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MAOHMA 13°




AKpIBEIC N &ueo OAOKANPWOIUEC

Mix dixpopIKA €EI0wan TNC NOPPAC
P(x,y)dx+Q(x,y)dy=0

Bat KXAEITOH XKPIBNCG N GuECK OAOKANPWOIUN OTOV 10XUEl OTI

oP(x, y)=6Q(x, y)

oy OX
[l TNV €mMAuon TNG BPIOKOUPE PI CUVAPTNON TNC MOPPAC
of _ of _
== P(x,y) KO 5y Q(x,y)

H yevikn AGon Tne 0.€ Ba €ivail N
flx,y) =c



Aoknon 1
m  No AuBegi n diapopikn eElowon
(x2 +2xy)dx+(x2 + y)dy=0

Adon
H doopévn diaxpopikA eEiowon €ival TNG HOPPAC P(X, y) dx + Q(X, y) dy=0

Ermiong 1oxGel 6TI P(xy) _RQ(xY)_,,
oy OX

[l TNV €0peon TNC Aong avalnTouue pic cuvapTnon f(x,y) €ETol WOTE:
T=x?+2y (1) vk L=x2+y (2

OAokAnpwvovTag TNV (1) Exoupe

f(x, y)=_[(x2+2xy)dx+c(y)=%x3+x2y+c(y) (3)




m H (3) npénel va Ikavottolel TNV (2) Ko EXoupe

6(:1)) x>+ Xy + c(y))
oy

=x"+y
X*+c'(Y)=x"+y

c'(y)=y
c(y)= % y*+k OTou K awBaipeTn oTAOEPK

AvTIKaBIoTWVTOC oTNV (3) Exoupe

f(x, y)=%x3+x2y+%y2+k

H yevikn AUon Ba €ivai: 1 1
YEVIRI ABON f(x,y)=c1©§x3+x2y+5y2+k=cl©

1 1
§x3+x2y+§y2 =c,,C,=¢ —k




[MoAamAaoiaoTnC Euler

B 2TNV MEPITTWON TNV PN GUECK OAOKANPWOINWY CUVXPTACEWV ONAcON o€ XAE TnC

HopPNG
P(x,y)dx+Q(x,y)dy=0

o1 omoieg d0ev eival akpiPeic avalnTovue po KaTt@AANAN covaptnon wWx,y) v
omoiar €av TNV moAlomAacidcovpe pe tnv oocuévn XAE vo petatpoamel og
akplPeig

AnAaon va 1oyvEel P(X, Y),LI(X, Y) dX+Q(X, Y),u(X, y)dy =0

e o #(xy)P(xy)] o[ u(xy)Q(xy)]
oy OX




Aoknon 2

Not AuBET n dicxpopikn e&iowaon (y2 + X) dx—2xydy =0
eqv eivai yvwoTo 0TI €xel moAamAaoiaoTn Euler o omoiog ivain cuvapTnon JOvo TNG JETaBANTAC

X.
AGon

E€eTa(oupe edv givail akpIPnc OnAadn e&v 1ox0el OTI

oP(x,Y) =6Q(x, y)

oy OX
EXoupE GG P(Y) o, RXY)_
oy ' OX

OUVETIWG OEV EIVAI UECOK OAOKANPWOIYN.




B AMG €xel moAammAaoiaoTn Euler o omoiog €ivail ouvapTnon Hovo Tng METABANTAC X. AP
Oa TPEMEl vax 1I0XUEI OTI N TTRPAKATW OIPOPIKA €EIOWON

u(x)(y? +x) dx+ p(x)(=2xy)dy = 0

eivail akpIBNC. AnAadn:
o 09 (x+y*)] B[ ui0(-2xy)]
oy B OX

2y p(x) = 1'(x) (—=2xy) +(-2y) u(x)
2p(x) ==X '(X)

H mopamavw €ivail hick O10popIKn eElowon XwPI(OPEVWY HETABANTWY Ye AUoN:

244(X) = —Xu (X) @d—ﬂ=_—X2dxc) In|u|=-2In|x| <
U

p(x)=x"




B [ToAaTTAGOIG(OVTOC TNV GPXIKN NOC OUVEPTNON JE TOV TTOAMGTTAXOIXOTNA

p(x)=x"

H d100popIKA €EI0WON METATPETTETAI OE GKPIPAC

X~ (y2 + x) dx—x*2xydy =0

2
[1+ Y jdx—Zldy=O

X X° X

[l TNV AUon (NTGuE pic ouvapTnon f(x,y):

of(xy)_1 ¥y o(xy)__,y
OX X X oy X




m Oeswpolpe TNV 0eUTEPN OO KUTEC

of (x,y) Y

oy X

B KOl OAOKANPWVOUNE WC TTPOC Y KPATWVTHC TO X 0TOEPO OMoTE,

m Apc

m Hyevikn Alon

o (— y—z + c(x))
X

Ly
OX X X
2 2
y—2+c'(x)=1+y—2
X X X
1
c'(X)=—

X
c(x) =In|x|+c,

y2
f(x, y)=—?+ln|x|+c1

2

y?
2

f(x,y)=cz©—x

+In|x|+¢c, =c, & -

2
Yy
X2

+In|x|=c,—¢



Opoyeveic ypoaupikee A.E deuTtepne T&ENC UE
OTOOEPOUC OUVTEAEOTEC

m  Mix ogoyevng YPOXPUIKA 0.€ OeUTEPNC TRENC e OTABEPOUC CUVTEAEOTECG EXEI TNV HOPPA:
y'+tay' +ay=0 (1)
Ormou T a4, a, €ival oTABEPOI TTIPAYUATIKOI GPIBUOL.
[ TNV €MAUOKN TNC TNV QVTIOTOIXN XXPXKTNPIOTIKN GAyeBpIkn e€iowan wc eENC:
m >tnv doopévn 8. Bétoupey =1, y'= 1 xau y'’ = A?
A2 +aA+a,=0 (2)
m Bpiokoupe Tic Aloeic A4, A, TNG (2) K& OIGKPIVOUUE TIC TTEPIMTTWOEIG:
l.  Av ol Aloeig A4, A, €lval TTIPAYUOTIKES KOl GvVIOEG, TOTE N YevikA AUon Tng (1) €ivai n
y = ce!M* + c e’2¥
Il.  Av o1 ADoEIg A4, A, €IVOI TIPAYUATIKES KOl 10€G, A, = A5, TOTE N yevikA Abon Tng (1) €ivau n

y = cie™ + cyxet*




Aoknon 3

m  No Aubei n diapopikA e€iowon vy’ + 5y" + 6y = 0.

Auon
Anpioupyoupe TNV XKPXKTNPIOTIKA XAYEBPIKA €Elo0won
A2 451+ 6 =0
A=1>0 kKo Ay =-3, 1, =2

H yeviki AUon Ba gival
y =ce 3+ ce”

2x



Aoknon 4

m  Noa Aubei n diapopikA e€iowon vy’ —4y' + 4y = 0.
AUon
Anuioupyoupe TNV XKPOXKTNPIOTIKA XAYEBPIKA ElowoN
A2 =42 +4=0
A=0 KxiA; =4, =2

H yeviki AUon Ba gival

y = c;e?* + cxe?*




MITAAIKOI APIOMOI

OEAW V& EKPPGOW TIC BEPUEC pou euxaploTiec oTnVv Ap. Kaioapn Mapic
VIO TNV TTPOXWPENON ONUEIWOEWY



EMEKTO(ON TOU OUVOAOU TWV TTIPOYUOTIKWV
xXPIBUWV

B 2T0 OUVOAO TWV TTPAYUATIKWV GPIBPWYV dev Exouv AUon o1 eEI0WOEIC TNC HOPPNG
x?™ = —q Omou o BETIKOC aPIBUOC

EidIKOTEPC OEV UTIAPXEI TTPAYUATIKOC axp1BuOC 0 omolog emaAnBelel TNV €€10wonN
x?=-1

EmmekTeivoUuue TO OUVOAO TWV TIPAYMOTIKOV OPIBUWV 0 &va oUVOAO OTO OTT0I0 Ol
TTOPOTIAVW €EICWOEIC VO €XOUV AUON:

To o0voAo auTd B TO ovou&{oupue OUVOAO TWV MIYOOIKWV Kol Ba To cupBoAiocoupue pe C.

Opiloupge wc Adon NG x% = —1 Tnv AeyOUEVN (QOVTOOTIKA HOVADX ThV OTOIx
OoUMBOAIloupE JE i



Mop@n TOU PIYOOIKOU PIBUOoU Kol UIYOOIKO
ALfele

m  O1 giyadIKol ap1Buoi EXouV TNV HOPOPN:

Z=X+yi ME X, Y TIPAYUATIKOUG opIBuoUG
To X OVOUKIETOI TTPAYMOTIKO HEPOC TOU PIYOOIKOU Ko oupBoAileTal pe Re(z)=x
EV( TO Y OVOUKIETOI PAVTROTIKO MEPOC Kol cupPBoAileTau pe Im(z)=y

B 2¢ K&Oe pIyadikd ap1Buod z=x+yi avTioToixi(oupe To onpeio M(x,y) ki o K&Oe onueio M(X,y)
XVTIOTOIXICOUME TOV MIYOOIKO cxp1BuO z=x+Yyi. To eMmeEdO TOU OTTOIOU OA TG ONUEIX EIVA
EIKOVEC TTIPAYUATIKWV XPIOP®V ovouGleTal MIYXOIKO EmiTIEDO.

imaginary
F

B To M ovou&leTal eIKOVO TOU PIYOOIKOU ap1BuoU.

m O &&ovag xxX' o omoiog mepIEXel OAx Ta onueia M(x,0) ovouGleTal
&EOVOC TWV TTIPXYUOTIKWV GPIOUQV,
eV 0 &ovag yy o otroioc mepIExel OAa T onueia M(0,y)

real
raxis

OVOUGLETON GEOVOC TWV PAVTAOTIKOV GPIOUMV.




100TNTO PIVOOIKWV

m  AUO PIYOOIKO! cip1Opol Ok OVOUK{OVTOI 1001 GV KO IOVO OV TOX TIPXYUOTIKG TOUC JEPN KO T
PAVTROTIK& TOUC JEPN EIVOI 10C.

O1 piyadikoi aplbuoi z = a + Bi, w =y + §i B €ivail 1001, Z=w Qv K&I JOVO av &=y Kol 3=0.

‘Evag piyadikog apiBuoc o givail HndEV av Kol JOVO GV TO TIPOYUOTIKO TOU JEPOC KOI TO POVTAOTIKO
TOU PNEPOC EIVOI UNOEV.

Av z=x+yi Baeival z=0 S x =0katy =0

Nop&deypo: No Bpebolv oI TTPAYUATIKOT GPIBUOIT X, Y VIO TOUC OTTOI0UG
(x2=3x+y+3)+(x+2y)i=0

O pIyadIkOG auTog Bax givan pndév av x2 —3x+y +3 =0 (1) kaux + 2y =0 (2).

Ao Tnv (2) EXoupE x = —2y KOl GVTIKOBIOTOVTAG oTnV (1)
4y* +7y+3 =0

O1 AUoeIg TNG e€iowong auTnG eival y; = —3/4, y, = —1

Ta avTioTOIXK X O €lval x; = 3/2, xp = 2




Mp&&eic piyadikwv: A. NMpoobeon 1/3

A. MpdoOeon

Opiou6Gg: ‘EoTtw o1 piyadikoi apibuol z = a + fi, w =y + 6i, T0TE wg GOPOIoUG TOUg OPILETOI O
MIYXOIKOC pIBuOC

z+w=(a+y)+ (B +)i

Map&deiyua: Av Exoupe Toug UIyodikolug z = 2 — 3i, w = 1/2 + 10i, 7167 TO GOPOIOUE TOUG
o eiva

1 5
z+w=<2+§>+(—3+10)i=§+7i




[Mp&&eic piyadikwv: A. NMpdoBeon 2/3
|1016TNTEC TIPOCOEDONC

AVTINETOOETIKR z + w = w + z yia K&Be z Kot w oT0 C.

MpooeTapIoTIKR 2z, + (2, + z3) = (2% 2,)+ 23 VI& K&OE z4, Z,, Z3 0TO C.

N()UOQ 5I0(Yp0((pﬁq Av Z1+ Zy= Zl+ Z3, TOTE Zy= Z3 YIX K&OE Z1, Z9, Z3 OTO C.

BN P ow

Oudétepo oToIXeio YTAPXEI EVOC HOVOONUOVTO OPICHEVOC UIYGOIKOG axpIOuOC
z* =0+ 0i TETOI0C WOTE

z'+z=z24+2z"=z vyiak&Oe z oto C.

5. 2upuetpikO (q ovTiOeTO) OTOIXEIO Noc K&Oe PIVOOIKO OapIlBud z um&PXel Evoic
UOVOONUOVTO OPIOPEVOC HIYOIKOC axpIBUOC Z' yIok TOV OTT010 10XUEI

z+7 =7 +z7=277

AnAadn av z=oc+Bi TOTEZ =-0-Bi Ko z+Z =7 +z=0




[Mp&&eic piyadikwv: A. Npoobeon 3/3

1. Avzy,z, € CT10TE N e€lowon
Z1t+z=2,
‘Exel yovadikq Abon oto C TNV z = 2z, + (—2z4).
H povadikn outA AUon ovouG{eTal OIPOPA TwV OUO0 PIYXOIKWV KA1 £TOI OpIETaI N TTIPGEN TNC
xpaipeonc.
Etoiavz =a+ fi, w=1y+ 6i, 10TE
z—w=(a—y)+ (B —6)i

Maxp&delyua Av Exoupe Toug pIyadikolg z = —5 — 3i, w = —1 + 61, T0TE n d1POPG TOUG O
EIVQI
z—w=(-5+1)+(-3-6)i=—-4-9i




[Mp&éeic piyadikwv: B. NMoAMamAaoioouoc 1/3

Opi1opdG: : EoTw o1 piyadikoi aplBpol z = a + Bi, w =y + 6i, T0TE WG YIVOUEVO Toug opIlETAI O
MIYXOIKOC axp1BUOC

zw = (a + Bi)(y + 6i) = (ay — B6) + (ad + By)i
Npayuati: (a + Bi)(y + di)=a (y + 6i) + Bi(y + 8i)=
=oy+odi+Pyi+po i2
=(ay — p6) + (ad + By)i
Noapadelyua: Oswpolpe Toug pIyodikolg z = —1 + 4i, w = 3 — 2i, 16T¢
zw = (—1 + 4i)(3 — 2i) = =3 + 2i + 12i — 8 i?

=—3+8+2i+12i
=5+ 14i




[Mp&&eic piyadikwv: B. NMoAamAaoioopoc 2/3

m 1010TNTEC MOMOTTAXCIXOUOU

AVTINETOOETIKR  zw = wz yia K&Oe z ko w oTo C.
MpooeTaPIOTIKR  z1(Z,23) = (212,)z3 Y& K&OE z4, Z,, Z3 0TO C.
Emuepiotikq  z,(z, + z3) = 2,2, + 2123 YI& KGOE 24, Z,, z3 0TO C.

Nopog dicypaxpng Av z; z,=z; z3, TOTE Z,= zZ3 VI KGOE z; # 0, z,, z3 oT0 C.

o 0 b Pk

OudéTepo oToIXEI0 YTTAPXEl EVOC JOVOOANOVTO OPIOUEVOC MIYaOIKOC ap1Bude z* =1 + 0i
TETOIOC WOTE

* *

z'z=172z"=2z Vyiax k&Oe z oTo C.




[Mp&&eic piyadikwv: B. MoAGTmAXOIOPOC
3/3

5. XuppeTpikO otoixeio (R4 avtioTpo®og) Mo K&Oe pIyadIkO oplOud z umapxel &vag
OVOONUOVTO OPIOUEVOC MIVOOIKOC aPIBUOC  Z' YI TOV OTT010 10XUE!

zZ7 =7z7z=z" pez+0

Anhadn av z=a+Bi  T0TEZ =1/ (60+Bi) Kot zZ =7 z=1

6. Avz,z, €C pez, # 0716TE N €€lowon
ZzZ = Z1

‘Exel povadik Adon oto C TNV z = 2,2z, ¢

H pyovadikn aut AUoN ovopGleTal TTNAIKO TwV OUO PIYOOIKWV Kol €TO1 OpIfeTal N MPGEN TNC
dixipeonc.




AUvoun PIYOOIKQWV

Onwc opi(ovTail oI QUVAUEIC TIPXYUATIKOV GPIOUNWV PE EKOETN OKEPXIO, UE TOV 1010 TPOTTIO OPI(OVTXI
KO Ol QUVAMEIC TWV UIYKOIKWV:

m zl=zvyiakdBez € C
Kol emoywyIke:
m z2"=2z"1z viakdBeze C ko n=2,3,..

Emiong

m 20=1 Kz " =— viax k&Oe z € C pe z # 0 Kl n=2,3,...

Zn

m Aev opileTan n Ekppoon 0V




AUvoun PIYOOIKQWV

m AOOEIKVUET]I OTI KO VIO TIG QUVGAHIEIG TWV HIYOOIKWOV GPIBUV 10XUOUV O iBIEG 1810TNTEG TTOU I0XUOUV YICK TIG
QUVGUEIC TWV PIYXOIKWV.

m [dixiTEPN ONUOOI EXOUV OI OUVKUEIC TOU i:

=y di=—d, F=iti= g, =it =l
== P s ti=2s 0 (
1, avv=0
.. . Al - . . ) i, avv=1
m [evikG: i? = (4FHY = (40 = (VY = (Vv ={
-1, avv =2
&—i, avv =3

m [lap&deiyua: No Bpebel TO TPAYUATIKO KOI TO PAVTROTIKO MEPOC TOU HIYOOIKOU
(2 + 3i)5.
AvamnTUOOOUNE TNV TRUTOTNTX
(2+3i)3=2343-2%2-3i+3-2-(3)*+(Bi)>=8+36i—54—27i =
=8—-54—-27i+ 36i =—-46+9i
Apa Re(z)=-46 ko Im(z)=9




>UCUYEIC MIYXOIKOT P8Ol

m Opioudg Ocewpoiue ToV PIyadikO z = a + Li. O ovouGloupe Tov PIyadikd a — i ouluyn Tou z
KO 6 TOv oupBoAiloupe ue Z.
Z=a-—pi

ApEeoeC OUVETIEIEC TOU OPIOUOU EIVAI:
zZ = (a + Bi) (a — Bi) = a? — (Bi)? = a? + B2
Zz+Z=a+fita—pi=2a
Map&deiypo: No ypogel otn poppn a + Bi o PiyadIkog:

1420

3
AUoN: METATPETOUPE TOV TIXKPOVOUNOTN TOU O€ TTPAYUATIKO PIBUO TTOMATAXOIX{OVTHC TOUC OPOUC
TOU KA&GOPOTOC JE TOV 0uluyn TOU TTIXPOVOUOOTN

1420 (1420)(3+i0)

- 3-i  (3-D(3B+i)

_3+i+6i-2 1470 1 7 .
32412 10 10 10




1010TNTEC oUlUYWV

X N S RN W N N

—Z) = —Z
Z1 = Z =71 — 2
zt=2z" n=12,..

z"1=2z71

(Z_1=Z__1 ZZ:FO
Z2

Zy

az = az, a €R

Zl+Z2=Z_1+Z_2

Z1Zy) = Z1Z;



E€iowon deuTéEpou Baduol

m Oewpoupe oto C TNV €€iowon

az’?+bz+c=0 a#0 (1)
m H (1) yp&opeTai:
b c b b\° ¢ [(bY
2 +—z=—-— 7°4+2—z+|—| =—+|—
a a 2a 2a a 2a

N b\’ _ b? —4ac
“794) T aa?
1. Av A= b? —4ac > 0, T0Te N e€iowaon Exel U0 TPAYPATIKES PILEC GVIOEC

—b + Vb2 — dac
2a

Z12 =

2. Av A=0, T0TE n €€lowaon €xel PIc OITTAN MPAYUATIKA AUon TNV z = — %

3. Av A<O, 16T€ n e€lowon €xel 000 ouluyeiC UIYOOIKES AUCEIC
_ —b X iyIAl
A2 = 2a




[ToAUWVUUIKEC EEIOWOEIC

m Miax moAuwvUuIKA €€lowon PE TTPAYUATIKOUC cuvTeAeoTEC oTO C €xel TNV MOPPN

az" +a,_1z" 1+ --+a;z+ay=0, z€C
uen=12,...kal a; ER,uei =0,...,n
Av a,,# 0 n TOAUWVUNIKA cuv&pTnon €ival Babuodl n.

Evag piyodikog aplBuog z, eivai pida TN €€ilowong auTNg TOTE TNV eNaANBeUEL:
AnZo™ + ap_1Ze™ 1+ -+ a1z +ap =0

Arr068|KvueTou OTI: oV EVOC MIYXOIKOG €ivail PITa MIG TTOAUWVUMIKNG €EI0WONG TOTE KOl O
ouluyng Tou €ival pila TNG e€lowong UTAC




Epapuoyn

m No AuboUlv ol e€lowoeiC
L. z'+5z°+4=0
i z3+3z°4+4z—-8=0
AUon

1. O&toupe w = z2 €101 n €€iowon YiveTal
w2 +5w+4=0

Me A=9, n e€iowon auTn €xel PICEC TIC

Wiz = =
wy =4, Kaiw, =—1
Enopévwe yia wy =-4 §xoupe  z? = —4, Gpoz = +2i
Now, = —1 éxoupe  z2% = —1, Gpo z = =i



m z3+3z22+4z—-8=0

H e€lowon auTn €xel TPEIC TTPAYUATIKEC PICEC N PIK TIPAYUOTIKA KOl 2 PIYOOIKEG.

MNapaTneouue 0TI To 1 eivar pilax TNC e€iowonC. MNMapayovTomoloUpe TO TOAUWVUPO PE oxNua Horner
1 3 4 -8 1

+ 1 4 8
1 4 8 O

ErTopévwe T0 TOAUWVUUO YPAPETAI:
z3+32°+42z-8=(z—-1)(z>+4z+8)

AGvoupe TNV e€iowon  z2+4z+8=10
Me A=-16 Exoupue

ZI,Z = _4i2i\/1_6 = _2 iZl

YUVETIWC TO TTOAUWVUUO €XEI TPEIC piec. MIGk TTIPOYUOTIKN KO 2 HIYOOIKEC.




Opoyeveic ypoaupikee A.E deuTepne T&ENC UE
OTOOEPOUC OUVTEAEOTEC (OUVEXEIX)

m M opoyeving YpauMIKA 0.€ deUTePNC TGENC e OTOEPOUC CUVTEAEDTEC EXEI TNV HOPPN:
y'+a1y' +ay=0 (1)

Ormou Tt a4, a, €ival oTAOEPOI TTIPAYUATIKOT GPIBUOL.

[l TNV €MAUCN TNG TNV GVTIOTOIXN XOXPAKTNPIOTIKN GAyeBPIKN €Elowon we €ENC:

m Xtnv doopévn 8. Bétoupey =1, y'= 1 ko y'' = A?
A2 +adl+a,=0 (2)

TpiTn NepinmTwon

Il.  Av ol A0ogIg A4, A, €ivau PiyadikEG ouluyeig, A4 = a + bi, A, + a — bi, TOTE n yevikN ADon TNG
(1) eivai n

y = e*(cycos(bx) + cysin(bx))




AoKnon

m  No AuBei n dixpopikn e€iowon y'—-6y'+10y=0
AUon

H xapaKTnpioTikn €€ilowon TG MOPPNC A —61+10=0

A=36-40=-4<0

Ermopévwe

—BiJIAl _ 6+iv4 :
i = Zc:/_= ;3%

AP N YEVIKN AUCN TNC OUYKEKPIYEVNC DIPOPIKNG e€lowong ye a=3, b=1 givail TNG HoPPNC

y =e*(c, cos(bx) + ¢, sin(bx)) = y = e* (¢, cos X+, sin x)




T1 vax d1oBoow.

m Kepalaio 26° Pemberton-Rau
m KepaAaio 6° Zenamadexc-MNavvikog

m  Kepd&Aaio Nouk&knce (Touoc B)




