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Kef�laio 3

H kanonik  morf  Jordan

Sto Anoiktì M�jhma Grammik  'Algebra I eÐdame ta pleonekt mata pou èqoun ènac

grammikìc telest c T : V → V   pÐnakac A oi opoÐoi na eÐnai diagwniopoi simoi.

JumÐzoume ìti ènac grammikìc telest c T :→ V epÐ enìc dianusmatikoÔ q¸rou pe-

perasmènhc di�stashc eÐnai diagwniopoi simoc e�n kai mìno e�n o V èqei mia b�sh

apì idiodianÔsmata. 'Enac pÐnakac A eÐnai diagwniopoi simoc an eÐnai ìmoioc me ènan

diag¸nio pÐnaka. Sthn perÐptwsh aut  di�foroi upologismoÐ aplousteÔontai dra-

stik�.

'Otan ìmwc ènac grammikìc telest c den eÐnai diagwniopoi simoc ja jèlame na broÔ-

me k�poiec enallaktikèc aploÔsterec morfèc tic opoÐec mporeÐ na l�bei o pÐnakac

tou telest  wc proc k�poia diatetagmènh b�sh. Mia tètoia morf  eÐnai h kano-

nik  morf  Jordan pou afor� grammikoÔc telestèc T : V → V pou orÐzontai se

dianusmatikoÔc q¸rouc peperasmènhc di�stashc kai èqoun thn idiìthta to qarakth-

ristikì touc polu¸numo na gr�fetai wc ginìmeno prwtobajmÐwn paragìntwn. Gia

par�deigma, autì sumbaÐnei ìtan o V eÐnai migadikìc dianusmatikìc q¸roc.

Ja doÔme ìti gia ènan tètoio telest  T : V → V eÐnai dunatìn na broÔme mia b�sh

B tou V tètoia ¸ste o pÐnakac wc proc th b�sh aut  na èqei th morf 

[T]B =


J1 0

J2
. . .

0 Jk

 , (3.1)

ìpou Ji eÐnai tetragwnikoÐ pÐnakec thc morf c

3
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Ji =



λj 1 0 · · · 0 0

0 λj 1 · · · 0 0

0 0 λj · · · 0 0
...

...
. . .

...
...

0 0 · · · λj 1

0 0 · · · 0 λj


.

Ta ofèlh miac tètoiac morf c eÐnai poll�. Gia par�deigma, mporoÔme na upologÐ-

soume dun�meic mh diagwniopoi simwn pin�kwn kai na elègqoume an dÔo tetragwnikoÐ

pÐnakec eÐnai ìmoioi.

H morf  (1.1) onom�zetai kanonik  morf  Jordan tou telest  T kai h b�sh B

kanonik  b�sh Jordan tou T. O pÐnakac Ji onom�zetai stoiqei¸dhc pÐnakac Jordan.

3.1 Genikeumènoi idiìqwroi

JumÐzoume ìti an o V eÐnai ènac dianusmatikìc q¸roc peperasmènhc di�stashc, ènac

telest c T : V → V eÐnai diagwniopoi simoc e�n kai mìno e�n o dianusmatikìc

q¸roc V isoÔtai me to eujÔ �jroisma idioq¸rwn tou V , dhlad  isqÔei

V = Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλk

ìpou λ1, . . . , λk eÐnai oi diakekrimmènec idiotimèc tou T.

EpÐshc, e�n Bi eÐnai mia diatetagmènh b�sh tou Eλi tìte h ènwsh B = B1∪B2∪· · ·∪
Bk eÐnai mia b�sh tou V kai wc proc aut  th b�sh o pÐnakac [T] tou T eÐnai diag¸nioc.

Ja genikeÔsoume aut  th diadikasÐa. Apì ed¸ kai sto ex c o V eÐnai ènac

dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou s¸matoc F kai T ∈ L(V )

eÐnai ènac grammikìc telest c T : V → V .

Orismìc 3.1. 'Estw T ∈ L(V ). 'Ena mh mhdenikì di�nusma x ∈ V onom�zetai

genikeumèno idiodi�nusma tou T e�n up�rqei λ ∈ F tètoio ¸ste (T−λ Id)p(x) = 0

gia k�poion jetikì akèraio p. Sthn perÐptwsh aut  ja lème ìti to x eÐnai èna

genikeumèno idiodi�nusma pou antistoiqeÐ ston arijmì λ ∈ F.

Parat rhsh 3.1. 'Estw x èna genikeumèno idiodi�nusma tou T pou antistoiqeÐ

sto λ ∈ F kai èstw p o el�qistoc jetikìc akeraioc tètoioc ¸ste (T−λ Id)p(x) = 0.

Tìte

(T−λ Id)((T−λ Id)p−1(x)) = 0,
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�ra to (T−λ Id)p−1(x) eÐnai èna idiodi�nusma tou T pou antistoiqeÐ sto λ, sunep¸c

to λ eÐnai mia idiotim  tou telest  T.

Orismìc 3.2. 'Estw x èna genikeumèno idiodi�nusma tou telest  T ∈ L(V )

me antÐstoiqh idiotim  λ. 'Estw p o mikrìteroc jetikìc akèraioc tètoioc ¸ste

(T−λ Id)p(x) = 0. Tìte to diatetagmèno sÔnolo

{
(T−λ Id)p−1(x), (T−λ Id)p−2(x), . . . , (T−λ Id)(x), x

}
onom�zetai kÔkloc m kouc p apì genikeumèna idiodianÔsmata pou antistoiqoÔn sto λ.

To di�nusma (T−λ Id)p−1(x) onom�zetai arqikì kai to x onom�zetai telikì di�nusma

tou kÔklou.

Orismìc 3.3. 'Estw λ mia idiotim  tou telest  T ∈ L(V ). O genikeumènoc idiìqwroc

tou T pou antistoiqeÐ sthn λ eÐnai to sÔnolo

Kλ =

{
x ∈ V : (T−λ Id)p(x) = 0 gia k�poion jetikì akèraio p

}
.

Prìtash 3.1. IsqÔoun ta ex c:

1) To sÔnolo Kλ eÐnai ènac upìqwroc tou V .

2) IsqÔei T(Kλ) ⊂ Kλ, dhlad  o Kλ eÐnai ènac T−analloÐwtoc upìqwroc tou V .

Par�deigma 3.1. O parak�tw pÐnakac apoteleÐ mia kanonik  morf  Jordan tou

telest  T : C8 → C8.

J =



2 1

2 1

2

∣∣∣∣∣∣∣ 0

2|
3 1

3

∣∣∣∣∣
0

0 1

0

∣∣∣∣∣


∈M8×8(C).

O J apoteleÐtai apì stoiqei¸deic pÐnakec Jordan. Autì shmaÐnei ìti up�rqei mia

b�sh B = {x1, x2, . . . , x8} tou C8 tètoia ¸ste [T]B = J .

To qarakthristikì polu¸numo tou T eÐnai

f(t) = (t− 2)4(t− 3)2t2.
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EÐnai T(x2) = x1 + 2x2 �ra (T−2 Id)(x2) = x1.

AntÐstoiqa, epeid  T(x3) = x2 + 2x3, eÐnai (T−2 Id)(x3) = x2.

Sunep¸c, ta trÐa pr¸ta dianÔsmata thc b�shc B gr�fontai wc

B1 = {x1, x2, x3} =
{
(T−2 Id)2(x3), (T−2 Id)(x3), x3

}
ìpou mìno to x1 eÐnai idiodi�nusma.

AntÐstoiqa, to B2 = {x4} eÐnai to mìno di�nusma thc B pou antistoiqeÐ ston deÔtero

stoiqei¸dh pÐnaka Jordan kai eÐnai idiodi�nusma. Tèloc, eÐnai

B3 = {x5, x6} = {(T−3 Id)(x6), x6}

kai

B4 = {x7, x8} = {T(x8), x8} .

IsqÔoun ta ex c:

Je¸rhma 3.1. 'Estw T ∈ L(V ) kai B mia diatetagmènh b�sh tou V . Tìte h B

eÐnai mia kanonik  b�sh Jordan tou T (dhlad  [T]B = T) e�n kai mìno e�n h B eÐnai

ènwsh kÔklwn apì genikeumèna idiodianÔsmata tou T, xènwn metaxÔ touc.

Je¸rhma 3.2. 'Estw T ∈ L(V ) tètoioc ¸ste to qarakthristikì polu¸numo tou

T na gr�fetai wc ginìmeno prwtobajmÐwn paragìntwn. Tìte o V perièqei mia b�sh

Jordan tou T.

Je¸rhma 3.3. 'Estw λ1, . . . , λk oi diakekrimmènec idiotimèc tou telest  T ∈ L(V )

me pollaplìthtec m1, . . . ,mk antÐstoiqa. Tìte isqÔoun ta ex c:

1) dim(Kλi) = mi (i = 1, . . . , k).

2) Kλi = ker(T−λi Id)mi (i = 1, . . . , k).

3) An B eÐnai mia kanonik  b�sh Jordan tou T tìte gia k�je i to sÔnolo Bi = B∩Kλi

eÐnai mia b�sh tou Kλi .

4) O T ∈ L(V ) eÐnai diagwniopoi simoc e�n kai mìno e�n Eλi = Kλi gia k�je i.

Par�deigma 3.2. 'Estw T : C3 → C3 me pÐnaka

A =

 3 1 −2
−1 0 5

−1 −1 4

 .

Ja broÔme mia b�sh gia k�je idiìqwro kai k�je genikeumèno idiìqwro tou T.

To qarakthristikì polu¸numo tou T eÐnai

f(t) = −(t− 3)(t− 2)2.
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Up�rqoun dÔo idiotimèc, h λ1 = 3 pollaplìthtac 1 kai h λ2 = 2 pollaplìthtac 2.

EÐnai dim(Kλ1) = 1 kai dim(Kλ2) = 2. EpÐshc,

Kλ1 = ker(T−3 Id) = Eλ1 .

Kλ2 = ker(T−2 Id)2 = Eλ2 .

Mia b�sh tou Eλ1 (�ra kai tou Kλ1) eÐnai h B1 = {x1 = (−1, 2, 1)}.
Epeid  dim(Kλ2) = 2 o Kλ2 perièqei mia b�sh B2 pou apoteleÐtai apì ènwsh kÔklwn.

Up�rqoun dÔo endeqìmena: h b�sh aut  eÐnai ènwsh kÔklwn m kouc 1   apoteleÐtai

apì ènan kÔklo m kouc 2. Ta endeqìmena aut� eÐnai dunatìn na parastajoÔn me ta

ex c diagr�mmata:

s s   ss

H pr¸th perÐptwsh aporrÐptetai, epeid  tìte to monadikì di�nusma se k�je kÔklo

ja  tan idiodi�nusma tou T, �ra h telik  b�sh B = B1 ∪B2 ja  tan mia b�sh apì

idiodianÔsmata tou T.

Autì ìmwc antÐkeitai sto ìti dim(Eλ2) = 1 (k�nte èlegqo).

Sunep¸c, h b�sh B2 ja apoteleÐtai apì ènan kÔklo m kouc 2.

'Ena di�nusma v ∈ C3 eÐnai telikì di�nusma enìc tètoiou kÔklou e�n kai mìno e�n

(A−2 I)(v) 6= 0 kai (A−2 I)2(v) = 0.

Me upologismì prokÔptei ìti to di�nusma {(1,−3,−1)} eÐnai mia b�sh tou omoge-

noÔc sust matoc (A−2 I)X = 0 kai to sÔnolo B = {(1,−3,−1), (−1, 2, 0)} eÐnai
mia b�sh tou omogenoÔc sust matoc (A−2 I)2X = 0. 'Ara paÐrnoume v = (−1, 2, 0).
EpÐshc, parathroÔme ìti (A−2 I)(v) = (1,−3, 1) �ra o kÔklocB2 = {(A−2 I)(v), v}
tautÐzetai me thn b�sh tou omogenoÔc sust matoc (A−2 I)2X = 0.

Telik�, h B = B1 ∪B2 eÐnai mia kanonik  b�sh Jordan tou T kai

[T]B =

 3| 0 0

0 2 1

0 0 2

 .

Ta parap�nw parist¸ntai me to di�gramma

s
B1

x1

B2

ss (A−2 I)vv
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3.2 H kanonik  morf  Jordan

To kentrikì je¸rhma tou kefalaÐou eÐnai to ex c:

Je¸rhma 3.4. 'Estw T ∈ L(V ) me el�qisto polu¸numo

p(t) = (t− λ1)r1(t− λ2)r2 · · · (t− λk)rk , (λi 6= λj)

Tìte up�rqei mia kanonik  b�sh Jordan B tou T tètoia ¸ste

[T]B = J =


Jλ1,r11,...,r1s1 0

Jλ2,r21,...,r2s2
. . .

0 Jλk,rk1,...,rksk

 , (3.2)

ìpou

Jλi,ri1,...,risi =


Jλi,ri1 0

Jλi,ri2
. . .

0 Jλi,risi


apoteleÐtai apì stoiqei¸deic pÐnakec Jordan kai (T−λi)rij (i = 1, 2, . . . , k), (j =

1, 2, . . . , si) eÐnai oi stoiqei¸deic diairètec (dhlad  polu¸numa) tou T.

To ginìmeno twn stoiqeiwd¸n diairet¸n isoÔtai me to qarakthristikì polu¸nu-

mo tou T (mh lamb�nontac upìyh to prìshmì tou).

H èkfrash (1.2) eÐnai monadik  e�n de lamb�noume up�oyh thn met�jesh twn Jλi,ri1,...,risi .

Pìrisma 3.1. DÔo n×n pÐnakec A,B eÐnai ìmoioi e�n kai mìno e�n èqoun thn Ðdia

kanonik  morf  Jordan (dhlad  JA = JB).

Par�deigma 3.3. JewroÔme ton telest  tou prohgoÔmenou paradeÐgmatoc 1.2.

To el�qisto polu¸numo tou T eÐnai to

p(t) = (t− 3)(t− 2)2.

Oi dun�meic twn prwtobajmÐwn paragìntwn tou p(t) antistoiqoÔn se pl reic kÔ-

klouc, �ra se stoiqei¸deic pÐnakec Jordan. Sunep¸c, h kanonik  morf  Jordan

eÐnai h

A =

 3| 0 0

0 2 1

0 0 2

 .
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Par�deigma 3.4. 'Estw

A =

 −1 −1 0

0 −1 −2
0 0 −1

 .

To qarakthristikì polu¸numo eÐnai f(t) = −(t + 1)3 kai to el�qisto eÐnai p(t) =

(t+ 1)3.

Up�rqei ènac mìno stoiqei¸dhc pÐnakac Jordan, �ra

J =

 −1 1 0

0 −1 1

0 0 −1

 .

To di�gramma eÐnai thc morf c

s(T+ Id)2xs (T+ Id)xs x

B1

Par�deigma 3.5. Na brejeÐ h kanonik  morf  Jordan tou pÐnaka

A =


2 −1 4 1

0 3 −2 0

0 0 1 2

0 1 −1 2

 .

To qarakthristikì polu¸numo tou A eÐnai

f(t) = (t− 2)2(t− 1)(t− 3)

to opoÐo isoÔtai me to el�qisto p(t). 'Ara h kanonik  morf  Jordan isoÔtai me

J =


2 1

0 2

∣∣∣∣∣ 0 0

0 0

0 0

0 0

1| 0

0 3

 .

To di�gramma eÐnai

ss s s
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Par�deigma 3.6. To Ðdio er¸thma gia ton pÐnaka

A =

 −5 3 1

−4 2 1

−4 3 0

 .

EÐnai f(t) = (t+ 1)3 kai p(t) = (t+ 1)2.

To el�qisto polu¸numo (t + 1)2 antistoiqeÐ se ènan stoiqei¸dh pÐnaka Jordan kai

qreiazìmaste ènan par�gonta (t + 1) gia na p�roume to qarakthristikì f(t) =

(t+ 1)3. 'Ara

J =


−1 1

0 −1

∣∣∣∣∣ 0

0

0 0 1

 .

To di�gramma eÐnai

ss s

Par�deigma 3.7. Na brejeÐ h kanonik  morf  Jordan tou telest  T : R7 → R7

me qarakthristikì polu¸numo f(t) = −(t − 1)3(t − 2)4 kai el�qisto polu¸numo

p(t) = (t− 1)2(t− 2)3.

Oi stoiqei¸deic diairètec eÐnai {(t− 1)2, (t− 2)3, t− 1, t− 2} pou antistoiqoÔn

sto di�gramma

ss sss
s s

H kanonikh morf  Jordan eÐnai

J =



1 1

1

∣∣∣∣∣ 0

2 1

2 1

2

∣∣∣∣∣∣∣
1|

0 2


.
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Par�deigma 3.8. To Ðdio er¸thma gia ton telest  T : R7 → R7 me f(t) =

−(t− 1)3(t− 2)4, p(t) = (t− 1)2(t− 2)2.

Oi stoiqei¸deic diairètec tou T mporeÐ na eÐnai

{
(t− 1)2, (t− 2)2, t− 1, (t− 2)2

}
me di�gramma ss ss s ss
  {

(t− 1)2, (t− 2)2, t− 1, t− 2, t− 2
}

me di�gramma ss ss s s s

'Ara o pÐnakac tou telest  T eÐnai ìmoioc me ènan apì touc parak�tw

1 1

1

∣∣∣∣∣ 0

2 1

2

∣∣∣∣∣
1|

0
2 1

2


 



1 1

1

∣∣∣∣∣ 0

2 1

2

∣∣∣∣∣
1|

2|
0 2


.

Par�deigma 3.9. Na taxinom sete (apì �poyh omoiìthtac) touc pÐnakec

A =

 −3 3 −2
−7 6 −3
1 −1 2

 ,B =

 0 1 −1
−4 4 −2
−2 1 1

 ,

C =

 0 −1 −1
−3 −1 −2
7 5 6

 ,D =

 0 1 2

0 1 1

0 0 2

 .

Ta qarakthristik� polu¸numa twn A,B,C eÐnai

fA(t) = fB(t) = fC(t) = −(t− 1)(t− 2)2 kai tou D eÐnai
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fD(t) = −t(t− 1)(t− 2).

Sunep¸c, o pÐnakac D den eÐnai ìmoioc me touc A,B kai D. Gia ta el�qista polu¸-

numa isqÔei

pA(t) = pC(t) = fA(t) kai pB(t) = (t− 1)(t− 2).

'Ara o pÐnakac B den eÐnai ìmoioc me touc A kai C.

Telik� prokÔptei ìti JA =

 1 0 0

0 2 1

0 0 2

 = JC

sunep¸c, oi pÐnakec A kai C eÐnai ìmoioi.

'Askhsh 3.1. 'Estw A ∈Mn×n(C). OrÐzoume ton pÐnaka

etA =
∞∑
n=0

1

n!
An = I+A+

1

2!
A2+ · · · .

ApodeiknÔetai ìti h seir� sugklÐnei apolÔtwc �ra sugklÐnei.

An A =

(
λ 1

0 λ

)
upologÐste ton pÐnaka etA.

Ap�nthsh: etA =

(
etλ tetλ

0 etλ

)

Par�deigma 3.10. Na taxinom sete (apì �poyh omoiìthtac) ìlouc touc n × n

migadikoÔc pÐnakec pou ikanopoioÔn th sqèsh A2 = − I.

Epeid  o pÐnakac A ikanopoieÐ th sqèsh x2 + 1 = 0, to el�qisto polu¸numo tou

A eÐnai p(t) = (t − i)(t + i)   p(t) = t − i   p(t) = t + i (giati?). Ja exet�soume

thn k�je perÐptwsh qwrist�.

1) An p(t) = (t− i)(t+ i) tìte to qarakthristikì polu¸numo eÐnai

f(t) = (t− i)r(t+ i)n−r, 1 ≤ r ≤ n− 1.

2) An p(t) = −t− i tìte to qarakthristikì polu¸numo eÐnai f(t) = (t− i)(t+ i)n−1.
3) An p(t) = t+ i tìte to qarakthristikì polu¸numo eÐnai f(t) = (t+ i)(t− i)n−1.
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Se k�je perÐptwsh o pÐnakac A eÐnai ìmoioc me ènan apì touc pÐnakec

J =



i

i
. . .

i

−i
−i

. . .

−i


ìpou ta diag¸nia stoiqeÐa i eÐnai r to pl joc kai ta stoiqeÐa −i eÐnai n−r to pl joc
me 0 ≤ r ≤ n.

3.3 Ask seic

'Askhsh 3.2. Na brejeÐ h kanonik  morf  Jordan twn parak�tw pin�kwn me

stoiqeÐa apì to C.

(
0 1

−1 2

)
,

 3 −4 0

3 −2 1

0 0 2

 ,


0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0

 ,


0 −3 1 2

−2 1 −1 2

−2 1 −1 2

−2 −3 1 4

 .

'Askhsh 3.3. Na exet�sete poi� zeÔgh apì touc akìloujouc pÐnakec eÐnai ìmoioi:

a)

(
1 3

0 1

)
,

(
1 1

0 1

)
∈M2×2(R).

b)

(
0 1

−1 0

)
,

(
i 0

0 −i

)
∈M2×2(C).

g)


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 2

,


1 0 0 0

0 −1 0 0

0 0 2 0

0 0 0 1

 ∈M4×4(R).

d)

 1 1 1

−1 −1 −1
1 1 0

,

 1 1 1

−1 −1 −1
1 0 0

 ∈M4×4(R).
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'Askhsh 3.4. Na brejoÔn ìloi oi 5× 5 migadikoÐ pÐnakec A me A = A2.

'Askhsh 3.5. Na brejoÔn ìloi oi 6 × 6 migadikoÐ pÐnakec me qarakthristikì po-

lu¸numo (t− 1)2(t− 2)4.

'Askhsh 3.6. Na brejoÔn ìloi oi 6× 6 migadikoÐ pÐnakec me el�qisto polu¸numo

(t− 1)2(t+ 1)2.

'Askhsh 3.7. Na taxinom sete (apì �poyh omoiìthtac) ìlouc touc mhdenodÔna-

mouc 6×6 pÐnakec. ('Enac pÐnakac onom�zetai mhdenodÔnamoc e�n Ap = 0 gia k�poion

jetikì akèraio p).

'Askhsh 3.8. 'Estw A ènac n×n pÐnakac tou opoÐou to qarakthristikì polu¸numo

gr�fetai wc ginìmeno prwtobajmÐwn paragìntwn. ApodeÐxte ìti oi pÐnakec A kai At

èqoun thn Ðdia kanonik  morf  Jordan. Sumper�nete ìti o A eÐnai ìmoioc me ton At.

'Askhsh 3.9. DÐnetai o pÐnakac A =

 2− a a a− 3

1 0 −1
0 1 −1

.

a) Gia poièc timèc tou a ∈ R o pÐnakac A eÐnai diagwniopoi simoc?

b) Gia tic timèc tou a ∈ R gia tic opoÐec o A den eÐnai diagwniopoi simoc, na brejeÐ

h kanonik  morf  Jordan.
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