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Kef�laio 2

Grammikèc apeikonÐseic

To epìmeno b ma met� ton orismì miac algebrik c dom c (p.q. om�da, daktÔlioc)

eÐnai na orÐsoume apeikonÐseic oi opoÐec diathroÔn th dom  twn antÐstoiqwn q¸rwn.

Sthn perÐptwsh twn dianusmatik¸n q¸rwn oi idiaÐterec autèc sunart seic onom�-

zontai grammikèc apeikonÐseic (kamÐa for� kai metasqhmatismoÐ   omomorfismoÐ).

2.1 Grammikèc apeikonÐseic, pur nac, eikìna.

Orismìc 2.1. 'Estw V,W dianusmatikoÐ q¸roi (epÐ tou s¸matoc F). MÐa apei-

kìnish T : V → W onom�zetai grammik  (linear) e�n gia k�je x, y ∈ V, λ ∈ F
isqÔoun ta ex c:

1) T (x+ y) = T (x) + T (y).

2) T (λx) = λT (x).

'Amesec sunèpeiec tou orismoÔ ('Askhsh)

'Estw T : V → W grammik . Tìte

1) T (0) = 0.

2) T (−x) = −T (x).

3) T (λx+ y) = λT (x) + T (y).

4) T (
∑n

i=1 λixi) =
∑n

i=1 λiT (xi) gia k�je x1, . . . , xn ∈ V , λ1, . . . , λn ∈ F.

ParadeÐgmata (Ask seic)

1) H mhdenik  apeikìnish 0 : V → W me 0(x) = 0 kai h tautotik  apeikìnish

27
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IdV : V → V me IdV (x) = x eÐnai grammikèc.

2) H apeikìnish apeikìnish T : R3 → R2, T (a1, a2, a3) = (2a1 − a2 + 3a3, 7a1 +

5a2− 6a3) eÐnai grammik . Pio genik�, h apeikìnish T : Rn → Rm, T (x1, . . . , xn) =

(a11x1 + · · · + a1nxn, . . . , am1x1 + · · · + amnxn). ApodeiknÔetai ìti k�je grammik 

apeikìnish T : Rn → Rm èqei thn parap�nw morf .

3) 'Estw T : P(R)→ P(R) me T (p(x)) = p′(x) (par�gwgoc). Apì tic idiìthtec thc

parag¸gou prokÔptei ìti h T eÐnai grammik .

4) T : P(R)→ P(R), T (p(x)) = x2p(x).

5) 'Estw V = C(R) = {f : R → R | f suneq c} kai T : V → R me T (f) =∫ b
a
f(t) dt (a < b). H T eÐnai grammik .

6) T : R∞ → R∞, T (x1, x2, . . . ) = T (x2, x3, . . . ).

7) T : Mm×n(F)→ F, T (A) = At.

8) H apeikìnish T : R2 → R2, T (a1, a2) = (a1, a
2
2) den eÐnai grammik , epeid  p.q.

gia (a1, a2) = (0, 1) kai λ = 2 eÐnai T (λ(a1, a2)) = T (0, 2) = (0, 4) 6= (0, 2) =

λT (a1, a2).

9) 'Estw 0 ≤ θ < 2π. H grammik  apeikìnish Tθ : R2 → R2 me Tθ(a1, a2) =

(a1 cos θ − a2 sin θ, a1 sin θ + a2 cos θ) onom�zetai strof  kat� gwnÐa θ (rotation).

10) H grammik  apeikìnish T : R2 → R2, T (a1, a2) = (a1,−a2) onom�zetai

an�klash ston �xona x (reflection).

11) H grammik  apeikìnish T : R2 → R2 me T (a1, a2) = (a1, 0) onom�zetai probol 

(projection) ston �xona x.

Prìtash 2.1. 1) 'Estw T : V → W, S : W → U grammikèc. Tìte h sÔnjesh

S ◦ T : V → U eÐnai grammik .

2) An h T : V → W antistrèfetai tìte h T−1 : W → V eÐnai grammik .

Prìtash 2.2. K�je grammik  apeikìnish T : V → W kajorÐzetai apì tic timèc

thc se mÐa b�sh tou V .
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Par�deigma

'Estw T : R2 → R3 kai B = {e1, e2} h kanonik  b�sh tou R2. Upojètoume ìti

T (e1) = (1, 2, 3), T (e2) = (0, 4,−1). Ja broÔme ton tÔpo thc T . 'Estw x =

a1e1 + a2e2 ∈ R2 (ta a1, a2 ∈ F jewroÔntai gnwstoÐ arijmoÐ). Tìte

T (x) = T (a1, a2) = T (a1e1 + a2e2)

= a1T (e1) + a2T (e2) = a1(1, 2, 3) + a2(0, 4,−1)

= (a1, 2a1, 3a1) + (0, 4a2,−a2)

= (a1, 2a1 + 4a2, 3a1 − a2).

SumbolÐzoume me L(V,W ) to sÔnolo ìlwn twn grammik¸n apeikonÐsewn apì to

dianusmatikì q¸ro V ston W . Tìte to L(V,W ) eÐnai dianusmatikìc q¸roc epÐ tou

F me pr�xeic

(T + S)(x) = T (x) + S(x),

(λT )(x) = λT (x),

ìpou x ∈ V, λ ∈ F.
An V = W gr�foume L(V, V ) = L(V ) = End(V ) kai ta stoiqeÐa tou L(V, V ) o-

nom�zontai grammikoÐ telestèc (linear operators)   endomorfismoÐ (endomorphisms).

To sÔnolo GL(V ) = {T ∈ L(V ) : T antistrèfetai} èqei epiplèon dom  om�dac me

pr�xh thn sÔnjesh apeikonÐsewn kai onom�zetai genik  grammik  om�da.

Prokeimènou na exet�soume bajÔtera tic idiìthtec twn grammik¸n apeikonÐsewn

ja orÐsoume k�poia shmantik� uposÔnola pou sqetÐzontai me autèc.
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Orismìc 2.2. 'Estw T : V → W grammik 

1) O pur nac (kernel   null space) thc T orÐzetai wc KerT = {x ∈ V : T (x) =

0} ⊂ V .

2) H eikìna (image) thc T orÐzetai wc ImT = {T (x) : x ∈ V } ⊂ W .

Par�deigma

'Estw T : R3 → R2 me T (a1, a2, a3) = (a1 +a2, 4a3). Tìte KerT = {(a,−a, 0) : a ∈
R} kai ImT = R2.

Je¸rhma 2.1. 'Estw T : V → W grammik  apeikìnish. Tìte o pur nac KerT

kai h eikìna ImT eÐnai upìqwroi tou V kai W antÐstoiqa.

Me to parak�tw je¸rhma mporoÔme na elègxoume an mÐa grammik  apeikìnish

eÐnai 1− 1.

Je¸rhma 2.2. 'Estw T : V → W grammik . Tìte h T eÐnai 1 − 1 e�n kai mìno

e�n KerT = {0}.

Apìdeixh. Gia to eujÔ, eÐnai 0 ∈ KerT epeid  T (0 ) = 0 . 'Estw v ∈ KerT . Tìte

T (v) = 0 = T (0 ) kai epeid  h T eÐnai 1− 1 prokÔptei ìti v = 0 , �ra KerT = {0}.
AntÐstrofa, èstw u, v ∈ V me T (u) = T (v). Tìte lìgw thc grammikìthtac eÐnai

0 = T (u)− T (v) = T (u− v), sunep¸c u− v ∈ KerT = {0}, �ra u = v.

To pio dÔskolo k�pwc er¸thma eÐnai p¸c mporoÔme na prosdiorÐsoume thn eikìna

mÐac grammik c apeikìnishc. To parak�tw je¸rhma mac bohj�ei gia autì to skopì.
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Je¸rhma 2.3. 'Estw T : V → W grammik  kai B = {β1, β2, . . . , βn} mÐa b�sh

tou V . Tìte ImT = span{T (β1), . . . , T (βn)}.

Apìdeixh. Kat� arq�c T (βi) ∈ ImT gia k�je i = 1, . . . , n. Epeid  ImT < V tìte

span{T (β1), . . . , T (βn)} ⊂ ImT (katano ste to b ma autì). 'Estw t¸ra y ∈ ImT .

Tìte y = T (x) gia k�poio x ∈ V , to opoÐo gr�fetai wc x =
∑n

i=1 λiβi. Sunep¸c,

y = T (x) = T (
∑
λiβi) =

∑
λiT (βi) ∈ span{T (β1), . . . , T (βn)}.

Par�deigma

'Estw T : P2(R)→ P2(R) me tÔpo

T (p(x)) =

(
p(1)− p(2) 0

0 p(0)

)
.

JewroÔme thn kanonik  b�sh B = {1, x, x2} tou P2(R). Tìte

ImT = span{T (B)} = span{T (1), T (x), T (x2)}

= span{

(
0 0

0 1

)
,

(
−1 0

0 0

)
,

(
−3 0

0 0

)
}

= span{

(
0 0

0 1

)
,

(
−1 0

0 0

)
} (giatÐ?).

EpÐshc,

KerT = {p(x) : T (p(x)) =

(
0 0

0 0

)
}

= {p(x) :

(
p(1)− p(2) 0

0 p(0)

)
=

(
0 0

0 0

)
}.

'Estw ìti p(x) = αx2 + βx + γ ∈ P2(R). Lìgw twn p(1) = p(2), p(0) = 0

prokÔptei �mesa ìti γ = 0, β = −3α, sunep¸c KerT = {α(x2 − 3x) : α ∈
R}. Parathr ste ìti dim(ImT ) = 2, dim(KerT ) = 1 kai ìti 3 = dimP2(R) =

dim KerT + dim ImT . Autì den eÐnai tuqaÐo ìpwc faÐnetai parak�tw:

Je¸rhma 2.4. (Jèwrhma di�stashc) 'Estw V dianusmatikìc q¸roc peperasmè-

nhc di�stashc kai T ∈ L(V,W ). Tìte

dimV = dim(KerT ) + dim(ImT ).

Apìdeixh. AnazhteÐste thn sthn bibliografÐa.
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Pìrisma 2.1. 'Estw V,W dianusmatikoÐ q¸roi peperasmènhc di�stashc.

1) An dimV > dimW tìte den up�rqei grammik  apeikìnish T : V → W h opoÐa

na eÐnai 1− 1.

2) An dimV < dimW tìte den up�rqei grammik  apeikìnish T : V → W h opoÐa

na eÐnai epÐ.

Apìdeixh. 1) 'Estw T ∈ L(V,W ). Tìte dim(KerT ) = dimV − dim(ImT ) ≥
dimV − dimW > 0, sunep¸c epeid  dim(KerT ) 6= 0, h T den eÐnai 1− 1.

2) 'Estw T ∈ L(V,W ). Tìte dim(ImT ) = dimV − dim(KerT ) ≤ dimV < dimW

�ra ImT 6= W , sunep¸c h T den eÐnai epÐ.

Je¸rhma 2.5. 'Estw T,W dianusmatikoÐ q¸roi me dimV = dimW kai T ∈
L(V,W ). Tìte T eÐnai 1− 1 e�n kai mìno e�n h T eÐnai epÐ.

Apìdeixh. H T eÐnai 1−1⇔ KerT = {0} ⇔ dim(KerT ) = 0⇔ dim(ImT ) = dimV

⇔ dim(ImT ) = dimW ⇔ ImT = W ⇔ h T eÐnai epÐ, ìpou sthn proteleutaÐa

sunepagwg  qrhsimopoi same to gegonìc ìti ImT < W .

Orismìc 2.3. MÐa grammik  apeikìnish T : V → W onom�zetai isomorfismìc

(isomorphism) e�n eÐnai grammik , 1 − 1 kai epÐ. Sthn perÐptwsh aut  oi V,W

onom�zontai isìmorfoi kai sumbolÐzoume me V ∼= W .

SunoyÐzontac èqoume ta ex c:

Je¸rhma 2.6. 'Estw T : V → W grammik  apeikìnish me dimV = dimW . Ta

ex c eÐnai isodÔnama:

1) H T eÐnai 1− 1.

2) H T eÐnai epÐ.

3) H T eÐnai isomorfismìc.

4) H T apeikonÐzei mÐa b�sh tou V se mÐa b�sh tou W .

To epìmeno je¸rhma anafèrei ìti k�je dianusmatikìc q¸roc peperasmènhc di�-

stashc eÐnai isìmorfoc me ton dianusmatikì q¸ro Fn.

Je¸rhma 2.7. 'Estw V dianusmatikìc q¸roc epÐ tou s¸matoc F me dimV = n.

Tìte V ∼= Fn.
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Apìdeixh. 'Estw B = {β1, . . . , βn} mÐa b�sh tou V . OrÐzoume thn apeikìnish T :

V → Fn wc ex c: An x =
∑
λiβi ∈ V , tìte T (x) = (λ1, . . . , λn). Af noume ston

anagn¸sth na apodeÐxei ìti h T eÐnai grammik , 1− 1 kai epÐ.

ShmeÐwsh

O parap�nw isomorfismìc den eÐnai << kanonikìc >>, upì thn ènnoia ìti exart�tai apì

thn epilog  thc b�shc B.

Pìrisma 2.2. 'Estw V,W dianusmatikoÐ q¸roi peperasmènhc di�stashc. Tìte

V ∼= W e�n kai mìno e�n dimV = dimW .

Apìdeixh. 'Askhsh.

Ja doÔme t¸ra k�poiec shmantikèc efarmogèc twn parap�nw, oi opoÐec apote-

loÔn k�poia pr¸ta apotelèsmata sta grammik� sust mata.

'Estw T : Fn → Fm h grammik  apeikìnish me tÔpo T (x1, . . . , xn) = (
∑n

k=1 α1kxk,

. . . ,
∑n

k=1 αmkxk), (αjk ∈ F). JewroÔme thn exÐswsh T (x1, . . . , xn) = (0, . . . , 0),

h opoÐa isodunameÐ me to parak�tw omogenèc grammikì sÔsthma m exis¸sewn me n

agn¸stouc x1, . . . , xn: 
∑n

k=1 α1kxk = 0
...

...∑n
k=1 αmkxk = 0

.

MÐa profan c lÔsh tou sust matoc autoÔ eÐnai h tetrimmènh lÔsh x1 = · · · = xn =

0. To er¸thma eÐnai e�n up�rqoun kai �llec lÔseic tou sust matoc autoÔ, to opoÐo

isodunameÐ me to kat� pìson KerT 6= {0}. Apì to Je¸rhma 2.2 autì sumbaÐnei ìtan

h T den eÐnai 1− 1, sunep¸c apo to Pìrisma 2.1 ja prèpei na isqÔei n > m.

Sumpèrasma

'Ena omogenèc grammikì sÔsthma èqei mh tetrimmènh lÔsh e�n o arijmìc twn agn¸-

stwn eÐnai megalÔteroc apì ton arijmì twn exis¸sewn.

Gia par�deigma, to sÔsthma−2x1 + 7x2 + 4x3 = 0

x1 − 8x2 + 10x3 = 0

èqei mÐa toul�qiston mh tetrimmènh lÔsh.
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2.2 PÐnakec

JumÐzoume ìti to sÔnolo Mm×n(F) ìlwn twn m × n pin�kwn apoteleÐ ènan dianu-

smatikì q¸ro di�stashc mn me pr�xeic to �jroisma pin�kwn kai bajmwtì polla-

plasiasmì enìc arijmoÔ λ ∈ F me ènan pÐnaka A ∈ Mm×n(F).

Ja orÐsoume t¸ra to ginìmeno dÔo pin�kwn me trìpo k�pwc mh anamenìmeno,

all� autìc ja exhghjeÐ sÔntoma.

Orismìc 2.4. 'Estw A = (αij) ∈ Mm×n(F) kai B = (βij) ∈ Mn×k(F). To

ginìmeno AB eÐnai o pÐnakac Mm×k(F) tou opoÐou to stoiqeÐo cij dÐnetai wc

cij = αi1β1j + · · ·+ αinβnj.

Par�deigma

'Estw A =

(
1 2 3

4 5 1

)
kai B =

 7 0 1

−1 3 4

0 1 2

 . Tìte

AB =

(
1 2 3

4 5 1

) 7 0 1

−1 3 4

0 1 2

 =

(
5 9 15

23 16 26

)
.

Parathr seic

1) Genik� eÐnai AB 6= BA. Pr�gmati, èstw A =

(
1 2

3 4

)
, B =

(
2 1

0 0

)
. Tìte

AB =

(
2 1

12 3

)
6=

(
5 8

0 0

)
= BA.



2.2. P�INAKES 35

2) EÐnai dunatìn na èqoumeAB = 0 en¸A,B 6= 0. Pr�gmati, giaA =

(
1 1

1 1

)
, B =(

1 1

−1 −1

)
eÐnai AB =

(
0 0

0 0

)
.

IsqÔoun oi ex c idiìthtec (�skhsh):

1) A(B + C) = AB + AC.

2) (A+B)C = AC +BC.

3) A(BC) = (AB)C.

4) λ(AB) = (λA)B = A(λB).

gia pÐnakec A,B,C ¸ste ta ginìmena na orÐzontai. Parathr ste epÐshc tic para-

k�tw tautÐseic gia pÐnakec - grammèc kai pÐnakec - st lec me stoiqeÐa tou Fn.

M1×n(F) 3
(
a1 a2 · · · an

)
←→ (a1, a2, . . . , an) ∈ Fn,

Mn×1(F) 3


a1

a2

...

an

 ←→ (a1, a2, . . . , an) ∈ Fn.

Orismìc 2.5. 'Enac pÐnakac A ∈ Mn×n(F) onom�zetai antistrèyimoc e�n up�rqei

pÐnakac B ∈ Mn×n(F) tètoioc ¸ste AB = BA = In. Ed¸ In =

 1 0
. . .

0 1

 eÐnai

o tautotikìc pÐnakac.

Parathr seic

1) ApodeiknÔetai (eÔkola) ìti o pÐnakac B eÐnai monadikìc. Ton sumbolÐzoume me

A−1 kai onom�zetai o antÐstofoc (inverse) tou A.

2) ApodeiknÔetai (k�pwc pio dÔskola) ìti o A eÐnai antistrèyimoc e�n kai mìno e�n

up�rqei pÐnakac B ¸ste AB = In.
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Par�deigma

'Estw A =

(
1 2

0 4

)
. Tìte A−1 =

(
1 1

2

0 1
4

)
. AnakÔptei �mesa èna prìblhma to

p¸c brÐskoume ton antÐstrofo enìc pÐnaka, to opoÐo ja epilujeÐ argìtera.

Idiìthtec tou antistrìfou

1) (A−1)−1 = A.

2) An A,B eÐnai antistrèyimoi, tìte o AB eÐnai antistrèyimoc kai (AB)−1 =

B−1A−1.

3) Genik� isqÔei (A1A2 · · ·An)−1 = A−1
n · · ·A−1

2 A−1
1 .

JumÐzoume ìti o an�strofoc enìc m× n pÐnaka A eÐnai o n×m pÐnakac At pou

prokÔptei apì ton A antimetajètontac grammèc kai st lec.

Idiìthtec tou anastrìfou

1) (A+B)t = At +Bt.

2) (λA)t = λAt.

3) (AB)t = BtAt.

4) (At)t = A.

5) An o A eÐnai antistrèyimoc tìte o At eÐnai antistrèyimoc kai (At)−1 = (A−1)t.

2.3 PÐnakec kai grammikèc apeikonÐseic

H par�grafoc aut  apoteleÐ èna apì ta pio kentrik� shmeÐa thc Grammik c 'Al-

gebrac. Ja doÔme ìti up�rqei mÐa 1 − 1 kai epÐ antistoiqÐa metaxÔ grammik¸n a-

peikonÐsewn kai pin�kwn, sunep¸c, to kat� k�poion trìpo, dÔskolo prìblhma thc

melèthc grammik¸n apeikonÐsewn an�getai se kajar� upologistikì prìblhma metaxÔ

pin�kwn.

Orismìc 2.6. MÐa diatetagmènh b�sh enìc dianusmatikoÔ q¸rou V peperasmènhc

di�stashc eÐnai mÐa b�sh tou V sthn opoÐa èqoume kajorÐsei thn seir� di�taxhc twn
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stoiqeÐwn thc.

Par�deigma

'Estw V = F3. Ta sÔnola B = {e1, e2, e3} kai Γ = {e2, e1, e3} eÐnai dÔo diatetag-

mènec b�seic tou V kai wc tètoia sÔnola B 6= Γ.

An B = {β1, . . . , βn} eÐnai mÐa diatetagmènh b�sh tou V kai V 3 x =
∑n

i=1 λiβi,

tìte oi arijmoÐ λ1, . . . , λn ∈ F onom�zontai oi suntetagmènec tou x wc proc thn

b�sh B kai gr�foume [x]B =

 λ1

...

λn

.

'Estw t¸ra V,W dianusmatikoÐ q¸roi diast�sewn n kai m me diatetagmènec

b�seic B = {β1, . . . , βn}, Γ = {γ1, . . . , γm} antÐstoiqa. 'Estw T : V → W grammik 

apeikìnish. Tìte isqÔei

T (β1) = α11γ1 + α21γ2 + · · ·+ αm1γm,

T (β2) = α12γ1 + α22γ2 + · · ·+ αm2γm,

...

T (βn) = α1nγ1 + α2nγ2 + · · ·+ αmnγm,

gia k�poia αij ∈ F.
O m× n pÐnakac

A = [T ]ΓB =


α11 α12 · · · α1n

α21 α22 · · · α2n

...
...

. . .
...

αm1 αm2 · · · αmn


onom�zetai o pÐnakac thc T wc proc tic (diatetagmènec) b�seic B kai Γ. E�n B =

Γ gr�foume [T ]B. 'Etsi loipìn eÐnai

[T ]ΓB =

 ↑ ↑ ↑
T (β1) T (β2) · · · T (βn)

↓ ↓ ↓

 .

ParadeÐgmata

1) Ja broÔme ton pÐnaka thc grammik c apeikìnishc T : R3 → R2, T (a1, a2, a3) =

(2a1 + 3a2 − a3, a1 + a3) wc proc tic kanonikèc diatetagmènec B kai Γ b�seic twn

R3, R2, antÐstoiqa.
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'Estw B = {e1, e2, e3} = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} kai Γ = {f1, f2} = {(1, 0),

(0, 1)}. Tìte

T (e1) = (2, 0) = 2f1 + 0f2,

T (e2) = (3, 0) = 3f1 + 0f2,

T (e3) = (−1, 1) = −f1 + f2.

Sunep¸c, [T ]ΓB =

(
2 3 −1

0 0 1

)
∈ M2×3(R).

2) 'Estw T : M2×2(R) → P2(R) me T

(
a b

c d

)
= (a + b) + (2d)x + bx2. 'Estw

B = {

(
1 0

0 0

)
,

(
0 1

0 0

)(
0 0

1 0

)
,

(
0 0

0 1

)
} kai Γ = {1, x, x2}. Ja broÔme

ton pÐnaka [T ]ΓB. EÐnai

T

(
1 0

0 0

)
= 1 = 1 · 1 + 0 · x+ 0 · x2,

T

(
0 1

0 0

)
= 1 + x2 = 1 · 1 + 0 · x+ 1 · x2,

T

(
0 0

1 0

)
= 0 = 0 · 1 + 0 · x+ 0 · x2,

T

(
0 0

0 1

)
= 2x = 0 · 1 + 2 · x+ 0 · x2.

Sunep¸c, [T ]ΓB =

 1 1 0 0

0 0 0 2

0 1 0 0

 ∈ M3×4(R).

Parathr seic

1) EÐnai safèc ìti o pÐnakac miac grammik c apeikìnishc exart�tai apì thn epilog 

twn diatetagmènwn b�sewn. Ja diapist¸soume ìmwc ìti autì den ephre�zei thn

an�ptuxh thc jewrÐac thc Grammik c 'Algebrac.

2) O lìgoc pou paÐrnoume ton an�strofo tou pÐnaka pou prokÔptei ìtan gr�foume

ta stoiqeÐa T (βj) (j = 1, . . . , n) wc grammikoÔc sunduasmoÔc twn γi (i = 1, . . . ,m),

eÐnai kajar� teqnikìc. Mia prìqeirh ex ghsh eÐnai ìti an T : V → W eÐnai grammik 

kai A = [T ]ΓB, tìte isqÔei [T (x)]Γ = A[x]B (wc isìthta m× 1 pin�kwn).
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AntÐstrofa, an B = {β1, . . . , βn} kai Γ = {γ1, . . . , γm} eÐnai diatetagmènec b�-

seic twn V,W antÐstoiqa kai A ∈ Mm×n(F) tìte apodeiknÔetai ìti up�rqei monadik 

grammik  apeikìnish T : V → W tètoia ¸ste T (βi) = γi (i = 1, . . . , n), sunep¸c

[T ]ΓB = A. Sunep¸c, up�rqei mÐa 1− 1 kai epÐ apeikìnish

L(V,W ) −→ Mm×n(F),

T 7−→ [T ]ΓB,

h opoÐa eÐnai epiplèon grammik  lìgw tou parak�tw jewr matoc:

Je¸rhma 2.8. 'Estw T, U : V → W grammikèc, B,Γ diatetagmènec b�seic twn

V,W antÐstoiqa. Tìte

1) [T + U ]ΓB = [T ]ΓB + [U ]ΓB,

2) [λT ]ΓB = λ[T ]ΓB (λ ∈ F).

Pìrisma 2.3. dimL(V,W ) = mn.

2.4 SÔnjesh grammik¸n apeikonÐsewn kai pol-

laplasiasmìc pin�kwn.

Ja doÔme t¸ra ìti o trìpoc pou orÐsthke o pollaplasiasmìc pin�kwn exhgeÐtai kat�

fusikì trìpo apì th morf  tou pÐnaka thc sÔnjeshc dÔo grammik¸n apeikonÐsewn.

Je¸rhma 2.9. 'Estw V,W,Z dianusmatikoÐ q¸roi epÐ tou Ðdiou s¸matoc F kai

èstw T : V → W , U : W → Z grammikèc. Tìte h sÔnjesh U ◦ T : V → Z eÐnai

grammik .

Je¸rhma 2.10. 'Estw T, U1, U2 : V → V grammikèc apeikonÐseic. Tìte isqÔoun

ta ex c:

1) T ◦ (U1 + U2) = T ◦ U1 + T ◦ U2, (U1 + U2) ◦ T = U1 ◦ T + U2 ◦ T ,

2) T ◦ (U1 ◦ U2) = (T ◦ U1) ◦ U2,

3) T ◦ IdV = IdV ◦ T = T ,

4) λ(U1 ◦ U2) = (λU1) ◦ U2 = U1 ◦ (λU2) gia k�je λ ∈ F.

To basikì apotèlesma eÐnai to ex c:
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Je¸rhma 2.11. 'Estw V,W,Z dianusmatikoÐ q¸roi peperasmènhc di�stashc me

antÐstoiqec diatetagmènec b�seic A,B,Γ. 'Estw T ∈ L(V,W ), S ∈ L(W,Z). Tìte

[S ◦ T ]ΓA = [S]ΓB[T ]BA.

MÐa idiaÐtera qr simh apeikìnish pou mac bohj�ei na katano soume thn akri-

b  sqèsh metaxÔ grammik¸n apeikonÐsewn kai pin�kwn eÐnai h arister  metafor�,

LA : Fn → Fm, LA(x) = Ax, ìpou A ∈ Mm×n(F).

Par�deigma

'Estw A =

(
1 2 3

0 1 4

)
∈ M2×3(R). Tìte LA : R3 → R2 kai gia x =

 0

1

3


èqoume

LA(x) = Ax =

(
1 2 3

0 1 4

) 0

1

3

 =

(
11

8

)
.

Gia k�je A ∈ Mm×n(F) h apeikìnish LA : Fn → Fm ikanopoieÐ tic ex c idiìthtec:

1) [LA]ΓB = A, ìpou B,Γ oi kanonikèc diatetagmènec b�seic twn Fn,Fm antÐstoiqa.

2) LA = LB e�n kai mìno e�n A = B.

3) LA+B = LA + LB, LλA = λLA (λ ∈ F).

4) An T ∈ L(Fn,Fm), tìte o pÐnakac A = [T ]ΓB eÐnai o monadikìc m × n pÐnakac

pou ikanopoieÐ thn T = LA.

5) An E ∈ Mn×p(F), tìte LAE = LALE.

6) An m = n, tìte LIn = IdFn .

7) An o A eÐnai antistrèyimoc, tìte h LA eÐnai antistrèyimh kai (LA)−1 = LA−1 .

JumÐzoume ìti k�je dianusmatikìc q¸roc V epÐ tou F di�stashc n eÐnai isìmor-

foc me ton dianusmatikì q¸ro Fn. O isomorfismìc autìc exart�tai apì epilog 

miac diatetagmènhc b�shc B = {β1, . . . , βn} ston V kai dÐnetai wc ex c:

'Estw x =
∑
λiβi ∈ V kai [x]B =

 λ1

...

λn

. Tìte φB : V → Fn, φB(x) = [x]B.

An t¸ra V,W eÐnai dÔo dianusmatikoÐ q¸roi di�stashc n,m antÐstoiqa, kai

T ∈ L(V,W ), tìte to parak�tw di�gramma eÐnai metajetikì, dhlad  isqÔei LA◦φB =

φΓ ◦ T :
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V W

Fn Fm

T

φB φΓ

LA

'Askhsh

'Estw T : M2×2(R) → M2×2(R) h grammik  apeikìnish me T (M) = M t. JewroÔme

thn kanonik  b�sh B = {E11, E12, E21, E22} tou M2×2(R) ìpou Eij o 2× 2 pÐnakac

me 1 sthn (i, j) jèsh kai 0 stic �llec jèseic.

i) ApodeÐxte ìti [T ]B =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

.

ii) Pistopoi ste thn isìthta (LA ◦ φB)(M) = (φB ◦ T )(M), ìpou A = [T ]B kai

M =

(
1 3

1 2

)
.

2.5 Antistreyimìthta grammik¸n apeikonÐse-

wn kai pin�kwn.

To er¸thma kat� pìson mÐa grammik  apeikìnish eÐnai antistrèyimh, metafèretai

plèon me fusikì trìpo sto er¸thma kat� pìson o pÐnakac thc grammik c apeikìnishc

(wc proc k�poiec b�seic all� ìpwc ja doÔme sÔntoma kai wc proc opoiesd pote

b�seic) eÐnai antistrèyimoc.

Orismìc 2.7. 'Estw T ∈ L(V,W ). MÐa apeikìnish S : W → V onom�zetai

antÐstrofh (inverse) thc T e�n T ◦ S = IdW kai S ◦ T = IdV . E�n h T èqei

antÐstrofh tìte h T onom�zetai antistrèyimh (invertible).

Parathr seic

1) E�n h T eÐnai antistrèyimh, tìte h antÐstrof  thc eÐnai monadik  kai sumbolÐze-

tai me T−1.

2) IsqÔoun oi idiìthtec:

i) (T ◦ S)−1 = S−1 ◦ T−1.

ii) (T−1)−1 = T . 'Ara h T−1 eÐnai antistrèyimh.
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iii) 'Estw V,W dianusmatikoÐ q¸roi me dimV = dimW < ∞ kai T ∈ L(V,W ).

Lìgw tou Jewr matoc 2.5 h T eÐnai antistrèyimh e�n kai mìno e�n dim(Im(T )) =

dimV .

Je¸rhma 2.12. 'Estw T ∈ L(V,W ) kai èstw ìti h T eÐnai antistrèyimh. Tìte

h T−1 : W → V eÐnai grammik .

Prìtash 2.3. 'Estw T ∈ L(V,W ) antistrèyimh. Tìte o dianusmatikìc q¸roc V

eÐnai peperasmènhc di�stashc e�n kai mìno e�n o W eÐnai peperasmènhc di�stashc.

Sthn perÐptwsh pou sumbaÐnei èna apì ta pio p�nw eÐnai dimV = dimW .

Apìdeixh. 'Estw ìti V eÐnai peperasmènhc di�stashc kai èstw B = {β1, . . . , βn}
mÐa b�sh tou V . Tìte span(T (β)) = Im(T ) = W , �ra o W eÐnai peperasmènhc

di�stashc. AntÐstrofa, an o W eÐnai peperasmènhc di�stashc me an�logo trìpo

(qrhsimopoi¸ntac thn T−1) prokÔptei ìti o V eÐnai peperasmènhc di�stashc. Ac

upojèsoume t¸ra ìti oi V,W eÐnai peperasmènhc di�stashc. Epeid  h T eÐnai 1− 1

kai epÐ eÐnai dim(KerT ) = {0} kai dim(ImT ) = dimW . Apì to Je¸rhma 2.4

(Di�stashc) prokÔptei ìti dimV = dimW .

Erqìmaste t¸ra na doÔme th sqèsh metaxÔ antistreyimìthtac grammik¸n apeiko-

nÐsewn kai pin�kwn. JumÐzoume ìti den èqoume anaptÔxei akìma mÐa apotelesmatik 

mèjodo upologismoÔ tou antÐstrofou enìc pÐnaka, all� autì ja gÐnei sto epìmeno

kef�laio.

Je¸rhma 2.13. 'Estw V,W dianusmatikoÐ q¸roi peperasmèmhc di�stashc me

diatetagmènec b�seic B kai Γ antÐstoiqa. 'Estw T ∈ L(V,W ). Tìte h T eÐ-

nai antistrèyimh e�n kai mìno e�n o pÐnakac [T ]ΓB eÐnai antistrèyimoc. Epiplèon,

[T−1]BΓ = ([T ]ΓB)−1.

Pìrisma 2.4. 'Estw A ènac n× n pÐnakac. Tìte o A eÐnai antistrèyimoc e�n kai

mìno e�n h apeikìnish LA : Fn → Fn eÐnai antistrèyimh. Epiplèon, (LA)−1 = LA−1 .

ParadeÐgmata

1) 'Estw T : R2 → R3 me T (a1, a2) = (a1 − 2a2, a2, 3a1 + 4a2). Epeid  dimR2 6=
dimR3 h T den eÐnai antistrèyimh (giatÐ?).

2) 'Estw T : R3 → R3 me T (a1, a2, a3) = (3a1 − 2a3, a2, 3a1 + 4a2). UpologÐzoume

ton pur na thc T . EÐnai (a1, a2, a3) ∈ KerT e�n kai mìno e�n {3a1 − 2a3 = 0, a2 =

0, 3a1 + 4a2 = 0}, apì ìpou �mesa prokÔptei ìti (a1, a2, a3) = (0, 0, 0), sunep¸c h

T eÐnai 1− 1. Epeid  h T eÐnai grammik  apeikìnish metaxÔ q¸rwn Ðshc di�stashc,
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h T eÐnai antistrèyimh.

3) 'Estw T : M2×2(R)→ M2×2(R) me T

(
a b

c d

)
=

(
a+ b a

c c+ d

)
. H T eÐnai

grammik  apeikìnish metaxÔ q¸rwn Ðshc di�stashc, h opoÐa eÐnai 1−1 (KerT = {0})
sunep¸c h T eÐnai antistrèyimh.

2.6 Allag  b�sewn

'Eqoume dei ìti ènac dianusmatikìc q¸roc peperasmènhc di�stashc mporeÐ na èqei

pollèc b�seic. H epilog  thc b�shc, prokeimènou na melet soume grammikèc apei-

konÐseic kaj¸c kai analloÐwtec posìthtec pou sqetÐzontai me autèc (p.q. pÐnakac

grammik c apeikìnishc, orÐzousa k.l.p.), den èqei shmasÐa. 'Opwc ja doÔme dÔo

b�seic sqetÐzontai me ènan pÐnaka met�bashc, sunep¸c h an�ptuxh thc jewrÐac thc

grammik c �lgebrac anaptÔssetai anex�rthta apì thn epilog  b�sewn.

Orismìc 2.8. 'Estw B,B′ dÔo b�seic se ènan dianusmatikì q¸ro V peperasmènhc

di�stashc kai jewroÔme thn tautotik  apeikìnish IdV : V → V . O pÐnakac Q =

[IdV ]B
′

B onom�zetai pÐnakac allag c b�shc   pÐnakac met�bashc apì thn b�sh B sthn

b�sh B′.

Prìtash 2.4. 1) O pÐnakac Q ìpwc orÐsthke parap�nw eÐnai antistrèyimoc kai

Q−1 = [IdV ]BB′ .

2) Gia k�je v ∈ V isqÔei [v]B′ = Q[v]B.

Je¸rhma 2.14. 'Estw V,W dianusmatikoÐ q¸roi peperasmènhc di�stashc kai

èstw T ∈ L(V,W ). 'Estw B1,B2 dÔo b�seic tou V , Γ1,Γ2 dÔo b�seic tou W kai

èstw [T ]Γ1
B1
, [T ]Γ2

B2
oi pÐnakec thc T wc proc tic antÐstoiqec b�seic. Tìte isqÔei

[T ]Γ2
B2

= Q[T ]Γ1
B1
P,

ìpou Q o pÐnakac met�bashc apì thn Γ1 sthn Γ2 kai Q o pÐnakac met�bashc apì

thn B2 sthn B1.

Pìrisma 2.5. 'Estw T ∈ L(V ) kai B,B′ dÔo b�seic tou V me pÐnaka met�bashc

Q = [T ]BB′ . Tìte isqÔei

[T ]B′ = Q−1[T ]BQ.

Pìrisma 2.6. 'Estw A ∈ Mn×n(F) kai Γ = {γ1, . . . , γn} mÐa diatetagmènh b�sh

tou Fn. Tìte isqÔei [LA]Γ = Q−1AQ, ìpou Q eÐnai o n × n pÐnakac tou opoÐou h

j-st lh eÐnai to di�nusma γj.
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ParadeÐgmata

1)'Estw V = R2. BreÐte ton pÐnaka allag c b�shc apì thn B = {(1, 0), (0, 1)} sthn
B′ = {(2, 5), (−1,−3)}. EÐnai eukolìtero na broÔme pr¸ta ton pÐnaka allag c apì

thn B′ sthn B kai met� na broÔme ton antÐstrofo autoÔ. EÐnai

IdV (2, 5) = (2, 5) = 2(1, 0) + 5(0, 1),

IdV (−1,−3) = (−1,−3) = −1(1, 0)− 3(0, 1).

Sunep¸c, [Id]BB′ =

(
2 −1

5 −3

)
. EÔkola prokÔptei ìti [Id]B

′
B = ([Id]BB′)

−1 =

(
3 −1

5 −2

)
.

ShmeÐwsh

Epeid  den èqoume dei akìma èna genikì trìpo upologismoÔ tou antÐstrofou enìc

pÐnaka, gia thn apl  perÐptwsh enìc 2 × 2 pÐnaka ìpwc ed¸, k�noume to ex c:

AnazhtoÔme ènan 2× 2 pÐnaka

(
a b

c d

)
me thn idiìthta

(
a b

c d

)(
2 −1

5 −3

)
=

(
1 0

0 1

)
kai lÔnoume to aplì grammikì sÔsthma.

2) 'Estw T : P1(R) → P1(R) me T (p(x)) = p′(x). 'Estw B = {1, x} kai B′ =

{1 + x, 1− x}. Lamb�nontac upìyh to gegonìc ìti

(
1 1

1 −1

)−1

=

 1

2

1

2
1

2
−1

2


upologÐste ton pÐnaka [T ]B′ . Ja broÔme pr¸ta ton pÐnaka allag c b�shc apì thn

B′ sthn B. EÐnai

1 + x = 1 · 1 + 1 · x,
1− x = 1 · 1− 1 · x,

sunep¸c, Q = [Id]BB′ =

(
1 1

1 −1

)
. Sth sunèqeia, ja broÔme ton pÐnaka [T ]B. EÐnai

T (1) = 0 = 0 · 1 + 0 · x,

T (x) = 1 = 1 · 1 + 0 · x,

sunep¸c, [T ]B =

(
0 1

0 0

)
. 'Ara apì to Pìrisma 2.5 kai thn upìjesh eÐnai

[T ]B′ = Q−1[T ]BQ =

 1

2

1

2
1

2
−1

2

( 0 1

0 0

)(
1 1

1 −1

)
=

 1

2
−1

2
1

2
−1

2

 .
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Orismìc 2.9. DÔo pÐnakec A,B ∈ Mn×n(F) onom�zontai ìmoioi (similar) e�n

up�rqei antistrèyimoc pÐnakac Q tètoioc ¸ste B = Q−1AQ. Sumbolismìc A ∼ B.

ShmeÐwsh

H sqèsh omoiìthtac pin�kwn eÐnai sqèsh isodunamÐac, dhlad  isqÔoun ta ex c:

i) A ∼ A.

ii) An A ∼ B tìte B ∼ A.

iii) E�n A ∼ B kai B ∼ Γ tìte A ∼ Γ.

2.7 Ask seic

1) 'Estw {a1, a2, a3} mÐa b�sh tou dianusmatikoÔ q¸rou V me dimV = 3. 'Estw

T ∈ L(V ) gia ton opoÐo èqoume

T (a1) = a1, T (a2) = a1 + a2, T (a3) = a1 + a2 + a3.

i) Na deiqjeÐ ìti o T eÐnai antistrèyimoc.

ii) Na brejeÐ o T−1.

iii) Na brejeÐ o 2T − T−1.

2) 'Estw T ∈ L(R3). An gia ton T isqÔei ìti

T

 1

0

1

 =

 2

3

−1

 , T

 1

−1

1

 =

 3

0

−2

 , T

 −2

7

−1

 =

 2

3

−1

 ,

tìte na brejoÔn h eikìna Im(T ), o pÐnakac [T ]B kai o tÔpoc tou telest  T .

3) 'Estw V ènac dianusmatikìc q¸roc me dimV = 4 kai èstw B = {a1, a2, a3, a4}
mÐa b�sh autoÔ. 'Estw T ∈ L(V ) tètoioc ¸ste

[T ]B =


1 0 2 1

−1 2 1 3

1 2 5 5

2 −2 1 −2

 .

i) Na brejeÐ o Ker(T ).

ii) Na brejeÐ h Im(T ).
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iii) AfoÔ epekteÐnete mÐa b�sh tou Ker(T ) se mÐa b�sh tou V , na brejeÐ o

pÐnakac tou T wc proc aut n thn b�sh.

4) 'Estw Eij ∈ M2×2(R) tètoioc ¸ste h (i, j)-jèsh na eÐnai 1 kai ìlec oi �llec na

eÐnai 0, i, j = 1, 2. An

A =

(
1 −1

−1 1

)
,

tìte orÐzoume thn apeikìnish T : M2×2(R)→ M2×2(R) wc

T (u) = Au, u ∈ M2×2(R).

i) Na deiqjeÐ ìti T ∈ L(M2×2(R)).

ii) Na brejeÐ o pÐnakac [T ]B, ìpou B eÐnai h b�sh pou apoteleÐtai apì touc

pÐnakec {Eij, i, j = 1, 2}.

iii) Na brejoÔn ta Im(T ), dim(Im(T )) kai mÐa b�sh aut c.

iv) Na brejoÔn ta Ker(T ), dim(Ker(T ) kai mÐa b�sh autoÔ.

5) 'Estw o dianusmatikìc q¸roc Pn(x) epÐ tou R. OrÐzoume thn apeikìnish T :

Pn(x)→ Pn(x) apì thn

T (p(x)) = xp′(x)− p(x), p(x) ∈ Pn(x).

i) Na deiqjeÐ ìti L(Pn(x)).

ii) Na brejoÔn oi upìqwroi Ker(T ) kai Im(T ).

iii) Na deiqjeÐ ìti Pn(x) = Ker(T )⊕ Im(T ).

6) Gia tic akìloujec apeikonÐseic T : R2 → R2, na deÐxete gia poiìn lìgo giatÐ den

eÐnai grammikèc.

i) T (a1, a2) = (1, a2).

ii) T (a1, a2) = (sin a1, 0).

iii) T (a1, a2) = (|a1|, a2).

iv) T (a1, a2) = (a1 + 1, a2).

7) 'Estw T ∈ L(R2) tètoioc ¸ste T (1, 0) = (1, 4) kai T (1, 1) = (2, 5). Na brejeÐ h

tim  T (2, 3) kai na exetasjeÐ an h T eÐnai 1− 1.

8) Up�rqei grammik  apeikìnish T : R3 → R2 tètoia ¸ste T (1, 0, 3) = (1, 1) kai

T (−2, 0,−6) = (2, 1)?
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9) 'Estw T : P(R) → P(R), T (f)(x) =
∫ x

0
f(t)dt. Na deiqjeÐ ìti o T eÐnai 1 − 1

all� ìti den eÐnai epÐ.

10) 'Estw V kai W dianusmatikoÐ q¸roi kai V1 kai W1 upìqwroi aut¸n, antÐstoiqa.

An h T : V → W eÐnai grammik  na deiqjeÐ ìti to T (V1) eÐnai ènac upìqwroc tou

W kai ìti to {x ∈ V : T (x) ∈ W1} eÐnai ènac upìqwroc tou V .

11) 'Estw B kai B′ oi kanonikèc b�seic twn dianusmatik¸n q¸rwn Rn kai Rm, antÐ-

stoiqa. Na brejeÐ o pÐnakac [T ]B
′

B gia tic parak�tw peript¸seic:

i) T : R3 → R2, T (a1, a2, a3) = (2a1 + 3a2 − a3, a1 + a3).

ii) T : R3 → R, T (a1, a2, a3) = 2a1 + a2 − 3a3.

iii) T : Rn → Rn, T (a1, a2, . . . , an) = (an, an−1, . . . , a1).

12) 'Estw T ∈ L(V ). Na deiqjeÐ ìti T 2 = 0 e�n kai mìno e�n Im(T ) ⊂ Ker(T ).

13) 'Estw T ∈ L(V ), ìpou o dianusmatikìc q¸roc V eÐnai peperasmènhc di�stashc.

Na deiqjeÐ ìti an dim(Im(T )) = dim(Im(T 2)), tìte Im(T )
⋂

Ker(T ) = {0}.
Sumper�nete ìti V = Im(T )⊕Ker(T ).

14) Na deiqjeÐ ìti an A2 = 0, tìte o pÐnakac A den mporeÐ na eÐnai antistrèyimoc.

15) 'Estw

V = {

(
a a+ b

0 c

)
: a, b, c ∈ F}.

BreÐte ènan isomorfismì apì ton dianusmatikì q¸ro V ston F3.

16) 'Estw B ènac n× n antistrèyimoc pÐnakac. 'Estw

T : Mn×n(F)→ Mn×n(F), T (A) = B−1AB.

Na deiqjeÐ ìti o T eÐnai ènac isomorfismìc.

17) 'Estw B = {x2−x+ 1, x+ 1, x2 + 1} kai B′ = {x2 +x+ 4, 4x2−3x+ 2, 2x2 + 3}
diatetagmènec b�seic tou P2(R). Na brejeÐ o pÐnakac allag c suntetagmènwn o

opoÐoc all�zei tic B′-suntetagmènec stic B-suntetagmènec.

18) Na deiqjeÐ ìti an oi pÐnakec A,B eÐnai ìmoioi, tìte tr(A) = tr(B).
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