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Motivation

DNA sequencing processes large chains into subsequences of ~500
characters long

Assembling all pieces, produces a single sequence but...
— At some positions we have uncertainty
— Uncertainty: NOT “*’ each character appears with some

probability

Weighted Sequence

S1 |52 53|54 55 | 56 |57 | Sg | 59 | S10 | S11
Al l 0 O| 0|05 0] 0]050 0 0
CcC| 0 1 O 0|05 0 1 10.3| 0 0 0
G| O|]O0O|]0]O 0 0] 0 0 O 0 O
T10 0 1 1 0 1 |0 0.2 1 1 1




Definitions

v' Word w : a sequence of zero or more characters from an
alphabet 2.

v w=w[1]w[2]...w[n] or w[1..n]

v Subword u = wli..i+p-1]. If i=1, u is a prefix. If i+p-1=n, uis a
suffix.

v’ Repeat: At least two equal subwords u

u




Definitions (cont’d)

Repetition: At least two consecutive equal subwords
u, = Wli..i+p-1] = u, = wli+p..i+2*p-1]=...
Example: w= abaabab
abaaba

dd

abab

Cover u: A repeated subword that covers the entire sequence (allowing

catenations and overlaps)
u U u
u u




Weighted words

Weighted word w = w,w,...w,..

- Wi={(011 pi(ol))l (021 pi(az))r--}

— oeZand
Example: VZ p =1
2={A,CG,T}

1 2 3 4 5 6 7 8 9 10 11
A C T T (A05 T C (AO05 T T T
(C,0.5) (C,0.3)

(G, 0) (G, 0)

Q: Which subwords occar with probability > 1(470.2)

A:  ACTTATCATTT (0.25), ACTTCTCATTT(0.25) ATTT (0.5), CTTT(0.3) and all their
subwords (but not ACTTATCCTTT)



Suffix trees

v’ Suffix tree T(S) of a sequence S, |S| = nis the
compact trie of all the suffixes of SS, S¢J.

— Leaf vis labeled with integer i if stores S[i..n]

— Atinternal node v

* LL(v) = list of suffixes at its descendants
(leaf-list)

 L(v) =the string spelled from root to v (path label)

— Can be builtin O(n) time and space
Suffix tree for

abcg_- N bcabc$
abc ’ $
abc$



Suffix trees (cont’d)

v’ Generalised Suffix Tree (GST)
— Multistring Suffix Tree for 51, S2,..., Sm
— Leaves can store labels for several strings

— Can be built in O(S,|+|S,|+---+|S,|)time and space

The GST for
S,=xabxa$

ﬁ\ S,=babxba$
/ bx ba?

(Sz 4)

(S /5)
bxba$ (S; 6)

as ba& ? \ bxa$

(S1,3) (S3,3) (52:°)
1 2 (S,,2) (51 2) (S1,4) (S1,1)



Weighted Suffix Tree

v The generalised suffix tree for all the subwords of a
weighted sequence S, |S| = n, where Pr(S) > 1/k, k
a fixed parametre.

— Leaf v labeled with a pair (i,j), for the subword Si,j (the j-
th subword starting at position i)

1 2 3 4 5 6 7 8 9 10 11
A C T T (A05 T C (AO05) T T T
(C, 0.5) (C,0.3)

(G, 0) (G, 0)

(T, 0) (T, 0.2)

S, ; = ACTTATCATTTS, S;, = ACTTCTCATTTS, ... Sg;= ATTT$
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An example

S4,2

S6,1

S3,1

S5,2

53

S8,2

S2,2

S2,1
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AN

Applications (1/4)

Pattern Matching in weighted sequences, with Pr > 1/k
Build tree for S. Then as in ordinary suffix tree:

Solid pattern P, P is spelled from the root of the tree. Stops
at internal node. Report all leaves if necessary.

Weighted pattern P, Break P into solid subwords and
proceed as with solid patterns.

Time: O(m), O(n) preprocessing |S| =n, |P| =m

12



Applications (2/4)

v' Repeats in weighted sequences with Pr > 1/k for each.
— Build WST for S with parameter 1/k.

— Traverse the WST, in DFS. At the return step to an
internal node v, build leaf-lists LL(v) from descendants.

— LL(v)’s contents are positions where string Path-label(v)
is repeated.

v' Time: O(n+a) |S| = n, a =answer size

13



Applications (3/4)

v Longest Common Substring in weighted sequences with Pr >
1/k

— Build Generalised Weighted Suffix Tree for S, S,.
— Each internal node = a common substring

— Find longest path label

v Time: O(/S,|+]S,]).

14



Applications (4/4)

v'Haplotype inference
v’ Indeterminate strings

v Degenerate strings
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Computational Molecular Biology Goals
* Finding regularities in nucleic or protein sequences
» Finding features that are common to such sequences

Gene Expression and Regulation
e Match “structured patterns”
e Infer “structured patterns™

16



Approximate Matching

String Matching with Gaps: The
occurrences of the symbols of pattern p
do not appear successively but have gaps.

Pi1 stk

ot S

17



Definitions

v'3: Alphabet 3*:set of all strings over 2
v'Assume g, be? and p (pattern), t (text) are strings over 2.

v'Assume that g=j,,-j-1 is the gap between the occurrences of
symbols p.,, and p;that occur at positions j,, and j; in text t.

P =Pw Py, - Py ([P[=M)

a=;b Iff |a-b|<o

p=,t iff p,=,t. 1<i<n (J-approximate)

p=,LIff |p|=[t] and 2, Pi-til<y (y-approximate)

A\ =

18



d-approximate string matching with a-
bounded gaps

v’ Problem: We want to bound the gap between the &-occurrences
of p;and p,,,in text t by a.

v'Basic Idea: Compute the §-occurrences of continuously
increasing prefixes of p in t.

19



d-approximate string matching with a-bounded

gaps (the algorithm)

The basic structure is the (m+1)x(n+1) matrix D (m=|p| & n=|t]|):

I, ]

.

(j.if (t; =5 p;)and (j—D,_, ; ., <e+1)and (D, ;, >0)
D; g, if (tj # pi)and (j — Di,j_1<a+1)

0, otherwise

Do0=1, D=0, Dy =]

Example: tzaca@cacQaeeactQ (n=15) p=ace (m=3) (a=1, 0=1)

111 (2 |3 (4 |5 |6 |7 |8 |9 |10|11|12 13|14 |15
o 1 |1 3 |3 |0 |6 |6 {0 |9 |9 |0 |12]12|0 |O
o {0 |2 |2 |0 |5 |5 |7 |7 |0 |0 |0 |0 |13]|14 |14
o o0 |0 o0 4 (0 0 |0 |8 {0 {0 |0 |O |O |O |15

20




(6,v)-approximate string matching with a-
bounded gaps

Use matrix D combined with min-FIFO queue to keep track of the occurrences of

the pattern symbols.

For each p; we maintain a list (as we construct the matrix D column by column)
that keeps all the occurrences of p;_, for which the invariant of the bounded gap is
not violated. We also need a matrix C with the costs of the occurrences.

occurrence of P, P,

21



Complexities

v’ For &-approximate a-bounded gaps O(mn) time complexity
and O(mn) space (O(m) if we notice that for the computation
of column i we only need column i-1).

v’ For (6,y)-approximate a-bounded gaps O(mn) time complexity
and O(mn+ma) space.

22



a-strict bounded gaps and unbounded gaps

v a-strict bounded gaps: The gaps in this version are strictly of
length a.

v'Solution: Rearrange text t so that symbols a far away become
adjacent. The use a standard algorithm for 6-approximate matching
(without gaps) is sufficient. Space and time complexity is O(n).

unbounded gaps: The gaps in this version are unbounded. (we seek only
one occurrence)

Solution. Just scan from left to right the string (time and space complexity
is O(n)). If we want (9, y)-approximate matching then we have to resort
to the algorithm for a-bounded gaps setting a=n+1 or g=co (time and
space complexity is O(nm)).

23



0-occurrence minimizing total
difference of gaps

We seek a 6-occurrence of p in t minimizing 2_,....., G, where
Gi=[g-g;,;/. We reduce this minimization problem to the shortest
path problem on a graph:

1. Construct graph H=(V,E). The set of nodes V is constructed by
creating nodes v; ; (1<i<m, 1<j<n) whenever p;=4;. An edge exists
between v;; and v;-;- If I'=I+1 and J >J. This edge has weight equal
to J -J-1. These edges encode the occurrences of the pattern p in t.
Link node s to all nodes v, ; and node d to all nodes v ;.

2. By contracting two nodes connected by an edge in a single node
we get the graph H " that encodes the differences of consecutive
gaps. The shortest path from s to d gives us the appropriate
occurrence of pint.

24



d-occurrence minimizing total difference of gaps
(an example)

pk pk+1 pm
The time and space complexity of this algorithm is O(n’m).
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d-occurrence with e-bounded difference gaps

v'Problem: We seek a 6-occurrence of p in t such that G.=/g--
9,.1/<€.

v'Solution: Make use of graph H” with the difference that we need
not find the shortest path but just to find a path from s to d (after
removing all the edges with weight .

The time and the space complexity is equal to O(n°m).
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d-occurrence of a set of strings with A-
bounded gaps

v'Problem: Assume w,, ..., w,_€ 2*. We wish to find §-occurrences
of w; (without gaps) where the gaps between consecutive
occurrences of strings w;and w,,, are bounded by A.

v'Solution: Define p=w,w.,...w, . Then we abstract each w; as a
single character and continue as in a-bounded gaps with the
construction of matrix D. The space and time complexity is

O(n(|w,[+|w,[+..+]w,_][)).
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Teloc Evotntac



Xpnuoatodotnon

To opov ekmaldeuTLKO LALKO €XeL avamtuxBel oto mAaiolo Tou
eKTIALOEVUTLIKOU €pyou Tou dtddokovTta.

To £pyo «Avoikta Akadnpaika Madnipata oto MNaveniotipo Natpwvy

EXeL Xpnuatodotioel povo tnv avadlapopdwaon Tou eKTTOLOEUTIKOU
UALKOU.

To €pyo vlomoleital oto mAaiolo Tou Emiyelpnolakou MNpoypappatog
«Ekmaidsvon kot Ala Biou Madnon» kat cuyxpnuatodoteital ano tnv

Evpwraikn Evwon (Eupwmaiko Kowvwviko Tapeio) kol amo €Bvikoug
TTOPOUC.

2 EMIXEIPHZIAKO MPOITPAMMA |
£ M EKMAIAEYZH KAI AIA BIOY MAGHZH 3 EZI-IA
<4 4 criévdyon gTny uowwrig zne pviiorc I (UU/=£U S
* x K —

[ T oo
YNOYPTEIO MAIAEIAL KAl BPHIKEYMATQON ATKO KOINQNIKO TAMEIO

Evpwmaiké Koivwviké Tapeio : o
Me tn cuyxpnpatodotnon g EAAaSag kat tng Evpwmaikig Evwong
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2 NUELWLOTOL



>NUElwpa lotoplkovu Ekbooewv Epyou

To tapov €pyo amoteAel tnv €kdoon 1.0.
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>NUElwpo Avadopag

Copyright MNavernotiuo MNatpwyv, Makpnig Xpriotoc, Mepdikolpn Awkatepivn.

«Eloaywyn otn BlomAnpodoptkn. AAyopLBuot katnyopLomoinong BLoAoyLkwv
dedopevwv». Ekboon: 1.0. Matpa 2015. OAec ol elkdveg €xouv dnuloupynOet
aro tnv kupia Mepdikolpn Akatepivn, EKTOC av avadepetal StadhopeTLKA.
AwaBgopo amnod tn diktuakn dtevBuvon:
https://eclass.upatras.gr/courses/CEID1047/
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>NUelwpa Adelodotnonc

To apov LALKO SlatiBetal e toug 0poug tneg adestac xpnong Creative Commons
Avadopd, Mn Eumopwkn Xprion MNapopota Atavopn 4.0 [1] A petayevéotepn, ALeBViC
‘Ekboon. E&atpolvtal ta autoTeAn £€pya Tpitwy m.X. pwtoypadiec, dStaypappata
K.A.TT., TOL OTIOLOL EUTTEPLEXOVTOAL OE QLUTO Kall Ta oTtoia avadEpovtal pall Pe Toug
OPOUC XPrONG TOUC OTO «Xnuelwpa Xpnonc Epywv Tpitwv».

[oloce

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmopwkn opiletal n xpnon:
* 10U Oev MePAOUPBAVEL AUEDCO 1 EPUECO OLKOVOULKO OPEAOC amtd TNV XPron Tou £€pyou, yLd
TO Slavopéa Tou €pyou Kal adelodoyo

* 10U Oev mepAapBAveL olkovouLk cuvaAayr wg tpolnoBbeon yla tn xpron n mpoocfaocn
OTO £pYO

* 10U Sev npooTmopilel oTto SlavopEa Tou €pyou Kol adEL0SOX0 EULECO OLKOVOULKO OPEAOC
(rt.x. Stadpnpuioelc) amod tnv mpoPoAr Tou £pyou o€ SLASLKTUOKO TOTIO

O Swaovyo¢ pmopel va rmapexeLl otov adelodoyo Eexwplotr adela va XpnoLLLOTIOLEL TO £pYO yLa
EUIOPLKA Xpnon, epooov autod tou {ntnO«L.
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Alatpnon ZNUELWHATWVY

Ornoladnmnote avamapoywyn N SLaokeun Tou UALKOU Ba TtpeEmeL
va cupmeplAapBavet:

" 10 2nueilwpo Avadopdc

" 10 2Znueilwpo Adelodotnong

= N 6nAwon Alathpnong ZNUELWUATWY

= 10 2Znuelwpa Xpriong Epywv Tpitwv (epooov umtdpyel)

noll e touc ouvodEVOUEVOUC UTIEPOUVOEGOUC.
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