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‘Adeleg Xpnong

e To napdv eknaideutikd UNKO undkeiral oe adeleg xpnong Creative
Commons.

e [1a eknaideutikd UAIKS, Onwg €IKOVEG, Mou unokeiral oe AANOU TUMoU
dadelag xprnong, N Adeia xprnong avaQEPETal PNTWG.

@00
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Xpnuaroddétnon

e To napdv eknaideutikd UAIKO éxel avanTuxBei ota nAdiocia Tou
eknaideutikoU €pyou Tou didAaockovTa.

e To épyo «Avoiktd Akadnuaikd MaBripara oro Mavenoripio
Narp@v» éxel xpnuUaTodoTHoe! JAVOo TN avadiaudPPwWon Tou
eKnaldeuTIKoU UNIKOU.

e To €pyo uhonoleital oto NAaicio Tou EnixelpnoiakoU MpoypduuaTog
«Eknaideuon kai Aia Biou MdBnon» kal cuyxpnuarodoreital and 1y
Eupwnaikny ‘Evwon (Eupwnaikd Koivwvikd Taueio) kal and eBvikoug
nopouG.

ENIXEIPHIIAKO MPOTPAMMA

L EKMAIAEYEH KAl AIA BIOY MAGHEH 2 EXNA

: : £rEVOYN GTNV UoLVWwVid. TNE YVIOT: 2007'2013
* ok = T

YNOYPTEIO NAIAEIAL & BPHEKEYMATON, NOAITIEMOY & ABAHTIEMOY  EvPanaiko KOINANIKO TAMEID

Evpwnaiki Evwon EIAIKH YNHPEXIIA AIAXEIPIZHZ

Eopumolis Kowuns Taptlo s, 1 ouyxenuaToBéTon Trc EXAGGaG Kar T Evpumalicic Evwong
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Ykonog Evémnrag

o AnWAeIa MANPOPOPIAG OTOV EMIGTNUOVIKO UMOAOYIOUO.

e ApIBUNTIKO HOVTEAO Kal MPOTUNO APIBUNTIKAG KIVvATAG unodiactoAng |EEE.
e YPAAuaTa oTpoyyUAeuong kai diddoor Toug.

e YPAAuaTa oTpoyyUAeuonG kal diddoor Toug.

e Aeikteg kardoTaonG NEOBANKATOG KAl aAyopiBuou.

e Ocewpia kal epyaleia ekTiunonNG OPANUATOG Kal MOIGTNTAG UNOAOYICHWY.
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° MeAETN NepIMmWoNnG: UNOAOYICHOG eUKAeIdelag vopuag (Cuvexela)

9 Mpdtuno IEEE-754 (ypriyopn eniokdénnon/uneveuuion)
@ YNoKaAVOoVIKOMOINKEVO! apIBuoi
@ Eidikoi apiBuoi kal cUpBoAa
@ XTpoyyUAeuon
@ ‘EYIAoV TNG unNxavng
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Mwc unoAoyilouue TNV eUKAeidela vopua;

Kwdikag 1: AnAR ekdoxn)

function [s]=norm2_naive (x);

n = length (x);

s = 0;

for i = 1:n, s = s+x(i)"2; end
s = sqgrt(s);

o\

faster version

N o o A o N =

oe

s = sqgrt(sum(x.”2));

EmiBupuntég 18i1dtnTeg ouvdaptnong ((Dem97))

@ Na unoloyilel To anotéleoua pe akpiBela, dnA. va eival opB8d (oxeddv)
SAa Ta Yn@ia g andvinong, ektdg av 1o ||x||2 eivarl (oxeddv) exktdg Tou
OUVOAOU TWV KAVOVIKOMOINUEVWY A.K.U. TOU CUOTAUATOG,.

@ Na eival (oxeddv) oo ypriyopo Ba nrav 1o anid (AAAG un afiénioTo)
npdypaAuua.

@ Na Aerroupyei aidnioTa akdpa Kal ektdg aplBunikng IEEE ektdg av n
BewpnTikA TIUA eival (cxeddv) peyaAUtepn Tou PEYIOTOU avanapacTioIUou
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Actoxieg TNG anAr ekOOXNG

@ Avx=[sqgrt (1.7977e+308),sqrt (1.7977e+308) ] to1€

norm2_naive (x) — Inf

avri yia
1.896150381621835e+154
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Actoxieg TNG anAr ekOOXNG

@ Avx=[sqgrt (1.7977e+308),sqrt (1.7977e+308) ] to1€

norm2_naive (x) — Inf

avri yia
1.896150381621835e+154
@ Avx=[2.2251e-308] 161€
norm2_naive (x) — 0
avri yia
2.2251e-308
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Actoxieg TNG anAr ekOOXNG

@ Avx=[sqgrt (1.7977e+308),sqrt (1.7977e+308) ] to1€

norm2_naive (x) — Inf

avri yia
1.896150381621835e+154
@ Avx=[2.2251e-308] 1ét1e

norm2_naive (x) — 0

avri yia
2.2251e-308

MPOXOXH: realmax = 1.7977e+308; realmin = 2.2251e-308. Autég
ol TIuég dev eival opIakeég yia Tn cuvaptnon !

Mw¢g unopouue va ano@UyoupE TIG acToxieg !
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Mapdadelypa vnorm.m (MATLAB File Exchange)

File Exchange

from Vector norm by Winston Smith
Returns the vector norm for a specified dimension (e.9.
roveicol) of & matrix

wnormiA,vararging

function ¥ = vnorm(h, varargin)

% UNOPRM - Peturn the wector norm along specified dimension of A
k]

% VTNORM(A) returns the Z-norm along the first non-singleton

k] dimension of &

% VHORM (A, dim) return the Z-norm along the dimension 'dim'

% VNORMA, dim, normtype) returns the norm specified by normtype
% along the dimension 'dim'

% VNORM{A, [] ,normtype) returns the norm specified by normtype along
% the first non-singleton dimension of &

k]

% normbype may be one of {inf,-inf,positive integer}.

% For a giwen wector, v, these norms are defined as
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Mapdadelypa and vnorm.m (MATLAB File Exchange)

if isemptyintype ) U pgeibior]
¥ = [sqreisumt absiay.rz2|, ding .

elseif ntype==
w o= sumi ahs(i) , dim );
elseif isinfintype)
if ntype = O
yemax (abs (&), [1, dim);
else
yewin{abs (&), [], dim};

and
elseif ntype~=floorintype) || ntype=l
errori['Norn type mast be one of inf,-inf or a positive !
‘integer']);
else
¥ = (sumi abs{i)."ntype , dim) ).~ {l/ntype);
end
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Tpornonoinon

15éa
2

l[x]l2 = &max )%, 0Mou Emax = max(|x|)
1 function [s] = norm 2rat(x); % author: EG
2 n = length(x); s = 0; xmax = max(abs(x));
3 1f (xmax==0), return; end
4 for 1 = 1l:n, s = s+(x(1)/xmax)"2; end
5 s = xmaxxsqrt (s);
©epaneia;

@ norm2_rat ([sqgrt (realmax), sqrt (realmax)])= 1.8962e+154

MPOYOXH eUpeon ueyiotou — 2 nepdouara and ta dedopéva
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Tpornonoinon

15éa
2
l[x]l2 = &max )%, 0Mou Emax = max(|x|)

1 function [s] = norm 2rat(x); % author: EG
2 n = length(x); s = 0; xmax = max(abs(x));
3 1f (xmax==0), return; end
4 for 1 = 1l:n, s = s+(x(1)/xmax)"2; end
5 s = xmaxxsqrt (s);

©epaneia;

@ norm2_rat ([sqgrt (realmax), sqrt (realmax)])= 1.8962e+154

@ norm2_rat (realmin)= 2.2251e-308

MPOYOXH eUpeon ueyiotou — 2 nepdouara and ta dedopéva

Euotpdrniog FraMénoulog ©  (TMHYT, M. Marpwv) 4 NoepBpiou 2013 9/40



Kwdikag avapopdcg BLAS-1 (Fortran)

#

DOUBLE PRECISION FUNCTION DNRM2 ( N, X, I
INTEGER INCX, N
DOUBLE PRECISION X( * )
—— This version written on 25-October-1982.
on 14-October-1993 Sven Hammarling, Nag Ltd
DOUBLE PRECISION ONE , ZERO
PARAMETER ( ONE = 1.0D+0, ZERO
INTEGER IX
DOUBLE PRECISION ABSXI, NORM, SCALE,
INTRINSIC ABS, SQRT
Executable Statements
IF( N<1 || INCX<1l )THEN
NORM = ZERO
ELSE IF( N==1 )THEN
NORM = ABS( X( 1 ) )
ELSE
SCALE = ZERO

Euotpdrniog FraMéroulog ©  (TMHYT, M. Marpwv)
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dikag avagopdg (Fortran)

18 SSQ = ONE

19 Do 10, IX =1, 1 + ( N - 1 )*INCX, INCX

20 IF( X( IX )!=ZERO )THEN

21 ABSXI = ABS( X( IX ) )

22 IF ( SCALE<ABSXI )THEN

23 SSQ = ONE + SSQ* ( SCALE/ABSXI ) x*2
24 SCALE = ABSXI

25 ELSE

26 SSQ = SSQ + ( ABSXI/SCALE ) **2
27 END IF

28 END IF

29 10 CONTINUE

30 NORM = SCALE % SQRT( SSQ )

31 END IF

32 DNRM2 = NORM

33 RETURN

34 END

Euotpdrniog FraMéroulog ©  (TMHYT, M. Marpwv)
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ExkSoxr) MATLAB

1 function s = dnrm2 (n,x,incx) S$MATLAB BLAS-1 by J.Burkardt

2 if (n <1 | incx < 1), s = 0.0; % value = 0.0;
/*correction by EGx/

3 elseif ((n==1 ), s = abs(x(1)); %value = abs
(x(1));/*correction by EGx*/

4 else scale = 0.0; ssg = 1.0;

5 for ix =1 : incx : 1 + (n - 1 )*incx

6 if ( x(ix) ~= 0.0 )

7 absxi = abs ( x(ix) );

8 if ( scale < absxi )

9 ssq = 1.0 + ssq * ( scale / absxi )"2;

10 scale = absxi;

n else

12 ssq = ssq + ( absxi / scale )"2;

13 end

14 end

15 end

16 s = scale x sqgrt( ssq );

Euotpdrniog FraMéroulog ©  (TMHYT, M. Marpwv) 4 NoepBpiou 2013 12 / 40



IxONQ

@ 'Efunvog 1pdnog: unoloyilel kdBe @opd av 1o VEO CToIXeio eival
MEYAAUTEPO N MIKPOTEPO TOU LEXPI TWPA JEYIoToU Kal avAloya
MEOCAPPOLEl TOV UNMOAOYICHO.

@ lMpocapuoyn:

@ éva népaoua and 1a dedopéva.

@ MNQY; AlaBdoTe Tov KWdIKa Kal eniBefaiwnare |
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‘EEunvog Tponog: unoloyilel kdBe opd av To VEO CToIXeio eival
MEYAAUTEPO N MIKPOTEPO TOU LEXPI TWPA JEYIoToU Kal avAloya
MEOCAPPOLEl TOV UNMOAOYICHO.

Mpocapuoyn:

@ éva népaoua and 1a dedopéva.

e MQZ; AlaBdoTe Tov KWdIKA Kal eniBeBainoTe !
Actoxia: dnrm2 ([1, Inf]) = NaN
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MepicodTeEPES «anPOCUEVEG» ICTOPIEG

1 >> floor(0.075/0.025)
ans = 2

>> floor(0.75/0.25)
ans = 3

o

% observation due to C. Bekas

o b W N
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MepicodTeEPES «anPOCUEVEG» ICTOPIEG

>> floor(0.075/0.025)
ans = 2

>> floor(0.75/0.25)
ans = 3

o

% observation due to C. Bekas

o b W N =

1 double v = 1E308;
2 double x = (v * v) / v;
3 printf ("%g %d\n", x, x==v);

Mpocoxr| (Mon08)

@ pe gcc. 0.1 oe Linux ektunwver 10°%8,

@ petnv enioyn —ffloat—-store ekunwvel +oo.
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Ti Aéve Ol KATAOKEUAOTEC

Twv Corden & Kreitzer, Intel Consistency of Floating-Point Results using the Intel

Compiler or Why doesn’t my application always give the same answer?

Binary floating-point [FP] representations of most real numbers are inexact, and
there is an inherent uncertainty in the result of most calculations involving floating-
point numbers. Programmers of floating-point applications typically have the
following objectives:
* Accuracy
o Produce results that are "close” to the result of the exact calculation
= Usually measured in fractional error, or sometimes “units in the
last place” (ulp).
» Reproducibility
o Produce consistent results:
= From one run to the next;
= From one set of build options to another;
= From one compiler to another
= From one processor or operating system to another
» Performance
o Produce an application that runs as fast as possible

These objectives usually conflict! However, good programming practices and
judicious use of compiler options allow you to control the tradeoffs.

Euotpdrniog FraMéroulog ©  (TMHYT, M. Marpwv) 4 NoepBpiou 2013 15/ 40


http://software.intel.com/sites/default/files/article/164389/fp-consistency-122712_1.pdf
http://software.intel.com/sites/default/files/article/164389/fp-consistency-122712_1.pdf

Mapdyovreg dDUCKONQAG

@ Akdua Kal pavoueVvIKA agidniota npoypdupaTa xpeldlovial MPoooXn WG
nMPog TNV 0pBATNTA.
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Mapdyovreg dDUCKONQAG

@ Akdua Kal pavoueVvIKA agidniota npoypdupaTa xpeldlovial MPoooXn WG
nEog TNV opB4TNTa.
@ MPOLIOXH: To «oknvIKkO» nepIAaUBavel cuvduaoTIKA

@ mv apxitektovikr} (CPU, kataxwpntég kal cache, PIKPOEVTOAEG)

@ 710 NoyICUIKS (YAWOOA KAl HETAPPACTAG, MEPIBANMOV XPAVOU EKTENEONG,
apIBUNTIKEG BIBNOBAKEG, MPOYPAUUA)

© Tov aAySpIBUO Kal TRV UAOMOINGCT ToUu O€ NPAOYPAUKAa

Mapampnon: H cuyypaen (akdpa kar) aniou a&idniotou KwdIKa nou eival Taxuc
Kal akpIBnG eival moAUnAokn undéBeon !
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MAaicio

ALPHABETICAL LISTING YEAR OF THE AWARD RESEARCH SUBJECT

For his fundamental contributions to numerical analysis. One of the
foremost experts on floating-point computations. Kahan has dedicated
himself to "making the world safe for numerical computations"!

Q a Q Q
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MAaicio

Floatws - Powm Aritimsnc
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ApiBuoi kKivnTRG unodiacToAng (uneveuuion)

Ti eival Wnolakr avanapdoracn Mpaypankwy apiBu@V e NENEPACUEVO
nM\NBog Wnoiwv (n.x. 32 64) wg npog kanoia Baon [ (cuviBwg 2) ora oroia
anoBnkeuovral NpdonUo, EKBETNG Kal oupd. Eneidn o ekBeETNg dev eival
o1aBepdg, diveral n duvardTnTa avanapdcTacns HEYAAOU eUpOoUG TIMWV.
Tpluepng KWdIKAG yia KdBe apiBud:

@ npdonuo s (0 av Betkdg, 1 av apvnikdg)
Q ckBémng e = (a1ap...0x )2 (MOAWPEVOG KATA P)

@ oupd (bob1by...br—1)2

Tore
x= (=1 x2Px (bp+ b 87"+ -+ b5~ 11)

TUPBOAioupe To oUoTua Twv a.k.U. g F (B, t, €min, €max) Kal he F 10 0UVOAO
TWV €V A.K.U. TOU CUCTAQATOG,.
O1 cuvnBicpévol a.k.u. eival navia pnroil
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Kavovikoroinon

@ [a va ano@uyoupe TNV NOANAMAR avanapdcTtacn Tou idiou apliBuou nou
enmpénel n «Emotnuovikn Fpaer ApiBuwv», a X 10°,

@ nx. .. 61710 350 priopei va ypagrei we 3.5 x 102,435 x 10", 14 350 x 10°, ...

@ xpnoiponoleital kavovikoroinuévn (normalized) avanapdoracn: n.x.
eniéyeral 1 < |a| < 10.

@ Me B&on 2, unoxpewvoupe Tnv oupd a va eival 1 < |a| < 2. Téte pe Baon
Ta Nponyouueva

x=(—1)°x 2°7F % 1+ b12*] + . bf_]zf(fﬂ))

@ Av XpNOCIPOMOIOUUE KAVOVIKOMOINUEVN avanapdoTacn, To UEyeBog Tou
€KBETN e kaBopilel dueoca TNV T4EN peyEBoug Tou apiBuou.
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To *dIkd pag’ bitgui

B bitgui (==] =

Binary Representation of IEEE 754

3130292827 262524232221 2019181716151413121110
(63 LA U L L L L L R L U L

—w
—@
=
o
—n
4=
Jes
+ra
TRE
Ho

Float Parts Analysis———— — Evaluation
Sign eps(single”)
exponeni -127 =
_ () Double
mantissa [0.000000000000( res= 0.000000000000000e+00 @ Sin

Ixrjua: To bitgui.m nou avanmixBnke ora nAaicia Tou EY1 and tov I KahopwNid
(Saarbrucken).
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http://www.mathworks.com/matlabcentral/fileexchange/33874-bitgui-a-graphical-explorer-of-the-ieee-754-floating-point-formats

Karavour a.k.u.

B oatoui =] = |
eps =178
‘lll\lHlHHlHHlHH\ T EYRRER B OE 3 GE o F OB} I |
| | | | | |
116 112 1 2 4 8172
emin=4 t=3 emax=2
o M m— o m— S a—

[ le
T

Yxnua: O1 a.k.uU. eival avicokaraveunuévol otov GEova Twv MPayhankwy. To napandvw
npoépxetal and 1 cuvdptnon flotgui.m nou nepiéxovral ot BIBNIOBr KN NCM.

@ H andéoraon JiadoxiKwy a.K.U. MoU €Xouv ToV idIo eKBETN, M.X.
d(e) = (m+ 1)2° — m2°, eivar oraBepn.

@ H andéoraon petafy diadoxikwv a.K.u. dinhacidletal KaBe popd nou o
ekBétg autdvel kard 1: (m+ 1)2°T" — m2et! = d(e + 1) = 2d(e)
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http://www.mathworks.com/moler/ncmfilelist.html

ApPIBUNTIKA a.K.U.

Euxn

... The simplest and best, though harder to attain, solution to the
problem of environmental parameters is to standardize floating-point
hardware, so that the values of the parameters become universal
constants. (W. Miller, The Engineering of Numerical Software, 1984.)

Mpayuaronoinon (1985)

uia and TG JEYAAUTEPEG EMITUXIEC OTNV EMICTAIN KAl
TEXVOAOYIQ TwV UMOAOYIOTWV NTAV N UIOBETNON TOU
nporuriou IEEE yia Tnv a.k.u.
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Xapaktnpiotika npotunou IEEE 754

€idn apiBuwv: nenepacuéva cUvola duadikwV Kal SekadiKwV a.K.U.
YuunepAauBAvovTal «MpocnUACHEVO UNJEVIKS», «MPOCNUACHEVO
dAnelpo», «UnokavovikonoiNuévol apiBuol), kai n «Tiur» not a
number (NaN) yia «adpIoTa anoTEAECATAN,

AAYOPIBUOI OTPOYYUAEUONG: MEBODOI YIa TNV OTPOYYUAEUCN APIBU®V KaTd TIG
apIBuNTIKEG NPAEEIG Kal TIG UETATOOMNEG,

nEdteig: apIBuNTIKEG kal AMeg Npdtelg oe apIBunTKkA dedopéva

dlaxeipion efaipécewv: eniohuavon 1IDiaitepwv karaotdcewv (diaipeon pe 0,
unepxeiNion, K.Ar.)

ouctdoelG: yia JIaxeipion eEAIPECEWY, UNOAOYICHO EKPPACEWV, UMNOAOYICHO
1D1aitepwv cuvaptoewv (M.X. TOIYWVOUETPIKWY), KA.

format petarponwv: duadikEG KwIIKOMOINGCEIG YA TN SIEUKOAUVON HETAPOPWY
a.K.U.

Xprioluec avagopéc: (Mon08), (M1 10) (Gol91)
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Eidn a.k.u. oro npdruno |EEE-754

single single-ext double double-ext quad-precision

MNKOG a.K.U. 32 > 43 64 80 128
€max  +127 1023 + 1023 +16383 + 16383

€min -126 1022 -1022 -16382 -16382
noAwon  +127 +1023 +1023 +16383 +16383

bits m t 24 > 32 53 > 64 113

bits s 1 1 1 1 1

bits e 8 11 11 15 15
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BaBuicia unoxeiNion kal Unokavovikonoinuévol apiBuoi

To npdruno IEEE enmpénel to anotéAecua npdiewv Petatu a.k.u. va eival a.k.u.
rnou eival JIKPATEPOI TOU EAAXICTOU KAVOVIKOMOINUEVOU.

Ynokavovikonoinuévol apiBuoi (subnormal numbers) Tote 1o (kpugd bit) eivail O.
H kwdikonoinon autwy Twv apiBuwv éxel 0 oe OAeg TIG BECEIG TOU eKBETN.

‘Etol aglonoloUvral dAa 1a bits petd v unodIacToAr) TNG oupdg dtav N andAu
TIUR) TOU ArnOTEAECUATOC TNG MPEAENG €ival JIKpATEPN Tou 2™,

ENGxIOTEG TINEG

oTNV Kavovikoroinuévn avanapdoracn 2°m, nx, 2.2251e-308 oe dIniA
akpiBela IEEE

OTNV UMOKAVOVIKoMoiNuévn avanapdoracn 29— nx 4.9407e-324 ce
dINAn akpiBela IEEE. Aidipeon ue énoio y > 1 enictpégel 0.
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¥t MATLAB

Kwdikag 2: Mapadeiyuara (yia OlKoVouia éXoupe aQaipEoel TO ans )

format hex;

realmin = 0010000000000000

realmin/2 = 0008000000000000 % (upokanonikopoihm’enoc)
realmin/2752 = 0000000000000001

realmin/2753 = 0000000000000000

o B N =
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EiIdIkEG TINEG Kal CUPBOAQ

(Mépav TWV N KAVoVIKOMOINKEVWY apiBuwv) To npdtuno NG IEEE npopAénel Tnv
avanapAcTaon TwV NAPAKATW €IBIKWY TIHWV. Ol TIMEG AUTEG AVIKOUV CTO
ouUvolo F kal ynopoupe va kavoupue npdEeig ue autég.

—0 undpxel eneidn n oupd éxel avanapdoTacn CECNUACUEVOU
MEOCHUOoU

+00 Snwg kal To CUCTNUA TWV MPEAYMATIKWY ApIBUWY, €ival avAykn va
enauiooupe e cUUBOAA yia TO + Kal - AneEIpo

NalN Not a Number xpnoigonoieiral yia Tnv avanapdoctacn
oroloudrjnote adpioTou anoteréoparog, énwg 0/0, 0o X 0.
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E€aipeceig

E¥aipeon Mapddeiyua Anotélecua

invalid op | 0/0,0 x Inf NaN

overflow +Inf, £frealmax

divide by 0 +Inf

underflow 40, £realmin, subnormal
inexact filx®y) #x®y | orpoyylreuon

érnou realmin, realmax eival 0 eAAXIOTOG KAVOVIKOMOINUEVOG KAl O
MEYIOTOG a.K.U. avrioToixa yia v und oulntnon dedopévn avanapdctaon.
MNoocoxn NaN == NaN — 0
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Kwdikornoinon yia MONH akpiBeia oto npdtuno |EEE

’ + ‘ a;ag...Asg ‘ b]bg...bgg, ‘
Av 0 ekBEéTng eivai 10TE N TIPN €ival
(00000000), = (0)10 +(0.b1b3...bg3 )2 X 27 1?° (UnokavovikonoINuévog)

(00000000), = (0)10 +(0.0...0); x 27'% = 40
(00000001), = (1)10 +(1.by1by...bp3 )y x 2712
(00000010), = (2)10 +(1.by1by...bp3 )y x 2712
(01111111)2 = (127)10 | £(1.b1bg...bg3)2 x 2°

(10000000); = (128)10 | £(1.b1bs...bg3)2 X 2!

(11111110)5 = (254)10 | £(1.b1by...bg3 )2 x 2'%
(11111111), = (265)19 | oo av by = - -+ = byz = 0, aMoiwg NaN
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YTPOYYUAEUON

‘EoTw F 10 OUVOAO TwV a.K.U. Mou avanapioravral oto F. Inuaviikd pdAo nailel n
ouvAapTNon OTPOYYUAEUONG

fl:R —F

nou via k&Be z € R eniotpéper kanoia npr f1(z) € F olpgpwva pe kdnoia
MNPOCUUPWVNHEVN NEBODO OTpoyYUAEUONG YIa TNV oroia MPénel va IoXUouyV ol
efng 1d1oNTeG:

e Avze F=1l(z) ==z
o Avz < z1drefl(z) < fl(zg).
Mepimmwoelg
@ To z eival dedopévo nou Ba anoterécel eicodo oto NPSyPAUUA.

@ To z eival anotéAeopa Npding Yetatu dUo a.k.u.
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Eniong éotw 6n G D F
G={xeR :m<|x<M}U{0} CR,

érnou m € F eival o eAaxIoTog pn JNSeVIKOG Kal M € F o uéyiotog BeTikog
(kavovikoroinuévog) a.k.u. oro F. Tére ioxtel éva and 1a egng:
z € F &4pafl(z) =z

z€ Gkarz ¢ F dpafl(z) # z (orpoyyUreuon, n dlagopd [fl(z) — z| eivai to
anoAUTO OPAAUA CGTPOYYUAEUONS).

z ¢ Gka |fl(z)| > M unepxeilon, 10 anotéeocpa € (—oo, —M, M, c0),
etaprdral and 1 péBodo oTpoyyUAEUoNG.

z ¢ Gkai [fl(z)| < m unoxeinon, 0 < |fl(z)| < m. To npdruno IEEE nepiéxel
UMOKAVOVIKOMOINUEVOUG apIBUoUg Kal unootnpiletal n Babuiaia
urioxeihion.
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H no cuvnBiouévn nEBodOC OTPOYYUAEUONC

Round-to-nearest mode: In this mode, the representable value
nearest fo the infinitely precise result shall be delivered:; if the two
nearest representable values are equally near, the one with its least
significant bit equal to zero shall be delivered.

I1IG OTPATNYIKEG OTPOYYUAEUONG VoG Z € F, éxouv onuacia o NANCIECTEPOG
A.K.U. HIKOOTEPOG TOU Z KAl © MANCIECTEPOG A.K.U. JEYANUTEPOG ToU Z. ‘EoTw &1
TOUG OUMBOAIloupEe wG z—, zy € F avriotoixa.

YTpoyYUAEUGH NPOG TO MANCIECTEPO APTIO

©éroupe fl(z) = argmin,cr, .} ly — 2zl karavz —z_ =z, — y 1ére Bétoupe
fl(z) To éva and 1a z_, z; nMou éxel GV ouUPd Tou To 0 WG TeAeuTaio bit.

YupBoAiopdg To cUPBoAo arg minge x f(x)1 eival N TiuA ) To cUVOAO TINWY X € X OTIG oroieg eAaxioToroleiTal n
f(x). Nx. av f(x) = x% + 1 1d1€ min,cg f(x) = 1 eve arg minyex f(x) = 0.

Mpoépxetal and 1o argument of the mininimum kai npo@épeTal (APYK-Hiv).
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Yndpxouv AANoI TPOMOoI OTPOYYUAEUONG ;

BEBAIQY : oto npdtuno IEEE npoBAénovral 5 Tpdnol nou eival xprioiuol oe
OPICUEVEC MEPIMOOEIC?

Mpog Tov NMANCIECTEPO, IcoMahieg nMpog Juyd (default)

Mpog Tov NMANCIECTEPO, ICONANEG pakpUTtepa and 1o 0

Mpog 1o 0 (anokonry)

MNpog 10 oo

©0 00O

MNpog 10 —00

Aev npoo@épeTal NAvia eUKoAN Aoyiouikr) unoompién. X MATLAB
undpxel Toonoc aiAd eival «koUUUEVOG»,

Kwdikag 3: Kai Suwg - N «UUaTIKr» eviohn feature

1 >> feature('setround',n) % JETOUME n SE 0.5 (round to ...
nearest even), 0, + H - Inf (round to ....)

2n.x. oIV avaAuon SIacTNUATWY - Befte enduevn JIAAEEN.
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‘EINOV TNG INXAVAG

To éPnov NG uNxavng eival n andotaon Tou 1.0 and Tov auécwg UEYAAUTEQO a.K.U.

Iny. Znv IEEE-754: single precision €y ~ 1.1921e — 007* double precision
em ~ 2.2204e — 016. 110 MATLAB Seite TiIG evioNéG eps Kal eps (/ single’).

Evdiapépovra paivoueva:

Eicodog | format short. format hex

1+ eps/2 1 | 3ff0000000000000

1+ eps 1.0000 | 3ff0000000000001

1+ eps/2+ eps 1.0000 | 3£f0000000000001

14 eps + eps / 2 1.0000 | 3ff0000000000002

142 eps 1.0000 | 3ff0000000000002

1+2%eps+ eps/2+ eps/4 1.0000 | 3ff0000000000002
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‘EINOV TNG INXAVAG

To éPnov NG uNxavng eival n andotaon Tou 1.0 and Tov auécwg UEYAAUTEQO a.K.U.

Iny. Znv IEEE-754: single precision €y ~ 1.1921e — 007* double precision
em ~ 2.2204e — 016. 110 MATLAB Seite TiIG evioNéG eps Kal eps (/ single’).

Eviiapépovia pavopeva: feature ('setround', Inf)
Eicodog | format short. format hex
1+ eps/2 1.0000 | 3ff000000000000T
1+ eps 1.0000 | 3ff0000000000001T
1+ eps/2+ eps 1.0000 | 3ff0000000000002
1+ eps + eps/2 1.0000 | 3ff0000000000002
1+2x*xeps 1.0000 | 3ff0000000000002
1+2%eps+ eps/2+ eps/4 1.0000 | 3£f0000000000004
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©epneNwdng apxn

Apxn akpiBoug orpoyyUuAeuong (AAY)

Av (5 eival n uhonoinon TG APIBUNTIKAG NPAENG O, ToTE AV X, y € F 1oxUel o
xGy =fl(x ® y) € F.

@ To unoAoyIoUEVO anoTEAECUA €ival AKPIBWG iB1o e To va ekTeAoUvTav N
nEd&En Ue «Beikn» apIBuNTIKA Kal HETA va e@apuoldtav otpoyyUAeuon.
@ H ulonoinon dev eival aniriy! Mépaoav dekaetieg uéxpl va BpeBei

OIKOVOUIKOG Kal 0pBAG TPOMNOG UAOMOINCNG KAl TOUG KATAOKEUAOTEG VA TNV
UIOBETOOoUV.

o Qavdrav o1 Ba anamouviav NoAU JeYAAO! KATAXWENTEG
@ aM\G apkouv 3 enimAéov Yngia (guard digit, rounding digit, sticky bit)!

MPOXOXH o1o double rounding MOA®V enegepyacTwy.
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loTopika

OI KATAOKEUAOTEC YeVIKA akoAouBouv 1o npdturio IEEE-754 edw kai
Kalpd arAd eviote éxouue napaBdoeic (akdua kai npdo@arq)...

|GPU Floating-Point

Karl E. Hillesland
University of Nerth Carolina at Chapel Hill *

1 Introduction

Up until the late cighties, cach computer vendor was left to develop
their own conventions for foating-point computation as they saw
fit. As aresult, programmers needed to familiarize themselves wit
the peculiarities of each system in order to write effecti
aud cvaluate numerical crror. In 1987. a standard was cstal
for floating-point computation to alleviate this problem,
vendors now dssign to this standard [IEEE 1987].

Today there is an interest in the use of graphics peicessing units,
ot GPUs. for nom-graphics applications such o scientific com-
puting. GPUs have floating-point representations similar o, and
<ometinies matching, the [EEE standard. However, we have found
that GPUS do not adhere 1o TEEE standards for floating-point op-
erations, nor do they give the information necessary fo establish
bounds on error for these operations. Another complication is that
this behavior scems to be in a constant state of flux du to the depen=

Euotpdrniog FraMénoulog ©  (TMHYT, M. Marpwv)

University of North Carolina at Chapel Hill *

Operation T30 arbip NVI0p30
Addition ~1.000, 0.000] | [-1.000, 0.000,
Subtraction | [-1.000, 1.000] | [-0.750, 0.750
Multiplication | [-0.989, 0.125] | [-0.782, 0.625
Division -2.869,0.094] | [-1.199, 1375

Table 1: Floating-Peint Error in ULPs (Units in Last Place). Nore
that the R300 tas 2 16 but sigruficand, whereas the NV30 has 23 bits. Therefore one
ULP on an R300 is cquivalent to 37 ULPs on an'NV30. Drvision is implemented by a
‘combination. of reciprical and multiply o these syetems Cg version 1 21 ATI driver
6.14.10 6444 NVIDIA deiver 5672

Schryer [Schryer 1981]. By testing all combinations of these nm-
bers, we include all the test cases in Paranoia, as well as cases that
push the limits of round-off error and cases where the most work
must be performed, such as cxtensive carry propagation. Table 1
gives resulis for some example systems.
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