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Kegpdiowo 1

Baocwxéc évvolec.

1.1 Boaowd otowyela tng Yewplog opddmy.

Opdido.

‘Evo un xevo ahvoro G egodlacpévo ue pio pdén « : G X G — G e (a,b) = a*b, xakeiton
0udda, 6TAY XUYOTOLOUVTOL Ol EENG WOIOTNTES

1. Tpooetapiotixd widTnTa: Yoo onowadrmote f, g, h € G oylet:

(fxg)xh=fx(g*h)

2. "Trapln oudetépou ototyelou: umdpyet e € G Wote yia xdle g € G va oy Vet

exg=g*xe=4g

3. "Tropln ocuppetpxol otoyetou: Yo xdde g € G urdpyet ¢! € G této0 woTte

gl kg=gxg " =e

Av emmiéov g x h = h x g yw onowdrnote g,h € G, to1e 1 oudda G ue TNV TEdN *
xaheltoan avniperadenicn 1y afehiavn.

Yroopddeg.
Eotw (G, *) po ouddo xow H C G, H # 0.
Ac unodécoupe ot
(7) Yo x&9e h € H o h™! elvor otowyeio tou H

(1) Y onotadhfrote hy, he € H 10 hy * hy eivar ototyeio tou H.

T h € H and Tic mopondve wiotntee (i) xou (i1) ouvendyeton 6t hx h™' = e € H. Apa,
T0 0UBETEPO oToLyElo e TNg opddac G dvixer 6to H. Emoueveg (H,*) eivon oudda, 1 omola
xohetton vrnoopdoa tng (G, ). Aéye amhd ott H eivon unooudda tne ouddoc G.

H vuroopddo H xoheiton yviowr av H # G xoaw H # {e}. Anodexvietou 6Tt éva unocivoho
H uog ouddag G pe mpdicn * ebvor UTOOUADN oV o UGVOY oV hl*hgl € H vy xd&ie hy, he € H.
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2 KEPAAAIO 1.

BAXIKEY, ENNOIEX.

Opopopgplopol opddwy.

Optopdg 1.1.1. 'Eotww (G, 0) xou (H,*) 800 ouddec.
M armewxovion i : G — H xahettan opopopgiojids, ooy

i(g1092) = i(g1) * i(g2), Y91, Vg2 € G.
‘Evag opouoppiopog i : G — H xodeltan
(1) povopopgiouds, dtoy etvar 1-1
(1) empopgiopds, dtov eivan ent
(i11) 100p0pProUdS, bTav etvon 1-1 xou enl

YuppeTeLXr opdda evog cuvolou.

‘Eotww X éva un xevd olvoro. LupforiCoupe

Sx={g: X — X : gebvar 1-1 xou eni}.

To cbvoho Sx epodacuévo ue tny mpdln obvieong etvar opdda. Tlpdyuatt, 1 TautoTiNn
amewovion Ty : X — X elvon 10 oudEtepo oTotyeto Tng Sx xau Yo xdie g € Sx, TO GUUPETEO
ototyelo efvon 1 anexovion gt Ipogoavdce, g1 0 (g2 0 gs) = (g1092) © gs. H oudda Sx xohelton

ouuuETEMY) oudda Tou X
IMogadeliypota 1.1.2.

1. Av ta obvola X xou Y €youv tov (o manddprduo, T6Te ol GUUUETEXES OUddES Sx X0t

Sy etvon 16opop@ixés.

(Av b+ X — Y ebvar 1-1 xou exl, w6t @ : Sy — Sy pe i(f) = ho foh™ ! e

LOOUOPPLOUOS.

2. H ouppetpud oudda tou {1, ..., n} cugBorileton ye S,,. H S, anotekeitar and n! otoryeio

ebvon 6heg oL uetadéoelg Tou {1,...,n}.

1.2 MeTtewxoc yweoc R".
Ocwpolue t0 6Ovoro R GAV TwV SLOTETAYUEVODY N-00WV
T = (1,%2...,Ty)
TEOYUATIXGY aptduay. YuuBohilouue

0, = (0,0, ...,0) € R™.

Optloupe v npocidean 6to R™, Vétovtoc vy a = (aq, as, ..., an), b = (b1, ba, ..., b,) € R™

C_L—i-E: (Cll +b1,a2—|—bg,...,an—|—bn)



1.2. METPIKOY, X2POXY RY. 3

OpiCoupe tov mohhamiactacpd otoryclou tou R™ enl mpaypoatxd oprdud, Vétovtag yio
a=(ay,as,...,a,) € R" xu A € R

A-a = Aa = (Aag, Aag, ..., Aay,)

H tpiddo (R, +, -) eivar Slavuoyotinoe yweog tévew oto R.
To ypauuixde aveldptnta ornuela

& =(1,0,...,0),& = (0,1,...,0),...,&, = (0,0, ..., 1)
arnotehouv pla Bdon tou R™. T xdde T = (1, z9..., z,) € R™ 1oy leu:
T =x1€] + T9€9 + ... + ZL‘nén.

Av z,y € R", © = (21, 22...,2,) %0 Yy = (Y1, Y2..., Yn), TOTE N an6cT00Y dp(Z,y) YETOLD

TV T xot y uroloyiletu and tov tUno
do(Z,9) = /(21— 91)2 + (22 — 12)2 + . + (20 — yn)%.
H arewovion dy, : R" x R™ — R etvon petpud).
[apatneodue ot

dp(Z,9) = dp(T — 7,0,).
T xdde T = (z1, 29, ..., x,) € R™ ouuforilovye ||Z]| = d,u(z,0,).
Tote

&l = /2 + a3 + ..+ 2.
o onowadAnote 7,y € R™ €youpe

8
=

=N
S
Rsl
)

Arnodewvietar ebxoha 6TL
1z = gll < |zl + 7]
1z + gl < Izl + g
[Mebtaoyn 1.2.1. Arnd dla ta dipopioua tééa tov emnédov R? ue drpa ta onueia A, B € R?
o evOUypaupo tunua AB éyer to pikpdtepo pnkos.
Arddaén. Eotw 7 : [a,b] — R? etvon pror Stopophoyun mopopetoixononpuévn xouniin ye A =
m(a) xou B = 7(b). Téte to uhxoc e 7 ond 10 A ewe 10 B eivor

(A, B) /| £)|dt.

‘Eotw U éva tuyaio yovodiado dtdvuoua xa f(t) = 7(t) - U, Vt € [a,b]. Torte

£ = 7(t v:>/ b= f0)'= [7t) 7" = (B - A)-7

YUVETOC

(E?—X)-a:/ab(f'(t)-a)dt:/abwtmv | cos(F dt</ 7 B).

T o = ﬁﬁ?—‘, elvou (§ — X) LT = \§ — X| = . Apa, |AB| < ((A, B).




4 KEPAAAIO 1. BAXIKEY ENNOIEX.

1.2.1  Anlég Aéyog Teudv cuvevdeiaxdy onueiny tou R,

Oplopog 1.2.2. Anddc Adyoc (ABM) tpidv ouveudelaxay onueiov A, B, M tou R? eivow o
/4 7 H
aprdude A yia tov onolo AM = AMB. N
O amhoc A6 A, B,M Boiil { AM
amh6c hoyoc twv A, B, M ouuPBohiletan eniong ye .
1 ME
—
o xdde N € R? ouuPoiiCouye e ﬁ 10 dtdvucpa Yéong ON Tou N.

Oehpnua 1.2.3. Eow A, B, M tpia cvveviaakd onueia tov R3.

Eﬁ:AM§¢¢ﬁ?: ! Z+ A §
14+ A 1+ A

Ochpnua 1.2.4. Ia kdle onueio M jnas evleiag (AB) vrdpyer povadixé Levyos mpay-

patiky apiiudv (a, ) téroo dote

%

M:azjtﬂﬁ kar oo+ 3 =1.
Mogwopa 1.2.5. Eoww A, B, M tpia cvveviaard onuefa touv R3.

M:aﬁ—l—ﬁﬁ kaa+f=1= (ABM) = f/a.

1.2.2  Awthog AMoyog tecodpnwy cuveLdeloax®wy SNUEiwY Tou R3.

Oplopog 1.2.6. AutAde Adyoc (ABMN) teocdpwy auveuvdeioaxdv onueiov A, B, M, N tou
R3 efvar o aprdude mou optleton we e€hg

(ABM)
(ABN)’

(ABMN) =
IMeétaoyn 1.2.7. Eotw A, B, M, N téooepa ovvevlaard onpueia tov R3.

]\7:a2+6§ Kalﬁzvﬁ%—d?, énouoz+6:1Ka17+5:1:>(ABMN):§/%.

1.2.3 Xvppetpixd oyfpata cto R,

e 'Eva oyfua X tou R? xohetton GUUPETEIXO ¢ Tpog 1o onueio K € R3, 6tav yio xdde
A € ¥ 7o onueio Ag cuppeteind Tou A we mpog 10 K aviixel eniorg oto X.

e 'Eva oyfua X tou R3 xaeiton GUUPETEIXO WS Ttpog TNy euleia € Tou R3, dtav yio xdde
A € ¥ 7o onueio A, cupuetpxd Tou A wg mpog K avixel eniorng oto X.

e 'Eva oyfua X tou R? xodeiton CUUMETEXO w¢ Tpog To entnedo II tou R3, 6tav yio xdde
A € ¥ o onueio A ouppetpd tou A wg mpog To II avixer enlong oto X.



1.3. OPOOI'(NIOI IIINAKEX. 5

1.3 Opdoywviol nivaxecg.

Ci1 ... Cip
, , C21 ... Copn , ,
Oglopog 1.3.1. O rnivaxog . i xahetton opdoywviog av:
Cn1 -+ Cpn

(i) o+ S+ A, =1yaxddek=1,..,n
(ZZ) C1kC1j + CoCoj + ...+ CnkCnj = 0, av k 7& j, k,] = 1, N

To olvoho Ghwv TwV 0pYoYOVIWY 1 X N TVdxwY e oTotyela and 1o olvoro R twv mpay-

wotx@v aprdudy ouuforileton ye O(n, R).
Oewpnua 1.3.2. O1 akélovies owvinkes efvar 100dUvajLes:
1. C efvar oploydiviog

2.CT'C=F
3. ct=C
4. CT etvar opBoydiviog
Oewepnua 1.3.3. H opilovoa cvdég oploydviov nivaxa woltar pe £1.

Oewenua 1.3.4. To ywipevo dto opfoywviwr mvdkwy eivar opfoydviog Tivakas kai o av-
tiotpopos evog oploywriov mivaxa eivar oploydvios. mivakag.

C11 C12
Co1 C22

Oewenua 1.3.5. a kdde oploydvio nivake C = ( ) vndpyer povadiké ¢ € (—m, 7|

yia to ormoio o C' éyer uia and g uopés:

cos¢p —sing\ ,[cos¢ sin¢
sing  cos¢ 1 sing —cos¢)’

Anodedn. O C elvar opdoyodviog, emougvng

i+ =1 (1.1)
Ayl =1 (1.2)
C11C12 + C21022 = 0 (1.3)

Ané v (1.1) énetan 61 undpyer povadind ¢ € (—m, 7] €100 BOTE ¢11 = COS P, Co1 = sin ¢.
H (1.3) ypdpetar
C12 COS @ = —Coo SIN (1.4)
Tdhodvovrac v (1.4) o710 teTpdywvo xat tpoc¥étovTtag xat oo 800 UENT 2, sin? ¢ TolpVOUUE
OLOOY 1A
2, cos? ¢ + 2, sin? ¢ = &, sin® ¢ + 2, sin? ¢ = 2, = (2, + c2,) sin? 6.

A v (1.2) xou Ty teheutada todtnTa Tefpvouye: ¢2y = sin® ¢. Suverde

Ci2 =sin¢ 1 ¢j2 = —sin ¢.

Téte and v (1.4): c90 = — cos @ # co = cos ¢, avtioToryo.



6 KEPAAAIO 1. BAXIKEY ENNOIEX.

1.4 Aoxnoeig

1.4.1. Na anoderyVel 61 10 olvoho GL(n,R) 6hov 1wV avToTeégiuny n X n Tvixwy ue

ototyela and 0 R pe mpdln ToAAATAUCLIOUOU TWY TVAXWY €ivon U1 avTIETHVETIXY OUddaL.
i e ’ 7 7 7 a _b 7

1.4.2. No anoderydel 6Tt T0 GUVOAO TWY TVAXWY TIC LOPPNS (b a ) UE a?4+b* =1 uE TEAET

TOMATAAGLIGUOU TV TVAXWY elvor ayTieTaleTins opdda.
1.4.3. No anodeyydel 61t av A = (z,y, 2), 101€
ouppeteed tou A we tpog v apyh O = (0,0,0) eivar 0 Ap = (—x, —y, —2).
ouppeteed tou A we npog tov O elvar t0 Ao, = (2, —y, —2).
ouppeteed tou A wg tpog 1o Oxy eivor 10 Aoy = (2,y, —2).
1.4.4. No Beedolv o onueio ouppetexd tou A = (1, —4, —2) ¢ Tpoc TV apyh Ty a&ovwY,
w¢ pog Tov d&ova Oz xou w¢ mpog To eninedo Oxz.
1.4.5. No anoderydel 611 av €va oyfjuo X Tou R? eivon CUUMETPIXO ¢ TEo¢ xdle eninedo
OUVTETAYUEVWY, TOTE X elvol CUUPETEIXO w¢ Teog xdde dEova GUVTETAYUEVWY.



Kegpdiowo 2

T ebvau IN'ewpetplo;

2.1 A&iopatixn pevodog.

Mo amd tng puedodoug owodounons tne L'ewuetplag eivor 1 Aliwpatiny) Médodog, tou etvor
xou 1 Bacwotepn pedodog twv Madnuatixwy. H pédodog auty cuvictatar oty elcaywyn
eVOg aCIWPTIX0Y CUOTAUATOS, dNAADY) DLUTUTWOT) UEPLXWY PACINWY EVVOLOY XAl JELOUATWY -
TEOTACEWY TOU ATOBEYOVTOL w¢ oANVel. ATOdelln Wwog TeoTaoNS o8 £val allwUATIXO oUOTNUA
Vewpeiton pa ahucida and mpotdoelg mou eite eivon efvon adiduarta eite xdmota tpdTacy 1 ahfela
NG 0ToloC CUVETAYETHL ARG TIC TEOTYOUPEVES TROTAGELS CUUPMVA UE TOUS XAVOVES TNG AOYIXHS
ToYU €Y0uvV GUUPVNIEL

2.1.1 Ta "Xrouyeia” tou EuxAeildn.
Khaowd mapdderyua tne aidpatinhc UeVodou otxodounong Wwog yewuetplog eivon 1 Bux-

Aeldeta 'ewpetela.
O Buxieldng ota “Mrtotyela” Tou Sloatun®VeL To TEVTE alTAUATA-AELOUATI:

L. T omtotadRmoTe 500 dLapopeTind onuelar UTAEYEL LOVAOIXO EVDOYEOUUO TUAUN UE BXpa Ta
oruela auTd.

2. "Eva eutdiypouuo tufua Umopel vo tpoextael aneptoptota xat oTig 800 xatevdivone o
utar euveta

3. Trdpyer xUxhog ue xEVTEO OTOWBHTOTE OTUEio Xt PE OTOLDHTOTE AxTEVAL.

4. ‘Ohec ot 0p¥éc ywvieg etvar {oeg (ptoz ywvia xoheiton opdr, otav ebvar (ool ye Ty napa-
TANPOUATIX TNG)

5. Av wa eudelo e téuvel dhheg d0o euldeleg €1 xan €2 xou To d¥poloua xImoY EVTOS XL

eml To qUTd Yoy etvar < 180°, TOTE £1 ot €9 TéUVOVTAL OE Xdmolo orueio, To omolo
BploxeTow amd TNV UYepa TNG € ToU MEQLEYEL TIC YWVIEC aUTEC.

To 1795 o oxotoélog uadnuatiog xou Yewypdpog John Playfair anédeile ot o 5% alinya
elvat Ll00BUVOUO UE TO oxOAoUT0 YVWGTO 0S a&iwpa TapaAAnAlag:

5. Ao xdle onpelo A €€w and wa evdeio € Siépyetar povadiny| euldeio & mopdAhnin oty €.

7



8 KE®PAAAIO 2. TI EINAI 'EQ2METPIA;

2.1.2 AZiwpatixy Ocpeieiwon tng Euxieideiag 'ewpetplag and tov Hilbert.

O Hilbert to 1899 Baciléuevog ota “Erovyeia” tou Euxdeldn dwtuniver véo aliwpatind
obotnua otny epyacio Tou “Grundlagen der Geometrie”. O Hilbert tadivéunce o adidpora
¢ BEuxdeldetag Fewyetplog oe 5 xatnyoples:

A&wdyata mpbontwong (Véong).

A&wduara didtalng (evdiopeodtntac).

A&idpara xvnone (lodtnag).

A&iduata g ouvéyewag (tou Dedekind).

Aiwya e mopodiniiog (tou Euxheldn).

2.1.3 Mn Euxieideiec 'ewpetpies.

Arnéd tny emoy Tou Euxheldn mohhol yadnuatixol napatfpnoay 6Tt 1 SlaTOTWoT TOU S0U
o€LOPATOC BEY ATaY TOCO AmAY) 6G0 OL SLITUTWON TV GAAWY AELWUATOY X avopeTRYNXAY
UATOS To Ho adlwyua anodevieTar and To dAAa TEGGEQL.

Amodetydnxe Tehind 6Tt To 50 alTnUo BEV CUVETAYETAUL A6 To TEWTA 4 cuTrhuaTaL.

Ov mpoordieieg va amodery el to 5% aliwpa utodétovtag OTL 1) dpvnor Tou odnyel ot dtono
(ue amaywyh oe dtomo) éyouv anofel dxopnee, we tou and to TéAY Tou 180u éwg Ta UEoa TOU
190u ardva ot pordnuotixol mopathencay 6Tl 1) devnoT Tou 550U aIOUATOS UTOPEL Vo 0B YToEL
o€ vea Oewpruato uag GG vewuetplac. ‘Etol yevvAinxay ot un Euxheldeieg yewpetples.

Mepwxol and toug Veueheiwtés twy pn Euxdeldeiwy yewuetpidvy eivar: Gauss (1777-1855),
Lobachevsky (1793-1856), Bolyai (1802-1860), Beltrami (1835-1899), Riemann (1826-1866).

H devnon tou bou aduduatog onuaiver 6t And kdrowo onpeio A ééw and pna evleia e pmopel
(i) va unr diépyetar kapud evdela TapdAAnAn oTnr e,
(17) va orépyortar touddyiotoy 6Uo cvleles TapdAAnAes oTny €.

Aldlovrag 1 anohoigovtac TAenS 10 5o adiwua Tou Buxdeldon xou dtatneodvTag To Tp@Td
TECCEPA 00N YOUUUCTE OE VEEC YEWUETPLES:

o Elemtiny) Iewpetplo Veushetmvetor DATNROVING To TPWTA TEGGEQA ATt Tou Bux-
Aelor xan avixathotovTog T0 50 Ye T0 €G!
(5¢) Kdle eudela diepyduevn amd éva onueio A €€w amd wa evdela € téuver v .
(An\EdA, dev undpyouy napdiinhes eudeiec.)

o TrepPohun TNewpetpla Vepehet®dvetar Slotne®dVToS To TEWTH TECCERA ATHUATA ToU Fux-
Aeldn xou aviixahotwvTag T0 50 PE To EENS:
(5y) And xdde onueio A éZw and wa eudela € diépyovta TouRdytoTov dho eudeiec oy

dev Téuvouy TNy £.(AnhddA, undpyouv TouldyloTov BVo Tupdhinies evdeiec)

e Oudétepn () Amdiutn) Newyetpio Jepeletdve o SotnpdVToS Ta TEWTO TEGTEPA oTHUNTOL
Tou Euxheldn ot xatapyoviag mifiows 10 5o aftnuo tne Toparinilag.
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2.2 Opopocg tng I'ewpuetplag xatd Klein.

Opiounocg lowy oynudtwy oto 'vuvdoio. Ato euliypopuo oyfupota X xon Yo AEyovton
foa, av cuuninTouy, 6tay Totodetnloly 10 éva ETdVe GTO GANO UE XATIAANAO TEOTO.

‘Otav d%0 tplywva Th xan Th evég emmédou 11 etvon ioa, tote cuvdudlovtag TNy TEQIOTEORY
TOU ETUTEDOU YUPW ARG XATOLXL XOPUPT TOU EVOC TELYWDVOU UE L0 UETATOTIOT, OAWY TwV GNUElWY
TOU EMTEDOV XuTd TO (B0 ddvuoua, To Eva Telywvo Ya cuunécel Pe To dhho. ‘Aga, UTARYEL Wia
1-1 xon enl anewdvion ¢ : II — 11, 1 omofa dtatneel Ti¢ anootdoelg Yetald Twv onuciwy, TéTola
wote p(Th) = Ts.

Ieéyeoppa tou Erlangen. To npéypapua tou Erlangen (Erlangen program) eivou v
medtaon tou F. Klein yio tov 1p6m0 Ta€vounong v YEWUETPWWY, To omoio €yel dlatutewUet
otV ouwMa tou 10 1872 oto IlavemotAwo tou Erlangen. Ydugpwva ue tov Klein yia va
oplooupe wo yewuetplo oe éva olvoho X apxel va emhéZoude Wiar ouddo petaoynuatiopey G
tou X (G anoteleiton and 1-1 xou enl autoanexovioeg tou X). O %€0pl0g OTOY0G TNG UEAETNG
e yewpetplag mou Yo oplotel etvon 1) elpeon TV WBOTATOY TOV oY NUATLY (UTOGUVOAWY) TOU
X mou mapopévouv avarloiwtes (dev ahhdlouv) otoug petaoynuatiopolc g € G.

Optowodc tne lewpetpio xatd Klein. Kaholue yewuetola xéde Lebyoc (X, G), 6mou
X €va un xevé oOvoho xar G éva pn xevo obvoro 1-1 xou ent autoanewovicewy tou X e tig
eChC OLOTNTES:

() v xde g, h € G 7 obvideon g o h elvon ototyeio e G,
(ii) Y1 x&9¢ g € G 1 avtioTpogn anexdvion g~ etvar orowyelo e G.

An6 g Wbt (1) xou (i) mpoxUTTEL T 1 TOUTOTIXY ATEOVIOT] Tx = g o g efvou

otowyelo g G. Emewdy| 1) 6Uvieon Twv aneovice®y E)El TPOCUTEPLOTIXT LOLOTNTA, TEOXVUTTOUY
ot axéhoudot 16oduvopoL oplouol TG YewueTplag

1. KdOe Letyos (X, G), énov X eivar éva un kevé otvoro kar G efvar pua opdda 1-1 xar ent
avroareikovicewy tov X ue mpdén olvleons twy areikovicewy, Kaeital yewpetpia.

2. Kdbe Levyos (X, G), émov X efvar éva otrodo kar G e vrooudda tng CUHUETPIKIS
ouddag Sx tov X, kakeitar yewpetpia.

IMogadeiypoata 2.2.1.

1. 'BEotww X éva un xevo oOvoho, Tx ToUTOTXY| AnExoVion Tou X.

H uixpdteen yewpetpla tou X etvon 1 (X, {7x}) xo n ueyoritepn (X, Sx).

2. 'FEotww X évag Tomohoywog yopeog xow H 1 opddo 6Awv Ty odotodop@iopny tou X eni
ou X. Téte (X, H) elvau yewpetpla.

I
3. 'Boww ABC éva woémheupo tplywvo tou emnédou xau X = {A, B, C}. Tére

g, — ABC ABC ABC ABC ABC ABC
X7 Y\ABcC J)\BcA )J)\cAB )>\ACcB )>\CBA J]’\BAC



10 KE®PAAAIO 2. TI EINAI 'EQ2METPIA;

. ABC , , (ABC , , ,
TORUTNEOVUE OTL (AB C ) elvor 1) TAVTOTLIXY, (B A ) TEOXUTTEL ATO TNV TEQLOTEOWY,
g1 TOL TEYWVOU YUpw ATO TO XEVIPO TOL TEIYWVOU XaTd Vetiny| popd xatd 1) ywvia 240°,

ABC
(045
Ty vou xatd Vetinh| wopd xatd T ywvia 120°. Topatnpolue 61t go = g7 '

> TEOXUTTEL amb TNV TEPLOTEOYPN g2 TOU TEYOYOU YUpw antd To %EVIPO TOu

Tao unoroima cTotyela TG Sx AVTIGTOLY0OY GG AVUXAAGEL ¢3, G4, G5 TOU TELYWVOU AT
Toug d&oveg ouuueTelag Tou TeLYMYou Tou diépyovTal and To onuela A, B, C, avticTouya.
[apatnpolye 6Tt g; = g7t yii =3,4,5.

4. 'BEow G = {7x, 91, 92, g3, G4, g5 }, OTOL OL UETACY NUATIONOL G1, G2, G5, G4, G5 EVOUL TOU TEO-

A
nyotuevou mopadelyyatoc. Téte (ABC,G) eivar yewpetpio. Iapotnpodue ot n G
A
amoteheiton amd toouetplec Tou ABC.

‘Eotww (X, G) wa yewpetpio.

o To ctoyeio T opddag G xUAOOVTOL UETAT Y NUATIONOL.
o Kde unooivoro A tou X xaheiton oxnua e (X, G).

e To oyfipa A e (X, G) xaheiton toodivapo (ioo, duoo) ye to oyfua B e (X, G),
btoy undpyet petaoynuotiopos g € G tétoog wote g(A) = B. Tpdgouye t6te A ~ B.
Hpogavee ~ eivar oyéorn woduvapiag. Omndte ta oyhuata tne (X, G) ywetllovta o
ANAOELG LGODLYALAS LGOBUVIUWY GYNUATOY.

IMopadeiypata 2.2.2.

1. Y1n yeouetpia (X, Sx) onowdrnote oyfuota X1 xow 3o yior T onofor undpyet o 1-1 xon
eni anexovion [ X — Mg ebvan loodivoua.

Hpdyportt, enedr |X1| = |Xo undpyet 1-1 xou eni anewdvion g @ Xy \ X1 — Xy \ 2.
OpiCoupe F': X — X e

g(x), x €Yo\ X
Flx)=<¢ g '(z), v€X\2,
x, re X\ (3a\21)\ (21 Xg).

2. Anodeevietan 6T v xdde tptywvo T xoun yra xdde xOxho C tou R? undpyet opotopop-
popog h R? — R? vy tov onolov h(T) = C. Enouévee to tplywvo xat o xUxhog eivan
wodlvapa oyfuata o1 yewuetpla (R?, H), 6nou H elvon 1 ouddor Twv auTo0UOI0Rop@Lo-
uey tou R? .
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Avolholwteg pog yewpetplag.

O x0ptog 6ToY0C NG UEAETNS Wag YewpeTplag (X, G) eivor 0 TpoodlopIoUGS EXEVOY TWY
WOTATWY TOY GYNUATOY TNE Tou Slatneolvia ard Tig anexoviceg g : X — X yuaxdlde g € G.
Anhad, av xdnoto oyfua 3 €yet wa wiotnta P, tote xou 1o oyfipo g(X) éyet ty dibtnta P.

Evag yevinde oplonds g €vvolag g avolholmtng efvon o mopuxdte.

Optowodc 2.2.3. 'Eow 6t (X, G) eivar wa yeouetpia, S éva un xevé olvoro oynudtey g
(X, Q).

1. To abvoho S xadelton avarloiwto e (X, G), 6tav vy xdlde X € S xou yio xdde g € G
woylel 61 g(X) € S.

2. Mwareixoviona : § — Y, 6nou Y éva un xevéd olvoro xaheiton avaAloiwtn Tou ohvolou
S w¢ npoc my (X, G), dtay g(X) € S xon a(X) = a(g(X)), yra xdde ¥ € S xou yro xdde
geaqG.

2.3 Opdodeg petaocynuoticpoy tou R” xou
ol avtioTtolyeg yewuetpleg.

2.3.1 Oudda oopetpindv Tou R™.

Optopog 2.3.1. Mw anewévion F @ R" — R™ xaheiton oouetpior dtay
IF (@) — FO)| = lla—bll, ¥(a,b) € R™.
To cOvoho 6hwv Twv opetpldy Tou R™ cuufoliletou ye E(n).
Ta otoyeia tou E(n) xaholvta exione Euxleldeior uetaoy nutiouol.
Oewpnua 2.3.2. Kdle wouetpia tov R efvar 1-1 kar ert.

Ardoeiln. Av a # b, t61¢ la — b|| > 0. Erewdy
F()|| > 0. Apa, F(a) # F(b).
Arnodewvietar 6Tt yia xde woyetplon F i R™ — R™ undpyer opdoymviog n X n mivaxog C

F(a) — F(b)|| = ||a — b||, éreton 6Tt ||F (@) —

X a = : € R, o vote F(z) = CZ + a vy xde T = : e R™. "Apa, av
an T,
Y1
y=1 : e R", w6t y = F(z), 6mou 7 = C~1(y — a). O
Yn

Edxoha anodewvietar To Topaxdtew Oempenuad.

Ochpnua 2.3.3. To olroro wopetpidy E(n) tov R™ epodaouévo pe tnr mpdén odvdeons
areikovioewy efvar oudoa.

Optopog 2.3.4. To Ledyoc (R™, E(n)) xaheiton EuxAeldio yewuetolo tou R™.
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2.3.2 H avTipetadetixy opdda petagpopwy tou R™.

I'o xdde a € R™, 1 anewédwion T; : R™ — R nou opileton and tov tino T5(Z) = = + a
xahelton UeTaAPOEd xuTd BLEVUGUL G.

Ochpnpa 2.3.5. To gtvoro petapopsv T'(n) = {15 : a € R"} epodiaopévo pe tnr mpdén
ovvleons aneikovicewy efvar avtipetadetikn oudoa.

Arnéoaién. H ravtotue] anewovion idx = Ty : X — X elvar to oudétepo ototyeto g T xon
v xde 15, 1o avtiotpogo ototyelo elvon 1 uetagopd 1.
Ou oOvieon B0 petagopwy etvar yetagpopd. TTpdyuort,

(Tp o Ty)(P) = To(T3(P)) = Tu(P+b) =P +b+a=Ty.,.

Enedr) ot abvieon anewovicewy eivar tpocoteptotixt, (1; 0 Tj) o Tz = Ty o (T 0 T).
Entong Tz 0Ty = Ty g = Th 15 = T 0 1.

a

H avupetadetind| opddo (T'(n), o) xoheiton oudda yetagopmdy tou R™.

Eneidr, xde yetagopd etvon 1-1 xou enl, and tov optoyo e yewpetplag, to Lebyoc (R™, T'(n))
ebvon yewueTplo.
ITpbtaom 2.3.6. KdUe petagopd civar iwouetpia.

Anéoaén. 'Eoww T; : R™ — R yetagopd xotd ddvuoua a. Tote yio dnowdrnote 7,y € R™

1Ta(z) = Ta(@)|l = |(z + a) — (5 + a)l| = [l — gl

2.3.3 Opdda APLVLXWOY LETACY NUATICROY Tou R”,

YuuPoriloupe ye GL(n,R) v ouddo avTioTpéduwy n X n mvdxwy pe otovyela ond 1o R
UE TEAEN TOMMATAAGLOHO) TWY TUVIXWY.

Opiwowog 2.3.7. Agmixdg petaoynuatiounds tou R™ etvor o amewcovion f: R® — R™ nou
optleton wq e€hg
f(@) = Av +a,

6mou A € GL(n,R) xou a € R™.

To 6Uvoho GhwV TV aPIXGY UETATY UATIoNGY Tou R™ cuuBolileatt ye A(n).

Oewpnpa 2.3.8. To Letyos (R”, A(n)) efvar yewpetpia.
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Amndoaén. Edxoha armodeixvietar 6Tt xdle agvinds petaoynatiopog evon 1-1.
Oa detloupe 6Tl %de aPVIXGS UETACY NUATIONOS efvan entt.
‘Eotww f(v) = Av+a € A(n) xa 7' € R™.

T=At+a=70=A""-A"a=7 = f(A"0 - A "a).

H ouvieon agwixdv yetaoynuoatiopody f1(0) = AiT+a; xa fo(0) = AsT+as ebvan agpixde
UETUCY NUATIOUOG:

(fao f1)(0) = fo( f1(0)) = fo(A1T + @) = As(A1T 4+ @1) + G2 = (A2 A1)T + (Asay + @2)

Vétovtrag A = A Ay xaw a = Asay + Gz, madpvouye (f2 o f1)(0) = Av+ @, émou A € GL(n,R)
xat a € R™.

Ané ta napandve, av f(V) = Av+a € A(n), tote f1(0) = Av+ @, 6mou A’ = A7 xan
a = —A"'a. Apa, [~ € A(n).

Cuvende and tov oploud e Yewuetplag to Lebyoc (R, A(n)) eivor yeouetpio.

[
Optowode 2.3.9. To Ledyog (R™, A(n)) xodetton agivixr yewuetplo.
2.4 Aoxnoeig
1 =2 _ 4 , , : p
2.4.1. AvA= 5 g Jrea={ g ) Beedoly ot EXEVES JECO TOU APIVIXOY UETAC)T)-

watiopol f(0) = Av + a twv onueiwv: (0,0), (1,0), (0,1).
2.4.2. No anodeyytel 6Tt oL TapaxdTew UETACY NUUTIOUOL Ty, 17 ¢ R? — R? eivau apvicol xou Vo
Bpelel o agvixdg yetacynuatiopog t mou etvon 1 clvieon ¢y o ty:

tl(:p):(i :?)x+(_1) tQ(x):(j ?)aﬁ(_})

2.4.3. Abvovtou yetooynpatiopol tov R?*: f(z,y) = ( } ; ) ( jj ) + ( _;l );

(z,y) = -2 -1 x+1 hz,y) = —6 5 :r+2
IBY =\ g 4 y 3 ) H MY = 3 9 y 1)
(o) Na npoodoptotel ool and mopamdve petaoy nuatiopols etvor apixol.

(8) Na npoodopiotel av o petaoynuatiouss f o g efvan opvixoc.

2.4.4. Abveton o agvixde yetaoynuatiowoc t(z,y) = ( ;l 1 ) ( g ) + ( _? )

(o) Na Beedel 0 agvindg petacypatiouds avtioTpopog tou t.

(8) Na Bpedei n ewdva g eudelac € : 22+ 3y + 1 = 0 w¢ npog ToV L.
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Arndvinon:

N (41 (2
(oz)@swupsA—(Q 1>xoaa—<_1>.

Av ¥ =t(v) = Ab + a, t61e v = A~ — Ala. Bploxouye 6t
[ 1/2 —1)2 - (12 —1/2 2\ [ 3/2
A —(_1 9 xu A7 ra = 1 5 )= )
ey o (12 =120 3/2
Apoc,v—(_l 2)2}—(_4>.
Suvende fl(i—f) _ ( 1_/? —1/3 ) U — ( 3_/i ) ebvon 1 avtioTpogn Tng 1.
1, 1,

y = —2'+2y +4

(B) Tw o= (z,y) xu 0" = (2',y), and 10 vHOEPOTNUA () €yOuyeE:
3
2

Avtixahotodvtog o  xor y oty ediowon 2z + 3y + 1 = 0 naipvouue v ellowon:
—22" + 5y + 10 = 0. Apa, t(£) : =22 + 5y + 10 = 0.

2.4.5. No anodetyel 61 xdle petagoed T : R™ — R™ elvon agtvindg YeTtaoyNpotionos.
2.4.6. No dovel mapdderyua evog agvixol yetacynpatiopod T; : R™ — R™ mou va uny etvan
UETAUPORT.

2.4.7. Na dolel mapdderypa evog yeauuxol agixol yetacynuotiopol f: R™ — R™.

2.4.8. No doVef mapdderyua evog un Yeouuol agvixol uetaoynuatiopot f: R™ — R™.
2.4.9. No dolel mopddetyyo evog agvixol yetaoynuatiogol f: R — R™ tou dev efvon efvan
LoOUETELO.

2.4.10. No dodel mapdderypa wag ypauuxric anewxoviong f : R® — R™ nou dev elvan efvan
loopeTela.

2.4.11. No dovel mapdderypa urog woopetplag f: R™ — R™ mou dev elval ypauuiny| aneixovion.
2.4.12. No anodeydei 611 1) opddo uetagopdv (1'(n), o) eivor tobuoppixt ye v ouddo (R™, +).



Kegpdiaro 3
Agwvixr I'ewpetpla Tou R2.

YuuPoriloupe ye GL(2,R) tnv opdda avtioteéduuwy 2 x 2 mvdxwy ye otouyela and to R.

M areixévion f R? — R? xohelton aPVIXOC PeTaTYMUATIoON6S av undpyet A € GL(2,R)
xor @ € R? tétowr wote f(V) = Av + @ vy xdde v € R%

To 6UVOhO OALY TV AOIIXAOY PETACYTUOTIoNOY Tou R? cupPolileatt pe A(2).

To Lebyoc (R?, A(2)) xohelton apvixf yewpeTtpla.

3.1 Ocpeihwoeg Oesdpnua tne Aguwixnig I'ewpetploc.
Oedpnua 3.1.1. I'a orowdinote tpia un ovvevdeaaxd onueta P, Q ka1 R twov R? uvrdpye

povadikds agvikds petaoynuationds f: R* — R? nov araxorviler ta onueta (0,0), (1,0) xa
(0,1) ota un owevdaaxd onueia P = (xp,yp), Q = (g, yg) ka1t R = (xg,yr), avtiotowya.

Anédaén. 'Eow 6t f(v) = Av+a, 6mov A = < i Z ) XU @ = ( 7]; > Téte

() =roo=(2a) () () =00 )
() =rmo=(0a) (o)) = () G )= () (50)
() =ron=(2a) (3) () = ()« G)= () +(57)

— k=2xp, m=yp

SUVETOS
A= ( tQ = tp TRTLP ) xat a = (zp,yp).
Yo —Yyp Yr —YpP
Eredn P, Q, R etvon un ouveudeioxd det(A) # 0, dpo o A eivar avtiotpédiyoc. O]

Ynpelwon 3.1.2. AnodexvicTon 6Tl Yiol OL0LdYTOTE TEGOEPA U1 CUVETHTED ou avdl Tela U
ovuvewdetaxd onuela P, @, R xou S tou R3 UTLAQYEL LOVABIXOS OPIVIXOS UETACY NUTIOUOS [ Tou
R? mou anewxoviler o onueia (0,0,0), (1,0,0), (0,1,0) xou (0,0,1) ota onueta P, Q, R xou S,

avtioTotya.

Ocdpnua 3.1.3. (Ocuchidves Ocdpnua tng Apwins lewpetpiag.) Av P, Q, R ka1 P', Q' R’
efvar Tpiddes un ovvevdaardy onuelorv tov R?, tére vndpyer povadikds agivikds petaoynpa-

topds f: R? — R? ya wov onolov f(P) = P', f(Q) = Q' ka1 f(R) = R

15
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Arddaén. Aré to Yedpnua 3.1.1 undpyouy povadixol agvixofl petaoynuatiopol fi : R? — R?
xou fo : R? — R? yia Toug onolouc oY VEL OTL:

fi amewxovilel to onyeta (0,0), (1,0) xou (0,1) ota onuela P, @ xa R, avtictouyo.

fa amewoviler to onueia (0,0), (1,0) xa (0,1) oto onuela P, Q" xau R', avtictouya.

O agvixde yetaoynuatiopds f = fr o fit tou R? anewcoviler ta onuela P, @ xoa R ota
onueto P, Q' xou R/, avtiotorya. Ag unodéoouue 6Tl ¢ elvor Evog apvixdg UETACY NUATIOUOC
Tou R? nov anewoviler to onuelan P, Q xor R ot onuela P!, Q' xoau R/, avtiotoya. Téte o
AQIXOS PETACY NUATIOU6S g o f1 amexoviler to onpeta (0,0), (1,0) xou (0,1) ota onuela P, Q'
xou R, avtiotowyo. ‘Apa, go fi = fo, and 10 Oewdpnua 3.1.1. Xuvenog g = fo 0 fit=f O

Snueilwon 3.1.4. AV P,Q, R, S xou P',Q', R', S elvon 1eTpddec urn cuveninedwy xat avd tpla
un ouveudelaxwy onueiwy Tou R3, t61e UTIAQYEL LOVADIXOS AUPIVIXOG UETACY NUATIONOS [ Tou R3
v tov onolov f(P) =P, f(Q) =Q', f(R) =R xu f(5)=5".

3.2  AVAANOIOTEC APLVLXOY PLETACSYNUATIOUGY Tou R

Ocwpnua 3.2.1. Kdle apivikés petaoynuatiopds tov R? areikoviler evleleg oe evlele.

Arddaén. T O = (0,0) xou xdde onueio P € R? cupBoliloupe pe P o oLdvuoua OP.

Eotw f(0) = AU+ a évag apixds JETOOYNUATIOUIS TOU R? xon ¢ war eudela Tou dSLépyeTon
amé to onueto P xou efvon mopddhnin oto didvuopa ¢ € R?. Téte

(={McR*:M=P+A\j:\cR}

Enouévag
FOD) = A(P +Ag) +d= (AP +a) + Mg = f(P) + AMq.

Apa, f(£) eivon evdeio, Siepyduevn and 1o onueio f(P) xau mopdhhnhn oto ddvuopa Ag. O
ITopioua 3.2.2. Onoiecodnmote dUo evleies Tou emmédou elvar agwikd 1000Vvapes.

Andoaén. 'Eotww € xou €* 800 eudelec. Oewpolue (elyn dpopetinwy onueloy P,Q € € xo
P*Q* € ¢*. Botww S € R?\ (e Ue*). And 10 Oeddprua 3.1.3 undpyet povadixdc f € A(2)
toog wote f(P) = P*, f(Q) = QF xa f(S) = S. To odvoho f(e) eivon eudeia and o
Oewenua 3.2.1. Ernlone P* € f(e) xaw Q* € f(e). Apa, f(e) =e*.

[
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Oewepnua 3.2.3. Kdle agivikés petaoynpatiopds tov R? areixovilel rapdAAnAes evlefes oe
TapdAANAes evlefe.

Arddeén. 'Eotww f(0) = A + a évag aguixde petacyruoatiouos tou R?.
Ocwpotue (ebyog TupdhAniwy eulelwmy
b= {MeR?: MM = P, +1g: A € R}
lo={MeR?: M = Py+Aj: AR},

F(6) = {M €R?: M = [(P} + Mg : A € R}
F(6) = {M € R>: M = f(P)) + MAg: A € R}.
Ou evdeiec f(l1) xan f(l2) ebvon mopdhhnhes oo (Bo Bidvuoua Aq.

Av f(P) € f(ty), t6te P = f7Hf(P2) € f1(f(61)) = {1, mou etvar dromo. "Apa,
f(B) & f(th). Zuvenae f(G) || f(L). =

Oedpnua 3.2.4. Kdle agikds peraoynuationds tov R?* Swtnpel tov andd Adyo tpicdr
onueiwy pag evdeiag.

Anddein. 'Eotww f(0) = AU + € évag agixde peTacynuatiouds tou R2.
Ocwpolye Tpla onuela P, Q, M wog eudelag L.
Téte (PQM) = /o, émov a+ f =1 %o J\_/[> = a? —1—56.
Erouevag

F(aP +8Q) = aAP + BAQ +c =

= aAP + BAQ + (a+ o=
(@AP + ae) + (BAG + B6) = af(P) + BF().

F()

]

IMogwopa 3.2.5. Eotw du o agvikds petaoynuatopds f tov R? araxovile wa ovvevlaard
onueia P,Q, R ota onueta P',Q)', R ,avtiotoiya.
Av R etvar perald wwv P ka1 Q, téte R’ elvar petaéd wwrv P kar Q).
H ; H

Anédaén. Enedhy R etvon yetalld P xau Q umdpyouv Ap,Ag € [0,1] ye Ap + Ag = 1 xx
R = ApP+M\pQ. Encidn xdde agvindc yetacynuatiouds tou R? OLTneel ToV AmAd AOYO TEUDY
onueiov wog evdelag, énctar 611 f(R) = Apf(P)+ Ao f(Q). Buvende R’ = Ap P+ \oQ', 6mou
Ap,Ag € [0,1] ue Ap + Ao = 1. ‘Apa, R eivon yetollh P’ xon Q' ]

A
Opwouwog 3.2.6. Tpiywro ABC ye xopugéc ta un ouveudetaxd onuelor A, B xou C ebvan 1
évwor Twv evdiypaupwy Tunudtwy AB, BC xu CA

ITopiopa 3.2.7. Ornowadnmote 0vo tptywra e€vés emmédou eivar apvikd 10odvvapa.
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3.3 IlapdiAAniec mpoSolec.

Opwouog 3.3.1. 'Eow o6t II; xau IIy ebvan 800 enineda tou yopou xa A efvon piar Séoun
TOEIA ALY eudeldy Tou TEUvouy xa ta dvo enimedo I1; xan Ils.

Anb xdde P € II; Siépyeton yovadixy| evdeia £p € A. To onuelo P’ = £p N1y eivon 1
TapdAANAY TeoPol tou P oto Il mou opiletar and v 6éoun A. H anewédwvion p : 1I; — Il
Tou yio Ty onofa p(P) = P xohetton nopdhhnin neoBorn tou II; oto I,

Edxora arodewxvistor 6T

o H mopddinin npofort| ebvon 1-1 xou ext.

o H avtlotpogn ameixdéwvion woag mopddining meoforrc p @ I — Ily ebvon mopdhhnin
npoPohf, p ! Iy — I14.
o Av ILy || I, téte n mapdhhnhn npofoly| p : 1Ty — 1y efvan wodpetpio.
Oecwpnpa 3.3.2. Kdle tapdAAnAn mpoPokn) elvar agivikés petaoynuatiopos
Améoaién. 'Eotw 6t oto xoéva and to eninedo I1; xan Il diveton amd éva opdoxavovind obotn-
uat ouvtetaypévey Ozy xou O'z'y’. Téte oty mopdhhnhn tpoBorr p : II; — Iy avtiotouyet
arewévion) f, : R? — R? ou opileton we e&fc:
av (z,y) = P oto Ozy, p(P) = P' xou P' = (2',y') oto O'2'y, wote f,(x,y) = (', y).
Av f,(0) = O, tote f, elvar ypauuxt| xat, enogévee, utdpyet 2 x 2 nivoxac A tétotog
oote f,(0) = AU yia xéde v € R2. Erewdr p etvar avtioteédiuog, o A avtiotpédipog. mivaxag.
Av f,(0) = a, tote undpyel avuoteédipog 2 x 2 nivaxag A tétolog wote f,(v) = Av +a
v xdde v € R2. O

Ynpelwon 3.3.3. 'Evac agvindc UETACY NUATIOUOS UTopel VoL Uny avTloTolyel o€ TopdAANAT
mpoPolt. [ mopdderypa, f(0) = 20, v € R2, etvou APNVIXOG UETACY NUATIONOS, Apo) UTOpREL

va ypagel oe popgt| f(v) = Av+a yio A= ( (2) g > xor a = (0,0). H f Sev uropel va eiva

TOEEAANAT TPOBOAY| TUpdAANA®Y ETITEDWY, TOU Elvar looueTplo, 00TE EMTEDWY TOU TEUVOVTOL
xatd evdeio oL amocTAGES YETALY TwV OTuEinY NS omolug dtatneolvTon UE TapdhAnin TEoBoAY.

Oewpnua 3.3.4. Kdle apvikis petaoynuatiojds eivar ovveon 6to napdAAniwy mpofoddv.

Anddein. 'Eotw 61t o agxde yetooynuatiopds f: R? — R? aneoviler ta onuela (0,0),
(1,0) xon (0,1) oto pn ouveudetoxd onueio P, @ xou R, avtiotoya. ‘Eotw Il evar to
eninedo Twv onuelwy P, Q, R. Oua opicouye 000 exinedo I} xon IT xou mopddinies mpoBohéc
I, 25 1T 2510, étol dote propr = f.

‘Eotww ot II; ebvar eninedo ye oploxavovixa cUCTARATE GUVTETAYUEVWY 077 wou I efvan
eninedo tétow wote O = P € II, @ € II xau 1o Q1 = (1,0) wou II; va unv avixer oto 1L
H nopdhhnin meofoly| py @ II; — 1T opileton and to Sdvuopa QCQq. Téte pi(0,1) =T € 1L
‘Eotw py : II — 1y napdhinkn npoPoir mou optletar and to didvuoua T'R. Téte po(T) = R.

[ty p = poopy woyler 61 p(0,0) = P, p(1,0) = Q xu p(0,1) = R. Enedn p wg obvieon
APIVIXWY JETACY NUATIOUOV EVOL APIVIXOS UETACYNHATIONOS, antd To Ocuchi®des Ocwpnua tng
At Tewpetplag énetan 6Tt p = f. Anhady| f ebvar oOvideon 500 tapdhhnhwy TEOBOAGY Py
XalL Pa.

]
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3.4 Aoxvoeig

3.4.1. No Peevel 0 a@ixdg UETACYNUATIONOS ¢ - R? — R? nou anewoviler to ornueia
(0,0), (1,0) xou (0,1) ot onueto P = (1,-2), Q = (2,1) xau R = (—3,5), avtictorya.
3.4.2. Na Beelel o agvixde petooynuatiopos f: R? — R? nou anexovilel ta ornueio
(0,0), (1,0) xou (0,1) ot onueto P = (2,3), @ = (1,6) xou R = (3, —1), avtictorya.
3.4.3. Na Beevel 0 agvixdg peTaoynuaTIonos h - R? — R? nou amewoviler ta ornueto
(2,3), (1,6) xou (3,—1) ot onueio (1, —2), (2,1) xu (—3,5), avtictolya.
Andvinon: Eow f o agvixde yetooynuatiogdc mou anewxoviler T onueio (0,0), (1,0)
xou (0,1) ota onuela P = (2,3), @ = (1,6) xau R' = (3,—1), avtioctoiya. Eotw enlorne
g 0 apwixde yetaoynuotiopds mou amewoviler to onueia (0,0), (1,0) xou (0,1) ot onueio
P=(1,-2),Q=(2,1) xu R = (—3,5), avtiotorya. Téte h=go f~1.

Av f(Z) = Az +a xou g(Z) = Bx + b, t6te f71(z) = A1z — A7a xa

hz)=B(A 't —A'a)+b=BA 'z — BA 'a+b.

3.4.4. No SBpevel 0 apuvindg petaoynuatiopos mou amexoviCet tny evdeloa e 1 3o +2y+4 =0
Tou R? oty evdela 2 = 0.

3.4.5. Na Peeldel 0 agixdg yetaoynuationds tou anetxovilel tny unegBolt 2 —yt=1 oTny

utepPBolf Y = =

3.4.6. No anodetyVel 6Tt omolecdnoTte 800 UTEPBONES Efval AQVIXE LGODUVAUES.
3.4.7. No anodetydel 61t onolecdrimote 0o elheldelg etvon agvixd LoodUVaUES.
3.4.8. No anodetyVel 6Tt 0T0LEGONTOTE U0 TapUB0AES elvol aPtvixd tGOBUVOUES.

3.4.9. 'Eotw f apwixdc Yetaoynpatiogds tou areixoviCel to ouveudetaxd onuela P, @, R xo
S ota cuveulelaxd onueion P, @', R xou S’, avtiotorya. Na anoderydoly 6Tt

PQ B P/Q/
RS RS
Anhadh, x40e aPivinog HETAOY NUATIONOS BtaTneel TOV AOYO TwV UNx®y Twv evielypouuwy Tun-
HATWY %At Wixog wog eudeiog.

Andvtnon: Encadr onuela P, Q, R xou S eivon cuveudetoxd, énetan 611 umdpyouy A, 1 € R

UE
@:)\Cﬁxw@:uﬁ.
‘Ouwe xdie aginds UETAGY NUATIOUOS BLUTNPEEL TO ATAO AOYO GNUEIWY, ETOUEVLS
PQ = \QR xu QR =uR'S".
Suvents PQ PQQR A PQ
N, p— = |—| = .
SRS T QRRS |u| RS

3.4.10. Eotw 6Tt 0 agtvixdg YETACY NUATIONOS [ R? — R? nou anexovilel T un cuveudetond

onueta P, @, R ota onuela P, @', R, avtiotorya. Na anoderydel 61t o f onewovilel 1o
A A

€6WTERIXO TOu Tpyovou PQR eni tou ecntepnol tou tprydvou P'Q'R’.
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A
Ardvinomn: Eva onueio M € R? clvar avhxel 010 EowTERXO Tou Totywvou PQR ov %ot
P P

UOVOV av xot UOvov av uTdpyouy Ap, Ag, Ar € (0,1) ye Ap + A\g + Ag = 1 yia T onola

M = ApP + \oQ + ArR.

_ A
‘Eotw f(v) = Av +b. Av M ovixel 610 eowtepixd tou terydvou PQR, tH1e

F(M) = fOApP+AoQ + ArR) =
= A((ApP + XoQ + AgR) + b
= Ap(AP) 4+ Mo(AQ) + Ar(AR) + (Ap + Ag + Ar)b
= Ap(AP +b) + \o(AQ +b) + A\g(AR +b) =
= ApP + 20Q" + \gR'

Eredf Ap, Ag, Ar € (0,1) ye Ap+ Ao+ Ar =1, f(M) aviixer 610 E00TERIXG TOU TRIYDOVOU

A A A
P'Q'R. "Apa, n f anewovilel 1o eowtepind tou PQR o670 ecwtepind tou P'Q'R'.
A
‘Opota amodewvieTon 6T 1) f1 amewxcovilet to eowtepind Tou P'Q'R' 610 comtepnd Tou

A A
PQR. Apa, o f anewovilel 10 e6mTepnd TOU Toty®vou PQR entl ToU €0WTERIXOU TOU TPLYOYOU

AN
P'Q'R



Kegpdiaio 4

EuxAeideia N'ewpetplo Tou R2.

4.1 Opwopoc tne Euxeldeiac Newpetpioc Touv R

To Lebyoc (R?, E(2)), 6mou E(2) etvar 1) oudda twv toopetoidyv tou R?, xadeiton Buxheldero
vewpetpia tou R? (Euxdeideto eninedo).

4.1.1 Opdda neprotpogpmv Tou R? yipw and éva onueio.

H repiotpogrj evog mpocavatohouévou emmedou I xatd ywvia 6 yipw and to onuelo P € 11
elval 1) AUTOATEIXGVIOY, Tou emimidou mou o€ xde onuelo M € II avtiotowyel M’ € II yu 1o

— =
onoto |PM| = |PM’| xou ot ywvio ond v nuevdeio [PM) mpoc v [PM') etvou 6.

Y

IMpdtaon 4.1.1. To ovvoko R(P) dAwv twv Tepiotpogiy €vo§ TpooavatoAloévou €mmédou
IT yUpw and omowdnmote onueio P epodiaciiévo ue tny tpdén odvieons twy aneikovioewy eivar
avupetatienkn) opdda. Enopuévwg (11, R(P)) elvar yewpetpla ya kdfe P e 11

Amnéoaién. BOewpolye €va ToAxd cloTNUa cuvTeTayUévewy oto eninedo 1T ye apyr to onueio P.
Av R} elvan mepiotpogf, yipw and to P xatd yovia 0, tote n RS arewxovilet 1o M = (r, ¢)
oto RE(M) = (r,¢ +0).

1. RY etvon 1-1 xon exl.

2. H avtiotpogn tnc Ry ebvou n RE,
3. R o RE = R,

4. Rj o R} =R} ., = Rj o R}

YUVETWE TO GUVORO OAWY TWV TEQIGTROPWY Efvan oudda. O

21
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Ynueiwon 4.1.2. lopatnpoupe 6t v xdde ¢ € R undpyer povadixd b, € (—m, 7] yio 1o
onolo ¢ = 0O, + 2nm, 6Tou n € Z. llpogavig Rf; = Ré’;. YUVETWC T0 UVOAO OAWVY TwV
TEPLOTPOPMY YUpw ond To P elvon o olvoho R(P) ={R} : 0 € (—m, 7]}

‘Eotw II éva enlnedo pe éva opHoxavovind clotrnua cuvietaypévwy Ozy. Tote undpyet éva
Teog éva xou ent avtiototybo @ : 1T «— R? nou oc xdde ornuelo P Ttou emmédou avtiotolyel Tig
OUVTETAYPEVES TOU (Zp, 1))

Ye x&de amexovion f: 1T — IT avuiotoyet n anexdvion fr: R? — R* pe fy =io foi ™t
H avtiotowyio auth petald twv autoaneovicewy tou I xau tou R? eivan APPULOVOCTUAVTY).
‘Etot avtl vo phdage yior Ty TEQLGTROQT TOU EMUTEDOU, UTOPOUPE VoL AGUE YLoL TNV TEQIGTROYN
Tou R

IMebtaoyn 4.1.3. H repwotpopri Rop : R? — R? wouv R? yYpw and ty apxn twv advwr
O = (0,0) kata tn ywria 0 € (—m, 71| opiletar and tov tino:

Roo(x,y) = (COSQ _Si“9> ( v ) 6c (—m

sinf  cosf Y
Arddaén. Eow M = (z,y) € R% Tote

T = rcosfy

= rsinfy,,

6mou r = |OM| xou Op M yovia and tov Oz npog tnv [OM )-nuevieia.
Av Roy(x,y) = (2',y), t61€

! rcos(Oy 4+ 0) = rcosbpcosf — rsinfysinf = xcosf — ysind

! rsin(fy + 0) = rsinfy cosd + rcos by sinf = rsinf + ycos b

/ z cosf —sinf x
Ap(x, ROQ(L?J)(M) = ( Y ) - (sin@ cos 6 ) ( Y ) ' -

Ieétaocy 4.1.4. H oudoa R(O) wwr mepiotpopdv ylpw ané to O = (0,0) katd ) ywria
0 € (—m,m| eivar 1wopopgiknj pe tny avtupetatenxri oudda SO(2,R) opfoydriwr mvikwy e
opilovoa 1.
a —b
b
(—m, 7] pe @ = cos By xou b =sinf,.

OpiZoupe 1-1 xou eni anewdvion e h : SO(2,R) — R(O) pe h(A) = Rf,. Av A,B €
SO(2,R), t61e

h(AB)=h cosfly —sinfy)\ (cosfp —sinfp _p cos(0a +0p) —sin(fa+05)\\
= sinf, cosfy ) \sinfg cosbp o sin(fa +05)  cos(fa + 0g) —

= Rf. .9, = Rog, o Rog, = h(A) o h(B).

Amdoaén. 'Eow A = € SO(2,R). Enewdf a® +b* = 1, undpyer povadixd 04 €

"Apa, h etvar 1loogop@Lou6S. O
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Ilpbtaon 4.1.5. KdUe ntepiotpopr) ylpw andé éva onpeio efval woouetpia.

Anéodaén. 'Eotww Rog nepotpogt yipw and 1o O = (0,0).
Dot o onuelo @ = (Ta, ya) xou 0 = (25, y5) Tou R? €youue

Rog(u) = (xgco80 — yzsinb, xysinb + yg cosh)
Roy(v) = (xg5cos0 — yzsinb, xysin b + y; cos )

Eropévec

|| Rog(@), Rog(0)|| = \/((xﬁ — ) cosf — (yz — yz) sin 9)2 + ((za — 25) sin 0 + (yz — ys) cos 6’)2
=V (wa — )% + (ya — v2)? = [la — 7.

‘Apa, Ry etvan toopeTplo.

‘Eotw 6t P efvan éva onueio tou emnédou dupopetind and v apyrh O = (0,0) xou Tp etvor
1 petapopd oto R? xatd Sidviopa O? = P. Téte 7 repotpowt| Ry(P) yipw and 10 P xatd
Yovia 0 TapotdveTar we ohvdeon wopetpidv: R = TgoRyoT 3. ]

4.1.2 Avoxidosic tou R? wc Teog Wi evVeia €.

H avdrAaon wc mpoc pa eudeta € Tou R? ebvon i amexdvion a. : R? — R? mou xdde orueio
A € R? avuisotyel 10 ouppeTpx6 10U a-(A) we tpog v &.

Kdée avixiroon a. wg mpog wa eudeto € ebvon 1-1 xon ent petacynuationos tou R? xot
aZl = a..

Or avaxhdoelg wg mpog pio eudela € eV anoTehoOY oudda, ool 1 cUVIEST) BUO aVUXAACEWY
elvoll TOUTOTIXY) ATEXOVIGT), 1) oTofol BeV efvar BeV elvarl avaxAaoT).

YuuPoiiloupe pe g v evdeia mou BiépyeTar amd TNV apyh TV aloVewy xon oynuatiCer

™ T

yovia 6 € (=3, F] ve tov detxéd nudova Ox. Me Rey cupPoliloupe v avdxiacy Tou R?

WS TEOG TNV Eg.

€o

Ynpelwoeig 4.1.6.

1. H avéxhaon wg npog tov dCova Ox opiCeton and tny oyéon

rae = (2 )= (5 %) (3)
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2. H avdochaon wg mpog Ty eudela g9 mou Siépyeton amd TNy apy | Twv afovwy o oynuatiCer

us

yovia 0 € (=3, 5] ue tov detixd nud€ova Oz oplletar and v oyéon

2
cos260  sin 26 x
Reg(2,y) = (Sin 20 — cos 20) ( Y ) '

Hpdryuatt, Rey = Rog o Reg o Ro_g. Enoyévec
~ [cosf —sinf) (1 0 cos(—0) —sin(—0) x\
Reo(w,y) = (Siﬂ@ cos ) (0 —1) (sin(—g) cos(—0) y |
_ [cos20 sin20 x
~ \sin20 —cos26 Y
3. Trdpyer wa 1-1 avuotoryio yetadd twv avoxhdoewv Rey, 0 € (—%, g], W¢ TEOS TIC
’ 7 7 7 , , a b
eudelec mou Bépyoviar and v apyh (0,0) xou TV TVdX®Y TG LopPhC <b —a> e
a? 4+ b* =1 (and 10 Oeddprua 1.3.5).
4. To 6voho twv neptotpogoy Tou R? yipw ané 10 (0,0) xatd ywvia 6 € (—m, 7] xou tov

avoxhdoewv o tpog evdeiec nou Siépyovta and to (0, 0) e tpdén ovvieong anexovicewy
efvan ouddo lobuopixy| ue Ty oudda O(2, R) 6hev TV 0p0yOVIOV TIVEXWY TWY HOPPWY

(Z _ab) 1 (Z _ba), 6mou a?® + b2 = 1.

IIpbtaon 4.1.7. KdUe avdxAaon tov R? efvai wopetpia.

Arddeaén. 'Eotw Reg(z,y) : R? = R? avdodaon o npoc tov dZova Ox.
D onpelor @ = (24, yu) xot 0= (24, y) T0U R? €youye

Reg(u) = (Tu, —Yu)
R€0<7_}) = (xvy_yv)

Eropévec

[|1Reo(@) — Reo(0)|| = v/ (wu — 20)? + (=4 + 90)? = V(@0 — 2)* + (yu — 9)* = |Ja — 0.

‘Apa, Rey eivon 1oouetplo.

‘Eotw 6t ¢ : y = ar + b ebvar o evdela tou R? dapopeTix?y and tov dfova Oz xou
0 € (—g, g) ue tand = a. Tote 1 avddhaon a. wg Tpog Ty € TOUPLOTAVET WG GUVUEDT)
looUeTEIOY ¢ e€hc: a. = T 0 Rog o Reg o Ro_g o T3, émou b = (0, ).

‘Eotw otte : x = b. Tote 1 avdnhaom a. we mpog TNV € TUPLOTAVETAL WS GUVUEST) LOOUETELAOY
w¢ e€hc: a. = Ty 0 Rox o Rego Ro_x o T 5, 67ou b = (b,0).

Yuverwg, xde avdxiaor wg tpog eulela efvon toueTpla wg ohvieoT) IGOUETELOY. O
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4.2 Iocopetpiec Tou R?.

Oewpnpa 4.2.1. Kde wouetpia T : R?* — R? nov agriver otadepny tnv apxn twv aédvwr
(T(0) = 0) éyer tig axddovdeg 1616TnTes:

1. || T(@)| = |lall, y1a kdOe a € R
2. T(a) - T(b) = a-b, yia kdde a,b € R* (T agiva avaldoiwto 10 €0wTepikd ywilevo).
3. T etvar ypappukn areikovion.

Arnddaén. 1. Tw 0= (0,0) noipvouye
IT(@)| = ||T(a) - 0| = [|T(a) — T(0)|| = [|la — 0| = [|a]l-
2. 'Boww a,b € R%. Téte
la —oll* = llall* + [[olI* —2a- b
IT(a) = T®)|1> = IT(a)|]* + |T()||* — 2T(a) - T(b)

Enewh T eivon wopetpla, || T(a) — T(D)|| = |la — b|.

Ano v Widtnta 1, mou anodeiluye || T'(a)|| = ||a|| xou |7 (b)|| = ||b]|.
‘Apa, T(a) - T(b) = a - b.

3. 'Botw a,b € R? xoau A € R. Téte amd Tic 1©0t0TNTES 1 %00 2 Tou amodelaue TEoXUTTEL OTL:
IT(Aa)=AT@)|I* = |T(Aa)||*+X*|T(@)[|* 22T (Aa)-T'(a) = |[Aal]*+)*[|a]|*~2 X a-a = 0.
Apa, T'(Aa) = N\T'(a).

Eniong

IT(a+0)—(T(@)+TO)|* = |T(a+b)|*~2T (a+b)-T(a) 2T (a+b)- T(b)+|T(a)+T(b) |*

Ané tic wiotnTES 1 %on 2 Tou amodeiloye mpoxnTEL OTL:
IT@+0)|1* = lla+ 0ol = llal* + 2a - b+ |||,
T(a+0b)-T(a)= (a+b) -a=|al*+a-b,
T(@a+0b)-T(b)=(a+0b) -b=|b||*>+a-b,
I7@) +T®)* = 1T(@] + 17O + 27 (@) - T(b) = [|a]|* + ||b]]* + 2a - b.
Ané o mopardve ||T(a +b) — (T(a) + T(b))||> = 0. Apa, T(a +b) = (T(a) + T(b)).

Yuvenwg T' elvor Ypouulxr ameixovior).
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Oewenua 4.2.2. Ia kde ypappuxi) wouetpia T : R? — R? vrdpyer opfoywvios mivakag
C= ( ar ) via tov orofov T'(v) = Cv yia kdde v € R%.

C21 C22
Anéoaén. Oétouue €1 = (1,0) xaw e; = (0, 1).
Enedf {€1, e} ebvon Béon tou R?, éyoupe
T(él> = (1161 + C91€9 (41)
T(ég) = (12€] + Co9€5.
'Eotw 0 = (2,y) € R? xu T(0) = 2'€; + y'e;. Eneidf T efvon ypapuxs,
T() = T(eer +ye) = 2T(er) +yT(es) = (4.2)
z(cnier + ca182) + y(c12€1 + ca282) =

= (Z’CH -+ yClg)él + (LUCQl + yCQQ)éQ

Eropévec
"= wen +yer (4.3)
"= mear + yea
Ci1 Ci12 ' x . _ _
[Noa C = ot (4.3) ypoapovtat =C , toodOvoua T'(v) = Co.
(021 022> (4:3) veory <?J,> (y) pa T10)

Enopévec T(0) =C -0 = I Yo v ooyetpia T

Amo to Oewpnua 4.2.1 éncton 6T ||T(€1)|| = ||ex], | T(e2)|| = ||ez]| xou T'(€1)-T'(€2) = €;-és.

Apa, ¢}y + 31 =1, ¢y + 3y = 1 xau 11012 + c21020 = 0. Anhadh o C etvar opoydvioc.
O

Oewpnua 4.2.3. INa kdle wopetpia T : R? — R? vndpyet optoyaviog 2 x 2 nivakas C' kai
a € R? téroa cote T(v) = Cv + a ya kdde v € R?.

Arddaén. 'Eotww T : R? — R? wa wwopeTpla.

Av T(0) = 0, t6te T ctvou Yoouuxy| wouetplo. Emouéveg undpyet optloywviog nivaxag C
v Tov onolov T(0) = Cv v xdde v € R2.

Av T(0) = a # 0, t6te 1 anewxdvion S(v) = T(v) — a vy x8de v € R? elvon toopetpio yuo
NV ornola

S0)=T0)—a=a—a=0.

‘Apa, S etvan ypauuixy| woopetpio. Enopéveg S(v) = Cv, érou C opdoydviog Tivaxag.

‘Apa, T(0) = S(0) +a = Cv+ a yw xdde v € R O

ITopiopa 4.2.4. Kdle 1oouetpia eivar agvikds petaoynuatiopss.

ITépropa 4.2.5. Kdle wouetpia opiletar povoonuarta and ts eixéves A, B', C' tpiddv un
ovvevlaaxwy onueiwr A, B, C.

IMopiopa 4.2.6. To otvodo dAwv twr wouetpicr tov R? mov agrivour otadepry Ty apxn
(0,0) pe v mpdén ovvieons aneikovicewy eivar opdda 10OUOPPIKT € TNY TOAAATARUIAOTIKT
opdoa wwr opoydrwr mvdkwr O(2,R).
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Oewepnua 4.2.7. Kde wopetpia evés emmédoov umoper va napactalel ws ovvieon kdmoiwy
ard TS mapakdtw 10opeTPleS : petagopd, avdkdaon ws mpos tov Ox kar mepotpopny yipw amd

™Y apyn.

Arédaén. 'Eotww T : R? — R? wa woyetplo.
Téte undpyer opoyoviog 2 X 2 wivaxag C' xar a € R?, tétow dote T(v) = Cv + a y
x4 v € R?.
Enopévwe T'(v) = S(v) + a, 6mou S(v) = Co.
cosf —sin 9) , <cos€ sin @

sinf  cosf sinff — cos 9)’ 6ou 0 € (—m, ).

O C éyer ylo and T pop@ég (

_ (cosf —sind AVTIOTOLYEL GTNV TEPIOTEOGT YUEW ATO TNV Ay xatd ywvio 6
~ \sinf cosé X Ny TEPIOTROPT) YUP ny oy Y .

C— cosf sinf _ cos) —sinf 1 0 , oo
sind — cosd sind  cosf 0 _1 ) vmotoyEl oty avdxhaon wg Tpog
Tov Oz mou axolovdeiton amd TNV TEQIGTEOY| xotal T Ywvia 6 yiow and tny apy.
‘Apa, S avuotoyel i 6Ty TEQIOTEOPY| 1 0T1) GUVIESY) AVAXAACTC XL TEQIGTROYTHC.
Enopévwg T' = S + a ebvar oOvldeon xdmowwy amd T¢ Tapaxdte WGOPETRIES: UETAPOQd,
avéxhaoT we Teog Tov O %ot TEPLoTEOPT| YHPW ). O

Snpeiwon 4.2.8. To cowtepind YvOUEVo 10V a@ = (ai, ..., a,),b = (by,...,b,) € R" eivao o
aptdude a - b=ab; + ... + a,b,.

‘Onwe xor oty nepintwon tou R?, anodewxvieton ot 1o Oewphuota 4.2.1, 4.2.2 xo 4.2.3
oy bouvy xou oto R™.
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4.3  AvailolwTteg EUXAEIBELWY UETATY NUATICUO V.

Enelor] xdue euxheldelog YeTaoynuotionos etvan toouetplo, and tov oploud g teouetplug
TEOXOTTEL OTL

Kde euxdeldetog yetaoynuatiowoc:

o Oratnpel Tor UAxn TV euliYPUUUGY TUNUATOY.

® dlTnpel TIC ATOCTACELS.

Eneldr) xdile euxheldelog yetaoynuationoc elvon ohvieon TEpIoTpopng, avixhaong Xt JETAPORIS,
XU ETELDT OL TEPLOTPOPES, Ol AVUXAAGELS XAl Ol UETAPORES DLATNEOUY TIC YWVIES, TPOXUTTEL OTL

Kdéie euxheidetog yetaoynuationos
o drotnpel TIC YwViE UETAED TwVY eulel®y.

Eneor] xdie euxheldelog petacynpatiopos ebvor agvixds, oL avaAlolmTeS TWY APVIX®Y
UETAOY NUATIOUGY €lvot avodholmTeg Twv EUXAEDEIY YeTaoy NuaTIon®Y. Enouéveg

Kde euxheidetog yetaoynuotionods

e anewxovilel evdelec oe gudeleg,

o anewovilel topdhhnhes euleieg oe mapdAinieg eudeieg,

o OtaTnpel ToV AmAd AOYO TV TELOY GUVELVELIX®Y OTUElwY.
Arnodewvietar enfong ot

Kde euxheidetoc yetaoynuotionoc

otatneet Tov PBadud Tou Tohhwviuou.

amecoviler wa EMhewdn oe ENhewdn ue Ty (Bl exxevipdTn T

ametxcovilel wo utepPoly) o uTEEBOLY| UE TNV (Blal EXXEVTEOTNTA.

amewoviCel wa mopaBohn oe TaupaBohr Ue TNV (Do E0TIAXY| TUPAUETPO.
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4.4 Mepwxd Ocswprjpata Euxieldeiag eminedoustplog.

Ocshpnua 4.4.1. (Mevélaos) Eorw NABC éva tpiywro.
Av a evleia ¢ mov dev mepiéyer kapd kopugn tou tptydvov téuver ts evdeles (AB), (BC)
kar (C'A) owa onueia C', A" ka1 B, avtiotorya, téte
AC" BA" CB
C'B AC BA
Avtiotpoga, av wyvea n oxéon (4.4), téve wa onueia A', B',C" eivar ovvevleaakd.
Anéoaén. Anéd ta onueio A, B', C" névw otic mhevpée tou AABC Bploxoviar 800 1 xavéva.
A¢ unovéooupe 611 A’ xou C” Beploxovta tdvew otig theugéc tou AABC.
[TpofBdnrovtac ¢ xopugéc A, B,C otnyv evlela £, malpvouye Tic oploymvie mpoBohéc
X, Y, Z, avtictorya. 'Eotew ~ cuyorilel Ty ouotdtnta twv Torydvewy. Tote

~1 (4.4)

—
ACT XA

!/ ~ / _ 4
BA”  BY

NA'BY ~ NA'CZ = — = —— 4.6

AC 02 9
CB’ cz

'CZ ~ AB' 2z AT

Holamhaotdlovtag Tic mapandve oyéoels, nafpvoude vy (4.4).

A C B’

H oyéon (4.4) anodewvietar opota av 1 £ Téuvel xon TIC TEEIC TAEURES OTIC TRPOEXTACELS

TOUC.
Avtiotpoga, éotw 6Tt toylel i (4.4). Ac unodéooupe 6t 1) eudela £ = (A'B’) téuvel tny
(AB) oo anpeio C”. Téte and 1o eudd Tou Jewpripatog mou anodeiaue npoxinTeL HTL

14 1 )
AC _BA_C'B:_l (4.8)
C'B AC BA
Ano g (4.4) xou (4.8) mpoxinter 6t
ACT AT
e
"B C'B

Eneid?| o anhdc Aoyoc (ABM) npoadiopilet yovoohuavia to onueio M, npoxinter 61t €' = C”.

‘Apa, 1o onpela A', B', C" elvan ouveudeixd.
]
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Ochpnua 4.4.2. (Ceva)Eotw éu AABC eivar éva tplywrvo kar ta onueia A', B' ka1 C',
dapopetikd and TS kopvpés avnrovr otig evleleg BC, CA ka1 AB, avtiotopa. Or evBeleg
(AA"), (BB') ka1 (CC") téprovzar e éva onpeto av ka1 pévov av

AC" BA CB
C'B AC BA
Anéoaén. (=) Eow 6t ot euBeleg (AA'), (BB') xa (CC") téuvovtar oto orneio T
[Téve otic mhevpée tou AABC Peloxovta 1y xou tor tpior o onueia A', B/, C" | # t0 éva and
o Tl ‘Eotw 6t xon T tpio onuela \A’, B’\7 C" avfixouy GTIC TAEUPES TOU TRLYWVOU.
AC" BA" CB'
Tote xon ot tpeig amhol Adyol , , elvar Yetixol.
/B / /A
Amo to A gépvoiye woewdeia £ || (BC). Eow 6t fN(BB') = {Y} xou (N (CC") = {Z}.
And v ouloThTA TRV TEYOVWY TaioYouuEe

1. (4.9)

BA" TA
! —
ATAY ATBA — W = TA (4.10)
AC TA
! —
NTAZ ATCA — 7 = TA (4.11)
A A Y
/
T
B A C
BA" AY
Ano ug (4.10) xon (4.11) mpoxintel bt 0 = Az Enoyévwe
—
BA"  BA" AY 419
e AC T AZ (4.12)
‘Eyouye enlong and v opldTnTal TwV TRIYOVOYV:
AT AZ
CB  BC
ABYA ~ ABB = — 4.14
C = —= =y (4.14)

‘Anéd e (4.12), (4.13) xou (4.14) madpvoupe v (4.9).
Avtiotpoga, €ote 6Tt oylet 1 oyéon (4.9). Eotww 61t AA'NBB =T xou (CT)N(AB) =

Lo . AC" BA" CB Adh Al .
C". Téte onwe anodetloue . . s = 1. Enoyévec — = —. ‘Apa, ¢' = C".
"B A'C BA C"B (OB

Yuvende ot euBeiec (AA'), (BB') xou (CC”) tépvovtau oto T
H onédeilrn oty nepintwon tou A, B, C7 8ev avixouv xon To Tploe 0TI TAEURES TOU
Ty Wvou ebvan duoLa. O
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Ochpnua 4.4.3. (Illdnov) Eoww éu P, QQ ka1 R eivar onueta jag evietas kar P, Q' ka1 R’
etvar onpela ag dAAng evdeias. Av QP N Q'P = {X}, QR N RQ' ={Z} kaa PR'NRP' =

{Y'}, tdre ta onueta X, Y ka1 Z etvar ovvevleiakd.

Andoaén. Eetdlovye 3 mepint®oelg

1

'Q) I (RQ'). Egogudloviac 5 popéc 1o demprnua tou Mevélaou oto tplywvo ABC,

oV

(
A=(PQ)N(RP), B=(PQN(YR), C=(QR)N(RP)

xou 0Tig 5 eulelc Tou oY APATOS TOU BEV BLEPYOVTAL amd TIC X0pUPES Tou Tpryhvou ABC:

(QR), (P'R), (Q'P), (PQ), (P'Q)

mafpvoue, avtioTorya:

=l

AQ BZ

= — (4.15)
AP BE
PE RC
AX BQ
XB QC PA
@ﬁ@ = —1 (4.18)
OB RC PA

AP'" BQ' CFR
PB.QG.RA

o)
1132

= -1 (4.16)

~
P

<l

|

(4.17)

= —1 (4.19)
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Avtiotpégovtag tic (4.18) xou (4.19) nofpvoupe

Q@_l@.ﬁ:_l P’B.Q’(}.R’A:_l (520)
A0 BE CP " AP BQ CR ' '

Holamhaotdlovtac tig (4.15), (4.16), (4.17) xou(4.20) taipvouye

AX BZ CY
XB 70 YA

"Apa, and o Yewpnua tou Mevéhaou, X, Y, Z ebvar cuveudeixd.

—1.

. (P'Q) || (RQ') xau (Q'P) |} (RQ). Egpapudlovye 10 10 Yewpnuoa tou Mevéraou ato

Tplywvo ABC, énou A= (Q'P)N(P'R), B=(Q'P)N(RQ), C =(RQ)N(P'R).

(P'Q) || (RQ) xu (Q'P) || (RQ). Téte anodexvieton 6wt (PP') || (RR'), ondte
ouvendyeton 60Tt X, Y, Z elvon ouveudetoxd.

[]

Ocshpnua 4.4.4. (ITvokepaiov) Av éva tetpdndevpo ABCD elvar eyyeypappiévo o€ kUkAo,
Tdte TO YwoUevo Twy Owywriny tov 1woltar pe to dpoioua twy Ywvopévwv twy arévavtl
TAE€UPQV TOUL:

AC - BD = AB-CD + BC - DA. (4.21)

Anéoaén. Anodewvietal eUx0o OTL oV OL BIAY VIOl TOU EYYEYQUUUEYOU GE XUXAO TETRATAEUOOU
OLYOTOUOVY TIC YWVIEC TOU, TOTE TO TETRPATAEUPO aUTO elvon TETPAYWVO. LTNY TEPITTWOTN AuTh

N wotnra 4.21 npoxintel and to [Mudayodpeio Ocwpnua. Xwpls BAEET Tng YevxoTnTag UTOVE-
Toupe OTL 1) dlarywviog AD Sev Suyotouet Ty ywvia D xou 61t ADB < CDB. 'Eotww E € AC

T€TOL0 (OGTE @ =CDE.

B
C
A
D
Hapatnpmvrag o OUota Tply wva GUUTEPAVOUUE:
AB  BD
AE AD
ADAE ~ ADBC = = <= AD-BC =BD - AFE (4.23)

BC ~ BD
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Hpoobétovtag g tedeutaieg ediowoei twv (4.22) xau (4.23) xatd uéhn ndipvouue Ty
{ntoluevn oot TA

AB-DC + AD - BC = BD - EC + BD - AE = BD(EC + AE) = BD - AC.

]

A
Oewpenua 4.4.5. Eotw 6t ABC éva tplywro kar CD efvar i didueoos ard tny kopuven) C.
Ava=|BC|, b= |CA|, ¢ =|AB| ka1 d = |CD|, tére

2
a’ 4+ b* = % +2d*> (o0 tirog Tou Ao driov)

Arnéoaién. Eredy| n expodvnor tou Ocwpfuatog apopd ufixn evddypauumy TunudTeny, o ool

etvan avolholwTta NG euxAeidelas yewpeTtplog, apxel vo anodeiloupe To Oewpra yio Ta onueia

A,B,C,D € R? pe

D =(0.0) A= (5.0), B=(=5,0), C=(z.y).
AtagopeTind uTdpyEL LooPETPIA TOU EMTESOU TToU ameEtXoVILEL To apyd Tplywvo 6To Tplywvo

TOY ETAEEOYE.

B = (—¢/2,0)

4.5 Aoxnosig

4.5.1. No anoderyVel ot évag apvixde petacynuotionss f(U) = Av+d tou R? elvau tooueTpla
av xat povov av A € O(2,R).

4.5.2. Aetfte 6Tt t : R?2 — R? nou divetar and tov t010
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etvon Euxheidelog yetaoynuationéc xo Peeite tov aviiotpopd tou.
4.5.3. No anodetydel 61t 1 povadixd wopetpla T : R? — R? v v onofa T(0,0) = (0,0),
T(1,0) = (1,0) xon 7°(0,1) = (0, 1) elvon 1 TowtoTIXY AMEXOVION.
4.5.4. No anodetydel 6t n povadixd wopetpla T : R? — R? v tny onofa T(0,0) = (0,0),
T(1,0) = (1,0) xon 7°(0,1) = (0, —1) ebvon 1 avdoehoon we tpoc tov dova O.
4.5.5. Na anodetydel 6T xdie neplotport Yipw and to (0,0) eivor cbvieor 5o avaxhdoewy
w¢ mpog evdelec mou Siépyovtar and to (0,0).
Arndvtnon: 'Eotw Rop mepiotpogt xatd ywvia 6 € (—m, 7] yiow and 1o (0,0). Oewpolue
Tic avoxhdoes Reo, xou Reo,, 610U 01,05 € (—m, m]. Yuic avaxhdoeg autée avtiotoryolby ot

2 2

cosf; sinb, o cosfy  sinby

sinf)y —cosb, sinf, —cosfy )’
Yny wopetpla Reo, o Reo, avtiotoyel o mivoxog:

2 2

(cos 0, sinb, ) (cos 0y sinf, ) B (cos(Ql —0y) —sin(f; — 02)>

sinf; —cos6; sinfy — cosfy sin(fy — 60y)  cos(6, — 05)

opYoynviol Tivaxeg (

[apatnpotue 61t o teheutalog mivaxag elvon mivoxag meplotpogrc xatd ywvio 67 — 0s.
Yuvenwe, apxel va emhéEovue 61,6, € (—m, 7] ye 6y — b0 = 0 + 2km, 6nou k € Z. Onodre
RO@ = R0(91_92) = Rei1 o Reel.

2 2

4.5.6. No amoderydel 6t xdde petagopd oto R? elvou olvieon b0 avaxhdoewy W TEOg
eudeleg mou ebvan xdeteg oty drevYuvor petagopds, 1 wa amd T onofeg dépyeTon ATd TO
(0,0) xou 1 &AAn dev dépyeton and o (0,0).

4.5.7. No arodetydel 611 %dde ioopetela Tou emnédou etvar oOvUeoT) 10 TOM) TEUWY AVIXAICEWY.
YTnodeln: 'Eow f eivar woopetpia. Téte f(¥) = CU+ U 6mou C opdoydviog nivaxag. Apa,
f=Tz0S8, 6nou S(V) = Cv. Awxpivoupe tic tepintaoei: det(C) = 1 xau det(C) = —1.
4.5.8. llpoctpiote tnyv eullela avdxhaong mou avtioTolyel o1 cUVUEST) UG TERLOTROPTC
YOpw amd To ornueio (0,0) xou yrog AVAXAAOTG WS TEOS TNV EVVELX TOU OLECYETOL ATd To OTuEio

T T

(0,0) xouw oymuatiler yovia § € (=75, 5] pe tov detnd nuidZova Ox. Aclite 6T 1) eudela auth

eCopTdTon amo TNy oelpd g clvieong.

4.5.9. Na amodeyytel ot 1 avdxhaorn wg Tpog TNy evleia Tou DLEpYETAL and TNV dpy ! TWV
alovewy xou oynuatiler yovia 0 € (—g, —g] ue Tov Yetixd nuatova Oz ebvar ohvideon Tng
TEPLoTEOQRC xotd ywvia —26 ylpw and v apy (0,0) xa avdxiaonc we npog tov Ox.
4.5.10. No amoderydel ot 1 avdxhacT wg mpog TNy eudeia Tou BiépyeTon amd TNV aEyY) TV
alovey xou oynuatiCer ywvia 0 € (—%, g] e Tov Yetixd nuidlova Oz etvan ohvieon tng avdx-
haong we mpog tov Oz xat meptotpogic xatd yovia 26 yiew and v apyt (0,0).

4.5.11. Na anodetyVel 611 1 obvdeon dUo avaxAdCE®Y WS TEOG OTOEGONTOTE dU0 ELeleg
elvor TEPLGTRPOYY), €xTHS av ot eudeleg elvon TapdAinieg ondTe 1) GUVIEST TV AvaxAdGEWY elvor
UETAUPORT.

Yrodegn: Av ol 800 evleieg téuvovtar, TéTE Unopolue vo emAEE0UUE TO GUOTNUA GUY-
TETAYUEVOY ETOL WOTE TO OTUEl0 TOURG Vo efvan 10 (0,0). Av ot 0o gudeiec eivou TORAAANAES,
TOTE UTMOPOUUE VoL EMAEEOUNE TO GUOTAUN GUVTETAYUEVWY €Tl )OTE 1) uiot eudela va elvar o
dCovag Oz xon 1 GAAT Y = a.



Kegpdiowo 5
Yponpixr I'ewpetpla

5.1 Oplopdg TNg oPaeXnNg YEWUETPLS.
Oewpolye To GUVOIA
S*={(z,y,2) eR*: 2? + > + 22 =1}
S(2) = {G|s2 : 6mou G : R* = R? oopetpia y1o v onofa G(0) = (0)}
IMebtaoy 5.1.1. To Lebyos (S?, 5(2)) elvar yewpetpia.

Anéoaén. Ou deilouye 6tLT0 Ghvoho S(2) anoteheiton and 1-1 xa enl autoaneixovicel g S2.
'Eotw g € S(2) xu p € S%. Tédte g = Glsz, 6mov G : R? — R? 1oopetpla yio Ty onola

G(0) = (0). Erouévc
lg(p) = 0l = [|G(p) = Ol = |G(p) — GO)| = llp — O] = L.

Apa, g(p) € S%. Tuvenac g(S*) C S2

H g ebvar 1-1 w¢ neplopioude g woopetploc G ot ogaipa S2.

Ou detfoupe 6t g ebvou enl. Oewpolue s € S% Tote s = G(G7(s)). H G etvan toopetpia
o Ty omota GTH(0) = 0. "Apa G71(S?) C S% T p = G1(s) éyoupe p € S? xau s = G(p).
‘Apa, s = g(p).

Ereidf 7s2 = Trsls2 (Tx : X = X towtotxd anexdvion), to 6t 1o Ledyoc (S?,5(2)) ebvou
YEWUETEIO EMETOL AMO TIC TUPAXITR WOLOTNTES:

1. Av g € S(2), t6te g = Gls 6mou G : R® — R? woopetpio yia ™y omola G(0) = 0.
Enopévwe G elvar woopetpla yioo Ty onolo G71(0) = 0 Apa, g1 = G sz,

2. Av g,h € S(2), t6tc g = Gls2 xu h = Hlse 6mou G, H : R* — R? woopetpiec v Tic

onoleg G(0) = H(0) = 0. Apa, goh = G|z 0 H|s2 = (G o H) |s2, 610U Go H : R? — R?
wopetpla vt Ty onola (G o H)(0) = 0.

Optopde 5.1.2. To Ledyoc (S?,5(2)) xahetton ogaipixr; yewuetplo.
Kdde g € S(2) xohelton ogaipikds petaoynpuatiopss.

35
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5.2 Boaowég ototnTeg tng ogalpag.
YuuPohriloupe ye S(K, R) v ogaipa xévtpou K xon axtivag R.
o M ogaipa S(K, R) o éva eninedo 11

— dev Téuvovtar 6tay 1) andotact tou K and to Il ebvor > R,
4 7 7 /’ ’ I s
— TEUVOVTA o€ €va oTuelo 6tay 1) anoctacTt Tou K and 1o Il etvan R,

— TEUVOVTA xoTd Evay xUxho dTav 1) anootacr Tou K and 1o IT ebvar < R.
o Ot ogafpec S(Ky,r) xou S(Ka, R) yer < R

— dev téuvovta 6tay KoKy > R+1 ff KoKy < R—,
— Téuvovton o éva onueio otay KoKy = R+71 ff KoKy = R —,

— téuvovta xatd Evay x0xho otay R —1r < KoKy < R+,

5.3 Boaowd otouyelo tng opotpixng vyewuetpelog

o Euvdeia (opaipikn) tns (S?,5(2)) ebvon o xdde péyiotoc xixhoc tne S? (toph e S* pe
eninedo mou dépyetar and 1o O = (0,0,0)).

o ['wria petal? twr opaipikdy evleawr elvon o péyedog ot axtivia tng xdile diedpng ywviag
UETAED TV avTioTOLY WY EMTESWY.

Ened?| 1o eninedo oynuatiCouy 800 Lebyr lowv diedpwv yowidy (4 8édpec ywvieg ouvo-
Axd), ot ywvieg uetall tov cooupix®y evldeiwy etvor 800 a xou T — .

Evalhaxtixd, ywvia petadd tov ogupixoy evldet@y £ xot m eivon 1 yovio uetol twy
EQUTTOPEVGY TV xOxAwY £ xor m oTo orueio Tourc P.

o Ypaipikrj anéotaon petall twr onueiov A, B € 5? elvar 1o péyedog oe oxtivia exelvng
¢ Ywviag AOB, 1 onola elvon < 7.

Evohhooctind, 1 ogapur anéotaon Uetalt twv onueiov A, B € S? elvon 10 ufxog ot
o Tiviol TOU UixpoTeEROU amd ot TOLa Tou wovadxol UEYLoTou xUxhou Tou BIEpyETOL and
To oruela auTd.

H yéyiotn andotaon petald twv onuelny tng S? etvon 7.

o [Iddor ka1 wnuepol. e xde oopixt| evdeio € avtioTolyel Lovaduer didueteog do Tng
ogaipag mou efvon xdldetn oto eninedd tne. Ta dbo onuelo Tourc Tne d. ye v S? Myovton
moAor g €.

Ye xde onpelo N € S? avTioTotyel povadixy| opopixy| eulela e Tou efvon 1) TOUY| TNG S?
ue To eninedo mou diépyetan and o O = (0,0,0) xou elvon xdveto oty axtiva ON. H
evlela ey xahelton wnueptvés tov N.
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‘Euxoha anodeucviovatt ol axohouleg TpoTdoels.

ITpbtaon 5.3.1. Kdle onueio N anéyer ané kdOec onuefo P tov wonuepwol ey opaipixn
anéoraon /2.

ITpbtaom 5.3.2. Kdle opaipixi) evleia mov diépyetar and to onueio N etvar kdletn otov
10NUEPIVE TOU EN .

ITpbtaom 5.3.3. Kdle opaipixi) eveia mov eivar kdletn oty opaipixi) evlela € Mépyetar
Ka1 and Tovg 0U0 TOAoUS TS €.

5.4 EuxAieldeia allopdtowy ot opapixn yeoueteld.

lg2 Amd 60 un avunodixd onueia A, B € S* Sipyetar povadikn opaipikr) evleia.

Aré Vo avumodikd onuela A, B € S* Gidpyetar dneipov mArfovs ogaipikés evdefeg
(drerpou mhRdouc “urxn” mou Siépyoviar and Toug Bvo molouc A xou B).

2s2 I'a kdOe onueio A jas opapixns evletag ( ka1 ya kdle 0 < € < m vndpyovv akpipos
ovo onueta My, My € € pe anéotaon and to A ion ue e.

352 Ta kdfe K € $* ka1 yia kd0e 0 < a < 7, téte LnAdpyel povadikds oeaipikds KUKAOG
S(K,a) oy opapikn yeouetpia (S?,5(2)) pe kévtpo K € S* kar aktiva a.

7 7 ’ 2, 2 2 7 2, 7 2.
O ogopldg autdg x0xhog ebvar 1) Tour Tng S* e To entnedo tou elvon xdeto oty axtiva

OK xau diépyetar omd 1o onpelo T' € (OK) yio to onofo ﬁ — cosa-OK. O oQaLEtxoC
xOxhog (K, o) ouuninter ye tov ogapwd xoxhro (K',m — a), 6mov K" avtinodixd onueio
tou K. D xéde onuelo K € S o opaupixdc xOxhog pe xévtpo K xou oxtivo (m/2) efvon
0 LONUERVOC ek ToU K.

4s2 Av éva onueio P € S? dev efvar téhog tng opaipikris evleiag e C S?, tdte and to P vndpyer
povadikn opaipikry kdOetos otny € (ebvar 1 Touh tne S? ue 10 exinedo tou diépyeton and
TOUC TOAOUS TNG € AL TO P).

Aré évay mélo P pag opapikis cvleiag e C S* diépyovar drepov mAnbovs ogaipikds
kdOetor mpog Ty € (etvor T0 GUVOLO WV CQAUEXMY EVVEIDY TOU TEPLEYOUY X0t TOUS BUO0
Tohoug NG €).

N4 7/ V4 7 V4 7 N V4 /7 V4
5s2 Omnoeodnimote 6o opapikés evleies téuvovtar oe dvo avumodikd onueia (dev vrdpyov

napdAAnAes evleies atny opaipikn) yewuetpia).
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5.5 poupxég woopetplieg.

IMebtaoyn 5.5.1. H aneicdrion dsz : S* x S* — [0, 00), n orwofa o€ onowadrirote 600 onpueia
g opaipag S? avniotoryel TNy oapikn aréotacn eivar peTpikr.

Améoain. Apxel va SeiCoupe 6TL 1 ds2 xavomotel T Tl a&lOPATA TG UETPXAC.
(1) d2(A,B) =0<= A=1B
(i1) ds2(A, B) = ds2(B, A) v xd9e A, B € S%.
(iii) 'Eotw A, B,C € S?. Apxet va del€ouye 6t AOC < AOB + BOC.

‘Eow 61t A, B, C' avijxouv o uéyloto xux)\o Av B ocw]xa oTo toEo TOU UEYIGTOU XUXAOU
ue dxpa o onueion A xou C' mou etvon <, tHTE AOC’ AOB + BOC Av B ocvmca cTOo Toio

TOU HEYLGTOU xOxhou pe dxpa ta onueio A xan C' mou etvar > 7, T6TE AOB+BOC > > AOC.

‘Eotw 61t A, B,C dev avixouv ot péyioto x0xho. Vewpolye 1o tetpdedpo OABC. Eiva
YV0oT6 6Tl ot wd Tpledpr Yovia tou avtiototyel oe nuievdeiec [OA), [OB) xon [OC) ot ywvio
ueTah omolovdrmote amd Tig dvo nueudeleg efvon wixpdTepn amd To d¥poloua PETALY TwY BUO
dAhwv. Apa, AOC < AOB +@. n

Optopoe 5.5.2. Xpapwri wopetpia xodetton xdde arexéviorn g : S* — S? nou dotnpel Ty
oQoupxt) an6oTaoT UETAED TwY ONUEiwY TG S?, OnAadN

ds2(p, q) = ds2(g(p), 9(q)),Vp,Vq € S*.

Arodevieta edxoia 6TL:

o Kdle ogaupiny| woouetpla Swtneel v Buxieldewa andotaon petoll twv onuelwy Tng
oaipag S2.

o Kdle g € S(2) etvon opoupnr| ioopeTpla.
o Kde ogotpury ioouyetplo etvan etvan 1-1 xou exl.

e To clvoho GhwY TWV CYUEIXOY LOOUETPUWY UE TNV Tpaly cUvieong ancixovicewy v
oudda.

IIpbtaon 5.5.3. Kdle opaipikn wouetpia areikoviler tig opaipikés evleleg o€ opaipikés
evlele.

Arddaén. Eotww g opupt, oopetpla. Téte g ebvon woopetplo Tou petpxol yopou (S?, dse)
enl Tou auTol ToL. Apal, 1) AMEWOVIOT] g EIVOL OUOLOUOPPLOUOS.

Ocwpolye wa ogaipinr| evdela £. 'Eotw K etvar évag néhog tng £. Tédte n £ oupnintel ye tov
ogaupted xixho S(K, T). 'BEow x € (. Eneidr v g ebvon toopetpia, éneta 6T ds2(g(), g(K)) =

ds:(K,x) = 5. Apa, g(z) € S(9(K),5), é6mouv S(g9(K), §) civar ogarpixds xhxhog #€vtoou

g(K) xon axtivag 5. Enopévwe S(g(K), §) eivon wonuepwog tou g(K). Apa, S(g(K), §) eivon
UEYLOTOC XUXAOC TOU TEPLEYEL TNV ouologoppixt| exéva g(f) tou uéytotou xOxhou (. Eneidt
XAVEVOS XUXAOG OEV UTOREL VO TIEPLEYEL YVHOLO UTOGUVOLO 0UOLOUOp@ix0 Ue x0Uxho, ETEToL OTL
g(0) = S(g(K),%). Anradr g(¢) eivon uéyiotog xhxhog. O
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Ou defifouue 6Tt xdle opoupxy| toouetpla avixer oto chvoro S(2).

IMebtaon 5.5.4. Av a opapiki wopetpia f: S — S? apiva otalepa tpia onueia
P,Q, R € S* nov dev avijrovr o€ kavéva péyato klkAo, tote | efvar tavtotikry (f = 7e2).

Anddaén. 'Eoww M € S*\ {P,Q, R}. Apxet va deifovyue 6t f(M) = M.

‘Eoww ot rp = PM, rg = QM, rg = RM. Erew n f owtneel xoa v Euxieldeia
amooTaor) Yetaly| Twy onueiwy tne ogaipag xou agpriver otadepd ta P, Q, R, cuunepalvouue OTt
M, f(M) e S(P,rp)NS(Q,rg) NS(R,rr) N'S?.

‘Apxer va detfoupe 6t S(P,rp) N S(Q,70) N S(R,7r) N'S? amotehelton and éva onuelo,
onote M = f(M). Av M ebvon avtdapgetexd tou P w¢ mpoc S*(f tou @, f tou R), téte
S(P,rp) NS* anotekeitor omb éva oryeio.

‘Eotww 61t M dev efvon avTidlouetond xavevog and ta P, Q, R, t61e ot apWiuol rp,rg,mr
efvor wxpdtepot amd Ty diduetpo e S?, enopévac ol ogaipec S(P,rp), S(Q,rq), S(R,TR)
téuvouy 1) cgaipa S? xixhouc Cp, Cq, Cr, avtiotoya. Apa,

S(P,rp)NS(Q,rg) NS(R,mr) NS* = CpN CqyN Ch.

Ac unovéoouue 6Tt Cp N Co N Cr mepiéyet 800 onuela My xow My. Tote My M, etvon yopd
7 7 ’ % 7. e 7 7
xou Tov 11V xOxAwv Cp, Cq, Cr. "Apa, MM, etvor napdhhnho ot ERIMED 0L TWV TELOY
x0wv Cp, Cg, Cr. Ouwg Oﬁ, @, O§ elvar xdeta ota enineda twv xOxiwv Cp, Cq,
> 7 % r 7.
Cr, avtictorya. Apa, OP, OQ), O§ elvon xdieta oto B ddvuoua MMy, ‘Eotw 11 etvar to

« o , Y
eninedo mou dpyetar and o O xou ebvor xdeto oto MMy, Tote P,Q, R € 1. Apa, P,Q, R
avixouy oTov péytoto xOxho I NS rou elvor dromo. m

ITpbtaom 5.5.5. Kdle opaipixry wopetpia opiletar povoonuavta and eikdres tpeidy onpueiwy
moU Oev avikouvy o€ Kavéva HéYioto kUKAO.

Andéoaén. 'Eow ot g,t : S? — §? OLTnEolY TNV GQaiptny| anocTacT), xar anetxovilouy Ta
onuela P, Q, R € S* 1ou dev avfxouv oe xavéva Péytoto xixho tne S? ota onueia P, Q', R’ €
S?, avtiotoya. Téte n gt ot drotnpel v ogorpixt| andotaot xa aghver ta P, Q, R otadepd.
Apa, g ot = Tg2. Buverde g = t.

m

[apadétoupe ywpls anddeln éva Paotxd Jewenua trg Euxheidelog Tewpetplag tou R3:

Ocwpnua 5.5.6. Av Py, P, P3, Py ka1 P|, Py, Py, P efvai tetpddes un ovveninedwr kar avd
tpia un owevdeaakdr onueiwr tov R® ue PP; = PZ’PJ’ yia omowdrimote 1,5 € {1,2,3,4}, téte
vrdpyer povadikn wopetpia [ R* — R? pe pe f(P) = P! ya kdOe i € {1,2,3,4}.

IMebtaon 5.5.7. Av g: S* — S? efvar ogpaipikn 1wwouetpia, téte g € S(2).

Anddeaén. 'Eow ot tplo onueln P,Q, R € S* Bev avfxouv ot xavévo YEYIoTO XUXKhO Xot
g(P) =P, g(Q) = @, g(R) = R'. Téte 1o onpela P',Q', R € S* dev avhxouv 6 xavéva
uéyioto xOxho. Enopévec ta onueio O, P, Q, R elvan pn ouvernineda xar ta onueio O, P/, Q') R’
elvon un ovveninedo. Enedr g datneel g ogoupés anootdoelg NeTolh Ty onuelny Tng S?,
1 g owtnpeel xou Tig Buxheldeieg anootdoeic Yetall Twv onueiny (ot {oa 6Ea €vOC xOxAoU
avtiototyoly {oec yopdec). Enoyévwe PQ = P'Q)’, QR =Q'R, RP = R'P'.
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‘Eyouue eniong PO =P0O =1, QO=0Q'0=1, RO=RO0O=1.

YUVETWS uTdpyEL povadixy| wopetpla G : R3 — R3 1 omola amewoviCel ta ur cuvenineda
onueio O, P, Q, R ota yn ouvenineda onuela O, P',Q', R', avticTtouyo.

[ty G éyouvpe 610 G(O) = O, dpa G‘SQE S(2),

Gle(P) =P, G|(Q)=Q', G|,(R) = R.

Eneor] xdie oqoupur ioopetpio tng S? optletar povooruavia and eOVES TELOV GNUElwY
TOU OEV AVAXOLY GE XAVEVA UEYIOTO X0UXA0, TROXUTTEL OTL G‘SQZ g. Apa, g € S(2). ]

Enedr, xdve ototyelo tne ouddoc S(2) ebvar ogaupixt| woopetpla, and my Ipbdtaon 5.5.7
eneTal To axxdhoudo ToOpLoUL.

IMépropa 5.5.8. To glvodo S(2) anoteeltar and GAes NG TYaipikéS 100HETPIES.

5.6 Xgopwxég euleleg wg eAAYLOTES OLAOPOUES.

Av xotd ufxog evoc t6&ou T(A, B) mou eviver 80o ornueion A xau B pag emgdvelas to
OLEVUCUN YEWDUGLONG XUUTUAOTNTAS (Btévuoua HOUTUAOTNTOS TN TEOBoAYS Tou T6Eou 010
epantéuevo eninedo) undeviletar, téte 10 T6Z0 T(A, B) €)el T0 uixpdTERO Wix0g and Gha Ta
T6&a oL evavouy 10 A xan B. Ot xopmOES TV ETUPAVELWY XUTA UHXOS TV OTOIwY TO ddvuoua
Yewdaotoxric xoUmUAGTHTAS Undeviletar xaholvton Yewdaotoxés Youuues. Ot yewdaioloxéc
Yoouués tng ogalpag etvor ol péytotot xOxAol. Enopévwe 1 ogoupixeg eudeieg elvan dladpouéc
ehdytotou prixoug, 6nwg oty Euxhelden ewpetpio elvar ol eudetes.

IIpbtaon 5.6.1. Eotw A ka1 B 6o onueia jnag opaipag kai AB etvai to HikpdTepo Toéo
ToU Héy1oTou KUKAoU Tou d1épyetal ané ta A kar B.

Amé dha Ta Owpopioiua tééa tns ogaipag e dxpa A ka1 B, to AB éxel To UIKPOTEPO UNKOS.

Anédeaén. YuuPohiloupe 10 pixoc evog t6&ou T ue U(1). 'Eotw 7 éva Supopiowo t6&o g

ogaipac pe dxpa A xau B. Ac vrnodécouye 6t A xon B Bev elvan avtidlapetpxd, ondte £(AB) <
7. Emiéyouue éva opdoymvio clotnua cuvtetayuévey Ozyz €10t wote 0 Oz z-eninedo va
elvan To eninedo mou teptéyet To PEYIoTo xUxho C mou diépyeTton and to A xon B xou opiCoupe tov
dZova Oz droréyovtog o onueio N = (0,0,1) xar S = (0,0, —1) névw oo C' vo uny avrixouy

oty toph T N C xon ta onueior A xar B var aviixouy 6to (810 nuixdxhio NS (amodetxvieton dtt

av oauth dev yiveta, tote (1) > T > E(AAB).)
H ooaipa ywel Toug mokoug N xou S €yel dravuouaticy e€lowor

(¢, 0) = (rcos¢sind, rsingsind, rcosf), 0 < ¢ < 2w, 0 <6 <,

omou Y éva onueio M tng ogalpag drapopeTind and to N xon S, ¢ etvan 1 ywvia = (1,0,0)
npoc to M’ mou ebvar 1 Touy) Tou Péyiotou xOxhou and ta M xar N e 1o Ozy xon mou ebvou 1)
Tour| Tou PEYloTou xUxhou and To M xow N ue 10 Oxy xon 6 1 ywvia petald Ty ﬁ xou

To 7 éyer Sravuoporudh efiowon: 7 (1) = (1 cos ¢(t) sin O(t), rsin ¢(¢) sin 6(t), r cos B(t)

)7
t € [0,1], brou 7 (0) = T (6(0),0(0)) = A xou 7(0) = 7 (6(1),0(1)) = B, 6(0) = ¢(1) = 0.
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Troétouye 6T §(1) > 0(0). Ondre E(AAB) =r(6(1 ) 6(0)). Enouévwg
TR(t) = (—rsing(t)sin6(t)¢' (t) + r cos ¢(t) cos () )2+

+(r cos ¢(t) sin O(t) ¢/ (t) + rsin ¢(¢) cos O(¢ )0 (t))2 + (—rsin 9(15)9’(75))2.

) /F V[t / ry/sin? 6(1)72(t) + cos? B(1)92(t) + sin B(1)92 ()t —
/ \/sme £)¢2(t) + 02(t dt>/ /07 (t)dt = /rw’ )|dt2r/0 ¢ (t)dt =

= r(6(1) - 0(0)) = L(AB).

Av A xou B etvon avtidtauetexd, tote undpyouy t6a 11 = AC xou 73 = C'B, tétota HoTe
T = 11 UTy, 6mou C avixel o€ xdmolo Yytoto xUxho mou diépyetar omod o A xou B. Tote A xon
C dev elva ocvu()tapsrptxoc xon C xou B Aev eivon avtidiapetpixd. Ondte (1) = (1) +4(12) >

E(AC) + E(CB) > K(AB) O

5.7 EuBada oynudtwy otrn opapixn yewuetpld.

To euPaddv tng ogalpag ool T pe To euBadov TN EMPAVELNG XUXALXOU XUAVOPOU OLOUETEOU
xou Uoug (Gou Ue TN BIIPETPO TN opaipag, av eCupedoly ot Bdoelg, 6mwe anédeie o Apywrong
Tave amo 2200 yedvia e ywelc T Yerion Tou Aoylouou.

Enopévwg 1o guffaddv tng ogalpag axtivag r woltan e 277 - 2r = Agrr? (spﬁo@o Ty 4
UEYIOTY XOXAWYV) Xot, dpa, TO euPadov TN tng wovadlalag opolpag S? etvon 4.

LUHPWYOUUE OTL AVIUECA OTOL OYHUUTA TS S? UTEEYOUY OYAUATO UE HETEHOA EUBadE o
ot MéYe PeTpriowa oy fuato. Xe xdie uetpriowo oyfua X unopel va avtotory el évog Vetixdg
apriude E(X) étor dote vo xavonowlvtar ot e€1c otntes (adiduarta):

(i) Toa yetpriowa oyfuata €xouy tov Blo euBadov.
(ii) E(S?) = 4r

(i73) Av éva petprioo oyfua X elivon évwaon aprdurowou thidous oyfudtwy 2;, ¢ € N' C N,
Tou 8ev emxohlnTovToL (BEV €)0uv X0WVE EcwTEpXd onuela), tote E(X) = ZE(E
iEN

5.7.1 Eyufadoév drywvou.

‘Eotww 61t 0o ogapinég eudeleg £ xar m téuvovton oto Vo avTidlapeTexd onueta P xot
P xou oynuatiCouv yovies a xaw m — a. Ov £ xon m yweilouy tny S? o¢ 4 “petec”, xadewd
and autés xaheltar Sfywro (1) drpaktog) xow avuotoyel o xdnow and Tic 4 dledpeg ywvies
TV emnédwy e £ xou tng m. Kdie diywvo meplopileton and 600 nuixdxiior mou xoholvto
TAEURES TOu dydvou, ta onueior P xar P’ xaholvtar xopugég tou diycdvou. To uéyedog tou
orywvou ebvan to péyedog oe oxctivio g avtiototyng dledpng Ywviag. Toodivaua, to uéyedog
Tou drywvou elvar o Yéyedog o axtivia TG ywviag YETal) TWY EQATTOPEVODY GTA MUY AL
oo anueio P. "Apa, 800 ywvieg etvor oeg ye a € (0, 7) xan 800 e ™ — .
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Pl
Yyfua 5.1: Arpoxtog 1 dlywvo.

Enedy] xdie opaipinr| wouetplo ebvar meproptopog ot opaioa S? ulag LIoUETPIOC TOU R3
xou 10 péyetog mag dledpng ywviag ebvar avarroinwTo oTig t6oueTpleg Tou R3, cuvendyeTou n
oohovln Tpdtao,.

ITpotaon 5.7.1. To uéyefog evig drydvou elvar avaAdoiwto 0TS CPAIPIKES 10OUETPILES.
Ilpétaon 5.7.2. To eufadér E, tov orydvouv péyelovs a tng S? 1wovTar i€ 20

E(S? 4
Amdoaén. Ea:ﬂwy:—ﬂ-a:Zoz. O
2m 2m

Ynpelwon 5.7.3. To eufaddv tou diywvou uéyedoug a wag ogpalpag axtivag 7 efvou 202,
5.7.2 Eyufadov cpaplxol Tplynvou.

@)

' onowdrrote dlo ornueia A, B € S? ouuPBohiiCouue pe AOB tn povadixr ogaipixy| eudeio
(Tov péyoto xhuxho) mou dépyeton and to A xou B.

Eva ogoupixd tpiywvo opiletar and tplo onueio A, B, C' (xopugéc tou Tpty®dvou) tne ogoi-
e Tou Oev Peloxovton otov B0 uéyioto xOxho xon and o teio TOEa (TheLpés ToU TELYOVOL)
AB, BC, CA eldyotou ufxous. To ogapud tolywvo AABC elvon 1 tegloyh tng S? nou me-
eoptleton amd TNy xoumiin AB U BC U CA xa nepiéyeton o xdnoto dlywvo mou optleton and

@) O ~ o~ o~
Toug péytotoug xvxhouc AOB xa BOC (Syfua 5.2). ZuyBohilouue ue A, B, C' to yeyéin
WY Otywvewy pE xopueéc A, B, C, avticotya, mou nepiéyouy to cpaupixd tpiywvo AABC.

Oewpnua 5.7.3. To eupaddr evis opaipikod tprydvov AABC vrodoyiletar and tov timo
E(AABC)=A+B+C —n.

Anéoeién. Eotww 6t to onueio avudauetewd wwv A, B, C etvar to A, B, €', avtictoya. Téte
AB = A'B', BC = B'C" xon AC = A'C". Enedy| 1 onuela A, B, C 8ev avrixouv o xavéva
uéytoto x0xho, undpyer ogoupixt wopetpia g € S(2) mou anexoviler 10 opupxd Telywvo
ABC o710 avidopetoxd tou ogoupixd tpiywvo A'B'C'. Apa, E(ABC) = E(A'B'C"), tiott loa
oy fuata €youv oo euBadd.

Ano 1o eninedo v eIV agoipix@y euteldy (AB), (BC) xou (AC) opilovton 12 dlywva
(4 and Tic ta enineda wwv (AB) xa (BC), 4 and t¢ 1o enineda twv (AB) xat (AC), 4 and Tc
o enineda twv (AC) xou (BC)).
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Syfuo 5.2: To ogopind telywvo AABC

Eow 61t Ay, Ap xow A elvon exefva and tor 12 diywvo mou TEpEYoUY TEPLEYOUY TO
oo Telywvo AABC xo éyouv wg xopugés ta onueia A, B, C, aviictouya.

‘Eotww 6t Ay, Ap xaw Acr gbvon exetva and ta 12 diywva mou weptéyouv Teptéyouy To
opopxd Tplywvo AA'B'C" xou €youv we xopugéc ta onueio A', B/, C', avtiototya.

Kéie onueio tne ogaipac mou dev avixet ota ooupxd tplywva AABC xon AA'B'C" avijxet
uovo oe éva and ta dlywva Ay, Ap, Ao, Ay, Apr, Acr.

Enewofy AABC = AxNApNAc xaw AA'B'C' = Ay N Ap N Aer, éneton 6T

dr = E(Aa)+ E(Ap)+ E(Ac) + E(Aa) + E(Ap) + E(Acr)—
—2E(AABC) — 2E(AA'B'C') =
— 24+ 2B+ 2C +2A+ 2B +2C — 4E(AABC)
— E(AABC)=A+B+C —n.

ITopiopa 5.7.4. To dOpoioja twr ywvidy €vis opaipikol Tptywrvou efvar > .

ITépropa 5.7.5. Avo duota opaipikd tpiywra (Tplywva mov éwovr TS ywries oes ua mpog
pia) éxouvv to B0 eupadiv.

5.8 Xpoupixr Tetywvouetelid.

‘Eotw AABC o@oupxd tplywvo tng uovadialag ogaioog S? 670 onolo ot TAEUPES BAC', AAC'
xat AB etvan {oec ye a = B/O\C, b= A/O\C oL ¢ = A/O\B, avtioTotya.

IMebtaoyn 5.8.1. Av A ka1 B Vo onueia s opaipag S* e kapteoiavés ouvtetaypéves
(xa,Ya,24) ka1 (Tp,Yp, 2B), avtiotoya, téte n opapikny anéotaon d petald twv A kar B
dfvetar and tov TUmo

cosd = TATB + YaYs + 242B.

IIpbtaon 5.8.2. Kdle opaipiké tpiywro eyypapetal o€ opaipikd KUKAo.

Andéoaén. O tpelc xopugéc Tou ogaretxol Terywvou ABC opiCouv yovoorjuovta éva exinedo m
mou Tig teptéyet. To exinedo m teuver T ogalpa xatd évav xixho K. H xopugeg Tou ogorpxod
Teryoou ABC aviixouv otov xUxho K. [l
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I[TuYayodpeio Oewpnua cto cpaupxd telywvo: Av o opapikd tpiywvo AABC
etvar opoywvio e opdny tn ywria C, tdte cosc = cosacosb.

Andéoaén. Ened, C = /2, unopole vo emAEEouUe €va 0pUoYOVIO GUGTIUN CUYTETAYUEVWY
Ozyz étor wote C = (0,0, 1), to Oxz- eninedo va eivou 10 eninedo twv onueiwy O, C, A xa Oyz-
eninedo vo ebvor to eninedo twv onueiov O,C, B. Téte A = (24,0,24) xw B = (0,yg, 2).

ETCELOT] e BLO(VUOE.LO(TO( X ? 8 AN MOVO(OLO(LO( Enetan OTL

cosa = COSBOCz?-ﬁzzB
cosb = cosA/O\C':X-E?:zA
cosc = cosA/O\B:X-ﬁzzAzB

"Apa, cosc = cosacosb.

m
IMopathenon 5.8.3. Ano 1 oeipd Taylor tou cuvnutdvou €youye:
a? ot
S R
Ccos a 5 + 1 ,
vt
b = 1——+4+——...
cos 5 + m ,
2
S
cosc 5 + I

2
4 C 7 4 7, 2, Z
Omnote, cosc~ 1 — 5 Bptoxovtac o ytvouevo xato Cauchy twv mpotwy U0 GELRWY TEGVOUUE

2 b2 b2 2 2 b2
Cosacosb:1+(—%—§>+~--%1—5—%:1—a _2|_ .

Yuvenoe a® + b? ~ 2.
Ochpnua 5.8.4. (Tpwr kadéwwr s EvkAeldeas yewpepiag.)

Foww 11 éva eninedo tov ywpov, A éva onueio tov ywpov mov dev avniker oto Il ka1 Ax n
oploydvia tpoPorri tov A oo Il ka1 L € 11\ {A,}.

Ma evOeia { tou 11 mov Siépyetar and to L elvar kddetn otny (LA) av ka1 pdvor av { eivar
kdUetn otny LA,.
sin A B sin B B sin C
sina  sinb  sinc

Noépog tov Nuitévey cto cpapixd tepliywvo:

Andéoaén. 'Eotww ot H elvon 1 npoBolt; tou A o7o exinedo BOC.

Ac unodéoovpe 61 H ¢ (OB) xon H ¢ (OC). 'Eow 61 L eivon 1 npoBorh tou A oto
OB xa M etvor 1 mpoPolf; tou A oto OC. Téte AL = OAsin AOB = sinc xau AM =
OAsin AOC’ =sinb. Ané 1o ﬂewpnpa Tewwv xoétwv: HL 1L OB xaw HM L OC.

‘Apa, HLA =B Ol HMA = C. Erouévoc
HA = ALsmB = smcsmB xoo HA = AMsmC — sinbsin C.
"Apa, sin csin B = sin bsin C Onkcxﬁn sin B B — sinC

Yy nepintwon nov H € (OB) i H c (OC) S)?Z(TEOSELZY] elvar duota.
sin A sin B

‘Opota arodexvietar 6Tt 5= = =2, O
sina sinb
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Nopog Twv cuVNUITOVELY YLd TS TAEURES TOU CPALELXOY TELYWVOU:
cosa = cosbcosc+ sinbsin ccos A
Nopog Twv cuVNUITOVLY TIX TS YWVIEC TOU CPALELXOD TELY WVOU:

cos A = sin Bsin C cosa — cos B cos C

5.9 lIootnta cpotpxdy TELYOVLV.

Abo ogoupwxd tplywva AABC xaw AA'B'C" xaholvton (oo 61ay undipyel ogoiptxy| loouetpla
g€ 5(2) ve g(AABC) = AA'B'CY,

Oewenua 5.9.1. Ta duowa opaipikd tpiywra evar ioa.

Anéodeaén. 'Eotww o1t AABC xaw AA'B'C’ eivan 8o ogaupxd tplywva ota ool

ATo ToV YOUO TWY CUVAITOVOY Y1 TIC YWVIES TOU GQOLEIXOU TRLYWYOU TEOXUTTEL 6Tt a = d/,
b="b xuc=c. Apa, AB = A'B', BC = B'C' xn AC = A'C". Ané v Ipbtaon 5.5.5
urdpyeL povoldxy ogaetxh wopetpla g : S = S? v Ty onola g(A') = A, g(B') = B xxu
g(C")y =C. O

Ynupelwon 5.9.2. Anodeuxvieta 6Tt extég and To xpithpto wétnTag I'T'T mou anodelyvnxe
TOPATAVE, XPLTHPLA LGHTN TG SQanpixwy Tetywvey elvon xon tar LI, IIT'IT xou [T, mou woybouy
xou oty Eudeldeia Newypetpla. Aev etvon xpithipla todtnrag tor I'TIT xon TITIT

5.10 3Xtepeoypapixr TEeoBoAY.

Ocwpolpe TNy povadiada ogafpa S? @ 22 + y? + 22 = 1. Oéroupe N = (0,0,1).

Yrepeoypagikri tpoforr etvan wor 1-1 xan el amewxévion p @ S2\ N — R? nou opileta w¢
elfic: o xd¥e A € S*\ N avtiotoyolue o onueio p(A) = A*, ou elvor 1 tops tne eudeioc
(NA) e 1o Oxy-eninedo.

Opllovtac p(N) = oo, mafpvouye aretxdvion Tne ogaipac oTo extetopévo eninedo R2U{oo}.

o % eudeia e Tou R? 1o olvoho € U {oo} xohetton extetauérn evdeta.

Oewpnpa 5.10.1. Eotw p: S*\ {(0,0,1)} — R? n atepeoypapixn npoporn. Téte

21—
ey + U ey 1 a2 4y 4 11

p(z,y,2) = ( ’ Y ) , ya kdOe (x,y,2) € S*\ {(0,0,1)}

p’l(a:*,y*) = ) , yia kde (x*,y") € R?
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Arddaén. H eudelo 4 mou diépyetan and o onueio N = (0,0,1) xou A = (z,y,2) € S*\ {N}
€yet davuopatiny elowon :

r(t) = (xt,yt, 14+ (2 —1)t), t € R.

Eotww A* = p(A). Tote A* = 4N Ozy = (2%, y*,0). Apa, A* avtiotoyel oto t* v 10
onolo 1+ (z — 1)t* = 0. Zuverog t* = 1; xou r(t*) = (ﬁ,ﬁ,O), dnhadt| p(x,y,2) =
<1fz’ 132)'

H eudeio g4+ mou diépyetar and 1o N = (0,0,1) xar A* = (2%,y*,0) € Ozy éyet dovuo-
wortier e€lowon:

r*(t) = (z"t,y*t,1 —t), t € R.
Fotw A =p1(A*). Tote A =cx NS*\ {N} = (2,9,2) e 2% + y*> + 22 = 1. Enopévec

’ 4 * 2 * 2 2 4 — 2
A avuotoyel 610 ta # 0 yio 10 omolo (x*t4)° + (y*ta)® + (1 —ta)® = 1. Apa, t4 = T
’ —1 (% o %) % _ 2z* 2y* z*24y*2 -1
Yuvernwe pH(a*, ") = r*(ta) = (x*2+y*2+1; T e e ) -
UJ

[Mogropa 5.10.2. H orepeoypagixii tpoforri p : S*\ {(0,0,1)} — R? efvar opoopopgropids.

Andéoaén. And tov oplopod g p xon and 1o Oewenua 5.10.1 cuvendyeton dti 1) p ebvon 1-1, ent
o oLvEYfic, xou 6Tt p~ ! ebvan ouveyhe. Apa, 1 p ebvar opolopopgiopdc. O

Ajppa 5.10.1. Eotw ént jpa kauridn C' tov R? ka1 Mia empdvea S tov R3 optlovtai and ©g
Aeteg mapaperpikonomjoes B : I — R? (I avoikto didotnua tov R) kair: R? — S, avtiotoiya.

Av € etvar ) epanopévn s C oo onueio A, téte o kauntdes r(C') kar r(g) éyovr kown
epantopévn oo r(A).

Anédaén. Fotw 6n S(t) = (x(t),y(t)) xau 7z, y) = (f(z,y), g(z,y), h(z,y)).
H egantopévn € e C oto A = [(to) = (20, Y0) éxet e&lowon

e :7(t) = (z(to) + 2'(to)t, y(to) + ¥ (to)t) = (21(t), 22(t)) =
7'(t) = (2'(t0), ¥'(to)) = (21(t), 25(t)), Vt € I.
To epantépevo Sdvuoua oto 1(A) e r(C) = r(B(t)) = r(z(t), y(t)) eivor 10
71 = (o, Y0)2' (to) + 7y (20, Y0)y' (to).
To egantéevo didvuous oo r(A) trc r(€) = r(y(£) = r(n(6), (1)) s <o
Ty = T2(20, Y0) 21 (to) + 7y (%o, Yo)25(to) = T2 (20, Y0)2' (to) + 7y(0, Y0)y'(to) = 71
Aps, ot xorihec 7(C) xon (<) Exouy xomh egumtouivn oTo r(A). =

Oedpnua 5.10.4. H otepeoypagixri tpoforr p : S*\ {(0,0,1)} — R? Getnpet tng yovies

HeTall Ty KaUTUADY.
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Arndoaén. 'Eotww 6t A ebvar xowd onueio twv xauruiay Cr xa Cy g S2.

H yovio yetall twv xauruiédv p(Ch) xou p(Cs) tou R? 610 xowvd onueio p(A) = (z4,y4,0)
elvan 1 ywvio UeTaZld TWY EQATTOPEVLY TOUS €1 o €2 6T0 onueio p(A), avticowya. Enedy,

(7) ot xaumiheg pt(g1) xou Cy éyouv xow epantopévr oto A,

(4i) ot xouniiec p~t(ea) xaw Co éyouv xowy egantopévn oto A.
apxet va delouye Ot ot egantopéves Ty p(g1) xou pt(g2) oo xowd onpeto A oynuatilouv
NV Ol ywvia ye Ty Ywvio UETaED TwY €1 X €3.

OewpOUYE TIC BLAVUOUATIXEC EELODOELC TWY €1 XL E2 OTO R?:

e1:71(t) = (za+ art,ya + ast), ai +aj =1
g9 : To(t) = (za + bit,ya + bat), b7 + b5 =1

Enedr, @ = (a1, a2) || &1 xo b= (b1, b2) || €, Yio ot amd Tic Yovies 6 yetall TV €1 X0 €9
€)Y OUE:

cosf = = a1by + asb,.

b
NV
Dvopioupe 6t 1 avtiotpogr anexdvion, p~t @ R? — S\ {(0,0,1)} e otepeoypogpxic
TpoPBolNg oplletar amd TNV BlVUCHATIXY CUVAETNOT)

“(z.y) 22 2y 2 4+y? -1
r(x = :
Y 24yt 41 a2+ 2+ 1 224y 41

‘Apa,
pH(e1) 7 (@wa + art,ya +ast), pl(e2) : Fwa + bit,ya + bot)
To egantbuevo didvuopa tne p~(e1) oto A ebvou ky = a175 (4, Yya) + aary(xa, ya).
To egantuevo ddvuopa tne p~'(e2) oto A ebvan ko = biFy(@a, ya) + bafy(x .4, ya).

Enewdr 7 2(xa,ya) = Ff/(xA,yA) X Ty (T4, ya)Ty(Ta,ya) = 0, yio yro oand e yovieg 0
wetall v p (1) xon pt(es) éyoupe:

(a1b1 + a2b2> (an yA)

[[ V(@3 + a3)7 2(za, ya)y/ (07 + b3)7 2(wa,ya)

= a1by + asby = cos .

cosf =

5.11 ABLAoTaTY) EAAELNTIXY] YEOUETPLA.

H dwidotorr eMeimtiny| YewUeTplo xotaoxeudletoal ond Ty oQouplxy) YEWUETPId UE TNV
"GUYXOANON TWY AVTOLPETOIXWY OTUElWY.

Oétouye ElI> = {{P,—P}: P € $*}.

Kéde ogaupnr| wwopetpio g € S(2) anewoviler to avtidapetpd onueion P xaw —P og
avudtapetexd onuela g(P) xa g(—P) = —g(P). Xe xdle ogoupixy| woopetpia g € S(2)
AVTIOTOLOOUE TNV EVa TPOg €val xou ETl amexévion g : Ell? — El? nou optleTan wg €€ng:
Gg{P,—P}) ={g(P),g(—P)}. pogavac S(2) ={g: g € S(2)} eivon oudda.
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H yewuetpia (E11%, S(2)) xahetton eAdetrme,

Euvteiec (eMentinée evdeiec) otny (ElI2, S(2)) eivon 1o otvora £ = {{P,—P} : P € (},
omou £ etvar cauplxy| eudelo.

Ytny elheimtiny| yewuetplo oy douy o e€¥g:

e Ornowdhinote Lebyoc onueinv opilet povadixr (eMetntins) eudeia.
o Acv undpyouv mapdhhnies euleieg (ononsoﬁr’]nors 0Lo eAheinTixeg eudelec Téuvovtal o€

éva oreio).

5.12 Aoxnoeig

5.12.1. Na amoderydel 61 av 1 anéotoon 1ou xévipou g ogaiopas S(K, R) and 1o eninedo
IT etvor < R, tote S(K, R) NII etvar xOxhoc.

5.12.2. No anodewyvel 61t av yio tic ogaipec S(K7,7) xou S(Ky, R) oy lel
R—T’<K1K2 <R+T,

t6te S(K1,7) N S(K2, R) elvar x0xhog.

5.12.3. Na anodeyei o1t xdde yovia ogouptxol torydvou ue xopupés A = (1,0,0), B =
(0,1,0) xau C' = (0,0,1) ebvar opO.

5.12.4. No anodetyVel 6Tt OeV UTAEYOLY TOLUAANAOYEUUUO OTT) CQPapIxT| YEWPETELA.
5.12.5. Na anoderydolv ot axohoulec TpOTAOELK:

(o) Kéle onuelo N € S? anéyer and xdde onueio P Tou wonuepvol ey ogoipixf andotaot
/2.

(") Kéde opoupun| eudela mou Sidpyetan amd to N € S? elvor x&etr otov onpepvd ey ToU
N.

() Kéde ogaupxr| evdeio tou elvon xddetn oty ooopixr eudeia € Siépyeton xon and Toug
000 TOAOUG NG €.

5.12.6. No xataoxevactel ogoupxd tpiywvo ue epfoadov: (a) /2, (8) /6.
5.12.7. No anodeyvel 611 011 oonpix?] YeEwUeTpld

(o) Av ot mhevpéc evoe agaipixol Tprydvou ebvan a, b, ¢, t6te a + b+ ¢ < 27,
(8) To ddpolopa Twy Yovidy evdc tetpanielpou eivar > 2.
(Y) To euPododv evic ogonptxol tprydvou eivon < 27.
5.12.8. No anodetyvel ot
(o) THIII, TITTI, TTIT eivon xpitiipla LOOTNTOC TELYWDVWY OTY OQAULELXT YEWUETPIOL.

(8) TITT o IITIT Sev efvan xprthiptor to6TNTAC TRIYOVOY GTN GQouptx YEOUETE(a.
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5.12.9. 'Eotw p : $*\ {(0,0,1)} — R? otepeoypagixf; tpoPforh. Na Beedel 7 O(PO(LPL%T]
an6otaoT Yetodh Twv onpelwy L, M € S?\ {(0,0,1)} av p(L) = (3, 1) xow p(M) = (=1, -1).
5.12.10. Oewpolye Ty cTepeoypapixt, Teofolf p : §* — R? U {oo} ¢ ogalpac 610 exte-
Topévo eninedo. No amoderydel oti n otepeoypagixt| Teoolr) Tou xixhou £, Tou elva 1 Toun
e S? pe 7o eninedo [ ax + by + cz+d =0, d # 0, e

(o) xhhog tou Oxy-emnédou dtav N = (0,0,1) & £.
(B) extetopévn evdela tou Oxy U {oo} 6tav N = (0,0,1) € £.
Andvtnon: Avoodiotoviag Tz, Y, 2 0Ty e€lonor Tou emmédou and Toug TUTOUG

20! 2y/ IIQ + y/Q -1

:x’2+y/2—|—1’y::U’2+y’2+172:x’2—0—y’2+1

radpvouue Ty e€lowon
2ax’ + 2by' + c(2? +y? — 1)
:L./Z + yIZ + 1

1 omola eivon 10odUvaun ve TNy e&iowon

+d=0,

2ax’ + 2by’ + (2 +y? — 1) +d(2” +y* +1) = 0.
H tehevtoia e€iowon ypdpeTto
(c+d)a? + (c+ d)y” + 2ax +2by + (d —¢) =0

"Apa, p(f) etvon xixhog av ¢ # —d (Snhodf N = (0,0,1) & £) xou p({) eivon extetopévn eudeia
av ¢ = —d (dnhadrhy N = (0,0,1) € ¢).

5.12.11. Oewpolye Ty otepeoypanixf; TpoPokf p : S* — R* U {oo} ¢ opalpac 610 exte-
Tauévo eninedo. No amodetyVel 6L 1) oTepeoypagixt| TpoBoit| Tng ogouplxic euldetag £ etvor

(o) xbxhog tou Oxy-emnédou 6tav N = (0,0,1) & £.
(B) extetopévn evdela tou Oxy U {oo} 6tav N = (0,0,1) € £.
(Yrodegn: Teononoiote Ty Ao e nponyoluevns doxnorg.)

5.12.12. 'Eotw { evar ogonpiet| eudeta, 1 onola elvon 1 tops e wovadwidag ogaipac S? pe o
eninedo H:ar +by+cz=0pe a®> + 0+ > =1 xu c # 0.

(o) No Beedei to p(N*), 6mou N* elvon ouppetpind tou N = (0,0,1) w¢ rpog to L.
(B") Na Beedel n eZiowon tou xxhou p(ITN S?).
(Y) No amodetydel 61t p(N*) ebvon xévtpo tou xOxhou p(II N S?)).

5.12.13. Alvovtor to onpela e opdupac S? = {(z,y,2) € R® 1 2® + y* 4+ 2% = 1}

_ (2 12 2 1 _ 12 1 -
M= (76’_7 7) (T ,— T ) xan L = (_76’76’76>‘ No Beedoiv:

o

6
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(o) To (ogoupixd) xévtpo xau 1 (opaupixi)) oxtiva Tou ogapxol xUxhou T ogalpag S? Tou
oépyeton and too M, N xou L.

(B") To xévtpo xou 1 oxtiva Tou x0xhou tou R? nou dépyeton amd T M, N xou L.

5.12.14. No anodeyvel 6Tt oL BiduEcoL EVHC GQaLpIxol TELYMVOU TEUVOYTHL GE Eva oTuelo.
(Yrodety): Ta eninedo twv Swpéony nepiéyouy ty evdeia (OT), 6mou T eivon To onueio

Topfc TV dtapéowy Tou avtiotoyou Euxkeldeou torydvou.)

5.12.15. No anodetydei 61t To O evog Garpixol Tprywvou TéuvovTon o€ éva onuelo.
(Yroédery): To eninedo twv vhdv tepéyouv Ty evdeio (OT), énouv T eivor to onueio

Topfic Twv VPGV Tou avtiotoryou Euxieidetou tprydvou.)



Kegpdiowo 6
ITpoBoAwx? I'ewpetplo.

H 8éa tng npoPoiixnig yewpetplog.

PoyTalopaoTe OTL EVA AVTIXEIUEVO TOU TELOLACTATOU YMEOU EIVAL AVIUECA OE ULoL TNY T POTOS
xou et 096V meofBohic. ‘Otay to aviixelyevo pwtiCetar, Oho o ornuels TOU TOY AVAXOUY GTNY
(oo axtivar pwtde divouy Ty Bl oxtd Ty 096V, Etol unopolue vo avToToly HooUUE o€ XAl
axtiva pwTtog éva onueio g ovovng. Eivar cav va tautiCouue Ty axtiva e onuelo. Me tov
TPOTO AUTO TOPVOUUE Lol OLOLAGTATY] ELXOVA EVOC TELOLAGTATOU AVTIXEWEVOU.

"Evag tpomog va xataoxeudloupe vEoug ywpoug efvon v opllouye oyEoelc tooduvauiog oe
H01 YVwoTtolg ywpous. Kdlde xhdor icoduvayiog Yo ebvor onpeio tou vEou yopou.

Ye éva Stavuouatixd yoeo V mdve oto oodua Ky oyéon iooduvayioc oto V' \ {0y } unoget
voL oploTel wg €€AG: 800 Un UNBEVIXE SLavOoUoToL ¥ %ot U efvor LoodOVOUA OTAY ¥ = AU Yo XATOLo
A€ K\ {0k}, Snhadh v xaw u avixouv atov Blo govodidotato diavuouatixd undyweo. To
GUVOLO TwV XAAGEWY 10dUVaLac xaheitar TeoBohxds yweog Tou V' xar cupPoiileton ue P(V).

T V = R? rofpvouye v npofohic) eudetor P(R?).

I V' = R? nafpvoupe 1o npofohxd eninedo P(R?).

6.1 TlpoBohxoé eninedo RP?.

Optopode 6.1.1. Kdde eudela tou Siépyetar and to onueto (0,0,0) touv R? xahelton mpoforixd
onueto.
HpoPotiké eniredo RP? (f P2(R)) eivon 10 6UvOA0 M@V TwV TROPOAMXGOY CNUEIGY.

Mo xéde P € RP? da ouyfoiiCoupe ue £p TNy avtiotoryn eudeia Tou R3.
T xdde evdelo £ Tou R? mou diépyetan amd to (0,0,0) cupBoriloupe pe Py 1o avtiotolyo
TeoPolxd oruelo.

6.1.1 Ouoyeveic ocuvieTayUEveg TEOLOAX®Y onueiwy.

Hapatnpolue ott undpyel wa 1-1 avtiotoryio YeTAED TwV eVUEL®Y TOoU BLépyovTal aTd TO
onueio (0,0,0) xou Twv deudivoewy tou R? .

Kdde euwdeia ¢ tou R? mou Siépyetan anod o (0,0,0) opileton povoorpoavta and éva anueio
e Swgopetind and 1o (0,0,0). Av (z,y,2) € £ xu (z,y,2) # (0,0,0), t6te x8de onueio e
¢ Srapopetind and 1o (0,0,0) éyer ouvtetayuéves (Ax, Ay, Az) émou A # 0.

OplZouye wa oyéor woduvapioc oto R?\ {(0,0,0)} wc e&hc:

(z,y,2) ~ (2, y, ') <= I\ € R\ {0} této0 dote (2,y,2) = A2, ¢, 2)

o1
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H x)dor woduvaploc mou mepiéyer v dotetayuévny tewdda (z,y,2) € R* \ {(0,0,0)} ouy-
BoAiletan pe (x 1y :z). Trndoyer wo 1-1 avtiotorylo uetold twy TeoBohxwy onueiwy xal Tou
yeou mniixou R?\ {(0,0,0)}/~.

Kéle tpudda (z @ y @ 2z) pe 2® + y* + 2% # 0 opiler yovooRuavata éva npofoiixd orueio
P € RP?, nou ebvor 1) eudela mou drépyeton amd 1o onuete (z,9, 2) xou (0,0,0).

Oplopog 6.1.2. Oo héye 6t to mpofohxd onueio P éyel opoyevels ouvtetaypéves (x 1y : z),
ue z? 4+ y* + 2% # 0, dtav 1o onuelo (z,y,2) € R? ebvon onueio e avtiotoyne Euxheldetag
gudeloc p tou R3.

Or opoyevvelc cuvtetayUEVES EVOE TPOBoAIX0Y orueiou P dev elvol LoVOoTHUoYTo OPLOUEVES.
Av (z 1y : 2) el opoyevvelc ouvtetaypéves evoc mpofolixol onueiov P xor A # 0, T6te %o
(Az : Ay 1 Az) elvon opoyevveic ouvtetayuévee tou P.

6.2 Ilpofoiuxég sudeieg Tou RP?.

Opglouog 6.2.1. Kdie unooivoro tou RP? xoeitan meofolxd cyrua.

HpoBoAwd oyfuata ebvar cbvora Tou anoTterolvTa and evleleg Tou R3 mou OLépyoviaL amod
0 O = (0,0,0). Enoyévwe, xdte xdvoc pe xopuoh 1o O = (0,0,0) eivor npofolixd oyfiua.

Oplopoe 6.2.2. T xdde eninedo II tou R? nou Siépyoviar and 1o (0,0,0) o olvoro Lp
OAY TV TEoBohxwy onueiny Tou teptéyoviar oto 1T xaheltan moofoiuay) eudeia.

o xdde mpoPBohwnt, evdeia L Yo cuuBoriCouue ue 117, to avtiotoryo eninedo tou R3.

et var yiveTon Sidoplor) oto ypantd xelyevo uetall 1wy onueiwy xo eudewdy tou R? xot twy
(mpoPorxdv) onpelwy xa (tpofolxdv) eudetdy Tou RP? dtov Yo avapepduacte ot onueio P
xou otny eudela L tou RP? Yo yedpouue Xnpeio P xow Evdeta L.

Optopog 6.2.3. Ta onueio Tou Y C RP? xohoUvtar ouveudetoxd, 6Ty uTdpEyEL TEoBoAXN
eudelor L ye ¥V C L.

Ocdpnpa 6.2.4. Kdde rpoPodixr evlefa tou RP? éya oe opoyevels ouvvtetayuéves ekiowon

™S HOopYIIS
ax +by+cz=0, a®>+b*+c#0, (6.1)

kai 0 oUvodo AAwv towv TpoPodikdy onueiwy e opoyevels ovrtetayuérves (v 1y 1 z) mou
wcavoroolv tny (6.1) elvar pna npofokikn evieia.

Arddaén. 'Eotw L pa npofohxt, eudeto. Tote I, ebvou eninedo tou R? tou diépyeton and to
(0,0,0) %o, dpa éyel oto R? eliowor:

ar +by+cz=0, a>+0*+c*#0.

Eva mpoohixd onuelo (x @y @ z) avixer oty L av o uévo av n evdela (Az, Ay, Az),
A € R, nou diépyetar and 1o (x,y, z) xou (0,0,0) elvor umostivoro tou emnédou I, Anhady
oV AL HOVOV AV
alx + by +chz =0, VA e R.
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H teieutaio oyeon ebvan 1oodivaun ye ax + by + cz = 0.

Avtiotpoga, Vo detloupe 61t 10 alvoho twv (x @ Y : 2z) mou wavorowly Ty (6.1) ebvan
tpoPoluh) evleta. Oewpodye 1o eninedo II tou R? pe eliowon (6.1). Téte o II Diépyetar and
™V dpyh, Enouévwe Ly efvon mpoBohixy eudefo.

‘Eva mpofohixd onueio P = (z @ y : z) wavoroel ty (6.1) av xau uévov av 1 eudela
(Az, Ay, Az) tou R? efvon o710 eninedo I, mou tooduvayel ue To val avhxet To P otny TpoPolixt
evleta L. ]

ITopiopa 6.2.5. Onowadnmote 6Vo dapopetind mpoPolikd onpetia avikovy o€ povadikn tpofo-
Aikn evleta.

Anéoaén. Ta Swgopetind Xmueior (ar @ az : ag) xar (by : by : by) aviixouv oty Evdeia

Gz as

by b

a3 aj

bs by

ai Qs

T+ by b

Y+

[]

ITopiopa 6.2.6. Onowdnmote dvo Owagopetikd mpofodikés evleles Téuvovtar oe povadiké
TpoPoAIKG onueio.

Andéoaén. O drogopetinéc Evdelec a1 + asy + azz = 0 xou bix + by + b3z = 0) téuvovto
as az a a; Qg > u

7 , a2
[oRv") elo
iy by by by by by by
Opiwouwodg 6.2.7. 'Eotww ot L ebvar éva ohvoho mpoBohixmy eudeiwy xot P efvon €va ohvoho
TEOPONXGY OTUElWY.
Oa Mpe 6L ot Eudeieg tou L ouvigéyouv 6tav 1 tour| Toug ebvor €va Xnpeio.

Oo héue 6Tt Ta Xnpela tou P ouvipéyouv (1 6Tt efvan ouveudetoxd) 6tav avixouv oe pio
Eudeio.

Heogavae tpla Xnueio (aq @ ag @ ag), (by 1 by 1 b3) xou (¢1 1 ¢ : ¢3) elvon quveudetod oy xa
UOVO v

Ci Co C3
ay Qa2 ag | = 0
by by b3

Optopode 6.2.8. To oivoro {(1:0:0),(0:1:0),(0:0: 1)} xohetton tpfywro avagopas.
To Ynueio (1:1: 1) xaheiton povadiaio Xnpueio.
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6.3 Enineda npoBoifc (evoarhoxtixd poviélo
neofBolxol eminédon) tou RP.

Oplopodc 6.3.1. 'Etow II éva eninedo tou R? nou dev neptéyet o (0,0,0).
YupPorifouye pe o to eninedo mou diépyetan and o (0,0,0) xou eivon mopdhinio oo II.

e To oOvoho Il =TT U Ly, xakelton emimedo mpoforns.
o O eudelec tou Il mou Siépyovtan and to (0,0, 0) xaholvton eatd onpeta tou .

e To 6UVoro OhwV TWV WEATOY oNUElwY, ONAwdY| 1 Tpooiut| euleia Ly, Tou 11 xoeiton
1eatr) Evdeia Tou I1.

e To onueta tou II xaholvtor mpayuaTxd onueio Tou ETTEDOU TEOBOANC .

e [ xdie Euxdeldeio eudeia £ tou IT oupBorilouvpe pe lo (omueio tne £ oTo dnelpo) to
10e0t6d onuetd g Ly, mou avtiotoyel oty eudela tou Siépyeton and o (0, 0,0) %o etvor
nopddinin oty L. To olvoho €U {ls} xodelton mparypatixt) eudefa tou II. Ta ornueia
e LU {lso} ebvon tor mporyuatind onueia tne £ ot to Weatd onueio lu.

Edxoha arnodewcviovton ot axdhovldec dUo TEOTICEL.

IIgodtaon 6.3.2. Avo diapopetikd onpeia evos emmédov mpofoAns Il TEPIEYOYTAL TE€ UOVAdIKN
evleta Tou II.

ITpbtaomn 6.3.3. Avo dagopetinés evleieg evdg emmédov mpoPoriis I téuvovtar o€ €va
onjueio.
ITpofBoA¥| Tou RP? 6o I eivar 7 1-1 xou enl anewdvion pr : RP? — I rou optleta w¢ edhc:

PEeRP? xau lp I = pp(P)=(pnIl
PeRP? xou lp |IT = pp(P)=P € L.
To eninedo mpoPohiic mou avuieToryet o0 eninedo Il : 2 = 1 xokeltaw mpdrumo eminedo
mpoporris. H mpdrunn mpofodr) pr, : RP? — 11, optletar wg e€ng:
pm (T iy 2) = (x/z,y/2,1) yia z # 0.
pm(z:y:0) = K% vy # 0, 6mou E% elvor T0 a6 oNueio Tou I, mou AVTIOTOLYEL GTNY
eudelo Tou Ozy emmédou Tou dEpyeTal amd TNV aEy Y| xau Exel dlebiuvon (5, 1,0).

pmy(z 2 0 1 0) ebvar 10 Weatd onuelo tou II; mou avuotoryel atov d&ova Oz tou Oxy
emTEOOU.

IMogadelypota 6.3.4.
1. H npoPoly, tou Xnueiov (2:4: —2) oto I, etvor to npaypotixd onueto (—1,—-2,1).

2. H npofolt) tou Xnpeiou (4:4:0) ot0 ﬁl elvor T TO WeaTod Lmueto tng weatrg eutlelag
Ly, mou avuctoyetl otny evdela y = x tou Oy emnédou.
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3. Sy emgdvein tov R? pe eZiowon
Az? + Bay+ Cy? + Faz+ Gyz+ H2> =0, A>°+ B>+ C*+ F*+G*+ H*>#0
avtiototyel oyfua F' tou RIP2:

F={P=(v:y:2)|A2* + Bay+ Cy* + Faz + Gyz + H2* = 0}.

To onpela (z @y : 1) tou F npofdhovion otny xounOAy tou emtnédou z = 1 ye eliowon
Az® 4+ Bry + Cy* + Fx + Gy + H = 0 xou ta onpeto (z : y : 0) tou F npofdhovrar ota
Weatd onpeio Tou wavonowdy v ellowor Ax* + Bay + Cy? = 0.

6.4 Ilpofolxég aneixovicelg Tou RIP?,

O oxonog pog Yo efvar va oploouue wa anewxovior f RP? — RP? 7ou va éyel Tic e€xg
WOLOTNTES:

() f etvon éva mpog évar xoun enf
(1) f omewoviler mpoPohu eudela oe mpofoluxy| eudeio.

IMopdderypa 6.4.1. Oewpolye Wi agvxt anewxovion f : R? — R3 novu optletar amd NV

T a; ag as
oyéon f(z,y,2) =A[ vy |, 6mou A= | b by by | € GL(3,R),
z Ci C2 C3
x x x
Av fm,y,2)= v |, orce | v | =A1 ¢
2z z Z!

(¢) H f omewoviler xde eninedo mou Siépyeton and Ty apyh ot eninedo mou dSiépyetou and
™Y oy
Hpdrypott, Yewpolue éva entnedo I : ax + by + cz = 0 mou diépyeton and TNy apyn.

/

x x
0:(a,b,c)| v | =0= (a,0,c)A7' | ¥ | =0
z 2

Eredf (a,b, ¢)A™! etvar xdmotoc 1 x 3 wivoxac (o, b, ), éreton 6t 7o I amexovileton
o710 eninedo a'z’ + by + 2 = 0.

(¢7) H f amewoviler xde eudeio mou diépyeton amd tny apyr oe eulela mou diépyeton and TNy
XN

Hpdrypott, Yewpolue wo evdeta € mou Si€pyetar amd TNV apyY| xou efvar Tapdhhnhn oo
Stévuoua (a, b, c).

Tote e : (x,y,2) = (Aa, \b, Ac), 6mou A € R. Av f(z,y,2) = (2/,y/,2'), t61¢
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x T a; ay as Aa aja + asb + asc
y’ =A Yy = b1 bg b3 Ab = A bla + bgb + bgC
z z c1 €y C3 Ac cia + cab + c3c

Apa, € amewxoviletar otny evlela mou diépyeton amd TNy apy xaL elvon TUEIAANAT GTO
ddvuoua (ara + agb + asc, bya + bob + bsc, cra + c2b + cs¢).

a; ag das
Mo A= | b by by | € GL(3,R) opllovpe f: RP?* — RP* wc e&fic:
Ci1 C2 C3
x’ x
flaiy:2)=(:y :2), émou | vV | =A| y
Z z

Anpadh, f(z:y:2) = (ax + agy + azz : bix + boy + b3z : 10 + oy + c32).
H f etvon xohd optopévr), dnhady| aveldotnTn amo Ti¢ opoYeVelc cuvtetayuéveg Tou P € RP2.
Medrypor,
FOz: Ay A2) = (Marz + asy + azz) : A(biz + bay + bs32) : M1z + ey + ¢32)) =
= (i + agy + azz : bix + by + b3z : c1x + oy + ¢32) =
— fry:2)

Opiopoc 6.4.2. llpofolix6s ueTaoy nUaTiouos Tou RP? eivor wa amewovior f RP? — RP?
vt TV omofo undpyet A € GL(3,R) tétotoc ote

/

x x
flx:y:2)=(" 9 :2), 6nou [ o | =A| vy
Z z

O wivoscag A xahetton ovoyetiopévog ue 6tov TpoBolxd ueTacnuaTiousd f.

To 6ivoro GhwV TV TROPOANXGY PeTaoy uaTioudy tou RP? cupfBorileta ue P(2).
ITépopa 6.4.3. Eoww f € P(2) ka1 A € GL(3,R) eivai 0 ovoyetiopévog nivakag tou f.

Av (a,b, ) = (a,b,c)A™Y, téte [ amewcovila tny Evdeia ax + by + cz = 0 oty Evdeia
adr+by+dz=0.
Ocdpnua 6.4.4. To olvodo twy mpofodikdy petaoynuatiopcy P(2) pe mpdén otvieons
Twy TPOPOAIKGY areikovioewy eivar oudoa.

Aréoaén. Yt olvieon npoBolix®dV YETACY NUATIONNOY f UE CUCYETIOUEVOD Tivaxa A xal g e
ouoyeTtopévo mivaxo B avtioTolyel mpoBohinds UETACY NUATIONOC UE CUOYETIGUEVO Tivaxa AB.
"Apa, 1 obvieon TPoBoMXGOY UETACY NUATIOU®Y EiVoL TEOBOAMXOS UETAGY NUATIOUOC.
(1) Av f € P(2) xau A € GL(3,R) eivou cuoyetiopévoc ooy f, t6te det(A) # 0. O f~1 ebvon
0 TEOPOMXOC PETACY NUATIOHOS UE CUCYETIONEVO Thvoxa AL
(i7) To oubétepo ototyeio éwvar o povadidiog mivaxac I € GL(3,R).

(177) Enetdn o ToAhamhootaodos Ty Tvaxwmy €Yel Tpocetaototixy wiotnta, 1 alvieon npoPo-
MXOV OTEXOVICEWY €YEL TPOCETAUPLOTIXT] LOLOTNTA.

]
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Owdda PGL(3,R).

a; az as
Av Ay = b1 by b3 € GL(3,R) elvar 0 mivaxac cuoyeToUEVOC PE TOV TPOPBOAXG
C1 C2 C3

uetaoynuotiopd fxon AAy € GL(3,R), A # 0, ebvon 0 Tivaxag cUTYETIOPEVOS UE TOV TPOBOAXS
UETACY NUATIONO g, ToTE f = g. Tlpdyuatt,

flz:y:2) =(a1x+ ay+azz : byx + by + b3z : 1@ + coy + c32) =

glx:y:z) = ()\(alx + asy + azz) : A1z + boy + b32) - M1z + oy + c;;z)) =
= (i + agy + azz : byx + bay + bsz : 1@ + oy + ¢32)
=flr:y:2)= f=g.

Y10 ouvoho GL(3,R) opiloupe oyeon wooduvauioc we eZhc:

A~ B <= B =), \+#0.

SugBoriouge PGL(3,R) = GL(3,R) / .

[Na xdde A € GL(3,R) 10 6Ovoho 6hwv 1wV mvdxwy tne popghic AA, A # 0 elvor otoyeio
e PGL(3,R), 1o onolo Yo 10 cuuforilovye ue [Al.

Optloupe Vv 1pdén oto PGL(3,R) w¢ e&hc:

[A]-[B] = [A- B].

H mpdén mopamdve etvon xahd optopévr), dnhadh aveldotnty and toug mivaxeg A xou B.

To ovoho PGL(3,R) ue tnv nopandve oplopévr) tedn etvar oudda, 1 otola cupforileto
enlone ue PGL(3,R).

H ouddec P(2) xon PGL(3,R) etvan 1oopoppuxée.

Optopde 6.4.6. To Lebyoc (RP?, P(2)) xaheitor MpoBohih Tewpetpia (oto eninedo).

6.5 Ocsuehwdeg Oeswpnua tng llpoBoixng I'ewpeTploc.

Oplopog 6.5.1. T dUo Sagopetixd mpofoixd onueior P, Q) € RP? Yo oudfollovue Ue
PQ v povadur, tpoPolixy eudela mou ta mepéyel. Adue 6t i PQ evodver ta P oxan Q.
Tetpdnievpo o10 RP? etvor ot TeETPdOX avdt Tpia un cuveudetxwy Tpofoixwy onueiny P, Q, R, S
wolt we mpofolwég evdeic PQ, QR, RS, SP, mou ta eVe)VouV.

To tetpdmieupo pe xopupéc P, Q), R, S cuyPoiiletan ue PQRS.

Ocdenua 6.5.2. Av P = (p1 : p2 : p3), @ = (1 1 q2 2 q3), R = (r1 : m2 & 1r3) kat
S = (s1 : sy : 83) elvar avd tpla un ovvevdaard onueia tou RP?, téve vrndpyer povadikds
tpopokikds petaoynuatiopds f: RP?* — RP? rov arewcoviler ta onpeta (1:0:0), (0:1:0),
(0:0:1) ka1 (1:1:1) ota onueta P,Q, R ka1 S, avtiotorya.
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Anédaén. 'Eow 6u f(r:y: 2) = (mx + agy + azz : bz + bay + bsz : c1x + coy + c32) x

ap az as
A= b1 bg b3 € GL(3, R) Tére
Ci Co C3

o

10:0) = (m 3b1301>:(p13p2 p3) = (a1,b1,¢1) = u(p1,p2,p3), u#0,
(O 1:0) = (ag:by:co) =(q1:q:qs3) = (ag, b, ¢c2) =v(q1,q2,q3), vF#0,
:0:1) = (ag:bz:c3)=(r1:79:73) = (as, bz, c3) = w(ry,re,r3), w# 0.
upr vq1 wWn
Apa, A= | ups vga wry |, 6mouu#0, v#0, w#0. Enione
ups U4z wrs

f(1:1:1) = (upy +vq1 +wry : upy + vqe + wry : ups + vgz + wrs) = (s : S92 : S3) =

S1 up; +vqy + wry S1 P q1 71 Au
So | =2 ups+vget+wry | < | so | =1 po q 72 Ao, A#0(6.2)
83 ups + vgz + wrs 83 P3 g3 T3 Aw
Pr @1 T
Enewdr ta npoPolind onueta P, Q, R eivan un cuvevdewaxd, | po g2 72 | # 0.
Ps 43 T3

‘Apa, 10 olotnua (6.2) yia xdde X # 0 €yer uovadxr) Ao (uy, vy, wy).
Uxpr Uxq1 Wi

Ovrnivaxec Ay = [ uap2 vag2 wiry | elvar 1oodUvayol xat elval oL GUGYETIOUEVOL TVIXES
UNP3  Uxq3 WAET3
10 {nToduevou TeoBoAixol UETaoy NUoTIonol f. O]

Ynpelwoeig 6.5.3. And mny anddelrn tou Yewprjuoatog 6.5.2 cuvendyeton OTL:

LLAYVP = (p1:p2:p3), Q= (1 : @2 : g3), R = (r1 : 7o : r3) elvon mpoBohxd un ouveu-
Vetaxd onuela Tou RIP’2, T6TE LTdEY VY drelpou TARoUE TpoBoixol peTacy NUATIONO! TOU
aretxovilouv ta onpefa (1:0:0), (0:1:0), (0:0:1) ot onuelo P, Q, R, avtictolya.
Ye xdde te18da (u, v, w) € R*\ {(0,0,0)} avriotoryel npofolixoc petaoynuationds f e
upr vqr wnr

ovoyettopévo mivaxa Ay = | ups vge wry |, mou amewxoviler to onueior (1 : 0 : 0),
ups vqgs wrs

(0:1:0), (0:0:1) ot onueila P, Q, R, avtictotya.

2. AVP=(p1:p2:p3), @Q=(q1:q2:q3), R=1(r1 :7rg:73) xou S = (81 : S9 : s3) elva
avé Tpla un cuveudetaxd onueta Tou RIP’Q, TOTE 0 YOVIOLXOS TPOBOAXGG UETACY NUAUTIOUOS
f: RP? — RP? nou ametxoviler to onueto (1:0:0), (0:1:0), (0:0:1) xou (1:1:1)
ot onueto P, Q, R xou S, avtiototya €yel cuoyeTiouévo mivoxa:

upr vq1 wry Uu 1 @1 M 51

7
Ap = upy vqy wre |, 6TOU ) =1 po @ 1 S
ups vq3 wWrs w P3 q3 T3 53
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Ochpnua 6.5.4. (Ocuchiddes Ocdpnua IpoPolikng Iecwpetpiag.)

Av P,Q,R,S xa1 P',Q', R, S' civar vetpddes avd tpia pun ovvevdaarxdy onpeiwv tov RP?,
tdte vndpyer povaoikds mpofolikds petaoynuatioudss fo: RP? — RP? yia tov omolov 10xUel:
f(P)=F, f(Q)=Q, f(R) =R rxa f(S) =5"

Anéoaén. Louowva ye 10 Ocopnua 6.5.2 urdpyouv povadixol tpoBoiixol uetacynuatiouot
fi: RP? = RP? xau fo : RP* — RP? yio touc omolouc oy Vet Ot

f1 anewxoviler to onueior (1 :0:0), (0:1:0), (0:0:1)xu (1:1:1) ot onueia
P, Q, R, xa S, avtiotoya, xat

fo amewxovilel to onueior (1 :0:0), (0:1:0), (0:0:1)xu (1:1:1) ot onueia
P, Q' R xou ', avtiotouyo.

Suvende, f = fao fi' € P(2) amewovilel o P, Q, R, S ot P!, @', R’ S’, avtioTotya.

Ac unodéooupe 6t g € P(2) arexovilet to onyelo P, Q, R, S ota P/, @', R' S’, avtioTouyo.
Téte ot mpofolxol uetaoynuatiopol fo xaw g o f1 anewovilouv o onueio onpeia (1 : 0 : 0),
(0:1:0), (0:0:1) xou (1:1:1) ot onpeia P, Q', R xou S’, avtiotoyo. Apa,

fo=qofi=q=frofi'=q= .

IMépiopa 6.5.5. Ola ta tetpdrievpa tou RP? efvar iw0odivapa.

6.6 Avulopog otnV TEOoBoAxY, YEWUETPLA.

IM'vopiCouue 6Tt 6T0 R3 umdpyet ot 1-1 xon enl avtioTtoryio yetallh YeTald TwV EMTEOWY TOU
OLEPYOVTL amd TNV apy Y| xot TV BIEVIIVGEWY ToL YWEou: ot xdie eninedo a1 x +axy +azz =0
avtiototyel povadxt, diebduvon (ag @ as @ az) xddetn oo eninedo, xaL avTGTROPA.

H avtiototyia auth yetagpéteTton oto RP?: 6¢ xéde Evdela ajz + asy + azz = 0 avtioToLyEl
uovadixd Xnueto (aq : ag @ ag), xou avtiotpoga.

Opwowodg 6.6.1. YuyPolilovye Ue DRP? 10 60voro dAeY ToV eRtmtédwy tou R3 Tou OLépyovTon
ané 1o (0,0,0).

To eninedo I : ayx + azy + asz = 0 Tou R3 w¢ oTolyelo Tou DRP? da oudBolileTon ye P
H opoyeveic ouvtetayuéveg tou anueiov P ebvan (aq @ as @ as).

Kaholue Euldela Tou DRP? x4 0éoun emmEdwY Tou TéUvovTal xotd eulela, n omola Biépye-
tou amd 1o (0,0,0).

Ye xéde evdela ¢ C R? pe devuvor (a1 @ ag : as) avuotoryel n BEudela Ly tou D]RIP’Q, 1)
omola 6€ OUOYEVVELS el ellowan a1 + asy +azz =0 .

lpdypoat, é0tw Py = (v :y: 2) € DRP?. Téte

Phely<=(Cll < (z,y,2)L(a1,as,a3) <= a1x + asy + azz = 0.
Opltloupe 10 6UVOLO P(2) TtV YETACY NUUTIOUOY TOU DRP? ye tov {Bio 1p6T0, 6T X Yio

10 Tpoohxd eninedo RP?,
H yewpetpio (DRP?, P(2)) xoheitan ovikrj yeopetpia e (RP?, P(2)).
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Ao yeoyetpiee (X, Gx) xou (Y, Gy) xaholvtar icoyoppixés, 6tay umdpyouy wa 1-1 xou
ent anewodvion f: X — Y xa évag woouopgioudc i 1 Gx — Gy ouddwy Gx xou Gy €10l )oTe

flg(x)) =i(9)(f(x)), Vo € X, Vg € Gx.
Oewpnpa 6.6.2. O1 yewuetples (]RIP’Q, P(2)) ka1 (DRPQ,P@)) €tvai 1opHopPLKES.

Anéoeién. 'Eotww o D : RP? — DRP? eivon N 1-1 xou eni anewdvion, 1 onola oto Lnueio
(a1 : ay : as) tou RP? avtiototyel to Enuelo (a; : as : as) tou DRP?. An\adh, n D oty
eudelo Tou Btépyetar and to (0,0,0) xou ebvar mapdAAnin oto dtdvuoua (a1, asz, az) AVTLOTOLYES
eninedo mou dépyetar and 1o (0,0, 0) xddeto oo ddvuoya (ar, az, as).

‘Eotw enlong i : P(2) — P(2) eivaw n tawtotixn arexovion. Apxel va det&ouye ot

D(g(ay : as : a3)) =i(g)(D(ay : ag : as)), Y(ay : ag : as) € RP?, Vg € P(2).

Armhadh, D(g(ar :as : az)) = g(D(ay : as : a3)), Y(ay : ay : a3) € RP?, Vg € P(2).
‘Eotww 6t g(ay = ag : ag) = (by : by : b3). Tére

D(g(ay : ag:az)) = D(by : by : bg) = (by : by : bs3)
g(D(CLl Qo Clg)) = g(a1 Qo CL3> = (bl . bg . b3)

H apy” Tou dulopov.

H anewévion D oe xdde oyfpa otn yewuetplo (RP?, P(2)) aviiotolyel éva oyfue ot
yewyetpia (DRP?, P(2)).

Oa Mpe 6T éva Xnueio A xou n Eudela L “cuvtpéyouv® otav A € L.

Ou oyéomn a1by + azby + azbs = 0 unopel va epunveutel oto RP? UE dUo TEOTOUC:

1. To Enueio (aq : ag : ag) xou v Budela biz + boy + bz = 0 cuvtpéyouv.

2. H Evdeio a1 + azy + azz = 0 xou o Xmueio (by : by : bg) cuvtpéyouv.

Or mapamdvew 600 tpotdoels efvar 1oodUuvauee. Enoyevag oe Oewpnua © oto RP? avTioToLy el
eva Oewpnua OP 6510 DRP?, nou TEOXUTTEL AV 011 © AV TIXATACTHCOUPE

1. Kéde Enueio A = (a1 : as : az) pe Erueio D(A) = (a; : as : a3) (nov avuiotoyel oty
Euvdsia a17 + asy + asz = 0 tou RP?).

2. Kédde Evdela L : byz + boy + bsz = 0 pye Evdela D(L) : bz + by + b3z = 0 (nou
avtiototyet ot Snueio (by @ by 1 by) tou RP?).

Evalidocovtag otn cuvéyeia 6to Ocswpnua eP ¢ Méeg “Xnueio” xon “Budeia” mafpvouue
véo Oedpnua O tne (RP?, P(2)). To Oebprue ©F xaheitor duixd Tou O,

Amé o mapamdve TeoxOTTEL 1) apy 1) Tou dulopol oTNY TEoPoAixY] YewueTplo:

Av otn mpofodixn yewuetpia wyver pia Lpdraon © avagpepduern otn oyenikn Oéon petald
twy Ynueiov ka1 Evlady, téte wyva kar n ouikn g Ipéraon ©F nov mpoxvnter and tny
apx1kn pe evaldayn twv Aééewv “YXnueio” ka1 “Evlela” ka1 twv gpdocwv “avikovy oec a
evlela” ka1 “téuvovtar oe éva onpieio”.
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H apy?| tou duicgol mpoogeper o onpavtixy dteuxohuvor otn pehétn tng Llpofolinrc
Iewpetplog, apol pall ye xdie Vedprnua Tou anodewvOOUUE 1oy UEL QUTOUAT XaL TO OUIXO TOU,
ywelc va ypetdleton va 1o amodei€oude. H dradixacia tng anddering tou duixol Jewprlatog
ebvon Suixnr) Tng amddeling Tou apyixol Yewpuatog, dnhadh TEOXVTTEL ATO TNV vy LxXr) ATODOEE
UE T1) EVOAAYT| TTOU OVOPEQUTXE TORUTEVCW.

[Topdderypa dUiWY TPOTAGEWY Vol TO TALUXATW.

Orowadrimote 6o dagopetikd Xnueia avixovr (owrtpéyouvr) oe povadixry Evieta.
Ornowadrirote 6o dapopetinés Evdeles tépvovtar (ouvtpéyouvr) oe povadixd Xnpeio.

‘Eotww 6t IT etvar éva eninedo tou R? nou dev nepiéyer to (0,0,0) xou ITU Ly ebvou
T0 avtioTtotyo eninedo mpoPoifc. Xe xdlde Xnueio tou RP? avTioToLyEl povadixd onueio Tou
ITU Ly xo oe x8de Eudeio tou RP? avticowyel povadueh eudeioa tou TTU Ly . e xdde
Ocwpnua oty TEoBoAixy| YEWUETEl, OTWS XAl 0TO BUIXd TOu, AVTIOTOLY0UY OEWETUAT TNG
Euxheidetac yewyetplog. Me tov 106mo autd unopolue va SLUTUTWCOUUE VEX VEWEHUATO TNC
Euxheideiag yewpetplag. ‘Oung 1 avadtatinwor twv Oewpnudtony tng npooiixc YewueTploug
otnv Buxheldeio Newpetplo anartel xdmota npocapuoyy) otott oty Euxieldeia yewpetpla undp-
youv mopdiiniec evdeiec (ebvar ot Eudelec tou emnédou mpoBolric mou téuvoviar ota tdeatd

oruela).

Oploupodg 6.6.3. Kaholue tplywvo Ttou RP? 1o oyfua mou amotehetton amd Tela un cuveu-
Vetaxd Xnpeio A, B, C yall pye 1ic Euwdeleg AB, BC, CA.

Opiwouwodg 6.6.4. Kalolue e€dywvo oto RP? <o oyfjua mou anoteheltan and €€L avd Tela un
ouveudetond Enueta (xopugéc) 1,2,3,4,5,6 xou €21 Eudelec (mhevpée) 12,23,34,45,56,61, dmou ij
etvouw Eulelo mou mepiéyer ta onuetad xou j. To Lebyn anévavt xopugpay eivan (1,4), (2,5), (3,6).
Ta Lebyn anévavte oxpodv ebvan (12, 45), (23, 56), (34,61).

To axdrouda xhaooixd Ocwpruata e Euxheldeiog INewpetplag amodeixviovian xat o
Vewphuata tpofohxhc yeouetplog (Bh. [1]).

Ochpnua 6.6.5. (Ildnov) Eoww éu A, B,C eivar tpla onueia pag evdeias xar A', B, C’
efvar tpia onpeta pag dAAng evdetlas. Av o1 evleie¢ BC' kar B'C téuvovtar oto onpueio P, ot
evllele¢ BA' ka1 B'A téuvovtar oto onueio Q, o1 evleleg AC" ka1 A'C' téuvovtar oto onueio
R, téve ta onueia P, Q, R efvar ovrevlaard.

Ochpnua 6.6.6. (Desargue) Av 6o tpiywva AABC ka1 AA'B'C’ elvar térola dote o
evleies (AA), (BB') ka1 (CC") mov evdvovr Tis avtiotoes kopupés tépvortal o€ éva onpeio,
téte ta onueia (AB) N (A'B') = {P}, (BC)N (B'C') = {Q} ka1 (AC) N (A'C") = {R}
ota onola Téuvovtal o1 avtiotoryes TACUpES elvar ovvevdaarxd (otny tepintwon mov kdroieg and
TI§ MAeUp€S efvar tapdAAnAeg, to onueio toung efvar onueio 1eatns evlelag ka1 n evdefa mov
mepiéyer ta onpeta P, Q, R uropel va eivaiideatn 1j mpayuatixri evieia evés emmédov mpoPorris).

Oedpnua 6.6.7. (Pascal) Ta onueia toprs twv anévavt mheupdy evds ekaydvou eyyeypaji-
pévou g€ kUkAo elvar ouvvevdelakd (1 toun twr tapddAndwr arévart mAevpdr eivar to 16eatd
onueio tng 1weatris cvdeiag, to omolo avtiotoel oTny Ko dicvivvan tous).

Ochpnua 6.6.8. (Brianchon) Or evleles mov evdrovy tig anévartt KOpuPes €vis ekaydrov
TepLyEYpaujLevou o€ KUKA0 Ttéuvortal o€ éva onuelo.
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I[Mogadeiypoata 6.6.9.

1. To Gewpnua tou Desarques uropet va Satunwiel we e&hc:

Av dvo tptywra elvar tétola wote o1 Evleie oti§ omole avnikouy o1 avtioTorye§ KOPUPES
téuvovtar o€ €va onuelo, tote ta Ynueia ota omola Téuvovtar o1 avTioTO(ES TACUPES
avnjovy o€ ia evleia.

Av dvo tpiywra elvar téroia bote o1 Euleies otis onoles ovvtpéyouvy o1 avtiotolyes Kko-
PUYES ouvTpéyovy, Tote ta Xnuela ota omofa ourTpéxouy o1 avTioToreS TACUPES ovvTpé-
xouv.

To Oecwpnua dutxd Touv Oewpruatog tou Desarques mpoxtnTel edxolo amd TNy deVTERT
HOp®T WS duixY| TEOTAOT:

Av 60 tpiywra efvar Tétola bote ta Xnueia ota onola ovvTpéxouy o1 avTIoTOIYES TACUPES

ourtpéyovy, téte o1 Euleieg otig omoles ouvTpéyouy o1 avTioTol(es KOpUPES ouvTpéxou.

AvoadtaTunedvovTag TNV TaRandve TeoTaoT o8 Wit ouVIoUEVT Hop®T, Talpvouue Oewpnua
avtictpogo Tou Oewpruatoc Tou Desarques:

Av dvo tplywra elvar térola bote ta Xnueia ota omoia Téuvovtar o1 avTIoTOIYES TAEUPES
avncovy o€ uia evleia, tote o1 Eulleles otis onoles aviikour o1 avtiototyes kopupés Téu-
vovtal o€ €va onjeio.

2. To ©ewpnua tou Ildnou unogel vo daturnwie! we e&hc:

Eotww éu A, B,C eivar tpia Xnpueta puas Evlelag kar A', B', C" efvar tpla Xnuela pnag
dAAnS Evleiag. Av

o1 Evletes BC" ka1 B'C ovvtpéyovr oto Xnueio P,

o1 Evleles BA' ka1 B'A ouvtpéyouvr oto Xnucio Q,

o1 Bvlete¢ AC" ka1 A'C' ourtpéyovr oto Xnueio R, téte ta Xnueia P, Q), R ouvtpéyour.
To duixd tou Oewpriuatog tou Ildnou etvan:

Eoww éu A, B, C eivar tpeis Evleies mov ovvtpéyour o€ éva Xnueio kar A', B',C" eivan
g g /. /7 4 Z
tpels Evdeieg mov owvtpéyouy oe éva dAho Xnueio. Av

wa Ynueia BN C' ka1 B' N C ovrrpéyovr otnr Evleia P,

ta Xnueta BN A" ka1 B' N A ourtpéyovr otnr Evleia (),

ta Xnueia ANC" kar A" N C' ouvrpéovr onr Evlela R,

téte o1 Bvleies P, Q), R ouvvtpéyour.

To mapamdve dutxd Tou Ocwpruatog Tou IIdnou diuTundveTon X we eEAG:

FEotw éu A, B,C elvar tpeig evleles mov tépvovtar oe éva onueio kar A', B',C" efvar
z 7 7 7 7 7
dAAes tpes evleleg mov téuvorvtar o€ éva dAdo onueio. Av

wa Xnueta BN C' ka1 B' N C avfjcovr oty evieia P,
ta Xnueta BN A" ka1t B'N A avrjkovy oty Evlela Q),
wa Ynueia ANC" kar A" N C' avijkovy otnr Evlela R,

téte o1 Evleies P, (Q), R téuvovtar oe éva Xnpeio.
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3. Toa Oewprpata Tou Mevéraou xot Tou Ceva elvar SutxdL.

4. Ta Oewpruata tou Pascal xou Tou Brianchon etvar duixd.

6.7 Awth6g AOYOg TeEcadpnY cuveudelaxdy Lnueinyv tou RP?.

Optopode 6.7.1. 'Eow A = (4 : ya : za), B = (xp 1 yg : 2), C = (x¢c : yo : 2c),
D = (xzp : yp : zp) téooepa ouvevelaxd Lnuela RP2.

To a = (xa,Ya,24), b= (xB,ys,2B), ¢ = (xc,yc, 2c), d = (xp,yp, 2p) € R avixouv ot
éva entinedo tou R? mou TEPLEYEL TO (0,0,0) %ot @ xou b etvan Yoouuxns aveldptnta. Enouévewe

c=ca-—+ Czl_), d= dia + dzi), Cl,Cg,dl,dQ € R.

Ao Moyog v A, B, C, D etvon o apiduédc (ABCD) = 2/%.

Cc1

Oewpnua 6.7.2. O 0itAdg Adyos teoodpwy ouvevdaarwy Xnuelwr A, B,C, D € RP? efvai
ave&dptnTos and TNY €mAOYI) TV OUOYEVYWY TUVTETAYUEVDY TOUS.

Anéoaén. 'Eotww étua,b, ¢, d onpeio Srapopetind twv (0,0, 0, ) twv eudeidv tou R?, avtioTtoywv
ot A, B,C,D. Téte

c=ca—+ Cgl_), d= dia + dzi), Cl,Cg,dl,dz € R.

'Eotw 6t @, V', 7, d enfonc onuela dragopetind tov (0,0, 0, ) twv eudeiody tou R, avtictorywy
ot A, B,C,D. Tote

—/ /! =/ /77 7 ! —/ ! 7./ / / ! !

Eyouue @ = ka, ' = b, @ = mé xu d' = nd émou k,m,l,n € R\ {0}. Enouévex

/
- - k
cd = mE:mcld+m02b:@a’+@b’:>2:ﬁ
k l ol
= - _ - nd17 ndg— d/2 kdg
d = nd=nd dob = —g' + —2p) — 2 = =
nd = mda b = et 7 =
Co dg_C_’z dé —

Apa, =/ — = —.
e C1 dl Cll dll
Oewpnua 6.7.3. Kdle mpofodixds petaoynuatiopds dwatnpel tov OimAd Adyo twy teooépwy
ovvevleikawy onueiwy.

Anédaén. 'Eow A = (xa : ya @ 2z4), B = (xzp 1 yp : z5), C = (zc : Yo : 2c) xu
D = (zp : yp : zp) téooepa cuveudeland Xnueio RP?.
Av vy ta onuelo a = (24, ya,24), b= (2B, yB, 28), ¢ = (vc, Y, 2c), d = (p,Yp, 2p) TOU
R? éyouue
c= Cld+C26, J: dﬂl—}—dg& Cl,CQ,dl,dg € R, (63)
cy /dy

1 1
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‘Eotw p € P(2) pe ouoyetouévo nivaxa P € GL(3,R).
A
[oa T = (21, 22, x3) ougfohilovue: PT =P | 9
€3
HolMamhaodlovtac tig (6.3) ye tov mivaxa P and aptotepd naipvouye

PE:cch_L—i-czPl_), PJ: dlp(_l‘i‘dgpl_), Cl,CQ,dth ER. (64)
‘BEotw 6Tt
'y ) Tp To ) T
Pa=| yy |, Po=| yp |, Pe=| yo | Pd=1| vp (6.5)
2y Zp z2¢ Zp

Téte vy o onpeter @ = (24,94, 24), U = (25,95, 25), @ = (20, U6, 20), d = (2, Y, 2)p)

Tou R? éyouue

c = Clt_l, + CQB,, Jl = dlc_L/ + dg[_),, Cc1,Co, dl, dy € R, (66)
‘Opwe
A =p(A) = (z)y 1y 1 24), B'=p(B) = (25 : yp : 2p), (6.7)
C"=p(C) = (¢ 1 ye : %), D' =p(D) = (2 : yp : 2p)
And ¢ oyéoeic (6.4), (6.6) xou (6.7) énetan 611 (A'B'C'D’) = E—f/g—f = (ABCD,). O

Ynuelwon 6.7.4. O anhdg hoyog TV cuveudetaxwy nuelwy e€optdtor and Tic OUoYEVE(S
OUVTETAYUEVECS.

Hedrypat, éotw A, B xou C tplo Yrueio ye avtiotowya dviopata d@ || £a, b ||l xu @ || bc
TéT010 WOTE € = 2d+ %5 Téte A, B o C avrixouv oe yio tpofohxy| eudeta xon (ABC) = 2/3.

T ¢’ = 3¢, a’ = 3d xou b =2b éyoupe ¢ = 3a’ + %5’ ‘Apa, (ABC) = 1.
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6.7.1 AwmA6g Aoyog mdve oTo eninedo npoBoing.

FEow 6 A, B, C',D' € RP? 'cwosptx ouvevleloxd Ymueio ue owﬂoronxsg TeoBolég
A, B,C, D oto mpdtuno eninedo npoﬁo)\ng H1 Enewdy| To woeatd onuela Tou H1 elvon To Enpaa
™g (LSE:ocmg) Eudelag 2 = 0, mpoxinter 6T 1) xou T Téooepa Xnueia A, B', C', D" avixouy
otnv Eudelo 2 = 0 1) 0 moA0 éva amd autd.

FEotww 6 A', B, C', D' € RP? meofdhoviar ota onuelo A, B,C, D Ttou emnédov z = 1.
Tote o onueto A, B, C, D avfixouy o€ o eudeta tou emmédov 2z = 1. Taipvoupe

8—a2+ﬁ§xw3 72+5§:> ABCD) /8/ ABC g/g

ABD

Av A elvon 1deatd onpeio tou TpdTUTTOL ETTEBOL TEOBOAAC, T6TE A = (24 : ya @ 0) xou TO

oldvuoua a = ( —,0 | ebvon yovadad xon Tapdainio otny evleio Tou TEPIEYEL

zTA
\/xi-l—y \/.Z’A-‘r
o onueta B,C, N.

a = §+@:i|c-3>|a+6
D = §+ﬁ:iuﬁya+5

BC 1) BD — D& — '%fi' xat (ABCD) — '%' — (ABCD) = D

BC 1| BD = 2E = —% xou (ABCD) = %—: — (ABCD) = DB
‘Apa,

(ABCD) = % — —(DCB)

Av B eivon 18e0t6 onpelo tou mpdTunou eminédou npoBolfc, TOTE

1 CA

(ABCD) = (BACD) DA

Av C ebvon 1deatd ornuelo Tou mpoTUTOL EMTEDOL TEOPOATS, TOTE

BA@

(ABCD) =1 - (ACBD) =1 - — = —

Av D etvor 1deatd onuelo Tou tpdTUTOU ETTESOU TEOPOARG, TOTE

AB _AC

(ABCD) =1 - (DBCA) =1 - = = =% = ~(4BC)
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6.8 Avolloiwtec tng npofolxnic yewpetplog (RP? P(2)).

Kéhotue xwvixt) 1ou RP? 10 60voho twv Snueiov (7 @y @ 2) mou wavonolel v eZicwon

™S HopPrC

Ar? + Bay + Cy* + Faz + Gyz + H2* =0, 6mou A2+ B2+ C* + F> + G* + H* # 0

Mot sxwviny| Tou RP? xodefton U1 EXQUAGUEYT AV 1) TOUT| TNG PE TO TROTUTO EN{TEdO TEOPBOANS
ebvon plar amd Ti¢ xopmOeS: mopaBolt|, utepBohn, ENheLT,.

Kdve npoohindg yetaoynuationog

o anexovilel Eudela og Eulela,

o anewovilel ouveudelaxd Xnueio o ocuveudetlaxd,

o ameixovilet Tetywvo oe Telywvo,

o ameixovilet Tetpdmhevpo oe Tetpdmicupo,

o drewovilel To Xrueio Tourc Twv Euldeidv otny Toun twv eixdvey Toug,
e Ortneel Tov BIMAG AOYO0 WV TEG0dpwy cuveuleloxwy Nnueiwy,

o ameovilel Un EXQUNOUEVT] XWVIXT| GE A1) EXPUACUEVT] XWVLXT.

Ioa oyfuata oto RIP2.

Amodetxvietan 61t oty Tpofolixr| YewpeTpio
e Oha o Tplywva ebvan {codlvaua,

/7 e 7. 7 o~ .7
e Oha ta TeTpdmAcupa ebvan {coduvoua,

® OAEC OL UY) EXPUALCUEVES XWVIXEC elvar [00DUVaUES.

6.9 Aoxnoeig

6.9.1. Ilotec and Ti¢ TaUpaxdTe OUOYEVEIS CUVTETAYUEVES TAPLGTAVOUY To (Blo onueio Tou RIP?
ue 1o (2: —-3:4)

(i) (2:3:—4), (i) (4:—=6:8), (i) (3:-1:3), (i) (2:3:4).
6.9.2. o v xodepd amd TIg TopaxdTw TEIIOEG OUOYEVV®Y CUVTETAYHEVGWY Vo Bpedoly and
000 TEIABES OUOYEVVAY GUVTETAYUEVKY TOU TUELOTAVOUY To (Bto Tpofolxd orueto:

(i) (4:2:—-6), (i) (5:4:8), (i) (3:0:3), (i) (2:3:0).
6.9.3. No Beedolv ot opoyevele ouvtetayuévee tne popehc (z @y @ 1) yio to mopodte
TpoPohxd onueta

(i) (2:3:—4), (i) (4:—=6:8), (ii) (3:—1:3), (i) (2:3:4).
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6.9.4. No Bpedolv ot OUOYEVEIC CUVTETAYPEVES TNG HOPYTC (x : 1 :0) yo to0 mopoxdTw
TpoPohxd onueta

(i) (2:3:0), (i) (4:—6:0), (iq) (3:—1:0), (iv) (6:3:0).
6.9.5. No amoderydel ot 1 Eudeio tou RP? rou Siépyetan and o Lnueto (ar : ag @ az) xou
(b1 : by = b) €yel eZiowon

X Y z
ay Qa2 ag | = 0
by by b3

6.9.6. Bpeite v eélowon tng Eddeiog mou Siépyetar amd o onueio (2:5:4) xou (3:1:7).
6.9.7. Na anodewylel 6t ta Xryelo (a1 1 ag @ az), (by : by : b3) xou (c1 1 ¢o @ c3) ebvon

ouveudetaxd oV xai UOVo oy

i C2 C3
a; Qg ag | = 0
b1 by b3

6.9.8. No e€etaotel av ol TpLddeg mou axohovloly arotehovvton and cuvevdeioxd Xrueio
(@) (2:5:4), 3:1:7), (1:—-4:3), (b) (1:5:4), (5:1:7), (1:—4:3).

6.9.9. Acifte 6t ta Xnuefo (1:0:0), (0:1:0), (0:0:1), (1:1:1) elvon avd tplor un

GUVELVELOXAL.

6.9.10. No Bpelei n eiowor tng mpoPohxrc euleiog oe opoyevelc ouvTETaYUEVES TTOU DIEpyE-

Ton amd o tpoPolixd onueia P = (1:2:3) xau Q@ = (3:0: —2).

6.9.11. Na Beedolv ot opoyeveic cuvtetayuévec Tou Teofohixol onueiou Tou ebvar 1 Tour| TV

TpoPolxwy evdeldy £ xou fa, Tou divovton e e€l0wor OE OUOYEVEIC CUVTETAYUEVEC:

biix—y—2=0, ly:xz+5y+22=0.

6.9.12. Na Beedolv ol opoyeveic ouvtetayuéves Tou meofohixol onueiou mou ebvar 1 Tour| Twv
mpoPohxwy evdety btz — 2y +2=0xau by :x —y — 2z =0.

6.9.13. Na Beedel to npofolxd ornuelo, 6to onolo 1 Tpofohxry eudelo Tou diépyeton and To
npoBolxd onueior P = (1 : 2 : =3) xaue @ = (2 : —1 : 0) téuver v mpoBohxr euleio Tou
Sépyetan amd ta mpoPolxd onuein A =(1:0:—1) xow B = (1:1:1).

1 1 -1
6.9.14. 'Eoto f 0 Tpofolxdg UETACY NUATIONOS UE GUCYETIONEVO Tvaxa Py = -1 -2 1
4 -3 4

No Beedolv ot edves twv onueiwy A= (1:2:3), B=(-1:4:0), C=(0:0:1).

6.9.15. Na npocdopiotel ool and Tig Tapuxdtw anewovices eivon TpoBohixol UETAGY TUO-
Tiopof.

(&) flx:y:2)=(—2y+32:—x+5y—z:—3x)

B)glx:y:2z)=(x—-Ty+4z: —x+dy—z:2—9y+72)
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6.9.16. Atvovton T mpofolxd oruela
P=(1:-1:1),Q=(1:-2:2), R=(-1:2:-1), S=(0:1:2),
P'=(-1:3:-2),Q'=(-3:7:-5), R=(2:-5:4), S(-3:8:-5).

(o) No Bpedel évac npoPfolixdc yetaoynuatiowdec f RP? — RP? nou anexovilel o Ynueia
(1:0:0),(0:1:0) xou (0:0:1) ot onueia P, @ xou R, avtiotouyo.

(B) No Peedei o npofohxde yetaoynuatioyds g : RP? — RP? nou arcixovilel o Ynueia
1:0:0),(0:1:0),(0:0:1) %o (1:1:1) ot onueia P, Q, R xar S, avtioTtorya.
nu X

(Y) Na Beedel o mpofohxdc yetaoynuatiopds h : RP? — RP? nou amewovilel ta Ynueia
P,Q,R,S ot Ynueta P',Q', R, S" avtiotowya.

Arndvinon:

(o) Av o mpoPolixde yetaoynuotiopds foanexoviler o Xnuetor (1 : 0 : 0), (0 : 1 :0) »o
(0:0:1) ot onuela P, @ xau R, avtiototya, TOTE 0 cUoyeTIoPévog Tivoxag Tou f éyel
u v —w
wy popoh Ap(u,v,w) = [ —u —2v 2w |, démovu#0, v#0, w#0.
u 20 —w

Ye x&de tpada (u,v,w) € R\ (0,0,0) avriotoryel évoc npoBolixde petaoynuatiopdc
oy amewovilel o Xnuefar (1:0:0), (0:1:0) xon (0:0: 1) ot onuela P, Q xou R,
avtiotowya. ILy., yw (u, v, w) = (1,1, 1) nolpvoupe TOV YETOOYNUATIONS:

1 1 -1 x
1 2 -1 z
u vo—w
B)A;= —u —2v 2w |,dbnmovu#0, v#0, w#0.
u 20 —w
U v o—w 1 0
Enedryg(1:1:1)=(0:1:2), éreton 6t | —u —2v 2w 1 |=11
u  2v —w 1 2
Advovtog 1o mopandve abotnua Beioxovue (u, v, w) = (1,2, 3).
x 1 2 -3
Apa, g(x,y,2) =Ag | y |, 600 Ag=1 -1 -4 6
z 1 4 -3

(Y) Tnoédeln: Eow t : RP? — RP? TEOPBONAOS UETACY NUATIONOS TTou ameovilel To
Yrueta (1 :0:0), (0:1:0), (0:0:1)xu (1:1:1)ota Enuela P',Q", R, S".
Téte h = tog L. "Apa, unoloyiCouue Tov cuoyeTiouévo Tivaxa Tou h and Tov TOmo
Ah = At ¢} A;l
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6.9.17. Na anodeyyvel 6Tt 0 UETACYNUATIONOC T RP? — RP? HE
tx:y:2)=(x+z:x4+y+32: —20+2)

elvon Tpofohxdg xan Beeite Tov avtloTpogd Tou.

1 01
Arndvinon: Evuc ovoyetiopévog nivaxag tou t ebvar o A, = 1 1 3 € GL(3,R).
-2 0 1
1 0 -1
O cuoyetiouévoc Tivaxa tou ¢! evor 0 A1 = % -7 3 -2
2 0 1

LUVETOC
t iy 2)=(r—2:—To+3y—22: 2z + 2).

6.9.18. No dortunwdoly ol BUIXEC TV TapuxdTe TEOTAoTS TNE TEOPoAMXHE YEWUETRloG:

(o) Av o1 Evleieg (y, Uy ka1 U5 téuvovtar oe éva Xnueio, téte n evleia (5 oiépyetar and to
Ynueio touns twwv Eviawy (1 ka1 ;.

(B) Ta mpoBohxd onueioc A = (a1 : as : ag), B = (by : by : bg) xou C' = (c1 @ ¢2 @ c3) ebvan
Ci1 C2 C3
ouveuletaxd oV xat Wovo av | a; az as | = 0.
by by b3

6.9.19. Beeite tov 6imhd hoyo (ABCD) yio o Ymueio
(YA=(1:-1:-1), B=(1:3:-2), C=(3:5:=5), D=(1:-5:0).
B)A=(2:1:3), B=(1:2:3),C=(8:1:9), D=(4:—-1:3).

6.9.20. No anodetydol ot w16TNTEC TOU BIMAOY AGYOU TOU axohoudoiv.

(«) Botww A, B,C, D € RP* técoepa ouveudetond Srueio.

B (BACD) = (ABDC) =1/k

(ABCD) =k = (AcBD) = (DBCA) =1 -k

(3) Av A, B,C, X, Y € RP? eivor névte ouveudeoxd Yrueia xa (ABCX) = (ABCY), tée
X =Y.

6.9.21. AvA=(1:-1:0), B=(1:0:-2), C=(3:5:-5), D= (1:-5:0), Beeite
Touc dimholg Noyoug (ABDC), (BADC), (BDAC), (ADBC).
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Kepdiowo 7

['swpeTtpla TNS AVILCTLOPNS.

7.1 AVTIOTROPY WS TEOS TOV ®XUXAO.

Optowode 7.1.1. Eow C = (K, r) xixlog tou R? xévtpou K xan axtivog 7.

Avtietpogt| we mpog tov xixho C = (K, ) ebvon o amexxdvion t: R\ {K} — R? \ {K'}
nou og x&e onuelo A € R* \ {K} avuotouyel to onuelo t(A) = A" tne nuevdeloc [KA), o
orofo wavonotel Ty e&iowon

KA -KA =r°

To onuelo K xohelton kévtpo xou 1 axtivo r xohelton oUvaun tng avtioTponis L.
O xOxhoc C = (K, 1) xaheiton kUkAog Tng avtiotpogris t.
T xdte A € R?\ {K} o onuelo t(A) xohetton avtiorpogo tou A we mpog tov xvxho C.

Arodetvietan elxola 6Tt

o Av A etvar avtiotpogo tou A we mpoc Ny avtioteoon t, tote A elvan avtictpogo tou A’
G TPOS TNY AvVTIGTEOYT .

o Totw A’ elvan avtiotpogo tou A o npog tov xixdio C. Tote
(i) Av Ae C, t6te A = A.
(i7) Av A elvon €€ and tov xOxdo, tote A’ eivar péoo otov xHxA0.

(i13) Av A ebvan péoa otov xvxho, tote A elvan €Zw and tov xOxho.

4 4 7 2 4 4 I4
o Kéde avtiotpogt t v mpoc tov xixho ue xévipo K efvor wo 1-1 xou ent anewxdvion tou
R?\ {K} otov gautd Tou.

e Avi:R*\ {K} — R?\ {K} elvor avtiotpogt, wc mpoc tov xixho ue xévipo K, t6te
t71 =t (xdde avtioTpoen elvon autoavticTpogn).
M 1-1 xou ent amewovion t: X — X xahettan eveliknikn , dtav t ot = idx.
Enopévwg xdide avtiotpogt| efvar eVEMXTIXT ATEXOVIOT.

Optopoe 7.1.2. Koholpe opowdesia tou R? pe hoyo k € R\ {0} xou xévtpo (0,0) tnv
arewéviorn b R? — R? pe h(z,y) = (kz, ky).

Edxoha anodewvietar 611 xdle opotoVesta elvon 1-1 xou em, ancixovilel eudeiec oe euldeleg
%ot XUXAOUC G xOXAOUC.

71
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Fewpetpixds oplodg TNG AVILCTROPYS.
H avtiotpogt| evoc onueiov A wg tpog tov xixho C = (K, 1) opiletar yewpetpxd we e€hc:
1. Ay KA=r, t6te t(A) = A.
2. Av KA > r, t6te axohouvfolye ta mapoxdte Bruarta
(o) pépvoviag and to A wa egantouévn npog tov C' = (K, 1) Beloxouye 10 onueio P
TOUNG TNS EQPATTOUEVNS UE TOV X0XAO,
(B) A" =t(A) eivou To fyvoc e xadétou and to P mpoc v eudeia (K A).
3. Av KA < r, 16T axohoulolye ol mopaxdte Briuato
(o) @épvovrag and to A eudela xddetn oty (KA) Beioxouue 10 onuelo P topfc g
HE TOV Ax0%AO,
(B) A" =t(A) eivar To onueio Touhc Tne epantouévre oto P pe v (KA).
IMogadeiypota 7.1.3.

1. Av 7o onueto A elvon é€w and tov xOxho C = (K, 7), To onuelo A’ elvan avticoToowo tou
) ) p

A we¢ npoc tov C(K, 1) xou C(K,7)NAA" = N, t61e NA' = 1+ NA/r

Hpdryportt, anéd tov opioud tou ornueiou N énetan 611 KA =r+ NAxow KA ' =r - NA'.
Omndte malpvoupe dtadoyxd

NA-r  NA
r+NA 1+ NA/r

KA-KA =7r* = (r+ NA)(r = NA) =r* = NA' =

2. 'Eotw 61t P,Q € R?\ {K} xou o onpeto P, Q, K dev etvon cuveudetond.
Av t elvor 1 avtiotpogy| w¢ mpog tov xUxho C = (K, r), t(P) = P’ xou Q' = t(Q), tote

po - e
KP-KQ
KP K@
Hpdypott, KP - KP' =712 xou KQ - KQ' = r* = o Kg/'
Apa, ta tplywva K PQ xou KP'Q' etvar 6uota. Enopévac,
P/Q/_KP,_KP/~KP_ r2 :>P/Q/_ PQ'T’Q

PQ KQ KQ-KP KQ-KP - KP-KQ'

Oewpnpa 7.1.4. H avtiotpogn ws mpog tov kUkdo C(O,r) érov O = (0,0) divetar and tny

oxéon
xr? yr?

o) = (s s ) - (0 €RALO),

Arddaén. Av A = (z,y) € R*\ {O} xou A" = t(A), t61e A’ = (ka, ky) énov k € R, k > 0.

Eneor) OA = /2?2 + y? xou OA" = \/k?2% + k2y?, mpoxintel 61t

OA-OA = = k(2> +y)) =r’ =k =

7,2

x2 +y?



7.1. ANTIYTPO®H X I[IPOY. TON KTKAO. 73

7.1.1 AvTwotpogrg tng sudeiog xou Tou xOUXAOL WG TEOS TOV %xUXAO.

Eotw ¢ wa evdeio xaw A € £. To olbvoho £\ {A} xakeiran evdela didrpnTn oto A.
‘Eotw C évac xixhog xou A € C. To olivoho C'\ {A} xakeitar kUkAog didtpntog oto A.

Oewpnpa 7.1.5. H avuotpogri t tov emnédov ws mpos tov kvkko C(O, 1) aneikovile
(a) Ty evlela didrpnTn owo O oTov €autd T,
(b) Ty evdela mov dev diépyetar and to O enl évay klkho didtpnro oo O.

Anédaén. (a) H evdeia £ Sdten oto (0,0) éyer eiowon ax + by = 0, (z,y) # (0,0).

Av t(z,y) = (', y), t6te (z,y) = t(2',y) = <x,f—+/y,2, #)
Apa, t(£\ {O}) éyer e€lowon am,;iyz + bm,f_’;ya =0, 6mou (2/,y") # (0,0) dot (0,0) dev
wavonotel vy elowon e (¢). H tedevtaia eZiowon elvon toodivaun pe v eiowon
ar’ + by’ =0, (2/,y) # (0,0), mou eivor 1 e&iowon tne evdeiac ¢ datpntic oto (0,0).

(b) H evdeio £ mou dev diépyetan and and 1o O éyet eiowon ax + by +c = 0, ¢ # 0. Apa,
t(ﬁ) éXSL EE{O@OT} CL:U’;—SI—Iy’2 + bac’;-/":y’2 +c=0, (xla y/) 7& (Oa O)

H <edeutata e&lowor etvar 100d0voun pe cx’? + cy? + az’ + by’ = 0, (2/,y') # (0,0), n
omola elvan eZiowan tou xixhou Bidtpntou oto O = (0,0).
O

Ocshpnua 7.1.6. H avuiotpopri t tou emnédov ws mpos wov kukdo C(O, 1) anekovila
(a) tov kUkAo didtpnro oto O enl pa evieia mov dev tiépyetar and to O
(b) tov kUKAo mov dev Biépyetar and to O enl évay kUkAo (Tov dev mepiéyer To O).

Arddaén. Eotww C évag xixhoc e eliowon (x — a)? 4+ (y — b)? = r2. H tedevtalo eZiowon
voopeton 2% 4+ y* — 2ax — 2by + a® + b? — r? = 0. Enopévac t(C'\ {O}) éyet e&lowon

2 2
z Y z Y 2 2 2
— — 2 —— ) —2b P —r? =0
($2+y2) i (-%’2+y2) a<x2+y2) ($2+y2)+a I

1 2ax 2by
x2+y2 .132 +y2 LU2 +y2
1 — 2ax —2by+ (a* +b* —1r*)(2* +y*) = 0.

+a* 4+ b0 -1’ =0 <=

(a) Av o xbxdoc C etvan Bidtprtoc oto (0, 0), tote a*+b*—1? = 0, eropévac o C anexovileto
emt g evdeioc mou Sev diépyeton and to (0,0): 1 — 2ax — 2by = 0.

(b) Av C dev diépyeton and (0,0), t6te a? +b* — 12 # 0, dpa o C arnetxovileton enl Tou xUxhou

2, 2 2az 2by n 1 0
T — — —
y a?4+02—1r?2 a?+02—1r2 a?Z4+02—1r2
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IHopatipnon 7.1.7. Ta Ocwphuata 7.1.5 xar 7.1.6 10y 00LY Yo THY AVTIOTEOPT| WG TEOS TOV
omotovdhnote xixho. H avtiotpogn t we npog tov xixho C(K, 1) ue K = (ki, k2) etvon alvieon
TOV TAPUXATW PETACY NUATIOUWY, ot omolol anewoviCouy xUxhoug o xUxloug xat evdelec oe
cudelec:

ti(x,y) = (””_Tkl, @) — alvideon uetagopdc xotd (—ky, —ka) xou opotoVecioc ye héyo 1/,

1 onofa anewxovilel tov xUxho C(K,r) otov xOxho C(O, 1),
ty — avTIoTPOON we Tpog tov xvxho C(O, 1),
71 — omola amewoviler Tov xOxho C(O,1) otov xOxho C(K, ).

7.1.2 Egoapuoyvég otny anddeln Yewpnudtwy tng Euxieideiag M'ewpetpliog.
Ochpnpa 7.1.8. (ltodeuaiov) Ye kdle tetpdnievpo ABC'D wyvel n avicétnta
AC-BD < AB-CD+ BC - DA.
To ABCD efvar kupté kar eyyeypapupévo o€ kUkAo av ka1 puévov av 10yvel n wodtna:
AC-BD =AB-CD + BC - DA (7.1)
(to ywdpevo twr daywrioy 1woltal e to dpowopa twy Ywvopéror twv atévartt TAeupdy).

Anéoaén. Eow t avuiotpogh we mpoc tov xvxio C(D,1). Eow é6u A, B, C' n eixovec
wwv A, B, C, avtloTtotya.

‘Eyoupe A'C' < A'B'+ B'C’ (tprywvind) oviodtna). Enfong, yio v axtiva 7 tou xOxhou
e avtioTpogic oyter (Bh. Ilapdderyya 7.1.3(2))

AC - r? AB - r? BC - r?
teyt 't e et
AC_DA-DC’AB DA-DB’BC DB -DC’

Enewdr) r = 1, €neton 6T

AC AB BC
DA DC < DA~DB+DB-DC:AC.DBSAB'DC+BO'DA'

Av AC - DB = AB - DC + BC - DA, t61e A'C' = A'B' + B'C'. Enopévwe ta onueia
A", B, C" avixouv ot wo eudeio € xan B’ etvon ueto€d twv A’ xoaw B'. H € dev diépyeton and 1o
D (dwapopetind A, B, C, D eivar ouveudexd, dnhadrhy ABC'D dev eivar TeTpdnAeupo). LUVEnQC
t(e) elvau elvan xUxhog mou mepvdet and ta A, B, C didtpntog oto D xon B eivor avdyeoa oo A
xaw C. Apa, ABCD elvar xupto eyYeYpopuévo oe xUxho.

o va 9et€oupe 6T yia éva xuptéd TeTpdnicupo ABCD eyyeypouuévo oe xOxAo oy e 1
wotta (7.1) apxel vo oaxohoudioouue avTioTpo®o TOUS TUEATEVE LG YUPLOUOUS. O]




7.2. OPISMOX. THY, TEQMETPIAY, THY, ANTISTPO®HY TOY R? U {cc}. I6)

7.2 Opwopdc tne yeowpetplog tng aviioTpophc tou R* U {co}.

Avniotpogn) tou extetapérvov emmédov R* U {oo} ws mpog tor kikko C' = (K,r) ebvar 7
amexovion ¢ : R? U {oo} — R? U {co0} mov opileton wg efhg:

onueio avtiotpogo tou A we mpog 10 €, av A € R? \ {K},
t(A) = ¢ oo, av A=K,
K, av A = oo.

"Eotw ¢ pa evdela tou R?. Avtiotpogrj tov ektetapévov emnédov R? U {oo} wg mpog tny
éxtetapérn eviefa (U {oo} elvor 1 ametxdvion ¢ : R?U{oc} — R?2U{oo} mov opileton we efhc:

HA) = { onueto ouupetpind Tov A we Tpoc v £, av A € R?,

00, av A = oo.

Optopode 7.2.1. Kaholue yevikeupuévo ktkdo tou R? U {oo} xdde xOxho tou R? xou xdde
extetapévn eudeta Tou R? U {oo}.

ATodevicton ehxoha 1 TAPAXATL TROTACT).

IMebtaoy 7.2.2. Orowdinote tpla (Sapopetind) onueta tov R* U {oo} mepiéyovtar o€
Jovadiké yevikeuuéro kUKAo.

Optopde 7.2.2. M anexévion t: R? U {oo} — R? U {oo} xohetton petaoynuationds e
avtiotpogrs, otav t elvon chvileor tenepacuévou ThARoug avTIoTEOPMY Tou R2U {0} w¢ TPOC
vevixeupévoue xOxhouc tou R? U {occo}. XuuBorilouye

Inv(R* U {oo}) = {t : t petaoynuotionée trg avtiotpoghc Tou R* U {oo}}.
Ocmpnua 7.2.3. To Lebyos (R* U {oo}, Inv(R? U {oo})) efvar yewpetpta.

Arédaén. 'Eow f =ajo---0a, € Inv(R*U {oo}), 6nou x&le a; etvor aviotpogf, w¢ tpoc
*ATOW0 YEVIXELUEVO xUxho. Enedn xde a; etvar 1 — 1 xou ext, n obvdeon f ebvon 1 — 1 xou exl.
Av f=aj0---0a, € Inv(R2U{0}), t6tc f1=a;lo---o0a;' € Inv(R?U {0}).

Av f=a0--0a, € Inv(R*U {oo}) xu g = byo---0b, € Inv(R? U {o0}), 161
fog=ajo---0a,obo---0b, € Inv(R?U{o0}).
Suvernde (R? U {oo}, Inv(R? U {oo})) etvor yewpetpla. O

Optowode 7.2.4. To Lebyoc (Rzu{oo}, Inv(]Rzu{oo})) XONELTAL YEWUETPIX TNS AVTIOTEOPTC.

Anodewvietar 61t ( BA. Aoxroeic tou Kegahalou 5):

Oevpnua 7.2.5. H otepeoypagikri mpofodri p : S? — R* U {oo} areikovila tovg kUkhovg
g opaipag €l Twv yevikeupuévor kikdwr tov B2 U {oo}.
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7.3 Mepuxég WBLOTNTES TNG YEOUETEING TNG AVTLOTROPNS.

Oedpnua 7.3.1. H aruotpogrj tov R? U {oo} wg mpog tov klKkAo pe kévtpo K anekovila
tny extetauévn evdela £ U {oo} mov dev tiépyetar ané to K enl évay xilkAo mov diépyetar and
0 K ka1 tov onoiov n eparntopérn ovo K eivar napdAAnin otnr L.

Aréoeaén. H avtiotpogt we mpog omolovdnnote x0xho eivon obvieor UeTapopwy, ouotodeotny
ws meog (0,0) xou NG AVTIOTRPOPNS WS TPOG TOV XOXAO C(0,1). H ueTapopd xou ouotdesia wg
neoc (0,0) amewxoviCouv Tic evldeiec mou dev Biépyovton and to (0,0) o mapdihnies eudeiec.
Enuévee apxel va anodei€ouye 1o Oedprnua yioo Ty avtiotpogr t w¢ mpog tov xtxio C(O, 1).

H t anewoviCer y eudelo £ @ ax + by + ¢ = 0 mov dev diépyetar and tny dpyh enl Tou
Sidtprtou 670 O = (0,0) x0xhou pe eliowon ca? + cy? + ax + by = 0, (z,y) # (0,0).

Erniorc t(co0) = (0,0). Apa, t(£Uoco) ebvor 0 xhxdhog ca? + cy? + ax + by = 0, Tou onotou 1
egpantopévn oo (0,0) éyer e&lowon ax + by = 0 xa, dpa, elvar TapdAhnin oty L. O

Oewpnpa 7.3.2. H avuiotpogn) tov R2U{oo} ws mpog évay yevikeuuévo kkdo éyer T €€rig
1010TN) TG

1. areaikovier yevikevpuéroug KUKAOUS 0€ YevikeUuéroug KUKAOUS,

2. dwatnpel s ywries petal twy kaumuAdy (Uropel Guws va avtotpéper tov mpooavatolio-
MG Toug).

Anéoaén. 1. Anéd ta Oewphuata 7.1.5, 7.1.6 xou v loapathenon 7.1.7 cuunepaivouue 61t
(e avTIoTEOGY t TOU EMTEDOU WS TPOG Tov xUXA0 uE xévtpo K ameixovilel

(a) v extetapévn evdeia £ U {oo} mou diépyeton and 1o K otov eautd g, ol
tU\{K}) =L\ {K}, t(K) = oo xou t(00) = K.

(c) v extetapévn evdeia £ U {oo} mou dev diépyeton and K eni évay xvxdho C mou
Siépyeton and 10 K, agol t(f) = C'\ {K} xa t(oc0) = K.

(d) Tov xho C nou diépyeton and 1o K ent wog extetopévne evdeiac £ U {oo} mou dev
Stépyetan and 1o K, oot t(C'\ {K}) = € xau t(K) = oo.

(b) Tov xvxho C mou dev Siépyetan and 1o O eni évay xixho (mou dev Siépyeton and K).

2. H avéxhaon wg mpog eudela Swatnpel Tic Ywvieg PeTadd TWV XOUTUADY xal AVTIOTEEPEL
TOV TPOCAVATONOUO ToUS. ‘Apa, TIC (OLEC IOIOTNTES €YEL 1] AVTIOTEOPT WG TEOC EXTETAUEVT,
eudelo. Apxel vo amodeilouue 6Tt avtiotpogy| t s Teog évay xOxAo ue xé€vtpo K dlutnpet
TIC Ywvieg yetadd Ty eudeiny 1 xon £ mou téuvovtar oe éva onucio A € R2.

Av A = K, t6te t(ly) = {4 xa t(ly) = ly. Apa, (t(ﬁl/),t\(ﬁg)) = (6/1,72)

Av A # K xou xoud and g €1 xou o 0ev diépyetan and 1o K, tote t(fy) = Cy xa
t(ly) = Cy, omou Cy xon Cy elvon xOxhot Tou téuvovton ato K xon t(A).

H yovia uetald tov egomtopévey e xa g5 twv Cp xan Cy oto t(A) woolta pe Ty yovia

UETAED TV EQATTOUEVWY €1 ot €2 TwV ) xau Oy 610 K. And 10 Oewpnua 7.3.1 ot 1
7 7 ’ ’ ﬂ — - =
xou €2 elvon Topddinhes otic {4 xau lo, avtiotoya. Apa, (611,€3') = (&1, 2) = (41, L2).
H anddeln eivon dpowa 6tav A # K xar uévo uio and Tic €1 o £y diépyeton and 1o K. [
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Mopiopa 7.3.3. H avuiotpopri tou R? U {oo} wg mpos tov ktkdo C(K, 1) arneikoviler
1. kdO¢ yevikeupuéro kUkAo mou diépyetar ané to K o€ pud extetapéun evieia £ U {oo},
2. kdle yevikevpuévo kUkAo mov dev 01épyetar aré to K oe évay klklo.

IIopiopa 7.3.4. Kdle petaoynuatiopds tng avtiotpopng éxel tig €€1g 1010TnTeg:
1. armeakoviler yevikevpuévoug kUKAOUS 0€ Yevikeupuéroug KUKAOUS,

2. dwatnpel s ywries petaéd twy kauruAdy (umopel duws va avtiotpéper Tov mpooaratoAio-
16 ToUg).

7.3.1 H oyéon tng vyewpetplag Tng avIloTpopnc e dAAeg YewpeTplies.

Eneidf R? efvor umooivoro tou extetopévou emnédou R? U {oo}, uepixd oyfuata tou R?
unopoly va Yewpnoly we oyfuata tou R? U {oo} xor avtictpopa.

Eneldr| xde woopetpla tou emnédou eivon ohvieor avaxhdoewy and eudeieg, Enetan oL xdde
loOpETPl ElVaL TEQLOPLOUOS GTO R? evéc UETACY NUATIOHOV TNG AVTICTROPNS.

ot ebvar 1 oyéon ToV aQIXOY PETAGYNUATIOUOY xat The opddac Inv(R?* U {co}).

Efvor 0 neplopropde evoe f € Inv(R* U {oo}) oto R? agvixde; H andvinon efvor dyt, agot
ot agixol petaoynuatiouol arcixoviCouv eudeleg o eudeleg, eved 1 avTioTeogY| Uiag eudelug
WS TPOS Tov xOXAo Unopel vo ebval BdTenTog (UNhOG.

Mropel xdie apvxde petaoynuatiopde f tou R? va enextodel oe évay F € Tnv(R?U{cc});

O apindc YETACY NUATIOUOC f(v) = 20, Tou Sev eivan toopeTpia, etvor olvieon fao fi, 6mou
J1 ebvon avTioTeogY| wg TEog Tov xUxho 22+ % =1 xau fo ebvon N AVTIOTROPT WS TROS TOV

xoxho 22 + y? = 2. Hpdypor, fi(z,y) = (#, %ﬂﬂ) xou folz,y) = <I22T“”y2, meny> ‘Apa,

i o = (20,2y)

2 27 2 2
(N e e Ly

Amd v GAAn peptd uTtdpyouv agvixol UETacYNUATIGUol f Tou Bev umopoly va exexTadoly

fo(fi(z,y)) =

oe évav F' € Inv(R*U{oc}). Twa mopddetypa, o apixdc petaoynuationos f(v) = < (2) ? ) v,

amerxoviler Tov xOxho 22 +y? = 1 oty éAherdn ””4—2—i-y2 = 1, eve ot yeTacy nuatiopol TNg ouddug
Inv(R? U {oo}) amewovilouv Toug xOxAOUC GE YEVIXEUPEVOUS XUXAOUC.
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7.4 Avtiotpogn xal xd¥eTtol xOXAOoL.

Optopog 7.4.1. Abo xixhol xahobviar xGUeTOL oY O EQATTOUEVES TOUS OTaL OTeial ToUNS
elvor xdeTec.

Amodewvieton edxoha 6T

e AVo xdor C(K,r) xou C(K',r") etvon xddetor av xow pévov av KK'? = r? 41/ 2,
e Ot xOxho xdietol otov xOxho C(K,r) dev diépyovtar and 1o xévipo tou K.
e To xévtpo xdle xixhou xddetou otov xhxho C(K,r) Beloxeton éZw and tov xixho.

o Av ot xxhot C(K,r) xou C(K',r") eivon xddetol, tote undpyet diduetpoc tou C(K, 1)
mou dev téuver tov C(K',r').

Oewpnua 7.4.2. H avtiotpogn areikovilel kde yevikevuévo kilkdo kdleto otov kUkAo tng
avTioTPOPNS OTOV €QUTO TOU.

Anéoaén. 'Eotww t avuiotpogy| wg tpog tov xixho C(K, 7).

Kde yevixeuuévog xixhog xdietog otov C(K, 1) eite elvon extetapévn eudeia tou diépyeton
amo To K efte ebvar xOxhog mou dev diépyeton and 1o K.

Av ( givan evdeio xddetn otov C(K, 1), tdH1e £ Siépyetan and 10 xévtpo K tou xixhou. Apa,
t(l) = ¢.

Av C(Ky,r1) evar xdxhoc xddetoc otov C(K,r), tote C(K7,r1) dev Biépyetar and o
xévipo K tou xOxhou. Enouévwe t(C(Ky,r1)) etvon xdxdog. Eow C(K,r) N C(Ky,m) =
{P,Q}. Enewdry P,Q € C(K,r) xou t apfver otadepd ta onuela tou C(K, ), éneton 6t
t(P) =P xu t(Q) = Q.

‘Eow 6t (KKy) N C(Kq,7m) = {M,N}. Oa deifouue ot t(M) = N. Mnopolue va
vrodéooupe 6Tt M ebvor petoly K xaw Ky. Téte r? = KK? —r? = (KM + r1)? — ri xou
KN = KM + 2r;. "Apa,

r?=KK!—r?=(KM+r)*—r?=KM-(KM+2r)=KM-KN.

Yuvenoe P,Q, N € t(C(K1,11)). Enedn tplo pn cuveudeiond onpeia npocdiopilouv éva
wovadixd xUxho mou ta mepéyet, t(C(Ky,1)) = C(Kq,11). O

Ochpnpa 7.4.3. Ia kdde onueio P oto eowtepixd evés kikhov C(K,r) vrndpyer kUkAog
Cp kdOetos oto C(K, 1), tétoog dote n avtiotpogn ws mpog tov Cp aneixoviler to P oto K.

Anédaén. 'Eotww T éva onueio g xadétouv tne (KP) and to P pe tov C(K,r) xou Ky 10
orueio Tophc g egantouévrg and tou C(K,r) oto T pe v (K P). Oa deiloupe Tt 0 xhxhog
Cp = C(K4,|TKq|) ye xévtpo K xou axtiva |T K| ebvar o {nroduevoc.
An6 v xataoxeur; o Cp ebvor x&detoc otov C(K,7) (|[KK1]* = |[KT|* + |T K *).
An6 v opotdtnTa v tptydvey KTK; xa K1 PT éyovue |PK |- |K K| = |TK1 % Apa,
Ta onueta K xon P etvon avtioTtpoga wg mpog tov Cp.
[
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Ochpnua 7.4.4. Eoww D(K,r) o kkaotds diokos mov gpdoetar ané tov klkdo C(K,r).
Ia onowadnimote 6Vo onueia P, Q € D (K, 1) mov dev avijovr atny o diduetpo tov C (K, )
vrdpyer povadikds kVkhog C' mov 0iépyetar and ta P kar QQ kai efvar kdOetog oo C(K, ).

Anéoaén. Eow 6t P eivon 610 ecwtepd tou D (K, 7).

And 1o Oedprua 7.4.3 undpyet xoxroc Cp = C(Kq,1m1) xddetoc oto C(K,r), tétoiog
WOTE 1 AvToTEOYT tp we Tpog Tov Cp anewoviCet 1o P oto K. Ernedt| o C), elvon xddetog oto
C(K,r), wyvet enione 6t tp(C(K, 1)) = C(K, 7).

Eoto 61 tp(Q) = Q' xou d = (KQ') U {oo}. H omemdvion tp' = tp drnpet 1ic ywviee
uetol twv xoprudady C(K,r) xou d. Enedf n d, o¢ dduetpog elvon xdletn otov C(K, 1),
éneton 6Tt 0 xOxhoc tp' (C(K,r)) = C(K,r) evor xddetoc otov yevixeupévo xixho tp' (d).

O vevixeupévoc xixhoc tp' (d) dipyetor and 1o tp (K) = P xor tp (Q') = Q.

Ac vmodéooupe b1t 5 (d) ebvor extetapévn eudela (PQ) U {oo}. Téte K; ¢ (PQ), diém
Swwpopetind K € (PKy) = (PQ), dnhadh) P xou @ avixouy oty Bl diduetpo tou C(K, 1),
oy ebvan dromo. Apa, t(tp'(d)) = d eivar xOxhog, Tou ebvan droTo.

Yuvendg tp' (d) etvar xOxhoc oy drépyetan ané ta P xor Q xaou eivar xddetoc oto C(K, 7).

A¢ unodéoouye 6T umdpyetl xan dhhog xOxhog Co mou dipyetar amd o P xon @ xou efvor
x&etoc otov C(K, r). Tote tp(Csy) elvon yevixeugévoc xixhoc mou diépyeton and o K = tp(P)
xou Q' = tp(Q) xau ebvan xddetoc otov C(K, ). Apa, tp(Cs) extetapévn evdefa mou Siépyeta
and o K xou Q. Emopévoc tp(Cy) = d. Apa, Cy = tp(d) = Ch.

Yy nepintwon nou P, Q € C(K,r) n anddeiln tou Oewphuoatog etvor eGxon,

O]

Ochpnpa 7.4.5. H avuiotpopr) ws npog tov kkho C(K, r) kdOetov ovov C(Kq, 1) aretkovilea
ta onueia mov Ppiokovtal eowtepird tov C(Ky,ry) eni ta onueila mov Bpiokovtar eowtepikd tou
C(Kl, 7”1) .

Amdoen. Oewpolye ta ohvoha
A={(MeR*\{K}: MK, <n}, A={(MecR*\{K}: MK, >r}

To obvoha A xa B eivon ouvextind xou A amoteheiton and ta onueio mou Bploxovo
eowtepd tou C(Ky, 7).
H avuiotpogh ¢ : R? \ {K} — R?*\ {K} w¢ npoc tov xixho C(K,r) ebvor 1-1, exl xou
ouveY g anedvion Tng omolog 1) avtioTeopn t~t =t ebvou oLVEYYS.
To ovvola t(A) xou t(B) eivar ovvexuxd. Emedy) t(C(Kq,1m)) = C(Kq,71), éreton 6Tt
t(A) = AR t(A) = B. Ened| ta onueio ANC(K, r) nopauévouy otodepd, éneton 6t t(A) = A.
O

Optopog 7.4.6. Advaun tov onueiov A tou emnédou we mpog 1o xvxho C(K,r) ebvor o
aprdude p(A) = KA? —r? (p(A) =0 yww A € C(K,1)).

Pilikég déovag 800 un oudxevewy x0xhwv Cf xon Cy elvon 0 YEQUETEIXOS TOTOG OAWY TWY
oruelwy Tou emnédou Tou €youy {oeg duvdpes we Tpog C ot Cs.

Oewpnua 7.4.7. O pilikés déovas dlo un oudkevtpowr kUkAwy efvar evlela kdOetn otny
O1dKkevTPo TOUS.
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7

Anéoaén. 'Eow C1 = C(Kq,m1) xou Cy = C(K3,72) elvar 800 un oudxevipol xvxhor. Ay
% %
Ky = (z1,11) xaw Ky = (22, y2), 161€ K1Ky = {22 — 21,92 — 1} # 0 ebvon 1 Siedduvor g

otoxévtpou Twv C xon Cy.
O pWlixde d€ovac wwv C xar Cy elvor 0 alvoro 6wy twv onueiov A = (z,y) € R? nov
avonololy TNy e&lowon
AK? —r] = AK; —r3
(z—m)’+y—m)—r = (@—z2)’+ @y —1)’—r
(11— @)z + (Y1 —y2)y = @l +yi +7f + a5y +r)
H tehevtaia eiowor etvon eiowon eudelac mou eivon xddety oto Bdvucua {zy — 21,90 — 1 },

N4 H ’ 7 7 Vs 7 7 7 I
onrady) oto K1 Ky, ‘Apa, o otlixdg dZovag twv O xou Co ebvan euvdela xddetn otny dldxevted
TOUC. O

Oewpnua 7.4.8. Ta kévtpa twr kUkAwy kdetwy ka1 otous 6U0 pn opudkevtpouvs klkdog Cy
ka1 Cy Bpiorovtar ndvew otoy piliké déova toug.

Anédaén. 'Eow 6t o xdxhog C(K,r) eivar xdldetog otoug 800 U1 OUOXEVTEOUC XUAAOUG
Cy = C(Ky,m) o Cy = C(Ka, ). Tote

KK} =r* 47} xa KK3 =147}

Enopévoc r? = KK{ —r} = KK3 —r3.
‘Apa, 0 xévtpo K éyel foeg duvdueg wg mpog Cf xan Cs.
Yuverwe K etvar onueio tou pilixol dlova twv Cp xon Cs. O

Oewpnua 7.4.9. Ay o1 kikdor C ka1 Oy eivar kdletor, téte ya kdle onpeio P oo cowtepind
wov C vrdpyer povadikds kkros C' kdUetos oto Cy kar oto Cy mov Mépyetar and ta P.

7.5 Aoxnoeig

7.5.1. Na anodetydoly ol mapoxdte TeoTIoE:

(o) Av A’ elvon avtiotpogo tou A we mpog TV avtiotpogt| t, Tote A eivan avtiotpogo tou A’
OGS TPOS TNV AVTIGTEOYT L.

(8) Eotw A’ eivar avtiotpogo tou A w¢ mpog tov xtixho C. Téte
(1) Av Ae C, t61e A' = A.
(17) Av A elvon €€ and tov xhxdo, tote A’ eivan péoo otov xUxA0.

(i13) Av A ebvan péoa otov xvxho, tote A elvan €€w and tov xOxho.

(v) Kéde avtiotpogn t we mpoc tov xOxho pe xévtpo K elvon ma 1-1 xou enf ometxdvion tou
R?\ {K} o7ov gautd ToU.

(8) Avt: R*\ {K} — R?\ {K} evar avtiotpogt, o Tpog Ttov xOxho ue xévipo K, t6te
th=t.
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7.5.2. 'Eotw C 1o mryadixo eninedo xaw ¢ € C. No amoderyVel ot 1 avriotpopy| t tou C\ {c}
2
’
WS TPOg Tov xUxho |z — ¢| = Siveton and tov TR0 t(2) = —= + .
z—c

Andavinon: 'Ectw z € C. Téte 1 andéctoon tou 2 and tov xévTpo Tou xUxAou |z —c¢| =7
2

ebvan |z — ¢| xou 1 anbdoToor Tou onuelou 2F = " 4 comb tov x€VTpo ToL XOXhoU |z —c| =7
z—c
ebvou
2 2 2
‘Z* — C’ = = = .
z—c| |z—=¢ |z—¢
2
Enopévwe |z —c| - [2" —c| = |z —¢| | ’ =12 Apa, 2* =t(2).
z—c

7.5.3. Av t elvar 1 avtioTEoR ¢ TPog Tov xUxho (z — 1)% + (y — 1)* = 10, va Beedodv oL
ouvtetaypéves Tou onuelou (4, 5).
7.5.4. No Bpedel 1 e€lowon Tou YeEVIXEUUEVOU x0xhou Tou Dl€pyETal amd To onueia

(o) (1,2), (4,5) xou oo.
(8) (1,2), (4,5) xau (5, —6).

7.5.5. Na Ppetdet 1 eZloworn tou xixhou C* xddetou otov xixho C(0,2) : 2* +y* =4, av 1
avtiotpogl we tpog tov C* anexoviler o P = (1,0) oto xévtpo O = (0,0) tou C(O,2).
Yrodegn: Xenowonomote Ty anddeln tTouv Ocwpruatog 7.4.3.

7.5.6. No anodewyei 61t xdle oporodesia pe xévtpo (0,0) anewxoviler eudeiec oe eudeieg xou
xOnhoUg o€ XUUAOUC.

7.5.7. Atveton 0 xOxhog Ko : 22 +y* =4 xou nevdela £: z +y — 8 = 0 tou R%. Na Peedel 7
elowor g xaumiing t(l) v NV AVTIOTEOPY T wg Tpog Tov K.



82

KEPAAAIO 7. TEQMETPIA THY ANTIXTPOPHY.




Kegpdiato 8

Mezaoynuaticpol Tou ULyodlxol ETLTEDOU.

To extetopévo eninedo R?* U {oo} unopel va epunveutel xot e 10 0OVOLO TV Uyodinmy

aprducy C ouuninpwuévo éva to onuelo oo. To alvolo C=Cu {oo} xaheltan ogaipa Tou
Riemann. YuyBoiilovue ye Inv(C) tnv ouddo 6AwY TwV UETAOYNUATIOUGY TS AVTIGTROPHS

Tou exteTauévou emnedou C.

Kdde 2z = v + yi € C ypdpetou xon atny yopyt; z = r(cosf + isinf), énouv r = /22 + 12,
cos® = x/r xou sinf = y/r pye 0 € (—m, .

Av z; = ri(cos by +isinby) xon zo = ro(cos by + isinby), tH1E

Or mapaxdte petaoynuatiopol Tou C aviixouv oty oudda Inv(C).

2129 = rirafcos(fy + ) + isin(6y + 65)]
Zl/ZQ = (7’1/7’2)[008(‘91 - 82) + iSiIl(Hl - 62)], z9 7A 0.

~

Metagopa xatd ¢ € C: p(z) = z + ¢ yw 2z € C xou pu(00) = o0.
Avéiaon we mpog tov Oz-dova: o(z) = Z yio z € C xon 0(00) = 0.
Heptotpogy| yipw and v apyr: t(2) = az, a € Cxo |a| =1, yw 2z € C xou t(o0) = oo.

loopetplor t(2) = az + b f t(z) = aZ+ b, 6n0u a,b € C xau |a] = 1, yio z € C xa
t(o0) = o0.

Avtiotpoot we mpoc Tov xxho |z| = 1 t(2) = 1?/Z yiw z € C\ {0}, t(0) = oo xu
t(o0) = 0.

Ouowleoia: t(z) =kz, k € Rxou k > 0, yio z € C xan t(00) = o0.

[ opotovesio t(z) = kz woylel t =ty 01y, 6mou t1(2) = 1/Z —avTIoTROYH O TROS TOV
%Mo 2| = 1 %o ty(2) = k/Z —avuiotpont oc mpoc tov xxho |z| = V.

Agixde petaoynuatiopoe: t(z) = az+b, a,b € C, a # 0 yw z € C xou t(o0) = o0,

H t =ty0t, 6mou t1(2) = |a|z —opowodesio xat ta(2) = (a/|a|)z + b —tooyetpia.

t(z) =1/z, z € C\ {0}, t(0) = oo xa t(c0) = 0.

t =ti100, 6m0u t1(2) = 1/Z-avtioTP00H wC TPOC ToV |2| = 1 X 0(2) = Z-avdxhoon).

7"2

AvtioTtpogt ¢ Tpog Tov xUxho |z —c| =1 t(z) = +¢, z€ C\{c}, t(c) = 0o xu

t(o0) = c.

Z—C
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I3 ’ ’ —1 /7 -
H AVTLOTROYN T Elvaw ouvﬂson t1 0ty 011 TWY TOQAXATR) YETACY NUATIOUWY:

Z - C ’ e 7 4 7
th(z) = p—— olvieon yetapopds xon oyoodesiog mou otéhver Tov x0xho |z —c| =1

otov xOxho |z| =1,
ta(2) = 1/Z — avtioTpogh ¢ Tpoc Tov wovadiaio x0xho,
tl_l(z) = rz + ¢ — obvieon g ouotodestiog xar TNG UETAPORAS TOU GTEAVEL TOV XUXAO

|z| =1 niow otov |z — | =7

~

8.1 Mezaocynuaticpol Mobius Tou C.

Opglwouwog 8.1.1. Metaoynuatioués Mobius tov C UE CUCYETIOUEVO Tivoxal ( CCL Z ), OTOU

a,b,c,d € C xa ad — be # 0, elvon 1 anetxdvion M : C — C rou optleton wg e&ig:

b
az_+d’ avzeC\ {-¢
L. Av c#0, t6te M(z2) = g§+ w2 = —d/e
a/c, av z = 00

2. Av c =0, t61e (enedr) ad — cb # 0 oty nepintwon auth tpoxintel 6t a # 0 xou d # 0)

az+b cC
M= —a
{ 0, av 2z = 00.
7 / 14 14 1 ° Z —I— 0 7
Hapatnpodue 6Tt 1 TAUTOTIXY| ATEWOVION) T@(z) =z = 0 211 Vol UETUOY NUAUTIONOS
-z

Mobius ye ouoyetiouévo mivaxa < (1) (1J )

YupPoriCoupe
M={M:C— C: M eivou vetooynuatiopdc Mobius}
GL(2,C):{<CCL b):a,b,c,dE(Cxou 5&0}

d
€ GL(2,C) avtiotowyel tov

a b
c d

a b

d
ueTaoynuatiopo Mobius M, tou onotou o wivaxag A ebvon cuoyeTiouévog, dev etvan 1-1, eneldr ot
b Aa  Ab
d| ™| X M
Y10 GL(2,C) opilouye oyéon tooduvopioc we e&hc:

a byrla b a b\ [ Aa XD
(C d>N<01 d1>‘:’(cl dl)_(Ac /\d)’ A€ CA{0}

H anewévion GL(2,C) — M nov oe xdde A =

mivaxeg

opilouv 1oV (Bl petacynuatiogo Mobius yia xdde A € C\ {0}.
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To olvoho twv xhaocewy woduvauioc tou GL(2,C) we npoc 0 oyEom £ ouuBohiCeTon ue

PGL(2,C). H xidon e PGL(2,C) mou neptéyet tov mivaxa

c
a b , a b e f| _ a b e f
& af oo [0 g] 5 2] =1(20) (5 2)]
Amodewvietar 61t o olvoho PGL(2, C) ue v npadn TOAATAAGIAGUOU TwY XAICEWY OTIWS
oplotnxe mopandvw, efvar opddoL.
H anewévion f : M — PGL(2,C) ye f(M) = { Z Z } , 610U ( CCL cbl > elvor mtivaxog
GUCYETIGUEVOS UE TOV YeTaoynuatiopo Mobius M, etvar 1 — 1.

Z . ouuBoMleton pe

Oewpnua 8.1.2. To Levyog (((A:,M) elvar yewpetpla.
Andéoaén. To Oeprnuo cUVERAYETH ATd TIC TUPUXATE TREOTICES TOU ATOBELXVIOVTAL EUXONIL.
1. Kdie pyetaoynuatiopog Mobius etvor 1-1 xon ex.

2. Av M eivan yetaoynuatiogog Mobius, téte M= etvau uetaoynuatiopog Mobius.
Av M etvar petacyruoatiopoc Mobius ue suoyetiopévo nivaxa A, tote M~ efvon petaoymn-
vattopog Mobius pe cucyetiouévo mivaxa AL

3. H obvieon d0o petaoynuatiopey Mobius etvor yetaoynuatiopog Mobius.

Av M, xon My ebvan petaoynpoatiopol Mobius ue ouoyetiouévoug mivaxeg A xan Ao,
avtiotowya, Tote M) o M, elvon petaoynuatiopog Mobius ye cuoyetiopévo mivaxa A; - As.

O
ITopopa 8.1.2. H oudda dAwy wwy petaoynuatiopcy Mobius pe tny mpdén ovvieong
pHeTaonuatiopudy €ivar 1dpopgikii pe tny toAamdaoeotixry oudoa PGL(2,C).
8.1.1 IdioTtnTEg petacynuatiowsny Mobius.

IMpotaom 8.1.2. H wavrouikn aneikévion Ts(z) = 2z evar o jpovadikds HeTaoYNHATIONUOS
Mobius mov agriver otalepa ta onueia 0, 1 xar oo.

Anédaén. 'Eow M(z) = ‘cfj:s vt Tov onofov M(0) = 0, M (1) = 1 xou M(00) = 0.

M(x) = co=¢c=0=d#0
M@O) = 0=10b/d=0=0b=0
(

d

Yuvenoe, M(z) = % = 2. Apa, M = 75 0

Oewpenua 8.1.3. I'a kdle tpidda dapopetikdy onuelwy 21, 2, 23 € C undpyer Hovaoikos
petaoynpationds Mébius M ywa tov omotov M(z1) =0, M(22) = 1 ka1 M (z3) = oo.
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Arnéoaén. ‘Eotww 21, 21, 23 € C. Edxola enakndedeton 611 yior Tov yetaoynuationd Mobius

Z9 —Z23 R — X1

M(z) =
Z9 —Z21 R — 23
22—23 __ 22723 21
UE CUOYTIOUEVO Tivoxal ( 22121 Z'FZZI ) woyler M(z) =0, M(zg) =1 xou M(z3) = o0.
—23

Oa delouyue 6L 0 M elvan povadixog. A urodéoouye 6T yia évay yetaoynuationd Mobius
S wyler S(z1) = 0, S(22) = 1 xow S(z3) = 0o. Téte o petaoynuatiopéc Mobius S o M~

agprivel otadepa to onueta 0, 1 o 0o, And v Hpdtaon 8.1.2 So M = 75. ‘Apa, S = M.
Z9 — 23

Av z; = 00, TOTE 0 AVTIGTOLYOC PETACYTUATIONOS Elvor M(z) =

z— 25
7 7 / 2. Z - Zl
Av zp = 00, T6T€ 0 AVTIOTOLYOG UETAUCY NUATIOUOS ELVIL M(z) = .
Z — Z3
4 7 ’ 2. Z - Zl
Av z3 =00, T61€ 0 AVTIOTOLY0G UETUOY NUATIOUOS EVAL M(z) = .
22 — X1

]

Oewpnuo 8.1.4. I'a omoieodnmote TPIddES dapopeTikdy onpelwy 21, 22, 23 KAl Wi, Wa, W3
wov C vrndpyer povadikés petaoynuatiopds Mobius yia tov onotory M(z1) = wy, M(z3) = we
kar M (z3) = ws.

Amnéoaén. Trdpyer yetaoynuatiouée Mobius M; yia tov omolov Mi(z) = 0, My(z) =1
xou My (z3) = oo. Eniong undpyel petaoynuatiouéc Mobius M, yio tov onoiov My(wy) = 0,
My(wg) = 1 xou May(ws) = oo. O yetooynuatiopds Mobius M = Myt My anewoviler ta
21, %9, %3 OTA W1, Wa, W3, AVTIOTOLYAL

Ou detloupe ™V povadwdTnta Tou M. ‘Eotw 61t S ebvan eniong petaoynpatioués Mobius
nou amewxovilel T (21, 22, 23) oToL (w1, wa, w3), avtiototya. Tdte ov yetacynuatiopol Mobius
My - M - Mt xon My - S - Mt amewcovilouy 1a 0,1, 00 012 0, 1, 00, avtiotoyo. Emouéveg

My -M-M{'=M,-S-M' =72 — S = M.

8.2 TI'esvixevpévol petacynuaticpnol Mobius.

Optouwodc 8.2.1. Eow o : C—>C ue o(z) = Z yw xdve z € C xan o(00) = o0.
M amewxovion T : C — C xadeitu YEVIXEUUEVOS HETACY UATIoN6E Mobius, av T efvou
uetaoynuattopos Mobius ) T = M o o, 6mou M etvar yetaoynuatiopdoc Mobius.
YuupPoiiloupe
GM=MU{Moo: M e M},

orou M elvon t0 6Ovoro 6hwv Twv YetaoynuaTtionny Mobius.
Kdéie yevixeupévog yetaoynuatiopoc Mobius T €yer uid and 1ig pop@és:

aZ+b

_az+b
cz+d’

T(z) = f () =

1 d ue ad — be # 0.
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Ilpotaon 8.2.2. Ia kdle pevaoynuationd Mobius M vrdpyer petaoynuatiopés Mobius
M* ya tov omolov M (z) = M*(z) (6nkadrioo M = M* oo ya o(z) = z).

Andbatn. Bow ou M(z) = Z£ tote M(z) = Zj:g = M*(%), émou M*(z) = Zj:g ®oL

ad — be = ad — be # 0, dnhodfy M* € M. O
Oewpnua 8.2.3. To levyog (@,GM) elvar yewpetpla.

An0561§17 Ened?| n onewodvion o(z) = 2z xa xdde yetooynpotiopdéc Mobius efvor 1-1 xau ent
TOU C EneTol OTL xde yevixeuuévog yetaoynuatiopog Mobius eiva 1-1 xan et C.

‘Eow 11,17, € GM. Ané v v llpotaon 8.2.2 €ncton Ot yiot xdde peTAO) NUATIONOS
Mobius M undgyer yetaoynuatiopdéc Mobius M* yio tov onofov 0o M = M* o 0.

HMapoxdtes arodetxviouue 6Tt T o Ty € GM dewpdvtog Oheg Ti¢ miavES TEQITTHOOELC.

(Z) Tl,TQGM:TloTQEMCGM.

(i) Ty e M xow Ty = Moo, 6rou M e M = Ty 0T, = (ITy 0o M) oo, émov Ty o M € M
= T 0T, € GM.

(15i) Th =Moo, émoo M e Mxaw Th e M, = T1 0Ty = Mo (0 0Ty) = Mo TS oo, 6tou
M,T*EM:>T10T2 GM.

(iv) Ty = Myoo Ty = My oo, 6mov My, My e M = Ty 0Ty = Myo(ocoMy)oo =
Mo (Msoo)oo = M;oMjbrouv My, My e M =T, 0T, € M C GM.

Eotw T € GM da deifoupe 61t T € GM.
AvT e M, té61e T~ € M Cc GM ened?) M elvon opdda we mpog 1) olvieon anctxovicewy.
AvT =Moo énov M € M, t61e M~ € M. And tny llpbdraon 8.2.2

Tl =0cloM' '=coM =Moo, M*eM.
Apa, T~ € GM. O

ITpbtaom 8.2.4. Kdle avtiotpogrit ws mpog tov yevikevpévo kUkAo tou C etvan YEVIKEUUEVOS
petaoynuatioués Mébius tng poperis M(z), émov M € M.

Anédaén. Av t eivon avéxdaon we mpog v evdeia £ U {oo} tou C, w6t t(z) = az + b UE
la| = 1. Enouévoc t(z) = %. Apa, t(z) = M(Z), 6mou M petacynpatiogés Mobius e

CUCYETIONEVO TiivaXal ( 8 117 ) € GL(2,C).

Av t ebvar avTioTpogr| w¢ Tpog Tov xOxho |z — ¢| =1, téte t(c) = oo, t(00) = ¢ xa

2, 5 2 _ = R
Hz) = =T +icz CC:CZ+(T CC),ZGC\{C,O@}.

Z—cC zZ—cC zZ—cC

c r*—cc

) c ) € GL(2,C).

‘Apa, t(z) = M(Z), 6mou M € M ye cuoyetiouévo mivoxa (
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Oewepnua 8.2.5. Kdle petaoynuatiopnds tng avuotpopns f C — C ehvar VEVIKEUUEVOS
petaoynuationds Mobius (Inv(C) C GM).
Andoaén. 'Eow f € ]m}(@). Téte 'Eotw f =ty 0---0oty,, 6mou xde ¢; elvar avtioTpon
O TPOS XATOL0 YEVIXEUPEVO xOxho. And tny Ilpbdtacn 8.2.4 yio xdie ¢ woyle: t;(2) = M;(Z),
onou M; ebvan yetaoynuoationdés Mobius. ‘Apa, ¢; evia yevixeupévog yetaoynuationdoc Mobius
v xqe i =1, ..., n.

Eneldr] 10 0Uvoho 6AwV TWV YEVIXEUUEVRY PETACY UaTIou®Y Mobius efvon oudda wg mpog
1 oUvieor ancixovicewy, cuverdyetal 6Tt f efvor yevixeuuévog uetaoynuotionds Mobius. [

Oewpnua 8.2.6. Kdle yevikevuévog peraoynuatiopds Mobius eivar petaoynuatiopuds tns
avuotpopns (GM C Inv(C)).

Arnéoaén. ‘Eotww M évag yevixsuuévog uetaoynuatioués Mobius.
b
Av M eivan yetaoynuatiopuée Mobius nou opileton and tov thno M(z) = azj—d ue ¢ # 0,
cz

161E
az+b_az+b a a bec — ad a

cz+d_cz+d_z+z_c(cz+d)+z'

1
cz+d, avzeC - vz eCA{0}
Jta(2) =< o0, avz=0 ,

0, avz=00

M(z) =

‘Apa, M = tzotyoty, bTouty(z) = {

o0, v 2 = o0

{ becad ) L @ gy 2 € C
xou t3(z) = ¢ ¢’ :
0, ay 2 = 00

Kodewd and tig anewoviceg 11,1, t3 ebvar cOvieon aviioTpogmy 0¢ TPOg YEVIXEUUEVOUS
xOxhoug. Apa, M etvan yetacynuatiogdc e aviioteoghc. ‘Ouota anodewvieton 6Tt M ebvor
UETAOY NUATIOUOS TNG AVTIoTROPHE av ¢ = 0.

Av M = M* oo, 6mov M* eivon petacynuotiopoc Mobius xou o(z) = Z, 161€, 6mw
amodeiloue Topandve M* etvon ohvieor olvieon avTIoTEOPMOY M TEOS YEVIXEVUEVOUS X UXAOUG.
Enedr| o ebvar avtiotpoy| w¢ npog tov Oz, énetan 6Tt M elvan oOVUeoT avTIoTROPOY 0 TEOC
yevixeupévoug x0xhoug. Apa, M elvor UETAGY NUATIONOS TG AVTIGTROPHC.

O

ITopiopa 8.2.7. H oudda twy HeTaoNUATIOU@Y TS avTIOTPOPNS CUUTITTEL 1€ TNy opdda
twy yevikeuuévov petaonuatiopdy Mobius (Inv(C) = GM).

ITopiopo 8.2.8. Kdle yevikevuévog petaoynuationss Mobius aneikoviler yevikeupévoug
KUKAOUG 0€ Yevikeupévoug KUKAOUS kai oiatnpel Tis ywrieg.

ITopiopa 8.2.9. I'a omorovodnmote yevikeupévous ktkAovg C kar Cy Tou C undpyel petaoyn
patiopds Mébius M ya tov onotov M(Ch) = Cs.

Anéoaén. 'Eotww pi,qi,m1 € Cp %ot p2, g2, 72 € Co. Ao 10 Oehprnua 8.1.4 UTdEyEL LOVIDOLXOC
uetaoynuatiopoc Mobius M nou amewcoviler ta pr,qi, 71 € C1 ot pa, g, 72 € Co, aviio-
toya. Ané o lépopa 8.2.8 M(C) eivan yevixeupévog xOxhog. Enewdy) Cs elvon o povadixde
YEVIXEUUEVOS XOXNOC TIOU TEPLEYEL TOL GNUELL Pa, g2, T2, OUVETGYETAL 6Tt M (Ch) = Co. O
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Ynuelwoeilg 8.2.10. Eotw M o yetacynuatiopdéc Mobius mou anewoviCer ta tplo onueio
21, 72 xou z3 Tou C ota onueio 0, 1 xan 0o, avtiotoya. Eotw eniong ot O elvon o yevixeuuévog
xOrhog mou opilouv Ta onueia 21, 2o XL 23.

1. To onueio 21, 22, 23 XU 24 AVAXOUY OE VAV YEVIXEUUEVO XUXAO av xat ubvoy av M (z4)
elvot TEoYUATIXOS optiude.
[Mpdryuott, Tor onuela 21, 22, 23 XAl 24 AVAXOLY GE EVOY YEVIXEUUEVO XUXAO OV XOL HOVOV

av z4 € C1. loodvopa (enedr) n M eivan 1-1 xou ent tou Oz U {o0}):

M (z4) € M(Cy) \{M(z3)} = Oz U {0} \ {o0} = Ox.

2. O yevixeuuévoc x0xhog mou diépyetar and ta onueta 21, 2o xat zz Tou C ebvanr euxdeldetog
x0xhog av xar uévov av M (0o) Sev eivor mporyuatixde oprduoc.

Hpdyyatt, éotew 6TLC) elvon 0 yevixeuuévog xUxhog Tou 0piCouy Ta onuela 21, 2o XL 23.

M(o0) € Oz = M(Ch) \ {00} <= o0 € () <= C; elvau extetopévn eudeio.

8.3 Aoxnoeig

8.3.1. Na amoderydel 6Tt 10 GUVOAO OAWY TWV YEVIXEUUEVODY UETACY MUaTiouwy Mobius nou
€YOUV WL ATt TNG POPYES

mz+n mz+n 9 9
M(z)=——— % M(z)=——=, mneC, m|"—n]"=1
nz+m nz—+m
ue mpdln ouvieong ancixovicewy efvar oyddo.
8.3.2. Na amodetydel 6Tt 10 GUVOAO OAWY TWV TV YEVIXEUPEVWY PETACY NUATIoN®Y Mobius
TOU €Y0UV UL A0 TNG LOPPES

_az—i—b
ez +4d

1 h(z):w a,b,c,d € R, ad — bc = 1.

hz) c(—2)+d

ue mpdln ouvieong amewovioewy ebvor opdoa.

8.3.3. [ Toug petooympotiopolc Mobius M(z) = 2248 you N(z) = 3£

P va Bpedoiv ot
uetaoynuatiopol M o N xon NI

8.3.4. Nou Bpelel o petaoynuatiopog Mobius nou anewovilel to onueia 21, 29 xou 23 ota onpeio
0, 1 xou oo avticTorya.

(o) 21 =14, 29 =3, 23 = 20.
(B) 21 =00, 29 = 3, 23 = 2i.

(Y) 21 =i, 20 = 00, 23 = 2i.
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8.3.5. Na Bpedel o yetaoynuatiopdéc Mobius mou areixoviler ta onuetoa —1, 1 xan i oo onueia
—1, 0 xou —3 avticTorya.

8.3.6. No napaotadel o petaoynuotiopds t: CU {oo} — CU {oo} pe t(z) =4z yia 2 € C
xau t(00) = 00 w¢ alvieon aVTIoTROPLY we Tpog xUxhoug ke xévipo to (0,0).

8.3.7. Alvovtar ta onuela 21 = —1,20 = —1,23 = 1,24 = 2 — 1 TOU EXTETAUEVOU ULYUDIXOD
emnédou C. Na TPOGOIOPLOTEL aLv:

(o) o omueior 21, 22, 23, 24 AVAXOLY GE EVAV YEVIXEUUEVO X0XNO,

(B) ta onueio 21, 22, 23 aviixouv oe évay Euxdeideto xixho.

8.3.8. Na fpedel o yetaoynuatiopos Mobius nou anewxoviCel tny eudela x + 2y — 3 = 0 otnv
euleia x + 2y = 0.



Kegpdiowo 9
Y repBoAwxn I'ewpetplo.

Y10 Kegdhowo autd Yo napouctdcouye mEVTe povtéra T unepBolixic yewpetplag.

[at Tov 0plopd TG OPdBUC UETACYNUATIOUMY GTA LOVTEAX auTd Do YeNOULOTOAGOUUE TIC
OUBEBES APIVIXDY UETATY NUATICUODV, EUXAEDEWWY JETATY NUATIOPGOY Xat UETAGY NuaTiodols Mobius,
Ti¢ omoleg 1dN yvwpllouye and T mpornyolueva Kegpdhato.

Ou yenowwonotficoupe exione to Oepnua mou axoloudel.  Aicuxpwilouue Ot Yo xdle
arnexévion, g : X — X xou Y C X ouuBolileta ye gly o meploptonds e g oto Y. Anadi,
gly Y =Y ye gly (y) = 9(y).

Ochpnua 9.0.1. Av to levyos (X, Gx) eivar yewuetpia, Y C X kai
Gy ={gly 1 g € Gx km g(Y) =Y},
wite (Y, Gy) elvar yewuetpia.

Andoaén. To obvoro Gy amoteheiton and 1-1 xou ent avtoaneixoviceg Tou Y.
Hedypatt, éotw gly € Gy pe g € Gx. Enedr| g € Gx ebvan 1-1 xon g(Y) =Y, énetan 61t
gly eivor 1-1 xou exi tou Y.

O defZoupe 6T Y onowadhfrote fly, gly € Gy woylel fly ogly = (fog)ly € Gy.
o xdde y € Y Beloxouye:

(fly ogly) (W) = fly (gly(y) = flg(y) = (fog)(y) = (fog)ly(y) €Y.

Ou deffoupe 6T yia onowdhmote gly € Gy woyle (gly) ™t =g |y € Gy.
o xdde y € Y PBploxouye:

(gh) ™ W) =97 (W) = (g ')y € Y.

91
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9.1 Movtéio ToUL dvw Muicpotplou.

To eninedo o010 LOVTENO TOL Avw MUioaplou eivon 1 Nuogalpa Tou R3 ywelc To
oOvopo trg. §lg povtéro Tou dvw Muogarpiou utopolue vo Yewpricouue to Vetind nuogaipio
e ovadlatag ogafpac:

S? ={(z,y,2) eR*: 2 +y* +2° =1, 2 > 0}.
[a T0 povtého Tou dvw Tuc@otplou Si 1 ouddo pETACY NUATIONWY opiletar amd TNV uT-
ooudda Twv Euxdeldewwy petaoynuatioudv h(v) = Av, A € O(3,R), ue h(S7) = S2. Anhods,.

Ggz = {h|sz : h € E(3) xu h(S%) =S%}.

’ 2 ’. L 2 ’ i ,
To Lelvyoc (S+, GSi) elvon povtéro umepBolxhc YEWUETEIUG TOU dvw Nutoputplou.
TregPolxéc eudeleg 610 YovTERO AUTO elvar Tar avoLxTd NUXDXAL ToU Efval Ol TOPES TWY
emnédwy mou elvon xddeto oo eninedo z = 0 xou €youv andataon < 1 and v apyy) (0,0,0)
UE TNV Si. A6 1wy optopd Twv uTepPolx®y ELIELDY TPOXUTTEL OTL:

o And dVo OLPOPETXA OTuElal A xor B Tou uTepBohx0) ETTEdOU Si OLEpyETAL HOVODIXY)
urepBohuxry eudela.

o Alo SwpopeTinéc unepPBolinéc euleieg eite dev Téuvovtan eite TéuvovTon o€ éva onpeio.

o And xdde onucio P tou Si ToL Oev avhxel oe o utepfolxh eudeio £ dtépyovTal drepou
mhidoug unepBolixéc eudelec mou dev Téuvouv TV L.

9.2 Movtélo touv unepBolosisoig.

‘Otav 1 urepBoAY, 22 — 22 = 1 tou Oxz emnédou TeptoTpépeTal Yipw and tov dfova Oz,
Tapdyeton enpdvela Y mou xahelton diywvo unepfohoedéc xa éyel ellowor a? + y? —2*=—1.
Movtého tou unepBolxol emmédou elvar To dvw PUALO Tou Blywvou unepBoioewolc V:

Vi ={(z,y,2) eR®: 2 +¢y* — 2* = —1,2 > 0}.
[a t0 wovtého tou uTEEoAoEW0NE Vi 1) oudda uETUCY UATIOU®Y op{leTar amd TNV uToOoUddY
TOV APIXOY PeTaoynuaTiouwy h(v) = Av, A € GL(3,R), ue h(Yy) = V. Anhod.
Gy, = {hly, + h € A(3) xau h(Vy) = 1},

To Letyog (Vs Gy+) ebvor povtého unegBolxhc YewueTplog Tou UTEpBOhOEIdOUC.

Trepolxeg eudeleg 6To YoVTEAD aUTO elvon 1) xaUTOAES TOL Ebvan oL TOUEG TWV ETUTEOWY
nou Siépyoviar and Ty apyt (0,0, 0) tov afévev ye TRy Vi ATd TV 0ploud TOV UTERBOMXMY
eudeldy TpoxdnTEL OTU:

e And 8o dwgopetxd onuelor A xou B tou unepfoiixol emnédou YV dtépyeton Lovadixh
urepBohuxr eudela.

4 Z 4 4 4 Iy 2 7 Z 4 7
e Abo BLO(CPOPETLXEQ UTCSP@O)\LXEQ SUﬂELEQ glte oey TEPVOVTAL ELTE TEUVOYTAL OE EVA OTUELD.

o Amo xdle onuelo P tou YV, mou dev avixel ot pa unepBohixr eudeia £ diépyovtan dnelpou
mhdoug evleteg mou dev Téuvouy tny L.
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9.3 MovtéAo Tou doloxou Beltrami-Klein.

To povtého Beltrami-Klein etvar yovtého tne yewuetpiog tou Lobachevsky.

To povtého Beltrami-Klein xaheitor eniong npofoiixd poviélo tou uncpBohixol emtné-
oou xat yovtého Cayley-Klein.

To eninedo oto woviého Beltrami-Klein eivar o dioxog ywplc 10 abvopo tou. Ta onyela
TOU ECWTERIXOV Tou dloxou elvar Ta onuela Tou unepBoixol emnédou. To clvopo Tou dioxou
xoheltan opilovTag xa To onueio Tou opilovta xaholvtan onueia oto ancsipo xou dev
AVAXOUY GTO UOVTENO.

(2¢ yovtého tou Beltrami-Klein pyropolye vo emiélouue tov povadiaio avoxtéd dioxo tou
emnédou 2 = 1 tou R3:

B={(z,y,1) eR*: 2 +9* < 1.}

O B-evletes oo povtéro Beltrami-Klein eftvou ot yopdéc tou dloxou yweic ta dxpa Touc.
Av A xon B etvan 800 onueta tou optllovta, 161e cuyBorilouyue pe (AB) tnyv avtictoyrn B-suleia.

Abo B-evleiec (AB) xou (CD) xahodvtouw napdAdnAes (avtiotowyo, vrepmapdAAnies) ov ot
avtiototyec yopdéc AB xon C'D téuvovton o€ €va and ta dxpa toug (avtioToryo Sev TéuvovTo).
Ané 1wy oploud twv B-euleidy TpoxinTel 6TU

e And 800 drapopeTind onueia Tou utepfohixol emmEdou diépyeTan wovadixr B-geudeio.
’ / 7’ 7’ ™ ya Ve / 7 Ve
o Ao Swgpopetinéc B-guleieg elte dev téuvovton €lte TEUvOVTOL OE €va oTUElD.

o And éva onuelo P €€w and wa B-gudeila (AB) unopolue vo gépouue dmelpou TARdoug
B-eudeieg mou dev tépvouy ty (AB), eivan drepou mAdous unepnapdiinhec otr (AB)
nou Beloxovton petall twv B-eudeidv (AA") xau (BB') mou Siépyovton and to P xan eivon
nopdhknhec oty (AB).

Eyfpo 9.1: Tlopdhhnhec xar urepnodinhec B-evdeiec oty (AB).

To povtélo Tou dioxou Beltrami-Klein xaAeiton mpofohixd enetdy] 1) ouddo UETACY NUATIOUOY
Tou G, Tou Vo 0ploouUe TapodTw elvon LGOUOPQIXY) UE ULol LTOOUAdA TNg opddac P(2) twy
TEOPONAGDY YETACY NUATIOUWDY.

Fotww K = {(v:y:2) € RP*: 22 + 32 — 22 = 0}. Ta mpoBohixd onuete Tou K ebvor ot
yevételpeg Tou xdvou a? + y? — 22 = 0 Tou R,

Ye xdle onueio (z : y : 2) € K avuiotoyel 1o povadixd onueio tourc (z/z,y/z,1) tou
xwvou z? 4+ y* — 2% = 0 ye 1o eninedo z = 1, o ornyelo autéd avixer otov xOxho Tou efvo
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T0 6UvVopo tou B. Ye xdie npoPfohxd onueio (z @y : 2) mou avtioTotyel oe evdeia (tz,ty, tz)
EOWTEPIXS TOU xOVoU 22 + Y — 2% = 0 avtiotowyel o povadind onpelo toufc (¢/z,y/z,1) e
eudelog (tz, ty,tz) pe To eninedo z = 1, To onueio autd avixel oto povtého B.

‘Eotww Gx = {T € P(2) : T(K) = K}. Anodewvieton 6Tt av T' € G, té1e T amexovilet
x&e mpofBolixd anueio mou avtiotolyel oe eudela (tx, ty, tz) nou PBeloxetou elvon ecwTEpXd TOU
xwvou 2 +y* — 2% = 0 o€ TpoPolixd onueld Tou avtiotowyel ot eudela tou Beloxetar ecwTepXd
Tou xvou. Xe xde T' € G aviototyolue wa 1-1 xaw enf anewdvion, T : B — B mou opileton
wcedhc: av P = (z,y,1) e Buaw T(x:y: 1) = (2’ : ¢ : 1), t6te T(P) = (2/, ¢/, 1).

Optlovpe Gp = {Tp : T € Gx}. Tote Gp anoteheltan and yetooynuotiopols Tg, mou
ametxovilouy B-gevleieg oe B-eudeieg, enetdr ot avtiotoryot petacynpatiopol T' € Gy ancixoviCet
TOL EMEIMEDA TOU TEPLEYOUY TNV 0pY 1) XAk TEYVOUV TO ECWTERIXO TOU XWVOU GE ENIREDA TOU TEPLE-
YOUY TNV apyT| Kol TEUVOUY TO ECWTERIXO TOU XWVOU xat To xaléva amd To enineda autd TEUVEL
ToV 0loxo mou emiéZaue we Yovtéro Tou dloxou tou Beltrami-Klein xatd B-gudeio.

To Lebyoc (B, Gg) eivor 1o govtého tou dioxou tou Beltrami-Klein tng urnepfolixfc yewpetplac.

4 ’ . 2,
9.4 MovTtélo Tou dloxou Tou Poincaré.

To eninedo oo LovTéNo Tou dloxou Tou Poincaré eivor €vag dioxog ywelc To clvopo
Tou. To clvogo Tou dloxou xaheltar opifovtag xa T onpeto Tou opillovta xaholvia onueia
oto aneipo xou dev avixouv o1o povtéro. ¢ uoviého tou Poincaré uropolye vo emthé€ouue
TOV Yovadtato avoxtd 8ioxo ToU Uryadixol ETLTEOOU

A={zeC: |z <1}
Y10 povtélo Tou dloxou tou Poincaré wg A-eudelec opllovtal ot TOUES TV YEVIXEUUEVWY

xhov tou C mou eiva xddetor oto Bd(A) ye to A. Anhoady), ot diduetpot Tou A xon t6&a
oy elval ToEC TV xOxhwv xddetwy ato xOxho |z| =1 pe A.

,,,,,

A
Syfuo 9.2: A-eudeleg (AB) xou (A'B').
Abo A-evdefec xaholvton Topdhhnies (avtiototyd, UTEPTUPEAANAES) OTAV Ol TPOEXTIGELS

Toug, xxhot 1 eudeieg xdieteg ato olivopo Bd(A), téuvovtar oto oreio tou opillovta (avtio-
Towya Bev TéuvovTa).
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Ané 1wV opiogd v A-euleldy TPOXUTTEL OTL:

e And dho OLopopETXd onuEeia Tou UTERBOAXO0) ETITEDOU DLEQYETAUL LOVAOLXT) A-sudela.

(Eow P,Q € A. Av P xa @ dev avixouv oe didpetpo, tote and 1o Oewpnua 7.4.4
nepiéyovial oe povadixd x0xho xdvetoc oto Bd(A). Av P xon Q) avixouv o€ Biduetpo
d, 1ot d elvon 0 Povadxog YEVIXEUUEVOS xOxA0og Tou OépyeTtal amd to P xon () xan efvan

xdVetoc oto Bd(A).)

o Abo dtagopetinés A-euleieg elte dev téuvovtar elte Téuvovtal oe €va orueio.
(AtoTe 800 onpeia opillouv yovadnr A-evdeia).

o Anéévaonueio P € A é€w and po A-evdeia (AB) propolue vo pépouye dnetpou mAfdoug
A-euieieg mou dev Téuvouv v (AB)

(Eivor dnetpou mifloug unepnapdihnies otny (AB) mou Beioxovtot uetadd twv A-gudetdv
(AA") xou (BB') mou diépyovton ané to P xau elvar mopdhhnhes otny (AB).

B Al

A B, U

A

Sy fiuo 9.3: Tlopdhhnhe xon ureproddniec A-evdeiec tne (AB).

Opdda LETACYNUATIOU®Y 0T0 LoVIENO Tou Bioxou tou Poincaré.

Av t efvon avtiotpogt| TOU ® 0C TEOC €Vay YEVEXEUUEVO xUxAo xdleto oto Bd(A), tte
t(A) = A. "Apa, 1 oOvieon nenepaouévou TARYOUS AVTIOTEOPOY WS TPOS TOUS YEVIXEUUEVOUC
xOxhoug xddetoug oto Bd(A) anewoviler 1o A eni to A.

‘Eotw 61t G €lvot 10 6UVOA0 OAWY TV TENEQAGUEVOU TARUOUC GUVIEGEWY TWYV TEQLOPIGUMY
070 A TOV AVTIOTEOPOY KBS TPOSC TOUS YEVXEUPEYOUS xUxAhog xdldetoug 6to Bd(A). Anhady
h: A = A eivar otoyeio tou Ga ov xat goévov av h = t1]p 0 -+ o t,|a, 60U x&Ve t; eiva
AVTIOTPOPY WS PO TOV YEVIXEUUEVD xUxho xd¥eto oto Bd(A). Amodewvietar edxolo Ot

o Av h € Ga, t6t€ h(A) = A xou h givar 1-1.
o Ga ye mpdln olvieong anexovicewy efvar oudda.
o Kdle h € Ga ameixoviler A-eudeia oe A-eudeio xan dratnpel Ti¢ YwVIeS.

To Lebyog (A, Ga) elvon o yovtéhro tou dloxou tou Poincaré tng unepBolnic yewuetplog.
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Oewpnua 9.4.1. Eotw éA elvar to otvolo twv TEPIOPITHOY 0T0 A Twy Yevikeuuévwy
petaoynuatiopuoy Mobius mov éxovv pia ard TS HOPp@ES

M(z) = mzrn n M(z)= mz+n’ m,n € C xa1 |m|> — |n>* =1, z € A. (9.1)

nz+m nz—+m

To Letyog (A, Ga) etvar yewpetpla

Anéocén. To chvoho 10 6UVOAD OAWY TWVY YEVIXEUUEVWY UETACY NUaTIop®Y Mobius tou €youv
wot amd e wopwés (9.1) pe npdln olvieone ancixovicewy eivar oudda (‘Aoxnon 8.3(1)).

Na mpoodioptotel av ta onuela 0, —4, —1 — 3i, —2i avixouv GE EVay YEVIXEUPEVO XOXAO.
Apxel va dei€oupe 61t M(A) = A vy xdle yetaonuatiopd Mobius M mou €yel wa and tng
woppéc (9.1).

Totw 61t M(2) = 222, Tote

M(z) € A = |20 ] < ] = |22t <1<:>(mz+") M)<1<:>

nz—+m nz—+m nz—+m nz+m

(mz+n)(mz+n) < (iz +m)(nz +m) <> |z]*(Im|? — |n|?) < |m|* — |n|?* <=

‘Eotww M(z) = f”f:? Téte M = M, o0, 6nov My(2) = 52 xau 0(2) = Z ameixovilouy

10 A eni tou A. Yuvenwe, M(A) = A.
[l

Oewpnua 9.4.2. Kdle g € Ga efvar o mepropiojids oto A €vds yevikeupévou petaoynpa-
tiopov Mobius mov éyer pia and Tig HopPég:

mz-—+n mz+n

z

n M(z) =

M(z) = , myn€Cxa|lml*—|n*=1, z € A. (9.2)

nz+m nz+m
Anédaén. Ou deloupe 6Tt xdle avTIoTEOQH WS TPOG YEVXEUUEVO xUXAo xdleto ato Bd(A)
el TV popet (9.2).

‘Eotww 6u o xixdhoc C(K,r) eivar xdldetoc oto Bd(A) xu{P,Q} = Bd(A) N C(K,r).
Ened?| ot x0xdot Bd(A) xou C’(K r) eivar xddetor, KP 1 OP Ané 7o [udoayodpelo Oedpnua
KP?+4+ OP? = OK?. Apa, r* + 1 = |c|* = ce. Enopévec 12 —cc = —1

H avtiotpogr, M tou C\ {c} wc npoc tov C(c, ) Siveton and tov t0no
M(z) = r . r —f—_CZ_—CE: 0_2—_1 _ %_5%—_71 '

z—c zZ—¢C zZ—c (%)z—l—(%)

"Apa, M éyet Ty woper (9.2).

Eotw 6t 1 evleia € pe egiowon y = xtan b elvon xddetn oto Bd(A). H avdxhaon M g
meoc v eudeia € etvan olvieon neptoTeoic b xatd Ywvia —0 , Tng avdxhaong ty we TEoC
ToV T-84E0Va XU TNG TEPLOTROPNS tl_l xatd ywvia 0. o a = cos ) + i sin 0, ntalpvouye:

—~ _ a’z  az az+0
M :t_l t t = a :27:—:—:_ .
() = (t oo t)(2) = af@®) = a2 = 2 = & = £

‘Apa, M €yer TV popet (9.2).

'Eotw g € GA. Téote g = g1 0---0g,, 6nou ¢g; = M, |A Yo Xdmola ocv-ua'cpocpn M; o¢
TPOS YEVIXEUUEVO xUxho xdleto oto Bd(A). Apa, M; € Ga. Ened) 1o alvoho Ga uE TNV
TEAEN Ouvﬂsang owcetxovnascov etvan opdda xaw M(A) = A yio xdde M € GA, OLVETAYETHL OTL

M =Mo--oM,€Ga. Suvernd g= M| 0+ 0M,|,= M|,. O
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Arnodewxvietar enfong to napaxdtw Oewenua. (Bréne [1])

Oewpnua 9.4.3. Kdde yevikevuévog petaoynuatiopuds Mobius mov éyer pia amd s Hoppég

M) =20 g M) = 2R n e C ramf? — |nf? = 1,
nz—+m nz-—+m

etvar oveon to mOAU TPIdY arTIoTPOPLY WS TPOS Yevikeupuéroug kUkAoug kdetous oto Bd(A).
ITopiopo 9.4.4. H opdda Ga amoteAeitar and mepopiopovs oto A GAwy twy yevikeupévomy
petaoynuatiopuoy Mobius tov C mov éyovr pa and tig HopPég

mz—+n mz+n

M = i M = C 2 2:1'
@)= M) = T e, mf o

Ynuetwon 9.4.5. H ouvdfun m|* — |n|? = 1 otic oyéoec (9.1) propet vo avtixataotoel pe
Im|?—|n|* > 0. pdypot, yio A = 1/4/|m|? — |n|? nafpvouue M(z) = ;\ﬁmZZ:A’\ﬁZ = %:’;‘TZ, 6TOY

Am - Am — Anin = )\Q(mm —nn) = )\2(|m|2 = \n\Q) =1.

9.5 MovTtélo Tou nuieninédouv tou Poincaré.

To exinedo 010 povtélo Tou Muieminédou tou Poincaré éva avoutéd nuieninedo. To
o0vopo Tou NuemTédou xaheltar opifovtog xou ta onueio Tou opilovta xoholvTor oNUEl
oTto anelpo ot OeV avixouy 610 HOVTEAO.

(¢ yovtého TOu NUETTEDOU UTOPOUUE Vo EMAECOUNE TO Ve MUERITEDD TOU Uryados
ETUTEDOL:

H={zeC:Im(z) >0}
ue optlovta Im(z) = 0.

Y10 yovtého Tou dvw Tiemimédou Tou Poincaré wg H-eudeieg opilovta ol Topés ue o H
TWY YEVIXEVUEVWY XOXAWDY TOU C xédetwy oTov optlovta. Aniady), H-euvlelec elvon ot Topég
Tou H e yevixeugévoug xUxhoug Tou ® xddetouc otov Oz-dEova.

Y
A B

A A’/\B’

Syfuo 9.4: H-evdeiec (AB) xa (A'B').

4
<

AYo H-evdelec xaholvton tapdhhniec (avtioTolya, UTEPTAREAANAES) OV OL TPOEXTACELS TOUC
— xxhot 1y evdelec xdeteg otov Ox-dEova — tépvovia oto onueio tou Oz-dZova 1 oto {oo}
(avtiotoya Sev TéuvovTar).

Ané 1wV opioud twv H-gudewdv tpoxinTeL 6T
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o Amd Vo drapopeTind onueia Tou utepfolixol emmédou SipyeTal wovadixy| H-eudela.

(Eotw P,Q € H. Av (PQ) eivor xddetn otov opilovta, téte (PQ)NH eivon 1 H-eudeio
mou dtépyetan amo Tor P oxan Q. Awogopetind 1 H-eudeio mou Siépyeton and ta P oxon
Q etvar 1 Topn Tou H pe tov x0xho Tou €yel wg xEVTPo TNV Topr, Tou opllovTa ue THY
uecoxdieto tou PQ.)

/ 4 4 7 x> 4 z 4 2 7
e Abo BLOCCPOPETLXEQ H—EU@ELEQ glte ogy TELVOYTAL ELTE TEUVOVTAL OE EVA ONUELD.

o And éva onuelo P €€w and wa H-eudeia (AB) propolue va gépoupe dneipou mAhdouc
H-eudeiec mou dev téuvouv v (ADB).
(Eivor o1 dmepou miflouc H-evdeiec mou Beloxovton petald 800 H-evleiwy (AA") xa
(BB'), ot omoleg diépyovton and to P xou eivon napdiinies oty H-eudeio (AB).

> X
B MA B N A

Sy o 9.5: Topdhknhes (AA’), (BB') xou unepnapdiinhn (MN) tne (AB).

Opdido LETATYNUATIOU®Y OTO LOVIEAO TOU TMuieminédou tou Poincaré.

Av t ebvon avtioTpo@r) Tou C 0C TPOC VALY YEVEXEUPEVO xUxho xdVeTo ato dEova Im(z) = 0,
6t t(H) = H. Apa, 7 oOvieon tenepacuévou TARDOUC AVTIGTROPWY WS TEOC TOUS YEVIXEUUE-
vouc xUxhoug xddetoug otov Im(z) = 0 anexoviler to H eni 1o H.

‘Eotww 61t Gy elvor 10 6OV0A0 OAWV TV TETEQUCUEVOU TARUOUS GUVIECEWY TWY TEQLOQIGUMY
010 H TV AVTIOTPOPOY ©OC TEOS TOUC YEVIXELUAVOUS xUxhog xddetoug otov Im(z) = 0.
Anhadhy h : H — H eivon otoryeio tou Gy av xat uévov av h = ty|y o - - o t,|y, dmou xdde t;
Vol AVTIOTRPOYY) WS TPOS TOV YEVXELUEVO xUxho xddeto otov Im(z) = 0.

‘Eotw Gy 10 60voro Oh@V TOV CUVIEGE®Y TOV TEQLOPICUMY GTO H TWV AVTIOTROPOY WS
TEOC TOUG YEVIXEUUEVOUS X0OXAOUC TOU EVOL TOOEXTACEL TwV H-eulelwy.

ArnodewvieTtor ehxola 6Tt

o Av h € Gy, t6t€ h(H) = H »on h eivar 1-1.
o Gy pe mpdén otvideong anetxovicewy elvor oudda.

o Kdle h € Gy anewxoviler H-evdeio oe H-eudeio xan Satnpel Tic YwVIES.

To Lebyoc (H, Gy) eivan to yovtého tou nuemnédou tou Poincaré tng unepfolnrc yewuetpiog.
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Oewenua 9.5.1. Eoww éH efvar to ovodo twv mepopiouwy oto H twrv yevikeuuévwy
petaoynuatiopuoy Mobius mov éxovy pia aré TS HOp@ES

M(:) iME) = 5 g

_az—i—b
ez 4d

a,b,c,d € R, ad — bc = 1. (9.3)

To Lebyos (H, Gy) etvar yewpetpia
Amnéoeitn. To clvolo 10 GUVORO GAWY TV YEVIXEUUEVWY UETACY NUaTiouny Mobius tou éyouy
wot amd e wopwés (9.3) pe mpdln olvieone ancixovioewy eivar oudda (‘Aoxnon 8.3(1)).
Apxel va dei€ouye 6Tt M (H) = H yio xdde yetaonuatiopnd Moébius M nou €yel ot and tne
woppéc (9.3).

‘Eoww M(z) = %j:db. Tére, enedh) a, b, ¢, d € R, nalpvouye
Im(M(2)) = l az+b az+b\) _ (az + b)(ci%—‘d) — (azZ +b)(cz +d) _ (ad — be)Im(z)
2i \cz+d  cz+4d 2i|cz + d|? lcz + d|?
Enedr, ad — be = 1, énetan 61t Im(M(z)) = |Zn+(§|)2' Yuvenwe M(z) € H av o uévov oy
z€H. AvM(z) = Z((:;)j:s, t61e M = Myop, 6mou M(z) = gjj:s xou p(z) = —Zz anewxovilouv

0 H eni tou H. Apa, M(H) =H.
[

Ocwpnpa 9.5.2. Kdle h € Gy elvar o nepiopiojds oto H evo§ yevikeuuévov petaoynua-
tiopo¥ Mobius mouv éyer pa and TS popPes:
a(—2)+b
co(=2z)+d
Anéoaén. Ou deiloupe 6Tt xde avTIoTEOPT WG TEOS YEVIXEVUEVO XUxho Tou efvol TEOEXTAOT)
woe H-evdeiac éyet Ty popen (9.4).

‘Eotww 6t 0 xdxhog C(c, ) elvan xddetog otov Oz-dZova ye ¢ € Ox. Emedf ¢ € R q
avtiopogh M tou C\ {c} wc npog tov C(c, ) divetan and tov t0n0

az+b

M(z) = i M(z) =

ot d a,b,c,d € R, ad —bc = 1. (9.4)

r? E+ri—ct  f(-z)+ &2
M(Z):z—c+cz zZ—c :T(l(—)Z)+Z

‘Apa, M éyet tnyv poper (9.4).
‘Eotww 61t 7 eudela € ye ellowon x = a ebvar xddetn oto Ox. H avuiotpogr; M tou C wc
TEOC TNV € BiVETOL amd TOV TUTO

() — 5 a_l(—2)+2a
M(z)=—-2z+2 e

‘Apa, M €yer wo and Tic popée (9.4).

‘Eoww h € Gy. Téte h = hyo---0h,, 6mou xdle h; elvon o neptoplonds oto H xdmorag
avtioteoghc M; w¢ mpog yevixeuuévo xtxho mou elvon mpoéxtact wag H-sudelog. Apa, omeg
arodeiloye, M; € C~§'H Enewdy) to olvoho CNJH UE TNV TEdln oUVIESTC ATEXOVHOEWY EVaL OpPdDdaL
war M(H) = H v x&de M € Gy, ouvendyetan 61t M = My o--- 0 M, € Gy.

Yuvenwe h = M1‘HO"'OMn‘H: M‘H
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Oewenua 9.5.3. Kdle yevikeuuévog petaoynuatiopds Mobius mov éyer pua and tis poppég

az+b a(—z)+b
h(z) = 1h(z) = ——F—— a,b,c,d e R, ad —bc = 1.
() czt+d (=) c(=2)+d GG EER, a ‘

elvar ovleon avTioTpoPwr ws TPOS ToUS Yerikeupuévous kUkAovg kdUetovs otor Ox-déova.
Arnéoaén. Av c # 0, 16te erewt| ad — be = 1 xou a, b, c,d € R malpvouue

az+b a b—(ad/c) a " g %
M p— e _—_— I — ¢ e ¢ .
(2) cz+d c+ cz+d c+z+% c+—z—4

c

Enopévwe M umogel va mapactadel we olvieor aneixovicewy xadeurd amd Tic onofeg etvor
oOVUEST], AVTIOTROPWY MG TEOS TOUG YEVIXEUPEVOUS xUxAoug xdidetoug oTtov Oz-d&ova wg e€nc:

7 1 1

LETOPOPA d avTUoTEOYR = d AVTIGTPOYR 1 1 opotodesio 2 uetagpopo A 2
25— - = —E—= - = - — T
[|Ox C g wpog Oy C ¢ npoc|z|=1 5 d —z — = —2z—= |0z ¢ —z—=
F ¢ € ¢

_ a(=2)+b 4 _ 4 _ az+b ’ ’

Av M(z) = > o€ M = M o0, oy M, (z) = ¢ ebvar ohvleon avTioTROPOY we
TEOGS YEVIXELUEVOUS XUxhouc xdletouc otov Oz-8ova xat o(z) = —Z elvou 7 AVTIOTEOPY| WS

mpog tov Oy-dlova. ‘Apa, M elvar 6OvIEsT aVTIGTPOPOY WS TPOS TOUSG YEVIXEUPEVOUS XUXAOUC
xédetouve otov Ox-dEova.
H on6deiln tou Oewprjpotog elvor dpota 6tay ¢ = 0. O]

IIopiopa 9.5.4. Hopdoa Gy ovurinte pe tny opudda twy tepiopioucy oo H oAwy yevikeuuév-
wv petaoynuatiopsy Mobius tov C mov éyovr pua and s Hopeés

_az+b _a(=2)+b
(Z)_cz—l—d 1 (Z)_c(—z)+d’

a,b,c,d € R, ad —bc=1.

Ynpelworn 9.5.5. H ouvdixn ad — bc = 1 ot oyéoeic (9.3) unopel va avuxataotode!
ue ad — bc > 0. Ilpdypot, yio A = 1/vad — be naipvouye M (z) = ‘;jj:s = igji;\} 6ToU
Aa - Ad — e Ab = N(ab—cd) = 1.

Oewpnua 9.5.5. I'a onocoonmore H-cvleies {1 ka1 €y vndpyear h € Gy ya tov ormofov
h(gl) == 62.

Andoaén. Eow £ = Oy NH. Apxel va dei€oupe 6Tt yia onotadrimote H-cudelor d umdpyet
h € Gy yw tov onofov h(d) = £. Ondte v onoeodnfnote H-eudeieg 1 xan ly umdpyouv
hi,hy € Gy, tétow dote hy(l) = € xa hy(ly) = L. "Apa, yiao h = hyt o hy Ya oy et
h(ly) = 05.

Avd = {a+yi:y > 0}, t61€ 1 yetagopd h(z) = % anewovilel Ty d ent tng L.
-z
Enedy) o cuoyettopévog mivaxoag tou h ebvar o ( 0 —1a ) ue optlovoa 1 xot otolyeio and o

R, émeton 67Tt h|H€ Gy.
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‘Eow o6 d = CK,r) NH pye K € Ozx. T tov petacynpotiopd Mobius
— (K
h(z) = % éyouue h(K 4+ 1) = 0, h(K 4+ 1i) = i xou h(K — 1) = o0o. Apa, h
z— —r
anewxoviler tov C(K, 1) og govadixd yevixeupévo xOxho mou teptéyet to anpela 0,4, 0o, dnhady
—K—r

1 —Ka4r ) Tou h elvor 16000Voog PE

otov Oy U {oo}. Enedr o ouoyetiopévog mivaxag (

Tov Tivoxa L L =K
Vor\1 —K+r
‘Apa, h‘H(d) = /. O

) ue opilouca 1 xat otoyeio and 1o R, éneton 61t h‘HG Gy.

9.6 Amnewovioelg petadd TV LOVTEA®Y TOU
vnepBoAxol eminédou.

ITpotaon 9.6.1. H araxdrion @ : C — C nov opilezar and tov timo

z—1

Qz) = o (netaoynuatiouds Cayley)

areikoviler o otvodo H = {z € C : Im(z) > 0} enf wov ovvodov A = {z € C : |z| < 1}
(onkadn Q(H) = A).

|z — il

Anééaén. Q(z) € A <= <l<=|z—i<|-iz+ 1| =

|—iz + 1
|z i < |—iz+ 1] <= (z =) (24 1) < (1 —iz)(1 +iZ) <=
220 —22i < 0 <= 2i(z — 2) < 0 <= 2i(2iIm(z)) < 0 <= Im(z) > 0 <= z € H. O

Ochpnpa 9.6.2. O1 yewpetpies (H,Gy) kar (A, Ga) elvar wopopgixés, 6nkadn vrdpyour
pia 1-1 kar enf areicdvion @ : H — A kar évag woopoppionds i - Gy — Ga ya ta omota

Q(h(x)) =i(h)(Q(x)), Yz € H, Vh € Gy.

Z—1
—iz+1

Anédei€n. Oewpolye v 1-1 xou enf anewovion @ : H =+ A pe Q(z) =
Oewpolpe TNy anexdvion t: Gy — GM  pe t(h) =QohoQ L.
Heogavae t etvar 1 — 1. Ou dei€oupe 61t t(Gy) = Ga.

‘Eotw 6Tt 0 cuoyetiouévoc mivaxac tou h € Gy ebvar o ( CCL 2 ) ue a,b,c,d € R xou

—1

ad — bc = 1. O ouvoyetioyévog nivaxog tou @ elvar o 1

X0l O GUCYETIGUEVOC

. , 1 4
TLvaXac Tou Qil glval o % < 1 .
7

"Apa, 0 cuoyetiopévoc Tivoxac tou t(h) = Qo ho Q! etvar o

()G G- () emd e th-0) -»
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6mou det(B) = 1/2[(a + d)? + (¢ — b)* — (¢ + b)? — (d — a)?] = 2(ad — bc) = 2 > 0.

Enopévac t(h) éyer ouoyetiopévo mivaxa g pop@ic - ?7% ue [m|* — |n]? = 1.

Apa, t(h) € Ga.
‘Opoto. amodetevietar 6Tt av g € Ga, 10t€ h =Q ' 0ogoQ € Gy. Apa, g = t(h).
Tty 1-1 xou ent amewovion t: Gy — Ga  pe t(h) =Qoho Q™! éyouue

t(h)(Q(x)) = QWQ™(Q()))) = Q(h(x)), Yz € H.
Yuvende, ot yewuetplee (H, Gy) xau (A, Ga) elvon 1oogoppixéc. O

Oploaue mévte povtélo unepBoAixol emnédou:

S = {(z,y,2) eR*: 2 +y* +2° =1, 2> 0} — poviélo Tou dvw NuoEapiou
Ve = {(z,y,2) e R’ :2? +¢y* — 2> = —1,2 > 0} — povtédo tou unepBohoetdoic
B = {(z,y,1) € R*: 2® + y* < 1} — yovtédo Beltrami-Klein

A = {(z,9,0) € R®: 2° + y* < 1} — povtého Tou dloxou tou Poincaré

H {(1,y,2) € R’ : 2 > 0} — poviého Tou dve nuemnédou Tou Poincaré

Y10 eninedo Ozz 1 oyetiny) Toug Véon xou ot ameixovioelg petolt Toug anexovilovtoal 610
14
oyfua 9.6.

N

S

ekt R R T

i

Yyfua 9.6: Anewovioeg YeTall Twv povtéhwy Tou utepBolixol emmédou.

Oa oploouye avohutixd Tic 1-1 xou eni anexovicel uetol TV YOVTEAWY.
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fP:S2 — B. fF ebvor 1) opdoydvia tpoBolf; Tou dve nuicgapiov S2 oto exinedo z = 1.
B
Si 5P = (:U7y,z)f—>(a:,y,1) =P eB.
St = H. Ye xdide onpelo P = (x,y,2) € S2 avuiotorolue 10 povadixd onpeio topic

Py = (1,y2, 22) tnc ewdeloc (WP), énou W = (—1,0,0) pe 10 avoixtd rmueninedo H =

{(1,y,2) : z > 0}.
Eredf 2? + y? 4+ 22 = 1 xau z > 0, woylet x| < 1.

W,P,Pyc (WP) = WD = WP = (¢ + 1,1, 2) = (2, o, 2).

’ — x4l — ¥ —
Apo, T =%, ys = 5, 23 = ;7. Duvemac

2y 2z
r+1"2+1

S5 P=(z )f”O ):PGH
+ Y, < ) 2 .

282 = Al Ye xdde onueto P = (z,y,2) € S2 avriotoryolye 10 povadind onueio Toufc
Py = (24,94,0) g evdeioc (SP), omou S = (0,0, —1), pe tov avoxtd dioxo A.

S,P,P; € (SP) = P — tS?(xg,yg, 1) =t(z,y,z+1)

‘Apa, t = =75 Ondte (23,¥3,0) = (z_fl, ﬁ—l,O). YUVETOC

A x y
(x7y72) (Z—l—l,Z—Fl7 3

B = V4. Xe xdle onuelo Py = (z,y,1) € B avtiototyolue povadixéd onueio touic Py tne
evdeloc (OP)) pe to Yy Téte Py = (ta, ty,t), omov 22 +t*y* —t* = —1. Apa, t = ﬁ
ety

YUVETOC

Yy 1
B> P(x,y,1 f < Y

=P e),.
\/1—x2—y V1—a?—y? \/1—x2—y> <€

P+ Si — V..
= flteff = (x z)f—B>(;1: 1)& z y ! = (g, 1
- JB 'Y, ' Ys \/1—z2—y27 \/1 222’ \/1 22—y —\zr 2z

9.7 H vunepBolxy andctooT.

Ké0e unosivoho tou R? opolopoppixd pe évo xhetoté xon gporypévo didotnua tou R xohelton
1680. Qc C'-1680 tou R? evvoolue xdie 160 T C R3, via 10 omolo UTEEYEL EVal DLAGTNUAL
la,b] C R xou wa 1-1, eni xou ovveywe napaywylown anewxévion v : [a,b] — T. To ornueio
y(a) xou y(b) xahobvron dxpa tou T'. Tapopetpixonoinorn tou T efvan xdde 1-1, enf xon cuveyde
napoyylown anexévion 1 [c,d] — T, yio tyv onola undpyer wa 1-1, eni xor ouveyodg
Tapoywylowr anexovion b : [a, b] — [c, d], o dote y(t) = B(h(t)) yio xéde t € [a, b].
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TrepPolxd prxog oto H.

To unepPohixd unxog evog C'-t6Z0u T tou H ue mopayetetxonolon v : [a, b] — T optleta
and Tov TOTTo

b /
Lu() = L) = [ 00 at

Oedpnua 9.7.1. To vrepBohird urkog evds C-tééov T wov H efvar avebdptnro and tnr
TAPAUETPIKOTOMOT) TOU.

Anéoaén. Eow v : [a,b] = T xu f : [c,d] — T eivon napoyetpixonotioe tou 1. Torte

undpyer wa 1-1 xou ext ouvdptnon h : [a,b] — [c,d] ouveyde mopaywyiown, tétol Bote
v(t) = B(h(t) v xdde t € [a,b]. Tote

b o) (8o Y(1)] @hw)| .,
W) = [ 5t dt:/a Im(Bh(0))) dt:/a m(B()y) " Ol

Av h eivar yvroloc abgovoa, t6te h(a) = ¢, h(b) = d xo h'(t) > 0 vy Vt € [a,b]. Ondre

EGEN e, 1B
= [ Im(Ba(n))) " o) Tm(Buy) "= LnP)

Av h eivor yvnoing gdivouca, téte h(a) = d, h(b) = c xou A/ (t) < 0 yio Vt € [a,b]. Ondre

[CAWQONIY A
Ly(7) :—/a W R'(t) dt :(t)/c W du = Ly(B)

IMopadeiypata 9.7.2.

1. M mapoyetpixonoinoy tou eudiypappou tufuatog I ye dxpa Ai xau Bi, 6mou B > A,
etvar y(t) = (0,¢), 6mou t € [A, B]. Apa,

LH(I):LH(V):/ Mdt:/ %dtzln(B/A).

a Im(~(t)) A

2. To unegBolxd prxoc tne vrepfohxic nuevdeiac y(t) = (0,t), omou t € (0, 1], eiva
dmelpo, ool

1 / 1 |
/ 1V (1) dt:/ Z dt = lim —dt =lim(ln1 —Inu) = oc.
: _]m(v(t)) o t u—0 J, T u—0
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Oewpnpa 9.7.3. Av T éva C'-t6éo tov H ka1 h € Gy, tote Ly (T) = Ly (W(T)).
(To vrepfolikd pnkos eivar avaAdoimto otovs petaoynuatiopols s Gy.)

Anéoaén. 'Eotww v : [ty,t] = T wa nopopetpixonoion tou T xow éotw T h(z) = Zjis, 6ToU
a,b,c,d € R xaw ad —bc = 1. Téte (ho~)(t) = %. Metd and vnohoyiouols TolpYouue
, ay(t) + b)/ ad —bc v (t)
h t )= = =1\
o0 = (S+d) = e v
ay(t) + b) (ay()) +O)(ex(t) +d) _ Im(y(D))
B O R A O R R SO RS E
(1)
[(ho®)] _ (@ + a2 (1)
YUVETOS = = Apa, Ly(hovy) =1L .
(o)) Im0@)  Imyip) e e =)
) |ey(t) + df?
Av h(z) = Z((:?Is € Gy. Tote h = hyogp, érov (z) = =2z xu h(z) = % ye

a,b,c,d € R xou ab — cd = 1 datnpel 10 urepBoiind ufxog émwe amodelloue Told Tave.
Edxoha anodewvietar 6Tt 1) @ eniorng datnpel o unepBold urxog. Xuvenwg h dlatneel To
uTEPPBOAXO UG, O

Euvd0ypappa turipota cto H.

Oplouodg 9.7.4. 'Eotw z,w € H xu z # w.

Kahotpe H-gudiypoppo tuAua Ye dxpa 2 xot w To 16£0 e dxpa 2 xou w g H-eudetog
rou diépyeton and 1o 2 xu w. o z,w € H ouyBohilovyue pe zw 1o H-eudiypauuo tTuhuo Ue
doepor ToL onuelor z xon w.

Av Re(z) = Re(w), tote H-gudlypoppo turuo ue dxpo tor onueior 2 xon w elvan euxeldeto
eudUypaupo tufua Zw tou C.

Av Re(z) # Re(w), t6te H-eudiypouuo Tuhua pe dxpo ta onueia 2 xow w eivanr t6€0 evig
nuxuxhiou pe x€vtpo otov Ox-dova.

Oedpnua 9.7.5. Ané dha ta C'-tééa pe drpa wa onpela z,w € H to H-evilypappo turjua
éyel to ikpdtepo vmepPolikd unkos.

Arddaén. 'Eotww 6t vy(t) = (x(t),y(t)), t € [a,b], napapetpixonoion evéc C-16Zou T ue dxpa
z o w. Ag unodéoouue mpwta Ot 2 = Ai xou w = Bi, émov B > A. Tére

o = 1~ [ VT [0 106
"yt) Ll by _ e
> /a W dt‘ = |1ny(t)‘a| =1In(B/A) = Ly(zw).

Av z ) w dev avixouv oty H-evdeia £ = Oy N'H. And 1o Ocwpnua 9.5.5 undpyet h € Gy
oy anexovilelr tny H-gudeila mou diépyetan ond o 2z xou w ent tng L. Toéte h(z), h(w) € L.
Xwplc PAIPN e yevixotntag urnopotue vo unoléooupe ot h(z) = Ai xa h(w) = Bi, énou
B > A. Ereidv| 1o unepBohind uhxog etvar avahhointo otoug petaoyratiopols g Gy, €reto
6t Lyy(T) = Ly (h(T)) > In(B/A) = Ly(zw). O
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Oshpnua 9.7.6. Av z =ai, u = m+ ai kat w = bi pe a # b, tére zw < vw.

Anédaén. Ac unodécouye 6Tt a < b. Enedr Re(u) # Re(w), 1o H-euvdlypopyo tuiuo ww
glvon xuxhix6 1620 evoc xixhou C(K,r) xddetou otov Oz-dova.

Kdie evdeia mou diépyeton and to ti, t € [a,b), xou elvon mopdhhnhn otov Oz-4Eova TéUver
T0 uWw o€ povodxd onueio z(t) + ti.

Av K > 0, té6te 1 eudela mou Siépyeton amd 1o bi xou efvon mapdhhnin otov Oz-d&ova Téuvel
T0 uw o710 onpelo w = bi. ©étouue v = u xou z(b) = 0.

Av K <0, t67e 1 eudela mou diépyetan amd 1o bi xou ebvan TopdAAnkn otov Ox-dEova TEUVEL
T0 uw o710 onuelo w = bi xou o€ évar Ghho onueio v = x(b) + bi.

H anewxévion g(t) : [a, b] = uwv ye y(t) = (z(t),t) ebvon 1-1, exnf xou cuvey e Topaywyiown.
Eropévec

b 12 1 b 1
L) > Loy () = Lg(y) = / i > / Lt = In(b/a) = 7.
H anédeiln etvon dpowa yio b < a. O

Mezpwxy oto H.

Oplopog 9.7.7. Opiloupe dy : H X H — [0,00) w¢ e€hc: av z,w € H xu z # w, t61€
dy (2, w) elvar 10 vrepPolind uhxoc Ly (zw) > 0 tou H-evdiypauuou TWAUATOS YE dxpa 2 xou
w xa dy(z,2) =0 yio xdde z € H.

Iegétaocy 9.7.8. H aneixévion dy - H x H — (0,00) efvar perpixrj.
Améoeiln. Oo amodeilouye 6T 1) dyy TANPEL To AEUOUATA TG UETPIXNC.

(1) dy(z,w) = 0 <= z = w.

Hpdypot, av 2 = w, 161€ dy(2,w) = 0 and 10V oplopd e unepBohxfc andcTaon. Av
2 # w, 101€ dy (2, w) > 0 we uhixog Tou H-eudiypouou TUALATOS YE dxpo 2 XatL w.

(1) dy(z,w) = dy(w, ) yio onotdrnote z, w € H.

Hpdypott, av 7y @ [a,b] — H eivor 1 napopetpxonolorn tou H-eudhliypauuou THAUATOS 2w,
t61€ ¥ ¢ [a,b] = H pe Y(t) = y(a + b —t) elvou 1 nopauetexonoion tou H-eudiypouuon
tuhuatoc wz. Apa, Ly(wz) = Ly(zw), agol to unepfohxd uhxoc evoe t6Eou dev
eCapTdTOL ATO TNV TUPUUETEIXOTOINGTY) TOL.

(i17) dy(z,w) < dy(z,u) + dy(u, w), yio onowdfrote z, w,u € H.

Av z,w,u eivar H-ocuveuldetaxd, Tt umopolue va utovécouue 6Tl u elvor UETAEY 2 xot
w (u € zw). Ondte dy(z,w) = dy(z,u) + dy(u, w).

Av z,w, u elvon un H-ouveudelond, T6Te unopolye vo utovécouue 6Tl z, u € Oy, BlaPope-
Tixd umdpyet h € Gy mou amewxoviCer v H-culela mou Biépyetan amd To 2 X W GTNY
H-euldeia Oy N H. Xwplc Bhafn tng yevxdtTnTog Unopolue va unolEcoupe 0Tl 2 = ai,
w = bi xau b > a.

‘Eotw 61t u = uy + ugi. Ac unodécouye dt1 uy € (a,b) xou v = ugi.
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Ano 1o Oewpnua 9.7.6 npoxinter 6T dy(2,v) < dy(2,u) xou dy(v, w) < dy(w,u). Apa,
dy(z,w) = dy(z,v) + dy(v,w) < dy(z,u) + dy (v, w).

AY g > b, 6t dog(z, ) < (2 0) < (22 0) < dog(,0) + (v, 0).

H Wiétnra (i44) amodewvietar odpota av us < a.

]

Enpelwon 9.7.9. Eva 1680 T tou R? xohelton xatd TUAUOTA C'-16€0 and 10 A € R3 ¢uc
B € R? 4tay UTLAEYEL EVOL OLAG TN [a,b] Tou R, évac drayeptopéc a =ty <ty < -+ <t, =b
Tou [a, b] xau wor 1-1, et xou ouveyhc anewovion vy : [a,b] = T ue y(a) = A, v(b) = B érol
MOOTE 0 TEPLOPIOUOC TNC 7y O XAVe [t;, ti41] lvan cuveyme Topaywyiowr anexévion,.

H owoyévewa tov C'-1680v T; = y([ti, tis1]), @ = 1,...,n, xodettor drogeptopdc Tou xatd
thsato Ct-t6gou T

Dt xatd tuhparto Cl-t6&ou T e Srapeptopd {1} optlovye Ly(T) = >0 Ly(T;).

Me enaywy? wg mpog 10 TAD0og TwV GToLyElwY EVOS BLUEPIOHOY TOU XUTd TUHUTA Cl-
680U T' %ot YENOWOTOIWYTAS TNV TELYWYLXY) IOTNT TNG METEIXNG dy AmodevieTal OTL

Aré dha ta katd turjuata C'-tééa pe drpa ta onueta z,w € H to H-evdlypappo tunua
éyer To KkpdTepo vmepPoAikd unkos.

Oewpnua 9.7.10. Kdbe h € Gy eivar H-oopetpia.

Andéoaén. 'Eow z,w € H xou h € Gy.

Av z = w, t67€ dy(2,w) = dy(h(2), h(w)) = 0.

‘Eotw 6t 2 # w xou £ etvan H-evdeio mou diépyeton and ta 2 xou w. Eneidr| xdie unepBohindg
ueTaoyNuotiopog anewxoviler H-eudeieg oe H-eudeleg, h(f) elvon H-gudeia mou diépyetar and
o h(z) xou h(z).

H h Swrtnpet to wixn twv Swgopioweny 162wy, Enopéves 1o uixoc dy (2, w) tou 16&ou tne
¢ ond 10 z éwg w elvon (oo Ye to wixoc dy(h(z), h(w)) tou t16€ou tne h({) and to h(z) éuc
h(w). Aol dy(z, w) = dy(h(2), h(w)) yia Vz,w € H, h elvor toopetpio. O

Ynpelwon 9.7.11. ArodewvieTton 6Tt 1) 0pdda UETAGY NUATIOU®Y Gy CUUTITTEL UE TNV oudda
H-1oopetpldy tou H (Brhady, wylel o avtiotpupo Tou Oewphuatog 9.7.10).

Oewpnua 9.7.12. Kdle h € Gy araxovilet Eukieideiovg klkdovs tou H o€ FKukieideovg
kUikAovg Tou H.

Arnédeén. 'Eow C(K,r) évac Euxdeldeiog xixhoc tou H.

Enewr) h = hyo---oh,, 6nou xdde h; elvon cOvieon renepacpévou TAYog avTIoTEOPOY
ws mpog T H-euleleg, apxel va detfouue oL av h elvor avtioTeogr and YeVixeupévo xOxio £
x&eto otov Oz, 161 h(C(K, 1)) eivar Euxdeidetoc xdxhoc tou H.

Av { etvar xéetn otov Oz, tote h(C(K, 1)) eivon ovuuetowxt edéva tou C(K, 1) we npog
v L. Apa, h(C(K, 1)) eivar Euxheidetoc xbxhog tou H.

Av { eivar xOxdhog xddetoc otov Ox pe xévipo Ky, 1ot Ky € Ox. Enopévoe C(K,r) dev
Olépyetan amd To xEVTpo Tou L.

Apa, h(C(K,r)) elvor Euxheidetoc x0xhog mou Sev diépyetar and to xévtpo tou L. And tov
0pLoP6 TNE AVTIOTROYHC WS TEoS Tov xUxAo énctar 6Tt h(C'(K, 1)) Beloxeton oo (o nueninedo
w¢ mpog tov Ox ye tov C(K,r). Apa, h(C(K, 1)) etvar Euxheidetog xOxhog tou H. O
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Oewenua 9.7.13. I'a kdle z,w € H 1wyva

— 9ginh~! 2 — w)
dy(z,w) = 2sinh (2\/Im(z)\/fm(w)>. (9.5)

Arnéoeién. ‘Eow z,w € H. Ané 1o Oetdpnua 9.5.5 undpyer h € Gy mou amexoviler Ty H-
eudelo mou Siépyeton amd ta 2 xou w oty H-evdela Oy NH. Apa, h(z) = Bi xou h(w) = Ai.
Trovétouye ywelc BAdPN tng yevixdtnrog 6Tt B > A. To unepBoind urxog ebvon avorhoinmto
0ToUg UETUCY UaTIopoUS TNg Gy, doa

dy(z,w) = dy(h(2), h(w)) = dy(Bi, Ai) = In(B/A).

YUVETKC

, dy(z,w) . B mVEB/A -y /B/A VB VA
smh( " 5 ) sinh (111 \/%) = 5 =5 ﬁ T) =
_ B-4 1 |Bi — Al |h(z) — h(w)|
2VAB  2./Im(Ai)\/ITm(Bi) 2\/Im( (2))\/Im(h(w))
‘Apa,
ot (1B — bw)
Bl =z (wfm(h(z))wm(hm») | 0
‘Ouwe h(z) = %l;, a,b,c,d € R xou ad — be = 1. Enopévac
_az+b aw+b  (ad—bc)(z—w) z—w
hz) = hlw) = cz4+d cw+d (cz+d)(cw—+d)  (cz+d)(cw+d)
_ h(z) — h(z) _(ad=bc)(z—2)  Im(z)
Im(h(z)) = 2i 0 2dlez+d2 ez +dJ?
— Im(w)
Im(h(w)) = Tow+ dP
YUVETKC,
h(2) = hw) e _ |zl 01)
24/ Im(h(2))\/Im(h(w 2\/|cz+d|2 |£1T$§\)2 24/Im(z)/Im(w)
Ano g wotntee (9.6) xan (9.7) mpoxintet o tonoc (9.5). O

—x

Ynueiwon 9.7.14. H ouvdptnon sinh(z) = “=—, z € (—00,00), ebva yvnotwe adZouoa
xou €l Tou dtaoTAATOC (—00,00), eminhéov sinh ™! (z) = In(z + V22 + 1), 2 € (—00, ).
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Oewenua 9.7.15. ['a kdle onueio P tov povtédov tou nuemmédov tov Poincaré H kar yia
kdOe H-evleia € vndpyer provadikn H-evdeia + rou o1épyetar ard to P ka1 eivar kdOetn otny L.

Arnéoaén. Av [ etvar Euxdeldeio nuevdeia xddetn otov Ox pe apyry K € Ox, t61e 1 H-eudela
C(K,|PK]) dépyetar and 1o P xou elvon xddetn oty L.

‘Eotw 6t £ eivon avoxtd nuixdxio ue xévipo K € Ox xou axtiva 7. Awaxpivouue 600
TEQLTTMOOELS:

(o) P avixer oty Euxdeideta euldeior mou Siépyeton and 1o K xou eivan xddetn otov Ox. Téte
n H-evdeio (PK) NH diépyeton and to P xou elvar xddetn oty L.

(B) P dev avixer oty Buxheideto evdeia mou diépyeton and to K xou eivan xdietn atov Ow.
Enedr) n avtiotpoot| t wg mpoc tov xixho C(K, 1) anewovilet xdde xixho xddeto ooy
C(K,r) otov eautd Ttou, énetar 6T Ta XEVTpal TV XXMV Tou diépyovton and to P xo
etvon xddetor otov C(K, 1) Beloxovton otn pecoxdieto d tou eudlypoptoy TUARUITOS Ue
dxpa P xaw t(P). 'BEotw T = d N Ox. Tote n n H-evdeio H N C(T,|TP|) dépyeton and
T0 P xou efvon xddetn otny L.

O
Bewpnpa 9.7.16. O1 H-kikhot Cy(K,1) = {2z € H : dy(2, K) = r} elvar Evkeldein

kUkAot1 (e Ao kévpo ka1 dAAN aktiva).

Amnéoein. Ac umodéoouue 6Tt K = i, 101€ and to Ocwenua 9.7.13 éyouue

= : 2sinh ™! —|Z_i‘ =rp,=19z '—|Z_i| = sin r
SRR Ry N Y

[ R =sinh § (R > 0, eneid?) r > 0) moafpvoue

2/ Im(x + yi

_ {x—l—?ﬂ'é?—[: Vm2+(y_1)2=3}

Cu(K,r) = {eryiEH: |x+yz_l|):R}:

20
= {x+yi€H:x2+(y—1)2:4yR2}:
= {x+yi€H:x2+[y2—(4R2+2)y}+1:0}:

— {x+yz‘e7-[:x2+[y—(232+1)]2:4R2(R2+1)}'

‘Apa, Cy(i, 1) efvon euxheldetog x0xhog pe xévipo (0,1 + 2R?)) xauw axtiva 2RV1 + R2.

Av K = xg +yki # 1, 161€ yio h € Gy ye h(z) = % woyvet h(K) = i.

Ened| h eivar H-oopetpia, h(Cy (K, 1)) elvor H-x0xhoc ye xévtpo i xou axtiva r. ‘Apa,
onwe omodeiape, h(Cy (K, r)) eivar Euxheldetog xixhoc. Eneldh bt € Gy, and 1o Oempnua
9.7.12, npoxintet 61t Oy (K, 1) = h™H(h(Cy(K, 1)) ebvor Euxdeidetog xOxhoc. O

Ynupelwon 9.7.17. Anodexvietar 6Tt oL ToTohoYIES Tou H ToU TapdyovTan ard TNV UETELXT
dy xou amd Y cuving euxAeldeta ueTEY| TauTiCovTa.
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Metpuxry oe dAAa povTElA TOL UNERBOALXOU EMIEBOL.

XpnotuonotwvTog TIC ATEXOVIOELS YETAEY TwY UOVTEAWY TOU UTERBOALX0) ETITESO, UTOPOUUE
ard Tov TOTOo TOU umepPolX0) Uxoug Tou povtélou H vo 0plcouUE 10 UTEPBOAXO UHXOS EVOC
C'-16Zou (), t € [a,b] oto poviéha Yy, A, S3, B:

Ly, (T / Iy (1)t

Lam) - [ % dt.

b / / P
L) = | \/ OO, a1, bmor 2 (0) = (0,00, 2(0).

H+y?t) =@ +yOy@ (s
/ \/1 _ ZL‘2 t) yQ(t) + (1 o JZQ(t) . y2(t))2 dt? OTov V(t) - ( (t)ay(t)))

9.8 ’AvYpolocpa YwVLOVY TELY®VoL cTo unepBoAiixd eninedo.

Ocwpotye tplo onueio A, B,C evdc yovtéhou tou unepfohxod emnédou, 1o omofo Oev
aviixouy xou ta Tl ot Wi urepBoiunt) eudeia. Koaholue unepPfoiind tplywvo ye xopugéc A, B, C
o tpla Tola AB, BC, C'A urnepBolixmv eudeiwy Ue dxpa o onueia autd. o v anddeln
TOU OEWEHUATOS Yol TO GUPOOUA TV YOVIOY EVOS UTERBOAIXOY TEry®Vou Yo Yenotlotolcouue
T0 Yovtého Tou dioxou tou Poincaré, emedn n yovio puetold twy eudeldy oto Yoviélo autd
optleton pe tov (B0 TEéTo OTwe ¥ oty Buxdeidela yewuetplo: elvon 1 ywvia uetald twv
EQATTOUEVWY TWV TAEULWY GTNV XOPUYY,.

Oewpnua 9.8.1. To dipoioua twr ywrior evés vrepBolikol Tprydvou eivar < .

Arnéoeién. '‘Eoww ABC éva urepBohxd tpiywvo tou poviého tou dioxou tou Poincaré A.
Youpwva pe 10 Oewenua 7.4.3 urdpyer xUxhog Cy xddetoc oto Bd(A), tétotoc Wote 1
avtiotpogn t we npog tov Cy anexovilel 10 A 610 O = (0,0). 'Eotw t(B) = B’ xa t(C) = C".
Ané to Tloplopa 7.3.4 1 anewdvior t datnpel 11¢ ywvieg petoll twv xoumuiey. Erouyéve to
dporoua TwY YoV Tou utepfolixol Totywvou ABC 16olton UE To GUQOIoUN TWY YOVLGDY TOU
unepBoixol tprywvou OB'C’. To ddpolopa twv yoviwy Tou utepBoiixol Terydvou OB'C etva
wxp6TECO amd 10 dpotopa Tou Ywviey Tou Euxkeideiou tptydvou OB'CY. "Apa, A+B+C <.
O

Yyfua 9.7: Adpotopa ywvidy tou utepBohxol tprydvou OB'C elvan < .
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9.9 Aoxvoslig.

9.9.1. No anodewydel 61 yio o yovtéro (A, Ga) tou dioxou tou Poincaré tne unepPfolinic
yewuetplog woyler M(A) = A vy xdde yevixeuuévo petaonuotiopd Mdobius M mou €yel wa
ATO TIG UOPYES

_mz+n, Z):mz—l-ft’ m,n € Cxa |m|* — |n|* = 1.

M(z) = — - —
nz+m nz-+m

9.9.2. Na anodetydei 6Tt yia 10 povtého tou nuemnédou (H, Gy) tne unepBohxic yewuetpiog
woyVer M(H) = H yio xdde yevixeupyévo petaonuotiopd Mébius M nou €yet wua omd g Loppéc

az +b a(—=z)+0b

o) = a1 = S5

a,b,c,d € R, ad — bc = 1.

9.9.3. Na Bpedel 1 e€iowon tne H-eudelag mou dSiépyeton and Ta onueio z xon w yia
() z=3+4dixuww=3+9
(B) z=3+4i xon w =11+ 12;

9.9.4. Na Ppeiel 7 eCiowon tng H-eudeiog (6mou H eivar to eninedo 670 YOVTERO TOU -
wemnédou tou Poincaré) mou Siépyetar and 1o onueio P xou eivar xddetn otny H-evdeia £

Yio
() P=44+3ixul: z=3.
B)YP=4+3ixul: z*+y*=1.
(YYP=4+3ixul: (z—4)7>*+y*=1.

9.9.5. Na Bpedel to lim dy(2,, w,) dtav:
n—o0

(o) 2 = i now wy = 10" (B) zn =i o w,, = ani
(Y) 20 = 10" wow w, = 14+ 10" (§) 2, = 7o %ot w,, = 1+ 7.

9.9.6. No anodetyVel 6TL 0 aPVIXOG UETACY NUATIOUOS fa TOU R3 UE CUGYETICUEVO Tivaxa

1 0 0
A= 0 cosh@ sinh6
0 sinhf cosh@

anexovilel 1o Yy otov eautd tou (Trnodeldn: Aceilte 6n fa onewoviler 1o unepBoloetdéc
2?2+ y? — 22 = —1 o7ov eautd Tou xou 61t f4(0,0,1) € V,).
9.9.7. No amoderydel 611 €vag aQIxOS UETACY NUATICUOS TOU R3 UE OUCYETIOUEVO Tivaxa
A € GL(3,R) arexovilet o unepBohoetdéc 22 4+ % — 22 = —1 670V €auTd TOU AV X UOVOY
1 0 0
aw AKA=KyaK=| 01 0
0 0 —1
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Kegpdiaro 10
H epdpynon tTwv YEOUETPLOV.

Icopopyuxéc yewpetpleq.
Avo yewuerples (X, Gx) kar (Y, Gy) kakolvtar wopoppirés, dtoy undpyouy uwa 1-1 xou ent
anewovion f: X — Y xau évag ioogoppiouds i1 Gx — Gy ouddwv Gx xa Gy €10l KoTe

fg(@)) = i(g)(f(2)), Vo € X, Vg € Gx.
To Lebyoc (f, 1) xahelton wopopgionds g yewpetpias (X, Gx) end g yewpetpias (Y, Gy).
Epgiteuvon tng piag yeopetploag otnv dAAT.

Oua Mye 6t n yewuetpia (X, Gx) euputetetar otn yeopetpia (Y, Gy ), 6oy undpyouy o
1-1 amewdvion f: X — Y xaw yovopopgiopog ouddwy i : Gx — Gy €101 WoTe

fg(x)) = i(g)(f(x)), Vo € X, Vg € Gx.

To Lebyoc (f, 1) xodeltan epgpitevon tne yewuetploc (X, Gx) ot yewuetpla (Y, Gy ).
Yrovewpetpleg.
‘Eotww 61t Y xou Z ebvon un xevd cOvoha xon g 1 Y — Z elvon Ui ameixovion.

[ xdde un xevo X C Y 1 aneixdvion g’X: X = Z pe g] (z) = g(z) Yo xd0e x € X
xahelton TEPLOPIOUOS NG g 6T0 X.

Mo yeopetpta (X, Gx) xaheitan vroyewuetpia tne yewuetplog (Y, Gy ), é6tav X C Y xan
uTdpyet wa utooudda G tng opddag Gy tétoln wote 1 G va elvon woogoppixy| ue v Gx %ot

And ta mopamdve oupmepaivouue 6t wior yewuetpio (X, Gy) euguteleton ot YewUETpl
(Y, Gy) av xou pévov av 1 (X, Gx) etvor toopop@xy| ue wior utoyewueteia te (Y, Gy).

IMTopadeiypoata 10.0.1.

1. H yeouetpio twv petagopov (R™, T'(n)) eivar utoyewyetpia tne Euxheldetos yeouetpiog
(R, E(n)).

2. H Buxheideto yewpetpio (R™, E(n)) eivor unoyewpetpio tng agwixic yewpetplac (R™, A(n)).

3. H Euxhefdera yewpetpla (R?, E(2)) etvor uroyewpetplo tc yewuetploc tne avtiotpogihc.

(Enedn xdie 1oopetpio Tou emmédou eivon ohviean avaxhdoewy and evdeiec.)

4. H ooapinr| yeouetpla efvar unoyemuetpio g Tprodidotatng Euxheldeag yemuetplog.

113
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10.1 TYroveowpetpleg Tng TEoBoAXNC YewUETRlAS.

Oedpnua 10.1.1. H agwikrj yewpetpia (R?, A(2)) epputelerar otnr mpofoikn) yewuetpla
(RP?, P(2)).
Amdéoeén. Oétoupe

RP: = {PcRP*: P=(z:y:1)} xu Py(2) = {p € P(2) : p(RP}) = RP3}.

Téte Py(2) elvon unooudda tne P(2).
Opiloue wa 1-1 xou ext anewoévion f: R2 — RP; C RP? e f(z,y) = (z:y: 1).
O opicoupe wopoppioub i : A(2) = Py(2) C P(2). I'a g € A(2) pe

g(x,y):((; Z)<z)+(7’;> (Z Z)EGL(Q,R), k.m € R.

a b k
opiloupe we i(g) Tov TPOPolind UETAGY NUATIOUS UE CUOYETIOUEVO Tivoxa Ag = | ¢ d m
00 1

Eradndetetar edxoha 6t f(g(z,y)) = i(9)(f(z,vy)) yio xdde (z,y) € R?* xar v xéde
g € A(2). Apxel va dei€ouye ot @ ebvan 1-1 xon exnl Tou Fy(2).
H i efvar 1-1, 6t [Ay, ] # [Ag] Yia 1 # g2

BEotww P=(x:y:1) € RP xoui(g9)(P) = (' : ¢/ : 2'). Tére
a b k x ax + by
(@, 2= ¢ d m y | = | cx+dy
0 0 1 1 1
‘Apa, i(g)(P) = (ax + by : cx + dy : 1) € RP}. Enopévac i(g) € Py(2).
O deifoupe 6Tt 7 eivon eni Touv Fy(2).
a; ag as
Eotw 611 p € Py(2) pe ovoyetiouévo nivoxat A, = | by by bs | € GL(3,R).
€1 C2 C3

Téte Yo xdde P = (z 1y : 0) &€ RP} éyouue p(P) = (2/ : i : 0) ¢ RP5. Apa,

ap G asg x ai1xr + agy a1 + agy
bl bg bg Y = blx + bgy = b13§ + bgy
cp Cy C3 0 ax + ey 0
ay az as
Enopévwe ¢; = co =0. Apa, Ay = | b1 b by | . Encidr| det(4,) # 0, eivan c3 # 0.
0 0 C3
a1 az

as

1 bi by by

’ ’ 1 o b1 ba b3 , , ,

Apa, o mivaxag & A, = el elvau enlong GUCYETIOUEVOS TOU D.
1

0 O
a a " a3
Euvsnd)gp:i(g)YtocgeA(2)psg(x,y):(?,_‘f 2)( >+<§_§>

C, Cs y C.
YUVETWC 1) apvixt| YEWUETEIN EPPUTEDETAUL GTNHY époﬁi))\wﬂ’]. ’ [l
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Enedr) n Euxheldeia yewpetpla elvar unoyewuetpio tng aguvixfc Yewuetplog, and to Ocwpnua
10.1.1 ouvendyetor 10 axdroulo TOPLOUA.
ITopiopa 10.1.2. H Evkdefdeia yewpetpia (R? E(2)) epputedetar otny tpofohikn yewpetpia
(RF®, P(2)).
Ocshpnpa 10.1.3. H vrepfohiktj yewpetpia (B, Gg) eppuretetar otnr npofoliki) yewpetpia
(RP2, P(2)).
Anédaén. And tov optoud tou yovtéhou tou Beltrami-Klein (B, Gp):

B={(z,y,1) eR*: 2 +9* < 1.}
Optlouye wa 1-1 anewoévion f : B — RP? ¢ e€hc:
P=(z,y,l)e B= f(P)=(x:y:1).

Botww K={(r:y:2) € RP?: 22+ 9> — 22 =0} xu Gx = {T' € P(2): T(K) = K}.
Ané Tov opoud tou povtérou tou Beltrami-Klein (B, G), éyoupe Gp = {Ip : T € Gx},
6mou 1) 1-1 xau ent anewodvion T : B — B opiletar wg e€hc:

P=(z,y,1)eBxauT(x:y:1)=(2":y :1) = Tg(P) = («,¢/, 1).

‘Eow i : Gg — P(2) pe i(Tp) = T. Tote i eivon woopoppiopds e ouddac Gp ent tne
vroouddac G tng ouddac P(2). Eow P = (z,y,1) € B xou Tg € Gp. Tote Tp(P) € B,
emouévewe 13(P) = (2, vy, 1). And ta nopandve

f(Ts(P)) = f(', ¢, 1) = (2" : ¢/ : 1) xaw i(Tp)(f(P)=T(z:y:1)= (2" : 9/ : 1).
Apa, f(Tg(P)) = i(Tp)(f(P)). Xuvendc (f,1) etvon n eppitevon tne yewpetplag (B, Gg) otny
vewpetpio (RP?, P(2)). O
Oedpnua 10.1.4. H eManukj yeouetpia (El?, S(2)) epgureberar oty mpoBokixh
vewpetpia (RP?) P(2)).
Arddeaén. Anéd tov oplopd Tre eMetntinfc yewpetploc ElI? = {{P,—P} : P € $?}.

Opiloupe 1-1 xau eni anewévion f 1 ElI2 — RP? wc efhc: f({P, —P}) eiva 1 eudeio Tou
R? ntou diépyeton and ta onuela P xou —P.

Ou oploouye wovouopglopd i : S(2) — P(2). 'Eow g € S(2). Trdpyer opoupixny| toouetpio
g € S(2) térowx dote v xdde {P,—P} € ElI? va woyber g({P,—P}) = {g(P),g9(—P)}.
‘Eotw 61t A, € O(3,R) ebvon 0 opdoydviog mivaxag cUCYETIOUEVOS UE TNV GQOIEIXY| IOOUETPLX

x
g, dnhad) g(z,y,2) = Ay | v | v %89 (z,y,2) € S*. Emeidn det(4,) # 0, éretun 61
2
A, € GL(3,R). Ytov § avtiotolyolue ToV TpoBolx6 UETAOYNUATIONS () UE CUCYETIOUEVO
nivoxa A,. Anodevietar eixoha 6t i(g)(f({P,—P})) = f(§(P)) yw x&de {P,—P} € ElI?
o v %8s § € S(2). Apa, (f,1) etvon epottevon tne (B2, S(2)) oty (RP?, P(2)). O
Ynueiowon 10.1.5. Arodewdeton 61t 1) 6goupixt| Yewpetpla (S?,.5(2)) Sev eugutedeton 6Ty
npoPoluxh, yewuetpla (RP?, P(2)).

Mo var amodeyVel 0 Topamdve 1oy uetouos, TewTd, LTolétovtag To avtideTo, anodetxviouue
ot xde ogonpr) evldeta anewxovileton oe mpofoiiny| eudeior xar 6Tl 1 opalpa dev umopel va
amecovioTel ot wa tpofBoAny| eutela. Eneldr] ot ogoupixég euleieg Téuvovton ot 800 ornueta, Yo
TpoxUdel 6Tt uTdpyouy mpofBoiixés euleiec Tou Téuvovton ot BVo oTEld, Tou elvon dToTo.
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10.2 Aoxvosig

10.2.1. Na anodetydet 61 n BEwdetdewa yewpetpio (R?, E(2)) etvor uroyewpetola Tng yewpeTplog
me avriotpoghc (R? U {oo}, Inv(R* U {oo})).

10.2.2. No anoderyVel 6T 1 yewpetpio v yetagopdy (R™,T'(n)) civoar uroyewuetpla e
Euxheidelac yewuetplag tTou R™.

10.2.3. No anodetydet 611 1) ogaupxh yewuetplo (S?, 5(2)) ebvor uroyewpetpio Tne Euxdeldetog
vewpetploc (R3, E(3).

10.2.4. Na onodeyvdel 6t 10 yoviého (A, Ga) tou dioxou tou Poincaré ¢ umepPolixic
vewpetplac efvar urtoyewueTtpio Tne YewueTplog g avtioteogrc (R2 U {oo}, Inv(R? U {oo}))
10.2.5. No anodetydel 61t 10 yoviéro (H, Gy) tou nuemédou tou Poincaré tng unepPfolixinc
Yewpetplac ebvar utoyewuetplo TNg YewUeTplag TNg avTioTeorc (R2 U {oo}, Inv(R? U {oo}))
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