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Mapadeiypara

Napédeiypa (To OAOKARPWHA TG TEMVOUOSAC)

YrnoAoyioupe 1o [ secx dx. Eneidn

d 1y 1 . 1
—secxz(—) = ————(-sinx) = ——tanx=secx tanx
ax COSX COS* X COS X
d sinx\’ 1 2
—tanx:( ) = =sec”x
ax cosx cos?x
uroAoyiloupe

tanx +secx
secxdx = | seCx—dx
tanx +secx

secxtanx +sec? x
ax
secx +tanx

f (secx +tanx)’
= | /L

secx +tanx

=log|secx+tanx|+ C.
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Mapadeiypara

Napddelypa (IPIy@VOMETPIKE aviikardoraon)
Na unoAoyiotei To oAoKAApwUA

ax
Va+x2
©¢rtoupe
x =2tan6, -—— <0< -
ondre

V4+x%2=1/4(1+tan?0) =2|sech| =2secld  «ai

dpa

X
tan9:5 Kai secl =

‘ETOI TO OAOKANPWUA YiveTal

dx = 2sec?0 do,

Maiog 2023
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Mapadeiypara

Mapddelypa (Guvéxela)

2sec?6 df
f :fsecHdBZIoglsec9+tan9|+C
~/4+x2 2secl
Va+x2 x
=log|——+—-|+C.
2 2
O1 ekppdoelg
a?—x2, Va2 +x2, VX2 — a2

2 2

pe a> 0, uéow TwV TAUTOTATWV Sin®x +cos2 x = 1 kai sec?x = 1+ tan?x yivovrai,

yia KatdAnAo O oe kaBe nepirmwon,

. .1 X , .
av x=asinf@e0=sin"' =, 1ére Va2-x2=1/a?(1-sin?6)=alcosb),

a
X,
av x=atanfe0=tan"'=, 16 Va2+x2=1/a?(1+tan20) = a|sech)|,
a
X,
av x=asec e fO=sec”' =, 1re Vx2-a?=1/c?(sec26-1)=altand|.
a



levikeupéva oAokAnpwpara

Fevikeupéva oAoKAnPRUaTa

Ma Tov 0pIoud TOU OPICHEVOU OAOKANOWHATOG, I OAOKANPWUATOG Riemann, uiag
ouvdpTnong f opiopévng oto Khelotd didotnua [a, b] anareital n cuvépmon
vaeival gpaypévn oo [a,b]. H évvoia Tou OAOKANPWHATOG EMeKTeiveTal oe
nepIiMTwoelg énou 1o dIAcTNUA oAoKANPwWOoNG dev eival Menepacuévo f N unod
oAokApwon cuvdptnon dev eival ppaypévn oto dIAoTNUA OAOKANPWONG.

Opicude
To oAoKAApwWHA

fﬁ f(x) dx

a
AéyeTtal YeVIKEUUEVO OAOKARP@HA €AV
@ Touhdxictov éva and 1a Akpa OAOKANPWONG eival aneipo, dNAadn
a=-00,Nnf=+00.Af=—-a=+o0.
@ H f eival un ppayuévn oe éva | nepicodrepa onueia Tou SIaoTAPATOS
OAOKANPWONG.




levikeupéva oAokAnpwpara

Opioudg (Fevikeupévo oAoKANp®Ha TUnou 1)
@ Ed&v yia kdBe t = a n ouvdptnon f eival oAokAnp®oiun oro didomua [a, 1]
ypdpoupe
+00 t
f f(x)ax= lim | f(x)ax. m
a t—+00 Jq
©a Mépe &1 To oAoKNipwUa [, ; * f(x) dx cuykAivei edv 1o épio omv (1)
UNApPXel 0av MEAyPATkog apiBuog, dIapopeTika 8a Aéue o1l To
OANOKAPWHA ANOKAIVEL
@ Edv yia kdBe t < a n ouvapon f eival oAokANP®aIN oro didomua [t al
yodpoupe
a a
f f(x)dx=lim f(x) dx. @)
—00 t——00 t
©a Aépe 61 10 ohokNjpwua [ f(x) dx BuyKAivel edv o pio omv (2)
undpxel oav NPAydankos apiBuog, diagopeTikd 8a Aéue ol To
OAOKAHPWHA ANOKAIVEL.




levikeupéva oAokAnpwpara

Opioude (Fevikeupévo oAokKApwa Tdnou 1)

©a AMépe 4T 1o OANoKNpWA ffoo.f f(x) dx ouykhivel edv yia kdnoio a € R kai Ta
3Uo ohokAnpuara [ f(x) dx kar [ f(x) dx cuykAivouv. Tm nepintwon

auTtr) opifouue
+00 a +00
f F(x) o = f 7(x) o + f (x) .

(e 0] (o9} a

Edv Tourdxiotov éva and ta ohokAnpwpara [ f(x) dx kar [ f(x) dx
anokAivel Ba Aépe o1l To OAOKANP WA ff;o f(x) dx anokAiver.




levikeupéva oAokAnpwpara

Napddeiypa

+00 1 0 1 +00 1

f ax = f ax + f ax.
oo 14+ x2 oo 1+ X2 o 1+x2
YrnoAoyioupe
s
f dx = arctans— arctan0 = arctans
o 14x2

€10l

+00 ] \ T
dx= lim arctans=—
0 14+ x2 2

$§—+00

And cupueTpia €xoupe eniong

fo 1 i1
ax = —
—oo 1+x2 2

f+°° 1 T 7
ax=—+—=1.
oo 14 x2 2 2

KATA CUVENEIa
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levikeupéva oAokAnpwpara

Opiopdc (Fevikeupévo ohokARpwpa TUnou )
@ Edv yia kdBe t€ [a,b) n ouvapmon f eival ONOKANPWOIUN OTO BIGcTNUA
[a,1]. kai un @payuévn oro b ypdpoupe
b t
f f(x)ax = lim f f(x) dx. €)
a t=b=Jg
Kal Aépe 4T 10 OAoKNAPWHA . é’ f(x) dx ouykAivel edv 10 6pio oy (3)
UNApXel oav NPAyPankog apiBudg, dIaQopeTika 8a Aéue o1l To
OAOKAHPWHA AMNOKAIVEL.
@ Edv viakdBe e (a,b] n ouvdpmon f eival OAOKANPWOIUN OTO BIGCTNA
[, b], ka1 un @paypévn oro a ypdgouue

t—a+

fabf(x)dx= lim ffbf(x) ax. (@)

Kal Népe 6T To ONOKAPWHA f f(x) dx ouykAivel edv 10 6pio oy (4)
undpxel cav NEAyUaTKOg apiBuds, SIapopeTikd Ba Aéue STl anokKAiIvel.




levikeupéva oAokAnpwpara

Opiopdc (Fevikeupévo ohokARpwpa TUnou i)

E&v n f eival un @paypévn pévo oto oto c € (a,b) Ba )\éue 4110 oAOK)\r’]pwpo
f f(x) dx ouykhivel edv kai Ta o ohokAnpwpara [ f(x) dx kai f f(x) dx
OuykAivouv. ¥Tn nepimwon autr opi{oune

fab f(x) dx:f: f(x) dx+fcb f(x) dx. ®

E&v TouAGxioTov éva ané Ta ohokhnpduara [ f(x) dx kar [ f(x) dx amokhiver
10 [, f f(x) dx anokAivel. Le nepinmwon rou n f eival un epayuévn ce
neplocdtepa and éva onueia o oploudg enekreiveral avaloya.

Tnv (6) unopoUue eVAMOAKTIKA va TN YPAPOUE OTn Hopdn

fbf(x)dx= lim fac_ef(x)dx+ lim fb f(x) dx.

a e—0+ 6—-0+Jc+6



levikeupéva oAokAnpwpara

Napddeiypa
Aeifre 611 To OAOKANPWUA

1
— akx.
fo Vx
OUYKAIVEI Kal UnoAoyioTe Tnv Tiur Tou.

H ouvdptnon f(x) = 1/v/x eivai cuvexrig oo (0, +00) Kal un @Paypévn Kovia
o1o undév, &pa yia € > 0 eival oAokAnpwoiun oro [e, 1], ka

X1-1/2

fe]%d){:]—]/z]:ﬂ(]_‘/g)'

‘ETOI

1 1
1 1
—dx=Ilim —dx:|im2(1— 6‘):2.
fo VX T e=0)e x em0 Ve




levikeupéva oAokAnpwpara

Napddeiypa

EEetdoTe yia NoIEG TIHEG TNG MAPAPETPOU P CUYKAIVEI TO OAOKANPWUA

o
f — ax.
1 xP

Kal YIO AQUTEG Mou CUYKAivel va BpeBei n Tiur Tou.

@M Na p=1«ka T> 1 unoloyilouue

T'| T
f—dx:logx =logT
1 X ]
Kal
U
lim —dx= _lim logT = +oo.
T—+oo J1 X T—+oo
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levikeupéva oAokAnpwpara

MNapddeiypa (cuvéxeia)
(iD Na p# 1 kal T> 1 unoloyioupe

T T x1-P
—dx:f x Pdx=
1 xP 1 1-p

T r-e

, 1-p 1-p

Avp<lel-p>0

) T ) 1 -
lim —dx= lim —(T p—1):+oo.
1 xP

T—+o00

Avp>1p-1>0

. ! . 1 1 1
lim —dx= lim (1 - ): .
T—+oo )1 xP T—+oop—1 TP—1 p—1

f+°°1 +00 p=<1,
—dx =
1 xP 1/(p—1) p>1.

Enopévwg

13/35



levikeupéva oAokAnpwpara

©erpnua

‘Eotw o1 yia 10 ouvdpetnon f 1oxJel
@ f(x)=0vyiakdbe x= a.
@ To orokArpwua fcl,o f(x) dx undpxer yia kGBe b = a.

Tore To oAoKANPwWUAa f ; *© f(x) dx ouykAivel av kal uévov av undpxel orabepd M > 0 wore

b
f f(x)dx=M  yiakdBe bz a.
a

LS ¢ v

©ewpnua (Bacikd kpimipio olykpionc)
‘Eotw o1 yia TG ouvaptioeis f kal g IoxJel
@ 0=1(x) =g(x) yiakdbe x = a.
@ To orokrApwua |, 5 f(x) dx undpxer yia kGBe b = a.
Edv 10 oromArpwpa [ g(x) dx ouyiiver téte kar 1o [ f(x) dx ouyAiver kai

f+oo f(x)dx < f+oo g(x)ax.

a a




AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

Opicpde

©a Aépe 0TI TO YEVIKEUPEVO OAOKANP WA f ; * f(x) dx ouykAivel anoAUTG av
10 ohokMipwia [ |f(x)| dx cuykhiver. EAv 1o [ f(x) dx ouykhivel kai To
[ |£(x)] dx anokhiver Ba Aéue 6m 1o [ f(x) dx ouykAivel uné cuveRkn.

GEEEE NS v

©edpnua

Edv 10 yevikeuuévo orokAripwa |, O+ |f(x)| dx cuykAiver, 1Te kal TO
/. a+ f(x) dx ouykAiver, 5nAadr edv éva olokAripwua ouykAivel anoAUTwg, TéTe
OUyKAivel.,

N\ v

Napddeiypa
A€eitre 611 To OAOKANPWUA

+00 ginx
—ax
0 X

OUYKAIvVeEl.




AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

H cuvdptmon

(=4 x X709

1 x=0,

eival ouvexng oto [0,+00), kard cuvéneia yia k&Be a > 0 10 ONOKAPWHA
Jo f(x) dx undpxer. ‘Erol ypdgoviag

sinx 27 sinx tsinx
—ax = —ax+ —ax
0 X 0 X o X
- t
2T sinx cosx f cosx
= —ax— - 5 ax
o X X oy Jor X
27 sin x 1  cost t cosx
= ax+———— —— o
0 X 21 t o X
naipvoupe
+00 ginx 27 sinx 1 . t cosx
—adx= —adx+—— |lim > ax. )
0 X 0 X 2m  t—+oo oy X



KAION Kal SUYKNIoN und cuvenkn

Eneidn
CoSs X f 1 1 - 1

:27'[ t~ on

t t ] 1
Osf dxsf —ax=--
21 o X X

énetal 01 To OAOKANPWHA CUYKAIVEl anoAUTwG, KaTd cuvénela and 1o ©ewpnua
16 énertal 61 10

X 21

f cosx

ax

lim
t—+00 Jog X2

undpxel, enopévwe and TNy (6) cuvendayetal 1o {NToUueVo.



AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

‘Aoknon (H cuvépinon Maupa)
MNa s > 0 Bewpoupe To OAOKANPWHA

+00
I(s) ::f e '+ at.
0

@ Aecitre 61 10 OANOKAPWUA OUYKAIVE! yia kdBe s > 0.
YnédelEn: av s = 1 1é1e 10 OAOKANPWHA Yiveral

+00
f e 'tPdt, p=s-120
0
av 0 < s< 1 161€ TO OAOKANPWA Yivetal

+00 'I
f e_f—df, p=1-5>0.
0 P

@ AeigrenT(n)=(n+1)yvian=0,1,2,...




AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

Meraoxnuanopdc Laplace

Av n f eival pia “kak)’* cuvaptnon opiopévn oto [0,+00), kai s € R eivar pia
NAPAPETPOC N OXEON

+00

F(s) = Z1f}(s) :=f e ¥f(x) dx

0
opidel pia cuvdapTnon Tou s, yia OAEG TIG TILEG TOU S YIA TIG OMNOIEG TO OAOKANPWLIA
ouykhivel. H F(s) = £{f}(s), Aéyertal petaoxnpanoudg Laplace g f.

Aeitre 6n o peraoxnuanopds Laplace g f(x) =sinax, x =0, érou a € R eivai

+00
Z{sinax}(s) :f e ¥sinaxdx =
0

—F, §>0.
2+ a?’
Na L > 0 kai s # 0 unoAoyilouue
— _ . L
Lo Lo e ™y e ¥sinax a(t _,
e Tsinaxdx = - )smaxdx:—— + - e Y cosaxdx
0 0 s S o $Jo

— . _ L
e ¥sinax e~ ¥ cosax a (b, .
s 0 0o $Jo
] OhokAnpajiara
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AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

ondre
— . _ L
e e *sinax e~ cosax
(1+—2) e Vsinaxdx = — -a
s 0 S 0 §? 0
e tsinal e cosal .
e —_— a —_—
s 2 s2’
EMOUEVWG
e a ssinal acosal] 1
e smc:xdx:2 2—[2 5+t — > | =
0 s“+a s“+a s“+ac léf
Na s > 0 naipvoviag 1o éplo L — +oo npokunrel, TENKA, Ot
+00 L
.,%{sinax}:[ e ¥sinaxdx= lim e_sxsinaxdx:—Q,
0 L—+00 Jg 2+a

apou
1 s+|al 1

—_—<_

ssinal N acosal
L+a?  $2+a?

il

KaBw¢ L — +o0. MNa s <0 1o oAokAApwHa eV GUYKAIVEL.



AndAUTN cUYKNION Kal GUYKAION Und Cuverkn

‘Aoknon

Aeire 6m

@

®© 66 © e

+00
3{0}(5)2[0 e_sxodx:(—:, s>0.

+00 'I
f{eax}(s):f e ¥e¥ax=——, s>a.
0 s—a
+00 '|
ZLix}(s) :f e ¥xdx = < $>0.
0 s
+00 n!
${x”}(s):fo e_sxx”dx:sn—H, s>0, n=0,1,2,...
+00 s s
Llcosaxl(s =f e ¥cosaxdx=——, s>0.
{ }( ) 0 2 + q?
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Kpimpio oUykAIoNG yia OeIpéG/oAoKAnpwHara

To napakdrw anoréAecpa divel NMAnpo@opia yia TN CUYKAICN 1 andkAIon HIAG
KaTnyopiag oeipwv Kal npokunrel and 1 cUykpion NG oelpdc Je €va OXETIKO
YEVIKEUUEVO OAOKANPWLUA.

Oecpnua (KpImipio OAOKANPWDHATOC)

‘Eorw f pia ouvdpinon ouvexiig, Betki kal @Bivouoa oro [1,+00), kal éoTw
an = f(n). Tére via kdBe ne N 1oxUer

n—1

n n
) ax sf f(x)ax< ) ax. @
k=2 1

k=1

. . . 00 " < +00
Kard ouvérieia n oeipd Y 02, ax ouykAiver av To odokApwua i f(x) dx
OUYKAIVEI, Kal arokAivel av TO OAOKANPWHA AroKAIVel.




Kpimpio oUykAIoNG yia OeIpéG/oAoKAnpwHara

('I,O]) (2,01)

@< f12 f(x)ax < a

ane1 < [T E(x) ax < an
(2.2)

Ixnua: To KPITAPEIO TOU OAOKANPWUATOG



Kpimpio oUykAIoNG yia OeIpéG/oAoKAnpwHara

Napddeiypa
Na p > 0 Bewpouue TV p-ceipd
1

1 1 1
Z—:'|+_+_+...+_+...
=P 20 3P nP

EEetdoTe yia nolég TIHEG Tou p N GEIPA CUYKAIVEL.
H cuvdpton
f(x) =

eival ouvexng, BeTkn, Kal PBIivouca KATA GUVENEIa CULPWVA e To ©ewpnuad
18 n oelpd CUYKAIVE! av Kal HOVO AV TO OACKANPWHA

+00 ]
f —dx
1 xP

OuyKAivel. ‘Etol and 1o Mapddeiyua 11 énetal 61 n doopévn oelpd CUYKAIvel av
p > 1 kal anokAiver av p < 1.

_p’ x>0
X




EQapHoy€Eg Tou OAOKANPWHATOG

Av n f eival pia cuvexrig ouvdptnon oo [a, b] kai f(x) = 0 oro idio Sidotnua, To
OAOKANPWUA f 5 f(x) dx divel To epPadSV TG NEPIOXNG A XwpPiou R Tou ennédou
METAEU Tou YPaPrUATOG TNG f Kal Tou X-Afova Kal TwV euBelwv X = a Kal X = b.
‘Etcilava<x<bTo
dA = f(x) dx

ekppdalel 1o eupadd tou “oroixelwdous NapalnAoypduuou’’ oto x Baong dx
ka1 Uoug f(x).
YN ouvéxela oulnTaue TG €ENG EPAPPOYES TOU OAOKANPWATOG

@ EuBaddv xwpiou PETAEU YOAPIKWV MNAPACTACEWV.

©Q ‘Oykog orepeoy ek NEPIOTPOPNG.

@ H apxn Tou Cavalieri.

©Q Mrkog KaunuAng.



EQapHoy€Eg Tou OAOKANPWHATOG

Eppaddv xwpiou petatl ypapik@dv napactdcemv

Av ol f kal g eival cuvexeig cuvaptoeig oTo [a, b] kai R eival 1o xwpio HeTAEU
TWV YPAPNUATWV TwV f KAl g KAl TwV €UBEIDV X = a Kal X = b, TOo R anoteleiral

and *oroxeddn NapaMnASypaupa’. To eupaddv kéBe Térolou oto x € [a, b
eival

= [max{f(x), g(x)} — min{f(x), g(x)}] dx = If(x) — g(x)| A,

€101 10 epBaddv A(R) Tou xwpiou R eival

f If(x x)| dx. @®

H auompn anddeiEn Tou (8) yiveral ue xprion Twv aBpolicudrwy Riemann.



EQapHoy€Eg Tou OAOKANPWHATOG

Napddeiypa
Na BpeBei 1o euBaddv Tou xwpiou nou Bpickeral JETAEU TOU YPAPNHATOS TNG
y = sinx Tou x-afova kai Twv euBeiwv x = 0 kal x = 271.

EdW eival g(x) =0 ondre 10 {nroupevo eppaddv eival

2

=4.

T

+ COSX
0

2 b 271
A(R):f |sinx|dx:f sinxdx+f —sinxadx = —cosx
0 0 7




EQapHoy€Eg Tou OAOKANPWHATOG

‘OYKOG o1€EPEO0U €K NEPICTPOPHC

Av 10 Xxwpio R Tou ennédou nou BpiokeTal JETAU PETAEU TOU YPAPAUATOS TNG
f, Tou x-Afova Kal TWV eUBEIWV X = a Kal X = b nepioTpagei yUpw and Tov x-
dEova n Tov y-Gova napdyeral éva oreped, 1o oteped €K nEPISTPOPrG. Mag
evdlapépel va unoloyicoupe Tov yko V Tou otepeou autou.
@ [TEPIETPO®H IYPQ AMO TON X-AZONA.
Av x € [a,b] 10 “*oToIXEINBEG " NMAPANNAGYPANNO OTO X KABWG KAve! pia
NAEN NepIcTPO®N YUpw and tov x-aova napdyel éva **croixeldn’”’
KUKAIKG OTeped KUNVOPO e elpadd Baong r[f(x)]? kai Ugog dx, érol o
dYKOG ToU ' OToXEINBOUG” KUAVEpoU oTo x eival dV = rt[f(x)]? dx, kard
OUVENEIa 0 OYKOG TOU OTEPEOU €K MEPICTOOPNG, ONWG CTN NEPINTWON TOU
eupadou, eival

V= fc 2l . )

H auotnen anddeign Twv 6cwv avapEpaue Yivetal e xprion aBpoloudrwy Rie-
mann.



EQapHoy€Eg Tou OAOKANPWHATOG

@ [TEPISTPO®H IYPQ AMO TON y-AZONA.
Av x € [a,b] 10 “oToIXEIHBEG " NAPAMNAOYPAUHO OTO X KABWG KAVE! pia
NAReEN NepIcTeo®n YUpw and tov y-akova napdyel éva *oroixeindn’”
PNOIS KUKNKOU KUNVEPpOU pe pAkog 27x, Ulog f(x) kal ndxog dx, €101 o
GYKOG ToU “"OTOIXEIMBoUG”” @AoIoy o1 X eival dV = 27xf(x) dx, kard
ouvénela o SYKOG ToU OTEPEOU €K MEPICTPOPNG €ival

b
V4 :f 27 xf(x) dx. 10y
a

H auotnen anddeifn Twv owv avapePAE Yivetal e xprion a8poloudrwy Rie-
mann.



EQapHoy€Eg Tou OAOKANPWHATOG

H apxn Tou Cavalieri

Ac unoBécoupe 61 éva oteped BpiokeTal JETAEU Twy eninéEdwY X = a Kal X = b,
pe a< b. Avvia x € [a,b] yvwpiloupe To euBaddv A(xg) Tou xwpiou R(xp)
nou eival n Topr) Tou oTepeoy pe To eninedo x = xg, TéTe N Noodtnra A(xg) dx
ekppalel Tov OyKo HIAG *oToiXelwdoug QETAc’’ Tou otepeou o1o X = Xg. 'ETol 0
6ykog V Tou otepeou Ba diveral and T oxeon

b
v :/ A(x) dx. an
a

Avapépoupe kal ndN o1 yia pia auotnen anddeign g (11) avartpéxoupe otov
0PIOHS TOU OAOKANPWUATOG KAl Ta aBpoiopara Riemann. To xwpio R(xg), Snhadn
NV TouA Tou oTepeol PE TO eninedo X = Xg. B8a To Aéue SIaTopR OTo X = Xp.
‘Etol, cUu@wva pe v apxn Tou Cavalieri oteped icou UPoug Kal icwv eppadwv
dlaTouNG o€ KABe Uog, €xouv iooug OYKoug.
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EQapHoy€Eg Tou OAOKANPWHATOG

Napddeiypa

Na BpeBei o dykog Tou otepeoU To Ornoio PPICKETAI OTO ECWTEPIKO OPAiPAC
akTivag R kal eival T€tolo woTe ol JIATouéG Tou KaTd PrKog evog dgova nou
nepPIEXEl TO KEVTPO TNG OPaipag eival TETpAywva eyyeypauuéva otn opaipa.

MriopoUpe va unoBéocoupe 4Tl To kéVipo TG ooaipag eivai 1o (0,0,0). To
eninedo kABeto oTov X-Akova OTo ONpEio X = xg e —R < xg < R, T€uvel
O@aipa KaTd PAKOG eVAG KUKAOU pe KéVTpo To (Xg,0) kar aktiva

r(xo) = (R? - xg )1/ 2, “Ero1 n Siatoyr) Tou OTepeoy OTO X = Xy €ival TETPAYWVO e
dlaywvio d = 2r(xg), katé Guvéreia 1o eppaddv TG BIAToUNG eival

A(xo) = 2r(x0)r(xo) = 2(/?2 — xg),

ondre o {ntouuevog Sykog eival

3 1R

v=[_RA(x)dx=2LR2(R2—X2)O’X=4[R2X_X?

R

o 3




EQapHoy€Eg Tou OAOKANPWHATOG

Mrikog kapndAng

Av n f eival pia cuvexng cuvapTnon oro diIdotnua [a, b] T cuvdpmon ys : [a, b] —
R? pe
Ye(x) = (x,f(x)), asx<b

™ Aépe kapnuAn. Mapampoupe ém via kéBe x € [a,b] 1o (X, f(x)) eival onueio
TOU ypa@nuatog G NG f Kal OTl N YPAPIKN) Napdotacn g f eival N YEWUETPIKNA
elkéva NG KaunUANg y oto eninedo. la tov Adyo autd, napapidloviag tov
OPIOUO, AEYOVTAG KAUMUAN €VVOOUUE TO YEWUETOIKO QVTIKEIUEVO Mou €ival n
YPAPIKN NApACTAcn NG f KAl QVAPEPOUACTE OTNV KAWMNUAN y = f(x). To epwinua
MoU JAG anacxoAei eival av JnopoUle VA OpICOUNE UIA €VVOIA JNKOUG KAUMUANG
kal T eival autd. Gupiloupe OTl EXOUPE OpIcEl TO UNKOG NEPIPEPEIAC Kal TOEoU
Ta onoia eival eIdIkr) NeEPINTWoN KAUNUANG.



EQapHoy€Eg Tou OAOKANPWHATOG

Ac unoBécoupe om n f eival ypauuiki. TOTE n yPA@IKr) NapdcTtacn TG OXET-
KNG KAWNUANG eival éva euBuypauuo Tunpa (oto eninedo) ue dkpa 1a onueia
(a,f(a)) kai (b, (b)), katd cuvénela To PAKOG Tou eUBUYPAUHOU TURWATOG eival
AOYIKO VA OpIeTal Cav To PAKOG TG OXETIKAG KAPMUANG Yr. ‘Etor av pe L(yy)
OUBOAICOUE TO UNKOG TNG KAWNUANG, TOTE

Lye) = /(b= a)+(£(b) ~ ()2 = (b~ a)V 1+,

av f(x) =mx+c kai b > a.



EQapHoy€Eg Tou OAOKANPWHATOG

Av n ypaoikr napdotacn TnG f eival Jid MOAUYWVIKN YU nou anaprti¢etal and
BIadOXIKG eUBUYPAUMA TUAATA Pe akpa Ta onpeia (xk—1, f(Xk=1)) kai (xk, F(xk)).
Me a=Xxg < X] <Xp <+ < Xp = b, 16T€ YEVIKEUOVTAG TO MPONYOUUEVO ArNOTENE-
OMd opIiCoUpE TO JNKOG TNG MOAUYWVIKAG KAUMUANG [E TN OXEoN

L(yr) = Z Ot )2 % (1)~ 1) 2

‘B0l av Axy = X — Xk—1 KaI N f OTO [x—1,xk] €ivar f(x) = mx+ ¢k, k=1,2,...,n

1601€ .,
Yf :Z\/1+miAxk.
k=1



EQapHoy€Eg Tou OAOKANPWHATOG

Ac unoBéooupue Twpa o1 N cuvAapton f eival Napaywyiciun Kai N napdywyog
efval cuvexng. Av a=xg < X3 <X < -+ < X, = b eival pia dlapépion Tou [a b]
16TE N noAuywvmn KaMMUAN nou ouvdéel 1a onueia (X, f(xy)) ue k=0,1,2,.

eival pia “'npocéyyion’’ g Yy, ondre eival Aoyiké va Bewpricoupe O

1) = 22/l + (150 = o)

ondre and 10 OewpPnUA NG NEONG TIAG undpxel &y € [xk—1, x| wore
n
=3 VG = 2 )2 +[7(€4) (= - )2

Zn: \/ 1 +[f’ fk ]2AX;<

érou Axy = xx — Xk—1. H 1eleurtaia ékppaon eival dB8poicua Riemann yia v

ouvexr) cuvapton 1/ 1+ (f )2, kATt cuvénela naipvovtag 1o Oplo Tou N — oo Ba

L(ys) = fa " R ox. a2
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