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Xpnuaroddétnon

o To napdv eknaideutikd UANIKO €xel avantuxBei oTa MAdicia Tou
eknaideutikoU €pyou Tou didAckovTa.
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Mpoypduuarog «Eknaideuon kai Aia Biou Mdaenon» kai
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Ykonog Evémnrag

m EUpeon IBiotipwv & IB1odiavucudrwyv
m Alaywvonoirjon Mntpwwv
B YUPUETPIKA, ZUPUETPIKG Kal @eTikd Oplopéva, ‘Ouoia Mnrpwa

m AvdAiuon I1dilaloucwv Tiuwy (SVD)
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Meplexdueva

Yreveuuion
Dacpankd npofAAuara: Idiotuég, 1Idiodiaviouara

XapaktnEIoTIKO MOAUWVUMO KAl Jid «MpwTn YEUoN» TwV IDIOTINWY
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Yneveuuion Kal npdypauua dIAAeENg

Oplouéveg eviIapEPOUCECS BABUWTEG CUVAPTACEIG HNTPWWY,
4nwg 10 IXNOX kai n OPIZOYZA

opIcHOI Kal 1B1IOTNTEG,

TPSMOo! UNOAOYICUOU,

€niAucn CUCTAUATOG KAl QVTICTOOPN UNTPWOU UECW 0PI{OUCWV.
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Down with Determinants!

Sheldon Axler

This paper was published in the American Mathematical Monthly 102 (1995), 139-154.
In 1996 this paper received the Lester R. Ford Award for expository writing from the Mathematical Association of America.

Abstract: This paper shows how linear algebra can be done better without determinants. The standard proof that a square matrix

UULLLPIGALIUGULULL ULSUUDOUL Utk 1L+
Now we are ready for the formal definition. The determinant of T, denoted
det T, is defined to be the product of the eigenvalues of T', counting multiplicity.
This definition would not be possible with the traditional approach to eigenvalues,
because that method uses determinants to prove that eigenvalues exist. With the
techniques used here, we already know (by Theorem 3.11(a)) that T has dimV
eicenvalues. countine multinlicitv. Thus our simole definition makes sense.



This paper focuses on showing that determinants should be banished from much
of the theoretical part of linear algebra. Determinants are also useless in the com-
putational part of linear algebra. For example, Cramer’s rule for solving systems
of linear equations is already worthless for 10 x 10 systems, not to mention the
much larger systems often encountered in the real world. Many computer programs
efficiently calculate eigenvalues numerically—none of them uses determinants. To
emphasize the point, let me quote a numerical analyst. Henry Thacher, in a review
(SIAM News, September 1988) of the Turbo Pascal Numerical Methods Toolbox,
writes,

I find it hard to conceive of a situation in which the numerical value of a
determinant is needed: Cramer’s rule, because of its inefficiency, is com-
pletely impractical, while the magnitude of the determinant is an indication
of neither the condition of the matrix nor the accuracy of the solution.



IB1oTIpEG Kal 1ID10dIavUcuarTa |

Opliouog

‘Eotw 61 A € C"*", Tére kABe HIyadIkdg apiBudS A yia Tov oroio To
YPauuIkd oUotua éxel un undevikr Adon, x € C", dnA.

Ix e C"\ {0} r@d. (A—AN)x =0,

ovoudalZeTtal IBIoTIUA Tou A kai To avTioToxo x 181081dvucua Tou A (yia
v idlomiur A). AvricToixa, av yia kdarolo didvuopa x # 0, 3\ € C ..
Ax = Ax, T0 x ovoudaZeTal IBIodIAvucua Kal To A I810TIur Tou A yia TO X.

Ol 1810TIHEG Kal TA 1810DIavUCHATA VOGS UNTPWOU AvAdEIKVUOUV MOA-
A onuavTtikd INTAUATA yia €va JNTewo Kal yia Toug dIavuouaTikoug
(UNO)XWPEOUG MOU GUVIEOVTAI e AUTO KAl XPNOIoMoIoUvTal MOAU OTIG
€PAPUOVEG.
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IBi1oTiEG Kan 1Id10dIavUcuara ll

Epwmpuara:
B Yndpxouv 1810TUEG; Mdoeg undpxouy;

m Yndpxouv 1Biodiavucuara; MNéca 1diodiavicuara () kaAUtepaq,
noi€g eival ol SIAoTAGEIG TWV AVTIOTOIXWV JNOEVOXWPWV ;)

B [Mou kal nwg evronifovral (1IB10diIavucuara, IBIoTIUER); Mwg
unoAoyilovrai;

m Ti XapaAKTNPEICTIKA €XOUV Kal yiaTi Jag evilapEpouy ;

To undév MIMOPEI va eivail 1diomiur, 10 undevikd didvuoua AEN Bew-
peital 131031dvuca.
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SIAM REVIEW (©) 2006 Society for Industrial and Applied Mathematics
Vol. 48, No. 3, pp. 569-581

The $25,000,000,000 Eigenvector:
The Linear Algebra behind Google*

Kurt Bryan'
Tanya Leise®

Abstract. Google’s success derives in large part from its PageRank algorithm, which ranks the im-
portance of web pages according to an eigenvector of a weighted link matrix. Analysis
of the PageRank formula provides a wonderful applied topic for a linear algebra course.
Instructors may assign this article as a project to more advanced students or spend one
or two lectures presenting the material with assigned homework from the exercises. This
material also complements the discussion of Markov chains in matrix algebra. Maple and
Mathematica files supporting this material can be found at www.rose-hulman.edu/~bryan.

Key words. linear algebra, PageRank, eigenvector, stochastic matrix



Ti Aéel kal Tl ypdpel 0 KOCHOG YIa TIC IBIOTIUEG Kal Ta 1I81031avUouaTa;

GO gle eigenvalues

loTég Bivieo Eikéveg BiBAia Eidfoeig MepiogdTepa Epy

MNepfrou 5.820.000 amoreAéopara (0,12 SeutepOAeTTTa)

Eigenvalues and eigenvectors - Wikipedia, the free ...
en.wikipedia.org/.../Eigenvalues_and_eige... ¥ Met@gpaon auTrig TnG oeAidag
Eigenvalues and eigenvectors have many applications in both pure and applied
mathematics. They are used in matrix factorization, in quantum mechanics, and ...
Eigenvalue algorithm - Eigenface - Square matrix - Quadratic eigenvalue problem

GO 816 eigenvectors

lotég Bivreo Eikéveg Eidrioeig Xdpreg Mepioodtepa ~ Epyc

MNepimou 2.480.000 amoreAéopara (0,15 SeutepdAeTTTa)
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Mapddelyua

. 2 . .
Ano 10 A = 12 7 KATAokeuAlouUE TO NAPAUETOOMOINUEVO

A+3 -2
MM:M—A:<12 A‘J

Q1 1510TIUEG Tou A eival OAeG ekeiveg ol TIHEG A (EVOEXOUEVWE HIYOBIKES) YIa TIG oroieg
10 Al )\) Sev eival avrioTpéWipo. LNV NeEQINTWor JAg, MNopouue va enaAnBeucoupe ot
1a A(1), A(3) dev eivai avriotpélipa. Eniong

A(Mu =0,A(3)w, =0

Kal AUVOVTAG TA aVTIOTOIXA OJOYEVH CucThUaTa npokunrel ot (e1BIkES) AUCEIG Toug eival
oru = (1,2)" karwp = (1,3) . Mpogavac ioxver ot null(A(1)) = span{u } kai
null(A(3)) = span{w}. Enopévwg, wg 1310didvucua Tou A yia my 131oTiur 1
priopoUpe va eninéEoupe onolodrrote didvuopa tou null(A(1)). Zuvridws,
e‘:m)\Hévou;l.l'e 6|||c:v00]uara Mou €XouV KavovikoroinBei e Kanolov T1pdrno, M.x. TETold woTe
U2 = ||U2f]2 = |
lﬂpoooxr'\: To napandvw napddeiyua dev efnyei pe noidv 1pdno ennétape 1a A(1) kai
A(3). Oure yiari autd eival 1a péva 0o pn aviioTeéWINA UNTPWAa Tou TUrou Al — A. O
oxedIaoudg CUCTNUATIKWY PEBGSWY avalrTnong Kal UnoAoyiopou Toug eival éva and
1a Bacikd {nroupeva éxi yévov autou Tou KEPAAdiou, aAAG Kal MOAM®YV BIBNIWV Kal TNG
onuEPIVAG €peuvag.
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‘Eva e€101kd MOAUWVUO YIA KABE uNTowo
XapaKkTNPIGTIKA MOAUWVUA KAl IDIOTINEG

Egerdloupe 1o det( AN — A) érnou A eivan pia petapAnm:

m Av
N A — <)\—0411 —a2 )
—a A — o

det(A — A) = (—an +A)(—ax + ) —azxnap

2
= A — (an + an)\+ anaxn — azap
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‘Eva e€101kd MOAUWVUO YIA KABE uNTowo
XapaKkTNPIGTIKA MOAUWVUA KAl IDIOTINEG

Egerdloupe 1o det( AN — A) érnou A eivan pia petapAnm:

m Av
N A — <)\—0411 —a2 )
—a A — o

det(A — A) = (—an +A)(—ax + ) —azxnap

2
= A — (an + an)\+ anaxn — azap

m To det(A — A) eival noAudvupo 20u BaBuol wg NpogG A.
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‘Eva e€101kd MOAUWVUO YIA KABE uNTowo
XapaKkTNPIGTIKA MOAUWVUA KAl IDIOTINEG

Egerdloupe 1o det( AN — A) érnou A eivan pia petapAnm:

m Av
N A — <)\—Om —a2 )
—a A — o

det(A — A) = (—an +A)(—ax + ) —azxnap

2
= A — (an + an)\+ anaxn — azap

m To det(A — A) eival noAudvupo 20u BaBuol wg NpogG A.
B MPOCEETE TOUG CUVIEAEOTEG TWV 2 JEYOAUTEPWY SUVAHEWV A2, \
Kal TN o1aBepd:
Y2 = 1 )
71 —(an + ax)

Yo = OqQ22 — Q21(2 1526



Opiouoi ye opilouceq

XapaKTNEICTIKO MOAUWVULO KAl IDIOTINEG

B XapaKnpIOoTIKS MOAUWVULIO VA untpwou A € R™ ", ovopdleral 10
MOAUWVULIO BaBuou n ue 1o onoio iIcoutal N opilouca

p(A) = det(A — A)r «oodUvapar
p(A) = det(A—A)=(-1)"p(A).
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Opiouoi ye opilouceq

XapaKTNEICTIKO MOAUWVULO KAl IDIOTINEG

B XapaKnpIOoTIKS MOAUWVULIO VA untpwou A € R™ ", ovopdleral 10
MOAUWVULIO BaBuou n ue 1o onoio iIcoutal N opilouca

p(A) = det(A — A)r «oodUvapar
p(A) = det(A—A)=(-1)"p(A).

m Av ypdgoupe

P(A) = A+ A+

1oxUel &1 v, = —trace(A), o = (—1)"det(A)
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Opiouoi ye opilouceq

XapaKTNEICTIKO MOAUWVULO KAl IDIOTINEG
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p(A) = det(A — A)r «oodUvapar
p(A) = det(A—A)=(-1)"p(A).

m Av ypdgoupe
P(A) = A+ A+

1oxUel &1 v, = —trace(A), o = (—1)"det(A)

B NPocEégte 4m av 10 PEyeBog Tou UNTPWOU €ival MEPITTO, Ol CUVIEAECTEG
TWV p Kal P éxouv SIapopPETIKS NPSoNUO.
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m Av ypdgoupe

P(A) = A+ A+

1oxUel &1 v, = —trace(A), o = (—1)"det(A)
B NPocEégte 4m av 10 PEyeBog Tou UNTPWOU €ival MEPITTO, Ol CUVIEAECTEG
TWV p Kal P éxouv SIapopPETIKS NPSoNUO.

m Ol pileg Tou x.n. ovoudZovral IAIOTIMEL (Tou untpwou).
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Opiouoi ye opilouceq

XapaKTNEICTIKO MOAUWVULO KAl IDIOTINEG

XapaknpIoTIKS MOAUWVULIO evog untpwou A € R™ ", ovopdleral 1o
MOAUWVULIO BaBuou n ue 1o onoio iIcoutal N opilouca

p(A) = det(A — A)r «oodUvapar
p(A) = det(A—A)=(-1)"p(A).

Av ypdloupe

P(A) = A+ A+

IoxUel 1 ¥, = —trace(A), 7o = (—1)"det(A)

nNEooeEkTe o1 av To JEYEBOG TOU UNTPWOU €ival MEPITTO, O CUVTEAECTEG
TWV p Kal P éxouv SIapopPETIKS NPSoNUO.

O pileg Tou x.M. ovoudlovral IAIOTIMEL (tou untpwou).

To noAuwvupo éxel n pileg kal dpa n IBI0TILEG. MepIKEG 1} OAeG unopei

va eival ioeg (MOManAEG). To oUvolo TwV IBIOTIHWY AEYETal PAcuaTou A. |, .,



Mia onpavrik 1d1étnTa Tou X.I.
H napampenon tou Caylay
Eidaue én omyv nepimwon A € R?*?
det(M —A) = X — (a1 + ag)\ + anag — agans.

AvTiKaBIoToUUE TO A he To A:

2
p(A) = A — (o + an)A+ (anaxn — azap)l
2
— gy + apag anong + o202 ) _ (an + az) an  ap
aznan + axaz Qo102 + Qi Q21 Q2

+ (anoz — anar) 0 _(0 0
0 (anamn — anan) 0 o0
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Mia onpavrik 1d1étnTa Tou X.I.
H napampenon tou Caylay
Eidaue én omyv nepimwon A € R?*?
det(M —A) = X — (a1 + ag)\ + anag — agans.

AvTiKaBIoToUUE TO A he To A:

2
p(A) = A — (o + an)A+ (anaxn — azap)l
2
— gy + apag anong + o202 ) _ (an + az) an  ap
aznan + axaz Qo102 + Qi Q21 Q2

+ (anoz — anar) 0 _(0 0
0 (anamn — anan) 0 o0

@aiverar 61 p(A) = 0. Auté 1oxUel yia onolodinote A € R,
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©ewpnua Cayley-Hamilton
"EOTW® TO XapaKmMPEIoTIKS noAudvupo p(A) = det(Al — A). Tére

p(A) = Opxn |-

A Memoir on the Theory of Matrices

Author(sk Arthur Cayley

Source: Philosophical Transactions of the Royal Society of London, Vol. 148 (1858), pp. 17-37
Published by: The Reyal Society

Stable URL: http://www.jstor.org/stable/ | 08649

Accessed: 03/05/2010 17:45

1L A Memoir on the Theory of Matrices. By ARTHUR CAVLEY, Esg., F.R.S.
Received Decomber 10, 1857,—Read January 14, 1858,

“Tur term matrix might be used in a more general sense, but in the present memoir I
consider only square and rectangular matrices, and the term matrix used without quali-
fieation is to be understoud us meaning a square matrix; in this restricted sense,  set
of quantities arranged in the form of a square, ¢. g.

a,b,c
|@ 8¢
a', ¥, &'
is said to be amatrix. The notion of such a matrix arises naturally from an abbreviated
notation for a st of linear equations, viz. the cquations

X=az 4ty +ez,
Y

% =d"r iy,
may be more simply represented by
X Y. 2)=(a,b,c Y92
& ¥, 0 |




MPOXOXH

H det eival cuvdptnon dAwV Twv OTOIXEIWV TOU UNTPWOU, M.X. YiId N = 2,
SNV TwV

o — A, g, Qgp, Qg — A

Enopévwg AEN pnopouUpe va rnoupe ém p(A) = det(A — Al)det(0) = 0.
Anddeign Cayley-Hamilton Apydrepa ..

"Eva dM\o 8épa: ‘Eotw én Ax = Ax. Téte A(yx) = A(7x). dnA. av
MOAANAACIACOUE TO 1D103IAVUCHA e BABUWTO, €Xoule MAA
1B1031dvuca Kai N 1ISI0TIUA Napauével aueTapinn.

Av 6pwg ypdyoupe (YA)x = (yA)x dnA. av MOAANAacIAcoupE To
MNTPWO PE BABUWTS, TO 1I8103IAVUCHA NAPAUEVET AUETABANTO KAl N
1D1oTIuA NoAanAacialeral e 1o BaBuwTo.
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Mia (akOuQ) IDIo0UOPPIA TWV NTPWWV
... emrAéov Twv AB # BA, AB = 0 akdpa karav A # 0, B # 0, ..... nou

éneral and 1o Bewpnua Cayley-Hamilton:

MNang duvdpelg A" = —y, AT — 4, LATT2 — o L A el

An\. yia kdBe untpwo A € R™*", o1 Suvdpelg peyalltepeq
andé n — 1 ynopouv va ypa@touv we YPAWUIKOG cuvdua-
OMNOG xaunAoTépwv duvapewy !

lNa 1o avriotpo@o (av undpxern)

0 = A+ A"+ A+l
= AT AT+ AT A+ )

E€MNoUEVWG

1
Al — _,y_ (A"fl—l—’yn_]Anfz"'"""’Yll)
0
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IB1oTIpéC XxwpIig opilouceg (karda S. Axler)
Makdde A € C"*", opileral wg ISI0TIURA KABe BABUWTAG A yiA TOV OMOIO TO UNTPWO
A — Al Bev eival aviioTpéPIUo Kal IBIOXWEOCS Tou A Mou avTIoTOIXEI OTo A ©
HNBevOxwpPog Tou A — \l. ©a deifoupe o undpxel TOUAGXIGTOV Hia ISIoTIHR.
m Aiveral A € R™*" kai pn undeviké x € R". Tére 1a n + 1 diavdouara

X, AX, A2x, ey A
eival onwodnnote ypauuikd ekaptnuéva (yiar;).
B Enopévwg undpxouv CUVTIENECTEG Yo, « * * , Yn OXI ONOI INSEV TETOIOI WOTE
0 = vox+ 1A+ 7Ax = p(A)x

B Aev yvwpi{oupe akpIBWG To BaBud Tou noAuwvuuou ! Mnopei va eival
MIKPOTEPOG TOU N.

B Agou p(A)x = 0kai x # 0, 10 untpwo p(A) dev eival avriotpédipo.

B AVIIKABIOTOVTAG To A pe Babuwtr petapnm ¢, p(¢) = 0, kal éotw
degp = m < nkai 61 ol pileg Tou €ival p1, ..., pm € C. Tote

p(2) = v(¢ — p)(¢ — p2)(C — pm).

4nou 1y €ival 0 CUVIEAEOTAG Tou JeyIcToBABuIou dpou.
m ‘Eneral émn évag touldxiotov and Toug napdyovieg Tou

p(A) = (A= p)(A=p2l), (A= prl)

Sev eival avtioTpédiuog. Av eival o napdyoviag A — p;l, 10 p; Ba eival ISIoTIuA.
21/26



AvakepaAaiwon

Baoikog opioudg

Ma éva pntowo A € R™ " kai yetapAnm . n opilouca
p(A) = det(A — A) eival noAu@vupo Baduou n. Aéyeral
XOPAKTNPIOTIKO MOAUWVUUO Kal av To Ypdoupue

p(A) = A4+ A"+ A+
161€ Y1 = —trace(A) kai o = (—1)"det(A).
Mooocoxn:
m To NOAUMVUHO éxel akpIBWG N piteg A1, - -+ Ap € C" nou

arnokaloupe 1ISI0TIHEG Tou A.
m Na kdBe 1BiotiuA A, undpxel 18lodidvuopa x € C" 1.d). Ax = Ax.
m loxtel 61 p(A) = 0 (Be®@pnpa Cayley-Hamilton).
m 1a 1010elyn (B1oTPEG Kal 1810dIavUouaTa) UNTPWwY Nailouv oAU

onUAvTIkO PONO € MANBWEA EPAPHOYWV. s
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TéAocg Evomracg

EMIXEIPHEIAKD NFOCPAMY
EKMAIAEYTH KAI A4 BICY MABHEH

HSOE)

YNOYPTEID M AEIAE & BPHIKEYMATOK, NDATTEMOY & ABAHTIZMDY
EIBIKH YINHPELI&A AIAXEIPILHL

Evpumaiic Evwan
PP KAST iy upgprpaToBd AN TS ENMGAZ KAl TG EUpGTARG TGS
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= 20072013
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