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KÔria sÔnola arijm¸n

H exeliktik  poreÐa twn arijm¸n eÐnai sunufasmènh me thn exèlixh twn

episthm¸n kai genikìtera me thn poreÐa thc anjr¸pinhc Ôparxhc.

'Allwste oi arijmoÐ den eÐnai tÐpota perissìtero apì èna ergaleÐo gia

thn epÐlush problhm�twn pou anakÔptoun apì tic an�gkec k�je

epoq c.

I FusikoÐ ArijmoÐ

Genn jhkan apì thn an�gkh tou anjr¸pou na metr sei antikeÐmena,

qrìno, apost�seic, ktl...

O Homo Sapiens prin perÐpou 300000 qrìnia èkane mÐa mikr  arÐjmhsh

qrhsimopoi¸ntac kladi�.

Eik�zetai ìti o prwtìgonoc �njrwpoc prin perÐpou 100000

qrhsimopoioÔse k�poiec majhmatikèc lèxeic.

To pr¸to sÔsthma arÐjmhshc emfanÐzetai sth MesopotamÐa gÔrw sto

3500 p.Q.

N = {1, 2, 3, . . .}
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KÔria sÔnola arijm¸n

I ArnhtikoÐ ArijmoÐ
Dhmiourg jhke h an�gkh epÐlushc exis¸sewn thc morf c

x + α = β, α > β.

H pr¸th anafor� se arnhtikoÔc arijmoÔc gÐnetai se ennèa biblÐa grammèna apì
Kinèzouc suggrafeÐc perÐpou sto 100 p.Q. Wstìso h ènnoia  tan akìma polÔ
afhrhmènh kai arketoÐ epist monec thc epoq c den mporoÔsan na thn antilhfjoÔn.
Oi arnhtikoÐ arijmoÐ emfanÐsthkan gia pr¸th for� sthn istorÐa sta Ennèa
Kef�laia thc Majhmatik c Tèqnhc, to opoÐo qronologeÐtai apì thn perÐodo thc
kinezik c dunasteÐac Qan (202 p.Q. - 220 m.Q.), all� mporeÐ k�llista na perièqei
polÔ palaiìtero ulik.ì

O Diìfantoc  tan o pr¸toc pou eis gage thn ènnoia twn arnhtik¸n arijm¸n sto
dutikì kìsmoc ton 3o ai¸na m.Q. Prospaj¸ntac na brei th lÔsh thc exÐswshc
4x + 20 = 0 katèlhxe pwc ta apotelèsmata eÐnai entel¸c par�loga.

Mèqri ton 17o ai¸na oi pleioyhfÐa twn majhmatik¸n den anagn¸rizan thn Ôparxh
touc.

DutikoÐ majhmatikoÐ, ìpwc o Gkìtfrint L�impnitc (1646 - 1716), upost rixan ìti oi

arnhtikoÐ arijmoÐ den  tan ègkuroi, parìlo pou touc qrhsimopoioÔsan se

upologismoÔc.4 / 33
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KÔria sÔnola arijm¸n

I RhtoÐ ArijmoÐ

Dhmiourg jhke h an�gkh epÐlushc exis¸sewn thc morf c α · x = β.
Anaforèc stouc klasmatikoÔc arijmoÔc up�rqoun apì ton 2o ai¸na

p.Q. se èrga AiguptÐwn majhmatik¸n mìno pou o arijmht c kai o

paronomast c eÐnai fusikoÐ arijmoÐ.

H pio gnwst  anafor� eÐnai sta StoiqeÐa tou EukleÐdh pou

qronologeÐtai perÐpou sto 300 p.Q.

I 'ArrhtoÐ ArijmoÐ

O 'Ippasoc, idrut c tou majhmatikoÔ tm matoc thc sqol c tou

Pujagìra, qrhsimopoi¸ntac to Pujagìreio je¸rhma anak�luye ìti h√
2 up�rqei san arijmìc (afoÔ eÐnai to mètro thc upoteÐnousa

orjogwnÐou trig¸nou me k�jetec pleurèc Ðsec me 1) en toÔtoic, den eÐnai

rhtìc arijmìc. 'Etsi, dhmiourg jhkan oi �rrhtoi arijmoÐ.

I PragmatikoÐ ArijmoÐ To sÔnolo twn pragmatik¸n arijm¸n an koun

ìloi oi rhtoÐ kai �rrhtoi arijmoÐ.
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KÔria sÔnola arijm¸n

I FantastikoÐ ArijmoÐ

Dhmiourg jhke h an�gkh epÐlushc problhm�twn thc morf c

x2 + α = 0, α > 0.

Prokeimènou na lujeÐ autì to prìblhma o Italìc majhmatikìc kai

giatrìc Gerolamo Cardano (1501-1576) epinìhse ton arijmì i, ìpou
i2 = −1.
Me th bo jeia tou dhmioÔrghse touc fantastikoÔc arijmoÔc λ · i , ìpou
λ pragmatikìc arijmìc.

H majhmatik  koinìthta je¸rhse treloÔc ìsouc asqol jhkan me thn

Ôparxh enìc fantastikoÔ sunìlou kai apaxÐwsan k�je egqeÐrhma

touc. Stic arqèc ìmwc tou 19ou ai¸na, oi fantastikoÐ arijmoÐ

xana rjan sto prosk nio apì ton Gauss.
Oi fantastikoÐ arijmoÐ sundu�sthkan me touc touc  dh up�rqontec

pragmatikoÔc arijmoÔc kai dhmioÔrghsan to sÔnolo twn migadik¸n

arijm¸n C, z = α+ β i .
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KÔria sÔnola arijm¸n
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KÔria sÔnola arijm¸n

I MigadikoÐ ArijmoÐ
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H gènnhsh twn migadik¸n arijm¸n

I Πιθανότατα οι πρώτες αναφορές σε τετραγωνικές ρίζες αρνητικών αριθμών
είναι του ΄Ηρωνα από την Αλεξάνδρεια περίπου το 60 μ.Χ. που τις συνάντησε

στην προσπάθεια του να υπολογίσει όγκους γεωμετρικών σωμάτων.

I Περίπου 200 χρόνια αργότερα, ο Διόφαντος το 275 μ.Χ. συνάντησε το ίδιο
πρόβλημα όταν προσπάθησε να βρει τις πλευρές ενός ορθογωνίου τριγώνου με

περίμετρο 12 μονάδες και εμβαδόν 7 τετραγωνικές μονάδες.

I Τέτοιου είδους προβλήματα προέκυπταν συνέχεια με τους Μαθηματικούς
να μην μπορούν να δώσουν λύσεις σε υπαρκτά φυσικά προβλήματα εμβαδών

και όγκων (Al-Khwarizmi, 800 μ.Χ. , Gerard, 1114-1187, Leonardo di Pisa
(Fibonacci), 1170-1250, κ.λ.π.).

I Στα μέσα του ίδιου αιώνα Ιταλοί μαθηματικοί αντιμετώπισαν ένα
μαθηματικό παράδοξο που αδυνατούσαν να βρουν τη λύση του. Το πρόβλημα

ήταν η λύση της εξίσωσης,

x3 = px + q όπου p, q σταθερές.
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Orismìc MigadikoÔ ArijmoÔ

I Up�rqei lÔsh thc exÐswshc x2 = −1;
mporoÔme dhlad  na broÔme èna arijmì x pou to tetr�gwno tou

na k�nei −1;
I Up�rqei h tetragwnik  rÐza

√
−2 ;

I Up�rqei o log�rijmoc ln(−1) ;

I H ap�nthsh eÐnai nai!

Mìno pou autoÐ oi arijmoÐ den eÐnai pragmatikoÐ.

� DieurÔnoume to sÔnolo twn pragmatik¸n arijm¸n R orÐzontac èna

upersÔnolo, to opoÐo to sumbolÐzoume me to gr�mma C, kai to opoÐo

èqei tic Ðdiec pr�xeic me to R kai tic Ðdiec idiìthtec twn pr�xewn aut¸n.
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Orismìc

Orismìc MigadikoÔ ArijmoÔ

To sÔnolo C twn migadik¸n arijm¸n eÐnai èna upersÔnolo tou sunìlou

twn pragmatik¸n arijm¸n R sto opoÐo:

I K�je stoiqeÐo tou C eÐnai thc morf c a+ bi, ìpou a, b ∈ R.
I To stoiqeÐo i onom�zetai fantastik  mon�da kai orÐzetai apì th

sqèsh i2 = −1.

I 'Ara sÔmfwna me ton orismì k�je migadikìc arijmìc z = a+ bi eÐnai
sÔnjesh dÔo arijm¸n:

z = a+ bi

{
a pragmatikìc arijmìc

bi fantastikìc arijmìc.

O a lègetai pragmatikì mèroc tou migadikoÔ arijmoÔ z kai

sumbolÐzetai me Re(z),
O b lègetai fantastikì mèroc tou z kai ja sumbolÐzetai Im(z).
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MigadikoÐ arijmoÐ

I 'Enac migadikìc arijmìc a+ bi sumbolÐzetai kai me th morf 

diatetagmènou zeÔgouc (a, b).

ParadeÐgmata migadik¸n arijm¸n: 3 + 5i , 2− 4i , −1 + 12i ,
2 + 0i (pragmatikìc arijmìc), 0 + 6i (fantastikìc arijmìc).

Gewmetrik  par�stash migadik¸n arijm¸n.

K�je migadikìc arijmìc z = a+ bi mporeÐ na parastajeÐ sto epÐpedo

me èna shmeÐo M(a, b)   M(z).

• To shmeÐo M lègetai eikìna tou

migadikoÔ a+ bi .
• To kartesianì epÐpedo xOy onom�zetai

migadikì epÐpedo.

• O �xonac xx ′ lègetai pragmatikìc
�xonac, en¸ o yy ′ fantastikìc �xonac.
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MigadikoÐ arijmoÐ

� Isìthta kai pr�xeic metaxÔ migadik¸n.
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MigadikoÐ arijmoÐ

I Gia ton pollaplasiasmì dÔo migadik¸n arijm¸n a+ bi kai c + di
èqoume:

(a+ bi)(c + di) = (ac − bd) + (ad + bc)i .

Parat rhsh:

An pollaplasi�soume touc (a+ bi)(a− bi) = a2 + b2.
O arijmìc a−bi lègetai suzug c tou a+bi kai sumbolÐzetai me a+ bi .

Epeid  kai a− bi = a+ bi oi a+ bi , a− bi lègontai suzugeÐc
migadikoÐ.
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MigadikoÐ arijmoÐ

I To phlÐko dÔo migadik¸n arijm¸n
a+ bi

c + di
, ìtan c + di 6= 0, mporoÔme

na to ekfr�soume me èna nèo migadikì afoÔ pollaplasi�zontac

arijmht  kai paranomast  me ton suzug  tou paranomast  èqoume:

a+ bi

c + di
=

(a+ bi)(c − di)

(c + di)(c − di)
=

(ac + bd) + (bc − ad)i

c2 + d2
=

=
ac + bd

c2 + d2
+

bc − ad

c2 + d2
i .
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MigadikoÐ arijmoÐ

I Oi dun�meic stouc migadikoÔc orÐzontai ìpwc kai stouc

pragmatikoÔc. Dhlad :

z1 = z , z2 = z · z , . . . , zn = zn−1 · z me n akèraio jetikì kai n > 1.

An z 6= 0 tìte orÐzoume,

z0 = 1, z−n =
1

zn
gia k�je jetikì akèraio n.

IdiaÐtera gia tic dun�meic thc fantastik c mon�dac i isqÔei:

i0 = 1, i1 = i , i2 = −1, i3 = i2i = −i .

An suneqÐste na upologÐzetai dun�meic tou i parathreÐste ìti ta
apotelèsmata epanalamb�nontai

i4 = 1, i5 = i , i6 = −1, i7 = −i k.l.p.
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MigadikoÐ arijmoÐ

I Idiìthtec suzug¸n z = a+ bi, z = a− bi.

Sto migadikì epÐpedo oi

eikìnec dÔo suzug¸n

migadik¸n eÐnai summetrikèc

wc proc ton pragmatikì

�xona.

1 z + z = 2a

2 z − z = 2bi

3 z1 ± z2 = z1 ± z2
4 z1 · z2 = z1 · z2

5

(
z1
z2

)
=

z1
z2

, z2 6= 0

6 (zn) = (z)n .

17 / 33
S. Malef�kh () Majhmatik� I 2023 - 2024 17 / 33



Ask seic

I Na grafteÐ o migadikìc z = (3 + 4i)i + i(1 + i) sth morf  a+ bi .
LÔsh:

z = (3 + 4i)i + i(1 + i) = 3i + 4i2 + i + i2 = 4i − 4− 1 = −5 + 4i .

I Na grafeÐ o migadikìc arijmìc
1

1 + i
sth morf  a+ bi .

LÔsh:

1

1 + i
=

1(1− i)

(1 + i)(1− i)
=

1− i

12 − i2
=

1− i

1 + 1
=

1

2
+

(
−1

2

)
i .

I Na prosdioristoÔn oi pragmatikoÐ arijmoÐ x kai y , ¸ste oi migadikoÐ
z1 = (x + 2y)− xi , z2 = 1 + (2x − y)i na eÐnai suzugeÐc.

LÔsh:

Prèpei na isqÔei:

{
x + 2y = 1
−x = −(2x − y)

⇔
{

x + 2y = 1
x = y

⇔
{

x = 1/3
y = 1/3 .
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Ask seic

I Na grafeÐ sth morf  a+ bi o arijmìc z = 2i3 + 3i13 + 4i37.
LÔsh:

Fti�qnoume dun�meic tou i2 afoÔ xèroume ìti i2 = −1.

z = 2i2i + 3
(
i2
)6

i + 4
(
i2
)18

i = 2(−1)i + 3(−1)6i + 4(−1)18i =
= −2i + 3i + 4i = 0 + 5i .

I Na lujeÐ h exÐswsh x2 + x + 1 = 0.
LÔsh:

Apì ton tÔpo pou dÐnei tic rÐzec se deuterob�jmia poluwnumik 

exÐswsh ja èqoume:

ρ1,2 =
−1±

√
12 − 4 · 1 · 1
2 · 1

=
−1±

√
−3

2
=
−1±

√
(−1)3

2
=

=
−1±

√
i2 3

2
=
−1± i

√
3

2
= −1

2
±
√
3

2
i (suzugeÐc) .

19 / 33
S. Malef�kh () Majhmatik� I 2023 - 2024 19 / 33



Mètro migadikoÔ arijmoÔ

'Estw M(x , y) h eikìna tou

migadikoÔ z = x + yi sto
migadikì epÐpedo.

OrÐzoume wc mètro   apìluth tim  enìc

migadikoÔ z , |z |, thn apìstash tou M apì

thn arq  O, dhlad ,

|z | =
√
x2 + y2

Gia par�deigma:

|3− 4i | =
√
32 + (−4)2 = 5.

To mètro enìc migadikoÔ eÐnai mh

arnhtikìc arijmìc gia k�je x , y ∈ R.
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Mètro migadikoÔ arijmoÔ
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'Askhsh

Na brejeÐ to mètro tou migadikoÔ arijmoÔ z =

(√
2 + i

)2(
1− i

√
3
)2

i
.

LÔsh:

Apì tic idiìthtec èqoume

|z | =

∣∣∣∣∣
(√

2 + i
)2(

1− i
√
3
)2

i

∣∣∣∣∣ =
∣∣∣(√2 + i

)2∣∣∣∣∣∣(1− i
√
3
)2

i
∣∣∣ =

∣∣(√2 + i
) (√

2 + i
)∣∣∣∣∣(1− i

√
3
)2∣∣∣ |i | =

=

∣∣(√2 + i
)∣∣ ∣∣(√2 + i

)∣∣∣∣∣(1− i
√
3
)2∣∣∣ |i | =

∣∣√2 + i
∣∣2∣∣∣(1− i

√
3
)2∣∣∣ |i | =

∣∣√2 + i
∣∣2∣∣1− i

√
3
∣∣2 |i | =

=

(√(√
2
)2

+ 12
)2

(√
12 +

(√
3
)2)2√

02 + 12
=

(√
3
)2(√

4
)2

1
=

3

4
.
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Trigwnometrik  morf  migadikoÔ arijmoÔ

'Estw M(x , y) h eikìna tou

mh mhdenikoÔ migadikoÔ

arijmoÔ z = x + yi sto
migadikì epÐpedo.

Onom�zoume ìrisma tou migadikoÔ z
kajemi� apì tic gwnÐec pou èqoun arqik 

pleur� thn hmieujeÐa Ox kai telik 

pleur� thn hmieujeÐa OM.

Apì ìla ta orÐsmata tou z èna brÐsketai

sto di�sthma [0, 2π).
Autì to lème prwteÔon ìrisma tou

migadikoÔ z = x + yi kai to sumbolÐzoume

me Arg(z).

I To Arg(z) sto diplanì sq ma eÐnai h

gwnÐa θ.
I O migadikìc z = 0 den èqei ìrisma gi

autì p�nta jewroÔme ton z 6= 0.
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Trigwnometrik  morf  migadikoÔ arijmoÔ

'Estw o mh mhdenikìc

migadikìc arijmìc

z = x + yi pou èqei

mètro ρ =
√

x2 + y2.

An θ eÐnai èna ìrisma tou z , tìte apì to sq ma

faÐnetai ìti:

cos θ =
x

ρ
kai sin θ =

y

ρ

opìte x = ρ cos θ kai y = ρ sin θ .
Epomènwc o migadikìc arijmìc z = x + yi
gr�fetai,

z = x + yi = ρ cos θ + ρ sin θ · i

dhlad  paÐrnei th morf ,

z = x + yi = ρ(cos θ + i sin θ)

H graf  aut  lègetai trigwnometrik    polik 

morf  tou z.24 / 33
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Trigwnometrik  morf  migadikoÔ arijmoÔ

Par�deigma: Na grafeÐ se trigwnometrik  morf  o migadikìc arijmìc

z = 1 + i .

Qreiazìmaste to mètro tou opìte:

ρ = |z | =
√

x2 + y2 =
√
12 + 12 =

√
2

'Ara cos θ =
x

ρ
=

1√
2

kai sin θ =
y

ρ
=

1√
2

opìte θ = π/4. Epomènwc o migadikìc arijmìc z = x + yi gr�fetai,

z = x + yi = ρ(cos θ + i sin θ) =
√
2
(
cos

π

4
+ i sin

π

4

)
.

O en lìgw migadikìc arijmìc mporeÐ na grafeÐ qrhsimopoi¸ntac

opoiod pote apì ta orÐsmata tou. Gia par�deigma, epeid 

2π+ π/4 = 9π/4, mporoÔme na gr�youme kai z =
√
2
(
cos 9π4 + i sin 9π

4

)
.
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Trigwnometrik  morf  migadikoÔ arijmoÔ
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Trigwnometrik  morf  migadikoÔ arijmoÔ

Je¸rhma De Moivre

Par�deigma: Na upologisjeÐ h par�stash (1 + i)64.

Ton migadikì z mporoÔme na ton gr�youme se polik  morf 

'Eqoume |z | =
√
12 + 12 =

√
2 kai cos θ = x/ρ = 1/

√
2,

sin θ = y/ρ = 1/
√
2. 'Ara θ = π/4

opìte z =
√
2
(
cos π4 + i sin π

4

)
. Apì to je¸rhma De Moivre èqoume

z64 = (
√
2)64

(
cos

64π

4
+ i sin

64π

4

)
= 232(cos 16π + i sin 16π) =

= 232(cos 2π + i sin 2π) = 232(1 + i 0) = 232.
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LÔsh poluwnumik c exÐswshc sto C

Jemeli¸dec Je¸rhma thc 'Algebrac

K�je poluwnumik  exÐswsh n bajmoÔ èqei sto sÔnolo twn migadik¸n n
akrib¸c rÐzec.

Par�deigma: Na lujeÐ h exÐswsh z3 = 1.

z3 = 1 ⇔ z3 − 1 = 0⇔ (z − 1)(z2 + z + 1) = 0⇔
⇔ (z − 1) = 0   z2 + z + 1 = 0⇔

⇔ z = 1, z =
−1 + i

√
3

2
, z =

−1− i
√
3

2
.

'Ara h exÐswsh èqei treic rÐzec sto C (oi dÔo suzugeÐc migadikèc).
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LÔsh poluwnumik c exÐswshc sto C - Jewr mata
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Ask seic

I Na lujeÐ h exÐswsh z5 = 16(
√
3 + i).

LÔsh:

Qrei�zetai ton migadikì 16(
√
3 + i) = 16

√
3 + 16i na ton gr�youme se

trigwnometrik  morf  ρ(cos θ + i sin θ) ìpou ρ to mètro tou. 'Ara

ρ =
√

(16
√
3)2 + 162 =

√
1024 = 32. EpÐshc gnwrÐzoume ìti

cos θ = x/ρ = 16
√
3/32 =

√
3/2 kai sin θ = y/ρ = 16/32 = 1/2. 'Ara h

mikrìterh gwnÐa pou ikanopoieÐ autèc tic sqèseic eÐnai h θ = π/6.
Sunep¸c to deÔtero mèloc thc exÐswshc gr�fetai:

16(
√
3 + i) = 32

(
cos

π

6
+ i sin

π

6

)
'Ara oi pènte rÐzec thc exÐswshc ja eÐnai:

zk = n
√
ρ

(
cos

2kπ + θ

n
+ i sin

2kπ + θ

n

)
, k = 0, 1, 2, 3, 4.
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Analutik�,

zk = n
√
ρ

(
cos

2kπ + θ

n
+ i sin

2kπ + θ

n

)
=

=
5
√
32

(
cos

2kπ + π
6

5
+ i sin

2kπ + π
6

5

)
=

= 2

(
cos

12kπ + π

30
+ i sin

2kπ + π

30

)
, k = 0, 1, 2, 3, 4.

'Ara
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'Ara

z0 = 2
(
cos

π

30
+ i sin

π

30

)
z1 = 2

(
cos

13π

30
+ i sin

13π

30

)
z2 = 2

(
cos

25π

30
+ i sin

25π

30

)
z3 = 2

(
cos

37π

30
+ i sin

37π

30

)
z4 = 2

(
cos

49π

30
+ i sin

49π

30

)

Grafik  par�stash twn

lÔsewn.

ParathroÔme ìti eÐnai

korufèc kanonikoÔ

pentag¸nou eggegrammènou

se kÔklo aktÐnac ρ = 2.
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I Na upologisjeÐ to ginìmeno
√
−5
√
−3.

LÔsh:

Parat rhsh:

−1 = i2 = i · i =
√
−1
√
−1 =

√
(−1)(−1) =

√
1 = 1

Oi idiìthtec twn riz¸n (pou isqÔoun ìtan oi upìrizec posìthtec eÐnai

jetikoÐ arijmoÐ), me arnhtik� upìriza DEN isqÔoun!!!

'Ara gia thn �skhsh mac ja doulèyoume wc ex c:

√
−5
√
−3 =

(
i
√
5
)(

i
√
3
)
= i2

(√
5
√
3
)
= i2
√
5 · 3 = −1

√
15 = −

√
15 .
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