
Di�lexh 1 - Shmei¸seic1

1 SÔnola

Pwc diab�zoume k�poiouc sumbolismoÔc:

� ∈ an kei kai /∈ h �rnhsh, dhlad  den an kei

� ∃ up�rqei

� ∀ gia k�je

� : tètoio ¸ste. EpÐshc to sÔmbolo | èqei thn ermhneÐa {tètoio
¸ste}

� ∧ kai, ∨  

� ⇒ uponoeÐ

1. SÔnolo. K�je sullog  (saf¸c) diakrit¸n antikeimènwn pou jewroÔme
wc olìthta p.q. T = {1, b, 4, q}

2. Sumbolismìc. Sun jwc me kefalaÐa gr�mmata, p.q. sÔnolo S  
sÔnolo Ψ k.o.k

3. StoiqeÐa sunìlou. Ta saf¸c diakrit� antikeÐmena pou perièqontai
sto sÔnolo kaloÔntai stoiqeÐa tou sunìlou.
StoiqeÐa enìc sunìlou mporeÐ na eÐnai �lla sÔnola   kai sÔnola sunìlwn
k.o.k.
'Otan to stoiqeÐo x an kei sto sÔnolo T gr�foume x ∈ T kai ìtan den
an kei gr�foume x /∈ T. p.q. 4 ∈ T , q ∈ T , 7 /∈ T

4. ParadeÐgmata ...

5. Kenì sÔnolo. SumbolÐzetai me ∅ kai eÐnai to sÔnolo to opoÐo den
èqei stoiqeÐa, ∅ = {}
Prosoq  to sÔnolo {0} den eÐnai kenì. Perièqei to mhdèn!. ApodeiknÔe-
tai ìti up�rqei mìno èna kenì sÔnolo.

1PolÔ ulikì apì to online biblÐo {Lecture Notes on Introduction to Mathematical Eco-

nomics} touWalter Bossert, 2002, apì to Panepist mio tou Mìntreal, Tm ma Oikonomik¸n
Episthm¸n, http://pages.videotron.com/wbossert/math_econ_aug02.pdf
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6. Trìpoc graf c kai parousÐashc sunìlwn

(aþ) AparÐjmhsh (  susthmatik�)
A = {1, 2, 3, 4, 5, 6, 7, 8, 9}   A = {1, 2, 3, ..., 9}
Φ = {α, ε, η, ι, o, υ, ω}
M = {Ianou�rioc, Febrou�rioc,...,Dekèmbrioc}
fusikoÐ arijmoÐ: N = {1, 2, 3, 4, ...} kai N0 = {0, 1, 2, 3, 4, ...}
akèraioi arijmoÐ Z = {...,−2,−1, 0, 1, 2, ...}   Z = {0,±1,±2,±3, ...}

(bþ) Perigraf  idiìthtac (  kathgorhmatik�)

Par. 1 A = {x : monoy fioc fusikìc arijmìc}
Par. 2   A = {x| monoy fioc fusikìc arijmìc}
Par. 3 Φ = {x : fwn en EllhnikoÔ alfab tou}
Par. 4 M = {x : onomasÐa m na tou ètouc}
Par. 5 N = {x : x eÐnai fusikìc arijmìc}
Par. 6 Z = {y − x : y, x ∈ N} sÔnolo akèraiwn arijm¸n

Par. 7 N0 = {x : x ∈ Z ∧ x ≥ 0}
Par. 8 Z+ = {y−x : y, x ∈ N ∧ y ≥ x} sÔnolo mh-arnhtik¸n

akèraiwn arijm¸n

Par. 9 Z++ = {y − x : y, x ∈ N ∧ y > x} sÔnolo jetik¸n
akèraiwn arijm¸n

Par. 10 T¸ra eÐnai eukolìtero (me perigraf  dhlad ) na orÐsou-
me kai to sÔnolo twn rht¸n arijm¸n

Q =
{µ
ν
: µ ∈ Z, ν ∈ Z kai ν ̸= 0

}
7. UposÔnolo kai gn sio uposÔnolo.

'Otan
∀x ∈ A ⇒ x ∈ B

tìte to sÔnolo A eÐnai uposÔnolo tou sunìlou B kai gr�foume A ⊆ B.

� 'Etsi an A = {1,−2, 0, 4} kai B = {1,−2, 0, 4,−1} èqoume A ⊆ B

� An Γ = {4,−2, 0, 1} tìte epÐshc A ⊆ Γ.

� To kenì sÔnolo ∅ eÐnai uposÔnolo k�je sunìlou

� EpÐshc, k�je sÔnolo, èstw A, eÐnai uposÔnolo tou eautoÔ tou
A ⊆ A

� An to A eÐnai uposÔnolo tou B all� A ̸= B, dhlad  up�rqei
toul�qiston èna stoiqeÐo tou B pou den an kei sto A, tìte to
sÔnolo A eÐnai gn sio uposÔnolo tou B kai gr�foume A ⊂ B.
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� Me b�sh ta parap�nw sÔnola, A ⊂ B kai A ⊆ Γ

8. Isìthta sunìlwn. Ta sÔnola A kaiB èqoun akrib¸c ta Ðdia stoiqeÐa
tìte eÐnai Ðsa kai gr�foume A = B. EpÐshc èqoume

an A ⊆ B kai B ⊆ A tìte A = B

Me b�sh ta sÔnola sthn prohgoÔmenh par�grafo (7) èqoume ìti A = Γ.
EpÐshc N0 = Z+ kai N = Z++

9. Genikì sÔnolo kai sullog  sunìlwn. 'Estw ìti S eÐnai èna
{genikì} sÔnolo apì ìpou epilègoume stoiqeÐa kai sqhmatÐzoume upo-
sÔnola Ai ⊆ S gi� i = 1, ..., n. An sqhmatÐsoume to sÔnolo

F = {A1, A2, ..., An}

tìte autì kaleÐtai sullog  sunìlwn.

10. Pr�xeic sunìlwn

(aþ) 'Enwsh
A ∪B = {x : x ∈ A ∨ x ∈ B}

Par�deigma. An A = {1, 2, 3} kai B = {4, 5, 6, 7} tìte

A ∪B = {1, 2, 3, 4, 5, 6, 7}

Par�deigma. An A = {1, 2, 3} kai B = {3, 5, 1, 7} tìte

A ∪B = {1, 2, 3, 5, 7}

Par�deigma. 'Estw ìti F = {A1, A2, ..., An} mÐa sullog  su-
nìlwn. Tìte

n⋃
i=1

F sumbolÐzei thn ènwsh

n⋃
i=1

F =
n⋃

i=1

Ai = A1 ∪ A2 ∪ ... ∪ An

(bþ) Tom 
A ∩B = {x : x ∈ A ∧ x ∈ B}

Par�deigma. An A = {1, 2, 3} kai B = {4, 5, 6, 7} tìte

A ∩B = {} = ∅
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Par�deigma. An A = {1, 2, 3} kai B = {3, 5, 1, 7} tìte

A ∩B = {1, 3}

Par�deigma. Xèna sÔnola   aposÔndeta sÔnola: aut�
pou dÐnoun

A ∩B = ∅

Par�deigma. 'Estw ìti F = {A1, A2, ..., An} mÐa sullog  su-
nìlwn. Tìte

n⋂
i=1

F =
n⋂

i=1

Ai = A1 ∩ A2 ∩ ... ∩ An

(gþ) Sumplhrwmatikì sÔnolo. 'Estw ìti S eÐnai èna genikìtero
sÔnolo. To sÔnolo ìlwn twn stoiqeÐwn tou S pou den an koun
sto Ai ⊂ S lègetai sumpl rwma tou sunìlou Ai sto S kai
sumbolÐzetai me Ac

i   Āi

Ac
i = {x : x ∈ S ∧ x /∈ Ai}

idiìthta sumplhr¸matoc: (Ac)c = A

Par�deigma. An W = {a, b, c, d, e, f} kai T = {d, e} tìte to
sumpl rwma tou sunìlou T sto W dÐnetai apì

T c = {a, b, c, f}

(dþ) Diafor�. A−B   A\B

A−B = {x : x ∈ A ∧ x /∈ B}
 

A−B = {x : x ∈ A ∧ x ∈ Bc}

ParadeÐgmata.

A−B = {1, 2, 3, 4} \ {2, 4} = {1, 3}
B − A = {2, 4} \ {1, 2, 3, 4} = ∅

A−B = {a, b, c, d} \ {d, e, f} = {a, b, c}

A−B = {1, 2, 3} \ {a, b, c} = {1, 2, 3}

A− A = {1, 2, 3} \ {1, 2, 3} = ∅
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(eþ) Summetrik  diafor� A △ B (isqÔei ìti A △ B = B △ A)

A △ B = (A\B) ∪ (B\A)

Par�deigma. A = {1, 2, 3, 6} kai B = {2, 3, 4, 5} tìte

A\B = {1, 6}
B\A = {4, 5}

A △ B = (A\B) ∪ (B\A) = {1, 4, 5, 6}

11. Graf mata Venn. (ston pÐnaka gr�fhma 1.2 - 1.6 apì biblÐo Bossert,
sel. 7)

12. SÔnolo pragmatik¸n arijm¸n R (real numbers)

� Perièqei to sÔnolo twn rht¸n arijm¸n (rational numbers) kai ...
ìlwn twn upìloipwn (�rrhtoi arijmoÐ - irrational numbers)

� To sÔnolo twn �rrhtwn arijm¸n den èqei sÔmbolo all� mporoÔme
na to ekfr�soume wc R\Q

� Oi �rrhtoi arijmoÐ eÐnai dekadikoÐ me dekadik� yhfÐa pou den
telei¸noun potè kai den epanalamb�nontai periodik�

� To sÔnolo twn �rrhtwn arijm¸n perièqei dÔo peraitèrw (uposÔno-
la) arijm¸n (kai ìla mazÐ perièqontai sto R). Touc algebriko-
Ôc arijmoÔc kai touc uperbatikoÔc arijmoÔc. Oi alge-
brikoÐ arijmoÐ (algebraic numbers) (AR   A   Q̄) apoteloÔn
tic lÔseic poluwnÔmwn me suntelestèc pou eÐnai akèraioi (integer
numbers)

Par�deigma. p.q. o diashmìteroc �rrhtoc arijmìc pou eÐnai kai al-
gebrikìc eÐnai h (jetik ) rÐza tou 2 (stajer� tou Pujagìra2)

x2 − 2 = 0 ⇒ x = ±
√
2 ≈ ±1, 414

  me akrÐbeia 25 dekadik¸n yhfÐwn qwrÐc stroggulopoÐhsh
√
2 ≈ ±1, 41421356237309504880168872

kai apoteleÐ to m koc thc upoteÐnousac enìc orjogwnÐou isoske-
loÔc trig¸nou me m koc pleur¸n (isoskel¸n) Ðso me 1

2ShmeÐwsh:
√
2 : numberphile bÐnteo https://www.youtube.com/watch?v=

5sKah3pJnHI
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Eik. 1. Merik� graf mata Venn
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Eik. 2. Tetragwnik  rÐza tou 2 kai Diast�seic qartioÔ ... , A4 , ... α
β
= β

α/2
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Eik. 3. O qrusìc arijmìc, ... . α+β
α

= α
β

Par�deigma. 'Enac �lloc {gnwstìc} algebrikìc arijmìc eÐnai o (qru-

sìc arijmìc   qrusìc lìgoc3) φ = 1+
√
5

2
≈ 1, 618 pou apoteleÐ mÐa

apì tic dÔo rÐzec tou poluwnÔmou

x2 − x− 1 = 0

ShmeÐwsh: Oi rhtoÐ eÐnai algebrikoÐ afoÔ

νx− µ = 0 ⇒ x =
µ

ν
, µ, ν ∈ Z ∧ ν ̸= 0

� Genikìtera, oi fusikoÐ arijmoÐ, ta kl�smata (rhtoÐ) kai oi rÐzec
eÐnai ìla algebrikoÐ arijmoÐ, afoÔ apoteloÔn lÔseic poluwnÔmwn
autoÔ tou eÐdouc.

ShmeÐwsh: UperbatikoÐ arijmoÐ4: ìsoi den eÐnai algebrikoÐ.

3Bl. http://mathworld.wolfram.com/GoldenRatio.html, golden number or golden

ratio
4e, π: numberphile bÐnteo https://www.youtube.com/watch?v=seUU2bZtfgM
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Ta kuriìtera paradeÐgmata, oi arijmoÐ5

π ≈ 3, 14159 (≈ 3.1415926535897932384626433)

e ≈ 2, 71828 (≈ 2.7182818284590452353602874)

ShmeÐwsh: suz thsh perÐ π (Arqim dhc 3 + 10
71

< π < 3 + 1
7
kai

e).

� 'Oloi oi uperbatikoÐ arijmoÐ (transcendental numbers) eÐnai �rrhtoi
(irrational) ìqi ìmwc kai to antÐstrofo (gia par�deigma o

√
2 den

eÐnai uperbatikìc).

O majhmatikìc Georg Cantor apèdeixe ìti up�rqoun polÔ peris-
sìteroi uperbatikoÐ arijmoÐ apì ì,ti up�rqoun algebrikoÐ arijmoÐ,
parìlo pou up�rqoun apeÐrwc polloÐ kai sta dÔo sÔnola.

� Gewmetrik�, to sÔnolo R parist�netai apì ta shmeÐa mÐac eujeÐac
gramm c pou ekteÐnetai proc to −∞ kai proc to +∞.

ShmeÐwsh: suz thsh perÐ {apeÐrou}6. EÐnai to sÔmpan �peiro;
qmmmm

ShmeÐwsh: Den gnwrÐzoume an oi arijmoÐ π + e   π
e
  lnπ eÐnai

�rrhtoi. 'Omwc den ikanopoioÔn kammÐa poluwnumik  exÐswsh
bajmoÔ ≤ 8 me akèraiouc suntelestèc mèsou megèjouc 109

(dèka sthn en�th).

ShmeÐwsh: to gr�fhma 4 l fjhke apì thn istoselÐda http://thinkzone.

wlonk.com/Numbers/NumberSets.htm.

(aþ) Diast mata. Prìkeitai gia uposÔnola tou R. 'Eqoume

� anoiqtì
(a, β) = {x ∈ R : a < x < β}

� kleistì
[a, β] = {x ∈ R : a ≤ x ≤ β}

5e: numberphile bÐnteo https://www.youtube.com/watch?v=AuA2EAgAegE, π: num-

berphile bÐnteo https://www.youtube.com/watch?v=yJ-HwrOpIps
6Bl. numberphile bÐnteo sto youtube https://www.youtube.com/watch?v=

elvOZm0d4H0
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Eik. 4. SÔnola arijm¸n

� anoiqtì dexi�

[a, β) = {x ∈ R : a ≤ x < β}

� anoiqtì arister�

(a, β] = {x ∈ R : a < x ≤ β}

� EpÐshc me to {sun �peiro} +∞ kai to {meÐon �peiro} −∞
orÐzontai ta

[a,+∞) = {x : x ∈ R kai x ≥ a}

(a,+∞) = {x : x ∈ R kai x > a}
(−∞, a) = {x : x ∈ R kai x < a}
(−∞, a] = {x : x ∈ R kai x ≤ a}

� kaj¸c kai ta diast mata R+ = [0,+∞), R++ = (0,+∞) (a-
ntÐstoiqa ta R−,R−−). To Ðdio to R eÐnai to di�sthma
(−∞,+∞).

� Wc {ekfulismèna diast mata} orÐzontai uposÔnola tou R me
èna mìno stoiqeÐo   to kenì sÔnolo.
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13. Kartesianì sÔnolo. Gi� dÔo sÔnola A kai B, to Kartesianì gi-
nìmeno twn A kai B orÐzetai wc

A×B = {(x, y) : x ∈ A kai y ∈ B}

ìpou (x, y) eÐnai ìla ta diatetagmèna zeÔgh me to pr¸to stoiqeÐo na
an kei sto A kai to deÔtero stoiqeÐo na an kei sto B.

Par�deigma. An A = {1, 2, 4} kai B = {2, 3} tìte

A×B = {(1, 2) , (1, 3) , (2, 2) , (2, 3) , (4, 2) , (4, 3)}

en¸

B × A = {(2, 1) , (2, 2) , (2, 4) , (3, 1) , (3, 2) , (3, 4)}

�ra
A×B ̸= B × A

ektìc kai an A = B   èna ek twn dÔo eÐnai to kenì sÔnolo.

Par�deigmata. (SqedÐadh ston pÐnaka. Orizìntioc �xo-
nac: x, k�jetoc �xonac: y)

� Diast mata: A = (1, 2) kai B = [0, 1] , tìte

A×B = {(x, y) : (1 < x < 2) kai (0 ≤ y ≤ 1)}

� A = {1} kai B = [1, 2],

A×B = {(x, y) : x = 1 kai (1 ≤ y ≤ 2)}

� R × R = R2 = {(x, y) : x, y ∈ R} ... DÔo diast�seic
(epÐpedo). Suntetagmènec onom�zontai oi timèc x kai y

� R×R×R = R3 = {(x, y, z) : x, y, z ∈ R} ... Treic diast�seic
(q¸roc). GenÐkeush kartesianoÔ ginomènou se diatetagmènec
ν-�dec

14. (n jetikìc akèraioc) 'Ena di�nusma stoiqeÐo tou Rn kaleÐtai h sul-
log  n arijm¸n x = (x1, x2, ..., xn) ∈ Rn. To di�nusma mporeÐ na grafeÐ
kai qwrÐc kìmmata: x = (x1 x2 ... xn) ∈ Rn.

� To �jroisma twn stoiqeÐwn tou x sumbolÐzetai, gia suntomÐa, me

x1 + x2 + ...+ xn =
n∑

i=1

xi
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� Parìmoia to ginìmeno x1 · x2 · ... · xn sumbolÐzetai me

x1 · x2 · ... · xn =
n∏

i=1

xi

� IsqÔoun oi parak�tw kanìnec (ìpou c mÐa stajer� dhlad  mÐa po-
sìthta pou den exart�tai apì ton deÐkth i)

n∑
i=1

c = c+ c+ ...+ c︸ ︷︷ ︸
n forèc

= nc

n∑
i=1

cxi = c

n∑
i=1

xi

n∑
i=1

(xi + yi)
2 =

n∑
i=1

x2
i +

n∑
i=1

y2i + 2
n∑

i=1

xiyi

� An orÐsoume ton arijmhtikì mèso ({mèsh tim }) wc

x̄ =
1

n

n∑
i=1

xi

tìte
n∑

i=1

xi = nx̄

kai mporoÔme na diaqwrÐsoume to �jroisma twn tetragwnik¸n apo-
klÐsewn apì th mèsh tim  wc

n∑
i=1

(xi − x̄)2 = ... =
n∑

i=1

x2
i − nx̄2

kai to �jroisma twn ginomènwn twn apoklÐsewn twn tim¸n dÔo dia-
nusm�twn apì th mèsh tim  touc wc

n∑
i=1

(xi − x̄) (yi − ȳ) = ... =
n∑

i=1

xiyi − nx̄ȳ

15. Apìluth tim  pragmatikoÔ arijmoÔ, x ∈ R

|x| =
{

x an x ≥ 0
−x an x < 0

Apìstash tou x apì to mhdèn.
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� Idiìthtec (n jetikìc akèraioc), x, y, x1, ..., xn ∈ R

|−x| = |x|

|xy| = |x| |y|
|x1 · x2 · ... · xn| = |x1| |x2| ... |xn|∣∣∣∣xy

∣∣∣∣ = |x|
|y|

, y ̸= 0

||x| − |y|| ≤ |x+ y| ≤ |x|+ |y| trigwnik  anisìthta∣∣∣∣∣
n∑

i=1

xi

∣∣∣∣∣ ≤
n∑

i=1

|xi|∣∣∣∣∣
n∑

i=1

xi

∣∣∣∣∣ ≥ |x1| − |x2| − ...− |xn|

|x− y| ≤ |x|+ |y|
|x− y| ≥ |x| − |y|

� H apìluth tim  orÐzei diast mata (anoiqt�   kleist�) afoÔ

|x| < ε ⇒ x ∈ (−ε,+ε)   − ε < x < +ε gi� ε ∈ R

� Genikìtera

|x− x0| < ε ⇒ x ∈ (x0 − ε, x0 + ε)

|x− x0| ≤ ε ⇒ x ∈ [x0 − ε, x0 + ε]

� Gr�fhma ston pÐnaka ...

� Apìstash twn α, β ∈ R

d(α, β) = |α− β| = |β − α|

Par�deigma.

d(−3, 8) = |−3− 8| = |8− (−3)| = 11

16. 'Estw x ∈ Rn èna di�nusma pou an kei sto Rn. To (EukleÐdio) mètro
tou dianÔsmatoc dÐnetai apì

∥x∥2 =

√√√√ n∑
i=1

x2
i
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� Metr� apìstash apì to 0 sta sÔnola R, R2, R3, ... .

� DÐnei to mègejoc tou dianÔsmatoc. Par�deigma me sÔgkrish
x, y ∈ R3

(i) : x =
(
1 0 2

)
, y =

(
1 0 2

)
(ii) : x =

(
1 0 2

)
, y =

(
0 0 3

)
(iii) : x =

(
1 0 2

)
, y =

(
1 1 2

)
EpÐshc, trisdi�stato par�deigma (grafikì) thc perÐptwshc (iii).

� Apìstash (dÔo dianusm�twn)

∥x− y∥2 =

√√√√ n∑
i=1

(xi − yi)
2

� Par�deigma me sqedÐash ston pÐnaka (kai qr sh Excel

gia �lgebra)

x =
(
5 4

)
, y =

(
4 5

)
EpÐshc

x =
(
5 4

)
, y =

(
5 1

)
x =

(
5 4

)
, y =

(
2 3

)
x =

(
5 4

)
, y =

(
4 4

)
� Genikeumèna mètra   nìrmec

∥x∥k =

(
n∑

i=1

|xi|k
) 1

k

∥x∥∞ = max
1≤i≤n

|xi|

17. ε-geitnÐash kai eswterikì shmeÐo. Gi� x0 ∈ R kai ε ∈ R++ h ε-
geitnÐash tou x0 orÐzetai wc

Nε(x0) = {x : x ∈ R kai |x− x0| < ε}

� H |x− x0| orÐzei thn apìstash metaxÔ twn x, x0

� 'Estw ìti A ⊆ R, to x0 ∈ A eÐnai eswterikì shmeÐo tou A an
kai mìno an up�rqei ε ∈ R++ tètoio ¸ste Nε(x0) ⊆ A
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� Me b�sh autì ton orismì èna shmeÐo x0 ∈ A eÐnai eswterikì tou A
an kai mìno an up�rqei mÐa geitnÐash tou x0 pou perièqetai sto A

� Gi� par�deigma sto sÔnolo A = [0, 1) ìla ta shmeÐa x ∈ (0, 1) eÐnai
eswterik� shmeÐa tou A all� to 0 den eÐnai

� GenÐkeush sto R2. 'Estw ìti x0 ∈ A ⊂ R2 èna disdi�stato di�nu-

sma, p.q. x0 =
(
x
(1)
0 , x

(2)
0

)
. Gr�fhma ...

� Tìte Nε(x0) = {x : x ∈ R2 kai ∥x− x0∥2 < ε} eÐnai ènac kÔkloc
shmeÐwn me kèntro to x0 kai aktÐna ε

� 'Ara Nε(x0) = {x : x ∈ R2 kai√(
x(1) − x

(1)
0

)2
+
(
x(2) − x

(2)
0

)2
< ε}

O genikìc tÔpoc kÔklou (h genik  sqèsh) me kèntro to shmeÐo
(x1, y1) kai aktÐna r:

(x− x1)
2 + (y − y1)

2 = r

18. Anoiqt� kai kleist� sÔnola sto R. An ìla ta stoiqeÐa enìc
sunìlou A ⊆ R eÐnai eswterik� shmeÐa, tìte to A kaleÐtai anoiqtì
sÔnolo sto R. Epiplèon, an to sumplhrwmatikì sÔnolo Ā tou A ⊆ R
eÐnai anoiqtì sto R, tìte to A kaleÐtai kleistì sto R.

[a, b] kleist� diast mata

(a, b) anoiqt� diast mata

R anoiqtì , ∅ anoiqtì

[a, b) , (a, b] oÔte anoiqt� , oÔte kleist�

Epiplèon, en¸seic mh-epikaluptìmenwn anoiqt¸n diasthm�twn
eÐnai anoiqt� diast mata kai en¸seic mh-epikaluptìmenwn klei-
st¸n diasthm�twn eÐnai kleist� diast mata

'Estw A = [0, 1] me sumplhrwmatikì Ā = (−∞, 0) ∪ (1,+∞)

to Ā eÐnai anoiqtì �ra to A eÐnai kleistì

19. Mègisto, �nw fr�gma, el�qisto, k�tw fr�gma uposu-
nìlwn pragmatik¸n arijm¸n

(aþ) 'Estw A ⊆ R den eÐnai kenì kai èstw u ∈ R
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i. to u eÐnai èna �nw fr�gma tou A an kai mìno an x ≤ u gia k�je
x ∈ A

ii. to u eÐnai èna k�tw fr�gma tou A an kai mìno an x ≥ u gia
k�je x ∈ A

(bþ) 'Ena mh-kenì sÔnolo A ⊆ R eÐnai fragmèno apì p�nw (apì k�tw)
an kai mìno an up�rqei �nw (k�tw) fr�gma

(gþ) 'Ena mh-kenì sÔnolo A ⊆ R eÐnai fragmèno an kai mìno an to A
èqei �nw kai k�tw fr�gma

(dþ) Den èqoun ìla ta uposÔnola tou R �nw   k�tw fr�gmata. P.q.
to sÔnolo R+ = [0,+∞) den èqei �nw fr�gma

(eþ) 'Estw A ⊆ R den eÐnai kenì kai èstw u ∈ R

i. to u eÐnai to el�qisto �nw fr�gma (supremum   sup)
tou A an kai mìno an to u eÐnai èna �nw fr�gma tou A kai
u ≤ u′ gia ìla ta u′ ∈ R pou eÐnai �nw fr�gmata tou A

ii. to ℓ eÐnai to mègisto k�tw fr�gma (in�mum   inf) tou
A an kai mìno an to ℓ eÐnai èna k�tw fr�gma tou A kai ℓ ≥ ℓ′

gia ìla ta ℓ′ ∈ R pou eÐnai k�tw fr�gmata tou A

iii. Par�deigma: 'Estw A = [0, 1) tìte supA = 1 all� poi�
tim  paÐrnei to maxA =;

iv. Par�deigma: 'Estw A =
(
1
2
, 5
)
tìte supA = 5 kai inf A =

1
2
all� poi� tim  paÐrnei to maxA =;   to minA =;

v. Par�deigma: 'Estw A = [0, 1] tìte supA = 1 kai maxA =
1 (ìpwc kai inf A = 0, minA = 0)

20. Kurt� (convex) uposÔnola tou R. 'Ena sÔnolo A ⊆ R eÐnai kurtì
an kai mìno an

[λx+ (1− λ)y] ∈ A,∀x, y ∈ A,∀λ ∈ [0, 1]

(aþ) Gewmetrik�, to sÔnolo A ⊆ R eÐnai kurtì an gia k�je dÔo shmeÐa
x, y ∈ A, ìla ta shmeÐa thc gramm c pou en¸noun ta x
kai y an koun sto A.

(bþ) To shmeÐo λx+(1−λ)y ìpou λ ∈ [0, 1] kaleÐtai kurtìc sunduasmìc
twn x kai y (apl¸c prìkeitai gia ènan stajmikì mèso twn shmeÐwn)

(gþ) 'Ola ta diast mata, [] , () , [) , (] (kai to R) eÐnai kurt�
(dþ) 'Ola ta sÔnola enìc shmeÐou eÐnai kurt� kai to kenì sÔnolo eÐnai

kurtì
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Par�deigma. 'Ena par�deigma mh-kurtoÔ sunìlou sto R eÐnai
to A = [0, 1] ∪ {2}

(eþ) ParomoÐwc, 'Ena sÔnolo A ⊆ Rn eÐnai kurtì an kai mìno an [λx+
(1− λ)y] ∈ A , ∀x,y ∈ A , ∀λ ∈ [0, 1]

Par�deigma. Optik  parousÐash kurt¸n sunìlwn sto R2 ston
pÐnaka...

21. MigadikoÐ arijmoÐ, sÔnolo C. 'Estw o fantastikìc arijmìc i =√
−1   i2 = −1

C =
{
z = a+ bi : a, b ∈ R ∧ i =

√
−1
}

To sÔnolo twn pragmatik¸n arijm¸n R eÐnai, sthn ousÐa, uposÔnolo
tou sunìlou twn migadik¸n arijm¸n C

R ⊂ C

afoÔ lamb�netai sthn perÐptwsh pou b = 0.

Oi migadikoÐ arijmoÐ Ja qrhsimopoihjoÔn polÔ (ja touc sunant soume)
sth lÔsh deuterob�jmiwn exis¸sewn (  sthn eÔresh riz¸n poluwnu-
mik¸n sunart sewn), stic diaforikèc exis¸seic kai stic exis¸seic dia-
for¸n. Stic dÔo teleutaÐec peript¸seic mporoÔn na par�goun “wraÐa”
kuklik  sumperifor�.

(aþ) O arijmìc z = a+ bi ìpou a to pragmatikì mèroc tou arijmoÔ
kai b to fantastikì mèroc tou arijmoÔ onom�zetai migadikìc
arijmìc

(bþ) O arijmìc z̄ = a− bi onom�zetai suzug c tou z en¸
to mètro   apìluth tim  migadikoÔ (modulus) ρ dÐnetai
apì

ρ = |z| =
√
zz̄ =

√
(a+ bi) (a− bi) =

√
a2 + b2

ParadeÐgmata:

z = 1 + i

ρ = |z| =
√
zz̄ =

√
(1 + i) (1− i) =

√
12 + 12 =

√
2

(gþ) Algebrikèc idiìthtec migadik¸n

(a+ bi) + (c+ di) = (a+ c) + (b+ d) i

(a+ bi) · (c+ di) = (ac− bd) + (ad+ bc) i

a+ bi

c+ di
=

(
a+ bi

c+ di

)(
c− di

c− di

)
=

(ac+ bd) + (bc− ad) i

c2 + d2
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(dþ) Gewmetrik  par�stash migadikoÔ arijmoÔ (ston pÐnaka)...

(eþ) An jèsoume
ρ =

√
a2 + b2

tìte isqÔei ìti
a = ρ cos θ kai b = ρ sin θ

(�þ) Trigwnometrik  morf  migadikoÔ z = a+ bi

z = ρ (cos θ + i sin θ)

zn = ρn (cosnθ + i sinnθ) De Moivre formula

(zþ) Ekjetik  morf 
z = ρeiθ

'Ara

eiθ = cos θ + i sin θ Euler's formula

Epeid  gia to hmÐtono kai sunhmÐtono isqÔei ìti

cos (−2π) cos
(
−3π

2

)
cos (−π) cos

(
−π

2

)
cos 0 cos π

2
cosπ cos 3π

2
cos 2π

1 0 −1 0 1 0 −1 0 1

sin (−2π) sin
(
−3π

2

)
sin (−π) sin

(
−π

2

)
sin 0 sin π

2
sin π sin 3π

2
sin 2π

0 1 0 −1 0 1 0 −1 0

èqoume ta parak�tw (di�shma) apotelèsmata:

eiπ = cosπ + i sin π = −1 + i · 0 = −1

all� kai
e−iπ = cos (−π) + i sin (−π) = −1 + i · 0 = −1

En¸, gia π
2
èqoume to apotèlesma:

ei
π
2 = cos

π

2
+ i sin

π

2
= 0 + i · 1 = i

kai
e−iπ

2 = cos
(
−π

2

)
+ i sin

(
−π

2

)
= 0 + i · (−1) = −i
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Eik. 5. DÔo basikèc trigwnometrikèc sunart seic. To hmÐtono tou x: sin (x)
(kìkkinh kampÔlh), kai to sunhmÐtono tou x: cos (x) (maÔrh kampÔlh)

(diaskèdash) EpÐshc apodeiknÔetai ìti

ii =
(
ei

π
2

)i
= ... = e−

π
2 = 0.207879...

kai
(−1)−i =

(
eiπ
)−i

= ... = eπ = 23.140... Gelfond's constant

To sq ma 5 apeikonÐzei tic trigwnometrikèc sunart seic hmitìnou: sin(x),
kai sunhmitìnou: cos(x) antÐstoiqa.
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