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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0DWKHPDWLFV ,
/HFWXUH �

&RPSOH[ 1XPEHUV

'U $WKDQDVLRV $QGULNRSRXORV
��M/`BFQ!+2B/XmT�i`�bX;`

-RKQ *RXQDULGLV
B;QmM�`B/Bb!mT�i`�bX;`

8QLYHUVLW\ RI 3DWUDV� 'HSW� &RPSXWHU (QJLQHHULQJ DQG ,QIRUPDWLFV

1RYHPEHU �� ����

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,

mailto:aandriko@ceid.upatras.gr
mailto:igounaridis@upatras.gr
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ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

7DEOH RI FRQWHQWV ,
� ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ

ȅȡȚıȝȩȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
șİĲȚțȑȢ įȣȞȐȝİȚȢ ȝİ ĮțȑȡĮȚȠ İțșȑĲȘ ĲȠȣ L
ǹʌȩȜȣĲȘ ĲȚȝȒ
ȆȣșĮȖȩȡİȚȠ ĬİȫȡȘȝĮ

� ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

� īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

7DEOH RI FRQWHQWV ,,
� ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

� ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ
ȉİĲȡĮȖȦȞȚțȒ ȡȓȗĮ
ǶȥȦıȘ ıİ įȪȞĮȝȘ
ĭȣıȚțȩȢ ȜȠȖȐȡȚșȝȠȢ
ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȅȡȚıȝȩȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
șİĲȚțȑȢ įȣȞȐȝİȚȢ ȝİ ĮțȑȡĮȚȠ İțșȑĲȘ ĲȠȣ L
ǹʌȩȜȣĲȘ ĲȚȝȒ
ȆȣșĮȖȩȡİȚȠ ĬİȫȡȘȝĮ

ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ

ĬİȦȡȠȪȝİ ĲȘȞ İȟȓıȦıȘ [� + � = �
ǹȣĲȩ ȝʌȠȡİȓ ȞĮ ȖȡĮĳĲİȓ ȦȢ [� = ±� RU [ = ±

√
−�

īȚ¶ ĮȣĲȩ

ȅȡȚıȝȩȢ
ȀȐșİ ĮȡȚșȝȩȢ ] ʌȠȣ ȝʌȠȡİȓ ȞĮ ȖȡĮĳĲİȓ ȝİ ĲȘ ȝȠȡĳȒ ] = D+ EL ȩʌȠȣ
D, E ∈ R� L� = −� țĮȚ ] ∈ C� ȠȞȠȝȐȗİĲĮȚ ȝȚȖĮįȚțȩȢ ĮȡȚșȝȩȢ

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȅȡȚıȝȩȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
șİĲȚțȑȢ įȣȞȐȝİȚȢ ȝİ ĮțȑȡĮȚȠ İțșȑĲȘ ĲȠȣ L
ǹʌȩȜȣĲȘ ĲȚȝȒ
ȆȣșĮȖȩȡİȚȠ ĬİȫȡȘȝĮ

īȞȦȡȓȗȠȣȝİ ȩĲȚ

L 3 = L 2L = ±1(L) = ±L L 4 = (L 2)2 = (±1)2 = 1

L 5 = (L 2)2L = 1(L) = L L 6 = (L 2)3 = (±1)3 = ±1
L 7 = (L 2)3(L) = ±L L 8 = (L 2)4 = 1

īȚ¶ĮȣĲȩ� ʌĮȡĮĲȘȡȠȪȝİ ȩĲȚ ȩȜİȢ ȠȚ ȝİȖĮȜȪĲİȡİȢ įȣȞȐȝİȚȢ ĲȠȣ L ȝʌȠȡȠȪȞ
ȞĮ İțĳȡĮıĲȠȪȞ ȝİ ĲȘ ȝȠȡĳȒ ȝȚĮȢ ȑȦȢ ĲİııȐȡȦȞ ĲȚȝȫȞ L, ±1, ±L, 1� ǼȐȞ
Q șİĲȚțȩȢ ĮțȑȡĮȚȠȢ ĲȑĲȠȚȠȢ ȫıĲİ Q > 4�ĲȩĲİ ȖȚĮ ȞĮ ȕȡȠȪȝİ ĲȠ L Q�
įȚĮȚȡȠȪȝİ ĮȡȤȚțȐ ĲȠ Q ȝİ 4�

ǲıĲȦ P ĲȠ ʌȘȜȓțȠ țĮȚ U ĲȠ ȣʌȩȜȠȚʌȠ�
ȉȩĲİ Q = 4P+ U ȩʌȠȣ 0 ≤ U < 4
īȚ¶ ĮȣĲȩ� L Q = L (4P+U) = L 4PLU = (L 4)PL U = L U ĮȞ țĮȚ L 4 = 1

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȅȡȚıȝȩȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
șİĲȚțȑȢ įȣȞȐȝİȚȢ ȝİ ĮțȑȡĮȚȠ İțșȑĲȘ ĲȠȣ L
ǹʌȩȜȣĲȘ ĲȚȝȒ
ȆȣșĮȖȩȡİȚȠ ĬİȫȡȘȝĮ

ǹʌȩȜȣĲȘ ĲȚȝȒ

ȂȚĮ İȞĮȜȜĮțĲȚțȒ İʌȚȜȠȖȒ ȖȚĮ ĲȚȢ ıȣȞĲİĲĮȖȝȑȞİȢ ıĲȠ ıȪıĲȘȝĮ ıȣȞĲİĲĮ�
ȖȝȑȞȦȞ İȓȞĮȚ ĲȠ ʌȠȜȚțȩ ıȪıĲȘȝĮ ıȣȞĲİĲĮȖȝȑȞȦȞ ʌȠȣ ȤȡȘıȚȝȠʌȠȚİȓ
ĲȘȞ ĮʌȩıĲĮıȘ ĲȠȣ ıȘȝİȓȠȣ ] ĲȠȣ RULJLQ2� țĮȚ ĲȘȞ ȖȦȞȓĮ ʌȠȣ ʌİȡȚȑȤİĲĮȚ
ĮȞȐȝİıĮ ıĲȠȞ șİĲȚțȩ ȐȟȠȞĮ ĲȦȞ ʌȡĮȖȝĮĲȚțȫȞ țĮȚ ĲȠ İȣșȪȖȡĮȝȝȠ
ĲȝȒȝĮ 2] LQ D FRXQWHUFORFNZLVH VHQVH� ǹȣĲȩ ȝĮȢ įȓȞİȚ ĲȘȞ ʌȠȜȚțȒ
ȝȠȡĳȒ ĲȦȞ ıȪȞșİĲȦȞ ĮȡȚșȝȫȞ�

ȅȡȚıȝȩȢ
Ǿ ĮʌȩȜȣĲȘ ĲȚȝȒ �Ȓ PRGXOXV Ȓ PDJQLWXGH� RI İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
] = [+ \L İȓȞĮȚ

U = |]| =
√

[2 + \2.

ǼȐȞ ] İȓȞĮȚ ʌȡĮȖȝĮĲȚțȩȢ ĮȡȚșȝȩȢ �įȘȜĮįȒ� İĮȞ \ = 0�� ĲȩĲİ U = |[|�
ǹȣĲȩ ıȘȝĮȓȞİȚ ȩĲȚ Ș ĮʌȩȜȣĲȘ ĲȚȝȒ İȞȩȢ ʌȡĮȖȝĮĲȚțȠȪ ĮȡȚșȝȠȪ ȚıȠȪĲĮȚ
ȝİ ĲȘȞ ĮʌȩȜȣĲȘ ĲȚȝȒ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȅȡȚıȝȩȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
șİĲȚțȑȢ įȣȞȐȝİȚȢ ȝİ ĮțȑȡĮȚȠ İțșȑĲȘ ĲȠȣ L
ǹʌȩȜȣĲȘ ĲȚȝȒ
ȆȣșĮȖȩȡİȚȠ ĬİȫȡȘȝĮ

ǹʌȩ ĲȠ ȆȣșĮȖȩȡİȚȠ Ĭİȫ�
ȡȘȝĮ� Ș ĮʌȩȜȣĲȘ ĲȚȝȒ
İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
İȓȞĮȚ Ș ĮʌȩıĲĮıȘ ĲȠȣ
ıȘȝİȓȠȣ Įʌȩ ĲȘȞ ĮȡȤȒ ĲȦȞ
ĮȟȩȞȦȞ ʌȠȣ ĮȞĮʌĮȡȚıĲȐ
ĲȠȞ ıȪȞșİĲȠ ĮȡȚșȝȩ ıĲȠ
ıȪıĲȘȝĮ ıȣȞĲİĲĮȖȝȑȞȦȞ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

0RGXOXV DQG DUJXPHQW ,

ȅȡȚıȝȩȢ
ȉȠ DUJXPHQW ĲȠȣ ] �ıİ ʌȠȜȜȑȢ İĳĮȡȝȠȖȑȢ ĮȞĮĳȑȡİĲĮȚ ȦȢ ĳȐıȘ φ
İȓȞĮȚ Ș ȖȦȞȓĮ ȝİĲĮȟȪ ĲȘȢ ĮțĲȓȞĮȢ 2] țĮȚ ĲȠȣ șİĲȚțȠȪ ȐȟȠȞĮ ĲȦȞ
ʌȡĮȖȝĮĲȚțȫȞ� țĮȚ ȖȡȐĳİĲĮȚ ȦȢDUJ( ])� ǵıȠȞ ĮĳȠȡȐ ĲȠ ȣʌȩȜȠȚʌȠ� ĲȠ
DUJXPHQW ȝʌȠȡȠȪȝİ ȞĮ ĲȠ ȣʌȠȜȠȖȓıȠȣȝİ Įʌȩ ĲȘȞ ĲİĲȡĮȖȦȞȚțȒ ȝȠȡĳȒ
[ + \L İĳĮȡȝȩȗȠȞĲĮȢ ĲȘȞ ĮȞĲȓıĲȡȠĳȘ İĳĮʌĲȠȝȑȞȘ ıĲȠ ʌȘȜȓțȠ ĲȦȞ
LPDJLQDU\�E\�UHDO ȝİȜȫȞ� Ȃİ ĲȘ ȤȡȒıȘ ĲȘȢ KDOI�DQJOH ĲĮȣĲȩĲȘĲĮȢ İȞȩȢ
ȝȩȞȠ EUDQFK ĲȘȢ ĮȞĲȓıĲȡȠĳȘȢ İĳĮʌĲȠȝȑȞȘȢ Įȡțİȓ ȖȚĮ ȞĮ țĮȜȪȥȠȣȝİ ĲȠ
İȪȡȠȢ ĲȘȢDUJ �ıȣȞȐȡĲȘıȘȢ� (−π,π]� țĮȚ ĮʌȠĳİȪȖȠȣȝİ ĲȘȞ ʌİȡȓʌĲȦıȘ
ĲȘȢ ĮȞȐȜȣıȘȢ țĮĲȐ ʌİȡȓʌĲȦıȘ �
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

0RGXOXV DQG DUJXPHQW ,,

7Ƞ DUFWDQ(\/[)� İȓȞĮȚ Ș țȜȓıȘ țĮȚ ĲȠ DUFWDQ ȝİĲĮĲȡȑʌİȚ ĲȘȞ țȜȓıȘ ıİ ȖȦȞȓĮ
șİȦȡȫȞĲĮȢ țȜȓıȘ ĲȠ \/[� ǹȣĲȩ ȚıȤȪİȚ ȝȩȞȠ ȩĲĮȞ [ > 0� ȠʌȩĲİ Ƞ ȜȩȖȠȢ ĮȣĲȩȢ
ȠȡȓȗİĲĮȚ țĮȚ Ș ȖȦȞȓĮ ȕȡȓıțİĲĮȚ ȝİĲĮȟȪ−π/2 țĮȚπ/2� ȅ ȠȡȚıȝȩȢ İʌİțĲİȓȞİĲĮȚ
ıİ ʌİȡȚʌĲȫıİȚȢ ȩʌȠȣ ĲȠ [ įİȞ İȓȞĮȚ șİĲȚțȩ� ȈȣȖțİțȡȚȝȑȞĮ� ȝʌȠȡİȓ țĮȞİȓȢ ȞĮ
ȠȡȓıİȚ ĲȘȞ țȪȡȚĮ ĲȚȝȒ ĲȠȣ ıĲĮ įȪȠ ȘȝȚİʌȓʌİįĮ [ > 0 țĮȚ [ < 0 �ȤȦȡȚıȝȑȞĮ ıİ
įȪȠ ĲİĲĮȡĲȘȝȩȡȚĮ İȐȞ țȐʌȠȚȠȢ İʌȚșȣȝİȓ ȝȚĮ ʌİȡȚțȠʌȒ țȜȐįȠȣ ıĲȠȞ ĮȡȞȘĲȚțȩ
[− ȐȟȠȞĮ \ > 0, \ < 0��

ϕ = DUJ([+ L\) = DUFWDQ 2(\, [) =






DUFWDQ
(

\
[

)
LI [ > 0,

DUFWDQ
(

\
[

)
+ π LI [ < 0 DQG \ ≥ 0,

DUFWDQ
(

\
[

)
− π LI [ < 0 DQG \ < 0,

+π
2 LI [ = 0 DQG \ > 0,

−π
2 LI [ = 0 DQG \ < 0,

XQGHILQHG LI [ = 0 DQG \ = 0.
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

$QJOH � 3KDVH

ȀĮȞȠȞȚțȐ İʌȚȜȑȖİĲĮȚ Ș SULQFLSDO YDOXH ıĲȠ įȚȐıĲȘȝĮ (−π,π] �ȅȚ ĲȚȝȑȢ
ıĲȠ İȪȡȠȢ (−0, 2π] ʌȡȠțȪʌĲȠȣȞ ʌȡȠıșȑĲȠȞĲĮȢ ĲȠ 2π İĮȞ Ș ĲȚȝȒ İȓȞĮȚ
ĮȡȞȘĲȚțȒ� Ǿ ĲȚȝȒ ϕ İțȖȡȐȗİĲĮȚ ȦȢ UDG �ȂʌȠȡİȓ ȞĮ ĮȣȟȘșİȓ Įʌȩ țȐșİ
ĮțȑȡĮȚȠ ʌȠȜȜĮʌȜȐıȚȠ ĲȠȣ 2π țĮȚ ȞĮ ʌȡȠțȪʌĲİȚ ʌȐȜȚ Ș ȓįȚĮ ȖȦȞȓĮ� ȩʌȦȢ
ʌİȡȚȠȡȓȗİĲĮȚ Įʌȩ ĲȚȢ ĮțĲȓȞİȢ ĲȠȣ șİĲȚțȠȪ ȐȟȠȞĮ ĲȦȞ ʌȡĮȖȝĮĲȚțȫȞ țĮȚ
Įʌȩ ĲȘȞ ĮȡȤȒ ĲȦȞ ĮȟȩȞȦȞ Įʌȩ ĲȠ ]� ȍȢ İț ĲȠȪĲȠȣ� Ș ıȣȞȐȡĲȘıȘ DUJ
ȝİȡȚțȑȢ ĳȠȡȑȢ șİȦȡİȓĲĮȚ ʌȠȜȪĲȚȝȘ � Ǿ ʌȠȜȚțȒ ȖȦȞȓĮ ȖȚĮ ĲȠȞ ıȪȞșİĲȠ
ĮȡȚșȝȩ 0 İȓȞĮȚ ĮȩȡȚĲıĲȘ� ĮȜȜȐ İȓȞĮȚ ıȣȞȘșȚıȝȑȞȘ Ș ĮȣșĮȓȡİĲȘ İʌȚȜȠȖȒ
ĲȘȢ ȖȦȞȓĮȢ 0�

Ǿ ĲȚȝȒ ĲȘȢ ϕ ȚıȠȪĲĮȚ ȝİ ĲȠ ĮʌȠĲȑȜİıȝĮ DUFWDQ 2�

ϕ = DUFWDQ�
(
,P(]),5H(])

)
.
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ ,

ȅȡȚıȝȩȢ
ȅȚ U țĮȚ ϕ įȓȞȠȣȞ ȑȞĮȞ ȐȜȜȠȞ ĲȡȩʌȠ ĮȞĮʌĮȡȐıĲĮıȘȢ ĲȦȞ ıȪȞșİĲȦȞ
ĮȡȚșȝȫȞ� ĲȘȞ ʌȠȜȚțȒ ȝȠȡĳȒ� ȦȢ ıȣȞįȣĮıȝȩ ĲȠȣ ȣʌȠȜȠȓʌȠȣ țĮȚ ĲȠȣ
ȖȚĮ ȞĮ țĮșȠȡȓıȠȣȞ ĲȘ șȑıȘ İȞȩȢ ıȘȝİȓȠȣ ıĲȠ ıȪıĲȘȝĮ ıȣȞĲİĲĮȖȝȑȞȦȞ�
Ǿ ĮȞȐțĲȘıȘ ĲȦȞ ĲİĲȡĮȖȦȞȚțȫȞ ıȣȞĲİĲĮȖȝȑȞȦȞ Įʌȩ ĲȘȞ ʌȠȜȚțȒ ȝȠȡĳȒ
ȖȓȞİĲĮȚ ȝİ ĲȠȞ ĲȪʌȠ ʌȠȣ ȠȞȠȝȐȗİĲĮȚ ĲȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ�

] = U(FRVϕ+ L VLQϕ).

Ȃİ ĲȘȞ ȤȡȒıȘ ĲȠȣ ĲȪʌȠȣ ĲȠȣ (XOHU ĮȣĲȩ ȝʌȠȡİȓ ȞĮ ȖȡĮĳĲİȓ ȦȢ�

] = UHLϕ.
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ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

0RGXOXV DQG DUJXPHQW
$QJOH � 3KDVH
ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ

ȉȡȚȖȦȞȠȝİĲȡȚțȒ ȝȠȡĳȒ ,,

Ȃİ ĲȘȞ ȤȡȒıȘ ĲȘȢ ıȣȞȐȡĲȘıȘȢ FLV �ʌĮȓȡȞȠȣȝİ İȞ ıȣȞĲȠȝȓĮ�

] = U FLVϕ.

ȈȤİĲȚțȐ ȝİ ĲȘȞ WH[WFRORUEOXHıȘȝİȚȠȜȠȖȓĮ ȖȦȞȚȫȞ� ȤȡȘıȚȝȠʌȠȚİȓĲĮȚ ıȣȤȞȐ

ıĲȠȞ ĲȠȝȑĮ ĲȦȞ ȘȜİțĲȡȠȞȚțȫȞ ȖȚĮ ĲȘȞ ĮȞĮʌĮȡȐıĲĮıȘ ĲȠȣ İȪȡȠȣȢ U țĮȚ
ĳȐıȘȢ ϕ� ȝİ ĲȘȞ ȝȠȡĳȒ�

] = U∠ϕ.

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,



�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

ǼıĲȦ ] = [ + \L ȑȞĮȢ ıȪȞșİĲȠȢ
ĮȡȚșȝȩȢ� ǲıĲȦ įȣȠ țȐșİĲİȢ
ȖȡĮȝȝȑȢ [R[′ DQG \R\′ ıĲȠȣȢ
ȐȟȠȞİȢ [ − D[LV țĮȚ \ − D[LV
ĮȞĲȓıĲȠȚȤĮ� ȝİ 2 ĲȘȞ ĮȡȤȒ ĲȦȞ
ĮȟȩȞȦȞ�
ȈȣȞİʌȫȢ�
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ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

ȅ ĲȪʌȠȢ ĲȠȣ (XOHU

ǼȐȞ șİȦȡȒıȠȣȝİ ĲȠȞ ȝȘ�ȝȘįİȞȚțȩ
ȝȚȖĮįȚțȩ ĮȡȚșȝȩ ] = D + EL ȦȢ
ĲȠ ıȘȝİȓȠ (D, E) ıĲȠ ıȪıĲȘȝĮ ĮȟȩȞȦȞ
[\�ȖȞȦȡȓȗȠȣȝİ İʌȓıȘȢ ȩĲȚ ȝʌȠȡȠȪȝİ
ȞĮ ĮȞĮʌĮȡĮıĲȒıȠȣȝİ ĮȣĲȩ ĲȠ ıȘȝİȓȠ
Įʌȩ ĲȚȢ ʌȠȜȚțȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ (U,ϕ)�
ȩʌȠȣ U Ș ĮʌȩıĲĮıȘ Įʌȩ ĲȘȞ ĮȡȤȒ ĲȦȞ
ĮȟȩȞȦȞ țĮȚ ϕ Ș ȖȦȞȓĮ ıİ ĮțĲȓȞȚĮ�
Įʌȩ ĲȠȞ ȐȟȠȞĮ ĲȦȞ șİĲȚțȫȞ [ ȑȦȢ
ĲȘȞ ĮțĲȓȞĮ ʌȠȣ ıȣȞįȑİȚ ĲȘȞ ĮȡȤȒ ĲȦȞ
ĮȟȩȞȦȞ ȝİ ĲȠ ıȘȝİȓȠ ĮȣĲȩ � ȈȣȞİʌȫȢ�

HLϕ = FRVϕ+ L VLQϕ
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ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȅ ĲȪʌȠȢ ĲȠȣ (XOHU įȓȞİȚ ȝȚĮ ȚıȤȣȡȒ ıȤȑıȘ ȝİĲĮȟȪ ĲȘȢ ĮȞȐȜȣıȘȢ țĮȚ ĲȘȢ
ĲȡȚȖȦȞȠȝİĲȡȓĮȢ�țĮȚ įȓȞİȚ ȝȚĮ İȡȝȘȞİȓĮ ĲȦȞ ȘȝȚĲȠȞȠİȚįȫȞ țĮȚ ıȣȞȘȝȚĲȠȞȠİȚįȫȞ
ıȣȞĮȡĲȒıİȦȞ ȦȢ

FRV [ = 5H
(
HL[
)
=

HL[ + H−L[

2
, ���

VLQ [ = ,P
(
HL[
)
=

HL[ − H−L[

2L
. ���

ȅȚ įȣȠ ĮȣĲȑȢ İȟȚıȫıİȚȢ ʌȡȠțȪʌĲȠȣȞ ʌȡȠıșȑĲȦȞĲĮȢ Ș ĮĳĮȚȡȫȞĲĮȢ ĲȠȣȢ
ĲȪʌȠȣȢ ĲȠȣ (XOHU țĮȚ ȜȪȞȠȞĲĮȢ İȓĲİ ȖȚĮ ȘȝȓĲȠȞȠ Ȓ ıȣȞȘȝȓĲȠȞȠ�

HL[ = FRV [+ L VLQ [, ���
H−L[ = FRV(−[) + L VLQ(−[) = FRV [− L VLQ [ ���

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

ǹȣĲȠȓ ȠȚ ĲȪʌȠȚ ȝʌȠȡȠȪȞ İʌȓıȘȢ ȞĮ ĳĮȞȠȪȞ ȤȡȒıȚȝȠȚ țĮȚ ȖȚĮ ĲȠȞ ȠȡȚıȝȩ
ĲȡȚȖȦȞȠȝİĲȡȚțȫȞ ıȣȞĮȡĲȒıİȦȞ ȖȚĮ ıȪȞșİĲİȢ ȝİĲĮȕȜȘĲȑȢ[�īȚĮ ʌĮȡȐįİȚȖȝĮ�
ȖȚĮ [ = L\� ʌĮȓȡȞȠȣȝİ�

FRV(L\) =
H−\ + H\

2
= FRVK(\), ���

VLQ(L\) =
H−\ − H\

2L
= L

(
H\ − H−\

2

)
= L VLQK(\). ���

ȈȪȞșİĲȠȚ İțșİĲȚțȠȓ ȝʌȠȡȠȪȞ ȞĮ ĮʌȜȠʌȠȚȒıȠȣȞ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ �İʌİȚįȒ
İȓȞĮȚ İȓȞĮȚ ʌȚȠ İȪȤȡȘıĲȠȚ Įʌȩ ĲĮ ȘȝȚĲȠȞȠİȚįȒ ıȣıĲĮĲȚțȐ ĲȠȣȢ�ȂȚĮ ĲİȤȞȚțȒ
İȓȞĮȚ Ș ȝİĲĮĲȡȠʌȒ ĲȦȞ ȘȝȚĲȠȞȠİȚįȫȞ ıĲȚȢ ȚıȠįȪȞĮȝİȢ İțĳȡȐıİȚȢ ȝİ
ĲȘȞ ȝȠȡĳȒ İțșİĲȚțȫȞ� ǲʌİȚĲĮ ĲȠ ĮʌȜȠʌȠȚȘȝȑȞȠ ĮʌȠĲȑȜİıȝĮ İȓȞĮȚ Ș
ʌȡĮȖȝĮĲȚțȒ ĲȚȝȒ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

īȚĮ ʌĮȡȐįİȚȖȝĮ�

FRV [ · FRV \ = HL[ + H−L[

2
· H

L\ + H−L\

2
���

=
1

2
· H

L([+\) + HL([−\) + HL(−[+\) + HL(−[−\)

2
���

=
1

2

(
HL([+\) + H−L([+\)

2︸ ︷︷ ︸
FRV([+\)

+
HL([−\) + H−L([−\)

2︸ ︷︷ ︸
FRV([−\)

)
. ���

ȂȚĮ ȐȜȜȘ ĲİȤȞȚțȒ İȓȞĮȚ Ș ĮȞĮʌĮȡȐıĲĮıȘ ĲȦȞ ȘȝȚĲȠȞȠİȚįȫȞ ȝİ ĲȘ ȝȠȡĳȒ
ĲȘȢ ıȪȞșİĲȘȢ ȑțĳȡĮıȘȢ ʌȡĮȖȝĮĲȚțȩ ȝȑȡȠȢ ĲȠȣ D țĮȚ ȝİĲĮĲȡȠʌȑȢ ʌȐȞȦ
ıĲȘȞ ıȪȞșİĲȘ ȑțĳȡĮıȘ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

īȚĮ ʌĮȡȐįİȚȖȝĮ�

FRV(Q[) = 5H
(
HLQ[
)

����

= 5H
(
HL(Q−1)[ · HL[

)
����

= 5H
(
HL(Q−1)[ ·

(
HL[ + H−L[
︸ ︷︷ ︸

2 FRV [

−H−L[)
)

����

= 5H
(
HL(Q−1)[ · 2 FRV [− HL(Q−2)[

)
����

= FRV[(Q− 1)[] · [2 FRV([)]− FRV[(Q− 2)[]. ����

ǹȣĲȩȢ Ƞ ĲȪʌȠȢ ȤȡȘıȚȝȠʌȠȚİȓĲĮȚ ȖȚĮ ĲȘȞ ĮȞįȡȠȝȚțȒ įȘȝȚȠȣȡȖȓĮ ĲȠȣ FRV Q[
ȖȚĮ ĮțȑȡĮȚİȢ ĲȚȝȑȢ ĲȠȣ Q țĮȚ ĮȣșĮȓȡİĲȠ [ �ıİ ĮțĲȓȞȚĮ��

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȈȣȗȣȖȒȢ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
3RODU
Ǿ ıȤȑıȘ ȝİ ĲȘȞ ĲȡȚȖȦȞȠȝİĲȡȓĮ
ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

ȉȠʌȠȜȠȖȚțȒ İȡȝȘȞİȓĮ

ȈĲȘȞ ĲȠʌȠȜȠȖȓĮ�ıȪȝĳȦȞĮ ȝİ ĲȠȞ ĲȪʌȠ ĲȠȣ
(XOHU Ș ĳĮȞĲĮıĲȚțȒ İțșİĲȚțȒ ıȣȞȐȡĲȘıȘ
W &→ HLW İȓȞĮȚ �VXUMHFWLYH� ȝȠȡĳȚıȝȩȢ ĲȠȣ
ĲȠʌȠȜȠȖȚțȑȢ ȠȝȐįİȢ Įʌȩ ĲȘȞ ʌȡĮȖȝĮĲȚțȒ
İȣșİȓĮR ıĲȠȞ țȪțȜȠ ȑȞȦıȘȢ S1� ȈĲȘȞ
ʌȡĮȖȝĮĲȚțȩĲȘĲĮ� ĮȣĲȩ İțĲȓșİĲĮȚ R
ȦȢȤȫȡȠȢ ʌȠȣ țĮȜȪʌĲİȚ ĲȠȣ S1� ȅȝȠȚȫȢ�
Ș ĲĮȣĲȩĲȘĲĮ ĲȠȣ (XOHU ȜȑİȚ ȠĲȚ ĲȠ
NHUQHO ĮȣĲȒȢ ĲȘȢ ȝİĲĮĳȠȡȐȢ τZ� ȩʌȠȣ
τ = 2π� ǹȣĲȑȢ ȠȚ ʌĮȡĮĲȘȡȒıİȚȢ ȝʌȠȡȠȪȞ
ȞĮ ıȣȞįȣĮıĲȠȪȞ țĮȚ ȞĮ ıȣȞȠȥȚıĲȠȪȞ ıĲȠ
ʌĮȡĮțȐĲȦ įȚȐȖȡĮȝȝĮ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ǻȣȠ ıȪȞșİĲȠȚ ĮȡȚșȝȠȓ D țĮȚ E ʌȡȠıĲȓșİȞĲĮȚİȪțȠȜĮ İĮȞ ʌȡȠıșȑıȠȣȝİ
ȤȦȡȚıĲȐ ĲĮ ʌȡĮȖȝĮĲȚțȐ țĮȚ ĳĮȞĲĮıĲȚțȐ ĲȠȣȢ ȝȑȡȘ � ǻȘȜĮįȒ�

D+ E = ([+ \L) + (X+ YL) = ([+ X) + (\+ Y)L.

ȅȝȠȓȦȢ�ʌȡĮȖȝĮĲȠʌȠȚİȓĲĮȚ Ș ĮĳĮȓȡİıȘ �

D− E = ([+ \L)− (X+ YL) = ([− X) + (\− Y)L.

ǼĮȞ ȤȡȘıȚȝȠʌȠȚȒıȠȣȝİ ȠʌĲȚțȠʌȠȓȘıȘ ȖȚĮ ĲȠȣȢ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ
ıĲȠ ıȪıĲȘȝĮ ĮȟȩȞȦȞ�Ș ʌȡȩıșİıȘ ȑȤİȚ ĲȘȞ ĮțȩȜȠȣșȘ ȖİȦȝİĲȡȚțȒ İȡȝȘ�
ȞİȓĮ � ĲȠ ȐșȡȠȚıȝĮ įȣȠ ıȪȞșİĲȦȞ ĮȡȚșȝȫȞ D țĮȚ E�İĮȞ ĮȞĮʌĮȡĮıĲĮșİȓ
ȦȢ ıȘȝİȓĮ ıĲȠ ıȪıĲȘȝĮ ĮȟȩȞȦȞ� İȓȞĮȚ ĲȠ ıȘȝİȓȠ ʌȠȣ ʌİȡȚȑȤİĲĮȚ Įʌȩ
ĲȠ ʌĮȡĮȜȜȘȜȩȖȡĮȝȝȠ Įʌȩ ĲȚȢ ĲȡİȚȢ țȐșİĲİȢ 2� țĮȚ ĲĮ ıȘȝİȓĮ Įʌȩ ĲĮ
ȕȑȜȘ ȝİ İĲȚțȑĲĮ D țĮȚ E �İĳȩıȠȞ įİȞ İȓȞĮȚ ıĲȘȞ ȓįȚĮ İȣșİȓĮ��

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ǲĲıȚ� ȠȞȠȝȐȗȠȣȝİ ĮȣĲȐ ĲĮ ıȘȝİȓĮ
$, % ĮȞĲȓıĲȠȚȤĮ țĮȚ ĲȠ ĲȑĲĮȡĲȠ ıȘȝİȓȠ
ĲȠȣ ʌĮȡĮȜȜȘȜȠȖȡȐȝȝȠȣ ; ĲĮ ĲȡȓȖȦȞĮ
2$% țĮȚ ;%$ İȓȞĮȚ ıȣȖțȜȓȞȠȞĲĮ� īȚĮ
ȞĮ ȠʌĲȚțȠʌȠȚȒıȠȣȝİ ĲȘȞ ĮĳĮȓȡİıȘ
ʌȡȠıșȑĲȠȣȝİ ĲȠȣȢ ĮȡȞȘĲȚțȠȪȢ
ĮĳĮȚȡİĲȑȠȣȢ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ ,

ǼĳȩıȠȞ ĲȠʌȡĮȖȝĮĲȚțȩ țĮȚ ĲȠ ĳĮȞĲĮıĲȚțȩ ȝȑȡȠȢ�țĮȚ ĲȠ LQGHWHUPLQDWH L
ıİ ȑȞĮ ıȪȞșİĲȠ ĮȡȚșȝȩ șİȦȡȠȪȞĲĮȚ ȩȜĮ ĮȡȚșȝȠȓ� įȣȠ ıȪȞșİĲȠȚ ĮȡȚșȝȠȓ�

] = [+ \L Z = X+ YL

ʌȠȜȜĮʌȜĮıȚȐȗȠȞĲĮȚ ȝİ İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ� ȠȚ ĮȞĲȚȝİĲĮșİĲȚțȒ ȚįȚȩĲȘĲĮ
țĮȚ Ș ȚįȚȩĲȘĲĮ

L 2 = −1

ȍȢ İȟȘȢ�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ ,,

] · Z = ([+ \L) · (X+ YL)
= [(X+ YL) + \L(X+ YL) İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ �įİȟȚȐ�

= [X+ [YL+ \LX+ \LYL İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ �ĮȡȚıĲİȡȐ�

= [X+ \LYL+ [YL+ \LX İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ ĲȘȢ ʌȡȩıșİıȘȢ

= [X+ \YL2 + [YL+ \XL İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ ĲȠȣ ʌȠȜ�ıȝȠȪ

= ([X+ \YL2) + ([YL+ \XL) ʌȡȠıİĲĮȚȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ ĲȘȢ ʌȡȩıșİıȘȢ

= ([X− \Y) + ([YL+ \XL) ıȣȞİĲĮȚȡȚıĲȚțȒ ȚįȚȠțĲȘıȓĮ ĲȠȣ L

= ([X− \Y) + ([Y+ \X)L İʌȚȝİȡȚıĲȚțȒ ȚįȚȩĲȘĲĮ.

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ

Ȃİ ĲȘ ȤȡȒıȘ ĲȦȞ ıȣȗȣȖȫȞ ĮȡȚșȝȫȞ Ƞ ĮȞĲȓșİĲȠȢ İȞȩȢ ȝȘ� ȝȘįİȞȚțȠȪ
ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ ] = [+ \L ȝʌȠȡİȓ ʌȐȞĲĮ ȞĮ ȖȡĮĳĲİȓ ȦȢ

1

]
=

]
]]

=
]
|]|2 =

]
[2 + \2

=
[

[2 + \2
− \

[2 + \2
L,

İĳȩıȠȞ´ȝȘ� ȝȘįİȞȚțȩȢ´ ıȘȝĮȓȞİȚ ȠĲȚ[2 + \2 İȓȞĮȚ ȝİȖĮȜȪĲİȡȠȢ ĲȠȣ
ȝȘįİȞȩȢ�
ǹȣĲȩ ȝʌȠȡȑȚ ȞĮ ȤȡȘıȚȝȠʌȠȚȘșİȓ ȖȚĮ ȞĮ ʌȐȡȠȣȝİ ĲȘȞ ȑțĳȡĮıȘ ĲȘȢ įȚĮȓȡİıȘȢ
İȞȩȢ ĮȣșĮȓȡİĲȠȣ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ Z = X + YL Įʌȩ ȑȞĮ ȝȘ�ȝȘįİȞȚțȩ
ıȪȞșİĲȠ ĮȡȚșȝȩ ] ȦȢ

Z
]
= Z · 1

]
= (X+ YL) ·

(
[

[2 + \2
− \

[2 + \2
L
)

=

1

[2 + \2
(
(X[+ Y\) + (Y[− X\)L

)
.

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,



�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ ,

Ǿ įȚĮȓȡİıȘ țĮȚ Ș ȪȥȦıȘ ıİ įȪȞĮȝȘ İȓȞĮȚ ʌȚȠ ĮʌȜȑȢ ıĲȘȞ ʌȠȜȚțȒ ȝȠȡĳȒ
Įʌȩ ĲȚȢ ĮȞĲȓıĲȠȚȤİȢ ıĲȚȢ ȀĮȡĲİıȚĮȞȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ� ǲıĲȦ įȣȠ ıȪȞșİĲȠȚ
ĮȡȚșȝȠȓ ]1 = U1 FRVϕ1 + L VLQϕ1 țĮȚ ]2 = U2 FRVϕ2 + L VLQϕ2�

ȁȩȖȦ ĲȘȢ ĲȡȚȖȦȞȠȝİĲȡȚțȒȢ ĲĮȣĲȩĲȘĲĮȢ�

FRV(D) FRV(E)− VLQ(D) VLQ(E) = FRV(D+ E)

FRV(D) VLQ(E) + VLQ(D) FRV(E) = VLQ(D+ E)

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ ,,

ǹʌȩ ĲĮ ʌĮȡĮʌȐȞȦ ȝʌȠȡȠȪȝİ ȞĮ ĮȞĲȜȒıȠȣȝİ ĲĮ İȟȒȢ�

]1]2 = U1U2(FRV(ϕ1 + ϕ2) + L VLQ(ϕ1 + ϕ2)).

ǲĲıȚ� ȠȚ ĮʌȩȜȣĲİȢ ĲȚȝȑȢ ʌȠȜȜĮʌȜĮıȚȐȗȠȞĲĮȚ țĮȚ ȠȚ ȝİĲĮȕȜȘĲȑȢ ʌȡȠıĲȓșİ�
ȞĲĮȚ ȖȚĮ ȞĮ ĮʌȠįȫıȠȣȞ ĲȘȞ ʌȠȜȚțȒ ȝȠȡĳȒ ĲȠȣ ĮʌȠĲİȜȑıȝĮĲȠȢ� īȚĮ
ʌĮȡȐįİȚȖȝĮ� ʌȠȜȜĮʌȜĮıȚȐȗȠȞĲĮȢ ȝİ L ʌȠȣ ĮȞĲȚıĲȠȚȤİȓ ȝİ ȑȞĮ TXDUWHU�
WXUQ FRXQWHU�FORFNZLVH� ĲȠ ȠʌȠȓȠ İʌȚıĲȡȑĳİȚ L 2 = 1�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

Ǿ İȚțȩȞĮ ıĲĮ įİȟȚȐ įİȓȤȞİȚ ĲȠȞ
ʌȠȜȜĮʌȜĮıȚĮıȝȩ ĲȠȣ

(2 + L)(3 + L) = 5 + 5L.
ǹʌȩ ĲȘȞ ıĲȚȖȝȒ ʌȠȣ ĲȠ ʌȡĮȖȝĮĲȚțȩ țĮȚ
ĳĮȞĲĮıĲȚțȩ ȝȑȡȠȢ ĲȠȣ 5+5L İȓȞĮȚ ȓıĮ�
Ș ȝİĲĮȕȜȘĲȒ ĮȞĲȚıĲȠȚȤİȓ ıİ 45 ȝȠȓȡİȢ�
Ȓ π

4 �ıİ UDG�� ǼʌȓıȘȢ İȓȞĮȚ țĮȚ ĲȠ
ȐșȡȠȚıȝĮ ĲȦȞ ȖȦȞȚȫȞ ıĲȘȞ ĮȡȤȒ ĲȦȞ
ĮȟȩȞȦȞ �ĲĮ ȝʌȜİ țĮȚ țȩțțȚȞĮ ĲȡȓȖȦȞĮ��

π

4
= DUFWDQ

1

2
+ DUFWDQ

1

3
,

ĮȞĲȓıĲȠȚȤĮ�
$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȆȡȩıșİıȘ țĮȚ ĮĳĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ
ǹȞĲȚıĲȡȠĳȒ țĮȚ įȚĮȓȡİıȘ
ȆȠȜȜĮʌȜĮıȚĮıȝȩȢ țĮȚ įȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ǻȚĮȓȡİıȘ ıİ ʌȠȜȚțȒ ȝȠȡĳȒ

ǲıĲȦ Ƞ ĲȪʌȠȢ

π

4
= DUFWDQ

(
1

2

)
+ DUFWDQ

(
1

3

)

ʌȠȣ ʌİȡȚțȜİȓİȚ

Ǿ DUFWDQ ıȣȞȐȡĲȘıȘ� ȝʌȠȡİȓ ȞĮ ʌȡȠıİȖȖȚıĲİȓ ʌȠȜȪ ĮʌȠįȠĲȚțȐ� ĲȪʌȠȚ
ıĮȞ ĮȣĲȩȞ ±ȖȞȦıĲȠȓ ȦȢ 0DFKLQ�OLNH IRUPXODV ± ȤȡȘıȚȝȠʌȠȚȠȪȞĲĮȚ ȖȚĮ
ȣȥȘȜȒȢ ĮțȡȓȕİȚĮȢ ʌȡȠıİȖȖȓıİȚȢ ĲȠȣ π� ȅȝȠȓȦȢ Ș įȚĮȓȡİıȘ įȓȞİĲĮȚ Įʌȩ

]1
]2

=
U1
U2
(
FRV(ϕ1 − ϕ2) + L VLQ(ϕ1 − ϕ2)

)
.
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ȉİĲȡĮȖȦȞȚțȒ ȡȓȗĮ

ȅȚ ĲİĲȡĮȖȦȞȚțȑȢ ȡȓȗİȢ ĲȠȣ D+ EL �ȝİ E (= 0� İȓȞĮȚ ±(γ + δL)� ȩʌȠȣ

γ =

√
D+

√
D2 + E2
2

δ = VJQ(E)

√
−D+

√
D2 + E2
2

,

ȩʌȠȣ VJQ İȓȞĮȚ Ș VLJQXP ıȣȞȐȡĲȘıȘ�ǹȣĲȩ ĳĮȓȞİĲĮȚ İĮȞ ȣȥȫıȠȣȝİ ıĲȠ
ĲİĲȡȐȖȦȞȠ±(γ+δL) ȖȚĮ ȞĮ ʌȐȡȠȣȝİD+EL� Ǽįȫ

√
D2 + E2 țĮȜİȓĲĮȚ ĲȠ

ȣʌȩȜȠȚʌȠ ĲȠȣ D+EL�țĮȚ Ș ĲİĲȡĮȖȦȞȚțȒ ȡȓȗĮ VLJQ įȘȜȫȞİȚ ĲȘȞ ĲİĲȡĮȖȦȞȚțȒ
ȡȓȗĮ ȝİ ȝȘ�ĮȡȞȘĲȚțȩ ʌȡĮȖȝĮĲȚțȩ ȝȑȡȠȢ�țĮȚ țĮȜİȓĲĮȚ SULQFLSDO VTXDUH
URRW� țĮȚ

√
D2 + E2 =

√
]], ȩʌȠȣ ] = D+ EL�
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ǶȥȦıȘ ıİ įȪȞĮȝȘ ,

ȅ ĲȪʌȠȢ ĲȠȣ (XOHU � įȓȞİȚ ȖȚĮ țȐșİ ʌȡĮȖȝĮĲȚțȩ ĮȡȚșȝȩ [�

HL[ = FRV [+ L VLQ [

� ȩʌȠȣ H İȓȞĮȚ Ș ȕȐıȘ ĲȠȣ ĳȣıȚțȠȪ ȜȠȖĮȡȓșȝȠȣ�ǹȣĲȩ ĮʌȠįİȚțȞȪİĲĮȚ
İĮȞ ʌĮȡĮĲȘȡȒıȠȣȝİ

L 0 = 1, L 1 = L, L 2 = −1, L 3 = −L,
L 4 = 1, L 5 = L, L 6 = −1, L 7 = −L,

țȜʌ�țĮȚ ȜĮȝȕȐȞȠȞĲĮȢ ȣʌ¶ȩȥȚȞ ĲȚȢ ıİȚȡȑȢ 7D\ORU İʌİțĲȐıİȚȢ ĲȠȣ HL[�
FRV [ țĮȚ VLQ [�
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ǶȥȦıȘ ıİ įȪȞĮȝȘ ,,

HL[ = 1 + L[+
(L[)2

2!
+

(L[)3

3!
+

(L[)4

4!
+

(L[)5

5!
+

(L[)6

6!
+

(L[)7

7!
+

(L[)8

8!
+ · · ·

= 1 + L[− [2

2!
− L[3

3!
+

[4

4!
+

L[5

5!
− [6

6!
− L[7

7!
+

[8

8!
+ · · ·

=

(
1− [2

2!
+

[4

4!
− [6

6!
+

[8

8!
− · · ·

)
+ L

(
[− [3

3!
+

[5

5!
− [7

7!
+ · · ·

)

= FRV [+ L VLQ [ .

ǵȜİȢ ȠȚ ıİȚȡȑȢ İȓȞĮȚ DEVROXWHO\ FRQYHUJHQW�
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ĭȣıȚțȩȢ ȜȠȖȐȡȚșȝȠȢ ,

ǹʌȩ ĲȠȞ ĲȪʌȠ ĲȠȣ (XOHUʌȡȠțȪʌĲİȚ ȠĲȚ �ȖȚĮ țȐșİ ıȪȞșİĲȠ ĮȡȚșȝȩ ] ȖȡĮȝȝȑȞȠ
ıİ ʌȠȜȚțȒ ȝȠȡĳȒ�

] = U(FRVϕ+ L VLQϕ)

ȩʌȠȣ U İȓȞĮȚ ȝȘ�ĮȡȞȘĲȚțȩȢ ʌȡĮȖȝĮĲȚțȩȢ ĮȡȚșȝȩȢ�ȝȚĮ ʌȚșĮȞǯȜȘ ĲȚȝȒ ȖȚĮ
ĲȠȞ ıȪȞșİĲȠ ȜȠȖȐȡȚșȝȠ ĲȠȣ ] İȓȞĮȚ

OQ(]) = OQ(U) + ϕL.

ǼʌİȚįȒ ĲȠ ȘȝȓĲȠȞȠ țĮȚ ĲȠ ıȣȞȘȝȓĲȠȞȠ İȓȞĮȚ ʌİȡȚȠįȚțȑȢ ıȣȞĮȡĲȒıİȚȢ�ȝʌȠȡȠȪȞ
ȞĮ ʌȡȠțȪȥȠȣȞ țĮȚ ȐȜȜİȢ ʌȚșĮȞȑȢ ĲȚȝȑȢ�īȚĮ ʌĮȡȐįİȚȖȝĮ� HLπ = H3Lπ =
−1� İȓȞĮȚ țĮȚ ĲĮ įȣȠ Lπ țĮȚ 3Lπ įȣȠ ʌȚșĮȞȑȢ ĲȚȝȑȢ ȖȚĮ ĲȠȞ ĳȣıȚțȩ ȜȠȖȐȡȚșȝȠ
ĲȠȣ −1�

$�$QGULNRSRXORV 	 -�*RXQDULGLV 0DWKHPDWLFV ,



�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȉİĲȡĮȖȦȞȚțȒ ȡȓȗĮ
ǶȥȦıȘ ıİ įȪȞĮȝȘ
ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ

ĭȣıȚțȩȢ ȜȠȖȐȡȚșȝȠȢ ,,

īȚĮ ȞĮ įȚĮȤİȚȡȚıĲȠȪȝİ ĲȘȞ ȪʌĮȡȟȘ ʌİȡȚııȩĲİȡȦȞ Įʌȩ ȝȚĮȢ ʌȚșĮȞȫȞ
ĲȚȝȫȞ ȖȚĮ țȐșİ įȠıȝȑȞȘ İȓıȠįȠ�Ƞ ıȪȞșİĲȠȢ ȜȠȖȐȡȚșȝȠȢ ȝʌȠȡİȓ ȞĮ șİȦȡȘșİȓ
ʌȠȜȪĲȚȝȘ ıȣȞȐȡĲȘıȘ ȝİ

OQ(]) =
{
OQ(U) + (ϕ+ 2πN)L | N ∈ Z

}
.

ǼȞĮȜȜĮțĲȚțȐ ȑȞĮ EUDQFK FXW ȝʌȠȡİȓ ȞĮ ȤȡȘıȚȝȠʌȠȚȘșİȓ ȖȚĮ ȞĮ țĮșȠȡȓıİȚ
ȝȠȞȩĲȚȝȘ ´EUDQFK´ ĲȠȣ ȝȚȖĮįȚțȠȪ ĮȜȖȠȡȓșȝȠȣ�
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ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ ,

ȂʌȠȡȠȪȝİ ȞĮ ȤȡȘıȚȝȠʌȠȚȒıȠȣȝİ ĲȘȞ ĲĮȣĲȩĲȘĲĮ

OQ(DE) = E OQ D

ȖȚĮ ȞĮ țĮșȠȡȓıȠȣȝİ ĲȘȞ ȪȥȦıȘ ıİ įȪȞĮȝȘ ıȪȞșİĲȦȞ ĮȡȚșȝȫȞ� ʌȠȣ ȝİ
ĮȣĲȩȞ ĲȠȞ ĲȡȩʌȠ ʌĮȓȡȞİȚ ʌȠȜȜȑȢ ĲȚȝȑȢ�

OQ(]Q) = OQ((U(FRVϕ+ L VLQϕ))Q)

= Q OQ(U(FRVϕ+ L VLQϕ))

= {Q(OQ(U) + (ϕ+ N2π)L) | N ∈ Z}

= {Q OQ(U) + QϕL+ QN2πL | N ∈ Z}.
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ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ ,,

ǵĲĮȞ Ƞ Q İȓȞĮȚ ĮțȑȡĮȚȠȢ� ĮȣĲȩ ĮʌȜȠʌȠȚİȓĲĮȚ ıİ Ƞ ĲȪʌȠȢ ĲȠȣ 0RLYUH�

]Q = (U(FRVϕ+ L VLQϕ))Q = UQ · (FRV Qϕ+ L VLQ Qϕ).

ȅȚ QWK ȡȓȗİȢ ĲȠȣ ] įȓȞȠȞĲĮȚ Įʌȩ

Q
√
] = Q

√
U

(
FRV
(
ϕ+ 2Nπ

Q

)
+ L VLQ

(
ϕ+ 2Nπ

Q

))

ȖȚĮ țȐșİ ĮțȑȡĮȚȠ N ȚțĮȞȠʌȠȚȫȞĲĮȢ ĲȘȞ 0 ≤ N ≤ Q − 1� Ǽįȫ Q
√
U İȓȞĮȚ

Ș ıȣȞȒșȘȢ�șİĲȚțȒ� QWK ȡȓȗĮ ĲȠȣ șİĲȚțȠȪ ʌȡĮȖȝĮĲȚțȠȪ ĮȡȚșȝȠȪ U�ǵıȠ
Ș QWK ȡȓȗĮ İȞȩȢ șİĲȚțȠȪ ʌȡĮȖȝĮĲȚțȠȪ ĮȡȚșȝȠȪ U İʌȚȜȑȖİĲĮȚ ȞĮ İȓȞĮȚ
șİĲȚțȩȢ ʌȡĮȖȝĮĲȚțȩȢ ĮȡȚșȝȩȢ F ȚțĮȞȠʌȠȚȫȞĲĮȢ ĲȘȞ FQ = U�įİȞ ȣʌȐȡȤİȚ
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ȂȚȖĮįȚțȠȓ ĮȡȚșȝȠȓ
ǹȜȖİȕȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ

īİȦȝİĲȡȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ
ȆȡȐȟİȚȢ ȝİ ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ

ǺĮıȚțȑȢ ıȣȞĮȡĲȒıİȚȢ

ȉİĲȡĮȖȦȞȚțȒ ȡȓȗĮ
ǶȥȦıȘ ıİ įȪȞĮȝȘ
ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ

ǹțȑȡĮȚȠȚ țĮȚ țȜĮıȝĮĲȚțȠȓ İțșȑĲİȢ ,,,

ĳȣıȚțȩȢ ĲȡȩʌȠȢ ȞĮ įȚĮȤȦȡȓıȠȣȝİ ȝȚĮ ıȣȖțİțȡȚȝȑȞȘ ıȪȞșİĲȘ ȡȓȗĮ QWK
İȞȩȢ ȝȚȖĮįȚțȠȪ ĮȡȚșȝȠȪ�
ȈȣȞİʌȫȢ�Ș QWK ȡȓȗĮ ĲȠȣ ] șİȦȡİȓĲĮȚ ʌȠȜȪĲȚȝȘ ıȣȞȐȡĲȘıȘ �ıİ ]�� ıİ
ĮȞĲȓșİıȘ ȝİ ȝȚĮ ıȣȞȘșȚıȝȑȞȘ ıȣȞȐȡĲȘıȘ I� ȩʌȠȣ I(]) ȝȠȞĮįȚțȐ ȠȡȚıȝȑȞȠȢ
ĮȡȚșȝȩȢ� ȉȪʌȠȚ ȩʌȦȢ Ƞ�

Q√]Q = ]

�ȖȚĮ șİĲȚțȠȪȢ ʌȡĮȖȝĮĲȚțȠȪȢ ĮȡȚșȝȠȪȢ�� įİȞ ȤȡȘıȚȝȠʌȠȚȠȪȞĲĮȚ ȖȚĮ ĲȠȣȢ
ȝȚȖĮįȚțȠȪȢ ĮȡȚșȝȠȪȢ�
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