Math Competition Preparation Seminar
Sums

May 9, 2025

1 Theory/Background

1.1 Cauchy-Schwarz Inequality
Let N € N* {a,}_,, {b,})_, C R then

(£25) (£9)= (8

1.2 base-m representation

Let m,k € N with m > 2. Every n € N: n < m**! can be written in a unique way in

the form

2 k
n=ag+am-+aym” +---+arm-,

where ag, ay, . .., a; are integers such that 0 < a; <m — 1 for i € {0,1,...,k}.
2 Problems

Problem 1 Let a, > 0, Vn € N* such that 7, a, converges. Prove that > >, ‘/;?
also converges.

Problem 2 Prove that the following series diverges for 6y € (—m, )

i |sin(nby)|
n=1 n

Problem 3 Show that the series > >~ | bngzn converges. If ¢ > 0, does

o0

(logn)?
Z n1+€

n=1

. d
converge? Given d € N*, does > "7, % converge for s > 17

Problem 4 Show that every rational » with 0 < r < 1 can be written as the sum
of finitely many reciprocals of distinct natural numbers. Example:

4699 1 1 1 1

7320_2+8+60+3660

1



Problem 5 Let ¢, € N* with ¢; > 2 satisfying
Cni1 > Cplcp — 1)+ 1, Vn € N

Prove that the series bellow is a rational number if and only if equality in the above
inequality holds for all but finitely many values of n.

=1
2o

n=1
Problem 6 Evaluate the sum

> (e (1+3))

Problem 7 Show that the following series converges whenever |z| > 1 and find its
sum

Problem 8 Let {z,}>, C R, with z; € (0,1), such that x,,; = z, — nz?. Prove
that Y > | x, converges.

Problem 9 Determine whether or not the following series converge

o

1
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—14+V2+ . +vn
= 1
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Problem 10 Evaluate the following sum for n € N

n

1
Z 1222432 — 4 (—1)kt1E2
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