
Di�lexh 2 - Shmei¸seic

1 Sunart seic

1. Sun�rthsh: mÐa sun�rthsh f eÐnai ènac kanìnac pou anajètei se
k�je stoiqeÐo x tou sunìlou A akrib¸c èna stoiqeÐo tou su-
nìlou B. To sÔnolo A kaleÐtai pedÐo orismoÔ thc sun�rthshc  
sÔnolo orismoÔ thc sun�rthshc.

2. O sumbolismìc f (x) diab�zetai wc {f tou x}   {f sto x} kai kaleÐtai

(i) tim  thc f sto x,

(ii)   eikìna tou x upì thn f

3. To pedÐo tim¸n B thc f eÐnai to upersÔnolo ìlwn twn pijan¸n tim¸n
thc f (x) kaj¸c metab�lloume to x sto pedÐo orismoÔ thc sun�rthshc
  perigrafik�

B ⊇ f (A) = {f (x) | x ∈ A}

ìpou f (A) h eikìna thc f .

4. To sÔmbolo x pou anaparist� mÐa aujaÐreth tim  sto pedÐo orismoÔ thc
f kaleÐtai anex�rthth metablht  en¸ to sÔmbolo y pou anaparist�
mÐa tim  sto pedÐo tim¸n thc f kaleÐtai exarthmènh metablht .

(i) Gia par�deigma sthn klassik  tetragwnik  sun�rthsh f (x) = x2,
h x eÐnai h anex�rthth metablht  en¸ an gr�youme th sun�rthsh
wc exÐswsh y = x2 tìte h y eÐnai h exarthmènh metablht . 'Al-
la sÔmbola, ìpwc a, β, γ, ... k.l.p, ja anaparistoÔn sun jwc
stajerèc, p.q. f (x) = ax2 + γ

5. EpÐshc, mÐa sun�rthsh me pedÐo orismoÔ to A kai pedÐo tim¸n to B
gr�fetai kai wc f : A → B me x → y = f(x)   x → f(x) kai onom�zetai
metasqhmatismìc   apeikìnish tou A sto B. Gia par�deigma

f : [0,+∞) → R me x → y =
√
x

 

f : [0,+∞) → R me x →
√
x
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6. Grafikì par�deigma. 'Estw to pedÐo orismoÔ A = {α, β, γ} kai to
pedÐo tim¸n B = {1, 2, 3, 4, 5}. Poiì apì ta parak�tw belodiagr�mmata
parist�nei sun�rthsh;

(i) To sq ma (α′) parist�nei sun�rthsh, afoÔ k�je stoiqeÐo tou A
antistoiqÐzetai se èna akrib¸c stoiqeÐo tou B

(ii) To sq ma (β′) den parist�nei sun�rthsh, afoÔ to a ∈ A anti-
stoiqÐzetai se dÔo stoiqeÐa tou B

(iii) To sq ma (γ′) den parist�nei sun�rthsh, afoÔ to γ ∈ A den
antistoiqÐzetai se kanèna stoiqeÐo tou B

(iv) To sq ma (δ′) den parist�nei sun�rthsh. Pr¸ton diìti to γ ∈
A den antistoiqÐzetai se kanèna stoiqeÐo tou B kai deÔteron diìti
to a ∈ A antistoiqÐzetai se dÔo stoiqeÐa tou B.

7. Sto m�jhm� mac (kai genikìtera sta Majhmatik� gia Oikonomolìgouc)
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ja antimetwpÐsoume sunart seic ìpou ta A kai B eÐnai uposÔnola tou
R tou sunìlou dhlad  twn pragmatik¸n arijm¸n, A ⊆ R kai B ⊆ R.
Oi sugkekrimènec sunart seic ja kaloÔntai pragmatikèc sunar-
t seic.

(i) Gia par�deigma, h tupopoihmènh grammik  sun�rthsh f : R → R me
tÔpo f(x) = x

(ii) Gia par�deigma, h sun�rthsh f : R+ → R− me tÔpo f(x) = −x
h opoÐa se k�je mh-arnhtikì pragmatikì arijmì antistoiqeÐ ton
antÐjetì tou

8. 'Otan den dÐnontai ta sÔnola A ⊆ R, B ⊆ R all� mìno h sqèsh y = f (x)
pou sundèei ta x kai y tìte ja ennooÔme ìti, wc pedÐo orismoÔ, prèpei na
jewrhjeÐ to megalÔtero dunatì uposÔnolo twn pragmatik¸n arijm¸n
gia to opoÐo h sqèsh pou sundèei ta x kai y orÐzetai. Gia par�deigma, h
parak�tw sun�rthsh pou dÐnetai wc exÐswsh

y =
1

(x− 1)2

qwrÐc �llh plhrofìrhsh uponoeÐ

f : R\ {1} → R++

9. Dianusmatikèc (pragmatikèc) sunart seic. MporoÔme na ge-
nikeÔsoume ìso jèloume. Gia par�deigma, èstw A ⊆ R kai B ⊆ Rn. To
pedÐo orismoÔ eÐnai uposÔnolo tou R (mÐa metablht ) kai to pedÐo tim¸n
eÐnai uposÔnolo tou Rn me n > 1. Gia par�deigma ìtan n = 2 uponoeÐtai
ìti (

y1
y2

)
=

(
a11x
a21x

)
Genikìtera, an to pedÐo orismoÔ eÐnai èna uposÔnolo A ⊆ Rµ ennoo-
Ôme ìti èqoume µ anex�rthtec metablhtèc kai ìtan B ⊆ Rn ennooÔme
ousiastik� n sunart seic. Gia par�deigma (ìtan µ = 3 kai n = 2)(

y1
y2

)
=

(
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

)
10. Gr�fhma Γ sun�rthshc f : A → B. To gr�fhma mÐac sun�rthshc

orÐzetai wc èna uposÔnolo tou KartesianoÔ ginomènou Γ ⊆ A × B kai
dÐnetai perigrafik� apì to sÔnolo

Γ = {(x, y) : x ∈ A ∧ y = f(x)}

Dhlad  gr�fhma eÐnai to sÔnolo ìlwn twn zeug¸n (x, f(x)) me x ∈ A.
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(i) Par�deigma. Grammik  sun�rthsh me jetik  klÐsh y = x (x ∈ R,
kìkkinh gramm ) kai grammik  sun�rthsh me arnhtik  klÐsh y = −x
(x ∈ R, mplè gramm )

Eik. 1. H y = x kaleÐtai kai gramm  twn 45o

(ii) Par�deigma. y = −x me x ∈ R+ (kìkkinh gramm ) kai y = 1+x
me x ∈ R (mplè gramm )

11. Sun�rthsh epÐ (epÐrriyh)(onto   surjective). MÐa sun�rthsh
f : A → B eÐnai epÐ, ìtan kai mìno ìtan f(A) = B. Dhlad  gia k�je

4



y ∈ B up�rqei toul�qiston èna x ∈ A ètsi ¸ste y = f(x). H eikìna
thc sun�rthshc eÐnai kai to pedÐo tim¸n thc. Par�deigma:
h sun�rthsh

f : R → R , x → x2

èqei eikìna to f(R) = R+ pou diafèrei tou pedÐou tim¸n R kai den eÐnai
epÐ. H sun�rthsh

f : R → R+ , x → x2

eÐnai epÐ.

12. Sun�rthsh 1− 1   èna-proc-èna (ènriyh) (one-to-one   in-
jective). MÐa sun�rthsh

f : A → B

kaleÐtai 1-1 ìtan kai mìno ìtan

∀x1, x2 ∈ A , x1 = x2 ⇒ f(x1) = f(x2)

Dhlad  den up�rqoun stoiqeÐa sto pedÐo orismoÔ A me thn Ðdia eikìna.
DÔo opoiad pote stoiqeÐa x1, x2 tou pedÐou orismoÔ A den èqoun thn
Ðdia eikìna. Par�deigma: oi sunart seic

f : R → R , x → x2

kai
f : R → R+ , x → x2

den eÐnai 1-1 afoÔ p.q. f(2) = f(−2) = 4. H sun�rthsh

f : R+ → R , x → x2

eÐnai 1-1 all� den eÐnai epÐ afoÔ h eikìna den eÐnai Ðsh me to pedÐo
tim¸n. H eikìna f (R+) eÐnai to R+ en¸, ìpwc to èqoume orÐsei, to pedÐo
tim¸n eÐnai to R.

13. MÐa sun�rthsh f : A → B kaleÐtai amfÐesh (bijective) ìtan kai
mìno ìtan h f eÐnai epÐ kai 1-1. Par�deigma: h sun�rthsh

f : R+ → R+ , x → x2

eÐnai mÐa amfÐesh
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14. AntÐstrofh sun�rthsh. 'Estw ìti f eÐnai epÐ kai èna-proc-
èna (amfÐesh) me pedÐo orismoÔ A kai pedÐo tim¸n B. H sun�rthsh

f−1 : B → A , f(x) → x

kaleÐtai antÐstrofh sun�rthsh kai ikanopoieÐ tic idiìthtec

f−1 (f (x)) = x gia k�je x sto A

f
(
f−1 (y)

)
= y gia k�je y sto B

An h f den eÐnai amfÐesh tìte h antÐstrofh f−1 mporeÐ na eÐnai
mÐa sqèsh ìqi ìmwc sun�rthsh. Gia par�deigma, genik� h y = x2 dÐnei
antÐstrofh x = ±√

y en¸ h f : R+ → R+, x → x2 dÐnei x =
√
y.

15. Stajer  sun�rthsh. f(x) = a. Gia par�deigma sqedi�ste sto
orjokanonikì sÔsthma axìnwn tic sunart seic y = −1, y = 1, y = 2
,... (orizìntiec grammèc). ParomoÐwc, èstw ìti x = 1   x = 2  
genikìtera x = a ∈ R (sqedi�zontai sto orjokanonikì sÔsthma axìnwn
wc k�jetec grammèc)

2 Sunèqeia

1. Sunèqeia (shmeiak ). MÐa sun�rthsh f : A → B me A,B ⊆ R
eÐnai suneq c sto shmeÐo x0 ∈ A tou pedÐou orismoÔ thc an kai mìno an
gia k�je δ > 0 up�rqei ε > 0 me |x− x0| < ε tètoio ¸ste

|f (x)− f (x0)| < δ

Teqnikìc orismìc. Exezhthmènec apodeÐxeic sunèqeiac. Akìma pio e-
pÐshmoc orismìc

∀δ ∈ R++ , ∃ε ∈ R++ : |f (x)− f (x0)| < δ , ∀ |x− x0| < ε

  an jèlete me qr sh thc ènnoiac thc geitnÐashc

∀δ ∈ R++ , ∃ε ∈ R++ : f (x) ∈ Nδ(f (x0)) , ∀x ∈ Nε(x0) ∩ A

H sun�rthsh f (x) eÐnai suneq c sto A an kai mìno an eÐnai suneq c se
k�je x0 ∈ A. Se aut  th perÐptwsh lème ìti h f (x) eÐnai suneq c.

(i) Par�deigma. DeÐxte ìti h sun�rthsh

f (x) : R → R me f (x) = α + βx
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eÐnai suneq c sto shmeÐo x0 = 2. 'Eqoume ìti

|f (x)− f (x0)| < δ ⇒ |α + βx− α− β · 2| < δ

⇒ |β (x− 2)| < δ ⇒ |x− 2| < δ

|β|

'Ara o orismìc ikanopoieÐtai an jèsoume ε = δ
|β| to opoÐo ìntwc eÐnai

jetikì ε > 0 afoÔ δ > 0. ParomoÐwc, h shmeiak  sunèqeia isqÔei
gia k�je shmeÐo x0 tou pedÐou orismoÔ R, �ra h f (x) = α + βx
eÐnai suneq c sto R.

(ii) Par�deigma. DeÐxte ìti h sun�rthsh

f (x) =

{
1 , x ≤ 0
2 , x > 0

den eÐnai suneq c sto x0 = 0. 'Eqoume ìti

|f (x)− f (x0)| < δ ⇒ |f (x)− 1| < δ

kai
|x− x0| < ε ⇒ |x| < ε

Dhlad  prèpei f (x) ∈ (1− δ, 1 + δ) gia k�je x ∈ (−ε, ε). 'Omwc,
gia par�deigma, an to x brÐsketai metaxÔ tou 0 kai tou ε tìte
prèpei h f (x) = 2 na brÐsketai sto di�sthma (1− δ, 1 + δ), dhlad 
f (x) = 2 ∈ (1− δ, 1 + δ), k�ti to opoÐo den ikanopoieÐtai gia k�je
δ > 0 par� mìno gia δ ≥ 1.
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