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Zuvapmoeig

Opicudeg

Edv A karl B eival 8Uo cUvoia pia suvépinon f and 1o A oro B eival pia
avTicTolxia ) vouog woTe KABe GToixeio Tou A avrioToIxileTal o€ éva Kal Jovo
oroixeio Tou B. Edv f eival gia cuvaptnon and 1o A oto B ypdgoupe f: A — B.
E&v x € A pe f(x) oupBoN{oupe To OToIxeio Tou B rou avTicToixei péow g f oto
x. Népe om0 f(x) eival n elkdva Tou x péow g f.

Opiopde

‘Eotw f va eival eival gia cuvaptnon and 1o A oto B, dnAadn f: A— B. To
oUvolo A Aéyetal nedio opiopoU (domain) NG f Kal, SUVABWG, CupBoAleTal ue
D(f) 1y Dr. To clvolo Twv y € B yia 1a onoia undpxouv x € A 1éroia (oTte

y = f(x) Néyetal nedio NV (range) Mg f kal cupBoAiletar pe R(f) 1 Ry. Ev
vével R(f) < B. To UNooUvoAo Tou KapTeoiavou yivopuévou A x B

G(f) ={(x,f(x)) : x€ A}

Néyeral ypdenua (graph) g f. EvalakTiké cupBoAileTal ue Gr.




Zuvapmoeig

Napédeiypa
‘Eotw A = {x, Y, z} kal B= {a, b} kai opiloupe f: A— B e

f(x)=a, f(y) = b, f(z) = b.

Napddeiypa
‘EoTw A Kal B 3Uo un keva cUvola kal €0Tw bg € B. H cuvdpmon f: A — B ue
1Uno f(x) = by, yia kdBe x € A, Aéyetal oraBepny cuvdpmon (constant function).

Napédeiypa
‘Eotw A # &. H ouvdpton f: A— A pe 1Uno f(x) = x, yia KdBe x € A, Aéyertal
1autoniki cuvaptnon (identity function) kai SUpBOAIleTal HE T A.

Napddelypa

‘Eotw A # O ka1 éotw f: A— B. Edv Ag S A n ouvdpmon fla, : Ag — B nou
opiteral and T oxéon fla,(x) = f(X). yia k&Be x € Ag, AéyeTal 0 NEPIOPICHOG
G f o100 Ag (restriction of f on Ag).




Zuvapmoeig

e Eotw f: A— B. EGv Ay € A pe f(Ag) OupBONi{ouphE TO CUVOAO OAWV TwV
elkOVwV TwV oToixeiwv Tou Ag. To olvolo autd Aéyertal n eikéva (image) Tou Ag
péow g f. ‘ETOl

f(Ag) = {y € B:y = f(x) yia ké&roio x € Ag}.

MapampoUpe én f(Ag) S B. Edv By € B ue ' (Bp) oupBoAidoupe 1o oUvoro
OAWV TV OTOIXEIWV ToU A TwV OMoiwv Ol EIKOVEG HECW TNG f avrkouv oto By. To
oUvolo autd Aéyetal n avrictpo®n eikdva (preimage) Tou By péow g f. ‘Etol

f1(By) = Ixe A: f(x) € Bo}.
MapampoUpe én £~ ' (By) € A. Mnopei va deixei ém

Ag S A= 1(f(Ag)) 2 Ao Q)
BocB=f(f'(B)) S By )



Opicude
‘Eotw f: A— B.

@ H f Aéyeral éva-npog-éva (injective A one--to--one) edv yia KaBe euydpl
BIaKPITWV oToixeiwv Tou D(f) o elkéveg Toug SIaPEPOUV HETAEY Toug,
dnAadn

x1 # X% = f(x1) # f(x2).
loodUvaua
f(x1) =) = x1 = xo.

@ H f Méyeral eni (surjective i onto) Tou B edv kdBe oToixeio Tou B eival
elkéva Kanolou croixeiou Tou A, dnAadn

y € B=y = f(x) yia karoio x € A.

lcodUvapa R(f) = B.

@ Edvn f eival éva-npog-éva kai eni Ba Aéyertal éva-npog-€éva avroroixia
METatU Twv A Kai B.




Zuvapmoeig

e Edv f: A— Bkal g: B— C opilouue T ouvdptnon gof: A— C e Tn oxéon
(gof)(x) =g(f(x)). H gof Aéyetal obvBeon (composite) Twv f kai g. H gof
opiletal érav 1o Nedio TIUWV TNG f Nepiéxetal oTo Nedio opIouoU TNG g, OXNUATIKA
R(f) = D(g).

e Edv f: A— B eival yia éva npog €va avrioToixia Tou A e 1o B, 10te o€ KABe
oToIxeio y € B avriotoixei éva kal Hévo oToixeio x € A 1érolo hote y = f(x). ‘Etol
uropei va opioBei n avriotpo@n ouvdpmon ' : B— A g f and ) oxéon
i (y)=xof(x)=y.

Napddeiypa
Nna A={x,y,z}, B={a,b,c} kal C = {p, g} opilouue

161e R(f) = {a,b} C Bkai R(g) = C. kai

gof(x)=g(f(x))=g(a)=p, gof(y)=9g(f(y))=g(b)=p, gof(z)=p




« To eBaddV A rou nepikAeiel KUKAOG aktivag r eival ioo pe mr?, dpa
A(r)=nr?,  A:R—R.
o O dyKoG KUNVSpoU pe aktiva Baone r kal log h eival icoc pe mrh, 1ol o
6yKkog V eival cuvdpon dUo PeTaBAnTaV r kai h, V i R? — R kai
V(r,h) = nrh.
o Av éva oopa Kiveital oto xwpo R dhore kéBe xpovikr otiyur 1 n 8éon Tou eival
YVWOTH, TéTe N Kivnon neplypdgertal and uia cuvdemon w : R — R3, dore

w(t) = (x(1), ¥(1),2(t)),
énou ol x, y, z eival ouvapmaoelg anod 1o R oro R.
e Av P eival onpeio omy arpéogaipa g yng. p(P), g(P), h(P) eivar aviictoixa
N ATMOCPAIPIKN Mieon, N BepuoKEaAcia, kal N uypacia oto P, unoB8értovrag ot 1o
KEVTIPO TNG YNG BPICKETAI TNV apxr| evog TPICOPBoYwViou CUCTAUATOG atdvwy,
161€ P = P(X,y,2) € R3, ondre n mMnpogopia nou pac evdiapépe KwdIKomnolefTal
e pia cuvdpmon M: R — RS,

M(x,y,z) = (p(x,y,2),a(x,y,z),h(x,y,z)).
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Mpayparnkég ouvapmoeig

Opiopde

Edv A # I, kGBe cuvdpTnon opICHEVN OTO A lE TIUEG OTO OUVOAO R Twv
NEAYUATIKWY apiBuwyv, dnAadn f: A — R, Aéyetal npayparnkn cuvaptnon.
YuvnBwg To Nedio opIcuoU TwV CUVAPTACEWV MoU Ba JAG AnacxXxoArcouV eival
10 R ) kK&nolo unocUvolo autou.

Ol NPAyPATIKEG CUVAPTACEIG cuVNBwC divovTal e Karolo TUno, yia napddelyua
f(x)=v3x+1.

YNV nepinmwon autr anaireital N edpeon tou nediou opiouoU TNG cuvAPTNONG.
Mpénel va eivai
3x+1=0= D(f) =[-1/3,+00).

Mapampoutpe én f(—1/3) = 0, kar 1oxupiidpacTe ém yia kaBe y > 0 undpxel
x> —1/3 wore V3x+1=y. Mpdyuan “enboviag’” v Teheuraia egicwon,
1c0dUvaua, naipvouue

3x+1=y?> o x=y?/3-1/3>-1/3, dpa  R(f)=[0,+o0).



Mpayparnkég ouvapmoeig

Opioude (Movorovia)
Mia npayuarikr cuvaptnon f n onoia diatnpei N aviiotpégel N dIATagn Twv
MPAYMATIKWV apIBuwv Aéyetal jovdrtovn. Eidikdtepa n f Aéyeral
@ AUgouoa (increasing) av f(s) < f(t), onotedrinore s < t, kal AUCTNEA
yvnoiwg augouca (strictly increasing) av f(s) < f(1).

@ ®eivousa (decreasing) av f(s) = (1), onoredrnore s < t kal auomMPEd f
yvnoiwg eBivouca (strictly dencreasing)av f(s) > £(1).

Opicudeg
Mia npayuarikr) cuvdptnon opIouévn G €éva KAaTAANAO unocuvolo Tou R, i ce
oAOkAnpo 10 R Aéyertal

@ ‘Apna (even) av f(—x) = f(x).
@ MNepirm (odd) av f(—x) = —f(x).




Mpayparnkég ouvapmoeig

Opiopde (MpdaEeig cuvapTicewy)
Edv f kal g eival npayuankég cuvapTioeis, via kdBe x € D(f) N D(g). opi¢oupe
10 éBpoiopa f + g, T Slagopd f — g, 1o YIVOHEVO f - g, kal To ANAiKo f/ g, Twv f
Kal g, avTioToIXA, E TIG OXETEIG

@ (f+9)(x)="f(x)+g(x)

@ (f-g)(x)=f(x)-galx)

@ (f-9)(x)=f(x)-g(x)

f X
@ (—)(X) 19 yia g(x) #0.

g a(x)’

O1 aAyeBpikég NPAEeIg eETaEU CUVAPTNCEWY ONWS KAl N cUVBeEon ENITOENOUV TN
dnuioupyia véwv cuvaptoewV and TIG OXeTIKA anAEC UNAPXOUCEC CUVAPTAOEIC.
EminAéov ol avtiotpo®@eg CUVAPTACEIG, YVWOTWV CUVAPTACEWY, EPOOOV AUTEG
UNAPXoUV, €UNAOUTICOUV TN CGUAAOYH TWV MOAYUATIKWY CUVAPTACEWV MOU HAG
evdla@Epouy Kal eugavilovial ot dDIAPopeES EPAPOYEG.



Mpayparnkég ouvapmoeig

Av f eival yia npayuarkry cuvAptnon wg ypdgnua NG f opicaue 10 cUVoAo
&(f) ={(x,y) : y = f(x)} To onoio eivai unocUvoro Tou R x R = R2.

H anotUnwon Tou ypapuaTog JIag cuvapTnong oTo eninedo, dnAadn n ypaIki
napdotaon g cuvApTNoNG NAPEXel CUVHBWG éva OXeTIKA UeyANo MocooTd NG
nAnpo@opPiag Mou Ba BEAaUE va €XOUE yIa TN cuvdptnon. ‘Apa n éco 1o duvard
MIOTH AnoTUNWoN TOU YPAPNHATOC ThG CUVAPTNONG eival évag and Toug OTOXoUG
pag. [Mpokelyévou va MeETUXoUE autd TO OTOXO MPEMEI va avanmUioupe v
KATAAMNAN “'Texvoloyia’”. H texvoloyia autr avarnmuooetal otadiakd. EmnAéov
0 AUOTNPOG OPICHOG KAMOIWY CUVAPTACEWV OMWG €ival O TPIYWVOUETPIKEG, N
€KBeTIKN, 0 AoydpIBuog Kal ANeg pnopei va doBel apdtou éxoupe avanrugel
TNV avdioyn Bewpia. Ekuetaleuduevol OuwG TN OXETIKA YV@on nou éxouue and
10 AUKelo, Ba Bewproouue 4T yWwpiloupe TN cuunepipopd, TIG IDISTNTEG Kal TN
YOAPIKA NapdoTacn NoAwY and TIG CUVAPTACEIS Nou 8a UAG anaoXoAOOouUV.
H ypaikr) napdoTaon g ouvdpmong y = f(x) eival 1o oUvoro SAwV Twv onuei-
wv (x,y) Tou eninédou pe y = f(x). ‘Erol anotunwvoviag NoAd (ndoa;) onueia
(x,f(x)) oro KapTeciavd eninedo propoUpe va KATANIBOUpE-EIKACOUE T HOoP-
@ NG YPAPIKAG NOPAcTaong.



Mpayparnkég ouvapmoeig To ypd@nua NG avrioTpoeng cuvapmong

Av n avTiotpo®n cuvdpTNon f~! NG f UNAPXE!, OPICETAl E T OXEoN
y=f(x)ex=f"(y).
Erol av G(f) kal G(f7') eivar avriotoixa 1a yoapruara twv f kal 7!, té1e
G(f) =1{(xf(x)):xeD(f)}  xar  &(f ') ={(f(x),x): xe D(f)}

6nou D(f) eival To nedio opiopoy g f.




Mpayparnkég ouvapmoeig To ypd@nua NG avrioTpoeng cuvapmong

Ta onueia (a,b) kai (b, a) eival CUPPETPIKG WG NPOG TV eubeia y = x (yiari),
ondTE Ol YPAPIKES MAPACTACEIC TwV f KAl f ! eival CUPWETOIKES WC MPOS TV
y =X.

©edpnua

Eorw 6 n y = f(x) eivar éva mpog éva kai éotw £~ n aviioroopn ouvdpinon
me f, 101

@ To ypdenua G(f~') mc £~ eivar oupuerord rou yoagruarog G(f) mg f
WG MpogG v eubeia y = x.

@ Avnf eivar abéouoa, i yvnoiwg avéouoa, i @Bivouoa, ri yvnoiwg
@6ivouoa, 161e kain f~! éxer mv idia povorovia, eivar SnAadri, aviiotoixa,
auvgouoa, n yvnoiwg avéouoa, i pBivouoa, rj yvnoiwg @Bivouoa.

@ Avnf elvai nepirm, éte kain £~ eivar nepirm.

@ (FHY '=r.




EuBeieg oro eninedo

Av ¢ eival pia euBeia oro eninedo, n onoia dev eival napdAnAn orov y-akova,
nepiéxel 10 onueio (a, b) kai oxnuarilel ywvia w pe tov x-&ova kai av (x, y) eiva
€éva onpeio NG euBeiag, 1é1€ and 10 OXETIKG 0PBOYWVIO TPIYWVO EXOUUE

y—b
tanw = ——
x—a

ondre av opicoupe T KAion TG euBeiag £ va eival m = tan w 161€ N oxéon
y—b=m(x—q) ©)

eival n eficwon g euBeiag nou éxel KNIon m Kal NEPIEXEI TO CNUEio (a, b).



EuBeieg oro eninedo

Av m = 0 161€ N €ekiowon yiveral y = b nou eival n euBeia NAapAdANNAN CToV x-
aEova rou nepiéxel 1o onpeio (0,b). ‘Opoia n x = a napiotével My euBeia rnou
eival k&8etn orov x-dova oro onueio (a,0). Inueidvoupe &1 oV Nepinmwon
aum eival w = /2. H efiowon Mg euBeiag nou nepiéxel Ta onpeia (a, b) ka
(d,b') eiva

(yiari).



EuBeieg oro eninedo

ledgovrag v efiowon (3) cav
y =mx+(b—am)=mx+c,
érou ¢ = b— am, BAénoupe ot yia x =0 eival y = ¢, katd cuvéneia n
y=mx+c, ()

eival n eficwon g euBeiag e khion m n oroia Tépvel Tov y-&Eova oro (0, ¢).

Fevikd k&Be efiowon
ax+by+c=0,

Je a, b kal ¢ npayuankoug apiBuoug, napictdvel uia euBeia oto eninedo.



Baoikég cuvaptoeig [papuIKéG cuvapToEIG

f(x) = ax+b, ue a,beR.

Mia tétola cuvdptnon opiletal o' oAdkAnpo kai R kal eival éva-npog-éva, av
a # 0, altouoca av a > 0 kal PBivouca av a < 0. To ypdpnua KABe YPAUUIKNG
ouvapmong eival euBeia. ‘Exoupe f(0) = b, dpa éva onpeio g eubeiag eival
10 (0,b), evd via x = —b/a, epdoov a # 0, eival f(—b/a) =0, éral éva dMo
onueio eivai 1o (-b/a,0).




Baoikég cuvaptoeig [papuIKéG cuvapToEIG

37 3T
2
f(x)=—-2x+2
'|0
-2 -1 0 1 2 -3 3
_'| +

Napddeiypa

MNa ™ ouvapmon f(x) = |x| éxoupe ém f(x) =x av x =0, kal f(x) = —x av x < 0.
H ypaoikr) napdoracn g f diveral oto oxnua. H cuvdptnon dev eival ypaudIKn
agou dev eival NG JOPPNG ax + b. Inueiwvouue ot eival dpma (| — x| = |x|),
yvnoiwg edivouca oto (—oo,0] kai yvnoiwg avtouca oto [0, +00).




Autég eivai ol f(x) = xP, pe p € R. Alakpivoupe TiG NepImoeis :
@ p=n,peeN. f(x) =x"ka D(f) =R.
H f eivai dpmia av o n eival 4pTiog Kal NeEPIT av o n €ival nepimdg. Av
n=1n ouvdptnon eival YPauuIKn.

3 +
ol f(x) =x
11 3l f(x) = x
; ; f f 2T
-2 = 0 1 2
-1+ 1+
21 ; t t t
-2 -1 0 1 2
_'| +




Baoikég cuvaptoeig Auvépeig

b f(x) =




Baoikég cuvaptoeig Auvapeig

@ p=1/n,yeneN.

Avy=g(x)=x",161€e n f(x) = x'/" eival n avriotpopn Mg g(x) exei mou n

g eival éva-Npog-éva Kal n f(x) =x!/n opiletal. ‘Etol n cuunepipopd NG
x!/n kaBopiletal and aut NG x". 1o IxAua Sivovial ol YPAPIKES
NapaoTdoeig Twv cuvaptioewy f(x) = v/x, kai f(x) = v/x, ye x =0, cav

avTioTpoPeg, aviiotoxa, Twv y = x2, ye x = 0, kal y = x*, ye x = 0.

[
!
9 [
— ) —
=X =X
31 y=x%, L =) 3+ v y=x
’ ! ’
4 ! 4
/’ ] 4
i ! s
21 . 21 i
’ 1 ’
II ’ IR
1 /y f(X) N 1 !,
+ + 4
7 f(x) = vx
% 7 (x) = Vx
’ ’
s »~ )0
v’ A
} I’/ 1 } 1 1 7 f, 1 1
+ ~ + + + + p + +
— ’ — /
1 ), 0 1 2 3 1 , 0 2 3
J
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Baoikég cuvaptoeig Auvépeig

st v=4
[
]
1
] y [
2+ |
l,/
[
II,
14 € s
7 f(x)=Vx
1”
/
’,t' N N
0 1 2

%10 Ixfiua Sivetal N ypagikr) napdoTacn NG ouvaptnong f(x) = ¢/x cav

avriotpoen NG y = X° pe x € R.
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Baoikég cuvaptoeig Auvapeig

@ p=-npeneN. f(x)=1/x"ka D(f) = R~{0}.
H f eival dpmia av o n eival dpTiog Kal NePIT av o n eival nepirdg,.




Baoikég cuvaptoeig Auvépeig




Baoikég cuvaptoeig Auvapeig

@ p=m/n,ygeneNkameZ.
Av f(x) =x™" ue ne N kai me Z éxoupe x™/" = (x'/")™, ondre f = goh,
6mou h(x) = x'/" kar g(x) = x™. ‘Erol

D(f) = (—o0, +00), av m >0 kal N nepImog

D(f) = (—00,0)U(0,+00),  av m<0«kal nnepmog

D(f) = [0, +o0), av m> 0 kal n 4pTog
D(f) = (0, +o0), av m < 0 kal n 4pTog,.



Baoikég cuvaptoeig Auvépeig

4 y:x75/3

Ixfjpa: O1 ouvapToels f(x) = x3/8, ¢ (x)= x3/3, g(x)= x3/5 kai g™ (x)= x5/3



Baoikég cuvaptoeig Auvapeig

@ peR~Q.

Edw xpeidleral va opicoupe Tig un pntég duvduelg. MNa napddelyua T

onuaivel 3V2 kai yla noid x €xel évvola N €KPPaon x‘@;

e Y& OX€0N E TO MNPWTO EPWTINHA

O V/2 eivai bpio akolouBiag PNTHV ApIBU®Y, E0TW (rn) ka1 0 3™ opitetal yia k&B8e
n, dpa gaiveral Aoyikd va opicoupe

3V2_ |im 3n

n—oo

apkei 1o 6pio oto el PENOG va UMAPXE], APeVOG, KAl APETEPOU va e€ival ave-
EdpTnTo TG akoousiag ( rn) a@oU UndpxouV NePICOSTEPEG TNG MIAG akoAouBieg
PNTWV APIBUWY Ol OrNoiEG CUYKAIVOUV CTO V2. ©a deitoupe 6T autd dViwe IoXVEL.

e Y& oxéon We 1o deUTEPO EPWTNUA

MNa va éxel €vvoia 1o x‘@, Ba npénel To x" va opileral yia kdBe pntd apiBud r,
kard cuvénela Ba npénel va eival x = 0, BAéne (D).



Baoikég cuvaptoeig Auvépeig

©edpnua

‘Eorw a > 0 kai éotw p € R. Av (p,,) eival uia akoAoubia pnNTwv apIBUWV Kal
lim p,=p,
n—oo

161€ N akohoubia (aP) cuykAiver kai To Spié e eival ave&dpmro g (pp).

Opioude
Av a >0 kail p € R opiloupue

aP = lim o
n—oo

ériou (pp) eivar pia akoAouBia pnTev apIBUV Pe p, — p.

‘Eto1 yia T ouvdptnon f(x) = xP pe p ¢ Q éxoupe 6m

D(f)=[0,+c0), avp>0
D(f)=(0,400), avp<O.



MoAUWVUPIKEG CuVapPTACEIG

f(x) = apx" + ap_1 X" + -+ + a1x + Qg ME Tn, Ap-1, ..., 1,0 €R. D(f) =R.
MNa n =1 n NOAUWVUMIKA ocuvapTtnon eival ypaupikr. Ol npayuarnkeg pileg Tou
noAUwVUUOU €ival Ta onueia ota onoia n ypa®ikn napdortacn g f 1éuvel Tov

x-Agova.

3<>
2<>
_ 3 _
- f(x) =x xq 1
4 0 T~ 3 -2 1 1 2
-1+ -1

Dxfpa: f(x) =x2=3x+2=(x—1)(x=2) ka f(x)=x>—x=x(x+1)(x-1)



MoAUWVUPIKEG CuVapPTACEIG

ExApa: f(x) =x* —2x2 + 1= (x> —1)? = (x + 1)?(x = 1)?



MoAUWVUPIKEG CuVapPTACEIG

Merarénion

H ypa@ikr) napdoTaon G y = x2 eival To TUMIKG Seiya Tou OXALIATOS Mou AyeTal
napapolr). Na a#0n y = ax? eival enionc NapaBoAr, N oroia exteiveral oTo
Avw nuieninedo av a > 0 kal o1o KATw nuieninedo av a > 0.

e Hy = ax?+ b eival napaBor] e YPaPIKr NapdoTach idia e aumv TG y = ax?

ONAG KATAKOPUPA peTaroniopévn kard b. (0,0) — (0,b).

eHy=a(x— c)2 + b eival n NapaPoN] y = ax? HETATOMIOKEVN KATAKOPUPA KATA
b kal opiiévria kard ¢. (0,0) — (c,b). loodvapa n y = a(x —c)?+b eivai n
napapoly Y = ax? oo opBoyivio cuomua afdévwv X = ¢ kai Y = b. ‘Etoi n
f(x) = x2 — 4x + 3, apou

y=x?—Ax+3=x*—2-2x+4—-4+3=(x—-2)* -1
yodpertal
y+1=(x—-2)>2

eival SnAadr N TUMIKA NAPABoA Y = X2, ue Y =y + 1 ka1 X = x — 2. ‘Eroi 10 (0,0)
otoug X, Y-&Eoveg eivai 1o (2, —1) otoug X, y-afoveq.



MoAUWVUPIKEG CuVapPTACEIG

Merarénion (cuvéxeia) (Y = X2, pe Y=y + T kat X =x—2)

(0,0) oroug X, Y-&Eoveg < (2,—1) otoug x, y-adfoveg

A
y Y
|
|
|
3 |
|
| f(x):x2—4x+3:(x—1)(x—3)
21 1
|
: f(x) = (x-2)%-1
y=x° 1t |
|
|
] i
-1 0 1 2 3 X
,,,,,,, L NS,

£xrjua: H napapoir y = x% —4x + 3



MoAUWVUPIKEG CuVapPTACEIG

levikeUovtag:

Naparmpenon (yevikn)

Av y = f(x), n npdEn y = f(x — ¢) avrioToIxei 01N PETAPOPA TNG YPAPIKNAG
napdaotacn g f(x) kard ¢ npog 1a 3e§d av ¢ > 0 A Npog 1a apIcTeEPd av

¢ <0. Hnpd&En y = f(x) + b avriotoixei 0T HeTagopd NG YPAPIKAG Napdactacn
G f(x) katd b Mpog 1a Ndvw av b >0 1 Npog 1a kdtw av b <0. H de

y = f(x — ¢) + b eival cuvdUACHOG HETAPOPAG KATA KOG TOU X-AEOVA Kall TOU
y-atova.

Napddeiypa
H ypaikr) napdoraon g g(x) = x3 — 3x2 + 2x + 2 MpokUMTEl eUKOAG ANd AUV

NG f(x) = x3 - x, apou

9(x) =x*—3x% +2x +2

=(x=1)P°=(x=1)+2
=f(x—1)+2.




MoAUWVUPIKEG CuVapPTACEIG

Napédeiypa (ouvéxeia) g(x) =f(x—1)+2

IxAua: g(x) =f(x—1)+2
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Pnrég ouvapmoeig

f(x) = p(x)/q(x) énou o1 p kai g eivai nohuwvupa. D(f) =R~ {x: g(x) = 0}.
Ev yével ol pnTtég ouvapTNoeIg €Xouv acUUNMTwTEG eubeied,.

Napddeiypa
Ag Bewpricoupe TNV cuvdpTnon

X2

f(x) = a7

D(f) =R~ {£1}. Na x = +1, o1 avriotoixeg PES |f(x)| auEdvovral anepidpiora.

() X2=1+1 1o
X) = =
(x*=1)(x2+1) x2+1 x*-1

é101 n f(x) npooeyyilel 1o undév kaBwg 1o |x| aukdvel. H f undevileral yévo oo
x =0 kal apou
X =1=(x=1)(x+1)(x*+1)

eivai f(x) >0 av |x| > 1 kal f(x) <O av [x| < 1.




Pnrég ouvapmoeig

MNapddeiypa (cuvéxeia)




AuTtég elval NUoelg e§IcwoewV TG MOPPNG

Pn(X)y" + 1 (x)y" "+ -+ p1(x)y + po(x) =0,

Orou P, Pn—1,- -+, P1,Po €ival noAuwvupa. O1 pnTéG CUVAPTACEIG eival alyeBpl-
k€G agou eival Nioelg efiowoewv G Hopdnc g(x)y —p(x) = 0 dnou p kal g
eival noAuwvuua. ‘Etol ol

x2+1 X241
=5 f(x)=
x2—1 T+ /X

eival aAyeBpikéc ocuvaptoelg. Na napddelyua n 1eAeutaia eival Auon g €ti-
owong y? — 2xy — 8x? — 18x — 18 = 0. O1 CUVAPTACEIC

f(x)

f(x) =x+3Vx2+2x+2

f(x)=x2  f(x)=8  f(x)=x"

dev eival ahyeBpikég cuvaptioelg (yiari;).



* YnepBarmkég ouvaptmoeig

AuUTEC eival ol cuvapToelg ol oroieg dev eival ahyeBpIKEG. YnepBarikeg (franscend
OUVAPTACEIC €ival Ol TPIYWVOUETPIKEG Ol AVTICTOOPECS TRIYWVONETPIKEG, Ol €K-
Bemkég f(x) = a¥, dnou a eival BetkdG MPAYNATKOG apIBuds, of AoyapIBuol
f(x) = log,x. énou a eival NdN BeTKEG MEAYHATIKOG APIBUAG, Of UNEPROAIKEG Kal
NOMEG GAeG cuvapTioeig, énwg yia napddelypa ol f(x) = xP, ye p dppnro,
f(x) =x*, f(x) = x'/X, 4 o1 edikég ouvapTioels.



Av x eival évag npayuankdg apiBudg kal av Eekivaviag and 1o onpeio (1,0)
TOU TPIYWVONETPIKOU KUKAOU diaypdioupe TOE0 WNKOUG x| kard Tnv BeTIKA Ka-
TevBuvon av x > 0 kal kard v apvnrki av x < 0 kal eav P eival 1o né-
pag autou Tou ToEou, TOTE COoSx = “‘MPOoBOAN Tou P crov opildvrio Gkova’™ Kal
sinx = ""npoBoAn Tou P oTtov karakdpugo dfova’’. ‘ETol yia kdBe x € R

—1<cosx=<1, cos(x + 2kr) = cosx, keZ

—ls<sinx<1, sin(x +2km) =sinx, keZ.

Opiopde
Mia cuvdptnon f Aéyeral NEPIOSIKA av undpxel MPayuaTkog apiBudg L érol
worte

f(x+L)=f(x) yakde x€R. ®

O uIKpSTEPOG BETIKOG NPAyUaTikdG aplBudg L yia Tov onoio 1oxUel n (B) Aéyertal
nepiodog g f.

Ol CUVAPTACEIG COSX KAl Sinx eival NEPIOSIKES CUVAPTATEIG Ue Nepiodo 27 (To
MRKOG Tou povadidiou KUKAOU).



* YnepBarmkég ouvaptmoeig TPIYWVOUETPIKEG CUVAPTHOEIG

sin Kail cos.

KaBe didotnua unkoug 271 nepi€xel 1o NMANPEG NEodiA KABe piag and TG cuvap-
TNoeIG, JIa " BeTIKN Kal JIa apvnTIKA Kaunoupa®. H cosx eival dpmia cuvapton
Kai n sinx eivar nepmm.



* YnepBarmkég ouvaptmoeig TPIYWVOUETPIKEG CUVAPTHOEIG

tan kai cot. Tia x # ki + 71/2 éxoupe ém tan(x +27) = tanx, katéd cuvéneia n
ouvaptnon tan eival nepiodikr). And TIG TRIYWVOUETPIKEG TAUTATNTES UNOAoYIi{ou-
pe

sin(x+m) sinxcosm+cosxsinm  —sinx
tan(x+m) = = =

= e = = =tanx,
cos(x+7) COSXCOST—SINXSINT  —COSX
kard cuvénela n nepiodog dev eival 277, aAd nMBavov . And TV YEWUETOIKN
uAonoinon Tou apiBuou tan x napampoue 61N tan x eival auotnpd aufouca oTo
(—m/2,7/2). Ero1 o€ BIGCTNUA UAKOUG 7T, N tan x eival éva-NpogG-éva, ENopévwg
n nepiodog NG cuvaptnong eivail 1. Eniong

_sin(—x) _ —sinx

tan(—x) = = =t
an(=x) cos(—x)  cosx anx

dnAadn n tan eivai nepirm cuvdptnon. ‘Ouolia n cotx eival neplodIkn e nepiodo
7T KAl €ival eniong nepItm.



ERGECITE Vel oIl TolyWVOLETPIKEG CUVAPTACEIG

f(x) =tanx




ERGECITE Vel oIl TolyWVOLETPIKEG CUVAPTACEIG

3 +4
2 +
f(x) = cotx
'I +4
-7 -7 o 7/2 b4
-1+

Ixfpa: f(x) = cotx
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TOIYWVOUETPIKEG CUVAPTACEIG

* YnepBarmkég ouvaptmoeig
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* YnepBarmkég ouvaptmoeig AVTIOTPOPEG TPIYWVOUETPIKEG CUVAPTACEIG

cos™!. T1o didomua [0,7] n y = cosx eival éva-npog-éva, dpa prnopoUpe va
0PICOUE TNV AVTICTEO®H TG Cos™ ! e nedio opIopoy 10 [—1,1] kar nedio mpwv
10 [0, 77] pe ™ oxéon

cos_]x=y©cosy=x, O<y<m. )

Tnv cos™! GUPBONIZOUE Kal he arccos Kall T SiaBaloupe 1éEo cuvnuitévou. And
TOV 0PICHO TNG AVTIOTPOPNG CuvAPTNONG énetal Ot

cos '(cosx)=x, vya xe[0,n]

cos(cos™'x)=x, ya xe[-1,1]

And TN CULKETEIA TWV YPaPnUATWY TwV COS Kal Cos~ ' we Npog TNV eubeia y = x,

BpiokoupE T YPOPIKA NapdoTacn e cos ™ .



SleleCellVelol )l AVTIOTPOPEG TPIYWVOUETPIKEG CUVAPTICEIG

y= cos™!

X

Ixjpa: H ouvdptnon cos™

Tuvapmoeig
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* YnepBarmkég ouvaptmoeig AVTIOTPOPEG TPIYWVOUETPIKEG CUVAPTACEIG

sin~!. 10 didomnua [-7/2,7/2] n y = sinx eival éva-npog-éva, dpa kal oe aut
TNV AEPINTWON PROPOULE VA Opicoupe TV TV sin”~ ! e nedio opIopoy 1o [-1,1]
kal nedio Tpwv 1o [—7/2,7 /2] pe T oxéon

=1

sinT x=y<siny=x, ——<y<

@

Y
NS

Tnv sin~! OuuBoAilouue kal e arcsin kai TN diapaloupe 1OEo cuvnuitdvou. And
TOV 0PICHO TNG AVTIOTPOPNG CUVAPTNONG CuvayeTtal ot
sin”'(sinx) = x yia x€ [—z ud
' 2’2
sin(sin"'x)=x, yia xe[-1,1]

H ypa@ikr mapdotacn TG sin~ ' MPokUMTel 6av CUMHETPIKY TOU YOAPHWATOS TG
Sin w¢g MPOog TNV eubeia y = x



* YnepBarmkég ouvaptmoeig AVTIOTPOPEG TRIYWVOUETPIKEG CUVAPTHOEIG

y=sin""x,”
/2t 7 oy=x
//
/.
,”/
y =sinx
—7/2-1 0 1 /2
-7
-,
4
e
’ -7 /2r

IxApa: H ouvdpmon sin~!
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* YnepBarmkég ouvaptmoeig AVTIOTPOPEG TPIYWVOUETPIKEG CUVAPTACEIG

tan™!. Iro didomua (-7/2,7/2) n y = tanx eival éva-npog-éva, dpa kai oe
QuT TNV MEPIMWon PNopoUWE va opicoupe Ty v tan™', i} arctan pe nedio
opiopoU To (—00,00) kal nedio TV 10 (—7/2,7/2) ye T oxéon

-1

b4 T
tan” x=y o tany=x, —§<y<—. ®

2

And Tov opIoud TNG avTioTPOPNG CUVAPTNONG GuvAyeTal Ol

tan™'(tanx) = x yia xe(—z z)
’ 2'2
tan(tan"'x)=x,  via xe€ (—oco,00).

H ypa@ikr) napdoTacn e tan™' npokUnTel 0av CUMWETOIKF TOU YPAPAKATOS TNG
tan wg nNpog v euBeia y = x, BAéne Ixnua. Eneidry n cuvdptnon tan eivai
nepITm, énetal 61 kain tan™! eival nepitm (yiari;), éro

tan”'(-x)=-tan"'x, x€eR. )



* YnepBarmkég ouvaptmoeig AVTIOTPOPEG TRIYWVOUETPIKEG CUVAPTHOEIG

,y=tanx
]
]
}
]
]
]
]
] 7
] N
) //
I
! /’
1] ’
77777777777777777 n/2<-777777Jf777777777777777777777777777
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1,7 y =tan !
/
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* YnepBarmkég ouvaptmoeig ExkBeTkég cuvapmoeig

O1 ekBeTkég (exponential) cuvaptiocelg eival TNG HOPPAG
f(x)=d", a>0«kaa#1.

D(f) =Rkai f(x) >0 VxR,

NMpdraon

Av a> 0 kai b> 0 eivar npayuarikoi apiBuoi pe a# 1, 1ére aP > 1 ava> 1, kai
a®<lavO<ax<l.

‘Eotw X7 < Xp
flx) o®

f(X'| ) T g

av a>1,1é1e a7 > 1, ondre n f(x) = a* eival yvnoiwg avtouoa,
av0<a<1,1ére a2 <1, ondre n f(x) = a* eival yvnoiwg @Bivousa.



* YnepBarmkég ouvaptmoeig ExBeTikég ouvapmoeig

Y10 IXAa BAENOUUE TN YPAPIKA Napdotdon e a* yia a = 2.

./




* YnepBarmkég ouvaptmoeig ExBeTikég ouvapmoeig

210 Ixua BAéMoupE TN Ypagikr napdordon G a* yia a=1/2.




* YnepBarmkég ouvaptmoeig ExBeTikég ouvapmoeig

Ixfipa: H exBetikr) cuvéptnon f(x) = expx = e*



* YnepBarmkég ouvaptmoeig ExBeTikég ouvapmoeig

f(x)= e

Ixfipa: H exBetikr cuvdptnon f(x) = exp(—x) = e™



* YnepBarmkég ouvaptmoeig N\oyapiBuIKEG cuvapTnoEIg

H exBerikry ouvdpmon f : R — (0, +00) pe f(x) = € eival auotnpd adtouca, dpa
éva-npoc-éva, Kard CUVENEIa UNdpXel N aviioTpodn cuvdpmon £ ! (0,+00) —
R.

Opicude

MNa x > 0 opiouue T cuvdptnon AoydpiBuo log ue Tn oxéon

y=logx o e’ =x, —00 <y < +00.

Tn cuvdpmon log n Aépe kal UOIKS AoydpiBlo Kai TN cUlBoAiloupe kal e Inx.

‘Erol log = exp™!. H f(x) = log x eival auompd attouca.



* YnepBarmkég ouvaptmoeig AoyapIBUIKEG CUVAPTATEIG

f(x) =logx

o

Ixrjga: H AoyapiBuikr) cuvdptnon f(x) = logx



* YnepBarmkég ouvaptmoeig AoyapIBUIKEG CUVAPTATEIG

f(x) = log|xI|

Ixrjpa: H AoyapiBuikr cuvdpmon f(x) = log |x|
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* YnepBarmkég ouvaptmoeig N\oyapiBuIKEG cuvapTnoEIg

levikétepa yvia a > 0, a # 1 cupBoAiloupe Ty aviiotpoen G f(x) = a*, x € R,

ue log, x. éro1 wore
y=log,x e ad” =x, —00 <y < +00,
e ya yd 4 ” e
Kal TN Aéue ouvapTtnon AoyapiBuo ge Baon a. ‘ETol éxoupe
log,d*=x, x€R, Kal a%8aX =x, x>0,

18161 TEC AOoyapiduwV
Q@ log,1=0
Q log,(xy) =log,x +log,y
Q log,x" =rlog,x.reR.

EnnAéov

X _ _
log, = log(xy ") =loggx+loga(y™") =loggx —log,y.
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* YnepBarmkég ouvaptmoeig N\oyapiBuIKEG cuvapTnoEIg

Mapatnpouue o
logx = log a8 = (log, x)(log a),

KaTd CUVEMEIa

log,x = I log x a0

oga
dNAadn kABe AoyapIBUIKY) cuvAPTNON eKPPAZeTal oav MOAAMAACIO TOU PUGCIKOU
AoyapiBuou. ‘Ouoia

o = elogax — exloga — (ex)|0g0 an

dnNAadn kABe ekBeTIK cuvAPTNon ekPpAleTal cav dUvaun G CUVAPTNONG exXp,
1 cav oUvBeon TNG EKBETIKNG CUVAPTNONG EXP ME MIA YPAPUIK cuvapTnon

a* =exp(la(x)), orou Ig(x) = xlog a. a2



* YnepBarmkég ouvaptmoeig AoyapIBUIKEG CUVAPTATEIG

y = loggx

a>1

Ixfpa: H AoyapiBuikr cuvépton f(x) = log,x pe a> 1

Tuvapmoeig
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* YnepBarmkég ouvaptmoeig AoyapIBUIKEG CUVAPTATEIG

O<axl

o

Ixfjpa: H AoyapiBuiki ocuvdpmon f(x) = logax pe 0< a < 1

Tuvapmoeig
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