OE1 - Baowa MaOnpotika
Yroyyeia TPOTUGLOKIG AOYIKIG

Aoyikég npadeig and , or, not
['o omolecdnmote tiuéc ainberog s, t oto chvoro {true, false} , o1 yvootég mpdéelg
sandt, sort, not s
dtvouv amoteléspota 6To cUvoro {true, false} .
[Na 1 aAyefpikég MOPACTAGEIS TOV YPNGLOTOIOVV TIC TAPATAVE® TPAEELS, 1GYXVOVV 01 YVMOOTES TAVTOTNTES
g AAyefpag Boole .
Hopaderypa 1

I omoteodnmote TIRéG aAnbetog s, t, r 1oxHOLV TO TAPUKATO:

not (s and t) = (not s) or (not t) not (s ort) = (not s) and (not t)
ror(sandt)=(rors)and (rort) rand (s ort) = (r and s) or (r and t)
ror(randt)=rand (rort)=r KOK.

Aoyikés npaleis implies , iff

Opilovpe wa mpaén implies peta&d Ty aAnbetog oc eEnc:
s implies t= (nots)or(sandt).

Opilovpe emiong a mpaén iff : s iff t = (s implies t) and (t implies s) .

IHopatnpnon 1

['o omolecdnmote Tég aAndetog s, t, 10YLOVY TA TAPUKATM:
false implies t = true
s implies true = true
s impliest = (nots)ort not (s implies t) = s and (not t)

(siff t) =true, av ko povo @v s=t -- n ovvdptnon iff tovtileTon pe v xnor

2nueioon Toavtotteg Ommg o1 mapomdveo umopodv va enaindevtovv (i) Kotaokevaloviag TivaKeg

TV aAnBeiag, gite (il) YPNOWOTOIOVTOG TIG TOVTOTNTESG TG AAYyePpag Boole.

IHportdoeig kat Tipés alnbeiag tTovg

Ovoudlovpe mpotoon, pio OMAmorn oy omoio umopel va. amodobel pe padnuotikd tpodmo rovoonuevro
vonuo., £tol ®ote va gipaote o Béon va amoeaviovpe katd OGO 1oYVEL N OeV 1oYVEL. e pia mpdtaon ¢
avtiototyiletan Tavto pid povadtkn riun ainbeiag, TA( @) € {true, false} .
H dnAwon ¢ Bempeitan 6t ainybevet, dv kol povo av TA( @ ) =true. Apa &govue

TA( ¢ ) =true, 6tav aAnbedein ¢ TA( ¢ ) = false , 6tav oev aknbevetn o .



IHapatnpnon 2

ZOUPOVA [LE TO TOPOATAVE®, TA"oxkouy ") =TA(o )and TA(vy) .
TA"peltey ") =TA(9 )or TA(vy).
TA(" 6o ")=not TA(¢) .

2overaywyi Mié pdtaon " av @ 10te ¥ " Beswpeitor 6T aAnbedel, Otav:
elten @ dev adnbedel, gite aAnbevovv o ¢ xar v .

Aupiopoun coveraywyn M tpoétaon " @ av ko povo av y "' Bewpeitor 6TL aAnbevetl, dtav:

aAnfedovv ol "av ¢ 10t Yy " Kor "av y101E O " .

IHapoatnpnon 3

SHUPOVA [LE TOVG OPIGHOVE TV AoYIK®V Tpdéemv implies , iff, &yovpe:
TA(" av @ tote ¢y ") = (not TA(¢)) or (TA(¢)and TA(vy))
= TA( ¢ ) implies TA(vy ) .
TA(" @ avkarpovoav ¢y ") = (TA( ¢ ) implies TA(y)) and ( TA( v ) implies TA( ¢ ))
= TA(o) iff TA(vy) (=TA(¢) xnorTA(vy))
Ao v Aoknon 3,
TA(" @ avkarpovoav v ") = (TA( @ ) implies TA(y ) ) and ( (not TA( ¢ )) implies (not TA( v )))

TA(" o avkarpovoav ¢y ") = (TA(@)and TA(y ) ) or ((not TA( ¢ )) and (not TA(vy))).

Ilpotaciakés popess Kar L0yikny icodovvouio

Ovoudlovue mpotaoioxy popen, Wo SNA®ON otV Omoiot UmopovV vo eUQOVILOVTOL WS TapPaUETPOl TO
coupora ¢ , ¥y KAm. Otav ol TOPAUETPOL TNG TPOTAGLOKNG LOPPNG avTiKaTAcTadobV LE TPOTACELS, Oa
TpokLTTEL KAOE POopa pio TPOTAOT.

To vonuo pidg mpotaclokng Hopeng mpocdtopiletal kKOs Popd amd TG TPOTAGES TOV AVTIKAOIGTOOV TIC
nopapétpoug ™me. H tun aAnbelog pidg mpotaciakng popeng, mpocdtopiletar kdbe @opd omd TG Tiués

oAnBe1ag TV TPOTAGEMY TOV AVTIKAOIGTOOV TIG TAPAUETPOVS TNG
Avo mpotactakés popeés, (e, vy, ...) kar P(, v, ...) , Aéyovtan Loyika 16000vaues O6TOv:
Y10l OTTOIECONTOTE TIUES aANBE0G TV (TPoTdcemy Tov avtikabiotaviot oTic 06celg TOV) @ , ¥ KAT,

TA(II(g, v, ...) ) = TA(P(o, v, ...)) .

Mia mtpotaciaxn popen (e, v, ...) Aéyetan éykvpny OTAV: Yo OTOECONTOTE TIUEG AANOELNG TOV ¢ , ¥ KAT,
TA( (e, v, ...) ) = true.



Hopdderypo 2

nn

(1) Ol TpoTOGLOKES LOPPES "o ko y ", "y ko ", "oxr "o elte y ,
etvat avé 000 AoyiKd 160SVVaLLES.

nn rn

(11) O1 TPOTOGLOKES LOPPES (a) "opelte "o (b) "av "Oop"Ope'" 101 Q"

() "wyxouue" elte " "oy k" elte "yrar o' " eglte " oty ko "o’ ",

elvan éykopec.

IHopatnpnon 4

H mpotacioxn popen " ¢ av kot pdévo av ¢ " elvarl Aoyika 16odvvaun pe tnyv

"av ¢ 10te Y " Ko "av y1OTE Q" .

2vvnbiouéveg Aoyikég 1codvvauies
Ol TPOTOGLOKES LOPPES "¢ ovvemdyetor ", "o puovoov y", "ywoav ",
Bempovvtor Aoy1Kd 16000OVAUES e TV "oav ¢ toTE Y ".

H mpotacioxn popen " ¢ av kai uévo av v " Bewpeitar Aoyikd iwcodvovoun pe v "o avw y ",

KoL [E TNV o av y" ke "o povoav y"".

H mpotacioxn popen " av y 1618 0 " dev eivar Loyixd 160d0voun e TNV TPOTAGLOKY LOPON

"oav ¢ toTE Y " (n mpdN ovoudletan avtiotpopn TG OevTEPNG  -- PA. Acknon 2).

H mpotacioxn popen "av ¢ toéte vy " eivon Aoywkd icodvvaun pe v " av oyt v, 10te O ¢ "

(n devtepn ovoudleton avaopopn g TpOTG -- PA. Acknon 3).

Ilpotaciaxés covapTyoels

Ovoudlovue Tpotaoiaxy ocovaptnon po MAwon ¢ otnv ortoia epeavilovror petaPfantés, t€toln wote: Otav
o1 HETAPANTES TS @ avTIKOTAGTOOOVUV pE TIHEG amd Eva KatdAAnAo mtedio opiopuod U , mpokdmntel kébe popd
pio TpoTOoN.

To vomua pdg mpotaciakng cvuvaptnong (emopévmg kot 1 Tiun aAndelog tg) dev Bempeitoan povoonuavro,

enedn kabopileton amd Tic TIHEG TOV B 006000V GTIG LETABANTES TNG.

Eyxvpotnra - Ioyvg Mia mpotaciokn cuvdptnon ¢ Aéyeton Eykopn oo meoio opiouot U, dtav:
LE TNV OVTIKATACTOOT TOV UETAPANTOV TG ¢ UE 0moieadnmote TYES oV avikovy oto U , TpokOTTEL o
TPOTOOT e T aAndetog true .

Ioodvvapa, 6tav n ¢ givor £ykvpn oto medio optopov U Bewpodue 6tin ¢ teyvet yio.to U .



IHapoatnpnon S

2Opemva e Tov oplopd g Aoykng Tpdéng implies, dv ot @ W gival TPOTAGIOKEG GLUVOPTNOELS:
(a) HomMAwon " av ¢ tote v " dmov gppavifovtan petafAntéc woyvet 6to medio optopod U, avv:
Y10l OTTOIECONTOTE TYES TOV UETAPANT®OV TTov aviikovy 6to U , TA( ¢ ) implies TA(y ) = true,
(b) HomAwon " av ¢ t6te v " 6mov gpaviCovron petafAntég dev woyvet oto U, avv:
vapyovv 6to U (KoTdAAnAeg) Tég TV petafintav, étot dote  TA( ¢ ) implies TA( v ) = false,
ONAadn| TA( @ )= true xau TA(y ) = false.

Ot Tég avTég amoTteAoVV avimapdoeryuo Yo, Ty OAwon " av ¢ 1ote v .

Hopdoetyua 3

(1) al. 'Eotw 6t x,y elvor axépaiot.
H mpotaciaxn cuvéptnon " av X2 < y2 tote X<y ", d¢ev glvar £ykvpn oTovg aképatovs: eEetdlovtag To
Suvatd amotedéopata T ouvapmone  n(x, y) = TA(" x*< y* ") implies TA(" x<y ") , BAémovpe 611

n(2, —3) = (true implies false) = false .

n

Enopévmg, n ocvveraymyn av X< y2 tote X<y " gV 10YVEL YO TOLG OKEPOLOVG: VLTAPYEL TO

OVTUTOPASEHE Xo =2, Yo =—3 , Yi0. TO 07010 £XOVHE Xo> < Voo , GAAG Xo > Yo .

a2. Eotw 611 X,y elvon Betirol axépatot.
H napandve mpotaciakr cvvaptnon " av x* < y2 tote X<y ", elvan £yKvpn 6TOVG BETIKOVG AKEPALOVG:
BAEmOLLE OTL, Y10 OTOLOVEITTOTE BETIKOVC aKEPAIOVS X , Y, eite o éyovpe  TA(" x*< y* ") = false , 7 a
gyovue TA(" x*<y* ") =true xou TA("x<y")=true -- Gpa, m(x,y)= true.

"

r , 2 2 J , , r I
Emopévag, n ovverayoyr " av X<y’ 16te X<y " 10y0el Yo TOUG BETIKOVG AKEPOLOVG:  dEV VTAPYEL

OVTITOPAOELY LLOL.

(11) bl. Eotw 611 X,y &ivou zpayuatixoi.

H npotactakn ovvapmon "av x°< 0 1tote x°<y ", eivor yKvpn GTOVS TPOYUOTIKOVS: €EETGLOVTAC TO!
Suvortd amoteléopato ™G ovvapmong  p(x, y) = TA(" x* < 0") implies TA(" x*<y "), PAémovpe O1t:

Y10, OOLOVGIHTOTE TPAYIATIKOVG X , v, Ba éyoope TA(" x> < 0 ") = false --  Gpo p(x, y) = true
(napatipnon: ntwd TA(" x> <y ") pmopei va eivan gite true eite false ) .

r , 2 r 2 , , J
Emopévac, n ovvernaymyn av X" < 0 10te X" <y'" 1gyder Yyl TOVG MPOYUOTIKOVG: OEV LIAPYEL

OVTITOPAOELY LLOL.

b2. Eotw 611 X,y &ivou uryadikol.
H mapoandveo mpotaciokn cvovédptnon " av x*< 0 1ot X°< y ", 0gv glval £yKupn 6TOLG HLYodKOVGS:
BAémovpe 011 p(i, —3) = (true implies false) = false .

Enopévmg, n ocvvemayoyn av x°< 0 tote Xx°< y " dev 1oyhEL Y TOLG UIYAdIKOVS:  VTAPYEL TO

OVTIAPASEy A Xo =1, Yo =-3 , ylo T0 0moio £xovpe Xo° <0, 0AAG Xo® = Yo .



(i1) cl. Eotow 6t x,y elvor aképatot.
H nmpotaciokn cuvéptnon " av x—y =1 10t y—x = 1", dev givan £ykvpmn o1ovg axépatovg: eEeTalovtag
T, dSvvatd amoteléopota TG ovvaptnong  o(x, y) = TA(" x—y =1 ") implies TA(" y—x=1"), PAémovpue
ot o(1, 0) = (true implies false) = false .

n

Enopévmg, n ovveraymyn " av x-y =1 101e y-Xx =1 " dev 10%0€l Y10 TOVG AKEPAIOVS: VTAPYEL TO
avmapadetypa Xo=1, yo =0, yia 10 omoio éyovpe Xo—yo=1, aAld yo—Xo# 1.

c2. Eotw 61t X,y eivar otoyygio tov cuvorov U= {0, 2} .
H mopondve mpotaciokn cvovapmmon " av x-y =1 101e y—x = 1", elvon €yxvpn oto medio opiopov U:
BAémovpe 011, Yo omotadnmote X , y oto U , Ba £yovpe TA(" x—y=1")=false -- dpa, o(x,y)=true
(avegapmnta amd v TA("y—x=1")).
Enopévmg, n ovvenayoyn " av x-y =1 t0te y—x = 1" 1oybet o to obvoro U = {0, 2}: Oev vmdpyet

OVTITOPAOELY LLOL.

XyeTwkn] Prphoypogio

Bovpoc — Awoxprtd Mabnuotikd kon Modnuotikn Aoyikn A:

1.1 TIpotdoeig ko [Tocodeikteg -- péypt kou to [Mapdderypo 1.16 (oeA. 28).

Rosen - Discrete Mathematics:

1.1 Propositional Logic

1.3 Propositional Equivalences



AXKHXEIX

0. EmoAn0ebote 0Tt 01 mopoakdt® 16OTNTES IGYVOVV, Y10 OTOEGONTOTE TIUEG aAn0etag s, t :
sor(sandt)=sand (sort)=s
(s and t) and (s or t) = (s and t) (sandt)or(sort)y=(sort).
(s and t) or (not s) or (not t) = true .

B EmaAnbedote 0TL 01 TOPOKAT® TPOTACIOKES LOPPES, Elvar (ava dV0) AOYIKA 1GOOVVOLES:

nn nn n n

"o elte" g xor y "o ko " eitey [0}

EnaAnBevote 611 1 TpOTOGIOKT LOPOT| "o ko y" gite "opo" elte "oy "

glvan &yxopn.
o [ kdOe pio amod Tic mapokdto 106tnTEG, Ppeite THEG aAnBelag Tov va TNy dtoyeddovv:
simpliest=sand t s implies t =t implies s s implies t =s iff' t sifft=sandt.
B EmoAnOevote 011, QvALESO OTIG TAPUKAT® TPOTUGIUKEG LOPPEG, OEV VITAPYOVY dVO OLOPOPETIKES
oL Vo vl AoY1Kd 16000VaLES:

"ov e totey " "o xory " "ovy 1ot " " av kot poévo av y " .

0. EmoAn0ebote 0Tt 01 mopakdt® 160TNTES IGYVOVV, Y10 OTOIEGONTOTE TIUEG aAn0etag s, t :
s implies t = (not t) implies (not s)
s iff t = (s implies t) and ( (not s) implies (not t) )

sifft=(s and t) or ( (not s) and (not t) ).
B EmaAnbevote 011 1 potaciokn popen " av @ téte ¥y "' givon Aoyikd 100dVvVaun LE TV
"av oyt y,t0tE 0L O "

v EmainBevote 6t mpotaciokn popen " @ ov Kot poévo av "' etvar Aoyikd 1codvvaun Le TV

nn rnon

av @ tote Yy " kot "av'oy ¢, tote O W .
o Bpeite o alyePpikn mapdotaon f(s, t) , mov va ypnoipomoet povo tig mpaeg iff, and,
Kot ylo Ty omoia va woyvel (s, t) =s implies t, vy omoleodnmote TIUEG aAnOelog s, t.

B Bpeite o akyeBpikn mapdotaon g(s, t) , mTov vo ypnopomost povo Tig Aoywég npatelg iff, or,

KoL Y10, TV omoia va, .oyvel  g(s, t) = s implies t, yio omolesdnmote TIpéEG aAnbelog s, t .



10

o Bpeite (o adyefpikn mopdotacn xor(s, t) , mov va xpnotpomosi Hovo Tig Aoyikég Tpdéelg
or, and, not, Kot Yyl TNV onoio VoL IoYVEL: xor(s, t) = true av Kot povo av - s #t,

Y10l OTTOIECONTOTE TIUEG aAnOel0g S, t .
B EmaAnbevote 011, Y100 omO1ECONTTOTE THES OANO€0G S, t, T,

xor(s, s) = false xor(s, t) = xor(t, s) xor( s, xor(t, r) ) = xor( xor(s, t) , r) .

a Bpeite y1o0 mowovg aképatovg x , woydeln cvvenayoyn "av x<1 toéte x<0".

B Bpeite yio mo100g Betikovg aképatovg X , 1oydel | ocvvemaywyn "oav x<0 tote x <-1".

o Bpeite y1o0 mo100g Tpaypotikods X , 1o(OEL 1] AUEIOPOUT CUVETOYMYY|
"x* <0 av Kot puovo av X2 <—1",
B Bpeite yio m0100¢ TPOYHATIKOVG X , IOYVEL 1] AUOIOPOUT] GUVETAY®OYT

"x? <0 ov Kot povoav x<-1".

a Bpeite yio mo100¢ axépatovg X , y, 16Y0€L 1] cuvenaywyr " av x? < y2 T0Te X<y ".

, , , , . 2 . 2
B Bpeite yio mo1ohg pyadkovg X,y , woyvel n ovvenayoyn "av x°<0tote X" <y".

INo kaBe pia amd 11 TapakdTm INADGELS, Ppeite av woyvel ota e£Ng tedio opiopoD:

U={}, Up={1}, Us={l2}.

a "X¢X"
B "av x<y 1t6te Yy<x"
Y "av "x#Fykmz£y" 10t€ x=2".

EnaAnBevote 011 kdBe dOnAwon 6mov gppaviCovion petafAntéc, 1oyvetl oto medio opiopov U= { } .



ATOVTNGELS EMAEYRUEVOV UCKGE®V
2 o lNa kaBe pia atrd TIg TTaPAKATW 160TNTEG, BPEiTe TIHES aABeIag TTou va Tnv diayweUdouV:
simpliest=sand t s implies t = t implies s s implies t = s iff t sifft=sandt.

Katackevalovpe éva mivako Tov Kataypaeet, yio OAES TIg Suvatég THEG aAnBelag TV HeTafANTOV s, t,
TI¢ TIHEG aAnBetlog Kabe LAg amod TIG TOPACTAGELS TOV OVOPEPOVTAL.

"o ocvvtopia, ypaeovpe T avti yia true kou F avti yuo false .

s t s implies t sand t t implies s sifft
T T T T T T
T F F F T F
F T T F F F
F F T F T T
Am6 tov mivaxa fAémovpe OTL: simpliest # sandt otav s=F t=T
s implies t # timplies s otav s=F t=T
simpliest # sifft otav s=F t=T
sifft # sandt otav s=F t=F

B EmmaAnBeuoTe 611, avAuECa OTIG TTAPAKATW TTPOTOCIOKES HOPPES, BEV UTTAPYXOUV OUO DIAPOPETIKEG

TTOU va gival AoyIK& I000UVAEG:

"av o totey " "oy " "oavytote @ " "¢ av ko povoav y " .

Yvykpivovpe Tig dSuvaTtéc TG aAndelog TV "ov e tote y " "o xory " yvoplovpe, Ot
TA(" av ¢ tote ¢y ") = TA( ¢ ) implies TA( vy )
TA"eoxory ") = TA(e )and TA(vy) .

Ao tov Tapandve mivaka, PAETovUE OTL

TA( ¢ ) implies TA(y ) # TA( ¢ )and TA(y) otav  TA( ¢ )= false.

Epyalopacte avaroyo yio OAeG TIG VTOAOUTEG TEPUTTOCELS.



3 o EmaAnBeuoTe 611 o1 TTapakdTw 100TNTEG I0XUOUYV, YIO OTTOIECOATTOTE TINEG aAnBeIag s, t:

s implies t = (not t) implies (not s) (1)
s iff t = (s implies t) and ( (not s) implies (not t) ) (2)
sifft=(s and t) or ( (not s) and (not t) ). 3)

Mmnopovpe vo. KOTOOKEVACOVUE £va TVAKO TOL VO, KATOYPAPEL TIG TIHEG aAnbelag kdbe pdag omd Tig

TOPOCTAGELS TOV EUPAVICOVTOL KO VO TIG GVYKPIVOVIE -- 1) EVOAAOKTIK(, UTOPOVLE VO YPT|CLLOTO|COVLE

TIC NG TOPATNPNOELS:

Av tavticovpe Vv T aAnbeog true pe v apiuntikn 1, ko v T aAnbewog false pe to 0,

Eyovpe 0Tt (ap1OUNTIKA) (nott)=1-t

Kot emiong 0Tt (simpliest)=1 av s<t, (sifft)=1 av s=t
(simpliest)=0 av s>t (sifft)=0 av s#t.

EAéyyoupue 6t 1oy0et apBuntcd n woomta (1) ((nott) implies (nots))=1 oavv (not t) < (not s) ,

avww 1-t<1-s,0nladn s<t. Apa ((nott) implies (nots))=1 avv (simpliest)=1.

Enopévog,  ((nott) implies (nots)) = s impliest.

ELéyyovpe 6t 1oyl aplOuntikd 1 wooétta (2) . To de€10 oxérog €xel Tiun 1 tav (s implies t) = 1 ko
( (not s) implies (nott) ) =1, dnAadn 6tov s <t ot t<s.To apiotepd okérog Exet tun 1 6tav s =t.

Enopévog, n (2) oydet apOuntikd.
6 o Bpeite yia TTo10U0¢ aképaioug X , I0XUEI N ouveTTaywynl "av x <1 161e Xx<0".
Oa mpéner va Eyovpe TA(" x< 1" ) implies TA(" x <0 ") =true . Enedn] s impliest = (not s) ort, mpémet
va etvan gite x > 1 elte x <0, ohadn X #0 (apod To X ivor akEPatog).
B Bpcite yia TT0I100G BETIKOUG QKEPAIOUG X , IOYXUEI N ouveTTaywyn "av x<0 101 Xx<-1".

INo va uiv 1oydel n cuveraymyn, Ba tpénet va Exovpe TA(" x <0 ") =true xou TA(" x <-1") = false ,
dpo —1<x <0 BAémovpe 6t dev vapyeL BETIKOC aKEPOIOG X DOTE VO LNV 1GYVEL 1] GUVETAY®YT|, Gpa Ba

oVl Yo kéBe BeTicd axéparo.



