
Tm ma Majhmatik¸n Panepist mio Patr¸n

GewmetrÐec

SofÐa ZafeirÐdou
Kajhg tria

P�tra 2024



Oi shmei¸seic autèc gr�fthkan gia tic an�gkec tou maj matoc GewmetrÐa. Me qar� ja
deqt¸ opoiesd pote parathr seic epÐ tou keimènou   diorj¸seic.

SofÐa ZafeirÐdou (e-mail: zafeirid@math.upatras.gr)



Perieqìmena

1 Basikèc ènnoiec. 1
1.1 Basik� stoiqeÐa thc jewrÐac om�dwn. . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Metrikìc q¸roc Rn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 Aplìc lìgoc tri¸n suneujeiak¸n shmeÐwn tou R3. . . . . . . . . . . . 4
1.2.2 Diplìc lìgoc tess�rwn suneujeiak¸n shmeÐwn tou R3. . . . . . . . . 4
1.2.3 Summetrik� sq mata sto R3. . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Orjog¸nioi pÐnakec. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Ti eÐnai GewmetrÐa; 7
2.1 Axi¸matik  mejodoc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Ta <<StoiqeÐa>> tou EukleÐdh. . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.2 Axiwmatik  JemeleÐwsh thc EukleÐdeiac GewmetrÐac apì ton Hilbert. . 8
2.1.3 Mh EukleÐdeiec GewmetrÐec. . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Orismìc thc GewmetrÐac kat� Klein. . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Om�dec metasqhmatism¸n tou Rn kai

oi antÐstoiqec gewmetrÐec. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.1 Om�da isometri¸n tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.2 H antimetajetik  om�da metafor¸n tou Rn. . . . . . . . . . . . . . . . 12
2.3.3 Om�da afinik¸n metasqhmatism¸n tou Rn. . . . . . . . . . . . . . . . . 12

2.4 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Afinik  GewmetrÐa tou R2. 15
3.1 Jemeli¸dec Je¸rhma thc Afinik c GewmetrÐac. . . . . . . . . . . . . . . . . . 15
3.2 AnalloÐwtec afinik¸n metasqhmatism¸n tou R2. . . . . . . . . . . . . . . . . 16
3.3 Par�llhlec probolèc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 EukleÐdeia GewmetrÐa tou R2. 21
4.1 Orismìc thc EukleÐdeiac GewmetrÐac tou R2. . . . . . . . . . . . . . . . . . . 21

4.1.1 Om�da peristrof¸n tou R2 gÔrw apì èna shmeÐo. . . . . . . . . . . . . 21
4.1.2 Anakl�seic tou R2 wc proc mia eujeÐa ε. . . . . . . . . . . . . . . . . 23

4.2 IsometrÐec tou R2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 AnalloÐwtec eukleÐdeiwn metasqhmatism¸n. . . . . . . . . . . . . . . . . . . . 28
4.4 Merik� Jewr mata EukleÐdeiac epipedometrÐac. . . . . . . . . . . . . . . . . . 29
4.5 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

i



ii PERIEQ�OMENA

5 Sfairik  GewmetrÐa 35
5.1 Orismìc thc sfairik c gewmetrÐac. . . . . . . . . . . . . . . . . . . . . . . . . 35
5.2 Basikèc idiìthtec thc sfaÐrac. . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.3 Basik� stoiqeÐa thc sfairik c gewmetrÐac . . . . . . . . . . . . . . . . . . . . 36
5.4 EukleÐdeia axiwm�twn sth sfairik  gewmetrÐa. . . . . . . . . . . . . . . . . . 37
5.5 Sfairikèc isometrÐec. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.6 Sfairikèc eujeÐec wc el�qistec diadromèc. . . . . . . . . . . . . . . . . . . . . 40
5.7 Embada sqhm�twn sth sfairik  gewmetrÐa. . . . . . . . . . . . . . . . . . . . 41

5.7.1 Embadìn dig¸nou. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.7.2 Embadìn sfairikoÔ trig¸nou. . . . . . . . . . . . . . . . . . . . . . . . 42

5.8 Sfairik  trigwnometrÐa. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.9 Isìthta sfairik¸n trig¸nwn. . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.10 Stereografik  probol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.11 Didi�stath elleiptik  gewmetrÐa. . . . . . . . . . . . . . . . . . . . . . . . . 47
5.12 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6 Probolik  GewmetrÐa. 51
6.1 Probolikì epÐpedo RP2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6.1.1 OmogeneÐc suntetagmènec probolik¸n shmeÐwn. . . . . . . . . . . . . . 51
6.2 Probolikèc eujeÐec tou RP2. . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
6.3 EpÐpeda probol c (enallaktikì montèlo

probolikoÔ epipèdou) tou RP2. . . . . . . . . . . . . . . . . . . . . . . . . . . 54
6.4 Probolikèc apeikonÐseic tou RP2. . . . . . . . . . . . . . . . . . . . . . . . . 55
6.5 Jemeli¸dec Je¸rhma thc Probolik c GewmetrÐac. . . . . . . . . . . . . . . . 57
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Kef�laio 1

Basikèc ènnoiec.

1.1 Basik� stoiqeÐa thc jewrÐac om�dwn.

Om�da.

'Ena mh kenì sÔnolo G efodiasmèno me mÐa pr�xh ? : G×G→ G me (a, b)→ a?b, kaleÐtai
om�da, ìtan ikanopoioÔntai oi ex c idiìthtec

1. Prosetairistik  idiìthta: gia opoiad pote f, g, h ∈ G isqÔei:

(f ? g) ? h = f ? (g ? h)

2. 'Uparxh oudetèrou stoiqeÐou: up�rqei e ∈ G ¸ste gia k�je g ∈ G na isqÔei

e ? g = g ? e = g

3. 'Uparxh summetrikoÔ stoiqeÐou: gia k�je g ∈ G up�rqei g−1 ∈ G tètoio ¸ste

g−1 ? g = g ? g−1 = e.

An epiplèon g ? h = h ? g gia opoiad pote g, h ∈ G, tìte h om�da G me thn pr�xh ?
kaleÐtai antimetajetik    abelian .

Upoom�dec.

'Estw (G, ?) mia om�da kai H ⊆ G, H 6= ∅.
Ac upojèsoume ìti

(i) gia k�je h ∈ H to h−1 eÐnai stoiqeÐo tou H

(ii) gia opoiad pote h1, h2 ∈ H to h1 ? h2 eÐnai stoiqeÐo tou H.

Gia h ∈ H apì tic parap�nw idiìthtec (i) kai (ii) sunep�getai ìti h ? h−1 = e ∈ H. 'Ara,
to oudètero stoiqeÐo e thc om�dac G �n kei sto H. Epomènwc (H, ?) eÐnai om�da, h opoÐa
kaleÐtai upoom�da thc (G, ?). Lème apl� ìti H eÐnai upoom�da thc om�dac G.

H upoom�da H kaleÐtai gn sia an H 6= G kai H 6= {e}. ApodeiknÔetai ìti èna uposÔnolo
H miac om�dac G me pr�xh ? eÐnai upoom�da an kai mìnon an h1 ?h

−1
2 ∈ H gia k�je h1, h2 ∈ H.

1



2 KEF�ALAIO 1. BASIK�ES �ENNOIES.

OmomorfismoÐ om�dwn.

Orismìc 1.1.1. 'Estw (G, ◦) kai (H, ∗) dÔo om�dec.
Mi� apeikìnish i : G→ H kaleÐtai omomorfismìc, ìtan

i(g1 ◦ g2) = i(g1) ∗ i(g2), ∀g1,∀g2 ∈ G.

'Enac omomorfismìc i : G→ H kaleÐtai

(i) monomorfismìc, ìtan eÐnai 1-1

(ii) epimorfismìc, ìtan eÐnai epÐ

(iii) isomorfismìc, ìtan eÐnai 1-1 kai epÐ

Summetrik  om�da enìc sunìlou.

'Estw X èna mh kenì sÔnolo. SumbolÐzoume

SX = {g : X → X : g eÐnai 1-1 kai epÐ}.

To sÔnolo SX efodiasmèno me thn pr�xh sÔnjeshc eÐnai om�da. Pr�gmati, h tautotik 
apeikìnish τX : X → X eÐnai to oudètero stoiqeÐo thc SX kai gia k�je g ∈ SX , to summetrikì
stoiqeÐo eÐnai h apeikìnish g−1. Profan¸c, g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3. H om�da SX kaleÐtai
summetrik  om�da tou X.

ParadeÐgmata 1.1.2.

1. An ta sÔnola X kai Y èqoun ton Ðdio plhj�rijmo, tìte oi summetrikèc om�dec SX kai
SY eÐnai isìmorfikèc.

(An h : X → Y eÐnai 1-1 kai epÐ, tìte i : SX → SY me i(f) = h ◦ f ◦ h−1 eÐnai
isomorfismìc.

2. H summetrik  om�da tou {1, . . . , n} sumbolÐzetai me Sn. H Sn apoteleÐtai apì n! stoiqeÐa
eÐnai ìlec oi metajèseic tou {1, . . . , n}.

1.2 Metrikìc q¸roc Rn.

JewroÔme to sÔnolo Rn ìlwn twn diatetagmènwn n-adwn

x̄ = (x1, x2..., xn)

pragmatik¸n arijm¸n. SumbolÐzoume

0̄n = (0, 0, ..., 0) ∈ Rn.

OrÐzoume thn prìsjesh sto Rn, jètontac gia ā = (a1, a2, ..., an), b̄ = (b1, b2, ..., bn) ∈ Rn:

ā+ b̄ = (a1 + b1, a2 + b2, ..., an + bn)
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OrÐzoume ton pollaplasiasmì stoiqeÐou tou Rn epÐ pragmatikì arijmì, jètontac gia
ā = (a1, a2, ..., an) ∈ Rn kai λ ∈ R

λ · ā = λā = (λa1, λa2, ..., λan)

H tri�da (Rn,+, ·) eÐnai dianusmatikìc q¸roc p�nw sto R.
Ta grammik¸c anex�rthta shmeÐa

ē1 = (1, 0, ..., 0), ē2 = (0, 1, ..., 0), ..., ēn = (0, 0, ..., 1)

apoteloun mÐa b�sh tou Rn. Gia k�je x̄ = (x1, x2..., xn) ∈ Rn isqÔei:

x̄ = x1ē1 + x2ē2 + ...+ xnēn.

An x, y ∈ Rn, x = (x1, x2..., xn) kai y = (y1, y2..., yn), tìte h apìstash dn(x̄, ȳ) metaxÔ
twn x̄ kai y upologÐzetai apì ton tÔpo

dn(x̄, ȳ) =
√

(x1 − y1)2 + (x2 − y2)2 + ...+ (xn − yn)2.

H apeikìnish dn : Rn × Rn → R eÐnai metrik .
ParathroÔme ìti

dn(x̄, ȳ) = dn(x̄− ȳ, 0̄n).

Gia k�je x̄ = (x1, x2, ..., xn) ∈ Rn sumbolÐzoume ‖x̄‖ = dn(x̄, 0̄n).
Tìte

‖x̄‖ =
√
x2

1 + x2
2 + ...+ x2

n.

Gia opoiad pote x̄, ȳ ∈ Rn èqoume

‖x̄− ȳ‖ = dn(x̄, ȳ).

ApodeiknÔetai eÔkola ìti

‖x̄− ȳ‖ ≤ ‖x̄‖+ ‖ȳ‖
‖x̄+ ȳ| ≤ ‖x̄‖+ ‖ȳ‖

Prìtash 1.2.1. Apì ìla ta diforÐsima tìxa tou epipèdou R2 me �kra ta shmeÐa A,B ∈ R2

to eujÔgrammo tm ma AB èqei to mikrìtero m koc.

Apìdeixh. 'Estw ~r : [a, b] → R3 eÐnai mia diafor simh parametrikopoihmènh kampÔlh me A =
~r(a) kai B = ~r(b). Tìte to m koc thc ~r apì to A ewc to B eÐnai

`(A,B) =

∫ b

a

|~r ′(t)|dt.

'Estw ~v èna tuqaÐo monadiaÐo di�nusma kai f(t) = ~r(t) · ~v, ∀t ∈ [a, b]. Tìte

f ′(t) = ~r ′(t) · ~v =⇒
∫ b

a

(~r ′(t) · ~v)dt = f(t)
∣∣b
a
=
[
~r(t) · ~v

]b
a

= (
−→
B −

−→
A ) · ~v

Sunep¸c

(
−→
B −

−→
A ) · ~v =

∫ b

a

(~r ′(t) · ~v)dt =

∫ b

a

|~r ′(t)||~v)| cos(~̂r ′(t), ~v)dt ≤
∫ b

a

|~r ′(t)| = `(A,B).

Gia −→v =
−→
B−
−→
A

|
−→
B−
−→
A |
, eÐnai (

−→
B −

−→
A ) · −→v = |

−→
B −

−→
A | = |AB|. 'Ara, |AB| ≤ `(A,B).
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1.2.1 Aplìc lìgoc tri¸n suneujeiak¸n shmeÐwn tou R3.

Orismìc 1.2.2. Aplìc lìgoc (ABM) tri¸n suneujeiak¸n shmeÐwn A,B,M tou R3 eÐnai o

arijmìc λ gia ton opoÐo
−−→
AM = λ

−−→
MB.

O aplìc lìgoc twn A,B,M sumbolÐzetai epÐshc me

−−→
AM
−−→
MB

.

Gia k�je N ∈ R3 sumbolÐzoume me
−→
N to di�nusma jèshc

−−→
ON tou N .

Je¸rhma 1.2.3. 'Estw A,B,M trÐa suneujeiak� shmeÐa tou R3.

−−→
AM = λ

−−→
MB ⇐⇒

−→
M =

1

1 + λ

−→
A +

λ

1 + λ

−→
B

Je¸rhma 1.2.4. Gia k�je shmeÐo M miac eujeÐac (AB) up�rqei monadikì zeÔgoc prag-
matik¸n arijm¸n (α, β) tètoio ¸ste

−→
M = α

−→
A + β

−→
B kai α + β = 1.

Pìrisma 1.2.5. 'Estw A,B,M trÐa suneujeiak� shmeÐa tou R3.

−→
M = α

−→
A + β

−→
B kai α + β = 1 =⇒ (ABM) = β/α.

1.2.2 Diplìc lìgoc tess�rwn suneujeiak¸n shmeÐwn tou R3.

Orismìc 1.2.6. Diplìc lìgoc (ABMN) tess�rwn suneujeiak¸n shmeÐwn A,B,M,N tou
R3 eÐnai o arijmìc pou orÐzetai wc ex c

(ABMN) =
(ABM)

(ABN)
.

Prìtash 1.2.7. 'Estw A,B,M,N tèssera suneujeiak� shmeÐa tou R3.

−→
M = α

−→
A + β

−→
B kai

−→
N = γ

−→
A + δ

−→
B , ìpou α + β = 1 kai γ + δ = 1 =⇒ (ABMN) =

β

α

/ δ
γ
.

1.2.3 Summetrik� sq mata sto R3.

• 'Ena sq ma Σ tou R3 kaleÐtai summetrikì wc proc to shmeÐo K ∈ R3, ìtan gia k�je
A ∈ Σ to shmeÐo AK summetrikì tou A wc proc to K an kei epÐshc sto Σ.

• 'Ena sq ma Σ tou R3 kaleÐtai summetrikì wc proc thn eujeÐa ε tou R3, ìtan gia k�je
A ∈ Σ to shmeÐo Aε summetrikì tou A wc proc K an kei epÐshc sto Σ.

• 'Ena sq ma Σ tou R3 kaleÐtai summetrikì wc proc to epÐpedo Π tou R3, ìtan gia k�je
A ∈ Σ to shmeÐo AΠ summetrikì tou A wc proc to Π an kei epÐshc sto Σ.
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1.3 Orjog¸nioi pÐnakec.

Orismìc 1.3.1. O pÐnakac


c11 . . . c1n

c21 . . . c2n
...

. . .
...

cn1 . . . cnn

 kaleÐtai orjog¸nioc an:

(i) c2
1k + c2

2k + . . .+ c2
nk = 1 gia k�je k = 1, ..., n

(ii) c1kc1j + c2kc2j + . . .+ cnkcnj = 0, an k 6= j, k, j = 1, ..., n.

To sÔnolo ìlwn twn orjog¸niwn n× n pin�kwn me stoiqeÐa apì to sÔnolo R twn prag-
matik¸n arijm¸n sumbolÐzetai me O(n,R).

Je¸rhma 1.3.2. Oi akìloujec sunj kec eÐnai isodÔnamec:

1. C eÐnai orjog¸nioc

2. CTC = E

3. CT = C−1

4. CT eÐnai orjog¸nioc

Je¸rhma 1.3.3. H orÐzousa enìc orjog¸niou pÐnaka isoÔtai me ±1.

Je¸rhma 1.3.4. To ginìmeno dÔo orjog¸niwn pin�kwn eÐnai orjog¸nioc pÐnakac kai o an-
tÐstrofoc enìc orjog¸niou pÐnaka eÐnai orjog¸nioc. pÐnakac.

Je¸rhma 1.3.5. Gia k�je orjog¸nio pÐnaka C =

(
c11 c12

c21 c22

)
up�rqei monadikì φ ∈ (−π, π]

gia to opoÐo o C èqei mÐa apì tic morfèc:(
cosφ − sinφ
sinφ cosφ

)
 

(
cosφ sinφ
sinφ − cosφ

)
.

Apìdeixh. O C eÐnai orjog¸nioc, epomènwc

c2
11 + c2

21 = 1 (1.1)

c2
12 + c2

22 = 1 (1.2)

c11c12 + c21c22 = 0 (1.3)

Apì thn (1.1) èpetai ìti up�rqei monadikì φ ∈ (−π, π] tètoio ¸ste c11 = cosφ, c21 = sinφ.
H (1.3) gr�fetai

c12 cosφ = −c22 sinφ (1.4)

Uy¸nontac thn (1.4) sto tetr�gwno kai prosjètontac kai sta dÔo mèlh c2
12 sin2 φ paÐrnoume

diadoqik�:
c2

12 cos2 φ+ c2
12 sin2 φ = c2

22 sin2 φ+ c2
12 sin2 φ =⇒ c2

12 = (c2
22 + c2

12) sin2 φ.
Apì thn (1.2) kai thn teleutaÐa isìthta paÐrnoume: c2

12 = sin2 φ. Sunep¸c

c12 = sinφ   c12 = − sinφ.

Tìte apì thn (1.4): c22 = − cosφ   c22 = cosφ, antÐstoiqa.



6 KEF�ALAIO 1. BASIK�ES �ENNOIES.

1.4 Ask seic

1.4.1. Na apodeiqjeÐ ìti to sÔnolo GL(n,R) ìlwn twn antistrèyimwn n × n pin�kwn me
stoiqeÐa apì to R me pr�xh pollaplasiasmoÔ twn pin�kwn eÐnai mh antimetajetik  om�da.

1.4.2. Na apodeiqjeÐ ìti to sÔnolo twn pin�kwn tic morf c

(
a −b
b a

)
me a2 +b2 = 1 me pr�xh

pollaplasiasmoÔ twn pin�kwn eÐnai antimetajetik  om�da.

1.4.3. Na apodeiqjeÐ ìti an A = (x, y, z), tìte
summetrikì tou A wc proc thn arq  O = (0, 0, 0) eÐnai to AO = (−x,−y,−z).
summetrikì tou A wc proc ton Ox eÐnai to AOx = (x,−y,−z).
summetrikì tou A wc proc to Oxy eÐnai to AOxy = (x, y,−z).

1.4.4. Na brejoÔn ta shmeÐa summetrik� tou A = (1,−4,−2) wc proc thn arq  twn axìnwn,
wc proc ton �xona Oz kai wc proc to epÐpedo Oxz.

1.4.5. Na apodeiqjeÐ ìti an èna sq ma Σ tou R3 eÐnai summetrikì wc proc k�je epÐpedo
suntetagmènwn, tìte Σ eÐnai summetrikì wc proc k�je �xona suntetagmènwn.



Kef�laio 2

Ti eÐnai GewmetrÐa;

2.1 Axi¸matik  mejodoc.

Mia apì thc mejìdouc oikodìmhshc thc GewmetrÐac eÐnai h Axiwmatik  Mèjodoc, pou eÐnai
kai h basikìterh mèjodoc twn Majhmatik¸n. H mèjodoc aut  sunÐstatai sthn eisagwg 
enìc axiwmatikoÔ sust matoc, dhlad  diatÔpwsh merik¸n basik¸n ennoi¸n kai �xiwm�twn -
prot�sewn pou apodèqontai wc alhjeÐc. Apìdeixh miac prìtashc se èna axiwmatikì sÔsthma
jewreÐtai mia alusÐda apì prot�seic pou eÐte eÐnai eÐnai axi¸mata eÐte k�poia prìtash h al jeia
thc opoÐac sunep�getai apì tic prohgoÔmenec prot�seic sÔmfwna me touc kanìnec thc logik c
pou èqoun sumfwnhjeÐ.

2.1.1 Ta <<StoiqeÐa>> tou EukleÐdh.

Klasikì par�deigma thc axi¸matik c mejìdou oikodìmhshc miac gewmetrÐac eÐnai h Euk-
leÐdeia GewmetrÐa.

O EukleÐdhc sta <<StoiqeÐa>> tou diatup¸nei ta pènte ait mata-axi¸mata:

1. Gia opoiad pote dÔo diaforetik� shmeÐa up�rqei monadikì eujÔgrammo tm ma me �kra ta
shmeÐa aut�.

2. 'Ena eujÔgrammo tm ma mporeÐ na proektajeÐ aperiìrista kai stic dÔo kateujÔnshc se
mia eujeÐa.

3. Up�rqei kÔkloc me kèntro opoiod pote shmeÐo kai me opoiad pote aktÐna.

4. 'Olec oi orjèc gwnÐec eÐnai Ðsec (mia gwnÐa kaleÐtai orj , ìtan eÐnai Ðsoi me thn para-
plhrwmatik  thc)

5. An mia eujeÐa ε tèmnei �llec dÔo eujeÐec ε1 kai ε2 kai to �jroisma k�poion entìc kai
epÐ ta aut� gwni¸n eÐnai < 180◦, tìte ε1 kai ε2 tèmnontai se k�poio shmeÐo, to opoÐo
brÐsketai apì thn meria thc ε pou perièqei tic gwnÐec autèc.

To 1795 o skotsèzoc majhmatikìc kai gewgr�foc John Playfair apèdeixe ìti o 5o axÐwma
eÐnai isodÔnamo me to akìloujo gnwstì wc axÐwma parallhlÐac:

5′. Apì k�je shmeÐo A èxw apì mia eujeÐa ε dièrqetai monadik  eujeÐa ε′ par�llhlh sthn ε.

7
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2.1.2 Axiwmatik  JemeleÐwsh thc EukleÐdeiac GewmetrÐac apì ton Hilbert.

O Hilbert to 1899 basizìmenoc sta <<StoiqeÐa>> tou EukleÐdh diatup¸nei nèo axiwmatikì
sÔsthma sthn ergasÐa tou <<Grundlagen der Geometrie>>. O Hilbert taxinìmhse ta axi¸mata
thc EukleÐdeiac GewmetrÐac se 5 kathgorÐec:

• Axi¸mata prìsptwshc (jèshc).

• Axi¸mata di�taxhc (endiamesìthtac).

• Axi¸mata kÐnhshc (isìthtac).

• Axi¸mata thc sunèqeiac (tou Dedekind).

• AxÐwma thc parallhlÐac (tou EukleÐdh).

2.1.3 Mh EukleÐdeiec GewmetrÐec.

Apì thn epoq  tou EukleÐdh polloÐ majhmatikoÐ parat rhsan ìti h diatÔpwsh tou 5ou
axi¸matoc den  tan tìso apl  ìso oi diatÔpwsh twn �llwn axiwm�twn kai anarwt jhkan
m pwc to 5o axÐwma apodeiknÔetai apì ta �lla tèssera.

ApodeÐqjhke telik� ìti to 5o aÐthma den sunep�getai apì ta pr¸ta 4 ait mata.
Oi prosp�jeiec na apodeiqjeÐ to 5o axÐwma upojètontac ìti h �rnhsh tou odhgeÐ se �topo

(me apagwg  se �topo) èqoun apobeÐ �karpec, wc ìtou apì ta tèlh tou 18ou èwc ta mèsa tou
19ou ai¸na oi majhmatikoÐ parat rhsan ìti h �rnhsh tou 5ou axi¸matoc mporeÐ na od ghsei
se nèa Jewr mata miac �llhc gewmetrÐac. 'Etsi genn jhkan oi mh EukleÐdeiec gewmetrÐec.

MerikoÐ apì touc jemeleiwtèc twn mh EukleÐdeiwn gewmetri¸n eÐnai: Gauss (1777-1855),
Lobachevsky (1793-1856), Bolyai (1802-1860), Beltrami (1835-1899), Riemann (1826-1866).

H �rnhsh tou 5ou axi¸matoc shmaÐnei ìti: Apì k�poio shmeÐo A èxw apì mia eujeÐa ε mporeÐ

(i) na mhn dièrqetai kami� eujeÐa par�llhlh sthn ε,
(ii) na dièrqontai toul�qiston dÔo eujeÐec par�llhlec sthn ε.

All�zontac   apaloÐfontac pl rwc to 5o axÐwma tou EukleÐdh kai diathr¸ntac ta pr¸ta
tèssera odhgoÔmaste se nèec gewmetrÐec:

• Elleiptik  GewmetrÐa jemelei¸netai diathr¸ntac ta pr¸ta tèssera ait mata tou Euk-
leÐdh kai antikajist¸ntac to 5o me to ex c:

(5e) K�je eujeÐa dierqìmenh apì èna shmeÐo A èxw apì mia eujeÐa ε tèmnei thn ε.
(Dhl�d , den up�rqoun par�llhlec eujeÐec.)

• Uperbolik  GewmetrÐa jemelei¸netai diathr¸ntac ta pr¸ta tèssera ait mata tou Euk-
leÐdh kai antikajist¸ntac to 5o me to ex c:

(5u) Apì k�je shmeÐo A èxw apì mia eujeÐa ε dièrqontai toul�qiston dÔo eujeÐec pou
den tèmnoun thn ε.(Dhl�d , up�rqoun toul�qiston dÔo par�llhlec eujeÐec)

• Oudèterh (  Apìluth) GewmetrÐa jemelei¸netai diathr¸ntac ta pr¸ta tèssera ait mata
tou EukleÐdh kai katarg¸ntac pl rwc to 5o aÐthma thc parallhlÐac.
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2.2 Orismìc thc GewmetrÐac kat� Klein.

Orismìc Ðswn sqhm�twn sto Gumn�sio. DÔo eujÔgramma sq mata Σ1 kai Σ2 lègontai
Ðsa, an sumpÐptoun, ìtan topojethjoÔn to èna ep�nw sto �llo me kat�llhlo trìpo.

'Otan dÔo trÐgwna T1 kai T2 enìc epipèdou Π eÐnai Ðsa, tìte sundu�zontac thn peristrof 
tou epipèdou gÔrw apì k�poia koruf  tou enìc trig¸nou me mia metatìpish ìlwn twn shmeÐwn
tou epipèdou kat� to Ðdio di�nusma, to èna trÐgwno ja sumpèsei me to �llo. 'Ara, up�rqei mia
1-1 kai epÐ apeikìnish ϕ : Π→ Π, h opoÐa diathreÐ tic apost�seic metaxÔ twn shmeÐwn, tètoia
¸ste ϕ(T1) = T2.

Prìgramma tou Erlangen. To prìgramma tou Erlangen (Erlangen program) eÐnai h
prìtash tou F. Klein gia ton trìpo taxinìmhshc twn gewmetri¸n, to opoÐo èqei diatupwjeÐ
sthn omilÐa tou to 1872 sto Panepist mio tou Erlangen. SÔmfwna me ton Klein gia na
orÐsoume mia gewmetrÐa se èna sÔnolo X arkeÐ na epilèxoume mia om�da metasqhmatism¸n G
tou X (G apoteleÐtai apì 1-1 kai epÐ autoapeikonÐseic tou X). O kÔrioc stìqoc thc melèthc
thc gewmetrÐac pou ja orÐsteÐ eÐnai h eÔresh twn idiìthtwn twn sqhm�twn (uposunìlwn) tou
X pou paramènoun analloÐwtec (den all�zoun) stouc metasqhmatismoÔc g ∈ G.
Orismìc thc GewmetrÐa kat� Klein. KaloÔme gewmetrÐa k�je zeÔgoc (X,G), ìpou
X èna mh kenì sÔnolo kai G èna mh kenì sÔnolo 1-1 kai epÐ autoapeikonÐsewn tou X me tic
ex c idiìthtec:

(i) gia k�je g, h ∈ G h sÔnjesh g ◦ h eÐnai stoiqeÐo thc G,

(ii) gia k�je g ∈ G h antÐstrofh apeikìnish g−1 eÐnai stoiqeÐo thc G.

Apì tic idiìthtec (i) kai (ii) prokÔptei ìti h tautotik  apeikìnish τX = g ◦ g−1 eÐnai
stoiqeÐo thc G. Epeid  h sÔnjesh twn apeikonÐsewn èqei prosaiteristik  idiìthta, prokÔptoun
oi akìloujoi isodÔnamoi orismoÐ thc gewmetrÐac

1. K�je zeÔgoc (X,G), ìpou X eÐnai èna mh kenì sÔnolo kai G eÐnai mia om�da 1-1 kai epÐ
autoapeikonÐsewn tou X me pr�xh sÔnjeshc twn apeikonÐsewn, kaleÐtai gewmetrÐa.

2. K�je zeÔgoc (X,G), ìpou X eÐnai èna sÔnolo kai G mia upoom�da thc summetrik c
om�dac SX tou X, kaleÐtai gewmetrÐa.

ParadeÐgmata 2.2.1.

1. 'Estw X èna mh kenì sÔnolo, τX tautotik  apeikìnish tou X.

H mikrìterh gewmetrÐa tou X eÐnai h (X, {τX}) kai h megalÔterh (X,SX).

2. 'Estw X ènac topologikìc q¸roc kai H h om�da ìlwn twn omoiomorfism¸n tou X epÐ
tou X. Tìte (X,H) eÐnai gewmetrÐa.

3. 'Estw
4

ABC èna isìpleuro trÐgwno tou epipèdou kai X = {A,B,C}. Tìte

SX =

{(
AB C
AB C

)
,

(
AB C
B C A

)
,

(
AB C
C AB

)
,

(
AB C
AC B

)
,

(
AB C
C B A

)
,

(
AB C
B AC

)}
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parathroÔme ìti

(
AB C
AB C

)
eÐnai h tautotik ,

(
AB C
B C A

)
prokÔptei apì thn peristrof 

g1 tou trg¸nou gÔrw apì to kèntro tou trig¸nou kat� jetik  for� kat� th gwnÐa 240◦,(
AB C
C AB

)
prokÔptei apì thn peristrof  g2 tou trig¸nou gÔrw apì to kèntro tou

trig¸nou kat� jetik  for� kat� th gwnÐa 120◦. ParathroÔme ìti g2 = g−1
1 .

Ta upìloipa stoiqeÐa thc SX antistoiqoÔn stic anakl�seic g3, g4, g5 tou trig¸nou apì
touc �xonec summetrÐac tou trig¸nou pou dièrqontai apì ta shmeÐa A, B, C, antÐstoiqa.
ParathroÔme ìti gi = g−1

i gia i = 3, 4, 5.

4. 'Estw G = {τX , g1, g2, g3, g4, g5}, ìpou oi metasqhmatismoÐ g1, g2, g3, g4, g5 eÐnai tou pro-

hgoÔmenou paradeÐgmatoc. Tìte (
4

ABC,G) eÐnai gewmetrÐa. ParathroÔme ìti h G

apoteleÐtai apì isometrÐec tou
4

ABC.

'Estw (X,G) mia gewmetrÐa.

• Ta stoiqeÐa thc om�dac G kaloÔntai metasqhmatismoÐ.

• K�je uposÔnolo A tou X kaleÐtai sq ma thc (X,G).

• To sq ma A thc (X,G) kaleÐtai isodÔnamo (Ðso, ìmoio) me to sq ma B thc (X,G),
ìtan up�rqei metasqhmatismìc g ∈ G tètoioc ¸ste g(A) = B. Gr�foume tìte A ∼ B.
Profan¸c ∼ eÐnai sqèsh isodunamÐac. Opìte ta sq mata thc (X,G) qwrÐzontai se
kl�seic isodunamÐac isodÔnamwn sqhm�twn.

ParadeÐgmata 2.2.2.

1. Sth gewmetrÐa (X,SX) opoiad pote sq mata Σ1 kai Σ2 gia ta opoÐa up�rqei mia 1-1 kai
epÐ apekìnish f : Σ1 → Σ2 eÐnai isodÔnama.

Pr�gmati, epeid  |Σ1| = |Σ2| up�rqei 1-1 kai epÐ apeikìnish g : Σ2 \ Σ1 → Σ1 \ Σ2.
OrÐzoume F : X → X me

F (x) =


g(x), x ∈ Σ2 \ Σ1

g−1(x), x ∈ Σ1 \ Σ2

x, x ∈ X \ (Σ2 \ Σ1) \ (Σ1 \ Σ2).

2. ApodeiknÔetai ìti gia k�je trÐgwno T kai gia k�je kÔklo C tou R2 up�rqei omoiomor-
fismìc h : R2 → R2 gia ton opoÐon h(T ) = C. Epomènwc to trÐgwno kai o kÔkloc eÐnai
isodÔnama sq mata sth gewmetrÐa (R2, H), ìpou H eÐnai h om�da twn autoomoiomorfis-
m¸n tou R2 .
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AnalloÐwtec miac gewmetrÐac.
O kÔrioc stìqoc thc melèthc miac gewmetrÐac (X,G) eÐnai o prosdiorismìc ekeÐnwn twn

idiot twn twn sqhm�twn thc pou diathroÔntai apì tic apeikonÐseic g : X → X gia k�je g ∈ G.
Dhlad , an k�poio sq ma Σ èqei mia idiìthta P , tìte kai to sq ma g(Σ) èqei thn diìthta P .

'Enac genikìc orismìc thc ènnoiac thc analloÐwthc eÐnai o parak�tw.

Orismìc 2.2.3. 'Estw ìti (X,G) eÐnai mia gewmetrÐa, S èna mh kenì sÔnolo sqhm�twn thc
(X,G).

1. To sÔnolo S kaleÐtai analloÐwto thc (X,G), ìtan gia k�je Σ ∈ S kai gia k�je g ∈ G
isqÔei ìti g(Σ) ∈ S.

2. Mia apeikìnish α : S → Y , ìpou Y èna mh kenì sÔnolo kaleÐtai analloÐwth tou sÔnolou
S wc proc thn (X,G), ìtan g(Σ) ∈ S kai α(Σ) = α(g(Σ)), gia k�je Σ ∈ S kai gia k�je
g ∈ G.

2.3 Om�dec metasqhmatism¸n tou Rn kai
oi antÐstoiqec gewmetrÐec.

2.3.1 Om�da isometri¸n tou Rn.

Orismìc 2.3.1. Mia apeikìnish F : Rn → Rn kaleÐtai isometrÐa ìtan

‖F (ā)− F (b̄)‖ = ‖ā− b̄‖, ∀(a, b) ∈ Rn.

To sÔnolo ìlwn twn isometri¸n tou Rn sumbolÐzetai me E(n).
Ta stoiqeÐa tou E(n) kaloÔntai epÐshc EukleÐdeioi metasqhmtismoÐ.

Je¸rhma 2.3.2. K�je isometrÐa tou Rn eÐnai 1-1 kai epÐ.

Apìdeixh. An ā 6= b̄, tìte ‖ā− b̄‖ > 0. Epeid  ‖F (ā)− F (b̄)‖ = ‖ā− b̄‖, èpetai ìti ‖F (ā)−
F (b̄)‖ > 0. 'Ara, F (ā) 6= F (b̄).

ApodeiknÔetai ìti gia k�je isometrÐa F : Rn → Rn up�rqei orjog¸nioc n × n pÐnakac C

kai ā =

 a1
...
an

 ∈ Rn, tètoia ¸ste F (x̄) = Cx̄ + ā gia k�je x̄ =

 x1
...
xn

 ∈ Rn. 'Ara, an

ȳ =

 y1
...
yn

 ∈ Rn, tìte ȳ = F (x̄), ìpou x̄ = C−1(ȳ − ā).

EÔkola apodeiknÔetai to parak�tw Je¸rhma.

Je¸rhma 2.3.3. To sÔnolo isometri¸n E(n) tou Rn efodiasmèno me thn pr�xh sÔnjeshc
apeikonÐsewn eÐnai om�da.

Orismìc 2.3.4. To zeÔgoc (Rn, E(n)) kaleÐtai EukleÐdia gewmetrÐa tou Rn.
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2.3.2 H antimetajetik  om�da metafor¸n tou Rn.

Gia k�je ā ∈ Rn, h apeikìnish Tā : Rn → Rn pou orÐzetai apì ton tÔpo Tā(x̄) = x̄ + ā
kaleÐtai metafor� kat� di�nusma ā.

Je¸rhma 2.3.5. To sÔnolo metafor¸n T (n) = {Tā : ā ∈ Rn} efodiasmèno me thn pr�xh
sÔnjeshc apeikonÐsewn eÐnai antimetajetik  om�da.

Apìdeixh. H tautotik  apeikìnish idX ≡ T0̄ : X → X eÐnai to oudètero stoiqeÐo thc T kai
gia k�je Tā, to antÐstrofo stoiqeÐo eÐnai h metafor� T−ā.

Oi sÔnjesh dÔo metafor¸n eÐnai metafor�. Pr�gmati,

(Tā ◦ Tb̄)(P ) = Tā(Tb̄(P )) = Tā(P + b̄) = P + b̄+ ā = Tb̄+ā.

Epeid  oi sÔnjesh apeikonÐsewn eÐnai prosaiteristik , (Tā ◦ Tb̄) ◦ Tc̄ = Tā ◦ (Tb̄ ◦ Tc̄).
EpÐshc Tā ◦ Tb̄ = Tb̄+ā = Tā+b̄ = Tb̄ ◦ Tā.

H antimetajetik  om�da (T (n), ◦) kaleÐtai om�da metafor¸n tou Rn.
Epeid  k�je metafor� eÐnai 1-1 kai epÐ, apì ton orismo thc gewmetrÐac, to zeÔgoc (Rn, T (n))

eÐnai gewmetrÐa.

Prìtash 2.3.6. K�je metafor� eÐnai isometrÐa.

Apìdeixh. 'Estw Tā : Rn → Rn metafor� kat� di�nusma ā. Tìte gia ìpoiad pote x̄, ȳ ∈ Rn:

‖Tā(x̄)− Tā(ȳ)‖ = ‖(x̄+ ā)− (ȳ + ā)‖ = ‖x̄− ȳ‖.

2.3.3 Om�da afinik¸n metasqhmatism¸n tou Rn.

SumbolÐzoume me GL(n,R) thn om�da antistrèyimwn n× n pin�kwn me stoiqeÐa apì to R
me pr�xh pollaplasiamoÔ twn pin�kwn.

Orismìc 2.3.7. Afinikìc metasqhmatismìc tou Rn eÐnai mia apeikìnish f : Rn → Rn pou
orÐzetai wc ex c

f(v) = Av + a,

ìpou A ∈ GL(n,R) kai a ∈ Rn.

To sÔnolo ìlwn twn afinik¸n metasqhmatism¸n tou Rn sumbolÐzeati me A(n).

Je¸rhma 2.3.8. To zeÔgoc (Rn, A(n)) eÐnai gewmetrÐa.
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Apìdeixh. EÔkola apodeiknÔetai ìti k�je afinikìc metasqhmatismìc eÐnai 1-1.
Ja deÐxoume ìti k�je afinikìc metasqhmatismìc eÐnai epÐ.
'Estw f(v) = Av + a ∈ A(n) kai v′ ∈ Rn.

v′ = Av + a =⇒ v = A−1v′ − A−1a =⇒ v′ = f(A−1v′ − A−1a).

H sunjesh afinik¸n metasqhmatism¸n f1(v) = A1v+a1 kai f2(v) = A2v+a2 eÐnai afinikìc
metasqhmatismìc:

(f2 ◦ f1)(v̄) = f2(f1(v̄)) = f2(A1v + a1) = A2(A1v + a1) + a2 = (A2A1)v + (A2a1 + ā2)

jètontac A = A2A1 kai ā = A2a1 + a2, paÐrnoume (f2 ◦ f1)(v̄) = Av + a, ìpou A ∈ GL(n,R)
kai ā ∈ Rn.

Apì ta parap�nw, an f(v) = Av + a ∈ A(n), tìte f−1(v̄) = A′v + a′, ìpou A′ = A−1 kai
ā′ = −A−1a. 'Ara, f−1 ∈ A(n).

Sunep¸c apì ton orismì thc gewmetrÐac to zeÔgoc (Rn, A(n)) eÐnai gewmetrÐa.

Orismìc 2.3.9. To zeÔgoc (Rn, A(n)) kaleÐtai afinik  gewmetrÐa.

2.4 Ask seic

2.4.1. An A =

(
1 −2
2 0

)
kai ā =

(
4
5

)
, na brejoÔn oi eikìnec mèso tou afinikoÔ metasqh-

matismoÔ f(v̄) = Av̄ + ā twn shmeÐwn: (0, 0), (1, 0), (0, 1).

2.4.2. Na apodeiqjeÐ ìti oi parak�tw metasqhmatismoÐ t1, t2 : R2 → R2 eÐnai afinikoÐ kai na
brejeÐ o afinikìc metasqhmatismìc t pou eÐnai h sÔnjesh t1 ◦ t2:

t1(x̄) =

(
2 −3
1 −1

)
x̄+

(
1
−1

)
, t2(x̄) =

(
−1 2
−1 1

)
x̄+

(
−1

1

)
.

2.4.3. DÐnontai metasqhmatismoÐ tou R2: f(x, y) =

(
1 3
1 2

)(
x
y

)
+

(
4
−2

)
,

g(x, y) =

(
−2 −1

8 4

)(
x
y

)
+

(
1
3

)
kai h(x, y) =

(
−6 5

3 2

)(
x
y

)
+

(
2
1

)
.

(a') Na prosdioristeÐ poioÐ apì parap�nw metasqhmatismoÔc eÐnai afinikoÐ.

(b') Na prosdioristeÐ an o metasqhmatismìc f ◦ g eÐnai afinikìc.

2.4.4. DÐnetai o afinikìc metasqhmatismìc t(x, y) =

(
4 1
2 1

)(
x
y

)
+

(
2
−1

)
.

(a') Na brejeÐ o afinikìc metasqhmatismìc antÐstrofoc tou t.

(b') Na brejeÐ h eikìna thc eujeÐac ` : 2x+ 3y + 1 = 0 wc proc ton t.
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Ap�nthsh:

(a') Jètoume A =

(
4 1
2 1

)
kai ā =

(
2
−1

)
.

An v̄′ = t(v̄) = Av̄ + ā, tìte v̄ = A−1v̄′ − A−1ā. BrÐskoume ìti

A−1 =

(
1/2 −1/2
−1 2

)
kai A−1ā =

(
1/2 −1/2
−1 2

)(
2
−1

)
=

(
3/2
−4

)
.

'Ara, v̄ =

(
1/2 −1/2
−1 2

)
v̄′ −

(
3/2
−4

)
.

Sunep¸c t−1(v̄) =

(
1/2 −1/2
−1 2

)
v̄ −

(
3/2
−4

)
eÐnai h antÐstrofh thc t.

(b') Gia v̄ = (x, y) kai v̄′ = (x′, y′), apì to upoer¸thma (α′) èqoume:

x =
1

2
x′ − 1

2
y′ − 3

2
y = −x′ + 2y′ + 4

Antikajist¸ntac ta x kai y sthn exÐswsh 2x + 3y + 1 = 0 paÐrnoume thn exÐswsh:
−2x′ + 5y′ + 10 = 0. 'Ara, t(`) : −2x+ 5y + 10 = 0.

2.4.5. Na apodeiqjeÐ ìti k�je metafor� Tā : Rn → Rn eÐnai afinikìc metasqhmatismìc.

2.4.6. Na dojeÐ par�deigma enìc afinikoÔ metasqhmatismoÔ Tā : Rn → Rn pou na mhn eÐnai
metafor�.

2.4.7. Na dojeÐ par�deigma enìc grammikoÔ afinikoÔ metasqhmatismoÔ f : Rn → Rn.

2.4.8. Na dojeÐ par�deigma enìc mh grammikoÔ afinikoÔ metasqhmatismoÔ f : Rn → Rn.

2.4.9. Na dojeÐ par�deigma enìc afinikoÔ metasqhmatismoÔ f : Rn → Rn pou den eÐnai eÐnai
isometrÐa.

2.4.10. Na dojeÐ par�deigma miac grammik c apeikìnishc f : Rn → Rn pou den eÐnai eÐnai
isometrÐa.

2.4.11. Na dojeÐ par�deigma miac isometrÐac f : Rn → Rn pou den eÐna grammik  apeikìnish.

2.4.12. Na apodeiqjeÐ ìti h om�da metafor¸n (T (n), ◦) eÐnai isìmorfik  me thn om�da (Rn,+).



Kef�laio 3

Afinik  GewmetrÐa tou R2.

SumbolÐzoume me GL(2,R) thn om�da antistrèyimwn 2× 2 pin�kwn me stoiqeÐa apì to R.
Mia apeikìnish f : R2 → R2 kaleÐtai afinikìc metasqhmatismìc an up�rqei A ∈ GL(2,R)

kai ā ∈ R2 tètoia ¸ste f(v) = Av + a gia k�je v ∈ R2.
To sÔnolo ìlwn twn afinik¸n metasqhmatism¸n tou R2 sumbolÐzeati me A(2).
To zeÔgoc (R2, A(2)) kaleÐtai afinik  gewmetrÐa.

3.1 Jemeli¸dec Je¸rhma thc Afinik c GewmetrÐac.

Je¸rhma 3.1.1. Gia opoiad pote trÐa mh suneujeiak� shmeÐa P , Q kai R tou R2 up�rqei
monadikìc afinikìc metasqhmatismìc f : R2 → R2 pou apeikonÐzei ta shmeÐa (0, 0), (1, 0) kai
(0, 1) sta mh suneujeiak� shmeÐa P = (xP , yP ), Q = (xQ, yQ) kai R = (xR, yR), antÐstoiqa.

Apìdeixh. 'Estw ìti f(v̄) = Av̄ + ā, ìpou A =

(
a b
c d

)
kai ā =

(
k
m

)
. Tìte

(
xP
yP

)
= f(0, 0) =

(
a b
c d

)(
0
0

)
+

(
k
m

)
=

(
k
m

)
=⇒ k = xP , m = yP

(
xQ
yQ

)
= f(1, 0) =

(
a b
c d

)(
1
0

)
+

(
k
m

)
=

(
a
c

)
+

(
k
m

)
=

(
a
c

)
+

(
xP
yP

)
(
xR
yR

)
= f(0, 1) =

(
a b
c d

)(
0
1

)
+

(
k
m

)
=

(
b
d

)
+

(
k
m

)
=

(
b
d

)
+

(
xP
yP

)
Sunep¸c

A =

(
xQ − xP xR − xP
yQ − yP yR − yP

)
kai ā = (xP , yP ).

Epeid  P,Q,R eÐnai mh suneujeiak� det(A) 6= 0, �ra o A eÐnai antistrèyimoc.

ShmeÐwsh 3.1.2. ApodeiknÔetai ìti gia oioiad pote tèssera mh sunepÐpeda kai an� trÐa mh
suneujeiak� shmeÐa P , Q, R kai S tou R3 up�rqei monadikìc afinikìc metasqhmatismìc f tou
R3 pou apeikonÐzei ta shmeÐa (0, 0, 0), (1, 0, 0), (0, 1, 0) kai (0, 0, 1) sta shmeÐa P , Q, R kai S,
antÐstoiqa.

Je¸rhma 3.1.3. (Jemeli¸dec Je¸rhma thc Afinik c GewmetrÐac.) An P,Q,R kai P ′, Q′, R′

eÐnai tri�dec mh suneujeiak¸n shmeÐwn tou R2, tìte up�rqei monadikìc afinikìc metasqhma-
tismìc f : R2 → R2 gia ton opoÐon f(P ) = P ′, f(Q) = Q′ kai f(R) = R′.

15
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Apìdeixh. Apì to je¸rhma 3.1.1 up�rqoun monadikoÐ afinikoÐ metasqhmatismoÐ f1 : R2 → R2

kai f2 : R2 → R2 gia touc opoÐouc isqÔei ìti:
f1 apeikonÐzei ta shmeÐa (0, 0), (1, 0) kai (0, 1) sta shmeÐa P , Q kai R, antÐstoiqa.
f2 apeikonÐzei ta shmeÐa (0, 0), (1, 0) kai (0, 1) sta shmeÐa P ′, Q′ kai R′, antÐstoiqa.
O afinikìc metasqhmatismìc f = f2 ◦ f−1

1 tou R2 apeikonÐzei ta shmeÐa P , Q kai R sta
shmeÐa P ′, Q′ kai R′, antÐstoiqa. Ac upojèsoume ìti q eÐnai ènac afinikìc metasqhmatismìc
tou R2 pou apeikonÐzei ta shmeÐa P , Q kai R sta shmeÐa P ′, Q′ kai R′, antÐstoiqa. Tìte o
afinikìc metasqhmatismìc g ◦ f1 apeikonÐzei ta shmeÐa (0, 0), (1, 0) kai (0, 1) sta shmeÐa P ′, Q′

kai R′, antÐstoiqa. 'Ara, g ◦ f1 = f2, apì to Je¸rhma 3.1.1. Sunep¸c g = f2 ◦ f−1
1 = f .

ShmeÐwsh 3.1.4. An P,Q,R, S kai P ′, Q′, R′, S ′ eÐnai tetr�dec mh sunepÐpedwn kai an� trÐa
mh suneujeiak¸n shmeÐwn tou R3, tìte up�rqei monadikìc afinikìc metasqhmatismìc f tou R3

gia ton opoÐon f(P ) = P ′, f(Q) = Q′, f(R) = R′ kai f(S) = S ′.

3.2 AnalloÐwtec afinik¸n metasqhmatism¸n tou R2.

Je¸rhma 3.2.1. K�je afinikìc metasqhmatismìc tou R2 apeikonÐzei eujeÐec se eujeÐec.

Apìdeixh. Gia O = (0, 0) kai k�je shmeÐo P ∈ R2 sumbolÐzoume me
−→
P to di�nusma

−→
OP .

O

` P

M
−→
P

−→
M

q̄

'Estw f(v̄) = Av̄+ ā ènac afinikìc metasqhmatismìc tou R2 kai ` mia eujeÐa pou dièrqetai
apì to shmeÐo P kai eÐnai par�llhlh sto di�nusma q̄ ∈ R2. Tìte

` = {M ∈ R2 :
−→
M =

−→
P + λq̄ : λ ∈ R}

Epomènwc

f(
−→
M) = A(

−→
P + λq̄) + ā = (A

−→
P + ā) + λAq̄ = f(

−→
P ) + λAq̄.

'Ara, f(`) eÐnai eujeÐa, dierqìmenh apì to shmeÐo f(P ) kai par�llhlh sto di�nusma Aq̄.

Pìrisma 3.2.2. Opoiesd pote dÔo eujeÐec tou epipèdou eÐnai afinik� isodÔnamec.

Apìdeixh. 'Estw ε kai ε∗ dÔo eujeÐec. JewroÔme zeÔgh diaforetik¸n shmeÐwn P,Q ∈ ε kai
P ∗, Q∗ ∈ ε∗. 'Estw S ∈ R2 \ (ε ∪ ε∗). Apì to Je¸rhma 3.1.3 up�rqei monadikìc f ∈ A(2)
tètoioc ¸ste f(P ) = P ∗, f(Q) = Q∗ kai f(S) = S. To sÔnolo f(ε) eÐnai eujeÐa apì to
Je¸rhma 3.2.1. EpÐshc P ∗ ∈ f(ε) kai Q∗ ∈ f(ε). 'Ara, f(ε) = ε∗.
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Je¸rhma 3.2.3. K�je afinikìc metasqhmatismìc tou R2 apeikonÐzei par�llhlec eujeÐec se
par�llhlec eujeÐec.

Apìdeixh. 'Estw f(v̄) = Av̄ + ā ènac afinikìc metasqhmatismìc tou R2.
JewroÔme zeÔgoc par�llhlwn eujei¸n

`1 = {M ∈ R2 :
−−→
MM =

−→
P 1 + λq̄ : λ ∈ R}

`2 = {M ∈ R2 :
−→
M =

−→
P 2 + λq̄ : λ ∈ R}.

Tìte

f(`1) = {M ∈ R2 :
−→
M =

−−−→
f(P1) + λAq̄ : λ ∈ R}

f(`2) = {M ∈ R2 :
−→
M =

−−−→
f(P2) + λAq̄ : λ ∈ R}.

Oi eujeÐec f(`1) kai f(`2) eÐnai par�llhlec sto Ðdio di�nusma Aq̄.
An f(P2) ∈ f(`1), tìte P2 = f−1(f(P2)) ∈ f−1(f(`1)) = `1, pou eÐnai �topo. 'Ara,

f(P2) 6∈ f(`1). Sunep¸c f(`1) ‖ f(`2).

Je¸rhma 3.2.4. K�je afinikìc metasqhmatismìc tou R2 diathreÐ ton aplì lìgo tri¸n
shmeÐwn miac eujeÐac.

Apìdeixh. 'Estw f(v̄) = Av̄ + c̄ ènac afinikìc metasqhmatismìc tou R2.
JewroÔme trÐa shmeÐa P,Q,M miac eujeÐac `.

Tìte (PQM) = β/α, ìpou α + β = 1 kai
−→
M = α

−→
P + β

−→
Q .

Epomènwc

f(
−→
M) = f(α

−→
P + β

−→
Q) = αA

−→
P + βA

−→
Q + c̄ =

= αA
−→
P + βA

−→
Q + (α + β)c̄ =

= (αA
−→
P + αc̄) + (βA

−→
Q + βc̄) = αf(

−→
P ) + βf(

−→
Q).

Pìrisma 3.2.5. 'Estw ìti o afinikìc metasqhmatismìc f tou R2 apeikonÐzei ta suneujeiak�
shmeÐa P,Q,R sta shmeÐa P ′, Q′, R′,antÐstoiqa.

An R eÐnai metaxÔ twn P kai Q, tìte R′ eÐnai metaxÔ twn P ′ kai Q′.

Apìdeixh. Epeid  R eÐnai metaxÔ P kai Q up�rqoun λP , λQ ∈ [0, 1] me λP + λQ = 1 kai
R = λPP +λQQ. Epeid  k�je afinikìc metasqhmatismìc tou R2 diathreÐ ton aplì lìgo tri¸n
shmeÐwn miac eujeÐac, èpetai ìti f(R) = λPf(P )+λQf(Q). Sunep¸c R′ = λPP

′+λQQ
′, ìpou

λP , λQ ∈ [0, 1] me λP + λQ = 1. 'Ara, R′ eÐnai metaxÔ P ′ kai Q′.

Orismìc 3.2.6. TrÐgwno
4

ABC me korufèc ta mh suneujeiak� shmeÐa A, B kai C eÐnai h
ènwsh twn eujÔgrammwn tmhm�twn AB, BC kai CA

Pìrisma 3.2.7. Opoiad pote dÔo trÐgwna enìc epipèdou eÐnai afinik� isodÔnama.



18 KEF�ALAIO 3. AFINIK�H GEWMETR�IA TOU R2.

3.3 Par�llhlec probolèc.

Orismìc 3.3.1. 'Estw ìti Π1 kai Π2 eÐnai dÔo epÐpeda tou q¸rou kai ∆ eÐnai mia dèsmh
par�llhlwn eujei¸n pou tèmnoun kai ta dÔo epÐpeda Π1 kai Π2.

Apì k�je P ∈ Π1 dièrqetai monadik  eujeÐa `P ∈ ∆. To shmeÐo P ′ = `P ∩ Π2 eÐnai h
par�llhlh probol  tou P sto Π2 pou orÐzetai apì thn dèsmh ∆. H apeikìnish p : Π1 → Π2

pou gia thn opoÐa p(P ) = P ′ kaleÐtai par�llhlh probol  tou Π1 sto Π2.

EÔkola apodeiknÔetai ìti

• H par�llhlh probol  eÐnai 1-1 kai epÐ.

• H antÐstrofh apeikìnish miac par�llhlhc probol c p : Π1 → Π2 eÐnai par�llhlh
probol  p−1 : Π2 → Π1.

• An Π1 ‖ Π2, tìte h par�llhlh probol  p : Π1 → Π2 eÐnai isìmetrÐa.

Je¸rhma 3.3.2. K�je par�llhlh probol  eÐnai afinikìc metasqhmatismìc

Apìdeixh. 'Estw ìti sto kajèna apì ta epÐpeda Π1 kai Π2 dÐnetai apì èna orjokanonikì sÔsth-
ma suntetagmènwn Oxy kai O′x′y′. Tìte sth par�llhlh probol  p : Π1 → Π2 antistoiqeÐ
apeikìnish fp : R2 → R2 pou orÐzetai wc ex c:

an (x, y) = P sto Oxy, p(P ) = P ′ kai P ′ = (x′, y′) sto O′x′y′, tìte fp(x, y) = (x′, y′).

An fp(O) = O′, tìte fp eÐnai grammik  kai, epomènwc, up�rqei 2 × 2 pÐnakac A tètoioc
¸ste fp(v̄) = Av̄ gia k�je v̄ ∈ R2. Epeid  p eÐnai antistrèyimoc, o A antistrèyimoc. pÐnakac.

An fp(O) = ā, tìte up�rqei antistrèyimoc 2 × 2 pÐnakac A tètoioc ¸ste fp(v̄) = Av̄ + ā
gia k�je v̄ ∈ R2.

ShmeÐwsh 3.3.3. 'Enac afinikìc metasqhmatismìc mporeÐ na mhn antistoiqeÐ se par�llhlh
probol . Gia par�deigma, f(v̄) = 2v̄, v̄ ∈ R2, eÐnai afhnikìc metasqhmatismìc, afoÔ mporeÐ

na grafeÐ se morf  f(v̄) = Av̄ + ā gia A =

(
2 0
0 2

)
kai ā = (0, 0). H f den mporeÐ na eÐnai

par�llhlh probol  par�llhlwn epipèdwn, pou eÐnai isometrÐa, oÔte epipèdwn pou tèmnontai
kat� eujeÐa oi apostaseic metaxÔ twn shmeÐwn thc opoÐac diathroÔntai me par�llhlh probol .

Je¸rhma 3.3.4. K�je afinikìc metasqhmatismìc eÐnai sÔnjesh dÔo par�llhlwn probol¸n.

Apìdeixh. 'Estw ìti o afinikìc metasqhmatismìc f : R2 → R2 apeikonÐzei ta shmeÐa (0, 0),
(1, 0) kai (0, 1) sta mh suneujeiak� shmeÐa P , Q kai R, antÐstoiqa. 'Estw Π2 eÐnai to
epÐpedo twn shmeÐwn P,Q,R. Ja orÐsoume dÔo epÐpeda Π1 kai Π kai par�llhlec probolèc

Π1
p1−→Π

p2−→Π2 ètsi ¸ste p2 ◦ p1 = f .
'Estw ìti Π1 eÐnai epÐpedo me orjokanonika sust mata suntetagmènwn O~i~j kai Π eÐnai

epÐpedo tètoia ¸ste O = P ∈ Π, Q ∈ Π kai to Q1 = (1, 0) tou Π1 na mhn an kei sto Π.

H par�llhlh probol  p1 : Π1 → Π orÐzetai apì to di�nusma
−→
QQ1. Tìte p1(0, 1) = T ∈ Π.

'Estw p2 : Π→ Π2 par�llhlh probol  pou orÐzetai apì to di�nusma
−→
TR. Tìte p2(T ) = R.

Gia thn p = p2◦p1 isqÔei ìti p(0, 0) = P , p(1, 0) = Q kai p(0, 1) = R. Epeidh p wc sÔnjesh
afinik¸n metasqhmatism¸n eÐnai afinikìc metasqhmatismìc, apì to Jemeli¸dec Je¸rhma thc
Afinik c GewmetrÐac èpetai ìti p = f . Dhlad  f eÐnai sÔnjesh dÔo par�llhlwn probol¸n p1

kai p2.
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3.4 Ask seic

3.4.1. Na brejeÐ o afinikìc metasqhmatismìc g : R2 → R2 pou apeikonÐzei ta shmeÐa
(0, 0), (1, 0) kai (0, 1) sta shmeÐa P = (1,−2), Q = (2, 1) kai R = (−3, 5), antÐstoiqa.

3.4.2. Na brejeÐ o afinikìc metasqhmatismìc f : R2 → R2 pou apeikonÐzei ta shmeÐa
(0, 0), (1, 0) kai (0, 1) sta shmeÐa P = (2, 3), Q = (1, 6) kai R = (3,−1), antÐstoiqa.

3.4.3. Na brejeÐ o afinikìc metasqhmatismìc h : R2 → R2 pou apeikonÐzei ta shmeÐa
(2, 3), (1, 6) kai (3,−1) sta shmeÐa (1,−2), (2, 1) kai (−3, 5), antÐstoiqa.

Ap�nthsh: 'Estw f o afinikìc metasqhmatismìc pou apeikonÐzei ta shmeÐa (0, 0), (1, 0)
kai (0, 1) sta shmeÐa P ′ = (2, 3), Q′ = (1, 6) kai R′ = (3,−1), antÐstoiqa. 'Estw epÐshc
g o afinikìc metasqhmatismìc pou apeikonÐzei ta shmeÐa (0, 0), (1, 0) kai (0, 1) sta shmeÐa
P = (1,−2), Q = (2, 1) kai R = (−3, 5), antÐstoiqa. Tìte h = g ◦ f−1.

An f(x̄) = Ax̄+ ā kai g(x̄) = Bx̄+ b̄, tìte f−1(x̄) = A−1x̄− A−1ā kai

h(x̄) = B(A−1x̄− A−1ā) + b̄ = BA−1x̄−BA−1ā+ b̄.

3.4.4. Na brejeÐ o afinikìc metasqhmatismìc pou apeikonÐzei thn eujeÐa ε : 3x+ 2y+ 4 = 0
tou R2 sthn eujeÐa x = 0.

3.4.5. Na brejeÐ o afinikìc metasqhmatismìc pou apeikonÐzei thn uperbol  x2− y2 = 1 sthn

uperbol  y =
1

x
.

3.4.6. Na apodeiqjeÐ ìti opoiesd pote dÔo uperbolèc eÐnai afinik� isodÔnamec.

3.4.7. Na apodeiqjeÐ ìti opoiesd pote dÔo elleÐyeic eÐnai afinik� isodÔnamec.

3.4.8. Na apodeiqjeÐ ìti opoiesd pote dÔo parabolèc eÐnai afinik� isodÔnamec.

3.4.9. 'Estw f afinikìc metasqhmatismìc pou apeikonÐzei ta suneujeiak� shmeÐa P , Q, R kai
S sta suneujeiak� shmeÐa P ′, Q′, R′ kai S ′, antÐstoiqa. Na apodeiqjoÔn ìti

PQ

RS
=
P ′Q′

R′S ′

Dhlad , k�je afinikìc metasqhmatismìc diathreÐ ton lìgo twn mhk¸n twn eujeÐgrammwn tmh-
m�twn kat� m koc miac eujeÐac.

Ap�nthsh: Epeid  shmeÐa P , Q, R kai S eÐnai suneujeiak�, èpetai ìti up�rqoun λ, µ ∈ R
me

−→
PQ = λ

−→
QR kai

−→
QR = µ

−→
RS.

'Omwc k�je afinikìc metasqhmatismìc diathrei to aplì lìgo shmeÐwn, epomènwc

−−→
P ′Q′ = λ

−−→
Q′R′ kai

−−→
Q′R′ = µ

−−→
R′S ′.

Sunep¸c
PQ

RS
=
PQ

QR

QR

RS
=

∣∣∣∣λµ
∣∣∣∣ =

P ′Q′

R′S ′
.

3.4.10. 'Estw ìti o afinikìc metasqhmatismìc f : R2 → R2 pou apeikonÐzei ta mh suneujeiak�
shmeÐa P , Q, R sta shmeÐa P ′, Q′, R′, antÐstoiqa. Na apodeiqjeÐ ìti o f apeikonÐzei to

eswterikì tou trig¸nou
4

PQR epÐ tou eswterikoÔ tou trig¸nou
4

P ′Q′R′.
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Ap�nthsh: 'Ena shmeÐo M ∈ R2 eÐnai an kei sto eswterikì tou trig¸nou
4

PQR an kai
mìnon an kai mìnon an up�rqoun λP , λQ, λR ∈ (0, 1) me λP + λQ + λR = 1 gia ta opoÐa

M = λPP + λQQ+ λRR.

'Estw f(v̄) = Av̄ + b̄. An M an kei sto eswterikì tou trig¸nou
4

PQR, tìte

f(M) = f(λPP + λQQ+ λRR) =

= A((λPP + λQQ+ λRR) + b̄

= λP (AP ) + λQ(AQ) + λR(AR) + (λP + λQ + λR)b̄

= λP (AP + b̄) + λQ(AQ+ b̄) + λR(AR + b̄) =

= λPP
′ + λQQ

′ + λRR
′

Epeid  λP , λQ, λR ∈ (0, 1) me λP +λQ+λR = 1, f(M) an kei sto eswterikì tou trig¸nou
4

P ′Q′R′. 'Ara, h f apeikonÐzei to eswterikì tou
4

PQR sto eswterikì tou
4

P ′Q′R′.

'Omoia apodeiknÔetai ìti h f−1 apeikonÐzei to eswterikì tou
4

P ′Q′R′ sto eswterikì tou
4

PQR. 'Ara, o f apeikonÐzei to eswterikì tou trig¸nou
4

PQR epÐ tou eswterikoÔ tou trig¸nou
4

P ′Q′R′.



Kef�laio 4

EukleÐdeia GewmetrÐa tou R2.

4.1 Orismìc thc EukleÐdeiac GewmetrÐac tou R2.

To zeÔgoc (R2, E(2)), ìpou E(2) eÐnai h om�da twn isometri¸n tou R2, kaleÐtai EukleÐdeia
gewmetrÐa tou R2 (EukleÐdeio epÐpedo).

4.1.1 Om�da peristrof¸n tou R2 gÔrw apì èna shmeÐo.

H peristrof  enoc prosanatolismènou epipèdou Π kat� gwnÐa θ gÔrw apì to shmeÐo P ∈ Π
eÐnai h autoapeikìnish tou epipÐdou pou se k�je shmeÐo M ∈ Π antistoiqeÐ M ′ ∈ Π gia to

opoÐo |
−−→
PM | = |

−−→
PM ′| kai oi gwnÐa apì thn hmieujeÐa [PM) proc thn [PM ′) eÐnai θ.

θP M

M ′

Prìtash 4.1.1. To sÔnolo R(P ) ìlwn twn peristrof¸n enoc prosanatolismènou epipèdou
Π gÔrw apì opoiod pote shmeÐo P efodiasmèno me thn pr�xh sÔnjeshc twn apeikonÐsewn eÐnai
antimetajetik  om�da. Epomènwc (Π, R(P )) eÐnai gewmetrÐa gia k�je P ∈ Π.

Apìdeixh. JewroÔme èna polikì sÔsthma suntetagmènwn sto epÐpedo Π me arq  to shmeÐo P .
An RP

θ eÐnai peristrof  gÔrw apì to P kat� gwnÐa θ, tìte h RP
θ apeikonÐzei to M = (r, φ)

sto RP
θ (M) = (r, φ+ θ).

1. RP
θ eÐnai 1-1 kai epÐ.

2. H antÐstrofh thc RP
θ eÐnai h RP

−θ

3. RP
θ1
◦RP

θ2
= RP

θ1+θ2
.

4. RP
θ1
◦RP

θ2
= RP

θ1+θ2
= RP

θ2
◦RP

θ1

Sunep¸c to sÔnolo ìlwn twn peristrof¸n eÐnai om�da.

21
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ShmeÐwsh 4.1.2. Parathroume ìti gia k�je ϕ ∈ R up�rqei monadikì θϕ ∈ (−π, π] gia to
opoÐo ϕ = θϕ + 2nπ, ìpou n ∈ Z. Profan¸c RP

ϕ = RP
θϕ
. Sunep¸c to sÔnolo ìlwn twn

peristrof¸n gÔrw apì to P eÐnai to sÔnolo R(P ) = {RP
θ : θ ∈ (−π, π]}.

'Estw Π èna epÐpedo me èna orjokanonikì sÔsthma suntetagmènwn Oxy. Tìte up�rqei èna
proc èna kai epÐ antistoiqÐa i : Π ←→ R2 pou se k�je shmeÐo P tou epipèdou antistoiqeÐ tic
suntetagmènec tou (xP , yp).

Se k�je apeikìnish f : Π→ Π antistoiqeÐ h apeikìnish fΠ : R2 → R2 me fΠ = i ◦ f ◦ i−1.
H antistoiqÐa aut  metaxÔ twn autoapeikonÐsewn tou Π kai tou R2 eÐnai amfimonos manth.
'Etsi antÐ na mil�ame gia thn peristrof  tou epipèdou, mporoÔme na mil�me gia thn peristrof 
tou R2.

Prìtash 4.1.3. H peristrof  Roθ : R2 → R2 tou R2 gÔrw apì thn arq  twn axìnwn
O = (0, 0) kata th gwnÐa θ ∈ (−π, π] orÐzetai apì ton tÔpo:

Roθ(x, y) =

(
cos θ − sin θ
sin θ cos θ

)(
x
y

)
, θ ∈ (−π, π].

Apìdeixh. 'Estw M = (x, y) ∈ R2. Tìte

x = r cos θM

y = r sin θM ,

ìpou r = |OM | kai θM h gwnÐa apì ton Ox proc thn [OM)-hmieujeÐa.
An Roθ(x, y) = (x′, y′), tìte

x′ = r cos(θM + θ) = r cos θM cos θ − r sin θM sin θ = x cos θ − y sin θ

y′ = r sin(θM + θ) = r sin θM cos θ + r cos θM sin θ = x sin θ + y cos θ

'Ara, Roθ(x, y)(M) =

(
x′

y′

)
=

(
cos θ − sin θ
sin θ cos θ

)(
x
y

)
.

Prìtash 4.1.4. H om�da R(O) twn peristrof¸n gÔrw apì to O = (0, 0) kat� th gwnÐa
θ ∈ (−π, π] eÐnai isomorfik  me thn antimetajetik  om�da SO(2,R) orjog¸niwn pin�kwn me
orÐzousa 1.

Apìdeixh. 'Estw A =

(
a −b
b a

)
∈ SO(2,R). Epeid  a2 + b2 = 1, up�rqei monadikì θA ∈

(−π, π] me a = cos θA kai b = sin θA.
OrÐzoume 1-1 kai epÐ apeikìnish me h : SO(2,R) → R(O) me h(A) = RO

θA
. An A,B ∈

SO(2,R), tìte

h(AB)=h

((
cos θA − sin θA
sin θA cos θA

)(
cos θB − sin θB
sin θB cos θB

))
= h

((
cos(θA + θB) − sin(θA + θB)
sin(θA + θB) cos(θA + θB)

))
=

= RO
θA+θB

= RoθA ◦RoθB = h(A) ◦ h(B).

'Ara, h eÐnai isomorfismìc.



4.1. ORISM�OS THS EUKLE�IDEIAS GEWMETR�IAS TOU R2. 23

Prìtash 4.1.5. K�je peristrof  gÔrw apì èna shmeÐo eÐnai isometrÐa.

Apìdeixh. 'Estw Roθ peristrof  gÔrw apì to O = (0, 0).
Gia ta shmeÐa ū = (xū, yū) kai v̄ = (xv̄, yv̄) tou R2 èqoume

Roθ(ū) = (xū cos θ − yū sin θ, xū sin θ + yū cos θ)

Roθ(v̄) = (xv̄ cos θ − yv̄ sin θ, xv̄ sin θ + yv̄ cos θ)

Epomènwc

||Roθ(ū), Roθ(v̄)|| =

√(
(xū − xv̄) cos θ − (yū − yv̄) sin θ

)2
+
(
(xū − xv̄) sin θ + (yū − yv̄) cos θ

)2

=
√

(xū − xv̄)2 + (yū − yv̄)2 = ||ū− v̄||.

'Ara, Rθ eÐnai isometrÐa.
'Estw ìti P eÐnai èna shmeÐo tou epipèdou diforetikì apì thn arq  O = (0, 0) kai TP̄ eÐnai

h metafor� sto R2 kat� di�nisma
−→
OP = P̄ . Tìte h peristrof  Rθ(P ) gÔrw apì to P kat�

gwnÐa θ parist�netai wc sÔnjesh isometri¸n: RP
θ = T−→

P
◦Rθ ◦ T−−→P .

4.1.2 Anakl�seic tou R2 wc proc mia eujeÐa ε.

H an�klash wc proc mia eujeÐa ε tou R2 eÐnai h apeikìnish aε : R2 → R2 pou k�je shmeÐo
A ∈ R2 antisoiqeÐ to summetrikì tou aε(A) wc proc thn ε.

K�je an�klash aε wc proc mia eujeÐa ε eÐnai 1-1 kai epÐ metasqhmatismìc tou R2 kai
a−1
ε = aε.
Oi anakl�seic wc proc mia eujeÐa ε den apoteloÔn om�da, afoÔ h sÔnjesh dÔo anakl�sewn

eÐnai tautotik  apeikìnish, h opoÐa den eÐnai den eÐnai an�klash.
SumbolÐzoume me εθ thn eujeÐa pou dièrqetai apì thn arq  twn axìnwn kai sqhmatÐzei

gwnÐa θ ∈ (−π
2
, π

2
] me ton jetikì hmi�xona Ox. Me Reθ sumbolÐzoume thn an�klash tou R2

wc proc thn εθ.

εθ

θ
O

X

Y

ShmeÐwseic 4.1.6.

1. H an�klash wc proc ton �xona Ox orÐzetai apì thn sqèsh

Re0(x, y) =

(
x
−y

)
=

(
1 0
0 −1

)(
x
y

)
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2. H an�klash wc proc thn eujeÐa εθ pou dièrqetai apì thn arq  twn axìnwn kai sqhmatÐzei
gwnÐa θ ∈ (−π

2
, π

2
] me ton jetikì hmi�xona Ox orÐzetai apì thn sqèsh

Reθ(x, y) =

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)(
x
y

)
.

Pr�gmati, Reθ = Roθ ◦Re0 ◦Ro−θ. Epomènwc

Reθ(x, y) =

(
cos θ − sin θ
sin θ cos θ

)(
1 0
0 −1

)(
cos(−θ) − sin(−θ)
sin(−θ) cos(−θ)

)(
x
y

)
=

=

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)(
x
y

)

3. Up�rqei mia 1-1 antistoiqÐa metaxÔ twn anakl�sewn Reθ, θ ∈ (−π
2
, π

2
], wc proc tic

eujeÐec pou dièrqontai apì thn arq  (0, 0) kai twn pin�kwn thc morf c

(
a b
b −a

)
me

a2 + b2 = 1 (apì to Je¸rhma 1.3.5).

4. To sÔnolo twn peristrof¸n tou R2 gÔrw apì to (0, 0) kat� gwnÐa θ ∈ (−π, π] kai twn
anakl�sewn wc proc eujeÐec pou dièrqontai apì to (0, 0) me pr�xh sÔnjeshc apeikonÐsewn
eÐnai om�da isìmorfik  me thn om�da O(2,R) ìlwn twn orjog¸niwn pin�kwn twn morfwn(
a −b
b a

)
 

(
a b
b −a

)
, ìpou a2 + b2 = 1.

Prìtash 4.1.7. K�je an�klash tou R2 eÐnai isometrÐa.

Apìdeixh. 'Estw Re0(x, y) : R2 → R2 an�klash wc proc ton �xona Ox.
Gia shmeÐa ū = (xu, yu) kai v̄ = (xv, yv) tou R2 èqoume

Re0(ū) = (xu,−yu)
Re0(v̄) = (xv,−yv)

Epomènwc

||Re0(ū)−Re0(v̄)|| =
√

(xu − xv)2 + (−yu + yv)2 =
√

(xu − xv)2 + (yu − yv)2 = ||ū− v̄||.

'Ara, Re0 eÐnai isometrÐa.
'Estw ìti ε : y = ax + b eÐnai mia eujeÐa tou R2 diaforetik  apì ton �xona Ox kai

θ ∈ (−π
2
, π

2
) me tan θ = a. Tìte h an�klash aε wc proc thn ε parist�netai wc sÔnjesh

isometri¸n wc ex c: aε = Tb̄ ◦Roθ ◦Re0 ◦Ro−θ ◦ T−b̄, ìpou b̄ = (0, b).
'Estw ìti ε : x = b. Tìte h an�klash aε wc proc thn ε parist�netai wc sÔnjesh isometri¸n

wc ex c: aε = Tb̄ ◦Roπ2 ◦Re0 ◦Ro−π
2
◦ T−b̄, ìpou b̄ = (b, 0).

Sunep¸c, k�je an�klash wc proc eujeÐa eÐnai isometrÐa wc sÔnjesh isometri¸n.
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4.2 IsometrÐec tou R2.

Je¸rhma 4.2.1. K�je isometrÐa T : R2 → R2 pou af nei stajer  thn arq  twn axìnwn
(T (0̄) = 0̄) èqei tic akìloujec idiìthtec:

1. ‖T (ā)‖ = ‖ā‖, gia k�je ā ∈ R2.

2. T (ā) · T (b̄) = ā · b̄, gia k�je ā, b̄ ∈ R2 (T af nei analloÐwto to eswterikì ginìmeno).

3. T eÐnai grammik  apeikìnish.

Apìdeixh. 1. Gia 0̄ = (0, 0) paÐrnoume

‖T (ā)‖ = ‖T (ā)− 0̄‖ = ‖T (ā)− T (0̄)‖ = ‖ā− 0̄‖ = ‖ā‖.

2. 'Estw a, b ∈ R2. Tìte

‖ā− b̄‖2 = ‖ā‖2 + ‖b̄‖2 − 2ā · b̄

‖T (ā)− T (b̄)‖2 = ‖T (ā)‖2 + ‖T (b̄)‖2 − 2T (ā) · T (b̄)

Epeid  T eÐnai isometrÐa, ‖T (ā)− T (b̄)‖ = ‖ā− b̄‖.

Apì thn idiìthta 1, pou apodeÐxame ‖T (ā)‖ = ‖ā‖ kai ‖T (b̄)‖ = ‖b̄‖.

'Ara, T (ā) · T (b̄) = ā · b̄.

3. 'Estw a, b ∈ R2 kai λ ∈ R. Tìte apì tic idiìthtec 1 kai 2 pou apodeÐxame prokÔptei ìti:

‖T (λā)−λT (ā)‖2 = ‖T (λā)‖2+λ2‖T (ā)‖2−2λT (λā)·T (ā) = ‖λā‖2+λ2‖ā‖2−2λλā·ā = 0̄.

'Ara, T (λā) = λT (ā).

EpÐshc

‖T (ā+b̄)−(T (ā)+T (b̄))‖2 = ‖T (ā+b̄)‖2−2T (ā+b̄)·T (ā)−2T (ā+b̄)·T (b̄)+‖T (ā)+T (b̄)‖2

Apì tic idiìthtec 1 kai 2 pou apodeÐxame prokÔptei ìti:

‖T (ā+ b̄)‖2 = ‖ā+ b̄‖2 = ‖ā‖2 + 2ā · b̄+ ‖b̄‖2,

T (ā+ b̄) · T (ā) = (ā+ b̄) · ā = ‖ā‖2 + ā · b̄,

T (ā+ b̄) · T (b̄) = (ā+ b̄) · b̄ = ‖b̄‖2 + ā · b̄,

‖T (ā) + T (b̄)‖2 = ‖T (ā)‖2 + ‖T (b̄)‖2 + 2T (ā) · T (b̄) = ‖ā‖2 + ‖b̄‖2 + 2ā · b̄.

Apì ta parap�nw ‖T (ā+ b̄)− (T (ā) + T (b̄))‖2 = 0̄. 'Ara, T (ā+ b̄) = (T (ā) + T (b̄)).

Sunep¸c T eÐnai grammik  apeikìnish.
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Je¸rhma 4.2.2. Gia k�je grammik  isometrÐa T : R2 → R2 up�rqei orjog¸nioc pÐnakac

C =

(
c11 c12

c21 c22

)
gia ton opoÐon T (v̄) = Cv̄ gia k�je v̄ ∈ R2.

Apìdeixh. Jètoume ē1 = (1, 0) kai ē2 = (0, 1).
Epeid  {ē1, ē2} eÐnai b�sh tou R2, èqoume

T (ē1) = c11ē1 + c21ē2 (4.1)

T (ē2) = c12ē1 + c22ē2.

'Estw v̄ = (x, y) ∈ R2 kai T (v̄) = x′ē1 + y′ē2. Epeid  T eÐnai grammik ,

T (v̄) = T (xē1 + yē2) = xT (ē1) + yT (ē2) = (4.2)

= x(c11ē1 + c21ē2) + y(c12ē1 + c22ē2) =

= (xc11 + yc12)ē1 + (xc21 + yc22)ē2

Epomènwc

x′ = xc11 + yc12 (4.3)

y′ = xc21 + yc22

Gia C =

(
c11 c12

c21 c22

)
oi (4.3) grafontai

(
x′

y′

)
= C

(
x
y

)
, isodÔnama T (v̄) = Cv̄.

Epomènwc T (0̄) = C · 0̄ =
−→
0 gia thn isometrÐa T .

Apì to Je¸rhma 4.2.1 èpetai ìti ‖T (ē1)‖ = ‖ē1‖, ‖T (ē2)‖ = ‖ē2‖ kai T (ē1)·T (ē2) = ē1 ·ē2.
'Ara, c2

11 + c2
21 = 1, c2

12 + c2
22 = 1 kai c11c12 + c21c22 = 0. Dhlad  o C eÐnai orjog¸nioc.

Je¸rhma 4.2.3. Gia k�je isometrÐa T : R2 → R2 up�rqei orjog¸nioc 2× 2 pÐnakac C kai
ā ∈ R2, tètoia ¸ste T (v̄) = Cv̄ + ā gia k�je v̄ ∈ R2.

Apìdeixh. 'Estw T : R2 → R2 mia isometrÐa.
An T (0̄) = 0̄, tìte T eÐnai grammik  isometrÐa. Epomènwc up�rqei orjog¸nioc pÐnakac C

gia ton opoÐon T (v̄) = Cv̄ gia k�je v̄ ∈ R2.
An T (0̄) = ā 6= 0̄, tìte h apeikìnish S(v̄) = T (v̄)− ā gia k�je v̄ ∈ R2 eÐnai isometrÐa gia

thn opoÐa
S(0̄) = T (0̄)− ā = ā− ā = 0̄.

'Ara, S eÐnai grammik  isometrÐa. Epomènwc S(v̄) = Cv̄, ìpou C orjog¸nioc pÐnakac.
'Ara, T (v̄) = S(v̄) + ā = Cv̄ + ā gia k�je v̄ ∈ R2.

Pìrisma 4.2.4. K�je isometrÐa eÐnai afinikìc metasqhmatismìc.

Pìrisma 4.2.5. K�je isometrÐa orÐzetai monos manta apì tic eikìnec A′, B′, C ′ tri¸n mh
suneujeiak¸n shmeÐwn A, B, C.

Pìrisma 4.2.6. To sÔnolo ìlwn twn isometri¸n tou R2 pou af noun stajer  thn arq 
(0, 0) me thn pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da isomorfik  me thn pollaplasiastik 
om�da twn orjog¸niwn pin�kwn O(2,R).
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Je¸rhma 4.2.7. K�je isometrÐa enìc epipèdou mporei na parastajeÐ wc sÔnjesh k�poiwn
apì tic parak�tw isometrÐec : metafor�, an�klash wc proc ton Ox kai peristrof  gÔrw apì
thn arq .

Apìdeixh. 'Estw T : R2 → R2 mia isometrÐa.
Tìte up�rqei orjog¸nioc 2 × 2 pÐnakac C kai ā ∈ R2, tètoia ¸ste T (v̄) = Cv̄ + ā gia

k�je v̄ ∈ R2.
Epomènwc T (v̄) = S(v̄) + ā, ìpou S(v̄) = Cv̄.

O C èqei mÐa apì tic morfèc

(
cos θ − sin θ
sin θ cos θ

)
 

(
cos θ sin θ
sin θ − cos θ

)
, ìpou θ ∈ (−π, π].

C =

(
cos θ − sin θ
sin θ cos θ

)
antistoiqei sthn peristrof  gÔrw apì thn arq  kat� gwnÐa θ.

C =

(
cos θ sin θ
sin θ − cos θ

)
=

(
cos θ − sin θ
sin θ cos θ

)(
1 0
0 −1

)
antistoiqeÐ sthn an�klash wc proc

ton Ox pou akoloujeÐtai apì thn peristrof  kata th gwnÐa θ gÔrw apì thn arq .
'Ara, S antistoiqeÐ   sthn peristrof    sth sÔnjesh an�klashc kai peristrof c.
Epomènwc T = S + ā eÐnai sÔnjesh k�poiwn apì tic parak�tw isometrÐec: metafor�,

an�klash wc proc ton Ox kai peristrof  gÔrw arq .

ShmeÐwsh 4.2.8. To eswterikì ginìmeno twn ā = (a1, ..., an), b̄ = (b1, ..., bn) ∈ Rn eÐnao o
arijmìc ā · b̄ = a1b1 + ...+ anbn.

'Opwc kai sthn perÐptwsh tou R2, apodeiknÔetai ìti ta Jewr mata 4.2.1, 4.2.2 kai 4.2.3
isqÔoun kai sto Rn.
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4.3 AnalloÐwtec eukleÐdeiwn metasqhmatism¸n.

Epeid  k�ue eukleÐdeioc metasqhmatismìc eÐnai isometrÐa, apì ton orismì thc isometrÐac
prokÔptei ìti

K�je eukleÐdeioc metasqhmatismìc:

• diathreÐ ta m kh twn eujÔgrammwn tmhm�twn.

• diathreÐ tic apost�seic.

Epeid  k�je eukleÐdeioc metasqhmatismìc eÐnai sÔnjesh peristrof c, an�klashc kai metaforac,
kai epeid  oi peristrofèc, oi anakl�seic kai oi metaforèc diathroÔn tic gwnÐec, prokÔptei ìti

K�je eukleÐdeioc metasqhmatismìc

• diathreÐ tic gwnÐec metaxÔ twn eujei¸n.

Epeid  k�je eukleÐdeioc metasqhmatismìc eÐnai afinikìc, oi analloÐwtec twn afinik¸n
metasqhmatism¸n eÐnai analloÐwtec twn eukleÐdeiwn metasqhmatism¸n. Epomènwc

K�je eukleÐdeioc metasqhmatismìc

• apeikonÐzei eujeÐec se eujeÐec,

• apeikonÐzei par�llhlec eujeÐec se par�llhlec eujeÐec,

• diathreÐ ton aplì lìgo twn tri¸n suneujeiak¸n shmeÐwn.

ApodeiknÔetai epÐshc ìti

K�je eukleÐdeioc metasqhmatismìc

• diathreÐ ton bajmì tou polliwnÔmou.

• apeikonÐzei mia èlleiyh se èlleiyh me thn Ðdia ekkentrìthta.

• apeikonÐzei mia uperbol  se uperbol  me thn Ðdia ekkentrìthta.

• apeikonÐzei mia parabol  se parabol  me thn Ðdia estiak  par�metro.
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4.4 Merik� Jewr mata EukleÐdeiac epipedometrÐac.

Je¸rhma 4.4.1. (Menèlaoc) 'Estw 4ABC èna trÐgwno.
An mia eujeÐa ` pou den perièqei kami� koruf  tou trig¸nou tèmnei tic eujeÐec (AB), (BC)

kai (CA) sta shmeÐa C ′, A′ kai B′, antÐstoiqa, tìte
−−→
AC ′

−−→
C ′B

·
−−→
BA′

−−→
A′C

·
−−→
CB′

−−→
B′A

= −1 (4.4)

AntÐstrofa, an isqÔei h sqèsh (4.4), tìte ta shmeÐa A′, B′, C ′ eÐnai suneujeiak�.

Apìdeixh. Apì ta shmeÐa A′, B′, C ′ p�nw stic pleurèc tou 4ABC brÐskontai dÔo   kanèna.
Ac upojèsoume ìti A′ kai C ′ brÐskontai p�nw stic pleurèc tou 4ABC.

Prob�llontac tic korufèc A,B,C sthn eujeÐa `, paÐrnoume tic orjog¸niec probolèc
X, Y, Z, antÐstoiqa. 'Estw ∼ sumbolÐzei thn omoiìthta twn trig¸nwn. Tìte

4C ′AX ∼ 4C ′BY =⇒
−−→
AC ′

−−→
C ′B

=
XA

BY
(4.5)

4A′BY ∼ 4A′CZ =⇒
−−→
BA′

−−→
A′C

=
BY

CZ
(4.6)

4B′CZ ∼ 4B′AX =⇒
−−→
CB′

−−→
B′A

= −CZ
XA

(4.7)

Pollaplasi�zontac tic parap�nw sqèseic, paÐrnoume thn (4.4).

A

B

C B′

Y

Z
A′

C ′
X`

H sqèsh (4.4) apodeiknÔetai ìmoia an h ` tèmnei kai tic treic pleurèc stic proekt�seic
touc.

AntÐstrofa, èstw ìti isqÔei h (4.4). Ac upojèsoume ìti h eujeÐa ` = (A′B′) tèmnei thn
(AB) sto shmeÐo C ′′. Tìte apì to eujÔ tou jewr matoc pou apodeÐxame prokÔptei ìti

−−→
AC ′′

−−→
C ′′B

·
−−→
BA′

−−→
A′C

·
−−→
CB′

−−→
B′A

= −1 (4.8)

Apì tic (4.4) kai (4.8) prokÔptei ìti
−−→
AC ′′

−−→
C ′′B

=

−−→
AC ′

−−→
C ′B

.

Epeid  o aplìc lìgoc (ABM) prosdiorÐzei monos manta to shmeÐoM , prokÔptei ìti C ′ = C ′′.
'Ara, ta shmeÐa A′, B′, C ′ eÐnai suneujeik�.
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Je¸rhma 4.4.2. (Ceva)'Estw ìti 4ABC eÐnai èna trÐgwno kai ta shmeÐa A′, B′ kai C ′,
diaforetik� apì tic korufèc an koun stic eujeÐec BC, CA kai AB, antÐstoiqa. Oi euJeÐec
(AA′), (BB′) kai (CC ′) tèmnontai se èna shmeÐo an kai mìnon an

−−→
AC ′

−−→
C ′B

·
−−→
BA′

−−→
A′C

·
−−→
CB′

−−→
B′A

= 1. (4.9)

Apìdeixh. (=⇒) 'Estw ìti oi euJeÐec (AA′), (BB′) kai (CC ′) tèmnontai sto shmeÐo T .
P�nw stic pleurèc tou 4ABC brÐskontai   kai ta trÐa ta shmeÐa A′, B′, C ′ ,   to èna apì

ta trÐa. 'Estw ìti kai ta trÐa shmeÐa A′, B′, C ′ an koun stic pleurèc tou trig¸nou.

Tìte kai oi treic aploÐ lìgoi

−−→
AC ′

−−→
C ′B

,

−−→
BA′

−−→
A′C

,

−−→
CB′

−−→
B′A

eÐnai jetikoÐ.

Apì to A fèrnoÔme mia eujeÐa ` ‖ (BC). 'Estw ìti `∩ (BB′) = {Y } kai `∩ (CC ′) = {Z}.
Apì thn omÐìthta twn trig¸nwn paÐrnoume

4TAY ∼ 4TBA′ =⇒ BA′

AY
=
TA′

TA
(4.10)

4TAZ ∼ 4TCA′ =⇒ A′C

AZ
=
TA′

TA
(4.11)

B

A

CA′

B′

T

YZ

C ′

Apì tic (4.10) kai (4.11) prokÔptei ìti
BA′

A′C
=
AY

AZ
. Epomènwc

−−→
BA′

−−→
A′C

=
BA′

A′C
=
AY

AZ
(4.12)

'Eqoume epÐshc apì thn omÐìthta twn trig¸nwn:

4C ′AZ ∼ 4C ′BC =⇒
−−→
AC ′

−−→
C ′B

=
AZ

BC
(4.13)

4B′Y A ∼ 4B′BC =⇒
−−→
CB′

−−→
B′A

=
BC

AY
(4.14)

'Apì tic (4.12), (4.13) kai (4.14) paÐrnoume thn (4.9).
AntÐstrofa, èstw ìti isqÔei h sqèsh (4.9). 'Estw ìti AA′ ∩BB′ = T kai (CT )∩ (AB) =

C ′′. Tìte ìpwc apodeÐxame

−−→
AC ′′

−−→
C ′′B

·
−−→
BA′

−−→
A′C

·
−−→
CB′

−−→
B′A

= 1. Epomènwc

−−→
AC ′′

−−→
C ′′B

=

−−→
AC ′

−−→
C ′B

. 'Ara, C ′ = C ′′.

Sunep¸c oi euJeÐec (AA′), (BB′) kai (CC ′) tèmnontai sto T .
H apìdeixh sthn perÐptwsh pou A′, B′, C ′ den an koun kai ta trÐa stic pleurèc tou

trig¸nou eÐnai ìmoia.
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Je¸rhma 4.4.3. (P�pou) 'Estw ìti P , Q kai R eÐnai shmeÐa miac eujeÐac kai P ′, Q′ kai R′

eÐnai shmeÐa miac �llhc eujeÐac. An QP ′ ∩Q′P = {X}, QR′ ∩RQ′ = {Z} kai PR′ ∩RP ′ =
{Y }, tìte ta shmeÐa X, Y kai Z eÐnai suneujeiak�.

Apìdeixh. Exet�zoume 3 peript¸seic

1. (P ′Q) 6‖ (RQ′). Efarmìzontac 5 forèc to jewrhma tou Menèlaou sto trÐgwno ABC,
ìpou

A = (P ′Q) ∩ (R′P ), B = (P ′Q) ∩ (Q′R), C = (Q′R) ∩ (R′P )

kai stic 5 eujeÐc tou sq matoc pou den dièrqontai apì tic korufèc tou trig¸nou ABC:

(QR′), (P ′R), (Q′P ), (PQ), (P ′Q′)

P
R

P ′ R′

Q

Q′

X

B

Y

A

C

Z

paÐrnoume, antÐstoiqa:

−→
AQ
−−→
QB
·
−→
BZ
−→
ZC
·
−−→
CR′

−−→
R′A

= −1 (4.15)

−−→
AP ′

−−→
P ′B

·
−→
BR
−→
RC
·
−−→
CY
−→
Y A

= −1 (4.16)

−−→
AX
−−→
XB

·
−−→
BQ′

−−→
Q′C

·
−→
CP
−→
PA

= −1 (4.17)

−→
AQ
−−→
QB
·
−→
BR
−→
RC
·
−→
CP
−→
PA

= −1 (4.18)

−−→
AP ′

−−→
P ′B

·
−−→
BQ′

−−→
Q′C

·
−−→
CR′

−−→
R′A

= −1 (4.19)
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Antistrèfontac tic (4.18) kai (4.19) paÐrnoume

−−→
QB
−→
AQ
·
−→
RC
−→
BR
·
−→
PA
−→
CP

= −1,

−−→
P ′B
−−→
AP ′

·
−−→
Q′C
−−→
BQ′

·
−−→
R′A
−−→
CR′

= −1. (4.20)

Pollaplasi�zontac tic (4.15), (4.16), (4.17) kai(4.20) paÐrnoume

−−→
AX
−−→
XB

·
−→
BZ
−→
ZC
·
−−→
CY
−→
Y A

= −1.

'Ara, apì to jewrhma tou Menèlaou, X, Y, Z eÐnai suneujeik�.

2. (P ′Q) ‖ (RQ′) kai (Q′P ) 6‖ (R′Q). Efarmìzoume to to jewrhma tou Menèlaou sto
trÐgwno ABC, ìpou A = (Q′P ) ∩ (P ′R), B = (Q′P ) ∩ (R′Q), C = (R′Q) ∩ (P ′R).

3. (P ′Q) ‖ (RQ′) kai (Q′P ) ‖ (R′Q). Tìte apodeiknÔetai ìti (PP ′) ‖ (RR′), opìte
sunep�getai ìti X, Y, Z eÐnai suneujeiak�.

Je¸rhma 4.4.4. (PtolemaÐou) An èna tetr�pleuro ABCD eÐnai eggegrammèno se kÔklo,
tìte to ginìmeno twn diagwnÐwn tou isoÔtai me to �jroisma twn ginomènwn twn apènanti
pleur¸n tou:

AC ·BD = AB · CD +BC ·DA. (4.21)

Apìdeixh. ApodeiknÔetai eÔkola ìti an oi diag¸nioi tou eggegrammènou se kÔklo tetrapleÔrou
diqotomoÔn tic gwnÐec tou, tìte to tetr�pleuro autì eÐnai tetr�gwno. Sthn perÐptwsh aut 
h isìthta 4.21 prokÔptei apì to Pujagìreio Je¸rhma. QwrÐc bl�bh thc genikìthtac upojè-

toume ìti h diag¸nioc AD den diqotomeÐ thn gwnÐa D kai ìti ÂDB < ĈDB. 'Estw E ∈ AC
tètoio ¸ste ÂDB = ĈDE.

A

B

D

C
E

Parathr¸ntac ta ìmoia trÐgwna sumperaÐnoume:

4CDE ∼ 4BAD =⇒ AB

EC
=
BD

DC
⇐⇒ AB ·DC = BD · EC (4.22)

4DAE ∼ 4DBC =⇒ AE

BC
=
AD

BD
⇐⇒ AD ·BC = BD · AE (4.23)
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Prosjètontac tic teleutaÐec exis¸seic twn (4.22) kai (4.23) kat� mèlh p�irnoume thn
zhtoÔmenh isìthta

AB ·DC + AD ·BC = BD · EC +BD · AE = BD(EC + AE) = BD · AC.

Je¸rhma 4.4.5. 'Estw ìti
4

ABC èna trÐgwno kai CD eÐnai h di�mesoc apì thn koruf  C.
An a = |BC|, b = |CA|, c = |AB| kai d = |CD|, tìte

a2 + b2 =
c2

2
+ 2d2 (o tÔpoc tou Apoll¸niou)

Apìdeixh. Epeid  h ekf¸nhsh tou Jewr matoc afor� m kh eujÔgrammwn tmhm�twn, ta opoÐa
eÐnai analloÐwta thc eukleÐdeiac gewmetrÐac, arkeÐ na apodeÐxoume to Je¸rhma gia ta shmeÐa
A,B,C,D ∈ R2 me

D = (0, 0) A = (
c

2
, 0), B = (− c

2
, 0), C = (x, y).

Diaforetik� up�rqei isometrÐa tou epipèdou pou apeikonÐzei to arqikì trÐgwno sto trÐgwno
pou epilèxame.

A = (c/2, 0)

B = (−c/2, 0)

c

C=(x, y)

a

b

D=(0,0)
d

PaÐrnoume diadoqik�:

a2 =
(
x+ c

2

)2
+ y2

b2 =
(
x− c

2

)2
+ y2

d2 = x2 + y2

 =⇒ a2 + b2 = 2(x2 + y2) +
c2

2
= 2d2 +

c2

2
.

4.5 Ask seic

4.5.1. Na apodeiqjeÐ ìti ènac afinikìc metasqhmatismìc f(~v) = Av+~a tou R2 eÐnai isometrÐa
an kai mìnon an A ∈ O(2,R).

4.5.2. DeÐxte ìti t : R2 → R2 pou dÐnetai apì ton tÔpo

t(x̄) =

(
1√
2

1√
2

1√
2
− 1√

2

)
x̄+

(
1
−1

)
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eÐnai EukleÐdeioc metasqhmatismìc kai breÐte ton antÐstrofì tou.

4.5.3. Na apodeiqjeÐ ìti h monadik  isometrÐa T : R2 → R2 gia thn opoÐa T (0, 0) = (0, 0),
T (1, 0) = (1, 0) kai T (0, 1) = (0, 1) eÐnai h tautotik  apeikìnish.

4.5.4. Na apodeiqjeÐ ìti h monadik  isometrÐa T : R2 → R2 gia thn opoÐa T (0, 0) = (0, 0),
T (1, 0) = (1, 0) kai T (0, 1) = (0,−1) eÐnai h an�klash wc proc ton �xona Ox.

4.5.5. Na apodeiqjeÐ ìti k�je peristrof  gÔrw apì to (0, 0) eÐnai sÔnjesh dÔo anakl�sewn
wc proc eujeÐec pou dièrqontai apì to (0, 0).

Ap�nthsh: 'Estw Roθ peristrof  kat� gwnÐa θ ∈ (−π, π] gÔrw apì to (0, 0). JewroÔme
tic anakl�seic Re θ1

2

kai Re θ2
2

, ìpou θ1, θ2 ∈ (−π, π]. Stic anakl�seic autèc antistoiqoÔn oi

orjog¸nioi pÐnakec

(
cos θ1 sin θ1

sin θ1 − cos θ1

)
kai

(
cos θ2 sin θ2

sin θ2 − cos θ2

)
.

Sthn isometrÐa Re θ1
2

◦Re θ2
2

antistoiqeÐ o pÐnakac:(
cos θ1 sin θ1

sin θ1 − cos θ1

)(
cos θ2 sin θ2

sin θ2 − cos θ2

)
=

(
cos(θ1 − θ2) − sin(θ1 − θ2)
sin(θ1 − θ2) cos(θ1 − θ2)

)
ParathroÔme ìti o teleutaÐoc pÐnakac eÐnai pÐnakac peristrof c kat� gwnÐa θ1 − θ2.

Sunep¸c, arkeÐ na epilèxoume θ1, θ2 ∈ (−π, π] me θ1 − θ2 = θ + 2kπ, ìpou k ∈ Z. Opìte
Roθ = Ro(θ1−θ2) = Re θ1

2

◦Re θ2
2

.

4.5.6. Na apodeiqjeÐ ìti k�je metafor� sto R2 eÐnai sÔnjesh dÔo anakl�sewn wc proc
eujeÐec pou eÐnai k�jetec sthn dieÔjunsh metafor�c, h mÐa apì tic opoÐec dièrqetai apì to
(0, 0) kai h �llh den dièrqetai apì to (0, 0).

4.5.7. Na apodeiqjeÐ ìti k�je isometrÐa tou epipèdou eÐnai sÔnjesh to polÔ tri¸n anakl�sewn.

Upìdeixh: 'Estw f eÐnai isometrÐa. Tìte f(~v) = C~v+ ~u ìpou C orjog¸nioc pÐnakac. 'Ara,
f = T~u ◦ S, ìpou S(~v) = C~v. DiakrÐnoume tic peript¸seic: det(C) = 1 kai det(C) = −1.

4.5.8. ProsdiorÐste thn eujeÐa an�klashc pou antistoiqeÐ sth sÔnjesh miac peristrof c
gÔrw apì to shmeÐo (0, 0) kai miac an�klashc wc proc thn eujeÐa pou dièrqetai apì to shmeÐo
(0, 0) kai sqhmatÐzei gwnÐa θ ∈ (−π

2
, π

2
] me ton jetikì hmi�xona Ox. DeÐxte ìti h eujeÐa aut 

exart�tai apo thn seir� thc sÔnjeshc.

4.5.9. Na apodeiqjeÐ ìti h an�klash wc proc thn eujeÐa pou dièrqetai apì thn arq  twn
axìnwn kai sqhmatÐzei gwnÐa θ ∈ (−π

2
,−π

2
] me ton jetikì hmi�xona Ox eÐnai sÔnjesh thc

peristrof c kat� gwnÐa −2θ gÔrw apì thn arq  (0, 0) kai an�klashc wc proc ton Ox.

4.5.10. Na apodeiqjeÐ ìti h an�klash wc proc thn eujeÐa pou dièrqetai apì thn arq  twn
axìnwn kai sqhmatÐzei gwnÐa θ ∈ (−π

2
, π

2
] me ton jetikì hmi�xona Ox eÐnai sÔnjesh thc an�k-

lashc wc proc ton Ox kai peristrof c kat� gwnÐa 2θ gÔrw apì thn arq  (0, 0).

4.5.11. Na apodeiqjeÐ ìti h sÔnjesh dÔo anakl�sewn wc proc opoiesd pote dÔo eujeÐec
eÐnai peristrof , ektìc an oi eujeÐec eÐnai par�llhlec opìte h sÔnjesh twn anakl�sewn eÐnai
metafor�.

Upìdeixh: An oi dÔo eujeÐec tèmnontai, tìte mporoÔme na epilèxoume to sÔsthma sun-
tetagmènwn ètsi ¸ste to shmeÐo tom c na eÐnai to (0, 0). An oi dÔo eujeÐec eÐnai par�llhlec,
tìte mporoÔme na epilèxoume to sÔsthma suntetagmènwn ètsi ¸ste h mÐa eujeÐa na eÐnai o
�xonac Ox kai h �llh y = a.



Kef�laio 5

Sfairik  GewmetrÐa

5.1 Orismìc thc sfairik c gewmetrÐac.

JewroÔme ta sÔnola

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

S(2) = {G|S2 : ìpou G : R3 → R3 isometrÐa gia thn opoÐa G(0) = (0)}

Prìtash 5.1.1. To zeÔgoc (S2, S(2)) eÐnai gewmetrÐa.

Apìdeixh. Ja deÐxoumeìti to sÔnolo S(2) apoteleÐtai apì 1-1kai epÐ autoapeikonÐseic thc S2.
'Estw g ∈ S(2) kai p ∈ S2. Tìte g = G|S2 , ìpou G : R3 → R3 isometrÐa gia thn opoÐa

G(0) = (0). Epomènwc

‖g(p)− 0̄‖ = ‖G(p)− 0̄‖ = ‖G(p)−G(0̄)‖ = ‖p− 0̄‖ = 1.

'Ara, g(p) ∈ S2. Sunep¸c g(S2) ⊆ S2.
H g eÐnai 1-1 wc periorismìc thc isometrÐac G sth sfaÐra S2.
Ja deÐxoume ìti g eÐnai epÐ. JewroÔme s ∈ S2. Tìte s = G(G−1(s)). H G−1 eÐnai isometrÐa

gia thn opoÐa G−1(0) = 0. 'Ara G−1(S2) ⊆ S2. Gia p = G−1(s) èqoume p ∈ S2 kai s = G(p).
'Ara, s = g(p).

Epeid  τS2 = τR3|S2 (τX : X → X tautotik  apeikìnish), to ìti to zeÔgoc (S2, S(2)) eÐnai
gewmetrÐa èpetai apì tic parak�tw idiìthtec:

1. An g ∈ S(2), tìte g = G|S2 ìpou G : R3 → R3 isometrÐa gia thn opoÐa G(0̄) = 0̄.
Epomènwc G−1 eÐnai isometrÐa gia thn opoÐa G−1(0̄) = 0̄ 'Ara, g−1 = G−1|S2 .

2. An g, h ∈ S(2), tìte g = G|S2 kai h = H|S2 ìpou G,H : R3 → R3 isometrÐec gia tic
opoÐec G(0̄) = H(0̄) = 0̄. 'Ara, g ◦h = G|S2 ◦H|S2 = (G ◦H) |S2 , ìpou G◦H : R3 → R3

isometrÐa gia thn opoÐa (G ◦H)(0̄) = 0̄.

Orismìc 5.1.2. To zeÔgoc (S2, S(2)) kaleÐtai sfairik  gewmetrÐa.
K�je g ∈ S(2) kaleÐtai sfairikìc metasqhmatismìc.

35
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5.2 Basikèc idiìthtec thc sfaÐrac.

SumbolÐzoume me S(K,R) thn sfaÐra kèntrou K kai aktÐnac R.

• Mia sfaÐra S(K,R) kai èna epÐpedo Π

– den tèmnontai ìtan h apìstash tou K apì to Π eÐnai > R,

– tèmnontai se èna shmeÐo ìtan h apìstash tou K apì to Π eÐnai R,

– tèmnonta kat� ènan kÔklo ìtan h apìstash tou K apì to Π eÐnai < R.

• Oi sfaÐrec S(K1, r) kai S(K2, R) me r < R

– den tèmnontai ìtan K2K1 > R + r   K2K1 < R− r,
– tèmnontai se èna shmeÐo ìtan K2K1 = R + r   K2K1 = R− r,
– tèmnonta kat� ènan kÔklo ìtan R− r < K2K1 < R + r.

5.3 Basik� stoiqeÐa thc sfairik c gewmetrÐac

• EujeÐa (sfairik ) thc (S2, S(2)) eÐnai o k�je mègistoc kÔkloc thc S2 (tom  thc S2 me
epÐpedo pou dièrqetai apì to O = (0, 0, 0)).

• GwnÐa metaxÔ twn sfairik¸n eujei¸n eÐnai to mègejoc se aktÐnia thc k�je dÐedrhc gwnÐac
metaxÔ twn antÐstoiqwn epipèdwn.

Epeid  ta epÐpeda sqhmatÐzoun dÔo zeÔgh Ðswn dÐedrwn gwni¸n (4 dèdrec gwnÐec suno-
lik�), oi gwnÐec metaxÔ twn sfairik¸n eujei¸n eÐnai dÔo: α kai π − α.
Enallaktik�, gwnÐa metaxÔ twn sfairik¸n eujei¸n ` kai m eÐnai h gwnÐa metax  twn
efaptomènwn twn kÔklwn ` kai m sto shmeÐo tom c P .

• Sfairik  apìstash metaxÔ twn shmeÐwn A,B ∈ S2 eÐnai to mègejoc se aktÐnia ekeÐnhc

thc gwnÐac ÂOB, h opoÐa eÐnai ≤ π.

Enallaktik�, h sfairik  apìstash metaxÔ twn shmeÐwn A,B ∈ S2 eÐnai to m koc se
aktÐnia tou mikrìterou apì ta tìxa tou monadikoÔ mègistou kÔklou pou dièrqetai apì
ta shmeÐa aut�.

H mègisth apìstash metaxÔ twn shmeÐwn thc S2 eÐnai π.

• Pìloi kai ishmerinoÐ. Se k�je sfairik  eujeÐa ε antistoiqeÐ monadik  di�metroc dε thc
sfaÐrac pou eÐnai k�jeth sto epÐpedì thc. Ta dÔo shmeÐa tom c thc dε me thn S2 lègontai
pìloi thc ε.

Se k�je shmeÐo N ∈ S2 antistoiqeÐ monadik  sfairik  eujeÐa εN pou eÐnai h tom  thc S2

me to epÐpedo pou dièrqetai apì to O = (0, 0, 0) kai eÐnai k�jeto sthn aktÐna ON . H
eujeÐa εN kaleÐtai ishmerinìc tou N .



5.4. EUKLE�IDEIA AXIWM�ATWN STH SFAIRIK�H GEWMETR�IA. 37

'Eukola apodeiknÔonati oi akìloujec prot�seic.

Prìtash 5.3.1. K�je shmeÐo N apèqei apì k�je shmeÐo P tou ishmerinoÔ εN sfairik 
apìstash π/2.

Prìtash 5.3.2. K�je sfairik  eujeÐa pou dièrqetai apì to shmeÐo N eÐnai k�jeth ston
ishmerinì tou εN .

Prìtash 5.3.3. K�je sfairik  eujeÐa pou eÐnai k�jeth sthn sfairik  eujeÐa ε dièrqetai
kai apì touc dÔo pìlouc thc ε.

5.4 EukleÐdeia axiwm�twn sth sfairik  gewmetrÐa.

1S2 Apì dÔo mh antipodik� shmeÐa A,B ∈ S2 dièrqetai monadik  sfairik  eujeÐa.

Apì dÔo antipodik� shmeÐa A,B ∈ S2 dièrqetai �peirou pl jouc sfairikèc eujeÐec
(�peirou pl jouc “m kh” pou dièrqontai apì touc dÔo pìlouc A kai B).

2S2 Gia k�je shmeÐo A miac sfairik c eujeÐac ` kai gia k�je 0 < ε < π up�rqoun akrib¸c
dÔo shmeÐa M1,M2 ∈ ` me apìstash apì to A Ðsh me ε.

3S2 Gia k�je K ∈ S2 kai gia k�je 0 < α < π, tìte up�rqei monadikìc sfairikìc kÔkloc
S(K,α) sthn sfairik  gewmetrÐa (S2, S(2)) me kèntro K ∈ S2 kai aktÐna α.

O sfairikìc autìc kÔkloc eÐnai h tom  thc S2 me to epÐpedo pou eÐnai k�jeto sthn aktÐna

OK kai dièrqetai apì to shmeÐo T ∈ (OK) gia to opoÐo
−→
OT = cosα ·

−−→
OK. O sfairikìc

kÔkloc (K,α) sumpÐptei me ton sfairikì kÔklo (K ′, π− α), ìpou K ′ antipodikì shmeÐo
tou K. Gia k�je shmeÐo K ∈ S2 o sfairikìc kÔkloc me kèntro K kai aktÐna (π/2) eÐnai
o ishmerinìc εK tou K.

4S2 An èna shmeÐo P ∈ S2 den eÐnai pìloc thc sfairik c eujeÐac ε ⊂ S2, tìte apì to P up�rqei
monadik  sfairik  k�jetoc sthn ε (eÐnai h tom  thc S2 me to epÐpedo pou dièrqetai apì
touc pìlouc thc ε kai to P ).

Apì ènan pìlo P miac sfairik c eujeÐac ε ⊂ S2 dièrqontai �peirou pl jouc sfairikèc
k�jetoi proc thn ε (eÐnai to sÔnolo twn sfairik¸n eujei¸n pou perièqoun kai touc dÔo
pìlouc thc ε).

5S2 Opoiesd pote dÔo sfairikèc eujeÐec tèmnontai se dÔo antipodik� shmeÐa (den up�rqon
par�llhlec eujeÐec sthn sfairik  gewmetrÐa).
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5.5 Sfairikèc isometrÐec.

Prìtash 5.5.1. H apeikìnish dS2 : S2 × S2 → [0,∞), h opoÐa se opoiad pote dÔo shmeÐa
thc sfaÐrac S2 antistoiqeÐ thn sfairik  apìstash eÐnai metrik .

Apìdeixh. ArkeÐ na deÐxoume ìti h dS2 ikanopoieÐ ta trÐa axi¸mata thc metrik c.

(i) dS2(A,B) = 0⇐⇒ A = B

(ii) dS2(A,B) = dS2(B,A) gia k�je A,B ∈ S2.

(iii) 'Estw A,B,C ∈ S2. ArkeÐ na deÐxoume ìti ÂOC ≤ ÂOB + B̂OC.

'Estw ìti A,B,C an koun se mègisto kÔklo. An B an kei sto tìxo tou mègistou kÔklou

me �kra ta shmeÐa A kai C pou eÐnai ≤ π, tìte ÂOC = ÂOB + B̂OC. An B an kei sto tìxo

tou mègistou kÔklou me �kra ta shmeÐa A kai C pou eÐnai > π, tìte ÂOB+B̂OC > π ≥ ÂOC.
'Estw ìti A,B,C den an koun se mègisto kÔklo. jewroÔme to tetr�edro OABC. EÐnai

gnwstì ìti se mi� trÐedrh gwnÐa pou antistoiqeÐ se hmieujeÐec [OA), [OB) kai [OC) oi gwnÐa
metaxÔ opoiond pote apì tic dÔo hmieujeÐec eÐnai mikrìterh apì to �jroisma metaxÔ twn dÔo

�llwn. 'Ara, ÂOC < ÂOB + B̂OC.

Orismìc 5.5.2. Sfairik  isometrÐa kaleÐtai k�je apeikìnish g : S2 → S2 pou diathreÐ thn
sfairik  apìstash metaxÔ twn shmeÐwn thc S2, dhlad 

dS2(p, q) = dS2(g(p), g(q)),∀p,∀q ∈ S2.

ApodeiknÔetai eÔkola ìti:

• K�je sfairik  isometrÐa diathreÐ thn EukleÐdeia apìstash metaxÔ twn shmeÐwn thc
sfaÐrac S2.

• K�je g ∈ S(2) eÐnai sfairik  isometrÐa.

• K�je sfairik  isometrÐa eÐnai eÐnai 1-1 kai epÐ.

• To sÔnolo ìlwn twn sfairik¸n isometri¸n me thn praxh sÔnjeshc apeikonÐsewn eÐnai
om�da.

Prìtash 5.5.3. K�je sfairik  isometrÐa apeikonÐzei tic sfairikèc eujeÐec se sfairikèc
eujeÐec.

Apìdeixh. 'Estw g sfairik  isometrÐa. Tìte g eÐnai isometrÐa tou metrikoÔ q¸rou (S2, dS2)
epÐ tou eautoÔ tou. 'Ara, h apeikìnish g eÐnai omoiomorfismìc.

JewroÔme mia sfairik  eujeÐa `. 'Estw K eÐnai ènac pìloc thc `. Tìte h ` sumpÐptei me ton
sfairikì kÔklo S(K, π

2
). 'Estw x ∈ `. Epeid  h g eÐnai isometrÐa, èpetai ìti dS2(g(x), g(K)) =

dS2(K, x) = π
2
. 'Ara, g(x) ∈ S(g(K), π

2
), ìpou S(g(K), π

2
) eÐnai sfairikìc kÔkloc kèntrou

g(K) kai aktÐnac π
2
. Epomènwc S(g(K), π

2
) eÐnai ishmerinìc tou g(K). 'Ara, S(g(K), π

2
) eÐnai

mègistoc kÔkloc pou perièqei thn omoiomorfik  eikìna g(`) tou mègistou kÔklou `. Epeid 
kanènac kÔkloc den mporeÐ na perièqei gn sio uposÔnolo omoiomorfikì me kÔklo, èpetai ìti
g(`) = S(g(K), π

2
). Dhlad  g(`) eÐnai mègistoc kÔkloc.
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Ja deÐxoume ìti k�je sfairik  isometrÐa an kei sto sÔnolo S(2).

Prìtash 5.5.4. An mia sfairik  isometrÐa f : S2 → S2 af nei stajera trÐa shmeÐa
P,Q,R ∈ S2 pou den an koun se kanèna mègisto kÔklo, tìte f eÐnai tautotik  (f ≡ τS2).

Apìdeixh. 'Estw M ∈ S2 \ {P,Q,R}. ArkeÐ na deÐxoume ìti f(M) = M .
'Estw ìti rP = PM , rQ = QM , rR = RM . Epeid  h f diathreÐ kai thn EukleÐdeia

apìstash metax  twn shmeÐwn thc sfaÐrac kai af nei stajer� ta P,Q,R, sumperaÐnoume ìti
M, f(M) ∈ S(P, rP ) ∩ S(Q, rQ) ∩ S(R, rR) ∩ S2.

'Arkei na deÐxoume ìti S(P, rP ) ∩ S(Q, rQ) ∩ S(R, rR) ∩ S2 apoteleÐtai apì èna shmeÐo,
opìte M = f(M). An M eÐnai antidiametrikì tou P wc proc S2(  tou Q,   tou R), tìte
S(P, rP ) ∩ S2 apoteleÐtai apì èna shmeÐo.

'Estw ìti M den eÐnai antidiametrikì kanenìc apì ta P,Q,R, tìte oi arijmoÐ rP , rQ, rR
eÐnai mikrìteroi apì thn di�metro thc S2, epomènwc oi sfaÐrec S(P, rP ), S(Q, rQ), S(R, rR)
tèmnoun th sfaÐra S2 kÔklouc CP , CQ, CR, antÐstoiqa. 'Ara,

S(P, rP ) ∩ S(Q, rQ) ∩ S(R, rR) ∩ S2 = CP ∩ CQ ∩ CR.

Ac upojèsoume ìti CP ∩CQ∩CR perièqei dÔo shmeÐa M1 kai M2. Tìte M1M2 eÐnai qord 

kai ton tri¸n kÔklwn CP , CQ, CR. 'Ara,
−−−−→
M1M2 eÐnai par�llhlo sta epÐpeda kai twn tri¸n

kÔklwn CP , CQ, CR. 'Omwc
−→
OP ,

−→
OQ,

−→
OR eÐnai k�jeta sta epÐpeda twn kÔklwn CP , CQ,

CR, antÐstoiqa. 'Ara,
−→
OP ,

−→
OQ,

−→
OR eÐnai k�jeta sto Ðdio di�nusma

−−−−→
M1M2. 'Estw Π eÐnai to

epÐpedo pou dièrqetai apì to O kai eÐnai k�jeto sto
−−−−→
M1M2. Tìte P,Q,R ∈ Π. 'Ara, P,Q,R

an koun ston mègisto kÔklo Π ∩ S2, pou eÐnai �topo.

Prìtash 5.5.5. K�je sfairik  isometrÐa orÐzetai monos manta apì eikìnec trei¸n shmeÐwn
pou den an koun se kanèna mègisto kÔklo.

Apìdeixh. 'Estw ìti g, t : S2 → S2 diathroÔn thn sfairik  apìstash kai apeikonÐzoun ta
shmeÐa P,Q,R ∈ S2 pou den an koun se kanèna mègisto kÔklo thc S2 sta shmeÐa P ′, Q′, R′ ∈
S2, antÐstoiqa. Tìte h g−1 ◦ t diathreÐ thn sfairik  apìstash kai af nei ta P,Q,R stajer�.
'Ara, g−1 ◦ t = τS2 . Sunep¸c g = t.

Parajètoume qwrÐc apìdeixh èna basikì je¸rhma thc EukleÐdeiac GewmetrÐac tou R3:

Je¸rhma 5.5.6. An P1, P2, P3, P4 kai P ′1, P
′
2, P

′
3, P

′
4 eÐnai tetr�dec mh sunepÐpedwn kai an�

trÐa mh suneujeiak¸n shmeÐwn tou R3 me PiPj = P ′iP
′
j gia opoiad pote i, j ∈ {1, 2, 3, 4}, tìte

up�rqei monadik  isometrÐa f : R2 → R2 me me f(Pi) = P ′i gia k�je i ∈ {1, 2, 3, 4}.

Prìtash 5.5.7. An g : S2 → S2 eÐnai sfairik  isometrÐa, tìte g ∈ S(2).

Apìdeixh. 'Estw ìti trÐa shmeÐa P,Q,R ∈ S2 den an koun se kanèna mègisto kÔklo kai
g(P ) = P ′, g(Q) = Q′, g(R) = R′. Tìte ta shmeÐa P ′, Q′, R′ ∈ S2 den an koun se kanèna
mègisto kÔklo. Epomènwc ta shmeÐa O,P,Q,R eÐnai mh sunepÐpeda kai ta shmeÐa O,P ′, Q′, R′

eÐnai mh sunepÐpeda. Epeid  g diathreÐ thc sfairikèc apost�seic metax  twn shmeÐwn thc S2,
h g diathreÐ kai tic EukleÐdeiec apost�seic metaxÔ twn shmeÐwn (sta Ðsa tìxa enìc kÔklou
antistoiqoÔn Ðsec qordec). Epomènwc PQ = P ′Q′, QR = Q′R, RP = R′P ′.
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'Eqoume epÐshc PO = P ′O = 1, QO = Q′O = 1, RO = R′O = 1.
Sunep¸c up�rqei monadik  isometrÐa G : R3 → R3 h opoÐa apeikonÐzei ta mh sunepÐpeda

shmeÐa O,P,Q,R sta mh sunepÐpeda shmeÐa O,P ′, Q′, R′, antÐstoiqa.
Gia thn G èqoume ìti G(O) = O, �ra G

∣∣
S2∈ S(2),

G
∣∣
S2(P ) = P ′, G

∣∣
S2(Q) = Q′, G

∣∣
S2(R) = R′.

Epeid  k�je sfairik  isometrÐa thc S2 orÐzetai monos manta apì eikìnec tri¸n shmeÐwn
pou den an koun se kanèna mègisto kÔklo, prokÔptei ìti G

∣∣
S2= g. 'Ara, g ∈ S(2).

Epeid  k�je stoiqeÐo thc om�dac S(2) eÐnai sfairik  isometrÐa, apì thn Prìtash 5.5.7
èpetai to akìloujo pìrisma.

Pìrisma 5.5.8. To sÔnolo S(2) apoteleÐtai apì ìlec thc sfairikèc isometrÐec.

5.6 Sfairikèc eujeÐec wc el�qistec diadromèc.

An kat� m koc enìc tìxou τ(A,B) pou en¸nei dÔo shmeÐa A kai B miac epif�neiac to
di�nusma gewdaisiak c kampulìthtac (di�nusma kampulìthtac thc probol c tou tìxou sto
efaptìmeno epÐpedo) mhdenÐzetai, tìte to tìxo τ(A,B) èqei to mikrìtero m koc apì ìla ta
tìxa pou en¸noun to A kai B. Oi kampÔlec twn epifanei¸n kat� m koc twn opoÐwn to di�nusma
gewdaisiak c kampulìthtac mhdenÐzetai kaloÔntai gewdaisiakèc grammèc. Oi gewdaisiakèc
grammèc thc sfaÐrac eÐnai oi mègistoi kÔkloi. Epomènwc h sfairikèc eujeÐec eÐnai diadromèc
el�qistou m kouc, ìpwc sthn EukleÐdeia GewmetrÐa eÐnai oi eujeÐec.

Prìtash 5.6.1. 'Estw A kai B dÔo shmeÐa miac sfaÐrac kai
_

AB eÐnai to mikrìtero tìxo
tou mègistou kÔklou pou dièrqetai apì ta A kai B.

Apì ìla ta diforÐsima tìxa thc sfaÐrac me �kra A kai B, to
_

AB èqei to mikrìtero m koc.

Apìdeixh. SumbolÐzoume to m koc enìc tìxou τ me `(τ). 'Estw τ èna diforÐsimo tìxo thc

sfaÐrac me �kra A kai B. Ac upojèsoume ìti A kai B den eÐnai antidiametrik�, opìte `(
_

AB) <
π. Epilègoume èna orjog¸nio sÔsthma suntetagmènwn Oxyz ètsi ¸ste to Oxz-epÐpedo na
eÐnai to epÐpedo pou perièqei to mègisto kÔklo C pou dièrqetai apì ta A kai B kai orÐzoume ton
�xona Oz dialègontac ta shmeÐa N = (0, 0, 1) kai S = (0, 0,−1) p�nw sto C na mhn an koun

sthn tom  τ ∩C kai ta shmeÐa A kai B na an koun sto Ðdio hmikÔklio
_

NS (apodeiknÔetai ìti

an autì den gÐnetai, tìte `(τ) ≥ π > `(
_

AB).)
H sfaÐra qwrÐc touc pìlouc N kai S èqei dianusmatik  exÐswsh

~r(ϕ, θ) = (r cosφ sin θ, r sinφ sin θ, r cos θ), 0 ≤ φ < 2π, 0 < θ < π,

ìpou gia èna shmeÐoM thc sfaÐrac diaforetikì apì ta N kai S, φ eÐnai h gwnÐa −→e 1 = (1, 0, 0)

proc to
−→
M ′ pou eÐnai h tom  tou mègistou kÔklou apì ta M kai N me to Oxy kai pou eÐnai h

tom  tou mègistou kÔklou apì ta M kai N me to Oxy kai θ h gwnÐa metaxÔ twn
−→
N kai

To τ èqei dianusmatik  exÐswsh: −→r (t) = (r cosφ(t) sin θ(t), r sinφ(t) sin θ(t), r cos θ(t)),

t ∈ [0, 1], ìpou −→r (0) = −→r (φ(0), θ(0)) =
−→
A kai −→r (0) = −→r (φ(1), θ(1)) =

−→
B , φ(0) = φ(1) = 0.
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Upojètoume ìti θ(1) > θ(0). Opìte `(
_

AB) = r(θ(1)− θ(0)). Epomènwc
−→r ′2(t) =

(
−r sinφ(t) sin θ(t)φ′(t) + r cosφ(t) cos θ(t)θ′(t)

)2
+

+
(
r cosφ(t) sin θ(t)φ′(t) + r sinφ(t) cos θ(t)θ′(t)

)2
+
(
−r sin θ(t)θ′(t)

)2
.

'Ara,

`(τ) =

∫ 1

0

|~r ′(t)|dt =

∫ 1

0

r
√

sin2 θ(t)φ′2(t) + cos2 θ(t)θ′2(t) + sin2 θ(t)θ′2(t)dt =

=

∫ 1

0

r
√

sin2 θ(t)φ′2(t) + θ′2(t)dt ≥
∫ 1

0

r
√
θ′2(t)dt =

∫ 1

0

r|θ′(t)|dt ≥ r

∫ 1

0

θ′(t)dt =

= r(θ(1)− θ(0)) = `(
_

AB).

An A kai B eÐnai antidiametrik�, tìte up�rqoun tìxa τ1 =
_

AC kai τ2 =
_

CB, tètoia ¸ste
τ = τ1∪τ2, ìpou C an kei se k�poio mègisto kÔklo pou dièrqetai apì ta A kai B. Tìte A kai
C den eÐnai antidiametrik� kai C kai B Den eÐnai antidiametrik�. Opìte `(τ) = `(τ1) + `(τ2) ≥
`(

_

AC) + `(
_

CB) ≥ `(
_

AB).

5.7 Embada sqhm�twn sth sfairik  gewmetrÐa.

To embadìn thc sfaÐrac isoÔtai me to embadìn thc epif�neiac kuklikoÔ kulÐndrou diamètrou
kai Ôyouc Ðsou me th di�metro thc sfaÐrac, an exairejoÔn oi b�seic, ìpwc apèdeixe o Arqim dhc
p�nw apì 2200 qrìnia prin qwrÐc th qr sh tou logismoÔ.

Epomènwc to embadìn thc sfaÐrac aktÐnac r isoÔtai me 2πr · 2r = 4πr2 (embado twn 4
mègistwn kÔklwn) kai, �ra, to embadìn thc thc monadiaÐac sfaÐrac S2 eÐnai 4π.

SumfwnoÔme ìti an�mesa sta sq mata thc S2 up�rqoun sq mata me metr sima embad� kai
ta lème metr sima sq mata. Se k�je metr simo sq ma Σ mporeÐ na antstoiqhjeÐ ènac jetikìc
arijmìc E(Σ) ètsi ¸ste na ikanopoioÔntai oi ex c idiìthtec (axi¸mata):

(i) 'Isa metr sima sq mata èqoun ton Ðdio embadìn.

(ii) E(S2) = 4π

(iii) An èna metr simo sq ma Σ eÐnai ènwsh arijm simou pl jouc sq m�twn Σi, i ∈ N′ ⊆ N,
pou den epikalÔptontai (den èqoun koin� eswterik� shmeÐa), tìte E(Σ) =

∑
i∈N′

E(Σi).

5.7.1 Embadìn dig¸nou.

'Estw ìti dÔo sfairikèc eujeÐec ` kai m tèmnontai sta dÔo antidiametrik� shmeÐa P kai
P ′ kai sqhmatÐzoun gwnÐec α kai π − α. Oi ` kai m qwrÐzoun thn S2 se 4 “fètec”, kajemi�
apì autèc kaleÐtai dÐgwno (  �traktoc) kai antistoiqeÐ se k�poia apì tic 4 dÐedrec gwnÐec
twn epipèdwn thc ` kai thc m. K�je dÐgwno periorÐzetai apì dÔo hmikÔklia pou kaloÔntai
pleurèc tou dig¸nou, ta shmeÐa P kai P ′ kaloÔntai korufèc tou dig¸nou. To mègejoc tou
dig¸nou eÐnai to mègejoc se aktÐnia thc antÐstoiqhc dÐedrhc gwnÐac. IsodÔnama, to mègejoc
tou dig¸nou eÐnai to mègejoc se aktÐnia thc gwnÐac metaxÔ twn efaptomènwn sta hmikÔklia
sto shmeÐo P . 'Ara, dÔo gwnÐec eÐnai Ðsec me α ∈ (0, π) kai dÔo me π − α.
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P

P ′

Sq ma 5.1: 'Atraktoc   dÐgwno.

Epeid  k�je sfairik  isometrÐa eÐnai periorismìc sth sfaÐra S2 miac isometrÐac tou R3

kai to mègejoc miac dÐedrhc gwnÐac eÐnai analloÐwto stic isometrÐec tou R3, sunep�getai h
akìloujh Prìtash.

Prìtash 5.7.1. To mègejoc enìc dig¸nou eÐnai analloÐwto stic sfairikèc isometrÐec.

Prìtash 5.7.2. To embadìn Eα tou dig¸nou mègejouc α thc S2 isoÔtai me 2α.

Apìdeixh. Eα =
E(S2)

2π
· α =

4π

2π
· α = 2α.

ShmeÐwsh 5.7.3. To embadìn tou dig¸nou mègejouc α miac sfaÐrac aktÐnac r eÐnai 2αr2.

5.7.2 Embadìn sfairikoÔ trig¸nou.

Gia opoiad pote dÔo shmeÐa A,B ∈ S2 sumbolÐzoume me
©

AOB th monadik  sfairik  eujeÐa
(ton mègisto kluklo) pou dièrqetai apì ta A kai B.

'Ena sfairikì trÐgwno orÐzetai apì trÐa shmeÐa A, B, C (korufèc tou trig¸nou) thc sfaÐ-
rac pou den brÐskontai ston Ðdio mègisto kÔklo kai apì ta trÐa tìxa (pleurèc tou trig¸nou)
_

AB,
_

BC,
_

CA el�qistou m kouc. To sfairikì trÐgwno 4ABC eÐnai h perioq  thc S2 pou pe-

riorÐzetai apì thn kampÔlh
_

AB ∪
_

BC ∪
_

CA kai perièqetai se k�poio dÐgwno pou orÐzetai apì

touc mègistouc kÔklouc
©

AOB kai
©

BOC (Sq ma 5.2). SumbolÐzoume me Â, B̂, Ĉ ta megèjh
twn dig¸nwn me korufèc A, B, C, antÐsoiqa, pou perièqoun to sfairikì trÐgwno 4ABC.

Je¸rhma 5.7.3. To embadìn enìc sfairikoÔ trig¸nou 4ABC upologÐzetai apì ton tÔpo

E(4ABC) = Â+ B̂ + Ĉ − π.

Apìdeixh. 'Estw ìti ta shmeÐa antidiametrik� twn A,B,C eÐnai ta A′, B′, C ′, antÐstoiqa. Tìte
AB = A′B′, BC = B′C ′ kai AC = A′C ′. Epeid  ta shmeÐa A,B,C den an koun se kanèna
mègisto kÔklo, up�rqei sfairik  isometrÐa g ∈ S(2) pou apeikonÐzei to sfairikì trÐgwno
ABC sto anidiametrkì tou sfairikì trÐgwno A′B′C ′. 'Ara, E(ABC) = E(A′B′C ′), diìti Ðsa
sq mata èqoun Ðsa embad�.

Apì ta epÐpeda twn tri¸n sfairik¸n eujei¸n (AB), (BC) kai (AC) orÐzontai 12 dÐgwna
(4 apì tic ta epÐpeda twn (AB) kai (BC), 4 apì tic ta epÐpeda twn (AB) kai (AC), 4 apì tic
ta epÐpeda twn (AC) kai (BC)).
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A

B
C

C′ B′

A′

∆′A

∆B

∆C′

∆A

∆B′

∆C

Sq ma 5.2: To sfairikì trÐgwno 4ABC

'Estw ìti ∆A, ∆B kai ∆C eÐnai ekeÐna apì ta 12 dÐgwna pou perièqoun perièqoun to
sfairikì trÐgwno 4ABC kai èqoun wc korufèc ta shmeÐa A,B,C, antÐstoiqa.

'Estw ìti ∆A′ , ∆B′ kai ∆C′ eÐnai ekeÐna apì ta 12 dÐgwna pou perièqoun perièqoun to
sfairikì trÐgwno 4A′B′C ′ kai èqoun wc korufèc ta shmeÐa A′, B′, C ′, antÐstoiqa.

K�je shmeÐo thc sfaÐrac pou den an kei sta sfairik� trÐgwna4ABC kai4A′B′C ′ an kei
mìno se èna apì ta dÐgwna ∆A, ∆B, ∆C , ∆A′ , ∆B′ , ∆C′ .

Epeid  4ABC = ∆A ∩∆B ∩∆C kai 4A′B′C ′ = ∆A′ ∩∆B′ ∩∆C′ , èpetai ìti

4π = E(∆A′) + E(∆B′) + E(∆C′) + E(∆A′) + E(∆B′) + E(∆C′)−
− 2E(4ABC)− 2E(4A′B′C ′) =

= 2Â+ 2B̂ + 2Ĉ + 2Â+ 2B̂ + 2Ĉ − 4E(4ABC)

=⇒ E(4ABC) = Â+ B̂ + Ĉ − π.

Pìrisma 5.7.4. To �jroisma twn gwni¸n enìc sfairikoÔ trig¸nou eÐnai > π.

Pìrisma 5.7.5. DÔo ìmoia sfairik� trÐgwna (trÐgwna pou èqoun tic gwnÐec Ðsec mia proc
mÐa) èqoun to Ðdio embadìn.

5.8 Sfairik  trigwnometrÐa.

'Estw 4ABC sfairikì trÐgwno thc monadiaÐac sfaÐrac S2 sto opoÐo oi pleurèc
_

BC,
_

AC

kai
_

AB eÐnai Ðsec me a = B̂OC, b = ÂOC kai c = ÂOB, antÐstoiqa.

Prìtash 5.8.1. An A kai B dÔo shmeÐa thc sfaÐrac S2 me kartesianèc suntetagmènec
(xA, yA, zA) kai (xB, yB, zB), antÐstoiqa, tìte h sfairik  apìstash d metaxÔ twn A kai B
dÐnetai apì ton tÔpo

cos d = xAxB + yAyB + zAzB.

Prìtash 5.8.2. K�je sfairikì trÐgwno eggrafetai se sfairikì kÔklo.

Apìdeixh. Oi treÐc korufèc tou sfairikoÔ trig¸nou ABC orÐzoun monos manta èna epÐpedo π
pou tic perièqei. To epÐpedo π tèmnei th sfaÐra kat� ènan kÔklo K. H korufèc tou sfairikoÔ
trig¸ou ABC an koun ston kÔklo K.
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Pujagìreio Je¸rhma sto sfairikì trÐgwno: An to sfairikì trÐgwno 4ABC
eÐnai orjog¸nio me orj  th gwnÐa Ĉ, tìte cos c = cos a cos b.

Apìdeixh. Epeid  Ĉ = π/2, mporoÔme na epilèxoume èna orjog¸nio sÔsthma suntetagmènwn
Oxyz ètsi ¸ste C = (0, 0, 1), toOxz- epÐpedo na eÐnai to epÐpedo twn shmeÐwnO,C,A kaiOyz-
epÐpedo na eÐnai to epÐpedo twn shmeÐwn O,C,B. Tìte A = (xA, 0, zA) kai B = (0, yB, zB).

Epeid  ta dianÔsmata
−→
A,
−→
B ,
−→
C eÐnai monadiaÐa, èpetai ìti

cos a = cos B̂OC =
−→
B ·
−→
C = zB

cos b = cos ÂOC =
−→
A ·
−→
C = zA

cos c = cos ÂOB =
−→
A ·
−→
B = zAzB

'Ara, cos c = cos a cos b.

Parat rhsh 5.8.3. Apì th seir� Taylor tou sunhmitìnou èqoume:

cos a = 1− a2

2
+
a4

4!
− . . . ,

cos b = 1− b2

2
+
b4

4!
− . . . ,

cos c = 1− c2

2
+
c4

4!
− . . . .

Opìte, cos c ≈ 1− c
2

2
. BrÐskontac to ginìmeno kata Cauchy twn pr¸twn duo seir¸n pèrnoume

cos a cos b = 1 +

(
−a

2

2
− b2

2

)
+ · · · ≈ 1− b2

2
− a2

2
= 1− a2 + b2

2
.

Sunep¸c a2 + b2 ≈ c2.

Je¸rhma 5.8.4. (Tri¸n kajètwn thc EukleÐdeiac gewmetrÐac.)
'Estw Π èna epÐpedo tou q¸rou, A èna shmeÐo tou q¸rou pou den an kei sto Π kai Aπ h

orjog¸nia probol  tou A sto Π kai L ∈ Π \ {Aπ}.
Mia eujeÐa ` tou Π pou dièrqetai apì to L eÐnai k�jeth sthn (LA) an kai mìnon an ` eÐnai

k�jeth sthn LAπ.

Nìmoc twn hmitìnwn sto sfairikì trÐgwno:
sin Â

sin a
=

sin B̂

sin b
=

sin Ĉ

sin c

Apìdeixh. 'Estw ìti H eÐnai h probol  tou A sto epÐpedo BOC.
Ac upojèsoume ìti H 6∈ (OB) kai H 6∈ (OC). 'Estw ìti L eÐnai h probol  tou A sto

OB kai M eÐnai h probol  tou A sto OC. Tìte AL = OA sin ÂOB = sin c kai AM =

OA sin ÂOC = sin b. Apì to je¸rhma tri¸n kajètwn: HL ⊥ OB kai HM ⊥ OC.

'Ara, ĤLA = B̂ kai ĤMA = Ĉ. Epomènwc

HA = AL sin B̂ = sin c sin B̂ kai HA = AM sin Ĉ = sin b sin Ĉ.
'Ara, sin c sin B̂ = sin b sin Ĉ, dhlad  sin B̂

sin b
= sin Ĉ

sin c
.

Sthn perÐptwsh pou H ∈ (OB)   H ∈ (OC) h apìdeixh eÐnai ìmoia.

'Omoia apodeknÔetai ìti sin Â
sin a

= sin B̂
sin b

.
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Nìmoc twn sunhmitìnwn gia tic pleurèc tou sfairikoÔ trig¸nou:

cos a = cos b cos c+ sin b sin c cos Â

Nìmoc twn sunhmitìnwn gia tic gwnÐec tou sfairikoÔ trig¸nou:

cos Â = sin B̂ sin Ĉ cos a− cos B̂ cos Ĉ

5.9 Isìthta sfairik¸n trig¸nwn.

DÔo sfairik� trÐgwna4ABC kai4A′B′C ′ kaloÔntai Ðsa ìtan up�rqei sfairik  isometrÐa
g ∈ S(2) me g(4ABC) = 4A′B′C ′,

Je¸rhma 5.9.1. Ta ìmoia sfairik� trÐgwna eÐnai Ðsa.

Apìdeixh. 'Estw ìti 4ABC kai 4A′B′C ′ eÐnai dÔo sfairik� trÐgwna sta opoÐa

Â = Â′, B̂ = B̂′, Ĉ = Ĉ ′.

Apì ton nìmo twn sunhmitìnwn gia tic gwnÐec tou sfairikoÔ trig¸nou prokÔptei ìti a = a′,

b = b′ kai c = c′. 'Ara,
_

AB =
_

A′B′,
_

BC =
_

B′C ′ kai
_

AC =
_

A′C ′. Apì thn Prìtash 5.5.5
up�rqei monadik  sfairik  isometrÐa g : S2 → S2 gia thn opoÐa g(A′) = A, g(B′) = B kai
g(C ′) = C.

ShmeÐwsh 5.9.2. ApodeiknÔetai ìti ektìc apì to krit rio isìthtac ΓΓΓ pou apodeÐqjhke
parap�nw, krit ria isìthtac sfairik¸n trig¸nwn eÐnai kai ta ΠΠΠ, ΠΓΠ kai ΓΠΓ, pou isqÔoun
kai sthn EukleÐdeia GewmetrÐa. Den eÐnai krit ria isìthtac ta ΓΓΠ kai ΠΠΓ.

5.10 Stereografik  probol .

JewroÔme thn monadiaÐa sfaÐra S2 : x2 + y2 + z2 = 1. Jètoume N = (0, 0, 1).
Stereografik  probol  eÐnai mia 1-1 kai epÐ apeikìnish p : S2 \ N → R2 pou orÐzetai wc

ex c: se k�je A ∈ S2 \ N antistoiqoÔme to shmeÐo p(A) = A∗, pou eÐnai h tom  thc eujeÐac
(NA) me to Oxy-epÐpedo.

OrÐzontac p(N) =∞, paÐrnoume apeikìnish thc sfaÐrac sto ektetamèno epÐpedo R2∪{∞}.
Gia k�je eujeÐa ε tou R2 to sÔnolo ε ∪ {∞} kaleÐtai ektetamènh eujeÐa.

Je¸rhma 5.10.1. 'Estw p : S2 \ {(0, 0, 1)} → R2 h stereografik  probol . Tìte

p(x, y, z) =

(
x

1− z
,

y

1− z

)
, gia k�je (x, y, z) ∈ S2 \ {(0, 0, 1)}

p−1(x∗, y∗) =

(
2x∗

x∗2 + y∗2 + 1
,

2y∗

x∗2 + y∗2 + 1
,
x∗2 + y∗2 − 1

x∗2 + y∗2 + 1

)
, gia k�je (x∗, y∗) ∈ R2
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Apìdeixh. H eujeÐa εA pou dièrqetai apì ta shmeÐa N = (0, 0, 1) kai A = (x, y, z) ∈ S2 \ {N}
èqei dianusmatik  exÐswsh :

r(t) = (xt, yt, 1 + (z − 1)t), t ∈ R.

'Estw A∗ = p(A). Tìte A∗ = εA ∩ Oxy = (x∗, y∗, 0). 'Ara, A∗ antistoiqeÐ sto t∗ gia to
opoÐo 1 + (z − 1)t∗ = 0. Sunep¸c t∗ = 1

1−z kai r(t∗) =
(

x
1−z ,

y
1−z , 0

)
, dhlad  p(x, y, z) =(

x
1−z ,

y
1−z

)
.

H eujeÐa εA∗ pou dièrqetai apì to N = (0, 0, 1) kai A∗ = (x∗, y∗, 0) ∈ Oxy èqei dianus-
matik  exÐswsh:

r∗(t) = (x∗t, y∗t, 1− t), t ∈ R.

'Estw A = p−1(A∗). Tìte A = εA∗ ∩ S2 \ {N} = (x, y, z) me x2 + y2 + z2 = 1. Epomènwc
A antistoiqeÐ sto tA 6= 0 gia to opoÐo (x∗tA)2 + (y∗tA)2 + (1− tA)2 = 1. 'Ara, tA = 2

x∗2+y∗2+1
.

Sunep¸c p−1(x∗, y∗) = r∗(tA) =
(

2x∗

x∗2+y∗2+1
, 2y∗

x∗2+y∗2+1
, x
∗2+y∗2−1
x∗2+y∗2+1

)
.

Pìrisma 5.10.2. H stereografik  probol  p : S2 \ {(0, 0, 1)} → R2 eÐnai omoiomorfismìc.

Apìdeixh. Apì ton orismì thc p kai apì to Je¸rhma 5.10.1 sunep�getai ìti h p eÐnai 1-1, epÐ
kai suneq c, kai ìti p−1 eÐnai suneq c. 'Ara, h p eÐnai omoiomorfismìc.

L mma 5.10.1. 'Estw ìti mia kampÔlh C tou R2 kai mia epif�neia S tou R3 orÐzontai apì tic
leÐec parametrikopoi seic β : I → R2 (I anoikto di�sthma tou R) kai r : R2 → S, antÐstoiqa.

An ε eÐnai h efaptomènh thc C sto shmeÐo A, tìte oi kampÔlec r(C) kai r(ε) èqoun koin 
efaptomènh sto r(A).

Apìdeixh. 'Estw ìti ~β(t) = (x(t), y(t)) kai ~r(x, y) = (f(x, y), g(x, y), h(x, y)).
H efaptomènh ε thc C sto A = β(t0) = (x0, y0) èqei exÐswsh

ε : ~γ(t) = (x(t0) + x′(t0)t, y(t0) + y′(t0)t) = (x1(t), x2(t)) =⇒

~γ ′(t) = (x′(t0), y′(t0)) = (x′1(t), x′2(t)), ∀t ∈ I.

To efaptìmeno di�nusma sto r(A) thc r(C) = r(β(t)) = r(x(t), y(t)) eÐnai to

~τ1 = ~rx(x0, y0)x′(t0) + ~ry(x0, y0)y′(t0).

To efaptìmeno di�nusma sto r(A) thc r(ε) = r(γ(t)) = r(x1(t), y1(t)) eÐnai to

~τ2 = ~rx(x0, y0)x′1(t0) + ~ry(x0, y0)x′2(t0) = ~rx(x0, y0)x′(t0) + ~ry(x0, y0)y′(t0) = τ1.

'Ara, oi kampÔlec r(C) kai r(ε) èqoun koin  efaptomènh sto r(A).

Je¸rhma 5.10.4. H stereografik  probol  p : S2 \ {(0, 0, 1)} → R2 diathreÐ thc gwnÐec
metaxÔ twn kampul¸n.
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Apìdeixh. 'Estw ìti A eÐnai koinì shmeÐo twn kampul¸n C1 kai C2 thc S2.
H gwnÐa metaxÔ twn kampul¸n p(C1) kai p(C2) tou R2 sto koinì shmeÐo p(A) = (xA, yA, 0)

eÐnai h gwnÐa metaxÔ twn efaptomènwn touc ε1 kai ε2 sto shmeÐo p(A), antÐsoiqa. Epeid ,

(i) oi kampÔlec p−1(ε1) kai C1 èqoun koin  efaptomènh sto A,
(ii) oi kampÔlec p−1(ε2) kai C2 èqoun koin  efaptomènh sto A.

arkeÐ na deÐxoume ìti oi efaptomènec twn p−1(ε1) kai p−1(ε2) sto koinì shmeÐo A sqhmatÐzoun
thn Ðdia gwnÐa me thn gwnÐa metaxÔ twn ε1 kai ε2.

Jewroume tic dianusmatikèc exis¸seic twn ε1 kai ε2 sto R2:

ε1 : ~r1(t) = (xA + a1t, yA + a2t), a
2
1 + a2

2 = 1

ε2 : ~r2(t) = (xA + b1t, yA + b2t), b
2
1 + b2

2 = 1

Epeid  ~a = (a1, a2) ‖ ε1 kai ~b = (b1, b2) ‖ εb, gia mia apì tic gwnÐec θ metaxÔ twn ε1 kai ε2

èqoume:

cos θ =
~a ·~b
√
~a2
√
~b2

= a1b1 + a2b2.

GnwrÐzoume ìti h antÐstrofh apeikìnish p−1 : R2 → S2 \ {(0, 0, 1)} thc stereografik c
probol c orÐzetai apì thn dianusmatik  sun�rthsh

~r(x, y) =

(
2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
,
x2 + y2 − 1

x2 + y2 + 1

)
.

'Ara,
p−1(ε1) : ~r(xA + a1t, yA + a2t), p−1(ε2) : ~r(xA + b1t, yA + b2t)

To efaptìmeno di�nusma thc p−1(ε1) sto A eÐnai ~k1 = a1~rx(xA, yA) + a2~ry(xA, yA).

To efaptìmeno di�nusma thc p−1(ε2) sto A eÐnai ~k2 = b1~rx(xA, yA) + b2~ry(xA, yA).

Epeid  ~r 2
x(xA, yA) = ~r 2

y(xA, yA) kai ~rx(xA, yA)~ry(xA, yA) = 0, gia mia apì tic gwnÐec θ̃
metaxÔ twn p−1(ε1) kai p−1(ε2) èqoume:

cos θ̃ =
~k1 · ~k2√
~k2

1

√
~k2

2

=
(a1b1 + a2b2)~r 2

x(xA, yA)√
(a2

1 + a2
2)~r 2

x(xA, yA)
√

(b2
1 + b2

2)~r 2
x(xA, yA)

= a1b1 + a2b2 = cos θ.

5.11 Didi�stath elleiptik  gewmetrÐa.

H didi�stath elleiptik  gewmetrÐa kataskeu�zetai apì thn sfairik  gewmetrÐa me thn
”sugkìlhsh” twn antdiametrik¸n shmeÐwn.

Jètoume Ell2 = {{P,−P} : P ∈ S2}.
K�je sfairik  isometrÐa g ∈ S(2) apeikonÐzei ta antidiametrik� shmeÐa P kai −P se

antidiametrik� shmeÐa g(P ) kai g(−P ) ≡ −g(P ). Se k�je sfairik  isometrÐa g ∈ S(2)
antistoiqoÔme thn èna proc èna kai epÐ apeikìnish g̃ : Ell2 → Ell2 pou orÐzetai wc exhc:

g̃({P,−P}) = {g(P ), g(−P )}. Profan¸c S̃(2) = {g̃ : g ∈ S(2)} eÐnai om�da.
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H gewmetrÐa (Ell2, S̃(2)) kaleÐtai elleiptik .

EujeÐec (elleiptikèc eujeÐec) sthn (Ell2, S̃(2)) eÐnai ta sÔnola ˜̀= {{P,−P} : P ∈ `},
ìpou ` eÐnai sfairik  eujeÐa.

Sthn elleiptik  gewmetrÐa isqÔoun ta ex c:

• Opoiod pote zeÔgoc shmeÐwn orÐzei monadik  (elleiptik ) eujeÐa.

• Den up�rqoun par�llhlec eujeÐec (opoiesd pote dÔo elleiptikèc eujeÐec tèmnontai se
èna shmeÐo).

5.12 Ask seic

5.12.1. Na apodeiqjeÐ ìti an h apìstash tou kèntrou thc sfaÐarac S(K,R) apì to epÐpedo
Π eÐnai < R, tìte S(K,R) ∩ Π eÐnai kÔkloc.

5.12.2. Na apodeiqjeÐ ìti an gia tic sfaÐrec S(K1, r) kai S(K2, R) isqÔei

R− r < K1K2 < R + r,

tìte S(K1, r) ∩ S(K2, R) eÐnai kÔkloc.

5.12.3. Na apodeiqjeÐ ìti k�je gwnÐa sfairikoÔ trig¸nou me korufèc A = (1, 0, 0), B =
(0, 1, 0) kai C = (0, 0, 1) eÐnai orj .

5.12.4. Na apodeiqjeÐ ìti den up�rqoun parallhlìgramma sth sfairik  gewmetrÐa.

5.12.5. Na apodeiqjoÔn oi akìloujec prot�seic:

(a') K�je shmeÐo N ∈ S2 apèqei apì k�je shmeÐo P tou ishmerinoÔ εN sfairik  apìstash
π/2.

(b') K�je sfairik  eujeÐa pou dièrqetai apì to N ∈ S2 eÐnai k�jeth ston ishmerinì εN tou
N .

(g') K�je sfairik  eujeÐa pou eÐnai k�jeth sthn sfairik  eujeÐa ε dièrqetai kai apì touc
dÔo pìlouc thc ε.

5.12.6. Na kataskeuasteÐ sfairikì trÐgwno me embadìn: (α) π/2, (β) π/6.

5.12.7. Na apodeiqjeÐ ìti sth sfairik  gewmetrÐa :

(a') An oi pleurèc enìc sfairikoÔ trig¸nou eÐnai a, b, c, tìte a+ b+ c < 2π.

(b') To �jroisma twn gwni¸n enìc tetrapleÔrou eÐnai > 2π.

(g') To embadìn enìc sfairikoÔ trig¸nou eÐnai < 2π.

5.12.8. Na apodeiqjeÐ ìti:

(a') ΠΠΠ, ΠΓΠ, ΓΠΓ eÐnai krit ria isìthtac trig¸nwn sth sfairik  gewmetrÐa.

(b') ΠΓΓ kai ΠΠΓ den eÐnai krit ria isìthtac trig¸nwn sth sfairik  gewmetrÐa.
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5.12.9. 'Estw p : S2 \ {(0, 0, 1)} → R2 stereografik  probol . Na brejeÐ h sfairik 
apìstash metaxÔ twn shmeÐwn L,M ∈ S2 \ {(0, 0, 1)} an p(L) =

(
1
2
, 1

2

)
kai p(M) =

(
−1

4
,−1

4

)
.

5.12.10. JewroÔme thn stereografik  probol  p : S2 → R2 ∪ {∞} thc sfaÐrac sto ekte-
tamèno epÐpedo. Na apodeiqjeÐ ìti h stereografik  probol  tou kÔklou `, pou eÐnai h tom 
thc S2 me to epÐpedo Π : ax+ by + cz + d = 0, d 6= 0, eÐnai

(a') kÔkloc tou Oxy-epipèdou ìtan N = (0, 0, 1) 6∈ `.

(b') ektetamènh eujeÐa tou Oxy ∪ {∞} ìtan N = (0, 0, 1) ∈ `.

Ap�nthsh: Anikajist¸ntac ta x, y, z sthn exÐswsh tou epipèdou apì touc tÔpouc

x =
2x′

x′2 + y′2 + 1
, y =

2y′

x′2 + y′2 + 1
, z =

x′2 + y′2 − 1

x′2 + y′2 + 1

paÐrnoume thn exÐswsh
2ax′ + 2by′ + c(x′2 + y′2 − 1)

x′2 + y′2 + 1
+ d = 0,

h opoÐa eÐnai isodÔnamh me thn exÐswsh

2ax′ + 2by′ + c(x′2 + y′2 − 1) + d(x′2 + y′2 + 1) = 0.

H teleutaÐa exÐswsh gr�fetai

(c+ d)x′2 + (c+ d)y′2 + 2ax+ 2by + (d− c) = 0

'Ara, p(`) eÐnai kÔkloc an c 6= −d (dhlad  N = (0, 0, 1) 6∈ `) kai p(`) eÐnai ektetamènh eujeÐa
an c = −d (dhlad  N = (0, 0, 1) ∈ `).
5.12.11. JewroÔme thn stereografik  probol  p : S2 → R2 ∪ {∞} thc sfaÐrac sto ekte-
tamèno epÐpedo. Na apodeiqjeÐ ìti h stereografik  probol  thc sfairik c eujeÐac ` eÐnai

(a') kÔkloc tou Oxy-epipèdou ìtan N = (0, 0, 1) 6∈ `.

(b') ektetamènh eujeÐa tou Oxy ∪ {∞} ìtan N = (0, 0, 1) ∈ `.

(Upìdeixh: Tropopoi ste thn lÔsh thc prohgoÔmenhc �skhshc.)

5.12.12. 'Estw ` eÐnai sfairik  eujeÐa, h opoÐa eÐnai h tom  thc monadiaÐac sfaÐrac S2 me to
epÐpedo Π : ax+ by + cz = 0 me a2 + b2 + c2 = 1 kai c 6= 0.

(a') Na brejeÐ to p(N∗), ìpou N∗ eÐnai summetrikì tou N = (0, 0, 1) wc proc to Π.

(b') Na brejeÐ h exÐswsh tou kÔklou p(Π ∩ S2).

(g') Na apodeiqjeÐ ìti p(N∗) eÐnai kèntro tou kÔklou p(Π ∩ S2)).

5.12.13. DÐnontai ta shmeÐa thc sf�irac S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}:
M =

(
1√
6
,− 1√

6
, 2√

6

)
, N =

(
2√
6
,− 1√

6
, 1√

6

)
kai L =

(
− 1√

6
, 2√

6
, 1√

6

)
. Na brejoÔn:



50 KEF�ALAIO 5. SFAIRIK�H GEWMETR�IA

(a') To (sfairikì) kèntro kai h (sfairik ) aktÐna tou sfarikoÔ kÔklou thc sfaÐrac S2 pou
dièrqetai apì ta M , N kai L.

(b') To kèntro kai h aktÐna tou kÔklou tou R3 pou dièrqetai apì ta M , N kai L.

5.12.14. Na apodeiqjeÐ ìti oi di�mesoi enìc sfairikoÔ trig¸nou tèmnontai se èna shmeÐo.
(Upìdeixh: Ta epÐpeda twn diamèswn perièqoun thn eujeÐa (OT ), ìpou T eÐnai to shmeÐo

tom c twn diamèswn tou antÐstoiqou EukleÐdeiou trig¸nou.)

5.12.15. Na apodeiqjeÐ ìti ta Ôyh enìc sfairikoÔ trig¸nou tèmnontai se èna shmeÐo.
(Upìdeixh: Ta epÐpeda twn uy¸n perièqoun thn eujeÐa (OT ), ìpou T eÐnai to shmeÐo

tom c twn uy¸n tou antÐstoiqou EukleÐdeiou trig¸nou.)



Kef�laio 6

Probolik  GewmetrÐa.

H idèa thc probolik c gewmetrÐac.
Fantazìmaste ìti èna antikeÐmeno tou tridi�statou q¸rou eÐnai an�mesa se mia phg  fwtìc

kai mia ojình probol c. 'Otan to antikeÐmeno fwtÐzetai, ìla ta shmeÐa tou pou an koun sthn
Ðdia aktÐna fwtìc dÐnoun thn Ðdia ski� thn ojình. 'Etsi mporoÔme na antistoiq soume se k�je
aktÐna fwtìc èna shmeÐo thc ojìnhc. EÐnai san na tautÐzoume thn aktÐna me shmeÐo. Me ton
trìpo autì paÐrnoume mia didi�stath eikìna enìc tridi�statou antikeimènou.

'Enac trìpoc na kataskeu�zoume nèouc q¸rouc eÐnai na orÐzoume sqèseic isodunamÐac se
 dh gnwstoÔc q¸rouc. K�je kl�sh isodunamÐac ja eÐnai shmeÐo tou nèou q¸rou.

Se èna dianusmatikì q¸ro V p�nw sto s¸ma K mia sqèsh isodunamÐac sto V \{0V } mporei
na oristeÐ wc ex c: dÔo mh mhdenik� dianÔsmata v kai u eÐnai isodÔnama ìtan v = λu gia k�poio
λ ∈ K \ {0K}, dhlad  v kai u an koun ston Ðdio monodi�stato dianusmatikì upìqwro. To
sÔnolo twn kl�sewn isodunamÐac kaleÐtai probolikìc q¸roc tou V kai sumbolÐzetai me P (V ).

Gia V = R2 paÐrnoume thn probolik  eujeÐa P (R2).
Gia V = R3 paÐrnoume to probolikì epÐpedo P (R3).

6.1 Probolikì epÐpedo RP2.

Orismìc 6.1.1. K�je eujeÐa pou dièrqetai apì to shmeÐo (0, 0, 0) tou R3 kaleÐtai probolikì
shmeÐo.

Probolikì epÐpedo RP2 (  P 2(R)) eÐnai to sÔnolo ìlwn twn probolik¸n shmeÐwn.

Gia k�je P ∈ RP2 ja sumbolÐzoume me `P thn antÐstoiqh eujeÐa tou R3.
Gia k�je eujeÐa ` tou R3 pou dièrqetai apì to (0, 0, 0) sumbolÐzoume me P` to antÐstoiqo

probolikì shmeÐo.

6.1.1 OmogeneÐc suntetagmènec probolik¸n shmeÐwn.

ParathroÔme ìti up�rqei mia 1-1 antistoiqÐa metaxÔ twn eujei¸n pou dièrqontai apì to
shmeÐo (0, 0, 0) kai twn dieujÔnsewn tou R3 .

K�je eujeÐa ` tou R3 pou dièrqetai apì to (0, 0, 0) orÐzetai monos manta apì èna shmeÐo
thc diaforetikì apì to (0, 0, 0). An (x, y, z) ∈ ` kai (x, y, z) 6= (0, 0, 0), tìte k�je shmeÐo thc
` diaforetikì apì to (0, 0, 0) èqei suntetagmènec (λx, λy, λz) ìpou λ 6= 0.

OrÐzoume mia sqèsh isodunamÐac sto R3 \ {(0, 0, 0)} wc ex c:

(x, y, z) ∼ (x′, y′, z′)⇐⇒ ∃λ ∈ R \ {0} tètoio ¸ste (x, y, z) = λ(x′, y′, z′)
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H kl�sh isodunamÐac pou perièqei thn diatetagmènh tri�da (x, y, z) ∈ R3 \ {(0, 0, 0)} sum-
bolÐzetai me (x : y : z). Up�rqei mia 1-1 antistoiqÐa metaxÔ twn probolik¸n shmeÐwn kai tou
q¸rou phlÐkou R3 \ {(0, 0, 0)}/∼.

K�je tri�da (x : y : z) me x2 + y2 + z2 6= 0 orÐzei monos manata èna probolikì shmeÐo
P ∈ RP2, pou eÐnai h eujeÐa pou dièrqetai apì ta shmeÐa (x, y, z) kai (0, 0, 0).

Orismìc 6.1.2. Ja lème ìti to probolikì shmeÐo P èqei omogeneÐc suntetagmènec (x : y : z),
me x2 + y2 + z2 6= 0, ìtan to shmeÐo (x, y, z) ∈ R3 eÐnai shmeÐo thc antÐstoiqhc EukleÐdeiac
eujeÐac `P tou R3.

Oi omogenneÐc suntetagmènec enìc probolikoÔ shmeÐou P den eÐnai monos manta orismènec.
An (x : y : z) eÐnai omogenneÐc suntetagmènec enìc probolikoÔ shmeÐou P kai λ 6= 0, tìte kai
(λx : λy : λz) eÐnai omogenneÐc suntetagmènec tou P .

6.2 Probolikèc eujeÐec tou RP2.

Orismìc 6.2.1. K�je uposÔnolo tou RP2 kaleÐtai probolikì sq ma.

Probolik� sq mata eÐnai sÔnola pou apoteloÔnta apì eujeiec tou R3 pou dièrqontai apì
to O = (0, 0, 0). Epomènwc, k�je k¸noc me koruf  to O = (0, 0, 0) eÐnai probolikì sq ma.

Orismìc 6.2.2. Gia k�je epÐpedo Π tou R3 pou dièrqontai apì to (0, 0, 0) to sÔnolo LΠ

ìlwn twn probolik¸n shmeÐwn pou perièqontai sto Π kaleÐtai probolik  eujeÐa.

Gia k�je probolik  eujeÐa L ja sumbolÐzoume me ΠL to antÐstoiqo epÐpedo tou R3.
Gia na gÐnetai di�krish sto graptì keÐmeno metaxÔ twn shmeÐwn kai eujei¸n tou R3 kai twn

(probolik¸n) shmeÐwn kai (probolik¸n) eujei¸n tou RP2, ìtan ja anaferìmaste se shmeÐo P
kai sthn eujeÐa L tou RP2 ja gr�foume ShmeÐo P kai EujeÐa L.

Orismìc 6.2.3. Ta shmeÐa tou Y ⊆ RP2 kaloÔntai suneujeiak�, ìtan up�rqei probolik 
eujeÐa L me Y ⊆ L.

Je¸rhma 6.2.4. K�je probolik  eujeÐa tou RP2 èqei se omogeneÐc suntetagmènec exÐswsh
thc morf c

ax+ by + cz = 0, a2 + b2 + c2 6= 0, (6.1)

kai to sÔnolo ìlwn twn probolik¸n shmeÐwn me omogeneÐc suntetagmènec (x : y : z) pou
ikanopoioÔn thn (6.1) eÐnai mia probolik  eujeÐa.

Apìdeixh. 'Estw L mia probolik  eujeÐa. Tìte ΠL eÐnai epÐpedo tou R3 pou dièrqetai apì to
(0, 0, 0) kai, �ra èqei sto R3 exÐswsh:

ax+ by + cz = 0, a2 + b2 + c2 6= 0.

'Ena probolikì shmeÐo (x : y : z) an kei sthn L an kai mìno an h eujeÐa (λx, λy, λz),
λ ∈ R, pou dièrqetai apì to (x, y, z) kai (0, 0, 0) eÐnai uposÔnolo tou epipèdou ΠL. Dhlad 
an kai mìnon an

aλx+ bλy + cλz = 0, ∀λ ∈ R.
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H teleutaÐa sqèsh eÐnai isodÔnamh me ax+ by + cz = 0.
AntÐstrofa, ja deÐxoume ìti to sÔnolo twn (x : y : z) pou ikanopoioÔn thn (6.1) eÐnai

probolik  eujeÐa. JewroÔme to epÐpedo Π tou R3 me exÐswsh (6.1). Tìte to Π dièrqetai apì
thn arq , epomènwc LΠ eÐnai probolik  eujeÐa.

'Ena probolikì shmeÐo P = (x : y : z) ikanopoieÐ thn (6.1) an kai mìnon an h eujeÐa
(λx, λy, λz) tou R3 eÐnai sto epÐpedo ΠL, pou isodunameÐ me to na an kei to P sthn probolik 
eujeÐa L.

Pìrisma 6.2.5. Opoiad pote dÔo diaforetik� probolik� shmeÐa an koun se monadik  probo-
lik  eujeÐa.

Apìdeixh. Ta diaforetik� ShmeÐa (a1 : a2 : a3) kai (b1 : b2 : b3) an koun sthn EujeÐa∣∣∣∣ a2 a3

b2 b3

∣∣∣∣x+

∣∣∣∣ a3 a1

b3 b1

∣∣∣∣ y +

∣∣∣∣ a1 a2

b1 b2

∣∣∣∣ z = 0.

Pìrisma 6.2.6. Opoiad pote dÔo diaforetik� probolikèc eujeÐec tèmnontai se monadikì
probolikì shmeÐo.

Apìdeixh. Oi diaforetikèc EujeÐec a1x + a2y + a3z = 0 kai b1x + b2y + b3z = 0) tèmnontai

sto ShmeÐo

(∣∣∣∣ a2 a3

b2 b3

∣∣∣∣ :

∣∣∣∣ a3 a1

b3 b1

∣∣∣∣ :

∣∣∣∣ a1 a2

b1 b2

∣∣∣∣) .
Orismìc 6.2.7. 'Estw ìti L eÐnai èna sÔnolo probolik¸n eujei¸n kai P eÐnai èna sÔnolo
probolik¸n shmeÐwn.

Ja lème ìti oi EujeÐec tou L suntrèqoun ìtan h tom  touc eÐnai èna ShmeÐo.
Ja lème ìti ta ShmeÐa tou P suntrèqoun (  ìti eÐnai suneujeiak�) ìtan an koun se mÐa

EujeÐa.

Profan¸c trÐa ShmeÐa (a1 : a2 : a3), (b1 : b2 : b3) kai (c1 : c2 : c3) eÐnai suneujeiak� an kai
mìno an ∣∣∣∣∣∣

c1 c2 c3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ = 0

Orismìc 6.2.8. To sÔnolo {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1)} kaleÐtai trÐgwno anaforac.
To ShmeÐo (1 : 1 : 1) kaleÐtai monadiaÐo ShmeÐo.
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6.3 EpÐpeda probol c (enallaktikì montèlo
probolikoÔ epipèdou) tou RP2.

Orismìc 6.3.1. 'Etsw Π èna epÐpedo tou R3 pou den perièqei to (0, 0, 0).

SumbolÐzoume me Π∞ to epÐpedo pou dièrqetai apì to (0, 0, 0) kai eÐnai par�llhlo sto Π.

• To sÔnolo Π̂ = Π ∪ LΠ∞ kaleÐtai epÐpedo probol c.

• Oi eujeÐec tou Π∞ pou dièrqontai apì to (0, 0, 0) kaloÔntai ideat� shmeÐa tou Π̂.

• To sÔnolo ìlwn twn ideat¸n shmeÐwn, dhlad  h probolik  eujeÐa LΠ∞ , tou Π̂ kaleÐtai

ideat  EujeÐa tou Π̂.

• Ta shmeÐa tou Π kaloÔntai pragmatik� shmeÐa tou epipèdou probol c Π̂.

• Gia k�je EukleÐdeia eujeÐa ` tou Π sumbolÐzoume me `∞ (shmeÐo thc ` sto �peiro) to
ideatì shmeiì thc LΠ∞ pou antistoiqeÐ sthn eujeÐa pou dièrqetai apì to (0, 0, 0) kai eÐnai

par�llhlh sthn `. To sÔnolo ` ∪ {`∞} kaleÐtai pragmatik  eujeÐa tou Π̂. Ta shmeÐa
thc ` ∪ {`∞} eÐnai ta pragmatik� shmeÐa thc ` kai to ideatì shmeÐo `∞.

EÔkola apodeiknÔontai oi akìloujec dÔo prot�seic.

Prìtash 6.3.2. DÔo diaforetik� shmeÐa enìc epipèdou probol c Π̂ perièqontai se monadik 

eujeÐa tou Π̂.

Prìtash 6.3.3. DÔo diaforetikèc eujeÐec enìc epipèdou probol c Π̂ tèmnontai se èna
shmeÐo.

Probol  tou RP2 sto Π̂ eÐnai h 1-1 kai epÐ apeikìnish pΠ : RP2 → Π̂ pou orÐzetai wc ex c:

P ∈ RP2 kai `P ∦ Π =⇒ pΠ(P ) = `P ∩ Π

P ∈ RP2 kai `P ‖ Π =⇒ pΠ(P ) = P ∈ LΠ∞ .

To epÐpedo probol c pou antistoiqeÐ sto epÐpedo Π1 : z = 1 kaleÐtai prìtupo epÐpedo

probol c. H prìtuph probol  pΠ1 : RP2 → Π̂1 orÐzetai wc ex c:

pΠ1(x : y : z) = (x/z, y/z, 1) gia z 6= 0.

pΠ1(x : y : 0) = `x
y
gia y 6= 0, ìpou `x

y
eÐnai to ideatì shmeÐo tou Π̂1 pou antistoiqeÐ sthn

eujeÐa tou Oxy epipèdou pou dièrqetai apì thn arq  kai èqei dieÔjunsh (x
y
, 1, 0).

pΠ1(x : 0 : 0) eÐnai to ideatì shmeÐo tou Π̂1 pou antistoiqeÐ ston �xona Ox tou Oxy
epipèdou.

ParadeÐgmata 6.3.4.

1. H probol  tou ShmeÐou (2 : 4 : −2) sto Π̂1 eÐnai to pragmatikì shmeÐo (−1,−2, 1).

2. H probol  tou ShmeÐou (4 : 4 : 0) sto Π̂1 eÐnai to to ideatì ShmeÐo thc ideat c eujeÐac
LΠ∞ pou antistoiqeÐ sthn eujeÐa y = x tou Oxy epipèdou.
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3. Sthn epif�neia tou R3 me exÐswsh

Ax2 +Bxy + Cy2 + Fxz +Gyz +Hz2 = 0, A2 +B2 + C2 + F 2 +G2 +H2 6= 0

antistoiqeÐ sq ma F tou RP2:

F = {P = (x : y : z)|Ax2 +Bxy + Cy2 + Fxz +Gyz +Hz2 = 0}.

Ta shmeÐa (x : y : 1) tou F prob�lontai sthn kampÔlh tou epipèdou z = 1 me exÐswsh
Ax2 +Bxy + Cy2 + Fx+Gy +H = 0 kai ta shmeÐa (x : y : 0) tou F prob�lontai sta
ideat� shmeÐa pou ikanopoioÔn thn exÐswsh Ax2 +Bxy + Cy2 = 0.

6.4 Probolikèc apeikonÐseic tou RP2.

O skopìc mac ja eÐnai na orÐsoume mia apeikìnish f : RP2 → RP2 pou na èqei tic ex c
idiìthtec:

(i) f eÐnai èna proc èna kai epÐ

(ii) f apeikonÐzei probolik  eujeÐa se probolik  eujeÐa.

Par�deigma 6.4.1. JewroÔme mia afinik  apeikìnish f : R3 → R3 pou orÐzetai apì thn

sqèsh f(x, y, z) = A

 x
y
z

 , ìpou A =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 ∈ GL(3,R),

An f(x, y, z) =

 x′

y′

z′

, tìte

 x
y
z

 = A−1

 x′

y′

z′

.

(i) H f apeikonÐzei k�je epÐpedo pou dièrqetai apì thn arq  se epÐpedo pou dièrqetai apì
thn arq .

Pr�gmati, jewroÔme èna epÐpedo Π : ax+ by + cz = 0 pou dièrqetai apì thn arq .

Π : (a, b, c)

 x
y
z

 = 0 =⇒ (a, b, c)A−1

 x′

y′

z′

 = 0

Epeid  (a, b, c)A−1 eÐnai k�poioc 1 × 3 pÐnakac (a′, b′, c′), èpetai ìti to Π apeikonÐzetai
sto epÐpedo a′x′ + b′y′ + c′z′ = 0.

(ii) H f apeikonÐzei k�je eujeÐa pou dièrqetai apì thn arq  se eujeÐa pou dièrqetai apì thn
arq .

Pr�gmati, jewroÔme mia eujeÐa ε pou dièrqetai apì thn arq  kai eÐnai par�llhlh sto
di�nusma (a, b, c).

Tìte ε : (x, y, z) = (λa, λb, λc), ìpou λ ∈ R. An f(x, y, z) = (x′, y′, z′), tìte
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 x′

y′

z′

 = A

 x
y
z

 =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 λa
λb
λc

 = λ

 a1a+ a2b+ a3c
b1a+ b2b+ b3c
c1a+ c2b+ c3c


'Ara, ε apeikonÐzetai sthn eujeÐa pou dièrqetai apì thn arq  kai eÐnai par�llhlh sto
di�nusma (a1a+ a2b+ a3c, b1a+ b2b+ b3c, c1a+ c2b+ c3c).

Gia A =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 ∈ GL(3,R) orÐzoume f : RP2 → RP2 wc ex c:

f(x : y : z) = (x′ : y′ : z′), ìpou

 x′

y′

z′

 = A

 x
y
z

 .

Dhlad , f(x : y : z) = (a1x+ a2y + a3z : b1x+ b2y + b3z : c1x+ c2y + c3z).

H f eÐnai kal� orismènh, dhlad  anex�rthth apì tic omogeneÐc suntetagmènec tou P ∈ RP2.
Pr�gmati,

f(λx : λy : λz) =
(
λ(a1x+ a2y + a3z) : λ(b1x+ b2y + b3z) : λ(c1x+ c2y + c3z)

)
=

= (a1x+ a2y + a3z : b1x+ b2y + b3z : c1x+ c2y + c3z) =

= f(x : y : z)

Orismìc 6.4.2. Probolikìc metasqhmatismìc tou RP2 eÐnai mia apeikìnish f : RP2 → RP2

gia thn opoÐa up�rqei A ∈ GL(3,R) tètoioc ¸ste

f(x : y : z) = (x′ : y′ : z′), ìpou

 x′

y′

z′

 = A

 x
y
z

 .

O pÐnakac A kaleÐtai susqetismènoc me ston probolikì metashmatismì f .
To sÔnolo ìlwn twn probolik¸n metasqhmatism¸n tou RP2 sumbolÐzetai me P (2).

Pìrisma 6.4.3. 'Estw f ∈ P (2) kai A ∈ GL(3,R) eÐnai o susqetismènoc pÐnakac tou f .
An (a′, b′, c′) = (a, b, c)A−1, tìte f apeikonÐzei thn EujeÐa ax + by + cz = 0 sthn EujeÐa

a′x+ b′y + c′z = 0.

Je¸rhma 6.4.4. To sÔnolo twn probolik¸n metasqhmatism¸n P (2) me pr�xh sÔnjeshc
twn probolik¸n apeikonÐsewn eÐnai om�da.

Apìdeixh. Sth sÔnjesh probolik¸n metasqhmatism¸n f me susqetismèno pÐnaka A kai g me
susqetismèno pÐnaka B antistoiqeÐ probolikìc metasqhmatismìc me susqetismèno pÐnaka AB.
'Ara, h sÔnjesh probolik¸n metasqhmatism¸n eÐnai probolikìc metasqhmatismìc.

(i) An f ∈ P (2) kai A ∈ GL(3,R) eÐnai susqetismènoc ston f , tìte det(A) 6= 0. O f−1 eÐnai
o probolikìc metasqhmatismìc me susqetismèno pÐnaka A−1.

(ii) To oudètero stoiqeÐo èinai o monadi�ioc pÐnakac I ∈ GL(3,R).

(iii) Epeid  o pollaplasiasmìc twn pin�kwn èqei prosetairistik  idiìthta, h sÔnjesh probo-
lik¸n apeikonÐsewn èqei prosetairistik  idiìthta.
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Om�da PGL(3,R).

An Af =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 ∈ GL(3,R) eÐnai o pÐnakac susqetismènoc me ton probolikì

metasqhmatismì f kai λAf ∈ GL(3,R), λ 6= 0, eÐnai o pÐnakac susqetismènoc me ton probolikì
metasqhmatismì g, tìte f ≡ g. Pr�gmati,

f(x : y : z) = (a1x+ a2y + a3z : b1x+ b2y + b3z : c1x+ c2y + c3z) =⇒
g(x : y : z) =

(
λ(a1x+ a2y + a3z) : λ(b1x+ b2y + b3z) : λ(c1x+ c2y + c3z)

)
=

= (a1x+ a2y + a3z : b1x+ b2y + b3z : c1x+ c2y + c3z)
= f(x : y : z) =⇒ f ≡ g.

Sto sÔnolo GL(3,R) orÐzoume sqesh isodunamÐac wc ex c:

A ∼ B ⇐⇒ B = λA, λ 6= 0.

SumbolÐzoume PGL(3,R) = GL(3,R)
/
∼
.

Gia k�je A ∈ GL(3,R) to sÔnolo ìlwn twn pin�kwn thc morf c λA, λ 6= 0 eÐnai stoiqeÐo
thc PGL(3,R), to opoÐo ja to sumbolÐzoume me [A].

OrÐzoume thn pr�xh sto PGL(3,R) wc ex c:

[A] · [B] = [A ·B].

H pr�xh parap�nw eÐnai kal� orismènh, dhlad  anex�rthth apì touc pÐnakec A kai B.
To sÔnolo PGL(3,R) me thn parap�nw orismènh pr�xh eÐnai om�da, h opoÐa sumbolÐzetai

epÐshc me PGL(3,R).
H om�dec P (2) kai PGL(3,R) eÐnai isomorfikèc.

Orismìc 6.4.6. To zeÔgoc (RP2, P (2)) kaleÐtai Probolik  GewmetrÐa (sto epÐpedo).

6.5 Jemeli¸dec Je¸rhma thc Probolik c GewmetrÐac.

Orismìc 6.5.1. Gia dÔo diaforetik� probolik� shmeÐa P,Q ∈ RP2 ja sumbolÐzoume me
PQ thn monadik  probolik  eujeÐa pou ta perièqei. Lème ìti h PQ en¸nei ta P kai Q.
Tetr�pleuro sto RP2 eÐnai oi tetr�da an� trÐa mh suneujeik¸n probolik¸n shmeÐwn P,Q,R, S
mazÐ me probolikèc eujeÐc PQ, QR, RS, SP , pou ta en¸noun.

To tetr�pleuro me korufèc P,Q,R, S sumbolÐzetai me PQRS.

Je¸rhma 6.5.2. An P = (p1 : p2 : p3), Q = (q1 : q2 : q3), R = (r1 : r2 : r3) kai
S = (s1 : s2 : s3) eÐnai an� trÐa mh suneujeiak� shmeÐa tou RP2, tìte up�rqei monadikìc
probolikìc metasqhmatismìc f : RP2 → RP2 pou apeikonÐzei ta shmeÐa (1 : 0 : 0), (0 : 1 : 0),
(0 : 0 : 1) kai (1 : 1 : 1) sta shmeÐa P,Q,R kai S, antÐstoiqa.
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Apìdeixh. 'Estw ìti f(x : y : z) = (a1x + a2y + a3z : b1x + b2y + b3z : c1x + c2y + c3z) kai

A =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 ∈ GL(3,R). Tìte

f(1 : 0 : 0) = (a1 : b1 : c1) = (p1 : p2 : p3) =⇒ (a1, b1, c1) = u(p1, p2, p3), u 6= 0,

f(0 : 1 : 0) = (a2 : b2 : c2) = (q1 : q2 : q3) =⇒ (a2, b2, c2) = v(q1, q2, q3), v 6= 0,

f(0 : 0 : 1) = (a3 : b3 : c3) = (r1 : r2 : r3) =⇒ (a3, b3, c3) = w(r1, r2, r3), w 6= 0.

'Ara, A =

 up1 vq1 wr1

up2 vq2 wr2

up3 vq3 wr3

 , ìpou u 6= 0, v 6= 0, w 6= 0. EpÐshc

f(1 : 1 : 1) = (up1 + vq1 + wr1 : up2 + vq2 + wr2 : up3 + vq3 + wr3) = (s1 : s2 : s3) =⇒

 s1

s2

s3

 = λ

 up1 + vq1 + wr1

up2 + vq2 + wr2

up3 + vq3 + wr3

⇐⇒
 s1

s2

s3

 =

 p1 q1 r1

p2 q2 r2

p3 q3 r3

 λu
λv
λw

 , λ 6= 0 (6.2)

Epeid  ta probolik� shmeÐa P,Q,R eÐnai mh suneujeiak�,

∣∣∣∣∣∣
p1 q1 r1

p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣ 6= 0.

'Ara, to sÔsthma (6.2) gia k�je λ 6= 0 èqei monadik  lÔsh (uλ, vλ, wλ).

Oi pÐnakec Aλ =

 uλp1 vλq1 wλr1

uλp2 vλq2 wλr2

uλp3 vλq3 wλr3

 eÐnai isodÔnamoi kai eÐnai oi susqetismènoi pÐnakec

to zhtoÔmenou probolikoÔ metasqhmatismoÔ f .

ShmeÐwseic 6.5.3. Apì thn apìdeixh tou jewr matoc 6.5.2 sunep�getai ìti:

1. An P = (p1 : p2 : p3), Q = (q1 : q2 : q3), R = (r1 : r2 : r3) eÐnai probolik� mh suneu-
jeiak� shmeÐa tou RP2, tìte up�rqoÔn �peirou pl jouc probolikoÐ metasqhmatismoÐ pou
apeikonÐzoun ta shmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) sta shmeÐa P,Q,R, antÐstoiqa.
Se k�je tri�da (u, v, w) ∈ R3 \ {(0, 0, 0)} antistoiqeÐ probolikoc metasqhmatismìc f me

susqetismèno pÐnaka Af =

 up1 vq1 wr1

up2 vq2 wr2

up3 vq3 wr3

, pou apeikonÐzei ta shmeÐa (1 : 0 : 0),

(0 : 1 : 0), (0 : 0 : 1) sta shmeÐa P,Q,R, antÐstoiqa.

2. An P = (p1 : p2 : p3), Q = (q1 : q2 : q3), R = (r1 : r2 : r3) kai S = (s1 : s2 : s3) eÐnai
an� trÐa mh suneujeiak� shmeÐa tou RP2, tìte o monadikìc probolikìc metasqhmatismìc
f : RP2 → RP2 pou apeikonÐzei ta shmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1)
sta shmeÐa P,Q,R kai S, antÐstoiqa èqei susqetismèno pÐnaka:

Af =

 up1 vq1 wr1

up2 vq2 wr2

up3 vq3 wr3

, ìpou

 u
v
w

 =

 p1 q1 r1

p2 q2 r2

p3 q3 r3

−1 s1

s2

s3





6.6. DUÏSM�OS STHN PROBOLIK�H GEWMETR�IA. 59

Je¸rhma 6.5.4. (Jemeli¸dec Je¸rhma Probolik c GewmetrÐac.)
An P,Q,R, S kai P ′, Q′, R′, S ′ eÐnai tetr�dec an� trÐa mh suneujeiak¸n shmeÐwn tou RP2,

tìte up�rqei monadikìc probolikìc metasqhmatismìc f : RP2 → RP2 gia ton opoÐon isqÔei:
f(P ) = P ′, f(Q) = Q′, f(R) = R′, kai f(S) = S ′.

Apìdeixh. SÔmfwna me to Je¸rhma 6.5.2 up�rqoun monadikoÐ probolikoÐ metasqhmatismoÐ
f1 : RP2 → RP2 kai f2 : RP2 → RP2 gia touc opoÐouc isqÔei ìti:

f1 apeikonÐzei ta shmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1) sta shmeÐa
P , Q, R, kai S, antÐstoiqa, kai

f2 apeikonÐzei ta shmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1) sta shmeÐa
P ′, Q′, R′ kai S ′, antÐstoiqa.

Sunep¸c, f = f2 ◦ f−1
1 ∈ P (2) apeikonÐzei ta P , Q, R, S sta P ′, Q′, R′ S ′, antÐstoiqa.

Ac upojèsoume ìti q ∈ P (2) apeikonÐzei ta shmeÐa P , Q, R, S sta P ′, Q′, R′ S ′, antÐstoiqa.
Tìte oi probolikoÐ metasqhmatismoÐ f2 kai q ◦ f1 apeikonÐzoun ta shmeÐa shmeÐa (1 : 0 : 0),
(0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1) sta shmeÐa P ′, Q′, R′ kai S ′, antÐstoiqa. 'Ara,

f2 = q ◦ f1 =⇒ q = f2 ◦ f−1
1 =⇒ q = f.

Pìrisma 6.5.5. 'Ola ta tetr�pleura tou RP2 eÐnai isodÔnama.

6.6 Düismìc sthn probolik  gewmetrÐa.

GnwrÐzoume ìti sto R3 up�rqei mia 1-1 kai epÐ antistoiqÐa metaxÔ metaxÔ twn epipedwn pou
dièrqontai apì thn arq  kai twn dieujÔnsewn tou q¸rou: se k�je epÐpedo a1x+a2y+a3z = 0
antistoiqeÐ monadik  dieÔjunsh (a1 : a2 : a3) k�jeth sto epÐpedo, kai antÐstrofa.

H antistoiqÐa aut  metafètetai sto RP2: se k�je EujeÐa a1x+ a2y + a3z = 0 antistoiqeÐ
monadikì ShmeÐo (a1 : a2 : a3), kai antÐstrofa.

Orismìc 6.6.1. SumbolÐzoume meDRP2 to sÔnolo ìlwn twn epipèdwn tou R3 pou dièrqontai
apì to (0, 0, 0).

To epÐpedo Π : a1x+ a2y+ a3z = 0 tou R3 wc stoiqeÐo tou DRP2 ja sumbolÐzetai me PΠ.
H omogeneÐc suntetagmènec tou shmeÐou PΠ eÐnai (a1 : a2 : a3).

KaloÔme EujeÐa touDRP2 k�je dèsmh epipèdwn pou tèmnontai kat� eujeÐa, h opoÐa dièrqe-
tai apì to (0, 0, 0).

Se k�je eujeÐa ` ⊆ R3 me dieÔjunsh (a1 : a2 : a3) antistoiqeÐ h EujeÐa L` tou DRP2, h
opoÐa se omogenneÐc èqei exÐswsh a1x+ a2y + a3z = 0 .

Pr�gmati, èstw PΠ = (x : y : z) ∈ DRP2. Tìte

PΠ ∈ L` ⇐⇒ ` ⊆ Π⇐⇒ (x, y, z)⊥(a1, a2, a3)⇐⇒ a1x+ a2y + a3z = 0.

OrÐzoume to sÔnolo P (2) twn metasqhmatism¸n tou DRP2 me ton Ðdio trìpo, ìpwc kai gia
to probolikì epÐpedo RP2.

H gewmetrÐa (DRP2, P (2)) kaleÐtai düik  gewmetrÐa thc (RP2, P (2)).
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DÔo gewmetrÐec (X,GX) kai (Y,GY ) kaloÔntai isomorfikèc, ìtan up�rqoun mia 1-1 kai
epÐ apeikìnish f : X → Y kai ènac isomorfismìc i : GX → GY om�dwn GX kai GY ètsi ¸ste

f(g(x)) = i(g)(f(x)), ∀x ∈ X, ∀g ∈ GX .

Je¸rhma 6.6.2. Oi gewmetrÐec (RP2, P (2)) kai (DRP2, P (2)) eÐnai isomorfikèc.

Apìdeixh. 'Estw ìti D : RP2 → DRP2 eÐnai h 1-1 kai epÐ apeikìnish, h opoÐa sto ShmeÐo
(a1 : a2 : a3) tou RP2 antistoiqeÐ to ShmeÐo (a1 : a2 : a3) tou DRP2. Dhlad , h D sthn
eujeÐa pou dièrqetai apì to (0, 0, 0) kai eÐnai par�llhlh sto di�nusma (a1, a2, a3) antistoiqeÐ
epÐpedo pou dièrqetai apì to (0, 0, 0) k�jeto sto di�nusma (a1, a2, a3).

'Estw epÐshc i : P (2)→ P (2) eÐnai h tautotik  apeikìnish. ArkeÐ na deÐxoume ìti

D(g(a1 : a2 : a3)) = i(g)(D(a1 : a2 : a3)), ∀(a1 : a2 : a3) ∈ RP2, ∀g ∈ P (2).

Dhlad , D(g(a1 : a2 : a3)) = g(D(a1 : a2 : a3)), ∀(a1 : a2 : a3) ∈ RP2, ∀g ∈ P (2).
'Estw ìti g(a1 : a2 : a3) = (b1 : b2 : b3). Tìte

D(g(a1 : a2 : a3)) = D(b1 : b2 : b3) = (b1 : b2 : b3)

g(D(a1 : a2 : a3)) = g(a1 : a2 : a3) = (b1 : b2 : b3).

H arq  tou duðsmoÔ.

H apeikìnish D se k�je sq ma sth gewmetrÐa (RP2, P (2)) antistoiqeÐ èna sq ma sth
gewmetrÐa (DRP2, P (2)).

Ja lème ìti èna ShmeÐo A kai h EujeÐa L “suntrèqoun“ ìtan A ∈ L.
Oi sqèsh a1b1 + a2b2 + a3b3 = 0 mporeÐ na ermhneuteÐ sto RP2 me dÔo trìpouc:

1. To ShmeÐo (a1 : a2 : a3) kai h EujeÐa b1x+ b2y + b3z = 0 suntrèqoun.
2. H EujeÐa a1x+ a2y + a3z = 0 kai to ShmeÐo (b1 : b2 : b3) suntrèqoun.

Oi parap�nw dÔo prot�seic eÐnai isodÔnamec. Epomènwc se Je¸rhma Θ sto RP2 antistoiqeÐ
èna Je¸rhma ΘD sto DRP2, pou prokÔptei an sth Θ antikatast soume

1. K�je ShmeÐo A = (a1 : a2 : a3) me ShmeÐo D(A) = (a1 : a2 : a3) (pou antistoiqeÐ sthn
EujeÐa a1x+ a2y + a3z = 0 tou RP2).

2. K�je EujeÐa L : b1x + b2y + b3z = 0 me EujeÐa D(L) : b1x + b2y + b3z = 0 (pou
antistoiqeÐ sth ShmeÐo (b1 : b2 : b3) tou RP2).

Enall�ssontac sth sunèqeia sto Je¸rhma ΘD thc lèxeic “ShmeÐo” kai “EujeÐa” paÐrnoume
nèo Je¸rhma Θ∗ thc (RP2, P (2)). To Je¸rhma Θ∗ kaleÐtai düikì tou Θ.

Apì ta parap�nw prokÔptei h arq  tou düismoÔ sthn probolik  gewmetrÐa:
An sth probolik  gewmetrÐa isqÔei mia Prìtash Θ anaferìmenh sth sqetik  jèsh metaxÔ

twn ShmeÐwn kai Eujei¸n, tìte isqÔei kai h duik  thc Prìtash Θ∗ pou prokÔptei apì thn
arqik  me enallag  twn lèxewn “ShmeÐo” kai “EujeÐa” kai twn fr�sewn “an koun se mia
eujeÐa” kai “tèmnontai se èna shmeÐo”.
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H arq  tou duðsmoÔ prosfèrei mia shmantik  dieukìlunsh sth melèth thc Probolik c
GewmetrÐac, afoÔ mazÐ me k�je je¸rhma pou apodeiknÔoume isqÔei autìmata kai to duðkì tou,
qwrÐc na qrei�zetai na to apodeÐxoume. H diadikasÐa thc apìdeixhc tou duðkoÔ jewr matoc
eÐnai duðk  thc apìdeixhc tou arqikoÔ jewr matoc, dhlad  prokÔptei apì thn arqik  apìdeixh
me th enallag  pou anafèrjhke parap�nw.

Par�deigma düik¸n prot�sewn eÐnai to parak�tw.

Opoiad pote dÔo diaforetik� ShmeÐa an koun (suntrèqoun) se monadik  EujeÐa.

Opoiad pote dÔo diaforetikèc EujeÐec tèmnontai (suntrèqoun) se monadikì ShmeÐo.

'Estw ìti Π eÐnai èna epÐpedo tou R3 pou den perièqei to (0, 0, 0) kai Π ∪ LΠ∞ eÐnai
to antÐstoiqo epÐpedo probol c. Se k�je ShmeÐo tou RP2 antistoiqeÐ monadikì shmeÐo tou
Π ∪ LΠ∞ kai se k�je EujeÐa tou RP2 antisoiqeÐ monadik  eujeÐa tou Π ∪ LΠ∞ . Se k�je
Je¸rhma sthn probolik  gewmetrÐa, ìpwc kai sto düikì tou, antistoiqoÔn Jewr mata thc
EukleÐdeiac gewmetrÐac. Me ton trìpo autì mporoÔme na diatup¸soume nèa jewr mata thc
EukleÐdeiac gewmetrÐac. 'Omwc h anadiatÔpwsh twn Jewrhm�twn thc probolik c gewmetrÐac
sthn EukleÐdeia GewmetrÐa apaiteÐ k�poia prosarmog  diìti sthn EukleÐdeia gewmetrÐa up�r-
qoun par�llhlec eujeÐec (eÐnai oi EujeÐec tou epipèdou probol c pou tèmnontai sta ideat�
shmeÐa).

Orismìc 6.6.3. KaloÔme trÐgwno tou RP2 to sq ma pou apoteleÐtai apì trÐa mh suneu-
jeiak� ShmeÐa A,B,C mazÐ me tic EujeÐec AB,BC,CA.

Orismìc 6.6.4. KaloÔme ex�gwno sto RP2 to sq ma pou apoteleÐtai apì èxi an� trÐa mh
suneujeiak� ShmeÐa (korufèc) 1,2,3,4,5,6 kai èxi EujeÐec (pleurèc) 12,23,34,45,56,61, ìpou ij
eÐnai EujeÐa pou perièqei ta shmeÐa i kai j. Ta zeÔgh apènanti koruf¸n eÐnai (1, 4), (2, 5), (3, 6).
Ta zeÔgh apènanti akm¸n eÐnai (12, 45), (23, 56), (34, 61).

Ta akìlouja klassik� Jewr mata thc EukleÐdeiac GewmetrÐac apodeiknÔontai kai wc
jewr mata probolik c gewmetrÐac (bl. [1]).

Je¸rhma 6.6.5. (P�pou) 'Estw ìti A,B,C eÐnai trÐa shmeÐa miac eujeÐac kai A′, B′, C ′

eÐnai trÐa shmeÐa miac �llhc eujeÐac. An oi eujeÐec BC ′ kai B′C tèmnontai sto shmeÐo P , oi
eujeÐec BA′ kai B′A tèmnontai sto shmeÐo Q, oi eujeÐec AC ′ kai A′C tèmnontai sto shmeÐo
R, tìte ta shmeÐa P,Q,R eÐnai suneujeiak�.

Je¸rhma 6.6.6. (Desargue) An dÔo trÐgwna 4ABC kai 4A′B′C ′ eÐnai tètoia ¸ste oi
eujeÐec (AA′), (BB′) kai (CC ′) pou en¸noun tic antÐstoiqec korufèc tèmnontai se èna shmeÐo,
tìte ta shmeÐa (AB) ∩ (A′B′) = {P}, (BC) ∩ (B′C ′) = {Q} kai (AC) ∩ (A′C ′) = {R}
sta opoÐa tèmnontai oi antÐstoiqec pleurèc eÐnai suneujeiak� (sthn perÐptwsh pou k�poiec apì
tic pleurèc eÐnai par�llhlec, to shmeÐo tom c eÐnai shmeÐo ideat c eujeÐac kai h eujeÐa pou
perièqei ta shmeÐa P,Q,R mporeÐ na eÐnai ideat    pragmatik  eujeÐa enìc epipèdou probol c).

Je¸rhma 6.6.7. (Pascal) Ta shmeÐa tom c twn apènanti pleur¸n enìc exag¸nou eggegram-
mènou se kÔklo eÐnai suneujeiak� (h tom  twn par�llhlwn apènanti pleur¸n eÐnai to ideatì
shmeÐo thc ideat c eujeÐac, to opoÐo antistoiqeÐ sthn koin  dieÔjunsh touc).

Je¸rhma 6.6.8. (Brianchon) Oi eujeÐec pou en¸noun tic apènanti korufèc enìc exag¸nou
perigegrammenou se kÔklo tèmnontai se èna shmeÐo.
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ParadeÐgmata 6.6.9.

1. To Je¸rhma tou Desarques mporeÐ na diatupwjeÐ wc ex c:

An dÔo trÐgwna eÐnai tètoia ¸ste oi EujeÐec stic opoÐe an koun oi antÐstoiqec korufèc
tèmnontai se èna shmeÐo, tìte ta ShmeÐa sta opoÐa tèmnontai oi antÐstoiqec pleurèc
an koun se mÐa eujeÐa.

An dÔo trÐgwna eÐnai tètoia ¸ste oi EujeÐec stic opoÐec suntrèqoun oi antÐstoiqec ko-
rufèc suntrèqoun, tìte ta ShmeÐa sta opoÐa suntrèqoun oi antÐstoiqec pleurèc suntrè-
qoun.

To Je¸rhma düikì tou Jewr matoc tou Desarques prokÔptei eÔkola apì thn deÔterh
morf  wc düik  prìtash:

An dÔo trÐgwna eÐnai tètoia ¸ste ta ShmeÐa sta opoÐa suntrèqoun oi antÐstoiqec pleurèc
suntrèqoun, tìte oi EujeÐec stic opoÐec suntrèqoun oi antÐstoiqec korufèc suntrèqoun.

Anadiatup¸nontac thn parap�nw prìtash se mia sunhjismènh morf , paÐrnoume Je¸rhma
antÐstrofo tou Jewr matoc tou Desarques:

An dÔo trÐgwna eÐnai tètoia ¸ste ta ShmeÐa sta opoÐa tèmnontai oi antÐstoiqec pleurèc
an koun se mÐa eujeÐa, tìte oi EujeÐec stic opoÐec an koun oi antÐstoiqec korufèc tèm-
nontai se èna shmeÐo.

2. To Je¸rhma tou P�pou mporeÐ na diatupwjeÐ wc ex c:

'Estw ìti A,B,C eÐnai trÐa ShmeÐa miac EujeÐac kai A′, B′, C ′ eÐnai trÐa ShmeÐa miac
�llhc EujeÐac. An

oi EujeÐec BC ′ kai B′C suntrèqoun sto ShmeÐo P ,

oi EujeÐec BA′ kai B′A suntrèqoun sto ShmeÐo Q,

oi EujeÐec AC ′ kai A′C suntrèqoun sto ShmeÐo R, tìte ta ShmeÐa P,Q,R suntrèqoun.

To düikì tou Jewr matoc tou P�pou eÐnai:

'Estw ìti A,B,C eÐnai treÐc EujeÐec pou suntrèqoun se èna ShmeÐo kai A′, B′, C ′ eÐnai
treÐc EujeÐec pou suntrèqoun se èna �llo ShmeÐo. An

ta ShmeÐa B ∩ C ′ kai B′ ∩ C suntrèqoun sthn EujeÐa P ,

ta ShmeÐa B ∩ A′ kai B′ ∩ A suntrèqoun sthn EujeÐa Q,

ta ShmeÐa A ∩ C ′ kai A′ ∩ C suntrèqoun sthn EujeÐa R,

tìte oi EujeÐec P,Q,R suntrèqoun.

To parap�nw düikì tou Jewr matoc tou P�pou diatup¸netai kai wc ex c:

'Estw ìti A,B,C eÐnai treic eujeÐec pou tèmnontai se èna shmeÐo kai A′, B′, C ′ eÐnai
�llec treic eujeÐec pou tèmnontai se èna �llo shmeÐo. An

ta ShmeÐa B ∩ C ′ kai B′ ∩ C an koun sthn eujeÐa P ,

ta ShmeÐa B ∩ A′ kai B′ ∩ A an koun sthn EujeÐa Q,

ta ShmeÐa A ∩ C ′ kai A′ ∩ C an koun sthn EujeÐa R,

tìte oi EujeÐec P,Q,R tèmnontai se èna ShmeÐo.
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3. Ta Jewr mata tou Menèlaou kai tou Ceva eÐnai düik�.

4. Ta Jewr mata tou Pascal kai tou Brianchon eÐnai düik�.

6.7 Diplìc lìgoc tess�rwn suneujeiak¸n ShmeÐwn tou RP2.

Orismìc 6.7.1. 'Estw A = (xA : yA : zA), B = (xB : yB : zB), C = (xC : yC : zC),
D = (xD : yD : zD) tèssera suneujeiak� ShmeÐa RP2.

Ta ā = (xA, yA, zA), b̄ = (xB, yB, zB), c̄ = (xC , yC , zC), d̄ = (xD, yD, zD) ∈ R3 an koun se
èna epÐpedo tou R3 pou perièqei to (0, 0, 0) kai ā kai b̄ eÐnai grammik¸c anex�rthta. Epomènwc

c̄ = c1ā+ c2b̄, d̄ = d1ā+ d2b̄, c1, c2, d1, d2 ∈ R.

Diplìc lìgoc twn A,B,C,D eÐnai o arijmìc (ABCD) = c2
c1

/
d2

d1
.

Je¸rhma 6.7.2. O diplìc lìgoc tess�rwn suneujeiak¸n ShmeÐwn A,B,C,D ∈ RP2 eÐnai
anex�rthtoc apì thn epilog  twn omogenn¸n suntetagmènwn touc.

Apìdeixh. 'Estw ìti a, b, c, d shmeÐa diaforetik� twn (0, 0, 0, ) twn eujei¸n tou R3, antÐstoiqwn
sta A,B,C,D. Tìte

c̄ = c1ā+ c2b̄, d̄ = d1ā+ d2b̄, c1, c2, d1, d2 ∈ R.

'Estw ìti ā′, b̄′, c̄′, d̄′ epÐshc shmeÐa diaforetik� twn (0, 0, 0, ) twn eujei¸n tou R3, antÐstoiqwn
sta A,B,C,D. Tìte

c̄′ = c′1ā
′ + c′2b̄

′, d̄′ = d′1ā
′ + d′2b̄

′, c′1, c
′
2, d
′
1, d
′
2 ∈ R.

'Eqoume ā′ = kā, b̄′ = lb̄, c̄′ = mc̄ kai d′ = nd ìpou k,m, l, n ∈ R \ {0}. Epomènwc

c̄′ = mc̄ = mc1ā+mc2b̄ =
mc1

k
ā′ +

mc2

l
b̄′ =⇒ c′2

c′1
=
kc2

lc1

d̄′ = nd̄ = nd1ā+ nd2b̄ =
nd1

k
ā′ +

nd2

l
b̄′ =⇒ d′2

d′1
=
kd2

ld1

'Ara,
c2

c1

/d2

d1

=
c′2
c′1

/d′2
d′1
.

Je¸rhma 6.7.3. K�je probolikìc metasqhmatismìc diathreÐ ton diplì lìgo twn tessèrwn
suneujeik¸n shmeÐwn.

Apìdeixh. 'Estw A = (xA : yA : zA), B = (xB : yB : zB), C = (xC : yC : zC) kai
D = (xD : yD : zD) tèssera suneujeiak� ShmeÐa RP2.

An gia ta shmeÐa ā = (xA, yA, zA), b̄ = (xB, yB, zB), c̄ = (xC , yC , zC), d̄ = (xD, yD, zD) tou
R3 èqoume

c̄ = c1ā+ c2b̄, d̄ = d1ā+ d2b̄, c1, c2, d1, d2 ∈ R, (6.3)

tìte (ABCD) =
c2

c1

/d2

d1

.
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'Estw p ∈ P (2) me susqetismèno pÐnaka P ∈ GL(3,R).

Gia x̄ = (x1, x2, x3) sumbolÐzoume: Px̄ = P

 x1

x2

x3

 .

Pollaplasi�zontac tic (6.3) me ton pÐnaka P apì arister� paÐrnoume

P c̄ = c1P ā+ c2P b̄, P d̄ = d1P ā+ d2P b̄, c1, c2, d1, d2 ∈ R. (6.4)

'Estw ìti

P ā =

 x′A
y′A
z′A

 , P b̄ =

 x′B
y′B
z′B

 , P c̄ =

 x′C
y′C
z′C

 P d̄ =

 x′D
y′D
z′D

 (6.5)

Tìte gia ta shmeÐa ā′ = (x′A, y
′
A, z

′
A), b̄′ = (x′B, y

′
B, z

′
B), c̄′ = (x′C , y

′
C , z

′
C), d̄′ = (x′D, y

′
D, z

′
D)

tou R3 èqoume
c̄′ = c1ā

′ + c2b̄
′, d̄′ = d1ā

′ + d2b̄
′, c1, c2, d1, d2 ∈ R, (6.6)

'Omwc

A′ = p(A) = (x′A : y′A : z′A), B′ = p(B) = (x′B : y′B : z′B), (6.7)

C ′ = p(C) = (x′C : y′C : z′C), D′ = p(D) = (x′D : y′D : z′D)

Apì tic sqèseic (6.4), (6.6) kai (6.7) èpetai ìti (A′B′C ′D′) = c2
c1

/
d2

d1
= (ABCD).

ShmeÐwsh 6.7.4. O aplìc lìgoc tri¸n suneujeiak¸n ShmeÐwn exart�tai apì tic omogeneÐc
suntetagmènec.

Pr�gmati, èstw A, B kai C trÐa ShmeÐa me antÐstoiqa dianÔsmata ~a ‖ `A, ~b ‖ `B kai ~c ‖ `C
tètoia ¸ste ~c = 3

5
~a+ 2

5
~b. Tìte A, B kai C an koun se mia probolik  eujeÐa kai (ABC) = 2/3.

Gia ~c ′ = 5
2
~c, ~a ′ = 3~a kai ~b ′ = 2~b èqoume ~c ′ = 1

2
~a ′ + 1

2
~b ′. 'Ara, (ABC) = 1.
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6.7.1 Diplìc lìgoc p�nw sto epÐpedo probol c.

'Estw ìti A′, B′, C ′, D′ ∈ RP2 tèssera suneujeiak� ShmeÐa me antÐstoiqec probolèc

A,B,C,D sto prìtupo epÐpedo probol c Π̂1. Epeid  ta ideat� shmeÐa tou Π̂1 eÐnai ta ShmeÐa
thc (ideat c) EujeÐac z = 0, prokÔptei ìti   kai ta tèssera ShmeÐa A′, B′, C ′, D′ an koun
sthn EujeÐa z = 0   to polÔ èna apì aut�.

'Estw ìti A′, B′, C ′, D′ ∈ RP2 prob�lontai sta shmeÐa A,B,C,D tou epipèdou z = 1.
Tìte ta shmeÐa A,B,C,D an koun se mia eujeÐa tou epipèdou z = 1. PaÐrnoume

−→
C = α

−→
A + β

−→
B kai

−→
D = γ

−→
A + δ

−→
B =⇒ (ABCD) =

β

α

/ δ
γ

=
ABC

ABD
=

−→
AC
−−→
CB

/−−→AD
−−→
DB

.

An A eÐnai ideatì shmeÐo tou prìtupou epipèdou probol c, tìte A = (xA : yA : 0) kai to

di�nusma ā =

(
xA√
x2
A+y2

A

, yA√
x2
A+y2

A

, 0

)
eÐnai monadiaì kai par�llhlo sthn eujeÐa pou perièqei

ta shmeÐa B,C,N .

−→
C =

−→
B +

−−→
BC = ±|

−−→
CB|ā+ b̄

−→
D =

−→
B +

−−→
BD = ±|

−−→
DB|ā+ b̄

−−→
BC �

−−→
BD =⇒ DB

BC
= − |

−−→
DB|
|
−−→
CB|

kai (ABCD) = |
−−→
DB|
|
−−→
CB|

=⇒ (ABCD) =
−−→
DB
−−→
CB

−−→
BC ↑↓

−−→
BD =⇒ DB

BC
= − |

−−→
DB|
|
−−→
CB|

kai (ABCD) = |
−−→
DB|
|
−−→
CB|

=⇒ (ABCD) =
−−→
DB
−−→
CB

'Ara,

(ABCD) =

−−→
DB
−−→
CB

= −(DCB)

An B eÐnai ideatì shmeÐo tou prìtupou epipèdou probol c, tìte

(ABCD) =
1

(BACD)
=

−→
CA
−−→
DA

.
An C eÐnai ideatì shmeÐo tou prìtupou epipèdou probol c, tìte

(ABCD) = 1− (ACBD) = 1−
−→
BA
−−→
DA

=

−−→
BD
−−→
AD

An D eÐnai ideatì shmeÐo tou prìtupou epipèdou probol c, tìte

(ABCD) = 1− (DBCA) = 1−
−→
AB
−−→
CB

=

−→
AC
−−→
BC

= −(ABC)
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6.8 AnalloÐwtec thc probolik c gewmetrÐac (RP2, P (2)).

K�loÔme kwnik  tou RP2 to sÔnolo twn ShmeÐwn (x : y : z) pou ikanopoieÐ thn exÐswsh
thc morf c

Ax2 +Bxy + Cy2 + Fxz +Gyz +Hz2 = 0, ìpou A2 +B2 + C2 + F 2 +G2 +H2 6= 0

Mia kwnik  tou RP2 kaleÐtai mh ekfulismènh an h tom  thc me to prìtupo epÐpedo probol c
eÐnai mÐa apì tic kampÔlec: parabol , uperbol , èlleiyh.

K�je probolikìc metasqhmatismìc

• apeikonÐzei EujeÐa se EujeÐa,

• apeikonÐzei suneujeiak� ShmeÐa se suneujeiak�,

• apeikonÐzei TrÐgwno se TrÐgwno,

• apeikonÐzei Tetr�pleuro se Tetr�pleuro,

• �peikonÐzei to ShmeÐo tom c twn Eujei¸n sthn tom  twn eikìnwn touc,

• diathreÐ ton diplì lìgo twn tess�rwn suneujeiak¸n ShmeÐwn,

• apeikonÐzei mh ekfulismènh kwnik  se mh ekfulismènh kwnik .

Isa sq mata sto RP2.

ApodeiknÔetai ìti sthn probolik  gewmetrÐa

• ìla ta trÐgwna eÐnai ÐsodÔnama,

• ìla ta tetr�pleura eÐnai ÐsodÔnama,

• ìlec oi mh ekfulismènec kwnikèc eÐnai ÐsodÔnamec.

6.9 Ask seic

6.9.1. Poiec apì tic parak�tw omogeneÐc suntetagmènec parist�noun to Ðdio shmeÐo tou RP2

me to (2 : −3 : 4)
(i) (2 : 3 : −4), (ii) (4 : −6 : 8), (iii) (2

3
: −1 : 4

3
), (iv) (2 : 3 : 4).

6.9.2. Gia thn kajemi� apì tic parak�tw tri�dec omogenn¸n suntetagmènwn na brejoÔn apì
dÔo tri�dec omogenn¸n suntetagmènwn pou parist�noun to Ðdio probolikì shmeÐo:

(i) (4 : 2 : −6), (ii) (5 : 4 : 8), (iii) (2
3

: 0 : 4
3
), (iv) (2 : 3 : 0).

6.9.3. Na brejoÔn oi omogeneÐc suntetagmènec thc morf c (x : y : 1) gia ta parak�tw
probolik� shmeÐa

(i) (2 : 3 : −4), (ii) (4 : −6 : 8), (iii) (2
3

: −1 : 4
3
), (iv) (2 : 3 : 4).
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6.9.4. Na brejoÔn oi omogeneÐc suntetagmènec thc morf c (x : 1 : 0) gia ta parak�tw
probolik� shmeÐa

(i) (2 : 3 : 0), (ii) (4 : −6 : 0), (iii) (2
3

: −1 : 0), (iv) (6 : 3 : 0).

6.9.5. Na apodeiqjeÐ ìti h EujeÐa tou RP2 pou dièrqetai apì ta ShmeÐa (a1 : a2 : a3) kai
(b1 : b2 : b3) èqei exÐswsh ∣∣∣∣∣∣

x y z
a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ = 0

6.9.6. BreÐte thn exÐswsh thc EÔjeÐac pou dièrqetai apì ta shmeÐa (2 : 5 : 4) kai (3 : 1 : 7).

6.9.7. Na apodeiqjeÐ ìti ta ShmeÐa (a1 : a2 : a3), (b1 : b2 : b3) kai (c1 : c2 : c3) eÐnai

suneujeiak� an kai mìno an ∣∣∣∣∣∣
c1 c2 c3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ = 0

6.9.8. Na exetasteÐ an oi tri�dec pou akoloujoÔn apoteloÔntai apì suneujeiak� ShmeÐa

(a) (2 : 5 : 4), (3 : 1 : 7), (1 : −4 : 3), (b) (1 : 5 : 4), (5 : 1 : 7), (1 : −4 : 3).

6.9.9. DeÐxte ìti ta ShmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1) eÐnai an� trÐa mh
suneujeiak�.

6.9.10. Na brejeÐ h exÐswsh thc probolik c eujeÐac se omogeneÐc suntetagmènec pou dièrqe-
tai apì ta probolik� shmeÐa P = (1 : 2 : 3) kai Q = (3 : 0 : −2).

6.9.11. Na brejoÔn oi omogeneÐc suntetagmènec tou probolikoÔ shmeÐou pou eÐnai h tom  twn
probolik¸n eujei¸n `1 kai `2, pou dÐnontai me exÐswsh se omogeneÐc suntetagmènec:

`1 : x− y − z = 0, `2 : x+ 5y + 2z = 0.

6.9.12. Na brejoÔn oi omogeneÐc suntetagmènec tou probolikoÔ shmeÐou pou eÐnai h tom  twn
probolik¸n eujei¸n `1 : x− 2y + z = 0 kai `2 : x− y − z = 0.

6.9.13. Na brejeÐ to probolikì shmeÐo, sto opoÐo h probolik  eujeÐa pou dièrqetai apì ta
probolik� shmeÐa P = (1 : 2 : −3) kai Q = (2 : −1 : 0) tèmnei thn probolik  eujeÐa pou
dièrqetai apì ta probolik� shmeÐa A = (1 : 0 : −1) kai B = (1 : 1 : 1).

6.9.14. 'Estw f o probolikìc metasqhmatismìc me susqetismèno pÐnaka Pf =

 1 1 −1
−1 −2 1

4 −3 4

 .

Na brejoÔn oi eikìnec twn shmeÐwn A = (1 : 2 : 3), B = (−1 : 4 : 0), C = (0 : 0 : 1).

6.9.15. Na prosdioristeÐ poioÐ apì tic parak�tw apeikonÐseic eÐnai probolikoÐ metasqhma-
tismoÐ.

(a') f(x : y : z) = (−2y + 3z : −x+ 5y − z : −3x)

(b') g(x : y : z) = (x− 7y + 4z : −x+ 5y − z : x− 9y + 7z)
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6.9.16. DÐnontai ta probolik� shmeÐa

P = (1 : −1 : 1), Q = (1 : −2 : 2), R = (−1 : 2 : −1), S = (0 : 1 : 2),

P ′ = (−1 : 3 : −2), Q′ = (−3 : 7 : −5), R′ = (2 : −5 : 4), S(−3 : 8 : −5).

(a') Na brejeÐ ènac probolikìc metasqhmatismìc f : RP2 → RP2 pou apeikonÐzei ta ShmeÐa
(1 : 0 : 0), (0 : 1 : 0) kai (0 : 0 : 1) sta shmeÐa P , Q kai R, antÐstoiqa.

(b') Na brejeÐ o probolikìc metasqhmatismìc g : RP2 → RP2 pou apeikonÐzei ta ShmeÐa
(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1) sta shmeÐa P , Q, R kai S, antÐstoiqa.

(g') Na brejeÐ o probolikìc metasqhmatismìc h : RP2 → RP2 pou apeikonÐzei ta ShmeÐa
P,Q,R, S sta ShmeÐa P ′, Q′, R′, S ′ antÐstoiqa.

Ap�nthsh:

(a') An o probolikìc metasqhmatismìc f apeikonÐzei ta ShmeÐa (1 : 0 : 0), (0 : 1 : 0) kai
(0 : 0 : 1) sta shmeÐa P , Q kai R, antÐstoiqa, tìte o susqetismènoc pÐnakac tou f èqei

thn morf  Af (u, v, w) =

 u v −w
−u −2v 2w
u 2v −w

, ìpou u 6= 0, v 6= 0, w 6= 0.

Se k�je triada (u, v, w) ∈ R3 \ (0, 0, 0) antistoiqeÐ ènac probolikìc metasqhmatismìc
pou apeikonÐzei ta ShmeÐa (1 : 0 : 0), (0 : 1 : 0) kai (0 : 0 : 1) sta shmeÐa P , Q kai R,
antÐstoiqa. P.q., gia (u, v, w) = (1, 1, 1) paÐrnoume ton metasqhmatismì:

f(x, y, z) =

 1 1 −1
−1 −2 2

1 2 −1

 x
y
z



(b') Ag =

 u v −w
−u −2v 2w
u 2v −w

, ìpou u 6= 0, v 6= 0, w 6= 0.

Epeid  g(1 : 1 : 1) = (0 : 1 : 2), èpetai ìti

 u v −w
−u −2v 2w
u 2v −w

 1
1
1

 =

 0
1
2

 .

LÔnontac to parap�nw sÔsthma brÐskoume (u, v, w) = (1, 2, 3).

'Ara, g(x, y, z) = Ag

 x
y
z

, ìpou Ag =

 1 2 −3
−1 −4 6

1 4 −3

 .

(g') Upìdeixh: 'Estw t : RP2 → RP2 probolikìc metasqhmatismìc pou apeikonÐzei ta
ShmeÐa (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1) kai (1 : 1 : 1) sta ShmeÐa P ′, Q′, R′, S ′.
Tìte h = t ◦ g−1. 'Ara, upologÐzoume ton susqetismèno pÐnaka tou h apì ton tÔpo
Ah = At ◦ A−1

g .
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6.9.17. Na apodeiqjeÐ ìti o metasqhmatismìc t : RP2 → RP2 me

t(x : y : z) = (x+ z : x+ y + 3z : −2x+ z)

eÐnai probolikìc kai breÐte ton antÐstrofì tou.

Ap�nthsh: 'Enac susqetismènoc pÐnakac tou t eÐnai o At =

 1 0 1
1 1 3
−2 0 1

 ∈ GL(3,R).

O susqetismènoc pÐnaka tou t−1 eÐnai o A−1
t = 1

3

 1 0 −1
−7 3 −2

2 0 1

.

Sunep¸c
t−1(x : y : z) = (x− z : −7x+ 3y − 2z : 2x+ z).

6.9.18. Na diatupwjoÔn oi düikèc twn parak�tw prot�shc thc probolik c gewmetrÐac:

(a') An oi EujeÐec `1, `2 kai `3 tèmnontai se èna ShmeÐo, tìte h eujeÐa `3 dièrqetai apì to
ShmeÐo tom c twn Eujei¸n `1 kai `2.

(b') Ta probolik� shmeÐa A = (a1 : a2 : a3), B = (b1 : b2 : b3) kai C = (c1 : c2 : c3) eÐnai

suneujeiak� an kai mìno an

∣∣∣∣∣∣
c1 c2 c3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ = 0.

6.9.19. BreÐte ton diplì lìgo (ABCD) gia ta ShmeÐa

(a') A = (1 : −1 : −1), B = (1 : 3 : −2), C = (3 : 5 : −5), D = (1 : −5 : 0).

(b') A = (2 : 1 : 3), B = (1 : 2 : 3), C = (8 : 1 : 9), D = (4 : −1 : 3).

6.9.20. Na apodeiqjoÔ oi idiìthtec tou diploÔ lìgou pou akoloujoÔn.

(a') 'Estw A,B,C,D ∈ RP2 tèssera suneujeiak� ShmeÐa.

(ABCD) = k =⇒ (BACD) = (ABDC) = 1/k
(ACBD) = (DBCA) = 1− k

(b') An A,B,C,X, Y ∈ RP2 eÐnai pènte suneujeiak� ShmeÐa kai (ABCX) = (ABCY ), tìte
X = Y .

6.9.21. An A = (1 : −1 : 0), B = (1 : 0 : −2), C = (3 : 5 : −5), D = (1 : −5 : 0), breÐte
touc diploÔc lìgouc (ABDC), (BADC), (BDAC), (ADBC).
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Kef�laio 7

GewmetrÐa thc antistrof c.

7.1 Antistrof  wc proc ton kÔklo.

Orismìc 7.1.1. 'Estw C = (K, r) kÔkloc tou R2 kèntrou K kai aktÐnac r.
Antistrof  wc proc ton kÔklo C = (K, r) eÐnai mia apeikìnish t : R2 \ {K} → R2 \ {K}

pou se k�je shmeÐo A ∈ R2 \ {K} antistoiqeÐ to shmeÐo t(A) = A′ thc hmieujeÐac [KA), to
opoÐo ikanopoieÐ thn exÐswsh

KA ·KA′ = r2.

To shmeÐo K kaleÐtai kèntro kai h aktÐna r kaleÐtai dÔnamh thc antistrof c t.
O kÔkloc C = (K, r) kaleÐtai kÔkloc thc antistrof c t.
Gia k�je A ∈ R2 \ {K} to shmeÐo t(A) kaleÐtai antÐstrofo tou A wc proc ton kÔklo C.

ApodeiknÔetai eÔkola ìti

• An A′ eÐnai antÐstrofo tou A wc proc thn antistrof  t, tìte A eÐnai antÐstrofo tou A′

wc proc thn antistrof  t.

• 'Estw A′ eÐnai antÐstrofo tou A wc proc ton kÔklo C. Tìte

(i) An A ∈ C, tìte A′ = A.

(ii) An A eÐnai èxw apì ton kÔklo, tìte A′ eÐnai mèsa ston kÔklo.

(iii) An A eÐnai mèsa ston kÔklo, tìte A′ eÐnai èxw apì ton kÔklo.

• K�je antistrof  t wc proc ton kÔklo me kèntro K eÐnai mia 1-1 kai epÐ apeikìnish tou
R2 \ {K} ston eautì tou.

• An t : R2 \ {K} → R2 \ {K} eÐnai antistrof  wc proc ton kÔklo me kèntro K, tìte
t−1 = t (k�je antistrof  eÐnai autoantÐstrofh).

Mia 1-1 kai epÐ apeikìnish t : X → X kaleÐtai eneliktik  , ìtan t ◦ t = idX .

Epomènwc k�je antistrof  eÐnai eneliktik  apeikìnish.

Orismìc 7.1.2. KaloÔme omoiojesÐa tou R2 me lìgo k ∈ R \ {0} kai kèntro (0, 0) thn
apeikìnish h : R2 → R2 me h(x, y) = (kx, ky).

EÔkola apodeiknÔetai ìti k�je omoiojesÐa eÐnai 1-1 kai epi, apeikonÐzei eujeÐec se eujeÐec
kai kÔklouc se kÔklouc.

71
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Gewmetrikìc orismìc thc antistrof c.

H antistrof  enìc shmeÐou A wc proc ton kÔklo C = (K, r) orÐzetai gewmetrik� wc ex c:

1. An KA = r, tìte t(A) = A.

2. An KA > r, tìte akoloujoÔme ta parak�tw b mata

(aþ) fèrnontac apì to A mia efaptomènh proc ton C = (K, r) brÐskoume to shmeÐo P
tom c thc efaptomènhc me ton kÔklo,

(bþ) A′ = t(A) eÐnai to Ðqnoc thc kajètou apì to P proc thn eujeÐa (KA).

3. An KA < r, tìte akoloujoÔme ta parak�tw b mata

(aþ) fèrnontac apì to A eujeÐa k�jeth sthn (KA) brÐskoume to shmeÐo P tom c thc
me ton kÔklo,

(bþ) A′ = t(A) eÐnai to shmeÐo tom c thc efaptomènhc sto P me thn (KA).

ParadeÐgmata 7.1.3.

1. An to shmeÐo A eÐnai èxw apì ton kÔklo C = (K, r), to shmeÐo A′ eÐnai antÐstrofo tou

A wc proc ton C(K, r) kai C(K, r) ∩ AA′ = N , tìte NA′ =
NA

1 +NA/r
.

Pr�gmati, apì ton orismì tou shmeÐou N èpetai ìti KA = r+NA kai KA′ = r−NA′.
Opìte paÐrnoume diadoqik�

KA ·KA′ = r2 =⇒ (r +NA)(r −NA′) = r2 =⇒ NA′ =
NA · r
r +NA

=
NA

1 +NA/r
.

2. 'Estw ìti P,Q ∈ R2 \ {K} kai ta shmeÐa P,Q,K den eÐnai suneujeiak�.

An t eÐnai h antistrof  wc proc ton kÔklo C = (K, r), t(P ) = P ′ kai Q′ = t(Q), tìte

P ′Q′ =
PQ · r2

KP ·KQ
.

Pr�gmati, KP ·KP ′ = r2 kai KQ ·KQ′ = r2 =⇒ KP

KQ
=
KQ′

KP ′
.

'Ara, ta trÐgwna KPQ kai KP ′Q′ eÐnai ìmoia. Epomènwc,

P ′Q′

PQ
=
KP ′

KQ
=
KP ′ ·KP
KQ ·KP

=
r2

KQ ·KP
=⇒ P ′Q′ =

PQ · r2

KP ·KQ
.

Je¸rhma 7.1.4. H antistrof  wc proc ton kÔklo C(O, r) ìpou O = (0, 0) dÐnetai apì thn
sqèsh

t(x, y) =

(
xr2

x2 + y2
,

yr2

x2 + y2

)
, (x, y) ∈ R2 \ {O}.

Apìdeixh. An A = (x, y) ∈ R2 \ {O} kai A′ = t(A), tìte A′ = (kx, ky) ìpou k ∈ R, k > 0.
Epeid  OA =

√
x2 + y2 kai OA′ =

√
k2x2 + k2y2, prokÔptei ìti

OA ·OA′ = r2 =⇒ k(x2 + y2) = r2 =⇒ k =
r2

x2 + y2
.
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7.1.1 Antistrof c thc eujeÐac kai tou kÔklou wc proc ton kÔklo.

'Estw ` mia eujeÐa kai A ∈ `. To sÔnolo ` \ {A} kaleÐtai eujeÐa di�trhth sto A.
'Estw C ènac kÔkloc kai A ∈ C. To sÔnolo C \ {A} kaleÐtai kÔkloc di�trhtoc sto A.

Je¸rhma 7.1.5. H antistrof  t tou epipèdou wc proc ton kÔklo C(O, 1) apeikonÐzei

(a) thn eujeÐa di�trhth sto O ston eautì thc,

(b) thn eujeÐa pou den dièrqetai apì to O epÐ ènan kÔklo di�trhto sto O.

Apìdeixh. (a) H eujeÐa ` di�trhth sto (0, 0) èqei exÐswsh ax+ by = 0, (x, y) 6= (0, 0).

An t(x, y) = (x′, y′), tìte (x, y) = t(x′, y′) =
(

x′

x′2+y′2
, y′

x′2+y′2

)
.

'Ara, t(` \ {O}) èqei exÐswsh a x′

x′2+y2 + b y′

x′2+y′2
= 0, ìpou (x′, y′) 6= (0, 0) diìti (0, 0) den

ikanopoieÐ thn exÐswsh thc t(`). H teleutaÐa exÐswsh eÐnai isodÔnamh me thn exÐswsh
ax′ + by′ = 0, (x′, y′) 6= (0, 0), pou eÐnai h exÐswsh thc eujeÐac ` diatrht c sto (0, 0).

(b) H eujeÐa ` pou den dièrqetai apì apì to O èqei exÐswsh ax + by + c = 0, c 6= 0. 'Ara,
t(`) èqei exÐswsh a x′

x′2+y′2
+ b y′

x′2+y′2
+ c = 0, (x′, y′) 6= (0, 0).

H teleutaÐa exÐswsh eÐnai isodÔnamh me cx′2 + cy′2 + ax′ + by′ = 0, (x′, y′) 6= (0, 0), h
opoÐa eÐnai exÐswsh tou kÔklou di�trhtou sto O = (0, 0).

Je¸rhma 7.1.6. H antistrof  t tou epipèdou wc proc ton kÔklo C(O, 1) apeikonÐzei

(a) ton kÔklo di�trhto sto O epÐ mia eujeÐa pou den dièrqetai apì to O ,

(b) ton kÔklo pou den dièrqetai apì to O epÐ ènan kÔklo (pou den perièqei to O).

Apìdeixh. 'Estw C ènac kÔkloc me exÐswsh (x − a)2 + (y − b)2 = r2. H teleutaÐa exÐswsh
grafetai x2 + y2 − 2ax− 2by + a2 + b2 − r2 = 0. Epomènwc t(C \ {O}) èqei exÐswsh(

x

x2 + y2

)2

+

(
y

x2 + y2

)2

− 2a

(
x

x2 + y2

)
− 2b

(
y

x2 + y2

)
+ a2 + b2 − r2 = 0⇐⇒

1

x2 + y2
− 2ax

x2 + y2
− 2by

x2 + y2
+ a2 + b2 − r2 = 0⇐⇒

1 − 2ax− 2by + (a2 + b2 − r2)(x2 + y2) = 0.

(a) An o kÔkloc C eÐnai di�trhtoc sto (0, 0), tìte a2+b2−r2 = 0, epomènwc o C apeikonÐzetai
epi thc eujeÐac pou den dièrqetai apì to (0, 0): 1− 2ax− 2by = 0.

(b) An C den dièrqetai apì (0, 0), tìte a2 + b2−r2 6= 0, �ra o C apeikonÐzetai epÐ tou kÔklou

x2 + y2 − 2ax

a2 + b2 − r2
− 2by

a2 + b2 − r2
+

1

a2 + b2 − r2
= 0.
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Parat rhsh 7.1.7. Ta Jewr mata 7.1.5 kai 7.1.6 isqÔoun gia thn antistrof  wc proc ton
opoiond pote kÔklo. H antistrof  t wc proc ton kÔklo C(K, r) meK = (k1, k2) eÐnai sÔnjesh
twn parak�tw metasqhmatism¸n, oi opoÐoi apeikonÐzoun kÔklouc se kÔklouc kai eujeÐec se
eujeÐec:

t1(x, y) =
(
x−k1

r
, y−k2

r

)
� sÔnjesh metafor�c kat� (−k1,−k2) kai omoiojesÐac me lìgo 1/r,
h opoÐa apeikonÐzei ton kÔklo C(K, r) ston kÔklo C(O, 1),

t2 � antistrof  wc proc ton kÔklo C(O, 1),
t−1
1 � opoÐa apeikonÐzei ton kÔklo C(O, 1) ston kÔklo C(K, r).

7.1.2 Efarmogèc sthn apìdeixh jewrhm�twn thc EukleÐdeiac GewmetrÐac.

Je¸rhma 7.1.8. (PtolemaÐou) Se k�je tetr�pleuro ABCD isqÔei h anisìthta

AC ·BD ≤ AB · CD +BC ·DA.

To ABCD eÐnai kurtì kai eggegrammèno se kÔklo an kai mìnon an isqÔei h isìtha:

AC ·BD = AB · CD +BC ·DA (7.1)

(to ginìmeno twn diagwnÐwn isoÔtai me to �jroisma twn ginomènwn twn apènanti pleur¸n).

Apìdeixh. 'Estw t antistrof  wc proc ton kÔklo C(D, 1). 'Estw ìti A′, B′, C ′ h eÐkonec
twn A, B, C, antÐstoiqa.

'Eqoume A′C ′ ≤ A′B′ +B′C ′ (trigwnik  anisìthta). EpÐshc, gia thn aktÐna r tou kÔklou
thc antistrof c isqÔei (bl. Par�deigma 7.1.3(2))

A′C ′ =
AC · r2

DA ·DC
, A′B′ =

AB · r2

DA ·DB
, B′C ′ =

BC · r2

DB ·DC
.

Epeid  r = 1, èpetai ìti

AC

DA ·DC
≤ AB

DA ·DB
+

BC

DB ·DC
=⇒ AC ·DB ≤ AB ·DC +BC ·DA.

An AC · DB = AB · DC + BC · DA, tìte A′C ′ = A′B′ + B′C ′. Epomènwc ta shmeÐa
A′, B′, C ′ an koun se mia eujeÐa ε kai B′ eÐnai metaxÔ twn A′ kai B′. H ε den dièrqetai apì to
D (diaforetik� A,B,C,D eÐnai suneujeik�, dhlad  ABCD den eÐnai tetr�pleuro). Sunep¸c
t(ε) eÐnai eÐnai kÔkloc pou pern�ei apì ta A,B,C di�trhtoc sto D kai B eÐnai an�mesa sta A
kai C. 'Ara, ABCD eÐnai kurtì eggegrammèno se kÔklo.

Gia na deÐxoume ìti gia èna kurtì tetr�pleuro ABCD eggegrammèno se kÔklo isqÔei h
isìthta (7.1) arkeÐ na akolouj soume antÐstrofa touc parap�nw isqurismoÔc.
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7.2 Orismìc thc gewmetrÐac thc antistrof c tou R2 ∪ {∞}.

Antistrof  tou ektetamènou epipèdou R2 ∪ {∞} wc proc ton kÔklo C = (K, r) eÐnai h
apeikìnish t : R2 ∪ {∞} → R2 ∪ {∞} pou orÐzetai wc ex c:

t(A) =


shmeÐo antÐstrofo tou A wc proc to C, an A ∈ R2 \ {K},
∞, an A = K,
K, an A =∞.

'Estw ` mia eujeÐa tou R2. Antistrof  tou ektetamènou epipèdou R2 ∪ {∞} wc proc thn
èktetamènh eujeÐa `∪{∞} eÐnai h apeikìnish t : R2∪{∞} → R2∪{∞} pou orÐzetai wc ex c:

t(A) =

{
shmeÐo summetrikì tou A wc proc thn `, an A ∈ R2,
∞, an A =∞.

Orismìc 7.2.1. KaloÔme genikeumèno kÔklo tou R2 ∪ {∞} k�je kÔklo tou R2 kai k�je
ektetamènh eujeÐa tou R2 ∪ {∞}.

ApodeiknÔetai eÔkola h parak�tw prìtash.

Prìtash 7.2.2. Opoiad pote trÐa (diaforetik�) shmeÐa tou R2 ∪ {∞} perièqontai se
monadikì genikeumèno kÔklo.

Orismìc 7.2.2. Mia apeikìnish t : R2 ∪ {∞} → R2 ∪ {∞} kaleÐtai metasqhmatismìc thc
antistrof c, ìtan t eÐnai sÔnjesh peperasmènou pl jouc antistrof¸n tou R2∪{∞} wc proc
genikeumènouc kÔklouc tou R2 ∪ {∞}. SumbolÐzoume

Inv(R2 ∪ {∞}) = {t : t metasqhmatismìc thc antistrof c tou R2 ∪ {∞}}.

Je¸rhma 7.2.3. To zeÔgoc
(
R2 ∪ {∞}, Inv(R2 ∪ {∞})

)
eÐnai gewmetrÐa.

Apìdeixh. 'Estw f = a1 ◦ · · · ◦ an ∈ Inv(R2 ∪ {∞}), ìpou k�je ai eÐnai anistrof  wc proc
k�poio genikeumèno kÔklo. Epeid  k�je ai eÐnai 1− 1 kai epÐ, h sÔnjesh f eÐnai 1− 1 kai epÐ.

An f = a1 ◦ · · · ◦ an ∈ Inv(R2 ∪ {∞}), tìte f−1 = a−1
n ◦ · · · ◦ a−1

1 ∈ Inv(R2 ∪ {∞}).
An f = a1 ◦ · · · ◦ an ∈ Inv(R2 ∪ {∞}) kai g = b1 ◦ · · · ◦ bn ∈ Inv(R2 ∪ {∞}), tìte

f ◦ g = a1 ◦ · · · ◦ an ◦ b1 ◦ · · · ◦ bn ∈ Inv(R2 ∪ {∞}).
Sunep¸c

(
R2 ∪ {∞}, Inv(R2 ∪ {∞})

)
eÐnai gewmetrÐa.

Orismìc 7.2.4. To zeÔgoc
(
R2∪{∞}, Inv(R2∪{∞})

)
kaleÐtai gewmetrÐa thc antistrof c.

ApodeiknÔetai ìti ( bl. Ask seic tou KefalaÐou 5):

Je¸rhma 7.2.5. H stereografik  probol  p : S2 → R2 ∪ {∞} apeikonÐzei touc kÔklouc
thc sfaÐrac epÐ twn genikeumènwn kÔklwn tou R2 ∪ {∞}.



76 KEF�ALAIO 7. GEWMETR�IA THS ANTISTROF�HS.

7.3 Merikèc idiìthtec thc gewmetrÐac thc antistrof c.

Je¸rhma 7.3.1. H antistrof  tou R2 ∪ {∞} wc proc ton kÔklo me kèntro K apeikonÐzei
thn ektetamènh eujeÐa ` ∪ {∞} pou den dièrqetai apì to K epÐ ènan kÔklo pou dièrqetai apì
to K kai tou opoÐou h efaptomènh sto K eÐnai par�llhlh sthn `.

Apìdeixh. H antistrof  wc proc opoiond pote kÔklo eÐnai sÔnjesh metafor¸n, omoiojesi¸n
wc proc (0, 0) kai thc antistrof c wc proc ton kÔklo C(O, 1). H metafor� kai omoijesÐa wc
proc (0, 0) apeikonÐzoun tic eujeÐec pou den dièrqontai apì to (0, 0) se par�llhlec eujeÐec.
Epmènwc arkeÐ na apodeÐxoume to Je¸rhma gia thn antistrof  t wc proc ton kÔklo C(O, 1).

H t apeikonÐzei thn eujeÐa ` : ax + by + c = 0 pou den dièrqetai apì thn arq  epÐ tou
di�tritou sto O = (0, 0) kÔklou me exÐswsh cx2 + cy2 + ax+ by = 0, (x, y) 6= (0, 0).

EpÐshc t(∞) = (0, 0). 'Ara, t(`∪∞) eÐnai o kÔkloc cx2 + cy2 + ax+ by = 0, tou opoÐou h
efaptomènh sto (0, 0) èqei exÐswsh ax+ by = 0 kai, �ra, eÐnai par�llhlh sthn `.

Je¸rhma 7.3.2. H antistrof  tou R2∪{∞} wc proc ènan genikeumèno kÔklo èqei tic ex c
idiìthtec:

1. apeikonÐzei genikeumènouc kÔklouc se genikeumènouc kÔklouc,

2. diathreÐ tic gwnÐec metaxÔ twn kampul¸n (mporeÐ ìmwc na antistrèfei ton prosanatolis-
mì touc).

Apìdeixh. 1. Apì ta Jewr mata 7.1.5, 7.1.6 kai thn Parat rhsh 7.1.7 sumperaÐnoume ìti
k�je antistrof  t tou epipèdou wc proc ton kÔklo me kèntro K apeikonÐzei

(a) thn ektetamènh eujeÐa ` ∪ {∞} pou dièrqetai apì to K ston eautì thc, afoÔ
t(` \ {K}) = ` \ {K}, t(K) =∞ kai t(∞) = K.

(c) thn ektetamènh eujeÐa ` ∪ {∞} pou den dièrqetai apì K epÐ ènan kÔklo C pou
dièrqetai apì to K, afoÔ t(`) = C \ {K} kai t(∞) = K.

(d) ton kÔklo C pou dièrqetai apì to K epÐ miac ektetamènhc eujeÐac `∪{∞} pou den
dièrqetai apì to K, afoÔ t(C \ {K}) = ` kai t(K) =∞.

(b) ton kÔklo C pou den dièrqetai apì to O epÐ ènan kÔklo (pou den dièrqetai apì K).

2. H an�klash wc proc eujeÐa diathreÐ tic gwnÐec metaxÔ twn kampul¸n kai antistrèfei
ton prosanatolismì touc. 'Ara, tic Ðdiec idiìthtec èqei h antistrof  wc proc ektetamènh
eujeÐa. ArkeÐ na apodeÐxoume ìti antistrof  t wc proc ènan kÔklo me kèntro K diathreÐ
tic gwnÐec metaxÔ twn eujeÐ¸n `1 kai `2 pou tèmnontai se èna shmeÐo A ∈ R2.

An A = K, tìte t(`1) = `1 kai t(`2) = `2. 'Ara, ( ̂t(`1), t(`2)) = (̂̀1, `2).

An A 6= K kai kami� apì tic `1 kai `2 den dièrqetai apì to K, tìte t(`1) = C1 kai
t(`2) = C2, ìpou C1 kai C2 eÐnai kÔkloi pou tèmnontai sto K kai t(A).

H gwnÐa metaxÔ twn efaptomènwn εA1 kai εA2 twn C1 kai C2 sto t(A) isoÔtai me thn gwnÐa
metaxÔ twn efaptomènwn ε1 kai ε2 twn C1 kai C2 sto K. Apì to Je¸rhma 7.3.1 oi ε1

kai ε2 eÐnai par�llhlec stic `1 kai `2, antÐstoiqa. 'Ara, (ε̂A1 , ε
A
2 ) = (ε̂1, ε2) = (̂̀1, `2).

H apìdeixh eÐnai ìmoia ìtan A 6= K kai mìno mÐa apì tic `1 kai `2 dièrqetai apì to K.
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Pìrisma 7.3.3. H antistrof  tou R2 ∪ {∞} wc proc ton kÔklo C(K, r) apeikonÐzei

1. k�je genikeumèno kÔklo pou dièrqetai apì to K se mi� ektetamèmh eujeÐa ` ∪ {∞},

2. k�je genikeumèno kÔklo pou den dièrqetai apì to K se ènan kÔklo.

Pìrisma 7.3.4. K�je metasqhmatismìc thc antistrof c èqei tic ex c idiìthtec:

1. apeikonÐzei genikeumènouc kÔklouc se genikeumènouc kÔklouc,

2. diathreÐ tic gwnÐec metaxÔ twn kampul¸n (mporeÐ ìmwc na antistrèfei ton prosanatolis-
mì touc).

7.3.1 H sqèsh thc gewmetrÐac thc antistrof c me �llec gewmetrÐec.

Epeid  R2 eÐnai uposÔnolo tou ektetamènou epipèdou R2 ∪ {∞}, merik� sq mata tou R2

mporoÔn na jewrhjoÔn wc sq mata tou R2 ∪ {∞} kai antÐstrofa.
Epeid  k�je isometrÐa tou epipèdou eÐnai sÔnjesh anakl�sewn apì eujeÐec, èpetai ìti k�je

isometrÐa eÐnai periorismìc sto R2 enìc metasqhmatismoÔ thc antistrof c.
Poi� eÐnai h sqèsh twn afinik¸n metasqhmatism¸n kai thc om�dac Inv(R2 ∪ {∞}).
EÐnai o periorismìc enìc f ∈ Inv(R2 ∪ {∞}) sto R2 afinikìc; H ap�nthsh eÐnai ìqi, afoÔ

oi afinikoÐ metasqhmatismoÐ apeikonÐzoun eujeÐec se eujeÐec, en¸ h antistrof  miac eujeÐac
wc proc ton kÔklo mporeÐ na eÐnai di�trhtoc kÔkloc.

MporeÐ k�je afinikìc metasqhmatismìc f tou R2 na epektajeÐ se ènan F ∈ Inv(R2∪{∞});
O afinikìc metasqhmatismìc f(v̄) = 2v̄, pou den eÐnai isometrÐa, eÐnai sÔnjesh f2 ◦f1, ìpou

f1 eÐnai antistrof  wc proc ton kÔklo x2 + y2 = 1 kai f2 eÐnai h antistrof  wc proc ton

kÔklo x2 + y2 = 2. Pr�gmati, f1(x, y) =
(

x
x2+y2 ,

y
x2+y2

)
kai f2(x, y) =

(
2x

x2+y2 ,
2y

x2+y2

)
. 'Ara,

f2(f1(x, y)) =

 2 x
x2+y2(

x
x2+y2

)2

+
(

y
x2+y2

)2 ,
2 y
x2+y2(

x
x2+y2

)2

+
(

y
x2+y2

)2

 = (2x, 2y)

Apì thn �llh meri� up�rqoun afinikoÐ metasqhmatismoÐ f pou den mporoÔn na epektajoÔn

se ènan F ∈ Inv(R2∪{∞}). Gia par�deigma, o afinikìc metasqhmatismìc f(v̄) =

(
2 0
0 1

)
v̄,

apeikonÐzei ton kÔklo x2+y2 = 1 sthn èlleiyh x2

4
+y2 = 1, en¸ oi metasqhmatismoÐ thc om�dac

Inv(R2 ∪ {∞}) apeikonÐzoun touc kÔklouc se genikeumènouc kÔklouc.
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7.4 Antistrof  kai k�jetoi kÔkloi.

Orismìc 7.4.1. DÔo kÔkloi kaloÔntai k�jetoi an oi efaptomènec touc sta shmeÐa tom c
eÐnai k�jetec.

ApodeiknÔetai eÔkola ìti

• DÔo kÔkloi C(K, r) kai C(K ′, r′) eÐnai k�jetoi an kai mìnon an KK ′ 2 = r2 + r′ 2.

• Oi kÔklo k�jetoi ston kÔklo C(K, r) den dièrqontai apì to kèntro tou K.

• To kèntro k�je kÔklou k�jetou ston kÔklo C(K, r) brÐsketai èxw apì ton kÔklo.

• An oi kÔkloi C(K, r) kai C(K ′, r′) eÐnai k�jetoi, tìte up�rqei di�metroc tou C(K, r)
pou den tèmnei ton C(K ′, r′).

Je¸rhma 7.4.2. H antistrof  apeikonÐzei k�je genikeumèno kÔklo k�jeto ston kÔklo thc
antistrof c ston eautì tou.

Apìdeixh. 'Estw t antistrof  wc proc ton kÔklo C(K, r).
K�je genikeumènoc kÔkloc k�jetoc ston C(K, r) eÐte eÐnai ektetamènh eujeÐa pou dièrqetai

apì to K eÐte eÐnai kÔkloc pou den dièrqetai apì to K.
An ` eÐnai eujeÐa k�jeth ston C(K, r), tìte ` dièrqetai apì to kèntro K tou kÔklou. 'Ara,

t(`) = `.
An C(K1, r1) eÐnai kÔkloc k�jetoc ston C(K, r), tìte C(K1, r1) den dièrqetai apì to

kèntro K tou kÔklou. Epomènwc t(C(K1, r1)) eÐnai kÔkloc. 'Estw C(K, r) ∩ C(K1, r1) =
{P,Q}. Epeid  P,Q ∈ C(K, r) kai t af nei stajer� ta shmeÐa tou C(K, r), èpetai ìti
t(P ) = P kai t(Q) = Q.

'Estw ìti (KK1) ∩ C(K1, r1) = {M,N}. Ja deÐxoume ìti t(M) = N . MporoÔme na
upojèsoume ìti M eÐnai metaxÔ K kai K1. Tìte r2 = KK2

1 − r2
1 = (KM + r1)2 − r2

1 kai
KN = KM + 2r1. 'Ara,

r2 = KK2
1 − r2

1 = (KM + r1)2 − r2
1 = KM · (KM + 2r1) = KM ·KN.

Sunep¸c P,Q,N ∈ t(C(K1, r1)). Epeid  trÐa mh suneujeiak� shmeÐa prosdiorÐzoun èna
monadikì kÔklo pou ta perièqei, t(C(K1, r1)) = C(K1, r1).

Je¸rhma 7.4.3. Gia k�je shmeÐo P sto eswterikì enìc kÔklou C(K, r) up�rqei kÔkloc
CP k�jetoc sto C(K, r), tètoioc ¸ste h antistrof  wc proc ton CP apeikonÐzei to P sto K.

Apìdeixh. 'Estw T èna shmeÐo thc kajètou thc (KP ) apì to P me ton C(K, r) kai K1 to
shmeÐo tom c thc efaptomènhc apì tou C(K, r) sto T me thn (KP ). Ja deÐxoume ìti o kÔkloc
CP = C(K1, |TK1|) me kèntro K1 kai aktÐna |TK1| eÐnai o zhtoÔmenoc.

Apì thn kataskeu  o CP eÐnai k�jetoc ston C(K, r) (|KK1|2 = |KT |2 + |TK1|2).
Apì thn omoiìthta twn trig¸nwn KTK1 kai K1PT èqoume |PK1| · |KK1| = |TK1|2. 'Ara,

ta shmeÐa K kai P eÐnai antÐstrofa wc proc ton CP .
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Je¸rhma 7.4.4. 'Estw D(K, r) o kleistìc dÐskoc pou fr�setai apì ton kÔklo C(K, r).
Gia opoiad pote dÔo shmeÐa P,Q ∈ D(K, r) pou den an koun sthn Ðdia di�metro tou C(K, r)

up�rqei monadikìc kÔkloc C pou dièrqetai apì ta P kai Q kai eÐnai k�jetoc sto C(K, r).

Apìdeixh. 'Estw ìti P eÐnai sto eswterikì tou D(K, r).
Apì to Je¸rhma 7.4.3 up�rqei kÔkloc CP = C(K1, r1) k�jetoc sto C(K, r), tètoioc

¸ste h antistrof  tP wc proc ton CP apeikonÐzei to P sto K. Epeid  o Cp eÐnai k�jetoc sto
C(K, r), isqÔei epÐshc ìti tP (C(K, r)) = C(K, r).

'Estw ìti tP (Q) = Q′ kai d = (KQ′) ∪ {∞}. H apeikìnish t−1
P = tP diathreÐ tic gwnÐec

metaxÔ twn kampul¸n C(K, r) kai d. Epeid  h d, wc di�metroc eÐnai k�jeth ston C(K, r),
èpetai ìti o kÔkloc t−1

P (C(K, r)) = C(K, r) eÐnai k�jetoc ston genikeumèno kÔklo t−1
P (d).

O genikeumènoc kÔkloc t−1
P (d) dièrqetai apì ta t−1

P (K) = P kai t−1
P (Q′) = Q.

Ac upojèsoume ìti t−1
P (d) eÐnai ektetamènh eujeÐa (PQ) ∪ {∞}. Tìte K1 6∈ (PQ), diìti

diaforetik� K ∈ (PK1) = (PQ), dhlad  P kai Q an koun sthn Ðdia di�metro tou C(K, r),
pou eÐnai �topo. 'Ara, t(t−1

P (d)) = d eÐnai kÔkloc, pou eÐnai �topo.
Sunep¸c t−1

P (d) eÐnai kÔkloc pou dièrqetai apì ta P kai Q kai eÐnai k�jetoc sto C(K, r).
Ac upojèsoume ìti up�rqei kai �lloc kÔkloc C2 pou dièrqetai apì ta P kai Q kai eÐnai

k�jetoc ston C(K, r). Tìte tP (C2) eÐnai genikeumènoc kÔkloc pou dièrqetai apì taK = tP (P )
kai Q′ = tP (Q) kai eÐnai k�jetoc ston C(K, r). 'Ara, tP (C2) ektetamènh eujeÐa pou dièrqetai
apì ta K kai Q′. Epomènwc tP (C2) = d. 'Ara, C2 = t−1

P (d) = C1.
Sthn perÐptwsh pou P,Q ∈ C(K, r) h apìdeixh tou Jewr matoc eÐnai eÔkolh.

Je¸rhma 7.4.5. H antistrof  wc proc ton kÔklo C(K, r) k�jetou ston C(K1, r1) apeikonÐzei
ta shmeÐa pou brÐskontai eswterik� tou C(K1, r1) epÐ ta shmeÐa pou brÐskontai eswterik� tou
C(K1, r1).

Apìdeixh. JewroÔme ta sÔnola

A = {(M ∈ R2 \ {K} : MK1 < r1}, A = {(M ∈ R2 \ {K} : MK1 > r1}

Ta sÔnola A kai B eÐnai sunektik� kai A apoteleÐtai apì ta shmeÐa pou brÐskontai
eswterik� tou C(K1, r1).

H antistrof  t : R2 \ {K} → R2 \ {K} wc proc ton kÔklo C(K, r) eÐnai 1-1, epÐ kai
suneq c apeikìnish thc opoÐac h antÐstrofh t−1 = t eÐnai suneq c.

Ta sÔnola t(A) kai t(B) eÐnai sunektik�. Epeid  t(C(K1, r1)) = C(K1, r1), èpetai ìti
t(A) = A   t(A) = B. Epeid  ta shmeÐa A∩C(K, r) paramènoun stajer�, èpetai ìti t(A) = A.

Orismìc 7.4.6. DÔnamh tou shmeÐou A tou epipèdou wc proc to kÔklo C(K, r) eÐnai o
arijmìc p(A) = KA2 − r2 (p(A) = 0 gia A ∈ C(K, r)).

Rizikìc �xonac dÔo mh omìkenrwn kÔklwn C1 kai C2 eÐnai o gewmetrikìc tìpoc ìlwn twn
shmeÐwn tou epipèdou pou èqoun Ðsec dun�mec wc proc C1 kai C2.

Je¸rhma 7.4.7. O rizikìc �xonac dÔo mh omìkentrwn kÔklwn eÐnai eujeÐa k�jeth sthn
di�kentrì touc.
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Apìdeixh. 'Estw C1 = C(K1, r1) kai C2 = C(K2, r2) eÐnai dÔo mh omìkentroi kÔkloi. An

K1 = (x1, y1) kai K2 = (x2, y2), tìte
−−−→
K1K2 = {x2 − x1, y2 − y1} 6=

−→
0 eÐnai h dieÔjunsh thc

diakèntrou twn C1 kai C2.
O rizikìc �xonac twn C1 kai C2 eÐnai to sÔnolo ìlwn twn shmeÐwn A = (x, y) ∈ R2 pou

ikanopoioÔn thn exÐswsh

AK2
1 − r2

1 = AK2
2 − r2

2

(x− x1)2 + (y − y1)2 − r2
1 = (x− x2)2 + (y − y2)2 − r2

2

(x1 − x2)x+ (y1 − y2)y = x2
1 + y2

1 + r2
1 + x2

2 + y2
2 + r2

2

H teleutaÐa exÐswsh eÐnai exÐswsh eujeÐac pou eÐnai k�jeth sto di�nusma {x2 − x1, y2 − y1},
dhlad  sto

−−−→
K1K2. 'Ara, o rizikìc �xonac twn C1 kai C2 eÐnai eujeÐa k�jeth sthn di�kentrì

touc.

Je¸rhma 7.4.8. Ta kèntra twn kÔklwn k�jetwn kai stouc dÔo mh omìkentrouc kÔkloc C1

kai C2 brÐskontai p�nw ston rizikì �xona touc.

Apìdeixh. 'Estw ìti o kÔkloc C(K, r) eÐnai k�jetoc stouc dÔo mh omìkentrouc kÔklouc
C1 = C(K1, r1) kai C2 = C(K2, r2). Tìte

KK2
1 = r2 + r2

1 kai KK2
2 = r2 + r2

2.

Epomènwc r2 = KK2
1 − r2

1 = KK2
2 − r2

2.
'Ara, to kèntro K èqei Ðsec dun�mec wc proc C1 kai C2.
Sunep¸c K eÐnai shmeÐo tou rizikoÔ �xona twn C1 kai C2.

Je¸rhma 7.4.9. An oi kÔkloi C1 kai C2 eÐnai k�jetoi, tìte gia k�je shmeÐo P sto eswterikì
tou C1 up�rqei monadikìc kÔkloc C k�jetoc sto C1 kai sto C2 pou dièrqetai apì ta P .

7.5 Ask seic

7.5.1. Na apodeiqjoÔn oi parak�tw prot�seic:

(a') An A′ eÐnai antÐstrofo tou A wc proc thn antistrof  t, tìte A eÐnai antÐstrofo tou A′

wc proc thn antistrof  t.

(b') 'Estw A′ eÐnai antÐstrofo tou A wc proc ton kÔklo C. Tìte

(i) An A ∈ C, tìte A′ = A.

(ii) An A eÐnai èxw apì ton kÔklo, tìte A′ eÐnai mèsa ston kÔklo.

(iii) An A eÐnai mèsa ston kÔklo, tìte A′ eÐnai èxw apì ton kÔklo.

(g') K�je antistrof  t wc proc ton kÔklo me kèntro K eÐnai mia 1-1 kai epÐ apeikìnish tou
R2 \ {K} ston eautì tou.

(d') An t : R2 \ {K} → R2 \ {K} eÐnai antistrof  wc proc ton kÔklo me kèntro K, tìte
t−1 = t.
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7.5.2. 'Estw C to migadikì epÐpedo kai c ∈ C. Na apodeiqjeÐ ìti h antistrof  t tou C \ {c}

wc proc ton kÔklo |z − c| = r dÐnetai apì ton tÔpo t(z) =
r2

z − c
+ c.

Ap�nthsh: 'Estw z ∈ C. Tìte h apìstash tou z apì ton kèntro tou kÔklou |z − c| = r

eÐnai |z− c| kai h apìstash tou shmeÐou z∗ =
r2

z − c
+ c apì ton kèntro tou kÔklou |z− c| = r

eÐnai

|z∗ − c| =
∣∣∣∣ r2

z − c

∣∣∣∣ =
r2

|z − c|
=

r2

|z − c|
.

Epomènwc |z − c| · |z∗ − c| = |z − c| · r2

|z − c|
= r2. 'Ara, z∗ = t(z).

7.5.3. An t eÐnai h antistrof  wc proc ton kÔklo (x − 1)2 + (y − 1)2 = 10, na brejoÔn oi
suntetagmènec tou shmeÐou t(4, 5).

7.5.4. Na brejeÐ h exÐswsh tou genikeumènou kÔklou pou dièrqetai apì ta shmeÐa

(a') (1, 2), (4, 5) kai ∞.

(b') (1, 2), (4, 5) kai (5,−6).

7.5.5. Na brejeÐ h exÐswsh tou kÔklou C∗ k�jetou ston kÔklo C(O, 2) : x2 + y2 = 4, an h
antistrof  wc proc ton C∗ apeikonÐzei to P = (1, 0) sto kèntro O = (0, 0) tou C(O, 2).

Upìdeixh: Qrhsimopoi ste thn apìdeixh tou Jewr matoc 7.4.3.

7.5.6. Na apodeiqjeÐ ìti k�je omoiojesÐa me kèntro (0, 0) apeikonÐzei eujeÐec se eujeÐec kai
kÔklouc se kÔklouc.

7.5.7. DÐnetai o kÔkloc K0 : x2 + y2 = 4 kai h eujeÐa ` : x+ y − 8 = 0 tou R2. Na brejeÐ h
exÐswsh thc kampÔlhc t(`) gia thn antistrof  t wc proc ton K0.
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Kef�laio 8

MetasqhmatismoÐ tou migadikoÔ epipèdou.

To ektetamèno epÐpedo R2 ∪ {∞} mporeÐ na ermhneuteÐ kai wc to sÔnolo twn migadik¸n

arijm¸n C sumplhrwmèno èna to shmeÐo ∞. To sÔnolo Ĉ ≡ C ∪ {∞} kaleÐtai sfaÐra tou

Riemann. SumbolÐzoume me Inv(Ĉ) thn om�da ìlwn twn metasqhmatism¸n thc antistrof c

tou ektetamènou epipèdou Ĉ.
K�je z = x+ yi ∈ C gr�fetai kai sthn morf  z = r(cos θ + i sin θ), ìpou r =

√
x2 + y2,

cos θ = x/r kai sin θ = y/r me θ ∈ (−π, π].
An z1 = r1(cos θ1 + i sin θ1) kai z2 = r2(cos θ2 + i sin θ2), tìte

z1z2 = r1r2[cos(θ1 + θ2) + i sin(θ1 + θ2)]

z1/z2 = (r1/r2)[cos(θ1 − θ2) + i sin(θ1 − θ2)], z2 6= 0.

Oi parak�tw metasqhmatismoÐ tou Ĉ an koun sthn om�da Inv(Ĉ).

• Metafora kat� c ∈ C: µ(z) = z + c gia z ∈ C kai µ(∞) =∞.

• An�klash wc proc ton Ox-�xona: σ(z) = z̄ gia z ∈ C kai σ(∞) =∞.

• Peristrof  gÔrw apì thn arq : t(z) = az, a ∈ C kai |a| = 1, gia z ∈ C kai t(∞) =∞.

• IsometrÐa: t(z) = az + b   t(z) = az̄ + b, ìpou a, b ∈ C kai |a| = 1, gia z ∈ C kai
t(∞) =∞.

• Antistrof  wc proc ton kÔklo |z| = r: t(z) = r2/z gia z ∈ C \ {0}, t(0) = ∞ kai
t(∞) = 0.

• OmoiojesÐa: t(z) = kz, k ∈ R kai k > 0, gia z ∈ C kai t(∞) =∞.

Gia omoiojesÐa t(z) = kz isqÔei t = t2 ◦ t1, ìpou t1(z) = 1/z �antistrof  wc proc ton
kÔklo |z| = 1 kai t2(z) = k/z �antistrof  wc proc ton kÔklo |z| =

√
k.

• Afinikìc metasqhmatismìc: t(z) = az + b, a, b ∈ C, a 6= 0 gia z ∈ C kai t(∞) =∞.

H t = t2 ◦ t1, ìpou t1(z) = |a|z �omoiojesÐa kai t2(z) = (a/|a|)z + b �isometrÐa.

• t(z) = 1/z, z ∈ C \ {0}, t(0) =∞ kai t(∞) = 0.

t = t1 ◦ σ, ìpou t1(z) = 1/z̄-antistrof  wc proc ton |z| = 1 kai σ(z) = z̄-an�klash.

• Antistrof  wc proc ton kÔklo |z− c| = r: t(z) =
r2

z − c
+ c, z ∈ C \ {c}, t(c) =∞ kai

t(∞) = c.

83
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H antistrof  t eÐnai sÔnjesh t−1
1 ◦ t2 ◦ t1twn parak�tw metasqhmatism¸n:

t1(z) =
z − c
r

� sÔnjesh metafor�c kai omoiojesÐac pou stèlnei ton kÔklo |z − c| = r

ston kÔklo |z| = 1,

t2(z) = 1/z̄ � antistrof  wc proc ton monadiaÐo kÔklo,

t−1
1 (z) = rz + c � sÔnjesh thc omoiojesÐac kai thc metafor�c pou stèlnei ton kÔklo

|z| = 1 pÐsw ston |z − c| = r.

8.1 MetasqhmatismoÐ Möbius tou Ĉ.

Orismìc 8.1.1. Metasqhmatismìc Möbius tou Ĉ me susqetismèno pÐnaka

(
a b
c d

)
, ìpou

a, b, c, d ∈ C kai ad− bc 6= 0, eÐnai h apeikìnish M : Ĉ→ Ĉ pou orÐzetai wc ex c:

1. An c 6= 0, tìte M(z) =


az + b

cz + d
, an z ∈ C \ {−d

c
}

∞, an z = −d/c
a/c, an z =∞

2. An c = 0, tìte (epeid  ad− cb 6= 0 sthn perÐptwsh aut  prokÔptei ìti a 6= 0 kai d 6= 0)

M(z) =

{
az + b

d
, an z ∈ C

∞, an z =∞.

ParathroÔme ìti h tautotik  apeikìnish τĈ(z) = z =
1 · z + 0

0 · z + 1
eÐnai metasqhmatismoc

Möbius me susqetismèno pÐnaka

(
1 0
0 1

)
.

SumbolÐzoume

M = {M : Ĉ→ Ĉ : M eÐnai metasqhmatismìc Möbius}

GL(2,C) =

{(
a b
c d

)
: a, b, c, d ∈ C kai

∣∣∣∣ a b
c d

∣∣∣∣ 6= 0

}

H apeikìnish GL(2,C) −→ M pou se k�je A =

(
a b
c d

)
∈ GL(2,C) antistoiqeÐ ton

metasqhmatismo Möbius M , tou opoÐou o pÐnakac A eÐnai susqetismènoc, den eÐnai 1-1, epeid  oi

pÐnakec

∣∣∣∣ a b
c d

∣∣∣∣ kai ∣∣∣∣ λa λb
λc λd

∣∣∣∣ orÐzoun ton Ðdio metasqhmatismo Möbius gia k�je λ ∈ C\{0}.

Sto GL(2,C) orÐzoume sqèsh isodunamÐac wc ex c:(
a b
c d

)
P∼
(
a1 b1

c1 d1

)
⇐⇒

(
a1 b1

c1 d1

)
=

(
λa λb
λc λd

)
, λ ∈ C \ {0}.
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To sÔnolo twn klasewn isodunamÐac tou GL(2,C) wc proc th sqèsh
P∼ sumbolÐzetai me

PGL(2,C). H kl�sh thc PGL(2,C) pou perièqei ton pÐnaka

(
a b
c d

)
. sumbolÐzetai me[

a b
c d

]
. OrÐzoume

[
a b
c d

]
·
[
e f
g h

]
=

[(
a b
c d

)(
e f
g h

)]
.

ApodeiknÔetai ìti to sÔnolo PGL(2,C) me thn praxh pollaplasiasmoÔ twn kl�sewn ìpwc
orÐsthke parap�nw, eÐnai om�da.

H apeikìnish f : M → PGL(2,C) me f(M) =

[
a b
c d

]
, ìpou

(
a b
c d

)
eÐnai pÐnakac

susqetismènoc me ton metasqhmatismì Möbius M , eÐnai 1− 1.

Je¸rhma 8.1.2. To zeÔgoc (Ĉ,M) eÐnai gewmetrÐa.

Apìdeixh. To Je¸rhma sunep�getai apì tic parak�tw prot�seic pou apodeiknÔontai eÔkola.

1. K�je metasqhmatismoc Möbius eÐnai 1-1 kai epÐ.

2. An M eÐnai metasqhmatismoc Möbius, tìte M−1 eÐnai metasqhmatismoc Möbius.

AnM eÐnai metasqhmatismoc Möbius me susqetismèno pÐnaka A, tìteM−1 eÐnai metasqh-
matismoc Möbius me susqetismèno pÐnaka A−1.

3. H sÔnjesh dÔo metasqhmatism¸n Möbius eÐnai metasqhmatismoc Möbius.

An M1 kai M2 eÐnai metasqhmatismoÐ Möbius me susqetismènouc pÐnakec A1 kai A2,
antÐstoiqa, tìteM1 ◦M2 eÐnai metasqhmatismoc Möbius me susqetismèno pÐnaka A1 ·A2.

Pìrisma 8.1.2. H om�da ìlwn twn metasqhmatism¸n Möbius me thn pr�xh sÔnjeshc
metashmatism¸n eÐnai isìmorfik  me thn pollaplasiastik  om�da PGL(2,C).

8.1.1 Idiìthtec metasqhmatism¸n Möbius.

Prìtash 8.1.2. H tautotik  apeikìnish τĈ(z) = z eÐnai o monadikìc metasqhmatismoc
Möbius pou af nei stajera ta shmeÐa 0, 1 kai ∞.

Apìdeixh. 'Estw M(z) = az+b
cz+d

gia ton opoÐon M(0) = 0, M(1) = 1 kai M(∞) =∞.

M(∞) = ∞ =⇒ c = 0 =⇒ d 6= 0

M(0) = 0 =⇒ b/d = 0 =⇒ b = 0

M(1) = 1 =⇒ a

d
= 1 =⇒ a = d

Sunep¸c, M(z) = az+0
0·z+a = z. 'Ara, M = τĈ

Je¸rhma 8.1.3. Gia k�je tri�da diaforetik¸n shmeÐwn z1, z2, z3 ∈ Ĉ up�rqei monadikìc
metasqhmatismìc Möbius M gia ton opoÐon M(z1) = 0, M(z2) = 1 kai M(z3) =∞.
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Apìdeixh. 'Estw z1, z1, z3 ∈ C. EÔkola epalhjeÔetai ìti gia ton metasqhmatismì Möbius

M(z) =
z2 − z3

z2 − z1

· z − z1

z − z3

me susqtismèno pÐnaka

(
z2−z3
z2−z1 −

z2−z3
z2−z1 z1

1 −z3

)
isqÔei M(z1) = 0, M(z2) = 1 kai M(z3) =∞.

Ja deÐxoume ìti oM eÐnai monadikìc. Ac upojèsoume ìti gia ènan metasqhmatismì Möbius
S isqÔei S(z1) = 0, S(z2) = 1 kai S(z3) = ∞. Tìte o metasqhmatismìc Möbius S ◦M−1

af nei stajera ta shmeÐa 0, 1 kai ∞. Apì thn Prìtash 8.1.2 S ◦M = τĈ. 'Ara, S = M .

An z1 =∞, tìte o antÐstoiqoc metasqhmatismìc eÐnai M(z) =
z2 − z3

z − z3

.

An z2 =∞, tìte o antÐstoiqoc metasqhmatismìc eÐnai M(z) =
z − z1

z − z3

.

An z3 =∞, tìte o antÐstoiqoc metasqhmatismìc eÐnai M(z) =
z − z1

z2 − z1

.

Je¸rhma 8.1.4. Gia opoiesd pote tri�dec diaforetik¸n shmeÐwn z1, z2, z3 kai w1, w2, w3

tou Ĉ up�rqei monadikìc metasqhmatismìc Möbius gia ton opoÐon M(z1) = w1, M(z2) = w2

kai M(z3) = w3.

Apìdeixh. Up�rqei metasqhmatismìc Möbius M1 gia ton opoÐon M1(z1) = 0, M1(z2) = 1
kai M1(z3) = ∞. EpÐshc up�rqei metasqhmatismìc Möbius M2 gia ton opoÐon M2(w1) = 0,
M2(w2) = 1 kai M2(w3) = ∞. O metasqhmatismìc Möbius M = M−1

2 ·M1 apeikonÐzei ta
z1, z2, z3 sta w1, w2, w3, antÐstoiqa.

Ja deÐxoume thn monadikìthta tou M . 'Estw ìti S eÐnai epÐshc metasqhmatismìc Möbius
pou apeikonÐzei ta (z1, z2, z3) sta (w1, w2, w3), antÐstoiqa. Tìte oi metasqhmatismoÐ Möbius
M2 ·M ·M−1

1 kai M2 · S ·M−1
1 apeikonÐzoun ta 0, 1,∞ sta 0, 1,∞, antÐstoiqa. Epomènwc

M2 ·M ·M−1
1 = M2 · S ·M−1

1 = τĈ =⇒ S = M.

8.2 Genikeumènoi metasqhmatismoÐ Möbius.

Orismìc 8.2.1. 'Estw σ : Ĉ→ Ĉ me σ(z) = z̄ gia k�je z ∈ C kai σ(∞) =∞.

Mia apeikìnish T : Ĉ → Ĉ kaleÐtai genikeumènoc metasqhmatismìc Möbius, an T eÐnai
metasqhmatismìc Möbius   T = M ◦ σ, ìpou M eÐnai metasqhmatismìc Möbius.

SumbolÐzoume
GM = M ∪ {M ◦ σ : M ∈M},

ìpou M eÐnai to sÔnolo ìlwn twn metasqhmatism¸n Möbius.
K�je genikeumènoc metasqhmatismìc Möbius T èqei mi� apì tic morfèc:

T (z) =
az + b

cz + d
  T (z) =

az̄ + b

cz̄ + d
, me ad− bc 6= 0.
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Prìtash 8.2.2. Gia k�je metasqhmatismì Möbius M up�rqei metasqhmatismìc Möbius

M∗ gia ton opoÐon M(z) = M∗(z̄) (dhlad  σ ◦M = M∗ ◦ σ gia σ(z) = z̄).

Apìdeixh. 'Estw ìti M(z) = az+b
cz+d

, tìte M(z) = āz̄+b̄
c̄z̄+d̄

= M∗(z̄), ìpou M∗(z) = āz+b̄
c̄z+d̄

kai

ād̄− b̄c̄ = ad− bc 6= 0, dhlad  M∗ ∈M.

Je¸rhma 8.2.3. To zeÔgoc (Ĉ,GM) eÐnai gewmetrÐa.

Apìdeixh. Epeid  h apeikìnish σ(z) = z̄ kai k�je metasqhmatismìc Möbius eÐnai 1-1 kai epÐ

tou Ĉ, èpetai ìti k�je genikeumènoc metasqhmatismoc Möbius eÐna 1-1 kai epÐ Ĉ.
'Estw T1, T2 ∈ GM. Apì thn thn Prìtash 8.2.2 èpetai ìti gia k�je metasqhmatismì

Möbius M up�rqei metasqhmatismìc Möbius M∗ gia ton opoÐon σ ◦M = M∗ ◦ σ.
Parak�tw apodeiknÔoume ìti T1 ◦ T2 ∈ GM jewr¸ntac ìlec tic pijanèc peript¸seic.

(i) T1, T2 ∈M =⇒ T1 ◦ T2 ∈M ⊂ GM.

(ii) T1 ∈ M kai T2 = M ◦ σ, ìpou M ∈ M =⇒ T1 ◦ T2 = (T1 ◦M) ◦ σ, ìpou T1 ◦M ∈ M
=⇒ T1 ◦ T2 ∈ GM.

(iii) T1 = M ◦ σ, ìpou M ∈M kai T2 ∈M, =⇒ T1 ◦ T2 = M ◦ (σ ◦ T2) = M ◦ T ∗2 ◦ σ, ìpou
M,T ∗2 ∈M =⇒ T1 ◦ T2 = GM.

(iv) T1 = M1 ◦ σ kai T2 = M2 ◦ σ, ìpou M1,M2 ∈ M =⇒ T1 ◦ T2 = M1 ◦ (σ ◦M2) ◦ σ =
M1 ◦ (M∗

2 ◦ σ) ◦ σ = M1 ◦M∗
2 ìpou M1,M

∗
2 ∈M =⇒ T1 ◦ T2 ∈M ⊂ GM.

'Estw T ∈ GM ja deÐxoume ìti T−1 ∈ GM.
An T ∈M, tìte T−1 ∈M ⊂ GM epeid  M eÐnai om�da wc proc th sÔnjesh apeikonÐsewn.
An T = M ◦ σ ìpou M ∈M, tìte M−1 ∈M. Apì thn Prìtash 8.2.2

T−1 = σ−1 ◦M−1 = σ ◦M−1 = M∗ ◦ σ, M∗ ∈M.

'Ara, T−1 ∈ GM.

Prìtash 8.2.4. K�je antistrof  t wc proc ton genikeumèno kÔklo tou Ĉ eÐnai genikeumenoc
metasqhmatismìc Möbius thc morf c M(z̄), ìpou M ∈M.

Apìdeixh. An t eÐnai an�klash wc proc thn eujeÐa ` ∪ {∞} tou Ĉ, tìte t(z) = az̄ + b me
|a| = 1. Epomènwc t(z) = az̄+b

0·z̄+1
. 'Ara, t(z) = M(z̄), ìpou M metasqhmatismìc Möbius me

susqetismèno pÐnaka

(
a b
0 1

)
∈ GL(2,C).

An t eÐnai antistrof  wc proc ton kÔklo |z − c| = r, tìte t(c) =∞, t(∞) = c kai

t(z) =
r2

z − c
+ c =

r2 + cz̄ − cc̄
z̄ − c̄

=
cz̄ + (r2 − cc̄)

z̄ − c̄
, z ∈ Ĉ \ {c,∞}.

'Ara, t(z) = M(z̄), ìpou M ∈M me susqetismèno pÐnaka

(
c r2 − cc̄
1 c̄

)
∈ GL(2,C).
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Je¸rhma 8.2.5. K�je metasqhmatismìc thc antistrof c f : Ĉ → Ĉ eÐnai genikeumènoc

metasqhmatismìc Möbius (Inv(Ĉ) ⊆ GM).

Apìdeixh. 'Estw f ∈ Inv(Ĉ). Tìte 'Estw f = t1 ◦ · · · ◦ tn, ìpou k�je ti eÐnai antistrof 
wc proc k�poio genikeumèno kÔklo. Apì thn Prìtash 8.2.4 gia k�je i isqÔei: ti(z) = Mi(z̄),
ìpou Mi eÐnai metasqhmatismìc Möbius. 'Ara, ti eÐnia genikeumènoc metasqhmatismìc Möbius
gia k�je i = 1, ..., n.

Epeid  to sÔnolo ìlwn twn genikeumènwn metasqhmatism¸n Möbius eÐnai om�da wc proc
th sÔnjesh apeikonÐsewn, sunep�getai ìti f eÐnai genikeumènoc metasqhmatismìc Möbius.

Je¸rhma 8.2.6. K�je genikeumènoc metasqhmatismìc Möbius eÐnai metasqhmatismìc thc

antistrof c (GM ⊆ Inv(Ĉ)).

Apìdeixh. 'Estw M ènac genikeumènoc metasqhmatismìc Möbius.

An M eÐnai metasqhmatismìc Möbius pou orÐzetai apì ton tÔpo M(z) =
az + b

cz + d
me c 6= 0,

tìte

M(z) =
az + b

cz + d
=
az + b

cz + d
− a

c
+
a

c
=

bc− ad
c(cz + d)

+
a

c
.

'Ara,M = t3◦t2◦t1, ìpou t1(z) =

{
cz + d, an z ∈ C
∞, an z =∞ , t2(z) =


1
z
, an z ∈ C \ {0}
∞, an z = 0
0, an z =∞

,

kai t3(z) =

{
bc−ad
c
z + a

c
, an z ∈ C

∞, an z =∞ .

Kajemi� apì tic apeikonÐseic t1, t2, t3 eÐnai sÔnjesh antistrof¸n ¸c proc genikeumènouc
kÔklouc. 'Ara, M eÐnai metasqhmatismìc thc antistrof c. 'Omoia apodeiknÔetai ìti M eÐnai
metasqhmatismìc thc antistrof c an c = 0.

An M = M∗ ◦ σ, ìpou M∗ eÐnai metasqhmatismìc Möbius kai σ(z) = z̄, tìte, ìpwc
apodeÐxame parap�nwM∗ eÐnai sÔnjesh sÔnjesh antistrof¸n ¸c proc genikeumènouc kÔklouc.
Epeid  σ eÐnai antistrof  wc proc ton Ox, èpetai ìti M eÐnai sÔnjesh antistrof¸n wc proc
genikeumènouc kÔklouc. 'Ara, M eÐnai metasqhmatismìc thc antistrof c.

Pìrisma 8.2.7. H om�da twn metasqhmatism¸n thc antistrof c sumpÐptei me thn om�da

twn genikeumènwn metashmatism¸n Möbius (Inv(Ĉ) = GM).

Pìrisma 8.2.8. K�je genikeumènoc metasqhmatismìc Möbius apeikonÐzei genikeumènouc
kÔklouc se genikeumènouc kÔklouc kai diathreÐ tic gwnÐec.

Pìrisma 8.2.9. Gia opoiousd pote genikeumènouc kÔklouc C1 kai C2 tou Ĉ up�rqei metasqh-
matismìc Möbius M gia ton opoÐon M(C1) = C2.

Apìdeixh. 'Estw p1, q1, r1 ∈ C1 kai p2, q2, r2 ∈ C2. Apì to Je¸rhma 8.1.4 up�rqei monadikìc
metasqhmatismìc Möbius M pou apeikonÐzei ta p1, q1, r1 ∈ C1 sta p2, q2, r2 ∈ C2, antÐs-
toiqa. Apì to Pìrisma 8.2.8 M(C1) eÐnai genikeumènoc kÔkloc. Epeid  C2 eÐnai o monadikìc
genikeumènoc kÔkloc pou perièqei ta shmeÐa p2, q2, r2, sunep�getai ìti M(C1) = C2.
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ShmeÐwseic 8.2.10. 'Estw M o metasqhmatismìc Möbius pou apeikonÐzei ta trÐa shmeÐa

z1, z2 kai z3 tou Ĉ sta shmeÐa 0, 1 kai∞, antÐstoiqa. 'Estw epÐshc ìti C1 eÐnai o genikeumènoc
kÔkloc pou orÐzoun ta shmeÐa z1, z2 kai z3.

1. Ta shmeÐa z1, z2, z3 kai z4 an koun se ènan genikeumèno kÔklo an kai mìnon an M(z4)
eÐnai pragmatikìc arijmìc.

Pr�gmati, ta shmeÐa z1, z2, z3 kai z4 an koun se ènan genikeumèno kÔklo an kai mìnon
an z4 ∈ C1. IsodÔnama (epeid  h M eÐnai 1-1 kai epÐ tou Ox ∪ {∞}):

M(z4) ∈M(C1) \ {M(z3)} = Ox ∪ {∞} \ {∞} = Ox.

2. O genikeumènoc kÔkloc pou dièrqetai apì ta shmeÐa z1, z2 kai z3 tou Ĉ eÐnai eukleÐdeioc
kÔkloc an kai mìnon an M(∞) den eÐnai pragmatikìc arijmìc.

Pr�gmati, èstw ìtiC1 eÐnai o genikeumènoc kÔkloc pou orÐzoun ta shmeÐa z1, z2 kai z3.

M(∞) ∈ Ox = M(C1) \ {∞} ⇐⇒∞ ∈ C1 ⇐⇒ C1 eÐnai ektetamènh eujeÐa.

8.3 Ask seic

8.3.1. Na apodeiqjeÐ ìti to sÔnolo ìlwn twn genikeumènwn metasqhmatism¸n Möbius pou
èqoun mia apì thc morfèc

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C, |m|2 − |n|2 = 1

me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da.

8.3.2. Na apodeiqjeÐ ìti to sÔnolo ìlwn twn twn genikeumènwn metasqhmatism¸n Möbius
pou èqoun mia apì thc morfèc

h(z) =
az + b

cz + d
  h(z) =

a(−z̄) + b

c(−z̄) + d
a, b, c, d ∈ R, ad− bc = 1.

me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da.

8.3.3. Gia touc metasqhmatismoÔc Möbius M(z) = 2iz+3
z+2

kai N(z) = 3z+1
iz−2

na brejoÔn oi
metasqhmatismoÐ M ◦N kai N−1.

8.3.4. Na brejeÐ o metasqhmatismìc Möbius pou apeikonÐzei ta shmeÐa z1, z2 kai z3 sta shmeÐa
0, 1 kai ∞ antÐstoiqa.

(a') z1 = i, z2 = 3, z3 = 2i.

(b') z1 =∞, z2 = 3, z3 = 2i.

(g') z1 = i, z2 =∞, z3 = 2i.
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8.3.5. Na brejeÐ o metasqhmatismìc Möbius pou apeikonÐzei ta shmeÐa −1, 1 kai i sta shmeÐa
−1, 0 kai −3 antÐstoiqa.

8.3.6. Na parastajeÐ o metasqhmatismìc t : C ∪ {∞} → C ∪ {∞} me t(z) = 4z gia z ∈ C
kai t(∞) =∞ wc sÔnjesh antistrof¸n wc proc kÔklouc me kèntro to (0, 0).

8.3.7. DÐnontai ta shmeÐa z1 = −1, z2 = −i, z3 = i, z4 = 2 − i tou ektetamènou migadikoÔ

epipèdou Ĉ. Na prosdioristeÐ an:

(a') ta shmeÐa z1, z2, z3, z4 an koun se ènan genikeumèno kÔklo,

(b') ta shmeÐa z1, z2, z3 an koun se ènan EukleÐdeio kÔklo.

8.3.8. Na brejeÐ o metasqhmatismìc Möbius pou apeikonÐzei thn eujeÐa x+ 2y − 3 = 0 sthn
eujeÐa x+ 2y = 0.



Kef�laio 9

Uperbolik  GewmetrÐa.

Sto Kef�laio autì ja parousi�soume pènte montèla thc uperbolik c gewmetrÐac.

Gia ton orismì thc om�dac metasqhmatism¸n sta montèla aut� ja qrhsimopoi soume tic
om�dec Afinik¸n metasqhmatism¸n, EukleÐdeiwn metasqhmatism¸n kai metasqhmatismoÔc Möbius,
tic opoÐec  dh gnwrÐzoume apì ta prohgoÔmena Kef�laia.

Ja qrhsimopoi soume epÐshc to Je¸rhma pou akoloujeÐ. DieukrinÐzoume ìti gia k�je
apeikìnish g : X → X kai Y ⊆ X sumbolÐzetai me g|Y o periorismìc thc g sto Y . Dhlad ,
g|Y : Y → Y me g|Y (y) = g(y).

Je¸rhma 9.0.1. An to zeÔgoc (X,GX) eÐnai gewmetrÐa, Y ⊆ X kai

GY = {g|Y : g ∈ GX kai g(Y ) = Y },

tìte (Y,GY ) eÐnai gewmetrÐa.

Apìdeixh. To sÔnolo GY apoteleÐtai apì 1-1 kai epÐ autoapeikonÐseic tou Y .

Pr�gmati, èstw g|Y ∈ GY me g ∈ GX . Epeid  g ∈ GX eÐnai 1-1 kai g(Y ) = Y , èpetai ìti
g|Y eÐnai 1-1 kai epÐ tou Y .

Ja deÐxoume ìti gia opoiad pote f |Y , g|Y ∈ GY isqÔei f |Y ◦ g|Y = (f ◦ g)|Y ∈ GY .

Gia k�je y ∈ Y brÐskoume:

(f |Y ◦ g|Y ) (y) = f |Y (g|Y (y)) = f(g(y)) = (f ◦ g)(y) = (f ◦ g)|Y (y) ∈ Y.

Ja deÐxoume ìti gia opoiad pote g|Y ∈ GY isqÔei (g|Y )−1 = g−1|Y ∈ GY .

Gia k�je y ∈ Y brÐskoume:

(g|Y )−1 (y) = g−1(y) = (g−1|Y )(y) ∈ Y.

91
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9.1 Montèlo tou �nw hmisfairÐou.

To epÐpedo sto montèlo tou �nw hmisfairÐou eÐnai h hmisfaÐra tou R3 qwrÐc to
sÔnoro thc. Wc montèlo tou �nw hmisfairÐou mporoÔme na jewr soume to jetikì hmisfaÐrio
thc monadiaÐac sfaÐrac:

S2
+ = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1, z > 0}.

Gia to montèlo tou �nw hmisfairÐou S2
+ h om�da metasqhmatism¸n orÐzetai apì thn up-

oom�da twn EukleÐdeiwn metasqhmatism¸n h(~v) = A~v, A ∈ O(3,R), me h(S2
+) = S2

+. Dhlad .

GS2
+

= {h|S2
+

: h ∈ E(3) kai h(S2
+) = S2

+}.

To zeÔgoc (S2
+, GS2

+
) eÐnai montèlo uperbolik c gewmetrÐac tou �nw hmisfairÐou.

Uperbolikèc eujeÐec sto montèlo autì eÐnai ta anoikt� hmikÔklia pou eÐnai oi tomèc twn
epipèdwn pou eÐnai k�jeta sto epÐpedo z = 0 kai èqoun apìstash < 1 apì thn arq  (0, 0, 0)
me thn S2

+. Apì twn orismì twn uperbolik¸n eujei¸n prokÔptei ìti:

• Apì dÔo diaforetik� shmeÐa A kai B tou uperbolikoÔ epipèdou S2
+ dièrqetai monadik 

uperbolik  eujeÐa.

• DÔo diaforetikèc uperbolikèc eujeÐec eÐte den tèmnontai eÐte tèmnontai se èna shmeÐo.

• Apì k�je shmeÐo P tou S2
+ pou den an kei se mia uperbolik  eujeÐa ` dièrqontai �peirou

pl jouc uperbolikèc eujeÐec pou den tèmnoun thn `.

9.2 Montèlo tou uperboloeidoÔc.

'Otan h uperbol  z2 − x2 = 1 tou Oxz epipèdou peristrèfetai gÔrw apì ton �xona Oz,
par�getai epif�neia Y pou kaleÐtai dÐqwno uperboloeidèc kai èqei exÐswsh x2 + y2−z2 =−1.

Montèlo tou uperbolikoÔ epipèdou eÐnai to �nw fÔllo tou dÐqwnou uperboloeidoÔc Y :

Y+ = {(x, y, z) ∈ R3 : x2 + y2 − z2 = −1, z > 0}.

Gia to montèlo tou uperboloeidoÔc Y+ h om�da metasqhmatism¸n orÐzetai apì thn upoom�da
twn afinik¸n metasqhmatism¸n h(~v) = A~v, A ∈ GL(3,R), me h(Y+) = Y+. Dhlad .

GY+ = {h|Y+ : h ∈ A(3) kai h(Y+) = Y+}.

To zeÔgoc (Y+, GY+) eÐnai montèlo uperbolik c gewmetrÐac tou uperboloeidoÔc.
Uperbolikèc eujeÐec sto montèlo autì eÐnai h kampÔlec pou eÐnai oi tomèc twn epipèdwn

pou dièrqontai apì thn arq  (0, 0, 0) twn axìnwn me thn Y+. Apì twn orismì twn uperbolik¸n
eujei¸n prokÔptei ìti:

• Apì dÔo diaforetik� shmeÐa A kai B tou uperbolikoÔ epipèdou Y dièrqetai monadik 
uperbolik  eujeÐa.

• DÔo diaforetikèc uperbolikèc eujeÐec eÐte den tèmnontai eÐte tèmnontai se èna shmeÐo.

• Apì k�je shmeÐo P tou Y+ pou den an kei se mia uperbolik  eujeÐa ` dièrqontai �peirou
pl jouc eujeÐec pou den tèmnoun thn `.
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9.3 Montèlo tou dÐskou Beltrami-Klein.

To montèlo Beltrami-Klein eÐnai montèlo thc gewmetrÐac tou Lobachevsky.
To montèlo Beltrami-Klein kaleÐtai epÐshc probolikì montèlo tou uperbolikoÔ epipè-

dou kai montèlo Cayley-Klein.
To epÐpedo sto montèlo Beltrami-Klein eÐnai o dÐskoc qwrÐc to sÔnoro tou. Ta shmeÐa

tou eswterikoÔ tou dÐskou eÐnai ta shmeÐa tou uperbolikoÔ epipèdou. To sÔnoro tou dÐskou
kaleÐtai orÐzontac kai ta shmeÐa tou orÐzonta kaloÔntai shmeÐa sto apeÐro kai den
an koun sto montèlo.

Wc montèlo tou Beltrami-Klein mporoÔme na epilèxoume ton monadiaÐo anoiktì dÐsko tou
epipèdou z = 1 tou R3:

B = {(x, y, 1) ∈ R3 : x2 + y2 < 1.}
Oi B-eujeÐec sto montèlo Beltrami-Klein eÐnai oi qordèc tou dÐskou qwrÐc ta �kra touc.

An A kai B eÐnai dÔo shmeÐa tou orÐzonta, tìte sumbolÐzoume me (AB) thn antÐstoiqh B-eujeÐa.
DÔo B-eujeÐec (AB) kai (CD) kaloÔntai par�llhlec (antÐstoiqa, uperpar�llhlec) an oi

antÐstoiqec qordèc AB kai CD tèmnontai se èna apì ta �kra touc (antÐstoiqa den tèmnontai).
Apì twn orismì twn B-eujei¸n prokÔptei ìti:

• Apì dÔo diaforetik� shmeÐa tou uperbolikoÔ epipèdou dièrqetai monadik  B-eujeÐa.

• DÔo diaforetikèc B-eujeÐec eÐte den tèmnontai eÐte tèmnontai se èna shmeÐo.

• Apì èna shmeÐo P èxw apì mia B-eujeÐa (AB) mporoÔme na fèroume �peirou pl jouc
B-eujeÐec pou den tèmnoun thn (AB), eÐnai �peirou pl jouc uperpar�llhlec sth (AB)
pou brÐskontai metaxÔ twn B-eujei¸n (AA′) kai (BB′) pou dièrqontai apì to P kai eÐnai
par�llhlec sthn (AB).

A

B P B′

A′

Sq ma 9.1: Par�llhlec kai uperpallhlec B-eujeÐec sthn (AB).

To montèlo tou dÐskou Beltrami-Klein kaleÐtai probolikì epeid  h om�da metasqhmatism¸n
tou GB, pou ja orÐsoume parak�tw eÐnai isomorfik  me mia upoom�da thc om�dac P (2) twn
probolik¸n metasqhmatism¸n.

'Estw K = {(x : y : z) ∈ RP2 : x2 + y2 − z2 = 0}. Ta probolik� shmeÐa tou K eÐnai oi
genèteirec tou k¸nou x2 + y2 − z2 = 0 tou R3.

Se k�je shmeÐo (x : y : z) ∈ K antistoiqeÐ to monadikì shmeÐo tom c (x/z, y/z, 1) tou
k¸nou x2 + y2 − z2 = 0 me to epÐpedo z = 1, to shmeÐo autì an kei ston kÔklo pou eÐnai
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to sÔnoro tou B. Se k�je probolikì shmeÐo (x : y : z) pou antistoiqeÐ se eujeÐa (tx, ty, tz)
eswterik� tou k¸nou x2 + y2 − z2 = 0 antistoiqeÐ to monadikì shmeÐo tom c (x/z, y/z, 1) thc
eujeÐac (tx, ty, tz) me to epÐpedo z = 1, to shmeÐo autì an kei sto montèlo B.

'Estw GK = {T ∈ P (2) : T (K) = K}. ApodeiknÔetai ìti an T ∈ GK, tìte T apeikonÐzei
k�je probolikì shmeÐo pou antistoiqeÐ se eujeÐa (tx, ty, tz) pou brÐsketai eÐnai eswterik� tou
k¸nou x2 +y2−z2 = 0 se probolikì shmeÐì pou antistoiqeÐ se eujeÐa pou brÐsketai eswterik�
tou k¸nou. Se k�je T ∈ GK anistoiqoÔme mia 1-1 kai epÐ apeikìnish TB : B → B pou orÐzetai
wc ex c: an P = (x, y, 1) ∈ B kai T (x : y : 1) = (x′ : y′ : 1), tìte TB(P ) = (x′, y′, 1).

OrÐzoume GB = {TB : T ∈ GK}. Tìte GB apoteleÐtai apì metasqhmatismoÔc TB, pou
apeikonÐzoun B-eujeÐec se B-eujeÐec, epeid  oi antÐstoiqoi metasqhmatismoÐ T ∈ GK apeikonÐzei
ta epeÐpeda pou perièqoun thn arq  kai tèmnoun to eswterikì tou kwnou se epÐpeda pou periè-
qoun thn arq  kai tèmnoun to eswterikì tou kwnou kai to kajèna apì ta epÐpeda aut� tèmnei
ton dÐsko pou epilèxame wc montèlo tou dÐskou tou Beltrami-Klein kat� B-eujeÐa.

To zeÔgoc (B, GB) eÐnai to montèlo tou dÐskou tou Beltrami-Klein thc uperbolik c gewmetrÐac.

9.4 Montèlo tou dÐskou tou Poincaré.

To epÐpedo sto montèlo tou dÐskou tou Poincaré eÐnai ènac dÐskoc qwrÐc to sÔnoro
tou. To sÔnoro tou dÐskou kaleÐtai orÐzontac kai ta shmeÐa tou orÐzonta kaloÔntai shmeÐa
sto apeÐro kai den an koun sto montèlo. Wc montèlo tou Poincaré mporoÔme na epilèxoume
ton monadiaÐo anoiktì dÐsko tou migadikoÔ epipèdou

∆ = {z ∈ C : |z| < 1}.

Sto montèlo tou dÐskou tou Poincaré wc ∆�eujeÐec orÐzontai oi tomèc twn genikeumènwn

kÔklwn tou Ĉ pou eÐnai k�jetoi sto Bd(∆) me to ∆. Dhlad , oi di�metroi tou ∆ kai tìxa
pou eÐnai tomèc twn kÔklwn k�jetwn sto kÔklo |z| = 1 me ∆.

A

B

A′

B′

Sq ma 9.2: ∆-eujeÐec (AB) kai (A′B′).

DÔo ∆�eujeÐec kaloÔntai par�llhlec (antÐstoiqa, uperpar�llhlec) ìtan oi proekt�seic
touc, kÔkloi   eujeÐec k�jetec sto sÔnoro Bd(∆), tèmnontai sto shmeÐo tou orÐzonta (antÐs-
toiqa den tèmnontai).
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Apì twn orismì twn ∆-eujei¸n prokÔptei ìti:

• Apì dÔo diaforetik� shmeÐa tou uperbolikoÔ epipèdou dièrqetai monadik  ∆-eujeÐa.

('Estw P,Q ∈ ∆. An P kai Q den an koun se di�metro, tìte apì to Je¸rhma 7.4.4
perièqontai se monadikì kÔklo k�jetoc sto Bd(∆). An P kai Q an koun se di�metro
d, tìte d eÐnai o monadikìc genikeumènoc kÔkloc pou dièrqetai apì ta P kai Q kai eÐnai
k�jetoc sto Bd(∆).)

• DÔo diaforetikèc ∆-eujeÐec eÐte den tèmnontai eÐte tèmnontai se èna shmeÐo.

(Diìti dÔo shmeÐa orÐzoun monadik  ∆-eujeÐa).

• Apì èna shmeÐo P ∈ ∆ èxw apì mia ∆-eujeÐa (AB) mporoÔme na fèroume �peirou pl jouc
∆-eujeÐec pou den tèmnoun thn (AB)

(EÐnai �peirou pl jouc uperpar�llhlec sthn (AB) pou brÐskontai metaxÔ twn ∆-eujei¸n
(AA′) kai (BB′) pou dièrqontai apì to P kai eÐnai par�llhlec sthn (AB).

A

B

A′

B′P

A

B
A′

B′

P

Sq ma 9.3: Par�llhlec kai uperpallhlec ∆-eujeÐec thc (AB).

Om�da metasqhmatism¸n sto montèlo tou dÐskou tou Poincaré.

An t eÐnai antistrof  tou Ĉ wc proc ènan genekeumèno kÔklo k�jeto sto Bd(∆), tìte
t(∆) = ∆. 'Ara, h sÔnjesh peperasmènou pl jouc antistrof¸n wc proc touc genikeumènouc
kÔklouc k�jetouc sto Bd(∆) apeikonÐzei to ∆ epÐ to ∆.

'Estw ìti G∆ eÐnai to sÔnolo ìlwn twn peperasmènou pl jouc sunjèsewn twn periorism¸n
sto ∆ twn antistrof¸n wc proc touc genikeum�nouc kÔkloc k�jetouc sto Bd(∆). Dhlad 
h : ∆ → ∆ eÐnai stoiqeÐo tou G∆ an kai mìnon an h = t1|∆ ◦ · · · ◦ tn|∆, ìpou k�je ti eÐnai
antistrof  wc proc ton genikeumèno kÔklo k�jeto sto Bd(∆). ApodeiknÔetai eÔkola ìti

• An h ∈ G∆, tìte h(∆) = ∆ kai h eÐnai 1-1.

• G∆ me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da.

• K�je h ∈ G∆ apeikonÐzei ∆-eujeÐa se ∆-eujeÐa kai diathreÐ tic gwnÐec.

To zeÔgoc (∆, G∆) eÐnai to montèlo tou dÐskou tou Poincaré thc uperbolik c gewmetrÐac.



96 KEF�ALAIO 9. UPERBOLIK�H GEWMETR�IA.

Je¸rhma 9.4.1. 'Estw G̃∆ eÐnai to sÔnolo twn periorism¸n sto ∆ twn genikeumènwn
metasqhmatism¸n Möbius pou èqoun mia apì tic morfèc

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C kai |m|2 − |n|2 = 1, z ∈ ∆. (9.1)

To zeÔgoc (∆, G̃∆) eÐnai gewmetrÐa

Apìdeixh. To sÔnolo to sÔnolo ìlwn twn genikeumènwn metasqhmatism¸n Möbius pou èqoun
mia apì thc morfèc (9.1) me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da ('Askhsh 8.3(1)).

Na prosdioristeÐ an ta shmeÐa 0,−4,−1− 3i,−2i an koun se ènan genikeumèno kÔklo.
ArkeÐ na deÐxoume ìti M(∆) = ∆ gia k�je metashmatismì Möbius M pou èqei mia apì thc

morfèc (9.1).
'Estw ìti M(z) = mz+n

n̄z+m̄
. Tìte

M(z) ∈ ∆⇐⇒
∣∣mz+n
n̄z+m̄

∣∣ < 1⇐⇒
∣∣mz+n
n̄z+m̄

∣∣2 < 1⇐⇒
(
mz+n
n̄z+m̄

) (
mz+n
n̄z+m̄

)
< 1⇐⇒

(mz + n)(m̄z̄ + n̄) < (n̄z + m̄)(nz̄ +m)⇐⇒ |z|2(|m|2 − |n|2) < |m|2 − |n|2 ⇐⇒
|z| < 1⇐⇒ z ∈ ∆.
'Estw M(z) = mz̄+n

n̄z̄+m̄
. Tìte M = M1 ◦ σ, ìpou M1(z) = mz+n

n̄z+m̄
kai σ(z) = z̄ apeikonÐzoun

to ∆ epÐ tou ∆. Sunep¸c, M(∆) = ∆.

Je¸rhma 9.4.2. K�je g ∈ G∆ eÐnai o periorismìc sto ∆ enìc genikeumènou metasqhma-
tismoÔ Möbius pou èqei mia apì tic morfèc:

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C kai |m|2 − |n|2 = 1, z ∈ ∆. (9.2)

Apìdeixh. Ja deÐxoume ìti k�je antistrof  wc proc genikeumèno kÔklo k�jeto sto Bd(∆)
èqei thn morf  (9.2).

'Estw ìti o kÔkloc C(K, r) eÐnai k�jetoc sto Bd(∆) kai{P,Q} = Bd(∆) ∩ C(K, r).
Epeid  oi kÔkloi Bd(∆) kai C(K, r) eÐnai k�jetoi, KP ⊥ OP . Apì to Pujagìreio Je¸rhma
KP 2 +OP 2 = OK2. 'Ara, r2 + 1 = |c|2 = cc̄. Epomènwc r2 − cc̄ = −1

H antistrof  M tou C \ {c} wc proc ton C(c, r) dÐnetai apì ton tÔpo

M(z) =
r2

z − c
+ c =

r2 + cz̄ − cc̄
z̄ − c̄

=
cz̄ − 1

z̄ − c̄
=

ci
r
z̄ + −i

r(
i
r

)
z̄ +

(−c̄i
r

) .
'Ara, M èqei thn morf  (9.2).

'Estw ìti h eujeÐa ε me exÐswsh y = x tan θ eÐnai k�jeth sto Bd(∆). H an�klash M̃ wc
proc thn eujeÐa ε eÐnai sÔnjesh peristrof c t1 kat� gwnÐa −θ , thc an�klashc t2 wc proc
ton x-�xona kai thc peristrof c t−1

1 kat� gwnÐa θ. Gia a = cos θ + i sin θ, paÐrnoume:

M̃(z) = (t−1
1 ◦ t2 ◦ t1)(z) = a(āz) = a2z̄ =

a2z̄

aā
=
az̄

ā
=
az̄ + 0

0̄z̄ + ā
.

'Ara, M̃ èqei thn morf  (9.2).
'Estw g ∈ G∆. Tìte g = g1 ◦ · · · ◦ gn, ìpou gi = Mi|∆ gia k�poia antistrof  Mi wc

proc genikeumèno kÔklo k�jeto sto Bd(∆). 'Ara, Mi ∈ G̃∆. Epeid  to sÔnolo G̃∆ me thn

pr�xh sÔnjeshc apeikon sewn eÐnai om�da kai M(∆) = ∆ gia k�je M ∈ G̃∆, sunep�getai ìti

M = M1 ◦ · · · ◦Mn ∈ G̃∆. Sunep¸c g = M1

∣∣
∆
◦ · · · ◦Mn

∣∣
∆

= M
∣∣
∆
.
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ApodeiknÔetai epÐshc to parak�tw Je¸rhma. (blèpe [1])

Je¸rhma 9.4.3. K�je genikeumènoc metasqhmatismìc Möbius pou èqei mia apì tic morfèc

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C kai |m|2 − |n|2 = 1,

eÐnai sÔnjesh to polÔ tri¸n antistrof¸n wc proc genikeumènouc kÔklouc k�jetouc sto Bd(∆).

Pìrisma 9.4.4. H om�da G∆ apoteleÐtai apì periorismouc sto ∆ ìlwn twn genikeumènwn

metasqhmatism¸n Möbius tou Ĉ pou èqoun mia apì tic morfèc

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C, |m|2 − |n|2 = 1.

ShmeÐwsh 9.4.5. H sunj kh |m|2−|n|2 = 1 stic sqèseic (9.1) mporeÐ na antikatastajeÐ me
|m|2−|n|2 > 0. Pr�gmati, gia λ = 1/

√
|m|2 − |n|2 paÐrnoumeM(z) = λmz+λn

λn̄z+λm̄
= λmz+λn

λnz+λm
, ìpou

λm · λm− λnλn = λ2(mm− nn) = λ2(|m|2 − |n|2) = 1.

9.5 Montèlo tou hmiepipèdou tou Poincaré.

To epÐpedo sto montèlo tou hmiepipèdou tou Poincaré èna anoiktì hmiepÐpedo. To
sÔnoro tou hmiepipèdou kaleÐtai orÐzontac kai ta shmeÐa tou orÐzonta kaloÔntai shmeÐa
sto apeÐro kai den an koun sto montèlo.

Wc montèlo tou hmiepipèdou mporoÔme na epilèxoume to �nw hmiepÐpedo tou migadikoÔ
epipèdou:

H = {z ∈ C : Im(z) > 0}
me orÐzonta Im(z) = 0.

Sto montèlo tou �nw hmiepipèdou tou Poincaré wc H�eujeÐec orÐzontai oi tomèc me to H
twn genikeumènwn kÔklwn tou Ĉ k�jetwn ston orÐzonta. Dhlad , H�eujeÐec eÐnai oi tomèc

tou H me genikeumènouc kÔklouc tou Ĉ k�jetouc ston Ox-�xona.

A

B

A′ B′

Y

X

Sq ma 9.4: H-eujeÐec (AB) kai (A′B′).

DÔoH�eujeÐec kaloÔntai par�llhlec (antÐstoiqa, uperpar�llhlec) an oi proekt�seic touc
� kÔkloi   eujeÐec k�jetec ston Ox-�xona � tèmnontai sto shmeÐo tou Ox-�xona   sto {∞}
(antÐstoiqa den tèmnontai).

Apì twn orismì twn H-eujei¸n prokÔptei ìti:
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• Apì dÔo diaforetik� shmeÐa tou uperbolikoÔ epipèdou dièrqetai monadik  H-eujeÐa.
('Estw P,Q ∈ H. An (PQ) eÐnai k�jeth ston orÐzonta, tìte (PQ)∩H eÐnai h H-eujeÐa
pou dièrqetai apì ta P kai Q. Diaforetik� h H-eujeÐa pou dièrqetai apì ta P kai
Q eÐnai h tom  tou H me ton kÔklo pou èqei wc kèntro thn tom  tou orÐzonta me thn
mesok�jeto tou PQ.)

• DÔo diaforetikèc H-eujeÐec eÐte den tèmnontai eÐte tèmnontai se èna shmeÐo.

• Apì èna shmeÐo P èxw apì mia H-eujeÐa (AB) mporoÔme na fèroume �peirou pl jouc
H-eujeÐec pou den tèmnoun thn (AB).

(EÐnai oi �peirou pl jouc H-eujeÐec pou brÐskontai metaxÔ dÔo H-eujeÐwn (AA′) kai
(BB′), oi opoÐec dièrqontai apì to P kai eÐnai par�llhlec sthn H-eujeÐa (AB).

A B

Y

X

B′ A′M N

P

Sq ma 9.5: Par�llhlec (AA′), (BB′) kai uperpar�llhlh (MN) thc (AB).

Om�da metasqhmatism¸n sto montèlo tou hmiepipèdou tou Poincaré.

An t eÐnai antistrof  tou Ĉ wc proc ènan genekeumèno kÔklo k�jeto sto �xona Im(z) = 0,
tìte t(H) = H. 'Ara, h sÔnjesh peperasmènou pl jouc antistrof¸n wc proc touc genikeumè-
nouc kÔklouc k�jetouc ston Im(z) = 0 apeikonÐzei to H epÐ to H.

'Estw ìti GH eÐnai to sÔnolo ìlwn twn peperasmènou pl jouc sunjèsewn twn periorism¸n
sto H twn antistrof¸n wc proc touc genikeum�nouc kÔkloc k�jetouc ston Im(z) = 0.
Dhlad  h : H → H eÐnai stoiqeÐo tou GH an kai mìnon an h = t1|H ◦ · · · ◦ tn|H, ìpou k�je ti
eÐnai antistrof  wc proc ton genikeumèno kÔklo k�jeto ston Im(z) = 0.

'Estw GH to sÔnolo ìlwn twn sunjèsewn twn periorism¸n sto H twn antistrof¸n wc
proc touc genikeumènouc kÔklouc pou eÐnai proektaseic twn H-eujeÐwn.

ApodeiknÔetai eÔkola ìti

• An h ∈ GH, tìte h(H) = H kai h eÐnai 1-1.

• GH me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da.

• K�je h ∈ GH apeikonÐzei H-eujeÐa se H-eujeÐa kai diathreÐ tic gwnÐec.

To zeÔgoc (H, GH) eÐnai to montèlo tou hmiepipèdou tou Poincaré thc uperbolik c gewmetrÐac.
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Je¸rhma 9.5.1. 'Estw G̃H eÐnai to sÔnolo twn periorism¸n sto H twn genikeumènwn
metasqhmatism¸n Möbius pou èqoun mia apì tic morfèc

M(z) =
az + b

cz + d
  M(z) =

a(−z̄) + b

c(−z̄) + d
, a, b, c, d ∈ R, ad− bc = 1. (9.3)

To zeÔgoc (H, G̃H) eÐnai gewmetrÐa

Apìdeixh. To sÔnolo to sÔnolo ìlwn twn genikeumènwn metasqhmatism¸n Möbius pou èqoun
mia apì thc morfèc (9.3) me pr�xh sÔnjeshc apeikonÐsewn eÐnai om�da ('Askhsh 8.3(1)).

ArkeÐ na deÐxoume ìti M(H) = H gia k�je metashmatismì Möbius M pou èqei mia apì thc
morfèc (9.3).

'Estw M(z) = az+b
cz+d

. Tìte, epeid  a, b, c, d ∈ R, paÐrnoume

Im(M(z)) =
1

2i

(
az + b

cz + d
− az + b

cz + d

)
=

(az + b)(cz̄ + d)− (az̄ + b)(cz + d)

2i|cz + d|2
=

(ad− bc)Im(z)

|cz + d|2
.

Epeid  ad − bc = 1, èpetai ìti Im(M(z)) = Im(z)
|cz+d|2 . Sunepwc M(z) ∈ H an kai mìnon an

z ∈ H. AnM(z) = a(−z̄)+b
c(−z̄)+d , tìteM = M1◦ϕ, ìpouM1(z) = az+b

cz+d
kai ϕ(z) = −z̄ apeikonÐzoun

to H epÐ tou H. 'Ara, M(H) = H.

Je¸rhma 9.5.2. K�je h ∈ GH eÐnai o periorismìc sto H enìc genikeumènou metasqhma-
tismoÔ Möbius pou èqei mia apì tic morfèc:

M(z) =
az + b

cz + d
  M(z) =

a(−z̄) + b

c(−z̄) + d
, a, b, c, d ∈ R, ad− bc = 1. (9.4)

Apìdeixh. Ja deÐxoume ìti k�je antistrof  wc proc genikeumèno kÔklo pou eÐnai proèktash
miac H-eujeÐac èqei thn morf  (9.4).

'Estw ìti o kÔkloc C(c, r) eÐnai k�jetoc ston Ox-�xona me c ∈ Ox. Epeid  c ∈ R h
antisrof  M tou C \ {c} wc proc ton C(c, r) dÐnetai apì ton tÔpo

M(z) =
r2

z − c
+ c =

cz̄ + r2 − c2

z̄ − c
=

c
r
(−z̄) + c2−r2

r
1
r
(−z̄) + c

r

.

'Ara, M èqei thn morf  (9.4).

'Estw ìti h eujeÐa ε me exÐswsh x = a eÐnai k�jeth sto Ox. H antistrof  M̃ tou C wc
proc thn ε dÐnetai apì ton tÔpo

M̃(z) = −z̄ + 2a =
1(−z̄) + 2a

0(−z̄) + 1
.

'Ara, M̃ èqei mia apì tic morfèc (9.4).
'Estw h ∈ GH. Tìte h = h1 ◦ · · · ◦ hn, ìpou k�je hi eÐnai o periorismìc sto H k�poiac

antistrof c Mi wc proc genikeumèno kÔklo pou eÐnai proèktash miac H-eujeÐac. 'Ara, ìpwc
apodeÐxame,Mi ∈ G̃H. Epeid  to sÔnolo G̃H me thn pr�xh sÔnjeshc apeikon sewn eÐnai om�da

kai M(H) = H gia k�je M ∈ G̃H, sunep�getai ìti M = M1 ◦ · · · ◦Mn ∈ G̃H.
Sunep¸c h = M1

∣∣
H◦ · · · ◦Mn

∣∣
H= M

∣∣
H.
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Je¸rhma 9.5.3. K�je genikeumènoc metasqhmatismìc Möbius pou èqei mia apì tic morfèc

h(z) =
az + b

cz + d
  h(z) =

a(−z̄) + b

c(−z̄) + d
a, b, c, d ∈ R, ad− bc = 1.

eÐnai sÔnjesh antistrof¸n wc proc touc genikeumènouc kÔklouc k�jetouc ston Ox-�xona.

Apìdeixh. An c 6= 0, tìte epeid  ad− bc = 1 kai a, b, c, d ∈ R paÐrnoume

M(z) =
az + b

cz + d
=
a

c
+
b− (ad/c)

cz + d
=
a

c
+

bc−ad
c2

z + d
c

=
a

c
+

1
c2

−z − d
c

.

Epomènwc M mporeÐ na parastajeÐ wc sÔnjesh apeikonÐsewn kajemi� apì tic opoÐec eÐnai
sÔnjesh antistrof¸n wc proc touc genikeumènouc kÔklouc k�jetouc ston Ox-�xona wc ex c:

z
metafora−→
‖Ox

z+
d

c

antistrof −→
wc proc Oy

−¯̄z− d̄
c̄

antistrof −→
wc proc|z|=1

1

−z̄ − d̄
c̄

=
1

−z − d
c

omoiojesÐa−→
1
c2

−z − d
c

metafora−→
‖Ox

a

c
+

1
c2

−z − d
c

.

An M(z) = a(−z̄)+b
c(−z̄)+d , tìte M = M1 ◦ σ, ìpou M1(z) = az+b

cz+d
eÐnai sÔnjesh antistrof¸n wc

proc genikeumènouc kÔklouc k�jetouc ston Ox-�xona kai σ(z) = −z̄ eÐnai h antistrof  wc
proc ton Oy-�xona. 'Ara, M eÐnai sÔnjesh antistrof¸n wc proc touc genikeumènouc kÔklouc
k�jetouc ston Ox-�xona.

H apìdeixh tou Jewr matoc eÐnai ìmoia ìtan c = 0.

Pìrisma 9.5.4. H om�daGH sumpÐptei me thn om�da twn periorism¸n stoH ìlwn genikeumèn-

wn metasqhmatism¸n Möbius tou Ĉ pou èqoun mia apì tic morfèc

M(z) =
az + b

cz + d
  M(z) =

a(−z̄) + b

c(−z̄) + d
, a, b, c, d ∈ R, ad− bc = 1.

ShmeÐwsh 9.5.5. H sunj kh ad − bc = 1 stic sqèseic (9.3) mporeÐ na antikatastajeÐ
me ad − bc > 0. Pr�gmati, gia λ = 1/

√
ad− bc paÐrnoume M(z) = az+b

cz+d
= λaz+λb

λcz+λd
, ìpou

λa · λd− λc · λb = λ2(ab− cd) = 1.

Je¸rhma 9.5.5. Gia opoiesd pote H-eujeÐec `1 kai `2 up�rqei h ∈ GH gia ton opoÐon
h(`1) = `2.

Apìdeixh. 'Estw ` = Oy ∩ H. ArkeÐ na deÐxoume ìti gia opoiad pote H-eujeÐa d up�rqei
h ∈ GH gia ton opoÐon h(d) = `. Opìte gia opoiesd pote H-eujeÐec `1 kai `2 up�rqoun
h1, h2 ∈ GH, tètoia ¸ste h1(`1) = ` kai h2(`2) = `. 'Ara, gia h = h−1

2 ◦ h1 ja isqÔei
h(`1) = `2.

An d = {a + yi : y > 0}, tìte h metafor� h(z) =
z − a

0 · z + 1
apeikonÐzei thn d epÐ thc `.

Epeid  o susqetismènoc pÐnakac tou h eÐnai o

(
1 −a
0 1

)
me orÐzousa 1 kai stoiqeÐa apì to

R, èpetai ìti h
∣∣
H∈ GH.
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'Estw ìti d = C(K, r) ∩ H me K ∈ Ox. Gia ton metasqhmatismì Möbius

h(z) =
z − (K + r)

z − (K − r)
èqoume h(K + r) = 0, h(K + ri) = i kai h(K − r) = ∞. 'Ara, h

apeikonÐzei ton C(K, r) se monadikì genikeumèno kÔklo pou perièqei ta shmeÐa 0, i,∞, dhlad 

ston Oy ∪ {∞}. Epeid  o susqetismènoc pÐnakac

(
1 −K − r
1 −K + r

)
tou h eÐnai isodÔnamoc me

ton pÐnaka
1√
2r

(
1 −K − r
1 −K + r

)
me orÐzousa 1 kai stoiqeÐa apì to R, èpetai ìti h

∣∣
H∈ GH.

'Ara, h
∣∣
H(d ) = `.

9.6 ApeikonÐseic metaxÔ twn montèlwn tou
uperbolikoÔ epipèdou.

Prìtash 9.6.1. H apeikìnish Q : Ĉ→ Ĉ pou orÐzetai apì ton tÔpo

Q(z) =
z − i
−iz + 1

(metasqhmatismìc Cayley)

apeikonÐzei to sÔnolo H = {z ∈ C : Im(z) > 0} epÐ tou sÔnolou ∆ = {z ∈ C : |z| < 1}
(dhlad  Q(H) = ∆).

Apìdeixh. Q(z) ∈ ∆⇐⇒ |z − i|
|−iz + 1|

< 1⇐⇒ |z − i| < |−iz + 1| ⇐⇒

|z − i|2 < |−iz + 1|2 ⇐⇒ (z − i)(z̄ + i) < (1− iz)(1 + iz̄)⇐⇒
2zi− 2z̄i < 0⇐⇒ 2i(z − z̄) < 0⇐⇒ 2i(2iIm(z)) < 0⇐⇒ Im(z) > 0⇐⇒ z ∈ H.

Je¸rhma 9.6.2. Oi gewmetrÐec (H, GH) kai (∆, G∆) eÐnai isomorfikèc, dhlad  up�rqoun
mia 1-1 kai epÐ apeikìnish Q : H → ∆ kai ènac isomorfismìc i : GH → G∆ gia ta opoÐa

Q(h(x)) = i(h)(Q(x)), ∀x ∈ H, ∀h ∈ GH.

Apìdeixh. JewroÔme thn 1-1 kai epÐ apeikonÐsh Q : H → ∆ me Q(z) =
z − i
−iz + 1

.

JewroÔme thn apeikìnish t : GH → GM me t(h) = Q ◦ h ◦Q−1.
Profan¸c t eÐnai 1− 1. Ja deÐxoume ìti t(GH) = G∆.

'Estw ìti o susqetismènoc pÐnakac tou h ∈ GH eÐnai o

(
a b
c d

)
me a, b, c, d ∈ R kai

ad − bc = 1. O susqetismènoc pÐnakac tou Q eÐnai o

(
1 −i
−i 1

)
kai o susqetismènoc

pÐnakac tou Q−1 eÐnai o 1
2

(
1 i
i 1

)
.

'Ara, o susqetismènoc pÐnakac tou t(h) = Q ◦ h ◦Q−1 eÐnai o

1

2

(
1 −i
−i 1

)(
a b
c d

)(
1 i
i 1

)
=

1

2

(
(a+ d) + (b− c)i (c+ b) + (a− d)i
(c+ b)− (a− d)i (a+ d)− (b− c)i

)
= B,
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ìpou det(B) = 1/2[(a+ d)2 + (c− b)2 − (c+ b)2 − (d− a)2] = 2(ad− bc) = 2 > 0.

Epomènwc t(h) èqei susqetismèno pÐnaka thc morf c

(
m n
n̄ m̄

)
me |m|2 − |n|2 = 1.

'Ara, t(h) ∈ G∆.
'Omoia apodeiknÔetai ìti an g ∈ G∆, tìte h = Q−1 ◦ g ◦Q ∈ GH. 'Ara, g = t(h).
Gia thn 1-1 kai epÐ apeikìnish t : GH → G∆ me t(h) = Q ◦ h ◦Q−1 èqoume

t(h)(Q(x)) = Q(h(Q−1(Q(x)))) = Q(h(x)), ∀x ∈ H.

Sunep¸c, oi gewmetrÐec (H, GH) kai (∆, G∆) eÐnai isomorfikèc.

OrÐsame pènte montèla uperbolikoÔ epipèdou:

S2
+ = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1, z > 0} − montèlo tou �nw hmisfairÐou

Y+ = {(x, y, z) ∈ R3 : x2 + y2 − z2 = −1, z > 0} − montèlo tou uperboloeidoÔc

B = {(x, y, 1) ∈ R3 : x2 + y2 < 1} − montèlo Beltrami-Klein

∆ = {(x, y, 0) ∈ R3 : x2 + y2 < 1} − montèlo tou dÐskou tou Poincaré

H = {(1, y, z) ∈ R3 : z > 0} − montèlo tou �nw hmiepipèdou tou Poincaré

Sto epÐpedo 0xz h sqetik  touc jèsh kai oi apeikonÐseic metaxÔ touc apeikonÐzontai sto
sq ma 9.6.

H
Y+

S2
+

B

∆
W

S

P

P1
P2

O

P3

P4

Z

X

Sq ma 9.6: ApeikonÐseic metaxÔ twn montèlwn tou uperbolikoÔ epipèdou.

Ja orÐsoume analutik� tic 1-1 kai epÐ apeikonÐseic metaxÔ twn montèlwn.



9.7. H UPERBOLIK�H AP�OSTASH. 103

fB : S2
+ → B. fB eÐnai h orjog¸nia probol  tou �nw hmisfairÐou S2

+ sto epÐpedo z = 1.

S2
+ 3 P = (x, y, z)

fB−→ (x, y, 1) = P1 ∈ B.

fH : S2
+ → H. Se k�je shmeÐo P = (x, y, z) ∈ S2

+ antistoiqoÔme to monadikì shmeÐo tom c

P2 = (1, y2, z2) thc eujeÐac (WP ), ìpou W = (−1, 0, 0) me to anoiktì hmiepÐpedo H =
{(1, y, z) : z > 0}.

Epeid  x2 + y2 + z2 = 1 kai z > 0, isqÔei |x| < 1.

W,P, P2 ∈ (WP ) =⇒
−−→
WP = t

−−→
WP2 =⇒ (x+ 1, y, z) = t(2, y2, z2).

'Ara, t = x+1
2
, y3 = y

x+1
, z3 = z

x+1
. Sunep¸c

S2
+ 3 P = (x, y, z)

fH−→
(

1,
2y

x+ 1
,

2z

x+ 1

)
= P2 ∈ H.

f∆ : S2
+ → ∆. Se k�je shmeÐo P = (x, y, z) ∈ S2

+ antistoiqoÔme to monadikì shmeÐo tom c

P4 = (x4, y4, 0) thc eujeÐac (SP ), ìpou S = (0, 0,−1), me ton anoiktì dÐsko ∆.

S, P, P3 ∈ (SP ) =⇒
−→
SP ′ = t

−→
SP (x3, y3, 1) = t(x, y, z + 1)

'Ara, t = 1
z+1

. Opìte (x3, y3, 0) =
(

x
z+1

, y
z+1

, 0
)
. Sunep¸c

S2
+ 3 P = (x, y, z)

f∆

−→
(

x

z + 1
,

y

z + 1
, 0

)
= P3 ∈ ∆.

f
Y+

B : B → Y+. Se k�je shmeÐo P1 = (x, y, 1) ∈ B antistoiqoÔme monadikì shmeÐo tom c P4 thc

eujeÐac (OP1) me to Y+. Tìte P4 = (tx, ty, t), ìpou t2x2 +t2y2−t2 = −1. 'Ara, t = 1√
1−x2−y2

.

Sunep¸c

B 3 P1(x, y, 1)
f
Y+
B−→

(
x√

1− x2 − y2
,

y√
1− x2 − y2

,
1√

1− x2 − y2

)
= P4 ∈ Y+.

fY+ : S2
+ → Y+.

fY+ = f
Y+

B ◦fB =⇒ (x, y, z)
fB−→(x, y, 1)

f
Y+
B−→
(

x√
1−x2−y2

, y√
1−x2−y2

, 1√
1−x2−y2

)
=
(
x
z
, y
z
, 1
z

)
.

9.7 H uperbolik  apìstash.

K�je uposÔnolo tou R3 omoiomorfikì me èna kleistì kai fragmèno di�sthma tou R kaleÐtai
tìxo. Wc C1-tìxo tou R3 ennooÔme k�je tìxo T ⊂ R3, gia to opoÐo up�rqei èna di�sthma
[a, b] ⊂ R kai mia 1-1, epÐ kai suneq¸c paragwgÐsimh apeikìnish γ : [a, b] → T . Ta shmeÐa
γ(a) kai γ(b) kaloÔntai �kra tou T . ParametrikopoÐhsh tou T eÐnai k�je 1-1, epÐ kai suneq¸c
paragwgÐsimh apeikìnish β : [c, d] → T , gia thn opoÐa up�rqei mia 1-1, epÐ kai suneq¸c
paragwgÐsimh apeikìnish h : [a, b]→ [c, d], tètoia ¸ste γ(t) = β(h(t)) gia k�je t ∈ [a, b].
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Uperbolikì m koc sto H.

To uperbolikì m koc enìc C1-tìxou T tou H me parametrikopoÐsh γ : [a, b]→ T orÐzetai
apì ton tÔpo

LH(T ) = LH(γ) =

∫ b

a

|γ′(t)|
Im(γ(t))

dt.

Je¸rhma 9.7.1. To uperbolikì m koc enìc C1-tìxou T tou H eÐnai anex�rthto apì thn
parametrikopoÐhsh tou.

Apìdeixh. 'Estw γ : [a, b] → T kai β : [c, d] → T eÐnai parametrikopoi seic tou T . Tìte
up�rqei mia 1-1 kai epÐ sun�rthsh h : [a, b] → [c, d] suneq¸c paragwgÐsimh, tètoia ¸ste
γ(t) = β(h(t) gia k�je t ∈ [a, b]. Tìte

LH(γ) =

∫ b

a

|γ′(t)|
Im(γ(t))

dt =

∫ b

a

|(β ◦ h)′(t)|
Im(β(h(t)))

dt =

∫ b

a

|(β′(h(t))|
Im(β(h(t)))

|h′(t)|dt

An h eÐnai gnhsÐwc aÔxousa, tìte h(a) = c, h(b) = d kai h′(t) ≥ 0 gia ∀t ∈ [a, b]. Opìte

LH(γ) =

∫ b

a

|(β′(h(t))|
Im(β(h(t)))

h′(t) dt =
u=h(t)

∫ d

c

|β′(u)|
Im(β(u))

du = LH(β)

An h eÐnai gnhsÐwc fjÐnousa, tìte h(a) = d, h(b) = c kai h′(t) ≤ 0 gia ∀t ∈ [a, b]. Opìte

LH(γ) = −
∫ b

a

|(β′(h(t))|
Im(β(h(t)))

h′(t) dt =
u=h(t)

∫ d

c

|β′(u)|
Im(β(u))

du = LH(β)

ParadeÐgmata 9.7.2.

1. Mia parametrikopoÐhsh tou eujÔgrammou tm matoc I me �kra Ai kai Bi, ìpou B > A,
eÐnai γ(t) = (0, t), ìpou t ∈ [A,B]. 'Ara,

LH(I) = LH(γ) =

∫ B

A

|γ′(t)|
Im(γ(t))

dt =

∫ B

A

1

t
dt = ln(B/A).

2. To uperbolikì m koc thc uperbolik c hmieujeÐac γ(t) = (0, t), ìpou t ∈ (0, 1], eÐnai
�peiro, afoÔ∫ 1

0

|γ′(t)|
Im(γ(t))

dt =

∫ 1

0

1

t
dt = lim

u→0

∫ 1

u

1

t
dt = lim

u→0
(ln 1− lnu) =∞.
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Je¸rhma 9.7.3. An T èna C1-tìxo tou H kai h ∈ GH, tìte LH(T ) = LH(h(T )).
(To uperbolikì m koc eÐnai analloÐwto stouc metasqhmatismoÔc thc GH.)

Apìdeixh. 'Estw γ : [t1, t2] → T mia parametrikopoÐsh tou T kai èstw ìti h(z) = az+b
cz+d

, ìpou

a, b, c, d ∈ R kai ad− bc = 1. Tìte (h ◦ γ)(t) = aγ(t)+b
cγ(t)+d

. Met� apì upologismoÔc paÐrnoume

(h ◦ γ)′(t) =

(
aγ(t) + b

cγ(t) + d

)′
=

ad− bc
(cγ(t) + d)2

γ′(t) =
γ′(t)

(cγ(t) + d)2

Im(((h ◦ γ)(t)) = Im

(
aγ(t) + b

cγ(t) + d

)
= Im

(aγ(t) + b)(cγ(t) + d)

|cγ(t) + d|2
=

Im(γ(t))

|cγ(t) + d|2
.

Sunep¸c

∣∣(h ◦ γ)′(t)
∣∣

Im((h ◦ γ)(t))
=

1

(cγ(t) + d)2
|γ′(t)|

Im(γ(t))

|cγ(t) + d|2

=
|γ′(t)|

Im(γ(t))
. 'Ara, LH(h ◦ γ) = LH(γ).

An h(z) = a(−z̄)+b
c(−z̄)+d ∈ GH. Tìte h = h1 ◦ ϕ, ìpou ϕ(z) = −z̄ kai h(z) = az+b

cz+d
me

a, b, c, d ∈ R kai ab − cd = 1 diathreÐ to uperbolikì m koc ìpwc apodeÐxame poiì p�nw.
EÔkola apodeiknÔetai ìti h ϕ epÐshc diathreÐ to uperbolikì m koc. Sunep¸c h diathreÐ to
uperbolikì m koc.

EujÔgramma tm mata sto H.

Orismìc 9.7.4. 'Estw z, w ∈ H kai z 6= w.
KaloÔme H-eujÔgrammo tm ma me �kra z kai w to tìxo me �kra z kai w thc H-eujeÐac

pou dièrqetai apì ta z kai w. Gia z, w ∈ H sumbolÐzoume me z̃w to H-eujÔgrammo tm ma me
�kra ta shmeÐa z kai w.

An Re(z) = Re(w), tìte H-eujÔgrammo tm ma me �kra ta shmeÐa z kai w eÐnai eukleÐdeio
eujÔgrammo tm ma zw tou C.

An Re(z) 6= Re(w), tìte H-eujÔgrammo tm ma me �kra ta shmeÐa z kai w eÐnai tìxo enìc
hmikuklÐou me kèntro ston Ox-�xona.

Je¸rhma 9.7.5. Apì ìla ta C1-tìxa me �kra ta shmeÐa z, w ∈ H to H-eujÔgrammo tm ma
èqei to mikrìtero uperbolikì m koc.

Apìdeixh. 'Estw ìti γ(t) = (x(t), y(t)), t ∈ [a, b], parametrikopoÐsh enìc C1-tìxou T me �kra
z kai w. Ac upojèsoume pr¸ta ìti z = Ai kai w = Bi, ìpou B > A. Tìte

LH(T ) = LH(γ) =

∫ b

a

√
x′2(t) + y′2(t)

y(t)
dt ≥

∫ b

a

|y′(t)|
y(t)

dt =

∫ b

a

∣∣∣∣y′(t)y(t)

∣∣∣∣ dt ≥
≥

∣∣∣∣∫ b

a

y′(t)

y(t)
dt

∣∣∣∣ =
∣∣ln y(t)

∣∣b
a

∣∣ = ln(B/A) = LH(z̃w).

An z   w den an koun sthn H-eujeÐa ` = Oy∩H. Apì to Je¸rhma 9.5.5 up�rqei h ∈ GH
pou apeikonÐzei thn H-eujeÐa pou dièrqetai apì ta z kai w epÐ thc `. Tìte h(z), h(w) ∈ `.
QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti h(z) = Ai kai h(w) = Bi, ìpou
B > A. Epeid  to uperbolikì m koc eÐnai analloÐwto stouc metasqhmatismoÔc thc GH, èpetai
ìti LH(T ) = LH(h(T )) ≥ ln(B/A) = LH(z̃w).



106 KEF�ALAIO 9. UPERBOLIK�H GEWMETR�IA.

Je¸rhma 9.7.6. An z = ai, u = m+ ai kai w = bi me a 6= b, tìte z̃w < ũw.

Apìdeixh. Ac upojèsoume ìti a < b. Epeid  Re(u) 6= Re(w), to H-eujÔgrammo tm ma ũw
eÐnai kuklikì tìxo enìc kÔklou C(K, r) k�jetou ston Ox-�xona.

K�je eujeÐa pou dièrqetai apì to ti, t ∈ [a, b), kai eÐnai par�llhlh ston Ox-�xona tèmnei
to ũw se monadikì shmeÐo x(t) + ti.

An K ≥ 0, tìte h eujeÐa pou dièrqetai apì to bi kai eÐnai par�llhlh ston Ox-�xona tèmnei
to ũw sto shmeÐo w = bi. Jètoume v = u kai x(b) = 0.

An K < 0, tìte h eujeÐa pou dièrqetai apì to bi kai eÐnai par�llhlh ston Ox-�xona tèmnei
to ũw sto shmeÐo w = bi kai se èna �llo shmeÐo v = x(b) + bi.

H apeikìnish g(t) : [a, b]→ ũv me γ(t) = (x(t), t) eÐnai 1-1, epÐ kai suneq¸c paragwgÐsimh.
Epomènwc

LH(ũw) ≥ LH(ũv) = LH(γ) =

∫ b

a

√
x′2 + 1

t
dt ≥

∫ b

a

1

t
dt = ln(b/a) = z̃w.

H apìdeixh eÐnai ìmoia gia b < a.

Metrik  sto H.

Orismìc 9.7.7. OrÐzoume dH : H × H → [0,∞) wc ex c: an z, w ∈ H kai z 6= w, tìte
dH(z, w) eÐnai to uperbolikì m koc LH(z̃w) > 0 tou H-eujÔgrammou tm matoc me �kra z kai
w kai dH(z, z) = 0 gia k�je z ∈ H.

Prìtash 9.7.8. H apeikìnish dH : H×H → (0,∞) eÐnai metrik .

Apìdeixh. Ja apodeÐxoume ìti h dH plhreÐ ta axi¸mata thc metrik c.

(i) dH(z, w) = 0⇐⇒ z = w.

Pr�gmati, an z = w, tìte dH(z, w) = 0 apì ton orismì thc uperbolik c apìstashc. An
z 6= w, tìte dH(z, w) > 0 wc m koc tou H-eujÔgrammou tm matoc me �kra z kai w.

(ii) dH(z, w) = dH(w, z) gia opoiad pote z, w ∈ H.
Pr�gmati, an γ : [a, b]→ H eÐnai h parametrikopoÐsh tou H-eujÔgrammou tm matoc z̃w,
tìte γ̂ : [a, b]→ H me γ̂(t) = γ(a+ b− t) eÐnai h parametrikopoÐsh tou H-eujÔgrammou
tm matoc w̃z. 'Ara, LH(w̃z) = LH(z̃w), afoÔ to uperbolikì m koc enìc tìxou den
exart�tai apì thn parametrikopoÐhsh tou.

(iii) dH(z, w) ≤ dH(z, u) + dH(u,w), gia opoiad pote z, w, u ∈ H.
An z, w, u eÐnai H-suneujeiak�, tìte mporoÔme na upojèsoume ìti u eÐnai metaxÔ z kai
w (u ∈ z̃w). Opìte dH(z, w) = dH(z, u) + dH(u,w).

An z, w, u eÐnai mh H-suneujeiak�, tìte mporoÔme na upojèsoume ìti z, u ∈ Oy, diafore-
tik� up�rqei h ∈ GH pou apeikonÐzei thn H-eujeÐa pou dièrqetai apì ta z kai w sthn
H-eujeÐa Oy ∩ H. QwrÐc blabh thc genikìthtac mporoÔme na upojèsoume ìti z = ai,
w = bi kai b > a.

'Estw ìti u = u1 + u2i. Ac upojèsoume ìti u2 ∈ (a, b) kai v = u2i.



9.7. H UPERBOLIK�H AP�OSTASH. 107

Apì to Je¸rhma 9.7.6 prokÔptei ìti dH(z, v) ≤ dH(z, u) kai dH(v, w) ≤ dH(w, u). 'Ara,

dH(z, w) = dH(z, v) + dH(v, w) ≤ dH(z, u) + dH(v, w).

An u2 ≥ b, tìte dH(z, w) ≤ dH(z, u2) ≤ dH(z, u) ≤ dH(z, u) + dH(v, w).

H idiìthta (iii) apodeiknÔetai ìmoia an u2 ≤ a.

ShmeÐwsh 9.7.9. 'Ena tìxo T tou R3 kaleÐtai kat� tm mata C1-tìxo apì to A ∈ R3 èwc
B ∈ R3 ìtan up�rqei èna di�sthma [a, b] tou R, ènac diamerismìc a = t0 < t1 < · · · < tn = b
tou [a, b] kai mia 1-1, epÐ kai suneq c apeikìnish γ : [a, b] → T me γ(a) = A, γ(b) = B ètsi
¸ste o periorismìc thc γ se k�je [ti, ti+1] eÐnai suneq¸c paragwgÐsimh apeikìnish.

H oikogèneia twn C1-tìxwn Ti = γ([ti, ti+1]), i = 1, ..., n, kaleÐtai diamerismìc tou kat�
tm mata C1-tìxou T .

Gia kat� tm mata C1-tìxou T me diamerismì {Ti}ni=1 orÐzoume LH(T ) =
∑n

i=1 LH(Ti).
Me epagwg  wc proc to pl joc twn stoiqeÐwn enìc diamerismoÔ tou kat� tm mata C1-

tìxou T kai qrhsimopoi¸ntac thn trigwnik  idiìthta thc metrik c dH apodeiknÔetai ìti:
Apì ìla ta kat� tm mata C1-tìxa me �kra ta shmeÐa z, w ∈ H to H-eujÔgrammo tm ma

èqei to mikrìtero uperbolikì m koc.

Je¸rhma 9.7.10. K�je h ∈ GH eÐnai H-isometrÐa.

Apìdeixh. 'Estw z, w ∈ H kai h ∈ GH.
An z = w, tìte dH(z, w) = dH(h(z), h(w)) = 0.
'Estw ìti z 6= w kai ` eÐnaiH-eujeÐa pou dièrqetai apì ta z kai w. Epeid  k�je uperbolikìc

metasqhmatismìc apeikonÐzei H-eujeÐec se H-eujeÐec, h(`) eÐnai H-eujeÐa pou dièrqetai apì
ta h(z) kai h(z).

H h diathreÐ ta m kh twn diaforÐsimwn tìxwn. Epomènwc to m koc dH(z, w) tou tìxou thc
` apì to z èwc w eÐnai Ðso me to m koc dH(h(z), h(w)) tou tìxou thc h(`) apì to h(z) èwc
h(w). AfoÔ dH(z, w) = dH(h(z), h(w)) gia ∀z, w ∈ H, h eÐnai isometrÐa.

ShmeÐwsh 9.7.11. ApodeiknÔetai ìti h om�da metasqhmatism¸n GH sumpÐptei me thn om�da
H-isometri¸n tou H (dhlad , isqÔei to antÐstrifo tou Jewr matoc 9.7.10).

Je¸rhma 9.7.12. K�je h ∈ GH apeikonÐzei EukleÐdeiouc kÔklouc tou H se EukleÐdeiouc
kÔklouc tou H.

Apìdeixh. 'Estw C(K, r) ènac EukleÐdeioc kÔkloc tou H.
Epeid  h = h1 ◦ · · · ◦ hn, ìpou k�je hi eÐnai sÔnjesh peperasmènou pl joc antistrof¸n

wc proc tic H-eujeÐec, arkeÐ na deÐxoume ìti an h eÐnai antistrof  apì genikeumèno kÔklo `
k�jeto ston Ox, tìte h(C(K, r)) eÐnai EukleÐdeioc kÔkloc tou H.

An ` eÐnai k�jeth ston Ox, tìte h(C(K, r)) eÐnai summetrik  eikìna tou C(K, r) wc proc
thn `. 'Ara, h(C(K, r)) eÐnai EukleÐdeioc kÔkloc tou H.

An ` eÐnai kÔkloc k�jetoc ston Ox me kèntro K0, tìte K0 ∈ Ox. Epomènwc C(K, r) den
dièrqetai apì to kèntro tou `.

Ara, h(C(K, r)) eÐnai EukleÐdeioc kÔkloc pou den dièrqetai apì to kèntro tou `. Apì ton
orismì thc antistrof c wc proc ton kÔklo èpetai ìti h(C(K, r)) brÐsketai sto Ðdio hmiepÐpedo
wc proc ton Ox me ton C(K, r). 'Ara, h(C(K, r)) eÐnai EukleÐdeioc kÔkloc tou H.
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Je¸rhma 9.7.13. Gia k�je z, w ∈ H isqÔei

dH(z, w) = 2 sinh−1

(
|z − w|

2
√
Im(z)

√
Im(w)

)
. (9.5)

Apìdeixh. 'Estw z, w ∈ H. Apì to Je¸rhma 9.5.5 up�rqei h ∈ GH pou apeikonÐzei thn H-
eujeÐa pou dièrqetai apì ta z kai w sthn H-eujeÐa Oy ∩ H. 'Ara, h(z) = Bi kai h(w) = Ai.
Upojètoume qwrÐc bl�bh thc genikìthtac ìti B > A. To uperbolikì m koc eÐnai analloÐwto
stouc metasqhmatismoÔc thc GH, �ra

dH(z, w) = dH(h(z), h(w)) = dH(Bi,Ai) = ln(B/A).

Sunep¸c

sinh

(
dH(z, w)

2

)
= sinh

(
ln

√
B

A

)
=
eln
√
B/A − e− ln

√
B/A

2
=

1

2

(√
B√
A
−
√
A√
B

)
=

=
B − A
2
√
AB

=
1

2

|Bi− Ai|√
Im(Ai)

√
Im(Bi)

=
|h(z)− h(w)|

2
√
Im(h(z))

√
Im(h(w))

.

'Ara,

dH(z, w) = 2 sinh−1

(
|h(z)− h(w)|

2
√
Im(h(z))

√
Im(h(w))

)
. (9.6)

'Omwc h(z) =
az + b

cz + d
, a, b, c, d ∈ R kai ad− bc = 1. Epomènwc

h(z)− h(w) =
az + b

cz + d
− aw + b

cw + d
=

(ad− bc)(z − w)

(cz + d)(cw + d)
=

z − w
(cz + d)(cw + d)

Im(h(z)) =
h(z)− h(z)

2i
=

(ad− bc)(z − z̄)

2i|cz + d|2
=

Im(z)

|cz + d|2

Im(h(w)) =
Im(w)

|cw + d|2

Sunep¸c,

|h(z)− h(w)|
2
√
Im(h(z))

√
Im(h(w))

=

|z−w|
|cz+d||cw+d|

2
√

Im(z)
|cz+d|2

√
Im(w)
|cw+d|2

=
|z − w|

2
√
Im(z)

√
Im(w)

(9.7)

Apì tic isìthtec (9.6) kai (9.7) prokÔptei o tÔpoc (9.5).

ShmeÐwsh 9.7.14. H sun�rthsh sinh(x) = ex−e−x
2

, x ∈ (−∞,∞), eÐnai gnhsÐwc aÔxousa

kai epÐ tou diast matoc (−∞,∞), epÐplèon sinh−1(x) = ln(x+
√
x2 + 1), x ∈ (−∞,∞).
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Je¸rhma 9.7.15. Gia k�je shmeÐo P tou montèlou tou hmiepipèdou tou Poincaré H kai gia
k�je H-eujeÐa ` up�rqei monadik  H-eujeÐa `⊥ pou dièrqetai apì toP kai eÐnai k�jeth sthn `.

Apìdeixh. An ` eÐnai EukleÐdeia hmieujeÐa k�jeth ston Ox me arq  K ∈ Ox, tìte h H-eujeÐa
C(K, |PK|) dièrqetai apì to P kai eÐnai k�jeth sthn `.

'Estw ìti ` eÐnai anoiktì hmikÔklio me kèntro K ∈ Ox kai aktÐna r. DiakrÐnoume dÔo
peript¸seic:

(a') P an kei sthn EukleÐdeia eujeÐa pou dièrqetai apì to K kai eÐnai k�jeth ston Ox. Tìte
h H-eujeÐa (PK) ∩H dièrqetai apì to P kai eÐnai k�jeth sthn `.

(b') P den an kei sthn EukleÐdeia eujeÐa pou dièrqetai apì to K kai eÐnai k�jeth ston Ox.
Epeid  h antistrof  t wc proc ton kÔklo C(K, r) apeikonÐzei k�je kÔklo k�jeto ston
C(K, r) ston eautì tou, èpetai ìti ta kèntra twn kÔklwn pou dièrqontai apì to P kai
eÐnai k�jetoi ston C(K, r) brÐskontai sth mesok�jeto d tou eujÔgrammou tm matoc me
�kra P kai t(P ). 'Estw T = d ∩Ox. Tìte h h H-eujeÐa H ∩ C(T, |TP |) dièrqetai apì
to P kai eÐnai k�jeth sthn `.

Je¸rhma 9.7.16. Oi H-kÔkloi CH(K, r) = {z ∈ H : dH(z,K) = r} eÐnai EukleÐdeioi
kÔkloi (me �llo kènro kai �llh aktÐna).

Apìdeixh. Ac upojèsoume ìti K = i, tìte apì to Je¸rhma 9.7.13 èqoume

CH(K, r) =

{
z ∈ H : 2 sinh−1

(
|z − i|

2
√
Im(z)

)
= r

}
=

{
z ∈ H :

|z − i|
2
√
Im(z)

= sinh
r

2

}
.

Gia R = sinh r
2
(R > 0, epeid  r > 0) paÐrnoume

CH(K, r) =

{
x+ yi ∈ H :

|x+ yi− i|
2
√
Im(x+ yi)

= R

}
=

=

{
x+ yi ∈ H :

√
x2 + (y − 1)2

2
√
y

= R

}
=

=
{
x+ yi ∈ H : x2 + (y − 1)2 = 4yR2

}
=

=
{
x+ yi ∈ H : x2 +

[
y2 − (4R2 + 2)y

]
+ 1 = 0

}
=

=
{
x+ yi ∈ H : x2 +

[
y − (2R2 + 1)

]2
= 4R2(R2 + 1)

}
.

'Ara, CH(i, r) eÐnai eukleÐdeioc kÔkloc me kèntro (0, 1 + 2R2)) kai aktÐna 2R
√

1 +R2.

An K = xK + yKi 6= i, tìte gia h ∈ GH me h(z) = z−(xK+yK)
z−(xK−yK)

isqÔei h(K) = i.

Epeid  h eÐnai H-isometrÐa, h(CH(K, r)) eÐnai H-kÔkloc me kèntro i kai aktÐna r. 'Ara,
ìpwc apodeÐxame, h(CH(K, r)) eÐnai EukleÐdeioc kÔkloc. Epeid  h−1 ∈ GH, apì to Je¸rhma
9.7.12, prokÔptei ìti CH(K, r) = h−1(h(CH(K, r))) eÐnai EukleÐdeioc kÔkloc.

ShmeÐwsh 9.7.17. ApodeiknÔetai ìti oi topologÐec tou H pou par�gontai apì thn metrik 
dH kai apì thn sun jhc eukleÐdeia metrik  tautÐzontai.
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Metrik  se �lla montèla tou uperbolikoÔ epipèdou.

Qrhsimopoi¸ntac tic apeikonÐseic metaxÔ twn montèlwn tou uperbolikoÔ epipèdou, mporoÔme
apì ton tÔpo tou uperbolikoÔ m kouc tou montèlou H na orÐsoume to uperboliko m koc enìc
C1-tìxou γ(t), t ∈ [a, b] sta montèla Y+, ∆, S2

+, B:

LY+(T ) =

∫ b

a

|γ′(t)|dt

L∆(T ) =

∫ b

a

2|γ′(t)|
|1− γ′(t)|2

dt.

LS2
+

(T ) =

∫ b

a

√
x′(t) + y′(t) + z′(t)

z2(t)
dt, ìpou γ(t) = (x(t), y(t), z(t)).

LB(T ) =

∫ b

a

√
x′2(t) + y′2(t)

1− x2(t)− y2(t)
+
x(t)x′(t) + y(t)y′(t)

(1− x2(t)− y2(t))2
dt, ìpou γ(t) = (x(t), y(t))).

9.8 'Ajroisma gwni¸n trig¸nou sto uperbolikì epÐpedo.

JewroÔme trÐa shmeÐa A,B,C enìc montèlou tou uperbolikoÔ epipèdou, ta opoÐa den
an koun kai ta trÐa se mia uperbolik  eujeÐa. KaloÔme uperbolikì trÐgwno me korufèc A,B,C
ta trÐa tìxa AB, BC, CA uperbolik¸n eujei¸n me �kra ta shmeÐa aut�. Gia thn apìdeixh
tou Jewr matoc gia to �jroisma twn gwni¸n enìc uperbolikoÔ trig¸nou ja qrhsimopoÐsoume
to montèlo tou dÐskou tou Poincaré, epeid  h gwnÐa metaxÔ twn eujei¸n sto montèlo autì
orÐzetai me ton Ðdio trìpo ìpwc kai sthn EukleÐdeia gewmetrÐa: eÐnai h gwnÐa metaxÔ twn
efaptomènwn twn pleur¸n sthn koruf .

Je¸rhma 9.8.1. To �jroisma twn gwni¸n enìc uperbolikoÔ trig¸nou eÐnai < π.

Apìdeixh. 'Estw ABC èna uperbolikì trÐgwno tou montèlo tou dÐskou tou Poincaré ∆.
SÔmfwna me to Je¸rhma 7.4.3 up�rqei kÔkloc CA k�jetoc sto Bd(∆), tètoioc ¸ste h

antistrof  t wc proc ton CA apeikonÐzei to A sto O = (0, 0). 'Estw t(B) = B′ kai t(C) = C ′.
Apì to Pìrisma 7.3.4 h apeikìnish t diathreÐ tic gwnÐec metaxÔ twn kampul¸n. Epomènwc to
�jroisma twn gwni¸n tou uperbolikoÔ trig¸nou ABC isoÔtai me to �jroisma twn gwni¸n tou
uperbolikoÔ trig¸nouOB′C ′. To �jroisma twn gwni¸n tou uperbolikoÔ trig¸nouOB′C ′ eÐnai

mikrìtero apì to �jroisma tou gwni¸n tou EukleÐdeiou trig¸nou OB′C ′. 'Ara, Â+B̂+Ĉ < π.

O

B′

C ′

Sq ma 9.7: Ajroisma gwni¸n tou uperbolikoÔ trig¸nou OB′C ′ eÐnai < π.
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9.9 Ask seic.

9.9.1. Na apodeiqjeÐ ìti gia to montèlo (∆, G∆) tou dÐskou tou Poincaré thc uperbolik c
gewmetrÐac isqÔei M(∆) = ∆ gia k�je genikeumèno metashmatismì Möbius M pou èqei mia
apì tic morfèc

M(z) =
mz + n

n̄z + m̄
  M(z) =

mz̄ + n

n̄z̄ + m̄
, m, n ∈ C kai |m|2 − |n|2 = 1.

9.9.2. Na apodeiqjeÐ ìti gia to montèlo tou hmiepipèdou (H, GH) thc uperbolik c gewmetrÐac
isqÔeiM(H) = H gia k�je genikeumèno metashmatismì Möbius M pou èqei mia apì tic morfèc

h(z) =
az + b

cz + d
  h(z) =

a(−z̄) + b

c(−z̄) + d
a, b, c, d ∈ R, ad− bc = 1.

9.9.3. Na brejeÐ h exÐswsh thc H-eujeÐac pou dièrqetai apì ta shmeÐa z kai w gia

(a') z = 3 + 4i kai w = 3 + 9i

(b') z = 3 + 4i kai w = 11 + 12i

9.9.4. Na brejeÐ h exÐswsh thc H-eujeÐac (ìpou H eÐnai to epÐpedo sto montèlo tou h-
miepipèdou tou Poincaré) pou dièrqetai apì to shmeÐo P kai eÐnai k�jeth sthn H-eujeÐa `
gia

(a') P = 4 + 3i kai ` : x = 3.

(b') P = 4 + 3i kai ` : x2 + y2 = 1.

(g') P = 4 + 3i kai ` : (x− 4)2 + y2 = 1.

9.9.5. Na brejeÐ to lim
n→∞

dH(zn, wn) ìtan:

(a') zn = i kai wn = 10ni (b') zn = i kai wn = 1
10n
i

(g') zn = 10ni kai wn = 1 + 10ni (d') zn = 1
10n
i kai wn = 1 + 1

10n
i.

9.9.6. Na apodeiqjeÐ ìti o afinikìc metasqhmatismìc fA tou R3 me susqetismèno pÐnaka

A =

 1 0 0
0 cosh θ sinh θ
0 sinh θ cosh θ


apeikonÐzei to Y+ ston eautì tou (Upìdeixh: DeÐxte ìti fA apeikonÐzei to uperboloeidèc
x2 + y2 − z2 = −1 ston eautì tou kai ìti fA(0, 0, 1) ∈ Y+).

9.9.7. Na apodeiqjeÐ ìti ènac afinikìc metasqhmatismìc tou R3 me susqetismèno pÐnaka
A ∈ GL(3,R) apeikonÐzei to uperboloeidèc x2 + y2 − z2 = −1 ston eautì tou an kai mìnon

an AtKA = K gia K =

 1 0 0
0 1 0
0 0 −1

.
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Kef�laio 10

H ier�rqhsh twn gewmetri¸n.

Isomorfikèc gewmetrÐec.

DÔo gewmetrÐec (X,GX) kai (Y,GY ) kaloÔntai isomorfikèc, ìtan up�rqoun mia 1-1 kai epÐ
apeikìnish f : X → Y kai ènac isomorfismìc i : GX → GY om�dwn GX kai GY ètsi ¸ste

f(g(x)) = i(g)(f(x)), ∀x ∈ X, ∀g ∈ GX .

To zeÔgoc (f, i) kaleÐtai isomorfismìc thc gewmetrÐac (X,GX) epÐ thc gewmetrÐac (Y,GY ).

EmfÔteush thc miac gewmetrÐac sthn �llh.

Ja lème ìti h gewmetrÐa (X,GX) emfuteÔetai sth gewmetrÐa (Y,GY ), ìtan up�rqoun mia
1-1 apeikìnish f : X → Y kai monomorfismìc om�dwn i : GX → GY ètsi ¸ste

f(g(x)) = i(g)(f(x)), ∀x ∈ X, ∀g ∈ GX .

To zeÔgoc (f, i) kaleÐtai emfÔteush thc gewmetrÐac (X,GX) sth gewmetrÐa (Y,GY ).

UpogewmetrÐec.

'Estw ìti Y kai Z eÐnai mh ken� sÔnola kai g : Y → Z eÐnai mia apeikìnish.
Gia k�je mh kenì X ⊆ Y h apeikìnish g

∣∣
X

: X → Z me g
∣∣
X

(x) = g(x) gia k�je x ∈ X
kaleÐtai periorismìc thc g sto X.

Mia gewmetrÐa (X,GX) kaleÐtai upogewmetrÐa thc gewmetrÐac (Y,GY ), ìtan X ⊆ Y kai
up�rqei mia upoom�da G thc om�dac GY tètoia ¸ste h G na eÐnai isomorfik  me thn GX kai
GX = {g

∣∣
X

: g ∈ G}.

Apì ta parap�nw sumperaÐnoume ìti mia gewmetrÐa (X,GX) emfuteÔetai sth gewmetrÐa
(Y,GY ) an kai mìnon an h (X,GX) eÐnai isomorfik  me mia upogewmetrÐa thc (Y,GY ).

ParadeÐgmata 10.0.1.

1. H gewmetrÐa twn metafor¸n (Rn, T (n)) eÐnai upogewmetrÐa thc EukleÐdeiac gewmetrÐac
(Rn, E(n)).

2. H EukleÐdeia gewmetrÐa (Rn, E(n)) eÐnai upogewmetrÐa thc afinik c gewmetrÐac (Rn, A(n)).

3. H EukleÐdeia gewmetrÐa (R2, E(2)) eÐnai upogewmetrÐa thc gewmetrÐac thc antistrof c.

(Epeid  k�je isometrÐa tou epipèdou eÐnai sÔnjesh anakl�sewn apì eujeÐec.)

4. H sfairik  gewmetrÐa eÐnai upogewmetrÐa thc trisdi�stathc EukleÐdeiac gewmetrÐac.
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10.1 UpogewmetrÐec thc probolik c gewmetrÐac.

Je¸rhma 10.1.1. H afinik  gewmetrÐa (R2, A(2)) emfuteÔetai sthn probolik  gewmetrÐa
(RP2, P (2)).

Apìdeixh. Jètoume

RP2
0 = {P ∈ RP2 : P = (x : y : 1)} kai P0(2) = {p ∈ P (2) : p(RP2

0) = RP2
0}.

Tìte P0(2) eÐnai upoom�da thc P (2).
OrÐzoume mia 1-1 kai epÐ apeikìnish f : R2 → RP2

0 ⊂ RP2 me f(x, y) = (x : y : 1).
Ja orÐsoume isomorfismì i : A(2)→ P0(2) ⊂ P (2). Gia g ∈ A(2) me

g(x, y) =

(
a b
c d

)(
x
y

)
+

(
k
m

)
,

(
a b
c d

)
∈ GL(2,R), k,m ∈ R.

orÐzoume wc i(g) ton probolikì metasqhmatismì me susqetismèno pÐnakaAg =

 a b k
c d m
0 0 1

 .

EpalhjeÔetai eÔkola ìti f(g(x, y)) = i(g)(f(x, y)) gia k�je (x, y) ∈ R2 kai gia k�je
g ∈ A(2). ArkeÐ na deÐxoume ìti i eÐnai 1-1 kai epÐ tou P0(2).

H i eÐnai 1-1, diìti [Ag1 ] 6= [Ag2 ] gia g1 6= g2.
'Estw P = (x : y : 1) ∈ RP2

0 kai i(g)(P ) = (x′ : y′ : z′). Tìte

(x′, y′, z′) =

 a b k
c d m
0 0 1

 x
y
1

 =

 ax+ by
cx+ dy

1

 .

'Ara, i(g)(P ) = (ax+ by : cx+ dy : 1) ∈ RP2
0. Epomènwc i(g) ∈ P0(2).

Ja deÐxoume ìti i eÐnai epÐ tou P0(2).

'Estw ìti p ∈ P0(2) me susqetismèno pÐnaka Ap =

 a1 a2 a3

b1 b2 b3

c1 c2 c3

 ∈ GL(3,R).

Tìte gia k�je P = (x : y : 0) 6∈ RP2
0 èqoume p(P ) = (x′ : y′ : 0) 6∈ RP2

0. 'Ara, a1 a2 a3

b1 b2 b3

c1 c2 c3

 x
y
0

 =

 a1x+ a2y
b1x+ b2y
c1x+ c2y

 =

 a1x+ a2y
b1x+ b2y

0

 .

Epomènwc c1 = c2 = 0. 'Ara, Ap =

 a1 a2 a3

b1 b2 b3

0 0 c3

 . Epeid  det(Ap) 6= 0, eÐnai c3 6= 0.

'Ara, o pÐnakac 1
c3
Ap =

 a1

c3

a2

c3

a3

c3
b1
c3

b2
c3

b3
c3

0 0 1

 eÐnai epÐshc susqetismènoc tou p.

Sunep¸c p = i(g) gia g ∈ A(2) me g(x, y) =

( a1

c3

a2

c3
b1
c3

b2
c3

)(
x
y

)
+

( a3

c3
b3
c3

)
.

Sunep¸c h afinik  gewmetrÐa emfuteÔetai sthn probolik .
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Epeid  h EukleÐdeia gewmetrÐa eÐnai upogewmetrÐa thc afinik c gewmetrÐac, apì to Je¸rhma
10.1.1 sunep�getai to akìloujo pìrisma.

Pìrisma 10.1.2. H EukleÐdeia gewmetrÐa (R2,E(2))emfuteÔetai sthn probolik  gewmetrÐa
(RP2, P (2)).

Je¸rhma 10.1.3. H uperbolik  gewmetrÐa (B, GB) emfuteÔetai sthn probolik  gewmetrÐa
(RP2, P (2)).

Apìdeixh. Apì ton orismì tou montèlou tou Beltrami-Klein (B, GB):

B = {(x, y, 1) ∈ R3 : x2 + y2 < 1.}
OrÐzoume mia 1-1 apeikìnish f : B → RP2 wc ex c:

P = (x, y, 1) ∈ B =⇒ f(P ) = (x : y : 1).

'Estw K = {(x : y : z) ∈ RP2 : x2 + y2 − z2 = 0} kai GK = {T ∈ P (2) : T (K) = K}.
Apì ton orismì tou montèlou tou Beltrami-Klein (B, GB), èqoume GB = {TB : T ∈ GK},

ìpou h 1-1 kai epÐ apeikìnish TB : B → B orÐzetai wc ex c:

P = (x, y, 1) ∈ B kai T (x : y : 1) = (x′ : y′ : 1) =⇒ TB(P ) = (x′, y′, 1).

'Estw i : GB → P (2) me i(TB) = T . Tìte i eÐnai isomorfismìc thc om�dac GB epÐ thc
upoom�dac GK thc om�dac P (2). 'Estw P = (x, y, 1) ∈ B kai TB ∈ GB. Tìte TB(P ) ∈ B,
epomènwc TB(P ) = (x′, y′, 1). Apì ta parap�nw

f(TB(P )) = f(x′, y′, 1) = (x′ : y′ : 1) kai i(TB)(f(P )) = T (x : y : 1) = (x′ : y′ : 1).

'Ara, f(TB(P )) = i(TB)(f(P )). Sunep¸c (f, i) eÐnai h emfÔteush thc gewmetrÐac (B, GB) sthn
gewmetrÐa (RP2, P (2)).

Je¸rhma 10.1.4. H elleiptik  gewmetrÐa (Ell2, S̃(2)) emfuteÔetai sthn probolik 
gewmetrÐa (RP2, P (2)).

Apìdeixh. Apì ton orismì thc elleiptik c gewmetrÐac Ell2 = {{P,−P} : P ∈ S2}.
OrÐzoume 1-1 kai epÐ apeikìnish f : Ell2 → RP2 wc ex c: f({P,−P}) eÐnai h eujeÐa tou

R3 pou dièrqetai apì ta shmeÐa P kai −P .
Ja orÐsoume monomorfismì i : S̃(2)→ P (2). 'Estw g̃ ∈ S̃(2). Up�rqei sfairik  isometrÐa

g ∈ S(2) tètoia ¸ste gia k�je {P,−P} ∈ Ell2 na isqÔei g̃({P,−P}) = {g(P ), g(−P )}.
'Estw ìti Ag ∈ O(3,R) eÐnai o orjog¸nioc pÐnakac susqetismènoc me thn sfairik  isometrÐa

g, dhlad  g(x, y, z) = Ag

 x
y
z

 gia k�je (x, y, z) ∈ S2. Epeid  det(Ag) 6= 0, èpetai ìti

Ag ∈ GL(3,R). Ston g̃ antistoiqoÔme ton probolikì metasqhmatismì i(g̃) me susqetismèno
pÐnaka Ag. ApodeiknÔetai eÔkola ìti i(g̃)(f({P,−P})) = f(g̃(P )) gia k�je {P,−P} ∈ Ell2

kai gia k�je g̃ ∈ S̃(2). 'Ara, (f, i) eÐnai emfÔteush thc (Ell2, S̃(2)) sthn (RP2, P (2)).

ShmeÐwsh 10.1.5. ApodeikÔetai ìti h sfairik  gewmetrÐa (S2, S(2)) den emfuteÔetai sthn
probolik  gewmetrÐa (RP2, P (2)).

Gia na apodeiqjeÐ o parap�nw isqurismìc, pr¸ta, upojètontac to antÐjeto, apodeiknÔoume
ìti k�je sfairik  eujeÐa apeikonÐzetai se probolik  eujeÐa kai ìti h sfaÐra den mporeÐ na
apeikonisteÐ se mia probolik  eujeÐa. Epeid  oi sfairikèc eujeÐec tèmnontai se dÔo shmeÐa, ja
prokÔyei ìti up�rqoun probolikèc eujeÐec pou tèmnontai se dÔo shmeÐa, pou eÐnai �topo.
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10.2 Ask seic

10.2.1. Na apodeiqjeÐ ìti h EukleÐdeia gewmetrÐa (R2, E(2)) eÐnai upogewmetrÐa thc gewmetrÐac
thc antistrof c

(
R2 ∪ {∞}, Inv(R2 ∪ {∞})

)
.

10.2.2. Na apodeiqjeÐ ìti h gewmetrÐa twn metafor¸n (Rn, T (n)) eÐnai upogewmetrÐa thc
EukleÐdeiac gewmetrÐac tou Rn.

10.2.3. Na apodeiqjeÐ ìti h sfairik  gewmetrÐa (S2, S(2)) eÐnai upogewmetrÐa thc EukleÐdeiac
gewmetrÐac (R3, E(3).

10.2.4. Na apodeiqjeÐ ìti to montèlo (∆, G∆) tou dÐskou tou Poincaré thc uperbolik c
gewmetrÐac eÐnai upogewmetrÐa thc gewmetrÐac thc antistrof c

(
R2 ∪ {∞}, Inv(R2 ∪ {∞})

)
.

10.2.5. Na apodeiqjeÐ ìti to montèlo (H, GH) tou hmiepipèdou tou Poincaré thc uperbolik c
gewmetrÐac eÐnai upogewmetrÐa thc gewmetrÐac thc antistrof c

(
R2 ∪ {∞}, Inv(R2 ∪ {∞})

)
.
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