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Kef�laio 5

Digrammikèc kai Tetragwnikèc

morfèc

5.1 Digrammikèc morfèc

Sto teleutaÐo autì kef�laio ja melet soume mia eidik  kathgorÐa grammik¸n su-

nart sewn dÔo metablht¸n.

Orismìc 5.1. 'Estw V dianusmatikìc q¸roc epÐ tou s¸matoc F. Mia sun�rthsh

H : V ×V → F onom�zetai digrammik  morf  (bilinear form) e�n eÐnai grammik  wc

proc k�je metablht  ìtan h �llh metablht  diathreÐtai stajer . IsqÔei dhlad :

a)H(λx1 + x2, y) = λH(x1, y) +H(x2, y), x1, x2, y ∈ V, λ ∈ F

b)H(x, λy1 + y2) = λH(x, y1) +H(x, y2), x, y1, y2 ∈ V, λ ∈ F.

SumbolÐzoume me B(V ) to sÔnolo ìlwn twn digrammik¸n morf¸n epÐ tou V .

Par�deigma 5.1. To eswterikì ginìmeno se ènan pragmatikì dianusmatikì q¸ro

eÐnai mia digrammik  morf .

Par�deigma 5.2. H sun�rthsh H : R2 × R2 → R me

H

((
a1

a2

)
,

(
b1

b2

))
= 3a1b1 + 4a1b2 + 7a2b1 − a2b2

eÐnai mia digrammik  morf .

An jèsoume A =

(
3 4

7 −1

)
, x =

(
a1

a2

)
, y =

(
b1

b2

)
, tìte h H gr�fetai wc

H = xt A y.
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4 Digrammikèc kai Tetragwnikèc morfèc

To �jroisma kai to bajmwtì ginìmeno digrammik¸n morf¸n sto sÔnolo B(V )

orÐzetai wc ex c:

(H1 +H2)(x, y) = H1(x, y) +H2(x, y)

(λH1)(x, y) = λH1(x, y), H1, H2 ∈ B(V ), λ ∈ F.

Me tic pr�xeic autèc to sÔnolo B(V ) eÐnai dianusmatikìc q¸roc epÐ tou F.

Sth sunèqeia ja doÔme thn anapar�stash miac digrammik c morf c mèsw pÐnaka.

'Estw B = {v1, v2, . . . , vn} mia diatetagmènh b�sh tou dianusmatikoÔ q¸rou V kai

H ∈ B(V). JewroÔme ton n × n pÐnaka A me stoiqeÐa Aij = H(vi, vj), i, j =

1, 2, . . . , n.

Orismìc 5.2. O parap�nw pÐnakac onom�zetai o pÐnakac thc digrammik c morf c

H wc proc th diatetagmènh b�sh B kai sumbolÐzetai me [H]B.

Par�deigma 5.3. 'Estw H : R2 × R2 → R h digrammik  morf 

H

((
a1

a2

)
,

(
b1

b2

))
= det

(
a1 b1

a2 b2

)
= a1b2 − a2b1

kai èstw B = {e1, e2} h kanonik  diatetagmènh b�sh tou R2. O pÐnakac A thc H

wc proc th b�sh B èqei stoiqeÐa Aij = H(ei, ej). EÐnai

A11 = det

(
1 1

0 0

)
= 0, A12 = det

(
1 0

0 1

)
= 1,

A21 = det

(
0 1

1 0

)
= −1, A22 = det

(
0 0

1 1

)
= 0,

�ra A =

(
0 1

−1 0

)
.

ParathreÐste ìti, ìpwc eÐdame, H(x, y) = xt A y gia k�je x, y ∈ R2.

5.2 Summetrikèc digrammikèc morfèc

Orismìc 5.3. Mia digrammik  morf  H epÐ enìc dianusmatikoÔ q¸rou V onom�-

zetai summetrik  e�n H(x, y) = H(y, x) gia k�je x, y ∈ V .
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Prìtash 5.1. An V eÐnai ènac dianusmatikìc q¸roc peperasmènhc di�stashc kai

H ∈ B(V ), tìte ta ex c eÐnai isodÔnama:

1) H eÐnai summetrik .

2) Gia k�je b�sh B tou V o pÐnakac [H]B eÐnai summetrikìc.

3) Up�rqei b�sh B tou V tètoia ¸ste o pÐnakac [H]B na eÐnai summetrikìc.

Pìrisma 5.1. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai H ∈
B(V )> E�n h H eÐnai diagwniopoi simh (dhlad  up�rqei b�sh B tou V tètoia ¸ste

o pÐnakac [H]B na eÐnai diag¸nioc) tìte h H eÐnai summetrik .

To antÐstrofo den isqÔei genik�. To prìblhma èggutai sto s¸ma F.

Je¸rhma 5.1. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc epÐ enìc

s¸matoc F qarakthristik c1 di�forhc tou 2 (p.q. F = R   C). Tìte k�je summe-
trik  digrammik  morf  epÐ tou V eÐnai diagwniopoi simh.

5.3 Tetragwnikèc morfèc

Orismìc 5.4. 'Estw V dianusmatikìc q¸roc epÐ enìc s¸matoc F. Mia sun�rthsh

K : V → F onom�zetai tetragwnik  morf  e�n up�rqei mia summetrik  digrammik 

morf  H ∈ B(V ) tètoia ¸ste K(x) = H(x, x) gia k�je x ∈ V .

E�n h qarakthristik  tou s¸matoc F eÐnai di�forh tou 2 tìte up�rqei mia 1-

1 antistoiqÐa metaxÔ summetrik¸n digrammik¸n morf¸n kai tetragwnik¸n morf¸n.

Pr�gmati, an K(x) = H(x, x) gia k�poia summetrik  digrammik  morf , tìte h H

dÐnetai wc

H(x, y) =
1

2
[K(x+ y)−K(x)−K(y)]

gia k�je x, y ∈ V .

Par�deigma 5.4. (Omogen  polu¸numa deutèrou bajmoÔ poll¸n metablht¸n).

JewroÔme metablhtèc t1, t2, . . . , tn ∈ F ìpou F = R   C kai arijmoÔc aij (1 ≤ i ≤
j ≤ n). OrÐzoume to polu¸numo

f(t1, t2, . . . , tn) =
∑
i≤j

aijtitj.

'Estw K : Fn → F h tetragwnik  morf 

K(c1, c2, . . . , cn) = f(c1, c2, . . . cn).

1
Η χαρακτηριστική ενός σώματος F είναι ο ελάχιστος θετικός ακέραιος n για τον οποίο ισχύει

n · 1 = 0, όπου 1 είναι η μονάδα του F.
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An B eÐnai h kanonik  b�sh tou Fn, tìte h summetrik  digrammik  morf  pou

antistoiqeÐ sthn tetragwnik  morf  K eÐnai h H me pÐnaka [H]B = A ìpou

Aij = Aji =

{
aij, i = j
1
2
aij, i 6= j

Ac doÔme mia perÐptwsh tri¸n metablht¸n.

'Estw f(t1, t2, t3) = 3t21 − t22 + 8t1t2 − 6t2t3 epÐ tou R.

'Estw A =

 3 4 0

4 −1 −3

0 −3 0

. Jètontac

H(x, y) = xt A y, x, y ∈ R

blèpoume ìti

f(t1, t2, t3) = (t1, t2, t3) A

 t1

t2

t3

 , (t1, t2, t3) ∈ R3.

IsqÔei to ex c je¸rhma diagwniopoÐhshc summetrik¸n digrammik¸n morf¸n.

Je¸rhma 5.2. 'Estw V pragmatikìc dianusmatikìc q¸roc me eswterikì ginìmeno,

peperasmènhc di�stashc, kai èstw H mia summetrik  digrammik  morf  epÐ tou

V . Tìte up�rqe orjokanonik  b�sh B tou V tètoia ¸ste o pÐnakac [H]B na eÐnai

diag¸nioc.

Pìrisma 5.2. 'Estw K mia tetragwnik  morf  epÐ enìc pragmatikoÔ dianusma-

tikoÔ q¸rou V me eswterikì ginìmeno, peperasmènhc di�stashc. Tìte up�rqei

orjokanonik  b�sh B = {x1, x2, . . . , xn} tou V kai arijmoÐ λ1, λ2, . . . , λn (ìqi apa-

raÐthta diaforetikoÐ) tètoioi ¸ste an

V 3 x =
n∑

i=1

sixi, si ∈ R

tìte

K(x) =
n∑

i=1

λis
2
i .

Epiplèon, an H eÐnai h summetrik  digrammik  morf  pou kajorÐzetai apì thn K,

tìte wc B mporeÐ na epilegeÐ opoiad pote orjokanonik  b�sh tou V ¸ste o pÐnakac

[H]B na eÐnai diag¸nioc.
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Par�deigma 5.5. JewroÔme to omogenèc polu¸numo bajmoÔ 2 epÐ tou R

f(t1, t2) = 5t21 + 2t22 + 4t1t2.

Ja broÔme mia b�sh B = {x1, x2} tou R2 kai arijmoÔc λ1, λ2 ∈ R tètoiouc ¸ste an(
t1

t2

)
∈ R2 kai

(
t1

t2

)
= s1x1 + s2x2, tìte f(t1, t2) = λ1s

2
1 + λ2s

2
2.

'Estw H h summetrik  digrammik  morf  pou antistoiqeÐ sthn tetragwnik  morf 

f(t1, t2).

An Γ eÐnai h kanonik  b�sh tou R2, tìte [H]Γ =

(
5 2

2 2

)
= A. Ja broÔme orjo-

g¸nio pÐnaka Q tètoion ¸ste o Qt A Q na eÐnai diag¸nioc.

Pr¸ta ja broÔme mia orjokanonik  b�sh apì idiodianÔsmata tou A.

To qarakthristikì polu¸numo tou A eÐnai f(t) = (t− 6)(t− 1) me idiotimèc λ1 = 6,

λ2 = 1 pollaplìthtac 1.

BrÐskoume ìti to x1 = 1√
5

(
2

1

)
, x2 = 1√

5

(
1

−2

)
eÐnai idiodianÔsmata m kouc 1.

Epeid  ta x1, x2 eÐnai k�jeta, h B = {x1, x2} eÐnai mia orjokanonik  b�sh tou R2.

Jètoume Q = 1√
5

(
2 1

1 −2

)
. O pÐnakac Q eÐnai orjog¸nioc kai Qt A Q =

(
6 0

0 1

)
kai epiplèon eÐnai o pÐnakac allag c b�shc, sunep¸c

[H]B = Qt [H]Γ Q = Qt A Q =

(
6 0

0 1

)
.

Sunep¸c, sÔmfwna me to parap�nw pìrisma, gia k�je x = s1x1 + s2x2 ∈ R2 eÐnai

K(x) = 6s2
1 + s2

2.

Sumperasmatik�, to polu¸numo f(t1, t2) wc proc thn kanonik  b�sh Γ metasqhma-

tÐzetai sto K(x) = K(s1, s2) wc proc th nèa b�sh B = {x1, x2}.

'Askhsh 5.1. jewroÔme thn epif�neia S tou R3 pou orÐzetai apì thn exÐswsh

3t21 + 8t1t2 + 5t22 − 2t2t3 + 2t23 + 7t1 − 2t2 − t3 + 10 = 0.

H èkfrash aut  eÐnai wc proc thn kanonik  b�sh Γ tou R3. Na brejeÐ mia nèa

orjokanonik  b�sh B tou R3 tètoia ¸ste h epif�neia na perigrafeÐ apì aploÔsterh

exÐswsh.

5.4 Ask seic

'Askhsh 5.2. Pistopoi ste ìti oi parak�tw apeikonÐseic eÐnai digrammikèc morfèc.

Sth sunèqeia, upologÐste ton antÐstoiqo pÐnaka thc H wc proc th dojeÐsa b�sh.
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a) H =

( a1

a2

a3

 ,

 b1

b2

b3

) = a1b1 − 2a1b2 + a2b1 − a3b3 me b�sh

B =


 1

0

1

 ,

 1

0

−1

 ,

 0

1

0


.

b)'Estw V = M2×2(R) me b�sh

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

kai orÐzoume H : V × V → R me H(A,B) = tr(A) tr(B).

'Askhsh 5.3. Gia tic akìloujec teragwnikèc morfèc K epÐ tou pragmatikoÔ q¸rou

me eswterikì ginìmeno V , breÐte mia summetrik  digrammik  morf  H tètoia ¸ste

K(x) = H(x, x) gia k�je x ∈ V . Sth sunèqeia, breÐte mia orjokanonik  b�sh B

tou V tètoia ¸ste o pÐnakac [H]B na eÐnai diag¸nioc.

a) K : R2 → R me K

(
t1

t2

)
= −2t21 + 4t1t2 + t22.

b) K : R3 → R me K

 t1

t2

t3

 = 3t21 + 3t22 + 3t23 − 2t1t3.



BibliografÐa

[1] S. Axler: Linear Algebra Done Right, 2nd Edition Springer, 1997.

[2] S. H. Friedberg - A. J. Insel - L. E. Spence: Linear Algebra, 4th Edition,

Prentice Hall, 2003.

[3] Y. Katznelson - Y. R, Katznelson: A (Terse) Introduction to Linear Algebra,

American Mathematical Society, 2008.

[4] S. Lipschutz - M. Lipson: Linear Algebra, 3rd Edition, Schaum’s Outlines,

2003.

[5] H. E. Rose: Linear Algebra: A Pure Mathematical Approach, Birkhauser,

2002.

[6] F. Zhang: Linear Algebra. Challenging Problems for Students, 2nd Edition,

The Johns Hopkings University Press, 2009.

9


