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METHODS BASED ON INTERPOLATION OF EXCITATION (LINEAR SYSTEMS) 

Interpolation of the excitation over each time interval  

For sufficiently short time intervals, linear interpolation: 

 

Response ࢛ሺ࣎ሻ for  ૙ ൑ ࣎ ൑  : ࢏࢚∆

(1) Free vibration due to I.C.’s ࢛࢏ & ሶ࢛ ࣎ at ࢏ ൌ ૙ 

+ 

(2) Response to step force ࢏࢖ with zero initial conditions 

+ 

(3) Response to ramp force ቀ
࢏࢖∆
࢏࢚∆
࣎ቁ with zero initial conditions  

Each of the above responses is available in closed form for linear systems. Therefore: 

ቀ
ݑ
ሶݑ ቁ௜ାଵ

ൌ ቀܣ ܤ
ᇱܣ ᇱܤ

ቁ ቀ
ݑ
ሶݑ ቁ௜

൅ ቀܥ ܦ
ᇱܥ ᇱቁܦ ቀ

௜݌
௜ାଵ݌

ቁ 

Expressions for ࡮,࡭, ,ᇱ࡭ ,ᇱ࡮ ,࡯ ,ࡰ ,ᇱ࡯  .ᇱ are given in TABLE 5.2.1 of CHOPRA (1995)ࡰ

The above described procedure is used to compute elastic response spectra. 
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Constant-Acceleration Method:     (ࢽ ൌ ૙ ࢼ ൌ ૙) 

ሷݑ ሺ߬ሻ ൌ ሷݑ
ሶݑ ሺ߬ሻ ൌ ሶݑ ௜ ൅ ሷݑ߬ ௜

⟹ ሶݑ ௜ାଵ ൌ ሶݑ ௜ ൅ ሺ∆ݐሻݑሷ ௜

ሺ߬ሻݑ ൌ ௜ݑ ൅ ሶݑ߬ ௜ ൅
߬ଶ

2
ሷݑ ௜

⟹ ௜ାଵݑ ൌ ௜ݑ ൅ ሺ∆ݐሻݑሶ ௜ ൅
ሺ∆ݐሻଶ

2
ሷݑ ௜

 

 

The above two equations provide two of the three equations for time integration, i.e. to 
obtain ࢛࢏ା૚, ሶ࢛ ,ା૚࢏ ሷ࢛ ,࢏࢛  ା૚ from࢏ ሶ࢛ ,࢏ ሷ࢛  . ࢏

The third equation is the Equation of Motion: 

ሷݑ݉ ௜ାଵ ൅ ሶݑܿ ௜ାଵ ൅ ௜ାଵݑ݇ ൌ  ௜ାଵ݌

Then: 

ሷݑ ௜ାଵ ൌ
1
݉
ቊ݌௜ାଵ െ ௜ݑ݇ െ ሾܿ ൅ ݇ሺ∆ݐሻሿݑሶ ௜ െ ቈܿሺ∆ݐሻ ൅ ݇

ሺ∆ݐሻଶ

2
቉ ሷݑ ௜ቋ 

To begin the time integration, we need to know the values of ࢛૙ , ሶ࢛ ૙ & ሷ࢛ ૙ , i.e. the values of 
displacement, velocity and acceleration at ࢚ ൌ ૙. 

Two of them must be specified; the third is obtained by using the Equation of Motion at  
࢚ ൌ ૙. 

 

  



Lecture	Notes:	STRUCTURAL	DYNAMICS			/					FALL	2011			/			Page:	7	
Lecturer:	Prof.		APOSTOLOS	S.	PAPAGEORGIOU	

SEOUL	NATIONAL	UNIVERSITY	
PART	(09):	NUMERICAL	EVALUATION	OF	DYNAMIC	RESPONSE 

 

Average Acceleration Method:     ( ࢽ ൌ
૚

૛
ࢼ ൌ

૚

૝
 ) 

ሷݑ ሺ߬ሻ ൌ
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2
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4
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Linear Acceleration:   ( ࢽ ൌ
૚
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૟
 ) 
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Significant error arises for two reasons: 

(1) The tangent stiffness is used instead of the secant stiffness; 
 

(2) Use of a constant time step delays detection of the transition in the force 
deformation relation. 
 

 

 

Error (2) is eliminated by using an iterative process in which integration is resumed 
from ࢚࢏ with a smaller step whose size is progressively adjusted so that at the end of 
such an adjusted time step, the velocity is close to zero. 
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LINEAR MULTISTEP (LMS) METHODS 

LMS Methods for 1st-order Equations: 

Consider a system of 1st-order Ordinary Differential Equations (ODE’s): 

ሶ࢟ ൌ ,ሺ࢟ࢌ ሻݐ  (1) 

 
A ࢑-step linear multistep method for equation (1) is defined by the following 
expression: 

෍ሼߙ௜࢟௡ାଵି௜ ൅ ሺ∆ݐሻߚ௜ࢌሺ࢟௡ାଵି௜, ௡ାଵି௜ሻሽݐ
௞

௜ୀ଴

ൌ ૙ (2) 

 
The   ࢏ࢼ  &  ࢏ࢻ  are parameters that define the method.  
Note that the word ‘linear’, in ‘linear multistep method’, has nothing to do with the 
linearity of equation (1). Indeed, equation (2) is perfectly well defined for a nonlinear 
function ࢌሺ࢟,  .ሻݐ

___________________ 

Excellent references for LMS methods of this type are: 

GEAR, C.W. (1971), Numerical Initial Value Problems in Ordinary Differential Equations, Prentice-
Hall, Englewood Cliffs, NJ. 

ISERLES, A. (1996), A First Course in the Numerical Analysis of Differential Equations, Cambridge 
University Press. 

___________________ 

EXAMPLE: 

The equation of motion of the linear, viscously damped, SDOF system can be cast in 1st-order 
form: 

ሷݑ݉ ൅ ሶݑܿ ൅ ݑ݇ ൌ ሻݐሺ݌ ⟹ ሷݑ ൅ ሶݑ߱ߦ2 ൅ ߱ଶݑ ൌ ൬
1
݉
൰݌ሺݐሻ 

Let: 
ଵݕ ൌ ݑ
ଶݕ ൌ ሶݑ  

Then:  ݊݋݅ݐܽݑݍܧ	݂݋	݊݋݅ݐ݋ܯ ⟹ ሶଶݕ ൌ ቀ
ଵ

௠
ቁ ሻݐሺ݌ െ ଶݕ߱ߦ2 െ ߱ଶݕଵ 

Therefore: 

൬
ሶଵݕ
ሶଶݕ
൰ ൌ ൬

0 1
െ߱ଶ െ2߱ߦ൰ ቀ

ଵݕ
ଶݕ
ቁ ൅ ൭

0

൬
1
݉
൰݌ሺݐሻ

൱ ൌ ൬ ଵ݂ሺ࢟, ሻݐ

ଶ݂ሺ࢟, ሻݐ
൰ 

i.e.     ሶ࢟ ൌ ,ሺ࢟ࢌ  ሻݐ
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Multistep Methods: 

Runge-Kutta (one step method) 

Adams-Bashford 

Adams-Multon 

Predictor-Corrector Methods 

 

 

 

 


