
EE725 - ÅéäéêÜ ÈÝìá�á Øçöéáêþí Åðéêïéíùíéþí ÖõëëÜäéï 1Ä. ÔïõìðáêÜñçò 26 Máñ�ßïõ 2009EE725 - ÅéäéêÜ ÈÝìá�á Øçöéáêþí Åðéêïéíùíéþí1ç ÓåéñÜ ÁóêÞóåùí(ÁíáðáñÜó�áóç êõìá�ïìïñöþí, Áó�åñéóìïß)Äéåõêñßíéóç: Ç åðßëõóç �ùí áóêÞóåùí åßíáé ðñïáéñå�éêÞ. Óêïðüò �ïõò åßíáé íá ëåé�ïõñãÞóïõíóõìðëçñùìá�éêÜ ìå �éò äéáëÝîåéò.1. Ï ðñþ�ïò ìáò áó�åñéóìüò (CioÆ 1.1)(á) Äåßî�å ü�é ïé óõíáñ�Þóåéò âÜóçò �1(t) êáé �2(t) åßíáé ïñèïêáíïíéêÝò�1(t) =

{ √
2 cos(2�t) åÜí t ∈ [0; 1]

0 áëëéþò�2(t) =

{ √
2 sin(2�t) åÜí t ∈ [0; 1]

0 áëëéþò(â) ÈåùñÞó�å �éò ðáñáêÜ�ù äéáìïñöùìÝíåò êõìá�ïìïñöÝòx0(t) =

{ √
2 (cos(2�t) + sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx1(t) =

{ √
2 (cos(2�t) + 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx2(t) =

{ √
2 (3 cos(2�t) + sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx3(t) =

{ √
2 (3 cos(2�t) + 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx4(t) =

{ √
2 (cos(2�t) − sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx5(t) =

{ √
2 (cos(2�t) − 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx6(t) =

{ √
2 (3 cos(2�t) − sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòx7(t) =

{ √
2 (3 cos(2�t) − 3 sin(2�t)) åÜí t ∈ [0; 1]

0 áëëéþòxi+8(t) = −xi(t); i = 0; : : : ; 7:



Ó÷åäéÜó�å �ïí áó�åñéóìü ÷ñçóéìïðïéþí�áò �éò óõíáñ�Þóåéò âÜóçò �ïõ åñù�Þìá�ïò(á).(ã) Õðïëïãßó�å �ç ìÝóç åíÝñãåéá Ex êáé �ç ìÝóç åíÝñãåéá áíÜ äéÜó�áóç Ēx(i) ãéá �çí ðåñßð�ùóç ðïõ üëá �á óÞìá�á åßíáé éóïðßèáíá.(ii) ãéá �çí ðåñßð�ùóç ðïõ p(x0) = p(x4) = p(x8) = p(x12) = 1
8
êáé p(xi) = 1

24
ãéá�á õðüëïéðá i.(ä) ¸ó�ù yi(t) = xi(t) + 4�3(t); üðïõ�3(t) =

{

1 åÜí t ∈ [0; 1]
0 áëëéþò :Õðïëïãßó�å �ç ìÝóç åíÝñãåéá, Ey, �ïõ y(t) ü�áí üëá �á óÞìá�á åéóüäïõ åßíáééóïðßèáíá.2. Åýñåóç âÜóçò ìå ÷ñÞóç MATLAB (CioÆ 1.4 { �ñïðïðïéçìÝíç)ÊÜèå ó�Þëç �ïõ ðßíáêá A ðïõ äßíå�áé ó�ç óõíÝ÷åéá åßíáé Ýíá óýìâïëï �ï ïðïßï÷ñçóéìïðïéåß�áé ãéá íá êá�áóêåõáó�åß ç áí�ßó�ïé÷ç êõìá�ïìïñöÞ áðü Ýíá óýíïëïïñèïêáíïíéêþí óõíáñ�Þóåùí âÜóçò {�1(t); �2(t); : : : ; �6(t)}. To óýíïëï �ùíäéáìïñöùìÝíùí êõìá�ïìïñöþí ðïõ áí�éó�ïé÷ïýí ó�éò ó�Þëåò �ïõ A ìðïñåß íá ðåñéãñáöåßìå ëéãü�åñåò óõíáñ�Þóåéò âÜóçò.

A = [a0 a1 · · · a7] =

















1 2 3 4 5 6 7 8
1 3 5 7 9 11 13 15
2 4 6 8 10 12 14 16
0 1 0 1 0 1 0 1
0 2 0 2 0 2 0 2
2 4 2 4 2 4 2 4

















:
Tá óÞìá�á ai(t) ðïõ ìå�áäßäïí�áé áíáðáñßó�áí�áé ùòai(t) = a∗i 









�1(t)�2(t)...�6(t)










= a∗iφ(t);üðïõ o áó�åñßóêïò (∗) õðïäçëþíåé áíÜó�ñïöï äéáíýóìá�ïò Þ ðßíáêá. Ìðïñïýìå, åðïìÝíùò,íá ãñÜøïõìå, A(t) = A∗�(t); üðïõ êÜèå ãñáììÞ �ïõ A(t) åßíáé Ýíá áðü �á óÞìá�á ðïõåíäÝ÷å�áé íá åêðÝìøåé ï ðïìðüò.ÕðïèÝ�ïõìå ü�é �á óýìâïëá ðïõ ìå�áäßäïí�áé åßíáé éóïðßèáíá.(á) Õðïëïãßó�å �çí åíÝñãåéá êÜèå óõìâüëïõ, êáèþò êáé �ç ìÝóç åíÝñãåéá �ïõ áó�åñéóìïý.2



(â) ×ñçóéìïðïéÞó�å �ç MATLAB ãéá íá âñåß�å ìéá ïñèïêáíïíéêÞ âÜóç ãéá �éò ó�Þëåò�ïõ A. Äþó�å �ïí ðßíáêá äéáíõóìÜ�ùí âÜóçò ðïõ ðñïêýð�åé. Ïé åí�ïëÝò help êáéorth �çò MATLAB åíäÝ÷å�áé íá óáò öáíïýí ÷ñÞóéìåò (ç åí�ïëÞ help orth èáóáò äþóåé ìéá ðåñéãñáöÞ �çò åí�ïëÞò orth). ÓõãêåêñéìÝíá, Þ åí�ïëÞ Q=orth(A)åðéó�ñÝöåé Ýíáí ïñèïãþíéï ðßíáêá Q �Ý�ïéï þó�å Q∗Q = I êáé A∗ = [A∗Q]Q∗.Ïé ó�Þëåò �ïõ Q ìðïñïýí íá åéäùèïýí ùò íÝá âÜóç. ÅðïìÝíùò, ðñïóðáèÞó�å íáåêöñÜóå�å �ïí A(t) ìå �Ý�ïéï �ñüðï þó�å íá ðñïêýøåé Ýíá íÝï óýíïëï óõíáñ�ÞóåùíâÜóçò êáé ìéá íÝá ðåñéãñáöÞ �ùí 7 ðéèáíþí ìå�áäéäüìåíùí êõìá�ïìïñöþí.(ã) �üóåò óõíáñ�Þóåéò âÜóçò áðáé�ïýí�áé ãéá íá áíáðáñáó�Þóå�å �ï óýíïëïêõìá�ïìïñöþí �ïõ ðïìðïý; ÅêöñÜó�å �éò íÝåò óõíáñ�Þóåéò âÜóçò ìå ÷ñÞóç �ùíáñ÷éêþí
{�1(t); �2(t); : : : ; �6(t)}.(ä) Bñåß�å �ï íÝï ðßíáêá Â ï ïðïßïò áíáðáñéó�Ü �éò êõìá�ïìïñöÝò åéóüäïõ ìå ÷ñÞóç�ùí íÝùí óõíáñ�Þóåùí âÜóçò ðïõ âñÞêá�å ó�ï (â). ï Â èá Ý÷åé 8 ó�Þëåò, ìéá ãéáêÜèå óýìâïëï. Ï áñéèìüò ãñáììþí �ïõ Â èá åßíáé ï áñéèìüò �ùí óõíáñ�ÞóåùíâÜóçò ðïõ âñÞêá�å ó�ï (â).(å) Õðïëïãßó�å �çí åíÝñãåéá êÜèå óõìâüëïõ ü�áí áõ�ü áíáðáñéó�Ü�áé óõíáñ�Þóåé �ùííÝùí óõíáñ�Þóåùí âÜóçò, êáèþò êáé �ç ìÝóç åíÝñãåéá �ïõ áó�åñéóìïý. Ó÷ïëéÜó�å.3. Êáíüíåò áðüöáóçò ãéá äõáäéêÜ êáíÜëéá (CioÆ 1.5 { �ñïðïðïéçìÝíç)(á) ÅêöñÜó�å �ïõò êáíüíåò áðüöáóçò MAP êáé ML ãéá �ï äõáäéêü óõììå�ñéêü êáíÜëé(BSC) ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ p ãéá ïðïéáäÞðï�å êá�áíïìÞ åéóüäïõ.(â) ÅêöñÜó�å �ïõò êáíüíåò áðüöáóçò MAP êáé ML ãéá �ï äõáäéêü êáíÜëé äéáãñáöÞòìå p(Y = 0|X = 0) = 1 − p1; p(Y = E|X = 0) = p1; p(Y = 1|X = 1) = 1 − p2;p(Y = E|X = 1) = p2:4. �åñéï÷Ýò áðüöáóçò (CioÆ 1.6)Èåùñïýìå �ï ìïíïäéÜó�á�ï äéáíõóìá�éêü êáíÜëéy = x+ n;üðïõ x = ±1 êáé n åßíáé �êáïõóéáíüò èüñõâïò ìå �2 = 1. Ïé ðåñéï÷Ýò áðüöáóçò �ïõáðïêùäéêïðïéç�Þ ML åßíáé ïéDML;1 = [0;∞) êáé DML;−1 = (−∞; 0):ÄçëáäÞ, åÜí �ï y âñßóêå�áé ó�çí ðåñéï÷Þ DML;1, x̂ = 1, áëëéþò x̂ = −1.ÈåùñÞó�å, �þñá, Ýíá äéáöïñå�éêü äÝê�ç, R, ìå ðåñéï÷Ýò áðüöáóçòDR;1 =

[

1

2
;∞) êáé DR;−1 =

(

−∞; 1
2

) :3



(á) Õðïëïãßó�å �éò Pe;ML êáé Pe;R óõíáñ�Þóåé �çò px(1) = p ãéá �éìÝò �çò p ó�ïäéÜó�çìá [0; 1]. Ó�çí ßäéá ãñáöéêÞ ðáñÜó�áóç ó÷åäéÜó�å �çí Pe;ML êáé �çí Pe;Rùò óõíÜñ�çóç �çò p.(â) Õðïëïãßó�å �á maxp Pe;ML êáé maxp Pe;R. Óõìöùíåß �ï áðï�Ýëåóìá ìå �ï èåþñçìáminimax, óýìöùíá ìå �ï ïðïßï, ãéá Üãíùó�ç êá�áíïìÞ åéóüäïõ êáé åöüóïí çäåóìåõìÝíç ðéèáíü�ç�á óöÜëìá�ïò Pe;ML|m=mi äåí åîáñ�Ü�áé áðü �ï ìÞíõìá miðïõ ìå�áäßäå�áé, ï áðïêùäéêïðïéç�Þò ML åëá÷éó�ïðïéåß �ç ìÝãéó�ç ðéèáíü�ç�áóöÜëìá�ïò;(ã) �éá ðïéá �éìÞ �çò p ï êáíüíáò MAP óõìðßð�åé ìå �ï äÝê�ç DR;Õðüäåéîç: ×ñçóéìïðïéÞó�å �ç MATLAB ãéá �ïí õðïëïãéóìü �çò Q(·).5. Èüñèõâïò ó�ï äÝê�ç (CioÆ 1.9)Ó�çí Üóêçóç áõ�Þ ìðïñåß�å íá ÷ñçóéìïðïéÞóå�å MATLAB ãéá �ïõò õðïëïãéóìïýò.ÊÜèå ó�Þëç �ïõ A ðïõ äßíå�áé ðáñáêÜ�ù åßíáé Ýíá óýìâïëï äåäïìÝíùí �ï ïðïßï÷ñçóéìïðïéåß�áé ãéá íá êá�áóêåõáó�åß ç äéáìïñöùìÝíç êõìá�ïìïñöÞ ðïõ �ïõ áí�éó�ïé÷åßìå ÷ñÞóç óõíüëïõ ïñèïêáíïíéêþí óõíáñ�Þóåùí âÜóçò
φ(t) = [�1(t) �2(t) · · · �6(t)]:ÕðïèÝó�å ü�é üëá �á ìçíýìá�á åßíáé éóïðßèáíá.A =

















1 2 3 4 5 6 7 8
2 4 6 8 10 12 14 16
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
3 3 3 3 3 3 3 3
5 6 7 8 5 6 7 8

















:ÅðïìÝíùò, x(t) = φ(t)A = [x0(t) x1(t) · · · x7(t)]:�áñá�çñÞó�å ü�é ç Ýêöñáóç ãéá �ç x(t) åßíáé éóïäýíáìç ìå áõ�Þí ãéá �ïí A(t) �çò 2çòÜóêçóçò. ¸íá äéÜíõóìá èïñýâïõ n =







n1...n6





ðñïó�ßèå�áé ó�ï äéÜíõóìá óõìâüëùí, x, þó�åy(t) = Φ(t)(x+ n);üðïõ n1; n2; : : : ; n6 åßíáé áíåîÜñ�ç�á êáé nk = ±1 ìå ßäéá ðéèáíü�ç�á.Ç ìå�áäéäüìåíç êõìá�ïìïñöÞ y(t) áðïäéáìïñöþíå�áé ìå ÷ñÞóç áðïêùäéêïðïéç�Þ óõó÷Ý�éóçò(Þ ðñïóáñìïóìÝíùí ößë�ñùí). Ôï ðñüâëçìá áõ�ü åîå�Üæåé �ï ëüãï óÞìá�ïò ðñïò èüñõâï�ïõ áðïäéáìïñöùìÝíïõ äéáíýóìá�ïò y = x+ n.4



(á) Bñåß�å �á Ēx, �2 êáé SNR=Ēx=�2 åÜí üëá �á ìçíýìá�á åßíáé éóïðßèáíá.(â) Âñåß�å �ïí åëÜ÷éó�ï áñéèìü äéáíõóìÜ�ùí âÜóçò êáé �ï íÝï ðßíáêá Â üðùò ó�çí¢óêçóç 2 êáé õðïëïãßó�å �á íÝá Ēx, �2 êáé SNR.(ã) ÅÜí �ï íÝï äéÜíõóìá åîüäïõ éóïý�áé ìå ỹ = x̃ + ñ, åßíáé áìå�Üâëç�ïò (invariant)ï ìå�áó÷çìá�éóìüò áðü �ï y ó�ï ỹ; Ìå Üëëá ëüãéá, åðçñåÜæå�áé ç Pe áðü �ïìå�áó÷çìá�éóìü;(ä) Óõãêñßíå�å �á b̄ êáé Ēx ìå �ï ðñïçãïýìåíï óýó�çìá. Ôï íÝï óýó�çìá õðåñ�åñåß�ïõ ðñïçãïýìåíïõ; �éá�ß Þ ãéá�ß ü÷é;(å) To íÝï óýó�çìá Ý÷åé �þñá 3 äéáó�Üóåéò ðïõ äå ÷ñçóéìïðïéïýí�áé. Åðéèõìïýìå íáó�åßëïõìå 8 åðéðëÝïí ìçíýìá�á äçìéïõñãþí�áò Ýíá ìåãáëý�åñï ðßíáêá Ā:Ā =

[ Â 00 Â ] :Óõãêñßíå�å �á b̄ êáé Ēx ìå �ï áñ÷éêü óýó�çìá 6 äéáó�Üóåùí, êáèþò êáé ìå �ïóýó�çìá 3 äéáó�Üóåùí �ïõ åñù�Þìá�ïò (â).6. ÊáíÜëé áðïèÞêåõóçò óå äßóêï (CioÆ 1.12)H áðïèÞêåõóç äõáäéêþí äåäïìÝíùí óå äßóêï ëåð�Þò ìåìâñÜíçò (thin-�lm disk) ìðïñåßíá ðñïóåããéó�åß áðü êáíÜëé ðñïóèå�éêïý �êáïõóéáíïý èïñýâïõ ï ïðïßïò åîáñ�Ü�áé áðü�çí åßóïäï. ÓõãêåêñéìÝíá, ç äéáóðïñÜ �ïõ èïñýâïõ åîáñ�Ü�áé áðü �çí åßóïäï (äçëáäÞ�çí �éìÞ ðïõ åããñÜöå�áé ó�ï äßóêï). Ï èüñõâïò Ý÷åé �çí áêüëïõèç êá�áíïìÞp(n) =















1√
2��2

1

e− n2

2�2
1 ü�áí x = 1

1√
2��2

0

e− n2

2�2
0 ü�áí x = 0êáé �2

1 = 31�2
0. Oé åßóïäïé ó�ï êáíÜëé åßíáé éóïðßèáíåò.(á) �éá ïðïéáäÞðï�å åßóïäï, ç Ýîïäïò ìðïñåß íá Ý÷åé ïðïéáäÞðï�å ðñáãìá�éêÞ �éìÞ.Ó�çí ßäéá ãñáöéêÞ ðáñÜó�áóç ó÷åäéÜó�å �éò äýï ðéèáíÝò êá�áíïìÝò ðõêíü�ç�áòðéèáíü�ç�áò (pdf's) �çò åîüäïõ. ÄçëáäÞ, ó÷åäéÜó�å �çí êá�áíïìÞ åîüäïõ ãéáx = 0 êáé �çí êá�áíïìÞ åîüäïõ ãéá x = 1. Äåßî�å (ðñïóåããéó�éêÜ) �éò ðåñéï÷Ýòáðüöáóçò ó�ç ãñáöéêÞ ðáñÜó�áóç.(â) �ñïóäéïñßó�å �ï âÝë�éó�ï äÝê�ç óõíáñ�Þóåé �ùí �0 êáé �1.(ã) Õðïëïãßó�å �á �2

0 êáé �2
1 ü�áí SNR=15 dB. Ï SNR ïñßæå�áé ùò Ex

1

2
(�2

0
+�2

1
)

= 1�2

0
+�2

1

.(ä) Õðïëïãßó�å �çí Pe ü�áí SNR=15 dB.(å) Ôé óõìâáßíåé êáèþò �2

0�2

1

→ 0; Ìðïñåß�å íá ðåñéïñéó�åß�å ó�ç ëïãéêÞ (áðü öõóéêÞòÜðïøçò) ðåñßð�ùóç üðïõ ç �1 åßíáé ó�áèåñÞ êáé ðåðåñáóìÝíç êáé �0 → 0.5



7. Óýãêñéóç ÖñáãìÜ�ùí (CioÆ 1.21)Èåùñïýìå �ïí ðáñáêÜ�ù áó�åñéóìü ï ïðïßïò ÷ñçóéìïðïéåß�áé ãéá ìå�Üäïóç óå êáíÜëéAWGN. x0 = (−1;−1)x1 = (1;−1)x2 = (−1; 1)x3 = (1; 1)x4 = (0; 3)�éá �á åñù�Þìá�á (á) êáé (â) äþó�å �éò áðáí�Þóåéò óõíáñ�Þóåé �ïõ �.(á) Õðïëïãßó�å �ï union bound ãéá �çí Pe ü�áí ÷ñçóéìïðïéåß�áé áðïêùäéêïðïéç�ÞòML.(â) Õðïëïãßó�å �ï nearest neighbor union bound ãéá �çí Pe ü�áí ÷ñçóéìïðïéåß�áéáðïêùäéêïðïéç�Þò ML.(ã) ÅÜí SNR=14 dB, âñåß�å �çí �éìÞ �çò Pe ÷ñçóéìïðïéþí�áò �ï NNUB.
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