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Tuxalieg petapAnteg

* Mo cuvaptnon TIoU AvILoToLyileL TO
aroteAecpa TIou gpdavifetal Kata
TNV EKTEAEON EVOG TIELPAOTOG TUXNG
OE EVAV TIPOAYHOTIKO aplOHo



Juvaptnon (padog) mbavotntag (SLoKPLTEG T

* Eotw X dakprrn tuxaia yetafAnti pe cuvolo tipwv Ry. H
TPAYHATLKN cuvaptnon f pe
P(X =Xx), yia kabe xR,
f(x)= | ’
0. yio. kabe x & R,

ovopaletal cuvaptnon rBavotntag r cuvaptnon Polog
mBavotntog tng X (probability mass function).



Yuvaptnon (padog) mBavotntag (SLoKPLTES TC

f(x)

LR Y
i
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Napadeiypata ekxwpnong/Katavoung TG CUVOALKAG
mlavotntag o€ oCUVEXEG OLAOTNUA TLHWVY

s S
Y. 5.




Mapadelypa cuvaptnong ukvotntag mbavotntag

J(x)




Mapadelypa cuvaptnong ukvotntag mbavotntag




zuvaptnon rmlavotntag: SLOKPLTEG VS CUVEXELG TU

Slakprtn ,
PE Avtiotolel og TN OUVEXNG

Avtiotolyei og eppado

f) f@)

/'\

el Vi \v\

A X x _I___L\—,x+dx
P(x £ X <x+ 4x)
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MBavotnteg evdeXxOuEVWY

J)

X €la, f]

J&)

Xe(—x, o]

P(X = a)
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2UVEXNG Tuxaia eTaBANTn Kol cuvaptnon
TuKvotTntoc rmbavotntog

* Mia tuxaia petaBAntin X AEyetal cuveXNG OV UTIAPXEL PLAL N
QLPVNTLKA TIPOYUOTLIK ouvaptnon
f iR —[0, +x)

TETOLO WOTE yla KAOE UTTOCUVOAO A TWV TIPAYUATLKWY VA LOXUEL

P(X e A) = I S ()dx
* H ouvaptnon f ovopa(eTal ouvaptnon TTUKVOTNTOG TOavoTnTOG
N amAd cuvaptnon Tukvotntag tng X (probability density
function, pdf).



[Mpotaon

* Av X ouvexng tuxatla petaBAntr ye cuvaptnon katavoung F kat
ouvaptnon Tukvotntag f, TOTE:
a) [ f(x)dv=1
B) F(x)=P(X <x)= J‘_':f(r)dr
y) f(x)=F"(x) (otaonpeio ouvéxelag e f)
0) I'ia omorovedimote Tpoyuotikove o, f ue a < 3
(i) Pla<X<p)=["f(x)de=F(p)-F@),
(i) Pla<X <B)=Pa<X <) =Pla<X<B)=Pa<X<p
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Iuvaptnon mBovotnog: SIaKpLIES vs OUVEYELS T

2XOALa
||.| Iy jﬂl\_\“&

* H miBavotnta pia cuvexng tuxaia petafAntn X va mapeL yla
OUYKEKPLUEVN TN A, €lvaL Llon pnOEV yLa OTIOLOONATIOTE a.
* AuTtO 6gv onpalvel OTL To evdexopevo X=a gival To aduvarto

evOeXOpEVO Q.

* ZnHaAiveL OTL AUTO TO EVOEXOHEVO a gival amiBavo va cuHBEel kat
OXL OTL €lval ampayHotomnointo.



|6LoTNTEC oUVAPTNONC TIUKVOTNTAC TILOOVOTNTOC

* Av pLa TipaypaTiky cuvaptnon f WKovoTIOLEL TIG cUVONKEG
1. f(x)20, Vx e (—»,+x)

2. J.jf(;r)dx =1

TOTE OUTH N CUVAPTNON UTIOPEL va XpnoluoTotnBet wg cuvaptnon
TIUKVOTNTAG ULOG CUVEXOUG TuXaiag petaBAntng X.



Mapadelyua

* Mtopel n cuvaptnon f He

3
~x*, 0<x<2

f(x)=48

0, altov

va XpnolJomotnBel wg ouvaptnon TIUKVOTNTOG PLOG CUVEXOUG
Tuxaiog petaBAnTng;



IBL0TNTEC guvapTnong MukvotnTog mbavotntac

= Ay pua npaypartikn ouviptnon [ wavonolel Tig ouvBrikeg
1

Nopadelypa ST

TOTE QuTh n ouvaptnon propel va ypnowponouinBel we ocuvaptnan
MUKVOTITEG PLIE OUvERDUE Tuymias petafhnne X

* Mpodavwc BeTikN

o= e [ o 2] 2.5

loxueL kat n 6evTEPN ouvBNKN KAl ETTOPEVWG N f €lval pLa
TPAYUATIKA ocuvaptnon KATaAANAn yLa va xpnotJorotnBel wg
OoUVAPTNON TIUKVOTNTOG CUVEXOUG TUXOLOG METABANTNAG.



Mapadelyua

H Ty X Kovtd oto 2 Taipvel TLUEG Pe peyaAutepn mBavotnta amnod OTL Kovid
oto 0 adol n mbavotnta rmou ekywpeital péow tng f oe éva ldotnua Tpwy,
exdpaletal avtiotoo ePPadOV KATW ATIO TN yPAdLKN TNG TTAPACTACN



2XOALOL

* Htn f(x) tng cuvaptnong mbavotntag f plag SLtakpLtng T.. X,
exdppalel otiwg eldape tnv Bavotnta P(X = x)

J)

* Tt ekppaleL n f(x) tng ouvaptnong ‘
rukvotntag mbavotntag f plag cuvexoug T.y. X; | | ‘ | |

* H f(x) exdpalel mukvotnta mbavotnrag,
dnAadn, €lval Eva PETPO TOU TTIOCO TILBAVO
glval va TapeL n X Tun Kovta oto X

H Tt tng cuvaptnon mukvotntag mbavotntag f(x) dev eivat mbavotnta Ko
HTopEL va TtapeL TLHEG PeyaAUtepeg amo to 1!



OuoLwopopdn cuvexng Tu=>

Eotw pla cuvexng tuxaia petafAntn X ye ocuvaptnon TUKVOTNTAG
1
[-a :

a<x<pf

()=

A

Tote n tuxaia petafAnti X ovouadetal opoopopdn oto dlactnua
[a,B] kat n katavoun tng opotopopdn katavoun (uniform
distribution) oto dtaotnua [a ,B] kot cupBoAiletal ye U(a ,B )

X ~U(a, B)



Opoopopdn cuvexng T

CDF
GUVAPTNGN KATAVOMIG

F(x)

<

f(x)

1/(p-a)l -

F(x)
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[TapapeTpPOL oUVEXOULG TUXALlOG HETABANTAG




Mapapetpol B€ong
OUVEXOUC TUXOLOG
HETABANTNG




Meon TR cuveXoug Tuxalag HETOBANTAG

* Eotw X pLa ouvexng tuxaia YetaBAntn PE cuvapTNON TIUKVOTNTOG
f. Hpugon tun tng X 6ilvetal amno tov TuTo

E(X) = xf(x)dx

Ed)éGOV J.__f‘ X ‘ 1)”(}:)(!_}; < 40



[Mpotaon

* Eotw X pLa ouvexng tuxaia YetaBAntn PE cuvapTNON TIUKVOTNTOG
f. N omtoladnToTe TpaypaTLkn cuvaptnon g tng X, N JECN TN
NG tuxaiag petaBAntng Y = g(x) divetal aro tov tuto

E[g(X)]= [ g(x)/(x)dx



[Mpotaon

* Eotw X pla ouvexng tuxaia pyetafAntn kat k TpaypoTikeg
OUVOPTNGCELS g1, 92, 93, > Jr TNG X. AV 4, Ay, A3, ..., A} ELVAL
mpaypatikol aplOuot, tote

E[glg1(X)+q:gz(X)+---+qu,{-(X)] —
= o, E[g,(X)]+a,E[g,(X)]+...+a, L[ g, (X)]



[MpoTAOoELC

* Av X ouvexng tuxatia petafAntn kot a, f, U0 TIPAYUATIKOL
aplOuot, tote
E(aX + B) =aE(X)+ 3

* Lo OTTOLEGONTIOTE OLAKPLTEG TUXOLEG PETABANTEG
X1, X5, X3, v, X TWV OTIOLWV OL JECEG TLUEG UTIAPXOUV KAl YL
OTIOLOUCONTIOTE TIPAYHATIKOUG apLlOuoUG aq, Ay, A3, ..., A LOXVEL:

Eloa X +a,X,+.. v, X, )=aE(X)+a,E(X,)+...+a, E(X,;)



Kopudn

* Mia Tiun xg tng X Aeyetat kopudn tng X av to onueio (xq, f(xg))

elval peyLoto (oAKO 1 ToTikd) TNG f

Hovokopudn Skopudn

nsity, p

Probability density, p

Probability de
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Alapeoog

* H AUon tn¢ e€lowong kaAeitatl dStdpeoog (median)

5 l 1
(X)dx=—n F(0o)=—
| = F&) =
orou f(x) kat F(x) ol cuvaptAoELC TTUKVOTNTAG TILBAVOTNTOC KOl

KOLTAVOWING TNG CUVEXOUG T X.
Fx)A .__/*




P-TI0COO0TLALO ONUELD

* H AUon tng e€lowong kaAeital p-mocootiaio onpeio (percentile)

|7 rdx=p i F(x,)=p

orou f(x) kot F(x) ol cuvaptAoEeLg UKVOTNTAG TILOAVOTNTAG Kol
KOTAVOING TNG ouvexof)q Ty X. Ty e—
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Mapapetpol dLactiopag
OUVEXOUC TUXOLOG
HETABANTNG




Awakupavon

* Eotw X pLa ouvexng tuxaia JETaBANT yLo TNV OTIoL UTIAPXEL N
uéon tn E(X) = p. Atakbpavon (variance) tng X ovopadetal n
uéon TR ¢ tuxaiog petapAntic (X — w)? kat cupBoAiletal pe
Var(X) n o?.

o =Var(X) = E[(X - )" = [ (x=u)* f(x)dx



TUTILKN OTTOKALON

* H Betikn teTpaywvikn pila tng dSltakupovong tng X, ovopadetol
TuTitkn artokAwon tne X (standard deviation).

o = Var(X) = JE[(X - 11)*]



Xpnowun wotnta

o =Var(X) = E(X*) ~[E(X) = E(X*)~4°
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Alakupavon Kat n TUTILKA artokALen TOU YPOUULKOU
ouvOuaouOoU

* Av X ouvexng tuxaia petaBAntn kat a, 5, mpaypatikol aplBpuo,
TOTE n dlakupavon KoL N TUTILKA OTTOKALGN TOU YPOLUULKOU
ocuvbuacpou aX + 3, divovtal Ao TOUG TUTIOUG

Var(aX + B) = a*Var(X)

O = ‘{I‘GX.



TuTtoTIOLNUEVN CUVEXAG TU

* Mua ouvexng tuxaia petapAntn pe peon tpn O kat Stakvpavon
(apa kot Tutikr) artokAwon 1), ovopddetal TuTtoTiotNUEVN TUXALA
uetaPAntn (standardized random variable)

* KaBe ouvexng Tty pmopet va tuttonotnBet adatpwvtag tnv Peon
TLUN KO SLALPWVTOG PE TNV TUTILKH ATTOKALON

X —pu

O

Z



Avicotnta
Chebyshev
(mapadeiypata)

Min. % within k standard
deviations of mean

0%

50%

55.56%

75%

B7.5%

88.8889%

93.75%

96%

97.2222%

97.95982%

88.4375%

98.7654%

99%

* [ omtotadnnote tuxaia petafAntn X, n mbavotnta va mApeL TWN:
* oto didotnpa (4 — 20, g + 20 ) elvat toudytotov 0.75
* oto dtdotnua (u — 2.50, u + 2.5 0 ) elvar touhdaylotov 0.84

* oto Saotnpa (p — 30, p + 30 ) eivat touhdytotov 0.89
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Evbotetaptnuoplako mAAToc/eVpog

* Evbotetaptnuoplako eupog opiletal wg n dtadopd  Xo7s ~Xoos

* HutevSotetaptnpoplakd eUpoc opiletal we n Stadopd 075 — o

2



Mapadelyua

* Mtopel n Ty X pe cuvaptnon rukvotntag rbavotntag f Ye

——, a<x<p

flx)=1{p-a

0, OALOD.

Na uttoAoyloBouv oL mapapetpol Beong kot dtacTopag tng X



MEOR T ouvexoldg Tuyoicg peTaPBhnTrg

- BT X pan SuwERn L Turnibo peTaBAnTr uE auedpTron e EwO T
FoH pdon e TR X SveTel @red Tow Tlms

Napadeypa (ouv) -
* Méon tun:  u=E(X)= J'i}f(x)dx —
Mean T ouvexous tuyaies petafintrig s 8

BT X g suveRr; TuRmle peTafAnTr LE QusEpTRon TeEwTRTOE
. H péan upr g X Slvetal and tov Tdme

[ « -«

ebdaoy [ || flakdy < s

J‘ﬁ | dy — | . X
B—a | 2

o

1 p:-a® a+pf
p—a 2 2



Napadeyua (cuv) | 0, 00V

« AlakOpavon: E(X?)= Jljxlf(x)dx =

Jéj
Muakdpaven g l l I3 l i3 . g.%
I X° dx { = / =

— L]
+ Bomw X pia suveric Twgele petaPhntr yua my onoba undpgen n o
pdan T ECXY = . Suekbpaven (variance] g % ovowdietas n - - fl’ - {I .
M A T

I ¢ tuxeics perafinric (X — p)° km oupPolileton pr

VariXina*

& =Var(X) = EILX ] =[x - ) fize
- prraf+a’

Xpriown wotnta 3

(X = B[N = EL - @

o =E(X3)_ﬂ: _ [Jﬂ +{Iﬂ+t_’1’2 _(Q’{—[j‘]: _ (ﬁ—{l’)l
3 2 12
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Napadeyua (cuv) 0, GANOD.

e TUTILKN OTIOKALON:

}— )’ 3(f -
o o = \/VGF(X) — \/(/ (I) _ \/7(/ (l’)
Turmikn arndkhion l 2 6




Napdadeypa (ouv) e aA0v.

* p-TIoCOOTLALA onpEia: J'_*” Fydx= p < J-y

p-nogootwio onpeio l

X
-
L] L]
+ H Mign mg ebiowan; maheiton p-moegoatuxle enpele {percentila) ; 24 ;
ar Fx) o0 guvapmies mesydTnmog miSeorn g ko

Xos =a+(f—a)0.5, x,,. =a+(f—-a)0.25, x,,. =a+ ([ —a)0.75



i

I
——, a<x<pf

f(x)=1p-a
Napadeypa (ouv) 0, 1} h00.

A

* EVOOTETAPTNHOPLAKO EVPOG:  Xg75 —Xgas = (£ —a)0.5

EvBotetaptnpoploksd nhdrog/edpog

+ EvboreTapTnpopud Eupod opilEron we n Suedopd 1 1

» HptevBoretaptnpoplart edpoe oplfetal we n Suadopd



o

.&
v

"

p R

Mapadeypo =>

* H moootnta KAALOU TIOU TIEPLEXETAL OE £V TIOPTOKAAL JECALOU
ueyeBoug eival tuxaia petafAnti pe peon tpn 550 mg. Emiong, n
TIOCOTNTA KOALOU TIOU TIEPLEXETAL OE EVA AKTLVIOLO PECALOU
ueyeBoug eival tuxaia petafAnti pe peon tpn 300 mg. Enewdn
OKEPTOUOOTE VA EVIAEOUE OE EVA NUEPNOLO OLALTOAOYLO SUO
TIOPTOKAALOL KOLL EVOL AKTWVLOLO peoaiou peyeBoug, pag evoladepel
N MECN TTOCOTNTA KAALOU TIOU TIEPLEXETOL OE EVA TETOLO GUVOUAOUO
dbpouTwv.



Napadeyua (cuv)

* Eotw X4 n tuxaia petapfAnti rov ekppalel Tnv TOCOTNTA KOALOU
TIOU TIEPLEXETAL OE EVA TIOPTOKAAL pecaiou peyeBoug kat X, n
tuxoa hetaBAntr ou ekppalel Tnv TOCOTNTA KAALOU TTOU
TIEPLEXETOL OE €V OKTWiOLO peoaiou peyeBouc.

* Mag evoladeEpeL n PEON TN TNG TUXOLOG HETAPBANTNG TIOU TIEPLEXEL
2 optokdAla kat T aktwidio. Anhadn n Ty

Y =2X, + X,



Napadeyua (cuv)

* Tnv katavoun tng Y 6gv TNV yvwpiloupE.

* AAQ yvwpil{ou € TLG ETILUEPOUG PECEG TLUEG TwV X4 Kal X,

E(Y)=2E(X,)+E(X,)=

= A i auve e Tuyain petaBhrd wan o, #, G0o mpayppateol
agifipol, Thte
Eloek + @1 = B X1+ &

2550 +300 = 1400 mg

o Kz K o, X Ty ool oL PEDEG TeEG UMERNOUY KDL YL
aLapobimors npaywamueols agiBuods dy, @y, @, .. d) WTUeL

Ela X, +a, X, +o o X = a X b+ a E(X b+ o+ o E X )
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Avetaptnoia tuxalwv petaBAntwy




Avetaptnola evOEXOUEVWYV KaL TIELPAUATWVY

* Auo gvdeyopeva elval avesaptnta av n MPAYUOTOTIOWON TOU £VOG
Sev €XeL kapia emidpaon otnv Mpaypatonoilnon tou aAlou.

* [evikOoTtepa, Vv = 2 evdexopeva eival avesaptnta av n
TIPAYUOTOTIONNON OTIOLOUSNTIOTE Ao aUTA KaBwG Kal n

(tautoxpovn) paypatorioinon oroloudnTote aplBuou anod avtd
Sev €xeL kapla eTidpaon otnV PAyHATOTIOINCN TWV UTIOAOLTTWY

e v = 2 nelpapata eivat aveéaptnta av dev «aAAnAoemnpealovraly.

49



Avo avefaptnteg Tuxaleg HETAUPBANTEG

* AUo tuyaieg petapAntég X, Y ovopdlovtal (oToxooTIka)
avegaptnteg (independent random variables) av ta
gevoexopeva {X € A} kat {Y € B} eivaL aveéaptnta evdexopeva ya
ortoladnmote (HeTpAoLua) uttooUvoAa A, B Tou cuVOAOU TWV
mpaypatkwy aplBuwyv, 6nAadn av

P(Xe A YeB)=P(X e AP € B)

* Mpodoavwc LoxvEL
P(Xed|lYeB)=P(XeAd)xaw PYeB|XeAd)=P{ €B)



vV = 2 aveapTnTEG TUXALEG PETAPBANTEG

* v > 2 tuxaieg petapfAntég X4, X, ... X, ovopadovrtal (0TOXaoTIKA)

aveéApTNTEG av yla oroladnmote (PeTpRoLua) uTIocUVOAQ
Aq,A, ... A, TOU CUVOAOU TWV TIPAYHOTIKWY APLOUWV LOXUEL

P(X,ed,X, ed,...X

v

€A )=PX, ed)P(X,€d)..P(X €4)



|GLoTntEC

* Av X, Y aveéaptnteg tuxaieg HETAPBANTEG KAl X, Y, OTIOLOLONTIOTE
mpayuatikol aplBuot totg, yia A = (—o0, x| ko B = (—o0, y]
IoYVeL P(X <x, Y <y)=P(X <x)P(Y £ y)

* Av X4, X, ... X, aveéaptnteg tuxaleg HETAPANTEG KAL X1, X5 ... Xy,
OTIOLOLONTIOTE TIpayHOTIKOL aplBuotl Ttote



2XOALO

* OLtuxaieg yetaPAnteg mou avadEPOVTAL OE TIELPAPATA TIOU
ekteAouvtal o€ SLAPOPETIKOUE TOTIOUG N 0€ SLADOPETIKA ATOUA, YEVLKA,
o€ OLOOPETLKEG TIELPAPATLKEG povadeg, Bewpouvtal avesaptnTteg

o AnAadn n aveéaptnoio cuvBWC TIPOKUTITEL ATIO TIC CUVONKEC TTaPA
SLATILOTWVETOL ATIO TOV OPLOUO

* Avegaptnteg Oswpouvtal emiong, oL tuxaleg HETABANTEG TTOU
avadepovtal oe dtadoylkec avesaptntec ertavaAnyelc tou idlou
repapatog, dnAadn, oe ave§aptnteg SOKLHES.



1610TNTEC dlakvpavong aveéapthTwy TU

* [La ottolecdnNmotTE avelaptnteg Tuxaieg petafAnteg X4, X, ... X, yla
t1¢ ortoieg E(X?) kat omolouoSATIOTE MpaypatikoU aptBpoug
01, Oy ... 0L, LOXUEL

Var(a, X, +a, X, +...+a, X )=a Var(X,)+ a;Var(X,) +...+aVar(X,)



Tuyxaio belyua
2TOTLOTIKOG TTANBUOUOG




Tuyalo 6elypa

* Tuxaio delypa otnv otatlotiky) Bewpeltal n facn to omoio
0dNYoUOOTE OE CUUTIEPACHATO ATIO TO KHUEPOGCH YL TO KONO».

* To Selypa aroteAeital amo aveéaptnteg Tuxaileg PeTaBANTEG.



2TATLOTIKOG TTANBuopog

* MAnBuoHAG 1 otatiotikog MANBUOoHAG (statistical population),
glval ot SuvaTeg TLHEG pLag tuxaiag petafAntng, 6nAadn n
KOTAVOUN TwV SuvaTWwV THWV JLoG Tuxaiog HetapAntic.



AELYUATIKOG LECOG

* Ac Bswpnooupe éva tuxaio deiypa X4, X, ... X, (6nAadn v tuxaieg
uetaBAnteg) aro Evav mAnBuopo (dnAadn katavoun).

 Aelypatikog péoog (sample mean) eival n Ty mou opiletal wg
1 |

| 'l [ v
— X +—X, +...+—X =—> X
v oy o v V; I

* JupPoAiletal X



Altakupavon SEyPOTIKOU LECOU

* H Stakupavon Var(X) tou etypotikol pécou

Y-y,
V i=1
oUMPBOALleTaL pE O'XZ Kol LoouTal Ye o2 /v dnhadh

P

Fi

O

Var(X) = o'% =
V



2XOALOL

* H dtakupavon tou OEypATIKOU HECOU VAL UIKPOTEPN TNG
Sdtakupavon tou MAnBuopou

* Ooo 1o peyebog Tou Selypatog peyaAwveL N Slakupavon Tou
SELYUATLKOU JECOU UELWVETOL



Tuttilko opaipa

* TUTTILKO odaApa €lval n TUTILKN ATTOKALON TOU SELYUATIKOU PUECOU
eival ion pe /v

* JuvnBwg ovopaletal Tutikd odpalpa (standard error)

o)
I

X '\/lj

TUTLER Gndkian

* H BeTien TETRO R pin TG Sumedpdeons TG X, ovopdleTm
Gehn g X {standard deviation)

Ve N7 = LY - a ]




MEon T OELYPOTIKOU JEOCOU VS HEONG TLUNG
rAnQuaopou

* Eotw X¢, X5 ... X, €va tuxaio delypa amo YL KATovoun TIoU EXEL
1, 4*2 Y

uéon T U kaw Stakvpovon o2. H péon TR E(Y) TOU OELYPATIKOU
LUECOU o

Y=13x,
Voo

I

oupBoAiletal e px Kal ival ion pe tn peon twr tou mAnbuopou y,

dnAadn B
E(X)=pu:=u



ATtodeLen

E(X)= E(

1

1

1

v

v

lin

=1

1

)=

=~ E(X)+—E(X,)+.
V V

1

1

— X, +

v

1

V

1

v

1
+—E(X,)=

=—U+—U+...+—U=V— =L

V

V

V

V

X, +...

MNpotdasis
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Backup




