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1 Theory/Background

1.1 Arithmetic mean - Geometric mean Inequality

Let n ∈ N∗ and a1, a2, .., an ∈ R+. Then

1

n

n∑
k=1

ak ≥ n

√√√√ n∏
k=1

ak

Equality holds if and only if a1 = a2 = .. = an.

1.2 Bernoulli’s Inequality

• i) (1 + x)r ≥ 1 + rx, ∀r ≥ 1, x ≥ −1.

• ii) (1 + x)r ≤ 1 + rx, ∀r ∈ [0, 1], x ≥ −1.

1.3 Bolzano-Weierstrass Theorem

Let {an}n∈N ⊂ R such that ∃M > 0 : |an| ≤ M, ∀n ∈ N. Then ∃{nk}k∈N ⊂ N such
that ank

converges.

1.4 Cesáro-Stolz Lemma

Let {an}n∈N, {bn}n∈N ⊂ R.

• If an → 0, bn → 0, as n → ∞ and ∃n0 ∈ N such that bn is decreasing ∀n > n0, or

• If an → ∞, bn → ∞, as n → ∞ and ∃n0 ∈ N such that bn is increasing ∀n > n0,

and an+1−an
bn+1−bn

= l ∈ [−∞,∞], then limn→∞
an
bn

exists and limn→∞
an
bn

= l.

2 Problems

Problem 1 Let {an}n∈N∗ ⊂ R+ such that an+1 < an +
1

(n+1)2
, ∀n ∈ N∗. Prove that an

converges.

Problem 2 Consider {an}n∈N : an ∈ R+, such that
∑∞

n=1 an converges. Prove that∑∞
n=1 an

n
n+1 also converges.
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Problem 3 Prove the following limit for p ≥ 0.

lim
n→∞

(11
p · 22p · · · nnp

)1/n
p+1

n
1

p+1

= e−(p+1)2

Problem 4 Calculate the following limit for p ≥ 0.

lim
n→∞

[(11
p · 22p · · · (n+ 1)(n+1)p)1/(n+1)p+1 − (11

p · 22p · · · nnp

)1/n
p+1

]

Problem 5 Let an denote the number of ’0’s in the ternary representation of n ∈ N∗.
Find all x > 0 such that the following series converges

∞∑
n=1

xan

n3

Problem 6 Define for n ∈ N

xn = min{|a− b
√
3| : a, b ∈ N, a+ b = n}.

Find the smallest p > 0 such that xn ≤ p, ∀n ∈ N∗.

Problem 7 Can
√
3 be written as a limit of a sequence of the form 3

√
n− 3

√
m, where

n,m ∈ N∗?

Problem 8Determine the values of d > 0 for which the following series
∑∞

n=1 sin(logn)/n
d

converges.

Problem 9 Prove that for a finite sequence {ak}nk=1, ∃m ∈ {0, 1, ··, n} such that

|
∑
k≤m

ak −
∑
m≤k

ak| ≤ maxk∈{1,2,··,n}|ak|

Problem 10 Prove that for a finite sequence {ak}nk=1, with ak > −1, ∀k ∈ {1, 2, ··, n}

• i) If S = a1 + · ·+an ≥ 0, then

n∏
k=1

(1 + ak) ≤
n∑

k=0

Sk

k!

• ii) If

σ =
a1

a1 + 1
+ · ·+ an

an + 1
≥ 0,

then
n∏

k=1

(1 + ak) ≥
n∑

k=0

σk

k!

When does equality hold in i), ii)?
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