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‘Evvoleg, AéEeig kAeldId, uneveupion |
Yneveuuion 1ng 4ng d.

EniAuon ypauuikwy cuotnudtwy: Eicaywyn.

lewUETPIKA epuNVEia eNIAUCNCS YPAPMWIKOU CUCTAUATOG: epudnveia kard
YPOUUEG, epunveia katd OTHAEG,.

Alguépion UNTPWWY, UNnounTewa, CUVBETA UNTPWwA: YUUBONCUO! KAl
npd&teic.

Epunveiec moAManAaciacuoU INTewwyY e Xprnon CUVBETWY UNTRWWV.
AVTICTPOPO KATA MAOKADEC (MMAOK) TRIVWVIKOU UNTPWOU.

@ EniAuon ypaupikoU cuotiuarog e anaioipry Gauss Kal Miow aviikardoTaon

(eniAuon Tou 1I603UVANoU Avw TRIYWVIKOU CUCTAKATOC).
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‘Evvoleg, AéEeig kAeldId, unevBeupuion |

YAuepa Ba doupe (6pol &ng d.):

Anahoipr| Gauss kal napayovronoinon LU.

YToIxelwdn pnrpwa Gauss yia TNy analoigr) Kal peBodoloyia eniluong
TETPAYWVIKWV CUCTNUATWV.

Ancloipr) Gauss: Xprion evaAaywV Yid ThV arnopuyn NJeVIKWY odnywv
Kal odrjyynon JE UNTPWA eVAANAYAG KAl NTPwa PUeETABeoNnG.

Aladikacia anaroiprg Gauss wG PETaoXnUaTiouds Tou [A, b] oe [U, b pe
S1adoxikoUg MOANANAACIAoHOUG HE G.J. Gauss Kal EVOAAYNG.

Mapayovronoinon LU kal enMiAucn CUCTAPATOG YPAUUIKWY €EICWCEWV.

@ Epapuoyn: a) YNoAoyiouog TIHWV MOAUWVULIKNG CuvAPTNONG KAl NTPWA

Vandermonde kai B) eUpeon MOAUWVULIOU (CUVTEAECTWY TNG
SuvauoPoP®NC) ME BAoN TIG TIWES ToU (MAPEUBOAN).
Enaugnuévo untpwo.

MéeBodog Gauss-Jordan avTicTPoPNG UNTEWOU.

Lroixeia dryeBpag (ouddeg, DAKTUAIOIN, CWUATA)

Eicaywyn) otoug diavucuankoug xwpouc. MNapadeiyuara.
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A~

Enihuon ue avaywyn oe dvw TpIywVIKA Jopen Ux = b

EPQTHMA TMw¢g neTtuxaivouue TNV avaywyr Tou A otn popon U;
Kamn cav

MA=U= M(AX) = Mb = (MA)XI Mb
—— ~~

U b

©a napoucidcoupe Wia pébodo Babuiciag JETATPONNG TOU UNTPWOoU A o€ Avw
TOIYWVIKO.
Apxikonoinon Al = A
fork=1,...,.n—1do
MndevIoHOG SAWY TWV TIHWY KATW and Ty kupia diaywvio oTn oTAN k Tou
TPEXOVTOG UNTPWOU Al=1)
AVTIOTOIXOG HETAOXNUATIONOG Tou dekioU diavUouaTog
end for
‘0.1 aNayEég xpeldlovial UNopouV va enimeuxBouv anokAEIOTIKA ue
noAANaNAacIacpoUs and 1Ta aploTepd Pe eIdIKA oToixelwdn UNTewa.
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AU0 BACIKA CTOIXEIWDN PNTPWA

(1) Mnrpwo Gauss L, pndevilel 1o didvuoua otic BEcelg KATw and TN ypauun k:

Mapddelyua Eotw x = [4,3,2,1]". Tére

j—

1 1
3
-3 0 1 01
L= 3 L= -
"1 -2 o1 27 o -2 =10 0 1 ’
1 1 1
-3 0 01 0 —3 01 00 —3 1
4 4 4
0 3 3
L1x:O,L2x—0,L3x:2
0 0 0
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AUo Baocikd oToixelwdn puNTewWwa:

(2) Mntpwo evalayng Py; EvaAacoel TiG ypauuég k kal j Tou diaviouarog rnou
noAanAaocidlel (Bewpoupe on k < j)

Mapddelyua Eotw x = [1,2,3,4] . Tére

0100 0010 000 1
1000 0100 0100
P12 o010l 1 000|P*T o011 0ol
0 0 0 1 00 0 1 1000
1000 1000 1000
0010 0 0 0 1 0100
Pas o100|™ o010 |00 01
000 1 0100 0010
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2 3 4
1 2 2
Prox = 3 ,Prax = ! yPrax = 3
4 4 1
1 1 1
3 4 2
Poax = 5 , Poax= 3 ,Psax = 4
4 2 3
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EniAuon pe anahoipry Gauss

Avaywyr| o€ Avw TRIYWVIKO Ax = b < Lslol)Ax = Llolibes Ux = b

4 3 2 1 & 3 3 8 21 & 8
34 3 2 (o) (21 %2 o 4 |[&]|_|a
2 3 4 3 I I 0o 0o 2 ‘Z &3 1
128 4/ \& 2 o0 0 32 & 0

Miow avrikardotaon
Brua 1: 364 =0=& =0,
S
Bipa2: 28;=12_10"0 ‘= & =1,

&3 E.,A
Biwad: 2 =—1-3"1 -%"0 =& =1,
& & &
N AN A
Biua4: 48, =3-3(—-1)—2 1 -1 0 =& =1
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EnaniBeuon

43 21 1 3

3432 |[=1] |2

2 3 43 1] |3

123 4 0 2
©
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Yroixelwdeg uNTPwo Gauss

0 0
& 10 0 0

2
B 3 0 1 0
x= ;é“ = b= 0 —Lua/& 1 0
Gk+1 0 E 0

—Cri2/Gk O 1

&n 0 - 0 =58 0 e 1
Mnrpwo Gauss L,  undevilel 1o didvuoua oG 8€cel KATw and TN ypauun k:
Mapddeypa Eotw x = [4,3,2, 1]T. Tére

—

o=

-~
ENETNTSINTA)
oo —
o o o=

|

&
ooo-—

o

1
0 1

NI—=

L]X: ,L2X:

yLlex =

[=NeRali-
OO WwhN
ON WM
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IxONQ

@ [MoANanAaocialovrag he oT.Ju. Gauss enmuyxdvoupe otadlakd TNy avaywyn
TOoU A o€ Avw TPIYWVIKH OO

@ ‘Onorte xpeldletal, apxifovrag and 1o A = A 6q ovopaloupe
A(k), k=1,...,n— 110 UNTPWO NMoU éxel NpokUYel JeTd and k Briuara NG
dladikaciag,.

@ ©a ovoudaloupe Ta OTOIXEIO UE TA OMOIO EniXElPOUPE To PNdevIoud

odnyoug (pivots).

© o) ... o202

@ Yta napandvw, ol odnyoi eival Ta otoixeia 06 7,00 5, *+ 01 p_1
k) k) k)

EMIMOAIO: Av napouciaocTtel undevIkog odnyog: * YNApxXouy ol €§NgG
nePINTWOEIG :

Mepimmwon 1: unopouue va napakAuPouue 1o NEOBANUA HE KATAAMNAN
oTPATNYIKA TPOoMonoinong

Mepinmwon 2: 1o untewo dev eival avrioTpeWIUo Kal N uéEBodog actoxei (dev
undpxel Auon).
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The Big Picture

Ax=b=Llp - -ZAX=1Ln_1---L1b
Ux=b
A= (Lp L) U=L"--L U

EMONEVWG EXOUE TNV NMapayovroroinon LU
A=LU,L=1;"---L",

Mooooxr: Na enaAnBeucerte 41 10 L nepiéxel kKatw and 1 diaywvio KABe OTANG
Jj 1a (apvnTikd) cToixeia NG GTAANG j Tou L.

Kéotog H napayovronoinon LU enituyxdaveral oe %ns + O(n2) APIBUNTIKEG
np&gelc.
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Eunddia kar diaxeipion JNdevVIKwyY odnywy |

@ [NoAanAacialovrag he oT.Ju. Gauss enmuyxAvoupe otadiakd TNy avaywyn
TOU A 0€ AV TPIYWVIKA HOPP.

@ ‘Onorte xpeldletal, apxifovrag and 1o A = A 6q ovoudloupe
A(k), k=1,...,n— 1710 uNTPWO Nou éxel NpokUPel uetd and k Bruara 1ng
diadikaciag,.

Ye kKABe BrMA, N YOAUUr NOU XPNOIUOMNOIEITAl YIA va INJeVIioouEe GToIxeia ovo-
paleral ypauun odnyog Kal To OTOIXEIO MoU XpNGIKOMNoIETal yia TNV anaAoIpn
KaAeital odnyog.

0 1 n—2,n—2
ol a2

@ Xta napandvw, ol odnyoi eival Ta otoixeia ol N0 AN
k)

ZHTHMA Ti k&voupe av o o «unoynelog odnyodg» eival undév;

Mepinmmwon 1: To NpdBANHA NApAKAUNTETAI JE eVAANAYH YOOUUWY

Mepintwon 2: To untpwo dev eival avrictpéWiuo (dev undpxel AUon 1} undpxouv
dnelpeg AJoceig)
TS Mopiou 2018 15/46



Eunddia kal diaxeipion undevikwv odnywv I

03&1ynon: Analoipr; Gauss epapudloviag KAaTGAMNAA enAeyuévec evarhayée

YPOUM@V Kal STRAQV (€EI0MOewV Kal ayvmoTwy).

Moiv To Bua k g diadikaciag:

AR odrynon: av 1o oroixeio omn 8éon (k, k) eivar un undevikd, dev k&voupe
Tinota. Av eival 0, p€pvoupe un Undeviké cTroixeio otn B€on Tou
odnyou evaANACCOoVTIAG TN YPAHMNA k he uia and Tig Yeauuég
k+ 1 wg n nou dev nepliéxel uNdEV ot OTHAN K.

Mepikr) odriynon: ‘Onwg kai otnv anAr} odrynon, aAd enIMEYOULE KAl
€VANMNAOCOCOUE UE TN YPAUMN HE TO JEYIOTO OE UETPO OTOIXEIO OTIG
Béoeig k+ 1,...,n o OomAN k.

Mpoooxr): Av éAa Ta oroixeia ong 8écelg (k, k), (k+ 1,k), ..., (n, k) eivai 0,
1OTE TO UNTPWO €ival un avTioTpEYIHO.

M\ApNg odrynon: EmAéyoupe va pépoupe om Béon (k, k) kai va
XPNOIUOMNOINOOUUE WG 0dNnyd TO UEYIOTO GE PETPO CTOIXEIO OTIG
8éoceig (k : n,k : n). Auto anaitei EVOMNAYEG YPAUHWY KAl CTAAGV.
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MnTtpwa PYerdBeong

YNV eniAucn cucTNUATWY, MOAMEC POPECS MPENEI VA KAVOUE MOAMEC EVAANNC-
YEG TIG onoieg JNopoUle va eKPPACOULE WG YIVOUEVO UNTPWWY EVAANAYAG.
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MnTtpwa PYerdBeong

a )

YNV eniAucn cucTNUATWY, MOAMEC POPECS MPENEI VA KAVOUE MOAMEC EVAANNC-
YEG TIG onoieg JNopoUle va eKPPACOULE WG YIVOUEVO UNTPWWY EVAANAYAG.

. 7

( R

MnTPWOo PETABeEONG amnokaAeiTal KABe UNTPWO Mou €xel MPoéNBel and PeTd-
Beon TWV YPAUN®WY () OTNAWY) TOU TAUTOTIKOU HNTPWOU.

.
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MnTtpwa PYerdBeong

( B

YNV eniAucn cucTNUATWY, MOAMEC POPECS MPENEI VA KAVOUE MOAMEC EVAANNC-
YEG TIG onoieg JNopoUlE va eKPPACOULE WG YIVOUEVO UNTPWWY EVAAAYAG.

\. J

( 3

MnTPwo PETABEONG ANOKAAEITAl KABE UNTPWO Mou éxel NPoéABel and PeTd-
Beon TWV YPAUN®WY () OTNAWY) TOU TAUTOTIKOU HNTPWOU.

\ J

Mooocétre:
@ Kd6e yivopevo untpwwv eVOAAYNG €ival UNTPwo JeETABeong.
Q KdBe untpwo HETABEDNG MMOPE! VA YPAPTEI 0aV YIVOUEVO UNTOWWV
evalayng (un Povadikd).
@ H perdBeon xapaktnpileral wg ApTia ) NEPITT) AVAAOYA PE TO MANBOG TwV
NAapaAyovVIWV CTNV YA TOU INTPWOU PETABECNG WG YIVOUEVOU UNTPWWY
evalayngc.

QH
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MnTpwa JeTdBeonc Kal QvTIoTOOPN

Mapampnon: To avrioTpo@o KABe UNTPWoU PETABESNG €ival Kal autd uNTPWo
petdBeong.
-1 —1p—1 T pT
(P2J2P1J1) = P],j1 P2,j2 = P],j1P2,j2 = PPy

e P 1 =P, 30\ kdBe unTpwo PetdBeonc eival opBoydvio.

@ Eidikn nepintwon: To unTpwo eVAAAYAG €ival CUPUETPIKO Kal eival TO
avtiotpo®d Tou, SnA. P = P kai P2 = 1.
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AnAA odriynon |

Mapd&delyua

— N wOo
N WO w
WO WwWN

Mpocoxr: Qg éxel, dev prnopoupe va undevicoupe

1
-5
5
-1

O WN —
o
|

... MHFQX AEN YMAPXEI AVIH; ®



AnAnR odryynon i

Mapd&delyua
3 0 3 2 -5 (1) C]J 8 g
0 3 2 1 1
P1,2A: 2 3 0 3 7P1,2b: 5 =L = _$ 0 1 0 3
1 2 3 0 -1 —3 0 0 1
-5 3 0 3 2 1 0 0 0
1 0 3 2 1 0 1 0 0
LiPi b= % LiPIgA=1| g 3 _o s =L=0o -1 1 0 |>
z A0 02 2 -2 o -2 0 1
_s 3 0 3 2 10 0 0
1 0 3 2 1 01 0 0
Lo(Li(Pr2b)) = 2 | L(LP2A)=( o o _a4 2 =L=]1 0900 1 o0
3 Y 2 o0 ! 1
0 A(2) 0 0 3 -3 3
¥£5 3 0 3 2
1 0 3 2 1
Ll(h(Pp))=| 2 [ L(bLiPA))=| o o -4 2
—_———
5 RE oo o -1
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AnAA odriynon I

Mapd&delyua

Mpooétre v napayovrornoinon LU:

NMOO™»

DO OmN

O mN—

OO0 —

oo —0O

—OO0Oo

oO—O0oOo



Enihuon e analoipry Gauss e aniry odryynon

Avaywyr) 0e Avw TPIVWVIKO Ax = b & L3loli Py oAx = Lglal Prob < Ux = b

0 3 2 1 é] 1 3 0 3 2 &1 -5
3 0 3 2 &) _|-5 0o 3 2 1 & ]

2 3 0 3 &E|=| 5| 0o o0 -4 2 2
1 2 3 O &4 -1 0O 0 0 -— % s %

Miow avrikardotraon
Biwa I: — P& = =& =1

R
Brpa 2 —48s = Z —§(~1) =& = -2,
& &
AN N
BApa 3: 36 =1-2(—2)—1(-1) =& =2,
& &
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EnaniBeuon

03 2 1 1 1
3032 2 | _|-5
2303 ||-2]|s
1230/ \~ —1
OO

Mooocoxn:

@ Mnopei éva untpwo va eivai avriorpéPipo KAI va éxel 0 otn diaywvio !
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EnaniBeuon

03 2 1 1 1
3032 2 | _|-5
2303 ||-2]|s
1230/ \~ —1
OO

Mooocoxn:
@ Mnopei éva untpwo va eivai avriorpéPipo KAI va éxel 0 otn diaywvio !

@ Mnopei éva untpwo va eivai 1didpop@o KAI n diaywvidg Tou va uny
nepiéxel 0!
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EnaniBeuon

0 3 2 1 1 1
303 2 2 | _[-5
2 30 3 -2 | 5
1 230 -1 -1
OOO

Mpoocoxn:
@ Mnopei éva untpwo va eivai avriorpéPipo KAI va éxel 0 otn diaywvio !

@ Mnopei éva untpwo va eivai 1didpop@o KAI n diaywvidg Tou va uny
nepiéxel 0!

e Mnopei va xpelaoTtei evaAayr o€ enduevo Briual
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Mapddelyua

0 3 2 1 3 0 3 2 é ? g g
3 0 3 2 0o 3 2 1
A=l 2 3 a4 3 |P2A=| 2 3 4 3 b= 22 0 1 0 |
1 2 3 0 12 3 0 _i 0o o0 1
3 0 3 2 1 0 0 0
) 0 3 2 1 0 1 0 0
AV =0LPI2A= g 3 g =10 1 0f:
2
o 2 1 -4 o -% o0 1
npocétre ém (Xg_]z) # 0 enopévag dev xpeldomnke evaliayn,
3 0 3 2
0 3 2 1
2) _ 1) —
A=A =30 ],
o 0 -3 -2
SPwg (xgiz =0, enopévwg evalayn
3 0 3 2
0 3 2 1
=10 o -} 2
o 0o o 2

rou eival Avw TPIYWVIKS.

R



AlOXWPICHOG OTOIXEIWOWV INTPWWV: eVAAaAYNS and Gauss

‘Eotw ém cupBoAioupe TiG evalayeg ue Py érou unovoeital 611 apopd oe
€evaNayr TG YPAUMNG j IE Ypapur j (ondte teTpiduévn evarhayn, dn. P =1
N pe pia and 1¢ ypaupeg j+ 1,j+2, ..., n.

nx. av A € R*4, ioxGel (apol PP =:

LaPsloPoLiPIA = U
A = (LPsLoPoliPy) U= PiLy ' PoLy ' Pl U
PA = L'PL 'L
PsPoPy A = (PsPoLy'PoPs) (Psly 'Ps) L' U

€nouévwe Junopouue va ypdyoupe

PA =101 U= LU
N——"

L
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Baoikd Bewprjuara napayovronoinong LU

1o Bewpnua napayovronoinong LU

Eotw avriotpéyipo untpwo A € R™" yia 1o onoio 1ox¥el é1iTa n— 1
npwrevovia KUpIa unopnTewa Ay 1.4, K =1,...,n— 110U €eival
avTtioTpeéYiua, Téte undpxouv KATW TRIYWVIKO UNTPWO L pe OAa 1a diaywvia
oToIXEla ioa Pe TNV yovada kal Avw TPIYWVIKS intpwo U 1é€tola wote

A = LU. O1 napdyovreg L, U eival uovadikoi.

20 Bewpnua napayovroroinong LU (ue odriynon)

‘Eotw avriotpéipo untpwo A € R™ ", Tére undpxouv KATw TPIYWVIKO
MNTPWO L ue pyovadeg ot dlaywvio, Avw TRIVWVIKO puntpwo U Kal untpwo
perdBeong P tétola wote LU = PA.

Mpoooxn (): ZuvnBwg, étav Aéue om "epapudloupue LU oe éva untpwo,
evvoouUpe napayovronoinon tunou PA = LU.

Mpoooxn ): Mn Unap&n napayovronoinong LU pe odriynon icoduvauei
pe eNeln avrioteePiudrac.
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Baoikég péBodol eniAuocng YRAMMIKWY CUCTNHMATWY

MéBodol napayovronoinong

Analoipr) Gauss
o [A,b] — LiPy [A, b] — P L1 Py [A, b] ~— [UX,Ln71Pn7'| 1Py b]

@ [Micw avrkardoraocn Ux = b

i

MNapayovronoinon LU

@ A—- LiPPIA— Lh—1Php—1---LiPIA=U

@ Eunpdg aviikardoraon: Ly = P ---P1b, énou L = 21 .. -[,,_1 4nwg oe nponyouuevn
avdaiuon

@ [Miocw avikardoraon Ux =y

MNaparnpnoeig:
@ To kupiapxo kdoToG Oe NpdEelg eival %ns +0(n).

@ Eg@doov unohoyicoupue TNV Napayovronoinon LU, aumm) unopei va enavaxpnoiuonoinBei yia
va NUcoupe yia NOAA Sefid PéNN, nx. Axy = by, Axp = by, Axg = bs, ...
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Mapddelyua

YMNOAOYICHOG TIMWV YPAMMIKAG CUvARTNONG

ZntoUpevo Aivetal n cuvépinon Y = 3 + 2 kal BéAoupe va UnoAoyicoupe TIG TIEG Tou
yia MOAAEG BIapopeTIKEG TIuéG Tou &. ©a pnopouce va eival n eficwon wiag eudeiag kai
é0Tw 61 BéNoupe va BpoUle TiG TETaYUEVES W1, ..., Wy, and Tig TeTunuéveg &, ..., &
(OTE VA OMTKOMOINCOUKE TNV eudeia ouvdéoviag Ta onueia {(&;, )i =1,...,m}.

15€éa O unoloyioudg unopei va yivel wg €gng: 1) karackeudloupue 1o didvucua
x=(&1,E2,...,Em) . T0 uNTEGIO A = (e, x). 2) kai To Bidvuoua p = (2,3) . 2)
YrnoAoyiloupe 1o yivouevo y = Ap:

Y 1 &
"l e
o\ e g
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Mapddelyua

YMNOAOYICHOG TIMWV TETPAYWVIKNG CuvApTNong (MOAUwWVULIOU)

ZntoUpevo Aiveral n cuvaptnon W = 32 + & — 1 kal 8éAoupe va unoAoyicoupe TiG TIIEG
TOU Y yIa MOANEG SIOPOPETIKEG TIUEG TOU &

I153¢a O unoloyioudg pnopei va yivel wg €gNg: 1) karackeudloupe 1o didvuoua
x=(&1,€2,....Em) . To uNTPWO A = (€,X,X ® X). 2) kai 10 Sidvuopa p = (—1,1,3) "
4riou onou x ® x dnAwvel 1o yivouevo Hadamard. 2) YnoAoyi{ouue 10 yivouevo y = Ap:

Ly 1.& &

Y2 B 1 & & _]]
: I 3

Y 1 &, E2

Mpoocétre: To uNTPWOo €xel eIdIkr dour Kal AéyeTal unTpwo Turnou Vandermonde.
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Foapuikd cuothuaTta: MoAUWVUMIKA NApeUBOAR

©¢pa Aivovrar n Letyn tuwv T = {(&;,B;),i = 1,...,n} kaI 8éNoupe va
uroAoyicoupe éva MoAUMVUHO NapepBoAig p(x), BNA. €va MOAUMVULO Moy
ikavorolei Tig oxéoelg p(&) = Biyiai=1,....n.

Epwmpuara Yndpxel; Eival povadiko;

Aedopéva Av ol n Tipég eival &; eival SIapopeTKéG UNdpxel LIOVadIKO
MOAUWVULO BaBuou n— 1 Nou IKavorolei TIG CUVBNKEG.

Mapddeiyua: T={(0,1),(1,4)} 161€ p(x) = 3x + 1 (UnoroyileTal kal pe To
pam !y Eival dpwg éva 2 X 2 ypauuikd cuotnuall

Mapddeiypa: ‘Opwg av T = {(—1,0),(0,1),(1,4)} kar avainrolpe 1o

p(x) = Ttox? + 71 x + T, N eUPETN TwV CUVTEAECTRV ananei nepIcodTepn
douleld (3 X 3 cuotnua)
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MNapddelyua ePAPPOYAG

EUpeon noAuwvUhou NapepBoAng

MpdBAnua 1: Avagnrolpe nohudvupo p(x) = Ty + mE 1.0, p(0) = 1 kai p(1) = 4. MNwg
SIAUOPPWVETAl WG EMIAUCNH CUOTAUATOG ;
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MNapddelyua ePAPPOYAG

EUpeon noAuwvUhou NapepBoAng

MpdBAnua 1: Avagnrolpe nohudvupo p(x) = Ty + mE 1.0, p(0) = 1 kai p(1) = 4. MNwg
SIAUOPPWVETAl WG EMIAUCNH CUOTAUATOG ;

(4960

(CEID AidheEn 5 ) 13 Mapriou 2018 31/ 46



MNapddelyua ePAPPOYAG

EUpeon noAuwvUhou NapepBoAng

MpdBAnua 1: Avagnrolpe nohudvupo p(x) = Ty + mE 1.0, p(0) = 1 kai p(1) = 4. MNwg

SIAUOPPWVETAl WG EMIAUCNH CUOTAUATOG ;

(4960

MpdBANUa 1: AvaZnrolpue NoAuGVUpO p(x) = Tig + 01§ + &2 1.6, p(—1) = 0 kai
p(0) = 1,p(1) = 4. MNwg diapoPPOVETAl WG EMAUCH CUCTAUATOG ;
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MNapddelyua ePAPPOYAG

EUpeon noAuwvUhou NapepBoAng

MpdBAnua 1: Avagnrolpe nohudvupo p(x) = Ty + mE 1.0, p(0) = 1 kai p(1) = 4. MNwg
SIAUOPPWVETAl WG EMIAUCNH CUOTAUATOG ;

(4960

MpdBANUa 1: AvaZnrolpue NoAuGVUpO p(x) = Tig + 01§ + &2 1.6, p(—1) = 0 kai
p(0) = 1,p(1) = 4. MNwg diapoPPOVETAl WG EMAUCH CUCTAUATOG ;

1 =11\ /7 0
1 0 0 Tl =11
1 1 1 T 4
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Feviky diatunwon

r

Avainroupe noAucvupo p(x) = g+« -+ + T, _1&" ' 1érol0 Wote

p(&1) =B, --,p(&n) = Bn-




Feviky diatunwon

r

Avainroupe noAucvupo p(x) = g+« -+ + T, _1&" ' 1érol0 Wote

p(&1) =B, --,p(&n) = Bn-

1 &1 T E_,?i] T B]
1 §2 s %! B]

1 &, 5271 Tt Bn
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Mapddelyua

lNa v enihuon Tou

1T =1 1\ /7o 0
1 0 o) |m |=|(1
1 1 1) \m2 4

©a epapudooupe anaroipr) Gauss EMNAEYOVIAg yia odnyd NAVIA To PEYIOTO o€ andAu Tiur) KGBe OTANG:

10 0 [ 10
L= (—1 1 0) = Li[Ab] = (0 1 -1 1)
-1 0 1 o 2 0o 4
L 10 1 0o 0
Poali[Ab]=(0 2 0  4)=1,=(0 1 0
0 1 —1 1 o -5 1

T 0
LPsli[abl=(0 2 0 4
o o -1 -1

Me niow avTikardoraon Ty = 1,7y = 2,Tp = 1 dpa 10 noAudvupo eivar p(x) = x2 +2x + 1 (5eV ypAPOULE TOUG CUVTEAEOTEG STav eivar 1).

T
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MéBodoc avrioTpoPric Gauss-Jordan

(Strang, ceA. 93-94)
Brjua 1: Enauinuévo untpwo Kal avaywyr o€ Avw TRIYWVIKH Hop@n

2 —-1.0 1 0 O
(A,er,62,63) = (—1 2 -1 0 1 o)
0 -1 2 0 0 1
2 -1 0 1 0 0 2 <1 0 1 0 ©
:><0 3/2 -1 1/2 1 0>:><0 3/20 -1 1/2 1 0)
0o -1 2 0 0 1 0 0 4/3 1/3 2/3 1

Brjua 2: It GJ ouvexi{oupe wg TV avaypévn gopdn: Anuioupyouue undevika ndvw and toug odnyous
MEOCBETOVIAG YPAUWEG O€ QUTEG Mou eival and endavw.

2 -1 0 1 0 0 2 0 0 32 1 1/2
(o 3/2 0 3/4a 3/2 3/4> = (0 3/2 0 3/a 3)2 3/4)
0 0 4/3 1/3 2/3 1 0 0 4/3 1/3 2/3 1

Briua 3: Algipeon kA8e ypauurG JE Tov avTiotoixo odnyo.

10 0 3/4 1/2 1/a
(0 10 1/2 1 1 /2)
00 1 1/4 1/2 3/a

To avrioTpo®o Tou A eival oTig OMAeg 4, 5, 6.
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Avtiotpon uéow LU

@ Tapayovronoinon LU tou A, PA= LU.
@ EniAuontwv LY = pT.

@ EniAuon twv UX = Y, 1o avriotpo@o eival 1o X.
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MapayovTonoINGEIS UNTRWWV

Baoikr 15éa: AoBévrog A € R™*", avalnrolue unohoyiooupe KatdANAa un-
Towa (napdayovreg) C, D, E, 1.w.

A = CDE 1\ yevikétepa A= CDE

O1 napdyovreg enAEyovTal va €xouv eIBIKEG 1B10TNTEC CUUPWVA Pe KAMoleg
npodIaypPaAPEG.
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MapayovTonoINGEIS UNTRWWV

Baoikr 15éa: AoBévrog A € R™*", avalnrolue unohoyiooupe KatdANAa un-
Towa (napdayovreg) C, D, E, 1.w.

A = CDE 1\ yevikétepa A= CDE

O1 napdyovieg enAéyovtal va €xouv eIBIKEG 1IB1I0TNTEG CUUQWVA HE KAMOIEG
npodIaypPaAPEG.

@ M.X. Va Npoo@EPovIal yia olkovoulkétepn diaxeipion and 1o A.
@ M.X. VA AnokKAAUMTOUV CNUAVTIKEG MANPOPOPIEG YIa To MESBANUA.
Mapatnpnocelg:

@ AnoTteAoUv MoAU CNUAVTIKA KATNyopia TEXVIKWY €MAUCNG MOANWY
NEOBANUATWY TNG UMNOAOYICTIKNG YPAUMIKNG AAYEBPAG (OXI HOVOV YOAUUIKWY
ouoTNUATWV)!

@ Xpnoiuonolouvral ektevwg oe Data Analytics, deite n.x. edw.

@ N Mapayovronoinon eviote avagéperal kal wg didonaon.

@ H peBodoloyia Tng napayovronoinong BewpnBnke uia and 1ig nio
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«AvapiBunTeg» Kal MEYANESG EPAPUOYEG

Factorizing Gigantic Matrices: Tutorial at ECML-PKDD 2011

Christian Bauckhage (Fraunhofer IAIS), Kristian Kersting (Fraunhofer IAIS), Christian Thurau (Fraunhofer IALS)
Tutorial description

Low-rank approximations of data matrices have become an important tool in machine learning and data mining. They allow for embedding high dimensional data in lower
dimensional spaces and can therefore mitigate effects due to noise, uncover latent relations, or facilitate further processing. These properties have been proven successful in
‘many applications areas such as bio-informatics, computer vision, text process ing, recommender systems, social network analysis, among others. Present day technologies
are characterized by exponentially growing amounts of data. Recent advances in sensor technology, Internet applications, and communication networks call for methods that
scale to very large and/or growing data matrices. In this tutorial, we discuss basic characteristics of matrix factorization and introduce several recent approaches that scale
to modern massive data analysis problems.

Understanding
Complex Datasets

Data Mining with
Matrix Decompositions

Proceedings of the National Academy of Sciences of the United States of America

RRENT ISSUE // ARCHIVE // NEWS & MULTIMEDIA // FOR AUTHORS // ABOUTPNAS  COLLECTED ARTICLES / BRO!

# > Curentissue > vol. 106 no.3 > Michael W. Mahoney, 697-702, doi: 10.1073/pnas.0803205106
@ CrossMark

et
CUR matrix decompositions for improved data analysis e
Michael W. Mahoneya' and Petros Dnmaasb

Author Affiliations =

Edited by Jon Kleinberg, Comell University, Ithaca, NY, and accepted by the Editorial Board November 11, 2008 (recsived for AR
review April 3, 2008) David Skillicorn

Abstract| Full Text Authors &Info Figures SI Metrics A Al +s|

@ Chapman & Ha/cRe

Abstract

Principal components analysis and, more generally, the Singular Value Decomposition are fundamental data
analysis tools that express a data matrix in terms of a sequence of orthogonal or uncorrelated vectors of
decreasing i u y, being linear i of up to all the data points, these vectors are
notoriously difficult to interpret in terms of the data and processes generating the data. In this article, we




This first chapter aims to introduce the notion of an abstract linear space to those
who think of vectors as arrays of components. I want to point out that the class of
abstract linear spaces is no larger than the class of spaces whose elements are arrays.

So what is gained by this abstraction?
First of all, the freedom to use a single symbol for an array; this way we can think

of vectors as basic building blocks, unencumbered by components. The abstract
view leads to simple, transparent proofs of results.

More to the point, the elements of many interesting vector spaces are not
presented in terms of components. For instance, take a linear ordinary differential
equation of degree n; the set of its solutions form a vector space of dimension n, yet
they are not presented as arrays.

Even if the elements of a vector space are presented as arrays of numbers, the
elements of a subspace of it may not have a natural description as arrays. Take, for
instance, the subspace of all vectors whose components add up to zero.

Last but not least, the abstract view of vector spaces is indispensable for infinite-
dimensional spaces; even though this text is strictly about finite-dimensional spaces,
it is a good preparation for functional analysis.

AND

Peter D. Lox Linear algebra abstracts the two basic operations with vectors: the addition of
vectors, and their multiplication by numbers (scalars). It is astonishing that on such
slender foundations an elaborate structure can be built, with romanesque, gothic, and
baroque aspects. It is even more astounding that linear algebra has not only the right
theorems but also the right language for many mathematical topics, including
applications of mathematics.




This first chapter aims to introduce the notion of an abstract linear space to
who think of vectors as arrays of components. I want to point out that the ¢
abstract linear spaces is no larger than the class of spaces whose elements are ;
50 what is gained by this abstraction? |

First of all, the freedom to use a single symbol for an array: this way we car
of vectors as basic building blocks, unencumbered by components. The al
view leads to simple, transparent proofs of results.

AND ITS APPLICATIONS

More to the point, the elements of many interesting vector spaces a
presented in terms of components. For instance, take a linear ordinary diffe
equation of degree n; the set of its solutions form a vector space of dimension
they are not presented as arrays.

Even if the elements of a vector space are presented as arrays of numbe
elements of a subspace of it may not have a natural description as arrays. Tal
instance, the subspace of all vectors whose components add up to zero.

Last but not least, the abstract view of vector spaces is indispensable for ir
dimensional spaces; even though this text is strictly about finite-dimensional s
it is a good preparation for functional analysis.

:
Peter D. Lox Linear algebra abstracts the two basic operations with vectors: the addit
vectors, and their multiplication by numbers (scalars). It is astonishing that o
slender foundations an elaborate structure can be built, with romanesque, goth
baroque aspects. It is even more astounding that linear algebra has not only th
theorems but also the right language for many mathematical topics, inc

Liuenlications ol watbumitics .




Ermdpaotikd (seminal) BiBAio

Finite Dimensional Vector Spaces. (AM-7)
Paul R. Halmos

One of Princeton University Press's Notable Centenary Titles.

Paperback | 1947 | $69.00 | £47.95 | ISBN: 9780691090955
196 pp. | 6x 9

Add to Shopping Cart

eBook | ISBN: 9781400882236 |
Our eBook editions are available from these online vendors

Google full text of this book:
GO

Google

Preview

As a newly minted Ph.D., Paul Halmos came to the Institute for Advanced Study in 1938--even though he did
not have a fellowship--to study among the many giants of mathematics who had recently joined the faculty. He
eventually became John von Neumann's research assistant, and it was one of von Neumann's inspiring
lectures that spurred Halmos to write Finite Dimensional Vector Spaces. The book brought him instant fame as

an expositor of mathematics.

Finite Dimensional Vector Spaces combines algebra and geometry to discuss the three-dimensional area
where vectors can be plotted. The book broke ground as the first formal introduction to linear algebra, a branch
of modern mathematics that studies vectors and vector spaces. The book continues to exert its influence sixty
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Ioauuikry avetaptnoia diavucudrwy

loauuikry avetaptnoia SiIavuoudrwy

"Eva oUvolo un pndevik@v dlavuopdrwv U = {uj, ..., Us} anokaAoUvial YpapuIKa
avefdpmnra av

loauuikr eEdptnon dIavucudaTwy

Ta un pndevikda diavuopdra U = {uy, ..., Us} xapakmnpi¢ovial ypappika
etaptnuéva av undpxouv TIUEG Oy, Ol, . . . , Ols MOU eV eival OAeG UNdEv ETol
wore Y1, o4y =0.

‘Eva cuvolo diavuoudrwy eite eival ypauuikd avefdpmnro ) 1a diavdouara €ivail
YPAUMIKA eEaptnuéva.
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Ouadda (Group)

Oudda eival éva ouvoro I padi pe pia npdin + : F x F — [F érol1 wore
AD a+(B+7) =(a+P)+yviakdeea, . yeF.
(A2) undpxel éva oroixeio 0 € F 1.0, 0+0 = yiakdBe o € F.
(A3) via kaBe o € F, undpxel éva oroixeio (—at) € F 1.
o+ (—a)=0.
Av eniong 1oxUel kai o
(AD) oo+PB=PB+oayakseea, B el.

161€ eival ABehiavry Oudda.

Eival eviunwoiako ndéca noAAG urnopouv va einwBouv Kal Ti Bewpieg BepeNw-
vovral ge BAaon udvov e autég Tig 1ID10TNTeC,
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AaktUuNog (Ring)

AaktuNiog eival éva cuvolo ID pali ue duo npdteig +, - €101 woTe:
@ 10 D pali mv + oxnuariZel apehiavri oudda e oudérepo oroixeio to 0.
@ n npdEn - eivai npooetaipiotikn, o - (B-7) = (o - B) - Y via kdde o, B,y € D.

Q nnpdEn - eival enipepioTk WG NPOG TV +, dnA. o+ (B+7Y) = a- B+ o -7 via k&Be
o B.yeD.

@ undpxel oudétepo oroixeio 1 € D 1.wd. - 1 = d yia kdBe o € D.

Q Avioxte a-f =B o yiakdBe a, B €D, o daktihiog kaheiral aviiuetabeTnkdg
SAKTUNIOG,.

Mapadeiyuara Ta cUVOAA TwV AKEPAQIWY, PNTWV, MPAYNATIKWY, MIYASIKWY, e TOUG
ouvNBelg kavoveg NPdoBeons Kal MOAANAACIACHOU.
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Ywua (Field)
L@pa eival éva ovvoro [F epodiacpévo pe duo npdteig +,- : F x F — F éro
WOTE VA IoXUoUV Ta NApakdatw Afiouara:
AD a+(B+7) = (a+P)+yviakdee o, B,y F.
(A2) undapxel oroixeio 0 € T 1éro10 wote oo+ 0 = o yia k&Be o € IF.
(A3) via kdBe o € F, undpxel oroixeio (—a) € IF réroio wore o+ (—a) = 0.
(A oo+PB=PB+oayakdeea, B el.
MD o-(B-y)=(a-B)-yviakdee a. B.ye F.
(M2) undpxel croixeio 1 € TF 1érolo wore o+ 1 = ot yia kGBe o € F.
(M3) yiakdee o € IF, o # 0, undpxei otoixeio o' € IF 1éroio wore or- o' = 1.
M4 a-B=PB-ayiakde o, B €.
@ o (B+y)=a-B+o-yviakssea, P, yeF.
Ta Afiouara (A1)-(A3) dnhwvouv 61 1o (IF, +) eival opdda, evd av ioxbel kai 10
(A4D), 161€ N oudGda eival aBehiavn. Ta atiwpara (M1)-(M4) dnAwvouv o1l To
(F\ {0}, ) eivai aBenavr) opdda.
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Mapadeiyupara

@ Ta ouvoia R kai C pe 1 ouvnBiouévn npdoBeon kal NOAanAaciacud eival oouara.
@ Ol pNrég CUVAPTACEIG WG MPOG TNV ANPOCIIGPICTN UETABANTA X

O+ 0 X+ -+ - + ClpxP . . +
{m . aivBiERquGZ
énou Zt ={0,1.2, .. .}, elval cdpa.

@ To oUvoro R™*" Bev eival owua: n aliwuarnikh i3iemra (M1) dev 1oxUel ektdg av m = n. Akdua kal 1é1e
Sev eival cwpa yiari, yevikd, dev ioxuel n 1816tnta (M4) (napdt ioxUouv ta undioina 8 aiouara).

@ Av KaI T CWPATA MOU AVAPEPAE EXOUV AMEIPO NMANBOG OTOIXEIWV, O MOAEG MEPIMTWOEIG
evdIapépouV Kal Ta «nenepacuéva ocwparar (finite fields). To «efwrikd» dvoua unv oag napaniavd
KABWG €XOUV CNUAVTIKEG EPAPHOYEG, M.X. OTNV KOUMTOypa®ia.

@ Mia nepinmwon owuarog e 2 pévo oroixeia eival To (Zdua Galois) GF(2) pe oroixeia {0, 1} kai Toug
kavéveg dUadIKAG apIBUNTIKAG yia -, -.
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AlOVUOUATIKOC XWPOG
Auti n evdtnta nnyaivel otnv kapdid NG MNoaupikng ‘AAyeBpag (Strang)

Ovoudietal dlavuouankog Xxwpog (eviote kal YpauuIkOg xwpog) eni Tou owuarog IF éva

oUvolo dlavuoudtwv V' pali pe duo npdteic +: Vx V' — Vka - : Fx V — 1 1éroia
ware

V1) 10 (V,+) eivar ABehiavr) opdda.

v2) (a-B)-v=o-(B-v)yiakdee a. B €F kaiyiakdbe v e V.
\3) (a+P)-v=0o-v+p-vyiakdBe a, B € F kayiakde v € V.
V4) a-(v+w)=d-v+d- wyakdbe o€ F kayiakdBe v, w € V.
(V8 1-v=vyakdtev eV (1€F).

‘Evag diavuouarnkdg xwpog oupBohiletal pe (V,F) A amd V, epdoov dev undpxel
Béua ouyxuong we NPOG TO UMOKEIUEVO CWHA.

Mpocoxn: Me Tov apaipeTikd autd opIoud «aneAeuBepwvouacTe» and TNV avTioToiXIoN
TWV SIAVUCHATWY JE N-MAeIades apiBuwy (n.x. oroixeia tou R™). Onoiodrnore cuvoro
1 kai owpa F nou ikavonolei Ti¢ napandvw 1310TNTe anotelei SIavUoHAaTKO XDPO,
Ta oroixeia Tou ¥ diavUouara kai Ta croixeia Tou F Baduwroi. Mpog enippwon autoy,
ONUEIVOTE OTl O d.X. ANMOKAAOUVTAI KAl YPAUMIKOI XWEO.
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Mapadeiypara (Strang)

R"” O xthpog SAWV TwV SIAVUCUATWY (OTNAWV) e n npayuankes ocuviotwoeg. O C" opiteral

avriotoixa.
M Odx {AlAE€R™"} SAwV TwWV NEAYHATIKOV INTEMWY M X N.
F O dx. Shwv Twv Npayuankoy cuvaptmoewy {f|f : R — R}.
Z O d.x. nou anapri¢etal uévov and 1o undevikd didvuoua.

Clo, ] O 8x. SAWV Twv NPAYHATKOY CUVEXWOV CUVAPTHCEWV oTo didotnua [, B]:
{f|f: [o,,B] — R}

‘ANa napadeiyuara kal CUPBONICHOL :

P: O &.x. 7wV NOAUWVULWV.

P, O d.x. Twv npayuankwv (A hiyadik@v) NoAUVULwY BaBuou éwg n.
£: O B.x. Twv akohouBitw x = (&;,&2,...) Térowv dore Y [§[?
MOAANAQCIacudg pe BaBuwtd opiovral ue Tov Npo@avr) Todmno.

0 3.x. SAwV Twv Niocewv u(t) TG dlapopikig eficwong 3722 u(t)+u(t) =0.

< oo ériou n GBpoion Kal o

O d.x. {U|U € R™"} SAwv TwV NPAyHATKOV Avw TRIVWVIKEOV INTPWOWV.
0 d.x. Twv Nuoewv Tou ouotiuarog {x € R"|Ax =0} érou A € R™*",
0 &.x. Twv dlavuopdtwy {Ax|A € R™" x € R"}.

MPOXOXH 10 cUvoho Twv dlavuoudrwy {x|Ax = b} drou A € R™" b # 0 € R™ AEN EINAI 3.x.
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A. Quarteroni, F. Saleri, and P. Gervasio.
Numerical Methods using MATLAB and Octave.
Springer, 4th edition, 2014.
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