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To opIcuéVO OANOKAPWHA

‘EoTw f va eival yia @paypévn ouvdptnon opiopévn oTo KAeIoTé didomua [a, b.
Mia 8iapépion Tou [a, b] eival éva civoro onpeiwv Tou [a, b], P = {xg,x1, ..., XN}
onueiwv Tou [a,b] ye a=xp < X7 < -+ < XN—1 < Xy = b. Av ¢, eival onueio Tou
[Xk—1,Xk]. Blapop@wvoupe To GBpoicua

P4

N
Y () (k= xie-1) = Z &) Axio M

k=1 k=1
onou Axg = X — Xg—1. ©€toupe ||P|| = max{Ax,, k =1,2,...,N}. Edv kaBwg o
ap1BudG Twv onueiwv N otn diapépion autdvel anepliodpliora, wore ||P|| — 0, 1o
avricToixo Oplo

[im Zf fk AXk

N—»ook

f: f(x) dx,

N b
lim Z f(&)Axc = lim fok Axk—fa f(x) dx.

N—o0, = 1PI=0,

undpxel To CUUBON{oUNE pe

dnAadn



To opIcuéVO OANOKAPWHA

To épio autd 1o Aéue OAOKARP@HA Riemann, r} anAd oAoKARP®WHA, NG f oTO
[a,b]. Ta onueia a kai b Aéyovial dkpa G OAOKARP®ONG Le a va eival 1o KAT®
AKpo Kal b va eival To avw Akpo TNG OAOKANPWONG.

Opiopde

Av f eival pia cuvdpTnon opIcuévn Kal @PAyUévn oe kdnoio didomua [a, b] yia
TNV onoia 10 OAOKAPWHA 5 f(x) dx undpxel Ba Aéyetal ONOKANP@OIUN Katd
Riemmann, fi arA& oAokAnp@oipn oro [a, b|. To &8poicua omy (1) Aéyetal
&Bpoiopa Riemann g f yia v diagépion P oo [a, b).

Naparipnon

Eav f(x) = ¢ oe kdnolo didompa [a, b, driou ¢ eival pia otaBepd, 16T yia kdBe
Blapépion a=xg < x; < -+ < Xn—1 < Xy = b Tou [a,b] kai &y € [x¢—1,x¢] €ivan

N b
Z (& Axk—cZAxk— c(b—a), ondre [f(x)dx:c(b—a)

k=1




To opIopEVO OAOKANPWHA

N
Z 5k X — Xk— 1)

f(x)

_>

oo

5 X & X2 3 M &y xals X g %6

Ixfua: To dBpoiocpa Riemann (N =6, a = xg, b = xg)
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To opIopEVO OAOKANPWHA

©ewpnua

Av N f eival pia ouvexric i TUNUaTKG ouvexric' cuvdpmon oro didomua [o, b]
16T€ eival ohokAnpwoiun oro [a, b).

NMaparipnon

Av n f eival ouvexig oro [a, b] kai f(x) =0 oto didomua autd, 1é1e T0
oAokApwua |, : f(x) dx eivai To epBaddv NG neploxiig R Tou eninédou rnou
Bpioketal ueTatU Tou x-Akova, Tou Ypa@nUaTog NG f KAl TwV eUBEIWV X = d KAl
x = b. To anotéAecpa autd énetal anod 1o yeyovog o1 kdbe dBpoiocua Riemann
NG f eival To ABpoicua eupadwv dIadoxIKWV opBoywviwv To *dBpoicua’’ Twv
onoiwv, KABWG To UAKOC NG BAong Ax Teivel oto undév, npooeyyilel dAo Kal
nepIocoOTEPO TV Nepioxn R. BAéne IxAua 1

"Mia ouvdptnon f Aéyertal THNUAnKd cuvexig oto didotua [a, b] edv eival ouvexng o€ K&Be
onueio Tou [a, b] ek16G iowg and éva nenepacuévo N\Bog onpeiwv ota ornoia Ta NAeUpIkd épla
G f uNdpXxouv.



To opIopEVO OAOKANPWHA

Napddeiypa
Me Tov 0pIGHO TOU OAOKANPWHATOG VA UNMOAOYICBE! To OAOKANPWUA

1
f X ax.
0

H ocuvdptnon f(x) = x eival cuvexng navrou dpa eival oAokAnpwoiun oto [0, 1].
EninA€ov 1o {nTouuevo oAokApwua Ba divel To euBaddv Tou TRIVWVOU e
kopu@eg Ta onpeia (0,0), (1,0) kai (1,1), kard cuvéneia 8a npénel 1o
{nToUpevo oAoKApwHA va icoutal pe 1/2.

AgoU 1o oAokApwa undpxel, eival avetdptnro NG diauépiong oTn
dlapdppwon Twv adpoicudrwy Riemann. MNa N € N naipvoupue v diapépion

kal oav & 1o kévipo k&Be unodiaomuarog [(k—1)/N,k/N], dniadn
&=(2k—1)/2N. k=1,2,...,N.




To opIopEVO OAOKANPWHA

Mapddelypa (Guvéxela)
‘ETol TO avricToixo dBpoicua Riemann yivera

if(f A i2k 11 Z
k)AX =
=1 =1 2N N 2N2
N+1
2Zk—N:2¥—
k=1
TEANKA Bpickoupue
N
Axge = —— N2 =
; fk X N2

KaTd ouvérela, onwg eEAAou NepiPévape,

1 1
f xax=—-.
0 2

2

AnpiNiog 2023
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To opIopEVO OAOKANPWHA

Napddeiypa
Na unoAoyicBei 1o

. 1 1 1
Ium( +—+ 4 )

n—oo\n+1 n+2 n+n
©éloupe va doupe 1o {nTouuevo 6pio cav épio aBpolcudtwy Riemann. ‘Etol
Ypdpouue
1 1 1 1 1 1 1
_ 4 e+ :_( + EE S )
+1 n+2 n+n 1+1/n 1+2/n 1+n/n

5 Z i F(Sk) Axk

_nk 11+k/n =

pe &g =k/nkar Axy=1/npe k=1,2,...,nyia f(x) = 1/(1+x), €101 n oxeknA
dlapépion anoteAeital ané 1a onpeia xp =0, x1 =1/n,x2 =2/n, ..., xo=n/n=1.
Kard cuvéneia

. 1 1 1 T
i (e =)= [ L
n—oo\n+1 n+2 n+n




To opIopEVO OAOKANPWHA

‘Aoknon
Me Tov 0pIoHS TOU OAOKANPWHATOS VA UMOAOYICBE To OANOKANpwUA

1
f X2 dx.
0

Mapampnon

Av n ouvapTNoN f eival OAOKANEWGIUN oTo dIAcTNUA [a, b] 10 ONoKARPWHA

/. f f(x) dx, énwg @aiveral kar and my (1), eival avedpinro Mg peTapAnmg X.
‘Etol ynopoupue, yia napddelyua, va ypAapouue

f:f(x)dx:fabf(f)m‘:f:f(y)dy=f:f(u)du:ﬁbf(s)ds_




ApIBUNTIKA oAoKAPwon: O kavévag Tou Tpanediou
Av f: [a,b] = R eival pia oONoKANP®OIUN CuvAPTNON Xxwpiloupe 1o didomnua
[a,b] oe n icou prikoug unodiaomuara, pe T BorBeia g dlapépiong Ph =
{X0, X1, X2, -+, Xn}. M€ Xk —Xk—1 = h=(b—a)/n.yia k=1,2,...,n. Téte 16 dBpoIcHA

n
Z Xe—1)Axi = f(xg)h+ f(x1)h+ -+ + F(xp-1) P

eival éva tuniké d8poicua Riemann ng f yiamy Py, éotw S(f, Ph). a@oU & = xk—1.
k=1,2,...,n, katd cuvéneia

b
lim S(f, Pr) = f () aix.
h—0 a

Tére kar S(f,Py) +f(b)h — [2f(x)dx kaBig h — 0. To teheutaio &Bpoioua
Mropei va ypagei wg

> 1) =1(e) o +[1(6) + ()] + -+ +[7(x0-1) + F(B)] + 1(6)

k=0

(@)l + z [Fr) + 7)1 +1(6)

5"



To opIopEVO OAOKANPWHA ApIBUNTIKA oAoKAPwon: O kavévag Tou Tpanediou

— / y=f(x)

a=xy X Xie—1 X Xn—1 b=x,X

Ixfua: O kavévag Tou Tpaneliou



To opIopEVO OAOKANPWHA ApIBUNTIKA oAoKAPwon: O kavévag Tou Tpanediou

Mapatpoupe ot yia f = 0 6 TuniKOg 6pog Tou aBpoiocuATog NAPICTAVE! TO EW-
Baddv Tpaneliou pe Bacels f(xk—1). f(xk) ka1 Glog h, BAéne IxAua 2. Eneidn
xk=a+k(b—a)/n, k=0,1,2,...,n, yia HEYAAO N, €XOUUE TV MPOCEYYION

n—1 b_
> f(a+kh)+f(b)), 6rou h=—2
k=1

f:f(x)dx: g(f(o)+2

n

Tov NPOCEYYIOTKO auTd TPAMO UMOAOYICLOU TOu OAOKANPWUATOC Aéue kavéva
Tou TPpanediou.



1816 TEG TOU OAOKANPWHATOG

©ewpnua
Forw &1 ol f kal g eival oAokANpWoIues cuvapTrioeis oro [a, b).

@ a kdBe {euydpi mpayuankwv apiBuwv A kai u n Af + ug eivai
oAokAnpwoiun oro [a, b] kai

f[)tf )+ pg(x)] dx = )Lf dx+uf

@ Edvf(x) < g(x) yia kéBe x € [a,b], 1é1€

fb f(x)dx < fbg(x) dx.

a a

S[ablf(x)ldx.

x) dx




1816 TEG TOU OAOKANPWHATOG

©edpnua
‘Eorw Om n f eival oAokANpwoIUnN ouvaptnon oTo [a, b].

@ Edvm<=f(x)<M yiakdbe x € [a,b], 161€
b
m(b—a) sf #(x) x < M(b - a).

a

Eidika av f(x) = 0 yia k&Be x € [a, b|, 1ére

f: f(x)dx =0.

@ Edva<c<b,rdre

f:f(x) dx:f:f(x)dx+fbf(x) ax.

C




IHMEIQXIH:
Méxpl Twpa €xoupe unoBeacel 4T To KATw OPIo OAOKANPWONG €ival JIKPATEPO TOU
Avw opiou. ITn NpdEn eival BoAkS va BewpoUpe Kal MEPIMTWOEIG ONMoU TO KATW

Splo eival yeyahutepo Tou Avw opiou. lNa Tov Adyo autd opiloupe av n f eival
ONOKANPWOIUN oTo Bidoua [a, bl (a < b)

Eniong edv a < ¢ < b, opiloupe

f:f(x)dxzo.

Me auTtr TNV eNEKTacn Tou OPICHOU ToU OAOKANPWHATOG anodeikvueTtal o1 av n
ouvAapTnon f eival OAOKANPWOIUN OTo KA€IoTO didotnua | kai a, b, ¢ €ival onueia
Tou /, 1é1€ VIa onoladnnote diIdragn Twv a, b, ¢ IoxUel

fbf(x) dx:f:f(x) dx+[bf(x) ax.

a (o}



1816 TEG TOU OAOKANPWHATOG

Gempnua

‘Eorw &1 n f eival pia oAokAnpwaoiun cuvdpion oro [a, b]. H ouvdpmon riou
opiCerail ue N oxéon

eival ouvexrig oro [a, b).
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Opicude
Edv n f eival ohokAnpwoiun o1o [a, b] opitoupe Ty péon mipn f e f va eiva
1 b

f=——1 f(x)ax.
b—al. (x)ax

©edpnua

Edv n f eival cuvexric oto [a, b] 1éte undpxei € € (a, b) dore (&) = f, Gnradh

Gewmpnua

Edv n f eival cuvexric oo [a, b] kal n g eival ohokAnpwoiun oro [a, b] kai dev
aMdader npéonpo oro didomnua, 1ére undpxel & € (a,b) wore

fq  f()9(x) o = £(£) fd " o(x) .
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To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Gewmpnua (©01)

Eotw 6m n f eival oAokAnpwoiun oro [a, b] kai €otw

Av n f eival cuvexrig oro c € [a, b, Té1€ n F eival napaywyioiun oro ¢ kai
F'(c)=f(c). Edikd av n f eival ouvexric oro [a, b, 1é1e F'(x) = f(x) via kd6e
x € [a,b]. Mpd@ovrag F'(a) evvoolpe m de&ia napdywyo oro x = a, kai F'(b)
E€VVOOUE TNV apioTeEP) Napdywyo OTo X = b.

To anotéAeoia Tou BewPNUATOC UNOPEI Va Ypagei ot uopdn

d X

el f(t) dt = f(x)

o€ kABe onueio x érnou n f eival GUVEXNG.
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To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Gewmpnua (002)

Eotw 6m n f eivar ohokAnpwoiun oro [a, b| kai éotw f = g’ yia kanoia cuvapmon
g. 161€
b
[ et =a(6)-g(a).
a

Eidikd av n f eival ouvexric oro [c:, b], 101

fbf(f)df:F(b)—F(a), driou F(X)=fxf(f)df-

a

& Av g = f 10 anotéhecua Tou Qewpnuarog 13 10 ypdeouue anid cav

b b

=g(b) - 9(a).

a

[ ithar=a()

orou  g(t)

a



To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Naparmipnon
Edv n f eival Guvexng kal ol U, v Napaywyioiueg 1é1e
v(x) ) ,
t)at=f(v(x))v(x)—Fflu(x))u(x).
dXU(X)() (vO))V'(x) = F(u(x))u'(x)

Medyam av n f eival ouvexig oto [a, b] kai opicoupe F(x) = [2 f(t) dt, 161e

v(x) a v(x)
fu(x) f(t)at = fu(x) (1) dif + f (1) dt = F(v(x)) = F(u(x))-

Mapaywyitoviag kal naipvoviag undén ém F = f énetal 1o {ntoUpevo.

©ewpnua (Tunog g aviikardoraonc)

Av ol f kai g eival cuvexelg, 1ére

b g(b)
fa f(g(x))g (x) a = fg o e
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To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Napddeiypa
Na urioAoyloBei To oAOKANPwWUA

Anod 1o ©02 éxoupe

Napddeiypa
Na urioAoyloBei To OAOKANPwWUA

/A
f sinx dx.
0

b/ b/
f sinxdxzf (—cosx)"dx = —cosx
0 0

/4

0

= —(-1)-(-1) =2

AnpiNiog 2023
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To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Napddeiypa
Na urioAoyloBei To oAOKANPwWUA

/4
[ tanxdx.
0

‘Onwg npiv urnohoyioupe

/4 /4 ginx /4 _ cos' x /4 cos' x
tanxdx = adx = ax =— ax
0 0 COS X 0 COSX 0 COSX

/4 ,
= —f (log|cosxl) ax
0

/4
= —log|cosx|
0
= —Iog(i) +log1
V2
=] log2
= 2 g .




To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Napddeiypa
Na unoAoyioBei To OAOKAPwUa

b
f sin® x cosx dx.
a

Av doupe ot

d (1
sin®x cosx = —(—sinéx)
ax\é

10T€ and 10 ©O2 Naipvouue

b 1 1
f sin®x cosxdx = —sin®b— —sin®a.
a 6 6




To BepeNwdeg Bewpnua Tou ANeiPooTikoy AoyiopoU

Mapddelypa (Guvéxela)
AlapopeTikd ypdpoviag

b

b
fsinsxcosxdx=f sin®x sin’ x dx
a

a

kal Bétovtag u = sinx éxoupe o1 du = cos x dx, ondre and Tov TUro NG

aAVTIKATAoTAonG Naipvouue

u(b)
:f W’ du
u(a)
sinb
zf u’du
sina
sinb 1 /
:f (—ué) au
sina ‘6

1 1
=—sin®b- -sina.
6 6

OMokAnpwpaTa AnpiNiog 2023
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To adpIoTo OAOKANPWHA

©a Mépe 41 n F eivarl pia napdyouca g f av F' = f. Tpdpoviag

[f(x) dx

evvooUpe TN SUNOYN SAwV Twv Napayouc®v G f. ‘Etor av F'(x) = f(x), 1é1e

f F(x) dx = F(x) + C

énou C eival yia otaBepd. ‘Etol av n f eival napaywyioiun, 1ote

f £(x) dx = £(x) + C.

Ynueiwvoupe o1 av n f eival cuvexng n ouvaptnon
X
F(x) = f f(t) ot
a
eival n (povadikry) napdyouca g f pe F(a) =0.
_ ONokAnpwuara AnpiNiog 2023 25/32



To adpIoTo OAOKANPWHA

NMapdyoucec PAcIKOV CUVAPTHGERV

1 1
Qo fx’dx:—x’+1+C, r£-1. @ f—dx:|0g|x|+C, x #0.
r+1 X
Q fsinxdx:—cosx+c. Qo fcosxdx:sinx+C.
Q ftanxdx:loglsecx|+C. (6 ] fcotxdx:loglsinx|+c.

Q fsecxdx:Ioglsecx+tanx|+C. Q fseczxclx=tanx+C.

ef=&"+C.
@[ =—aX+C a>0, a#]l.
0[ dx=sin"'x+C=—cos ' x+C.
V1—x2

1
Q f dx=tan"'x+C.
1+ x?



MéBodol oAoKAPWONG

@ OMokARpwon kard pépn
OMNokAnpwvovtag T oxéon (fg)' = g+ fg' npokurrel o Tinog

f F(x)g (x) cx = F(x)g(x) - f # (x)g(x) .

©értoviag u = f(x) kai v = g(x) éxoupe du = f'(x) dx kar dv = g'(x) dx,
ondte o TUNog TNG OAOKANPWONG KATA YEPN o€ SIAQOoPIKN HopPr) YeAPETal

fudv:uv—fvdu.

Na urnoAoyioTei To oAoKAApwWHA

Napddeiypa

f X COSXx dx.

YnoAoyi(oupue

fxcosxdx=fx(sinx)’dx:xsinx—fsinxdx=xsinx+cosx+ C.




MéBodol oAoKAPWONG

@ AvéAuon oe pepikd kKAdouara
KdBe pnm ouvdpmon, p(x)/q(x) énou o BaBudg Tou napovouaoy eival
MeYaAUTEPOG TOU BaBuou Tou aplBunTtr), UrNopei va ypagei cav dpoicua
ANAWV KAACHATWY, TOGWV OTO MANBOG 0O TO MANBOC TwV NAPAYOVTWY TOU
a(x). Mg popeng

A , Ax + B
(ax+b)"’ f (ax?+bx+c)™’

6nou n,m e N. Na napddeiyua

3x—2 __A , B _Cc D
(4x—3)(2x+5)3  4x—3 2x+5 (2x+5)2  (2x+5)3
5x% —x+2 A Bx+C Dx+E

+ +
(x®+2x+4)%(x—=1) x—=1 x2+2x+4 (x®+2x+4)?



MéBodol oAoKAPWONG

©ewpnua (Avéiuon ce anid kKAdopara)
Av p kai g eival noAuwvuua, o BaBudg Tou p eival LUIKpSTeEpOG Tou BaBUOU ToU
q. Kai To g avaAueral oe napdyovieg avd dUo dIapopeTikoUus UETAEU TOUG

a(x) = Q(x+a)™ - (x+a )™ (X + bix+c1)" - (X + bx + )™

dnou Q eivai uia otaBepd kail Ta TPIVULA OEV EXOUV MPAYUATIKEG PI(eG, TOTE
urndpxouv oraeepéc;A1,...A'1n‘, A}(,...Akmk, B},...B?‘, B,1,...B,"’, C1,...C?‘,
C/,...C" uovooriuavra opiopéveg, wore

1 m 1 s
px) _ A A Ak Ay
= 4+ .04 4+ e 4 4+ e+ —
a(x) x+ao (x+ap)m X+ ay (x+ ax )™
Bix+C| B'x+C]"
_ 4. _—
X2+ b1x+ ¢ (x2+by1x+cp)™m
B/x+C/ B'x+C/"
2—+...+2—.
x2+bix+ ¢ (x2+bi1x+cy)"




MéBodol oAoKAPWONG

Napédeiypa
Na unoAoyioBei To OAOKAPwUa

f 6—x o
———ax
(x—3)(2x+5)
AvaNUoupe ce anAd KAaouara

6-x A B A(2x+5)+B(x—3)
(x—3)(2x+5) x-3 2x45  (x—3)(2x+5)

ondre eficwvoviag naipvouue

6-x= (5A—SB)+(2A+B)X¢>{

5A—3B=6 } {AzS/H
<>

2A+B=-1 B=-17/11
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MéBodol oAoKAPWONG

Napédeiypa (cuvéxeia)

€tol

6—x fs/n 17/11
[ - ]dx
(x—3)(2x+5) x—3 2x+5

ax 17 ax

“11) x=3 1) 2x+5
2 3] ax 17[ 2dx
11 x-3 22J 2x+5

3I |x — 3| ]7I 12x +5|+ C
= —log|x—3|— —log|2x .
11 & 22 &




MéBodol oAoKAPWONG

@ AAAayn perapAnTic
O 1Unog NG AvTIKATAoTAoNG OTN NEPINTWON TOU AOPIOTOU OAOKANPWHATOSG
naipvel TV anir Jopen

f H(g(x))g (x) cix = [ (1), t=glx), df=d(x)ox.

Napddeiypa
Na urnoAoyioTei To oOAOKAAPWHA

fL, x>e_1, p#1.
x(1+logx)P

©¢roviag u =1+ logx, ondre du = (1+logx)’ dx = 1/x dx, naipvoupe

d d 1 1
f—x= = e UPrC=——(1+logx)P+C.
x(1+logx)P w 1-p 1-p
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