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Kef�laio 5

DiagwniopoÐhsh grammik¸n

telest¸n kai pin�kwn

'Opwc èqoume dei sta prohgoÔmena kef�laia to kentrikì antikeÐmeno thc grammik c

�lgebrac eÐnai h melèth grammik¸n apeikonÐsewn T : V → W metaxÔ dianusmati-

k¸n q¸rwn. Sthn perÐptws  mac oi dianusmatikoÐ q¸roi eÐnai p�nta peperasmènhc

di�stashc. IdiaÐterh shmasÐa èqoun grammikèc apeikonÐseic T : V → V , oi opoÐec

onom�zontai kai grammikoÐ telestèc (linear operators). H melèth mÐac tètoiac apei-

kìnishc an�getai wc gnwstìn sth melèth tou antÐstoiqou pÐnaka wc proc k�poia

b�sh tou V . Epeid  h melèth pin�kwn parousi�zei kai aut  taktik� teqnikèc dusko-

lÐec, tÐjetai to er¸thma kat� pìson o pÐnakac enìc grammikoÔ telest  eÐnai ìso to

dunatìn aploÔsteroc.

Apo thn mèqri stigm c empeirÐa mac eÐnai safèc ìti oi diag¸nioi pÐnakec eÐnai oi

aploÔsteroi dunatoÐ. Sunep¸c, an o pÐnakac miac grammik c apeikìnishc eÐnai dia-

g¸nioc, tìte mporoÔme na upologÐsoume exairetik� eÔkola di�forec (analloÐwtec)

posìthtec ìpwc Ðqnoc, orÐzousa k.l.p..

JumÐzoume ton ex c orismì.

Orismìc 5.1. DÔo pÐnakec A,B ∈ Mn×n(F) onom�zontai ìmoioi (similar) e�n u-

p�rqei antistrèyimoc pÐnakac Q tètoioc ¸ste B = Q−1AQ. Se aut n thn perÐptwsh

sumbolÐzoume A ∼ B.

IsqÔoun ta ex c:

1) DÔo pÐnakec A,B eÐnai ìmoioi e�n kai mìno e�n oi A,B eÐnai pÐnakec thc Ðdiac

grammik c apeikìnishc (endeqomènwc wc proc diaforetikèc b�seic).

2) An A ∼ B tìte isqÔoun ta ex c:

i) rk(A) = rk(B).
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ii) tr(A) = tr(B).

iii) det(A) = det(B).

Prosoq  ta antÐstrofa den isqÔoun. D¸ste antiparadeÐgmata.

Dedomènou loipìn ìti oi diag¸nioi pÐnakec eÐnai oi aploÔsteroi dunatoÐ, ta erw-

t mata pou tÐjentai eÐnai ta ex c:

1) Pìte ènac pÐnakac eÐnai ìmoioc me ènan diag¸nio pÐnaka?

2) 'Estw T : V → V grammikìc telest c.

i) Up�rqei b�sh B tou V tètoia ¸ste o pÐnakac [T ]B tou T na eÐnai diag¸nioc?

ii) An nai, p¸c mporoÔme na broÔme mÐa tètoia b�sh?

5.1 Idiotimèc kai idiodianÔsmata

GrammikoÐ telestèc T : V → V pou èqoun thn idiìthta T = λIdV , gia k�je x ∈ V
dhlad  T (x) = λx eÐnai idiaÐtera aploÐ miac kai o pÐnak�c touc eÐnai diag¸nioc. Ja

doÔme ìti oi parap�nw arijmoÐ λ ∈ F èqoun idiaÐtera shmantikì rìlo sthn jewrÐa

diagwniopoÐhshc.

'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai B,B′ dÔo b�seic tou

V . JumÐzoume ìti isqÔei [T ]B′ = Q−1[T ]BQ, ìpou Q o pÐnakac allag c b�shc,

dhlad  oi pÐnakec [T ]B′ kai [T ]B eÐnai ìmoioi.

Prìtash 5.1. 'Estw A ∈ Mn×n(F) kai Γ = {x1, . . . , xn} mÐa b�sh tou Fn. Tì-

te [LA]Γ = Q−1AQ, ìpou Q o n × n pÐnakac pou èqei wc st lec ta dianÔsmata

x1, . . . , xn ∈ Fn.

Apìdeixh. 'Askhsh.

Je¸rhma 5.1. 'Estw T : V → V ènac grammikìc telest c me dimV = n kai

èstw B mÐa b�sh tou V . An B ∈ Mn×n(F) me B ∼ [T ]B, tìte up�rqei mÐa b�sh B′

tou V tètoia ¸ste B = [T ]B′ .

Apìdeixh. Apì upìjesh up�rqei antistrèyimoc pÐnakacQ tètoioc ¸steB = Q−1[T ]B

Q. 'Estw ìti B = {x1, . . . , xn}. OrÐzoume B′ = {x′1, . . . , x′n}, ìpou x′j =
∑n

i=1 qijxi

(1 ≤ j ≤ n) (dhlad  oi st lec tou pÐnaka Q). Tìte h B′ eÐnai mÐa b�sh tou V

(�skhsh), tètoia ¸ste o Q na eÐnai o pÐnakac allag c apì thn B′ sthn B. Sunep¸c,

[T ]B′ = Q−1[T ]BQ = B.

Apì ed¸ kai sto ex c ja qrhsimopoioÔme ton sumbolismì L(V ) gia to sÔnolo

ìlwn twn grammik¸n apeikonÐsewn (telest¸n) T : V → V .
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Orismìc 5.2. 1) O telest c T ∈ L(V ) onom�zetai diagwniopoi simoc (diagona-

lizable) e�n up�rqei b�sh B tou V tètoia ¸ste o pÐnakac [T ]B na eÐnai diag¸nioc.

2) 'Enac tetragwnikìc pÐnakac onom�zetai diagwniopoi simoc e�n eÐnai ìmoioc me ènan

diag¸nio pÐnaka.

Je¸rhma 5.2. 'Estw T ∈ L(V ) kai B mÐa b�sh tou V . Tìte o telest c T eÐnai

diagwniopoi simoc e�n kai mìno e�n o pÐnakac [T ]B eÐnai diagwniopoi simoc.

Apìdeixh. 'Askhsh.

To prìblhma loipìn tou kat� pìson ènac telest c T ∈ L(V ) eÐnai diagwniopoi-

 simoc an�getai sto ex c:

'Estw A ènac tetragwnikìc pÐnakac.

1) EÐnai o A diagwniopoi simoc?

2) An nai, p¸c mpor¸ na brw ènan antistrèyimo pÐnaka Q tètoion ¸ste o pÐnakac

Q−1AQ na eÐnai antistrèyimoc?

To parak�tw je¸rhma eÐnai to kentrikì apotèlesma thc paragr�fou.

Je¸rhma 5.3. 'Enac telest c T ∈ L(V ) eÐnai diagwniopoi simoc e�n kai mìno e�n

up�rqei mÐa b�sh B = {x1, . . . , xn} tou V kai arijmoÐ λ1, . . . , λn ∈ F (ìqi aparaÐthta

diaforetikoÐ) ¸ste T (xj) = λjxj, 1 ≤ j ≤ n. Tìte

[T ]B =


λ1 0

λ2

. . .

0 λn

 ≡ diag(λ1, λ2, . . . , λn).

Apìdeixh. Apì thn upìjesh up�rqei b�sh B = {x1, . . . , xn} tètoia ¸ste o pÐnakac

[T ]B = D = diag(d11, d22, . . . , dnn) na eÐnai diag¸nioc. Jètoume λj = djj. Tìte gia

k�je j = 1, . . . , n eÐnai

T (xj) =
n∑
i=1

dijxi = djjxj = λjxj.

AntÐstrofa, eÐnai [T ]B =

 λ1

. . .

λn

 �ra o T eÐnai diagwniopoi simoc.
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Orismìc 5.3. 1) 'Estw T ∈ L(V ). 'Ena mh mhdenikì di�nusma x ∈ V onom�zetai

idiodi�nusma (eigenvector) tou V e�n up�rqei arijmìc λ ∈ F tètoioc ¸ste T (x) =

λx. O arijmìc autìc λ onom�zetai idiotim  tou T pou antistoiqeÐ sto idiodi�nusma

x.

2) 'Estw A ∈ Mn×n(F). 'Ena mh mhdenikì di�nusma x ∈ Fn onom�zetai idiodi�nusma
tou A e�n to x eÐnai idiodi�nusma tou telest  LA : Fn → Fn, dhlad  Ax = λx

gia k�poio λ ∈ F. O arijmìc λ onom�zetai idiotim  tou A pou antistoiqeÐ sto

idiodi�nusma x.

To prohgoÔmeno je¸rhma epanadiatup¸netai t¸ra wc ex c.

O telest c T ∈ L(V ) eÐnai diagwniopoi simoc e�n kai mìno e�n o dianusmatikìc q¸-

roc V èqei mÐa b�sh apì idiodianÔsmata tou T . Epiplèon, an o T eÐnai diagwniopoi-

 simoc kai B = {x1, . . . , xn} eÐnai mÐa b�sh apì idiodianÔsmata, tìte o pÐnakac

D = [T ]B, eÐnai diag¸nioc, ìpou to stoiqeÐo tou dii eÐnai h idiotim  pou antistoiqeÐ

sto idiodi�nusma xi (i = 1, . . . , n).

ParadeÐgmata

1) 'Estw A =

(
1 2

3 2

)
∈ M2×2(R) kai èstw x1 =

(
2

3

)
, x2

(
1

−1

)
. Tìte

LA(x1) =

(
1 2

3 2

)(
2

3

)
=

(
8

12

)
= 4

(
2

3

)
= 4x1,

�ra to x1 eÐnai èna idiodi�nusma tou telest  LA, �ra kai tou pÐnaka A. H λ1 =

4 eÐnai h idiotim  pou antistoiqeÐ sto idiodi�nusma x1. Parìmoia brÐskoume ìti

LA(x2) = −1 · x2, �ra to x2 eÐnai èna idiodi�nusma tou A me antÐstoiqh idiotim 

λ2 = −1. ParathroÔme ìti to sÔnolo B = {x1, x2} eÐnai mÐa b�sh tou R2, sunep¸c

[LA]B =

(
−2 0

0 5

)
. Tèloc, parathroÔme ìti an jèsoume Q =

(
2 1

3 −1

)
tìte

Q−1AQ =

(
−2 0

0 5

)
.

2) Up�rqoun telestèc oi opoÐoi den èqoun kanèna idiodi�nusma (�ra kammÐa idiotim ).

Oi telestèc autoÐ den eÐnai diagwniopoi simoi. Gia par�deigma, èstw T : R2 → R2 o

telest c me tÔpo T (v) = strof  tou v kat� gwnÐa π/2. Tìte ta dianÔsmata v kai

T (v) den eÐnai suggrammik�, sunep¸c to T (v) den mporeÐ na eÐnai pollapl�sio tou

v.
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5.2 EÔresh idiodianusm�twn - To qarakthri-

stikì polu¸numo

Apì to Par�deigma 1) thc prohgoÔmenhc enìthtac faÐnetai ìti endeqomènwc sum-

baÐnei to ex c:

An B = {x1, . . . , xn} eÐnai mÐa b�sh tou Fn apì idiodianÔsmata tou pÐnaka A

kai Q = (x1, . . . , xn) eÐnai o pÐnakac me st lec ta dianÔsmata thc b�shc, tìte

o pÐnakac Q−1AQ eÐnai diag¸nioc. Sunep¸c anazhtoÔme mÐa mèjodo eÔreshc twn

idiodianusm�twn enìc pÐnaka   grammikoÔ telest .

Prìtash 5.2. 'Estw T ∈ L(V ) kai B,B′ b�seic tou V . Tìte det([T ]B) =

det([T ]B′).

Apìdeixh. 'Askhsh.

Orismìc 5.4. H orÐzousa enìc telest  T ∈ L(V ) eÐnai o arijmìc det(T ) =

det([T ]B), ìpou B opoiad pote b�sh tou V .

Prìtash 5.3. 'Estw T ∈ L(V ). Tìte isqÔoun ta ex c:

1) O T eÐnai antistrèyimoc e�n kai mìno e�n det(T ) 6= 0.

2) An o T eÐnai antistrèyimoc, tìte det(T−1) = (det(T ))−1.

3) An S ∈ L(V ) tìte det(T ◦ S) = det(T ) det(S).

4) An λ ∈ F kai B b�sh tou V , tìte det(T −λIdV ) = det(A−λIn), ìpou A = [T ]B.

Apìdeixh. 'Askhsh.

To parak�tw je¸rhma perigr�fei ton trìpo eÔreshc twn idiotim¸n.

Je¸rhma 5.4. 'Estw T ∈ L(V ). O arijmìc λ ∈ F eÐnai idiotim  tou T e�n kai

mìno e�n det(T − λIdV ) = 0.

Apìdeixh. O arijmìc λ eÐnai idiotim  tou T e�n kai mìno e�n up�rqei 0 6= x ∈ V ¸ste

T (x) = λx   (T − λIdV )(x) = 0. Autì isodunameÐ me to ìti o telest c T − λIdV
den eÐnai antistrèyimoc (giatÐ?) kai apì thn Prìtash 5.3 to teleutaÐo isodunameÐ me

to ìti det(T − λIdV ) = 0.

Pìrisma 5.1. 'Estw A ∈ Mn×n(F). O arijmìc λ ∈ F eÐnai mÐa idiotim  tou pÐnaka

A e�n kai mìno e�n det(A− λIn) = 0.
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Orismìc 5.5. 1) 'Estw A ∈ Mn×n(F). To polu¸numo det(A − tIn) wc proc th

metablht  t onom�zetai to qarakthristikì polu¸numo tou A.

2) 'Estw T ∈ L(V ) kai B mÐa b�sh tou V . To qarakthristikì polu¸numo tou T

eÐnai to qarakthristikì polu¸numo tou pÐnaka A = [T ]B.

ParadeÐgmata

Na brejoÔn ta qarakthristik� polu¸numa kai oi idiotimèc twn parak�tw pin�kwn.

1) A =

(
1 2

3 2

)
∈ M2×2(R).

EÐnai det(A − λI2) = det

(
1− λ 2

3 2− λ

)
= (1 − λ)(2 − λ) − 6 = λ2 − 3λ − 4.

Oi idiotimèc eÐnai λ1 = 4, λ2 = −1.

2) A =

 1 2 2

2 1 2

2 2 1

 ∈ M3×3(R).

EÐnai det(A − I3) = det

 1− λ 2 2

2 1− λ 2

2 2 1− λ

 = λ3 − 3λ2 − 9λ − 5 = (λ +

1)2(λ− 5). Oi idiotimèc eÐnai oi λ1 = −1 kai λ2 = 5.

3) A =

(
i 1

2 −i

)
∈ M2×2(C).

EÐnai det(A − λI2) = det

(
i− λ 1

2 −i− λ

)
= −(i − λ)(i + λ) − 2 = λ2 − 1. Oi

idiotimèc eÐnai λ1 = 1, λ2 = −1.

4) Na brejoÔn oi idiotimèc tou telest  T : P2(R) → P2(R), T (f(x)) = xf ′(x) +

f(2)x+ f(3).

Ja broÔme pr¸ta ton pÐnaka tou T wc proc k�poia b�sh tou P2(R). Epilègoume,

thn kanonik  b�sh B = {1, x, x2}. EÐnai

T (1) = 0 + 1 + 1 = 2,

T (x) = x+ 2x+ 3 = 3x+ 3,

T (x2) = 2x2 + 4x+ 9 = 6x2 + 4x+ 9.
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'Ara [T ]B =

 2 0 0

3 3 0

9 4 6

. To qarakthristikì polu¸numo eÐnai

det([T ]B − λI3) = det

 2− λ 0 0

3 3− λ 0

9 4 6− λ

 = (2− λ)(3− λ)(6− λ).

Oi idiotimèc eÐnai λ1 = 2, λ2 = 3, λ3 = 6.

Je¸rhma 5.5. 'Estw A ∈ M2×2(F).

1) To qarakthristikì polu¸numo tou A eÐnai èna polu¸numo bajmoÔ n me suntele-

st  megistob�jmiou ìrou (−1)n.

2) O pÐnakac A èqei to polÔ n diakekrimmènec idiotimèc.

ShmeÐwsh

EÐnai dunatìn na apodeiqjeÐ ìti to qarakthristikì polu¸numo tou pÐnaka A èqei th

morf 

f(t) = (−1)n(tn − (tr(A))tn−1 + · · ·+ det(A)).

Epiplèon, tr(A) = λ1 + · · ·+ λn, kai det(A) = λ1 · · ·λn.

Sumperasmatik�

'Estw A ∈ Mn×n(F) kai f(t) to qarakthristikì polu¸numo tou A (antÐstoiqa tou

telest  T ∈ L(V )).

i) O arijmìc λ ∈ F eÐnai idiotim  tou A (antÐstoiqa tou T ) e�n kai mìno e�n to λ

eÐnai rÐza tou qarakthristikoÔ poluwnÔmou f(t) tou A (antÐstoiqa T ), dhlad 

f(λ) = 0.

ii) 'Estw T ∈ L(V ) kai λ mia idiotim  tou T . To di�nusma x ∈ V eÐnai èna

idiodi�nusma tou T me antÐstoiqh idiotim  λ e�n kai mìno e�n x 6= 0 kai x ∈
Ker(T − λIdV ) (⇔ T (x) = λx).

ParadeÐgmata

1) Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka

A =

(
1 2

3 2

)
.
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EÐqame brei se prohgoÔmeno par�deigma ìti oi idiotimèc tou A eÐnai λ1 = 4, λ2 = −1.

'Estw λ1 = 4 kai jewroÔme ton pÐnaka

A− λ1I2 =

(
−3 2

3 −2

)
.

Tìte to x =

(
x1

x2

)
∈ R2 eÐnai èna idiodi�nusma pou antistoiqeÐ sthn idiotim 

λ1 = 4 e�n kai mìno e�n x 6= 0 kai x ∈ Ker(A − λ1I2), dhlad  to x eÐnai mÐa lÔsh

tou omogenoÔc sust matoc(
−3 2

3 −2

)(
x1

x2

)
=

(
0

0

)
  isodÔnama

−3x1 + 3x2 = 0

3x1 − 2x2 = 0

}
.

To parap�nw sÔsthma isodunameÐ me to 3x1−2x2 = 0   x1 = 2
3
x2. Sunep¸c, h genik 

lÔsh eÐnai (2
3
x2, x2) = x2(2

3
, 1)   isodÔnama {t(2, 3) : t ∈ R}. Sunep¸c, to x eÐnai

èna idiodi�nusma pou antistoiqeÐ sthn idiotim  λ1 = 4 e�n kai mìno e�n x = t

(
2

3

)

gia k�poio t 6= 0. 'Estw t¸ra λ2 = −1 kai x =

(
x1

x2

)
èna idiodi�nusma pou

antistoiqeÐ sthn idiotim  λ2. Tìte A− λ2I2 =

(
2 2

3 3

)
. Tìte to x ikanopoieÐ to

sÔsthma

(A− λ2I2)x = 0

  isodÔnama (
2 2

3 3

)(
x1

x2

)
=

(
0

0

)
,

pou isodunameÐ me thn exÐswsh x1+x2 = 0. H genik  lÔsh eÐnai (x1, x2) = x1(1,−1),

sunep¸c to x eÐnai èna idiodi�nusma pou antistoiqeÐ sthn idiotim  λ2 = −1 e�n

kai mìno e�n x = t

(
1

−1

)
gia k�poio t 6= 0. ParathroÔme epiplèon ìti to

sÔnolo {

(
2

3

)
,

(
1

−1

)
} apoteleÐ mÐa b�sh tou R2 apì idiodianÔsmata kai an

Q =

(
2 1

3 −1

)
tìte Q−1AQ =

(
4 0

0 −1

)
.
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2) Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou grammikoÔ telest 

T : P3(R)→ P3(R), T (f(x)) = f(x) + f(2)x.

Pr¸ta ja broÔme ton pÐnaka [T ]B tou telest  T wc proc thn b�sh B = {1, x, x2, x3}
tou P3(R) kai tic idotimèc tou pÐnaka [T ]B, oi opoÐec eÐnai oi idiotimèc tou A. EÐnai

T (1) = 1 + x,

T (x) = x+ 2x = 3x,

T (x2) = x2 + 4x,

T (x3) = x3 + 8x.

'Ara

[T ]B =


1 0 0 0

1 3 4 8

0 0 1 0

0 0 0 1

 ≡ A.

To qarakthristikì polu¸numo eÐnai

det(A− λI4) = det


1− λ 0 0 0

1 3− λ 4 8

0 0 1− λ 0

0 0 0 1− λ



= (1− λ) det

 3− λ 4 8

0 1− λ 0

0 0 1− λ


= (1− λ)(3− λ)(1− λ)2.

Sunep¸c, oi idiotimèc eÐnai λ1 = 1, λ2 = 3. Erqìmaste t¸ra sthn eÔresh twn an-

tÐstoiqwn idiodianusm�twn, ta opoÐa shmei¸noume ìti prèpei na eÐnai stoiqeÐa tou

sunìlou P3(R). Ta idiodianÔsmata pou ja broÔme emeÐc eÐnai stoiqeÐa tou dianusma-

tikoÔ q¸rou R4 (idiodianÔsmata tou pÐnaka A). Sunep¸c, ja qrhsimopoi soume ton

isomorfismì

φB : P3(R)→ R4, φB(a0 + a1x+ a2x
2 + a3x

3) =


a0

a1

a2

a3
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prokeimènou na broÔme ta idiodianÔsmata tou telest  T . 'Estw λ1 = 1. Tìte

A− λ1I3 =


0 0 0 0

1 2 4 8

0 0 0 0

0 0 0 0


kai Ker(A − λ1I3) = span{(−8, 0, 0, 1), (−4, 0, 1, 0), (−2, 1, 0, 0)} (�skhsh). Sune-

p¸c, ta antÐstoiqa idiodianÔsmata tou T eÐnai

φ−1
B


−8

0

0

1

 = −8 + x3, φ−1
B


−4

0

1

0

 = −4 + x2

kai

φ−1
B


−2

1

0

0

 = −2 + x.

Gia thn idiotim  λ2 = 3 brÐskoume ìti

A− λ2I3 =


−2 0 0 0

1 0 4 8

0 0 −2 0

0 0 0 −2


kai Ker(A−λ2I3) = span{(0, 0, 1, 0)}, sunep¸c to idiodi�nusma tou T pou antistoi-

qeÐ sthn idiotim  λ2 = 3 eÐnai to

φ−1
B


0

0

1

0

 = x.

ParathroÔme ìti to sÔnolo B′ = {−8 + x3,−4 + x2,−2 + x, x} apoteleÐ mÐa b�sh

tou P3(R) apì idiodianÔsmata tou telest  T kai ìti

[T ]B′ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 3

 .
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'Askhsh

'Estw φB : V → Rn o isomorfismìc

φB(
n∑
i=1

λixi) =


λ1

λ2

...

λn

 ,

ìpou B = {x1, . . . , xn} mÐa diatetagmènh b�sh tou V kai èstw T : V → V grammikìc

telest c me pÐnaka A = [T ]B. DeÐxte ìti to di�nusma v ∈ V eÐnai èna idiodi�nusma

tou T me antÐstoiqh idiotim  λ e�n ka mìno e�n to φB(v) eÐnai èna idiodi�nusma tou

pÐnaka A me antÐstoiqh idiotim  λ.

5.3 Krit rio diagwniopoÐhshc

Sthn par�grafo aut  ja diatup¸soume èna krit rio gia to kat� pìson ènac gram-

mikìc telest c T ∈ L(V ) eÐnai diagwniopoi simoc.

Je¸rhma 5.6. 'Estw T ∈ L(V ) kai λ1, λ2, . . . , λk idiotimèc tou T oi opoÐec eÐnai

diaforetikèc metaxÔ touc (diakekrimmènec). An x1, x2, . . . , xk eÐnai idiodianÔsmata

tou T tètoia ¸ste h idiotim  λj na antistoiqeÐ sto di�nusma xj (1 ≤ j ≤ k) tìte to

sÔnolo {x1, x2, . . . , xk} eÐnai grammik¸c anrx�rthto.

Apìdeixh. 'Askhsh - Me epagwg  epÐ tou k.

Pìrisma 5.2. 'Estw dimV = n kai T ∈ L(V ). E�n o T èqei n diakekrimmènec

idiotimèc tìte eÐnai diagwniopoi simoc.

Apìdeixh. ProkÔptei apì ta Je¸rhmata 5.3 kai 5.6. ('Askhsh)

Par�deigma

'Estw A =

(
2 2

2 2

)
me antÐstoiqo telest  LA : R2 → R2. To qarakthristikì

polu¸numo tou A (�ra kai tou LA) eÐnai

f(t) = det

(
2− t 2

2 2− t

)
= (2− t)2 − 4 = t(t− 2).

Oi idiotimèc tou A eÐnai oi λ1 = 0 kai λ2 = 2. Epeid  dimR2 = 2 kai oi dÔo idiotimèc

eÐnai diakekrimmènec, tìte lìgw tou prohgoÔmenoc porÐsmatoc o A (�ra kai o LA)
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eÐnai diagwniopoi simoc.

Parathr seic

1) To antÐstrofo tou PorÐsmatoc 5.2 den isqÔei genik�. Gia par�deigma, an

T = IdV : V → V o tautotikìc telest c, tìte o T eÐnai diagwniopoi simoc an

kai èqei mìno mÐa idiotim  thn λ = 1.

2) Apì ta parap�nw diapist¸noume ìti to prìblhma thc diagwniopoÐhshc exart�tai

�mesa apì to s¸ma F epÐ tou opoÐou orÐzetai o dianusmatikìc q¸roc V . To kat�

pìson èna polu¸numo f(x) (en prokeimènw to qarakthristikì polu¸numo enìc te-

lest  T ∈ L(V ) ) gr�fetai wc ginìmeno prwtob�jmiwn paragìntwn exart�tai apì

to an F = R   F = C.
Gia par�deigma, eÐnai x2−1 = (x+1)(x−1) epÐ tou R k�ti to opoÐo den sumbaÐnei

gia to polu¸numo (x2 + 1)(x − 2). Bèbaia an F = C tìte eÐnai (x2 + 1)(x − 2) =

(x+ i)(x− i)(x− 2), �ra to polu¸numo èqei diakekrimmènec idiotimèc epÐ tou C.

Je¸rhma 5.7. 'Estw V dianusmatikìc q¸roc epÐ tou F kai T ∈ L(V ). An o

T eÐnai diagwniopoi simoc tìte to qarakthristikì polu¸numo tou T gr�fetai wc

ginìmeno prwtob�jmiwn paragìntwn.

Apìdeixh. Apì thn upìjesh up�rqei mÐa b�sh B tou V tètoia ¸ste

[T ]B = D =


λ1

λ2

. . .

λn

 .

Sunep¸c, to qarakthristikì polu¸numo tou T eÐnai to

f(t) = det(D − λIn) = det


λ1 − t

λ2 − t
. . .

λn − t


= (λ1 − t) · · · (λn − t) = (−1)n(t− λ1) · · · (t− λn).

Apì to parap�nw je¸rhma prokÔptei an o telest c T ∈ L(V ) den èqei n =

dimV diakekrimmènec idiotimèc, tìte to qarakthristikì polu¸numo tou T ja prèpei

na èqei rÐzec me pollaplìthta.
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Orismìc 5.6. 'Estw λ mÐa idiotim  enìc telest    pÐnaka me qarakthristikì

polu¸numo f(t). H pollaplìthta (multiplicity) thc λ eÐnai o megalÔteroc akèraioc

k tètoioc ¸ste (t− λ)k na eÐnai par�gontac tou f(t).

ShmeÐwsh

Kammi� for� o parap�nw arijmìc onom�zetai kai algebrik  pollaplìthta thc λ.

Par�deigma

'Estw

A =

 1 1 0

0 1 3

0 0 2

 .

To qarakthristikì polu¸numo tou A eÐnai f(t) = −(t−1)2(t−2). H idiotim  λ1 = 1

èqei pollaplìthta 2 kai h λ2 = 2 èqei pollaplìthta 1.

H parak�tw ènnoia eÐnai kentrik  ìqi mìno sto jèma thc diagwniopoÐhshc all�

kai genikìtera sth jewrÐa telest¸n.

Orismìc 5.7. 'Estw T ∈ L(V ) kai λ mÐa idiotim  tou T . To sÔnolo Eλ = {x ∈
V : T (x) = λx} = Ker(T − λIdV ) onom�zetai o idiìqwroc (eigenspace) tou T pou

antistoiqeÐ sthn idiotim  λ. O idiìqwroc enìc pÐnaka A eÐnai o idiìqwroc tou telest 

LA.

EÐnai safèc ìti to sÔnolo Eλ eÐnai ènac upìqwroc tou V o opoÐoc perièqei to

mhdenikì di�nusma kaj¸c kai ìla ta idiodianÔsmata tou T pou antistoiqoÔn sthn

idiotim  λ. H di�stash dim(Eλ) isoÔtai me ton arijmì twn grammik¸c anex�rthtwn

idiodianusm�twn tou telest  T pou antistoiqoÔn sthn idiotim  λ. Kammi� for�

anafèretai kai wc gewmetrik  pollaplìthta (geometric multiplicity) thc λ.

L mma 5.1. 'Estw M ∈ Mn×n(F) tètoioc ¸ste

M =

(
M1 N

0 M2

)
,

ìpou M1,M2 eÐnai tetragwnikoÐ pÐnakec. Tìte det(M) = det(M1) · det(M2).

Apìdeixh. 'Askhsh.

To parak�tw je¸rhma sundèei thn pollaplìthta miac idiotim c λ me thn di�stash

tou idiìqwrou Eλ.

Je¸rhma 5.8. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai T ∈
L(V ). An λ eÐnai mÐa idiotim  tou T me pollaplìthta k, tìte 1 ≤ dim(Eλ) ≤ k.
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Apìdeixh. 'Estw {x1, . . . , xp} mÐa diatetagmènh b�sh tou Eλ thn opoÐa sth sunèqeia
epekteÐnoume se mÐa b�sh B = {x1, . . . , xp, xp+1, . . . , xn} tou V . 'Estw A = [T ]B.

Epeid  k�je di�nusma xi (1 ≤ i ≤ p) eÐnai èna idiodi�nusma tou T pou antistoiqeÐ

sthn idiotim  λ, ja eÐnai

A =

(
λIp N

0 M

)
.

Lìgw tou L mmatoc 5.1 to qarakthristikì polu¸numo tou T eÐnai

f(t) = det(A− tIn) = det((λ− t)Ip) · det(M − λIn−p) = (−1)p(λ− t)pg(t),

ìpou g(t) k�poio polu¸numo. Epeid  to (λ − t)p eÐnai par�gontac tou f(t), h

pollaplìthta thc λ eÐnai toul�qiston p (miac kai to λ mporeÐ endeqomènwc na eÐnai

kai rÐza tou g(t)). Epeid  dim(Eλ) = p prokÔptei ìti dim(Eλ) ≤ k.

To krit rio diagwniopoÐhshc ja basisteÐ sto parak�tw je¸rhma thn apìdeixh

tou opoÐou paraleÐpoume.

Je¸rhma 5.9. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai T ∈
L(V ) tètoioc ¸ste to qarakthristikì tou polu¸numo na gr�fetai wc ginìmeno prw-

tob�jmiwn paragìntwn. 'Estw λ1, λ2, . . . , λk oi diakekrimmènec idiotimèc tou T . Tìte

1) O T eÐnai diagwniopoi simoc e�n kai mìno e�n gia k�je i = 1, . . . , k h pollaplì-

thta thc λi isoÔtai me dim(Eλi).

2) An o T eÐnai diagwniopoi simoc kai Bi eÐnai mÐa diatetagmènh b�sh tou idiìqwrou

Eλi (i = 1, . . . , n) tìte to sÔnolo B = B1

⋃
B2

⋃
· · ·
⋃

Bk eÐnai mÐa diatetagmènh

b�sh tou V apì idiodianÔsmata tou T .

Katìpin autoÔ katal goume sto ex c:

Krit rio diagwniopoÐhshc

'Estw T ∈ L(V ) ènac grammikìc telest c epÐ tou peperasmènhc di�stashc dianu-

smatikoÔ q¸rou V . Tìte o T eÐnai diagwniopoi simoc e�n kai mìno e�n isqÔoun oi

parak�tw dÔo sunj kec tautìqrona.

1) To qarakthristikì polu¸numo tou T gr�fetai wc ginìmeno prwtob�jmiwn para-

gìntwn.

2) Gia k�je idiotim  λ tou T , h pollaplìtht� thc isoÔtai me n− rk(T − λIdV ).
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Parat rhsh

An mia idiotim  λ èqei pollaplìthta 1 tìte h sunj kh 2) ikanopoieÐtai autom�twc.

E�n A eÐnai ènac n×n pÐnakac o opoÐoc eÐnai diagwnopoi simoc kai Q eÐnai o pÐ-

nakac o opoÐoc èqei wc st lec ta idiodianÔsmata tou A, tìte o pÐnakac Q−1AQ = D

eÐnai diag¸nioc.

ParadeÐgmata

1) 'Estw

A =

 0 1 0

0 0 2

0 0 0

 ∈ M3×3(R).

To qarakthristikì polu¸numo tou A eÐnai f(t) = −t3 tou opoÐou h monadik  i-

diotim  eÐnai λ = 0, me pollaplìthta 3. Tìte Eλ = Ker(A − λI3) = Ker(A) =

span{(1, 0, 0)} (giatÐ?). Epeid  dim(Eλ) = 1 6= 3, o pÐnakac A den eÐnai diagwnio-

poi simoc.

2) 'Estw T : P2(R)→ P2(R) me T (f(x)) = f(0) + f(1)(x+ x2). Ja elègxoume an

o T eÐnai diagwniopoi simoc kai se jetik  perÐptwsh ja broÔme mia b�sh tou V apì

idiodianÔsmata.

JewroÔme thn kanonik  diatetagmènh b�sh B = {1, x, x2} tou P2(R). O pÐnakac

tou telest  T wc proc thn b�sh B eÐnai

A = [T ]B =

 1 0 0

1 1 1

1 1 1


tou opoÐou to qarakthristikì polu¸numo eÐnai f(t) = t(t−1)(t−2). Up�rqoun treic

idiotimèc λ1 = 0, λ2 = 1, λ3 = 2 kai h k�je mÐa èqei pollaplìthta 1, �ra o A (kai

o T ) eÐnai diagwniopoi simoc. BrÐskoume ìti eÐnai Eλ1 = span{(0, 1,−1)}, Eλ2 =

span{(1,−1,−1)} kai Eλ3 = span{(0, 1, 1)}. Ta antÐstoiqa idiodianÔsmata tou

telest  T eÐnai

φ−1
B

 0

1

−1

 = x− x2, φ−1
B

 1

−1

−1

 = 1− x− x2, φ−1
B

 0

1

1

 = x+ x2.

Epiplèon, an Q =

 0 1 0

1 −1 1

−1 −1 1

, tìte Q−1AQ =

 0 0 0

0 1 0

0 0 2

.
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3) 'Estw A =

(
0 −2

1 3

)
∈ M2×2(R). Na upologisteÐ o pÐnakac An.

To qarakthristikì polu¸numo tou A eÐnai f(t) = (t − 1)(t − 2), me idiotimèc

λ1 = 1, λ2 = 2. EÐnai Eλ1 = span{(2,−1)}, Eλ2 = span{(1,−1)} opìte to

sÔnolo {(2,−1), (1,−1)} eÐnai mia b�sh tou R2 apì idiodianÔsmata tou A. An

Q =

(
2 1

−1 −1

)
, tìte Q−1AQ =

(
1 0

0 2

)
, sunep¸c A = Q

(
1 0

0 2

)
Q−1, �ra

An = Q

(
1 0

0 2

)n

Q−1 = Q

(
1 0

0 2n

)
Q−1.

Epeid  Q−1 =

(
1 1

−1 −2

)
, prokÔptei ìti

An =

(
2− 2n 2− 2n+1

−1 + 2n −1 + 2n+1

)
.

4) 'Estw T : C2 → C2, T (z, w) = (z + iw, iz + w). O telest c T orÐzetai epÐ tou

dianusmatikoÔ q¸rou C2 di�stashc 2 epÐ tou C. H kanonik  diatetagmènh b�sh tou

C2 eÐnai h B = {(1, 0), (0, 1)}. EÐnai

T (1, 0) = (1, i) = 1(1, 0) + i(0, 1)

T (0, 1) = (i, 1) = i(1, 0) + (1, 0)

�ra A = [T ]B =

(
1 i

i 1

)
. To qarakthristikì polu¸numo tou A eÐnai

f(t) = det(A− λI2) = det

(
1− t i

i 1− t

)
= t2 − 2t+ 2

me idiotimèc λ1 = 1 + i, λ2 = 1 − i. Sunep¸c o T eÐnai diagwniopoi simoc. Gia

λ1 = 1 + i eÐnai Ker(A − λ1I2) = Ker

(
−i i

i −i

)
= span{(1, 1)}. Gia λ2 =

1 − i eÐnai Ker(A − λ2I2) = Ker

(
i i

i i

)
= span{(1,−1)}. To sÔnolo Γ =

{

(
1

1

)
,

(
1

−1

)
} eÐnai mÐa b�sh tou C2 apì idiodianÔsmata tou T . Wc proc aut n

th b�sh eÐnai

[T ]Γ =

(
1 + i 0

0 1− i

)
.



5.3. KRIT�HRIO DIAGWNIOPO�IHSHS 109

5) 'Estw

A =

 4 0 1

2 3 2

1 0 4

 ∈ M3×3(R).

To qarakthristikì polu¸numo tou A eÐnai f(t) = −(t−5)(t−3)2. Oi idiotimèc eÐnai

λ1 = 5 pollaplìthtac 1 kai λ2 = 3 pollaplìthtac 2. To krit rio diagwniopoÐhshc

ikanopoieÐtai gia thn idiotim  λ1 = 5. Exet�zoume t¸ra thn idiotim  λ2 = 3. EÐnai

3− rk(A− λ2I3) = 3− rk

 1 0 1

2 0 2

1 0 1


= 3− rk

 1 0 1

1 0 1

0 0 0

 = 3− rk

 1 0 1

0 0 0

0 0 0

 = 3− 1 = 2

pou isoÔtai me thn pollaplìthta thc λ2. Sunep¸c, o A eÐnai diagwniopoi simoc kai

ìmoioc me ton pÐnaka

D =

 5 0 0

0 3 0

0 0 3

 .

O anagn¸sthc kaleÐtai na pistopoi sei ìti to sÔnolo B = {

 1

2

1

 ,

 1

0

−1

 ,

 0

1

0

} apoteleÐ mÐa b�sh tou R3 apì idiodianÔsmata tou A.

'Otan ènac telest c T ∈ L(V ) eÐnai diagwniopoi simoc tìte o V gr�fetai wc

eujÔ �jroisma twn upoq¸rwn tou. Sugkekrimèna isqÔei to ex c.

Je¸rhma 5.10. 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc kai T ∈
L(V ). Tìte o V eÐnai diagwniopoi simoc e�n kai mìno e�n o V isoÔtai me to eujÔ

�jroisma twn idiìqwrwn tou T .

Par�deigma

JewroÔme ton pÐnaka

A =

 4 0 1

2 3 2

1 0 4
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tou prohgoÔmenou paradeÐgmatoc.

EÐnai Eλ1 = span{

 1

2

1

} kai Eλ2 = span{

 1

0

−1

 ,

 0

1

0

}. O telest c LA :

R3 → R3 eÐnai diagwniopoi simoc, �ra R3 = Eλ1 ⊕ Eλ2 .

5.4 Ask seic

1) 'Estw a, b, c ∈ R. Na brejeÐ h sunj kh pou prèpei na ikanopoioÔn ta a, b kai c

ètsi ¸ste o pÐnakac  2 0 0

a 2 0

b c −1


na eÐnai ìmoioc me ènan diag¸nio pÐnaka.

2) Na brejeÐ o pÐnakac A100, ìpou

A =

(
1 2

3 4

)
.

3) Na deiqjeÐ ìti o akìloujoc pÐnakac den eÐnai ìmoioc me ènan diag¸nio pÐnaka:

A =

 2 3 2

1 4 2

1 −3 1

 .

4) An o pÐnakac

A =

 0 0 1

x 1 y

1 0 0


èqei trÐa grammik¸c anex�rthta idiodianÔsmata, tìte na deiqjeÐ ìti x+ y = 0.

5) 'Estw T ∈ L(R3) gia ton opoÐo isqÔei T (x, y, z) = (0, x, y). Na brejoÔn ta

qarakthristik� polu¸numa twn telest¸n T, T 2, T 3.

6) 'Estw T : Mn×n(F)→ Mn×n(F), T (A) = At.

i) Na deiqjeÐ ìti T ∈ L(Mn×n(F)).

ii) Na deiqjeÐ ìti oi mìnec idiotimèc tou T eÐnai oi ±1.
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iii) Na brejoÔn oi pÐnakec oi opoÐoi eÐnai idiodianÔsmata pou antistoiqoÔn stic

idiotimèc 1 kai −1, antÐstoiqa.

7) PoioÐ apì touc parak�tw pÐnakec eÐnai diagwniopoi simoi? Se jetik  perÐptwsh

na brejeÐ ènac pÐnakac Q ètsi ¸ste o Q−1AQ na eÐnai ènac diag¸nioc pÐnakac.

(
1 3

3 1

)
,

(
1 4

3 2

)
,

 7 −4 0

8 −5 0

6 −6 3

 ,

 3 1 1

2 4 2

−1 −1 1

 .
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