TTANEMI=THMIO ITATPON — ITOAYTEXNIKH ~XOAH
TMHMA MHXANIKON H/Y & ITAHPO®OPIKHE

I'PAMMIKH AATEBPA

ASKHZEIZ, 71 ocipa

AoRnNoelg

1. ®swpoupe 1o ovotnua Ax = b, 6rou

1
A= 2
-1

w = O

2
5 rat b =
1

St W =

pe b va sivatl pa mpaypatikr) mapdperpog.

(@) Eivat to pntpwo A avuotpéyipo;
(B) Na Bpebouv 0 XOPpog oTnA®V, 0 XOPOS YPAUHI®OV KAl 0 Undevoxnpog tou A.

(y) Twa mowd b to ovotnpa éxet Avon 1) Avoeig;

2. (Iouviog 2018) EMIAEETE KAI KYKAQETE ANAAOTA. 'a 1o pntpwo
3 3 3
A=12 2 2
2 2 2
H td&n tou, rank A, sivat: 1

3. (Iouviog 2018) Av yia 1o untpeo A to R eival n avrypévn KAParet) popgr) tou

11 2 2 1 0 -1 1
A=11 0 -1 1 R=101 3 1
21 1 3 00 0 O

(@) Na Bpebei mia Baon yia tov xopo otiav range A tou A.
(B) Na Bpebei pia Baon yia tov undevoxwpo null A tou A.
(v) Na Bpebei pia Bdon yia tov Xodpo ypapuov range AT tou A.

2022-23

(6) Tlowh eivatl i Sraotaon tou apiotepoy pndevéxmpou null AT; Awaiodoynote v andvinor)

0ag.

() Avyua b = (3 4 7)T 10X = (4 -51 1)T elvatl pa Avorn tou ouotipatog Ax = b va

Bpebel n yevikn AUon TOU CUCTHIATOG.

4. (SertténBpiog 2018) MAYPIZTE AN H EK®PASH EINAI AAHOHE. Ta A € R™X® 9swpoupe 10 ovotua

Ax=Db

0 Avrank A = n, t6te n < 5.

OO0 Avrank A = 5, t6te range A = R™.

[J Av 10 cuotnpa £xet Avon yua kabe b, 10te 5 > n.

O Avyia b =0 givat x = 0, téte rank A > 5.



5. (Iouviog 2019) Eav R eival n avnypévn RAtparaoTy popoén yia o A, drou

ai a2 a3 a4 1 -1 0 1
A=|b1 by b3 Uy R={0 0 1 -1
cL Ccy Cc3 ¢4 0O 0 0 O

(@) Na Bpebei pia Baon yia tov Xopo otndeov tou A.
(B) Na Bpebei pia Baon yia tov pundevoxwpo tou A.
(y) Na Bpebei n Avon tou cuotijpatog Ax = 0.

6. (ZertépBpilog 2019) I'a 1o pntpno

(@) Na Bpebei pia Baon yia tov Xopo otniaov tou A.
(B) Na Bpebei pia Baon yia tov pndevoxwpo tou A.
(y) Na Bpebei pia Bdon yia tov xopo ypapuov tou A.
Avon tng 1
H avnypévn rAparety popdr (axp) tou A mepiéxel Kal napgxel g mAnpodopieg mou pag
evBlapépouv. BemPOUpE AOUTOV TO EMAUSHEVO PINTPKOO (A b) Kat epappodoupe ) dadikaoia g
analoipng

1 021 102 1 102 1
(Ab)=(2 15 3| =011 1 |=(011 1 |=(R V). (1)
-1 3 1 b 0 33 b+1 000 b—2

Me c¢; xat c;-, J = 1,2, 3 oupBoAidoune g otAeg tou A kat Ry, avtiototxa, Kat pe r;j Kat r;-, =123
1§ ypappég ou A xat Ry.

1. Zto Ry (aykp) BAtrioupe 6Uo 0dnyoug. Ti onpaivel 1} T cuvendayetal avtod 10 arnotédeopna;
(i) To Ry apa kat to A €xel 6U0 ypappika ave§aptnieg otheg
2c] +ch=c5 = 2c1+c2=c3

apa to A 8sv avuotpipetat.

(i) To Ry éxet pia pndevikn ypappr, dpa av EKvouoape Ao 10 PNTPKo (A I ) dev Sa
propovcape Ioté HPe analoipr) va KataAnioupe o éva Pnipwo (I B), KATd OUVErEeld
t€t010 B, 10 avtiotpogo tou AL, Sev unapyet.

(iii)) Ro # I, w0obuvapa to A dev eival ypappoicoduvapo pe 10 TautoTikO Pntpao I, ermopéveg
10 A~! 8ev unapyet.

2. Ao 10 (d) 0 Xpog otnAav tou A mapayetat arno ug §Uo mpoteg otiheg tou dnAadn amo ta
dlaviopata € Kat €z, td oroia aroteAouv Kal pia Bdaorn tou, €10t

1 0
C(A):rangeA:span{ 2 1,11 }
-1 3

To Ry £xet pia pndevikyy ypapur, v tpitn, apa téoo 10 Ry 600 kat to A éxouv dUo ypappika
avegaptnteg ypappeg, Sndadn uvriapyxouv otabepég A1, A2 ©ote

Ary + Aorg = r3.



(H wotnta woxvet yia A\; = —7 kat A\ = 3.) 'Eto1 0 xepog ypappav tou A sivat

1 2
R(A) = C(AT) = range AT = span{ 0,11 }
2 5

IMa tov undevoxwpo tou A Auvoupe 1 ovotnua Ax = 0, woduvapa to Ryx = 0, étol av
X = (3: Y z)T, 10

x+22:0} {x:—Qz , v -2
= €101 Y| = =z|-1},
y+2=0 y=—z . 1
Katd ouvéneia o pndevoywpog tou A sivai
null A = span )
. To ovotpa Ax = b €xe1 Avon av kat pévo av b € C(A), 1006Uvapa urtapxouv \, i Gote
1 1 0 A
3l =22 | +pll]=]2x+pu
b -1 3 —A+3u

art orou BAérioupe 6t A = 1, = 1, b = 2. 'Etot 10 ovotnua éxet Avon av kat povo av b = 2.
ZNHEWVOUPE OTL TV TeAeutaia auty] Anpogopia v naipvoupe aro my (1), cuppwva pe o,tt
Eépounie Ao v emiAucT CUCTRATGOV.

Na Bpebei n yevikrg Avon tou cuotpatog Ax = b.
Ao myv (1), ya b = 2, naipvoupe to cvotnpa
r+2z=1 r=1-2z
54
y+z=1 y=1—=z

. T ., , .
groL av X = (I y Z) glvat )&UOI'], Tote

T 1-—2z 1 —2z
X = Yy = 1—2 — 1 + —z
z z 0 z

—2 1
x=t|-1]+[1] =x0+x%, t e R. 2)
1 0
To afjpa
—2
xg=1t|—1
1

eival n yeviky Adon tou oporoyevoug cuotipatog Ax = 0, kat to

1
xp =11



eival pia £181k1} Avon tou cuotipatog Ax = b.

IMa otabepd t, toww t = 3, 10

—2 1 -5
x=3|-1|+[1]=]-2
1 0 3

eivat pa eriong (e181kn) Avon tou Ax = b. Tlpaypat

Na Bpebei 0 apiotepdg pndevoxwpog tou A.

H 61abikaoia g arnaloiprg vAoroteital PE0® TOU MTOAAAITAAO1A00U € OTOIXE1O01] PNTP®WA ©OG
0 1 00 1 00

0 010 -2 1 0)J]A=Ry

1 1 01 0 0 1

1 0
0 1
0 -3

art orou rnoAAardaoialoviag Bpiokoupe LA = Ry, érou

1 0 0
L=|-2 1 0
7T =31

‘Etot pe avaotpodr| ntaipvoupe (LA)T = R], w0o8vvapa

1 -2 7 100
ATLT=ATl0 1 -=3]=|0 1 0
0 0 1 210

A6 v tedeutaia oxéon BAénoupe ot 1) tpitn otAn tou LT moAAamAaciaopévn anéd apiotepd
pe o AT 8ivel ) pndevikry otAn tou Rg, KAatd OUVENEWD O aplotepdg pndevoxwpog tou A
etvat

7
nullAT:span{ -3 }
1



