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EXAMPLE: Mass-Spring-Damper System 
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EXAMPLE: Two-Story Shear Frame 

 

Assumption:  Mass concentrated at floor levels (generally appropriate for multi-
story buildings). 

Newton’s 2nd Law of Motion for each mass: 

mass ݆:    ݌௝ െ ௌ݂௝ െ ஽݂௝ ൌ ௝݉ݑሷ௝ ⟺ ௝݉ݑሷ௝ ൅ ஽݂௝ ൅ ௌ݂௝ ൌ ሻݐ௝ሺ݌ ሺ݆ ൌ 1,2ሻ 

In matrix form: 

൬
݉ଵ 0
0 ݉ଶ

൰
ᇣᇧᇧᇤᇧᇧᇥ

ณܕ
࢞࢏࢚࢘ࢇ࢓	࢙࢙ࢇ࢓

൬
ሷଵݑ
ሷݑ ଶ
൰

ถ
ሷܝ

൅ ൬ ஽݂ଵ

஽݂ଶ
൰

ᇣᇤᇥ
ࡰ܎

൅ ൬ ௌ݂ଵ

ௌ݂ଶ
൰

ᇣᇤᇥ
ࡿ܎

ൌ ൬
ሻݐଵሺ݌
ሻݐଶሺ݌

൰
ᇣᇧᇤᇧᇥ

ሺ௧ሻܘ

 

i.e., 

ሷܝܕ ൅ ࡰ܎ ൅ ࡿ܎ ൌ  ሻݐሺܘ

where: 

ܝ ൌ ቀ
ଵݑ
ଶݑ
ቁ 
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Damping force vector  ࡰࢌ : 

We assume that the story shear due to damping is expressed as follows: 

௝ܸ ൌ ௝ܿ∆ሶ௝ ሺ݆ ൌ 1,2ሻ 

mass 1: 

஽݂ଵ ൌ ஽݂ଵ
ሺ௕ሻ ൅ ஽݂ଵ

ሺ௔ሻ ൌ ܿଵݑሶଵ ൅ ܿଶሺݑሶଵ െ ሶݑ ଶሻ 

mass 2: 

஽݂ଶ ൌ ܿଶሺݑሶ ଶ െ  ሶଵሻݑ

 

Therefore: 

൬ ஽݂ଵ

஽݂ଶ
൰

ᇣᇤᇥ
ࡰ܎

ൌ ቀ
ܿଵ ൅ ܿଶ െܿଶ
െܿଶ ܿଶ

ቁ
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ณ܋
ࢍ࢔࢏࢖࢓ࢇࢊ
࢞࢏࢚࢘ࢇ࢓

൬
ሶଵݑ
ሶݑ ଶ
൰

ถ
ሶܝ

⟹ ࡰ܎ ൌ ሶܝ܋
 

 

 

Therefore: 

ሷܝܕ ൅ ࡰ܎ ൅ ࡿ܎ ൌ ሻݐሺܘ
ࡿ܎ ൌ ܝܓ
ࡰ܎ ൌ ሶܝ܋

ቑ ⟹

⟹ ሷܝܕ ൅ ሶܝ܋ ൅ ܝܓ ൌ ሻݐሺܘ ࢔࢕࢏࢚࢕ࡹ	ࢌ࢕	࢔࢕࢏࢚ࢇ࢛ࢗࡱ
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In matrix form: 

ۉ

ۈ
ۈ
ۇ

ௌ݂ଵ

ௌ݂ଶ
⋮
ௌ݂௜
⋮
ௌ݂ேی

ۋ
ۋ
ۊ

ൌ

ۉ

ۈ
ۈ
ۈ
ۇ

݇ଵଵ ݇ଵଶ ⋯ ݇ଵ௝ ⋯ ݇ଵே
݇ଶଵ ݇ଶଶ ⋯ ݇ଶ௝ ⋯ ݇ଶே
⋮ ⋮ ⋱ ⋮
݇௜ଵ ݇௜ଶ ⋯ ݇௜௝ ⋯ ݇௜ே
⋮ ⋮ ⋱ ⋮
݇ேଵ ݇ேଶ ⋯ ݇ே௝ ⋯ ݇ேேی

ۋ
ۋ
ۋ
ۊ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ܓ

࢞࢏࢚࢘ࢇ࢓	࢙࢙ࢋ࢔ࢌࢌ࢏࢚࢙

ۉ

ۈ
ۈ
ۇ

ଵݑ
ଶݑ
⋮
௝ݑ
⋮
یேݑ

ۋ
ۋ
ۊ

 

or 

ࡿ܎ ൌ ܝܓ  

The stiffness matrix ܓ for a discretized system can be determined by any one of several 
methods. 

The most commonly used method is the direct stiffness method. 

ࡿ܎ ൌ ܝܓ ⟺ ܝ ൌ ࡿ܎ଵିܓ ൌ  ࡿ܎ሚ܎

ሚ܎ ൌ ൣ ሚ݂௜௝൧ ࢞࢏࢚࢘ࢇ࢓	࢚࢟࢏࢒࢏࢈࢏࢞ࢋ࢒ࢌ ሚ܎ ൌ ଵିܓ  

The flexibility influence coefficient ࢌ෨࢐࢏ is the deflection of DOF ࢏ 

due to unit load applied to DOF ࢐ (while no loads are applied to all other 
DOFs).   

The evaluation of flexibility coefficients for any given system is a standard problem of 
structural analysis. 

Any desired method of analysis may be used to compute these deflections resulting from the 
applied unit loads. 
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Inertia Forces: 

We apply a unit acceleration along DOF  ࢐, while the acceleration in all other DOFs 
are kept zero. 

According to d’Alembert’s principle, the fictitious inertia forces oppose these 
accelerations. 

Therefore, external forces will be necessary to equilibrate these inertia forces. 

 

The mass influence coefficient ࢐࢏࢓ is the external force in DOF ࢏ 

due to unit acceleration along DOF ࢐. 

 

The force ࢏ࡵࢌ at DOF ࢏ associated with accelerations ሷ࢛ ૚, ሷ࢛ ૛,⋯ , ሷ࢛  is obtained by ࡺ
superposition: 

ூ݂௜ ൌ ݉௜ଵݑሷ ଵ ൅ ݉௜ଶݑሷ ଶ ൅ ⋯൅݉௜௝ݑሷ௝ ൅ ⋯൅݉௜ேݑሷ ே ሺ݅ ൌ 1,2,⋯ ,ܰሻ 

 

In matrix form: 

ۉ

ۈ
ۈ
ۇ

ூ݂ଵ

ூ݂ଶ
⋮
ூ݂௜
⋮
ூ݂ேی

ۋ
ۋ
ۊ

ൌ

ۉ

ۈۈ
ۈ
ۇ

݉ଵଵ ݉ଵଶ ⋯ ݉ଵ௝ ⋯ ݉ଵே
݉ଶଵ ݉ଶଶ ⋯ ݉ଶ௝ ⋯ ݉ଶே

⋮ ⋮ ⋱ ⋮
݉௜ଵ ݉௜ଶ ⋯ ݉௜௝ ⋯ ݉௜ே

⋮ ⋮ ⋱ ⋮
݉ேଵ ݉ேଶ ⋯ ݉ே௝ ⋯ ݉ேேی

ۋۋ
ۋ
ۊ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ܕ

࢞࢏࢚࢘ࢇ࢓	࢙࢙ࢇ࢓

ۉ

ۈ
ۈ
ۇ

ሷଵݑ
ሷݑ ଶ
⋮
ሷ௝ݑ
⋮
ሷݑ ேی

ۋ
ۋ
ۊ

 

or 

ࡵ܎ ൌ ሷܝܕ  
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The mass representation can be simplified for multistory buildings because of the 
constraining effects of the floor slabs or floor diaphragms. 

Each floor diaphragm is usually assumed to be rigid in its own plane but is flexible in 
bending in the vertical direction, which is reasonable representation of the true 
behavior of several types of floor systems (e.g., cast-in-place concrete). 

Both horizontal (࢞	&	࢟) DOFs of all the nodes at a floor level are related to the 
three rigid-body DOFs of the floor-diaphragm in its own plane. 

For the ࢐th floor diaphragm these three DOFs, defined at the center of mass, are 
translations ࢛࢐࢛࢟ & ࢐࢞ and rotation ࢛ࣂ࢐ about a vertical axis. 
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Damping Forces: 

(assuming that damping is of viscous type, i.e. depends on velocity) 

ۉ

ۈ
ۈ
ۇ

஽݂ଵ

஽݂ଶ
⋮
஽݂௜
⋮
஽݂ேی

ۋ
ۋ
ۊ

ൌ

ۉ

ۈۈ
ۈ
ۇ

ܿଵଵ ܿଵଶ ⋯ ܿଵ௝ ⋯ ܿଵே
ܿଶଵ ܿଶଶ ⋯ ܿଶ௝ ⋯ ܿଶே
⋮ ⋮ ⋱ ⋮
ܿ௜ଵ ܿ௜ଶ ⋯ ܿ௜௝ ⋯ ܿ௜ே
⋮ ⋮ ⋱ ⋮
ܿேଵ ܿேଶ ⋯ ܿே௝ ⋯ ܿேேی

ۋۋ
ۋ
ۊ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
܋

࢞࢏࢚࢘ࢇ࢓	ࢍ࢔࢏࢖࢓ࢇࢊ

ۉ

ۈ
ۈ
ۇ

ሶଵݑ
ሶݑ ଶ
⋮
ሶ௝ݑ
⋮
ሶݑ ேی

ۋ
ۋ
ۊ

 

The damping influence coefficient ࢐࢏ࢉ is the force acting along 

DOF ࢏ due to a unit velocity of DOF ࢐. 

 

In matrix form: 

ࡰ܎ ൌ ሶܝ܋  

However, it is impractical / impossible to compute the coefficients ࢐࢏ࢉ of the damping 

matrix directly from the dimensions of the structure and the sizes of the structural elements.  

Damping for MDOF systems is generally specified by numerical values for the 
damping ratios, as for SDOF systems, based on experimental data for similar 
structures. 

Methods are available to construct the damping matrix from known damping 
ratios. 
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Direct Stiffness Method 
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Flexibility Method 
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Direct Stiffness Method 
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EQUATIONS OF MOTION: EXTERNAL FORCES 

The equations of motion of a structural system can be formulated by expressing the 
(dynamic) equilibrium of the effective forces associated with each of its DOFs. 

In general, four types of forces will be involved at any point ࢏:  

 The external applied load ࢏࢖ሺ࢚ሻ 
 The inertia force ࢏ࡵࢌሺ࢚ሻ 
 The damping force ࢏ࡰࢌሺ࢚ሻ 
 The restoring (elastic or inelastic) force ࢏ࡿࢌሺ࢚ሻ 

Forces resulting from motion:  ࢏ࡵࢌሺ࢚ሻ, ࢏ࡰࢌሺ࢚ሻ, ࢏ࡿࢌሺ࢚ሻ 

ூ݂ଵ ൌ ሻݐଵሺ݌ െ ௌ݂ଵ െ ஽݂ଵ

ூ݂ଶ ൌ ሻݐଶሺ݌ െ ௌ݂ଶ െ ஽݂ଶ
⋮
⋮

 

The elastic and damping forces are shown acting in the opposite direction 
because they are internal forces resisting the motion. 

The above set of scalar equations may be organized in matrix form: 

ࡵ܎ ൅ ࡰ܎ ൅ ࡿ܎ ൌ ሺ࢚ሻܘ  
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Equations of Motion (continued): Alternative approach 

 

We visualize the structural system as the combination of three pure components: 

1) Stiffness component:  the frame without damping or mass 
 

2) Damping component:  the frame with its damping property but no stiffness or  
 mass 

3) Mass component: the floor masses without the stiffness or damping of 
the  
 frame 

 

The external forces ܘሺ࢚ሻ may be visualized as distributed among the above three 
components of the structural system: 

 ࡿ܎ሺݐሻ to the stiffness component (related to displacements) 

 

 ࡰ܎ሺݐሻ to the damping component (related to velocities) 

 

 ࡵ܎ሺݐሻ to the mass component (related to accelerations) 

Therefore: 

ݎ݋
ሻݐሺࡵ܎ ൅ ሻݐሺࡰ܎ ൅ ሻݐሺࡿ܎ ൌ ሻݐሺܘ

ሷܝܕ ൅ ሶܝ܋ ൅ ܝܓ ൌ ሻݐሺܘ
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BASIC STRUCTURAL CONCEPTS 

Strain Energy: 

The strain energy ࢁ of a structural system is equal to the work done in deforming 
the system: 

ܷ ൌ
1
2
෍݌௜ ௜ܷ

ே

௜ୀଵ

ൌ
1
2
ܝ்ܘ  

where the factor ሺ૚ ૛⁄ ሻ results from the forces which increase linearly with the 
displacements. 

Clearly: 

ܷ ൌ
1
2
ܝ்ܘ

ܝ ൌ ܘሚ܎
ቑ ⟹ ܷ ൌ

1
2
ܘሚ܎்ܘ  

and 

ܷ ൌ
1
ܝ2

ܘܶ

ܘ ൌ ܝܓ
ቑ ⟹ ܷ ൌ

1
ܝ2

ܝܓܶ  

Noting that the strain energy stored in a stable structure during any distortion/deformation 
must always be positive, it is evident that: 

ܝܓ்ܝ ൐ 0 and ܘሚ܎்ܘ ൐ 0  

Matrices which satisfy this condition, where ܝ or ܘ is any arbitrary 
nonzero vector, are said to be positive definite; positive definite 
matrices (and consequently the flexibility & stiffness matrices of a stable 
structure) are nonsingular and can be inverted. 
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BETTI’s Law 

 

Case 1: 

Loads a: ௔ܹ௔ ൌ
ଵ

ଶ
௜௔ݒ௜௔݌∑ ൌ

ଵ

ଶ
௔ܝ௔்ܘ  

Loads b: ௕ܹ௕ ൅ ௔ܹ௕ ൌ
ଵ

ଶ
௕ܘ
௕ܝ் ൅ ௕ܝ௔்ܘ  

Total: ଵܹ ൌ ௔ܹ௔ ൅ ௕ܹ௕ ൅ ௔ܹ௕ ൌ
ଵ

ଶ
௔ܝ௔்ܘ ൅

ଵ

ଶ
௕ܘ
௕ܝ் ൅ ௕ܝ௔்ܘ  

 

Case 2: 

Loads b: ௕ܹ௕ ൌ
ଵ

ଶ
௕ܘ
௕ܝ்  

Loads a: ௔ܹ௔ ൅ ௕ܹ௔ ൌ
ଵ

ଶ
௔ܝ௔்ܘ ൅ ௕ܘ

௔ܝ்  

Total: ଶܹ ൌ ௕ܹ௕ ൅ ௔ܹ௔ ൅ ௕ܹ௔ ൌ
ଵ

ଶ
௕ܘ
௕ܝ் ൅

ଵ

ଶ
௔ܝ௔்ܘ ൅ ௕ܘ

௔ܝ்  

The deformation of an elastic structure is independent of the loading 
sequence. 

Therefore: ଵܹ ൌ ଶܹ ⟹ ௕ܝ௔்ܘ ൌ ௕ܘ
 ௔ܝ்

Betti’s Law: The work done by one set of loads on the 
deflections due to a second set of loads is equal to the work of 
the second set of loads acting on the deflections due to the 
first. 
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Corollaries of Betti’s Law: 

௕ܝ௔்ܘ ൌ ௕ܘ
௔ܝ்

⟹ ௕ܘሚ܎௔்ܘ ൌ ௕ܘ
௔ܘሚ܎்

⟹ ሚ܎ ൌ ሚ்܎
࢞࢏࢚࢘ࢇ࢓	࢚࢟࢏࢒࢏࢈࢏࢞ࢋ࢒ࢌ	ࢋࢎ࢚

ࢉ࢏࢚࢘ࢋ࢓࢓࢙࢟	࢙࢏

 

i.e.  ௜݂௝ ൌ ௝݂௜  Maxwell’s Law of Reciprocal Deflections	

 

Similarly: 

௕ܝ௔்ܘ ൌ ௕ܘ
௔ܝ்

⟹ ௕ܝ்ܓ௔்ܝ ൌ ௕ܝ
௔ܝ்ܓ்

⟹ ܓ ൌ ்ܓ
࢞࢏࢚࢘ࢇ࢓	࢙࢙ࢋ࢔ࢌࢌ࢏࢚࢙	ࢋࢎ࢚

ࢉ࢏࢚࢘ࢋ࢓࢓࢙࢟	࢙࢏
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Static Condensation: 

 

The static condensation method is used to eliminate from dynamic analysis those 
DOFs of a structure to which zero mass is assigned; however, all the DOFs are 
included in the static analysis.  

 

Equation of Motion: 

ቀ࢚࢚ܕ ૙
૙ ૙

ቁ ൬
ሷܝ ࢚
ሷܝ ૙
൰ ൅ ൬

࢚࢚ܓ ૙࢚ܓ
૙࢚ܓ ૙૙ܓ

൰ ቀ
࢚ܝ
૙ܝ
ቁ ൌ ቀ࢚ܘሺݐሻ

૙
ቁ 

where:  ܝ૙  = DOFs with zero mass 

 DOFs with mass (= dynamic DOFs) =  ࢚ܝ  

⟹
ሷܝ࢚࢚ܕ ࢚ ൅ ࢚ܝ࢚࢚ܓ ൅ ૙ܝ૙࢚ܓ ൌ ሻݐሺ࢚ܘ ሺ݅ሻ

࢚ܝ૙࢚ܓ ൅ ૙ܝ૙૙ܓ ൌ ૙ ሺ݅݅ሻ
ൠ ⟹ ૙ܝ ൌ െܓ૙૙

ିଵܓ૙࢚࢚ܝ
ൠ ⟹ 

NOTE: Because no inertia terms or external forces are associated with ܝ૙, Equation 
(݅݅) permits a static relationship between ܝ૙ and ࢚ܝ.  

⟹ ሷܝ࢚࢚ܕ ࢚ ൅ܓመ ࢚ܝ࢚࢚ ൌ  ሻݐሺ࢚ܘ

where:  

መܓ ࢚࢚ ൌ ࢚࢚ܓ െ ૙࢚ܓ
் ૙૙ܓ

ିଵܓ૙࢚
ࢊࢋ࢙࢔ࢋࢊ࢔࢕ࢉ

࢞࢏࢚࢘ࢇ࢓	࢙࢙ࢋ࢔ࢌࢌ࢏࢚࢙  
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Planar Systems: Translational Ground Motion 

 

ሻݐሺ࢚ܝ ൌ ሻถݐሺܝ
ࢋ࢜࢏࢚ࢇ࢒ࢋ࢘
ሺ࢚࢕	ࢋ࢙ࢇ࢈ሻ
࢔࢕࢏࢚࢕࢓

൅ ሻ૚ᇣᇧᇤᇧᇥݐ௚ሺݑ
࢟ࢊ࢕࢈ିࢊ࢏ࢍ࢏࢘
࢔࢕࢏࢚࢕࢓

where: ૚ ൌ ሾ1,1,⋯ ,1ሿᇣᇧᇧᇤᇧᇧᇥ
ே

்
 

Equation of Dynamic Equilibrium: ࡵ܎ ൅ ࡰ܎ ൅ ࡿ܎ ൌ ૙ 

Only the relative motions ܝ between the masses and the base due to structural 
deformations produce elastic and damping forces (i.e., the rigid-body component 
of the displacement of the structure produces only inertial forces). 

Therefore: 
ࡰ܎ ൌ ሶܝ܋ & ࡿ܎ ൌ  ܝܓ
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EXAMPLE: 

 

࢏ ൌ ሾݑଵ ଶݑ ଷሿ்ݑ ൌณ
ࢉ࢏࢚ࢇ࢚࢙

࢔࢕࢏࢚ࢇࢉ࢏࢒࢖࢖ࢇ
ୀ૚ࢍ࢛	ࢌ࢕

ሾ1 1 0ሿ்

 

Therefore: 

ሻݐሺࢌࢌࢋܘ ൌ െݑ࢏ܕሷ௚ሺݐሻ ൌ െݑሷ௚ሺݐሻ ቌ
݉ଵ

݉ଶ ൅݉ଷ

݉ଷ

ቍ൭
1
1
0
൱ ൌ െ െ ሻݐሷ௚ሺݑ ቆ

݉ଵ
݉ଶ ൅݉ଷ

0
ቇ 

 

࢏ ൌ ሾݑଵ ଶݑ ଷሿ்ݑ ൌณ
ࢉ࢏࢚ࢇ࢚࢙

࢔࢕࢏࢚ࢇࢉ࢏࢒࢖࢖ࢇ
ୀ૚ࢍࣂ	ࢌ࢕

ሾ݄ଵ ݄ଶ ଷሿ்ݔ

 

Therefore: 

ሻݐሺࢌࢌࢋܘ ൌ െߠ࢏ܕሷ௚ሺݐሻ ൌ െߠሷ௚ሺݐሻ ൭
݉ଵ݄ଵ

ሺ݉ଶ ൅ ݉ଷሻ݄ଶ
݉ଷݔଷ

൱ 

 


