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Kef�laio 3

Stoiqei¸deic pr�xeic pin�kwn kai

grammik� sust mata.

Skopìc tou kefalaÐou autoÔ eÐnai na perigr�youme k�poiec pr�xeic pin�kwn, oi o-

poÐec èqoun thn idiìthta na diathroÔn thn t�xh kai thn omoiìthta pin�kwn. Sth

sunèqeia, ja k�noume efarmog  aut¸n kaj¸c kai thc jewrÐac twn grammik¸n a-

peikonÐsewn tou prohgoÔmenou kefalaÐou se èna shmantikì jèma thc Grammik c

'Algebrac pou eÐnai h epÐlush susthm�twn grammik¸n exis¸sewn. O qarakt rac

tou kefalaÐou autoÔ eÐnai èntona upologistikìc - algorijmikìc.

3.1 Stoiqei¸deic pÐnakec

Orismìc 3.1. 'Estw A ènac m × n pÐnakac. Oi parak�tw pr�xeic stic gram-

mèc (st lec) tou A onom�zontai stoiqei¸deic pr�xeic (elementary operations) stic

grammèc (st lec).

i) Enallag  dÔo gramm¸n (sthl¸n) tou A.

ii) Pollaplasiasmìc mÐac gramm c (st lhc) tou A me ènan mh mhdenikì arijmì.

iii) Pollaplasiasmìc mÐac gramm c (st lhc) tou A me ènan arijmì kai prìsjes 

thc se mÐa �llh gramm  (st lh).

Par�deigma

'Estw A =

 1 2 3 4

2 1 7 4

−1 −2 4 7

. Antimetajètontac thn pr¸th kai thn deÔterh

51
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gramm  tou A prokÔptei o pÐnakac

B =

 2 1 7 4

1 2 3 4

−1 −2 4 7

 .

Ja gr�youme thn parap�nw pr�xh me to apotèlesma thc sumbolik� wc ex c: 1 2 3 4

2 1 7 4

−1 −2 4 7

 R1

R2

R3

∼

 2 1 7 4

1 2 3 4

−1 −2 4 7

 .

R1 +R2

Orismìc 3.2. 'Enac n×n stoiqei¸dhc pÐnakac eÐnai ènac pÐnakac o opoÐoc prokÔ-

ptei apì ton tautotikì pÐnaka In me stoiqei¸deic pr�xeic.

ParadeÐgmata

Oi parak�tw stoiqei¸deic pÐnakec prokÔptoun apì ton I3. 1 0 0

0 1 0

0 0 1

 R1

R2

R3

∼

 0 1 0

1 0 0

0 0 1

 R2

R1 ,

 1 0 0

0 1 0

0 0 1

 R1

R2

R3

∼

 1 0 −2

0 1 0

0 0 1

 −2R3 +R1

.

Je¸rhma 3.1. 'Estw A ∈ Mm×n(F) kai B ènac pÐnakac pou prokÔptei apì ton A

me mÐa stoiqei¸dh pr�xh stic grammèc (st lec). Tìte up�rqei ènac m×m (n× n)
stoiqei¸dhc pÐnakac E tètoioc ¸ste B = EA (B = AE). Epiplèon, o E prokÔptei

apì ton Im (In) me thn Ðdia stoiqei¸dh pr�xh stic grammèc (st lec) pou proèkuye

o B apì ton A. AntÐstrofa, e�n E eÐnai ènac stoiqei¸dhc m×m (n× n) pÐnakac,
tìte o pÐnakac EA (AE) mporeÐ na prokÔyei apì ton A me thn Ðdia stoiqei¸dh pr�xh

stic grammèc (st lec) pou proèkuye o E apì ton tautotikì Im (In).

Par�deigma

'Estw

A =

 1 2 3 4

2 1 −1 3

4 0 1 2

 R1

R2

R3

∼

 2 1 −1 3

1 2 3 4

4 0 1 2

 R2

R1 = B.

Tìte an

I3 =

 1 0 0

0 1 0

0 0 1

 R1

R2

R3

∼

 0 1 0

1 0 0

0 0 1

 R2

R1 = E

tìte B = EA.
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Je¸rhma 3.2. Oi stoiqei¸deic pÐnakec eÐnai antistrèyimoi kai o antÐstrofoc enìc

stoiqei¸douc pÐnaka eÐnai stoiqei¸dhc pÐnakac tou Ðdiou tÔpou (dhl. prokÔptei me

thn Ðdia stoiqei¸dh pr�xh).

3.2 Upologismìc tou antistrìfou enìc pÐna-

ka

O upologismìc tou antistrìfou enìc pÐnaka sthrÐzetai sto ex c je¸rhma, ìqi idiaÐ-

tera eÔkolo sthn apìdeixh.

Je¸rhma 3.3. K�je antistrèyimoc pÐnakac isoÔtai me èna ginìmeno stoiqeiwd¸n

pin�kwn.

Orismìc 3.3. 'Estw A kai B m×n kai m×p pÐnakec antÐstoiqa. O epauxhmènoc

(augmented) pÐnakac (A|B) eÐnai o m× (n+ p) pÐnakac (A B).

Par�deigma

'Estw A =

(
1 2

3 4

)
, B =

(
0 1 2

1 0 3

)
. Tìte (A|B) =

(
1 2 0 1 2

3 4 1 0 3

)
.

'Askhsh

'Estw A,B pÐnakec me n grammèc kai M ènac m × n pÐnakac. Tìte M(A|B) =

(MA|MB).

'Estw t¸ra A ènac antistrèyimoc pÐnakac. JewroÔme ton pÐnaka B = (A|In).

Tìte apì thn prohgoÔmenh �skhsh eÐnai

A−1B = (A−1A|A−1In) = (In|A−1). (3.1)

Apì to Je¸rhma 3.3 o pÐnakac A−1 gr�fetai wc ginìmeno stoiqeiwd¸n pin�kwn

A−1 = EpEp−1 · · ·E1, �ra h (3.1) gr�fetai wc

EpEp−1 · · ·E1(A|In) = (In|A−1). (3.2)

Sunep¸c, e�n o A eÐnai ènac n × n antistrèyimoc pÐnakac, tìte o pÐnakac (A|In)

eÐnai dunatìn na metasqhmatisteÐ ston pÐnaka (In|A−1) qrhsimopoi¸ntac ènan pepe-

rasmèno arijmì apì stoiqei¸deic pr�xeic stic grammèc.

EpÐshc, prokÔptei ìti e�n o A eÐnai ènac n × n antistrèyimoc pÐnakac kai o

pÐnakac (A|In) metasqhmatisteÐ se ènan pÐnaka thc morf c (In|B) me stoiqei¸deic

pr�xeic stic grammèc, tìte B = A−1.
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ParadeÐgmata

1) Na exetasjeÐ an o pÐnakac A =

(
1 4

3 12

)
eÐnai antistrèyimoc.

'Eqoume

(A|I2) =

(
1 4 1 0

3 12 0 1

)
R1

R2

∼

(
1 4 1 0

0 0 −3 1

)
R2 − 3R1

.

Epeid  o pÐnakac

(
1 4

0 0

)
den eÐnai o monadiaÐoc, o pÐnakac A den eÐnai antistrè-

yimoc.

2) Na exetasteÐ an o pÐnakac B =

 1 2 1

−1 1 2

1 0 1

 eÐnai antistrèyimoc.

'Eqoume

(B|I3) =

 1 2 1 1 0 0

−1 1 2 0 1 0

1 0 1 0 0 1

 ∼
 1 2 1 1 0 0

0 3 3 1 1 0

0 −2 0 −1 0 1

 R1 +R2

−R1 +R3

∼

 1 2 1 1 0 0

0 1 1 1
3

1
3

0

0 −2 0 −1 0 1

 1

3
R2 ∼

 1 0 −1 1
3
−2

3
0

0 1 1 1
3

1
3

0

0 0 2 −1
3

2
3

1

 −2R2 +R1

2R2 +R3

∼

 1 0 −1 1
3
−2

3
0

0 1 1 1
3

1
3

0

0 0 1 −1
6

1
3

1
2


1
2
R3

∼

 1 0 0 1
6
−1

3
1
2

0 1 0 1
2

0 −1
2

0 0 1 −1
6

1
3

1
2

 .

Sunep¸c, o B eÐnai antistrèyimoc kai

B−1 =


1
6
−1

3
1
2

1
2

0 −1
2

−1
6

1
3

1
2

 .

3.3 T�xh enìc pÐnaka kai miac grammik c a-

peikìnishc

'Iswc, h pio shmantik  annalloÐwth posìthta miac grammik c apeikìnishc eÐnai h

t�xh thc. O upologismìc thc an�getai ston upologismì thc t�xhc tou antÐstoiqou

pÐnaka.
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Orismìc 3.4. 1) 'Estw T : V → W grammik  apeikìnish. H t�xh (rank) thc T

eÐnai h di�stash thc eikìnac thc, dhlad  rk(T ) = dim(ImT).

2) 'Estw A ∈ Mm×n(F). H t�xh tou A eÐnai h t�xh thc grammik c apeikìnishc

LA : Fn → Fm, LA(x) = AX.

Prìtash 3.1. 'Estw T ∈ L(V,W ) kai B,Γ diatetagmènec b�seic twn V,W . Tìte

rk(T ) = rk([T ]ΓB).

To er¸thma sunep¸c pou prèpei na apant soume eÐnai, p¸c brÐskoume thn t�xh

enìc pÐnaka. Qreiazìmaste èna teqnikì men apotèlesma, all� idiaÐtera qr simo sthn

grammik  �lgebra.

Prìtash 3.2. 'Estw A ènac m× n pÐnakac. An P,Q eÐnai antistrèyimoi m× n
kai n× n pÐnakec antÐstoiqa, tìte isqÔoun ta ex c:

1) rk(AQ) = rk(A).

2) rk(PA) = rk(A).

3) rk(PAQ) = rk(A).

Apìdeixh. Ja apodeÐxoume thn pr¸th sqèsh. EÐnai

Im(LAQ) = Im(LA ◦ LQ) = (LA ◦ LQ)(Fn) = LA(LQ(Fn)) = LA(Fn) = Im(LA),

ìpou h proteleutaÐa isìthta proèkuye epeid  o Q eÐnai antistrèyimoc, �ra h LQ
eÐnai epÐ. Sunep¸c,

rk(AQ) = dim(Im(LAQ)) = dim(Im(LA)) = rk(A).

Pìrisma 3.1. H t�xh enìc pÐnaka paramènei analloÐwth k�tw apì stoiqei¸deic

metasqhmatismoÔc se ènan pÐnaka (eÐte stic grammèc eÐte stic st lec tou).

To kentrikì apotèlesma eÐnai to parak�tw je¸rhma:

Je¸rhma 3.4. H t�xh enìc pÐnaka isoÔtai me to mègisto pl joc twn grammik¸c

anex�rthtwn sthl¸n tou, eÐnai dhlad  h di�stash tou upìqwrou pou par�getai apì

tic st lec tou.
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Apìdeixh. 'Estw A ∈ Mm×n(F). Tìte

rk(A) = rk(LA) = dim(Im(LA)).

'Estw B = {e1, . . . , en} h kanonik  diatetagmènh b�sh tou Fn. Tìte

Im(LA) = spam{LA(e1), . . . , LA(en)}.

All� LA(e1) = Ae1 = A


1

0
...

0

 = A(1) (h pr¸th st lh tou A) kai antÐstoiqa gia ta

LA(e2), . . . , LA(en). Sunep¸c, rk(A) = dim Im(LA) = dim(span{A(1), . . . , A(n)}).

Par�deigma

1) 'Estw A =

 1 0 3

0 1 3

1 0 3

. ParathroÔme ìti oi dÔo pr¸tec st lec tou A eÐnai

grammik¸c anex�rthtec kai gia thn trÐth st lh A(3) isqÔei A(3) = 3A(1) + A(2).

Sunep¸c,

rk(A) = dim(span{A(1), A(2), A(3)}) = dim(span{A(1), A(2)}) = 2

2) An kai oi stoiqei¸deic pr�xeic se ènan pÐnaka mporoÔn na ton aplousteÔsoun

prokeimènou na broÔme thn t�xh tou, den eÐnai p�nta saf c o entopismìc tou mègi-

stou pl jouc twn grammik¸n anex�rthtwn sthl¸n. Gia par�deigma, an efarmìsoume

stoiqei¸deic pr�xeic stic grammèc tou pÐnaka

B =

 1 2 1 3

1 1 2 2

−1 0 −3 −1


ja prokÔyei o pÐnakac

C =

 1 2 1 3

0 1 −1 1

0 0 0 0

 .

Den eÐnai entel¸c safèc ìti to mègisto pl joc grammik¸c anex�rthtwn sthl¸n eÐnai

en prokeimènw 2. Sunep¸c, qreiazìmaste èna teleutaÐo apotèlesma to opoÐo ja mac

odhgeÐ me asfal  kai �meso trìpo ston entopismì thc t�xhc enìc pÐnaka.
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Je¸rhma 3.5. 'Estw A ènac m× n pÐnakac t�xhc r. Tìte r ≤ m kai r ≤ n kai

met� apì stoiqei¸deic pr�xeic stic grammèc kai stic st lec, o A eÐnai dunatìn na

metasqhmatisteÐ se ènan pÐnaka thc morf c

D =

(
Ir 0

0 0

)
,

ìpou Ir =

 1
. . .

1

.

Pìrisma 3.2. 'Estw A ènac m× n pÐnakac. Tìte

1) rk(At) = rk(A)

2) H t�xh tou A isoÔtai me to mègisto pl joc twn grammik¸c anex�rthtwn gram-

m¸n tou.

Orismìc 3.5. 'Enac pÐnakac onom�zetai klimakwtìc (echelon) e�n den perièqei dÔo

diadoqikèc grammèc thc morf c

0 0 · · · x1 x2 · · ·

0 0 · · · y1 y2 · · ·

me y1 6= 0.

Dhlad  k�je gramm  arqÐzei me mhdenik� ta opoÐa aux�noun ìso proqwr�me proc

thn teleutaÐa gramm  kai ìlec oi upìloipec grammèc perièqoun endeqomènwc mhdeni-

k�.

ParadeÐgmata 1 1 1 1

0 2 2 2

0 0 3 4

 klimakwtìc,

 1 0 1 2 3

2 0 0 0 1

0 1 0 0 0

 ìqi klimakwtìc,

 1 1 2 3

0 0 1 1

0 0 3 3

 ìqi klimakwtìc,


1 2 3 4

0 4 5 1

0 0 1 2

0 0 0 0

 klimakwtìc.

Je¸rhma 3.6. K�je pÐnakac eÐnai dunatìn na metasqhmatisteÐ se klimakwt 

morf , qrhsimopoi¸ntac stoiqei¸deic pr�xeic.
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Prìtash 3.3. An ènac pÐnakac A eÐnai klimakwtìc tìte h t�xh tou isoÔtai me to

pl joc twn mh mhdenik¸n gramm¸n tou.

ParadeÐgmata

1) 'Estw A =

(
1 3 1 1

1 1 −1 1

)
. EÐnai

A =

(
1 3 1 1

1 1 −1 1

)
∼

(
1 3 1 1

0 −2 −2 −2

)
.

O teleutaÐoc pÐnakac eÐnai klimakwtìc, �ra rk(A) = 2.

2) 'Estw B =

 1 2 3 2

2 1 1 1

1 −1 1 0

. EÐnai

B =

 1 2 3 2

2 1 1 1

1 −1 1 0

 ∼
 1 2 3 2

0 −3 −5 −3

0 −3 −2 −2

 ∼
 1 2 3 2

0 −3 −5 −3

0 0 3 1

 .

O teleutaÐoc pÐnakac eÐnai klimakwtìc, �ra rk(B) = 3.

3) Na prosdiorÐsete kat� pìson ta dianÔsmata (1, 1, 2), (2, 3, 1) kai (4, 5, 5) tou R3

eÐnai grammik¸c exarthmèna.

JewroÔme ton pÐnaka A =

 1 2 4

1 3 5

2 1 5

 (den èqei shmasÐa an b�lloume ta dianÔsma-

ta wc st lec   wc grammèc tou pÐnaka autoÔ). Met� apì grammopr�xeic prokÔptei

ìti

A =

 1 2 4

1 3 5

2 1 5

 ∼
 1 2 4

0 1 1

0 0 0

 ,

�ra rk(A) = 2, opìte to mègisto pl joc grammik¸c anex�rthtwn sthl¸n eÐnai 2,

�ra ta dianÔsmata eÐnai grammik¸c exarthmèna.

4) 'Estw A =

 1 1 2 3

1 2 −1 1

1 3 −4 −1

 kai h antÐstoiqh grammik  apeikìnish T = LA :

R4 → R3 me LA(x) = AX. Jèloume na broÔme touc upoq¸rouc KerT, ImT kaj¸c

kai thn t�xh rk(T ) = rk(A).
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Pr¸ta fèrnoume ton pÐnaka A se klimakwt  morf  miac kai ìloi oi upologismoÐ mac

ja basistoÔn se autì. EÐnai

A =

 1 1 2 3

1 2 −1 1

1 3 −4 −1

 ∼
 1 1 2 3

0 1 −3 −2

1 3 −4 −1

 ∼
 1 1 2 3

0 1 −3 −2

0 2 −6 −4



∼

 1 1 2 3

0 1 −3 −2

0 0 0 0

 = B.

'Ara rk(A) = rk(B) = 2, opìte rk(T ) = 2. Epiplèon

Im(LB) = span{

 1

0

0

 ,

 0

1

0

} (giatÐ?).
ParathroÔme epÐshc, ìti apì to je¸rhma Di�stashc eÐnai

4 = dim(KerT ) + dim(ImT ) = dim(KerT ) + 2,

�ra dim(KerT ) = 2. Ja broÔme t¸ra touc upoq¸rouc Im(T ) kai Ker(T ).

'Estw E3, E2, E1 oi stoiqei¸deic pÐnakec pou antistoiqoÔn stic stoiqei¸deic pr�-

xeic pou k�name ston pÐnaka A. Tìte

E1E2E3A = EA = B.

EpÐshc,

E = E1E2E3 =

 1 0 0

0 1 0

0 −2 1


 1 0 0

0 1 0

−1 0 1


 1 0 0

−1 1 0

0 0 1

 .

'Ara

E−1 = E−1
3 E−1

2 E−1
1

=

 1 0 0

1 1 0

0 0 0


 1 0 0

0 1 0

1 0 1


 1 0 0

0 1 0

0 12 1


=

 1 0 0

1 1 0

1 2 1

 .
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Sunep¸c,

ImT = ImLA = span{E−1LB

 1

0

0

 , E−1LB

 0

1

0

}

= span{

 1

1

1

 ,

 0

1

2

},
kai m�lista to parap�nw sÔnolo apoteleÐ mÐa b�sh thc Im(LA). Ed¸ qrhsimopoi -

same to gegonìc ìti LEA = LE ◦ LA = LB �ra LA = LE−1 ◦ LB. Enallaktik�, ja
mporoÔsame na ergastoÔme wc ex c:

JewroÔme ta dianÔsmata

LA(e1) =

 1

1

1

 , LA(e2) =

 1

2

3

 , · · ·

kai ton pÐnaka 
1 1 1

1 2 3

2 −1 −4

3 1 −1

 ,

o opoÐoc met� apì grammopr�xeic gÐnetai


1 1 1

0 1 2

0 0 0

0 0 0

 = Γ.

'Opwc anamènoume eÐnai rk(Γ) = 2 kai oi dÔo pr¸tec grammèc tou pÐnaka Γ apoteloÔn

mÐa b�sh thc eikìnac ImT (giatÐ sumbaÐnei autì?). Tèloc, gia ton pur na KerLA

èqoume ìti KerLA = KerLB. Pr�gmati,

Av = 0⇔ EAv = 0⇔ Bv = 0.
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Sunep¸c,

KerLB = {


x

y

z

w

 :

 1 1 2 3

0 1 −3 −2

0 0 0 0




x

y

z

w

 =


0

0

0

0

}

= {


x

y

z

w

 : x+ y + 2z + 3w = 0 kai y − 3z − 2w = 0}

= {


x

y

z

w

 : x = −y − 2z − 3w kai y = 3z + 2w}

= {


−5z − 5w

3z + 2w

z

w

 : z, w ∈ R}

= {z


−5

3

1

0

+ w


−5

2

0

1

 : z, w ∈ R}.

MÐa b�sh tou pur na thc LA eÐnai to sÔnolo

{


−5

3

1

0

 ,


−5

2

0

1

}.

3.4 H pìlh twn ekkentrik¸n katoÐkwn

Se mÐa pìlh n katoÐkwn oi k�toikoi arèskonto na dhmiourgoÔn di�forec om�dec

idiaÐterhc apasqìlhshc (clubs), oi opoÐec ìmwc �rqisan na dhmiourgoÔn probl mata

sthn omal  leitourgÐa thc pìlhc, lìgw tou upèrmetrou arijmoÔ touc. Katìpin

autoÔ, to dhmotikì sumboÔlio thc pìlhc, sthn prosp�jei� tou na perioristeÐ o

arijmìc autìc twn om�dwn, èbale touc ex c aploÔc (kat� thn �poy  tou) kanìnec.

i) K�je om�da katoÐkwn prèpei na èqei perittì arijmì mel¸n.
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ii) K�je dÔo om�dec prèpei na èqoun �rtio arijmì koin¸n mel¸n.

Upì autèc tic proôpojèseic prokÔptei to ex c:

Je¸rhma 3.7. An isqÔoun ta i) kai ii) kai o arijmìc twn katoÐkwn thc pìlhc

einai n, tìte den eÐnai dunatìn na sqhmatistoÔn perissìterec apo n om�dec katoÐkwn.

Apìdeixh. 'Estw 1, 2, 3, . . . , n oi k�toikoi thc pìlhc kai C1, C2, . . . , Cm oi om�dec

pou sqhmatÐzountai. OrÐzoume ton m × n pÐnaka A = (aij) me stoiqeÐa sto s¸ma

F2 = {0, 1} wc ex c:

aij =

1 , j ∈ Ci
0 , j /∈ Ci

.

'Ara oi grammèc tou pÐnaka antistoiqoÔn stic om�dec katoÐkwn kai oi st lec anti-

stoiqoÔn stouc katoÐkouc. Profan¸c rk(A) ≤ n. Jèloume na deÐxoume ìti m ≤ n.

JewroÔme to ginìmeno AAt. Autìc eÐnai ènac m ×m pÐnakac me to (i, j)-stoiqeÐo

na eÐnai
∑n

j=1 aijakj �ra metr� ton arijmì twn katoÐkwn sthn tom  Ci
⋂
Cj. Epeid 

to s¸ma eÐnai to F2, o arijmìc autìc eÐnai 1 e�n |Ci
⋂
Ck| = perittìc kai 0 e�n

|Ci
⋂
Cj| = �rtioc (ed¸ |k| =arijmìc twn stoiqeÐwn sto sÔnolo K). 'Ara sÔmfwna

me touc kanìnec tou dhmotikoÔ sumboulÐou eÐnai AAt = Im, sunep¸c rk(AAt) = m.

L mma 3.1. An A,B dÔo pÐnakec tìte

rk(AB) ≤ rk(A) kai rk(AB) ≤ rk(B).

Sunep¸c, rk(AAt) ≤ rk(A), �ra rk(A) ≥ m kai telik� m ≤ rk(A) ≤ n, apì

ìpou prokÔptei to zhtoÔmeno.

Anafor�

L.Babai-P.Frank: Linear Algebra Methods in Combinatorics (prel. ver. 2), Dept.

of Computer Science, The University of Chicago, 1992.

3.5 Grammik� Sust mata - Jewrhtikì upìba-

jro

H pio shmantik  efarmog  thc grammik c �lgebrac eÐnai sthn epÐlush grammik¸n

susthm�twn. Ja melet soume arqik� ta jèmata pou aforoÔn thn perigraf  twn

lÔsewn enìc tètoiou sust matoc kai sthn epìmenh par�grafo ja parousi�soume

upologistik� jèmata.

To sÔsthma twn exis¸sewn
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a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm

 (Σ),

ìpou aij, bi (1 ≤ i ≤ m, 1 ≤ j ≤ n) arijmoÐ pou an koun sto s¸ma F kai x1, . . . xn

metablhtèc pou paÐrnoun timèc sto F onom�zetai grammikì sÔsthma m exis¸sewn me

n agn¸stouc (epÐ tou s¸matoc F).

O m× n pÐnakac

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...

am1 am2 · · · amn

 ,

onom�zetai pÐnakac twn suntelest¸n tou sust matoc (Σ). An jèsoume

x =

 x1

...

xn

 kai B =

 b1

...

bm

 ,

tìte to sÔsthma (Σ) mporeÐ na grafeÐ isodÔnama wc

Ax = B.

MÐa lÔsh tou sust matoc (Σ) eÐnai èna di�nusma

s =

 s1

...

sn

 ∈ Fn,

me thn idiìthta As = B.

To sÔsthma (Σ) onom�zetai sumbatì (consistent) e�n to sÔnolo twn lÔsewn

eÐnai mh kenì, diaforetik� onom�zetai mh sumbatì.

ParadeÐgmata

1) JewroÔme to sÔsthma

x1 + x2 = 4

x1 − x2 = 2.
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EÐnai �meso na broÔme ìti h monadik  lÔsh tou eÐnai x1 = 3, x2 = 1, �ra

s =

(
3

1

)
.

To sÔsthma autì gr�fetai se morf  pin�kwn wc(
1 1

1 −1

)(
x1

x2

)
=

(
4

2

)

�ra A =

(
1 1

1 −1

)
, B =

(
4

2

)
.

2) 'Estw to sÔsthma

x1 + 2x2 + x3 = 7

x1 − x2 − x3 = −4,

to opoÐo gr�fetai wc

(
1 2 1

1 −1 −1

) x1

x2

x3

 =

(
7

−4

)
.

To sÔsthma autì èqei pollèc lÔseic, merikèc apì tic opoÐec eÐnai oi

s =

 1

1

4

 , s =

 2

−1

7

 .

3) To sÔsthma

x1 + 3x2 = 0

x1 + 3x2 = 5,

to opoÐo gr�fetai wc (
1 3

1 3

)(
x1

x2

)
=

(
0

5

)
den èqei kammÐa lÔsh.
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Parat rhsh

Blèpoume ìti èna grammikì sÔsthma eÐnai dunatìn na èqei mÐa, kammÐa   pollèc

lÔseic.

Sthn perÐptwsh apl¸n susthm�twn autì mporoÔme na to katal�boume kai gew-

matrik� me aplèc gn¸seic analutik c gewmetrÐac. Gia par�deigma, sthn perÐptwsh

twn paradeigm�twn 1) kai 3) to sÔsthma parist� dÔo eujeÐec l1, l2 sto epÐpedo R2

oi opoÐec mporeÐ na èqoun tic ex c dunatèc jèseic me antÐstoiqo arijmì lÔsewn tou

sust matoc.

AntÐstoiqa to sÔsthma tou paradeÐgmatoc 3) parist� dÔo epÐpeda ston q¸ro R3,

ta opoÐa eÐte tèmnontai (�peirec lÔseic) eÐte eÐnai par�llhla (kamÐa lÔsh). Mèsw thc

jewrÐac thc grammik c �lgebrac eÐmaste se jèsh na lÔsoume grammik� sust mata

gia ta opoÐa den èqoume thn gewmetrik  epopteÐa twn qamhl¸n diast�sewn ìpwc

parap�nw.

Orismìc 3.6. 'Ena grammikì sÔsthma Ax = B m exis¸sewn me n agn¸stouc o-

nom�zetai omogenèc (homogeneous) e�n B = 0, diaforetik� onom�zetai mh omogenèc.

Parathr ste ìti èna omogenèc sÔsthma èqei p�nta thn mhdenik  lÔsh s = 0
...

0

 h opoÐa onom�zetai h tetrimmènh (trivial) lÔsh.

Prìtash 3.4. 'Estw Ax = 0 omogenèc sÔsthmam exis¸sewn me n agn¸stouc epi

tou s¸matoc F. 'Estw S to sÔnolo ìlwn twn lÔsewn tou Ax = 0. Tìte S = Ker(LA)

�ra to S eÐnai ènac upìqwroc tou Fn di�stashc n− rk(LA) = n− rk(A).
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Apìdeixh. EÐnai

S = {s ∈ Fn : As = 0} = Ker(LA) < Fn.

Apì to Je¸rhma Di�stashc prokÔptei ìti dimS = n− rk(LA).

Pìrisma 3.3. An m < n tìte to sÔsthma Ax = 0 èqei mÐa mh tetrimmènh lÔsh.

Apìdeixh. EÐnai rk(A) = rk(LA) ≤ m (jumÐzoume ìti LA : Fn → Fm)

Sunep¸c,

dimS = n− rk(A) ≥ n−m > 0,

ìpou S = Ker(LA). Epeid  dimS > 0 eÐnai S 6= {0} (giatÐ?), up�rqei èna mh mhde-

nikì di�nusma s ∈ S, �ra up�rqei mh mhdenik  lÔsh tou Ax = 0.

ParadeÐgmata

1) 'Estw to sÔsthma

3x1 − 3x2 − 6x3 − 2x4 = 0

x1 − x2 − 2x3 + 5x4 = 0.

An

A =

(
3 −3 −6 −2

1 −1 −2 5

)
,

tìte eÔkola brÐskoume ìti rk(A) = 2, �ra an S eÐnai to sÔnolo lÔsewn tìte dimS =

3− 2 = 1. Sunep¸c, k�je mh mhdenik  lÔsh apoteleÐ b�sh tou S. Gia par�deigma,

epeid  mÐa lÔsh eÐnai h 
1

1

0

0


tìte k�je di�nusma sto S eÐnai thc morf c

λ


1

1

0

0

 =


λ

λ

0

0

 , λ ∈ R.

2) 'Estw to sÔsthma pou apoteleÐtai apì mÐa mìno exÐswsh x1−4x2+x3 = 0 (dhlad 

èna epÐpedo ston R3). An A =
(

1 −4 1
)
tìte rk(A) = 1 �ra dimS = 3−1 = 2.
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Ta dianÔsmata

 4

1

0

 kai

 −1

0

1

 eÐnai dÔo grammik¸c anex�rthta dianÔsmata sto

S, �ra apoteloÔn mÐa b�sh tou S (giatÐ?). Sunep¸c,

S = {(λ1

 4

1

0

+ λ2

 −1

0

1

 : λ1, λ2 ∈ R}.

Ja melet soume t¸ra mh omogen  grammik� sust mata. An Ax = B eÐnai èna tè-

toio sÔsthma, tìte to sÔsthma Ax = 0 onom�zetai to antÐstoiqo omogenèc sÔsthma.

Je¸rhma 3.8. 'Estw S to sÔnolo twn lÔsewn tou sust matoc Ax = B kai S0 to

sÔnolo twn lÔsewn tou antÐstoiqou omogenoÔc. Tìte gia k�je lÔsh s tou Ax = B

isqÔei ìti

S = {s}+ S0 = {s+ s0 : s0 ∈ S0}.

Apìdeixh. 'Estw s mÐa lÔsh tou Ax = B. Ja deÐxoume thn isìthta sunìlwn S =

{s}+ S0. 'Estw w ∈ S. Tìte Aw = B, sunep¸c

A(w − s) = Aw − As = B −B = 0,

�ra w − s ∈ S0. Autì shmaÐnei ìti up�rqei s0 ∈ S0 tètoio ¸ste w − s = s0, �ra

w = s0 +s ∈ {s}+S0. AntÐstrofa, èstw w ∈ {s}+S0. Tìte w = s+s0 gia k�poio

s0 ∈ S0. 'Ara

Aw = A(s+ s0) = As+ As0 = B + 0 = B

sunep¸c w ∈ S.

ParadeÐgmata

1) JewroÔme to sÔsthma

3x1 − 3x2 − 6x3 − 2x4 = 1

x1 − x2 − 2x3 + 5x4 = 6.

Sqetik� eÔkola blèpoume ìti mÐa lÔsh tou sust matoc eÐnai h

s =


1

0

0

1

 .
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Epeid  èqoume brei se prohgoÔmeno par�deigma to sÔnolo twn lÔsewn tou antÐstoi-

qou omogenoÔc sust matoc, eÐnai

S = {


1

0

0

1

+ λ


1

1

0

0

 : λ ∈ R}.

2) 'Estw to sÔsthma x1 − 4x2 + x3 = 5. MÐa lÔsh tou sust matoc eÐnai h

s =

 4

1

5

 .

Lamb�nontac upìyh th genik  lÔsh tou antÐstoiqou omogenoÔc pou èqoume brei se

prohgoÔmeno par�deigma paÐrnoume ìti

S = {

 4

1

5

+ λ1

 4

1

0

+ λ2

 −1

0

1

 : λ1, λ2 ∈ R}.

Parathr seic

1) Pollèc forèc onom�zoume to sÔnolo twn lÔsewn S = {s} + S0 wc th genik 

lÔsh tou sust matoc Ax = B kai thn lÔsh s wc mÐa eidik  lÔsh autoÔ.

2) O anagn¸sthc endeqomènwc na dierwt�tai poi� eÐnai akrib¸c h dom  tou sunìlou

{s}+ S0 (p.q. an eÐnai dianusmatikìc q¸roc). An kai den ja anaptÔxoume ekten¸c

ed¸ to jèma autì, to sÔnolo autì onom�zetai èna sÔmploko (coset) tou dianusma-

tikoÔ q¸rou S0. To sÔnolo autì eÐnai thc morf c v + W ìpou W upìqwroc enìc

dianusmatikoÔ q¸rou V kai v ∈ V .
Gia par�deigma, sto parak�tw sq ma faÐnetai èna sÔmploko tou W = {(x, y) ∈

R2 : y = 3x} (upìqwroc tou R2).

To sÔnolo ìlwn twn sumplìkwn tou W sumbolÐzetai me V/W kai onom�zetai

q¸roc phlÐko.

Autì pou prèpei telik¸c na sugkrat sei o anagn¸sthc eÐnai ìti to sÔnolo

twn lÔsewn enìc omogenoÔc grammikoÔ sust matoc eÐnai dianusmatikìc q¸roc k�ti

to opoÐo den sumbaÐnei gia to sÔnolo twn lÔsewn enìc mh omogenoÔc grammikoÔ

sust matoc.

To parak�tw apotèlesma afor� sust mata me ton Ðdio arijmì exis¸sewn kai

agn¸stwn.
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Je¸rhma 3.9. 'Estw Ax = B èna grammikì sÔsthma n exis¸sewn me n agn¸-

stouc. E�n o pÐnakac A eÐnai antistrèyimoc tìte to sÔsthma èqei monadik  lÔsh

thn x = A−1B. AntÐstrofa, e�n to sÔsthma èqei monadik  lÔsh tìte o A eÐnai

antistrèyimoc.

Apìdeixh. 'Estw ìti o A eÐnai antistrèyimoc. Tìte antikajist¸ntac ton pÐnaka

A−1B sto sÔsthma paÐrnoume A(A−1B) = (AA−1)B = B �ra o A−1B eÐnai lÔsh.

'Estw t¸ra s mÐa opoiad pote �llh lÔsh tou Ax = B. Tìte (A−1A)s = A−1B �ra

s = A−1B, sunep¸c to sÔsthma èqei monadik  lÔsh.

AntÐstrofa, èstw ìti to Ax = B èqei monadik  lÔsh, èstw s kai èstw S0 to

sÔnolo twn lÔsewn tou antÐstoiqou omogenoÔc Ax = 0. Tìte {s} = {s} + S0

�ra S0 = {0} sunep¸c Ker(LA) = {0} �ra o pÐnakac A eÐnai antistrèyimoc (giatÐ

akrib¸c?).

To parak�tw je¸rhma eÐnai to kentrikì apotèlesma thc jewrÐac twn grammik¸n

susthm�twn.

Je¸rhma 3.10. To grammikì sÔsthma Ax = B èqei toul�qiston mÐa lÔsh e�n

kai mìno e�n rk(A) = rk(A|B). O pÐnakac (A|B) onom�zetai epauxhmènoc pÐnakac

(augmented) tou sust matoc.

Apìdeixh. To sÔsthma Ax = B èqei lÔsh e�n kai mìno e�n B ∈ Im(LA). 'E-

stw A = (A(1), A(2), . . . , A(n)) (o pÐnakac A me morf  sthl¸n). Tìte Im(LA) =

span{A(1), A(2), . . . , A(n)}. Sunep¸c, to sÔsthma èqei lÔsh e�n kai mìno e�n B ∈
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span{A(1), A(2), . . . , A(n)} to opoÐo isodunameÐ me to ìti span{A(1), A(2), . . . , A(n)} =

span{A(1), A(2), . . . , A(n)B} (giatÐ?). H teleutaÐa isìthta isodunameÐ me to ìti

dim(span{A(1), A(2), . . . , A(n)}) = dim{A(1), A(2), . . . , A(n)B}.

(giatÐ akrib¸c? idiaitèrwc na dierewthjeÐ to antÐstrofo). H teleutaÐa isìthta

isodunameÐ me to ìti rk(A) = rk(A|B) (na diereunhjeÐ kai autì).

Par�deigma

JewroÔme to sÔsthma

x1 + 3x2 = 0

x1 + 3x2 = 1.

EÐnai A =

(
1 3

1 3

)
kai (A|B) =

(
1 3 0

1 3 1

)
me rk(A) = 1 6= rk(A|B) = 2. 'Ara

to sÔsthma den èqei lÔsh.

Pìrisma 3.4. 'Estw Ax = B grammikì sÔsthma me n exis¸seic kai n agn¸stouc.

To sÔsthma èqei monadik  lÔsh e�n kai mìno e�n rk(A) = n.

Apìdeixh. 'Askhsh.

Upìdeixh: ArkeÐ na deiqjeÐ ìti A eÐnai antistrèyimoc.

3.6 Grammik� sust mata - Algìrijmoc epÐlu-

shc

To jèma thc epÐlushc enìc grammikoÔ sust matoc den eÐnai mìno èna teqnikì kef�-

laio thc grammik c �lgebrac all� èqei dhmiourg sei kai upokl�douc aut c, ìpwc

gia par�deigma h upologistik  grammik  �lgebra kai h an�lush pin�kwn. H aitÐa

proèrqetai kurÐwc apo tic efarmogèc pou prokÔptoun. Gia par�deigma pwc mporoÔ-

me na qeiristoÔme èna grammikì sÔsthma 10.000 exis¸sewn me 10.000 agn¸stouc to

opoÐo mporeÐ na proèrqetai apì probl mata teqnologÐac, dioÐkhshc k.t.l.

Sthn par�grafo aut  ja parousi�soume thn pio klassik  mèjodo epÐlushc a-

pl¸n grammik¸n susthm�twn gnwst  wc mèjodoc apaloif c tou Gauss.

H basik  idèa thc mejìdou eÐnai h ex c:

Dojèntoc enìc grammikoÔ sust matoc Ax = B jewroÔme ton epauxhmèno pÐnaka

(A|B) kai qrhsimopoi¸ntac stoiqei¸deic pr�xeic stic grammèc prospajoÔme na ton

metasqhmatÐsoume se ènan pÐnaka (A′|B′) o opoÐoc na eÐnai anhgmènoc klimakwtìc

(reduced echelon). O anhgmènoc klimakwtìc pÐnakac eÐnai ènac pÐnakac ston opoÐo
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to pr¸to mh mhdenikì stoiqeÐo k�je gramm c eÐnai 1 kai autì to stoiqeÐo na eÐnai

to mìno mh mhdenikì stoiqeÐo thc st lhc sthn opoÐa an kei. Gia par�deigma, oi

parak�tw pÐnakec  1 2 0

0 1 0

1 0 1

 ,

 0 1 0 4

1 0 0 0

0 0 1 1

 ,

(
3 0 0

0 1 0

)

den eÐnai anhgmènoi klimakwtoÐ. En¸ oi pÐnakec 1 0 3 4

0 1 7 2

0 0 0 0

 ,

 1 0 0 2

0 1 0 1

0 0 1 3


eÐnai anhgmènoi klimakwtoÐ.

Gia èna klimakwtì pÐnaka oi metablhtèc pou antistoiqoÔn stic st lec me 1 ono-

m�zontai basikèc metablhtèc en¸ oi upìloipec onom�zontai eleÔjerec metablhtèc.

An o arijmìc twn metablht¸n eÐnai n tìte o arijmìc twn eleÔjerwn metablht¸n

isoÔtai me n− rk(A). Gia par�deigma, gia ton pÐnaka

x y z w 1 0 3 4

0 1 7 2

0 0 0 0

oi metablhtèc x, y eÐnai basikèc en¸ oi z, w eÐnai eleÔjerec. Oi basikèc metablhtèc

mporoÔn na ekfrastoÔn sunart sei twn eleÔjerwn metablht¸n.

'Otan o pÐnakac (A|B) èqei metasqhmatisteÐ se ènan anhgmèno klimakwtì pÐnaka

(A′|B′), h lÔsh tou prosdiorÐzetai eÔkola qrhsimopoi¸ntac th genik  jewrÐa epÐ-

lushc pou anaptÔqjhke sthn prohgoÔmenh enìthta. To basikì qarakthristikì thc

mejìdou eÐnai ìti kat� thn diadikasÐa metasqhmatismoÔ tou pÐnaka (A|B) ston anhg-

mèno klimakwtì (A′|B′) oi lÔseic tou arqikoÔ sust matoc me autèc pou prokÔptoun

apì ton pÐnaka (A′|B′) eÐnai oi Ðdiec, dhlad  ta sust mata eÐnai isodÔnama.

Ta parap�nw sunoyÐzontai sta ex c:

Je¸rhma 3.11. 'Estw Ax = B èna grammikì sÔsthma exis¸sewn kai èstw Γ

ènac antistrèyimoc pÐnakac. Tìte to sÔsthma (ΓA)x = ΓB eÐnai isodÔnamo me to

Ax = B.

Pìrisma 3.5. 'Estw Ax = B èna grammikì sÔsthma exis¸sewn. E�n o pÐnakac

(A|B) metasqhmatisteÐ ston (A′|B′) mèsw stoiqeiwd¸n pr�xewn stic grammèc, tìte

to sÔsthma A′x = B′ eÐnai isodÔnamo me to arqikì.
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ParadeÐgmata

1) Na lujeÐ to sust ma

x+ y − 2z = −1

−x+ z = −1

−x+ y + 4z = −3

 .

O epauxhmènoc pÐnakac tou sust matoc eÐnai o 1 1 2 −1

−1 0 1 −1

−1 1 4 −3

 .

Sth sunèqeia, fèrnoume ton pÐnaka se anhgmènh klimakwt  morf  1 1 2 −1

−1 0 1 −1

−1 1 4 −3

 ∼
 1 1 2 −1

0 1 3 −2

0 2 6 −4

 ∼
 1 1 2 −1

0 1 3 −2

0 0 0 0



∼

x y z 1 0 −1 1

0 1 3 −2

0 0 0 0

.

H t�xh tou teleutaÐou pÐnaka eÐnai 2 = rk(A), �ra to sÔsthma èqei lÔsh. O arijmìc

twn eleÔjerwn metablht¸n eÐnai 3− 2 = 1. Oi basikèc metablhtèc eÐnai oi x, y kai

h eleÔjerh metablht  h z. Sunep¸c, èqoume ìti

x = 1 + z, y = −2− 3z.

'Ara to sÔnolo lÔsewn tou sust matoc eÐnai

{(1 + z,−2− 3z, z) : z ∈ R} = {(1,−2, 0) + z(1,−3, 1) : z ∈ R}.

ShmeÐwsh

O lìgoc pou epilègoume thn metablht  z wc thn eleÔjerh metablht  eÐnai kajar�

teqnikìc. Ja mporoÔsame na epilèxoume opoiad pote �llh metablht  (apì tic x, y)

wc eleÔjerh, apl¸c ja èprepe na k�noume epiplèon pr�xeic. M�lista, den eÐnai kai

aparaÐthto na fèroume ton pÐnaka se anhgmènh klimakwt  morf , all� apl¸c se

klimakwt  morf . 'Etsi, ja mporoÔsame na stamat soume tic pr�xeic ston pÐnaka 1 1 2 −1

0 1 3 −2

0 0 0 0
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gia ton opoÐo epÐshc isqÔei rk(A′|B′) = rk(A′) = 2, �ra to sÔsthma èqei lÔ-

sh. Epeid  h di�stash tou q¸rou twn lÔsewn tou antÐstoiqou omogenoÔc eÐnai

n− rk(A′) = n− rk(A) = 3− 2 = 1, opoiad pote apì tic metablhtèc x, y, z mporeÐ

na eÐnai eleÔjerh. Profan¸c dieukolÔnei na jewr soume wc eleÔjerh metablht 

thn z.

2) Na lujeÐ to grammikì sÔsthma

2x1 + 3x2 + x3 + 4x4 − 9x5 = 17

x1 + x2 + x3 + x4 − 3x5 = 6

x1 + x2 + x3 + 2x4 − 5x5 = 8

2x1 + 2x2 + 2x3 + 3x4 − 8x5 = 14

 .

KaleÐtai o anagn¸sthc na pistopoi sei ìti o epauxhmènoc pÐnakac tou sust matoc

eÐnai isodÔnamoc me ton parak�tw

x1 x2 x3 x4 x5


2 3 1 4 −9 17

1 1 1 1 −3 6

1 1 1 2 −5 8

2 2 2 3 −8 14

∼ · · · ∼

x1 x2 x3 x4 x5


1 0 2 0 −2 3

0 1 −1 0 1 1

0 0 0 1 −2 2

0 0 0 0 0 0

.

O arijmìc twn eleÔjerwn metablht¸n eÐnai 5 − rk(A) = 5 − 3 = 2, epilègoume tic

x3, x5. 'Ara h lÔsh tou sust matoc eÐnai
x1

x2

x3

x4

x5

 =


−2x3 + 2x5 + 3

x3 − x5 + 1

x3

2x5 + 2

x5

 =


3

1

0

2

0

+x3


−2

1

1

0

0

+x5


2

−1

0

2

1

 , x3, x5 ∈ R.

3) Na diereunhjoÔn oi lÔseic tou parak�tw sust matoc gia tic di�forec timèc twn

paramètrwn a, b:

ax1 + bx2 + 2x3 = 1

ax1 + (2b− 1)x2 + 3x3 = 1

ax1 + bx2 + (b+ 3)x3 = 2b− 1

 .

To pr¸to b ma se ask seic autoÔ tou tÔpou eÐnai na fèroume ton epauxhmèno pÐnaka
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tou sust matoc se klimakwt  morf . Met� apì pr�xeic paÐrnoume ìti a b 2 1

a 2b− 1 3 1

a b b+ 3 2b− 1

 ∼ · · · ∼
 a 1 1 1

0 b− 1 1 0

0 0 b+ 1 2(b− 1)

 .

SÔmfwna me to basikì Je¸rhma 3.10 Ôparxhc lÔshc to sÔsthma èqei lÔsh e�n kai

mìno e�n rk(A|B) = rk(A). KaleÐtai o anagn¸sthc sto shmeÐo autì na k�nei thn

dik  tou an�lush prin pistopoi sei ta parak�tw:

• an b = 1 up�rqoun �peirec lÔseic

• an b = 5, a = 0 up�rqoun �peirec lÔseic

• an b = 5, a 6= 0 monadik  lÔsh

• an b = −1 kammÐa lÔsh

• an b 6= −1, 1, 5, a 6= 0 monadik  lÔsh

• an b 6= 1, 5, a = 0 kamÐa lÔsh

3.7 Ask seic

1) Na brejoÔn oi antÐstrofoi pÐnakec twn

 1 1 1

0 1 1

0 0 1

 ,


1 1 . . . 1 1

0 1 . . . 1 1
...

...
. . .

...
...

0 0 . . . 1 1

0 0 . . . 0 1

 .

2) Na brejeÐ o antÐstrofoc pÐnakac tou

V =

 1 1 1

a1 a2 a3

a2
1 a2

2 a2
3

 , a1 6= a2 6= a3 6= a1,

(o V onom�zetai pÐnakac tou Vandermonde).

3) E�n h t�xh tou 3× 4 pÐnaka A eÐnai 2, tìte na brejeÐ to t:

A =

 1 2 −1 1

2 0 t 0

0 −4 5 2

 .
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4) Gia poi� tim  tou t h t�xh tou akìloujou pÐnaka A isoÔtai me 3?

A =


t 1 1 1

1 t 1 1

1 1 t 1

1 1 1 t

 ,

5) Na prosdioristoÔn oi timèc tou λ ètsi ¸ste to akìloujo sÔsthma grammik¸n

exis¸sewn na èqei wc monadik  lÔsh th mhdenik .

λx1 + x2 + x3 = 0

x1 + λx2 + x3 = 0

x1 + x2 + x3 = 0

 .

6) Na prosdioristoÔn oi timèc tou λ ètsi ¸ste to akìloujo sÔsthma grammik¸n

exis¸sewn na èqei mh mhdenik  lÔsh.

x1 + 2x2 − 2x3 = 0

2x1 − x2 + λx3 = 0

3x1 + x2 − x3 = 0

 .

7) 'Estw A ènac tetragwnikìc pÐnakac. E�n rk(A) = rk(A2), tìte na deiqjeÐ ìti ta

sust mata twn exis¸sewn Ax = 0 kai A2x = 0 èqoun ton Ðdio q¸ro lÔsewn.

8) Na brejoÔn oi timèc twn a kai b ètsi ¸ste oi akìloujoi pÐnakec na eÐnai ìmoioi

A =

 −2 0 0

2 a 2

3 1 1

 , B =

 −1 0 0

0 2 0

0 0 b

 .

9) Na brejeÐ h t�xh twn akìloujwn pin�kwn:

 1 1 0

2 1 1

1 1 1

 ,

(
1 2 1

2 4 2

)
,


1 1 0 1

2 2 0 2

1 1 0 1

1 1 0 1

 .

10) Na brejeÐ h t�xh kai o antÐstrofoc (an up�rqei) twn akìloujwn pin�kwn:

(
1 2

1 1

)
,

 1 2 1

1 3 4

2 3 −1

 .
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11) Na brejeÐ an oi akìloujoi grammikoÐ telestèc eÐnai antistrèyimoi kai na brejeÐ

o antÐstrofoc (an up�rqei).

i) T : P2(R)→ P2(R), T (f) = f ′′ + 2f ′ − f .

ii) T : R3 → R3, T (a1, a2, a3) = (a1 + 2a2 + a3,−a1 + a2 + 2a3, a1 + a3).

12) 'Estw

x1 + 2x2 − x3 = 0

2x1 + x2 + x3 = 0

}
.

Na brejeÐ h di�stash kai mÐa b�sh tou sunìlou twn lÔsewn tou parap�nw gram-

mikoÔ sust matoc. Sth sunèqeia, na brejoÔn ìlec oi lÔseic autoÔ.

13) Na exetasjeÐ an to parak�tw grammikì sÔsthma èqei lÔsh.

x1 + 2x2 + 3x3 = 1

x1 + x2 − x3 = 0

x1 + 2x2 + x3 = 3

 .

14) Na lÔjei to akìloujo grammikì sÔsthma qrhsimopoi¸ntac thn apaloif  tou

Gauss.
x1 + 2x2 + 2x4 = 6

3x1 + 5x2 − x3 + 6x4 = 17

2x1 + 4x2 + x3 + 2x4 = 12

2x1 − 7x3 + 11x4 = 7

 .
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