óýó�çìá äåí õðåñ�åñåß �ïõ ðñïçãïýìåíïõüóïí áöïñÜ �çí åðßäïóç, äåäïìÝíïõ ü�é ï óõíïëéêüò áñéèìüò ìå�áäéäüìåíùí bits,ç Pe êáé ç ìÝóç åíÝñãåéá óå üëåò �éò äéáó�Üóåéò äå ìå�áâÜëëïí�áé. Ôï äåý�åñïóýó�çìá ìðïñåß íá õëïðïéçèåß ìå ÷ñÞóç 3 áí�ß ãéá 6 ðñïóáñìïóìÝíá ößë�ñá �ïïðïßï åíäÝ÷å�áé íá åßíáé ðñï�éìü�åñï ó�çí ðåñßð�ùóç ðïõ ïé ðåñéï÷Ýò áðüöáóçòåßíáé áðëïýó�åñåò óå ó÷Ýóç ìå �ï óýó�çìá �ïõ åñù�Þìá�ïò (á).(å) To íÝï óýó�çìá Ý÷åé �þñá 3 äéáó�Üóåéò ðïõ äå ÷ñçóéìïðïéïýí�áé. Åðéèõìïýìå íáó�åßëïõìå 8 åðéðëÝïí ìçíýìá�á äçìéïõñãþí�áò Ýíá ìåãáëý�åñï ðßíáêá Ā:Ā =

[ Â 00 Â ] :Óõãêñßíå�å �á b̄ êáé Ēx ìå �ï áñ÷éêü óýó�çìá 6 äéáó�Üóåùí, êáèþò êáé ìå �ïóýó�çìá 3 äéáó�Üóåùí �ïõ åñù�Þìá�ïò (â).ÁðÜí�çóçÇ ìÝóç åíÝñãåéá áíÜ äéÜó�áóç, Ēx, åßíáé ßäéá ìå áõ�Þ �ïõ óõó�Þìá�ïò (á). Ùó�üóï,ï áñéèìüò bits áíÜ äéÜó�áóç, b̄, åßíáé �þñá 2/3 áí�ß ãéá 1/2. Áõ�ü óõìâáßíåé ãéá�ß12



�ï óýó�çìá ìå�áäßäåé ðåñéóóü�åñá bits ìå �çí ßäéá ìÝóç åíÝñãåéá. Ôï ãåãïíüò ü�é,ó�ï óýó�çìá (á), �á óÞìá�á áíÞêáí óå õðü÷ùñï äéÜó�áóçò 3 óçìáßíåé ü�é, åÜí �ïóýó�çìá (á) Ý÷åé ó÷åäéáó�åß óùó�Ü èá Ý÷åé êáëý�åñç Pe áð' ü,�é �ï óýó�çìá (å).Ç ìÝóç åíÝñãåéá áíÜ äéÜó�áóç �ïõ óõó�Þìá�ïò (å) åßíáé ç ìéóÞ áð' ü,�é áõ�Þ�ïõ óõó�Þìá�ïò (â). Áõ�ü óõìâáßíåé ãéá�ß, êá�Ü ìÝóï üñï, ç ìéóÞ åíÝñãåéáêá�áíÝìå�áé, �þñá, ó�éò 3 äéáó�Üóåéò ðïõ äå ÷ñçóéìïðïéïýóå �ï óýó�çìá (â) (êáé(á)). Åðßóçò, ï áñéèìüò bits áíÜ äéÜó�áóç åëá��þíå�áé.Ó�ç óõíÝ÷åéá äßíå�áé êþäéêáò MATLAB ï ïðïßïò õðïëïãßæåé �éò æç�ïýìåíåò ðïóü�ç�åò.% MATLAB 
ode for EE725, HW1, Prob 5% Dimitris Toumpakaris% Mar
h 28, 2009% 
lear all variables
lear all;% define matrix AA=[ 1 2 3 4 5 6 7 8;2 4 6 8 10 12 14 16;1 1 1 1 0 0 0 0;0 0 0 0 1 1 1 1;3 3 3 3 3 3 3 3;5 6 7 8 5 6 7 8℄;% Find energy of ea
h symbolE_x_per_sym = sum(A.^2,1)% Find mean energy assuming equiprobable messagesE_x = sum(E_x_per_sym)/size(A,2)% Find energy per dimensionE_x_bar = E_x/size(A,1)% noise varian
e is equal to number of dimensions, Nsigma_sq = size(A,1);% Find SNR per dimensionSNR = E_x_bar/sigma_sq% in dBSNR_dB = 10*log10(SNR)% find b_bar 13



b_bar = log2(size(A,2))/size(A,1)% Find orhonormal basis for 
olumns of AQ=orth(A);% express transmitted ve
tors with respe
t to new basisA_hat = Q'*A% Find energy of ea
h symbolE_x_per_sym_new = sum(A_hat.^2,1)% Find mean energy assuming equiprobable messagesE_x_new = sum(E_x_per_sym_new)/size(A_hat,2)% Find energy per dimensionE_x_bar_new = E_x_new/size(A_hat,1)% find b_barb_bar_new = log2(size(A_hat,2))/size(A_hat,1)% new system with 16 messagesA_bar = [A_hat zeros(size(A_hat,1),size(A_hat,2));zeros(size(A_hat,1),size(A_hat,2)) A_hat℄;% Find energy of ea
h symbolE_x_per_sym_bar = sum(A_bar.^2,1)% Find mean energy assuming equiprobable messagesE_x_bar = sum(E_x_per_sym_bar)/size(A_bar,2)% Find energy per dimensionE_x_bar_bar = E_x_bar/size(A_bar,1)% find b_barb_bar_bar = log2(size(A_bar,2))/size(A_bar,1)6. ÊáíÜëé áðïèÞêåõóçò óå äßóêï (CioÆ 1.12)H áðïèÞêåõóç äõáäéêþí äåäïìÝíùí óå äßóêï ëåð�Þò ìåìâñÜíçò (thin-�lm disk) ìðïñåßíá ðñïóåããéó�åß áðü êáíÜëé ðñïóèå�éêïý �êáïõóéáíïý èïñýâïõ ï ïðïßïò åîáñ�Ü�áé áðü�çí åßóïäï. ÓõãêåêñéìÝíá, ç äéáóðïñÜ �ïõ èïñýâïõ åîáñ�Ü�áé áðü �çí åßóïäï (äçëáäÞ
14



�çí �éìÞ ðïõ åããñÜöå�áé ó�ï äßóêï). Ï èüñõâïò Ý÷åé �çí áêüëïõèç êá�áíïìÞp(n) =















1√
2��2

1

e− n2

2�2
1 ü�áí x = 1

1√
2��2

0

e− n2

2�2
0 ü�áí x = 0êáé �2

1 = 31�2
0. Oé åßóïäïé ó�ï êáíÜëé åßíáé éóïðßèáíåò.(á) �éá ïðïéáäÞðï�å åßóïäï, ç Ýîïäïò ìðïñåß íá Ý÷åé ïðïéáäÞðï�å ðñáãìá�éêÞ �éìÞ.Ó�çí ßäéá ãñáöéêÞ ðáñÜó�áóç ó÷åäéÜó�å �éò äýï ðéèáíÝò êá�áíïìÝò ðõêíü�ç�áòðéèáíü�ç�áò (pdf's) �çò åîüäïõ. ÄçëáäÞ, ó÷åäéÜó�å �çí êá�áíïìÞ åîüäïõ ãéáx = 0 êáé �çí êá�áíïìÞ åîüäïõ ãéá x = 1. Äåßî�å (ðñïóåããéó�éêÜ) �éò ðåñéï÷Ýòáðüöáóçò ó�ç ãñáöéêÞ ðáñÜó�áóç.ÁðÜí�çóçOé äýï ðéèáíÝò êá�áíïìÝò ðõêíü�ç�áò ðéèáíü�ç�áò (pdf's) �çò åîüäïõ Ý÷ïõí ó÷åäéáó�åßó�ï Ó÷Þìá 5 ãéá �2

0 = 1. ÅðåéäÞ �á óýìâïëá åéóüäïõ åßíáé éóïðßèáíá, ï áíé÷íåõ�ÞòML åßíáé âÝë�éó�ïò. ÅðïìÝíùò, ï äÝê�çò áðïöáóßæåé ü�é �ï ìå�áäïèÝí óýìâïëïåßíáé �ï 0 ü�áí ç y âñßóêå�áé ó�çí ðåñéï÷Þ ðïõ óçìåéþíå�áé ìå âÝëïò. Áëëéþò,áðïöáóßæåé ü�é �ï ìå�áäïèÝí óýìâïëï åßíáé �ï 1.
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Ó÷Þìá 5: Ká�áíïìÝò ðõêíü�ç�áò ðéèáíü�ç�áò (pdf's) �çò åîüäïõ.(â) �ñïóäéïñßó�å �ï âÝë�éó�ï äÝê�ç óõíáñ�Þóåé �ùí �0 êáé �1.ÁðÜí�çóç 15



Ï âÝë�éó�ïò äÝê�çò õðïëïãßæåé �çí �éìÞ �ïõ x ç ïðïßá ìåãéó�ïðïéåß �çí åê �ùíõó�Ýñùí ðéèáíü�ç�á p(x|y). X̂ = 0 ü�áí p(0|y) > p(1|y) ⇒ p(0)p(y|0) > p(1)p(y|1) ⇒p(y|0) > p(y|1); äåäïìÝíïõ ü�é ïé åßóïäïé åßíáé éóïðßèáíåò. Óõíåðþò, X̂ = 0 ⇔p(y|0) > p(y|1) ⇔ 1√
2��0

e−y2=2�2

0 > 1√
2��1

e−(y−1)2=2�2

1 ⇔ e−y2=2�2

0 > 1√
31
e−(y−1)2=2·31�2

0 ⇔
−y2=2�2

0 > − ln(31)=2 − (y − 1)2=62�2
0 ⇔ 31y2 < 31 ln(31)�2

0 + (y − 1)2 ⇔
30y2 + 2y − 1 − 31 ln(31)�2

0 < 0:Ïé ðåñéï÷Ýò áðüöáóçò ðñïêýð�ïõí áðü �ç ëýóç �çò ðáñáðÜíù áíéóü�ç�áò ç ïðïßáåîáñ�Ü�áé áðü �çí �éìÞ �çò �0.(ã) Õðïëïãßó�å �á �2
0 êáé �2

1 ü�áí SNR=15 dB. Ï SNR ïñßæå�áé ùò Ex
1

2
(�2

0
+�2

1
)

= 1�2

0
+�2

1

.ÁðÜí�çóç
1�2

0
+�2

1

= 1
32�2

0

= 101:5 ≈ 31:62 ≈ 32. Óõíåðþò, �2
0 = 1 êáé �2

1 = 31.(ä) Õðïëïãßó�å �çí Pe ü�áí SNR=15 dB.ÁðÜí�çóç�éá �2
0 = 1 êáé �2

1 = 31, ç áíéóü�ç�á ãéá �éò ðåñéï÷Ýò áðüöáóçò ðáßñíåé �ç ìïñöÞp(y|0) > p(y|1) ⇔ 30y2 + 2y − 1 − 31 ln(31) < 0: Ïé ñßæåò åßíáé ïé -1.9262 êáé+1.8595. �éá y = 0, 30y2 +2y−1−31 ln(31) < 0. ÅðïìÝíùò, ï äÝê�çò áðïöáóßæåéX̂ = 0 ü�áí y ∈ [−1:9262;+1:8595], áëëéþò X̂ = 1. H ðéèáíü�ç�á óöÜëìá�ïòìðïñåß, �þñá, íá õðïëïãéó�åß ùòPe = p(1)Pe|x=1 + p(0)Pe|x=0 =
1

2

(Pe|x=1 + Pe|x=0

) :Pe|x=1 =

∫ 1:8595
−1:9262 1√

2��1

e−(y−1)2=2�2

1dy =

=

∫ ∞

−1:9262 1√
2��1

e−(y−1)2=2�2

1dy − ∫ ∞

1:8595 1√
2��1

e−(y−1)2=2�2

1dy =

= Q(−1:9262 + 1√
31

)

−Q(

1:8595 + 1√
31

)

= 0:2623:Ïìïßùò, Pe|x=0 =

∫ −1:9262
−∞

1√
2��0

e−y2=2�2

0dy +

∫ ∞

1:8595 1√
2��0

e−y2=2�2

0dy =

= Q(1:9262) +Q(1:8595) = 0:0585:ÅðïìÝíùò, Pe = (0:2623 + 0:0585)=2 = 0:1604.(å) Ôé óõìâáßíåé êáèþò �2

0�2

1

→ 0; Ìðïñåß�å íá ðåñéïñéó�åß�å ó�ç ëïãéêÞ (áðü öõóéêÞòÜðïøçò) ðåñßð�ùóç üðïõ ç �1 åßíáé ó�áèåñÞ êáé ðåðåñáóìÝíç êáé �0 → 0.ÁðÜí�çóç 16



Êáèþò �2

0�2

1

→ 0, ç p(y|0) èá ãßíå�áé üëï êáé ðéï \ó�åíÞ" ãýñù áðü �ï y = 0.ÅðïìÝíùò, �á üñéá �çò ðåñéï÷Þò áðüöáóçò X̂ = 0 èá ìå�áêéíïýí�áé ðñïò �ï 0.Ó�ï üñéï, ï äÝê�çò áðïöáóßæåé ü�é X̂ = 0 ìüíï ü�áí �ï y åßíáé (ó÷åäüí) 0, åíþ óåüëåò �éò Üëëåò ðåñéð�þóåéò áðïöáóßæåé ü�é X̂ = 1.7. Óýãêñéóç ÖñáãìÜ�ùí (CioÆ 1.21)Èåùñïýìå �ïí ðáñáêÜ�ù áó�åñéóìü ï ïðïßïò ÷ñçóéìïðïéåß�áé ãéá ìå�Üäïóç óå êáíÜëéAWGN. x0 = (−1;−1)x1 = (1;−1)x2 = (−1; 1)x3 = (1; 1)x4 = (0; 3)�éá �á åñù�Þìá�á (á) êáé (â) äþó�å �éò áðáí�Þóåéò óõíáñ�Þóåé �ïõ �.(á) Õðïëïãßó�å �ï union bound ãéá �çí Pe ü�áí ÷ñçóéìïðïéåß�áé áðïêùäéêïðïéç�ÞòML.ÁðÜí�çóçÏ áó�åñéóìüò Ý÷åé 5 óçìåßá. Ç åëÜ÷éó�ç áðüó�áóç �ïõ áó�åñéóìïý éóïý�áé ìådmin = 2. ÅðïìÝíùò, Pe;UB = 4Q(2=2�) = 4Q(1=�).(â) Õðïëïãßó�å �ï nearest neighbor union bound ãéá �çí Pe ü�áí ÷ñçóéìïðïéåß�áéáðïêùäéêïðïéç�Þò ML.ÁðÜí�çóçÔá óçìåßá x0 êáé x1 Ý÷ïõí 2 êïí�éíïýò ãåß�ïíåò, óå áðüó�áóç 2. Ôá óçìåßá x2 êáéx3 Ý÷ïõí 3 êïí�éíïýò ãåß�ïíåò, äýï óå áðüó�áóç 2 êáé Ýíáí óå áðüó�áóç √

(5). Toóçìåßï x4 Ý÷åé 2 êïí�éíïýò ãåß�ïíåò óå áðüó�áóç 2. ÅðïìÝíùò, ï ìÝóïò áñéèìüòãåé�üíùí åßíáé 1
5
(2 × 2 + 2 × 3 + 2) = 12=5 = 2:4 êáé Pe;NNUB = 2:4Q(2=2�) =

2:4Q(1=�).(ã) ÅÜí SNR=14 dB, âñåß�å �çí �éìÞ �çò Pe ÷ñçóéìïðïéþí�áò �ï NNUB.ÁðÜí�çóçÇ åíÝñãåéá �ùí x0 Ýùò x3 éóïý�áé ìå 2, åíþ ç åíÝñãåéá �ïõ x4 éóïý�áé ìå 9.ÅðïìÝíùò, Ex = 1
5
(4× 2 + 9) = 17=5 = 3:6. SNR = Ex=�2 = 101:4 ⇒ � ≈ 0:3786:Óõíåðþò, Pe;NNUB = 2:4Q(1=2:64) ≈ 10−2.
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