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Xpfoluec TAnpowoptec

2610 969486

a

e Todvwpoyo kthpto Mnyovordywv ko Acpovauttny®v Mnyovikodv,
log époyog, MH /1102

B<: smalefaki@upatras.gr

TPOCWTILKT CEABAL:

http://www.des.upatras.gr/amm/smalefaki/index.htm

oeMBa pabfuatoc oto eclass:

https://eclass.upatras.gr/courses/MECH1220/
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|
"TAn MaBfuartoc

>
>

vvyVvVyy

Muyodikol apiBpuot

Awapopikdc Noyiopde ouvdptnong pog MetaBintric (Mapdywyol
TPLY WVOLLETPLKOV CUVUPTHOEWV, AVTIOTPOYWV TPLY WVOETPLKOV
CUVAPTHOEWYV, TIETAEYHEVWV CUVOLPTHOEWY, TTOLPOLETPLKOV
ouwvapThoewyv, Atopopkd, Avdmtuypo Taylor)

OlokAnpwtikdéc Aoylopde ocuvdptnorng o MetafAntic
(OXokAnpopata pNTtdv L uvoaptioewy, oNoKANPOROTA 8LkNG
popyhc, Oplopévar OhokAnpapate, MAkog eTtitedng ko ToANC,
Fevikeupévor OAOKATPOMOLTO)

Akohovbicc, Tepéc aplBuav, oelpéc ouvaptioewy, Suvapooelpéc
Mivakeg, Opilovoeg ko Mpoppikd Y uoTiuoTo

[Slotipéc, L8Lodlaviopata, diaywvotoinom

Aloviopoto. 0To XWPo
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BiBAloe MaBripatoc

Mpotewdpeva BifAio
B Egoppoopéva Mabnuotikd, 21 ‘EkSoon
Mamaddkne K. E. (2021 - Exdéoeig T(o )

B Egoppoopéva Mabnuotikd,
Mdpkerhog B. B. (2013 - Ex86oeig kbétone)

BiBAio ektdc Mot EvSoou

B Ameipootikde Noyopde 1,
Finney R.L., Weir M.D., Giordand F.R.
(2011 - Mowvemotnuakéc ekdéoelg Kphine)

B Aopopikdg ko OhokAnpwtikdg Aoylopde,
Spivak M. (2011 - Nawvetiotnuiokéc ekddoeg Kpftng)

» repository.kallipos.gr

Y. Maepdkn MoOnpoctikde | 2025 - 2026 6 /46



Mot téoor MoaBnuotikd;

To pobnpotikd pog Bonbdive val eptypdoupe Kol VoL KATULVOHOOUKE TOL
TpoPAfuaTa TTov éxoupe vor eTuAOooupe!

Richard Feynman (1918 — 1988)1
Peaple who wish to analyze nature
without using mathematics must settle
for a reduced understanding

(‘Ooot emBupoldv v avadioouv

mpémel vo. oupPiBootoldv pe pia
HELwéVN avTIANdN TwV TP YRETWY )

T Apepikovdc Quotkde, dvoc amd Toue onpavTikdtepoue Bewpntikodc puokoic, o
omotog TymOnke ko pe to BpaPeio Noumel duoikic yia tn Sovdeld touv oTnv
KBawvtikh Mnyowviks, eudikd yiow tn oupforf Tov otnv avdmtuin tne kBovtikig
NAEKTPOSUVOLLLLKTG.
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Mot téoor MaBnuortikd;

O pnyawvikég Béhel vaw atopiyel k&Be eidog aotoyiog otnv kartoeokevt| Tov. Av duwg
ouuPel téte Béhel v pudbel 600 To Suvatdy TEPLoTSTEPAL YLOL LUTO DOTE VAL N
EavaoupPet.

» [Mpwto Prina

No kataypopouv ou ouvBikeg kdtw amd Tig omoleg TtopaTneHONKALY oL aLoToXieg otV
KO TOLOKELT).

— KOLTOLOKEVOLOTLKAL oTouyeio
— TOXVUTNTA OLVEUOV
— katevBuvon avépou
— TiTOoC ko £idog TaldvTwong, KTA
» Acltepo Pripa
EniBeBaiwon gawopévou péow melpopdToV
» Tpito Brpa
Kotorypopt véwv dedopévwv Touv mpoékudoav almtd ToL TELPSULOTOL
B Tétopto Prna

Katoevémon ko perétn tov @ovopévou pécw oAV LotBnpatikdv LovtéAwy
(TtpoTiT®V).
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1N ERBopdda Mabnudtwv

» [livokec

» OpiCovosc
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[Mivakeg ko optlovoec

E¢pappoyég Mvakwy & OpiZovcwyv otn MnxavoAoyic

1. MEBodog Menepagpévwy ITotxeiwv (FEM)
Owmtivakeg padag, akapiag kat anooBeonc Meplypadouy TNy KATAoOKEUN.
2. ZItatikn Kat Avroxr YALKwy

ZuOTAHATA YPAHHIKUWY EEICWOEWV YLA ICOPPOTIa SUVAHEWY KAl POTIWY
ekdpalovTal pe TIVAKEG.

3. AvdAauon TaAQVIWOEWV

MNa ovotrpata pe ToAMEG padeg Kal EAATPLa, XPNOLHOoTToUVTaAL TIVAKEG yla TNV
Teplypadn KIVoswyv.

4. Peuotopnyavikn

Y. Maepdkn MoOnpoctikde | 2025 - 2026 10/ 46



[Mivakeg ko optlovoec

Edapuoyécg Mvakwy & OplZovowy otn MnxavoAoyia

6. Metadopd Oeppdntag

Awodldotatn ) tpladlactatn aywyr] epudtnrag » ovoTnua eEL0WGCEWY TIOU AUVEL
Beppokpacieg oe KOPPBOUG.

7. Popmotiki & Mnyaviopoi

O mtivakeg Jacobian xpnolpomolouvtal yia va epypddouy T oxEon TaXUTHTWY
apBpwoewv-gpyaieiou.

8. HAektpounyavoAoylkd Zugthuata

AvAAuon KUKAWHATWY HE HEBOSOLG TIIVAKWY (T.X. HEB0SOG KOUBWY, mesh
analysis).
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[Mivockec

Oplopéc

Mivakoe ovopdloupe ot opBoymvia Sudtaln m x n aplbu®dv oe m
YPopEC Ko N oTHAEC.

aill aip e din

ani ano e aon
Am><n =

dm1 am?2 . dmn

émov aj; to otouxelo TG 7 ypapmic Ko TNG j OTHANG.
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Eidn mvakwv

> TeTpoywvikdg Tivakag: €xel Twv (8o aplBud ypappdv kot oThAov
(dnA\adh m = n)
o Ta otowyeio ai1, a2, ..., ann ovopdlovrtal otouyeior Tng kupiog
dlaywviov Tovu TivokaL.

o To &Bpolopa Twv otouyeiwv Tne kuplog diarywviou evéc Tivoka
n
,'_

ovopdeton txvog Tou Tivaka ko oupPBorileton pe tr(A) = 7 4 aii
» Aoyodwviog Tivakag: ‘Evog tetpaywvikde mivokalg ou tal dve pn
pndevikd tou otouyeial Bpiokovton Tévw oTnv kipLaL SLory@vio Tov.
» Movadiaiog Tivakog: ‘Evog Slarydviog Tivorkag Tov dAa ToL oToLyEia
TN¢ kOpLog dlaywviov Tou eival povddec.
» Tpywvikdc dvw Tivakog: ‘Evog teTpaywvikde Tivakog Tou dha Ta
otolxelal Tou KATW amd TV KipLaL Staydvio eival pndév.
» Tprywvikdg KATw Tivorkog

Y. Maewdkn MoaOnportikde | 2025 - 2026 13 /46



Eidn mvakwv

> Tmdpxel Tivokalg - YPoLUN (a11 a12 - .. a1n).
ai
s 7 7 321 7 /e Ié
» Tmdpyxel mivakag - oTHAT ) kol ouviiBwg Aéyetan SLdvuopo.
ami

> Av ot éval Ttivatkol A,y KAUVOURE TLC YPAMMES OTHAEC Ko TG OTNAEC YPOUMEC,
téTe opileTan o avéLoTpoog Tivakog ko cupuBoAiletow AT (Transpose).
M.x.

1 -2 3 1 _;if
A= 2 4 -1 2 |=AT=

3 1 0 2 3 .10

1 -2 2

(O awvdotpoyog evdg Tivokor ypoupiic eivou évag Tivakag oTHAT).
» Mndevikdg ovopdletan o Tivakag Tov éxel dAa Tou To otouxeia 0.
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|
Mopwéc Nvakwv

> Av évac Tivakac A oupmintel e Tov avdotpogo tou AT, Snhad
Lox Vel ajj = aji, TOTe O Tvokalg AéyeTal OURKETPLKOG. [1.X.

1 -1
A= -1 3
5 4

N B~ O

> Av évac mivakog A cupmintel pe tov —AT, Snhadi oy et aj = —aj,
TOTE AEYETOL OLVTLOVUUETPLKOG.

Y ¢ k&Be avTIoUppETPLKS TTiVOKoL £XOURE TOL Slotydvial oTolyeiot Tou undév.
M.x.

o -1 7
A= 1 0 -6
-7 6 0
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MNopadetypota

@ Av o mivakac A

X2 X2 o y2 (X +y)2

A= | (x+4)? y? X+2y —4

y=x* x+y  (x—y)

elvol k&Tw TErywvikde va Beilete 4L eivan ko Stovydvioc.

@ Bpsite Tov mivaka A,y 6TOV a;j = min{i, j} yio k&Oe
i,j=1,...,n 'Enerta Bpeite To ixvog autol Tou Tivakal.
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lobdtnTa Tvakwv

Abo mivakeg eivon {ool dtav éxouv thv Bl Sidotaon (ido TAHBog
YPOUMDV KoL OTNAGV) Ko Ta avtiotolya otouxeior Toug eivon éval Ttpog
éva loal.
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Mivakee - Mpdéeic Mvdkwv

o MpbdoBeon - Agaipson
Avo Tivakeg A ko B propoidv va tpooteBoiv (1 var aipoupeBoiiv)
av ko Ldvo av éxouv Tig idleg daotdoelg. To &Bpotopa toug (1) M
Blocpopd toug) eivan évog véog mivakag I pe otoyela To dBpolopa
(1 TN Srowpopd) twv avtiotolxwv ototxeiwv Tou Tivoka A kou B.

1 2 3 n 012\ (1 3 5
4 5 —6 3 45) \7 9 -1 )/°
18L6TNTeg

o A+B=B+A
o (A+B)+T=A+(B+T)
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Mivakee - Mpdéeic Mvdkwv

o MoA\amAootaopnédc aptdOpuod pe mivoko
Fwépevo evdg Tporypartikol aplBuol A pe éva mivakar A Aéyetal o
TiVOLKOLG TTOU TPOKUTITEL oLV TIOAAALTEALOL&coupe kdBe oTolxeio Tov A

pe tov aptbud A

M.x.
1 2 A2\
A—<3 4> KOLL )\A—(3)\ 4>\)

18L6TnTeg
o (Mp) A=2A+pA
e AM(A+B)=ANA+AB
e AA=0avkow pébvoavA=0MA =0
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Acknoelc

1 1 2 -1
Tiivakog 2A + 5B

oAvA:[2 1 O:|K0LLB:|: 1 (1) ;]VOLUTEO)\OYLO"W'LO

1 -2 2 2 0
Mpoodiopiote Toug TpayportikoVg aplBuoic x ko y €Tol WoTe va
woyVeL n oxéon 2xA+ yB = 3I.

enas[ 22 L1 sft S aro [0

3. Madepdk MoOnpoctikde | 2025 - 2026 20/ 46
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[MoAAATAQOLAOPOC TUVEKWY

Av A givoi évag Ttivakog m X n ko B évog Tivokoug n X r ywvduevo tou
Tiivockat A e tov Tiivorkal B ovopdilleton évag mivatkog ' m X r tou oTolo
To kdBe oTolyeio TPOKUTITEL oLV TTOAAATIAXLOLALCOVLE TOL OoTOLXElaL TNG /
Ypoupic Tou Tivoka A e Tow otouxeiol TG j oThHANG Tou Tivoka B ko
TpocBéooupe vt Tl yvopeve.. Aniodi

alil di2 e din bll b12 e blr
a a ... a b b ...

Ax B — 21 a2 20 | o1 b bar | _ r
dml dm2 ... dmn bp1 bn2 ... npy

Yij = aibij + ai2boj + ... + ajnbn;
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|
MPOXOXH!I

A-B#£B-A
(nropel akdpor ko vou umv opileton 1 Sedtepn mpdén!)
lox0ouv 1 TpooeTaULPLOTIKY KAl 1) ETULEPLOTIKT LBLOTNTAL, dNAaLdT
(AB)C = A(BC) (1)
(A+B)C=AC+ BC. (2)
H oepd otov modamAaoiaopd otig (1), (2) dev emtpémeton vor oM NGEet.

Agv UTopolue VoL ATIAOTIOLCOUE YIVOEVAL TIVAKWY, dNAad1 dev
smutpémeton vor ypdpovue A B = C - B yia kdBe mivakoe A, B ko C.

Av A- B = 0 8ev onpaivel utoypewtikd 6Tt A=01 B = 0.

'EO'T(.OOLTtI'.VO(.KECA:|: 12 :|,K(X_|,B:|: —2 4 }

3 6
No vtoloyioete tow Ywdpevee AB ko BA.

Al=1-A=A
(A-B)T =BT . AT

1 -2

Y. Maewdkn MoaOnportikde | 2025 - 2026 22 /46



Advoun evoc Tivoko

e Avvaun evée n X n ivakae AK = Ax Ax ... x A

18LéTNTEC
o AKAM = pktm
° (Ak)m — Akm
e AA=0avkowpbvoav A =01 A =0
b
MNapdderypa: ‘Eotw o mivakog A = g 2% | Na SexOel éTL

| @ na"b
=[5

3. Madepdk MoOnpoctikde | 2025 - 2026 23 /46
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‘oknom

» Aivetou o Tivakaig A = [ ; 31 ] )

e Na umoloyioete Tov Tivakew A2 ko A20

@ Av sumhéov oylel
A+ aA? +7bl =0

v artodeifete dtLa+ b +72=0

Y. Maepdkn MoOnpoctikde | 2025 - 2026 24 / 46



AvtioTpédiuoc mivakoc

‘Evag mivakorg A ovopdileto avtiotpédunoc M un dLdlov av uttdpyel
évoic Tiivakoie B tétoloc wote

A-B=B-A=1.

‘Evog Tétolog mivokog elvall povadikdg oy uTtapyeL.

O B ovopdleton avtiotpowog tov Tivaka A.

Y. Maepdkn MoOnpoctikde | 2025 - 2026 25 /46



AvTioTpopoc evog 2 X 2 Tvorkol

, o a b , X1l X12 .

Eotw o mivakde A = kol £0TW o avtiotpopoc
c d X21 X22

Tou tétTe Oat Loy lel

a b % X11  X12 . 1 0
c d X21 X922 o 0 1

axy1 +bxgy axpp+bxp | |1 0
cxi1+dxor oxpptdxo | | 01

omdTe £XOUpE
‘Apo. apket vou Aooovupe to cvoTUO
cx11 + dxor = 0, axi2 + bxop = 0, cxqp +dxo2 =1, axqy +dxo; =1
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AvTioTpopoc evog 2 X 2 Tvorkol

Edkolal pmopolue vou AOooupe To GUOTMUOL KoL VOL TTALPOUE

X __d X __—h o1 = —— Kol Xy = ———
U= ad—bc ™ ad—bc’ "? T ad - bc’ 227 3d — bc

H mooétnta ad — be ovopdiletou opiCovoa tou A ko T1 cupBorilovue
pe Al

O mivakag eiva awvtiotpéduuog av |A| # 0.

Avtiotpopog tou A

Y. Maepdkn MoOnpoctikde | 2025 - 2026 27 / 46



AvTloTpoyoc Tou Tvaka evoc n X n Tivockor A

Kataokevdoupe to Tivakae S, TTov oav oTolxelo Tov sj €xeL TO
ouumAfipwpa Aji Tou ototxeiov a; Tou Tivakar A, dnAadt) Tov Tivake

S — A2]_ A22 e A2n
Al A2 ... Am

6Tov
® T UUTANPORATIKY 1| CVLTAp@R TOV oTolxeiov a; ovoudloupe
TNV moodTNTA
Aj = (1) My
e ENdooova opilovoa M evég otouxeiov ajj ovopdletal 1
optlovoo Tov TpokUTTEL v ATd TNV apXLkh opilovoa ayvorfoouue
™ YO i KoL TNV OTHAT
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AvTtlotpoyoc Tou Tivaka A

"Emeita Bpiokoupe tov poooptnuévo 1| cupTAnpwpatikéd Tivoka adj(A)
o omoiog Looutow pe Tov avdotpoyo tou S, Snhad

A Ax ... Anm
adj(A) = A Axn ... Ap
Aln A2n <. Ann

ométe o avtioTpopoc Tivakag A~L tou mivaka A Ba LoovTan e

Ain Axn ... Am

_ 1 . 1L | A Axn ... Ap
At = —adj(A) = —

AP A =

Ain Aon ... A

Y. Maewdkn MoaOnportikde | 2025 - 2026 29 / 46



MN¢ Spwe vitodoyilovue v opiCovoa evdc N X N VKA,

Not vtodoyioBel M Ty tne opilovooac

ail a2 a3
a1 axp axz | =ai- A+ az- A+ a3 - Az (3)
a3y as ass

6Tov
A= (1) - M
kow Mj; m opilovoa Tou Aeimer 1 i ypaupn ko 1 j oTHAY.

To 8eltepo pédog e (3) ovopdletanl avamTvype g opiovong katd
TNV TPATN Y PO,

Mmop®d va utohoyiow Tnv opilovoa TAlpVOVTaC TO AVATTUYO WC TPOC
otmoladATmote Ypouh | oTHAN.

Y. Maewdkn MoaOnportikde | 2025 - 2026 30/ 46
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|
MNopaderyo

Not vtodoyioBei M Ty tne opilovooac

1 -2 3
0 1 2| =0-An+1-An+2-Ag=An+2 -Ax=
2 —4 5
= (—1)2+2M22 +2- (—1)2+3M23 =
1 3 1 -2
o 1\2+2 (L 1\2+3 _
=D 25‘+2(1) 2—4‘
15— 6)+2(—1)(—4+4) =
~ 1
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|
1516t TEC 0pLlovov

o I8uéTqree 1. Av pio opilovoa éxel oe plar ypoupn (1§ othAn) Ao tow otouyeio
¢ undév téte M Tyn tng opllovoag etvor undév. M.yx.

0 0 0
1 1 -2 |=0-A1+0-Apr+0-A3=0
3 0 4

o I6téTyTer 2. H tyun tng opilovoog dev alN&ler av adAdEovpe dhec Tig
ypoppéc pe Tic avtiotoieg othieg. Anhadh n 12 ypopui va
yiver 12 othAn, M 22 ypouus va yivel 22 othAn kAT ..

12| _|13]_,
3 4172 4|7

e I16wéTtTer 3. To mpdomuo tng opilovoag aM&lel av aAAEEoupe 2 ypoupés

petald Toug M 2 othdeg petadd Tovg. MN.x.

1 2 3 4
B H R
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1516t TEC 0pLlovov

o I8éTyTe 4. Av molamdaotdooupe ta otouxeto og ypoupic (1 oThing) pe
éva tapdyovta k, téte M T tng opilovoac ToAamAaotdleTon £t Tov autdv

Tapdyovta. .. otnv opilovoa g _:; = —10 toMamAaciédlovue TNV
TPOTN Ypopph el 3 omote,
3-4 3.3 4 3
‘ ) 1’—3’2 1‘—3(—10)——30

Mropoilue va Bydloupe kowd Topdyovto armd pia ypouur (4 wioe othAn) évoy
opLlOpd.

o [8uéTyToe 5. Av 0o ypappéc (1 othieg) pog opilovoag eivon idieg 1
avéhoyeg téte M TY Tne opilovoac siva pundév. MN.x.

’6 4H2-3 2.2

32| 3 2

Sot. 4 3 2 o o
= 2‘ 3 9 ‘—2'0—0

Y. Maewdkn MoaOnportikde | 2025 - 2026 33 /46



1516t TEC 0pLlovov

o [8uéTyToe 6. Av ta otouyeio pog ypappic (1 othing) oA amAaotocBoibv
el éva Tapdyovta k kow kortdTy TTpooteBolv (1 apoupeBolv) pe Tow otoyeio
poeg GAANG ypapunc (M othing), téte 1 i tng opilovoog Sev adh&let. M.x.

3 2
1 4

’—12—0—2—14.

MoMamAaotdloupe TNV TPOTN Yoy Tl 2 ko TNV TpocBéToupe otnv
devtepn ypopun (n TedTn Yporup dev ahA&ler).
3 2 3 2
‘ “142.3 4422 ‘_‘ 5 8 ’_24_10_14

evika Loy el

c d

atk-c btk-d ‘

a b
c d
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1516t TEC 0pLlovov

o [uéTnTtaL 7. loxbouv oL oxéoelc:

) ata b+/b a b a v
(1) c d T lc d ‘i c d
(ii) at+a b+b | a b

c+c d+d | | c+c d+d
_|a b N a b N a b n a
c d c d c d c
‘Apa. TpoooxH:
a+a b+b a b a
c+c d+d # c d ‘ + c

Y. Maepdkn

MoOnpoctikde |

_.I_

a b
c+c d+d
2025 - 2026 35 /46



1516t TEC 0pLlovov

o IuéTnTa 8. Av ta otouxeior pog opilovoag, Tov PBplokovtan kdTw
atd TN Stoy®dwio (ta otouxelo a1, 322, - . -, App ATLOTEAOUV TNV Slotydvio
pog opilovoag), eivow dha undév téte M opilovoa Aéyeton Gvw
TpLywviky. Avtiotoiya opietal 1 K&Tw TELy@wviky opifovoo. Av dha ta
otouetor pog opilovoag etval undév, ektdg avtv tne Slacywviov, téte 1
optlovoa Aéyetou SLoLy@viog.

v Av pio opilovoa sivau Tprywviky 1 Staydviog, Téte M T TG LoovTol
pe TO Ywdpevo Twv Saywviwv otouxeiwv tne. ..

1
0 -2-3=6.
0

o BN
S 01 W

1
=1-4.6=24, 0
0

o N O
w o o
I
[ay
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1516t TEC 0pLlovov

o IdéTnTa 9. Av ot o opiovon Loy Vel ajj = aji TéTe 1 opilovoan
Aéyetal oURPRETPLKY. AV Lox Vel ajj = —ajj TOTE AEYETOU OLVTLOVILILETPLKTY.
V' Ta Sayowvia otouxeior puog avtiouppetpikic opiovooag sivor undév.
v Kd&Be avtiouppetpiky opiovoa mepittic Tdéng éxel tyur undév. IN.x.

0 a b
D=| —a 0 ¢ | = (Byélovpe 3 popéc kowd mapdyovta to (-1))
—-b —c 0
0 —a —b
= (—1)3 a 0 —c | = (évoL éywav oL othheg Ypauuéc dpo
b ¢ 0

1 Ty ¢ opiovoac dev aAN&lel) = (—1)3D = —D. ‘paD = 0.

2025 - 2026 37 /46
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1516t TEC 0pLlovov

@ H opifovoa tou | LoovTol pe 1.

@ H opilovoa evéc pndeviko Tivoke toovton pe to 0.

o |[AB| = |A||B|

o |A+ B| #|A|+|B|, yevkd yio k&Be mivokar A ko B.
o |AK| = |A[¥

o ATl = ‘—/14|

Y. Maepdkn MoOnpoctikde | 2025 - 2026 38 /46



‘Acknon:

Not utodoyioBel 1 T tne opilovoac
2 3 -1

D=|4 6 5
1 -2 4

Nbon:

Mapoatnpovpe 4TL ov ToAatAaoLdooupe tTnv 11 ypopu emi —2 kow tTnv
npooBécoupe otnv 21 B pok el opifovoa pe TNV B Ty (18uéT. 6),
dnAadn

2 3 -1 (=2)n+72—72 3 -1
D=4 6 5| ——m— 0 7| =

1 -2 4 1 =2 4

(—1)2+3-7‘ f _2 ‘ = —7(—4-3)=49
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‘Acknon:
No AvBet 1 e€lowon D = 0 btav
1+4sin?0  cos?d 4sin 26
D=| sin’0 1+4cos?@  4sin20 |=0.
sin% 6 cos? 6 1+ 4sin20

Abon:
ATté 1BiétnTEC oplloucmv éxoupe
-1 0

sin’f 1+cos2f  4sin20
sin’f  cos20 1+ 4sin26

Yi—Y2—M

V=V 1 -1 0
e 0 1 -1 Avarnticooupe katd TV 1N yYpopun
sin®f cos?f 1+ 4sin20
1 -1 0 -1
P=0=1 o9 1+4sin20 ‘ sin20 1+4sin20 | 07
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D — 0o 1 -1 ‘ 0 -1

cos?f 1+ 4sin26 sin0 1+ 4sin20
= 1+4sin20+cos?f +sinf =0 = 2(1+2sin20) =0 =

o=

- sin26?:—%:>sin26?:—sin%:>sin29:sin(—%>=>
= 20=2kn+(-2) 4 20=@k+Dr—(-3) =

T, Vs
= Q—kw—ﬁ 1 9—k7r+ﬁ pe k=0,1,2,...
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-
‘Acknon:

No BpeBel Ty wog n x n opilovoac 1 omola éxel Teplocdtepa amd n®> — n

pndevikd otolyelo.

a1 a12 d13 - din
a1 axp a3 -+ Az
d31 d32 d33 -+ da3p
dpl  an2 dan3 *-+ dnn

Adon:

H opilovoa éxel Ty pndév SLétL uttdpxel ToVAdXLoTO it Ypoaus Tne M omola
amoteAsiton amd undevikd otouyeio.

Mpdypott, yrott ov outd dev ouvéPauve, téte k&Be ypouun Do eixe To TONS

n — 1 pndevikd otouxeion. Apat o n ypoypés tne opilovoac Ba elyov To TOAD
n-(n—1) pndevikd otoyelo. Opwg autd onuaiver étu n opilovoa Ba éxel To
ToAO n - (n — 1) = n? — n undevikd otouyeiar. Atomo yiati 1 uméBeon Aéel bTL
opilovoa éxel TeplocdTepa amd N — n PNdevikd otolysio. LTo &tomo autd
kot AfEope yroti uoBécayue 6tL Sev uTdp)el Ypoun e dAal ToL oTouyelal TNG
pndév.

Y. Maewdkn MoaOnportikde | 2025 - 2026 42 / 46



Acknoelc

o Noa urohoyilete Tic opilovoec TwV TAPAKAT® TUVAK®WY

[a x 2a—x
Q@ | b y 2b—y |,
c z 2c—z

[ 1+a b c d
a 1+b c d
° a b 1+c¢ d
| a b c 1+d
0 1 0
e Eotw A= 0 0 1 ,
-1 -1 -1

@ No Bpebel o A%
© No deuxbei 611 0 A avTioTpépeton ko va Ppeite Tov avtioTpoyo tov.
© Noa unoloyloete Tov mivakat A~ + A= + /.
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‘Acknon:
No BpeBel, av umdpxet, o avtiotpogoc mivakac A~1 tou Tivoka
2 3 -1
A= 4 6 1
1 2 -3
EAXéyyxoupe tnv opifovoa tou Tivake |A| = —3 # 0 dpa o Tivokag etvou
opade. Bplokoupue Tt Ajj.
6 1 4 1
(1141 _ _(_1\1+2 _
A =(-1) 5 _3 20, Ap=(-1) 1 _3' 13 |
4 6 3 -1
_(_1\143 _ —(_1)2+1 _
Az =(-1) 12’ 2, Ax=(-1) 2_3‘ 7,
2 -1 2 3
(L 1)2+2 _ — (—1)213 = —
Ax = (-1) 1_3‘ 5, Ax=(-1) 12‘ 1,
Azs = ‘—1%3“ ; _li ‘ =9, Ap=(-1)°* 2 _} | ==6,
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‘Acknon:
_ 43| 2 3| _ 4 . ] .
Asz = (—1) 406 =0. Apa o mivakog S Ba sivau,
—20 13 2
S= 7 -5 -1 KOl OUVETIOG O TIPOCOLPTNILEVOG:
9 -6 0
-20 7 9
adj(A) = ST = 13 -5 —6
2 -1 0
‘oot 0 {MTovpevoc avtioTpoyoc Tivakog stvou:
20 7
- —= -3
20 7 9 : >
djA 1 N
A*lza;\ == 1B 5 6= B,
’ ‘ - 2 1 0 3 3
2 1
—Z & 5z 0
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OpBoywwvioc ko Kavovikde lMivakog

‘Evac Tporypatikéde mivakag A kakeitow opOoydwiog, av A1 = AT,
Snhadh oyvet A- AT = AT . A=

‘Evaic mivakog A eivor kotvovikde av avtipetatiBeton pe tov avtiotpowd
Tov, Snhadfav AT A=A AT,

Av o A sivou ocuppetpikde, 1 opBoymdviog | avtiouppeTpikde TéTe elvou
KOl KOLVOVLKOG.
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