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Ewcaywy

Puoun elvat 1) EMLOTAUY IOV €XEL OXOTO VAL AVOXAADDEL oL Vor SLaTuT-
o€l TOLG " VoUous TNg Puoews”. Elvow n emotnun nou e&etdlet v UAN xou
TNV EVERYELX, TNV XIvnom xot TLg SuVAUELS, TNV LETHBOAY xaL TNy uétpnom.

H yAdooa g Puowmig elvan tor pabnuatixd, yio yAwooo mou Sev dé-
XETow Tapavonoelg. Ou vouoL xal oL TpoTdoelg Tng YUoNG expedlovtol Ue
owovoula ot oaxplBeta ye v Bonbela twv yabnuoatixdy. To yolbnuatied
XenoLtdonototvTal ooy gpyalelo yia v avdrtuén tng fewplog. O Sraywpr-
OUOC OUWG AVAUETH OTU HAONUATIXG Xt TNV puaLxn dev elvon capng. “Etot
YLt TAEASELYUO TO OTOLYEWDSY cwudTia Tou ITAdtwva dev anotehodvtat and
xdmotot ovaia ahhd elvor pobnuatixés LopPeg xat 6 aUTd GLUPWVEL ATOND-
TG N oUYYEOVY PuoLxY). AuTdg GUWS 0 UN cuPNg SlayweLopog elvat SuvaTtdy
Vo O3NYNOEL 0PLOUEVOUG EVPAVTUOTOVG XL OF TALUVONOELS, TETEASLACTATA
ovta, taéidia oTov Ypdvo, nopdAAnhol x6ouUoL.

H guow anoteleitoan and v Oewplo xar to melpopa xow ta dVo mal-
Couv GLUUTANPWUATIXG POAO OTNY AVANTLEN TNG emothuns. H ophdtnta twv
ovumepaoUdTOY NS Oewplag eAéyyetar and ta metpapotind dedouyéva. To
Tetpduota Oyt uévo otnetlovv v Oewplor ahAd unopovv va uodel&ouy xon
xdmnoteg Tponomomoelg g Hewplag N axxdua xan va teptopiCouy to medio g
toyvog tng. M xad?) pabnuotixn Bewplo Tou Sev €xer nelpauatind unoBo-
Opo Sev elvan pa puowe Bewpla. H gpuow) elvan ovolaotixd pia tetpoatinn
emeothun. H olyypovn guowm anowtel xdbe guowxd uéyebog va to oplCouye
TEPLYPAPOVTIC CLUYYPOVWS To Telpaua Ue To onolo to uéyehog autd Ho umo-
povoe va petenbel. Atapopetixd €vvoleg Tou 1 ahfbela Toug Sev umopel va
eheyyOel metpouatixd elvon €€ Ao TO AVTIXEUEVO TNG PUOLXNG, EVBLAPEPOLY
lowg Ty Prhocogia 1 v Ocoloyia.

"Eva yeydho uépog g €peuvag Paoiletar onuepa 6TOV NAEXTPOVIXO
unoloyloth. Emtpénouy otov Bewentind guowxd vo exteAéoel UTOAOYLOUOUG
unepBoluxd extetapévoug xon Tohdmhoxous. Troloylotég €xouv eniong ev-
owuatwlel and toug TELCUUATIXOVS QPUOLXOUSE XATAAANAN O TELEAUATIXEG
SLATAEELS ETOL DOTE T ATOTEAECUATA TWY UETEHOEMY Vo elvar Stabéotua Taw-
TOYEOVA UE TNV SLEEAYWYT) TV TELQAUATOV.



Yxondg g puowmg elvon va Bpebel Eva evononuévo oUvoho vouwy o
XOVOVWY TOU Vo LTOXOVEL 1) UAN. Autd é€yel emteuybel ofuepa oe peydho
Babuo av xow dev €xer Beebel axdua plo mAneng Dewpla OALY TV QUOLXWY
PoLVOUEVLY xoL opLouévol anototodoot unootneilouy ot dev Hu Beebel noté..

H gpuounh) €xer ennpedoet dhha eMLOTNUOVLXE TES{X OGS YLot TAEASELY UL
v @Lhocoglor xau TNV tatexd). H @uouxh npocgépel tot GLUTERAOUATE TNG
xvplwg oy Teyvoloyla mou UE TNV oed Tng npocéyepe udmAotepo Plo-
™6 eninedo otig avlpwniveg xotvwvieg alhd xot Tov Qoo evog TuENVLXOU
ohébpovu.

H wotopla g puowmg apyilet ue Ty totopla Touv avipdrou. O uuboro-
vieg TV Slapdpwy Ay aoyoNoUVTAL UE TNV AEYT TOU PUOLXOV XOCUOU Yo
TEPLYPAPOLY TOV TeOTo Tou Yevwhinxe. Ou “EAAnveg @avtdotnxay Tov ¥weo
(x&og) oav v apyn xou tov yeévo (Kedvoc) oav éva Titdva nov yevvoioe
xoL PeTd Etpwye Ta mondid Tov. O wifog tng dnuuoveylag Tou xdoUOL and
EVOL UTEPTATO OV T YUEAXTNELOTIXA TOU OTOl0U SLAPEPOUY ATG TOALTLOUO OF
TOMTLOUOS EUPAVIOTNXE OE EVOL AVDTERO OTAIO TOALTLOTIXNG AVATTUEEWS.

Ot mpidtot mov aoyohninxay cuotnuatixd Ue Ty Puow elvar ov " EAAn-
veg ®Puhdoogol g apyadtntag. O Iubaydpag (570-470), o IThdtwy (428-
347) xow 0 Aptototéhng (384-322) elvan oplouévor and autols. EMUoVTixn
elva 1) oLUBOA Tou Apyundn (287-212) otnv xhaoowr unyavexr. “Efeoe
Tig Bdoelg Tou anelpoaTixol Aoyloupol xon Oewpelitar o Heyelwthc Tng oto-
Ts. Metd v xoataoteoen g BBAobnme e Aleddvdpelag, xdmoteg
Yvooelg népacay oty Eupdnn yéow twv Apdfwy xo twv Efpalnwy copdy.

H vedtepn guowm apyiler tov 170 awdvo ue tov Nevtova (1642-1727)
Tou datiTWOE Toug MeplYPNUoug vououg tng Mrnyavixng. ®uouxol tou cuvé-
BoAhoy onuoavTtixd otny avantuln g xAaoowng uowxng eivat o I'adthalog
(1629-1695), o Kémhep (1571-1630), o I'xdoug (1777-1855) mov wall pe tov
Apywundn xaw tov Nevtwva Oewpeltoar €vag and touv yeyalitepoug pabhnuo-
Txolg xow téhog 0 Md&yovel (1831-1879) nov Beuelivoe Tov nhextpoua-
yvnuous.  Avagépouue eniong toug Aayxpedvl (1730-1813) xow Xduwhtov
(1805-1865) mov Beyehiwoay Ty ovohUTLX UNY VLX),

Ytov 200 owdva moAlol guoixol miotevay ot N Hewpla elye teheldoel
Xou EMEETE VAL EQPAPUOCOVUE TOUS NON YVWOTOUS YOUOUS Yl Vo EENYNOOLUE
oha T povoueva. Exelvn ouwg v enoy eppaviotn oy oplouéva TELQoU-
Td Sedouéva mou 1 XAaoouxy| unyavixn Sev uropovoe va e&nynoet. Ilepd-
MOLTOL UE NAEXTROUAY YNTIXA TES{a, UE ToryVTNTEG oL TANGlalay TNV TayvTnTa
TOU PWTOS EJLVOLY ATOTEAEGUATA OV BEV GUUPOVOVOAY UE TO GUUTECAOUAT
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s Oewplag. H Oewpla 0dnyoldoe oe Adbog ouunepdouata xou €npene vo
Stopfwbel. H Siopbwon auth 0dfynoe tehixd oty avantuén Tng oYETLXOTN-
TOG. LNUAVTIX ELVAL 1) CUVELGQORA GTNV avanTLEY TN Dewplog Twyv Adpevte
(1853-1928) xou [Tovavxopé (1854-1912). To 1905 Hepehicidnxe 1 Bewplo e
eWung oxetxdtntag and tov Atvotduy (1879-1955) xon yevixelfnxe apyo-
tepa (1916) and tov (dio. O Arav mapdhewdn av dev avagpépaue €3¢ xat To
6vopa tou Kapabheodwer| (1873-1950).

Exel opweg mov n xhaoowy Mnyovin anétuye mataywdodg vo Swoel
TNV OTOLASATOTE ATAVINGY) NTAY GTNY MEELOYTN TV Uxp®dY copatldiny. To
OUUTEPAOUATO TWY TELQUUATWY GTOV Wxpdxoouo Ntav aviibeta oyl wovo
OTNY XAAGOLN PUOLXN AANA XoL TNV KOV AoyLxh) wag. AuTtég oL aouupmwvieg
odNynoav tehxd oty avdntuén woag teielwg Stapopetinng Oewplog. Ty
KBavtue Mnyovixy. Ot neddtol mou aoyohnbnxay pe to dtopo umnegay ot
"EXnveg ouléoogor Aevxnrog (440/430) xow Anudxpitog (470-380). H
xBavtien unyavinr apyilet ovoooted to 1927 and tov Yeévtivyxep (1887-
1961) xouw tov Xdulevurepyx (1901- 1976) eved o IThavx (1858-1947) Hewpelton
0 TATEEUS TNG XPAVTLXNAG UNYAVLXAG.

Mua xowvoipyla Hewpla mouv Ba cuvdudlel Ty oyeToTiXn xo Ty xBo-
VTL Umyovixen) elvo to avTixelpevo g olyyeovns épeuvas. Ot dvo Bewpleg
poivetar 6Tt dev elvan ouuBiBactéc uetald Toug xaL To TEOBANUAL ToUEAUEVEL
avowxté. Kdmowa npoodog €xer yivel yia to medlo tng Papitntag mou elvon
OUVETES XAl UE TNV XPavTinn oL Pe TNV oxeTLotxy unyovexn. Téhog 7
xBovtum Bewpla Twv TEdlny €xel xdvel omoudala TEoodo oty Tpoondheia
YL TNV XATAVONOT) TNG PUOELS.



To BBAlo avtd aneuvbivetal otoug portntég Tou Mabnuoatixol tunuatog
TOU €QYOVTAL YLX TEWTY Qopd ot enapn ue TNy guoxh). To BBAlo Paclotnxe
oTnY VAN Tou avahuTixol Teoypduuatog Tou Topéa e Egpapuoouévng Avd-
Avong tou Mabnuoatixot Tunuatog. IloAla and ta Oéuata tou BBAlov e&e-
talovtan Sieodudtepa o avtlotolya pabfuata emthoyng mou dddoxovto,
av Tor EMAEEOLY, OL POLTNTES OE eEmoUEVA eEqUNVa. 2x0om6g Tou BiBAlou elvon
VOl ELOAYEL TOUG QPOLTNTES oTa Pathfuota auTd.

[ v xatavonon tou BiBiiov o gortnng mpénet vau yvwpellet v Oewplo
TV Stapopwy eElowoewy Tou Eyel Nd1 SdayOel oe tponyoluevo e&dunvo.
To avayxalo pabnuatieé unoPabpo mepléyeTal CLUVOTTIXA GTO TEWTO XEPA-
Aowo. H OAn tou xegalatov autod eetaleton Sie&oduxdtepa ot pabnuata
g Hpaypatug Avalioews. Xta enoueva xe@dhato neptéyovtat ta Baotxd
Oéuata g xhaoowng unyavixg ot e€etdlovTal dLdpopa QUK PALVO-
ueva. “Eugoaon dlvetat otny UeAETN TV TAAAVTOOEWY XL OTN UEAETYN TWV
XWVAOEWY OE XEVTPXO SUVAULXO. 2TO ETMOUEVO XEPAAALO OVATTUCCETAUL CL-
voruuxd 1 Oewplo twv An opddwyv. H Oswplo tov ouddwy elvor éva mold
xenowo epyadeio yia Ty xhaoou) unyavixy). Xto tehevtalo 300 xepdhota
avantiooetal 1 Hewpla twv Aoyxpdvl xouw Xauihtov ot 1 ewdixt| Oewepla g
OXETWMOTNTAS. e Xdle xepdhalo TMepLEyovTal AVUEVEG AOXNOELS TIOU €XOLV
oxoTo va eunedwlel xahitepa 1 fewplo. IloAkég and tig aoxnoes avtég ou-
unAnpwvouy v fewpla exel mov 7 avakutien avdntuén Oo €xave to Bifiio
UEAAOY oxaTIAANAO YLt TOUG QoLTNTEG o anevbivetal.

ITotpoxahed TOUG AVOLY VWOGTEG VoL UMY SLOTAGOUY VoL LoU UTOSEEOUY TUYOV
PEACTIXA ot LToAoyLoTixd Adfn odhd xar mopadeidelg mouv Oa vronéoouyv
otnv avtidindn toug. Oa toug eluar Alav unoypewuévog xar Oa tor AdBw
oofapd uTodn pov o wa enduevn Exdoon.

ITarpa 2000 Avtodvng Mtpéxdag
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2 o, Oed untépa ALY,
TOAUUNYOVY] UNTEPX, ETOVEAVLA,
oefaoty, Oed mov xtilelg TOANG,

Baothiooa, Saudlels to TavTaL,
dcauntn xuBepvnTea, ohélaumnen,
TUVTOXEATELPA, TAVTOTE TLUNUEVT,

0 UTEPAVW OAwY Oedg, eloon abd-
VOUTY), TEWTOTOXOG, TAVAQY AL XL
do&alelg Toug avdpeg oTN U,
VUXTEQLVY|, TOAUTELRT), PEQVELS

T0 Pwg, dVoxola xabnouvydaletg,
nepnotds afopufa pe eAryuoig,
ay vy, Steufovelg tou Beoie, eloa
To TENOG, Ywels va €xelg Téhog,
METEYELS OTA TAVTO AN eloon
ONOUOYALYT), AUTOYEVVNTY, YwElg
TatEpa, eloal epdouLa, TOAVUT-

XOVN XoL UEYLOTY] . . . .

To TavTa loon €00, SLOTL Lo

oou €6V dnutovpyelc Ao auTd.

Oppuxog

(2 Do ToppnTEpa Yed,
TOANUUTN X QVE PNTEP, ovpawin,
TpeaPBepa, TOAVKTLTE daipiov,
avaooq, TavdoudTwp, adGuaoTE
KuBepvnTeLpa, Tavauyis,
TQVTOKPATELPQ, TETLUEY QEl,
TQUUTEPTQTE daifiov,

apdiTe, TPWTOYEVELQ, TAAQLPQATE,
KudLaveLpa,

Evvuyin, molvmeipe, oelaopipe,
dewokaekTe, drpopov
QoTpaYAAoLoL TOOLWY (XVOS
eLNiooovOQ, QYVT), KOTUNTELPQ
Jedv, are\is Te TelevT),

KOLVT) WEV TAVTETOLY,
akowwynTe O povvn,
QUTOTATWP, ATATWP, EPAT,
TOANUUNTL, PEYioTN . . . .

TAVTQ OV E00L, TQ TAVTQ

oV Yap Hovvn TAOE TEUYELS

"Tuvos
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Ta puotxa ueyedn

Kegdhato 1

ATANYXMATIKH ANAAYXH

1.1 Ta guowxd peyébn

To Meyéln tng xAaoownng Quons elvat QUOLKES LBLOTNTES TTOL YoEAXTY)-
ellovtan and motétnta xon nocétnta. To pabnuatixd oduBora mov nopLotd-
vouy 10 @uowxd Yéyehog oplCouy TNy ToLoTNTa, eved ot aplhuol yapaxtnellouy
v moootnta tou heyéfoug. To anotéheoua tng yeteNoews evog ueyéboug
elvow 1 aetBumtien tiun. o tov mpoadioptoud tou apthuol autod elvar amo-
caltnto vo oploovue TNy Hovada UETENOoEWS Tou exhéyeton avborpétwe. H
T Tou Peyéboug mpoximtel and v olyxplon tou ueyéboug ue Ty po-
vada petpnoews. To yétpo evog yeyeboug elvat To yvouevo tng aptuntixng
TOU TWAG UE TNV Hovada uetpnoews. [ mapdderypo unxog (oo pe mévte
Yhwopetea | =5Km 7 uala lon ye déxa ypauudpta m = 10gr.

"Eyer Stamotwlel 6T to neptocdtepa UeYEDN UTOROUY VoL EXPEACTOVY
oav ouvaptnoes dhAwy ueyelody. H npocleon 1) n agalpeorn ueyebov yi-
vetow wovo av to Yeyeln yapoxtnellovton and tig (Sieg povadeg. Ilohhég
(POPES UTOPOUUE VoL SLUTLOTWOOUUE OV ULl GUVIRTNOLIXT OYECT UETAEY X~
Towwy UeYeDWY elval owotn 1 Aavloouévn and Tig LOVASES UETPNOEWS TWY
ueyeboy. [a moapddelrypo oL HOVASES AUPOTEQWY TWV UEADY LIS LOOTNTAG
TpETEL va oLUTITTOUY. Ot LOVAIES AUTHY TWV TapAYWYwWY UeYEDWY opllovton
ue Ty Bonfeta Tng oLUVAETNOLAXNAG TOUG OYECEWS amd Ta Pooxd ueyedn. T
TOEABELYUA 7] HOVAdK UETENOEWS TG TayUtnTag elvon to 1 cm/sec Siot 0
Tayvnta oplletar and v ouvaptnolaxyn oyxéon v = s/t 6émov s elvow To
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Kepaiato 1

UMx0og xo ¢ Elvoll 0 YEOVOG UE AVTIOTOLYES UOVADBES UETEPHOEWY TO EXATOCTO
cm %ol To dEVTEROAETTO Sec.

Ta Baowd ueyéln tng unyavixng elvan telo o oL LovASeg ToUg OVOUd-
Covton Oepelidders povades. Ou Oeueludders puovadeg optlovton ue Sielvelg
ovufdoceis. Yuvnbuwe ypnouonotodue ta e€Ng ouoTARATA Bootny Yeyeldy.

1. To obotua (C.G.S) (Exatooté Ieapudpro Aeutepéhento)

Oeuehiddn yeyedn elvon to unxog, n walo xoL o Ypévog Ue avtioToLyES
Hovadeg to exatootd (lem), to ypauudpero (1gr) xan to devtepbhento (1sec).

2. To obotnua T.X. (Teyvnd Ldotnua)

Oeuelddn ueyEdn elvon to uixog, to Bdpoc (1 dVvaun) xow o Ypdvoc e
avtioTtolyes Lovades to uétpo (1m), to yhbypauuo Bapouc (1Kgr*) xou to
devtepdhiento (1sec).

3. To cVotnua S.I. (Awcbvéc olotnua)

Oeuehiddn ueyébn elvan to unxog, n pala, o yeovog xau N Hepuoxpacia
ue avtioTtolyeg wovadeg to uétpo (1m), to yuhdypopuo (1Kgr) to Seutepd-
Aemto (1sec) xou tov Pabud KéABw (1°K).

1.2 Atavuopatinds AoyLouog

[ToAA& puowxd yeyeln unopolv va TpoadloploTody TANpws and éva Uévo
apLtbuo, Omws Yo mopddetyua 1 Depuoxpacio 1 evépyela to unxog x.A.n. To
ueyeln autd ovoudlovtal povouetpa N Babuwtd. Trdpyouvy duwg dhio Qu-
owd Peyeln nou mpoodopllovtatl and meplocdtepoug apliuoic. T mapd-
detypa to péyebog tng toyVtnrag yopaxtneiletar amd teewg aptiuoic mou
Taplotdavouy to uéyehog, tnv dedbuvon xow v @opd tou peyéhoug. H xo-
TAAANAT padnuotin Evvola yio va Teplypdpoupe omhd xo UE GoprVELRL TETOLAL
ueyeln elvon 1o didvuopa. Ta avtiotorya ueyehn ovoudlovtal SlavuouaTixnd

puoLxd ueyedn.
/B
\A
Yixynuo 1.1
Ta Stavdopara peyédn

Télog undpyouy puoxd ueyéln nou ntpoadioplCovtal ATd TEPLECHTEPOUG
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ALyuouaTixos AoyLouog

and Teelg aptiuoig. Teétowa ueyehn ovoudlovial TAVLOTIXA XoL TEELYPAPO-
VTOL OO TAVLOTEC.
"Eva SLdvuoua TopLoTAVETOL YEWUETELXA AN EVA TEOGAVATOALGUEVO EVL-

OOyeouuo Tunua. O mpocavatoliouog tou xobopiletan and éva BENog AB.
To onuelo A elvon 1 apyf xaw 1o B 1o téhog tou tunuatog. H diedbuvon
XL 1) POEd TOL TUNUATOS auTol Tpoadopllel Tnv StevBuvor xow Ty popd Tou
SLaVOoUOTOS, EVK TO UNX0g Tou Tpoadlopllel To UETEOo TOL SLaVicUATOC.

Ou ypdpouue to Staviouata Ue eva Béhog and enave. Mo napdderypo
ToyUtnta oupfoAlileton ue U. To uétpo tou Staviouatoc Ho ta ouufoiiCovue
ue to polbnuatixd toug oVufola ywels to Bélog and endvew. I'o to pétpo
NG ToryUTNTag Yo tapddelypa yedpouue (Hétpo ¥) = u. O ouyPolwouol [T
A xou ||U]| yenowonotodvton eniong yia 1o UETRO EVOG dlavioUaTOC.

Z
7
x
Yo 1.2

TproopPoydvio ovoTnua aovwy

[ty anAotnta TV exgedocny cuvning Yenowwonololue éva TeLoop-
Ooydvio ovonua a&dveyv Ozyz cav clotnua avagopds. Endve otoug déo-

veg Oz, Oy xou Oz opllovue avtiotolyng tela povadiata Saviouata 1, j, k.
Ta Stavdouata autd delyvouy Ty Bete opd TwY alovLy.

y [1\]
(%] N

A0

|

|

|

|
YW\ T

. U3f ~SL”

Yo 1.3

AvaAvon dtavouaros oTIS CUVLOTWOES TOU
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Kepaiato 1

"Eva dudvuoua meptypdpetor oahyefeuxd and teeg aptbuots. Tomole-
TOUUE TO SLAVUOU ETOL WOTE 1) ey TOU VO GUUTINTEL UE TNV apYN EVOC
ovoThuatog avagoeds. H Oon tou téhoug Tou daviouatog meplypdpeTol
ano teelg aptiuovs. Ou aptfuol avtol elvat oL cuvteTayuéves Tou Staviouo-
TOg WG TMEOg To ovotnua avagopds. Me auth) v €vvolx To Sidvuoua Tng
TayUTNToG MEPLYPApeETaL ond TNy TELddo Twv aptfudy (ug,uz,v3) TOUL Ovo-
ualovton (Kapteowavéc) ouviotioeg. “Eva Sudvuoua ¥ ypdpetan wg e€Rg

¥ = (v1,v2,v3) = v1i + v2j + vk

Ao daviopata elvon (oo av oL aVTLOTOLYES CUVLOTWOES TOUG Elval (OEG.
"Eva Suavuopo elvan (00 pe 1o undevixd didvuoua GToy XaL oL TEELG CUVL-
0TWOES TOV Elvo undév.

"Eotw 6t to dwdvuoua U elvon tomofetnuévo oty apyn Twv afovey
xou oynuoatiCer we toug fetixolc d€oveg ToL GLUOTHUATOS TG YWVIES o, B oL
v. Ot ouvtetaypéveg tou dtaviouatog unopovy va Beeboldv and tig ywvies
avtég. Eyouvue U= (v1,v2,v3) xou

V1 = vouva vy = vouvf Vs = VOLVY

Ta ouvnuitova avtd ovoudlovtow StevBivovta cuvnuitova. To yétpo tou
Staviopatog anéd to Iubayopeio Hewpnua elvar

— Ju2 £ 02 42
u—\/u1—|—\)2—l—\)3

Mnogoilue va npochécouue d0o Saviouata o xot 3. To anotéleoua
elvar éval Tplto Stavuoua mov ovufolileta ue d+P. H npdén tng npoohéoewg
elvol pLa ECOTERLN TEAEY GUVOECEWS OTOV YWEO TWV SLUVUOUATOY.

E

B

o

Yo 1.4

"Adporopa dvavvopdTwy
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ALyuouaTixos AoyLouog

To dfpotoua dVo davuoudtwy o —I—E Beloxetan yewueted ané tov
xovéva Tou TapaAAnhoypduuou. Metagépouue ta Staviouata og Eva onuelo
O mou ouvnbwg elvor 1 AEY TOU GUOTAUATOS CUVTETAYUEVDY. MeTd oynua-
T{CouuEe TO TAPAAANAOYEAUUUO TLOU EYEL TEOOKEIUEVEG TAEVPES TAL dlaviouaTa
ol xou E To ddvuoua o?+§ elvat 7 Sty dvog Tou TapaAANAoYEdUUOV.

AlyeBewd to dbpoloua dYo Stavuoudtwy elvat éva Tpito Sidvuoua Ue
OLVLOTWOOES TO A0poLoUA THY AVTIGTOLY WY GUVLGTHOOKY TV SV0 SLUVUOUATKV.

Anload

&4 B = (a1, 0, 03) + (B1, B2, B3) = (o1 + B, a2 + B2, a3 + B3)

Ou 300 autol optouol tou abpolouatog elvar LoodVvauot.
H mpdén tng mpoohéoewg tTwv Slavuoudtomy €xel TNV TEOGETOULRLOTUXY
WBLoTnTa dSnhady
(@+p)+¥=a+(E+Y)
XOL TNV ovTIETAOETL LLOTNTAL SNAadn,
i+B=F+a

Eniong undpyet dtdvuoua 0 tétolo wote

—

i+0=0+d=ad
To dudvuoua 0 ovoudletor oudétepo otolyelo g mpochécews. Téhog yua

xd0e Sudvuoua o umdeyel éva didvuoua B mou ovoudletar avtifeto tou d.
YuuPolileton ue —d xow LoyVeL

i+B=d+(—d) =0

Me v Bonfeia touv avtifietou Sraviouatog opllovue v dtapopd Vo
Stavuoudtwy. Opllovue

o—f=a+(-f)

To ywouevo evog Saviouatog o Ue Evay TpayUatixd apthuo & elvon Eva
Sudvuopo mou ovuforileton e EX. To Sdvuoua &a €xel v B Sevbuvon
ue To Sudvuoua . To uéteo tou elvan (o0 e to yivduevo tou || ue to uétpo
OV d,

1€al] = | - [l
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Kepaiato 1

Av o aplfBudg elvan apyntinds 1 popd tou draviouatog &d elvan avtifetn and
NV Qopd Tou & eved Yo Hetixd & ta SVo Staviouata €youy Ty (Sla popd.

H npaérn autn elvon pia eEwtepunn npdén ouviéoewg xa ovoudletal e&w-
tepwog N Babuwtéc ntohhanraotaouos. pogavdg 1d = o xow Od = 0. O
eEWTEPLXOG TOMATAAOLAOUOG XAVOTIOLEL ETiONG oL TNV WLOTNHTA

E(nd) = (En)d
AlyeBpund n npdln oplleton wg e&ng
Eal = &(ay, a2, a3) = (oug, Eatn, Eatg)

Ot 300 mpdgelg Lxavomotovy tig axéAovbeg WLoTnTeg

(G4 p) =i +EB (E+mn)d=ZEdi+nf

oL 0VOUALOVTOL EMUEPLOTIXES WOLOTNTES TOU TOAAATAAGLAOUOU ©S TEOS TNV
npoobeon. H oyéoeg avtéc elvon anapaitnreg SiétL onuaivouy ot ou dvo
Tpatels, N npdoheomn xon 0 eEWTEPXGG TOAATAAGLAOUOS ElVOL TEAEELS TUU-
BBaotég petall Toug.

To 6Uvolo TV SLAVUGUATKOY GTOV TEWLAGTATO YWeo UE TLg dU0 mopa-
Tave Tpagels ovoudleton Tewdtdotatog Euxleldelog Stavuouatindg xwpeog ent
Tou R xow ovyPorileton ye R3. To Swwvioyata i,k elvay ula opboxavo-
vy Bdon tou ywpou avtol. Alavuouatixdg yweog unopel va oploTel xon
070 0UVOLO TV ULyaduov aptbuwy C.

Opropds: Eowteptnd YLVOUEVO TV SLAVUOUATOY & X0 ﬁps GUVTETAY-
uéveg (og, o, a3) xow (B1,B2,B3) avtotolyng, opillovye Tov TpoypaTind
optud o131 + aoPs + a3fB3. To cowtepuxd yvouevo elvan (oo ue 1o yLvo-
UEVO T®V WETPWY TV dY0 dtavuoudtwy enl To ouvnuitovo tng ywviag mou

oxnuatiCouv. I'edgpouye

G- = Py + ooPo + aafs = |5]|f| ouv e

LUVETWS Pe TNV Ponbela Tou EaMTERLXOV YIVOUEVOU UTopolUUE va Bpodue Ty
ywvia 300 SLavuoudToV.

.

™\

Rl

<1

alipl

ouv p =
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ALyuouaTixos AoyLouog

H nopandve aviedtnta elvon yvwot) ooy aviedtnta Tou MBoptg.

Av 8%0 un undevixd Staviouata EYouy ECHTEPLXO YLVOUEVO (GO UE UNBEY
Tote Ta Stavdopoata oautd elvon xabeta petadd toug ypdpouue oUULOALXA
o L g [ o Baouxd Stavdouata Loybouy oL 6YEoeLs

P jejk=Ri=0  ii=jj=k-F=1

Anhady) elvon avd 8Vo xdbeta ueTadd TOUug XoL €XOUY UETEO TNV LOVASA.

Oprowds: To e€wtepnd YLVOUEVO TV SLUVUOUATOY & Xl g ouufo-
Alleton e d X g xo optleTan ooy T SLdvuoua e HETEO (00 UE TO YLVOUEVO
TRV UETEKY TV dUo Slavuoudtwy el To Nuitovo tng ywviag Toug. Enoué-
YOG TO UETEO TOu e&WTERXOU YLVOUEVOL dV0 Stavuoudtwy elvat (0o e to
eufadov tou mapahAnhoyeduuou mouv oynuatilovv. H dedbuvorn tou Sravi-
ouatog elvan xdfetn xar ota dVo daviouata xoL N Popd Tou oplletor anod
ToV xovova Tou 3e&ldoTtpopou xoyAlo. Ankadh TETol Wote Ta StaviouaTa
o, gxou q X E vo anoTelovy éval Se€LooTpoPo cUoTNUAL.

—
p_\
-

"&’xﬁ /

Rl

U_@l
1

"B x d

Ky

Yyfuo 1.5

To efwTepLkd ywopevo 6o dravvoudTwy

Av ahAdEovpe TNV Qopd Twv alovwy Eva ddvuoua aArdlel onuelo. Avtt-
Ot To efwtepind Yivouevo mapoauével avarrolnto. Eva tétolo ddvuoua
ovoudletor ouVHing Peudodiavuoua 1 afovixd SLavuoua.

Av 800 un undevixd Staviouata Exouy e&wTepxd YLVOUEVO (00 UE TO
undevixd Sdvuoua Tolto onuaivel 6TL Ta Staviouata elvon mopdAinia. I'ed-
pouyue ouuBold & || B.

To e&wtepd yivouevo oplleton enlong alyeBpuxd xat ané tov TUTOo

6 x = (o, o, 03) X (Br,B2,B3) = (02B3 — a2, aaPy — 01 Ba, aafa — axPy) =
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Kepaiato 1

_|%2 o3 P+ a3 A 7+ oy A2 F=loag op as
B2 Ps Bs P1 B1 B2
B1 B2 Bs

H televtaio “opliouvoa” elvo Uévo Evag UVNUOVIXOS XAVOVIS.
Mrnopoiue va yeddouue 1o e€ntepind YLvoUEVO 800 SLOVUOUAT®Y UE TNV
Bonbea Tou TAVUOTY €4k, T, J, kK = 1,2, 3 mou oplleton and Tig OYECELS

€123 = €312 — €231 = 1 €321 = €213 — €132 = —1

YL OAOUG TOUG UTOAOLTOUG GLUYSLAGUOUS TWV BELXTWY 0 TAVVoTNS elvan (oog
UE TO UNdEV.

OptCovue tpa To o X g ooy €V SLAVUOUO UE 7 CUVLOTWOO IOV dlveTtat
AmO TOV TUTO

3
(& X ﬁ). = > eijnabr = eijnaBr
(3

Jik=1

omov 0Tov TeAeuTalo 6po To dfpotoua EVVOElTAL Y WplC VAL YEAPETAL AVUAVTLXA.
[N ta Baowd povadiata Staviouata toydouy oL oyEoeLg

ij:]z jXE:; EXZ:(;

To yétpo Tou ewteptol YLvouévou Vo dtavuoudtwy o, B ye ywvio O
Beloxetor and v tawtoTNTA

i x B> = (2xB) - (2xF) =2~ (a-F)

H andédeln elvan amhy. Patveton auéong 0Tt T0 TEKTO UEAOG TNG EELOWOEWS
autig elvan (oo Ye

(afnu0) - (aBnub) = «*B* nu* 6
xou To 8eUtepo (00 UE
o?p? — (af ouv0)’ = o®BZnu 0
Opgropds: Muxtéd yivouevo teudy Stavuoudtwy d, 6 xou ¥ oplletan o

apfuse - (B x 7). O apfudc autde elvan (60 e Tov 6yx0 TOU ToEaAAN-
Aemnédou mov oynuotiletat ye axués ta Telo auTd StaviouaTa.
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ALAYUOUATIXES OUVAPTNOELS

Anodewvietan edxoha Tl Loy VEL.
. oy O d3
- (Bx¥)=|B1 B2 B3
Y1 Y2 Y3

Ao tov oplous tou Tptmhol autol Yvougévou aay opilovoa paivetal auéowgs
OTL LY V0oLV OL OYECELG

a-(Bxy)=p-(¥xd) =y (Ixp)
Téhog Eva axoua TELAG YLVOUEVO Elvol TO YLVOUEVO
o x (B x¥)

mov elvan Eval Srdvuoua. ' to Sdvuoua autéd Loyvel n oyéon

-,

X (Bxy)=(a-¥)p—(d-P)¥
Ano v oyéon auth elvon pavepd OTL
Ax (Bxy)#(@xP)x¥
xafg enlong xat 6TL LoyVEL N} T TOTNTA
ix Bx¥)+Bx(¥xa)+¥x(@xp)=0

YVOOTH oav Tautotnta Touv Tlaxoumnt.
HMopathpnon: O mapeviéoelg tou TETAOY oWTOY YLVOUEVOL Elvon

anapa{TNTEG TEAYUATL TO SLdvuoua gx (6 x &) elvan UNdév eved To ddvuouo
(g X &) x o dev elvaw. Avtbétog ol mopevhéoeg tou Tpmhol yLvouévou
- (B x ) umopodue va tig napakeiPovue yoti 1 éxppaon (& - ) X ¥ dev
opileTa.

1.3 ALaVUGUATIXES GUVOETHOELS

"Eva Stdvuoua mou oL CUVLGTWOES TOU ElVOL GUVOETNOELS ULAG 1) Te-
eLocoTépwy UETUBANTOV elvan pla davuouatixy cuvdetnor. lloAhd ueyébn
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Kepaiato 1

otV QuoLK UETABIANOVTIAL GAV GUVIPTACELS XANoLwY Topauétpwy. H to-
XOTNTA €vOg xvnTol Yo Tapddetypo elvon duvatédy v yetafdAleTon xotd
NV Sdpxela Tou yeovou. Tétown ueyéln maploTavoviol and SLUVUOUATLIXES
OUVOPTNOELS.

Av ouvuPBolicovue pe 7 to ddvuoua Oéoewg evog xvntol, ToTE Elvor
SLVATOV TO BLAVUoUA AUTO Vo E(VOL Lo SLUYUCUOTLXT) CUVAETNOTY) UG TTEOLY-
ot petafBintig. I'edgpouvue avohvtind

() = (x(t), y(t), 2(t)) teR

H Swavuopoatixf aut) cuVAETNOT) TAELOTAVEL ULol XAUTUAY) GTOV TELSLACTATO
BEuxheidelo ywpo, Ty TpoyLd Tou xLvnTov.
[ nopdderyua n cuvdetnon

7(t) = (aouvwt,bouvwt,0) = acvveti +bnuot] t € [0, 27]

Taptotaver pio EAAewdn oto entnedo xy. Tnv xoaumdin auty unopolue va TNV
neptypdovue xot pe TG SV0 TUPUUETELUES EELOWOELG

T =aouvvwt y=bnuowt
) OXOUA UE TNV TERLOGOTERO YVWOTY e&lowon
?/a® +y? /b =1

VAN

(1)

8

Y

Yo 1.6
H EXdevyn wavw oto emimedo xy

Optopds: H napdywyoc uag Stavuouotixic ouvapthoews 7(t) =
(x(t),y(t), 2(t)) g mpayuotens HeTABANTS ws Tpog t opiletar and v
oYEom

dr r(t+h)—r(t)  dx(t)- dy(t)- dz(t)

— = lim = 1+ J+ k

dt  h—0 h dt dt dt
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ALAYUOUATIXES OUVAPTNOELS

AnAady| AVAYETOL OTLS TAPAYWYOUS TWY CUVLGTOOWY TNG.

Tao onuelo pe Stdvuoua Béoewe ula Stavuouatixn cuvdptnon dvo mpary-
LTV UETABANTOV SLorypdipouy ULal ETLPAVELL TOV YWeo. [ va yeketh-
OOLUE SLAVUOUOTIXES GUVIETACELS SV0 TpayUaTdy UETABANTGOY elval omo-
paltnTo vo 0plooLUE TNV EVVOLA TNG UERLXNG TEOLY WY OL.

Oproudg: Ou pepinég Tapdywyol UG ouVopTRoEws (U, v) ©g TPog
U XL G TEOG v 0ptloviat AVTLOTOl WS Ao TIG OYEOELC.
Ox(u,v) — lim z(u+ h,v) — x(u,v), 0x(u, v) — lim z(u,v + h) — z(u,v)
ou h—0 h ov h—0 h

T CLUVAPTACELS AUTES UTOROVUE VOl TLG TOEALY WY (COVUE TAAL YLOL VO TTULEOVUE
LG €ENG UEPKES TOEALY Y OUG.

o (N _Fe 0 (o) _
ou \ou/)  ou?’ ov \ov/) 0Ov?
o (o _Pr o (or\_ o
ou \ov /) Oudv’ ov \ou) Ovdu

Ov 800 teheutaleg exppdocetg elvat SUVATOY Vo Unv elva (OEG oLy OL GUVIETNOELG
dev €youv ouveyels UEPLXES ToEAY (Y OUS.
Ta Swpopixd yLag ouVaETNoEWS Pe dVo UeTafAntég opllovtol and Tig
e€Ng oyéoeLg
ox ox Oy

dxr = —du + —dv dy

Jy
9 50 du + —=dv

- Ou ov

Oprowds: H pepunf) mopdywyYog ULog SLUVUOUATIXNG GUVIPTHCEWS
(u,v) %0 yetaAntdy oplleton and Ty Ueptxh) Topdy®Yo TV GUILOTWOWY
™
_or_Odx- Oy~ 0z .

+—J+ =k T

or _ oz _or_ Or- Oy~ 0Oz
Tu_é?u_@uZ ou ou

=50 o' T o

—

"Eva onuelo pe Sudvuopa Oéoewg 7(u,v) 6mov u xon v elvon 300 ave-
Eqptntes petofBAnTég Staypdgel wa empdvela S. Ou eélowoetg

r=zxz(u,v), y=y(u,v) z=2z(u,v) (u,v) € R?
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Kepaiato 1

0voUdCovToL TOPAUETEIXES EELOWOELS TNG ETLPAVELIG.

H ouvdptnon 7 = 7(u,vp) elvon peor xaundin médve oty emLpavela
S. H xounddn 7 = 7(ug,v) Bploxeton enlong ndvew otny B enupdvela S.
Ou xaundheg 7™(u,vg) xow 7(ug,v) 0voudlovion GUVTETAYUEVES XOUUTUNES.
Ta Swavdouoto 7, = OF/O0u xou 7, = OF/0v Eelval EQATTOUEVIXE TWV
OLVTETAYUEVODY Xoumiiwy. To Sudvuoua 7, X 7, elval xdbeto xon oo
SLAVUCUA Ty, XAl OTO SLAVUOUO Ty XAl EMOUEVWS Elvol XADETO MAVEW OTNY
ETLPAVELAL S

dr=7, du-+7r,dv

Yo 1.7

To epamToleEVIKO eTITEOO T€ PO EMLPAVELX

Av fewpnoouvue o1l oL mpayuatixég uetafBAntés u o v elvon ouvolp-
THOELG WLaG TEOYUATLXNG METOBANTNG ¢ TOTE To onuelo e didvuoua OEoewg
Fu(t), v(t)) Baypdper wla xoumdin Téve oty empdvela. Anodewxvieto
oTL Loy Vel M oyéon

dr(u(t),v(t))  Or'du N or dv
dt - OQudt  Ovdt

H egantoyévn dr/dt tng xouming Ypdpetal 6oy YRUUUXOS CUVIVO-
OUOS TV 3V0 SLVUOUATWY T4, XAl T,. To ev Aoyw Stavdouato elval ta

Baouxd SLavioUATH TOU EQATTOUEVLXOU ETUTESOL TNG ENLPAVELNS S.
O eéowoeic

F(ﬂ?,y,Z):O Z—f(.fC,y)ZO

Taplotdvouy entong emipaveteg. Ol e€Lowoelc auTég TEOXVUTTOUY av analel-
povue Tic UETABANTES U KoL U ATO TLG TEELS MUPAUETELUES EELOWOELS TNG ETL-
(PAVELES.
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Toa Atxyvouatixa nedio

IMopddetypa: O mapoxdtw TALUUETPLXES EELOWOELS TAPLOTAVOUY TNV
ETLQAVELXL EVOG EMAELPOELSOVG

r =anubouveg r=bnulnue xr = couvh

H ouvaptnolaxy| oyxéorn nou naplotdvel tny (St empdveta Peloxeton av amo-
Aetdhouvue T petoffAntéc O xow ¢. H oyéon elvon
22 2 2

Yy _
?4___'_0—2_1

't a = b =c= R oL e&LoGOELG TAPLOTAVOUY TNV ETLPAVELNL ULAUG OPAULPOS UE
axtiva R.

Yixynuwo 1.8
To eAXewpoeldes

1.4 Toa Atavuopatixd nedio

Optouéva yeyedn elvon ouvaptnoetg, Babuwtéc N SLavuoUATIXEG XoL TV
TELDY CUVLOTWOWY Tou Jlaviouatog OEoewg xaL evdeyouévws va TEpLEYoUY
UVAAVTIXA XOL TOV YEOVO .

Oprowds: Opilovue cav Stavuouatixd medio Yo TEQLOYT TOU YWEOU
nov o xafe onuelo g avtiotoyel éva Suavuoua. ['pdgouue to Sdvuoua
ooy oUVAETNOoY Tou Staviouatog Oéoewg xar Tou yedvou ﬁ(ﬁ t). Av 1o
Sudvuopo ToptoTdvet wlo dvvoun téte to nedlo ovoudleton Suvouxd nedio.

Mua neproyn mouv oe xdfe onuelo tng avtiotoryel wia Babuwth ouvdptnon
elva éval Babuwtéd nedio.
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Kepaiato 1

IMopaderywa: H toydtnto mov €xel to xdbe uopLo evég peuatol mou
XUVElTOL OE UL 0pLOUEYT) TEPLOY Y| YLt TARABELY A elvail Eval Stavuouatixd Tedlo
ToyutNtwy. To duvauxod tou medlou Bagitntag elvan Eva mopddetyua EVog
Babuwtol medlou.

"Eva Stavuopatind nedlo Exel v popon

F(7,t) = Fy(7,t)i + Fa (7, 1)] + Fs(7, t)k
H yevu éxgpaon evog Babuwtod nedlou elvar
V =V(7,t)

Trobétovye 6T T0 Stdvuoua Béoews 7 elvor cuVAETNON Wog HeTABANTNS.
To dwdvuoua 7 dtoypdper Ual XUUTOAY GTOV YWeo. ot To TEdlo €xel Twpa
MY pop@i. ) )
V= V(r(t),1) = V (1(x(t), y(1), 2(1). 1)

H nopdywyog evog tétolou nediov wg mpog Tov Ypdvo elva

dV(r,t) dxz(t)oV  dy(t) oV  dz(t) oV N oV
dt —  dt Ox dt Oy dt 0z Ot

Ewodyouue v axdhouldn éxppaon v omola ovoudlovye avadehta xon

my ouuBolilouue pe V

9 90 0N _»9 -0  pO
dx 0y 9z ) J

vV =
H éxgpaon autn elvan €vag Stagpopinog tekeothg. H mapdywyog evog
Babuwtov nedlov unopel va ypagel ue ™y Bonbeia Tou tedeoth) avadeita we
23S
dv(r,t) oV Ry dr
dt ot dt
O teleothg autdc emdpd tavw ot W Bafuwty ocuvdptmen V(x,y, 2)
vl var SoeL éval dLdvuoua

gradV = OV = (av 1% 8V)

ox’ Oy’ 0z
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Toa Atxyvouatixa nedio

To dudvuoua awtd Bilver v xhnon g ouvapnoewsg V' xou elvon xdbeto
nave oty empavete Vo= c. Ta onuelon autdy twv entpaveldy €youy to (8o
SuVoULXS ot 0VOUALoVTOL LOOBUVOULXES ETLPAVELES.

Ocwpolue TNy Stavuopatidh ouvdetnon F = (Fy, Fy, F3). O tekeothc
avddelta pe v Bondeta Tou EGWTEPLXOY YLYVOUEVOL ETLIEA TAVW O UL dLo-
VUOUOTLXT] GUVAETNOT) F(z,y,2) Yo va ddoe wa Babuwt) ouvdptnom

-~ OFy O0F, O0OF3

divF =V - F =
" v 8x+8y+8z

H ouvdptnon autn ovoudletat andoxiion Tou Stavuouatixol nediov F.

Av 1 andxiiomn evdg Sravuouatixod tedlov elvon undév 1o nedio ovoud-
Ceton owANVOELSEG.

O tekeotng avadeita ye v Bondea tou e€wteptol Yivouévou emdpd
TV OF (L SLUYUOUATLXY GUVAETNOT) F(z,y,2) yw va ddoe wear véa St
VUOUOTLXT] GUVAETNOT)

i 7k
curlFF =rotFF =V x F = % a% % —
Fy Fy F3

0 0 - 0 0 - 0 0 -
= <8_ng - &Fé) L+ <£F1 - %F:’,) J+ <%F2 - (9_yF1> k

H ouvaptnon aut) ovoudleton otpofiliouog Tou Stavuouatixol nediov.

Oo meénel va TpooEEouue Alyo oTig mopamdve oyéoels. ['edgpovue To
didvuoua V x F gay wa optCovoa. Autd ouwg elval U6VO €vag UVNUOVLXOG
Xavovag. XMUeLote 6T 1 opllovoa elvon wa Babuwt) ouvdaptnon M €vog
apLbuog €36 N “oplCovoa” elvon éva Savuoua. H “oplilovoa” F x V elvan
€V SLUYUOUATIXOG TEAEGTHS.

Av o oTtpofolioudg evog dravuouatixol nedlov elvat undév to medlo ovo-
ualeton aoteofiho.

Mnopolye va e@opuoéoovue SLadoyxd Tov TEAEOTYH AVASEATA Yia VoL Td-
couUE Taporydyoug devtepne tdfewe. D tapdderypa o tekeothc V-V = V2
ovoudleton teleatng Aamhdg xou 1 e&lowon

> 02 02 02
2 —
V2V (z,y,2) = <8x2 T o T o2

) V(z,y,2) =0
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Kepaiato 1

egloworn tou Aamhdg
To ohoxhpwua LG SLUYUOUATIXNG GLUVAETNOEWS oplleTat and To olo-
XAPWUA TWV GUVLOTWGWY TNG dNAAdT yia €va anhd ohoxANpwua Loy Vel

/}HM#:/x@ﬁ;+/y@ﬁf+/?@ﬁE

EVR Yol EVaL TELTAG OAOXAHpLUA, Yo TO Stdvuoua ﬁ(w, y,z) = (F1, F, F3)
YL THRABELY U EYOVUE

/// z,y, z)drdydz =
Lﬁyﬂmww+ﬂﬁy@mww+aﬁyﬂmww

[ToAAéc opég yia va yedouue ToV OTOLYELWSN OYXO YPNOLIOTOLOVUUE

™V éxgpaon d°F = dxdydz.
Optopdg: Trobétouvue 6Tt To didvuoua HEoewg Storypdipet Lo xoumOAN
c dmhadh efaptdton and pio mapduetpo T = 7(t),t € [a,B] C R. Opllovue
oo enXoUTiMO ohoxAfpwua xot To cupfBolilovue ye [ F-dF 7o axéhoubo

anmAO ohoXANELUA
/F-dr:/ F((t)) - d—dt

Optopds:  Trobétouue 6Tt o Sdvuoua Béoewg Staypdper Uia emL-
pavetr S dnhadh elaptdtan and dvo mapauétpous T = T(u,v), (u,v) €
D C 2. Opllovue cav empaveland ohoxhpwua xor to cuuBolilovue e
[[F-dS <o axéhovbo Sumhé ohoxhhpmuo

//F dS = // gxgdudv
ov

Emucopumiiie xan enupovetond ohoxAnpwuota opillovtan xow yio Bafumtég
ovvaptnoels. Eyouue

dr

/c V(F(t))ds = / Vi |

dt
dt
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Toa Atxyvouatixa nedio

6mov 1o ds €3¢ elvol TO UNXOG TOU GTOLYELOS0UG TOEOU X

J[ vitwoas = [[ vi

v Tt Pobuwtés ouvapthoeg V(7(t)) xow V(7(u,v)) aviiotolyes.
[Na V =1 ot nopandve TOToL dvouy T0 UA%0g TNG XOUUTUANG oL TO
euBaddv Tng EMLPAVELAS AVTLOTOLYWG.

(wineos ©) = [ ’
(Eupoadsév D) //

Katw and opiopéveg npolinobéoeig anodetxvietar 6Tt toyvouy ta axo-
Aovfa ohoxhnewtind Hewpnuata.

(97’ or

9 dudv

dr

— | dt
dt

‘dudv

Ocddpnua: To emupaveloand ohoxhfpwua wog suvdetone F(x,y, z2) =
(P, Q, R) oty xhetot) enupdvela S elvor LoodOvao UE Eval TELTAG ONOXAN-
pwua otov 6yxo D mou mepuxdetel ) empavela S. H npotaor elvan yvwotn
oav fBedpnua Touv I'rdoug 1 Hedenua g anoxAicsws ot yedpeTar

//‘ﬁﬁ@@@://ﬁdﬁ
D S

Ocdpnuo: To emxaumiho ohoxhfpwua wag ouvdptnone F(z,y, z) =
(P, Q, R) otnv xhetoth xounddn ¢ elvan toodivauo ue éva SLthé ohoxhhpmuo
otny empdvela S tou nepxdelel 1 xaumiAn c. H mpdtaon elvan yvwoth cav
Dedpnua Tou Xtdouxg xan ypedpeTot

/ ﬁxﬁdngﬁwW:wa+Q@+Rw
S c

C

Av n empdvela elvon eninedn n oyéon ovoudleta Hedpnuo tov I'xenv.
Oétouue P = P(z,y), Q@ = Q(x,y) xou R = 0 oty nopandve oyéor xou

Beloxouue
// (ﬁ — 8—P) da:dy:jI{Pd:U—l—Qdy
S Oz ay c
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Kepaiato 1

Me v Bonfeta twv nagandvek 0AoxAneom Ty fewpnudtewy unopodue va
Bpolue Tig 0OAOXUANEOTIXEG EXPEACELS YLAL TNV ATOXALGY XL TOV 6TEOPBLALGUS
eVog Stavuouatixoy medlou. Ov oyéoeig elvan

= 2 : 1 5 2 S : 1 - o
V-f—Al‘l/IEOA—quASdS-f fo—Al‘l/IEOA—VJ%SdSXf

Ou oyéoelg unopovy va Bewpnbolv xow cav oL optouol g anoxiicews
XL TOU 6TEOPBLALGUOY.

1.5 Awapopixés LoppEg

Ogiopds:  "Eotw K éva avowxté unoctvoho tou R3. K C RS.
Avaxplvouue téooepa £(dn uTocUVOALY Tou K.
1) Ta onueio tov K
2) T anhéc xoumiheg Tou K
3) T empdveres tou K
4) To vrocivola tou K

Ta vroolvola avtd Oa ta cuyBoiilovye pe C, n = 0,1,2,3 avtotol-
X WGS.

Mua xapmiin tepatdvetat o dVo onuelo. Aniady| 1o 6UVopo ULlag ATANG
xouniAng elvan dVo onuela. To odvopo utog emupdvelag elval UL Teocavo-
TOMOUEVN XAELOTH) XAUTUAY Xt TO0 6UV0po evig utocuvérou tou K elvor ua
TEOGAVATOAGUEVT XAELOTY eTpdvela. Aniady) To 6UVopo EVOS UTOGUVEAOU
tomov C), elvan éva umoovvoro tomou Cp_1. YvuBoiilovue t0 Gvvogo Tou

Cp, ue 0C,. Anhadn éyouvue
0Cs = Cy Mt tpocavatohoUEVY XAELOTY) ETLPAVELD

0Cs = C7 Mt mpocavatoAoUEVY XAELOTH XAUTUAT

Ou xhewotég xounddeg dev mepatwvovtal movbevd Snhadh pio xAetoth
XxoUTUAN dev €xel oUvopo. Mropolue va modue 6Tl 10 6UVopOo ULag XAELOTAS
xomUANG elvon To undév. T'o ovvopo tng emLpaveLag wog opaipag elvan eniong
T0 UNdév apol N empdaveLa avTh dev Exel alvopo. Me dhheg Aéets To oUVOEO
evég umoouvélou tunou C), Tou elval T0 GUVOLRO EVOS AANOU UTOGUVOAOL ElvaL
to undév. I'edypouue

2(0C,) = 0°C,, =0
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ALopoptxEs LoppES

Opropds: Opilovue oav dlapopinés uoppés xat Tig ouuBolilovue ye
Wn, 1 =0,1,2,3 Tic axdhovbeg poppéc.
1) tinou 0, 6heg g mparypatixég ouvapthoeg Tou K oto R.
2) tinov 1, 6heg Tig expdoes Tng wopyns w1 = Pdr + Qdy + Rdz 6mou

P,Q, xou R elvon mpoyUaTIXEG CUVALTNOELS,

1) tinou 2, 6heg T EXPRAOELS TNG HOPYNS e = Fdydz + Gdzdx + Hdxdy

onov F,G, xou H elvan TporyUaTinés OUVRPTNOELS Xl

3) tinov 3, Gheg g eExppdoels NS Uopyhs w3 = Adrdydz émouv A elvon

MLOL TTROLYLALTLXY) GUVARTNOT).

Aev urdpyouy Swapopnés Hoppéc ueyaldtepou Timou oTov ywpo R3.
I'evixotepa otov ydpo RN dev undpyouy Slapopxéc Loppés TUTOL . + 1 7
UEYAUADTEQOU TUTOV.

Mnogoilue va npochésouue 300 Stapopixéc Loppéc Tou (Slou TUToL Yla
VO TAPOLUE (o GAAY Stapopxn) Lop@n Tou (Btou Timou. Aev Ha yeeltaotel va
npoohécovue poppés drapopetinod Tinou.

[Teéner va mpoo€yovue va yedpouue ta dagpopxd dx, dy, xou dz Ue
TNV OElpd oTAL YLvoueva o eupavilovtat. Anhadn yia To SLTAL YLvoueva
yYedwouue wovo dxdy N dydz % dzdzr eved Yo To TEITAG YpAPOUUE UOVO TO
dxdydz.

Or Srapoprés woppeg amewxoviCouv ta untocuvola tou K otoug mpoyuo-
TG apLtbuois we eENg

1) Ou dwpopirég pop@éc THTOU Wy dNAadH oL cLUVNETHOELS ameLxovilovy Ta
urocUvola timou Cp tou K dnAady ta onuela tou K otoug nparyporti-
xoUg apLhuovg. O mpayuatinog aptiudg mou aviiotolyel otny Sapoplxn

HOE®PY TUTOU wp SIVETOL ATO TNV CUVARTNOLAXT OYEOT)

f:K—®R f:x— f(z)eR

2) Ou duupopinéc poppéc Tmou w1 anewxovilouy ta unocivola tinou Cy
dInhadh) Tig xaumiAeg otoug mpayuatixols aptiuolc. O mpayUaTixdg
apiuog A mou avtiotolyel oty Slapopxn) LopPh w1 ElvaL TO ETLXOUTY-
Mo ohoxhfpwua. SuuBohilovue ue f to Sidwopa f = (P,Q,R) xou
€Y OUUE

A:/ (o1:/ Pdx + Qdy + Rdz = f-dF:/f-
Ci Ci Cq I

—

émov 7= 7(t), t € I elvan oL TapaueTpLXEG EELOWOELS TIG XOUTUANG.

dr(t)
dt
dt
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Kepaiato 1

3) Ou drapopinég poppés Timou we anewxovilouy ta unocivola tinou Cs
dnhadn T empdveteg Tou K otoug npaypatixoie aptbuois. O mpoyuo-
T6¢ apliudg B mou avTiotolyel aTny dLopoplxy Lop®n wa e(vaL TO EML-
pavelaxd ohoxAnpwua. Luufoiilovye ye f o dLdvuoua f= (F,G,H)
X0 EYOVUE

B:/ wgz// Fdxdy + Gdydz + Hdzdr =
Cs Cs

/ f’dgz//f-FuXdeudv
C, D

émov 7 = 7(u,v), (u,v) € D elvon ot nopayetpxés eELODOELS TIS EMLPE-
VELOLG.

3) Ou Sapopixéc pop@és THmou w3 anewxovilouy ta unoovvola titov Cs
o0Toug mpaypatixols aptbuols. O mpayuatixog aptbudc I' mov avtiotol-
Xel 0NV SLapopuxn) Lop®t) w3 elvat To TELTAG 0OAOXAHELUL.

r= ///C 03 = ///C Adzdyds

Ou oploovye TWea TOV TOANATAAGLAOUS TWY SLAPORLXDY UORPWV.
Opiopds: Av w pia pop@n TOTOL o o 1) YL Loppn Tinou B 16Te To
eCwTEPS (OPNVOELDES) YLVOUEVO ® A 1) elvar i op@r ToTou a + 3 < 3.
To yiwouevo avtd axohovlel toug e€Ng xavoveg.

(fo+n)AB=f(oNB)+ (nAD) (AN A=A (QAD)
oA =(-1)*nAw) oA (fn) = (fo) An= f(oAn)
fAL=fw

omouv ®, N xau O elvan Stapopéc wop@ég Timou a, B ol Y AVTLOTOlY WS EVEH
to f elvaw pio popyy) Tomou 0 dnAadh pio TeoyUATLXY) CLUVAETNOT).
[N tig Baowég drapopixés Loppég LoyYouy oL oYEaELS
dr A dy = dxdy (dx Ndy) Ndz =dx A (dy N dz) = dedydz
de Ndx =dy Ndy =dzNdz =0
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ALopoptxEs LoppES

dx Ndy = —dy Ndzx dyNdz = —dz Ndy dz Ndx = —dx Ndz

Ou oploovue TEAOG TNV TARAYWYO WG Slapopune Lopgh Tou Ho v
ovufoAilovue pe d.
Oprowds: H napdywyog yog Stoapoptxng Lopghg o Timou o < 3 elvow
wat popen o + 1. H mapdywyog uag woppneg 3 elvon undév.
H nopdywyog Exel Tic WBLotnteg

d(ow + 1) = do + dn (Toogupuixedtnta)
dwAn) =do An+(—1)*(w Adn)
d’w=0 d(dz) = d(dy) = d(dz) =0
H rapdywyog wag pwoppng 0 oplletar and v oyéon

) R S |
af = axd:v—l— aydy—i— 8zdz

Optopdsg: M popgh n ovoudleton xherot av do, = 0. M n
woppn ovoudleton TAHENG av elvol 1 TAEdYWYOS Wog Hopgh n — 1 dnhadn
Wy, = dwp—1. Hpogavedg ua tAneng wopyy| elvar xAeloth Lot

dw, = d(dw,_1) = d*w,_1 =0

Ou Beodue TWpa TNV TUPAYWYO WAS SLAPORXAS HopYNg ® TUTou 1.
Beloxouue

dw = d(Pdx 4+ Qdy + Rdz) =d(PANdx+Q Ndy+ RANdz) =

opP opP opP oQ 0Q Q)
(axdaz—l— aydy—l— (%dZ) Ndx + <8xd:l:—|— 8ydy+ 6?de> A dy+

OR OR OR __oP oP 0Q
(8—$d:1: + 3_ydy + Edz) Ndz = 8_ydy Adx + Edz Adx + Ed:)} A dy+
P P
@dz/\dy—l—@dx/\dz—l—a—Rdy/\dz = —a—dm/\dy—i—a—dz/\dx—l—@dx/\dy—
0z ox oy oy 0z Oox
0Q OR OR _[(0Q OP
—azdy/\dz—8$dz/\da:—|—aydy/\dz—<ax 8y>dxdy—|—
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Kepaiato 1
oP OR OR 0Q
<§ — %> dzdx + (6_?; — a) dydz

Av o xaptectavég ouvtetayuéveg elvan ouvaptnoelg dUo aveddeTnTey
uetafBAntdy dnhadh av ¥ = 7(u, v) té1e Beloxovue

do =V f -7y X Fydudv

6mou f = (P,Q, R). Ovedioddoeig 7 = 7(u, v) elvan oL topoeTpinés EELODOELS
ULAG ETLPAVELAS.

O Beolue Téhog TNV mopdywyo YLag Slapoptxng Lopgpne »w TuTou 2. Bel-
OXOLUE

dw = d(Fdydz + Gdzdx + Hdxdy) = d(F ANdydz + G N dzdx + H N\ dxdy) =

OF OF OF oG oG oG
(adx + 8_ydy + gdz) A dydz + (adx + 8_ydy + %dz> A dzdx+

H H H F
—8 dx + _8 dy + —6 dz | Ndxdy = 8—dm/\dy/\dz+8—Gdy/\dz/\d:c+
ox oy 0z Ox oy

a—Hd ANdx Ady = (9F+8G+5‘H
ARG = By oy 0z

0z

) dxdydz = V- fd:):dydz

6mov f = (F,G, H).

H oyéon d?w = 0 étav 10 o elvan o poppR 1 elvon 1 yvwoth oyéon
ﬁ-ﬁxf:dwcurlfzo.

Elpoaote tpa o Oéorn va Statundoovye ta Tplo ohoxhnewntind Oewper-
uoto ooy éval Yevixo Bedpnua Ytoouxe.

Ocodpnuo:  "‘Eotw C yo mpocavatoAoUevy ToAAmAGTNTO TUTOU

x oTov YWpo R mou meptéyeton oe éva avowxtd umosivoro K xow o wa
dtapoptxy| Hoppn TUTOU X — 1 TOTE LoYVEL M) LOOTNTA

/w:/d(o
oC C

Av 10 x =1 161 1) moMamhdtnto C elvan QLo ETLQAVELE XAL TO GUVORO
g OC elvon Lot TpooovATOMGUEVT XAELo T xounOAY. To Oedpnua elvon To
YVvoo16 Bedpnua Tou Ntdouxg. Av Boioxduaoste otov yoeo K2 to Hedpnua
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O Tavuotéc

elvow to Bedpnua touv I'mpfv. Av 10 % = 2 t61€ €lxoha avaXaAOTTOLYE TO
fedenua Tou I'vdoug.

1.6 Ov TavuoTéc

[ToAA& peyeln oty QuoLX YLt VoL 0pLoTOVY YEeldleTal Vo Tpoodilopi-
OOULUE TEELOCOTEROVS amo Teelg aptbuols.  “"Eyovue vy mopdderypo €va
aVLGOTEOTO VALXO, dNAadY| €val UALXG Tou xdmota WBLoTNnTa Tou elvon dLopo-
eETW otV T—Oevhuvon dapopetixn) oty y—3devhuvon ol SLapopeTixn
oty z—devluvon. Av ua Stavuopati WBLotnTa e€opTdTon and Uit GAAY
YOOUUULXA UE TNV Oyéon Y. P = mU TOTe To p; eEAETATAUL ANO TO Up UE
otalepd avahoylog mq; AAAE o And OAES TLG AAAEC OUVLOTWOES U Xl
vz ue otabepég avaloylog miz xow myz. I'edgpouue

P = E m;kVk
k

To péyebog m oplleton av oploovue xat Ta evvéa oTotyelo Tng untpas. L'ed-
(POUUE
mip MMi2 Mas
m =1 Mao1 M2 M23
mgz1 M3z M33

To péyebog autod elvon €vag tavuotng taéewg 2. OL ouvioTwoeg Tou elvat
oo 32=9 apBuol mjp, 1<5k<3

"Evav tavuoth) tdéewg 2 otov tewdtdotato yweo eivat BoAxd va tov
yedpouue cav wa uhtea 3 X 3. Auto ouwg dev onualver Tl évag mivaxog
ue 9 otolyela TAPLOTAVEL VOl TAVLOTH).

Av évag Tavuotig elvon Slapopetindg ota didpopa onueio TOL YWEOL UE
Suavuopa Béoewg 7 T6TE Eyouue Eva TavuoTind nedio. O Tavuotng autog elvar
ULl CUVAETNOT TOU YWEOU XAl EVOEYOUEVKG UTOREl Yo EEXETATAL VAAUTLXA
xow ond tov yeévo. [edgouue éva tavuotixnd nedlo pe to oduBoro T(7,1).

Ytov tavuotyy T(7, t) unopoldue va emdpdoouue toug dapoplxrois te-
Aeotéc grad = 6, div = V- xou rot = Vx. To anotéleopa elvat Evo dANOG
TOAVVOTNG UE TAEY HEYOAUTERN YL TO grad, UxeoTepn Yio To div xaL (om Yo
T0 Tot pe v té&én tov T(7, t).

"Eyouue oploel ta Staviouata oav to ueyeln exelva nouv éyouv uyétpo,
popd ot Stevbuvon. "AANOg 0pLoUOS TV JLUVUOUATHY E(VOL UE TLG CUVLOTK-
oeg tous. M tpuada apthuwy mpoodiopiler éva Stdvuoua wg TEOG XATOLo
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Kepaiato 1

oVoTNuo oLVTETAYUEVWY. Ta Staviouata duws EQOCOV TUELOTAVOUY XATOLL
puowd YeYEln mpénel mpopavade va elvan aveddetnta and To GVOTNUA CUVTE-
TOUYUEVOV.

Optopds:  "Eva guowo uéyebog 7 ovoudletat dLdvuoua av ylo vo
10 oploovue yperalouaote Teelg aptiuols z; wg mpog éva GUOTNHU CUVTE-
Toypévwy S, Av meploTpédouue To GUOTNUA CUVIETAYUEVWY TO SLdvuoUa
TOELOTAVETOL UE ot VEX Tetdda aptiudy . ¥Xto xawvoveyto cvotnua S’
oL 300 AUTEG TELABES LXAVOTIOLOVY TLG aXOAOVOES YOOUUULKES OYETELS

S’ =aS x; = Az Aji € R(3)

omov Ajj elvon wior uitea 3 X 3. Ntnv nopandvew oyéon evvoeitol 6TL yiveTal
dbpotom wg mpog Tov deixtn k SuoTL emavalauBdveton dvo Qopéc otny (Sl
TAELPA TNG LOOTNTAG.

Enouévng tpetg aptiuol yior var Taptatdvouy €va SLdvueUa TRETEL VoL Lo
VOTOLOUY XL TNV TOpATave ouvinxm.

Oewpolue TWpa 3V0 SLavioUaTa T XL § UE CUVLOTWOES Tj XAl Y;. Ano
Tot 30 0V TA SLUVOOUATA UTOPOVUE VoL TIEPOLUE EVVLA aptBuots ;Y. Autol ot
apthuol yetaoynuatilovion TEoPaveg TAAL YRUUULXA Ao WUid TEPLOTEOPN TWY
a&ovwy. Ano v mpdtaon auth SIVOUUE TOV TALUXATW QPUOLXO OPLOUO YL
TOUG TAVUOTEG Ywelg auTO vor oNUalvel 6TL Evag TAVUOTAG Elvo XoT’ ovaly X
TO YLVOUEVO BV0 SLAVUOUATODV.

Oprowds: “Eva guowd péyebog ovoudleton tavuotig talews 0o av
xeeraletan evwid aptbuods Tjr, j,k =1,2,3 ywt vo tpoodioplotel TANpw
xow €nl TAEOV oV TEQLOTEEPOLUE TO GUGTNUA AVIPORAS 1) XALVOUEYLA EVVLASA
v aptiudy ;k, J,k=1,2,3 wavornowel v oyéon

S’ =aS T;j = A AjiTh Ajr € R(3)

omov evvoeltat 6Tt yivetar afpolomn we mpog toug delxteg k xow L.
O oplopog autdg unopel var YEVIXEVLTEL XL YLOL TUVUOTES UE OTOLUSHTOTE
TAEN.

Opiopds:  "Eva guowd péyebog ovoudleton tavuotng tdlews N av
xeewdletan 3N apfuodc Tjkom, 1 < j,k,---,m < 3 yia va npocdloptotel
TAAewS Xt entl TAEoV Ay TEPLOTREPOLUE TO GVOTNUN AVOPOPAS OL XOULVOURYLOL
aptiuol ;km, 1 <j,k---m<3 wavonololy TG OYECELS

S’ =aS T;j---m = AikAjl e ATl om Ajk; € R(3)
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O Tavuotéc

"Evag tavuothg taéews 0 elvon éva Baluwto yéyebos. "Eva Babuwto
uéyebog Sev peTaBAAAETAL XUTA TNV TMEPLOTEOPY TV afovwy. Evog tavu-
otng Ta€ewg 1 elvan Eval didvuoua.

IMopdderypo: Oewpolye ToV YOEo TwV 300 dLUCTACEWY XL TEPLOTEE-
povue Toug dZoveg xatd ywvia §. Av to onuelo (z,y) oto axivito ovotnua
EYEL 0TO TEPLOTREPOUEVO cUoTNua ouvtoTtwoes (T, y’) Té1e oydouy o oyé-

OELC
/

' =zouvh+ynub ' =—xnul+youvh

1) OE LOPYY TWVAXWY YEAPOUUE
z'\ _ [ ouwO nub x
y' )\ —nub ouvh Yy
Av ovuBohioovue ue A tov mivaxa TepLoTEOPNG EYOVUE

A1 = ouv A1z =nub Axg = —mub Aoy = cuv b

Eivar edxolo va anodellovue 1L and Toug magaxdtw mivaxeg 2 X 2

T (—wy —y2> P (—wy —y2)
= 2 = 2
x Ty x —xy
0 TPWTOg elva €vag TAVUOTNAS EVW 0 devtepog dev elvat. " Etot évag mivaog

2 X 2 dev elvat xat’ avayHn TUVUOTNG.
[N o otowyelo Th1 Yo ToEAdELYUA EYOVUE

n=-z'y’ =
= —(zouvl+ynub)(—rnub + youvh) = 22 ouvHnub — 2y ouv? H+
xy npz H—y? ouvh nuo = ouv? 6T + ouy Onu 0112 +ovv Onu 675, _sz 675,
Anladr| Loy Vel
= AnANTH + A AT + A A Toy + A AraToy

’ ’ ’ ’ / ! /
Iopduorol petaoynuatiopol toyvouy xou yia to otouyelo 15, T 5 xow 15,

[No tov nivaxa P Sev oyler tétowa oyéon xow emouévng o mivaxog Sev
elval TUVUOTNG.
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Kepaiato 1

Av epyaotolue oc éva dAAO GUOTNUA CUVTETAYUEVWY TOTE MEEMEL VA
Eeywploovye Vo €ldn Tavuotwdy. Toug cuvallolwtoug xor Toug adtahloiw-
Toug Tavuotés. To (Bto Slayweloud MEENEL VO XAVOUUE (QUOLXA XL YLoL TOL
dtaviouato xon ya Tig Bobuwtés ouvapTnoEeLs.

Ac Bewpnoovue 6T and to cloTUo T; TNYAVOUUE GE €vaL TOVOUUEVO
cvotnua . “Eyoupe Snhadh po odhoyh 6Tig GUVTETAYUEVES TNG LOPYTG

vy =z (r1,22,23) xhH=z5(x1,10,23) x5 =x5(21,T2,73)

4 7, 7 I / ’ ’
Me vt TNV OL)\)\O(’YY] TWY CUVTETAYUEVLY TA BLO((POPLXO( dl'] dlvovTaL and vy

oYEom
E (9 Jda:k
Tk

Avtbétog av V(x,y,2) elvonw éva BaBuwtd nedlo téte ou Topdywyol Tov
nedlov autol dlvovtar and v oyéom

Z o oV
8% Oxy, Oz

Ou nopandve dtapopetinol HeTAoYNUATIONOL TV Stapopxtdy dx; ot
TV ouvapToewy 0V/0x,; and ula adloyh Twy ouvtetayuévwy pag Bonddve
Yl Vo 0ploouue Tt 800 EIdT) TV SLUVUOUATODV.
Opiopds:  Ovoudlouvye avtahholwto Sdvuoua 1 TavuoTy TAew
(0,1) x&0e péyehoc T mouv yperdleton tpetc aptfuoig TV yia va tpocdiopLotel
X0 UE ULt AAAOLYT) OTLG GUVTETAYUEVES OL GUVLOTWOES TOL PeTaoynuatilovral
Omwg Ta Stapoptxd dnAadt

. . . Oz’
T = g o TF  émou o) =2
(9$k;

Optopés: Ovoudlovue ocuvalholwto Sdvuoua N Tavuoth téews (1,0)
xd0e péyebog T nov yeedletar tpetg apthuoie T yio va tpoodioptotel xou Ue
uLat ANy} OTLS GUVTETAYUEVES Ol GUVLOTWOES TOU UeTaoynuatiCoviol 6mwg
oL UEPWXES Topdywyol Tou medlou V', dnhadh onwe 1 oxéon.

8a:k

_ k 7 k _
— zk:ﬁka omov [ = 9

J
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O Tavuotéc

[Topatneodue ot Loy Vel 1 oyéon

. . ox; .
ZJBJ_—_Sk Z ‘Zizaikzsk

J J

To obufoio 8;‘7 = 8‘,1 ovoudleton Tavuotng Tou Kpdvexep xou elvon (oog pe
To UNdEv Yt j # k xou {oog pe v pwovada yi j = k.

k_¢ 1 J=k
M=o Gk

Mnopolye tpa VoL YEVIXEVGOUUE TOUG TAQATAVE® OPLOUOUS XL Vo 0pi-
OOULUE TAVUOTEG UE UEYOAUTERN TAEN.

Optopds: “Eva guowd yéyehog ovoudletatl avTlaANoldTog TaVUeTNS
18&ewe N # tavuothc td€eng (I, 0) av ypewdletar 3N aptfuodg T m 1 <
gk, ,m < 3 yw va tpoodloplotel TANpws xat eni TAEov av o wa aA-
Aoy?) TWY CUVTETAYUEVWY GE £VOL TOVOUUEVO GUGTNUX AVUPORAS OL XALVOUp-
yiou aptfuol TP " 1 <p,qg---r <3 cUVIEOVTOL UE TOUG ATOVOUG UE TNV
oYEo).

oz’

k L m Dq--T ’ j _ 7
Oy oy T omov o, = =

Oz,

j
P

Optopds:  “Eva guowd yéyebog ovoudletor ouvahholwtog TavVUOTAHG
tagewe N ) tavuotig tdlews (0, V) av ypedleton 3N apBuoig Tikem, 1<
gk, ,m < 3y va tpoadloplotel TANpws xat eni TAéov av oe wa -
Aoy TWY CUVTETAYUEVWY OE EVOL TOVOUUEVO GUOTNUO AVIPORAS Ol XoVOUp-
yiou apfuol T/ 1 <p,qg---r <3 ouVIEoVTaL UE TOUG ATOVOUG UE TNV

OYEO).

pg---m?

, ox
jk: -m ﬁpﬁk‘ 'ﬁTmTPQ"'T OTov B? - 832‘2/9
J

Optopds: “Eva guowd péys@oq ovopdleton tavuothg 18lewg (N, M)
av yeewdleton 3NTM qoifuoie Tj,k, o YL VL TpoGBLopLeTel TANPWS Mo
enl TAEOV AV G Ulal AAAXYT) TV Guvrsrowpévwv o€ éva TovoVuevo aloTnua
avapopdg oL xowvolpytol aptbuol Tg,'g}'fr, OUVOEOVTAL UE TOUG ATOVOUG UE
v oyéo.

T = BIBE el al, ol TR

q
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Kepaiato 1

“Olot oL deixtec uetofBdAhovtor and 1 éw WOL TOL OLF MOl (VOVTOL Ao
O\ S C AN 1 €wc 3 k Jk d

NG TEONYOUUEVES OYETELS. ’

Mnopolye va TOANATAAOLAGOVUE Eval TAVUOTH WE Evay aptiud yio va
TAEOVUE €vay XaLvolpylo TavuoTh tng dlag talews. Mnogolue eniong va
npoclécovue Tavuotég mou €youv v B taln. “Etol 6lot o tavuotég
xdamnotog TaEewg oynuatiouy Evay SLaVUCUATIXG YWEO.

Av éyouvye éva tavuoth td€ewg N ue 3N otouyela xon éva Tavueth tdEeng
M ue 3M oToLyElo UTOPOVUE VO TOAAATAAGLAGOVUE T GTOLYEL TOUG €V TTRPOG
éva yia va tdpoupe 3N x 3M = 3NTM 4010u00¢ dnhadh évay Tavuoth TdEeng
N+ M. H npd&rn autn ovoudletor TAVUGTIXO YLVOUEVO TV dU0 TAVUOTWY.
[Nt topddetyor To TAVUGTLXO YLVOUEVO 3U0 SLavUoUAT®DY SIVEL EVay TAVUOTH
taéews 2. [pdpovue ouufohud U172 Yot TO YLVOUEVO QUTO.

Av afipoloovye we npog 8Vo deixteg evog tavuot) T tdéewg N naipvouue
évay Tavuoth S ta€ewg N — 2.

H npdérn ovoudleton 6UGTOAN TV SEXTWY.
H npdén tng ouotodng ouuninTel e To (YVOg TOU TIVOXA XAl GNUELWVETAL

ue to ovuBoro To.

mi11 Miz2 Mi13
Tp(m) =Te | ma1 mo2 mag | = mi1 + mas + mas
m31 M3z 1M33

Mo mpd€n Suolo ye TO EOWTERXO YLVOUEVO TOV SLAVUOUAT®Y elval 1

ovotoln). E&iodvouue évay ouvallolwto Selxtn xow évay adtahholwTo delxtn
1) AVTLOTPOPWS XAl UETA Tpoohétouue wg TEog Tov XoLvd autod delxty.
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Aoxnoeig

Aoxnoelg

Aoxnon 1.1

No anodevytel étv av 1 Swavuoupatixy ouvdpetnon 7(t) elvon xdbetn
OTNY TALAYWYO TN TOTE €xeL otalepd Uétpo xau aviloTEopws. Enlong va
anodetytel 4t n ouvdptnon (L) éxel otabfepn dievBuvon edv xaw wévo edv
elvat TAEdAANAN PO TNV TAEAY WY TNG.

Abom: Trobétouue 6t 1 Stavuouatinn cuvdetnon xet otalepd UETEO

|7(t)]] = r(t) = otabepd

Enouéveg to didvuoua 7(t) elvon xdbeto otny napaywyd tov.
Avtiotpégwg av to Sudvuopa elvor xd0eto oY TapaywYd TOL TOTE
LoYVOUY OL TAEUTAVW LOOTNTES XL EROUEVHS

d
—f?=0 = |f?=C = || =otobeps

[ to dedtepo oxélog g aoxhoens utobétovpe dTL To didvuoua 7(t)
exet otafepn dtevbuvor. To Sidvuopa 7(t)/r(t) elvar avdhoyo touv 7(t) dpa
Exe xau avto otabepn Sievbuvon. Enl mhéov €xer yétpo (0o ue v povada.
"Apa elvan oTollepd ot EMOUEVLS N TapAYwYOS TOU elva UNSEV.

"Eyouvue

L1 d_ _d d_ _d
r:T—Z r—r—7r—r| =0 =— r—r—r—r=>0

e

4
dt
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Kepaiato 1

[ToAhamhaowalovpe v televtalo eélowon e&wtepd UE TO Sudvuoua
7(t) xow malpvouye
d d d

d d d
7 X (’I’%T_’)— Fa’r) = rrx EF_FXFET = rrx af’: 0 — 77X EF: 0

[N to avtiotpogo. Tnobétovue 6TL Loylel N oyéon
d
X —r =20
dt

To 8dvuopa 7(t)/r(t) éxe. otabepd uétpo (oo pe TNV HOVEdA av aro-
del&ouvue otL elvon otalepd T6TE ExEL xon oTabepn Stevfuvor xan emouévwg X
t0 7(t) éyel otabepn dievhuvon.

[MopaywylCouue o Eyouue

(1) ilf——i@f'—klif'—i rzif’—rﬁf'
dtr —  r2dt r -

[\V]

"Ouwg Loyvel Tpogaveg 1 oyéon r
X0 EYOUUE

=77 Vv onola tapaywyllovue

d , d o g d
a " oar " "t T w”

AvtuaBiotodue ty oxéon avth oty (1) xou Beloxouye

alz_1 (7 f)if— SR ) I VR RV
dtr 13 dt dt -3 dt -

Enouéveg to dudvuoua 7(t) éxet otabeph Sievfuvon,
Hopatnenon: Av Oewpfoovue v xivnon evég vAol onueiov o
uLa TepLpEpeta e axtiva r otafepod uétpou téTE M doxnom wog Aéel 6TL 7
ToyuTnTa elvon mavta x&hetn oto Siavuoua HEcews Tou LALKOY onuelov.

Aoxnon 1.2

No anodeiytel 6Tt xdfe owAnvoedéc Stdvuoua f umopel vau ypapel ue

™V popYn
(1) f=Vxg
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Aoxnoeig

21N puowtx xou Wiaitepa 0ToV NAexTpoUaYINTIOUO eupaviloviat e€LotoELg
TETOLOUL E(B0Ug Xat To Stdvuoua § ovoudletol SLavuouaTiXd SuvouLxo.

Abom: To Suavuoua f mou dlveton and v mopandve oyEorn elvon
TEOPAVKS Eva GWANVOEWSES dtavuoua. Tlpdyuatt

—

ﬁ-fzﬁ-qxngo

Yuufolilovue Ue f; XL UE g; TIC GUVLOTHOOES TV SLUVUCUATWY foxon g
avtiotolyws. Enewdn to ddvuoua f elvoar owhnvoedéc toylel n oyéon

—

S 0 0 0
(2) V- f=0 = %fl‘Fa—yfz—F&fS—O

H oyéon (1) yedopetor avolutixd

9,0 _, 0. 0 ., 0 0 _,
&ygs 8292—1 azgl (%93—2 8:1:92 6’yg1_3

Anhad?) To TeéfAnua elvor vor AUOEl TO TAEATAVEW GUOTNUA TOV dLUPOPLXKDY
eELOWOEDV.

Zmtdue oty apyh wo ueptxn Aom Go = (A, B,0) tétow dote

—

J =V X go
Avaldouye Ty mapandve e&lowon xow nalpvouue TG EELOWOELS

0 0 0 0
—53—]‘1 EA—fz 8_xB_8_yA_f3

Mnogodue va ohoxhnewoouue auéons Tig Vo Tpwteg eélowaoets. To anoté-
Aeopa elvot

A:/ fo(x,y, t)dt + a(z,y) B:—/ fi(z,y, t)dt +B(z,y)

omov a xot B elvon aubalpeteg CLUVAETNOELS TV LETABANTOY T XaL Y.
Aedouévou otL {ntdue wLa uepx) Alon xou €youvue ula axoua e&lowon
unopovue vo undevicouvue wa and tg dYo avtés avlalpeteg ouvaptnoeLs.
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Kepaiato 1

Trobétovue 61t a(x,y) = 0 xouw avixabotodue g ouvapthoels A xau B
oty Teltn e&lowon tou Sapopxol cuatnuatog. Beloxouue

(-% <— /Z: fl(x,y,t)dtJrﬁ(:c,y)) — 8% (/Z: fg(a:,y,t)dt) _

= —/ZO (%fz(ﬂf,y,t) + %fl(xayvt)> dt+ %B(Ivy) = f3

To Swavuoua ouws f etvon oWANVOEWSES xan dpa Wxavoroteitan 1 oyéon (2).
Enouévwg n nopandve egloworn ypdpeton

/ZO (%fg(x,y,t)> dt + (,%ﬁ(w,y) = f3

H e&lowon autn yetd v ohoxhnewon wg neog t ylveton

() = faley. )

Ané v oyéon avth Beloxovue v dyvwotn ouvdptnon B(x,y) ue wla
ohoxAfpwon

3($»y):/f3(x,y,zo)dm

Ot ouviotdoeg A xau B tou Stavdouatog go elvat

A:/ fl(x7y7t)dt B:_/ fz(l',y,t)dt+/f3(33,y,20)d$

H Mon mov Benxape elvon wia pepuen) Abor. Oa Beodue tdpa Ty yevuxy
Adon tou mpofAfuatog.
Av g elvaw pa dhAn Aon g e&lowoeng f: V x g TOTE TPOYAVKG
TEETEL
VXG—VXxgo=VX(G—3go)=0

Enouévig to Sdvuouo G — go elvanr aotpdfiho xoan dpa undpyel Babuwth
ouvvdptnon (7)) tétow dote §— go = V().
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Aoxnoeig

"Apa €yovyue
g = Go + Veo(r)
émov () elvan wa avbalpetn oLUVEETNON TOL PUOLXE TEETEL VoL EXEL UEPLXEG
TAEAY WY O0US SEVTEPNS TAEEWC.
H ouvdptnon g elvar teduxd 1 yevixr Adon tou TtpofAnuatog.

Aoxnorn 1.3

Not anodetytolv oL axohovlheg SLAVUOUATIXES TOVTOTNTEG

V- (fxg)=g-(Vx)—F-(Vxg

Abor: O anodelielg TV TAUTOTATOY AUTOY Elvor anAés. Oo anodel-
Eouue UOVO TNV TeEAeuTald LOGTNTA.

"Eyovue
L 0/0x 0/0y 0/0z 9
V-(fX§): J1 f2 f3 Za(fzg:&—f:),gz)—i-
91 92 g3
0 0 0 0 0
8_y (fagr — f193)+8_ (f192 — f291)=f2—93+g By —fo—fa=— 928_xf3+

8

8
0 0 0
f38_y91+gl f3—f1 93 93 f1+f1 92+92 f1 f28 91—91 f2=

Avantiooouvue tpa to BSUTspo UENOG TNG TAUTOTNTOG
f 2 fs
0/0x 0/0y 0/0z
91 g2 g3

g1 92 93
0/0x 0/0y 0/0z

J1 J2 I3

—

G (Vxf)=F(Vxg) = =
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Kepaiato 1

0 0 0 0 0 9 9 0
91a_yf3_91&fﬁ‘gz%ﬁ—92%f3+93%f2—938—yf1+f1agz—ﬁa—ygg—i-

0 0 0 0
f2%93 — fZ%gl + fsa—ym — f3%92

"Onwg Stamotdvouue eixola ta Yo AN Tng LodtnTag elvan mporyuo-
Td (ool 3o dpa 1) TAVTOHTNTA Loy Vel

Aoxnon 1.4

"Eotw p(7,t) nmuxvétnta evoc pevotol yéoa ot éva dyxo V mou mept-
xheleton and v xhewoth empdvera S. Eqv o(7,t) elvon to nedlo tayuthtwy
TOU EEVOTOV TOTE Vo anodelyTel 4TL LoyVeL 1 axdlouln e&lowon cuveyelog

0 -~ - R
%p(f’, t) +V -j(f’, t) =0 OTOL J =pU

Trobétouue OTL Sev uTdEYOUY TEpLOYES Tou Ttapdyetat 1) edapaviletot uala.
Fevixd vy xdabe yéyebog mou Sratneelton LTAEYEL XOL UL AVTIOTOLYN
eglowon ouveyelag.

n
- A

U
S

Yo 1.9
2tov 0vko V 1 pala datnpeiton

Abom: To yéyebog pdV  elvon n uala tou pevotol nou Peloxeton
otov otoLyewndn oyxo dV. H uala tou peuotol nou xatohoufdver Tov 6yxo

V elvor
/ odV
v

H yetofoln we mpog tov ypovo tng palag authg elvon

0 [ O¢
E/Vpdv—/vmd‘/
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Aoxnoeig

Ocwpolye 1o dS €va otolyelo Tng empaveLag Yopw and To onueio P xou
7 10 povadialo x30eTo SLAVLOUN GTOV EMLPAVELA S UE POPA ATO TO ECHTERLXO
TPOG T0 EEMTEPLXO TNG EMpAvelag. Edv ¥ n taydtnta Tou peuatol 6To onuelo
P té1e 1 mpofoln) tou daviouatog autold xatd v xdbeto dievbuvon elvon
lonue ¥-1. To nood g wdlag Tou peuotol nou Byalvel amd TNy empdveL
dS elvar pv-ndS. H ocuvolixh) expon) Tou peusTol and TNV ETLPAVELX S TOU
nepxhelel Tov 6yxo V elvon

/ ev-ndS
S

Emedn dev mapdyeton olte e€apavileton uala €netat 6Tl 1 eTaBohn Tng
udloc yéoo atov 6yxo V ogelleton otny expon ( 1) oty ewopon)) e wdlog
and v empavela S. Enouévwg toyvel 1 todtnta

/ anV_—/pU-ﬁdS
S

Eqgaguolouvye 1o Bedenua tou I'wdoug 010 dedtepo ohoxinpwua Tng mago-
AV OYECEWS XL EYOUUE

e S N B S (o _
/‘/de—F/‘/V'(pv)dV—/‘/(@t—kV (pv))dV—O

H oyéon autn oydel yia xdbe oyxo V dpa 1 moodtnta xdTe oand 10 0hoXAY)-
pwua Teénel va elvan undév. Emouévwg €xouue

[ .
5; + + V- (p0) =0
7 onola elvon 1) e€loworn ouveyelog.
H e&lowomn auth yedpeton ahAdG UE TNV Lop®N

a — 5 —
57° +eV U+ Vp=
Eniong Aoyw tng oyéoewg

dp(7, 1) _Op = dr 39
i o TVe W T

+ Ve
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Kepaiato 1

7 e&lowon ouveyelog unopel vo dobel Tpoavdg xoL Ue TNV LopPT
— + pﬁ -7 =0

"Apa yio éva aiouunieaTo uypd mou N wala €xel otalepn TuxvoTnTa O1-
Aadn) dp/dt = 0 amé ™V TopATdvVe GYECT) GUVETAYETOL OTL

V-5=0

Aoxnorn 1.5

Ytov tetpadidotato ywpoyedvo tou Muvxdgpoxu (t,x,y,2), (c = 1) di-
VOVTOL OL SLopopLxég Lop®Eg 2

F = (Eldl' + Ezdy + EgdZ) A dt + Bldy Adz + BgdZ A dx + BgdZE A dy

F* = (Bydzx + Bady + Bzdz) A dt — Erdy A\ dz — Esdz A dx — Esdz A dy

Ta E; o B;, i = 1,2,3 elvon Stavuopoatixnd nedia mou e&apTddviol xot and
Tov Ypovo dnhadn E; = E;(z,y,2,t) xa B; = Bi(z,y,2,t). Alvete enlong
xow n ax6Aouln popn 3

J = (jidy A dz + jadz A dx + jsdx A dy) A dt — pdx A dy A dz

No Bpelte wa popgn 1 tétowa wote F' = dA.
No anodeiéete 6Tt oL e€LooeLg

dF =0 dF* =J

odnyolv otig e€lowoelg Tou Mda&youel.
Ador:
Ou Beovue o wopen 1 tétowa wote ' = dA. Trobétouue 6TL 1 Hopon
auTh elvat
A= Aodt + Aldﬂi‘ + Agdy + AgdZ

émov T A;, i = 0,1, 2,3 elvan cuvapThoelg Tou TeTpa - Staviouatos (X,y,z,t).
Beloxoupe napaheinovtog Tou undevixois 6poug
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Aoxnoeig

aAO %d + 200 ) pat + %d e WL P N
0z oy 0z ot
(9A2 8A2 (9A2 8A3 8A3 0A3 B
aAO 8140 (9142 8A0 8/13
( — )d:v/\dt—{—(ay — 8t)dy/\dt+<8z ~ >dz/\dt-|—
8A2 — dx N\dy+ 04 — 04 dyNdz+ o4 — 04 dzNdx =
oy 0z 0z ox

(Eldx + Esdy + FE3dz) Adt + Bidy A dz + Badz A dx 4+ Bsdz A dy

Emnouévwg n wodtnta F' = dA woydel 6tav woydouy oL oyéoelg

0A; 0Ay 0As 0Ap 0As 0Ay
By =01 ZR B, =222 %o B, =943, 940
S TR 2= " Ty 3= "0t T oz
0As  0As 0A; 0As 0As 0A;
B, = _ B, — _ B. = _
! oy 0z 2 0z ox ° ox oy

H nopoandve oyéoeig elvat oL YvwoTtég oYEoELg
_o i B-_%1 g,

6mov Ag = —¢ xoun A= (A1, A, A3).

OptCouue Tt TOUG AXOAOLOOVE TAVUCTES TOU NAEXTLOUAYVNTIXOU TE-
dlov. Ou delxteg u, v malpvouy tig twwéc 0,1, 2, 3 xouw ouuBoiilovrat xaL oty
Stebvry BuBAoypapla ue EAANvixole yopaxTtneeEs.

0 FE, E, Es 0 —-B, —B, —DBs
n_| Bt 0 -B B F_|B 0 B B
W=l B, By 0 —DB w=l'B, By 0 —F
“Fy -B, By 0 Bs -F, FE, 0

Dafveton ocpeo(og ot o tocvuotnq F mpoxintel ané tov ' ue v aviuxo-

‘cozo'cocon B—ExukE=—-8B.
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Kepaiato 1

H npddtn untea and Tig Tagandvew OYECELS YEAPETL

0A, A,

Fuv —
‘ oxY oxH

"Eyouue ypnowonouoet tov ouyPohoué 0,z 2% 23 v ta b, 7, y, 2 avTi-

otolyws (c=1). Elvaw edxoho va Sodue 6Tt 0 tavuotic Fy, avonotel tny
oYEom
OF,, OF, OF

o 0
or* ozt + oxY

Ou popyéc F', F* xou A ypapovton

1 1~
F = —§Fwdx“ Ndx> F* = —EFwdx“ A dx” A=A dx"

omov evvoeltat 6TL uTdpyeL dbpoloua wg teog xabfe eravaloauBoavouevo Selxt.
Oo unoloyloovue tWpa TG expedoelg dF = 0 xou dF™ = J.
[Mopaywyillovue v F' mapareinovtoag toug undevixoig 6pouc xon PBel-
OXOUUE

dF = (dE1dz + dE»>dy + dEsdz) Adt+dBydy Adz+dBodz Adz+dBsdz Ady

E E E E
= bdy—l—bdz ndzndi+ (2240 1 22, Ady A dt+
oy 0z ox 0z

E E B B
@dwr@dy ndendt+ [ Brap + 2B g Ady A dz+
ox oy ox ot

OB, , OB, OBs . OB B

OF OF OF )
“Ldy Ado Adt+ —2dz Adz Adt+ —2dx Ady A dt + —2dz A dy A di+
oy 0z Ox 0z

(9E3 0E3
—dx Ndz Ndt + —
py x ANdz N\ dt—+ oy

832 8B2 aBS
——dyNdzANd ——dtANdzN\d —
ay yNdz Ndx + oy z Ndx + B

Es

B B
dy/\dz/\dt—l—%dm/\dy/\dz—l—%dt/\dy/\dz—l—
X

0B
dz/\dx/\dy—i—a—tgdt/\dx/\dy:
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Aoxnoeig

OF, OF; 0Bj OF, O0OFE3 0By
(895 — 9y + 5 )/\dx/\dy/\dt—i—( 9> on + 5 )/\dz/\da:/\dt—i—

OE; 0B, OB 9B, 9B> OBs
_ AdyAdz Adt Adx Adynd
<8y 8z+8t> yhaz +<8as+8y+8z> TAGYyNaz

Erouévewg elvar gavepd 6TL 1 oyéon dF' = 0 ocuvendyeton Tig axoioubeg
oxéoelg Tov Mda&youel tou nhextpouoyvntxol nediov.

. . OB L
VxE+—=0 V-B=0
dt
[Mopaywyillovue téhog v F*. Aev Oa snocva)\ocﬁoups TG MEAEELS X3
VOUUE ATAMG TIS OVTLXATAOTACELS B — E xa E = —B.
To arotéheopa elvar
dF* = (—dBidx — dBsdy — dBsdz)A\dt+dE1dyNdz+dEsdzN\dx+dEsdxAdy
( 0By 0B1y OFj3 0B; 0B;

OF>
mrr + 3y + 5 )/\daz/\dy/\dt—l—(— 5, + 9 + o )/\dZ/\dZB/\dt

0Bs 0By 0E; OF, O0Es; OFjs
— dyNdzN\dt dzNdyNd
—|—< 8y+8z + En )/\ yANdz/\ +(8m+8y+8z>/\ rAdyNdz

Enouévwg elvan gavepd 6t n oyéon dF™ = J ouvendyeton Tic axohovleg
un ouoyevels e€lowoelg Tou Ma&yovek tou nhextpouayyntixol tediov.

<

T x B+ 0 =T = (j1,2.35) B=¢
Télog enedn Loylel n oyéon
dJ = d(dF*) = d*F* =0
Beloxouue mapakeinoviog ndAL Toug undevixois 6poug

dJ = (dj1dy N dz + djadz N\ dx + djsdz A dy) A dt — dedx A dy A dz =

9j3 dz/\da:/\dy) A dt—
0z

dp _(0j1 | Oj2 | O0jz , Op
atdzﬁ/\d;r:/\dy/\dz_(651j + By + 9, +8t

7 onolo odnyel Tpogavedg oty e&lowon ovuveyelag.
de
ot

O d:):/\dy/\dz+8—dy/\dz/\d:v+
ox oy

)/\dx/\dy/\dz/\dt_o

V-J+-=—=0
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YtaTixn

Kegdhato 2

MHXANIKH

2.1 Yrotixn

H Ytatu) elvat 0 xAddog tng unyavixng mov e€etdlet Tig SUVAUELS Tov
ACHOVVTAL OTA OOUATA XL Tig oLVixeg Looppomiag toug. O Bdoelg tng
eyouvv tebel and Ttov Apyundn o onolog elvon xon 0 HegeAwthg TN Bewentixng
UMY OLVLXNS.

Optopde:  Advaun elvar to aitio mou mpoxadel v uetafoln tng
XWNOEWG EVOS LALOV onuelov. Mav v onuelo Bewpolue éva onueio otov
Tpdidotato Euxkeldeto ydpo R3, ol éyer ntenepaouévn pudle. Av n SGvoun
eCaoxeitar oe €var OOPA UTOPEL YO TEOXAAEGEL OYL UOVO TNV UETAXIVNOY) TOU
OAAG XOUL TNV TORAUOPPWSY) TOV.

7
G BN
B
Yo 2.1

O dvvapers eppaviCovtar ava (evyn, dpdon - avTidpaon

Ot nepLoc6tepo YVOOTES Buvduetg elvat exelveg Tou e€aoxovvTaL and Eva
odua oc éva dAho ue to onolo Beloxeton oe enagyh). O duvduetg tefng yia
Tapadetyua. Extog duwe and T SUVAUELS AUTES UTAEYOLY Xl SUVBUELS TOU
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eCaoxovvtal ywels ta Yo owuata vo Epyovion o enapr. [ mapddetyya
oL NAEXTEOUXYVNTLXES Suvauelg xo oL duvduelg Papdtntoag. Avo poyvnteg
EAxovion 1 anwbovdvton uetald Tou Ywpelc Ta 30 oduaTa Vo €pYovIoL O
ETALPT).

“Orav éva Ao onuelo A aoxel o Eva dAAo VA6 onueio B uio dOvoun
F tée xon 10 B aoxel 610 A wea {om xan ovtifetn Svvoun. O duvduets dnhadh
epgaviCovtat otny guon avd Ledyrn. Ot Vo autég loeg xan avtibeteg duvduetg
e€aoxovvTat o€ StapopeTind VA onuelo. H npdtaomn auty Stoutunadinxe and
Tov Nevtova xat glvat yvoot ooy afiwua Tng dpdoems xatl avTldpdoens.

Ano v eunelplog pag yvwpellovue 0Tl oL SUVAUELS UTOEOUY VO TROGTE-
Oolv o vau avakuBoly oe ouviotiioeg omwg 6Aa ta Staviouata. H dvvoun
elvor Yé€yebog dravuouatind Exer dnhadn uEtpo, @opd xor Sievbuvern. T
va. 0ploouUE TNV SUVOUN XaL TOGOTIXA YEELU(OUACTE EVA TEOTUTO UETPO TO
onolo Oewpovue oay wovada. “Evo té€tolo UETEo YL TO TEYVIXO GUOTNUL YL
Topddetypa elvan to yhdypoupo Bapoug Kegr*(kp). TN va mpoodioploovue
TOCOTLXA TLG SUVAUELS XPTOULOTIOLOVUE EWSLXA OpYaVOL T SUVOUOUETRAL.

Eav 8%0 duvduelg emdpolv enl evég LALoD onueiov, T6Te elvon Suvatoy
VO TLG AVTIXATACTACOVUE UE Ula Teltn Tou tpoxahel To (Sto anotéeopo. H
Teltn auTh SUvaur elvor 1 Staydviog Tou TAPUAANAOYEIUUOU TOU CYNUATi-
Leton and Tig 8o duvduetg (xavévag tou napadinioyeduuon). H aviuoatd-
OTAOY) AUTH TV SuVAPewyY Ue Ula Teltn TNV CUVLGTOUEYY Toug ovoudleTal
oUVleon TV CUVOTWOWY SUVAUEDY.

[ vae ouvBéoouue ToAAEg Suvdpels eQopOlOLUE TOV XAVOVOL TOU TOPA-
Anhoypdauuou yia 300 duvduets. Tnv cuviotouévn Twy 300 ALTOY SuVAUERY
v ouvhétovye e ula tpltn xow 1 Stadixacio cuveyiletol uéypet va TEAELD-
oovy OAeg ot duvduels movu Béhovue va cuvlécouye.

L f
<:::i§>% L TEf+ Pt s
i f=h+/ fs (3
Yxnueo 2.2

Avalvon ko ovvideon dvvapewr

H avtiotpogn Staducasio dSnhadn n avtixatdotooy) wag SuvAaPeng Ue dUo
dhAeg ovoudleton avahvor Suvduewy o d0o ouwoTwoes. La Ty avaivon
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uLag SUVAUEWS O 800 GUVLETHOES OYESLACOVUE TAEAAANAGYPUUUO TOV 0Tolov
N Swydviog va elvan 1 Sofeloa S¥vaur. Eilvow mpogavég 6Tl €youue dnelpeg
emthoyég. H emhoyh TV QOopéwy THY GUVOTWEWY SUVAUENS EEARTATAL ATO
™V @Uom Tou TEoBANUATOC.

Elvow eniong mbavoy vo Géhovye va avalioouue por Svvoun oe Tpetg
OLVLOTWOES. LTNY Mep(nTwor auTh 1 dUvoun Oa elvoe 1 Starydviog Tou Topak-
Anhemunédou mou oynuatiCeton anod T Teelg {NTOVUEVES CUVLOTWOES.

Avo 1 meplochTeEpES duVAUELS ToU eEaox0UVTOL OE Eval LAXXO omuelo,
LGOEEOTOVY OTAY 1) GUVLGTAUEVY) TOUG elval (0M) UE TO UNdEv.

Y F =0
[ v egapuocovue ) oyéon auth elvor ouvHing foAxd va avalicouue
g duvauelg oe opboydvieg ouviotwoeg. Awhédouvue Teewg agoveg T, Y, 2
Tou oynuatilouy éva 3e€LooTE0Po TELo0EhoYWVLO GUGTNUL AEOVLY UE XEVTEO
10 VA6 onuelo. Avahdouue TG SUVAUELS WS TEOS TO GUGTNUA oUTO xow
expealouue TNy ouvinu wopponiag pe Tic axdloulec tpeg eflovaoels.

Y R0 Y A=0 Y R=o
H ouvinxm wooppomiog unopel vo Statumwel xow ye v e&ng mpotaon.

"Eva uhxé onuelo oto onolo e&aoxovvtal ot duvauelg F' ioopponel 1ot 2o
UOVO TOTE GTAY OL SUVAUELS ATOTEAOVY TLG TAEVEES VOGS XAELGTOU TOAUYDVOL.

Yynueo 2.3

O TpeLs SUVAUELS LTOPPOTOVY

2Ny TEp(NTWOY IOV 0L SUVAPELS ETILSPOUY TAV®W OE VO VALXO CWUAL 2oL
OL TIPOEXTACELS TWV POREMY TOUG TEUVOVTAL OE Eva oNuelo ToTE 1) dpdon TV
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SUVAUEWY UETUPERETOL GTO XOWVO onuelo touns. Trnobétovue 6Tl To oWUa
dev mapopoppavetal. Ot duvduelg autég palvetat va emdpoly o €va LALXO
onueto. To onuelo autd elvan To onuelo TOUNS TOY POPEWY TWV SUVAUEWY UE
udla {om e v puala touv owuatog. Ot Suvduels mov emdpovy ot Eva WU
ovunepLtpépovtal oav olchaivovta daviouarta.

e éva oo elvat Suvatdy va emdpoly SuvaueLg Tou oL Yopelg Toug dev
Stépyovton ané éva onuelo. ' va Beodue tig ouvinueg oopponieg evég Té-
TOLOU CWUATOS TEETEL Vo 0ploouue €va véo uéyehog, TNy pomy| TN SUVAPEWG.
Porny elvaw 1 tdom nou €xer wa Svvoun yio vo teptotpédel éva aodua. Ato-
xplvouue TNV poTY| SUVAUENS WG TEOG XATOLO GNUEID XL TNV POTY SUVAUEWS
0S TPOG XATOLOYV AEoVaL.

Opiopds:  Pomn duvduews weg mpog xdnowo onuelo. Oswpolye uLa
Sovaun F xan éva onuelo O. H Porfy e duvduewe F wg mpog onueio
O oplletar cov 10 eEWTEPXS YLVOUEVO ToL Slaviouatog Béoewg 7, xou Tng
SUVAUEWS F.

—

M=7xF

H pomy exel e opLopoy dievfhuvorn xdbetn xat oTo SLdvuoua T XL 6TO
BLowuopoc F. Elvou Sn)\a&q x&0en 610 eninedo mou opllouy 1 Svaun F xou
10 onuelo O. H gopd g oplletar and tov xavdva tou Se&ldotpopou xoyilo.
Av tonofetioovue pa (delibotpogn) Bida oty SievBuven tng pomnc auth
Oa tpoyweNnoeL xatd TNV Popd TNg POTNG 6TAY TNV BLBWOOVUE XATA TNV Popd
NG SUVAUELG.

Av avtioteédouue toug d€oveg avapopds Ta Stavdouata arhalovy orn-
uelo. Avtifeta n ponn nopauéver avohholwtog. "Eva tétowo yéyebog ovoud-
Cetow a&ovixo didvuoua 1 peudodidvuoua. H pony elvon €va Peudodiavuoua.

To uétpo tng pomng elvon (0o e to PéTpo g Suvduews el Ty xdbetn
anéotoon g ané 1o onuelo O.

M| = [l7>x Fl = [|F[[EFll e = [|F] - 2

ITeogavedg 1 pont| Sev yetaBdhAeton av To SLdvuoua TNG SUVAUENS peTotvnBel
TAVW GTOV PORE TNG.

Eivow gavepd 6t to dfpotoua Ty pontdy ToAAGY Suvdueny nov Beloxo-
vtal 0To (BLo eninedo wg mpog xdmoto onuelo tou emnédou elvon {om ye v
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POTY| TNG GUVLOTAPEYNG TOUS WG TPOG TO ONUELD AUTO.

—

F
M Iy F—; /,7:
2 x :
1
M ﬁo B F;
7
O —~ A
X
Yynueo 2.4

H pomi dvvdpews ws mpos aéova

Opiowds: Pony Suvduewg wg meog xanowo afova. Ocwpolue €vay
d€ovar xow o dUvoun F rov Beloxetar mdvw oe éva eninedo xdafeto otov
agova. Optlovye pomf g Suvduews F WG Tpog Tov d&ova Eva dLdvuoua
ue UETpo (0o e To PETpo TNng Suvduewg enl Ty andotacn. O @opéag tng
pomng avthg elvan o dgovacg. H gopd g Beloxetar ndht e Tov xavova Tou
de€L60TROPOL KoYl

Oprouds:  Trobétouue tpa 6T 1 dvvoun dev PBploxeton mave oe
xdbeto eninedo nepog tov d&ova. “Eotw F N S0voaun autn. Avakdouue v
SV F o¢ ulo ouvoTHoN F mou Beloxetaw mavew oe xdbeto eninedo xon
oe ula 28 x&0etn oto eninedo autd xou TapdAAnAn neog tov aova. Opllovye
o0V POT TNG SUVAUEWG ﬁl ®G TEOG TOV AEova TNV EOTH NG F. H dUvoun
Fy elvon TUEAAANAY PO Tov dEova TMEPLOTPOPNG XoL dpd 1) POTH NS elvon
undév. Av 7y elvar to povadialo Stavuouo xotd Ty Stevbuvon tou d€ova
TOTE 1) POTN NG SUVAPEWS WG TEOG ToV dEova auTOV SLveTal amd TNV oyéom

Mp =Mz =7xF = (Fx Fig)iig = (i x F} - fig)iig

Ye éval UAXO o e§aoxovvtot ToAEg aoufateg 1 un Suvduets. Mmo-
POUUE TO GUGTNUA UTO TOV SUVIUEWY VO TO OVTLXATAOTNGOVUE UE Uid ou-
vioTapévn dUvaur xat pla cuvtatauévn cony. L' va loopponel Eva oloTnua
SUVAUEWY OV EVERYOUVY O €Val GTEPEO CWUA, TEETEL 1) GUVLOTAREYY SUvoUN
XOL 1) CUVLOTAUEVY) POTH WG TEOG onotodNnote onuelo 1 d&ova va elvon (oeg

UE TO UNdEV.
Y F =0 > M =0
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Yuvnlwg yia vo AUoovue €va npéﬁ)\npa ()“CO(‘ELX'f]g avaAUOULUE TLG SUVAUELS
O€ TPELS op@oywqu ounetéoec. Av Fy, E, xou F, elvon oL suviotéoeg outée

HOLL MI, M KoL M oL avT{OTOLYES POTEG TOUG WG TPOS OTOLOdNTOTE dEova
1 onuelo, T6Te oL ouVifxeg LooppoTiag YedpovToL.

Ogiowds: Kévtpo Bdpoug evig owuatog ovoudletat to otalepd on-
uelo and to omolo Sépyeton 0 Yopéag Tou BAPOUg TOU CWUATOG AV TO TEPL-
otpédovue xab’ omotovdnmote Teémo. To xévipo Bdpog tou owuatog elvar
duvatov va Beloxeton €€w and To awua.

Av éyouvye éva odpo mou anotehelton and n VA onuela mou PBel-
oxovtan otg Béoeg 71 = (21,Y1,21), 0 sTn = (TnyYn,2n) ME WAlEQ
(mq, -~ ,my), 16t€ oL cuvtetoyuévee R = (X,Y,Z) tou uévipou udluc
dlvovtan and Tig oYEoELS

= 2 M v = 2ui MY 7 iM%

Av éyovye éva odpo e uala mou divetat and To Stavuouatixéd nedlo
o(7,t), mov ovoudleton TuxvétnTa Wdlog, TéTe To *EVTipo Udlas Tou dlveta
TAAL A6 TOUG TALATAVG TUTOUS UOVO Tou Ta afpoloudTa UETATOEROVTAL OE
ohoxAnpoduata. ['a mapddetypo av Eva odpo EXEL TNY LOP®PY TOV TOE0U € UE
TUXVOTNTA © TOTE OL TUTOL YRAPOVTAL

= 1
= — _’d = d
R m/cprs m /Cps

Tou elvol ETLXOUTOALL OAOXANEGUATAL.

[t tor opata Tov €xouy anAG YEWUETEWXS oyNUa TO XEVTpo Yalag Toug
ExeL oplouévn Oéom mou edoptatat and to oyxNUA oL TNV cuUUETela Toug. [
TEASELY U TO XEVTEO UAlog ULOG ETULTESOU TELYWVLXNG EMUPAVELAG CUUTITTEL
UE TNV XOLVY) TOUN TWV TELOY LUECwY, EVK To XEVTEo Udlog TNG MEpLUETEOU
EVOC TELYDVOU GUUTINTEL UE TO ONUELD TOUNG TWV SLYOTOU®Y TOU TELYDVOU
TOU €YEL XOPLUPES TA HECU TV TAELEWY Tou Jobévtog TeLyWvou.
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Egopuoyf: Mia oxdla .00pponel axOLUTLOUEVY OE EVa XATAXOEUPO
toiyo. No utoAoyLeTOUY oL SuVAUELS TTOL EVERYOVY TNy oxdha. H tpf3n mou
eaoxel 0 Tolyog otny oxdha Hewpelton aueintéa.

B
0
e
o
I A
B
Yyfua 2.5

H oxa)la tooppoTei oTov KaTakdpupo Tolxo

Aborm: Y oxdla undpyouv teewg duvauels. To Bdeog tng B ue
dtevbuvon xataxdpupa Tpog o xdtw. H Svaun P oné tov XUTAXOELYO
Tolyo mov elvar xdbetn npog Tov Tolyo eneldy) dev undpyet telBn. Mio SUvaun
and 1o €3apog mou Exel avalubel oe dYo ouviotwoeg. Tnv SUvaun K o ™V
dVUvoun tefng T. Aedouévou OtL 1) oxdha LooppoTel oL auvinxn Loopponiag
Zﬁ = 0 g mpog 10V 0ptloVTLO XL XATAXOELPO dEova Slvel avTioTolyws

Tig e€LOWOELC
T—P=0 WO K—-—B=0

Kotémy Oa egapudoovue ty cuvinun tooppornioag ) M =0 tov POTLV
wg Tpog To A, to onyelo eragng dnhadn tng oxdhog Ue To Edagpog. Av L elvar
TO UAXOS TNG OXAAIG, Xt @ 1 Ywvia Tou oynuatilel Ue Tov Tolyo, EYouue

L
—P-L-Guvcp+B-§-npcp:O

H Mon twv SYo napandvew efionoewy Sdivel Tehxd Tig {nTodueveg SuVaUELS.
Beloxouue

B B
T:§ecp<p, K = B, Pz;sq)cp

Hogatnenon: Av dev umneyayv ot duvduels teBng xoula oxdio Sev

Oo unopovoe va Loopponhoel oty OEon auty.
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2.2 Kuvnuotixi

Opiopds:  “Eva vk onueio Ho Aéue ot xuveltan 6tay ahhaler Héon
(G TPOG XATOLO GUOTNUA GUVTETAYUEV®Y, TTou To Dewpolue axivnto. “Oleg
OL XLYNOELS ELVOL OYETIXES HLVNOELS %O X{VNOT) TTOU SEV AVUPERETAL TO GUOTNUA
avapopds dev €yet Evvola otny Puowxry. H »uvnuatua e€etaler tig xuvnoetg
oToV YEo Ywplc va e&eTdlel To alTio TOU TG TEOXAAEL.
H 6éom evog vhxod onuelov otov yweo xabopiletar oe xdbe ypovixh
otyun and éva Sudvuoua 7(t), tou ovoudleton Sidvuoua BEoews Tov xLVNTOY.
Ot ouvioTttioeg Tou dlaviouatoc BEoews 0 XAPTEGLAVES CUVTETAYUEVES Elva

v = (1), y =y(t), z = 2(t)

Ot ouvapTthoelg avtés ovoudlovTal TUPUUETELXES EELOWOELS TNG TEOYLAG
ue mopduetpo tov yeovo t. H xivnon elvan Sedoyévn av oplotolv ol Teelg
OUTES GUVAPTNOELS. TNV TEPINTWOT aUTH AEUE OTL TO XLVNTo Exel Tpels Bab-
uovg ehevbeplog. “Eva uhixo onuelo elvat SuvATO VoL UTOXELTAL O XATOLOUG
deopovg xat €tol va €xel dvo Babuolg elevbeplog N axduo xa évay Bolbud
ehevleplag. Babuog elevleplag utag xivhoewe elvon o uixpdtepog aptiudg
dedouévwy Tou amatteliton BoTE va opLotel TANPwS 1) xivnon.

"Otav 10 VA6 onuelo xiveltar ou cuvTETAYUEVES TOU UeTAfdAAovToL
OOV GUVOPTAGCELS TOL YeOVOU, 0ToTE To onuelo Oa diorypddet pia xaumidn oto
X©eo Tou ovoudleton Tpoyld Tou xivnTov. BOu Hewpnoouvye 6TL 1 cuVAETNOY
7(t) €yer ouveyelc mapaywyoug uéypt deltepn TAEN.

7(t) € C*(R) tel=]uf

Av anokelouvue ToV YpOVO AMO TG TEELS TMUPUUETELXES EELOWOELS TNG
TPOYLAG TaloVOUUE TLg EELOWOELS TNG TEOYLAS TOU XLVNTOU UE TNV Lop®N

y=y(z)  z=2(a)

"Eotw 6t éva xvnté Beloxeton oty Béon A ue Sudvuoua Béoewe (1)
) yeovixh otyun t. Metd and ypévo dt o LA onuelo €xet uetonvniel
oty Béon B ue Sldvuopa Béoewg (¢t + dt). To dudvuoua Héoewe €xe
uetofinbel xatd dif = #(t + dt) — ().
Optopdg: Tayltnta evég xvntol opiletan to Stavuoua

d_F:<dx(t) dy(t) dz(t))
dt dt ' dt ’ dt

U=
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H povdda tou peyéhoug avtod elvar to lem/sec oto obvotmua C.G.S. 7
t0 1 m/sec ato debvéc alotnua.

Yo 2.6

H Taxvmra civar epamTopevikn) s TpoxLAas.

H 3edbuvon tou Swaviouatog avtol cvunintel e v Stevbhuvorn tou
dr. ¥Yto épro dt — 0 7To onuelo A telvel va ouunéoetl ye 1o B xow dpa 1
TOYOTNTO GUUTTTEL UE TY) EQATTOUEVY TNG TPOYLAS 0To onuelo A.
Egapuoyn: “Eva xuwntéd Beloxetow v ypovuey otiyun ¢t =0 oe
éva onuelo e didvuopa Béoewg 7(t) = 7(0) = 7p. Av 1 Todtnta Tou elvan
otafepry U(t) = U = otafepn tdte M tpoytd tou PBeloxetar av Aicouue To
ax6Aoufo TEOBANUA dEYLXDY TULDY.

dr

ik otabepn 7(t)]e=0 = 7(0) = 7o

H Aoon Beloxetar av ohoxhnpdcouue Ty Stapopixn e&lowaon xat ntpocdLopi-
oovuE UETA TG oTabepéc amd tnv apyLxh) ouvinxn. Beloxovue

F(t) = 7o+ Tt
Ou ouvtetayuéveg tou daviopatog BEcewg elvat
z(t) = xo + vut, y(t) = yo + vyt, 2(t) = 2o + vyt
H tpoytd Tou xtvntol nou xwvelton ye otabepr) Taydtnta elvan pla eubelo

voouun. Mo tétola xivnom ovoudleton evBiypouun oyadn xivnon.
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Keparato 2

"Eotw 6t éva xvnté Beloxetaw oty Béon A pe taydtnra U(t) ™
xeovuey otiyun t. Metd and ypévo dt to vk onueio Eyet yetonvnbel otny
Oéon B ue taydtnra U(t +dt). To Sudvuoua g taydtntag éxer yetafBindel
xatd dv = U(t +dt) — U(t).

Yo 2.7

H emiraxwvon eivan mapdA gy oo davvopa dv

Ogiowds: Emttdyuvon eviog xvntol oplleton to Sidvuoua

45 (dug(t)  dvy(t)  dus(t)
( )

Y=g~ \Tar 0 Tdr 0 dt

H povéda tou peyéfoug elvan 1o lem/sec? oto odotnua C.G.S. ) to
1 m/sec? oto debvéc ovotnua.

H 3edbuvon tou Swavdouatog avtol cuunintet pue v Stevhuvorn tou
ds. H emtdyvuvon elvon 1 Sedtepn napdywyog Tou Staviouatog Béoewg Tou
LALol onueiouv wg TPog ToV Ypbvo.

_)(t) = i @ = ﬁ
W=ar \at) ~ae
Ty apyntua emtdyvvon v ovoudlovue enfpdduvon.

[ToANég gopég yenowonotolye tekeleg yia va ouuBohioovue Tig mapo-
YOYOUS WG TPog Tov Yeovo. T mapdderyua

ds  d*7

df i 2
vV=—=—=r

dt’ dt ~ dt2

P =

Mropoiye va Gswpﬁcoups Eval op@oYo')vLo oOo‘cnpoc aEO6VwY oL xLveltal
ue To VA6 onuelo. To GUGTY]V.O!. auto oplleton anod To scpocmopevwro OLdvu-

ouaL T, v TN xabeto N v devtepn xabeto ot TpoyLd B. Av UE
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s ovufoAlicovye To unxog tou T6Eou ToTE Ta Tpla aVTA Staviouata divovtat
aATO TLG OYEOELS

. 7 , T LS
Tzﬁ, N:Rd—, B=TxN
ds ds
Ta draviopata elvor povadiata xow oynuatilouy €va Se€léoTpoPo GVOTNUA
alovwy. To R ovoudleton axtiva xoaumuAoTnTag.

B

Yo 2.8

Avdalvon s emTaxydvoews oTo auvodedov Tpicdpo

Evdiagpépouoa yia Tig EQapUoyYES elval 1) avdAUGT) TNG ETULTAYVVOEWS GTLC
e€Ng 8o ouvviotwoes. Tny egantouévn enl Tng TEoyLdS xaL TNy xdbeto oe
authv, Tou dtevfivetanl Tpog To xolho tng tpoytds. H xdbetog ocuviotwou
0VOUACETOL XEVTIPOUOAOG ETLTAYUVON Y, XL ) EQATTOUEVLXT) OVOUALETAL ETL-
TEOYLOG ETULTAYLVOT Ye. ANAadn

Y= st'i'YxN

To dudvuoua tng taydntag elvan ouypouutxo pe to T xan enedy) to T elvan
wovadialo éyovue U = VT, omou v elvan to Yétpo Tou Sraviouatog U.
[MopaywyiCovue g TEOg TOV XedVo TNV OYECT AUTH Xt EYOVUE

d5 d / =\ dv- dT dv- dTds dv- v>-
Y= ae dt(“ e T e R
XL ETOUEVLSG
_dv_ & _ v (ds)7 L
Ye= gt = ae =%~ \4t) R
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Keparato 2

Egopupoy?: “Eva xivnto Beloxetaw vy ypovixn otwyun ¢t =0 o€
éva onpelo ue Sudvuopa Béoewe #(0) = 7y xon Exet Tayltnto U(0) = Tp. Av
N emtdyvvon tou elvan otafepny ¥(t) = Yo = otabepry téTE N TEOYLAL TOU
Beloxetar av Abooupe To axoiouvfo TeoBAnUa apyxdy TLIWY.

A R U e U

H Mon Beloxeton av ohoxAnpwoouue 800 @opég Ty Slapopixn e&lowon
X TEoadLoploouUe UeTd TG oTalepés and Tig apyxés auvinxec.
H npddtn ohoxhfpwon divel tny toyvtnta

dv

Yo =

H 3eitepn tov apyuxy ouvhnxdy divel tnv otabfepd €. " Eyovue §(0) =
Vo = C. Apa
G(t) — ?Ot + UO
Ty nopandve oyéon v ohoxhnpwdvouue AN wa @popd ot Bploxouue

. 1
a:d_zzfowrao = di' = [Yot + Toldt —> 7(t) ="+ Tot + 5 ¥ol’

H otafepd unohoyileton and v newdtn apytxf ouvinxm. Tekwd Beloxouvye

Yy Wu neplntwon mtov Yo = 0 7 toydtnta elvon otabepn xar 1 xivnon

evbiypouu.

&

B
//_ de ds
N~ A

Ao 2.9

H kivnon oe kukikn Tpoxia

04



Kunuatum

Ocwpolye €va VA onueio Tou xuveltal o xuxhun Tpoytd. To xwvnto
Beloxetar otny Hon A ue Sidvuoua Béoewe () T yeovixn otvyun t. Metd
and yeovo dt to vAxé onuelo €yel uetoxivnbel otny OBéon B ue Sudvuoua
Oéoewe T(t+ dt). H axtiva éxer Staypdder tnv yovia deg.

Opgropds: T'wvionm taydtnta evég xwvntol oplletat To ddvuoua 6
Tou €xeL YETPO
_ d¢
- dt
H 3ebfuvon tou Swavdouatog autol elvar xdbetn oto eninedo tng tpoyLds,
XoL 7 @opd Tou elval 1 @opd Tpog TNV omolo xiveltar €vag Se&LéoTpopoc
xoyhlag dtav nepLotpapel TEOg TNV Popd NS xvhoews. H ywvioh toydnTa
elva agovixo duavuoua.

Ogrowds: T'oviaxn emtdyvvor evog xuvntol oplletat and didvuoua

w

- dd
W= —

dt

"Eva uAwxé onuelo mou xuvelton e ToyUTNTA U OE XUXALXY TROYLY, UETA
and ypovo dit €yet Slatpééet Sidotnua (oo ye ds = vdt. To 6o ds Yy
UXEES YWVIEG LoOUTIL UE TO YLVOUEVO NG axtivag enl TNy ywvia dp. Anladn
ds = rd¢ xaL emouévwg

_ds_ d_cp_

Tt Tdt

wr

H e&lowon auth yedgetat Stavuouatixd »wg e&Ng
V=6 X7

Mio xuxhixn) xivnon ovoudletat ooy 6Tay T0 UETPO TNG T UTNTUS TOU
Tapoéver otabllepd xow N TaydTnTo aAAAler udvo xatd TNy Stevbuvon tng. de
ulor Té€Tola ®lvnom TEoPavKS 1) EMLTEOYLOG EMLTAYLUVOY) EvoL UNdév.

Oo vrnoloyilovue TNV xevipopoho emtdyuvorn. Lo uixpés yovieg to du
elvow {00 Ye to unpog tou togou xat dpar duv = ude. Avapolye ye dt v
OYEON QUTY oL EYOVUE

d(p_ 5 U

L=U— =V = T = —
Y dt r
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Keparato 2

H xevtpoudlog emtdyuvon eivan otabepn.
Opiowds: Ovoudalouue meplodo xar ouufoiilovue ye T, tov ypodvo
TOU OTMOLTELTOL YL VO EXTEAETEL TO XLVNTO Wit TANEY) TEELOTROPY.
To uéyebog
1
T
ovoudletol ouYVOTNTOL.
Anodeuxvietal elxola 6TL Loy Vel 1) oYEom

2m
s 2 = —
o V=
Egapuoyn: "Eva vAo cwudtio extehel tnv Tpoyld e Stdvuoua

Béoewc
7(t) = ouvv wti + Nu ot)

va Beelte TNy TaydTNTA, TNV EXLTAYVVOY] XoL TNV YOVLOXT TAYDTNTO TOU XLV
T0V.

Yyxfua 2.10
H tpoxia Tov vAikov onueiov ™S epappoyns

H toydtnta diveton and v napdywyo Tou Swaviouatog Héoewc.
L dr d ; d ; ( ; )
T=— =(-—o0ouwot, —nuot | =(—onuot, woLvvo

di — \dt "0 @™ RO

H taydmta elvar xdfetog mpog to Sudvuoua Oéoewg. Ilpdyuatt galveton
elxoAo OTL
u-r=20

"ANAn pla Topary dynor 0o SWoeL TNy enttdyuvon.

27 dy

—»____: 2
Y= e = 4t

(—w?ouwvoet, —w’Nuot) = -0’7

66



Mnyavixn touv vAtxoU onueiov

H emtdyuvon €xel gopd avtibetn npog tnv popd tou daviouatog 7 o
xatevfivetan mpog v apyh. To yétpo tng elvon avdhoyo Tou péteou Tou 7
dNAad| avaAOYO TNG AMOOTACEWS ANO To *EVTpo, Ue atabepd avaloylag lon
ue 2.

Bploxouue téhog v yovion tayltnta

i ik
B=TXU=| cuvwl nuot 0] =0 (oot +nlot)k = ok
—onut wovvwt 0

H yovioom toydtnta elvar éva otafepd Sudvuoua xdbeto oto eninedo tng
TEOYLAS ME WETEO (00 e w. H ywvion emitdyuvon elvon (or e undév.

2.3 Mnyavixr Tou LALXoU enueilou

Opropds:  Avvouuny elvan o xhddog tng unyovixng mov eEetdlet Tig
oxEoELg UETAEY TWVY SUVAUE®Y XAl TOV XLVACEWY TOU TEOXAAOUY OL SUVAUELS
aVTEG.

Edv F elvow 1 S0vaun o emdpd o€ évar ukixd onuelo xon ¥ 1 emtdyuvon
Tou meoxaleltal and v dVvour TOTE Loy VEL 1) o)éon

F = my = md—U = mﬁ

dt dt?
Anhadn 1 S¥vaurn xow N emtdyvvor elvan ueyéln avdhoyo ue otalepd avoho-
ylog v pala Tov owuatog. H pdala dev eaptdton and tov yedvo. H oyéon
auth elva 0 OeueAddng vouog g unyavixns 1 vopog tou Nevtwva.
Av oty oxéomn autn Oéoovpe F=0 tbte OUVETAYETOL OTL ¥ = 0
xou dpo M TayvtnTae U = otalepd. H npdtaon avtn elvan to adlopa g

aSPAVELAS.

Opropdg: Opllovue To dtdvuoua TG opung and tnv oyéon

dr
dt

—

p=mu=m

%Ol EMOUEVWS 0 VOUOG Tou Nedtwva Talpvel TNy Hop®n

L d
F=25
at?
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Keparato 2

H oyéon avth elvon yevuxodtepn, yatl nepthaufdver xal Ty tepintwon mov
N walo e€optdton amd Tov Yedvo, 6mws cuuPBalver oty ey Bewpla g
oxewxdtnrog (eCoptdton and Ty taydTnTa). Av 1 Sdvoun Tov aoxeltal 6To
oua elval undév tote 1) opun tou nopapével otabepr). H npdtaon avoagpépeton
ovyva oav to Hedpnua Stutnenoewg g opung.

"Eva and to npoﬁ)\nuata ™S duvauxng elvan to e&nge:

Alveton n Bt)vocpn F(r 7, t) non Cnrswou 1 TEOYLA TOU Gcopocrog Zneiton
dnhadn) va Bpebel 7y Oom 7(¢ ) xow 1) TVt U(t) (A m opun p'= mu) tou
VALoL onueiov o xdbe ypovuxn otiyun t.

To yabnuatied npdfinua etvon va Avbel 1 e&lowon tou Nevtwva mou
elva o drapoplnt) e€lowomn deutépag tagews. H Aon nepiéyet dVo avbalpe-
1e¢ otafepés mov unopovy va TpoadloplaToly and dVo apyLxés ouVifxes Tov
ouvhbuc elvan n apywen Béom 7(0) xow M apyueh Taydtnta G(0) otov yedévo
t = 0. Anhadr va Aubel to axdrouvfo TpdBAnua apytxdy THLDY

2 —
F = m%, 7(0) = 7 ot 3(0) = T

H Adon tou mpofinuatog divet tmv Oéomn xaw tnv TaydnTa Tou LAWXOY
ONUELOV OF TAPUUETELXY) LORPT) UE TARAUETEO TOV Yedvo t. H xatdotaor evég
oLOTNUATOG €YEL TpoadloploTel TANpws dTav Beebolv 1 BEom xat n TaydTnTa
TOL 1 1) opUN Tou ot xAbe Ypovixh aTLyu).

= 7(t) P =p(t)

Av anakeldhouye tov Xpovo amod T TAEATAVE EELOWOELS TOLPVOLUE TNV OpUN
ooy cuvdptnon g Béocwe P = P(7). Mnopolue va oyedialovue v ouvdp-
TNOT AUTH OTOV YWEO TWY CUVTETAYUEVOY XAl TOV 0PUGY, YVWGTO OOV XWE0

TOV PACEWV.
q
p(q)
p

|
Yo 2.11

M Tpoxia oTO XWpo Twy pATEWY

Oplopds: Xdpog twv paceny elval o Euxdeldelog ywpog ue 2n Sia-
otdoelg 6mov n elvon o Babuog ehevbeplog Tov ocuotnuatog. O n duotdoetg
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Mnyavixn touv vAtxoU onueiov

TOU YWEOL aUToY elvat oL CUVTETAYUEVES TNG BECEWS TOU GUOTNUATOG XAl OL
dhheg 1 oL avtiotolyes opués. MuuBoiilovue TOANES QYORES OOV 1, G2, ", Gn
TLg ouvTeTAYMEVES NG Ooewe. Ta éva VAWS onuelo mou xivelton oToV Y WEOo
Yot ToEASELYUa To 1 elvor (00 UE 3 XaL 0 YWEOS TV PACEWS elval 6 dlaoTd-
OEWV.

[ va tpoadioploovue v Oéom evog cuothuatog ue N cwudtio 6Tov
Xwpo mpEnel va oploovue N Swavdouata Béoswe 73,1 =1,2,---, N. Bafudg
ehevleplog Tou ovoThpatog elvor 3N. Muvendg yia N VA onuela o ywpog
TV PAoewy Exel Sidotaon 6N.

Oprowds: Optllouue oav atpogopun to uéyebog mou Loovtat Ye v
ponh TS opung, dnhady

E:Fxﬁ

H 3etvfuvor g otpogopunc elvan xdfetn oto Sidvuoua Béoews Tou LALKODY
onuelov aAld xou mpog TNV Tayvtnta Tou. Av n xivnon elvow eninedn to
Sudvuopo auto elvan xdbeto oto eninedo g TEOYLIC.

"Eyouue oploet Ty pont| SUVAUE®S G TPOG XATOLO ONUELD TO EEWTERLXO
YLVOUEVO

—

M=+xF

omou 7 To ddvuoua Béoewg g duvAUEwS WS TPog To onuelo. Av 1 dUvoun
dlvetow and Tov vouo tou Nedtwva, €youvue

‘Apa 1 pomh) mou aoxeltal 6T0 oWuo elvon {on UE TNV TAPAYWYO TNG
OTPOPOPUNG WG TEOG TOV YEOVO. UVETKWG oV 1) POTH TOU AOXE(TAL OF €va
ooua elvat Undév tote N otpogopun elvan otabepn. H mpotaon avagpépeta
ovyYVa oav To Hedpnua SLatneNoews TN 0TPOYoRUNG.

Oprowds: Opllovue oav Stavuouatixd medio YLa TEQLOYT TOU YWEOU
mou o xdfe onuelo g avtiotolyel éva didvuoua. Av Tto didvuoua ot
Taptotdver uio SUvaur €yovue éva Suvouxo medio. I'edgpouvue v dUvoun
ooV GLVAETNOY Tou Jtaviouatog Béoewg xaL Tou YeoVoU

F = F(7(t),t)
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Keparato 2

. F(ty)
1
F(ty)
o) T2
Yixnuo 2.12

To drovvopatiko wedio ﬁ(f’, t)

Oplopds:  "Eva uhixd onuelo yetaxivelton xotd T0 0TOLYELWSES dLd-
otnua dif uré My enidpaon e duvduewe F(7,t). Opllovue ooy éoyo tne
Suvduews xat to ovuPohilovue ye A To emxoumiAL0 OAOXAHPLU

A:/ F.dr

T

Av 1o VAo onuelo otov ypdvo t; Peloxetar oty Oéon 71 o oTOV
XeOVo ty otny Oom 7y TOHTE TO MOPATAVE ETUXOUTUALO OAOXANEWUA YEAPETOL

ta —
A:/ oo
BT

Tov elvat Eval anAo ohoxhnpwuo Pruay.
Av 7 30vaur diveton and tov véuo touv Nevtwva téte
d*r dv dr

dr=m— -dr =mdu- — = mu - du

F.di = m—
TE R dt dt

Extehodue ™y ohoxhewor xal Tolpvouue

Oprowds: Opilovue oav xtvntixn evépyela xou Ty oupPoiilovye ue
E, to uéyeboc

1, 1

di\*> P2
Exzému :§m<r> :p—

dt 2m
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Yuvtnentixa SuvauLxd Tedio

2UVETWS N YETAOAT TNG XLVNTLXAg EVEpYELOG and To onuelo T3 6To o1-
uelo 75 wooUTaL UE TO €pYO TOU ToEAYETAL AV 1) dlapopd elvon aEynTen N
XOTUVAALOXETE av 1) Srapopd elvarn BeTu).

2.4 Yuvtnpnted duvouxd nedlo

[ %&0e umyovind oboTNUA N CLUVAETNOT F Beloxeton metooaTiXd, Mo
N Hoppn TN duvduews opllel To olotnua. Oo eEETACOVUE TWEA TNV EWLXN
TeplnTwon Tou 1 SVvoun diveton and uLo dedouévn Babuwth cuvdptnon V(7),

and v oyéon:

F=-—

ov. oV oV
ox’ Oy’ 0z
Anhad av ovufolicovue pe Fy, F, xou F, Tl OLVLOTOOES TNG dSUVAUEWS,
AUTES BLvovToL A6 TS OYECELS:
ov ov ov
Fp=—— F,=—— F,=——
v oz’ Y : 0z
Anodewvietal nopaywylCovtoag TNV Topandve oyEor xatdAAnha 4T, Eval
t€toLo Suvouxd medlo eavorotel TG oyEoeLg

OF, OF, ©OF, OF, 0F, OF,

Oy ox ' 0Oz oy’ Ox 0z

"Eyovue oploel tov Swavuouatind teheoth) avadehta V and tny oyéon:

= o o0 0
7= (o o )
Me - TV Bonbeiar autol TOL TEAESTY| YPAPOUUE Yo Ty BUVOLW] NV oyéon

F = —VV( ) EVE 0L ocvocyxousg stceLg Ypoccpovrou V x F =0. Anodewcvie-
ToL OTL OL OYEOELS aVTEG elva avaryxaleg o eavés. ‘Apa

— — —

F=-VV(7), — VxF=0

Mot SLavuouaTi| GUVAETNOT TOU LXAVOTIOLEL TNG TUPATAV®W OYETELS OVO-
udaletal aoTEoBLAn xal To Suvautxo Tedlo Tou mapdyel nedio acteoflo.
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Keparato 2

O Bpovue axoloding t0 €pyo ToOU TaEdYETAL GE €va TETOLO SUVALXO
nedlo. Elvon yvwoté étu to Swapopind wog ouvapthoene V(7)) diveton and
NV oYEom

ov oV ov

dV(z,y,z) = %dm + 8_ydy + Edz

Ou uepwée mapdywyol g V' ouwg elvor oL cUNGTWOES NG SUVAUEWS F.
Enouévewg

—dV () = Fpdx + F,dy + F.dz = (F, F,, F.) - (dz,dy,dz) = F - dF

XoL Qpat UTopoUUE Vo UTohoyloouue evxola to épyo. Eyouue

T2 T2
A:/ F-dF:—/ AV () = V(#) — V(i)

1 T1

H oyéom avth) Aéel 6T oe éva aoTtedftho Suvouxd medlo To €pyo mov
Topdyeton 1 xatavahionete eCoptdton and Ty T g ouvapthoews V(7)
ota onuelo ™ xou 2. To €pyo autd dev edaptdTal and TNV TEOYLE TOU
ouatos. Puowd evvoeltal 6TL oL cuvapTHoelg elvar “xahéc” dnAadn tétoleg
(OTE OL ONUELOVUEVES TOPAYWYOL VO UTAEYOLY XL Vo Elvo oUVEYElG GE 6Ao
T0 medlo opLouol Toug.

Enewd) to épyo elvan (00 Ye TNV SLapopd TV XLYNTIXWY EVERYELDY GTA
onuela ] XL Ty EYOVUE

SmiE+ V(i) = smit + V()

H oyéon auth duatoloyel v exhoyn g ouvapthoewg V(7)) ue to
oApVNTLXO oNuElo.

Yuvende to mapandve uéyebog éxer v B T oe dlo (onoladhnote)
onuelo dnhady mopouéver otalepd xatd Ty Stdpxela Tng xvnoewg. Eivow
Omwe AEUe €va ohoxAnpwua g xwvhoews. To péyeboc autd ovoudleton
(ohueh) evépyeta ToL CLUGTAUATOS XoL 1) ouvdpTnon V(7)) Suvoulxn evépyela
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Mnyavin ovotnuatoc vAxdy onueiwy

7 amAd Suvapxd. LuVHBeG YEAPOLUE TNV EVERYELX GOLY GUVAETNOY TNG OPUNS
UEAAOY Toed TG ToUTNTAG

E=tmi vy = s v
=-m T) = — T
2 2m

Tétowx duvouxn media ovoudlovtol AoYw NG TUEATAVL OYECELS Tedia au-
vinentxd. Eva cuvinentixo duvauxd nedio elvon to medlo tng Papdtnrac.
Egapuoyf: No Beelel n toydtnta nou €xet Eva owua 0Tay TEGEL GTO
edaog. To odua agphvetar va téoel (ywplc apyxn Toydtnta) and og h.
Abom: Elvon metpapotind dedouévo ot 1 SUvaun nou aoxel to nedlo
Bagltntog oc €va oy elvon

F = (0,0, —mg)

émov g = 9,8 m/sec® xau ovopdletar emtdyvvon tng Bopdtnrag. H ota-
Oepd m elvan 1 pala Tov odpatog. O dgovag Twv z €xel v devbuvon tng
XATAXOPVPOU.
Arnodeuxvietar edxola ot To Suvaxd medio elvan actEoBLho dnAadn
V x F =0. Suvendc undpyet duvaxr ouvdetnon V(F) mou uavorotel Tig
eELOWOELS
ov. ov. ov.
or oy 0z

H Adom Ttou mapandvew Stagpoptxod cuothuatog elvon

0 0 mg

V() = mgz

omov ywelc BAAPN Tng yevixdtntag, €xovue undevioel Tic otabepec.

To duvouxd medio elvon cuvtnentxd xow 1 evépyela tou mediou elvat
wa otofepd. Av v = dz/dt elvon N ToydTNTA TOV GOUATOS HUTE THY 2—
dtevfuvomn toTE Loy et

E = §m\)2 + mgz = otafepd

Emnouévwg 1 evépyeta Tou owuatog 0to Uog h xow oto €dagog elvan loeg. H
e&lowon auty divel xou ) {ntodyevn tayvtnta. “Eyouue

1
E =mgh = §mU2 — v =+/2gh
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Keparato 2

[MTopatneoiye 61l N tayUTnTa dev e€optdtot and ™y walo TOU GOUATOG.

2.5 Mnyavixr) cUGTALATOS LALX®OY CTUELWY

Mnopolye va emextelvouUE TOUC 0PLOUOUS XAl TA GUUTECACUATI TKVY
TEOYNYOLUEV®Y TAHEAYRAPWY Yo o¥oTnua LAWY onuelwy. H egloworn xwvi-
OEWS YL TO ¢ VAS omuelo YpdpeTan

Z-F_:zj‘i‘ﬁ:mz;z
J

—

O duvauerg Fj; elvar oL duvduelg mouv aoxel 6To ¢ UAXO onueio To j LAXO
onuelo. Ou Suvdauelg autég ovoudlovion eowtepxég. H dOvoun Fy elvau N
ewtepln) SUvaUY Tov aoxelTol TAVL OTO ¢ VA onuelo.

Av afipoloovue 6Aeg tig e&lowoelg avtég Yo Oha Tor VAL onuela Bpl-

OXOVUE
ZZﬁJ+ZﬁZIZF}=Zmz;z
i g i i i

To dBpolouo TV E0wTERXGY Suvduewy elvan undéy duéte xdbe bpoc Fij+ Fji
elvow undév. H ula SOvoun elvan avtifetn tng dhing diétt anoteholy to {evyog
dpdon - avtidpaon.

Optloupe To didvuoua

- 1 . 1 .

To onuelo tou ywpeou mou opilel To ddvuoua auto elvar To ®Evtpo Ualog
TOU GUOTNUATOS TwV LAWY onuelwy. H e&loworn wivhoews ypdpeton

MR=YF =F

"Apa oL eowtepLxég Suvduelg dev emnpedlouy Ty xivnon Tou xévipou udalog.

To xévtpo pualag xiveltar UTS TNV eNiBpaon TNG CUVLOTAUEVNS TV EEW-
TEPUWY DUVAUEWY ooy VAS onuelo ue pala lon ue to dbpoloua OAwY Twv
VAV onuelwy TOU GLUOTAHUATOG.
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Mnyavin ovotnuatoc vAxdy onueiwy

H oluf) oput| evog ouothuatog VA onueiny Beloxetol eixola oTL
elva

= dr; dR
r= Z Mg =M
Anlad1) 1 opun Touv cuoTAPATOG elvon 1) opur) EvEg LALoY onueiov Tou PBel-
oxetal 010 xEvipou ualog xou €xer wala (om ye v ouvvohuxn udloa tou
OUCTHUATOG.
Avdloyo Oecdpnua LoyveL xaL Yl TNV GTROPOPUT).
H ouvolun otpogopui| wg npog €va onueio O elvon (o ue v otpopopun
Tou X€vtpou palog ue pala lon ue ™y ocuvolun uala wg tpog to onueio O
oLV TO ADEOLOUA TWV CTEOYOPUWY TOL XxAbE LALXOU oNUElOL TOU CLUCTAKATOG
0 MEog 10 xEvipo ualac. Anhodn

_ B di;, 5 dR B dr;’
L:E rixmi—Z:RxM——l— Ti/XmZ’—Z
- dt dt : dt
(] (4
6mou 7 xan 7' elvan tor Savdopata BEcewe Tou LALKOU oNUEloL KS TPOS TO
onueto O xow wg Tpog 1o xEvtpo ualog aviiotoiyws. To R elvon to Sidvuoua
Oéoewg tou wévtpou paloag weg mpog To O. H anddeln elvon amhy apxel va
TUEATNENOOVUE OTL LoYUEL
r =R+

TéNog 0 €pyo Twv Suvduewy elvat eniong To Abpoloud TV EEYWY OAWY
TOV SUVIUEDY ECOTERLXWY Xl EEWTEPLXWY OV AGXOVUVTOL T UALXA onuelo.
ITpoxewévou Yo GTEPEX CWUATA OL EGWTEPLXES BUVAUELS dEV opdyouy EpY0
EQPOCOV 1) AMOCTACN TOV UAXWY onuelwy uetald toug fewpelton otabepn.
"Apa yior vou UEAETNGOVUE TNV %{VNON TOU OTEEEOY CWUATOG UTOPOUUE VA
OLYVONOOUUE TO SUVALXO TWV ECOTERXWY SUVAUELY oL Elva oTalepd.

To neoBAnua ToL GUOTARATOG VLAWY ONUElLY Elval GUVETWS 1) ADoN TKY
egLowoewy Tou Nevtwva mov puowxd dev elva edxoln unobeorn. To npdBAnua
TEQLTAEXETAL oV T DAL omuela umoxelvtal o deopovg. [ mapdderyua o
oVoTNuo Umopel va elvat €val 0TEEES TIOL 1) AMOOTACY TWY LAWY ONUEILY
ueTag) Toug PYével otabepn.

IF-mll=e i
Tétotol deouol ovoudaloviar ohovouol.
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"AM\o mapdderyua elvat T0 GUOTNUA TV LAXWY ONUEIDY TOL XLvoUvToL
UOVO GTO EGWTERLXO XATOLAS GPalpag.

|73l < ¢ vi

TétowoL deouol ovoudlovton un oAévouor.
Optowds: Ovoudalouye Toug dEGUOVE OAGVOUOUG Y UTOROVY VO EX-
PeaoTOVY N6 OYECELS TNG LOPYNG

f(F, T, Tst) = 0

Ou ouvtetayuéveg toug dnhadyh dev elvar aveEdptnteg ahhd GUVIEOVTAL UE
xdmnola cuvaptnolaxy oxéorn. Av dev undpyetl t€tola oyéon ol deouol ovoud-
Covtow un ohdvouol.

[TeoBAuata ye oAovououg deouols avtietwniCovior oUVABWS UE TNV
ELOOYWYT) TWV YEVIXELUEVWDY cuvtetayuévwy. H Oéon oto yodpeo evig ouvoth-
watog N ooupatdiowy xabopiletar and 3N aveldptnteg XopTECLAVES CUVTE-
toypéves. Aéue 6Tt To ovotnua éxel 3N PBabuoic ehevleplag. Av undpyouv
k Seouol autéd onuoivel 6Tt k amd T OUVTETAYUEVES AUTEG elvon e&apTnue-
VEG %o EMOUEVWS To olotnua €xer 3N — k Babuoieg ehevleplag. Aeyduaote
Tea 6TL To ovotnua Exel 3N — k aveEdpTnTeS YEVIXEUUEVES GUVTETAYUEVES
41,92, "+, @3N—k TETOLEG WOTE VA LOYVOLY TowToTxd ot deouol. Ot xapte-
OLOVEG OUVTETAYUEVES BLVOVTOL T ATd TIS OYETELS

7:;:7:;(6117QZ7"‘7C]3N—1<:) 7::1727”'7]\[

OTOV OL YEVIXEVUEVES GUVTETAYUEVES EUPavi{ovTaL CoY TUEAUETPOL.

[TpoBAuata pe un ohévououg Seouols aviiueTwrilovial SLopopeTixd
xotd nepintwor. “Evag tponog yia TNy avilUeTONLo TeolANudTtey ue de-
ouovg elvan 1 wébodog tou Aaryxpdavl.
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Aoxnoelg

Aoxnon 2.1

Abo mopdhinheg duvapers fi xou fa (f1 < f2) mov anéyouv andotoon
[ ueta&V toug, e€aoxovvtat enl evog odpatog. No utoloyloete v cuvioTo-

UEVN TOUS fouy O TO oMUElD EQUPUOYNS TNG.

A B T fo
Vv ] /
1 / /f; /fGUV A

quv B r -
h

Yyxua 2.13

looppomia opoppoTwy Kaw avTLPppOTWY TaPAAAGAWY dvvduewy

Abom: YuuyBolilovue ye 1 TNV ANOOTAOY TNG ULXEOTEPNS ATO TLG
SUVAUELG ATO TNY GUVLOTAUEYY) TOUG XL UE | TNV ATOOTACT TV dV0 SUVAUERY
uetadV Toug.

a) Av ot duvduetg elvor TopdAANAES xolL OUGPPOTES, EYOVUE

fouv — f2 —I'fl

To dfpolopa TV poTwy Twv Suvduewy wg Teog to onuelo B mpénel va elvon

oo ue to undév. Anladn
Flaj‘—FQ(BF):O = le—Fz(l—$):O
Advovue v Tapandve eélowon wg mpog T xou Beloxovue

Tr = Jo <

At
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B) Av o duvdpuelg elvon TopdAAnhes o avtlppomes, EXouue

_ _f2l
fi=f
[MTopatneodue otL av ot 0o duvduelg elvon loeg f1 = fo = f TétE 7
OLVLOTOUEYY) TOUG elvat UNBEY xat o popeag TN Peloxetal oe dnelpn andotaoy).
To obotua avtd Ty duvduewy ovoudaletal Cevyog duvauewy. H ponn tou
Cevyoug Eyel uétpo (oo ue

fouv:f2_f1 noL

>

M=f-

Aoxnorn 2.2

Ye xexAyévo eninedo ue xhlomn @ wg Tpog to optldvTio eninedo LooppoTel
owua Bdpoug B.

a) Na oyediaotoldy oL Suvduels Tou ENEVepyYoUV 6T0 owua dtay 1 T
elva undév. B) “Otav 1 ten (teBn ohiohioeng) elvan avdhoyr tng xabétou
SLVAUEWG

No Beebel n ehdyrotn yovia ¢, ©ote 10 6dua va agyloel va ohobalvel.

Yo 2.14
To kekApugvo emimedo

Abom: O Suvduelg mou e&aoxovvial 6to oo elvar to Bdpog B
TOU GWUATOS XL 1) dUvoun F mov TPogpYETAL and To xexAuEvo eninedo. H
SUvoun auth elvon xdbetn oto eninedo av N TEBN elvor UNdEv.
Avohdovue v Sdvoun B o¢ 360 ouwotdoec. M %3&0etn oto eninedo
F xou ulo ToedAANAn Tpog auTod F

Fr=Bnue<DB F, =Bouvg
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H Sdvaun ﬁx elvan {om xow avtifetn mpog v SVvaun F. Tw va Lo0oppoTEl TO
OWUA TEETEL VoL EQUEUOCOVUE Wit SUvaun tom o avtifietn mpog v Slvoun
F. H dUvoun auth ovoudletor SUvaun avudoeng xon elval UxpdTepn Ao
10 Bdpog Tou odpatog. o napddetypa Yoo @ = 30° 7 Sovaun avuddoewg
elvaw fon ue F = B/2.

Yty meplntwon nmou umdpyet TefN 1 Svaun mou mpofpyeTat and To
xexAévo eninedo dev elvow xdbetn. Avoakbovye v dvvoun avutn oe Vo
ouviotwoeg. M xdfetn npog o eninedo xow wiat nopdAAnin. (Ou duvdpuetg
auTEG eV €youv oyediaotel oto oynua). Enewdn to odua toopponel woydouy
oL OYE0ELG

F, =Bouveg F.=Bnue

Ano to dedouéva Tou mpoBANuATOC EYOLUE
T=F,=Bnue =uF, =uBouvg — u=€cp®

H nopandve oyéon diver v eAdylotn ywvid doTe 10 ooua vo apyloel va
ohwoBalvet.

Aoxnorn 2.3

Avo pdafdor AB xar OI' elvon ouvdedeuyévol xatd ophf ywvio oto
onueio I', otn pwéon g AB. Alvetow 61t AI'=I'B=a xou O =f. X«
onueta A xou B undpyouy d0o Baen By xow Ba. To odotnua xeéueton amnod
10 onueto O. Na Beebel n yovio mov O oynuatios. n pdfdog AB e to
opllovTLo eninedo 6Tay TO GVOTNUA LOOPPOTNOEL.

Trobéoate mpwtov ot o pdfdol Exouv Bdpog xow 6Tt To Bdpog Toug elva
(oo ue 2P oavd povada unxoug xat devtepov 4L dev Eyouy Bdeog.

Abom: And ta dedouéva Touv mpofhnuatog mpogaves Ta Bden Twv
edfBdwy elva

P1 = ZPﬁ P2 = 2P2a = 4a P

H yovia 6 elvar i xAfon g edfdov OI' and v xatoxdpupo OT
xou elvon {on ye v {nTtoduevn xAnor SOt oL dVo autég Ywvieg Exouy Tig
TAeLEES Toug xdbeTes.
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Enewdn 1o odotnua Looppotel, to dbpotoua Twv pondy tov Bapdv By o
By xow twv Bapdy P xal Pa twv pdfBdwy OI' xaw AB  w¢ npog to onuelo
O, mpémet va elvon undév.

Yyxfua 2.15

To adporopa Twy dvvdpewy Kar To QUPOLTUQ TWY POTWY Eivan UndEV

O gopelc Twv duvauewy By, P; xou By téuvouy tnv optldvtio mou mep-
vaer and to onuelo I' ota onuela A’ A’ xou B’ avtiotoiyws. “Eyouue

1\/[]31 = 1\/Ip1 +Mp,+Mp, = Bl(TA/) = 2PB(TA’)+4O€P(TF)+B2(TB/)

Ané 1o oynua palvetoal edxola ot

TA’=(OA)nu9=gnv~9 IT = (OI') nu6 = Bu6
TA'=TA' —TT = (AT") ouvH — (OT") N6 = aouvh — Bru6
TB' =TB’'+TT = (BI') ouvb + (OT) nub = aouvh + Bnub

Enouévwg €yovue

Bi(aouvh —Bnub) =28P (g np@) + 4aP(Bnub) + B2 (aouvh 4+ Bnub)
— (BBl + 40BP + B*P + ﬁBg) nu O = (aB; —aB3)ouvh —

O(Bl — OLB2 . E B1 — B2
BB1 + 40P + 2P +BBs B Bi+ By + P(4a+p)

eph =
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Av o pdfiSou Sev €youv Bdpog téte N {nrovuevn yovia Peloxetar ov
Oéoovue P =0 otnv napandve oyéon. To anotéreoua elvan

g Bl—B2
8 B, + Bs

epf =
Aoxnor 2.4

No vnoloyioete to €pyo mou mapdyetow and TNV dUvaum ﬁ(:}:,y,z) =
(ayz,bxz, cry) wotd v petaxivon wog waloc and to onuelo (1,1,1) oto
onuelo (2,4, 8), o) IIdvw oty gubela Tou eviver Ta Yo onueio xaw B) Tévew
oTNY XoUTOAY pE Topoeteuxéc eflodoelg 7 = (¢, 12, t3).

No npoodiopiotodv ov otablegéc a, b xou ¢ hote Ta 300 emxoUmTdAL
ohoxAnpwuata vo elvan toa. IIéte To nedlo elvon aotpdfiro;.

AbYom: Oa vnohoyloovue to €pyo TavVL oTNV eubela.

O Beovue npwdta Ty e&lowomn tng eubelog mou Sépyetat amod To doouéva
onuela. Me mapgduetpo 1o t anodewcvieton evxoha otL 1 eubelo auTh €xet
TAPAUETPUES EELODOELS

z(t)=t+1 y(t) =3t +1 2(t) =Tt +1

TrohoyiCouye tpa T0 €pyo

/1(a(3t +1)(7t+1),b(t + 1)(Tt + 1), ¢(t + 1) (3t + 1)) - (1,3, 7)dt =
/1 dt [a(3t + 1) (Tt + 1) + 3b(t + 1)(Tt +1) + Te(t + 1)(3t + 1)] dt =

1
/ dt [a(21” 4+ 10t + 1) + b(21¢° + 24t + 3) + (214> + 28t + 7)] dt =
0

[a(76 4+ 512 4 ) + b(7E> + 1262 + 3t) + (T + 1442 + 7t)] ; =
a(T+5+1)+b(T+12+3+c(T+ 14+ 7) = 13a + 22b + 28¢
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Oo unoloyloovue TWpa 0 EpYo MAVL 6TOV devtepo dpouo. Beloxouue

- > L di 2
A:/F-df:/ F-—dt:/ (at®, bt*, ct) - (1,2t,3t%)dt =
1 1

2
/ [at® 4 2bt> + 3ct®] dt = [(a + 2b + 3z)t° /6]f = (a+2b+3¢c)(2°~1)/6 =
1

63(a + 20+ 3c)/6

To oloxhpwua elvar To BLo mavew oTtoug dVo autolg Spduoug av 1
otabepéc eavonolody Ty oyéon

13a 4 22b + 28¢ = 63(a + 2b + 3¢) /6 - 15a +6b—21c =0

[Topatneodue ot Yy a = b = ¢ 1 nopandve oyéor wavonoleitar. H
AUom Sev elvon povadum. I napdderypa a =1, b =2, ¢ = 27/21.

Ou Beodue twpa téTE T0 MEdlo elvon aotEOBLho dnhady| tdte V x F=0.
Beloxouvue

o €1 €5 €3
VXF=|0/0x 9/dy 0/0z|=(cx—bxr,ay—cy,bz—az)=0 =
ayz brz  cxy
a=b=c

Loty th auth tev otabepdy vrdpye Babunth ouvdptnon V(x,y, 2)
tétow wote F = (P,Q,R) = a(yz,zz,xy) = VV(x,y, 2).
Ou Beovue TV ouvdptnon auth He Ty Bonbela Tou yevixol tiTou

x y z
Vv :/ P(tayOaZO)dt—i_ Q(xﬂfazO)dt—'—/ R(.@,y,t)dt —

0 Yo zZ0

x Yy z
a/ yozodt—|—a/ :Bzodt—i—a/ rydt = a[yozot], +alrzt]) +alryt] =

0 Yo Z0

ayYpzoT — AYo2oTo + ATy — aT2oYo + ATYZ — ATYzZy = ATYZ — ATyYo R0

2Ny TEPINTWOoY auTh T0 €pyo e&apTdTal UGVO A6 TNV TWY TNG CLUVAE-
mone V(7) ota onueio (1,1,1) xou (2,4, 8).
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[Meayyatixd Beloxouvue

A:/ ﬁ-dt:A:/ AV =V () — V(i) =a2-4-8 —a = 63a

T1
[Topatneodue ot yia Tig TWés a # b # ¢ # a émov

B 15a + 6b

15 6b —21c =0 —
a -+ C C 51

To SV0 €pya mAvVe oTig dVo doouéveg Tpoylég elvan (oo ouwg to medio dev

elva aotpedfLho. O otpofihiouog Tou elvar

a—>b
21

V x F = (cx — bz, ay — cy, bz — az) = (15z, 6y, —212) #0

Aoxnorn 2.5

M xataxdpupog pdf3dog neplotpépeton ue otabepn ywvioxn TayLTNTA
o. Eva vAua ufxoug [ elvat Sepévo oto onueio O tne pdfdou eved 6to dAlo
dxpo tou P elvan Sepévn ula uala m. No Bpelte v ywvia Tou vAuatog ue
TNV XATAHOEUPO XL TNV TACT) TOU VAATOG.

(@)

Yixnuwo 2.16
H papéos meproTpeperan pe oTadepn ywriaky) TaxoTnTo

Aborm: Pépovue Ty xdbeto PA. Oewpolue éva otalepd olotnua
alovev ue x€vtpo to onuelo A. g mpog To olotnua owtd 1 walo xivelton
ue otabepn] ywvionn TayvtnTa

el
[l
e
=l
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Av 7(t) elvoan 1o ddvuoua Béoewg g wdlag to ddvuoua autd Eyel
otafepd unxoc
r=1Inub

Avaliouue to Bdpog o dYo ouviotwoeg. Mia xatd v Sievbuvor tou
iuotog xon pla xatd Ty dtevbuvorn tne PA. H npdtn ouviotwoa elvon {on
ue v taon T tou viuatog xou 1 Seltepn Ye TNV XEVIpoudlo Svaun Fj.

Ano to oyfua palvetal auéows 6T

Fp=Tnub T="9

F. =

ouv 0 = b=mgeph
Av ouuBolioovue ye @(t) v ywvia tov Swypdpe To Sdvuoua Béoeng

g walag TOTE enedn N Yoy toyvtnta elvon otalepn Beloxouvye

0):%:0'10(9. — o(t) = ot + @o

H xevtpouodhog emtayuvor elvat 68 TOAXES CUVTETAYUEVES (OT) UE

Yk :rc'p2 =7 o’

EQO0OV To SLavuoua Béoewg Exel oTabepd UETEO ol EMOUEVLGS

> =mlnubo® =mgep

F =myr=mro
Ano v oyéon auti npoxintouy evxoha to {nTrodueva weyéln. H ywvia
TOU VAUATOG UE TNV XATaxdpu@o elvor

g

0=
ouvyv l(,)2

— 06 =10louv (i)
lo?
Enedn npogovedg to viAua xat 1 udlo dLoryed@ouy TNy ETLPAVELX EVOS XBVOU

TO GVOTNUA OVOUALETOL XWVLXO EXXPEUECS.
H tdom tou viuatog elvan

T = mlw?
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Aoxnorn 2.6

"Eva oodua exto&evetan anod wa Béon mou v Oewpolye cav apyr| evig
oVOTHUATOS ouvteTayUEvwy. H apyun Taydtnta touv oduatog oynuatilet
yovio o e tov opllovta. ALAEYOUUE TOV TEOGAVATOAOUS TV AEOVRV &
XL Y €T0L WoTte To Sudvuoua U va Pploxetal mdvew 610 zz—eninedo xou o
a€ova z va elvar xataxdpugog. H emtdyuvon tou nediov Bapitntag elvat {on
ue —gk.

No Beefel 1 tpoytd Tov o) 6T0 xeVH 6oL dev undipyet TEWBH xou B) atov
aépa oL M TEPN elvan avdioyn Tng ToyvTnTag o dlvetan amo TNV oyYEom

T = —mcv

Abomn: H apyun toaydtnta and to dedouéva Tou npofAnuatog diveton
and TNy oyéon
Uo = (vo ouva, 0, ug Nu o)

a) 3to xevé 1 ddvaun Tou emdpd oto owua elvar u6vo to Bdpoc Tou
oouatos. Enopéveg 1 eélowor tou Nedtwva elvon

L&

F=my — —mgk = mos

6mou k elvan o xotaxépupo povadialo Sidvuoua. "Apd oL GUVLGTWOES TOU
Staviouatog BEoEmg TOL BOUATOC LXAVOTIOLOVY TLg axoAoubeg Slapopixég e&L-
OWOELS

d’x _ 0 d?y 0 d’z B

de2 a2~ aee =~ Y

H y ouviotdoa tou npoBAfuatog €yl tpogavedg tny Avon
y(t) =0

xo €TOPEVLS 1) %xlynom Tou cuatog Yivetow 6To eninedo 2.
[ ™y 2 ouvioTwoa €xouvue To axoiovio TEOBANUA AEYXWOY TUWKDY
d’x
— =0 z(0) =0 2(0) = vgouva
o~ (0 (0) = w0
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OAloxhnpcdvouue v oyéon xau Beloxovye
T = C1

Ané v Sedtepn apyxn ouvinxm Beloxovue 6t 1 otalepd ¢p elvon (o
ue vg ouva. Enouévwg n taydmnta oty x—devbuvon elvar

&(t) = ug oLV
Mia axoua ohoxAfpwon diver
z(t) = c2 +tvg ouva
XL AOYw TNG TeWTNg apyteng ouvinune ce = 0. "Apa 1 Abomn elvon
z(t) = tug ouva

H z ovviotwoa tou Suaviopatog Béoewg tou owuatog elvar Adon tou
ax6AoLHov TEOBANUATOS APYLUDY TLUWV

d?z

i —q 2(0) =0 2(0) = vonua

H Morm tou npoPAiuatog Beloxetar e duoto tpémo. To anotéleoua elvon
TEAXA

1
z(t) = —Eth + tug Nua

Yixnuo 2.17
TpoxLES e apXLKES TaXUTNTES PE LOES KALOELS Ko OLQUpOPETIRG UK

210 oYNUA PALVOVTOL OL TPOYLES EVOG OWUATOS YLOL AEYIXES ToYUTNTES
oL €yoLv TNV BLa XAlon o G TPOG TOV T—AEOVA XoL SLUPOLETLXO UNKOG.
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Ou Beovue axolovlng To yéyioto Uog xal To BeAnvexés Tng TEOYLAG
To owua Hu phdoel oto Yéyioto Uog Tou oe ypbdvo mou Beloxeton and

™y AMon e elodoeng dz(t)/dt =0. "Eyovue

dz(t
Zl(t):O — —gt+vonuoa =20 — tz%onpoc

To yéytoto Odog elvon

Vo 1 U% 5 U% 5 Vo o
Zuey = 2| —NUA | = —=g— o+ — a= — o
wey (gﬂH> 5 gW gW ZgW

To odua Bo phdoel oto péyioto unxoc (BeAnvexés) 6To Xpdvo ToL To
z(t) Ba undeviotel. Anladn

1
2(t) =0 = —égt2+tuonpoc:0 — tzZL;?Onpcx

xow To Behnvexég elvan

L2

Vo Vo 0
Toew =T | 2— N | =2—nuaocuva = — U2
uey < gUU ) gV]U g’%‘

H Mon tou npofAnuatog elval 68 TUEUUETELXT LORYT) UE TUPAUETLO TOV
Xeovo t. Mnopolue va Bpolue TNV TeoyLd TOL CWUATOS AV ATaAelpovue TOV

xeoévo t. “Eyouvue

€T

z(t) = tvgouva — t= ouva

Trv Th auth tou ¢ v Badlovue oty Exgppaon tou  z(t) xow tehwd Bpl-
OXOUUE

—9 2, NH*
1 = J i el
(1) © 202 Guv2 o * oLV o

H tpoyid tou aoduatog elvar yior moapoBoiy.
OewpolUe TNV Ywvio o cav TApdUETEo xal o utoloyloovue TNy mept-

Barhovoa twv nopafordv avtwy. Epyaléuaote wg e€ng.
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[Mopaywyloovue wg Tpog TV Ywvia o TNV Topandvew e&lowomn xow EYouvue

2
0=-T" (-2 L2 4 = —  o=_92M* 4
AV cuY' oL ouUV-a Vg oLV A

Ané v oyéon auth xan and v e&lowon (1) e napaforic Bo analeldpouue
™y yYovia a. " Eyouue

2 4

o v 1 v
T)H = _ 0 — 5 =1 + 202
cLY A qgr cLV- A g°x

xou eToPEVRS 1) e€lowon Tng magaBohng divel Ty oyéon

2 4 2 2

gr Yo Yo g 2, Y

- —— 1 B —— —_— —_— —_— .,
P= 0 [g%z + ] + L + 26

Tou elvon eniong wia topafoln) xot ovoudletar tapafBoln acpadeiog. T Se-
douévo Ty To BAua Sev Oa unepBel Tnv nepBdilovoa tagaBol) Yl omoto-
drote ywviag a. H eotio g nopaforng elvon oto onuelo

2
v
x=0 z =2
29
To mopaxdtw oynuo delyvel T TpoYEG TOou (BLOL COUATOS YLl oPYL-
x€g TaYUTNTEG UE TO (B0 uNxog xou UE Stapopetixés XAIOELS G TEOg TOV
T—aEovaL.

I

Yyxfua 2.18
TpoxIES he apXLKES TaXUTNTES e LOLa UMK Kow OLQUPOPETLKES KALOELS

B) Aeyduaote tidpo 6TL UTdEYEL M TEWBH TOL Apa TOL Elvor AVEAOYT TS
Tayutntag. Oo Aoovue Ty e&lowor tou Nevtwva ye tig Sedouéveg apyixés

ovvinxec.
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"Eyovue

. &F 27

—mgl;—mcf:mﬁ == dtz—l—gl;—l—cf’:O

Ou e€LoWoELg NG NLVAOEMS WG TEOG TOV T ot 2 d&ova elvon Twpa
T+cxr=0 Z4+cz4+g=0

ue Tig (Bteg apynés ouvinxec.
Oloxhnpwvouue ULa gopd Tig Topandvew oyéoels. Me tn Bonbeia twv op-
XY ouvinxwy vrtoloyllovue xan tig otabepés mou mpoxuntovy. Eyouue

T+ cx = vgouva Z4+cz=—gt+vynuao

O e€oddoelg elvar Tpwd NG TAEEWS Yeouuxés un opoyevels. Ot yevixég
AVoeLs Tétolwy egLowoewy elvor To dfpotopa 8Vo pepwy Aoewy. H ula elvor
N Adom tng ogoyevoig Tou meptéyel xat Tig otabepéc mou Ba uTtoAoyLoToly
and tig apywég ouvinxes. H dAAn elvan ula yepwen Adon tng un opoyevoig

H Ao tng ogoyevoic tng medtng elva

Toy = ce ¢t

EVE Wat Lepn) AUoT TNG UN OUOYEVOUG Elval TROYAVKS 1)

Vo
T, = —ouva
c

Oo Moovye tépa v devtepr. H Mon tng opoyevoig elvar ndhe 1)

/_
Zou =cC'€ ct

[ vo Beodue plo yepuen Abom tng un opoyevoig epyolOUUCTE WG oXO0-
Aovbwc.
Trobétovue ot 1 {nToduevn Adom elvan TG Loepng

2, = f(t)e !
Avtuabiotodye v Adon auth oty Stagopixt e&lowon xou €youvue
ct

ferl—cfe i efet =gt —uvgmua = f=(gt—vonua)e”
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Oloxhnpdvouue Ty Topardve oyxéon xow Beloxovue v ouvdptnon f(1).

f(t):/(gt—uonw)e—ctdt — 1) = (Lowa-Lr4 L) e

c c c2

Ané g apyués ouvinueg urnoloyilovue xon g otalepés Tng OAOXAY-
ewoews. To anotéleoua elvan

_ Vg — Vo g g
z(t) = (1 —e ') = ouva 2(t) = (1 — e ¢t (— oc—|——)——t
() = ( )~ () = (et 5) -0
ToL elvat TEAXA OL TOPAUETEWXES EELOWOELS TNG TEOYLAS.
[ va Bpolue Ty e&lowon g Tpoytds Ou anakeldovue Tov yedvo and
Ti dV0 mopaueTeés e€lotoelg. AVvouue wg Teog Tov Yedvo xau Beloxouue

xrc (uo n g) gt ; x c n 1 c
= o = ) - = — = — o — — —Z
Ugouva \ C iy c2 c oLV A gnH Vg g

Avtiabiotolye oty nedTtn nopaueteuxy| oyxéorn xa Beloxouvue tny e&i-
OWOY| TNG TEOYLAC.

1 2
EECIPR CRPRES IS
Ug OLY O

Mnopolye vo epyaoTOUUE OTWG XL OTNY TEONYOVUEVN TERINTWAOY TOU
xevol yuo va Bpodue avaloyeg exppdoels yio To UEytoto Log xat to [e-
Anvexég. Mmnopolye enlong va Bpolue ta weyébn autd uye v Ponbewa tou
UTOAOYLOTH).

B3¢ Oa Beolue mpooeyyLlotnxés expedocts yia tor UeYEDn autd avakio-
viog T Aoelg z(t) xow 2(f) g mpog v otabepd ¢ Uypl Toug Gpoug
TEWTNG TAEEWC.

Trobétovue

c<<1

xow avokdouue 1o exfetind xatd Téhop péypr 2
—ct 1 242
e :1—ct—|—§ct—l—---
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Avtixafiotodye ™y avdluon auth Touv exfetinol otig Aboelg Tou Tpo-
BANuatog o YeTA and amhég mpdelg malpvouue

1 1 1
z(t) = <1 — 50t> t vy oLV @, z(t) = —égt2 + (1 — ECt) tug MU

To odua Oa @Odoer 010 YEyLoTo Vog TG TpOoYLdC TOU GE YEOVO ToU
Beloxetow and v Adom g e€Lotoewg

dz(t)
dt

=0

[Mopaywyillovue xou Beloxouye

v o3 V)
L - < 2

—gt+ (1L —ct)v =0 = =
g ( Juonue g+ cuonu.a g

N

O ypovog autdg elvon uixpdTtepog and Tov Ypovo mou fa ghdoet to BAnua
oto uéyLoto Vdog Tng Teoyldg Tou Ywelc TEBN. Xnuewdote 6Tl N yovia o
Topver TUwéc oTo Stdotnue and 0 €wg /2 6mouv To NUitovo xau To GUVNUL-
Tovo elvor Hetixol aptbuol.

[ to BeAnvexée Touv BAfuatog neénel va Adoovye Ty elowon

z(t) =0

H Adon g e€rowdoewe autng Sivel yia Tov ypdvo mou to BAua Ho néoet
070 £30Pog TNV TN

2o Mt o < ZU—Onuoc
CYoMULa+ g [Y

t =

eved To Behnvexég elvar

2 2 1
Lyey = Z0 Tt 2% — —CUg ouva
C Vg npoc—l—g

2V o 2 V2
0Tt ) < 2 nu2a
cupnUa+g g

Elvow gixolo va anodelovye 6Tt OAEG OL EXPEACELS XATAANYOUV OTLS
TEONYOUUEVES EXPEATELS oL EYouue [Bpetl Yyl To avdhoyo TEoBAnua ywelc

TeBés oto dpo ¢ — 0.
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qf
7
ol A« B\ B
A
Tyhuo 2.19

Tpoxi€s oTav vapxer n TpLfn Tov acpa kaw OTav Jewpniel aueAnTén

2t0 oyfua EYouy oYESLAOTEL OL TPOYLES EVOS GWOUATOS TOU EXTOEEVETAL
ME TNV (BLa apyed) toydtntoe ue ouvteheoth) Tphg o) ¢ = 0.1 xou B) ¢ = 0.

Aoxnorn 2.7

No yehetnfel To mpoBAinuo Tou dithol exxeeyois Touv oyfuatos. Ot ud-
Ceg my ot Mo ®LVoUVTOL GTOY YWeo UTo TNy enidpact) Tou nedlov Bapitntoag.

z

li+12 D) l2

@1

Yxfua 2.20

To uTAO EKKPEUES TTOV XWPo KWEITQw pe TNV emidpacn ™s BapdTnTas
Abomn: Bewpoiyue clotnua a&ovwy ue xévieo to onueio O. Xuufo-
Alovue pe

™ = (21,91, 21) Ty = (22, Y2, 22)
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To Stavdopata Béoewg Twv waloy my xaw me. Eva obotnuo 800 vy
onuelwy Teptypdpetal and 2 X 3 = 6 aveEdpTNTEC XAPTECLAVEG CUVTETAYUEVES
xou dpa €xet 6 Babuoic ehevbeplog. To olotTnua TNG AOXNOEWS UTLOXELTAL OE
dV0 0AGvououg Sdeouols xou eToPéveg dU0 and Tig YeTaf3Antéc elvon e&optn-
uéves. Ou Babuol elevbeplog tou cuothuatog elvon enouévws 6 — 2 = 4.

Ot deouol unopolv vo eXpeacToldy UE TLG LOOTNTES.

|71l =l |75 — 71| = Iz

Ot oyéoeig amhonololvToL oy EPYACTOVUE O CPULELXEG CUVTETAYUEVEG.
To Sudvuoua 7 Exel oQatpxés ouvteTayuéves 7 = l1, 01 xow ¢1. Anhadn
EYOUME

Ir1 = ll nw 61 oLy @1 Yy = ll nw 61 nw @1 21 = ll ovv 61

To Sudvuouo 75 — 71 €YEL CQUELXES CUVTETAYUEVES T2 = la, Oa Xt @s.

Anladr) Eyouvue
To —x1 = la Nu Bz ouv o Y2 — Y1 = lanuba nu g 2o — 21 = la 6LV 0y

Eméyouue tic Ywvieg 01, @1 o B2, ¢o v elvan ou téooeplg yevixeuué-
VEG OUVTETAYUEVES Tou TpofBAfuatoc. “Etou ol deouol ucavomotodvton Taw-
TOTIXA X0 OL GUVTIETAYUEVES TOU GUOTHUATOS EXPEALOVTAL TALUUETELXE ATd
TLS YEVIXEVUEVEG ouvTeTayUEveg. Ot oyéoelg elvon

x1 =l1 w61 ovv g x2 =l1 N 01 ouv g1 + la N O oLV P2
y1 =l mu g y2 =l O g1 + la qu b2 nugo
21 =ly ouv by 2o =l1 ouvB; + l5 ouv Oy

[MopaywyiCovue 300 @opég TG OYECELS AUTEC WG TEOS TOV YEOVO XL
Beloxovue tig avtiotolyeg emtaylvoelg Tov ouothuatog. Oa Beodue tnv
deUTERT MUPAYWYO WS TPOG Tov Yedvo tou 1. H mpdtn magdywyog lvar

dSEl . d61 0 d(Pl 0

= d 96, T dr gyt = b ovveiower —himubinue,

IMopaywyillovue wia @opd axoua xor Beloxovue Ty Selvtepn napdywyo.

d2$1 d61 8 ; .
T = %, <l161 ouv 01 ouv @1 — 191 MO Nu ‘Pl)
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do, O : : G
+%8_q)1 (l191 ouv i ouv p1 — l1¢1 NUbO N <P1> + 1161 0uv b1 oLV 1 —

Liprnubinue = —1,62 nu 61 ovvey — 21191@1 ouv 01 Nu @1 —
l1¢7 N 61 ouv o1 + 1161 ouv B; ouv 91 — 1191 O U@y

Aev Oo TEoYwWpNOOVUE TOV UTOAOYLOUO TEPLOGOTERO BLOTL OL OYETELS
elvol apXeTd PLoxpooxehels.

Ou Bpolue tpa TG Suvduelg Tou aoxolvton ot dVo udles. To nedlo
g Bapdtnrtag elvon ouvtnentxd xat 1 Suvouxn Tou evépyela elvar (on Ue
mgh o6nov h to Uog mou PBploxeton To COUA TAVL AT TO ONUElD TOL T
duvouxn evépyeta elvor undév. Emnewdn to olotnua unopel va neeuloel o
anéotaon 11 + Iy xdtw and 1o onueio O, Stahéyouvye autd 1o onuelo cav 1o
oNUElD AVUPOPAS TNG SUVOULXNS EVERYELUC.

Av hy xau hy elvan ta 9m mou Beloxovtar ou ualeg my ot mo and To
eninedo avogopdg Peloxovue

hl :ll—l—lg—zl :ll —|—l2 —llouvel

ho =l +1ls — 20 =11 + 15 — l; 6UVH; — l5 6LV D5
Enopévwg 1 Suvauuxn evépyeta elvon

V=mig(ly +13—l1o6uv0;) +mag(ly + 1o — Iy ouvh; — s ouvhs) =
g(m1 +mg2) (lh +12) — g (m1 + ma) 11 ouv b1 — magls cuvH;

ITopatnpovue 0Tt T0 Suvouxo Sev e&opTATAL A0 TLS YWVIES P1 XL Pa.
H 3%voun mov aoxeltanr oto owudtio my and 1o nedlo Bopltntag elvan

- - oV 1 oV 1 1 1 151%
Fl:_vlvz_T:_W_:_<ax17a 1’8z1>
oy 55 90 260 o6 oot 90,

H 3Y%voun mov aoxeltoar 610 cwudtio my elvat

- - oV 1 1 1 oV 1 1 1 oV
F2=V2V=T:<am.aa ’82) <8x’8 ’6z->
o7 56 3= a6 99, %2 50- on 002
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Extelodue tig mopamdve nopaynyloets xot UeTd and aniég npatels Pel-
OXOUUE

_ 6 6
Fi =g(mq —|—m2)< ke ; ke 7—1>
ouv 01 ovv 1 ouv 0 U@y
_ 6 6
ngg(ml—i—mz)( i ; ke ,—1>—I-
ovv 01 ouv @1 UV O U Py
- ( b nwbs 7_1>
oLy O oLV 2 LY B2 NU @

[Cpdpouue téhog Tig EELOWOELS TG XLVNOEWG
Fy =mqr F5 = mors

Ao tig E&L auTég €ELOWOELS TNG HLVNOEWS UOVO OL TEGOEELS ELVaL AVEEARTNTEG.
I Ty Mom toug Oa ypetaotodue udhhov évav vnoroyioth. lldvtwg éva
TEWTO OAOXANPOUO TNG XLVNOEWS elval 1) EVEpYELA OV Topauével otalepn.

1 1
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Apuovixn taAdytwon

Kegpdiowo 3

Tolavidozsic

3.1 Apuovixy) TaAdvTwon

Ovoudlovue opuovixy TaAIVIwor Uta ETovaAoUBavoUueyy xivnor evog
OWUATOS YUpw amd éva onuelo evotafoig tooppomiog. Ilupddetyua téTolwy
XWVNoEWS elvat EVa EXUPEUES IOV XLveltal UTO TNV enidpaom Tou Bdpoug Tou.
"ANAo mapdderyua eltvon ) x{ivnon evog odUATOS Tou elval SEUEVO Ao XATOLO
ehatfpro. H xivnon tng yopdng evog novoxol opydvou elvat eniong ULo apuo-
VO ToAavTwon. Autog elvat xat 0 Aéyog Tou oL THAAVTIWOELS OVOUAGTNXAY
APUOVIXEG.

AnAég apUOVIXES TAAAVTWOELS TEPLYPAPOVTAL ATO CUVARTHOELS TNG UOp-
1S

z(t) = Aovwowt+Bnuowt

H nopandve éxgpeaon uropel enlong va ypapel xow ue Ty Yoppt
z(t) =T ouv (vt — )
Av avarti&ouue To ouynuitovo NG TaEATAVL CYEcEWS UE TNV Bonbeta

TOV TUTOY
ouvy (0t —d) = ocuvwitouvd +Nuwtnud

xow oLYXElvouue Tig Suo exppdoels Beloxouue elxola 6T

A=Touwd B=T'nmud = TI'=+VA24+B%2 & =r10iep(B/A)
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Mia axopa Exgppoon (mog aprovixng XWWNoEWS SIVETAL Ao TNV ULy adixn
OLVAETNOT) _ _
l’(t) — Cleu»t + Cze—zo)t

Elvar yvowotd ét n uyadue ouvdptnon e'! éyel mpaypotind wépog

To oUVWLT Xou PAVTACTIXG T0 MU t, dnhady| Loydouy oL oyéoelg

et =ouvot+inLot et =ouvet —inuot

Av avahdoouye to exBeTind amd TLg TORATAVEW OYECELS ATOdELXVUETAL EVXOAAL
oTL

A= Cl+i02 B = Cl—iCZ — Cl = %(A-l-B) Cg = %(A—B)

[ToAhég pabnuatixés exppdoelg elvar anhovotepeg av epyalduaote Ue
i exbetixéc ouvaptnoelg. " Eva oaxoua mAeovéxtnua elvar 6TL oL exbetixég
oLVOETNOELS SEV aANACOVY XATA TNV TAEAYWYLOTN | TNV OAOXANEWOT).

> T N
O TN

AT appovikn Taldvtwon

"Eva A6 onuelo xuveltan pe otafepd yovioxn taydtnta w o wo
nepupépelar axtivag zo. H mpofoln tou vAol onuelov oTny dLdUETEO TO
x0xAov extehel amhn apuovixy) TaAdviwon ylpw ané to onueio 0. H yovia
Tou dtaypdpet N emBoatixn) axtiva Tou VAoV onuelou elvon {om pue ¢ = wt.
Av x elvon 1 anopdxpuvon g tpofoing anod to onueio 0 téte auth elvon lom
UE

z(t) = xg ouvLt p =0t

To xo elvaw 1 yeyalitepn anoudxeuvor ano v Oéorn tooppomiog xat ovo-
ualetal mAdTOC TG TaAavtwoews. To dploua Tou cuvnuLtovou @ = wt
OVOUATETOL PAT) XAL TO & XUXALXN GLUYVOTNTA TNG TAAAVTDOEWG.
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H Ileplodog tng tohavtwoews elvon {on ye T = 27 /w. Ilpdyuott woydet
1 OYEoM
z(t+T)=x00uo(t+271/0) =x000v (0t +27) = 29 oLV T = x(t)

H 30voun nov e€aoxeitar hote 1o owua va extehel Yo Té€tola xivnom
elva )
d“v 9 _ 5
F = m—s = —M"T oVl = —Mmo’z
dt
To apvnxd onuelo onuaiver 6TL 1 SOvoun etva avtibetn g anopaxplvoews
XOlL ETOUEVKS TELVEL VoL ETAVAPEREL TO LALXO onuelo otn OEom Loopponias.

H e&lowon xwvnoswg ylog tétotag teoyLlds elvon
i+o’r=0
H d0voun elvor aotedfihn xon o duvouxd Peloxetar av ohoxAnptdcouue
v SVvoun. Extehodue tnyv oloxhneworn xa Beloxouvue

V(z)=— /F(x)dx = %mwzxz

H 6éomn evotafoig tooppomiag tou LAl onuelov elvan To onuelo = =
0 o6mov n Suvouixy evépyela yivetar ehdytotn. To Suvouxd medlo elvan
ouVTNENTO Xt M evépyela elvan ula otalepd g xvnoewg. H evépyela
elva To dfpoloua TG xLvnTLxng ot TN Suvoxng evépyela. Beloxouyue

1 [dx\? 1
Ez—m(dxt> +§mw2:z:2

Av ohoxhnpdoouue v nopandve eélowon Ho Beodue ndht tnv eélowon
g Teoyds. Advvouue v eélowon wg tpog TNV TayLTNTA Xat Beloxouue

E 2
d—x::I: 2 E—lmw2x2 =+ 2k Qi
dt m 2 m 2F

OAoxhnpdvouue v e&lowomn xat Bploxovue

-/ =Tk
\/2E _mo>2 2 \/ _mco2 2
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2
= :l:l'coicuv ( me :U) +C

W 2F

Atahéyouue Tov Ypovo €10l KdoTe oL otalepd va undevileton. Avvouue v
eglowomn wg mpog T ot Talpvouyue

2F
M2

T =xgoVvwt OTOL To =

H Mo elvar guowd opota pe v apywe. Ed® duwg to mAdtog tng toka-
VIWOEWG SIVETAL AV GLUVAPTNON TNG EVERYELIG.

Yuvnlwg YedpOUUE TNV EVEPYELX GOV GULVAETNON TNG OpUNG TP TNG
TaVTNTAS. AV XENOUWOTOMGOUUE TNV EXPEACT) U = p/m  €YOouuE

2 1 2 2
E=2p;+§mco2x2 — P 5 + v 221
m ( 2mE> ( ﬁfz)

E
N

Mynueo 3.2

T'papikn TapaoTaon TpLWY appovikly TOAQVTWTWY 0TO XWPO TWV QATEWY
H ypoagpuef mapdotaon tng oYECENS AUTNG OTOV XWPO TWV YACEWY Elval

ula éMhewdn. T dudpopeg TLég T eVEpYELag TalpVOLUE OUOXEVTEES ENAEL-
Jeg. O nuid&oveg xon to euBadov Twv ehheldewy autwy elvon

[2F | 2F a 2FE
a=\/_— b= T Epﬁzﬂab:W%:mng

Trobétouue 6Tl €youue va Adcovue to axohovho mEOBAnua aEyXdY
TULOV

i+o’r=0 £(0) =vo  x(0) =g
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H Sagpopnn e&lowon Exel SYo aveldptntes AdoeLg
Ir1 = ouvwt To =NUot
Ou AMoewg autée elvon aveddptnteg yatt n opllovoa

1 X2

L —ONUet wouvel|

:‘ cuVwt Nt ~

elva dropopetixn) and to undév. Enopévmg n yeviun Adon elvan évag ypouut-
%x0G GLVSLACUOG AVTWY TWV dVO UERXDV AVCEWY

z(t) = Aovvwt+ Bruot

Ou Ttpoadoploouue tdpa Tic otalepéc A xow B €toL dhote va ixavonolou-
vtat ou apyLxég ouvinxes. “Eyouye

z(0) = A =z

Emnouévwg 1 otabepd A elvon {om pe v apyuxr| B€om tou vAixol onueiov. H
devtepn otabepd vnoloyiletar and v apyxn Tayvtnta. Beloxouye

£(0) = (—Aonuwt+ Bowouwot),_,=Bo=1vy = B=uv/o

"Apa ) Moo g e€LodoEWS oL WXavoToLel xat Tl opyLxEg ouVOnXeg elvon
Vo
z(t) = xpovvewt+ —nuot
I3

"Eva mpéfinua oty xhaoowy| unyovien Bo Aéye ot €xer Aubel xon
EMOUEVWS TO GVOTNUA Elval TANEWS 0pLoUEVO av EEpouE TNV BEom Tou o TNV
TayUtnta Tou (1 ouynbéotepa Ty Béomn xau TV opurR Tou) yua xdbe ypovuh
otyun. H 0éom xonw ) taydtnta tou npofinuatog mou Advouue €8¢ divovton
aAnO TLG OYEOELS

Vo
x(t):xoouv(ot—l—gnpwt, v(t) =vgouvet —zow MU

IMopatnpotue ot 1 evépyela elvan otabepn wg tpog tov yeovo. Ilpdyuott
1 1 1 2
E = émv2—|—§mw2m2 =5m (:Uo GU\)(;)t—I-%)T]“(Ot) +

1
+§mw2 (Vo oUV Lt — Townuet)’ = §mv§ + émwzmg = Ey
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Kepaiato 3

3.2 AnocBevvupevn TaAdvTmwon

O BewpNooLUE THOEA OTL UTAEYEL (Lol AXOUA SVVOUT OV avTLdEd oY) Xi-
yNnom Tou LAoU onuelov. Xtny medér TETOLES SUVAUELS UTLEEY 0LV TLAVTA XL 1)
Tohdvtwor Bobutato oBfvel ue anotéheoua TEAXA TNV LOOPEOTIA TOU GUOTY)-
uotog. " Eva magddetyua anooBevvuuévng tahaviwoewg eivat 1 xivnon evég
eXXEEUOUC GTOV afpa Omou uTdpyel 1 acpoduvoulxh TeWBY. Ilpogavedg ula
TéTola SUvoun eEAETATOL ATG TNV TAYVTNTO XAl WS EX TOVTOU SEV TEOEpYETOL
and xoavéva Suvauxd. H evépyeia dev elvan wa otalepd tng xivhoewg ahld
ehaTTveTow He tov ypovo. H evépyela mou ydvetow petatpEnetar ouvhbwg
oe OepudtnToL

Trobétovue o6t 1 TEPN elvon avdhoyn g tayvtnrag 1T = —cu. H
eglowon xVAoEWS 0TNY TEoXElUEVN TepinTwao elvon

d2x+ wlp — dx
Mmoo Fmetr =—c|

I'edpovye v e&lowon oty Hopen

d? d
d—;+29d—a;+w2x:0 OToV p:i

Trobétovue enlong otL toyvouy oL axdhovbeg apytnés ouvinxeg
z(0) = zo 2(0) = vo

H eliowon elvar pra Stapopux) e&lowor yeouulxy ouoyevng ue otobe-
poUg ouvteleotég. Tétoieg Swagpopinés e€lowoelg onolaadnNnote TaEews Ad-
VOVTOL WG EENG

Oétoupe Nioelwg g wopphs « =e€" ' 6mou 7 elvan plo xotdAAnAn oto-
fepd mou mpénel va unohoyloouue. Ol cuvaptnoelg autég elvon Ldtodtaviouata
TV Stapopxdy tehectdy d"/dt" ue WBlotiés . Anladn

dn
rt _ n_rt
dtne =7 e

"Erou n Swapopuxn e€loworn uetatpénetal o uio adyeBeun e&loworn ue dyve-
0TO TO T oL AUVETOL EVXOAQL.
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Ewsdyovue tnv Mon = =e€"! otnv dwpopunh e€loworn xau éyovue
r?e"t + 2ore"t + 0¥ %"t =0 = r*+2r+6°=0

H alyeBpunn e€lowon Exel 8Vo AdoeLg

m=—p+VeZ—w2 xu r3=-—p—/p?—?

Avdloya pe v TYun Tou e oL Vo autég plleg elvor TEAYUATIXES Xot AVLOES T
uryoadueég xon ouluyeic N mparypatixég xow (oeg. Awaxplvouye tig e€Ng TEELS
TEQLTTHOELS AVAAOYA UE TO EDOC TV ELKDY TOL TELWVIUOU.

YNy meplntwor mov ol plleg elvat AVIOES 71 # T2 TOTE OL GUVIPTNOELG
1 =€t xaw xp = €™ elvon dVo aveldptnreg Woldoelg g Stagopuxhg
eELODOEWS XAl 1) YEVLXY AUom elvon €vag Ypouuixog ouvduaoudsg Twv dvo
AUTWY AVCEWY.

z(t) = Cre™' + Cye™™?

Ilepintwon 1. AcBevng andoPeo
Av 92 < w? 1é1E 0L Moelg elvar ouluyeic MLY oL SLEG.

Av Béooupe A = \/“)27_92 € N n yevun Aon yedgpeton
z(t) = Cpel—eTt 4 o p(—e=iNt — o—et (Clez“ i Cge_i“)

H Aoon avth elvan wear ueyaduxr ouvdetnor. M dAAn Mdor tng Sapopixnc
e€LoWoEMS elval TNG LOpYNG

z(t) = e ® (Aouv At + Brult)

ToU €lvoll ULoL TEALYOLTLXY) GUVEETNOT).
Oo mpoodiopioovue T otalepé anod Tig apytxés ouvifxeg Touv TEoBAN-
uoatog. “Eyouue

2(0) = [ (Aouv M + Bnut)|,_, = A=

0

£(0) = [—pe™® (Aouvht + Bnukt) 4+ e ** (—XAnult + Bhouvt)],_ =
—pA —|— )\B = Vo
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Kepaiato 3

Ou 8Y0o mapamdve e€lowaoetg elvol cUGTNUA 300 EELODOEWY Ue SVO AYVHOTOUG
T otafepéc A xan B. H Ador tou elvan

1
AIQZO B:X(Uo-i—pA)

Katd ovvénewa n Aorn tng dapopxfc eELODOEWS IOV LXAVOTOLEL XL TLG op-
XEg auvinxeg elva

z(t) = e <:IZ0 oLV At + m nu )\t)

Yo 3.3

AmooBevupuevos appovikos TaAQUTWTNS PE pkpn anoofBeon

Yty nepintwon auth N anocBeon elval yuxen xou €tot yivovtot Toho-
VIWOoELS YVpw and to onuelo = =0 g evotaboig woopponiag. H neplodog
g tohavtwoene elvar T = 27 /A. To mAdtog ouwe g TOAAVTWOEWS AOYW
Tov dpou e Pt elatTddveTon Ue Tov Xpdvo xon Tehxd undevileto.

Oo utohoyYlooLUE TWEA TOCO EAATTWVETAL TO TAATOS XATE TNV SLAEXELN
ua teptédou. Tny ypovinn otiyud t to Thdtog g tohavidoeng elvan z(t)
xow Ty yeovih) otyuh t+ T wetd and uio neplodo elvon z(t+T). O Méyoc
ATWY TV 300 TV ovoudletal Aoyog anooBécenws. ~Ouwg €xouue

z(t +T) = e *D (Guv (Mt + T)) + qu(A(t + T))) =
= e *Te™® (ouv (M) + Bru (At)) =e *Ta(t)
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Arnoofevvuuévn Taravtwon

Enouévwe o Movoc amooBéocwe elvar et xon slvar otabepdc we mooc tov
c YOGS < POC WG TPOC

xeovo. O exbétng T ovoudleton Aoyoaplbuxy uelwon.

[Tepintwon 2. Ioyven andcBeon

Av 0% > ©? oL %0 pilec ToU TELW VIOV ElvoL TEAYHATLXES Ko APVNTLXES
xouw avioeg 11 < rp < 0. "Eyouue woyven andoBeon. To clotnua yetd and
XATOLO YEOVIXS SldoTnua t — 00 EMLOTEEPEL oty Béom wwopporniog z = 0.
H xivnon dev elvon meproduxny.

H yevuen Aom tou npofBAnuatog elvon

z(t) = cre™t + cpe™!

TNt vor icavomotoUvton xa ov apytxés ouvinxeg, ot atallepés ¢ xou ca, mEénel
vau glvot AVOELG TOU TOEAXATE YEUUULXOV CUGTAUATOG.

c1 + co =2 r1C1 + Tracs = g

H Adon tou ovotiuatog elvon

ToT2 — Vg ToT1 — Vo
g =——— g = ———
ro —T1 o — T
Teluxd n Ador Tou TEOBANUATOS TOU LXAVOTIOLEL Xat TG ApYIXEG CLVOAXES

E(VOLL
ToT2 — Vo ToT1 — Vo
x(t) = —eTlt — —erzt

2—"n r2—n
H yeyohdtepn tyun mou unopel va mdpeL 1 oLUVAETNOY AUTH elvo UETA
Ao Ye6Vo L,y TOU elvar Adom g elowoews dx/dt = 0. Bploxouue
dx

— = ricet 4 racpe™t =0

dt
H Mon g e€lovdoeng divel tov {ntodyevo ypovo.

1 —C17 1 1 Vg — TgT2
tuey = In = In — —"=
ro —T1 CoTo ro —1 T2 Vg — ToT1

H e&lowon éxel wa Adon. Av 0 apywa tuun g toyvtntag elvon undéy

vo = 0 7N TN ToU fuey elvon (oM UE TO UNSEV XU EMOUEVWS Tyey = Tp.
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Kepaiato 3

"Eva vAuxé onuelo mou agpnvetat and v HEon g UEYLOTNG AMOUAXPUVOENS
T = X, EMLOTEEPEL 6T0 onuelo Loopponlag © =0 UETA and %xAnoLo POV
Stdotnua ywelc va to Eenepdoet.

T o

-~ ¥

Yyfuo 3.4

AmooBevvuevos Talavtwris. Kpiown kaw toxvpn aréofBeon

[lepintwon 3. Kelowun andofeon

Av o pilec Tou TpUWYLUOL elvon (oeg 71 = T2 = —p TOTE Eyouue Bpel
u6vo wia Miom g Sraopuhg e€lodoewg ty e Pt Mua Seltepn aveldptnTn
Mon g Srapopuhg edlodoewg elvan 1 tef!  xow enopéves N yevuh Ao
elvon

z(t) = (A +Bt)e ®

omou ot otabepéc dlvovTol and T oyYEoeLS
A=z B = v + pxo

(OOTE VA LXAVOTOLOVVTAL Xt ot apyxég ouvinxeg. Enouévwe n Aon tou
TpofAfuaTog elvat
e " (zo + t(wop + vo))

Trnv Adon auth) unopolue va Ty Bpolue xaL and TNy AVGT TOU TEOYNYOVUEVOU
TEOBANUATOS OV TIAPOUUE TO 6pLO YL T2 — T7.

H xivnon elvon mahe un neproduen). Av 1o vhixd onuelo agebel and tny
Odon = =z ywels apylxh Taydtnta téte Ho emotEédel otny Béon Looppo-
nlag, To YpNyopa and TNV TeonyovUevn Teplntwor), Ywpls vo TNy Eenepdoet

3.3 E€avayxaocuévr Tahdvtmwon

Edv ota mponyoldUeva GUGTARATA TWY OEUOVIXWY TANAVIWTOV ETLOE-
ocL enl mAéov xou wa e€wtepen) SVvoun Tou elvol GUVAETNOY TOU XPOVOU
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Eéavayxaouévn tardviwaon

ToTE EYouue wa eavoyxaouévn Taldviworn. M evdiagépovoa nepintwon
elvon exelvn mou n e&wtepun dOvoun elvat teplodxy teplodou £ g LopPhg
fonuQt n focosSit.

[ vo avtietwnioovue xau tig 8Yo mepuntooeg pall Oo Hewpnoouvue
wa eEWTEPLXY SUVOUN TNG LOPPNG e H AOom g Stapoplxng eELOWOENS
Oa elvar Lo puryaduen ouvdptnor. To mpayuatind épog tng Aboewg O elvar
N AOM TNG TMEPLRTWOEWS OV 1) EEWTERXY SVvaun elval avdAoyn Tou cuVNUL-
TOVOU XL TO QAVTUOTLXO 1) TERIMTWOY TOU NULTOVOU

Av amlonowmoouye emovoLddng TapaUETeoug N eEI0WOY TNG HLVACEWC
TOL CUGTAUATOC Elva.

i+ 200 + w2z = foe' = fo (ouv Qt + inu Qt)

H dwapopun e€lowon elvan yoouuux un opoyevig. H yevum Aon elvon
t0 dfpotoua g AVCEWS TNG OUOYEVOUS Mot UG MEPXNG AVOEWS TNG UM
opoyevous. H Adom tng opoyevoig neptéyet xow tig d0o avbalpetes otabepeg
XOlL EMOUEVLS MEPLEYEL TIG apyES auVOnXeS Tou TpofAnuatog. Tnv oyoyevn
eglowon Ty €xovue ANGEL GTLC TEONYOUUEVES Tapayedpous. Ou Bpoldue uLa
uepwen Adom.

Trobétovue ot 1 pepun) Ao elvan g wopypns z, = Be xou Ot
Tpoadioploovye Ty otabepd B. Avtuabiotodye tng Adorn otnv Sapopixn
eglowon anlonotovue xat Beloxovye teAxd

11917

fo w? — Q2 — 2ipQ)

B — =
w2 — Q2 + 20 Jo (02 — Q2)2 4 4022

[Topatneodue 6TL dtay dev umdpyel e ¢ = 0 Tdéte T0 TMAdTog B
NG UEPUNG ADOEWS UEYUAWVEL AMEPLOpLOTA 660 To ) TANoLdlel TNV TN w.
To gouvouevo ovoudletal ouvtoviouds. “"Otav 2 = © 10 MAdTOC YiveTon
anelpo xa TEEMEL Vo avalNTNOOLUE GAAN Uepxr) Ador).
Avtibétmg 6tav undpyel anéofeon e 600 wxen xaL av elval To TAATOG
yivetaw yeydro v 2 — o ohAd Sev anepileto.
Hopatnenon: H yevixn Adorn tou tpoAnuatog Tou anoolevvuuévou
APUOVIXOU TAAAVTWOTN UE EEMTEPLXT SUVOUN Elvon

r =e Py, + Bet

O npdtog 6pog meptéyeL Tov Tapdyovia e Pt xow petd and éva ypovixd
dLAoTNUA 0 GPOG AUTOG TOL TEELEYEL Xou TLG apynés auvifxeg undeviletar.
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Kepaiato 3

Anhodn petd amd Eva ueYAAo Ypovixd ddotnuo ot apyxés ouvinxeg Sev
nalCouy xavéva poho atny eEEAMEN TOU PALYOUEVOL.

Ou Beolue Topa Wlo ueptx?) AVoY TOL TEOBAAUATOS TOU AEUOVLXOY TO-
Aavtwtn yoels Telh dtav = w xou 1 edwtepuen SVvaun elvan (on ue

f= foe!

Trobétoupe 6TL 1 pepuh) Aom éxer v popeh) z, = I'te™t. Avuxabiotoldue
v Adon auth oty Stapopxt| eélowaon xo Beloxovue to I'. "Eyouue

2
ﬁl"tewt + w?Tte™t = 2iwle'! — w2Tte’! + w?Tte™! = 2iwle't = fye'®?

onote I' = fo/2i0l xow n {ntoduevn yepuen Ador elva

S0 iwt
— _t (O]
Ty 15t
[N mopdderypo Yedpouue To xdtw TNV Stapopixt| e€lowor VoG ApUOVIXOD
TOAAVTWTH UE eEMTERLXN SUVOUN X0 T YEVLXT AboT TNg

2U0 + f()t

i+ o’z = foouvot z(t) = xo UVt + nuot
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Aoxnoeig

Aoxnoelg

Aoxnon 3.1
"Eva uhxé onpelo paloc m elvor xpeuaouévo ané éva onuelo O ue éva
oPBapég viua unxoug [. To VAo onuelo amopaxpiveton Aiyo and to xotw-
Tato onuelo evotabois Looppomiog xor agivetar va xivnlel und v enidpao
tou Bdpoug tou. Noa peketnbel n xivnon oto xevé. No AdfBete vrodm v
TepLotpo@n ™ YNg (exxpeuéc Pouxd).

Yyxfuo 3.5
To amAd eKKpEUES

Aborm: Ovoudlouyue O ) yovia TOU VAUATOG UE TNV XATAXORLPO XL
z v xdbeto andotaon g ualog and v xotaxdeugo. Eyouue 61t

x=1Inub

Avahdouvue o Bdpog tou owuatoc B = mg oe 300 ouwotwoeg. Mio xatd
v Stevbuvon tou vAuatog xow plo xdbeto mpog auth. H Sevtepn dUvoun
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Kepaiato 3

glvall

F =mgnub

xo elvon oty mov xivel TNy uala, EVE 1) TEOTY LooPEOTEL AN TNV TACT) TOU
viuoatog. H xivnon yivetar o éva eninedo nov nepéyel v xataxdpugo.

H emtdyuvon wg yvwotd avareton oe 300 oUVOTHOGES Ul EPanTOUE-
vudh) TG TpoxLdg (o pe dZs/dt? xon pla xevtpopdro. H xevipopdhoc toop-
pomel oMo TNV TAGY TOL VAUATOG EVE 1) EMLTEOYLOS elvar (om pe v d¥voun
mov xwvel Ty wala. “Eyovue

m@ = —m 6

Enewdn enl théov s = [0 Beloxovue ™y e&lowon Tng xvNoews Tou exxpeUoUs
0+ wZnub=0 W=,/

[ uxpés ywvieg umopodue vo avTixataoTNoovUe o MU b e to 6 xau
va Ypdpouue v eélowon )
6+ w’h=0

To npéfBinua éXEL )\u9€.( xaL 1 Ao Tou xavorotel xat TiG apyxég auvinxeg
6(0) = Bg, xar 6(0) =6y elvow

0(t) =g ouvort + %Onpwt

Elvow dnhadh pio appoviey xivnorn ue neplodo 1 = 27T\/g ave&dpTnTn NG
ualag ToV COPATOG.

Oo Mioovye Tpa TNV Stapoptxt| lowomn TNG XLVNOEWS Lo OTIOLASNTOTE
yovia. H Swpopun) e€lowon Sev neptéyet avalutixd v yetaBAnth ¢ xon
Tét0Leg eELoWaELS Unopovue va utoBBdoouue TNV 4N Tou xatd Eva av fe-
WPAGOLUE Gav dYVwotn cuvdptnon v O xow yetafinth v cuvdptnon 6.
Oétovue O =u(B) xou €youvue

@9 _du_duds _ du
dt2  dt  dodt df
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Aoxnoeig

H e&lowon xuvnoewg yiveton

du

J— 2 e
ude-l—o) nuwo =0

H e&lowon auth elvon pia e€lowon mov unopodue va Sty wplCOVUE TLg UETO-
Bintéc u xon O xow vau ohoxhnewdoouue. Bploxouue

1
udu = -0’ nubdd = §u2:m200v6+c

H otafepa uvnohoyiletan and tig apyixés ouvinxeg.

[a va amhonooouye tig exppdoclg fewpodue Tig e€ng apyég cuvhin-
xeg. Twe t =0 t61¢ B =0y %o B =u =0 enogévg ¢ = —w’ouvhy
xoL 1) AUoM oL eavomoLel xon Tig apynés ouvinxeg elvan

u = v2w+/ouvh — cuy by

Mia axoua ohoxApwon divel tehwxd v Aor. "Eyouvue

df 1 db
=— =v2 0 — h = t=
YT V2av/ouvh — ouv by V20 / Vouv O — ouv by

To ohoxhpwyua elvar éva eEAAELTTIXG OhoxAHpwua xot dev unopel var Aubel
WPPWC UE GTOLYELWING GUVIPTNOELS.
H neplodog tou exxpepoig elvon

4 [P dh
T V20 Jo vVouvB —ouv by

T

Me v Bonpfeta g tawtétag cosh = 2nu0/2 — 1 xou pe tov yeto-
oynuotiond nub/2 = nuby/2nu e, n tapandve eElowon tehuxd yiveta

4 [T d
T=— / ? k=mnuby/2
oJo V1-kn?e
Ou Bpolue Yo TPOCEYYLOTLXTY EXPEACT) TOU OAOXANEWUATOS. XENoUULo-
TololUe TNV axdrovln avdiuor oe oelpd Ténlop
(a—-1) » ala—1)(a—2) ;

(1—i—x)a:1—i—aa¢—|—aTx + 30 x4 z] <1
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Kepaiato 3

xoL T0 ohoxAnpwua yivetal

/2 1- 1-3
T=—/ dcp(1+ S k% <P+—k4nu4q>+2 1 6k6nu6<9+--->
i e

w

Exteholue v ohoxhfpwor xou Beloxouue

_27‘[‘ 1 60 9 6() 225 660
T_w(l I T Y Tz ot )

[ pxpég yovieg ta nuitova elvan undév xan 1 neplodog elvon okl T =
21 /0. T yovia Oy = 5° 10 6QdAUa TNG TEAYUATIXNG TS ON6 TNV T
T=271/0w eivar 0,05%.

Oo Aoouvye Topa To (Bto TEOBAnUa Yo Uxpes Ywvieg omou Oa AdBouue
vrodm xow ™Y xivnon s YN YOpw amo Tov d&ova tc. H xivnon av ayvon-
OOULUE TNV XATAXOELPT XivNon ooy Tohd uwxen yivetow o Eva optlovTio eni-
nedo xy. H neplotpogh tne yne yiveton ue otabeph yoviand toydtnta € to
Sudvuopo autd €xer v Stevfuvor Tou dfova meptotpopns. Adyw mepLoTeo-
pNg eppaviCeton 1 SVvaun Koptdhic mou divetar and v oyéon

—

=20 x T = 2(Q1, D, U3) % (&,7,0) = 2(Qs9, — s, F,)

H tpltn ovviotddon Tng Suvapews F, dev pog evSLapépet xat Sev TNV YeAPOUUE
avadutixd. To €23 elvon yia yewypapuo Thdtog A (oo ye QnuA. Enouéveg
YLl TOUG AEOVES T XL Y EYOVUE TS EELODOELS HLVHOEWS

T+ o’z = 2Q37 i+ oy = =204

T nopandve egiotoels Ha tig Adoovue xon Tig dvo padlt.

[ToAhamhaowalovpe v Sevteen e&lowon Ue To 7 xoL TEocHETOLUE XaTd
UEAN. Ofoovyue petd z =z + 1y oty e&lowon xow EYouue

P40’z = —2iQ5%

H eglowomn neptypdpet €vay apuovixd TaAoVTOT) e QaviaoTtixy Tefn lon ue
Q5. Av Bewpfoouue t0 Q3 moA) wxpdtepo and o w, (23 << ) ToTE 7
Ao elvan

z=x+iy = e "Bt (Aouv ot + Bnuiot)
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X0 EMOUEVWS TO TEAYUATIXG UEPOG TNG ADCEWS E(VOL TO X XL TO PAVTACTIXG
T0 Y.

z = (A ouvwt + Bnuiot) ouy Qst y = — (Aovvot + Bnuiwt) nu st
2 SLayuopoTLXT) Lop®T) EYOUUE
F=xi+yj = (Aovvot + Byuiot)@  6émou 7 = quQsti — ouv Qst]

To dudvuoua 77 €xer tnv Stevbuvon g TpoyLdsg Tou exxpenolc Peloxeton
dnhad?| mavew oTo eninedo tng Teoylds. ‘Apa to eninedo auTod MEpLOTEEPETAL
UE TOV XPOVO OTWG TMEQLOTREPETAL XAL TO SLAVLOUA TL.

Trv ypovuh otiyuhy ¢t =0 1o Sidvuoua éxel Ty dietbuven tou —j
dnhadh delyver v dvor. Metd and éva ypovixd Bdotua ag todue (0o ue
t =m/203 161€ 1O BLdvuoua T Exel Ty Stevbuven Tou @ Snhadn delyvel Tov
voto. H mepiotpopn tou emmédou yivetal xatd tnv avddpouo @opd. Xto
VOTLO NULoQPAlELO 1) TEPLOTEOPY aUTH YIVETAL XoTd TNV 0plN poped.

To eninedo tng tpoxLd extehel Yo TANPN TEQLOTROYT UETA A6 YPOVO

2T 2T

T —

T Qnu

Ye yewypapuwo thdtog 38° m meplodog elvon (on ue v =40 peg neplnov.
Trv wxpoteen tun to péyebog €xel axplBedg Tdvew oToug TOAOUG Omou A =
/2 o T =27/ = 24h.

Aoxnon 3.2
"Eva owuatidio ualag m xwvelton 070 eninedo zy. Xto owUATiSLO EQop-
w6leton n Sovoun F = —kai — kyj. Ou apyunéc ouvBhixec tou npoAiuatoc
eivar 7(0) = 7y xow 7(0) = 7. Na Seifete btL 10 cwuatidio Sorypdpe. pio
ENheudm.
Abom: O e€otioelg xvHoews 6Toug a&oveg T o Y elval apuovixol
TAAVTWTEG UE ouYVOTNTa © = /k/m. H Mot tov edlobdoewy autdy elvat

Cij'o yO
T = Toouywl+ — nuot Y = Yo ouv ot + — nu ot
® ®
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Ov e€lowoets autég elvon oL ToPAUETEXES EELOWOELS TNG XAUTUANGS. Oo amo-
Aeldovye ™y nagduetpo t and Tic ediowoelg autés. Avvouue Tic eELowWoELS
w¢ Tpog ouvwt xat MU wt. To olotnua elvon ypouuxo. Beloxouyue

_ xYo — YTo Ty — Yor
ouy Wt = — - Lot =0 —; .
LoYo — YoLo LoYo — YoTo

H e&iowon tng tpoyLdg mpoxdntel and v oyéon ouv? wt + qu ot =1 xou

elvor ) ,
( 8o — Yo ) +w2< Toy ~ Yoo ) .
ZoYo — Yoo ZoYo — Yoo
z? (U5 + 0°y5) — 2zy (Togo + ©°zoyo) + ¥ (45 + 0’zf) = (zoYo — Yoio)”

H tpoya elvon pior xwvixr toun. Ilagatneodue 6t
. 2 : : : :
(:coyo + w2x0y0) — (yg + w2y§) (x(z) + wzx%) = —? (oYo — Toyo) < 1
XOlL ETOUEVKG TPOXELTAL YEVLXA Yot ENAeLd. Extog av

Zo T

xoyo—étoyo:o — = — =A
Yo Yo
ondte T = Ay xou 7 TeoyLd elvon eubela.
H tpoya elvor x0xhog av
2 4 22 = 32 2 2 E—l .2 lkz_l -2 lkz
Yo T Yy =Ty Ty = —2mx0+2x0—2my0—|—2y0

Aoxnorn 3.3
"Eva vAwx6 onuelo extedel Tawtoypova dvo tahaviwoels. Na Peebel
T CUVLOTAUEYY) TAAGYTWOY OTaY oL 800 TAAAVTIHOELS EYOUV o) JLUPOPETLXG
TA&T), SLolpopeETLXt| pdom xan tom ouyvoTnTa xa B) (oot TAGTN Xa SLpOoEETLXN
oLYVOTNTA
Avbomn: Trobétouvpe 4Tt oL THAAVTHOELS YLor TNV TEPITTWOT o) TEPLYpd-
(POVTAL UTO TLG CUVALTNOELS

r1 = Ajouv(wt+ @) 1 = Az ouv (ot + ¢2)
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Aoxnoeig

H ouviotopévn tohdvimwon elvat To d0poloud TV CUVAETNOE®Y AUTOV.
z(t) = 21(t) + 22(t) = Ay ouv(wt 4+ 1) + Az ouv (0t + ¢1)
Avahdouvue ta ouvnuitova xau Beloxouye

z(t)=A; (cuvwtovy g — MU inue)+ Az (Cuvetouy Qs — MU ENU )=

= Biowowt—Banuwt

onou €yet tebel
Bi = Ajouvg; + Az ouvs By =Ainuogr + Asnuos
Trnv oyéon avth) Béhovue va v yeddouue ue v wopyy
z(t) = Aovv (vt + @)

Avahdouvue to ouvnuitovo xau Beloxouye

z(t) = Aovwwtowwy — Anuewtnue
I va elvan {oeg oL 300 oyéoelg TEEMEL VoL LoYVOUY OL THEAXATE LGOTNTEG

Aovvy =By Anuo =B,

H \dom tou ocuothuatog auto Sivel to {ntoduevo nAdtog A xow ™ {ntoduewvn
PAGY @ TNG CUVLCTAUEVNS TahavTwoews. Beloxouue

A=,/B?+B3 © = t0&ep By /By

Trobétouye 6Tt oL TohavtioeLs ya tny Tepintwon B) teptypdpovtot and
TLS CUVAPTNOELS

r1 = Aouy (w1 t) o = Aouv (wat)
H ouviotapévn tahdviwon oty nepintwon auth elvon

z(t) = A(ouv (w1 t) + ouv (w2 t)) = 2A ouy ©1 ;’thnH W1 ; (x)zt
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Kepaiato 3

H tahdvtwon xel ouyvotnta lon ye to nuidbpotoua Twv 390 GUYVOTATOY ot
TAdTOg Tou YeTAfBdAAeTaL Ue ToV Ypovo. Evdiagpépov napouotdlel  nepintwon
oL 1) oLYVOTNTES Stapépouy Alyo uetall Toug.

Eviagépovoa elval eniong 1 meplntworn Tou oL ouyvoTnTeg elvan axépona
noAamhdota wog Paouhg ouyvotntag wo = 27/T. Tétoweg Tahavidoetg
TEQLYPAPOVTOL ANO GUVAPTNCELS TNG LORPNS

2 2
T, (t) = A, ouy (n%t) + B, nu <n%t) n=20,1,2,---

H ouviotauévn tahdviwon yio 6ha ta n Sivetal ané tny oyéon

Ay | < 27 2m
f(t) = 5 T Z (A oLV (nTt> + B, nu (nTt>>
xow lvat YLot Tohdvtwon ue Ty S teplodo.

f(t) = f(t+T)

"Eyovue yeddel tov mapayovia yio n =0 yoeloTd yia TUTiXoUs AOYOoUG.

Avtiotpdgug Loyver xau 1 tpétaocy. Kdtw and optouéveg npotinobéoers
ToU GUVNIWE LXOYOTIOLOUVTOL BTNV TEAEY ULat TEELOBLXY) CUVAETNOT UTopEl va
avantuyfel oe dbpoloua amhedy apuovixdy tahavidoewy. To dreo dbpol-
ouo ovoudleton avantuyuo Povpté. O otabepés A,, xar B, ovoudalovtal
ovvieAeateg Pouplé xan dlvovian améd T oyéoeLg

T/2 I T/2 I

= —/ ) oLy (n—t)dt = —/ (n—t)dt
T/2 T T/2 T

Av 7o onuelo x elvon onuelo acuvéyela t6te 1 oelpd Poupleé ouyxhivel

oTNY TWN
R ESICEL
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Aoxnoeig

Aoxnon 3.4
Not AvBel 1 Stapopunn elowon

6+ wge = Ajouvwit + Ay nu ot

H eélowon noplotdvel €vay apuovind TalaviwTh) Ye e€wtepxf) SUvaun mou
eXTENEL APUOVLXY TAAAVTWOT UE CUYVOTNTA 1.
Aborm: H Aon tng e€lobdoewg authg elvon To dbpotoua dvo Aoewy

0(t) = Oou + O,

H pla elvan m Ao tng opoyevoig xow 1 GAAN wo wepwen Avor. H Adon tnge

OUOYEVOUG TEPLEYEL MO TLG ap)MES auviNnxeg xow dlvetan amd v oyéon
1 .
Gou(t) = A2 oLV (;)gt + Bz ‘qp. Q)gt A2 = 6(0) B2 = w—O(O)
2

Oo e€eTdo0VUE EEYWPELOTA TLG TEPLNTWOELS TOU OL 3V0 XUXALXEG GUYVO-
TNTES W1 XAl W2 elvon (oeg 1) dvioeg.
Trobétovue mpwta 6TL
w1 F W2

H pepw Ao divetaw and v oyéon
0,(t) =T ouvoit + Anuort
Elodyouue ™y Aon auth otny e&lowomn xat EYovye
2 _ 2

(co2 — 0)1) (Tovvwit + Anuwit) = Ay ouvoert + Byt

E€ioddvouye to nuitova xat to cuvnuitova xou Beloxouue

1 1
of 03" of 0}
"Apa 1 {ntoluevn uepwn) Avom elvon
Ay B1
0,.(t) = t t
u(t) o oLV W1 +w%—w§ U w1
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Kepaiato 3

xoL M yevixh) Abom g e€Lowoewg elvat TeEAd

Aq Bl
e(t) = Az ouvwat + By N wat + m ouvwit + m N w1t

Trobétovue THpa dTL
W] = W2

TOTE N Pepwen) Aon Slvetal and v oyéon
0,(t) =Ttouvwit + At nuwit
Evodyouue ™y Mon auth) otny Swagopuxn eélowaon xau Beloxouue
—2l'wy N o1t + 2Aw; ouvwit = Ay ouvwit + By nu ot
E¢iowvouue ta nuitova xot tor cuvnuitova xon Beloxouue

1 1
r=—-—5 A=_—A
2(1)1 2(1)1

H pepw Adon tng un opoyevoig elvon
1 1
0,(t) = ———DBitouvwit + — Ajtnu ot
2(1)1

2(1)1

xow 1) YeEVL| Adom elvan tepa

1 1
O(t) = <A2 — tﬂBl> oLV wlt + (Bz —I—tﬂAl) nw Q)lt

H tohdvtwon yivetan e otafepn ouyvotnta w1 xat TAdTn Tou UeToBAA-
Aovtow ywels 6plo g TEOg Tov YEOVo.
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Adpaviaxa ovoTHLATY

Kegdhaio 4

YUGTARATA GUVTETAYUEVLY

4.1 Adpavioaxd cueTALATA

[ v mepLypagn evog QUOLXOY QAULYOUEVOU TEENEL Vo EYEL XAVElS €val
ovotnua avagopds. O edlowoels Tng puog elvon yeEVIXd StapopeTixnol
ota Sudpopa ouoTAUATA avagoeds. Eilval guowd va Siwaké€ovue exelvo 1o
oVoTNUA TIoU oL eELOWDOELS vau EYouv TNy anhovotepn wopen. Eva tétolo
ovotnua ovoudleton adpoaviaxd ovotnua. I'io Ta ouoTHUATA AUTA LoYVEL TO
a&lwpa g adpdvelag mou Statundlnxe xal and tov AploToTté.

"Eva ehetbepo owua mou xuiveltan pe otabeph) toyvtnta eaxoloviel va
xiveltan ye v Sua torydtnto av Sev emdpdoet endvew Tou xouia Svvourn. To
Tpwto a&lowua TG unyovixng Aéel 4t éva TEToLo GVOTNUI UTARYEL.

[N ™y mepLypagn evog yeyovdtog yeewaldouaote eva telopboywvio ou-
onua aovev Tou delyver xdfe gopd tnv Oéomn nov ouvuPaiver To yeyovog.
Enionc oe »xdbe tétolo olotnua uMdpyel EVa YEOVOUETEO TOU dely Vel TOv
xeoévo mou ouuPaivel to yeyovog. Elval autovénto yia v xhacour| unyo-
VI OTL UTAPYEL EVAG XPOVOS YLot OGNt T SEAVLAXA GUOTHUTAL.

Me tov 6po auufay Ho evvootue xdtt Tov yiveton o€ oplouévo anueio Tou
Xwpeov, Tou xaboplletor and TLg TEELS YWELXEG CUVTETUYUEVES T, Y, 2 XOL A0
Tov YXpovo t, mou ouuPaiver autd Tou xaboplleton and To ypoviouetpo. "Eva
ouuBdv opiletar oav éva onuelo (7,t) o€ Eva XDpo TEGGAPKY SLACTACEMY.

Ot évvoleg Tou YWEoL xaL Tou Yedvou elvar Heuehiddetg xow oot E€pouue
ano TNy euneLpla hog TNV onuacio Toug, aAAd elvar addvatog 0 0pLouog Toug.
AeyOUaoTE OTL 0 XWEOG EVOL OUOYEVNS Xl LodTponog SNAadh 6Aa To om-
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Keparato 4

uelor xaL 6Aeg ot devbivoelg elvan toodivaueg. Aeyduaote enlong xor Ty
OUOYEVELXL TOU YEOVOU.

Oewpolue 300 XAPTECLAVE GLOTAUATA GUVTETAYUEVLDY S xou S’ atov
xweo. To éva ovotnua meoxintel and to dhho ue plo petatédmion tng op-
XNS ToL xotd Eva Stavuoua o Anhady| Ta 890 GUOTAKATA EYOUY SLUPOPETIXN
apyn eved 1 devbuvor Twy advwy Toug tapauével otabepn. Oa Beolue mwg
UETAOYNUATILOVTOL OL GUVTETAYUEVES EVOS SLavOOUITOG XATd TNV UeTdbeo.

H andgvtnon elvow anhn. Av x,y,z xoaw x’,y’, 2’ elvon ou cuvtetayuéveg
EVOC SLayioUATog w¢ TEog To cuoThUata S xou S’ T6Te LoyYouy TRoPAVHS
oL OYECELG

/

r =x+ o y’:y—l—ocg z2'=z+ds
y(\ y/(\
A=uUt _ t=1t'
T x/
0 = o’ =
z 2!
Yo 4.1

Metaromon 6vo adpaviakdv ocvoTnuaTwy

Oo ouuBoiilouue T0 6UVOAO GABY AVTWY TV UeTaoyNUaTIouwy U Ts.
Kdébe otouyelo M (&) tou ocuvélov oplletot TANPWS A6 TOUS TEELS TROLY AT
%x0Ug aptuois oy, da, d3.

Trobétovpe étt ta dlo ocuothuata xwvovvtaw ye otabeph) (xotd Sievd-
Buvomn xou PETpo) TayvtnTa ¥ to éva we Tpog To dhho. Tnv ypovud) otiyu
t =0 ta dbo cvothuata toawtillovtor. Metd and xdamnoto ypovo t ta dVo
ovoTHuaTa €Youy yetatebel xatd Eva Sidvuoua a mou elvon (oo ye vt. Eno-
UEVWS Ol OYECELS TTOU GLVIEOLY Ta Slaviouata Béoews ota dYo ouoTHUATA
elvait

=74+t

O petaoynuatioupol autol ovoudloviow uetaoynuatiopol Tou Ialthalov.

120



Mn adpaviaxd ovothuata

Av €vaxuvnto €xel oyetun TaydTnTa U xow U’ g Tpog Ta dVo cUoTHUATA
avapopds TOTE oL BV aUTEG TayUTNTEG CLUVSEOVTAL UE TNV GYEOT)

u=u"+7

Emedn n toaydmnta U elvon otabepr) yla emmAéov mopayodyton Sivel yio tny
ETLTAYUVOY TNV OYEoT

L, du du

Y = —= — =

dt — dt

=/

Ot emitarydvoelg ota 8Vo cuotiuata tautilovtal xo ENoPEvewg 1 e€lowon
tou Nevtwva elvar 1 (S xar ot Vo ocuothuata. To dVo autd cuoTHUATY
ovoudlovtal adpaviaxd 1 Nevtdvia cvotiuata avogopds. ['a to adpavioxd
OLOTHRATA LY VEL 1) Ap)T) TNG OYETXOTNTOS dNAadh) OAoL oL VOUOL TNG PUOLXNG
elvaw {SLov o 6Aa Tor adparviad GUGTAHUATA.

Ta cuothuata awtd tpopaves elvon dnelpa oe TARfog. “Ola Tar adpa-
VWX CUCTAROTH Xvouvton Ue otabepn toyvtnta yetadd toug. “Olot ot
TAEUTNENTES YENOUWLOTOLOVY oLVNDWS Eval aloTNUA avapopds otabepd ouvde-
deuévo pe v vr. To ovothuata autd dev elvar axplBodg adpaviaxd cLoTH-
LOLTOL T YPNOULOTIOLOUUE OUWG GOV ABEAVLOXA VLot TEAXTIX0US AOYOUG.

4.2 M adpaviaxd cueThuata

Bluoote unoypewUévol ex TV TEAYUAT®WY TOMES PORES VA YENOLLO-
TOLOVUE ouoTHUaTa Un adpaviaxd. Eva ovotnua mou xuwveltow yall ye v
YY), TEPLOTEEPETAL YUEW ATO TOV AEOVA TNG YNG UE OTAOERT YwWVLOX ToyL-
T xow dpar Sev elvan adpaviaxd. Oplouéveg PopEC YEeNOLULOTOLOUUE TETOL
un adpaviaxd cuotThuaTo oxdmua SLéTL To amontel N @Uon Tou TEOBAUATOG
nou e&etdlovye.

Ou eotdoelg NG XVNoE®S OToL ouoThUata autd Uetafdhlovton. Av
Yo ToEddeLyua 800 CUGTAUATI EVOL TOVOUUEVO XOL EVOL ATOVO XLVOUVTOL UE
oyetweh) ToydTnTa v(t) TéTE N T UTNTES EVOC GUUATOC OTA GUCTAUNTO AUTA
ovLVOEoVTOL UE TNV O)EoM

u=1u"+v(t)

Aeyouaote o0tL 0 Ypdvog elvat o (dLog xon vl Ta Yo cuoTHUaTA dNAady
t=t’
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Keparato 4

Av fxou f' elvow 1 d0voun mov aoxeltat o€ £va owua 6Ta dV0 cUOTHUATA
oL 80 auTég duvduels dev elvar {oeg dAAa cUVBEoVTAL UE TNV GYEOT

L di dd . dit) s di()
f=mp=martm—g= = +meg

H emumhéov dOvaun mdu/dt ovoudleton dVvaur adpavelog.

YUVETWE TO 0WUA WS TEOS TO TOVOVUEVO GUOTNUA PaiveTal GTL xLvelton
uéoa oe duvouxd medlo. H Svaun tou medlou elvon {om pe v dVvoun
adpavelog. Anhadh av TAEOLUE TO TOVOUUEVO GUOCTNUA YLa Vo TEpLYpdhouue
TNV X{VNoY TEENEL VAL APULEECOVIE TNV SVVoUN auTh YLt Vo BYdAOLUE OWOoTd
OUUTERAOUATAL.

Avdo cvothuata Pe TNV BLa apy ) TOU TO €V TEQLOTEEPETAL WG TEOG TO
dhho elvar ovothuata un adpavetaxd. Ilowy puekethoouue Tic Suvduels mou
epgaviCovtat ota cuothuata autd Ha neprtypddouvue yeviuodtepa dVo Tétol
ovoTNUATA avopopds. Oa Beolue o yetaoynuatilovTal oL CUVTETAYUEVES
EVOS Slaviopatog xatd v neptotpopn. To Bio mpofBinua Ho e€etdoouvye
xon 0tov BEuxdeldeto ywpo TV Tpudy Slaotdocmy.

4.3 Ilepiotpepobucva cLUGTAUOATA

Oewpoue 8V0 XAPTECLAVE GUGTAUATA GUVTETAYUEVLY S o S’ 670 enl-
nedo. To éva olotnua Tpoxintel and To dANo pe ula TEPLOTEOPT xaTd YrVin
0 YOpw anod Ty apyn Twv alovmy. Ankadf ta dVo cuoTHUATA Yoy TNV (Sl
apyh xot StoupEpouy otny dtevluvon Twv advey Tou.

y
R —
: === > :FO
N
Yxnuo 4.2

lepioTpopn kapTeoLavot ovoTipaTos dV0 dLaoTaoewy

YuuBoiilovyue e i, 7 xou 7o, Oy Ta povadiata Staviouota xatd Ty Sed-
Ouvon Ty a€évwy Ty dVo cuoTnuaTwY. Oa ovoudlovue To GUOTNUA TOY
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Ilepiotoepoueva ouoTnuaTa

XOPTECLOUVO GVOTNUA GUVTETAYUEVLDY Xt Ho To Oewpolue axivito. To diho
ovotnua Oo to ovoudlovue ToAxd ovotnua xou Ho To Bewpolue xivoduevo.

Avaldovue ta Stavdouata 7 xan Oy wg mpog to olotnua zoy. Eyouue

7?0 :O(;—F ﬁj pde 0 :Y;‘f' 8]

Elvow yvewoté 6t ta o, B, v, 8 elvon ta Stwbidvovta cuvnuitova xot Sivovton
AT TLG OYEOELS

onwg paivetol evxola and to oynua. Enouévwg Eyxovue
7o = ouv0i + nubj Ol B0 = —nubi + ouvbj

T oyéoelg aUTEQ TIG YPAPOLUE Xat TLG SU0 GE UOp®N UNTEKOV

To\ _ [ ouwb mub Z
O ) \—mub ouvb /) \j

Ryfomeeesssse P
e/
g 1\
- A
e 1

-t R,
Re_: j—* !
A2 CE
i Ry
Yo 4.3

OL CVVTETQYUEVES EVOS ONUELOV WS TPOS Ta OVO TUTTNUAT
H nopandve oyéon Loylel xoL Yol TLg CUVTETAYUEVES OTLOLOLSNTOTE SLot-
voouoatog. Ilpdyuatt av R, xow R, elvan oL xapTecLavég GUVTETAYUEVES EVOG

dtaviopatog xou R, xou Ry oL TOAXEG GUVTETAYUEVES TOU (BLOL SLVOoUATOG
TOTE TPOPAVKG LOYVEL ) OYEDT

R = R,7y + Robp = Ryi + R,
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Keparato 4

ITolamhaoldlovue TNV TEAELTOLA LOGTNTA EGWTEPLXA TEWTA UE TO SLAVUOU
70 XL UETA UE To Sdvuoua By. Aaufdvouue enlong vody 6T Ta Sravdouata
7o xou Oy elvan xdfeta yetald Toug xaL ETOUEVWLCS

’F() . 60 — O
Beloxouue
R, 7 - Fo + ReBo - Ty = Ryi - 7 —|—Ryf- 7o = Ry ouvb+ R,mub =R,

R, 7o - 0o + Refo - g = Ryi - 6o + R,j - 6o = —Ra w0+ R, ouv0 = Ry
O 3%0 oyéoelg autég YedPovToL 0e Lop@n UNTeaS »G EENG

R.\ ([ ouvO nub R,
= ()= (% ) (5)

Ta i Ty Stavuoudtwy dev pyetaSdhlovtal xatd TNy neptoteopy. H
an6delln elvon amAn xow elvan 1 €€Ng

R = RZ+R2 = (R, ouv 0 + Ry nu0)’+(—R, nu0 + R, ouv6)” = R2+R>

[MTopatnpoiue 6Tt av teptotpédovye €var GUOTNUA TOTE OL GUVTETAYUEVES
TV SLVUOUATWY UeTaf3dAlovTan ypauuxd oluponva ue Ty oyéon (4.1). O
UETAOYNUATLOUOG TEPLOTROPNG ALPNVEL TOL UNXT) TWV SLAVUOUATODY avohAolwTaL.

YuuBoiilovye v uhRtpa uetaoynuatiopod e O(6). Edxola anodet-
xvoeETOL 6TL 1) WhTpo auTh) el avtiotpogo ty uitpa O(—0). Ipdyuatt

0(6)0(8) = ( ouv We) <ouv9 —we> _

—nul ouvh nub  ouvb
B ouv? B + nu? 6 —ouvbnub+nubouvb) (1 0
~ \—nubouvh + ouvlnub nu? 6 + ouv? § ~\0 1

H oyéon auty) pog Steuxolivet yia va Bpodue v avtiotpon tng oyé-
oewg (4.1). IoManhaodlouue v oyéorn and aplotepd e tny uitpa O(—0)
xou e TNy Bondea Tng mapandve oyéocws Beloxouye

R;\ [ouw0 —nub R,
R,)  \nmub ouvb Ry
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Ilepiotoepoueva ouoTnuaTa

I v oplCovoa TG UNTEOS UETACYNUATLOUOU EYOUUE

ouvvl —nub

detl09)] = nuh  ouvb

| =ow?f+nuh=1
Anhadn n optlovoa g unteas yio xdbe teptoteo@n elvan (o e TNV LoVASa.
Mia oeduo bty g ufteas O(B) elvon m e€hg
O(0)0(p) = OO +9)

H anddedn elvon n e€ng

_ ( ouwvb nub oUVQ MUY\ _
O(O)O(CP) - (_nue GUVG) <—Y]HLP GUV(P -

[ ovwbBouve —nuinue ouwvlOnue —nubouve |
S\ —nulouwve+ouwwlnuye —nubnue+ouvvlhouve )

_(ow(B+g) nud+e) | _
_<—7w(9+cp) ow(9+<9)>_o(e+q))

XnueLdvouue enlong xow TNy oyéon

0(2r) = (é ?)

Anhadn wia teptoteopn TS yovia O = 27 agfvel Tov yweo availolwTo.
Mia nepiotpogn oto yteo xatd ywvin ¢ ylew and Tov agova z oplleton

and TNV unTea
ouvg  mpp 0
A(O7 0, (P) = | — " q) oLy q) 0
0 0 1

Katd v neptotpoph) auth) To wovadiaio Sidvuoua k tou dEova z dev METOL-
Bahhetan. Xuupolilovue todllég @opég v neptoteopn auth ue A, ().

Me 6uoto tpono oplloviat xon oL TEPLOTROYES YUpw ond Toug AEOVES &
N y. H uftea nepiotpopnc ylpw and tov dfova = xatd ywvia O elvon

1 0 0
A(6,0,0) =A4,0)=|(0 ouvh nub
0 —nub ouvh
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Keparato 4

XOL M) UNTEOL TEPLOTEOPNS YVpw antd Tov d&ova Y xatd ywvio § elvon

owdp 0 mud
—nud 0 ouvd

Ou oploovue TWpa Ua TepLoTEoPY oTov Tewdidotato Euxkeldelo yweo
YOpw and €vay TuyovVTa dfova.

y T x!
y/
:B\
5 5
Z/
2
Yo 4.4

LlepioTpopn oTov TpLdLaoTOTO XWPO

"Eotw éva 3e&ldotpopo alotnua a&ovwy S oTov Yweo pe Baoixd po-
vadolor Stavioparta 7, j o k. To oVOTNUA TO TEQLOTEEPOVUE ETOL WOTE )
apyN TV aEOVmY Vo Tapaével oTaldepy], eved Ta Baotxd Staviouoto thAdEouy
dtevbuvon. To xawvodeyo clotnua 1o cuuforilovue ye S’ xau to Baowwd
novadialo tou Staviouata pe (7, 60 xat Gp). Oa Beodue axolovbwg tov
ueTaoynuatiopnd tou anewxovilel to obotua S oto S’. Ta 8o cuothuata
elvow xon Tt SVo deLooteopa 1 xau Ta dvo aplotepdotpopa. Metaoynuott-
OUOC ATO AELOTERPOOTRPOPO OE SEELOGTLOYO 1| AVTLOTEOPWS OEV UTAPYEL.

"Evag tpémog mou yenowwonoteltor ouyva yrotl elvan o mo amAog yio va
TepLypdouUe ULat TEPLOTEOPT) OTOV TELILAOTUTO ELXAESELD YWpOo YpnoLuo-
notel Tig yovies “OUlep. Tt va mdue and to cvotua S oto S’ extelodue
TEELS dLadoyES TEPLoTROPES UE ToV axdlovBo tpémo. O tpdmog autdg dev
elval Lovadxog

[Tepiotpéouue oty apyn Toug AEoveg xatd ywvio @ yVpw and Tov
GEoval z 0 TVAXAS TOU TAPLOTAVEL TNV TEPLETEOPY auth elvan o A(0,0, @).
Katémy mepiotpépouue toug d€oveg xatd ywvia 6 ylpw and tov dadova
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Emitayvvon og xivolueva ovothnuata

0 Tivoxag o TAPLeTAVEL TNV TEpLoTpo®h auth elvar o A(6,0,0). Télog
TEPLOTEEPOUUE TOUS GEoVES xatd ywvia P ypw and tov &Eova z, A(0,0, )
elvaw o avtiotoryog mivaxag. H {ntoduevn neplotpopy noptotdveton and toyv
nivaxa A, 0,¢) mou elvon (60¢ PUOLXE UE TO YLVOUEVO TV AVTLOTOLYGY
UNTEWY.

[Tohhamhaowalovpe T xatdAAnheg untees xou Peloxovye teAnd

A(L[), 6, (P) = A(07 0, ¢)A(ev 0, O)A(Ov 0, (P) - AZ(¢)A$(6)AZ(@) =

cuvhouy g —nubnueouvd  ouvpnue +upouveouvh  upnub
—owonud—muepouvdouvl —muenuid+ouvvdouvpouvd ouvdhnub
nuonu o —nulouve ouv 0

Or teewg Ywvieg ¢, 6 xou ¢ dnwg oplotnxay ovoudloviar yovieg " OUkep xon
UTOPOVY VoL TAEOLY TLG TUIES

0<¢<2rm 0<d¢<2rm 0<O6<n

4.4 Emutdyuvon oe XLVOUUEVO GUGTHUAT

"Eva xaptectavé ovotnuo S’ xwvelton pe toydtnta V(t) wc TPO €Vt
dhho S mou Oewpeltat axivnta. Oa Bpolue 0Ty Tapdyeapo auTH TNV oyéon
TOU OLVSEEL TNV ETULTAYVVON EVOS LALXOU onuelou ota 8V0 auTd CLUCTAUATA.
Oa e€eTdoouye WLaltepa TNV TERIMTWEOT TOU TO EVOL TEQLOTEEPETIL UE Y WVLOXN
TayUtnta ©(t) g npog 1o dhho. Téhog B efetdoovue Ty nepintwon nou
EOLUE o UeTAbeoT X TEQLOTROPN

Av U xan U glvon avtiotolywg ot TayTnTeg evog VAXOU oNUELOL K TEOG
T 300 oLCTHUATA TOTE

7 =T+ V(t)
Enouévwe evxola anodetxvieton OTL
. dv (t)

/_—»
Y —Y+—dt

6mov ¥ xaw ¥’ elvaw n emttdyuven ota dYo cuothuata. Av 1 tayvtnta V
elva otabepn) tote elval YVvwoTd 6TL 1 emtdyvvon elvon 1 (S xow ot dvo
OUCTARATA Xat ToL CLCTAUATA Elvat adparviod.
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Keparato 4

Trobétouue tdpa 6t to S’ meplotpépeton Ue yoviaxh taylitnto B(1)
w¢ Tpog To olotnua S. To VAo onuelo anoxtdel Yo axoua ToryvTnTa IO
elvaut

V=8xr7
"Apa 1 TaryUtnTor TOL EYEL WG TPOG To axivito clotnua elvat To (Stavuouo-
o) dfporopa TG T UTNTAS 6TO XLVOUUEVO %O TNG TayUtnta Adyw TEpL-
0TpopNG dnAady
T=0"4+8x7

Oplloupe Toug TeAe0TEQ NG ToPAYWYIOEWS WS TPOG TOV YedVo Tou axi-
VNTOU XAl TOU XLYOUUEVOU GUOTHUATOS Xat Toug ouuBoiilovue ue Dy o D,
AVTLOTOY WG Ao TNG OYEOELS.

— — — —/
D,r=v D, r=7v

Me v Bonfeia Twv TEAEOTOV AUTOY UTOROVUE Vol YPAPOUUE TNV THEUTAVE
eglowon Ue TNV Yoppn

DyFr=D,F+& X7
Arnlonotodue Ye to dtdvuoua T xat TalpVOuUE NG EENG LOGTNTA TEAECTOVY

D, =D, +&x

H napandve woétnto onualver 6TL yia onotodnnote ueyehog A(t) toyVeL 1
oYEom

D, A(t) = D, A(t) + & x A(t)
Mnogodue va ypddouue v LooTNTAL aUTH ot UE TNV axdAouln Loodivaun
uopg ] ]

axivnto HLVOUUEVO

[ var Bpoviue Ty emtdyuvon Oa e@apudlouue 300 PORES TNV TUEATAVE
oxéon. “Eyouvue

D27 = (Dy, + &%) (Do + & X 7) = D27+ D, X T+ & X Dy 7+ & X (& x 7)
Tekuwd yetd and anhég mpdéels malpVouUe TNy LooOTNTA
D27 = D27 + (Dy &) X 7+ 28 X (DyF) + & x (& x 7)
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Kivnon otepeot oduatoc

H emtdyvvon
26 X (D, T)

ovoudletow emttdyuvon KoptdAng o 1 emtdyuvon
B X B X T)

0vOUdCETOL XEVIPOUONOG EMLTAYUVOT).
To uéyeboc
D,& x71

ovoudletal yeouuxn emttayuvon. O 6pog autdg undevileton 6Tay 1 ywvlo
Tayvtnta elvon otalepn ondte N yovioxh emctdyvven D,& undeviletat.

Télog av To Suavuoua HEcewc R(t) NG AEYNS TOU XLVOVUEVOU GLUGTHUA-
TOG WG P0G TO Ax{VNTO LETABAANETAL TOTE GTNY ToYVTNTA XOL TNV ETMLTAYUVOT)
npootifevtal ov axdrovhol dpol avtioTolyws.

d - a2 -
i= 2R =L B
YT de 9= qe

4.5 Kivnom otepeot) ooOUATOg

Ot mapandvew oyéoelg unopovv va yenouonotnboly ya tnv UeAETN evig
otepeol) owuatos. Eva oteped odua elvon Eva obotnua we N coudtio Touv
oL AmooTAoELS UETAED TwY owUaTdiwy Tou dev petafdihovtal. Befalwe 7
WBLOTNTA QUTY TOU OTEEEOY GWUATOC Elval XoTd TEOcEYYLon owoth. Eva
xOua (0 fyog m.y) 8ev Ha unopovoe vo dadobel Yéow twv otepEdY av o
ATMOOTACELS TWV CWUATLIWY TOU oOUATOG UETALD Toug ftay otabepéc.

[ Ty pekétn tou 0Tepeol CWUATOS YENouLonololue Eva axivnto ou-
otnua S GUVTETAYUEVLDY Xon Eva xuvovduevo S’. To xwvoluevo chotnua elvon
otafepd oLVSESEUEVO UE TO COUO XAl GUUUETEYEL GTNV X(VNOT TOU GOUATOG.
O oyéoeig amhomolodvTal oy TO XEVIPO TOU XLVOULUEVOU GUGTNHUATOS ElVoL TO
%€VTpo Ualoug TOU CWUATOGC.

O meooavaToAoUOS TOU XLVOLUEVOU GUGTNUATOS WG TEOS TO axivnto
Tpoadoptleton anod tpelg aveldptntes yovies. H Béon tou wévtpou pudlag wg
TpOog To axivnTo oUOoTNUA TPoadloplleTal and €va SLAVUOUA UE TPELS CUVLOTW-
oec. “Etol éva oteped owua elvon €va unyavixd ovotnuo ue €€ Babuoig
ehevleplag.
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Keparato 4

Yoy EQUEUOYY TV OXECEWY TV TEONYOVUEVWY Tapayedpwy Ou Beolue
TNV XLVNTLXT EVERYELX EVOG GTEREOD GWUATOS.  Eva 0Tteped adua anoteheiton
and N Staxexpluéva cwUdTLL.

H »wvntuen evépyela evog TEToLou oOUaTog elval To afpoloud ToY Xivr-
TIXWY EVERYELDY TWY GOUATIOY IOV To amoTeAoly. 2uUfoAillovue ye v TNV
Toy TN EVOS owUATdiou Tou owuatog pe ualo m xot Stdvuoua Béoewg 7.
H toydtnra V' elvon n taydtnta tou xévtpou walag. H ywvionm taydmnta &
elvae 7 (Bta ylor OAa Toe cwudtion. Eyouvue

E;:}jémﬂzij;mv+axﬁ2=

:§:%mv?+§:mv-axf+§:%m@3xmz

To dfpolopa extelvetar o OAa Tt COUATIA TOU GLOUATOS.

O npwtog dpog mepléyel To y m  Tou elvat | cuvolu) udla M Ttou
owuatos. O deltepog Gpoc TMEpLEYEL TOV ToPAYOVTAL Y MiI” Tov Elvor UNdEy
SLOTL TO xLVOVUEVO GUOTNUA EYEL TNV AEYT) TOL 0TO XEVTEO UAlAg TOU GTEPEOY.
Avaddouvye t€N0g TOV TRlTO 60 XL EYOUUE

E, = 1]\4‘/2 + L Zm ((027“2 — (&3 77)2)
2 2

Erouévmg n xuvntua evépyeta evog otepeot owpatog lvat To afgoloua
3o opwv. O medtog dpog elval 1) xLynTLxn evEpyeLd TOL LALXOU orueiov Tov
ovunintel e To x€vipo pdlag xor €yel udla lon ye v ouvvohun ualo m
Tov owpatog. O deltepog 0P OPEIAETAL GTNY TEPLOTRPOPT UE Y WVLAXT| Ty V-
IO & YUpw and €va AEova Tou MEEVAEL Ao T0 XEVTEO UAlAg TOU GTEPEOD.
YuufoAilovue tov 6po awto pe B xaw Ho tov ypddouue pe ulo dhAn popen.

Av z; xou w;, elvor 0L GUVLOTWOEG TWV SLUVUOUATLY T° XAl & AVTLOTOLY WG
TOTE EYOVUE

1
Be=5 ) m[(0f + 03 +0f)(a] + a3 +23) — (0101 + 0232 + 0315)%] =

= LS o (a3 23) + 0 (a3 + 23) + o (o + 23) -

— 20)1(02561562 — 20)2(1)3562563 — 20)30)1.733.731]
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Kevtowée xavnoeig

Optlovue Tov tavuoty adpavelog and v oyéon

I, = Z m (rzﬁjk — xj:r;k)
O tavuoTthg elva GUUUETELXOS
ik = Iy,

XL 0L OVVLOTWOES Tou 11, I29, I35 ovoudloviow ponéc adpavelag ylpw and
Toug avtiotolyoug d&oveg. Ou UTOAOLTEG GUVLOTWOES TOL TaVVOTYH ovoudlo-
VTOL YLVOUEVA adpavelds.

Av Bewpnoovue 6t 10 odua mov eéetalovue amotelelton and GUVEYN
xotovoun walag e muxvétnta p,tote Ta afipolopata Tou TALATAVE OPLGUOY
UETATEEMOVTAL OE OAOXANEWOUATA GTOV GYX0 TOL CWUATOS. Anhadyn o Tavu-
otNc adpdvetag oplletat amod Tig oYEoELg

Iy = /p (rzﬁjk — a:jxk) dV

Hvnuunn evépyela evog owuatog ve Ty Bonbea tou tavuoth adpdvetog
YedpeTOL
1 5 1
E)}c = §MV + éljkwj(ok

onou evvoeltan afporon wg npog xdle emavaloauBavouevo delxty.
Me v Bonfeia Tou TavuoTh adpdvelag UTopoVUE Vo YedPOUUE Xxat TNV

(ecwtepunn) otpoPopu

EVOS 0TEPEOD oDdUaToS. Me amhég mpdlelg amodetxvUeTOL OTL Ol GUVLOTWOES
ToL SLaviopaTog auTol elval

L; = L,

4.6 Kevtpuxeg nvioelg

Mua SUvaun ovoudletal xevipun av elval TETOLA WOTE VoL JLEPYETAL ATO
otabepd onuelo xah’ OAn v didpxela g xwvnoesws. H dVvoun eoptdto
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Keparato 4

UOVO amo TNV anOoTAeY) ToU LAXOU onueiou and to xévipo. To onuelo autod
ovoudletor x€vipo TG xvnoewg. H d0voun elvor eAxtinn av el popd mpog
TO XEVIPO GAAWG E(VOL ATWOTLX).

Emkéyouue odotnua avogpopds e x€vTpo To x€vipo g xwvhoewg O. H
Svvoum €yet Ty dtevbuvon tou dwavbouatog 7. "Eotw 6TL elvon Tng popeng

F ’ —)
— OToL r=||7|

To ddvuopa 7/r elvon to povadiaio didvuoua xot 1) StevBuven Tov TepvaeL
ard to xévipo O. Av K(r) > 0 1o duvauxd elvar anwotnd xow av K(r) <
0 to duvauxd elvar eAxtind. Ou cuVLeTWoES TNG SuVANEWS AVTAG Elvar

Y 2

x
()" )= K(r)? (1)’
TrohoylCovye TNV ToEdy®YO TOU WETEOL TOU SLAYOOUITOS T WG TEOG .

"Eyovue

/2
or  9(z*+y*+ 22)1 ~1/2
I — - -9 2 2 2 —
Ox Ox 2" (2" 49" +27) r
Me »uxhwer) evahhoyr) Beloxouvye ot Tig dAAES TopoyWyoug
or _y or _z
oy r 0z r
Onote oL GULGTWOES TNG SUVAPENS UTOPOVY VO YEAPOVY
or or or
F,=K(r)— F,=K(r)— F, = K(r)—
(7“) or Yy (T) 0'3/ (T) Oz
Opiloupe ™y ouvdptnon V(r) and v oyéon
V(r) = —/K(T)d?“ BOTE (‘ﬂg_(r) = —K(r)
T

Me v Bonfeia Tng GUVIETACEWS AUTNG, OL CUVLGTWOEG TNG SUVAUEWS
UTLOEOUY VO YRUPOUY

or  odV(r)or 0

= o s a2’

F, = K(r)
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Kevtowée xavnoeig

Me 6poto tpdémo yia TG AAAEG 300 GUVLOTWOES YEAPOUUE

0 0
=3V R=—gV(r)

Onéte 1 dvvaun F TolpVeEL TNV HOPPT

- o o0 0 =
F=— (@,&,&) V(’I") = —VV(T)

Amno v tehevtalo oxeon polveTon aUEoWS OTL 1) SYvoun auth) elvat aotEoBA
Onhad VxF =0 xuéurto Buvocuwco elvaw 7 Guvocp'cnon V( ). To
duvouxd nedlo emouévmg elvor cuvtneNTKd xou 1 evépyela elvon éval TpwWTo
OAOXANPOUA TNG HVNOEWG.

Ou Beodue twpa TV pomh g duvduewg avtng. Elvar mpogavég ot 7
pomy) TN Suvauenwg authg elva undév. Ilpdyuarte

CE() . K()

Mp=7#xF =7 Fx =0
AX\a n pomtn) weag Suvdueng o éva Neutodvelo duvauixd medlo elvon (om ue
My Tapdywyo e otpogopuhc. Anhodh Mp = L enopévoc L =0 xx
Gpol To duavuoua g oTpoPopuns elvon otalepd (oo pe (Ch,Cy, Cs). "Apa
EYOUUE

dz dy dx dz dy dx

L=yZ % [,=22 2% _0, =% C
Yot “ar — ™ 2550 a2 3T T Y T

To Sdvuoua Aotndv NG 6TEoPopUNg elvor oTalepd Xal XoTE UETEO oL XATA
Slevbuvomn xat auTd Loy UEL YLoL OTOLOBNTOTE XEVTELXG SUVUULXS TED(O.

Av TOANATAAGLACOVUE TLG TALATAVL EELOWOELS UE T,Y, 2 OVILOTOlY WS
xou tpoohécouue Talpvouue TNy oyéon

C1z + Cay + C32 =0

H nopandvew eEloworn noplotdvel €va eN{NEdO TOL MEEVAEL ATO TNV AP TWV
alovey. ATé TNV oYEon AUTH GUVETAYETAL OTL

L-7=0
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Keparato 4

To Swdvuoua g otpoopuns elvat tavta xdbeto oto eninedo avto.

Ou e€lotdoeig TN xvNoewg arhouotevovial av To eninedo autd to fe-
WEHOOVUE ooy TO EMIMESO TwV a&dvwy = xou y. Oswpolue Tov Te(to d&ova
Z VoL GUUTINTEL UE TO dLAvuoUA TNG 0TEoYopUNS. Aev uTdpyel xlvnon otov
Telto d€ova z. Anhadn exhéyouye T otabepéc EToL doTe

Ou Aoovue To TEdRANUa ot ToAxég ouvietayuéves (1,0). Xto ol-
oTNUa AUTO 1) SVvau elvo cLVAETNON TNG Wlog LoVo aveEdpTnTNg UeTABANTAG
™G 7 xou €xeL TNy Stevbuvon tou alova 7.

F() = K(r)7

Ot xopteclavég ouvotwoes TNe Béoewe xat TG TaUTNTAS O TOAXEG
OUVTETAYUEVES YPAPOVTAL

r =10ouvl & =7ouvh —rinub

y=rnub g =7nud+rhouvh

To mpto 0hoXANEWUI TNG HLVACEWS 1) EVERYELX GTO TOAXS aUTd GUOTNUA
OUVTETAYUEVOY YRAPETAL

E= % (@2 + %) +V(r) = % (fz + r2é2> +V(r)
H otpogopun ( tpitn cuwotdon) o tolués ouvtetoryuéveg elvon
Ls = xy) — yi = 120 = h = otafepn

Tou elvon to B8eUtEpo oAoxApwua NS xvhoews. H emtdyuvor malpver tnv
HOP(PT{] . . . —
¥ = (7= r0%) 7 + (266 + 1) By

Ot g€Lowoelg g XLVNOoEWS 0TO GUETNUA UTO YivovTon
K(r)zm(f—r@) Ozm(%é—l—ré)
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Kevtowée xavnoeig

[MTopatnpoiye 6t 0 deltepn e&lowomn g xVAOEWS SeV TEPLEYEL TO SuvoLxo.
Elvow ouvendg n Bua yra 6hat T xevtewd duvouxd nedlo. Tnv e&lowon avty
UTOPOVUE VA TNV OAOXANewoouue auéows. L'pagovue tnv e&loworn ue v

popgi
m% (7“29) =0

XL ONOXANEWYOUUE _
mr?0 = M = mh

onov M elvon wa otabepd. H oyéon auth elvon to dedtepo ohoxhpmua g
XVNOEWG.

H oyéon éxel ula evduagpépovoa guouxt) epunvelo. ['ia moAd uuxpés yw-
vie O n éxgpacn 3r-(rdh) diver to euBadov nov Siéypade o Sidvuoua Béoewe
7 1 emPotu axtiva r o€ xdmowo xpévo dt. Ondte n éxgpoaon ir-(rdh/dt)
dlvel v petafoAn) tou euBadol avd povada yeovou. I'edgouue v oyéon
pe TV popen , u

—r-(rdf) = —dt

2 2m

H nopandve oyéon Aéel otL 1 Stavuouatien axtiva Stayedyel og (ooug Yeo-
voug loa epfadd. H npdtaon ovoudletat o vouog 1 to fedpnuo Twv euBaddv.

rdf

w
Yxnuo 4.5

O vopos Twr eufadwy yia TRV KEVTPLEN Kivnon

To 300 0hoXANEGUATA TNG HLVAOEWS TEPLYPAPOVY TAHEWS TO TEOBANUA
TRV XeVIpOY xivhoewy. H dedtepn otabepd tng nivhoewg 1 otpogopun dev
TEQLEYEL TO SUVOULXS Xall UTOROVUE VAL TNV OAOXANEDGOVUE auéons. Eyouue

rzd—e:h — dezﬁdt — ezfﬁdt
dt r2 r2

Iopatnpotue 6t N Tapdywyog g Ywviag wg Tpog Tov Yedvo elval Tdvta
Oetuen xonw emopévg N yovia O elvon wa wovétovn ouvdetnon Tou Ypdvou.
H yowvia dev alhalel moté onuelo xatd v xivnon tou Lol onuelov.
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Keparato 4

To npthTo OAOXAHPLUI TNG HLVACEWG, 1) EVERYELX, v AdBouue Loy OTL
720 = h 670 TOAXS ATH GUGTNUA GUVTETAYUEVGLY YEAPETOL

_ M (.2 242 _m (. B
E_2<r —|—7“9>—|—V(r)—2<7“ —|—T2>—|—V(7")

H e&lowon elvon wa Stopopuxd e&lowon ye dyvowotn ouvdptnen my 7(t).
[Mepieyet to Suvouxd xon dev eloptdton and ™y ywvia H(t). Eivow to oxtt-
V6 P€pog NS xvnoews. Mropolue vo OewpeRoouue TNV Tapandvew EVERYELL
ooy TNV eVERYELL EVOC OWUATOG oL Xlveltal oe ulo SidoTtaon oe Suvouxo
W(r) mou divetow and v oyéon

mh? M?2

W(r)y=V(r)+ 53 = V(r) +

2mr2

To Suvouxd autd ovoudleTor EVERYO 1) PULVOUEVIXG SUVOULXO XL O 6POG
M?2/2mr? xevtpoudlog evépyeLa.
Ané v eélowomn g evépyelag malpvouye Ty oyéon

dr
VEE =W ()

TOU UTOPOUUE va TNV ohoxinpdoovue. Teluxd Beloxovue

(4.2) % _ \/%(E W) = =

h
WOLL 6= | —=dt

dr
t =
‘/V%@VM)MU ?

m2r2

(4.3)

O oyéoeic autég anotedovy ) AioT) Tou TEOBANUATOS 6T YEVLXY| TOU LOop®T).
Alvouy ta peyéln r(t) xoa 6(t) oe TnapauETELX LOPPH UE TOPGUETPO TOV
Xeovo t.

Yuvbwg Ty e€lowon NG TPOYLAS TNV YRAPOUUE GaV Widt GUVAETNON TNS
woppnc r = 1(0). H deltepn and tg edwodoeic (4.3) av avTixataoTHCOUUE
0 dt ond v (4.2) yivetow

B % dr
- / "2 Jam(E - V() - 2

(4.4)
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Kevtowée xavnoeig

Tou elvon Ui ouvdptnon e woppne 6 = B(r) xou TopLoTdvel TRV TpoYL
Tou VAWoL onuelov.
Ot twwéc Tou r mou wavonoteiton 1) e&lowon

M2
2mr2

E=V(r)+

opllouv ta dpLa g Tpoyds. Av 1 e&lowon dev Eyel Aoeig 1) €xel wa Adon
N xivnon dev meproplletal xat T0 VA onuelo umopel vo TAEL GTO ATELRO.

Av 7 e&lowon auth €xel dVo Aoelg, 1y XL T, Ty > T, TOTE M xiVNON
nepLoplletan UeTadl TV XAy Y axtiveg g dvo autég pllec. To Sidvuoua
Oéoewg €xer pa Yéyiotn twn lom ue 7, xou ylo ehdyioty ton pe r.. Tyv
xeovu otyun mou 1(t) =1, N r(t) =re 7 taydmra 7 undeviletat. Auvtd
oues dev onualvel 6TL otapotder N xivnon 8ot N Yovia 0(t) uetafdiieto
xow M yoviaxh tou toyvtnta dev undeviCeton 0 # 0. Tnv otiyun vty n un
TOU T TMEEVAEL AMO TNV EAAYLOTN ) TNV UEYLOTN TN NS oL UeTd opyilet
var aw&avel N v edattoveton. H eAdyiotn Ttun tou diaviouatog Oéoewg
0VOUALETAL TEPIXEVTEPO XL 1) UEYLOTY) AMOXEVTEO.

“Ouwg av xat 1 xivnon elvan tenepaouévn autd dev onuaivel 6TL 1) TpoyLd
elvar Lot ®Aetoth) xaumiAn. AmodeuxvieTal 4Tl U6Vo OTLG TEQLITWOELS TOU
10 Suvapxd elvon avdhoyo touv 1/r # tou r? N tpoyd elvon wa xAeLGTH
XOUTOAY. TG GAAEG TEQLITWOELS 1) TEOYLA OV XAelvel xou PeTd and €va
UEYAAO XpOVLXd SLACGTNUA TO UALXO onuelo TepvdeL TEAXA and dha To onueia
Tou daxtuAiov.

HMopathenon: Iapatneoldue 6t yro r — 0 o bpog M /2mr?
UTOYPEWVEL TO (QULVOUEVIXS SUVOULXO VoL THEL 6TO  +00  AXOUN XAl AV TO
Suvotxo elvon eEAxTins. Emouévewg 1o ko onueio Ho néoel oto xévtpo tou
nedlov, Yovo edv To duvouxo V mnyalvel 6T0 —00 TLO YENYOEX ETCL DOTE
v 7 — 0 To Qavouevixo duvauixd va topaével eEAxTixo. Anhadh yio va
TaeL To VAXO onuelo otny Béon r = 0 mpEnet To Suvapixd va elvot TEToLo
WoTE

M? M?

0 = 2V (r) < —
< r*V(r) < o

Vi(r
() + 2mr?2
M Mo g aviedtnrag elvor éva Suvauxd avdhoyo touv —1/r™  émou
n > 2.

Mo omoudaior epopuoyh ULot XEVTELXNG XLVHOEWS elva M xivnor tng YNg
YOpw and Tov HAwo. H ddvaurn mouv ouyxpatel v yn xotd tnv nEELPOpd TNG
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YOpw and tov NALo elval aVTLOTEOPWS AVAAOYY) TOU TETREAYWYOU TNG ANOCTA-
oewg. Puowd Hewpodue v enldpaon twv dAAwY Thavntey aueintéa. To
Suvouxo nedio elvan to nedio tng Boaputntag. To nedlo autd elvon mavta ei-
xT6. " Evo dhho medlo ye ta (Sto yopaxtnetotixd elvor 1o NAEXTEOOTATIXG
nedio mou umopel va elvon Syt wovo eAxtixd adrd xou anwotxd. To dVo medla
unopotv vo ehetnfoly pall ue xatdAAnin exhoy Twv otabepdy.

2to nhextpootatixd nedio KovAour, n SVvaun nov aoxeltor uetadd dvo
poptiwy g1 xau gz dlvetal and v oyéon

Y10 nedlo Bagdtntag, N d0voun touv aoxelton HETHED TwY Lalwy my xou My
dlvetonw and v oyéon
mimsa

ﬁ:—G To

/"-2

To nedlo g Bapltntag Advetar 0TLG AOXNOELS.
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Aoxnoeig

Aoxnoelg

Aoxnorn 4.1

No Beefoiy ou taydtnta xon 1 emLTdyLVOY EVOS xVNTOV OE TOAXES GU-
VTETOYUEVEG.

y

______________ I77(15)
NFRC

; T
Yo 4.6

To biavvopa Joews evos kivnTov

Abom: "Eotww éva xuvnté ue Sudvuopa Béoewe 7(t). LvuPBoricouvue
ue 7o To povadiato Sudvuoua xatd v Stevfuveor tou 7, xow ye fo o xdheto
Tpog To Ty povadiaio Siavuoua. H gopd tou Bo elvan N Popd oL ALEAVEL
n yovioe 8. To didvuouo Béoewg T Exel xapteoiavég ouviotwoes (t) xou
y(t) wow modwég ouvietoeg r(t) xou 6(t).

Av €vo onuelo Tou YDEOU EYEL XUPTECLAVEG GUVTETAYUEVES (X,y) o
Tohéc ouvietaypéveg (r,0) Tdte woylouv ov axdlouvbeg oyéoelc mwg
paiveTol AT TO CYNUAL

r =rouvh y=rnub —o00 <z <00 —00 <y <00

Advouye tig elonoeig avtéc wg Tpog T xa 0.

1/2

r= (2% +y°) 0 = toley (y/x) 0<r<oo 0<0<2n
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Optlovpe Tig CLUVLOTHOEG TOU BLAVOOUATOG TNG TAYVTNTAG ATO TLG O)E-

oELg
Vg = d Uy = d Up = d Vg = d@
TTat T A T Tar T
Kot emoyévog
d d : '
Uz—Ex—ﬁ(rouve)—rouve—renpe
d d

vy = Y= (rnud) =7nub —rbouvl
Ot mapandve oYEGELS YRAPOVTAL OE LORPY| UNTEWY
Ug\ _ [ ouwO —mnub T
Uy ) \nub ouvh o

Ou ouvtetayuéveg Tou SLVICUATOS TNG TAYVTNTUS LXAVOTOLOVY T OYECELS
TOU BlVOUY TLE GUVTETAYUEVES EVOS SLAVUOUATOS WG TROS EVAL TEPLOTREPOUEVO
ovoTnua SNhadn Tig oYEoELg

Ur\ _ [ ouvO nub Vg
U ) \—nmub ouvh ) \ vy,
Enouévwg €youue

»\ _ [ ouwO nmub ouwvl —nub TN _ (T
5/ \—nmub ouvh nub  ouvh rf ) \rf

"Apat TEAXA OL GUVLGTWOES TNG TAYVTNTUS OE TOAXES GUVTETAYUEVES Elvo

Cl &l

Vp =7 Vg = rH
I'edpouye to Savuoua Tng ToyUTNTUG O TOAXES GUVTETAYUEVES
U= 7“?70 + Téé})

[ va Bpovye v emitdyuvon Oo epyaotolue pe opoto teémo. Ot xapte-
OLVEG OUVLOTWOES TNG ETLTAYVVOEWS E(VOL OL THEAYWYOL KOG TEOG TOV YEOVO
g tayvntag. Beloxouue

d .

Yo = o Ua — i ouv B — 2/0mu0 — rBmu b — rH? ouvh =
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= (7" — 7“92) ouvl — (27’"9 N0 + 7“9) nuo

Yy = %uy :fnp@—l—%éouv@—l—réouv@—7“927)“6 =

= (r — 7“62) nu o + (27’“9 N0 + ré) ouv i
e HopPH) UNTEWY oL 8U0 TUpATAVL CYECELS YEAPOVTAL
(Yx) _ (GUVO —np@) < T — 7“92">
Yy nu6  ouvb 276 + 176
ANNG oL oL GUYTETAYUEVES TOU SLAVOOUATOG TNG ETULTUYVVOEWS LXAVOTOLOVY

TG OYEOELG IOV S{VOUV TLG GUVLOTWOES EVOG SLAVUOUATOS WG TEOG EVAL TIEEL-
0TpEPOUEVO aVoTNU dnhady| Tig axdlovbleg oyéoets.

<Yr>_(cuv6 np@) (Ym)
Yo —nub ouvh Yy
Enouévwg €youye

(Yr) _ ( ouvf nub ) <Guv6 —np@) ( P — 7“92_.) _ ( P — 7’9%_)
Yo —nub ouvh w6  ouvvb 270 + 10 270 + 10
"Apat TEALXA OL GUVLOTHOES TNG ETLTAYVVOEWS OE TOAXESG GUVTETAYUEVES Elva
vr =i — 76 vo = 20 + 10
I'edpouye TNV EMLTAYUVOY GE TOMXES CUVTETAYUEVES
Y = <r — 7“92) To + (2739 + 7“6) 60

YNUELOYOLUE TENOG TNV ToYVTNTO XOL TNV EMUTAYUVOY| EVOS LALXOU O1)-
uelou o€ XVALVIELXES GUVTETAYUEVES.

T = 77y + rb6, + 2k, ¥= (r — réz) o + (2739 + ré) 0o + 3k
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Aoxnorn 4.2
"Eva owpa extodedetat and v onuelo g eMLPAVELAS TNG YNG UE Op-
e toyvtnta ¥, No ypagoly ol e€lowoels tng Teoytdg Tou av Angbel ur’
o N mepLoTEoPN TN YNS YVPw Ao Tov AEoVa TNG.

Z
5
D ©
Y
k"
VAN
x
Kb /R
2 Y
X
Yo 4.7

Avo adpaviakd cvoTHUQTO TAVW TNV YN

Abom:  Awhéyovue TOV TPOGAVATOAMOUS TwV alOVWY T XL Y ETOL
®oTe To ddvuoua U va Beloxeton mdvew 6to xz—eninedo xou o dfova 2 va
elva xaTaxopupog. Oswpolye éva axivnto clotnua OXTZ ue x€vipo 10
XxEVTPOo NG YNG o TNy Stevbuvon tou Z alova n Stevbuvor votog Bopeds.
Av K 1o uovadialo Stdvuoua otov OZ dEova TOTE N YwVLX TAYVTNTA TNG
Yne elvar & = oK. H YN XAVEL ULal TANEY TEELOTROYPY| YVpw amd Tov dEovd
e o€ 24 Wpeg N 86.400 deutepdienta. ‘Apa 1 TLuh) Tou © elvon

2T rad
_= —= 2 _—
© = 2ea00 0000072770

Ocwpolue enlong éva ovoTNUA avapopds oxyz otafepd ouvdedeyévo
070 oNUElo 0 NG YNG IOV UETEYEL TNG TEpLoTeopnS s Yns. O dalovag oz
elvor xotoxopupog xat o afovag oy Selyvelt v avatodn. H yovia tov
OZ xav oy elvaw 7/2. H emtdyuvon tng Papltntag €xel Ty Stevbuven tou
xotaxdpLpov agova dSnhady g = glg. H yovia tov afovoyv o0z xar OZ elvon
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M. Heogaveg A =7/2 — A 6mov A 10 YEOYRAPMS TAATOS TOU XEVIEOL O
TOU XLVOUUEVOU GUOTHUATOG.

H emitdyuvon Yoras 010 0talepd olOTNUA XOUL 1) EMLTAYVYVOY Y OTO Xi-
VOUUEVO GUOGTNUA TOU UALXOY onuelov ocuvdéovtal Ue TN oyéon

— —

Y01a6:Y+25X6+(3X(0)XT)

"Ola tar peyehn oty 3e€Ld mheupd TOL (OOV AVAPEROVTAL GTO HLVOVUEVO
ovotnua. “Eyouue nopaleidel Tov 6o B X Ty DLOTL N YoV ToydTnTa
™™g NG elvan atabepn. Av ovyBoiicouvye ue § Ty emttdyvvon tne PaedTnTog
TotE 1) Stapopuxy) e&lowaon Tng TeoyLag veg oNUEloL 6TO XLVOUUEVO GV¥oTHU
elvait
L d*F 05 dr
g = 152 + 20 X a7
H tywn tou w elvar moAd wixen xon o mapakeldhovye oe mpwdtn npocéyyion
10V Tp{T0 6p0 BTNV e£(0WOTN HWAGEWS TOL TEPLEYEL TO ©?
Ot oLVLETHOES TNG YWVLIXNG TAYVTNTUS TNG YNS WS TPOS TO TEQLOTEE-
pouevo cvoTnua elvon

+ & X (& X 7)

—

&= (oF D)7+ (k- J)] + (K -k =

— —

= —0ouv(90° — 1) i+ 0] +wouvk k= —wouvhi+enulk

TrohoylCovye 10 e€WTEPLXO YLVOUEVO @ X 7

- — -

. i J k
BX7=|—-wouvh 0 onuk
T Y Z

= —wMuhi+ (0Enu + 0 ouvd) j — o cuvhk
Enopévng ol e€Lodoeig xivhoemg Tou UALXOU onueioy YedpovTaL

T = 20y nuA = —20TNuN — 202 cuv A Z=—g+ 20y cuv A

Mrnogodue va yeddouue tig eLodoeLS TNG XLVNOEWS Ty LTAPYEL TEEN ovd-
Aoyn g Tayvtntag. Elvon govepd otL ol edlowoelg autég elvan

Z4ct =20ynuh J+cy = —20TNUA—20wz0ouvA Z+cz = —g+2wYouvA
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Ou apyixéc ouvinxeg Touv npofinuatog elvon

g

7(0) = 70 = (w0, Yo, 20, ) Xo 7(0) = o = (&0, o, Z0)
"Eva mptdTo 0hoxANpwuo TwV ToHpandve eElokoswy Beloxetal evxoha. Av
AdBouvue v’ 6dm xow T apyeés ouvinxeg to anotéleoua elvon
T+ c(x—x0) = 20(y — yo) ML A + Zo
U+ c(y —yo) =—20(x — xo) MU — 20(z — z9) 6LV A + Yo,
Z4c(z—20) =—gt+20(y —yo) oUVA + 2

Oo AVOOUUE TO TALATAVE® GUOTNUL TWV SLAPopXwy €ELOWOEMY UOVO YL
OPLOUEVES ELOLMEC TIEPLTTWOELG GTNV ENOUEVY) AOXNOT).

Aoxnorn 4.3

"Eva odpor apvetan vor TEGEL Tpog Ty YN and éva Bdog h uixpd oe
ovyxpLon ye Ty axtiva g yns. No anodetytel 6Tt to oWy dev Oo néoet
xatoxbpupa oAld Ho yetatomote! ané ™Y xaTaxbpuPo xatd oy td GuvA.
"Eyovue nopakelder toug dpoug pe w?.

Abomn: Ané ta Sedouéva Tou mpoflAfuaTog o apyixés cuvinxeg Tou
TpofAnuatog elvon

7o = (0,0, h) o o = (0,0, 0)
Enopévng ol e€lotoeig Tng XVACEMS TNG TEONYOUUEYNG AOXHOEWS YRAPOVTOL
= 20ynul Y= -20rnuk—20(z —h)ouvh  Z=—gt+ 20yocuvk

Y tpltn e&lowon avixabiotodue To Y amd TNV TEWTN XaL EYOLUE

OAoxhnpvoupe v oyéon avth. H otabepd tng ohoxhnedoewg elvon (on ue
h. Bploxouyue
1 ouv A

z=——gt’ +z

5 o Tl

144



Aoxnoeig

Trv Tyun aut) Tou 2 ™y avixabiotodue oty deltepn oL €XOUUE

oUV A = wgt? oUV A — ——x

ML A

Yy = —20xnu\ — 20 <—1gt2—|—x(jw>\> 26

2 nuA
H nopdywyog g metdtng Twv eEL0WOENS XLVNCENMS BIVEL TO & GUVIPTHOEL TOU
Y OV TO TOPVOLUE AT6 TNV TopATdvw e&lowor. “Eyovue

20
= 20ynNul = 2w )\((ogtzouv)\——x> =0
n+ N Nk

H oyéon auty| elvon {on ye 10 undév SLotL EYOUUE CLUUPOVACEL Vo TORAAE(-
TOLUE Toug Gpoug ue w2, Enouévec

1
x=0 xol z=——gt’+h
2
T TWEg auTég TOL T XAt TOV 2 TS avTxalloToVUe oTNY deltepn TV EELOK-
OEWY XV OEWS XL EYOUUE

Y= —20 (—%th +h — h> UV = gw t? Guy A

Oloxhnpcdvouue téhog Ny e&lowon avth). H otalepd oloxinpwoewg elvon
undév. "Apa Beloxovue

1
Yy = g(ogt‘o’ oLV A

O xpbvoc mou 10 ovdua Bo méoel oto €dagog Slvetar and TNV oyéon
z = 0. Tov ypo6vo autéy Tov avTxabLoToVue oTNY Topandve e&lowmor xot
TA{EVOLUE TNV AMOCTAOY) OO TNV XATAXOPUPO OTAY TO GWUN AXOVUTOEL OTO
Edapog.

t <2h>1/2 — Y 10> <2h>3/2 LV A w(Zh)B/z Uy A
— _ = —-wg | — OUVA = CLy
g 3 g 39

INa to yeoypapud mAdtog tng Iatpag 38° mepinmou n oyéom auty dlver

y = 0,00001725 h3/?
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Keparato 4

Ondte av 10 oodua négtet and eva Uhog 100 Yétpwy N andxhion elvan tepinou
2 EXATOOTA.

Aoxnon 4.4

No peretnfel to nedio g Papdtnrag. To duvauxd tou medlou elvon
AVTLOTEOPWS AVAAOYO TNG AXTIVOG oL ECVOL EAXTLXO TNG LOPPNG.

o

V(T):_r a>0

Abom: H dVvoun mou aoxeltar oto nedio autd elvon

—

F(f)=-VV(r)=V

a
= ——T
17’72

3R

elvot SMAadT avTLoTEOPrS avdloyo Tou TETpayWvou tng axtivag. Eyer v
Stevbuvom tou Staviouatog Héoewg xat popd Tpog To xévtpo tou mediou. To
(POLVOUEVIXO SUVaULXO ELVaL

E >0 Ilepioyn oxeddoecwg

Duyoxevipxd duvouixd
r

=
v

Datvouevind Suvouixd

Kevtpud duvouino

Yxynuo 4.8

To dvvauikd Tov wediov BapdTnTag

To duvauwxo mnyaivel oto anetpo ywoo 7 — 0. Autd onualver 6TL t0
VAo onuelo dev Oa méoel moté mdvew oto xévipo. Emlomg W — 0 vy
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7 — 00 TOL ONUALVEL OTL TO SuvoLxo Tedio elvan TEaXTLXA UNBEY OE UEYAAES
AMOoTACELS Ao To eAXTLO XxEvipo. H xoumdin €yet éva ehdyloto

oaum YYE

2 2
Wsmx—W<M ) _ o
Ané to oyfua gaivetar 6t edv E > 0 7 xivnon Sev nepropiletan. To
OWUATLO AMO TO AMELRO OXESALETAL TAVL OTO SUVUULXO XOL ETLOTEEPEL GTO
drewpo. "Otav E <0 7 xivnon elvan nenepacuévn.
H eZiowon g tpoyidc Sivetan and v oxéon (4.4) nou otnv npoxeyévn
neplntwon yiveton

dr

9:/%\/2771(}?4—%)

To ohoxhnpwua elvatl otolyewddes. ' 1o unohoyiousd Tou ohoxAnpwUATOC
XAVOULUE TNV AVTIXATAOTAO

e , M? 2EM?
OTOV e=— Xl e=1/1+
1+eu mo mo?

r =

Omndte éyovue

dr:gdu——L = 524y — dr = —Sdu
ou (1+eu)? 0 72 0

To yéyefog xdtw and v ella tou ohoxinpwuatog yiveton

M? 2m M? 2 M?
2m(B+—)—— = 2mE+ = (14-eu)— —5 (1 + eu)? = 2mB4—— — =
r r e e e e
2moe  2MZe M?e* ,  M?%*e2  M?2%e* , M?2e? )
gy s v = —— (1)
e e e e e e

Avtabiotolye tig Tiwéc autés 0To ohoxAnpwua xau Beloxouye

——du
6—/Me /m—toicuvu—l—C
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Avahéyovue Tig apyxEg ouvinxeg €tol wote n otabepd vo undeviCetor. "Apa
u=0ouvl xou TeEAxd 1 Ador tou TpofAnuatog elvat

r:—P
1+eouvh

H Mon noprotdver xwvixn toun ue wla eotio v apyn twv a&évey. To
o xahelton TUPAUETPOS XAl TO e exxevipdtnta Tng Teoytds. H exxevipotnta

NG TEOYLAS Sivel Eva UETEOo OGO amoXALIVEL 1) TpOYLA amd To va elvat x¥xAog.

e = 2 unepBolf

e = 1 nopafolr
e = 5 é\heudm
% e = 0 RgpLpépeta

A\

7\

Yo 4.9
Avdpopes TIQES TPOXLES QVANOYQ UE TNV TLUN TNS EKKEVTPOTNTAS

H tpoyid elvon mpogavedg xixlog yia
e=0 — E = —mo? [2M?
ue axtiva {on ye o . H Ttwn auty tng evépyelag elvon 1 uuxpdtepn TN
Tou UTopel vau ExeL 1) EVEpYELR, (oM UE TNV EAAYLOTN T TOU (PALVOUEVLXOU
duvouLxoU.
H teoyd elvon ENAewdn vy

OD<exl = E <0
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To eAxtnd xévtpo Peloxetan ot wla eotia tng . To unixog tou daviouatog
Oéoewe yetafdiietor petadl TV TYWWY

Tszlj—e Lo 6=0 ol Ty = e L 0=
To npwdto onuelo ovoudaletat, TEOXEWEVOL YLat TO GUOTNUA YN NALOV, TEPLY)-
Ao xou To Sevtepo agnio. O 8Yo nuidloveg g eAreldews xow To eufadov
g Slvovtan amé T OYECELS

M e o oM

P
vV1—e2 2mE 1—e2 2F up 2FEvV2Em

[MTopatnpoiye 6Tl 0 yeydrog nuidlovag e£apTdton U6Vo and TNy evEpYELd.
H neplodog T elvan o ypdvoc mou ypeetdleton To owua Yoo vo Starypdiet
v ENkewdn. H neplodog Beloxeton av ohoxineddcovue v e&lowon

a

%7“ - (rdf) = %dt

m

Tou Vouou Tty euBaddy and 0 éwg T. H ywvio 6 yetafdiieton and 0 éwg
21 €toL Wote va dtaypddouue OAn Ty emipavela tng eAReldews. " Eyouue

27 T
0 2 0 2m 2m

Advouue v e&lowomn auth wg neog T xow €yovue

T = war/m/2E3 = 21b%/%2\/m/a

H tekevtala auth oyéon Aéet 6TL To TeTEdYWVO NG TeELodou T elvan avdloyo
g Teltng Suvduewg Tou ueydhou nuagova b. H npdtaon avty elvat o tpitog
vouog tou Kémhep.

H tpoyid elvon mapaBorn yia

e=1 — E=0

H uuepdtepn andotaon and 1o xévipo elvan 1o = /2. M tétoa tpoytd
dLarypdpeL €val GWUA TOU EEXLVAEL YWELG oy txn) ToyUTNTA ATO TO ATELRO.
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Keparato 4

Télog ) Tpoyd elvan unepBoln yia
e>1 — E>0

To owya oxeddletal and o SuvouLxo.

Aoxnorn 4.5

No e&etaotel To nponyoduevo mpoBAnua otay To Suvauixd elvat ome-
OTLXO.

Abom:  "Eva QopTlouévo owudTio XLveltal Tpog To XEVIPO EVOG TL-
eNval Tou To amwbel ye SVvaun mou EYEL UETEO AVTLOTPOPLS AVAAOYY TOU
TETPAYWYOU NG anootdoews. H duvauxd medio mou dnuoveyel o mupnvag
YUpw TOL 0TO TElPAUA AUTO Elvat EVal ATWoTLXo xevTpixd Tedlio Kovlour. To
owudTio oxeddaletor and 10 SuVoULXS ToL Elvol TNG LOEPNG

V(r)= - o >0

XNy meplntwor auty dev undpyouy éeta otny xivnon. To goavouevixd du-
vouLxo elvat
a M2

r  2mr?

H ouvdptnon elvar @bivovoa oe 6lo to Stdotnuo ot 1 evERYELL TOU
owuatiou elvor mavta Oeten. Elvow mpogavég étL 1o odpa dev neptopileton
xotd TV xivnon tou.

O e€Lowdoelg TNg xVAoEWS ot oL AUGELS Toug elvat oL (Bleg OMwg oTNY
TEONYOUUEVY TEPIMTWON TOLu EAXTLXOV SuvauxoV. Amhwg otn Héon tou o
Balovye to —a. H tpoytd elvan mdAL ytar xwvixn toun g Lop@ng.

e , M? 2EM?
L SR OTOV o= xou e=1/1+ ——
H tpoyia elvon mapafoln yia
e=1 — E=0
H tpoyd elvon unepBoin yia
e>0 — E>0
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Anhodn v omowadNmoTe OeTinn) Uun UNSEVLXN TN TNG EVERYELOG.
H anéotaor Tou tepieévtpou elvon 1) Utxpdtepn Ty Tou Eet To uéyebog
r. LTNV TEOXEWEVN TER(nTwOo elvat

Ty = Yot 6=0

Av undevicouue tov nagavouaoti tng Tpoylds Beloxouue TNy Ywvia touv oyn-
uotiCet 1 aoVunT®mTOg TNG LNEPBOANG UE TNV SleVBuvon Tou UETPAUE TNV YWVl
0. H yovio auth elvon

—1+eouvh’ =0 — 6’ = £1oZouv(1/e)
To cwudtio thnowdler Tov TupRHva and Ty wla AGVUTTOTO NG LTEEBOANS
érov 17(—0') = 0o @Bdver uéypl My andotaon r(0) = r,, oxeddleton ond

TO SUVOLXG MOl ATTOUAXPUVETOL o6 TNV AN acduntwto érouv m(0') = co.
H yovio yetalld tov 8Yo acvuntotey elvar 26

B¢

Yxfua 4.10
LKEdaon 0c Eva QTWOTIKG KEVTPLKG OUVOYILKO

Aoxnorn 4.6
No Beebel n taydtnta Tou Yeetdleton Evat GOUA YLaL Vo SLpUYEL Ao TNV
N (TodTnTar Stapuyng).
Abom: H dOvoun mov aoxel plo ualoa M oe o dAAn wala m elvon

GMm
To

F=-—
rrc2
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Elvow yvwot6 6t éva owya wdlag m EAxeTal and v yn Ue SVvaun mg.
Enopéveng
GMm
R2
O tinog avtog dlvel €va amod ta mapandve UeyEéln 6tav yvwpllovue Ta
dhho tela. H otafepd G elvon n nayxdoutog otabepd g Bapdtntag, 1 g
elva 1) emtayvvon g Bogltntag, n R n axtiva g yng xow téhog 1 M elvon
N nalo s yns. O otalepég €xouv Tig axdrouleg TLues.

= mg — GM = gR?

G =6.67-10711 g =9.81m/s>

R =6,38-10%°n M =5,98-10**Kgr

To Suvauwd elvon V= —GMm/r xou €xel v nponyolUeyn Hopen
onov o = GMm. H Evépyeia otny emupavela Tng Yng ol 1 EVERYELXL GE £V
Upog Hoo elvon loeg. Enouévwg éyouvue

gl 2 GMm 1 ., GMm
T2 0 R 27 R+ H.,

H taydmnta s elvon undév xan yiao Hoo — 00 10 Suvouxo elvon eniong

undév. "Apa €youue

1 GMm 2GM
§mU2_T:O == vy = T = vy = V2R

H tun e taydmntag yio to dedouéva tng yng elvat
vog = 11,2km/s

H toydtnra dapuyng elvon aveddptntn g pwalag.

Aoxnon 4.7

"Eva odua xuveltal o giar EAAELTTLX TRoYLE TNG LOPPNG

e

"= 1+ecuvb
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No Beebel n dOvoun mou enevepyel 6T0 GOUA.
Abomn: To npdfAnua €xel totopun a&lo. Eivar to npéBinua mou éhvoe
o Kénkep yia va Bpet Tou Yvwotolg VOUoug Tou.
Ou epyaotolue o ToAég ouvvietayuéves. Emedn) n Sdvoun elvon xe-
VTpxY| TO dLdvuoua g oTpoopuns elvor otaleps. “Eyouvue

M : : M
— =% = 0= 5
m mr

H eéiodoeig Tng xvnoews o TOMXEG GUVTETAYUEVES elva
F=m <r — 7“62>

H npddtn nopdywyog tou 1 g Tpog Tov Yeovo elvat

eM

penpud o e 2
§=-nubrih=—nub
o M mo

(14 eouvh)’

P =

xow 1) SeUtepn Mopdywyog elvon

M . M M
fze—cuv96:—<g— >—2
me me \r mr

To ouvl To mipaue and vy e&lowon g tpoyLds. Katd cuvéneta n SUvaun

elvou
M /o M M \? M?2 o
F=m —‘Cj')—z—r > I e
mp r mr mr mpr r

émov o = M?/me. Ankadh n ¥voun elvan avdroyn tov avtietedpou TeETEa-
YOVOU TOU UNXOUG T
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Ov Ouadeg

Kegpdhowo 5

O ouddeg TG HAAGOIUNAG UNYAVIXAS

5.1 Ouv Opdodeg

Opropds:  Oudda elvar €éva oOvorho G €QOJAGUEVO UE Lol TTEAEN
oplopévn wg e€Ng. Xe xdle Swatetaryuévo Levyog o, B g ouddog avtioTouyel
éva u6vo otolyelo Yy tng ouddag. I'edpouye

Y =of

N mpaln auty ovoudletan TEAEN eowTepxfg ouvbéoews g ouddag G. O
VOUOG TEETEL VoL LXOVOTIOLEL TLg axOhouleg BLdTNTEG

a(By) = (of)y TPOGETAUPLOTIXY WBLOTNTA
ae = ea = o UnoeEn oudETepou oToLYELOU
a l=ala=e Umoaeéy) oupueTELxoV oTolyElou

o mopaderypo 1 npdobeon xar o moAlamAaolaouds oto ovvoho I elvon
T€ToLEg TRALELG EowTERLXNG oLVOEsEwS. TTooudda ovoudletol To UTOGUVOAO
ULdg ouddog mou elvan oudda to dto pe v Bla mpddn. I va anodel&ouvye
OTL Evat 6UVOAO Elvo UToOUAdA amodetxvOouUe oLVNDWS OTL

Vo,p € H o' e H

I'evixd 1o otouyelo of3 xaL to otouyelo Ba elvon Sragopetind. Av ta
otouyela auTd ouUTInTOLY dNAadY

of3 = B
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T6Te 1) oudda ovoudletat afehiovy).
Avo otouyelo a xan B ptag opddag ovoudalovtat ouluyn av UTAEYEL OTOL-
XElO Y NG ouddog TETOLo WOTE

B=vytay

H npdén ovoudleton UETAOYNUATLONOS OUOLOTNTAS.

Av wo opdda meptEyer nenepoouévo mAnbog otolyelwy ovoudleton me-
TepaoUEVY ouddo dAAwg ovoudletar dnetpn. To mhnbog twv otouyelwy uide
ouadag ovoudleton ta&n tng ouddoag. M dmeipn oudda unopel va elvon
StaxexpLUévn 1) ouveyNg avdioya av To TARdog Twv ototyelwy Tng elvat apLb-
unowo 1 ouveyés. Ta otoyela yag ouveyolg OUASAG UTOEOUY VOL YUEUX T
pLoToly amd Eva 6UVOAO ToEAUETEwWY ToU PETABIANOVTAL XAUTA CUVEYT TEOTO
oe xanoto ddotnua. To odvoho TwY TapaUéTemY AUTKOY ovoudletal Ta&N
™G OUASAS.

Av G1 o G elvon 8%o ouddeg xon

f:G1 — G
ULOL OUTELXOVLOT) TETOLAL WOTE VAL Loy VEL

f(oB) = f(a)f(B) Vo, € Gy

TOTE 1) AMEXOVLOT) OVOUALETOL OUOUORPLOUOS oL OL OUddES ovoudlovTon ouo-
wop@ués. Av 1 amewovion elvol appLIOVOSHUAVTY XL ETL OL OUASES OVOo-
ualovton toopoppués. O Loouop@uxéc ouddes €xouy Tig (Bleg avaAuTixég
douég xon €tol elvor apxeTd vo uehetnbel uovo ulo and autés.

Opiopds: Avanoapdotaot oyddag. Oewpolue uio ouddo G 3o XAToLo
olvoho S. TuuBoiilovue pe M(S) 10 6UVONO TWY UETAOYNUATLOUGY TOU S
TOU VoL €{Vall OAES OL AUPLLOVOGNUAVTES XL ETL ATMELXOVIOELG

T(a): S — S

Mua anewxcdvion 1" nou anewxovilel Eva atolyelo Tng opddag 6To 6UVoAo
TOV UETACYNUATIOUWDY

T:G— M(S5) T:aoeG— T(x) € M(5)
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Ov Ouadeg

ue Ty Wotnta 1 oOvdeon 3o uetaoynuatiopdy T'(a) xaw T(B) va undpyet
xow va glvar o petaoynuatiouos T(off) Snhadh

T(o)T(B) = T(ap)

ovoudleton Teayudtwon g ouddag G.

Av 70 odvolo S elvon Evag TpaypaTixnog 1) MLy adxog SLaVuoUATIXOS Y-
coc V xou ot yetaoynuatiopol elvan ov (un Widlovteg) ypouuxol yetooyn-
uatiopol (Teheotéc) oTov YWpo autd TOHTE 1) TEAYUATHoN auTh ovoudleta
(veauunn) avanopdotaoy g ouddag G. Av o Stavuouatinsc yweog V elvow
Yo Xihurept (TANeNg SLavuoUATIXGS YWOEOS ECWTEPLXOY YLYOUEVOL) TOTE
1 avanapdotooy ovoudletar povadiada (unitary).

Elvon yvwoto ot o xdbe yoouuixd TeAeoTh) aviloTolyel évag TETpay (-
vixog mivaxag Ue Sdotaoy (on UE TNV dLACTAOY) TOU SLAVUCUATIXOU YDEOU.
Ou nivaxeg avtol avamaptotoldy ta ototyela g ouddos. H td&n towv nuivdxwy
ovoudleTol SLAGTUCTN TNG AVATAPAOTACEWS.

To otowyelo T(a)T(B) elvor 10 yvouevo twv mvixwy T(a) xaw T(B).
Anodewxvieton edxola 6Tl o xdfe avanapdotaon to clvoho T(e) émou e
elvat To 0LBETERO GTOLYElD TNG OUASAG TEENEL Vo elval 0 TALTOTIXGG Tivaag.
Eniong 1o otouyelo T(a™!) npénel va elvon o mivoxag T(a) 1.

H perétn uog apnenUévng TENEQUOUEVNG OUAdAS TAEEWS 1, UE TNV BoT)-
el TG avanopaoTdoews, unopel vou yivel amé TNV UEAETY TV TETEAY W VLXKV
TVaxwy g (SLag Staotdoews. Ot nivaxeg mpénet va €youv opilovoa didgpoen
TOL UNBEVOC £TOL WOTE Vo EYOUY avtioTeoYo.

Mopdderypo: O nivaxeg ouvende natlovy Baoxd pdho oTC avamo-
paotdoelg. 'V autéd divouue e3¢ uepixd TapaSElYUATA GUVOAOU TILVAX®Y O
anoTeAOUY OUASA UE VOUO TOV TOAAATAAGLACUO TwV Twvdxwy. To otouyeia
TOV TLVAXWY Unopel va elvar mporyuoatixol 1 uryaduxol aptbuol.

H yevuo yeauuwh opdda. Anotelelton and 10 6UVOAO OAOY TwWV TLVE-
xwv A ye opllovoa dudpopn Tou undevog, dniadn detA # 0.

Troouddeg tng nopandve ouddag elvo:

H ewduen Yoo opddoa. Arnoteheitor and to 6UVOAO MGV TWV TLVAXOY
ue opilovoa lon pe Ty povada.

H povadiaia opddoa. Anoteheiton and 10 6UVOAO TV LOVASLAWY TLVAXOY
U exelvov dnhadn tou xavonolody ty oyéon (UT)U =1 énov U™ elvan o
ovQuyoavaotpopog touv U. H oyéorn yedpetal avaiutind

n

*
E Up;Ukj = Oy
k=1
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Keparato 5

H ewduwe) povadaio oudda. Anoteheiton and 1o 6OVOAO TV HoVASLAleY
Tvaxwy pe oplCovoa (on Ue TNV LovAda.

H opboydvia oudda. Anotereitoan and to olvolo twv opoywviny -
véwv O dnhadf exelvov mov uavonowoiy v oyéon (07) O =1 énov O
elvat 0 avdotpoygog tou mivaxa O.

H Ewue opfoydvia oudda. Anoteheiton and toug ophoydvioug mivaxeg
ue opilovoa lom pe Ty povada, dniadn detO = 1.

5.2 Ov An Opddeg xaw ov An "AlyePpeg

Ot ouddeg pe anetpo xan un apthunoiuo aptbud otoyelwy €xouy TohAég
epapuoyeg oty Puor). H yelétn 1wy oyddwy autwv dung tapovoidlouvy to
TEOBANUA w¢ TEog TNy ouVEYELa. Elval cuvendg anapaltnto vo eLodyouue pLo
TOToAOY(o OTNY OUAdA. 1TNV THEdYEaPo ouTH SIVOUUE CUVOTTIXA XAl X WelS
anodel&els xamota and ta ouunepdouata Tig fewplog. To Boowwd Hewphuota
g Bewplag autng Eyouv anodetytel and v An.

Ogiopdg: Tonoroyu) Ouddo. Mo ouddo epodiaouévn ye yia To-
noloylo ovoudletat Tonoloyuxh oudda av ot dvo doués elvon ouufBiBaotéc
uetagV toug. Tovto onualvel 6TL 0 E0WTEPXIC VOUOG XAl O VOUOS TNG AVTL-
0TPOPNG TEENEL VoL elval GLUVEYELS WG TPOG TNV TomoAoYia TNg ouddag.

Ta otouyelor Yag ouVEYOUE OUASAS UTOPOUY VoL YORAXTNELOTOUY AT
éva oUVolo TopauéTewy. To oUvolho TV TUpAUETEMY AUTGY ATOTEAOVY TOV
TUEUUETELXO X Wpo TN ouddoac. H e&dptnon autn yedpetatl avalutixd

le'(O(l,O(z,"’,O(n) y:y(ﬁlap%'”?pn)

[N Tov véuo tng ouddag xow yio To avtioTeo®o oToLyelo YRAPOUUE
Ty = Z(Y17Y27 U 7Yn) Yi = Yi(OLl?OLZ? T 7an;plap27 Tt 7pn)

$_1:$_1(81,82,"',8n) 8@':81'(0(170(%"'70(71)

Oplopds: Mua tonoloyuwey oupddoa ovoudaletor An ouddo av undpyet
wa yertovid N tou tautotixod otolyelov tng ouddag Tou UTopoVUe Vo TNV
ATELXOVIGOUUE UE HATOLOV OUOUOPPLOUS VK OE EVA AVOLXTO AL (QEOYUE-
vou UTooUvVoAo Tou mpayuatixol Euxdeldiou yweouv R". To n ovoudleton

didotaon tng An oudadog.
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Ov An Ouadeg xar ot An "AAyeBpeg

Ye (ot An oudda oL TopAUETEOL Y TOU YWOUEVOU Ty elvol aVOALTIXEG
OUVOPTNCELS TWY TUPUUETEOY o X 3; TV OToLYElwy T oL Y XL oL Topd-
LETEOL B; Tou avTLeTE6YoL Gtolyelou o1 elvon avehutinég cuvapTice TwY
TUEUUETEWY o; TOU .

ALAEYOLUE TG OUVEYEIG TAPUUETEOUS TNG OUAdAS ETOL WOTE av e elva
T0 0UdETEPO oTOoLYElD TNG OpAdag Vo EYOVUE

e =1¢€(0,0,---,0)

Me auth) Tnv exhoyy| TV nopauétpwy Eva oToLyelo YELTOVIXS Tou Tau-
ToTxol unopel vo avantuybel oe oelpd Tng LopPNg

" ox
af:flf(“laaza"'»%)=$(0,0,"',0)+Z°"“(—> o
k=1 80% ar=0

Av meploploTolue P€yel TOU 6pOUE TEWTNG TALEWS YPAPOUUE

S~ ox
x(oc@) = x(O) +1 ; o Jk Ji = <E>ak:0

[ éva otouyelo z(a;) anopaxpuouévo and o 0udETepo otoLyelo € uno-
polUE Vo ypdpouue
o = lim eN

e — 0
N—oo

XOUL QPAL EYOUUE

lim z(eN)= lim xz(e)z(e), --,2(c) = lim (e+ieJy)" = explioyJ;}
e—0 e— 0" ~— 7 e —0
N—oo N—oo N qopsc N—oo

Erouévemg vy éva otouyelo x tng An - ouddog mou avixer 6To oVvolo
TOU TEPLEYEL TO TAUTOTXO OTOLYELD € Umopolue va Ypdhouue

x = x(og, 0, -+, o) = exp{iog fexp{iog} - - - exp{io, } = exp{i Z ogJ }
k=1
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Keparato 5

Ou anewpootol tekeatés J, ovoudlovtat yevvntopes Tng ouddag. M
An opdda ye n ouveyelc TapauEteoug Exel n yevvitopes. Elvat mpogavég ot
XA0E YROUUULXOS CLUYBLACUOS YEVYNTOP®Y E(VOL ETLONG YEVVNTORIS XL ETOUE-
VoG, oL 1 YEVVATopeg Wwog An ouddag anotelovyv Baor evog Stavuouotixoy
xweou L ue dudotoon n.

Ovoudalouue petabétn dvo yevvntopwy Ji xat J; xow tov ouyBoiilovue
ue [Ji, Ji] To ywouevo

[Tk, Ji] = Ty — JiJg,

H npdén avty elvow Evog 3eltepog vOUog Twv oTolyelwy Tou Stoavuoua-
TLXoU YWpou L xau €ToL 0 Yweog autdg yiveton wia dAyeBpa tou ovoudleton
An dhyeBea.

Optlovpe Tic otabepés clf and v oyéon

n

(1) (e ] = Jedy = TiJe = Y cflidm

m=1

xo ovoudlovue tig otabepés avtég xataoxevaotixég otalepés tng An dhye-
Beas.

Arnodewvietal edxola 6tL 0 yetabétng onwe oplotnxe wavomolel Tig
OYEOELS

Fpoapuuxcdtnra [A+ B, I = [A, 1]+ [B,T]
Avtiovppetpwotnta  [A,B] = —[B, A]
Tavtdtnra tou Tlaxéume  [A, [B,T]] + [B, [[, A]] + [, [A,B]] =0

Katd ouvénelo xow ou xataoxevaoTiXeg oTalepés IXAVOToLovY TG Topa-
XAt OYECELS

n

mo m m n m n m N _
Crl = —Clk E (Ck:lcjm + €1 Crm T Cjkzclm) =0

m=1

Av éyouvue xdnoteg otafepés TOU VAL LXAVOTIOLOVY TLG TAPATIAVEL GYETELS
TOTE UNMOPOUUE Vo xaTaoxevdoovue TNy An oudda. H An dhyefeeg elvon
XeNnouues SLotL xdbe avanagdotaoy wag An dhyeBpag umopel va dwoel yLa
avanopdotaoyn g aviiotowyns An oudadag. Av Beodue n teTpaywvLXOUg
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Ov An Ouadeg xar ot An "AAyeBpeg

Tivaxeg oL vaL eavortololv g oxéoels (1) ue TG SooUEVES HUTAGHEVAGTLXES
otafepéc T6TE UNOPOVUE VA TG XPNOLUOTOGOVUE OTNY BEom Twy YEVWNTopwY
Jk XAl VO XATAOHEVAGOVUE ULOL AVATORAOTACT TN aviiotolyng Arn dAyeBpac.

Av d00el wa An dhyeBpa elvar SuVATOV Vo XATACHEVACOVUE TNY AVTi-
otolyn An oudda oc i yeLtovid tou tautotxoy otoyelov. Av ocuvufoli-
oovye ye A, B, I', - - - ta Stavdopata tng dlyeBpag tote opllovue to otoLyela
e ouddag ue exp(A), exp(B), exp(T'), - - -. To tawtotind otoiyelo g oud-
Sag elvan to exp(0) 6mov 0 elvon to undevixd Sudvuoua g An diyefeag. To
avtiotpogo otouyelo tou exp(A) elvan to exp(—A).

Ocwpolue téhog 8bo otowyelo pag An ouddag exp(A) xaw exp(B). To
YWOUEVO Ty 8V0 autdv otouxeinwy exp(A)erp(B) mpéner va avixer otny
ouada xa Puotxd va €xel Ty Lopeh xdmotov exbetixod exp(l') énov to T'
yedgeton oav cuvdetnon tewv A xou B. O tinog elvon apxetd mohdmhoxog.
I'edpouye mopaxdted TOUG TEWTOUE 6EOVS TOU YLYOUEVOU

1 1
D=A+B+3[A,B]+[4- B [AB]+--

AnodeuxvieTal 4t 1) oelpd ouyxAivel oe xdnola yettovid Ne tng ouddog.

IMopdaderypo: Iapadelypato An ouddwy elvat n oudda TepLOTEOPNDY
R(3), n Euxkeldeta oudda, n ouddo Aopevig x.h.mt. mov Oa egetaotolyv otg
EMOUEVES TORAYPAPOUG.

Mo moAd yeRouun oudda Y TNV UEAETN TWY GTOLYELWOIDY COUATLIY
elva 1) ouddot SU(3). H oudda awt anoteheiton and toug povadialoug miva-
xeg 18&ewe 3 pe opllovoa (o ue +1. "Eyer 32 — 1 = 8 yevvAtopeg. T vy
AVATLEACTAGY) TNV OUASUG AUTNG YENOULOTOLOVVTOL OL TOUEAXATE TIVOXES.

01 0 0 —i 0 1 0 0
J=|l100]|,b=(i 0 0],s=(0 -1 0],
0 0 0 0 0 0 0 0 0
00 1 00 —i 0 0 0
Jo=1l00o0]|,Js5=(0 0 0 ]|,7s=(0 0 1],
1 00 i 0 0 01 0
00 0 L (10 0
J;=10 0 —i|.Js=—[0 1 o
0 i 0 vV3lo 0 —2
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Keparato 5

O xataoxevaotixég otabepés divovtal and v oyéon

8
[Ty ] =20 ) ¢t dm

m=1

omou OAeg elvor UNSEV EXTOG ATO TLG TAUEOXATE

3 7T _ 6 _ 6 _ .7 _ 5 _ 7 _ 8 _ 8 _
1o = 1, 014_651_024_625_634_663_1/27 045—067—\/5/2

5.3 H opdda yetagpopds T;

Oewpolue 300 XAPTEGLOUVE GUGTAUATA GUVTETAYUEVLY S xou S’ atov
xeo. To éva abotnua npoxintel and To dGANO UE Pio UETATOTLON TNG AEY NS
ToL xaTd Eva Stavuoua of Anhadh ta 300 CUOTAUATA EYOUV LUPOEETLXY AR
eved 1 Stevbuvon twv a&dvwy toug tapauével otabepn.

Av z,y,z xou x’ y’, 2" elvaw ov ouvteTaypéveg evog SLaviopatos we
Tpog o auathata S xow S’ TOTE Lo VoUY TPOYPAVKS OL GYECELS

/

r =x+ o y’:y—l—ocg z':z—i—ocg
y(\ y/(\
A=vUt _ t=t'
T x/
0 = 0’ =
z z!
Yo 5.1

Metarémon 6vo abpaviakdv ocvoTnuaTwy

Oo ocuuBoiilouvue T0 6UVOAO GABY AVTWY TWV YeTaoyNUATIouwy Ue Ts.
Kébe otouyeio M (&) tou ocuvérov oplleton TAPWS A6 TOUS TEELS TROLYLALTL-
x0Vg aptfuovg ag, ag, o3.
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H opada uetapopdc Ts

Av 1o Sdvuoua o tpoadiopllel TNV UETATOTLON TOU GLUOTHUATOS S GTO
olotua S’ xar 1o B v uetatémon ovothuatoc S’ oto olotua S’/ téte
N peTaTémon Tou cuoTiuatog S oto clotnua S’ mpoodopileton and to
dldvuoua ¥ OTou QUL

Y=d+f

H nopandve neaén opllet wia npdén oto olvoro T3 wg mpog tnv onola
10 T3 elvan pa opddo. Emedn v mpdén e ouddog €xet g (Bteg WBLotnteg
TROPAVKG UE TNV Tpdoleon twv Slavuoudtwy 1 oudda elvat afeitovy. Ot dbo

—

METATOTLOELS M(&’)M(g) xow M(B)M(d) éxouv to (dlo anotéheoua xon elvou

—

loeg pe v petatdmon M(d + B).

Oa Beolue thpa Twe uetofdileton wo ouvdptnon P(x,y, z) and v
UETATOTLOT TWV CUVTETAYUEVWY. Oewpolue uld ATELOCTH UETATOTLOT XATA
™V dtevBuven uévo tou x d&ova tou TepLypdpeto and To didvuoua (daq, 0,0).
Av ye ¢’ ouuBoiillovue Ty véa cuvdptnen mou Ha tpoxidel Eyouue

O =z’ y’ 2") = Mo, 0,0)d(x,y, 2) = P + Sz, v, 2)

Avantiooouue Ty ouvdptnon xatd Tévhop xou undevilovue tou dpoug UEe
(80t )? xow wixpéepoug. Bploxovue

B = ey, 2) + by PHEBE) 4 g,y = (1 T 883) Ww,y,2)

I'edpovye Ty Topandvew oYEorn UE TNV LOPPT
$' =1+ Pr)d 60U P, = _iag
x

M yetatémion xoatd v Stevbuvorn tou x d&ova Yétpou oy unopel vo Hew-
enfel oav N dwadoywég anelpootég uetatonioels xata Ty devbuvorn tov x
aova pétpou Sa; = oy /N. "Eyouvyue

b =M(ou)d = lim (1+ i%H)N b= P = e F (z) = Yz + )

— 00

Me 6uoro tpomo Yl petatonioelg xotd Tig Stevbivoelg TV Y xal z
aEovev Beloxouue

b = (1+idaz )¢ 6ToU Py = —ji—
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Keparato 5

0
q), :(1—|—280(3P3)q) OTOL P3 :—’La—
2
[Mopatneodue o1l oL drapopixol tekeotéc P, Po xal P3 uavonolody Tig
OYEOELS

[P, P] = P; Py — P.P; =0 i k=1,2,3

5.4 H opdda neplotpopns R(3)

"Eotw éva BEELootpoq)o GUG‘C'Y]{J.O( alovwy S oTov YWeo ue Baoixd yo-
vadialor Stavdouata ¢, § xon k. To ouotnpoc TO TEPLOTEEPOVUE ETOL WOTE )
apyN TV aEOVmY Vo Tapaével oTaldepy], eved Ta Baotxd Staviouoto thAdEouy
dtevbuvon. To xawvoveyo clotnua 1o cuuforilovue ye S’ xau to Baowwd
novadialo Tou Staviouata pe (7, 50 xat Gp). Oa Beodue axolovbwg Tov
uetaoynuatiound mov anewxovilel to obotua S oto S’. Ta 8o cuothuata
elvow xon Tt SVo de€Looteopa 1 xau Ta dvo aplotepdotpopa. Metaoynuati-
OUOC A6 AELOTERPOOTRPOPO OE SEELOGTLOYO 1| AVTLOTEOPWS OEV UTAPYEL.

y 0 x/
y/
x‘\
5 >
Z/
2
Yo 5.2

lepioTpon oTov TpLdLaoTOTO XWPO

M meproteogpn otov TEWLAoTATO YWEo YUpw amo Tov dgova mou Bel-
OXETAL TO dtdvuoua o LTS Ywvia uEtpou a = ||a|| oplleton and v axdhoudn
UATEA TEPLOTEOPNG.

S 1 —ouva U o
A (d) = 8, ouva + %oy 5 = Ejkmtm—_—
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H ouada nepiotpopic R(3)

To 3, elvar To oVuyBoro tou Kpbvexep xaL 0 TaVUOTNG Ejkm TOU Aefi-
ToiBrta opiletar wg e&ng

€123 = €231 — €312 = 1 €321 = €213 — €132 = —1

XU Ejgm = 0 0g OAeC TG UTONOLTESG TEQLTTWOELS.
/ ’ ’ 7 ’ ’ / .
Av 2 elvon oL GUVLBTWOES EVOG BlayliopaTog 670 cUoTNUa S’ xow x'j o
OULVLOTWOES TOL (BLoU SLaVUCUATOS WS TEOS TO GVoTNUX S TOTE EYOUUE

3
! 2 :
I'j = Ajk;ZCk;
k=1
/

Av ye e} xou pe e; ovpfolicouvpe ta Pacixd dwavicpata ota 600 G-
OTNUATA CUVTETAYUEVWY TOTE Loy Vel

&= Ajréy
Av yeddovue v tpltn e€lowon and v napandvew oyéon Beloxouue
€5 = ouv @sinfer + nu e N 66 + ouv 6és

H oyéom auti elvon n avdntudn tou Saviouatog €5 68 GQaLEXES GUVTETIY-
UEVES wg Tpog To ovotnua S. Katd ovvénewa ov yovieg @ xou O elvon ot
avT{oTOLYES YWVIES TNG AVATTUEEWS AUTHS.

Eivow gevxoho va amodetytel 6TL 1 uhteat A ixavonotel Tig oyEoelg

det|A| =1 AAT = ATA = I(H p#tpo povéda)

6mou e AT oupBoiilovye Tov avdetpopo Tou mivaxa A.
H untpa A elvon opfoydvia xon €xet opilovoa tnv povada. H Sedtepn
and TNG OYECELS AUTEC GUVETAYETAL OTL TO UNXOS TWV SLAUVUOUATWY SEV Ue-

To3dAAeToL xoTd TV TEELOTEOPY]. Anladt
HF/H2:H7:»H2 — x’2+y’2+z’2:x2—|—y2—|—z2

YuuBoiilouye T0 6Uvoho Ghwy Twv Teptotpopdy e R(3). Kdbe otor-
¥elo Tou ouvélou avtiotolyel oe éva mivaxa A(d) UE TEELS TUPUUETEOUG

& = (011,0(2,013).
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Keparato 5

Mrnogoilue va oploovye ua tedln 610 6UVoro autd we eENg

"Eoto o éva otolyelo tou cuvélou Ty Tepotpopdy R(3) mou avti-
otolyel otov mivaxa A. O mivaxoag A elvar o mivaxag TOU TAUELOTAVEL TNV
TEPLETEOPN ToL 0dNYel éva olotua S ot éva dAho ovotnua S'. Tpdyouue

S’ =aS

"Eotw todpa Eva dhho otoryelo B Tou cuvOAoOL TV TERLOTEOPWY TOU AVTL-
otouyel otov mivaxo B xow naplotdvel ty neptotpogn tou cuothuatog S’ ot
eva Tplto ovomua S'’. T'pdyovue

SII :psl

Av éva Sidvuopa éyel ouVoTKoES Ty, T xou ' wg mpog To tpla ot
OUOTHROTA TOTE EYOVUE

’/ / ’
i j = lexl = leAlka:k = ija:k, OTloL ij; = leAlk:
"Apa T0 6TOLYElD Y TOU GUVOAOU TIOL TAPLOTAVEL TNV TEPLOTEOYY and To GU-
otua S oto S7 avtiotowyel oty uftea neplotpopic I 6mou

I'=BA

I'edpouye
S’ =BaS =yS

Anlad?) 0 VOUOS TNG OUASAS AVTLETOLYEL GTOV TOAAATAAGLACUO TWV TLVAXOV.

H opdda avtn dev elvar affehiavn agpol n untea AB  elvon Stapopetian
and v uyhtpe BA. To avtiotpogo otowyelo o™l tng ouddag avtiotouyel
oty aviiotpogn uiteo A~ nou cuunintel ye v avdotpogpn AT agol 7
untea etvan oghoydvia.

5.5 H oydda su(2)

Yy napdypopo auth Oa oploovue v oudda SU(2) xou Ha Peodue
TS GLVIEETOL 1) OUdda awTh HE TNy oudda R(3). Mog elvon anapaitntot ou
axohouvfol oprLouol

Optopdg: Mua pryadue untea A ovoudletoan epuntiovy) OTay 1) Untea
ovunintel ue v ouluyoavdoTteopn s. Anhadn Loy Vel

A=A"
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H ouada SU(2)

émov ye AT = (AT)* ovuPoiilovue v ovluyoavdotpopn Ty A.
Opiopdg: M peyadued uitea U ovopdleton yovadiala (Unitary)
otay 1 avtioTeoEn TNg oLUNITTEL ue TNV oLlLYOAVACTEOPY TNS dINAadH

Ut=u"" — UUT =U U =1 (O nivaxag povéda)

Av n untpa U €yxel otolyelo TG LORYPNS Cj;j 1) TARATAVE® OYEDY) YRAPETAL UE

™Y popg
D i =) ¢iichi = djn
HMopdderypo:  "Evog aplfiuoc a umopel va Hewpenlel ooy uftea ue
Sudotaon 1 x 1. H uftea awth elvan gpuntioavn av o aptiudg elvan mporypotixdg
a € R. "Evoc uyaduoc apthuds ¢ ye uétpo v povada |c| = 1 unopel va
Oewenbel oav wo yovadiala uftea ye didotaon 1 x 1. Ipdpouvue évay tétola
opLthuo Ue TNV Hopen

c=e' ac i
Ioydew n yevixotepn neotaom av A elvan puar epuntiovy untea TOTE 1) Ufted

U:e“‘:1+z‘A+i'(z'A)2+l

2 3! (iA)° 4

elva povadialo. Enlong av n untea U elvar povadialo téte 1 uftea A elvon
countiavh. H pftpa e énouv A elvon pia pftpa optleton and to avdntuyya
e xatd Ténhop.

Av n epuntiovny untea A €yer otouyela TG UOPPNS a;; TOTE 1 o)Eon
A = A" ypdgeton ye TNy Hoppt

_ k

TUEATNEOVUE OTL T dloryWvlat oTolyeld TNG UATEUS AUTAS Elvat TparyuotLxol

apthuol. Mo gpuntiovn uftea StaoTtdoews 2 X 2 €xel TNV Yopn

A:(g E:) xeER yeER

Trobétovue 6t o B elvon €vag ULyadixog apLtbuog g LopPng
B=x+1y — B =z —1y
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Keparato 5

Av emnhéov {ntNoovye N UATE OUTH Vo EXEL TEOYLE UNSEV TOTE €xeL TNV

Lopen |
_ 2 x — iy
A_<x—l—iy . ) x,Y,z €N

Teoyd 1 {yvog evdg mivaxa elvon 10 dbpoloua Twv Slarywviny oTolyelwy Tng.
[N tov tuybvta nivaxa A = a;; Yedpouvue

TTA:ZCLM

[Mopatnpoiue o6t 1 opllovoa Tng unTeag autng elvon

_ z =1\ _ o2 2 2\ 1=12
detA-det(x_'_Z.y . )_ (2 +y° +2%) = —||7

émov ||7]| elvon to ufrog tou Staviopatoc 7 = (x,y, 2)

Eivow tdpa mpogavég 6TL av Bpolue €vay UETAGYNUATIONO TOU TOUEATAVE
nivoxo A tétowoy Bote o véog mivaxag A’ va elvon eniong epuntiavég xan vo
ExeL enlong Tpoytd Undev tote 0 véog mivaxag Ho Exer v (Ba wopen dnhadn

A—( 2 a:—iy) A’—( z! x’—iy’)
- ; - / - /
Ty =2 METAOYNUATLOUOG Ty =

Av emnAéov o {nToduevog autog UETACYNUATIONES Statnpeel avaAlolmTn o
v opilovoa tou mivaxa A TOTE TO UNKOg Tou Blaviouatog © Statneeliton
enlong. H tekevtalo avth) Wiotnta elvon emiong WotnTa o g opddag
R(3) twv tepotpopdy. “Etou n {ntoduevn auth ouddo UETAoYNUATIONWY
TpoadLlopllel Yo TEQLOTROWN.

"Evog tétolog yeTaoynuatiouds elval 0 UETAOYNUATIOUOC

A'=UAUT =U0AU Ut=U"
omov 1 untea U tou petaoynuatiopol elvon povoadialo. H anddeln elvon
AmAY) ONUELDVOLUE ovo Ot av A xou B elvan 8%o tuydvteg nivaxeg tote
LOYVOLY OL OYETELS

(AB)T = BTA* (AB) "' =B7t4™!
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H ouada SU(2)

Tr(AB) = Tr(BA)  det(AB) = det(BA) = (det A)(detB)

To 69volo Twv napandve petaoynuationdy ovuBoiiletoa ue SU(2) xow
elvaw T0 6Yvoro Ty povadiaiwy (Unitary) mvdxwy Swaotdoewy 2 X 2 ye ua
en{ TAov yoapaxtneloter (Special) Wbtnto: M opillovoa tou mivaxa elvon
lon ue v povada.

Arnodeuxvietal 0Tl AoXHOELS OTL EVOg TETOLOG TUVAXAS EYEL TNV LOPYT

UZ(C* _d> omouv  cct+dd* =1
d c

Av ypdadouvue toug uryadixois aplbuoig ue TV Lopen
c=ag+iaz = ¢ =ag—ias d=as+ia1 = d¥ =as —iaq
T6TE 0 mivoaxa ylveTtol

(a0 —1a3 —az —iag , 2, 2, 2, 2 _ ,
U_<a2—’ia1 ao—i—z’ag) omov  ag+aj +as;+az =1 a; €N
H opdda €yel tpeig mopauétpous dmwg axpBag o 1 ouddo R(3) twv
TEPLOTEPOPWY OTOV TEWLAOTATO YWpo. Autd galvetar gdxola ov yeddouue
Eva TLYOV oTouyelo g ouddag SU(2) ue v wopon

[ e®ouvn e’ nun
U(€7 na C) - ( _e—iC —qun 6—22 ouvVv 7]

O tpeLg Tapduetpol g ouddag elvon ta (£, 7, ). H yapaxtnpiotueh ouvhhnm
weavorotel(tan tautotixd. Ipdyuartt

aa* +bb* = e ouvne " ouvn + e nune Cnun = o n+nuin=1
[ voe dodue xohOTepa WS 1) OUASA QUTY) TAELOTAVEL TEPLOTROYY| Hew-
poUUE Wta LT TeplnTwaon evig mivoxa Tou eEapTdTAL UOVO Ao TNV TopUUE-

10 &. [l = 0 PBploxovye



Keparato 5

Enouévwg o yetaoynuatiopog elivot

2/ v’ —iy'\ (e 0 z  x—iy\[e® 0 _
x' +iy’ —z! L0 e® x+iy —z 0 e*)

z ( —iy)e?® .
(x + z'y)e:_mE —z
z'=2z2 ' — iy’ = (x —iy)e*™

Av avaiioovue t0o exletind Bploxouue
' — iy’ = (z —iy)e*™ = (x — iy) (ouv 2 + inu28) =

z ouv 28 + ynu 28 — i (youv2E — znu2l)

EZLo0vouue To TpotyUoTind o To QavTaoTXd UEen NG EELOWOENS QUTNG
xow TeEha Bploxouye

2! =2z x' =xouv28 + ynu2t y' =youv2E —xnu2g

Katd ovvénewa to U(E) moplotdvel wa Teptotpogh xatd ywvia 28 ydew and
Tov dZova Twv 2z xaL dpa aviotoyel oto otovyelo A(0,0,28) tng ouddog
R(3).
Edxoha unopodue vo odue 6t xan to —U (&) moplotdvel v (S mept-
OTPOP1)
A= (-UD)A(-UT)=UAU*

ITopatnpoiye 611 unogel va ypddouue

_ e 0 et (E+m) 0
U’:—U(E):( 0 _e—i£>:< 0 e—i(£+w)>:U(E+7T)

To otowyelo U(E) Tov ouvérov SU(2) xaw to “avitdiouetpxd” Tou otot-
xeto U(E + m) avuotoryody oto otoyelo A(0,0,28) tng ouddag R(3). An-
Aad¥| n avtiotovyia elvon 300 mpog Eva.

[ vau amhomotoovue TG OYECELS TOANES PORES YENOULOTOLOVUE TLG
axohovleg untees tou Ildouvie

0 1 0 —i 10
1=\1 o0 2=\ o0 2= o -1
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H ouada SU(2)

Ou unreeg elvon povadialeg xar €xouv tpoytd undév. Mall ue tov mivoa
wovada oynuatiCouy €va 6UVOro TECOAPWY AVEEAPTNTWY TLvaxwy. Me tnyv
Bonbela TV MVAXWY AVTWY UTOEOVUE Vo YeAPoLUE TOUG TPoNYOVUEVOUS Tti-

VOXES UE TNV LORPT

=1

A= ro1 + Yoo + 203 U = ap01 — 1 (a101 + as09 + CL3(73) = ag — 10 - G
Ou unteeg tou IIdouht txavomololy tig oyéoelg
0;C) = 1€jkmOm 00, —040; = 21E€jmOm 0;0L+0,0; = 28}

To obvoho SU(2) unopel va yivel oudda. Oa opioouvye thpa Tov véuo
NG OPAdAS AVTAG.

Oewpolye ta Uy xoaw Uy Vo otouyelo Tou ouvérou SU(2) nou peta-
oxnuatilovv v untea A; oty untea Az xow ™y untea As otny untea As
avtiotolyws. To otouyelo Us mou mapiotavel tnv ovvleon twv Uy xan Us
oplleton ooy To otoLyelo Tou cuvohov SU(2) tou petaoynuatiler Ty uiteo

A; oty untea As. Anlady| €xouvue
Ay = U AU Az = Uy ASUS Az =Us A U;
Beloxouye ouwg edxola 4t
As = Us AUt = U Uy A1 U U5 = (UoUr) Ar (U2Ur)F
"Apa o otolyelo Us elvan to ywvouevo twv Us xal Us
Us = UsUs

Mrogotyue téhog va anodel&ovue evxoha 61t o mivaxag Us onwg oplotnxe
AmS TNV TAEATAVE OYEON E(voL TpdyUaTL Lovadialog Ue 0pllovoa TNy Lo VASA.
Trevluuilovue étt 0 véuog e ouddag R(3) elvon enlong o mtoAanhaotaouos
TOV TULVAXOV.

Trdpyel GUVETWS Uial avTioToLylo UETAEY TV UoVaSLalwy Tvaxwy 2 X 2
ue opllovoa (o Ue TNy wovada Tou emdpovy ot Eval uiyadxd xweo 8o dia-
0TAoEWY Xt TwV 0pfoywviny Tvixwy 3 X 3 Tou entdpolyv ot Eva GUVNOLOPEVO
TEWLdoTato YWeo. O dvo yetaoynuatiopol Statneody 1o Unxog twv dtavu-
oudtwy. ~Ouwg n aviiotolylo auth dev elvar augpuuovoonuavtog. Ou ouddeg
SU(3) xow R(3) elvon opop@Lxés.
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Keparato 5

YuuBorilouvye pe a(a) xon pe A(a) tuydvta otouyeio twv opuddwy SU(2)
xow R(3) avtiotolyms. Ot mivaxes ToploTdvouy TeploTpogh HE UETEO o = |
YOpo amo tov agova . Ou nivaxeg uvnoroyllovtal oTig aoxNoelg xou lvot

L
— i oMU

A@) =1+ (owva— 1)P@E) + (@)

o

émou ov unteeg C(&) xow P(&) dlvovtar and tig oyéoelg

0 —0l3 Olo 1
C@=|as 0 -—m P(3@) = ——C(@)C(d)
—0 ol 0 «

Mnopodue va Bpodue Tig oyéoeic mou cuvdéouy toug Tivaxes a(d) xow
A(d). Ou oyéoeig autég elvon

a(@)o; (a(@) ™ =) Agj(@)or i=1,2,3

Ov oyéoelg unopovy va enainfeutody exoha ue an’ eufelag unoloyiopois.
Pailvetal evxola OTL Yo Lo TAHpn TepLotpopn 360° €youue

A(2r) =1 a(2r) = -1

Iopatnpodue O6TL Yo Lot TEPLOTEOPY UE Ywvia oo = 27 To oToLyelo TNG Oud-
Sag R(3) diver tov mivaxa povddo. H mepiotpogn xatd 27 woduvauel ye tov
TOUUTOTLXO UETACYNUATIONS. TNV oudda auTH UTOPOVUE VO TNV YPNOLLOTOLY -
OOULUE YLO VA TEPLYPAPOUUE TNV TEQLOTEOYPY EVOC OTEREOD GLUATOG.

To avtiotowyo otouyelo g SU(2) elvon pelov tov nivoxo povada. H
arotuyla oUTH dEV EMLTPETEL Vo YENOLULOTOLooVUE TNV oudda SU(2) yio tv
xivnon tou otepeot awuatos. Adyw Tng mapouciog Tou T6&ou o/2 GTov
optoud tou a(a) woydel

a(4r) =1

YUVETHG TRETEL Va TEPLOTEEPOUUE Eval adUa TOL TiepLypdpeTal and Ty SU(2)
30 @opég YUpo and €vav agova yia va emavéNDeL otny apyxn tou Béon!.
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H FEuxieidero ouado

H Sopopd auth) avdueoo otig SVo ouddes elvon Boowxr. e xdfe otouyelo
Tou ouvérou SU(2) avtiotouyel éva atotyelo tou cuvélov R(3). Avtifeta
undpyouy dbo otouyela tou SU(2) mou avtiotoiyoly ot éva oTolyelo Tou
R(3). 3to otowgelo A(d) avtiotoryoly ta dYo otouyela a(d) xow —a(d). H
avtiotolylo elvan 8%o mpog éva. Xnuewdvouue TENOG TG OYETELS

a(oz+27r&,>:_a(&) a<a+4w&>:a(&) A(oc—I-ZW&):A(&,)

o o o

Opiopds:  "Eva yéyebog C pe 8Yo uyadmég ouviotwoes {3 xan (o
ovopdleton onivop av uetaoynuotileton ypouuxd and v oudda SU(2).

Anhadi

5= (@), U=a@)t = (%) =C(a(@)"

k

Mnopolye vo YEVIXEYUOGOUUE TOV TAQATAVE OPLOUOG XL VO 0p{COVUE OT-
vopg ue taén p. Elvaw ueyéhn mou anotelodvtar amod 2P uryadixég cuvLeTHOES
xou petaoynuatiovial ye tov THmo

Avdloyog opLouog Loylet yia To Stavuoua tou 860nxe oe dAho xepdiato.
"Eva uéyebog T Ue TpeElg TMpayUoTiXES OUVLOTWOES L1, T2, T3 OVOUAlETOL
Stdvuouo av petaoynuotiletat Ypouuxd and v ouddo R(3). Anlady

i = A(d)Z vl =Y (A(d));, zk

k

Ocwpovue { xou 1 d%o onivopg o oymuatiCovue éva uéyebog pe Tic
aXONOVOES TEELG CUVLOTWOES

C+0171 C+02n C+G3T]
Oa Beolvye twg yetaoynuatileton to yéyebog avtd. "Eyouue
(Trown) "= (€%) 'oun’ = T* (a(@) " oxa(@)n = ATt onn
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Keparato 5

Enopévog to uéyebog ue tig axdhovlbeg Tpelc GUILOTWOES

(C+Gln7 C+027]a C+03n)

uetaoymuatileton yoouuxd and v ouddo R(3). Eivow dnhadn éva dudvu-
oua. Emnewdn ye 8o onivopg malpvouue xdtt mov yetaoynuotiCetor and v
OUAdN TWY TEELOTROPRDY TAY SLAVUOU Ta OTVopS oLy VA ovoudloviat “ULod
dtavioporta’”.

5.6 H EuxAeideia opdda

H oudda auth elvon 1 ouddo TV UETACYNUATIOUWY TOU TELOLICTATO
XWEOoU ToU anoTeAE(TOL and Uil UETATOTLOT Xo Uia Teptotpoyy|. H oudda
AUTH) TV UETAOYNUATIONGY GUVDEEL duo omotadfnote dediéotpogpa (f apt-
OTEROOTEOPA) GUOTAUATA GLUVTETAYUEVLY. Av S xau S’ elvan dlo ouoThuota
OUVTIETAYUEVODY OTOV TEWLAOTATO EUXAELBELD Yo TOTE elval TEOQavES GTL
UTOPOVUE VO PEPOVUE TO EVOL VoL GUUTEGEL UE TO dANO Ue Ta e€Ng Vo Pruata.

x3

Yy 5.3

IlepioTpon kKaw PETQTOTLON TTOV TPLOLAOTATO XWPO
[Tepiotpéouue 10 olotnua S XATIAANAX £TOL HOTE Vo XATAANEOLUE OF
évae ovoTnua S1 oV €xEL Toug AEOVES TOL TAPAAANAOUS UE TOUG AEOVES TOU

S’. Av o elvar 10 otouyelo autd e ouddag R(3) xaw A o avtiotouyog
Tvaxog TOTE YPAPOUUE

S1 =aS 335-1) = Az,
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H FEuxieidero ouado

(1)

Omov ;" o Ty elvon oL GuVTETAYUEVES EVOS onuelou P ota 800 cuoTthuata.

To deltepo Priua elvan vor LeTAPEPOLUE TNY aEY Y| TOU S XUTA EVOL XATAA-
Anho Sudvuoua HoTe va GUUTEGEL UE To avatnua S, Av d elvan To didvuoua
auté (Tpogavee d = Ol_b’) XL X €LVl oL GUVLGTWOES ToL (Blou onueiov
P w¢ npog t0o ovetnua S’ téte Exouue

_ (1)
rh=a oy
YuuPorilovue thpa pe (A,d) to otogelo g ouddac E(3) mou
anewxovilel to slotnua S 6to S’. Luvdualovue xon To 390 Tapandve Bruoto
XL YEAPOUUE
S'=(4,a)S rh = Ajrry + a;

"Eva otowyelo tng ouddog E(3) oplletoan and €€ mapauétpous. Ou
TpeLg and autég Tpoodiopillouy To otowyelo T R(3) o ov dAheg TEELS TO
otouyelo g Ts.

Oo oploovue Tpa TOV VOUO ouvhécews tng ouddag. Oewpolue Tela
ovothuata S, S’ xar S . Ta otouyela (A,d) xa (B,b) e ouddac E(3)
UETAUPEROLY TO EVOL GUOTNUA OTO GAANO GUUPOYA UE TS OYECELS

S =(A,d) S’ o  S'=(B,b)S

I / I
Av ouyfolicovue pe xj, x xow x'

T Tl ouoTHUATA EYOouUE

TLS GUVLOTWOES Tou onuelov P wg mpog

x’;- = le :132 + bj = leAlk; T + le a; + bj = (BA)J;€ T + Bﬂal + bj
‘Apa 0 vouog g opddag E(3) elvon o eZig
(B’ b])(A7 aj) — (BAv bj + B al)

To oudétepo onueto g opadag elvan to (1,0) xonw To avtiotpoo elvon To

(A? aj)_l = (A_17 _Akijakf)
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5.7 H opdda 'aAthaiou

H oudda yakihaiou elval To 6UVOAO TV UETAGYNUATLOUWY GTOY YWEO
XOL TOV XPOVO TOU GUVIEOUY dUO XAPTEGLUVA CUGTHUATY CUVTETAYUEVWY.

Ocwpoiye Yo ousthpata S xou 5. Tupforilovue ye (z',t) xou
(xj,t) Ta tetpadiaviouata nou opllovy éva ouufdy dnhady éva onuelo P
ota dVo ocvothuata. O PETAGYNUATIOUOS TOU EVOC GUOTHUATOS GTO GANO
yivetaw oe téooepa Bruota:

[Teddta neprotpégouue to olotnua S ue ulo TEPLOTEOYPY| TOU TEPLYPAPETAL

/’ 7 Ié 1 7 7
an6 tov mvaxa A. Av ovpfolicovpe z;7 T ouWoTKOOES Tou P o6T0 VEo
ovotnua S1, EXOVUE

mgl) = Ajkxk t(l) =1

Metd petotvodue Ty apy? TOU GUOTAUATOS S1 UE TAYVTNTA U W¢ TPOg
10 S1. To véo olotnua Sy €xel d&oveg maparinioug Ue toug d€oveg tou Sy
N opYM TOV OUwg €xel uetaxivnbel xatd Eva ddvuoua (oo ue Ut.

(2 _ (1) _ . (2) — (1)
Ty =T vt 0 =t
Ta 3%o ovothuata TauTilCovTal OTAY 0 XOLVOS TOUG XPOVos elvar UNdév.

To tplto Prua elvo vor METAXLYNOGOLUE TNV o)) TOU XPOVOU XaTd Eva
Too0o (oo ue B.

ROJENC 43) — (2 _p,

Télog ye 10 TETaPTO BHUA UETAPECOVUE TNV ApYT TOU GUOTARATOG S3 XATA
Eval SLdvuoua @ yla vo xatahngovue 6to cvotnua S’

x;:x§3)+aj t' =G

2uvdualouye Ta TECOEPA AUTA BAUATA YLOL VoL TAEOVUE EVAL GTOLYELD TNG OUd-
dag Dodhalov. Av ouyforilovue ye (A, v;,b,a;) TOV PETAOYNUATIOUS
AUTOV EYOVUE

S’:(A,uj,b,aj)S .SC;»:AijCk—th—I—a—i—j t'=t—b

To otouyelo autd oplleton and déxa mapauétpovs. Teewg mapauétpoug yia
TNV TEELOTEOYT), TEELG TUEUUETEOUS YL TNV TayUTNTA, Ulot TOPAUETEO YLa TNV
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H ouada I'vhidaiov

XEOVLXY] UETATOTLOY X0l TEELG TMOPAUETEOUG Yl TNV Ywewx)) Yetatonior. H
opdda ['ohthalou elvan yior ouddo mou oplletat amod déxa mapauUéTpoug.

O vouoc ouvbéoewg Tng oudadag Beloxetal ov eQAUPUOGOVUE TNV TAE-
Tavew oyéon dVo opéc. AmAég mpdlelg divouv v axdhovln oyéomn yia TNV
Tpd&n cuvhéoewg g ouddag

(A" 05,07 a’) (A v5,b,a5) =

(A'A, v+ Alpug, b+, as + Alpar +v5b)
To avtiotpogo otolyelo dlvetan amd v oyéom

(A, v;,0, Clj)_l = (A_l, —Agjur, —b, —Agjar +bAyju)
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Aoxnoelg

Aoxnon 5.1
No anoderytel 6Tt ®8be otouyeio tou ouvérou SU(2) unopel va ypopel

ME TNV Lopen

Uz(c* _d> omov cct+dd* =1
d c

Abom: Mu wyaduwe uftea U ovoudletan povadiaia (Unitary) étay
UUT =UTU =1 (O nivaxag povdda)

Av 7 untea U €xel otolyelo Tng LORPAS € 1) TAQATAVL OYEDGY) YPAPETAL UE

my popdn
% *
Y ciiCi =D ¢ichi = 5
i i
Oo AOGOLUE TG TAUEATAVE OYETELS OTNY TERINTWOT) VOGS Tivaxa 2 X 2 Tou TG
YEAPOUUE AVUAUTLXA

j=1k=1: c11¢11 + 21651 =1
j=2,k=2: C12C]5 + Co2C5y =1
j=1,k=2: C11C]o + C21C55 =0
j=2,k=1: c12€11 + c22¢5; =0

Ot 80 tehevtaleg elvat Tpogavedg (Bleg xat oy SLPEGOVUE UE CiaC22 YRAPO-
VIOl UE TNV LOPYY

*

3

C C

11 + 21 0
C22 C12

>k *
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Aoxnoeig

Avtixofiotolye TG TUpandve GYECELS OTNY TEWTY TOL CLUCTAHUATOS Xou Bel-
OXOUUE

C11XC22 — C21XC12 = X (011022 - 021012) =1
AN\G n moooTTo Yoo 0Ny TapEVOESY TNG ToPATAVW OYECEWS elvat 1 opl-
Covoa tou mivaxa mou elval yovado xou emouévws ¢ = 1. Enouévwg Bel-
OXOVUE

* *

€11 = €22 Co1 = —C12
Ov oyéoelg autég anodexviouy xoL TNV doxNnon Omou ylo vo Adfovye tov
nivaxa meénet vo Bécouyue

Ci1 = ¢C Ao Ci12 = —d

H ouvinun cc* +dd* = 1 expealet v Wiotnta 61t 1) opilovoa elvar povada.

Aoxnon 5.2

No Bpefoly oL untpeg TOL TAELOTAVOLY ATELLOCTES MEPLOTRPOPES YVEW
and toug afoveg T xon Yy xou z. Na Beefody ou oyéoeig evadlayng toug. Na
eEETAOETE AV OL OYECELG AUTEG EYOLV Xat dAAeg AVoets. No unoloyloete nwg
eTdpd Evag TETOLOG UETACYNUATLOUGC o cuvapThoes P, y, z).

Abom: H nepiotpopéc A(&) xon A(B) meprypdpovion ond uhteeg Tou
yevixd dev evalhdoooviar. O mepiotpopéc A(E)A(B) xon A(E)A(B) elva
SLoPOEETLXES BLOTL TO YLVOUEVO TWV TLVAXWY dEV EIVAL LXOVOTIOLEL TNV AVTLUE-
TofeTinn WoTnTaL,

—

A(@APR) — A)AB) = [A(), AB)] #0

Auto dev oyleL av oL Ywvieg TeploTpoPhg elvon anelpooTEG.

Ocwpodue dto anewpootés otpogéc A(F) xar A(B) émov |of = Sa xan
8] = 3. Téte oL ddo uhteec A(T)A(B) xan A(G)A(B) Srapépouy xotd éva
TAEAYOVTO TOANATAACLAGUEVO UE TNV ATELROOTH ToadTnTa St 83 mou Ty Hew-
polue undév. "Apa 3V0 anelpooTég NEPLOTEOPES EVOAALGTOVTAL UETAEY TOUG.
Auto guod Steuxodvel Toug UTOAOYLOUOUC.

M mepiotpopn yipw and tov dova TOV z XxoTd yovio o3 UTopel va

Tapaotodel and Tov Tivaxa

ocuvaz mMuaz 0
A(0,0,03) = A (az) = | —muas ouvaz 0
0 0 1
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Av 71 otpo@n elvon anelpooth az — dog TOTE ENEWDN AMOPEITTOLUE 6LOUG OV
nepLéyouv To (daz)? xon pxpdtepoug éxouue

ouv (dog) =1 nu (daz) = Bog

O avtiotolyog nivaxag Tng anelpooTng TEELOTEOPNG Elvat

1 daz 0 1 0 0 0O 1 0
A,Qu3) = =83 1 0| =101 0]+8az| -1 0 0
0 0 1 0 0 1 0O 0 0
I'edpovye v oy€on auth UE TNV Lop®N
0 -1 0
A, (dog) =14 8oz 53 OTOL Ss=|1 0 O
0O 0 O
[N pea tétola tepLotpogn Beloxouue
x/ 1 dag 0 x T + dozy
y' | = -8 1 0 y | =| dougzr+y
z! 0 0 1 z z

Onote Beloxouvyue

' =r 48wy = ' —x=38r=3a3y
y ' =y—dwzr = y' —y=23y =Bz
=2 = 2'—2=8%2=0

Mua nepiotpopn xatd pia ywvio og unopel va Oewenbel otL elvar ToAAEg
TEQLOTEOWES XATA TNV AMELPOOTY Ywvio dorg. Aniady

Az(otg) = AZ(SO(?,)AZ(SOC;;) s AZ(BOCS,)
Oétouue dag = az/N extelovue N Stadoyixnéc TepLoTEopES XaL Talpvouue To

opto N — oo. Bploxouyue

N —oo

N
A,(az) = lim (1‘{‘%53) — %3553
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Me tov (3to axpBcdg Tpémo unopovue va yeddouue xou T TERLOTPOPES
YOpw and Toug AEOVES T ML Y.

0 0 O
Ax(&xl) =1+ 80(151 OOV Sl = 0O 0 -1
0 1 O
0 0 1
Ay (Baz) =1 + BoapSo 6TOU So=1 0 0 O
-1 0 0

Ou tpeig untpeg S1, So xan Sz elvot AVTLOVUUETEXES €XOUV TEOYLA UNBEY Ha
7 optlovod toug elvan {om Ye Ty wovado.
Oo anodetéovye Tdpa GTL oL Tpelg unTeeg S1, S2 xaL S3 WXAVOTOLOUY X
TLg axohovleg oyEoelg evohharyng
[Sla 82] — S3 [527 SS] — Sl [537 Sl] — SZ
Ou Tpetg mapamdve oyéoels ue Ty Bonbela Tou TUVUOTN €k YEAPOVTIL
(5.1) [Sj, Sk] = SJSk — Sij = Ejkmsm
H ovupetpu dwagopd
[A,B] = AB — BA
ovoudletal UeTaBETNG Tov untedy A xou B.
Ou oyéoeg (5.1) elvar 3 X 3 =9 ouvolxd oyéoeg. And Tov optoud
¢ Topaotdoene [A.B] = AB — BA elvon npogavéc 61
[S:, ;] = SiSi — SiSi =0
Eniong and tov optoud elvar mpogavég 6TL 0 uetabétng teavomotel Ty oyéon
[Si,55] = =155, 5i]
Enopévmg and tig 9 oyéoeig anouévouy va anodelouue Tig eENg TeeLg OEoELS

[517 SZ] — 53 [827 SS] — Sl [537 Sl] — SZ
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Oo anodel&ovue Yovo v newdt. Ot uTélotneg, TOL TEOXVTTOLY ATd
TNV TEATN UE XUXALXH evAAlAyh) TV SeTWy, amodetxviovial Ue Tov (BLo

TEOMO.
"Eyovue
0 01 0 0 O 0 0 O 0 01
5152 —=55=10 0 0 0 0 -1|-10 0 -1 0 0 0
-1 0 0 01 0 01 0 -1 0 0
0 0 0 010 0 -1 0
=1 0 0]—-(0 0 OJ=[|1 0 0]=25;
0 0 0 0 0 0 0 0 0

Oo uvnoloyloovue TWpa TNV UHTEA
N 1N €@
A(d) =exp(C(d)) =1+ 2_:1 1

émov N uitea C(&) elvan
O(&) =a- g = 06151 + OLQSQ + 0(353

H nopoandve untpo moptotdver g teptotpogn Hétpou |of ydew and tov
Glovo T = d/|d] xow elvan éva otoyelo g ouddag R(3).

H uftea elvar avtiovuuetpuxn xat o Starydviat otouyelor Tng elvon undev.
Katd ouvénela 1) tpoytd tng elva undév. Beloxouue to tetpdywvo Tng uiteas
autng. Eyouvue

0 —0l3 Ol 0 —0l3 0.5))
—\\2
(CE)" =] o3 0 —o o3 0 —o
—0ly 0 0 —0ly o 0
—0(% — O(% 0l1 02 0l1 03
= o102 —Ol.g - O(% — 0203
—0l1 03 0510 &3 —O(% — 0(%

Beloxouue axohotBuwg v tpltn Svvaun e uhteas C(&).

, —oc% — cx% o1 Ol o1 03 0 —0lg3 O

\\3 2 2 _

(C(&)” = oy Olo —o5 —of  —O0l20i3 o3 0 —oq | =
—0l 03 oo Ol —oc% — cx% —0ly 0 0



Aoxnoeig

0 030l + 0303 + 030 —apod — 0203 — 00d
—0303 — a3l — ago 0 o103 + oo + oy o
o0l + o0 + ope —ogald — ogod — ool 0

Iopatnpotue OtL Ta oToLyela TNg UNTEAS ocU'cng elval 6ot avdhoya ToU UETPOU
TOU BLowucuoc'cog o dnhadh avdhoya tou o?. Bydlouue xowéd moapdyovia to

(C(@)* =~ (C(a))

o xow €YOVUE

H tétaptn dUvaun tne utpac C(&) elvon avdhoyn e whteoc (C(&)),
N méuntn dovoun avédhoyn e C(d) At ZuuPolillouvue ye P(d) v
uftea —C(d)/a? dnhadn

P(d) = ~ 5 C(E@)C()
xo Beloxouue TeAd yiow 6heg TLg duvduels g untpag C(&) Tic oyéoeg
(C@)™ = (~1)"a*"P(3) (C@)™"" = (~1)"eC(d)
Mrnopoiue twpa va vtohoyloovue v uftpa exp (C(d)). Xwpilouue

T0 dBporopa oTig meptttéc duvapelg tou  C(d) o oTg dpTleg SuvAELS.

"Eyovue

A(d) = exp (C Z

00 2k—|—1
+k§ 2k+ 0!

n2n

> n2n
”Z +Z s i@

=0

Ta dnelpa abpolopata elvor To avantuyua xota TEvAog TOU CLUYNULTEVOL XaL
TOU MULTOVOU OVTLOTOLYWS XL ETMOUEVWS EYOUUE TEALXA

A@@) =1+ (ouva — 1)P(d) + 220(3)

o

"Apa mporypotied 1) whteo auth elvon €va otouyelo TNG OUdAdAS TWY TEPLOTEO-

9y R(3). Hoapatnpolue ot
A(2m) =1
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To 1 oty mapandvew oyéon elvat o Tivoxag Lovada.

Ou Beolue Thpa Twe petaoynuatiletol wo cuVEETNoT TV (T, Y, 2) and
TOV anELooto Yetaoynuationd A, (Sas). O petaoynuatlonos TEpLoTEEEL
LG petaBAnTéc.

b = A (Bos)d(x,y,2) = § (AL (Bas)(x, v, 2)) = d(x + ydas, y — 28u3, 2)

Avahbovue v ouvdptnon Y(z + ydas, y — xdas, 2) xatd Tévlop datnpd-
VIAG UOVO TOUG YROUUULXOUS OpOUS WS TEOS TNV AMEL0oTH UETABoAN Sas.
Beloxouue

q)/ = Az(Socg)d/ = q) — 80(3 <.§lﬁg—j; — y%) + 0(80(3)2 = (]_ — 80(3L3) (l)

omov 1o L3 elvon €vag SLopopindg TEAEGTNS TNG LORPTNS

0 0
Ly =(x— —y=—
’ (x dy yé’ﬂf)
Av tdpa BElovue va Bpolue twg petaoynuatiletat Yt ouVAETNOT and TNV
neploteopn A, (9) 6nwg xow nponyouuévee Beloxouue

: « —azlig
et = i (1 ) p =

= {(zouvas +ynuag, —znuas +youvvas, z)

Me 6uoro tpémo Peloxovue xar g anclpootés uetaforés xdmolag ou-
VOPTAOEWS ATO TOUG AMELPOCTOVG UETACYNUATLOUOVUG TEPLOTROPNG TWV GUVTE-
TOUYUEVODY YUPW ONO TOUG AEOVES T XOL Y.

Arnodeuxvietar ot o tehectég Ly, Ly xav Lz wavonolodv enlong tig
eClooelg (5.1).

Oa Bpolue xow dhheg Moelg tov edtodoewy (5.1). Anodewvicton GTu
xou oL axolovleg untpeg, mou elvan daotdoews 2 X 2 elvon eniong Adoetg
TV EELOWOEWY AVTWY

— —1 —1
§1 = 01 §2 = —5 02 §3 = — 03

2 2 2
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Ov unteeg 01, 02, 03 elvon

0 1 0 —i 1 0
°1=1{1 o 2=\ o %3 =\0 -1

xo ovoudlovton untees tov IIdovAl. H anddeién elvon amin xow Ho tnv mo-
pahelouye.

[N g uAteeg tou 1IdouvAt unopolye va anodelouvye moA) elxola OTL
TO TETPAYWVO Toug elvan (00 Ue Tov Tivaxa yoviada

02 =1 i=1,2,3

Z- p—
Eniong elxoho amodeuxvieTtol 6Tt To YLVOUEVO dV0 untpwy tou 1IdouAl txa-
vomolel TNV oyéom
60 +0,6; =0 j#£k
O %0 nopandvew eélowoelg pag Bonfodv va vtoloyloovue v napdotaoy
exp (C(d)) émov

C(d) = oy 51 + 0252 + atgsg = L (o161 + 002 + 0363) = — =4 - &

2
Tddvouye Ty untea auty 6T TETPAYWVO ot Peloxouye

1
2

2_ 22 22 22
(0101 + o203 + 0303)° = aj07 + 0505 + 0305+

2 2 2 2
+0o1 020102 + A203G263 + A3 03017 = o] + o5 + 0z = &

Enouévag Beloxouue yua 6heg tig duvduets tng uiteas C(&) T oyéoelc
_\\27 n (2" _\\2n1 N A A
(C@)" =(-1" (5) (C@)" ™ =—id-5(-1)" (3)
Mrnopoiue tpo va utohoyioovue v uhtea exp (C(d)). Beloxouue
TEAXA UETA and amAéC MEAEELS
(8) = ovv s —id- G
a(d) = ovy 5 —id- Gy o
O nivaxag autdg elvan éva otoyeio g ouddagSU(2).
[Topatneodue OTL Yo TNV UATER AUTH LOYVOUY OL OYECELS
a(2r) = —1 A(dm) =1
Avtifeta yua to otouyelo tng ouddoc R(3) meptotpor xatd 2w dev Slvel
TNV ovado oAld To —1  xouw autd elvan wa Boowen Staupopd petadd Twv
ouddwyv SU(2) xou R(3).
Ou oyéoeig (5.1) déyovton xow dhheg Adoetg. M oudda AMoewy anote-
AelTon amd TETEAYWVIXES UATEES UE TepLTTh dtdotaoy 3,5, 7, - - - xow Yol GAAT
OUAdN AMOTEAELTAL ATO TETEAYWVIXES UNATEES UE dpTia ddotaon 2,4,6, - - -.
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O eélodioeic tov Aayxpeav(

Kepdiowo 6

Avorutier Mryovixn

6.1 O e€lomoelg Tov Aayxpdve

H uéfodog tou Aayxpavl umopel va epapuootel yla va teptypddet ToAAd
QUVOULXE CUGTARATA XOL VO TOL UVTLUETOTIOEL Ue ToV (Blo evialo o oamAé
teono. Mnogovue enlong va egapuocovue TNy Oewpla auth) xow oe TOAAL
dhAo edior TG YUOLXAG Gyt LOVO oTNY SuvaLX) OTWE YL THEASELYUOL GTNY
Oewpla Ty nediwy.

Trobétouvue ot éva PuUOLKS GUOTNUA UETABALVEL Ao ULaL XATAOTAOY) TNV
dAAN. Ou dpdpot mou umopel va axolovbnoel to ovotnua elvoe tolhol. To
epdTNUa elvon o dpduo o emhééel o obotnuo. H uébodog otneileton oto
a&lwpa 6Tt To ovotnua Ho dtahé€el Tov ouVTOUOTERO Spbuo Yia TNV YeTdfoon
and TNy Plo XATACTACT OTNHY AAAY.

H mo yevuq apyn yia Ty x{ynom evog unyovixod CUGTHUATOS ELVAL 1)
apy N NS EAAYLOTNG Spdoews N 1 apy ) Tou Xduhtov. ['a va elvan anlovoTe-
PES OL OYEoELS LTOBETOVUE OTNY apY N OTL To avoTnua €xel Eva Babuod eleule-
elog xan ouuBoiilovye ye g Tic ouvtetayuéves g Béoews. Oewpolue éva ol-
otnua o Beloxetal Tig Ypovixés oTLYUES t xau ty otig Béoeg q(t) = ¢V
o q(t2) = 2.

2oupova ue ) oy Tou XAUATOV €va unyovixd aOoTNUo Yaeoxtnel-
Cetow and wla ouvdptnon L(q,q,t) mou ovoudleton ouvdptnon Aayxedavl.
To obvotnua xwveltow and to éva onuelo oto dAlo €tol Kwote To axodhovbo
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Keparato 6

ohoxANpwua var TolpVeL TNV EAAYLOTY TLH TOV.

to
5= / L(q,d,t)d?

t1

To ohoxApwua auto ovoudletar dpdon TOL GUOTHUATOC.

Ou Bpolue tpa TV Sapopxny eElowOY TOL TEENEL Vo LXAVOTOLE(TOL
WOTE TO ONOXANPWUA TNG BPAOEMS VAL ELVAL EAXYLOTO.

"Eotw 6tv ¢(t) elvon n tpoytd mov to ohoxdhpoua g Spdoeng elva
eNdytoto. Av q(t)+8q(t) elvan puo dAAn Tpo)Ld To ohoXANpwUa Elvon UeYa-
AUtepo. Ot 800 autég Tpoytés Slapépouy eAdyLoTA UETAED TOUG XOL TEPVOVY
xow ot dvo amé Ta onueln gV xon ¢2) Tic YXEOVWXES OTUYMES t1 Mo to. AnAadn

8(](151) = Bq(tg) =0

q(l)tl
q(t)

q(z)t2

4

Yo 6.1

Avo TuxoUoeS TPOXLES 0TO XWpo Twy YETEWY

H avayxalo ouvbnxm &ote n dpdorn va nalpvel Ty eAdYLOTN TWN TNG
elva 1 petaBod) 6To ohoxAfpwua NG Spdoewg va elvat UndEv.

to
(1) 55 =5 [ L(g,d,6)dt =0

ty

Avaldovue v ouvdptnon Aayxpedvl xoatd Téulop Statnpwvtog Yovo
TOUg YpouuLxolg opoug. Eyouue

oL oL
. . a N — Lo oL oL .
(¢ +3q,¢+3¢,t) = L(q,q,t) + aq5q+ ang
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O eélodioeic tov Aayxpeav(

H alhayn) 610 ohoxdpwua g dpdocwg elva

to

to
5S= [ dL(q.d.t)dt = / (L(q +5q,d + 54, ) — L(q, ¢, 1)) dit =

tl tl

t2 /oL oL t2 1 OL oL d
= —%4~f&cu:/ C—8+—fa>dt
/tl <aq 4 aq q) t1 (9q q 8q dt q

[ tv tedevtala todtnta yenowonominxe n oxéon 8¢ = ddq/dt. Ohoxin-
PWVOLUE XATA TAEAYOVIES TOV BEVTEPO OPO XL EYOULUE

oL 1" [ /oL d oL
5= [z, + [, (5 drai ) o

ty

O empavelaxds dpog elvor undév Aoyw tov ouvlnudy 8q¢(t1) = dq(t2) = 0.
To ohoxAnpwua Tou Topauével TEENEL Vo Vol UNSEV yLot OAES TLS TWES TOU
dq ot auTO Elvor SUVATOY UEVO AV

H e&lowon aut ovoudletar e&lowon Aayxeavl.

HMogatnenon: H ouvaptnon Aayxedvl dev npoadiopiletat Lovoorfua-
via amd to xdfe ovotnua. Av oty ouvdptnor Aayxedvl tpochécovue i
oAeh) ToEdYWYO KOS TEog Tov Yeévo woag avfalpetng ouvapthoews  f(q,t)
TV CUVTETAYUEVWY XL TOU YPOVOU dnAadt

) . d
L'(gi,qi,t) = L(qi, g, t) + Ef(%t)

161e 070 OhoxApwUa NG dpdoews mpootiletar évag otalepds dpos. "Aga
70 85 1 peTaBorf) Tou oloxAnpwuatoc TN Spdoews dev ahhalel 857 = 8S.
Koata ouvéneta xat ov e&iowoeic Aayxpdvl napouévouy auetdfintes. Anhadn
oL 3o ouvapthoes Aayxpavl tpoodiopilouy To (dto clotnua.

[ éva ovotnua ye n Pabuots ekeubeplag €yovue n aveldptnieg ov-
vapthoels  ¢;(t), ¢ = 1,2,---,n mov npoadopilouy mAfpws v Béom Ttou
ovothuatog. O cuvaptnoelg autég elvat duvatdy va unyv elvat uévo oL xop-
TECLAVEG CUVTETAYUEVEG TV owuatiny. Autég unopel va elvat oL Ywvieg 1
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Keparato 6

OL OMOGTACELS ONO XATOLO ONUELD 1) XAL OL GUVIPTHOELS TETOLWY UEYEDDV.
Ovoudlovue T ouvietaypéveg autég yevixeuuéves. Ou mapdywyor ¢ (t)
0vVOUALOVTAL YEVIXEVUEVES TAYVTNTECS.

To olotnua npoodopiletar av yvwpelCouue v ouvvdptnorn Aoyxpdvl
Tov ovoTAUatos L(q1,q2, -+, qn;d1, G2, -+, Gn;t). O eliodoeg Aayxpdvl
elva ot axdhovleg n oe TAnbog deutépag Taéews Stapopnés eLowaEeLg

doL Il
dtdq; g

i=1,2,---.n

O napdrywyol g ouvaptnoews Aayxpdvl we TEog TG TaYVTNTES OVOUd-
CovTtoL YEVIXEVUEVEG OPUEG XOL OL TIOEAYWYOL TNG WG TEOG TLG CUVTETAYUEVES
0vOUACoVToL YEVIXEVUEVEG SUVAUELS.

oL oL
i = 5 F;
P 94 94

"Etou n e€loworn Aayxpedvl yivetor

d

Fi=—pi
dat’

Av n ouvdptnon L(qi,Gi,t) TOU GLUOTAUATOC ElVAL YVWOTY TOTE OL EEL-
owoelg Aoyxpdvl elvar ot e€Lotoelg XVNoEWS ToL cuoTHUaToS. Eivar do-
popxég efLotioelg SeuTépag TAZEWS WG TPOS TIC &Y VWOTES GLUVAPTHOELS ¢;(t).
H yevuxn Mon nepiéyer 2n avbalpeteg otabepéc mou unopolv va Tpoadiopt-
0ToUV and TG apyxés auvinxeg Tou mpoflAnuaTOoC.

O Selxtng ¢ nmoprotdvel toug Babuovg ehevleplag Tou GLUOTAUATOS Mo
uetof3dhheton and to 1 10 1 xow ToAES Popég éwg To dnewo (aptbunotuo).
Trdpyouy duwc cvothuata Ue dnetpoug (ouveyeic) Pabuoic ehevbepiog. Ta
oLoTHROTA aUTE ovoudlovtol TEdlo XoL TEPLYPAPOVTAL AT UL GUVAETNON
Twv ouvietayuevey 7. O Selxng ¢ dnhadn €xer aviwataotalel and v
ouvey tapduetpo 7. Ta cvothuata autd e&etdlovTal € ENOUEVO XEQAANLO.

[ToAA& mpoBhAuata, OTwS Yot TUEASELYUA TEOBANUATH UE SUVAUELS TEL-
Bng dev €xouv xaula ouvdptnon Aayxedvl tou va ta tpoodiopilet. Mropoilue
var guunepLABouUe xat TEToL GueTHUATA av Yeddouue Ty e&lowon xvnoewg

ME TNV pope
d 0L OL

dtdq; g

= Qj
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omou Pe Q5 elvon oL SUVAUELG TOU dEV TPOEPYOVTAL AT XATOLO SUVOULXS.

H nepiypapn twv SuVOUUIXGY GUOTNUATOY PE TNV ouVAETNoTn Tou Ao-
yxeavl, yivetar ye v Bondela TOV YEVIXEVUEVKDY GUVTETAYUEV®DY XL To-
XVTHTov. Ootéoo elvor TOAAES POPEC MEOTUUOTEQO VA EQYACTOVUE WE TLG
YEVIXEUUEVEG GUVTETAYUEVES AL TG AVTIOTOLYEG YEVIXEVUEVES OpUES TOU GL-
OTNUATOG, VO EPYAOTOUUE SNAadn otov yweo twv gaccwy. Ou e&iodoelg
XWWAOEWS 0TNY TEPLYpapy) auth elvan 2n oe TAnbog xat meedtng TaEenc.

O opog TV @doewy elval €vag YwWeog SLHoTACEWS 2n OTou N elvot
o Babudg ehevbeplag Tou ouotnuatog. Ou n and AUTEC TG CUVTETAYUEVES
elvat oL yevixevuéveg Oéoelg ¢; xow oL dhAec n elval oL YEVIXELUEVEG OPUEG
Tou ovothuatos. Kale onuelo tou ydpou autol moploTdvel Ulat 0pLoUEwT
XUTAOTAOY) EVOG GUOTARATOS Xt avTloTeépws. ~Otav To olotnua xiveltol
T0 oNUelo SLaypdPeL UL TPOYLE GTOV YWEO TWY PAGEWY.

p(\

p=c (/

- ;
= Byt

Yyxfuo 6.2

Kivnon pe otadepn TaxvtnTa Ko Kivnon pe oTadept) EmLTEX VYO

6.2 O e€lomoelg Tou XauLAtoy

Optoués: Opilovue v ouvdptnon H(p;,qi,t) twv ouvietayuévewy
XOL TWY OPUWY ATO TNV OYEoN

(1) H(pi, gi, 1) ZZPidi — L(qi, d1,t)

H ouvdptnon autn ovoudletat XoUtATOVIavYH T0U GUGTAULTOS.
O yevueupéveg opués p; opllovtat and v mapdywyous s L wg mpog
TLG TAYVTNTES EVE 1) TALAYWYOL TWY 0pUWY KOS TROS TOV Yp6vo and tny e&i-
owor) Tou Aayxeavl elvan {oeg pe T mapaydyous s L we npog tig Béoeic.
Anladr) toyvouy oL oYEoELg
0L . 0L
b= 9q; b= dq;
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Avapopilovue ™y ouvdptnon Tov XAUATOV oL EYOVUE

dH (p;, i, t 28 dpﬂrza

Evé av Stagpoplooupe to deltepo uéhog e (1) Beloxouye

d (sz‘di — L(qi; q1,t > szdch + Z%dpz dpZ - %in =
= Zpiddi + Z ¢idp; — Z}iidpi — Zpidqi = Z Gidp; — Zpidpi

Ao Tic 800 Mopandvew OYECEWY GUVETAYOVTOL Ol EELOWOELS

OH . _8H
Op; b= 0q;

G; = 1=1,2,---,n

Av n ouvdptnon tou XauAtov elval YVOOTH OL TOPATAVE EELOWOELS
elvor oL e€LOWOELS TNG HVNOEWS YOl TLG GUVTETAYUEVES XOL TLG OVTIOTOLYEG
opuéc Tou ovothuatos. Ovoudlovtor xavovixég eElowaels 1) eELOWOELS TOU
Xauthtov. Elvar 2n oe mhinfog npdtng Ta€emwg dtapopixéc eELowoels xat elvor
Loodvaueg meog T n o TARHog Slapopxés e&lotioelg deutépag TAEEWS TO
Aayxpavl.

Ot xavovixég eglowoelg Tou Xauthtov unopodv va tpoxidouy anevbelog
ano TNV apy N TNS EAAYLoTNG dpdoews. 'pdpouue To ohoxnpwua Tng dpdoews
ooy oUVAETNOY TNS XAUATOVIAVAS XaL 1) Ay ) TAlpVEL THEX TNV LOoE®T

to to
5/ (E pidz‘—H(pz‘,%‘,t)) dt:S/ E pidq; — H(pi,qi, t)dt =0
tl 7 tl 7

OToU OTA AXEA TOL BLACTHUATOS Loy Vel 8g; = dp; = 0.

Ouv xoavovixég e€lowoec tou Xauhtov elvanl yenotueg v va Bpolue
NV ToPAYWYO ®S TPOS Tov Yeovo omotoudnnote ueyéfoug tng xhaooung
UMY OVLXNS.

"Eva guowé uéyebog tng xhaoowmg unyaving oplletal and ula ou-
vaetnom f(pi, gi,t) TOV CUVTETAYUEVWY XOL TV OPUWY XAl EVOEYOUEVKS Xl
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O eélovioeic tov XauAtoy

Tou Yedvou. Iopaywyllovye ™y oLVAETNON AUTH WG TEOS TOV YEOVO XoL
EYOUME
df (9f of . of .
FTRT + Z ( . qr + Pk

Av avTIXATAOTACOVUE OTNY OYEDY AUTH TA P; XL G; ATO TLG EELOWOELS TOU

XauAtov €yovue

a _ af Z(afaﬂ_afaﬂ)
dt Oqr Opr,  Opy, Opy,

To dafporopa g tapandve egrowoewg ovoudleton ayx VAN Ilovacdy xou ouu-

Bohilletaw we {f, H} Smhadn
of 0H Of 0H
{f,H}=Z< Lo 2 )
k

Oqr Opr, ~ Opy, Opi,

"Apa ) e€lowon xvnoews ypdpeton oLUBOAA

af

_of
L= ainm

H nopandve eglowon Siver tnv e&éMin evic peyéboue  f(pr, qi,t) o
Tpog Tov Yeovo. Ot xoavovixég e€lowoelg Tou XAUATOV TEoXVUNTOuUY Gav
uepés TMepLnTWoelg and v e&lowor avth) av Béoovue f =p; N f = ¢;.
Ipdyuatt Beloxouue

oH , oH

.i: i)H: i — i)H = -
¢ = {qi, H} o, pi = {pi, H} o,

H oyxOAn Ilovaodv onwg oplotnxe anodewxvietat 6Tt Lxavorotel Tig oyé-
OELg

Avtwovppetpwétntae {f,g9} = —{g, f}
Fooappwdtnia  {f +h, g} ={f, g} +{h, g}
Tavtétnra touv Tlaxdéume  {f,{h,g9}} +{h, {9, f}} +1{9,{f, h}} =0

Mot TLg CUVTETAYUEVES XL TLG OPUES ATOBELXVVOVTOL EUXONXL OL OYETELS
{9,905} = {pi,pj} =0 {qi, i} = dij
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Keparato 6

To 8;; elvon o tavuothg Tou Kpdvexep xan malpvel v twun 1 yua ¢ = j xo
v TN 0 vyl i # 5.

"Eva guowo uéyebog elvan wa otabepd tng xivAoewg av Sev UETABAA-
AeTal ¢ MEog Tov Ypbvo. Anhadm

i _, of

o= — 57 TUL =0

Av 1o uéyebog autd Sev €xel avohutixn yeovixh e£dpTnom TOTE 1 HEPLXN
nopdywyog Of /0t = 0 xow o yéyebog elvan Eval ONOXAAPOUA TN HLVNCEWS
av LoyveL

{H, f}=0

H B  Xaphtoviavy dedopévou 6t {H, H} = 0 elvan éva ohoxhnpwuo
NG XLWNOEWS oy deV TMEPLEYEL avahuTixy| Ypovixn egdptnon. H elowon

H(pi,qi)=FE

elvon emopévwg éva Tpwto ohoxAnpwua. Av urnofécouvue dtL undpyeL Lo ou-
VAPTNON TWV CUVTETAYUEVWY g; TETOLX WOTE OL AVTIOTOLYES OPUES VoL dlvovTan
and v oyéon

—-VS

TOTE 1) MOPATAVW EE(0WON YEAPETIL

oS

H e€lowon avth elvat Lo Stopopixn) e€l0wam TOU TEQLEYEL UOVO TLG GUVTETAY-
uéveg g; xon ovoudletan egloworn Xdauitov - TCoxount. Av n XoutAtoviovn
TEPLEYEL AVaALTIXY Ypovixn e&dptnor T6Te 1) e&lowor Xdauitov - Tlaxoum

elvo . .
H(2Z gt) =-2
(6Qi,q ) ot

H e&lowon autn unopel va Aubel edxola oy unopécouue va Sty weloovue
Tig petofBAntés. Autd unopel va yiver av Beodue €va 6UVONO GUVTETAYUEVWY
¢i TETOLWY WOTE N AUOT) VoL EYEL TNV LOPYN

S(q1,q2, ) = S1(q1) + S2(g2) ZSk qr)
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O eélovioeic tov XauAtoy

H e&lowon douywelleton 16TE 0TLg EELOWOELS

dSk; 2_ dSk: .
(W) “Fa) = Do)

xaw 1 ouvdptnon Sy Beloxetar ohoxinpdvovtag v ouvdpetnon f(gk).

Egapuoyn: Oewpolye éva oUOTNUA TOU ATOTEAELTAL ATO 1T CWUATLAL
mou aAAnAeTdpovy petadd toug. Kopla dhAn e&wtepnr) SUvaun dev emdpd
OTA CWUATIO TOV GLOTAUATOS. ~ Eva T€tolo obotnua ovoudleton XAELGTO.
Arnodewxvieton 6tL 1 ouvdptnon Aayxpdvl tou cuoTHuatog elval (om ue TNy
SLPOEA TNG HLVNTLXNG EVERYELAS XOL TNG SUVOULXNG EVERYELAS TOU GUOTNU-
T0G.

n
1
_ — 2 — — —
L_§ § m;iVg _U(T17T27'“7rn)
i=1

Av 6heg o Suvdpelg Tou AoXOVVTOL AV OTA CWUATIBL EVOG GUOTNU-
TOG TPOEPYOVTOL ATO XATOLO SUVUULXS TO GUGTNUA OVOUALETAUL GUVTNENTLXO.
Av 10 odotnua dev elvar XAELOTO AAAG UTLEEYOVY XL EEWTEPLXEG SUVAUELS 1)
ouvdptnon U eaptdton avaluted xat and tov yeévo U = U(7,t).
Avtixafiotolye v Topandve cuvdetnon otny e€loworn Aoyxedv{ xo
Beloxouue
d OL 0L dv  0U
itos,  or

m’L_ - —
dt (97‘1'
H tehevtalo auth e&lowon elvar 1 yvwot) eélowon tou Nedvtwva. To
Sudvuouo Tou SeUTEPOU UEAOUG TNG TOPATAVE EELOWOEWS

= oUu
Fi=——=
(9n-
elvat 1) dUvoun oL EMLBEA TAVE GTO § CWUATLO XAl TO SLAVLOUA
L 0L
P= ==
6Ui

elvat 1 opun TOL 7 cwUATIOL.
H XoutAtoviavn evog T€ToL0u oueTHUATog elvor To dfpoloua TNG XLvnTL-
XNG AL TNG SUVAULXAG EVERYELOG

n — 2
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Keparato 6

XOL TOPLOTAVEL TNV GUVOALXY) EVERYELX TOU GUOCTAUATOS TOU TMOPAUUEVEL OTO-
Oepn). O xavovixég e€lowoetlg Tou XAUATOV UE TNV TOEATAVE YOUULATOVLOV
dlvouy T oYEoeLg

- OH 1 - O0H 0U =
Q’L_a];; _mlpl p’L_ 8@; - aq—; - 7

H mpddtn and tig oyéoeig autég elvan 1 yvooty avaloyla wetadd tng opung
xou NG toyvtnrog Ue otafepd avohoylog v wdla xar 1 deltepn elvon 1
e&loworn tou Nevtwva.

Hopathenon: Ilapatnpodue ot n Suvaun evépyewa U edaptdton
wévo amo to Staviouata BEcems TV CwUATILY XAl Oyt and TNV T VTNTA TNG
aAAnhemdpdoews. Autd onuaivel 4Tt n alknienidpoon Siadideton axopralo ue
AmELEN TAYVTNTA TREAYUA OV E(VOL XATE TROGEYYLoN 0woTd. H taydtnto auth
elvor TOAY peydhn ohAd olupwva e v eduy fewpla g oyetednTag Sev
unopel va uneplel TNy taryvTNTA TOL POTHC.

6.3 O xavovixol UeTacy NUATIGUOL

Opriopds: Oewpolye Toug axdAovhoug oNUELIXOUE UETAOY NUATIOUOVG
OTOV YWPO TWV PACEWY

O yetaoynUATIOUOS AUTEG 0VOUALETOL XAVOVLXOS EAY OL XAVOVLXES EELOWDOELS
Tou XAULATOV Topa€vouy avalhoiwtol dnhadh av Loy Vel

_0H(PQ) o OH'(PQ)

@i P, =TT 00,

i=1,2,---,n

Eivow qavepd otL yia va Bpolue Tig (Steg e€Lotoel ®VACEWS TEETEL 1)
uetaBolr) Tou ohoxAnpwuaTog NS dpdoewg va elvan (o ota dYo ouoTHUATA

Onhad?

to ) to
8/tl (Zk:Pin H/(Pkanat)> dt=5/
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O xavovixol uetaoxnuatiouol

"Apa oL UG ohoxANpewon TocoTNTES N TEENeL var elvan (0eg 1) YEVLXOTERA VAL
SLaPEPOLY XATA TNV TALAYWYO WS TEOS TOV Xp6vo wag aubalpetng ouvapth-
ocws F' otov yeo twv pdocwy. Etol 1 dtpopd TV 800 0hAoxANpmUdTeY
dpdoewg elval xdmotol emupavetaxol 6pol mou undeviCovtat. H oyéon elvon

: dr
(6'1) ZPka: PkanH Ei:pz% H(pza%at) dt
H ouvinun elvan teav) dote ot e€Lowoetg Tou XAUIATOV Vol THpodE(VOUY atvorh-
AolwTot.

H ouvdgtnon F' ovoudletol YEVVATELE GUVIETNOT TOU XAVOVLXOV UETA-
oxnuatiopov. Edaptdtan and 2n oe nAnbog yetaffintéc and Tig uetafAntég
Qk, Pr, qi, xou p; xow evdeyouévwg e€aptdton xou and tov Ypovo. Aev emt-
TEEMETAL VoL e€APTATAL A6 MEPLOCOTEPES UETABANTES dLdTL Tt Lelym TV UeTa-
BNV Qr, P xow g;, p; elvon ave&dptnta Sev undpyet SnAady cuvaeTnoLaXY
oxéon petaty toug. Elvar Suvatoy Snhadn vo €xer (o amd TG Topo(dTe

LOPPES
F(Qk, qr,t) F(Py, qx,t) F(Qk,pk,t) F(Py,pk,t)

Oo e€eTACOVUE TNV TEWTY TEPINTWOY TOU 1) YEVYNTELL GUVAETNOY elvat
™me popene F(Qk,qk,t). “Ola to peyéln e ellowoewg unobétovue ot
elvol oLVOPTAOELS TV AVEEETNTOY UETABANTOV Qk, gr oL Tou Yedvou t.
Enouévwe Beloxouue

dF 8F
at o qz Z aQZ
Avtuafiotodue oty oyéon (6.1) xou 1 egiowon yiveton
: oF oF oF .
PQi—H' = it —H———=> —¢— ) 5@
; Q ;pq or 2 g ;8@@

Emedn o yetoffAntég g; xow Q; elvan avedptnteg eELOWVOLUE TOUG GUVTEAE-
0TES TV ¢; ot Q; xou Toug otabepoie xou Beloxouye

o F(leq}fat) - 8F(Qk7Qkat) I aF(Qkanﬂf)
Pi= "5, b= 90, B =H+—=7
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Keparato 6

I vau €xer ) mpdn e&lowon Adom wg mpog () mpénet N tapoxdtw opllovoa
va unv undevileton

0*F
9qi0Qk

Tou elvon 1) avaryxalol xow Loy GUVOTXT TOL TEENEL VoL LXAVOTOLEL 1) YEVVTTELAL
CUVAETNO.

[ va yekethooupe v deltepr yevvitpla ouvdptnon F( Py, gk, t) yed-
povue TNV oyéon (6.1) ue v wopyn

det

£0

: _ d
—> PQu— H' (P, Qr,t) =Y _pidi — H(pi, i, t) — EF/
K i

6mov n ouvdptnon F elvon

F/:ZPka+F
k

Av tddpa 1 ouvdptnon avth e€optdtat and Tig UETUBANTEG gr xau Py ToTe
Beloxouye ye tov (BLo Tpémo Tig EELoWOELS

_ aF/(Pk,Qk,t) Qk; _ aF,(PkHQkHt) H/ — H_i_aF,(Pk?’qk?’t)

Pk e aP, ot

H avoryxalor xow tearv) ouvBnxm elvat todpa 1 magoxdtw

0°F

det
‘ 0q; 0Py,

£0

I Ty W nepintwon mou 1 YEVVATELL aUTYH GUVAETNOT lval TNG LOPYPNS
F/ = Z Qij
J
OL TPATIAVEL OYECELS Slvouv
pr = Py ar = Qk H=H'
Anhady| 0 UETACYNUATIOUOS AUTOS ELVOL O TAUTOTIXOG UETATY NUATIOUOG.
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O xavovixol uetaoxnuatiouol

Me d6uoio tpémo umopolVue va UEAETNOOULYE Xou TG GAAES YEVVNTELEG
OGUVOPTNOELS.

H wavh oyéon (6.1) nepéyel tv ouvdptnon F. Oo mpoonabhoouue
Tdpa va Beodue toodivaurn avayxalon oyéon Tov va unv teptéyel Ty F otnv
TeplnTewor mou Sev elvor YVWOOTH.

Trobétouue 6TL Oha Tar YeyeDn Tng oy€oeweg autng elvol CUVIPTAHOELS
TV aveddeTnToY YETABANTGOY Q) xou Pr. Ot Tapdywyol wg Tpog Tov Yeovo
TV ¢; xoL Foelvan

q'i d% — an Z 8% Q] +Z 86]@

iF  OF OF . OF .
ol 2 0. 2 p.
a ot +%:an@-7+ — 9P,

Enoyévog n egiowon (6.1) yivetow
. dq; dq; 0qi
ZPka—H/:ZPi q Z ng—I—Z Lp ) — H-
k i

N OF | g or

OF

dqi : 04
DN S LA WA R
J

Enewdh) n petafintéc Q xow Py elvon ave€dptnteg eELGWVOLUE TOLG GUVTERE-
0tég TV Qk, P xau toug atabepoig dpoug xou Beloxouue

dq; oF o .8(]2' OF
Z Y0, ~ 80, O_Eijplapk aP,
/ 8q@- 8
H'(Qg, Px,t) = H(qx, p,t) — Y i 5 +aF(kaaPk7t)
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Keparato 6

Av xatapépouvye xat AUGOVUE To SLaPopxd GUETNUA TwV 3U0 TEATWY EELGK-
oewy téTE N Tplitn e&lowon divel v ouvdptnon H'(Qk, P, ).

Elvow tédpa mpogavéc 6Tl unopolue vor anohAAoyOUUE antd TNV Ay VOOoTY
ovvdptnon F xatd tpewg tpomoug. Ilapaywyilovue v medtn oudda wg
Tpog () 8Vo YopEG UE HATAAANAT) EXAOYT) TWVY SELXTWY Yo aPotpolUE Tig V0
oxéoeig mov fa mpoxddouy N napaywyilovue Ty deltepn oudda wg Tpog P;
S0 POEES UE HATIAANAN EXAOYT) TWVY SEUTHOY XL APALEOVUE TLS dU0 OYETELS
7 Téhog mapaywyllovue Ty TpWTN wg Teog P tnv deltepn wg mpog Qf xou
apateoVue Tig dvo oyéoelg. To anotéheoua elvon

) 0q; 0 0q;
—— | p. - U R i U
or (P~ S ) xS ) =0

AnodewtxvieTon 6TL oL TopaNdvw OYECELS Elval oL avaryxaleg o Leovég auvOn-
XEC WOTE TO SLaPoptxd cVaTNUA Vo €xel Adom wg Tpog F. O napadeidhovue
TNV andSeldy) ONUELWVOLUE UOVO OTL aVAAOYT TROTACT LoYUEL GTOV TELOLA-
OTATO YWeo Omov 1 elowaon

G=vVV
€xer Aoom wg meog V' 6tay LoyleL 1) avoryxolor xow teavy) auvinxm

—

VxG=0
Extehodye tig napaywyioeig xow Pploxovue tehind

Z(apz’ 9 _apz‘ 3%‘):0 Z<8pi 3%‘_3]% (9%):0
0Q10Q,  0Qy 0Qy 0Q, 0P, 0Py OF,

) )

Z Op; 0q;  Opi Og; —@—8
OP, 00, oP,op,)  op ™

7
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O xavovixol uetaoxnuatiouol

T nopandve oyéoelg TG Ypdpouue ouufolixd

{P,Qr},,=0 {P,Qk}}, =0 {P1,Qr} 4 =ik

Ov ayxddeg €xouvy uTOAOYLOTEL UE TLG apYIXES UETABANTES P, ¢ TOUL YL AUTO
eppavilovtatl oav Selxteg oTig Topandvw oyEoes. Amodewxvieton OTL oL To-
PATAVG GYECELS elvat avaryxaleg xow LXavEG WO TE oL UeTaoynuatiouol va elvot
XAYOVIXOL.

[Mopatneodue 6Tt oL ayxdieg autég OTwg oploTnxay 8¢ elvon SLopopeTL-
x€¢ amo g ayxVAeg Ilovacdv onwg oplotnxay 6TNY TEoNYoUUEYY ToEdYEA(O.
Ov ayxOheg autég ovoudlovton ayxdieg Aayxpavl. ['edpouue ndAl e3¢ Toug
opLouoUg Yo Tig 8V0 aTEG aryxUAEG.

- 0q; Op; 0q; Op;
g —
{4.5) _Z<8A83 8A8B>

=1

" /OAOB OA OB
A Bl = —
{ ’ } ; <3Q¢ 320@' (91%' 8]%’)

Mnogoilue va anodelfouvue edxola 6TL yia €éva advoro 2n aveddetntwy
HETABANTOY A; Tov elva cuVAETAGELS TV (D1, ¢k ), oL d¥0 auTég ayxdAeg elvon
N Wl avtiotpoen g dAAng. Luyxexpuuéva toyvet

2n
Z{Ai,Al}/{AlvAj}:—Sij i,j=1,2,---,2n
=1

Ot Tapamatve Leatvég xoil avoryXaleg OYECELS UTOPOVY GUVETIS VoL EXPEOL-
oTolV xou pe Ty Bondela Twv ayxuAdy Ilovacov. Ou oyéoeig elvan

{Qla Qk}p,q =0 {Pl, Pk}p,q =0 {Qh Pk}p,q — 8lk

Ou oyéoeig autég elvon oL avaryxaleg xat txavég ouvinxes Wote o YeTaoyn-
MoTLoUoS p, ¢ — P, Q va elvan xavovixog.

Hopddetypo: Eva Tumixd TapdSelyo Xavovixe)y UETACYNUATLOUWDY
divovtan and v Alor Ty elodoewy xwnoews. Av Q;(qk, pi) xow P;(qk, pi)
elva oL AogLg aLTég 6Tou oL UETOfBANTEC (G, Pi) VTLOTOLYOUY OTLIG AEYLXEG
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Keparato 6

ouvinxeg. Amodewvietan oTig aoxfoeg 6Tt ov ayxUieg Ilovacov mopape-
vouy avadrolwteg. H yevvitpla ouvdptnom Tou xavovixol autol) UETACYTN-
uotiopoy elvol 1o ohoxAnpwud S TN Spdoewg.

Ot xavovixol yetaoynuatiopotl elvat exelvol Tou Statneoly avallolwteg
g ayxVieg ITovaody xar Aayxpdvl. Anodewvietoar 6Tt oL xavovixol ueto-
oxnuatioupol Statnpovv enlong otabepd Tov OYX0 GTOV YDEO TWV PACEDY.

OewpolUE TOV 2N —JUCTACEWY YWEO TWV QYACEWY UE 1 GUVTETAYMEVEG
yior Ty O€om 2o n yio Tig avtiotoiyes opués. To yvouevo twv Stoupoptxdy

dqy - - - dgndpy - - - dpy,

elval 0 OTOLYELWONG OYXOG OTOV YWpo Twv @doewy. To ohoxhfpwuo Tou
OYx0U auToY ot WL TEpLoY Y| SIVEL TOV OYXO TNG MEPLOYNG AVTAG.

Ocrpnuo: O 6yx0g YLag TEPLOYNG OTOV YWDEO TWV PACEWY dEV UE-
ToBIARETAL OO TOUG XAVOVIXOUG WETACYNUATLOMOUS P, ¢ — P, Q. Ankadn
Loy Vel 1 oyéon

/dql---dqndpl---dpn=/dQ1---dQndP1---dPn

H npétaon ovoudleton Oewpnua tou AtouBil.
[popavg meénel va anodetéoupe 6TL 1 IoxwProvn Tou yetaoynuatiouoy
elvaw {om Pe v povada

a(Ql"'QnPI"'Pn) _
(g1 qnp1 - Pn)

J =

Ty anodeln tov Hewpnuatog Ho v nopaieidhouvyue.

Enewdn) n yetafolf) twv g; xou p; g Teog Tov Yeovo unopet vo Hewpnbel
ooV EVOG XOVOVIXOG UETACYNUATIOUGG To Oewdpnua uog Aéet emiong OtL o
OYXOG GTOV YWDEO TWV PACEDY TAPUUEVEL AVUANOIWTOC XoTd TNV YEOoVLXN
e€€MEN Tou ovothuatog. To Oedpnua tou AlouBik elvon Baowxod Hedpnua yia
TNV OTATLOTLXT W)Y OLVLXY).

Mnogoilue va anodel&ouvye eniong 4Tt xot Tot OAOXANEOUATI AV GE ULaL
noAhanhétnta 300, TE60dpwy X.A.T SlaoTdoERY, dSNAadH

//Zd%dpiv ////Zindpidedpj, XLT
‘ i#]
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O xavovixol uetaoxnuatiouol

TAEoUEVOLY avahlolwTa améd Toug xavovixolg Yetaoynuatiopols. Ou xavo-
Viég avadlolwteg autés noootnteg ovoudlovion Ilovavxagé availolwtes.

Egappoyn: Oo Beodue Toug xavovixols YETAOYNUATLONOVS IOV Teo-
XOTTOLY A6 TNV YEVVNTELL CUVALTNOT)

1
F(g,Q) = 5moq” o9 Q
OTOV YWPO TWV QPACEWV UE Stdotaon n = 2 ot 0o YENoULOTOMGOVUE TOUG
UETAGYNUATLOMOVS auTOVS YLot Vo AUGOUUE TO TEOBANUA TOU AEUOVLXOY Ta-

AVTOTYH OTou

1 1
H ) = — 2 - 2 2
(p.a:t) = 5—p” + gme’q
Oa yenowonomoovue ™y elowon (6.1) mov Cavaypdpouue TaAL €36

Y = 2
. , dF
PQ_H(PaQat):pq_H(p7Q7t)_%

Trobétouvue 6TL 6AoL oL Hpot elvat GUVUPTAOELS TWV AVEEAETNTWY UETABANTGY
(g, Q). Avahdovue Ty THEdYKYO KS TEOG TOY XPOVOo NG GLVaETHCEWS F o
Beloxouyue

oF OF . OF .

E¢iowvouue ttHpa ToUG GUVTEAEGTEG TOL ¢, Tou () oL Toug otabepoig xon
Beloxouyue

oF oF

P=__—_ —
aQ P= "3

H(p,q,t) = H'(P,Q,1)
Ano v SYo npiteg oyéoels Oa Peolue TNV cuvoETNOLIXY OYECT TV UETO-
BAntodv. Elvar mo edxolo va Adcovue wg mpog g xat p. Beloxouue

1 1
P = —mwg?

2 nu? @

q:\/;—ian P = V2moP ouv Q)

P = mwq oy Q) =
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Keparato 6

Avtixafiotolye tig oyéoeg avtég oty Xouthtoviavh xat Bploxovue
H(p,q,t) = i2m(oP ouv? Q + 1mco2£ w? Q = wPou? Q + wPnu?Q
o 2m 2 me

— H'(P,Q,t) = oP

[Cedpouye Todpa xat AOVOUUE TG XAVOVIXES EELOWOELS XVNOEWS WG TEOG
Tig xouvovpyteg uetafintéc. llapatnpodue 6tL ) véa Xouthtoviovy dev me-
plExeL Ty Béon Q. Mia tétowa petaffAntn mov dev eupaviletar otny Xoyth-
Toviovy) ovoudletat xuxAix. Ti pior tétola petaBAnth n ouluyne g opun
elvaw otabept). Ipdyuatt Beloxovue

: OH'
P__8Q =0 — P=c=

B
w

onov ue E ovufoiiCovue v Xoautdtoviavh tou elvon otafepn. H tyun g
Bploxetow and tig apyLxés ouvONXES Tov TEOBANUATOC.
H 3evtepen xavovixn eélowon g xuvnoews Siver Ty Béon

OH'
@= oP

= w — Q=ot+¢

H otabepd ¢ mpoodiopiletar ano tig apyxés ouvinues. Emouévwg n xotd-
OTAOT) TOU CLOTAKATOG SIVETAL A6 TNV OYEDT

2P 2F
q(t) =\ = Q =/ —— . (o +¢)

p(t) = V2moP ouv Q = V2mE ouv (ot + ¢)

Ot xavovixol yetaoynuatiopol pag fonbinoav va Abcouvue okt edxola
T0 TEOBANUA.

[N éva TpéPBAnua ue neploadtepeg weTaBANTég palvetar 0Tl Ha Aoy gu-
XNS €eYO oV Umopoloaue Vo Bpodue €va XUTIAANAO XAVOVLXO UETACYNUATL-
oud TEToLo WoTte OAeg ol UeTABANTES va elvo XUXAXES 1) TOUAAYLOTOY Xd-
noteg and avtés. Tote ov ouluyelc UETABANTES TV CUVTETAYUEVWY AUTWY
elvaw otalfepés. “Otav 1 Xapthtoviavy) Statnpeltar autod elvat Suvatov.
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H xavovuxn oudda

"Otav n Xauthtoviovn e€opTdton and ToV XpOVo TOTE UTOROVUE VoL Avol-
(NTNOOLYE TOV XAVOVIXO UETACYNUATIONO WOTE 1) VEo XoutAToviavh va elvar
TOUTOTIXA UNSEV.

Hl(Pi7Qi7t) =0

Téte mpogavedg 6Aeg ol yetafAntég elvan xuxAEg xan 1 XolAToviavy Leo-
vomolel TNV oyéom

OF
H(pi, qit) + -~ =0

Trobétovye v Ty amhonoinon Twv oyéoewv 6Tt o {nroduevog ueta-
oYNUATLIOUGS Exel TV wopwh F'(g;, Pi,t). Me v Borbewa autol tou ueto-
oynuationol 1 oxéon (6.1) divel Ty oxéon

B OF
B 0q;

Y2

XOL 1) TOEATAVK EElowoT YiveEToL

OF  OF
H Z'7_7t A,
(pir 50+

0
H eglowon avty elvan 1 yvwot) e&loworn Xduihtov - TCaxount xow Eyel ye-
Aetnlel o dhAo onuelo tou xepalaiov avTOL.

6.4 H »avovixy) oudda

To 6Uvolo TV XAVOVIXWY UETACYNUATIOUWY OE Evay 2n— SLdoToto
XWE0 TWV PACEMY TOL SeV eEAOTWOVTAL A0 TOV YEOVO UTopel Vo YIVEL ouddaL.
Oa ovoudlovue avth TV oudda xovovixn oudda. O véuog ouviéoenws tng
ouddag autng oplleton wg e&ng.

Oprouds: BOewpolye toug axdrlovfoug Vo xavovixols UeTaoyNUA-
TLoPoUg
p,q4 — P1,q1 DP1,q1 — P2,Qq2

H odvleon autdy tv 800 autdy yetaoynUATIou®y 0plleTal 0 UETATY N
TLOUOG
b,q — P2,q2

205



Keparato 6

Edxola anodetxvietal 0Tl 0 UETACYNUATIOUOS AUTOG Elvat Xovovixdg xow
EMOUEVLS ElVAL EVUG EGWTERLXOC VOUOG YLXL TO GUVONO TWV XUVOVLXWY UETI-
oxnuatiouwy. To olvoho yiveton ouddo av LoyveL ) TEOCETALRLOTIXN WLOTNTA
Tou anodetxvietat enlong eUXOA.

H yovdda g ouddog autng elvat 0 TAUVTOTIXOG UETACYNUATIOUES

p,q —Dp,9q

ToU €Vl TROPOUVEE EVIS XAVOVIXOG UETAOYNUATIONOS. TéNog ya xdbe xo-
VOVIXO UETACYNUATLOUS

P, g —P1,q1

0 avVT{OTPOYOG UETACYNUATLOUOG

pP1,4q1 — P, q

anodetvieTaL OTL E(voL XAVOVIXOG XOL dpd TAELOTAVEL TO AVILOTPOYO GTOL-
xelo g oudda avthg. Ilpogavidg 1 ovvleon twv 300 auTdY petaoyNUATL-
OUGYV BIVEL TOV TAVTOTIXO UETACYNUATLOUS SNAAST) TNV LOVABA TNG XAVOVLXNS
ouadas.

Mua moAd) omoudaio UTOOUASA TNG XAVOVIXTG OUASAS ELVAL 1) TRUTOTLXN
ovvloTwoa Tou Bploxeton av exteAécovye aANETIAANAOUG ATELPOGTOUG UE-
ToaoyNUatTiopols.  Evag UETAoYNUATIONOS AVAXEL GTNV UTOOUASA aUTH oV
unopel va Beebel Yot LOVOTORUUETELXT] UTOOUAS0 TGO XAVOVLXOUG UETOOY N
MOTLOROVS @ TETOW WOTE 1) @ VoL ElvoL GUVEYNS WS TPOG ¢ XAl eTTAEOV Vo
Loy VEL

e =e o=

Anlad?| oL uetaoynuatiopol autol unopoly vo cuvdefoly ocuvey g Ue To
TToTXG oTolyelo g ouddag. H tautotue) ouviotdoo elvon 1 ouvextixy
GULVLOTWOA TOU TOUTOTIXOU GTOLYEIOL TNG OUAdAS OTou Yo euxohio deyoua-
0TE OTL OL GUVLGTWOES TOU TAVTOTIXOU GToLyelou NG ouddag elvat Undev.

e — ¢(0,0,--)
"Evag nenepaouévog Xavovix6g UETACY NUATIOUOS TTOU UTOREL Vo GUVDE-
Oel ouveywg ye ™y povada xtileton and AAAETAIAANAOUS ATELLOOTOVS UETA-

oxnuatiopovs. Oa oploovue axoloving Toug wetaoyNUATLONOVS AUTOUG.
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H xavovuxn oudda

OewpoluEe Toug aOAOLOOUG ATELEOGTOVG XAVOVIXOVG UETACYNILATLOUOVS

Qr = qx + 39Ax(qi, p;) P, =p; +86Bi(qi, pj)

6mov 3¢ xou 00 elvon anetpootés toooTTeES Mo oL Ay, xou By elvon nenepaoue-
veg ahhd avBaipeteg ouvapTnoelg Twy BEoewy oL Twv opuwy. Oa Beolue Tig
auOalpeTeEC AUTEG CLUVAPTNOELS WOTE OL UETAOYNUATIONOL Vo elvat xavovixol.

[ v elva ov yetaoynuatiopol autol xovovixol TEENEL Vol LXAVOTOLOVY
TLg avaryxaleg xou eavég oyéoetg. Ou oyéoelg autég elval

{kaa Ql}p,q =0 {Pk:7 Pl}p,q =0 {Qk‘7 Pl}p,q — 8k:l

OTOL oL ayxVAeg elvan oL aryxVieg Ilovacodvy.

Ot 8%0 mpwteg elvon Tpogavels ot LoYVOUY YL OTOLEGSNOTE GUVIETH-
oewg Ay B). Ymuewdote 6T anopplntouue ooy undevixols, 6poug Tou ToA-
hamhaocidlovton pe Tig amelpooté nocdtnteg (39)? (80)% xon (3¢)(86). H
tehevtalo oLVONXN dlvel TG TMapaxdTw oYEoelg 6oL evvoeltat dbpotom g
Tpog M xou 1 mou enavahaufdvovian 3o @opég otny (Btar TAEVEd NG LEOTY-
T

0Qy 0P, 0P, 0Qy _ 0(qx +3¢Ax) 0 (p1 +36B;)

Ogqm Opn,  Ogm Opp Oqm Opn
8qm 8]9” 8]<;m SCPa Bln 86 0pn
8Bl 8Ak 0B l aAk:
(36) 8qm( ) o = SpmOin + 3km398 + an&Pa = 8y

0B, OA}
fr— =
2 op, t 2 90
H eZlowon auth wavorotelton dtav undpyet ouvapetnom ¢(g;, pj) tétow
OOTE Vo LoYVOLY OL OYECELS

_\ 9% _
B, = Sy {p1, 9} Z o = {qk, ¢}

O anelpootol xavovixol UETAGYNUATIOUOL YOV ETOUEVWS TNV LOP®Y
Qr = qr + d¢{ak, 9} Py = pi+86{p1, ¢}
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Keparato 6

H yetofoln otig petafintég gr xan p; elvon
Qr — k. = 8qr = 3¢{qw, 9} Py — pr = dpr = 86{pi, 9}

Oa Peolue téhog ™V petaBoly wog ouvaptoews f(qr, Pr) oplouévng
OTOV YWEO TWV PACEWV ONO TOUG AMELLOGTOVUG XAVOVLXOVG WETACYNUATL-
ouovs. Bploxouue

8f = f(qr:vr)— [(Qr: Pr) = f(aw,pr)—f (ar + 3¢{ar, ¢}, pr + 89{pk, ¢}) =

0 0
—3o{qr, (P}a—i — 30{pr, @})a—;

6.5 H bewpla twyv nedlowy

[ éva ovotnua ue n Babuoic ehevbeplag Eyovue n aveldetnteg cuvae-
moews ¢i(t), i =1,2,---,n nou tpoosdiopllovy TAewe Ty Béon tou cuoTh-
uatog. To obotnua npoodiopiletar av yvwpllovue v ouvdptnon Aoy pdve
oV oLoTAUaToS L(q1,q2, -+, qn;d1, G2, -+, Gn;t). O eliodoeg Aayxpdvl
elvat oL e€LoWoELS MVNOEWS XL elvat dLapopxés eElotoels SeUTEPNS TAENG
WG TPOG TS oUVaPTNoELS ¢;(t).

O Selxtng ¢ nmoprotdvel toug Babuovg ehevleplag Tou CLUOTAUATOS Mo
uetof3dhheton and to 1 10 1 xow TOANES Popiég €wg To dnewo (aptbBunotuo).
Trdpyouy duwc cvothuata Ue dnetpoug (ouveyeic) Pabuoic elevbepiog. Ta
oLOTHROTA AUTE ovoudlovtol TEdlo XoL TEPLYPAPOVTAL AT ULd GUVEETNON
TV ouvietayPévey 7. O Selxtng 7 dnhadn €xel aviuxataotabel and v ou-
veyf mapduetpo 7. Ov yevuxevuéveg ouvapthoels ¢;(t) xou pi(t) mpénet va
aviuxataotafody and g nedlaxég ouvapthoels ©(7,t) o (7, t) avtiotol-
Y WGS.

P q(t) = q(i,t) — (R t) pilt) = pli,t) — n(Ft)

Y10 xepdioto avtd o cuuBoiilovue ue T1, T2 XL T3 TS OUVLOTWOES TOU
Staviouatog 7, dnhadm

F: (.1131,%2,.’133)
Ou véeg petafAntég elvon évag yYpouuxog GUVOLAOUOS TWY ¢; XoL Pj NG
Hop@png

oo

(7. t) =) ur(Fax (7 t) =Y ue(P)pr

k=1
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H Oewpia twv nedivwy

Ou oyéoelg autég elval PLo Ypopuix) oYEOT AVAUESH OE €V GUOTNUI UE
apthunowa dnepoug Babuoig ehevbeplag xow oe éva olotnua ye ouveyelc
anelpoug Babuoig ehevbeploc. Ou “ unteeg 7 yetaoyNUaTiopol UE oTolyela
ug(7) now vg(T) €xovv oTHNES TOU I UETPAUE PE TOV aplfufoluo Selxtn k
XOUL YROUUES TIOU TLG UETPAUE UE TOV GUVEYT Selxtn 7. LUVETKS oL teplepyeg
autég “ unteeg 7 Exouv aptbunolua dnelpo aptbud oTNAGY xoL CUVEYES ATELRO
opLOUd YEOUUUMY.
Ou ouvapthoetg uk(7) xow v (7) teavonolody T oYEoELg

S un(or (i) = 8(7 — i) / / / 0B g (F)os(7) = Bop

4 Y

Ov oyéoeig autég pog Aéve 6Tt oL dVo “ unteeg 7 elvan 1 wla avtioTpopn g
GAANG. Ot YEVIXELUEVES GUVTETAYUEVES X0 OL AVTIOTOLYES OPUES ATOSELXVUE-
ToL EUXOAX OTL LXAVOTIOLOVY TLG OYECELS

{(P(Fv t)? (P(Flv t)} — {TE<F7 t)? TL'.(F’, t)} =0 {(P(Fa t)v TE(F,7 t)} — B(F_ F,)

6mov 1o 3(7— ) elvan to déhtar GUVETNOLAXS 1) TO BLYAETNOWG Tou NTLEdx
xoL €yeL ovtuxataothoer To ovuBolo §;; tou Kpdvexep. Aev Oa Swoouue
e3() TOV AWOTNEO LAhNUATIXG 0pLoUsd Tou cuvaptnotaxol tou Ntipdx. [
TAEABELYUX YEAPOLUE TLG OYETELS

Z Fid;; = Iy /f(F/)B(F_ 7P F = f(F)

omov €yovue dfpoloua wg TEOg Tov aEtiunoLuo SelxTn xot OAOXAHPOUL WG
Tpog Tov ouveyn, “delxtn”. H tekeutala oyéon umopel va Oewpenlel cav o
0pLOUAC TOU CUVARTNOLAXOV.

[Na o ovotHuata autd 1 ouvdptnon tou Aayxedvl Sivetar ouvnbwg
ooy €val ONOXATPWU GTOV TEWLACTATO YWPO UG CUVALTHOEWS TUXVOTNTAG
¢. M ouvdptnom nou oplletal Ue TOV TPOTO AUTO, GAY EVO OAOXANPOUI
ONAadY| ULaG TUXVOTNTOG OE ULl TIEELOYT) TOU YWEOL, 0VOUALETOL TOTLXY).

. ~ dp O0p 0O Oy
—_ 3 -_—
L((P7(P)_///d7“f<tp, Ot’ Ox1’ Oxy’ Oxs

AeyOuaoTE YL TNV ANAOUGTEVCT TWV OYECEWY OTL 1) GUVAETNOY) TUXVOTY-
Tag Tov Aayxpdvl eloptdtan UOVo and TNV Ypovixy Tapdywyo tou ¢(T,t)
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Keparato 6

xow and OAEG TIG MPWTES Y WELHES UEPLUES TIOEALY WYOUG TOV. MNUELWOTE OTL 1)
TUXVOTNTA BEV EEAETATAL AN TIS YWEIXEG UERXESG TopayWYoug e ¢. Aev
elapTdTon eniong and Tig devTeEpE AAAL ol AT UEYUAUTEPEG UEQLXES TOEOL-
YOYOUS NG §.

H yetoafoln 8¢ tng ouvapThoews autig YedpeToL

3

_oe ol . (Oy ol )
30 = a@s@+a¢8(at) +Z@(%)8<8@>

i=1
H apyf ™g ehdylotng Spdoews ExeL TR TNV LOPYT

r2 .09 O dp . 4
BS—B/tl///f(q),cp,8x1,8$2,8x3)drdt—O

Evodryovue tny yuetoBodn & 6T0 ohoxANpmUa XaL UETA oo [iot XATE Topdyo-
vieg ohoxhfpwon Beloxouyue.

R ov ol ) ov )
SL = d3Fdt | —8p + — | — ) —
5 50 (30) S5 (52)
or 0 ol 0 or
3SEdtSy | — — — == _=
////d TdtSeg [aq) ot 09 ;8%8(8@&)] 0

1 =

Trobétovue BePalowg xor €3¢ 6TL 1 petofBoln 3¢ undeviCeton ot dxpa TOUL
XWEWOU OAOXANEOUATOS ol dEo O ETMLPAVELIXOS 0p0g elval undév. Xny
TpaYUATXOTNTAL 1) Stataparyf) mou exgedlet to medlo undevileton mold yen-
YOpA GTO AmELpo. ATo TNV GYECT AUTH CUVETAYETAL OTL

ol 0 ol 0 ol

_____ Z 8 . o =0

=1 Li 8 (8_12)

Tou elvon 1 €€lowomn XLYNOEWS TOL CLUOTAUATOS. AV deyTOUUE TOV YEOVOo t ooy

ULl TETAETY) CUVLOTWOA T4 TOTE UTOPOVUE Vo Yedhouue Ty e&lowon xivnoewg

We ™Y e&Ng Wopyn
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H Oewpia twv nedivwy

Tou elvo TOAY yenowun yio Ty ewduen) Hewplo Tng oyeTedTNTAS.
[ va amhomowmoouye Ty mopandve e&ioworn g xvnoewg opllovue
TNV GLUYIETNOLAXY ToEAYWYO TN L w¢ mpog ¢ and v oyéon

SL o0 23: o o
d¢ 0o — dz; g (%)
Egapudélovue tov 0plopd autd yio v mapdywyo g L wg mpog §.
Emedn n nuxvétnta Sev e€optdton and tng Ywetnés UEPIXES TOpaY WY OoUs TNS
¢ Beloxovyue

B _ ot
5 99
Enopévog tehund 1 eélowon xivioeng yivetot
a3l L _
dtdp S -

ToU UOLALEL UE QTN TWV CLUCTNUATWY e Evay Babud elevbeploc. H opun m;
dlvetow maAL amé tnv oyéon

5L ot
¥ 09

T
H ouvdptnon Aayxedavl elvar duvatov va eEoptatal and n o minbog
nedioxd weyeln @;(7,t). Ou eioddoeig xvhoewg elvan tdpa

d 3L 3L

i=1,2,---n
Ot Baouég ayxdeg Ilovaoody mpénel tpa va tpononomboiv xat vo md-
POLY TNV LOP(T)
{(Pi(r'?v t)? P; (7?/7 t)} — {ni(f; t)v T (77/7 t)} =0

{oi(7 1), m; (7, 1)} = 8(r — 7)33;

omou €YoLUE To cuvaETNolaxd Tou NTipdx yia Tov cuveyn delxtn xot o olU-
Bolo tou Kpdvexep yia tov aptunowuo.
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Keparato 6

Mrnogoiue va enextafolue xot 6Ny Hewpla Tov Xduthtov yio ouoTnUaTa
ue ovveyég ovvoho ouvietayuévwy. H ouvvdptnon tou Xduktov opiletar
OTMWS XL 1) oLVAETNOY Tou Aayxpdv( TOTXE Cav VO OAOXANEOUL YDEOU
MG XOTIAANANG ouvapTHoEwS TuxvotnTag h(m;, @;) Tou elaptdton and Tg
Ocoeig xon T opués.

(o) =[] e = [[f o (S

Ot xavovixég eELoWOoELS TNG XVNOEWS UTOPOUY val TpoxUouy Ue Tov
(Bto tpomo OmMwe xa ota Staxprtd cvothuata. Aev Oa emavardBouue v
Staduxacio Ho ypddouue 1o TEAXO anotéheoua Tou elvar

) SH ) OH oh
—T; = Zd% 8(22;) @izs—ng—m

Ioyder enlong mpogavedg xow 1 TauTOTNTA
Oh 0t
ot ot

Télog nopduola e&lowon e TNV TERITTOON TWV SLAXELTOY CUCTNUATWY
Loy Vel xat e3¢yl TNV yeovixt e&ENEN onotoudnrote peyéboug mou unopet
va ToeaoTolel amd Eva OAOXANEOUA OYXOL XAToloG TuxvoTnTag. [

G(y;.m;) = ///g(cpi.ni)d 7
Beloxouue o011

dG 0G 8H 3G dH\ 4 o 3,
dt ///; <8(Pi Sty dmy Stpz') o /// ot

Av oploouvue tidpa o véa aryx VAN Iovacov dmov undpyet dbpotoua wg mpog
ToV dLaxpltd SelxTn ¢ xot OAOXANPWUA WS TEOS TOV GLVEYY) SElXTN T HAUTAAY-
YOUUE AL TNV YVOOoT e&lowaon

dG _ oG
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To nAextpouayyntixo nedio

Yvothuoata pe dnetpoug Babuoie ehevleplog epgpaviCovtol Told ouyvd
OTN PUOLXY OTWG YL ToEAdELY o 0TV Oewplol TV PEVETWY oL GTNY PuoLXN
TNG OTEPEAS XATAOTACEWS. ~ Evo TUTUXO TOPAdELYUd EVOS CUOTAUATOSC UE
anelpoug Babuoig ehevbeplog elvar to nhextpopayvnTind nedio.

6.6 To nhextpopoayvntind nedlo

To nedlo E(7, 1) o B(F, ) Tpoxintovy amé éva Stavuouatind Suvapind

A(7,t) xon and évo BaBuwtd Suvound o(7,t) and g oyéoeg
E=-Vo---A B=VxA
LAY

H muxvétnta Aayxpdvl tou nhextpouayvntixol nedlov diveton and tnv

oYEom
(= (B~ B) —pp+ ] A
8n c

H mapoandvew nuxvotnta Aayxpedvl odnyel otig axohovleg e€Lowoelg Tou

Mayoue.

V-B=0 VxE+-——=0
c Ot
V.-E=4 VxB--"" =235
e % c Ot c]

Oo anodelfovue LOVO TNV MEOTN oL avTloTolyel oty e&loworn xwvi-
OEWS YL TNV OLVTETAYUEVN @. Bploxouue ™y nopdywyo wg mpog to ¢. H
TUXVOTNTA dEV MEPLEYEL TALAYWYOUS TNG @ WG TEOG TOV YEOVO XL ETOUEVWS

ddL d ot
dt8p  dtdp
To yeyovdg 6L 1 muxvétnTo SEV TEPLEYEL TNV @ ATAOLGTEVEL TOUS UTOAO-
YoUoUg OUng Tapouotdlel TNV duoxohia Vo uny umdpyel xavovixy) auluyng
OpUT TNG P Xa ETOL VoL UNV Unopovue va teptypddovye to medlo pe ™y Hewpla
Tou XAULATOV.
Axolotfwg Beloxouue Ty Tapdywyo wg meog To ¢.

3L _ o 23:8 N ) 2%
d¢ Oy i:1axia(%)
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Keparato 6

H e&lowon Aayxpdvl divel mpo@avedg TNy mewdtn anod Tig eELOWOELS ToY
Md&yovel. Beloxouvue

—— — — =0 = ﬁ-ﬁzélrcp

To nedla A(7,t) wou @(7,t) Sev elvaw yovodued. Av f(7,t) elvon o
OTOLABNTTOTE GUVAPTNOT TWY CUVTETAYUEVWY XAL TOU YPOVOL TATE ToL SuVOULXA

g 1 = / 10
A'=A4+Vf P :‘P_Za_{

Taedyouy To (dLo nAextpouoyvnTixo medlo. O mapandve UETACYNUATIOUOL
ovoudlovton petaoynuatiopol Babuidac. Ieoyuatixd yia to nhextpuxd nedio
EYOVME

SUIR NNy R (RS B R R
Ei=-Ve catA B V( c Ot c@t(A+vf)_

L 10fs, 10 . 10o, =

Xow Yl To yayvntixd nedio

—

B

B’:ﬁxﬁ’:ﬁx(Z—i—ﬁf)zﬁx/f—l—?xﬁf:ﬁxff

Hopdderypa: Xoav mopdderypo Oo Bpodue tng ouvdptnor Babuldag
(7, t) Tétow ddote Ta véa Tedlo Vo LxavoToLtoly Tig oYEOELS

H televtaio oyéon ovoudletar ouvinxm tou Adgevrs.
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To nAextpouayyntixo nedio

[ v woydel n oyéon ¢/ (7,t) = 0 npéner

B 18f_ B .
(P (P_EE_O — f_c/(pdt—l—F(T’)

émov F(7) wa ouvdptnon uévo e Béoewg nov Ha npoodioptotel and tny
devtepn e€lowom. [ vau toydel v Seltepn npEnet

Enouévwg n ouvdptnon F(7) elvan Mior tng mopandve ediotocws. To 8ed-
TEPO OXENOC TNG EELOWOEMS ElvaL aveEdETNTO TOL Yedvou xou 1 e&lowon elvon
tonov llovacdy tng popphc

VEF(7) = o(7)

Egapuoyf: Xoav o egaguoyn g Oewplag TV GUVEY®DY CUGTNUATWY
B Bpodue My e&lowon xwhoeng Tou duvauxod A(F, t).
Oewpolue T0 NhexTEopayVNTXG TEdlo 6To XeVH (0 YWpog dev TepLéyel
poptin) ue undevixd Bafuwtd Suvauxsd @ = 0 xow StvuopaTind Suvauxs Ue
andxAion undév V-A=0.

H ouvdptnon Aayxedvl tou medlov Ty Suvauxdy autdy yivetat

LA 4) = ///d<A (V x g>)

H ouvdptnon muxvotntag tou Aayxedvl elvor avahuTtixd

: 1 -
- T A2 = 2:
14 202A 2(V><A)
11, 1(045 04 1 (041 943\7 1[04y 941\’
2 c? 2\ Ors  Ox3 2\ Ors Oz 2\ 0x; Ozs
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Keparato 6

Ou Beolue tdpa TV e&lowon xwoewg Yia To tedlo A1 (7,1). Bploxouue
TNV TARAYWYO ©G Tpog A

= — = — — = A7

SA;, 0A; 0A;2

Bploxouue axoholfwg v mapdywyo wg npog A;. IMopaleinovye toug
6poug 0F/0A1 xaw 0¢/0 (gﬁll) mou elvol undév.

81’1 8.172

S, 19 9 (aA2 8A1>2 10 0 ((‘Ml 8A3>2

SA, 201, 8A1 2 O3 8A1 Ors Oz

0 (8A2 8A1> 0 (8A1 8A3>_ 82A2+82A1 0% Ay
5 — _ —

81'1 B 8372 + 81'3 (9%3 B 8%1

2A 2 2 2 A A A
Pl (P PP 0 0

2 2
Oxoxy 05 Oxs

013011 0x? 0z  0x2 Ory \ Ory  Oxa  Oxs
OV 24, - L. A=v24
8141 v ! 81'1 v v !

O 6pog V- A eivaw undév Aéyw g ouvinxmng Adpevig mou Seythxaue YL
10 Stavuopatixd duvauxd. I'edgovue téhog v e&lowon xvnoewg tou Ao-
Yxpdv yia to nedlo A (7, 1)

d dL OL = 1 9%\ -
___—:(VZ——8—>A1:O

H e&lowon elvar 1 yvwoth xupatn e&lowon.
[apduoteg oyéoetg Loybouy TEOPAVKS xow YL Tat dAho Yo nedla A (7, t)
xow As(7,t). Tpdpoupe o Tig TpELG aUTES EELOWMOELS UE TNV LOP®T

H Aomn tng xvpating eLlo®oemg €xeL TNV Lop@n ETTESOL XOUATOG
ff — goei(lzf—o)t)
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To nAextpouayyntixo nedio

omov Ap elvon éva otalepd didvuoua. O mapdyovtog mou gaivetat TohAomho-
OLoUEVOS UE TO ¢ 6To exfetind ovoudleton pdaom Tou XxVUATOG.
Ot Lo0QaoIXES EMLPAVELEG TOU XVUATOG AUTOU LXOVOTIOLOUY TNV GYEOT)

E'F—wt:kla?l+k2$2+k3$3—wt26
elvat dmAadn enineda xa autd Suxoworoyel Tnv ovopacio Toug. To Sidvuoua

k=

n

SHE>

6mov 1 to povadialo Siavuoua elvor xdbeto oto eninedo autd, ovoudletot
xugotavuoua xor €xel Tnv dtevbuvon mou Stadideton To Oy
Elodyovue v Adon oty dtapoewnr| e€loworn xou Beloxouue

S 1 O? o 1 T
<V2 . _2@) ez(k-r—o)t) — (k% + k% + k?z’ . —20)2) el(k}-r—cot) -0 —
C C

1 -
k%+k§+k§—c—2w2=o — w = clk| = ck

To ddvuoua A(7,t) npéner va weavorotel enlong xow v cuvlin tov

Adbpevtg dnhadn mpénet
V. Agel et — J . el Ten — = Ay k=0

To duavuoua Ay xou eNOUEVLG X To TEed{o /T(F, t) Beloxeton oe éva eminedo
x&Beto 070 Sidvuoua k v Stevbuvon Snhadh mou dadideton To xdua.
Mrogodue tépa va Beolue tic evidoeic E xau B Tou NeXTooUayvITIXOY
nedlov. B
B=—lA=itd  B=VxA=ixA

To nhextewd nedio E exer v Stevbuvon Tou StavuouaTinos SuVaULXoU A
EVE TO PoyVNTLxo Tedio B elvau x80eto TEOG TO A ETOUEVLS XADETO Mot
070 NAEXTPLXO TEd(O.

Yuyfolilovue ye €x1 xon €x2 T SVo povadialo Stavdouata Tou elvo
x&0eta peTagY Toug XAl xdbeTa 6TO k.
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Keparato 6

H yevuen Aoom g Stapopiés e€Lotdoews Tou xOuatog elvon

2
X(F, t) = Z Z ak7s€k7sei(k'7?_“kt) + az’sgk,se_i(k'ﬂ"’kt) wi = ck
b s=1
Ou ouvteheoteg ag,s o ay , €xouv emheyel ouluyels wyaducol aplBuol €to
wote 1 Aon va elvon mpaypatir). To dfpoloua wg mpog k yivetan méve ot
OAeg T SuvATEG TUUES TOV k. Av yw Topdderyua fewpenoovue 6Tl To XU
Beloxeton o éva mapahAnieninedo ye mhevpés A, B, I' tote 1 Suvartée Tuuée
Tou k €XOUV CUVLOTWOEG
. 27'('711 . 27'('712 . 277'713

k1= " ko = 5 ks = T

OTov T N1, N2 X N3 elvon Hetixol xow apvntinol axépatol apthuol.

Av 10 k malpver ouveyels Tiuég tote To dfpoloua TEENEL VoL AVTIXATO-
otafel ye éva TpumAd oloxhpwua.

A T
€k,1
Yy 6.3

O 6V0 drevdivoers €y, s mov elvow ToAwWpEvo To Tebio

Méoa ota ToAAG ovouaTa Tou avapépdnxay oto xe@dioto auto Ha NTay
TapdAewdn av Sev avapépaue xaL To dvoua Tou dixol pog Koapabeodwen mou
UTNPEE €VaG UG TOUG TLO ONUOAVTLXOUG UolNUATIXOUE TOU VAL UoS. 2TO
oUyypouua Tou Variationsrechnung unopel va Peet xavelg mhodolo LALXO
Yl Toug xavovixolg petaoynuatiowovs. H ouuBoin tou mepthoufBdver uo
Oewplo yio Tig un ouveyelc Aboelg 6Tov AoyLouod Ty UeTofordy. Awtinwoe
EMLONG XATOLEG OYECELS TV SLAPOPUDY EELOWOEWY TEWING TAEEWS UE TOV
Aoywoud twv uetafoldy. Epydotnxe téhog xou oe npofAfuata wetaBoAdy
M— JACTATWY EMUPAVELDY OE N— SLACTATOUS YDEOVS.

O Kovotavtivog Kapafeodweng epydotnxe oyt uévo atov AoyLousd tov
UETABOADY aAAd xo TNy Oewplo TwV GLUVAETNOEWY TOANGY UETABANTWY Xo
otny Bewpla Tou YETpou. Enuoavtixotaty unhese enlong N ovufBoln Tou oTny
Oepuoduvouxn xon oty W Bewplo TG OYETUOTNTAS.
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Aoxnoeig

Aoxnoelg

Aoxnorn 6.1
Av q(t) elvon pLor ouVdETNOT TOL t TOTE Vo AnOdELYTOUY OL OYETELS

dq d

= —(3q)

3(dq) = d(3q) 8(—) =~

T oyéoelg aUTES TIG YPNOLUOTOMOOUE YLl TNV ATOSELEY] TWY GUVIPTACERY
tou Aayxpdvl xou tou Xduhtov. No unoloyloete v uetafBolr) tou olo-
XANPWUATOS TN SpdoEwS

tq
55 = / L(q,d,t)dt

to

Adorn: Oswpolue pa ocuvdptnom q(t) xou wa dAAn ouvdptnen ¢(t) tov
Srapépet eNdytota and v ¢(t). XuuBorillovue v dpopd Ty %0 avTeY
oLVPTHoEWY UE 8g. Mnopodue dnAadn va ypddouue

8g = q(t) — q(t) = en(t)

OOV € elvolL UL TAEAUETPOS oL TNy Hewpodue anelpooty. Anhadn av o xd-
Towa oyéon undpyel 6pog e tov €2 tov undeviCovue. H cuvdptnon n(t) elvon
ULOL TEMEEACUEVY) GLVEETNOY IOV GUKS Bewpolue 6TL umopel va TNy exAégouye
avfalpeTa.

[Teénel va xavouue oot Sudxplom tng dapopds dg amod to dapopixd dq
nov opiletan BeBaiwe and tny oyéon

dg = q(t +dt) — q(t)

H upetafoln dq elvon BeBaiwe pio ouvdptnor tou yeévou mou UTopolue
VoL TNV SLapoplCoLUE 1) XoL VO TNV TopA YW YIOOUUE WG TEOS TOV XpoVo.
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Keparato 6

Avapopilovue ™y petofBoln dq xou Beloxouvye

oo dn@)  (dg dg\ . dq
d(dq) =dj—dg=c¢ o dt—<% = dt—S%dt—B(dq)

q(t) = q(t) + 3¢
Wt 8(+dg) __ (1)

|

dq

L\

Yo 6.4
FewpeTpisn andédelén s oxéoews d(8q) = d(dq)

H anédeln g oyéoews alvetal xoL 6TO GYNUA OTOU CUPWS palveTon
OTL Loy VEL

d(q +8q) +8q = 8(q + dg) + dg — 5(dq) = d(8q)

Av €yovpe tdpa po ouvdptnon L(qi, gz, - - ) téte N yetafold) g ou-
VOPTNOEWS aUTNHG SlveTon and TNy oyéon

oL oL
Iq1 dg2

O Beovue axorotng v yetaffoln Touv ohoxAnewUATOg TNG dpdoEnG.

Beloxouvue
05 = S/tl L(q,q,t)dt = /tl —08q + =98¢ | dt =
t2 Q7 q? t2 9 q 9 . q

b /oL oL d v /9L d OL oL \"
S+ =g ) dt = = 2T dts ==
/tz <8q 17 Bq dt q> / <aq dta(1> ‘”(aq q)

to

OToL Yot TNV TEAEUTAlR LOOTNTA EYLVE L0l XATA TAEAYOVIEG ONOXAHEWOT).
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Aoxnoeig

‘Aoxnorn 6.2

"Eva owpdtio yAwotpdel ywplc telBéc o Eva T6E0 Tou ouVSEeL Eva o
uelo A ue éva onuelo B nouv Beloxeton mo xdtw and to A xav oto SLo
xataxopuyo eninedo. To cwudtio Eextvdel and 1o A ywels apyw TaydTnTa
U6 TNV enidpaom tng Bapgltntag. 1lowo mpénet va elvan To oyNuUA TG TEOYLAS
wote va phdoel 6to cuvtouotepo duvatéd ypoévo ato B. Na Bpelel o ypdvog
Tou 10 owudTio Ho phdoel oto xdTw Yépog tng Tpoytds. No amodeiytel 6Tt
0 XPOVOg auTOg Elva ave&dpTnTog and To oNUelo Tou EEXLVAEL TO OOUATLO.

To npofAnua €xet totopuen a&lo. " Eyer yehetnel and tov I. Mnepvoii
XL 1) TpoyLd ovoudotnxe Beayvotéypovn (brachistochrone).

Al— ¢ — T
P

1 B
Yyfuo 6.5

H kvkdoeldns kapmioln

Abom: Ocwpolue Eva oVoTNUA AEOVWY GTO XATAXOPEUPO ETUNESO TOU
nepLéyel ta onuelo A xow B tétolo Wote to onueio A va Beloxetan oty apym
(0,0) xaw To onueio B oto onuelo ye ouvtetayuéves o, zp. H taydtnta tou
owuatiov oe wa Béon mov anéyel andotaon (on Pe z XxdTw and Tov dfova
tou x PBeloxetat and Ty oyéon

1 1
émvz — émvg = mgz - v =1/29%2

dedouévou dtL M apywen TaylTnTa vy elvon undév. H toydtnta Sumg mave
070 16£0 AB dlveton and v oyéon

ds /Ads
v = — — t = —
dt B v
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Keparato 6

OTOV S TO UNXOG TOL TOEOU XaL TO UNXOG TOL TOEou BlveTal amd TNV oyYEom

dz\ 2
ds =4/1 —
=+ (%)

Enopéveog tehund Beloxouye

0 2
t:/ \/1—|—(dz/dm) d
B 292

I'edpoupe to Tapandvew OAOXANEOUA UE TNV LOPPN

o= [ e ) = \/ L+ (dz/do?

s 29z

To mpéBAnua elvar va Beodue to ehdyloto tng nopaotacews avtns. DBel-
OXOUUE A6 TO TEOMYOUUEVO TROBANUAL.

0 . 0 oL 0 0L
8/33 L(z,z)d:(:_/x dxdz(az 6xaz’)_0 —

B B

oL 0 0L _
0z 0x0z'
Tou elvo 1 Stapopnn) e&lowaon NG TEOYLIG.
Aev Ba ypaouue avoahutixnd Ty Tapandve Stapopuxn e&lowor. Ilapa-
Tpodue 6L enedn 1 ouvdptnon L(z, z’) eaptdton and to z xou 2’ €yovue

d (L— 8L>_iL_ 8_L 8 oL <z’£—i—z"i>l)—

dx 0z’ dx 0z’ 8x 0z’ 0z 0z’
B ,, OL , 0 OL ,8_L+Z,,8L Z,,(?L 8(‘9L
oz' 8:6 0z’ 0z 0z’ 0z’ 8;(3 0z’
,OL , 0 8L , [ OL 0 0L\ _ 0
0z 8:1: oz’ 0z 0Oxdz')
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Aoxnoeig

H tehevtaia toydel Aoyo tng Stapopixng e€Lowoeng Tou BENovue vor AUGOVUE.
Ano v eélowon auth Peloxouye éva Tpwto ohoxANpwua

i(L—ZI8L) =0 = L—z'ﬁL =

dx 0z’ 0z’

omov C7 wa otafepd. Bploxovue duwg

12 12

oL 1 z 1 14272 -2
L2 = Vitz?2— =)= =

1
V292vV1 4 22

[ va Aboouue v mopamdve Stapoeixn e&lowaon eLodyouue TNy Topd-
uetpo 0 xow Bétovue

=Ch — Z(1+Z/2):Cz

12

! _ 2 __
2 = opf = Ltz oqu26 1-ouv2

XoL amo TNV Stopopixt| e€lowoN GUVERAYETAL OTL
C
z= 72(1 — ouv 20)

[opatneotue 6t yia B = 0 ouvemdyetat otL z = 0 xou dpat To onuelo
(0,0) elvan m xopuen (6 = 0) g xaumiing. Av dev elyaue Hewphoel Vv
oEY LX) TAYVTNTA Vg UNSEVLXN TOTE amd TNV TpW TN e€lowon Tng aoxNoews Ha

elyoue
=1/29z + v3

MOl 1) xopuq)v') (6= 0) ™e xocwcé)\ng ot ﬁpLoxéwv dnidtepa and to (0,0) oe
anéotaon (on ue Y 2/2g anb To onpao AU To.
OewpolUUE THEA TO T GAY GLUVEETNOT TOU Z XL EYOUUE OTL

dr _dvdz _ 1 dz nu o
6~ dzdb  z'db 0@902”“26_02 v

2nubouvh =

20 nuOnu b = Cy(1 — ouv 20) — $:C2e—%np.29+03
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Keparato 6

Il 6 = 0 €yovpe = = 2z = 0 o dpa paivetar evxoha 6Tt N véa otabepd Cs
elvot undév.

Tnv teduch) Mion Oo v anhonomceovue Alyo axdua Hétoviag Cz/2 = C
xou 20 = ¢ xou €youue

=Clp—nuo) z=C(1—-ouvg)

Ou e€lowoeig autég elvat oL TaPAUETELXES EELOWOELS TNG XUXAOELSOUG.
Mua xoumdAn dnhadn mouv Siaypdpeton amd Eva onuelo Tng TEQLPERELAS EVOC
Teo) 0V oL xUVAETAL otov z—afova. H otabepd C' vroloyileton and tnv
ouvipm N xoumiAn va Siépyetat xow and to onueio B.

O ypodvog dlveton and To ohoxApwua

L / dm/dq) dz/dcp / (1 — ouvy)? —|—c2npchd B
B 2gc(1 — ouv o) L

/ \/20210uv(p \/E/7r \/E
(P: — d(P:T(' -
2gc(1 — ouv ) g9 Jo g

Ou Bpovue tpa Tov Yedvo Tou Ho xdvel To xvnto va ghdoel oto xa-
TteEpo onuelo g Tpoxlds (¢ = ) otav awebel and onuelo 6mov @ = g
xwels apyw tayvtnta. 2to onuelo autd 1 xivnTLxy evépyela elvan UNSEY
duotL vg = 0. Beloxovue

1 1
Emvg + mgz(po) = §mv2 +mgz(p) = v =/gc(ovvpy — ouvp)

Enouévwg o {ntoduevog ypovog divetow and 1o ohoxAnpwua

t:\/?/w\/ LZowve .

g Joo \| OVVPo — OLV P

I Tov uroloyiouod tou ohoxineduatos Ha yeddouvye ta ouvnuitova cuvoe-
THoetl Tou T6&ou /2. O tinot elvon

?
2

¢ ©Po

— 20Uy + — — 26Uy = —
GU\)(P oV 9 (02VNY (PO (02VNY 9

ouvyp =1—2nu
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Aoxnoeig

XeNnoUWonoloUUE TOV TEWTO TUTO YLoL TOV oELiUNTH XoL TOUG UTOAOLTOUS Yo
Tov Topovopaot. To ohoxhnpwua yiveton

L g/” 5 do
9 Joo OOV L —ouv? L

Kavouue tédpa v aviixatdotoon

UV@: i

_ L
oo =a ouv g, =7 — ZnHchp—da:

XOL 1) UG OAOXAHewoT GuVAETNoY YiveTal
—2dx
02 _ 12

/ Ié Id Id a;‘
To o)\ox):np(op,a NG OTOlag WG YVKOTO Elva TO Toéouy 7.
Katd ouvénewa Bploxouue

c [T 2d (ouv 2 c ouv 2\ 1"
t = —/ (00 5) :2\/j |:‘COEGUV< 50>] =
9 Joo \/OUVZ L —ouv? £ g ow /1,

c c c
2\/j‘coicuv0 — 2\/j'coicuv 1= W\/j
g g g

Anodei&aue enouévwg 6Tl 0 Ypdvog mou Oa phdoeL T0 GWUATLO 0TO XATK
UEPOG NG TpoXLAG elvan Tdvta (6og Ue Ty/c/g avedptnta and to onuelo @
mou Eexivnoe.

Aoxnon 6.3

No amodetytoly oL oyéoelg

) () =fihab+ (kB lra={ Tl {rn 5]

Adorm: o) Ané tov opioud g ayxving Hovaody éyouue

d(fh) g  9(fh) dg _ ,0h Og
0qr  Op Opr,  Opi 0qi Opx,

{fh,g} =
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Keparato 6
of 0 oh 0 of 0 Ooh 0 oh 0
+h_f_g_f g ,0f g_< g g>+

Oqi Opk, Opy, Opy, Opr Opr.  ° \Oqr Opr  Opi Opi

of dg  Of dg\ _
+h <aqk e Do apk> = f{h,g9} +1{f,9}h

[ vae amodei&oupe 1o B) epddtnua Ha yenowonomoovue v oyéon

(1) %{f,g}Z{%,g}Jr{f,%}

Tou elvon ToA) edxolo va anodetyTel.
H elowomn xwvhoens yia to péyefog {f, g} elvon

O mpwtog 6pog tou dedLod YEAOUS NG TMUPATAVEL LOGTNTAG UTOPEl Vo arvol-
AOel and v eglowon (1), evd yia Tov dedtepo B YenoLWoToioovUE TNV
towtotnta Tlaxoumt. "Eyovue

Tt ={Gra b+ {150 - (o) - (ot -

{% +{H,f},g} + {f, % +{H,g}} = {dd—";,g} + {f,%}

Av to pueyeéln f xan g elvon otabepéc g XVNoEWS TOTE

af _
dt

dg _

=0
dt

0 WOl

Ané v nopandve GyYEoT GUVERAYETAL GTL

d

xo emoUEVes ot 1 ayxVUAn Ilovaoov twv yeyehdy avtdv elvan enlong wla

otafepd tng wvhoews. H npotaon avty elvon yvwotn ooy ewdpnua Ilovacdv.
TrevhuuiCovue 6Tt oL otalepéc ) oAoxANpWUATA TNG HLVACELS Elval oU-

vohxa 2s —1 oe nAffog o6mou s o Pabudg elevbeplag tou ocuotHuatoc.
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Aoxnoeig

Aoxnon 6.4

Na Beeboiv ou ayxddeg [lovaody o) TwV CUNGTOOHY NG GTEOPOPUNG
B) TV CLUVGTWOWY TNG BTPOPOPUNG UE TLS CUVLOTMOES TNS OPURAS Xt TENOG
Y) TWV GUVLOTHOWY NG CTEOYOPUNS UE TLS YEVLXELMEVES BéoELc.

Aborm: H otpogopur, evég cuotiuatog oplleton and to e&WTEELXO
YLVOUEVO
L=qgxp

XOUL €YEL CUVLOTWOES

L1 = q2p3 — q3p2 Lo = q3p1 — q1p3 Lo = q1p2 — q2p1

Ko ov tpeig autég oyéoelc umopovv va yeaptoly oayv uio e tnv Bondeia Tou
TOVUOTN Ejkm. LyOLUE
Ly, = €jkmqipr

omov evvoeltat QuoLxd 4T uTdpyet dbpoloua oto deltepo oxENOG TNG LOGTNTAG
¢ eog j xow k. “Olot ot Selxteg unopovv va ndpouy Tig Twés 1,2, 3.

a) Oo anodeifouvye dtL N ayxdreg [Tovaosdv twy ouVGTHoWY NS oTEO-
(popung elvat

{Lj7 Lk:} — E:jk:Tan

And g 9 autég oyéoelg Do amodellouue TIC TUEUUATW TEELS OYECELS
{L1, Ly} = L3 {Ls, L3} = Ly {L3, L1} = Lo

Ou unohoineg 1 elvar mpogavels 1 TEOXVTTOUY EUXOAX ATO AUTES TLS TEELS
Tapandvew oyéoels. Eyouue

3
Z 0L 0L, 0Ly 8L2)
L ,L — — =
th, L} P (3% Opr  Opr Oqk

Iqx Opk, Ik, gy

_ i (a(CI2p3 - Q3P2) 3(613191 - Q1p3) a(612]?3 - CJ3P2) (9((132?1 - C]1p3))
k=1

5((12]?3 - Q3p2) 3((13]?1 - Q1p3) 3((12]93 - (13]?2) 8(%]?1 - Q1p3)

dq3 Op3 Op3 dqs




Keparato 6

= —po(—q1) — @2p1 = @1p2 — @2p1 = L3

Ou undhoineg 300 oyéoelg AmOdELXVIOVTAL OUOIWG UE HUXALXY EVOANXYT
TV dEUTOV.
B) Ou oyéoeig mou Bo anodellouue oty nepintwor auth elvon

Ano g 9 autég oyéoels Ta anodel&ovye evBEXTIXE UOVO TNV
{L1,p2} =ps3

Avahdouvue Ty ayxdAn llovacév. And tov oplouod eyovue

3 3
S (010 910 Haaps — qspa) O

(L1, ps} = < 1 Op2 1 pz>zz< (q2p3 — q3p2) pz)z
k=1

Oqr Oy Opy, Oar )~ — Oy, Opr,

_ a(612103 - Q3p2) Op2 — pg
g2 Ops

Y) Xe auth Ty TeplnTwon oL oEoels Tou Tpénet vo anodetfovue elvol
{Lj @t} = €jimm
Oo anodet&ovue uévo v oyéon
(L1, q2] = g3

"Eyovue

3
8L1 (9Q2 8L1 8qz aLl
Ly go) = _ _ 0Ly _
L1, 42 Z <3qn Opn  Opn 8qn>

n=1

o a(612103 - Q3P2) .
= - = (3
Op2
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Aoxnoeig

Aoxnon 6.5

No Beefolv ot xavovixég e€LOWOELS TNG XVACEWS YLo EVa VG TNUA TTOY
xivelton oe Pl SLAGTAUOY KAl TEQLYPAPETOL OO TNV YUULATOVLOVY

p° 1 2 2
H(p,q) = S + 5Mme

Abom: To ovotnua elvon évag apuovixdg tahavtntig. Ov ediowoels
Tou XquLAtov divouy

(j_a_H_c‘?pz 1 2 2

prdeds

[Mopaywyllovue Ty DTN WG TEOG TOV Xpo6Vo xat aviixabioTtodue 0 P and
v deltepn. Beloxouue
i+ wq=0
[Topbuora e&iowomn Beloxovue xat Yo TNV OpUN TOU GUGTNUILTOG
p+w’p=0
Kot ot 300 e&iowoeig Eyouv Aioelg g LopPng

q(t) = c1 ouv Lt + ca Nu ot q(t) = dy ouv ot + dau ot

Ov otalfepés unopoly vo Tpoodloplotody amod Tig apyxég cLVONXES Tou TEo-
BAnuatog. Av Seytovue T axdrovleg apyiés ouvlnxeg

q(t)|t=0 = qo p(t)|t=0 = po

TOTE ) AOOT) TV EELOWOOEWY TNG HLVACEMS TOU LXUVOTOLOVY XAl TS EYLUES
ouvifxeg elvan

q(t) = qo ovv L + Lo Ny wt p(t) = po oLy Bt — geMmw N Wt
me
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Keparato 6

Iopatnpovue ot 1 Xaphtoviavy dev ueTaBAAeTe Pe Tov Yedvo

1 1 1
H(p,q,t) = %pZ(t) + émw2q2(t) =35 (po oLY W — gpMNU o)t)2 +
1 2 1 1
5o’ (qO ouv ot + % N wt) = 50 + 5me g (t) = H(p, q,0)

‘Aoxnorn 6.6
Ocwpolue éva olotnua Ye dvo Babuoig ehevbeploc e ouvdetnon Aa-
YXEAVE TG LoppI

(:i:z +y2) — %wQ (:1:2 —i—y2) + azry

L =

DN | —

No ypapoiv ol e€lotoelg Tng xvnoews xat vo Beebolv ol Teptodixég AboeLs.
Abom: TIpoxeiton yio 8%o apuovixolc TaAAVTOTEG UE (OEG GUYVOTNTES
© ouVdedeuévol uetadl Toug xot N IAANAETSpaoT LT TEPLYPAPETAL ATO TOV
0po —axy.
Ot e€loddoelg xuvnoews Tou Aayxpavl YLo TLG YEVIXEVUEVES GUVTETOYUE-
VEG T xo Y elvon

T — o’ = ay i — 0wy = ax
Avalntolye Moeig g Loppng
x(t) = Ay ouv Qt y(t) = A, ouv QU
Avtuabiotoiye tig Moeig autés oto Stapopxd avotnua xou Beloxovue

A, (co2 — 92) =ad, Ay (coz — Qz) = aA,

To ahyefpwxd autd oloTNU TwV U0 EELODOEWY UE AYVHOTOUG Ta TAATN A,
xo Ay €yer un undevixn Aom av woyvel N yopaxtnetotxy eélowaon

(mz — 92)2 = a?
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Aoxnoeig

Ondte To ovotnua €xet g axdiovleg d0o Aoetg

P =w'+a A,=-A4, B=w'-a A,=A4,

Aoxnorn 6.7

No Beebel n ouvdptnon tou Aayxpdvl xou oL eELODOELS TNG XLVNOEWS YL
10 SuMAG exxpeués Tov oxNuatog. Ou dvo udaleg xivodvtal und v entdpao
Tou Tedlou Bapltntag oe Eva XATANOGELPO ETNEDO.

mi
li+12] 102 lo
ma
Yy
x
Yxnuwo 6.6

O paCes KwolvTaw o€ Eva KATAKOPUPo ETLTENO

Adbon: O ouvtetaypéveg Ty paldy my xow meo elvan (x1,y1) xow
(1,y1) avtiotolyws. Enewdn o udleg xvoivton oe va xotaxdpupo eninedo
OL YEVIXEVUEVES OUVTETAYUEVES 01 xon Oy xabopllovy mApws v Oéon twy
S0 palwyv. Ané to oynua Beloxouue edxola Tic oyéoelg

x1 =l ouv by y1 = limub
i) :ll ouv61 —|—l2 0'\)\)62 Y2 :ll Y]H61 —|-l27]{.1.82

[MTopaywyiCovue T o)éoelc AUTES WS TPOG TOV YEOVo Xt Beloxouue

T = —6151 nu 61 ) Y1 = 9151 cuv .
j?g = —61l1 nu 91 — 9212 nw 62 yg = 61l1 oLV 61 + 62l2 ovv 62

TrohoylCouye TNV XLVNTIXN EVERYELXL TOU GUOTNUATOS Ao TOV TUTO

1 e e 1
Ey = 5ma (1 +97) + 5ma (45 +95)
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Keparato 6

Metd and aniés npdieis Beloxovue

E, = §m16%l% + oMz <9%l% + 0313 + 261621115 ouv (61 — 62))

TrohoyiCouye axolovfwg v duvouuxn evépyela. Oa ypnouuonou-
oouvue Ttov tino V = mgh onou h to Utog nou Beloxetar n palo m. Awohé-
youue 1o eninedo avaopds ot andéotao l; 4 lx and 1o onuelo e opthoews
TV wolwv. Beloxouye

V = mlg(ll + lg - ll (02V)Y 91) —I—m2g (ll + lz - ll Guv61 —|—l2 GUVOQ)

H ouvdptnon Aayxpavl elvon 1 Stapopd autedy Twv evepyeldy. Bpl-
OXOUUE

L = Ek: -V = émlefl% + §m2 (G%Z% + Gglg + 29192l1l2 oLV (91 - 92)) -

mlg(ll + l2 — l1 oLy 91) + mag (ll + lz — ll oLy 61 + lg (OAVAY 62)

O e€rooeic xvnoeng v g yovieg 01 xow B2 tou Aayxpavl divovton
aATO TLG OYEOELS

Metd and anhég npdéelg Beloxovye

l161 + —2l2 (62 CLV (61 — 62) + 9% nw (91 — 92)> = —g np@l

mi + Mo

lzéz + 11 <91 GUV (91 — 92) — 9% N (91 - 92)) = —gnu 0

Aev Ha Beolye Tic mhneelg Aboels twv edlowoewy avtedy. H Adon o
7 dtepetivnon Twy e€Lowoewy autwy unopel va yivel BeBalng ue v Ponbe
TOU UTOAOYLOTY.

Ool UEAETNOOLUE TLG TAEATIAVL EELOWOELS OTNY TERINTWOTN OV 0L YWVIES
01 xan Oy elvon apxetd uixpés. T puxpéc ywvieg Eyouvye

ouvh =1 nuh =0
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Aoxnoeig

Aeyouaote enlong xow TNV TEOGEYYLON
63 (61 — 62) = 65 (61 — 62) = 0

X0 0L €ELOWOELS XLYHOEWS YivovTon

leéz = —g6, lzéz + llél = —gb>

116, +
e my + mo

Oétovye w = ma/(my1 +m2), ©3 = g/l1, w3 = g/ls xou X =11 /l5 %o o
eélowoelg yivovton

é1 + 0)%91 = —%éz 62 + 0)362 = —kél

Ou Beovue Tig oLVONXES OV TEENEL VAL LoYVOLY WBOTE oL AUoELS Vo lva
™G LoppiG.

61 (t) == Al ouyv wt eg(t) == Ag oLV Wt

Avtuabiotodye tig Moeig autég otig e€lowoelg xon Beloxouue

(67 = 0?) A1 + Z0” 42 = 0 A2 Ap + (03 — 02) Ay =0
To nagandvew alyeBeind cUOTNUA TwV 3V0 EELODOEWY UE AYVWOTOUS To TALTY
A1 xon Ay €xer un undevuen Aon otay 1 0pllouca TWV GUVTEAECTHOV TV
ayveotey elvon undév. H eglowon auty elvon

(w% — coz) (w% — o)2) —pe*=0

H ellowon €yel yevixd téooepic Aoelg. T plo amd autég tic Aoelg 1
deUTeERY TV €ELOWOEMY TOU GUOTHUATOS dlVeL

(03 — ©?)
A1 — —i\TAZ

[Topouolo mpoBAnua uropolue vo UEAETHOOUUE UE Tpelg Udles ouvde-

deuéveg METAEY TOUG XATE AVAAOYO TEOTO WOTE Vo oynuatilovy éva TELmAo
EXXEEUEG, TIOL VO XLYOUVTAL GE EVOL XATAXOELYO ETURESO.
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Keparato 6

Elvow enlong duvatoy ot udleg var Unv xLvouviol 6 XoTax6pupo eNLNEdO
ahA& o 6ho 1o yWpo. H xivnorm yivetow otny empdvela ulog ogaipag Ue
axtival To unxog tou YAuoatog. To exxpeuéc ovoudletal oQaLEXd EXXPEUES.
Elvow xow €86 Suvatd va €youue amho, SLTAG 1 xaL TELTAG EXXEEUES.

‘Aoxnorn 6.8

"Eva copdtio xevelton oe xevipnd duvouxd V(r) énouv r = [|7]] Na
voopet N e€loworn Xdauthtov - Tlaxount.
Adbom: Oa peletnoovUE TO TEOBANUA OE COAULEIXES CUVTETAYUEVES

x=rnulouvvey r=rnuinue T =10ouvh
H »wvnuunn) evépyeia divetat and tny oyéon

Er = %m [7”2 + 72 (92 + nu? OcpZH

XL ETOPEVLS 1) oLVEETNOY Tov Aayxedvl elvar

L= %m [7"2 + 7 (92 + nu? 9({)2)} — V(r)

Beloxouye axorolbwe tig opuéc Tou awuatiou.

—8—L—m7'° _8_L_
o Po= 96

OL

Do mr26 Do = 8_q) = mr? npe P

Enouévig 1 ouvdptnon tou XAUATOY TOU TOPLOTAVEL XL TNV EVERYELXL TOU
OLOTHUATOG ElvaL

1 1 1
H = 2 2 2
5 [pr + 3 (pe T ep@)] +V(r)

2Ny €€lowon AUTH XAVOUUE TS AVTIXATAOTAOELS

_ 08 _ 08 _ 08
Pr="5, Po = 59 Pe = ¢
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Aoxnoeig

xo Beloxovue ™y {ntodyevn e&lowon Xduhtov - TCoxoumt

1 |[/0S\? 1 [[8S8\> 1 [0S\’
E=— 1) +5 (%) + et
2m |\ Or 2 00 nu? 6 \ dy
Mnogodue va Aboovue Ty e&lowon auth ywpllovtag Tig aveddetnTeg ueta-
Bintéc. H e&lowon déyeton Aon tng woppnge
S(r,0,¢9) = 5r(r) + 55(0) + Su(9)

xow 1) e&lowon daomdtan ot axohovleg teeg ouvniels Slapopirés eELowoeLs
ds, dSs\°> o2 ) dS,\*> o3
—_— = —_— s —_— = E —
T o3 < 7 ) + 20 o5 = + > 2m | V(r)]

OToOL TaL 0y, a o oz elva otabepéc.

Ané tig edlowoelg auTég Ye Yo anmhf ohoxinpwon Beloxouue v Spdon
S. Aev Ha npoywenoovue otny Ador dLott To TeoBAnua Exel Aubel avahuTixd
o€ GAAO xEQIAALO.

+ V(r)

Aoxnon 6.9

No Beebolv ou ediobdoelg g xvnoews vl ta dvo ave&dptnta medla
(7, t) xaw $*(7,t) Tou npoxdnToLY and Ty axdéhouvdn nuxvétnta Aoyxpdvl.

hofs * * ] hz = = 1,% = *
(=5 (bo—4d) — 3V V9" = VE O

No Bpelel n xavovin opun xow n ouvdetnorn XaUAToy.

No Beebel nwg yetafdiheton 1 TUXVOTNTA ATO VAL ATELLOGTO UETAOYT)-
UOTLOMO TOV YEVLXEUUEVWY OLVTETAYUEVWY. 1Idte 1 muxvétnTa mopouéver
avaANO{WTY AT6 TO UETACYNUATLOUS AUTO.

Abom: T va ypddouue Tig e€lotdoeic TG XVACEWS TEENEL VAL UTOAO-
yioouue Tig TapaydYoug TG cLVIETHGELS L Tou Aayxedv( wg tpog T tedla
} o . T'edpovpue avadutind v TUXVOTHTA

0= g (B0 40) = o (bl 4y +02) — VDR

OTOL 0L OEIXTES T, Y, XOL 2 ONUALVOUY TARAYWDYLOY WS TEOS TOUS AVTIGTOLY0UG
deintec.
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Keparato 6

Beloxouue
O _ e vy ot _ s
oh 20 v ap 2
o __w, o @ ®
ob,  2m " ob,  2m"Y ob,  2m*?
Emnouévwg 1 e€lowon e xivhoewg yia to tedlo §* elvon
oL OOl D00 00 DO My L Oh.
8&[) 875 aq) (9:1} 0,  Oyod, 0z0Y, 2 ot 21
& h? o n: ., 9K, hd, ., K o, \
oam? " ayam ™ T psam V=T ia? amy ¢ TV =0

Me tov (S0 tpomo mapaywyilovtag we mpog ta medla h* xow ¢* anodet-
xvoeton 6t N e€lowomn xvnoewg yia 1o Tedio ¢ elvon

ho B
~ =V + V=0
i 8754) 2m vrVe=
Ot e€rovoels autég ovoudlovion eELOWOELS TOU LeEVTLvyXep xot Totlouy
XEVIEWO POMO TNV XPavTien unyavixy.
[Meogavedg 1 muxvétnTa, eNeldn) TEQLEYEL UOVO TAPAYOVIES TNG UORPNS
™, Sev yeTafAAAETOL UE TOV UETATYNUATIOUO

d/ SN eiaq) q)* N e—iaq)*

omou o Wt Tparypatixy| otalepd. Ov petaoynuatiopol avtol elvon yvwotol

oav petaoynuoatiopol Babuidag. Ou yetaoynuatiopol
$) — b+ 8ad O* — " — B ”

elval oL avT{oTOLYOL ATELRPOOTO! UETACYNUATLOUO! TV TAQATAVE UETATYNULO-
Tlouy Babuidas. Elvow enlong edxoho va anodetytel 6tL ) muxvétnta elvon
avaAholwTn and Toug aneLpoaTolg auToUg YeTaoynuatiopols. Ou dpol mou
elvat avaroyor g UeTaBoANg do aAAnAoovopolvtal Xal oL OpoL Tou €lval
avéhoyot tng petaBorfc (3a)? elvon Told pxpol xaw toug undevifouye.
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Aoxnoeig

Ot xavovixég opuég dlvovtal amd TG OYECELS

3L o h, . 3L ot h

T ap ) 2 T 3p* o 2i

H nuxvotnta tou Xdauihtov elvon

h=nd +nd* —f———(l)q) ZW*—%(W}-W))

2 00) VW = TSy S0 v

H ouvdptnon tou Xduhtov elvor 10 0hoXANp®UA TNG THEATAVE TUXVO-
mtog. Beloxouue

H= /// d%(%w VO + V(7 t)q)q)*>

Me utor xotd motpdryovteg ohoxANewo xat SESOUEVOL OTL 0 ETLPAVELAXOS 6POG
undeviCeton Beloxouvye

H = ///d%?q) (——V2+V( ))q;

H péon tyun tov yeyéhoug f(7, P, t) evic ocuothuatog nov Bploxetar otny
xatdotaon P(7, 1) oy xBovtinn unyovixn diveta and Ty oyéon

:///d-’ﬂw*f(f,—mﬁ,t”

Enouévwe o magandve tinog tng Xapthtoviavig dev elvat tinoto dAlo nopd
N HEOTM TWN NG YVWOTNG XAaoong XoUtAToVIovig

1
H=_—p"+V(7t
50 V(1)
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H opraxn taydtnta tou @wtoc

Kegpdhowo 7

Ewduer) Bewpla tng oyetindtnTag

7.1 H opraxn toydtnta Tou @utog

H alnienidpoon yetalld 00 CLUGTNUATOY TEQLYPAPETOL OTNY XAACOUXY
PUOLXN ATO ULOL SUVOULXY] CUVEETNOY TOV CUVTETAYUEVLDY Xou TLhovedg xou
Tou Ypovou. Av 7, 7 elvan oL cuvteTayuéves TV 300 CLUOTNUATKY 1 oAAAY-
Aemidpaom meprypdpetan and v ouvdptnon V(7' — 7). Iopatnpolue 1
wat ohAoyn) oty Béom tou evog ovothuatog emneedlel To dhho axagaia. H
ahharyf) g O€oewg Tou evdg ouoTNUATOG YIVETAL, TAVTOYEOVA AVTLANTTY Ao

T0 dAAo.

Me 1o 6po alknhenidpaon avaueoa o€ 3U0 CUGTNUATA EVVOOUUE OTL XJ-
TOLO OAUA EXTEUTETAL OO TO Evar GUGTNUA Xt Aaufdvetat and to dhho. Ta
TELRAUATO UAG AEVE OTL 1) ToUTNTA TOU ONUATOS TNG dAANAeTpdoews dev
elvow dnetpn. Meoohofel xdamnotog yedvog yia vo avtiAnglel to éva cvotnua
™V oAy Tou unéotn to dhho. Av ¢t —t’ elvon o ypdvog autdg ToTE 7
ToYVTNTO TOV CNUATOG

7 — 7
t—1'

U=

ovoudleton TayvTNTa AAANAETLSpAoELS.

BEivow netpopatind dedouévo otL 1 toyUtnta aut) dev elvon dmetpn alhd
ExeL €va avedTato 6pto. Ot TayVTNTEg TV LVAXKDY COPATiwY QuUOXd Sev
urepBaivouy Ty tayltnta TN aAANAETdRAoEWS, XoL dpo eNiong TEEMEL val
€YOLV xdmolo avedTato opto. H oplaxf) auth taydtnta elvan 1 Taydtnta Tou
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Keparato 7

POTOG OTO HEVO AL EYEL TNV TLUT
c=2,99793 x 10%cm/sec

To xhaoowd melpoya mov anédele O6TL N ToUTNTAL ALTY Elval opLaXT
elvoaw to melpopo Mdauxehoov - Mophu. Me to melpopoa avtd petpndnxe 7
ToUTNTA TOU PuTéc oe W Stevbuvor xdbetn oty TaylTNTA TG YNG Xow
oe o dtevhuvon mopdAAnAn mpog TV TtoyUtnTa awth. Kotd tmv apyh tou
F'oahthaiou ot 300 avtég Tayvtnteg Empene va elvon ¢ xaw ¢+ V' omou V 1
ToyUTNTa TS YNS. Avtibétwg To nelpoua anédetée 4Tl N TaylTNTA ¢ €XEL TNV
(Bra T elte To pug Teéyel xabeta Tpog TNV TaVTNTA TNG YNG EITE TopdAANAa
npog auty. H taydtnta tou gwtdg oto xevéd elvon (dia o dha Tar cuoTHUAT
xo 8ev e€apTdTOL Am6 TNV ToryVTINTA TOU THEATNENT 1 TNS TNYNGS.

H Swaniotwor avth) anodelytnxe xow Ue dAAa TEpLOGOTERO axpL3Y| TELRd-
uoto. Iletpduata ye peydin axpifeia oty vn ye xivolueveg nnyés 9wtog
edetday OTL 1) ToyUTNTA TN TNYNG dev TPooTiheTal oTny Tary¥TNTA TOUL PWTOG.
ANNG @Ol O TEOVOULXES THEATNENOELS UE CUCTAUATA SITAWY AOTERKY £YOLY
emPBefondoet TNV mayxoouotnta g tayvtntag c. H toydtnta ¢ elvan yia
otafepd tng pioews. Meyalitepn ToyvTnta amd Ty SEV UTdEYEL OTNY QUOT)
%o OGN TO UALXE GOUATLO XLYOUVTOL UE ToYVINTEG MUXPOTEPES TNG TAYVTNTAC
autng. H taydtnta tou gwtdc oto xevo Exel Ty TW ¢ oe Eva axivnTto ol-
OTNUA AVAPORAS Kot EYEL ETLONG TNV TWT ¢ 0 €val AAAO XLVOUUEVO GUOTNUA
ue oyxetu) TayvnTta V wg mpog to axivnro.

7.2 Ta aLOUATA TNG OYETIXOTNTOS

Tao a&idpata g e Hewplag g oyetixdtnrog elvon dvo. Ildvw ota
aLdpoato autd Bepedidveton ohdxAnen 1 Bewpla Tng eWbng oyeToTNTaC.

A&lwya 1: “Olot oL véuor tng @uoewg elvar (Stor o Ohal Tar adpoviaxd
ovoTHUaTa Xt expedalovton Ue Tig (dleg pabnuatixég oyéoetc.

A&lwya 2: H toydtnto tou @wtoc 61o xevé elvan lon ye ¢ o 6l Ta
adparviaxd cuothuate. H taydtntoa auth elvon 1 avidteen tayvtnta otn @Uo.

To mpwto a&lwua elval Tavtoonuo e to avtiotolyo a&lvua g xhao-
oug unyavuens. “Eva obotnua mou ol e€lo®oelg g Quotxng EYouy UL
amhy) poppn ovoudletal adpaviaxd ovotnua. L'l tétola cuoTAuaTA GTNY
XAAGOL PNV €va VAXG onuelo mou xuvelton ue otabepn Tayvtnta e&o-
xohoulel v xuveltan e v (dtor TaydTNTo oy SeV EMULSEAOEL ENAVL TOU ol

240



Ot uetaoxnuatiouol tov AGpevtg

dVvoun. Av d¥0 cLOTAUATA XLYOUVTOL UE G'coceepv'] Toy TNt X To €va elvon
adpaviaxs TOTE ot To dAAO elvan adpaviaxd cloTNUA.

To Sedtepo adlwya elvon €va melpopatind dedouévo. “Ola Ta meLpd-
Hato Tou €youv yiver uéypr onuepa to emBeBarddvouy. H vmapén tou oplou
aUTOU Ylat TLG TAYVTNTES Elvat AMAUEASEXTN YLot TNV XAaoown uowxy. Etot
N XAAoOLM UNYovxT Sev UToEEel Vo TEpLYpAEL CUOTAATA TOU XLYOUVTOL UE
UEYAAES ToryUTNTES, Teploplleton vor eEnyel To QUOLXA PALVOUEVA TOU OL TO-
XOTNTES TOUg elvon ULxpég ouYXELTLd Ue TNy Tayutnta c. Ou taydtnteg Towv
OWUATWV TOU GUUPETEYOLY o€ eva ouvnbouévo nelpaua elvor TOAD UixpdTe-
PEC TG AUTH) X0 ENOUEVHG UTTOPOVUE VO YLYOULOTIOL)GOVUE To CUUTERACHLTA
NG XAACOLXNG PUOLXTS.

Ot oyetuotinés eELoWoELS TEENEL VO UETATRENOVTOL OE XAAOOIXES EEL-
owaoeLg av Bewpnoovue ™y TaydTNTa TOL PWTOC anelen. Tumxd autéd onuai-
VEL OTL OL OYETLULOTIXES EELOWOELS AV TAEOVUE TO OpLo ¢ — 00 Do mpémet var
TalEVOLUY TNV YVOOTH XAAGOX LOPPNG TOUG XL AUTO ELVAL Mo EVOL AXOU
XELTNPLO Yl TNV 0pH6TNTA TOUC.

XNV xhaoow) unyovixn o yeovog elvon améiutog.  Anhadh undpyet
EVag YPOVOS Yo OAx Tat suaTHuata avopopds. Me dAha Adyia av do cuy-
Bavta elvol TAUTOYEOVA YLO XATOLO TARATNENTY ELVOL ETLOMG TAVTOYPOVA YLo
onolovdNmote dhho. AuTé TO TEOYAVES YL TNV XOLVY) UG EUTELpld YEYOVEG
dev LoyveL oty oxeTwotnTa. O Ypbévog xhd ue SapopeTtind puiud ota did-
(popat CLCTARATH avaopds. Etol, n mpdtaoy 6Tt To teaivo Hu ghdoel otov
oTolud oTig dWdexa dev Exel Evvola av BeV TPOodLOPlooLUE TEMTA TO CU-
oTNUA ovapopds. Avo YEYOVOTA TAUTOYPOVA OTWS ElvaL 1) dptén Tou Tealvou
XL 1) €v3ELEN TV STV Tou pohoylol 6TL 1 Wea elvar dwdexa elvot SuvATOY
VoL Uy €lvol TALTOYEO VAL Lol XATOLOY XLVOUUEVO TAQATNENTY.

7.3 Ou yetaoynpotiopol tou Adpevtg

[ T TepLypapn EVOS YEYOVOTOG TEENEL VoL EXOVUE 0ploEL EVal GUGTNUA
avapopds. To olotmua avtd anoteleltoan and éva tploopboydvio clvoTnua
a&ovwy Tou delyvel xdbe gopd tnv Héom Tou yeEYOVOTOC GTOV YWPOo XaL Ao
€vat pOAGL oTalepd CLUVSESEUEVO UE TO GUOTNUA AVOPORAS TTOU UG XPNOUEVEL
YLt Vot 0plOOVUE TOV YPOVO TOL YIVETOL TO YEYOVOG.

Oproudg: Me 1o dpo ouuPdy Oa evvooiye xdtL tou ylvetal o€ 0pLoUEvo
ONUELD TOU YWEOL XATOLAL YEOVLXY) CTLYUN.

"Eva ouufdv oplletan and TeELG CLUVLGTHOES WS TEOG TO TELoophoYWVLO
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Keparato 7

oVOTNUO AVAPORAS Xl and To oNuelo Tou Yedvou mou cuuPBalvel autd xon
xabopiletar and to cohdt tou cuotHuatoc. To cuufBdvta napiotdvovtal and
onuela mov ovoudlovian xoouwxd onueia. Ot GUVTETAYUEVES EVOS XOOULXOY
onuelov elvon téooepls. Teelg ywewég ouvtetayuéveg xonw wa yeovwen. O
XWOE0S €LVaL TECCALWY OO TACEWV.

7= (z,y,21)

"Eva uhixd onuelo daypdpel 0TOV YWe0o aUT ULa TEOYLA TOU 0VoUdle-
Tou xoouwen yeouun. H xoouu ypouun diver v Béom tou vAixol onuelov
oe xdfe ypovu otiyun. Av to VAS onuelo elvon axivnto 7 xiveltan ye
otabepn toyvTnTa N xoouwMm yeouun elvor po evbelo yoouun.

Oewpolye dYo ouothuata avawopds S xat S’ mou xuwvolvtal Ue oYE-
T ToyVTNTa v o éva wg meog To dAho. O oxomdg uag elvan va Bpodue
EVOL LETACYNUATLOUO AVIAOYO UE TOV UETACYNUATLOUS Tou 'akihalou Tou va
OUVOEEL TG CUVTETAYUEVES TV SV0 GUOTNUATWY ETOL WOTE VA LOYVOLY T Ol
TaEaS0YES TNG OYETLXOTNTAS.

"Eotw éva ouufav oto dtovo clotnua S oto onuelo x1,Y1,%1,t1.
To ouufav elval n exnouny) evog ofuatog mou Sadidetar pe TNy ToyvInTa
oL PwToS. Eva devtepo ouufav mou elvan n dapEn tou onuatog outov,
ovuPaivel oto onuelo T2, Y2, 22,t2. To Sdotnua mou diétpele To oNua elvar

S = C(tz — tl)

To Swdotnua auTd OUWS ATd TNV AVAALTLXY YEWUETEO Elvar

s = [(w2 —21)* 4+ (y2 — 91)* + (22 — 21)2}1/2

Enopéveg éyovue v oyéon

(xz—x1)2+(y2—y1)2+(22—21)2 202(752—751)2 -
(w2 —21)* + (Yo —y1)> + (22 — 21)* = P(ta — 1) =0

Trv 3Ldd0oT 1OV CRUATOG TNV TAPATNEOUUE XL GTO XLYOUUEVO GUCTNUA
S’. Enedn xaw 6t0 T0voluevo cUoTnua 1o ofue xiveltow Tdht ue Ty Tory V-
TNTA TOU PWTOG €YOVUE ETloNg

(w5 —21)* + (s —y1)* + (25— 21)" = (5 — 1)) =0
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Ot uetaoxnuatiouol tov AGpevtg

Audotnua yetad Svo ouuBaviey opllovue to yéyebog
Sio=(zh -2+ (yh —y))? + (25 —24)% = A(th —t))?

IMopatnpodue 6T To TMapandve diaotnua Exet TNy (Bta TLun xat ota dYo ou-
OTHUATA.

Oewpolye Tpa OTL T0 Eva onueio elvol N aEYY| TOU CUCTNUATOS AVUPO-
odic xo 6T To deltepo onuelo elvan to (x,y, z,t) ToTE

=2 +y* +2° -

Av Béoovpe T =ict téte 2 = —c*t? xou emopévec

s =t +a* +y? + 27
O xpoc TV TE003PWY SLUOTACEWY UE CUVLOTWOES
(x,y,2,7) = (z,y, 2,ict)

ovoudletor Ywpog Tou Mvxdgpoxt. Xtov yodeo avtéd n andotaon Sz elvon 7
anéotoon HeTadl Ty onueloy (T2,Ys, 22,icty) xov (T1,y1,21,4icty) TOUL
divetan amod tov Yvwotd tino tou Iubaydpetouv Bewpenuatoc.

1) M
ct ct’

<y

\

Yo 7.1

H kivnon Ttwv 6o cveTnuaTwy

[ va amhomomoovue tig exgppdoets Ho utobécovue 61l Ta Yo cLoTH-
MOITOL XLVOUVTOL UE OYETLXY ToyUTNTA ¥ ToHedAANAN Tpog tov = dfova. Aev
uTdEYEL xivnon xatd Ny Stevfuvorn Tev aloOVwY Y XaL Z XoL OL CUVLCTKOEG
0G TPOG AUTOUG Toug a&oveg dev Yetafdlhovton

y=y =z
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Keparato 7

Koatd myv ypovien otiyury t =0 ou apyéc O xaw O’ twv dYo cuotnudtwy
OUUTITTOUV.

Ou Beolue THEA TOUG UETACYNUATLOUOUE EXELVOUS OV UETAPEROLY TLG
OUVTETAYUEVES TOU GUOTNUATOS S 610 avatnua S’ €10l (HoTe T0 JdoTnUa S
va topaévet avaldoiwto. Ta 800 cuotHuata elvor adpaviaxd xot ETOUEVKG
0 UETAOYNUATIOUOG Teénel var elvat yoouuxos.  Evog tétolog uetaoynuo-
TLoU6S Elvol WLal TERLOTEOPYH 6ToY YWeo (z,T). Av 1 ywvio g Teplotpoghc
elvon 0, ypdpouue

r=2x"oub+1 nub T=—2'nub+ 1 ouvh

Ipdrypatt 0 yeTaoYNUATIOUOS AUTOS ELVAL TETOLOG WOTE TO UNXOG TWY SLovu-
oudtwy va nopauével otabfeps. "Eyouue
22 112 = p'2 702 ; 2222 = 2 2402
Anladh N anootacy Twy 300 cuuBdviwy elvor 7 (St xaL ota Vo adpaviaxd
OUCTHUATA.
O vroroyilovue axolovlnweg Ty yYwvia teptotpogng O tov Ho eaptdTon
TEOPAVKS AT TNV OYETLX ToyVTNTa v. Av xdmola Ypovixy) otiyun ta Vo

ovothuata ovunéoouvy tote =’ =0 xou z/t = v. Evéd av z =0 téte
z'/t" = —v. Ouyetaoynuotiopol divouy T oyéoelg
r=1t'nub t=1"owb

Av Suapéoovue Tig nopandvew oyéoctg Oa feoodue Ty epantouévn g Ywviog
0. "Eyouvue
r x X v ,
=90 = T et et e P
6mou €yovue ouufolicet ue B tov Aéyo v/c.
Mrnopolue vor anahAoyoUUe améd TNy Toeousiol ToU ¢ 6T TUPATAV® OYE-
OELC AV YPNOWOTOWoOLKE TIg UTERBOAES auvaptnoels. ~Eyouue

tanh i = ie@ 6 =i(—iB) = — v = ctanh{

Mropolpe tépa vo unohoyioovue to nuitovo xat To cuvnuitovo ng
yoviog 0. Ané yvwotoig timoug g Tprywvouetelog Beloxouue

6_ ep 0 o —ip
e v1+ep26 /1 -2
1 1
cuvh = =
1 +ep26 1—p2
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Ot uetaoxnuatiouol tov AGpevtg

O petaoynuatiouol yivovron

1 / _iﬁ / 1

r=1'—~ +=1 t:x—lﬁ +1
Vv1-—p82 Vv1—-82 v 1— 2 v1-—p82
YTLS OYEOELS AUTEG avTLXaOLGTOVUE To T he To ict xou Bploxouye tehind

x' +vt’ t'+ gz’

V1—0v2/c? B V1—0v2/c?

Y€ HOPPT) UNTEWY Ol UETACYNUATLOUOL YedpovTaL

(1) =7 (e 1) (7)

Ou petaoynuatiopol autol ovoudlovton yetaoynuatiopol Adpevtg xon
OULVOEOLY TG GUVTETAYUEVES BU0 ABpAVLIXWY CUGTNUATWY.

[ uepég tayUtnteg v << ¢ oL OYETLOTINES EELOWOELS UETATRENOVTOL
0TS aVTLOTOLYEG €ELOWOELS TNV XAAGOLXNG UNYAVIXNAG. AUTO emiTuYYdveETOL
TalpVovTog T0 Oplo ¢ — 00 OTOUG OYETMLOTIX0US TUToUS. Beloxouue

x' +ot’ .

x:m c — 00 r=x' +ot’
—ve/c

t/_i_&m/
t = ¢ >0 @ t=t'

V1—1v2/c?
Anlady| toug yetaoynuatiopols I'ahhaiov tng xhaooeng unyavixng.
Me v Bonfeia twv unepBoAdy TpLy wVoUETELXWOY apthuwy oL uetaoyn-

uatiopol Adpevtg yivovton

2’ =z cosh{ — ctsinh( ct’ =ctcoshl — zsinh(

2E HOPPT) UNTEWY EYOVUE

'\ [ coshl —sinh( x
ct’ )]\ —sinhl cosh(C ct
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Keparato 7

Ané g oyéoeg autég o yetaoynuatiouds Adpevig ovoudletat unegfo-
A teplotpogn| wétpou L oto = —ct eminedo. Emewdn n toydtnta v nalpvel
TWES 0T0 Stdotnua —c < v < ¢ 1 TapdUETEog { Talpvel OAEG TLG XY UATLXES
TWES dMAadH

—0o < (<00

Av ta ouotiuata S xaw S’ cuvdéovton HeTA) TOUG UE TNV QPAVTAOTLXN
neptoteoph UEtpou { xou ta cuothuata S’ xow S’ ue v povtaoTien tept-
otpogh Hétpou L', téte ta ouothuata S xow S’ cuvdéovta ye Ty povta-
ot eplatpogn uétpou L'’ dmou

¢ =g+t

H anédeilrn g npotdoeng autig elvor TAUTOONUN UE TNV ATOSELEY) TNG ovd-
AOYNG TRPOTACEWS YL TNV TEALYUATLXT TEELOTROPY.

H oyéon avth unopel va ypnorponowmiel yia va Beodye nwg tpootifevion
oL oyeTwéc Toyutntes. Trobétovue dtL o olotnua S’ xvelton wg Tpog to
oaxivnto S e TayUTNTA U ENOUEVWS

v = ctanh

Trobétovye eniong 6t 1o S’/ nwveltow we mpog to S we TaydTa v’ o
EMOUEVLS
v’ =ctanh{’

Téte to S’ nwveltow wg npog to S e taydtnta v’/ Tou Beloxetar wg e&Nc

tanh { + tanh ' v+4v'
I — tanh M= tanh " = =
v ctanh ctanh (¢ +7) Cl—|—tanthanhC’ 1+ ovv'/c?

HHopathenon: Iopatnpodue 6t av wa and tig taydmres v N v’ N
axdua xou ot duo elvan lomue ¢, v =c¢ f v’ = c TéTE U N TOAYVTNTA
v’ = c. ¥e xaplo nepintwon ou tayvtnteg Sev unepPaivouy Ty TayvTNTA
oL PwToC 010 xeVo. llopatneodue eniong 6tL 6T0 Oplo ¢ — 00 T oyéon

XUTAANYEL OTNV YVWOTH XAAGOWXY) OYEoT)

!/ /
v =v+v
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H SwxotoArn tov xpdvou

7.4 H diacTtolr Tou yedvou

Oewpovue dVo ouufdvia mov yivovtar oto Bto onuelo z’,y’, 2" Tou
XLYOLUEVOL oLoTAUATOS. O Ypdvog HeTadU Twy d¥o TolTwY cLUBAVTKY elval

O avtlotouyog yedvog oto axivnto olotnua elvor At =ty —t1. O ypeodvog
auT6g dlvetan amd TV oyéom

/ v / / v / / /

- /1_p2 N /1_p2 o /1_F32

At:tz—tl

ondTE €YOLUE

/
At:A—t f At' = Aty/1 - B2 < At

N

ITopatnpolye 6Tl 0 Yedvog mou ueteRfnxe and to pohbL mou xivelton elvon
WXPOTEPOS ATO TOV YEOVo Tou UETEROnNxe oto axivnto ovotnua. Aniadn
TO POAOYLA TTOU XLVOUVTAL TPOYWEAVE TLo aeYd and Ta axivnta poloyta. To
povouevo ovoudleton SLoToA Tou Yedvou. O yedvog mou UETPATE Ao €va
pol6L mou xuveltan yoall e xdnowo avtixelpevo ovoudletal WBLoypb6vog Tou
OVTLXELLEVOL AUTOV.

To gowvéuevo gaivetar va elvon mapddo&o avtifeto dnkadn mpog v
xown hoyu) pag. To gowvouevo Swatunadlnxe ooy Tapddodo Ty Stdluwy.
20upova UE auTo 0 Evag and duo diduuoug avipdroug aveBalvel oe éva ol-
OTNUOL AVAPOEAS TOU TREYEL UE XATOLAL TAYUTNTA WG TROS TO axivnTo 6UoTNUA
avapopdg Tou Bploxetal 0 dhhog didupog. LOUPWYA UE TNV CYETLXOTNTA GTOY
XLYOUUEVO d(BUUO 0 YPOVOC TEEYEL TLO OPYA XL EMOUEVKS GTAV XATOTE o
vaouvavtnhovy Oa elval vedtepog and tov aderpd tou. “Ouwg dev undpyet
TEOTOG VO AMOPAGICOVIUE TTOLOG XLVELTAL ot Ttotog elvor axivnTog dedouévou
ot o xafévag Oewpel Tov eauTdY TOL axivnTo xaL Tov dAlo xwvolyevo. Eno-
UEVKDS XL ot duo Ou mepLuévouy va douy To adelpo Toug veotepo. Puoxd
xow ot 300 o Swapevotoly yatl ov diduuol Ba damoToovy 6TL Exouy TNV
Bra optBedg nAuxlo. H amdvinon elvon 6T mpdypoatt otov xivoluevo diduuo
0 YPOVOS pEEL ApYOTEPA AAAA oY TEOOTAHNGOLY Vol SLATLOTWOOLY TO YEYOVOG
auTo Pe To va Eavaouvavtnholy n aviigaor alpetot dedouévou ot 6 évag Ha
TEETEL Vo aAAAEEL GUOTNUA AVOPORAS YLal VoL Yuploel Tiow.
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Keparato 7

To @awvouevo tng dLAGTOAAG TOL YEOVOU ExEL AmOdELYTEL TELPOUATLXA.
"Eva ané avtd ta netpduota elvat 1 u€tenomn tou ypovou {wng padlevepywy
otolyelwy. Metd amd xdmolo yeovo To ULod padlevepyd oTolyelo ueTami-
TTOLY OE XAmoLo dhAo oTolyelo Ue Tautoypovy exmouny padevépyelas. O
XeOVOog aLT6G Tou ovoudleton ¥eovog uTodimhactoouol unopel vo yetpniet
METPWVTAS Ta dtoua mou emloly. “Eyel Swamiotwblel 1L 0 ypdvog autdg
elvoll ULXPOTEROG OTAY T OTOLYELX NEEUOUY X0 LEYAAUTEROG GTAY XLVOUVTL
ue toyVInteg mov mAnowdlouy Ty tayvtnta ¢. To melpoya €xet yivel oto
EPYUOTAPLO UE PABLEVERYA U-UEGHVLA TTOU UETATINTOUY GE NAEXTEOVLA 1) TolL-
TEOVLAL.

"Eva guowo govouevo mou Selyver Ty SLaoToAn Tou Yedvou elval To
e€ng. ~ "Eyxel Stamotwlel ot n yn PouBopdileton and y-yecodvia. Xtnv emt-
PAVELA TNS YNS 0 APLOUOS TV U-UECOVIWY E(VOL TEPLOCOTEROS TWV AVUUEVO-
uévwy. Autéd ovufalver SLoTL 0 Ypodvog Lwng Tou owuatiou elval UEYAADTEROG
YL TO XLVOUUEVR OOUATLA, AOY® TNG SLACTOANG TOU YeOVOoU.

7.5 H Yuotohy) Tou uixoug

"Eotw todpa pa pdfBdoc nou Beloxeton 610 xvoluevo oloTNUA XATd
v dtevbuvon tov z—agova. To unxog g edBdou oto xvoduevo cvotnua
elvait

o /
Ar =z, —1x]

H edaBdog auth) oto axivnto olotnua €xet uixog Az mou divetar and tnv
oxEom
zh+ot" xi+vt! i —x]

2 1 2 1

VIP VP VP

Ar =29 — 11 =

ondTE €YOLUE

/
sz?—xpz 5 Az’ = Azy/1—B? < Az

Anhadn 1 edBSog mou xuvelton Yoll UE TO XLVOVUEVO GUOTNUIL AVIPORAS EYEL
WXEOTERO WNxog and Ty axivtn. Av n xivnon tng pafdou elvan xabetn npog
TO UAX0G TNG TOTE TO UHXog NG edBdou dev uetafdileTo.

To gouvouevo dev ouverdyetat BERara 6Tl 1 pdfdog unéotn alhayés. H
GUCTOAY TOL PAKoLS NS PdBdou ogelletar oTnY Sradixacio 0TNG UETENOEWS.
Av mpoonaffoouue Vo UETEHOOLUE AUTH TNV GUCTOAY UE ULXL PWTOYEAUPLXN
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O xdvog ToU PwToC

UNYOVY) YL TORABELY AL 1) PWTELVY axTiva TTou EpyETal amd TNy opyN TNg ed-
BSou xow 1 pwTELYN axtiva Tou EpyETaL Ao To TEAOG TS pdfdou phdvouy TNy
POTOYEAUPL TAAXAX UE XATola Stapopd Yedvou. H Swapopd auth aviiotab-
wleL TV CLUGTOAY TOL UHXOUS WOTE 1) PABO0OC VO ATOTUTWVETAL GTO XAVOVLXO
™G UNXOg.

Elvow yvwot6 o6t oL yakadleg anopaxpivovtol HETAE) TOUG UE UEYAAES
tayVtnteg. To oyfua Toug OUmS alveTal and TNV YN OTWS TEAYUATLXA Elvor
xwels vo tagatneelton xoule GUGTOAY TOU UNXOUS TOUS AOYW TWV UETACYT-
uotlopedy Adpevre.

7.6 O x®vog Tou PwTOS

Oewpolye 1o eninedo z,ct. O agovag Tou ypovou elvan ct, EToL WOTE oL
duvo dEoveg vaL €xouv dlaoTdoels Unxoug. Ot dAAeg 300 GUVTETAYUEVES Y X
z dev eugpaviCovion oto oyfua SLOTL dev UeTUBAANOVTAL AN TOUC UETACYTN-
uotiopovg Adpevic. "Eva onuelo oto ywpoypovixd autd eninedo TaploTdveL
eva ouufav. To ouufdy xabug TepvdeL 0 YEOVOG dLoryEdPEL ULdL YEOUUUT OV
ovoudleton xoouwxy yeauun. To onuela ue ¢t > 0 moplotdvouy To UENAOY
xo toe onuela ye t < 0 1o mapeAB6V Yo TOV TALATNENTH TOU GUGTHUATOS.

[Tavew oto ovotnua autd Ho oyedidcouue Toug AEOVES Lot EVOL XLVOUUEVO
oVOTNUA TOL XLVElTOL UE Tay¥TNTA U w6 Tpog To axivnto. Trobétovue 6T Ty
xeovuey ottyun t =0 Ta d0o cuothuata tawtilovtat. H xoouwm ypouun
tou onuelov O elvan 1 evbela ye e&lowon

r=vt=(v/c)ct

H gubela auth) etvan xon 0 d€ovag ct’ tou xvoduevou cuothuatog. H ywvia
@ EYEL EQATTOUEVY oL SlveTon and TNV oyéon

~ -2
€ = — = —
e ct ¢
H ywvio @ yia geydheg taydtnteg v tAnotdlet v Styotouo g ywviag ywels
vaL TNy EEmepVAEL.
@ < 45°

[Topatnpotue 6Tt 6Aa Tar onuelo Tou dEova TV T ElVaL TAVTOYPOVA GUU-
Bavta yio To axivnto cdotnua avagopds. To tavtdypova cuulavia Beloxo-
vtat oe evbeleg mapdAAnAec mpog tov & dfova. Ano v mopathenon vty Ha
oxedLaoouue Tov GEova T’ TOU XLVOVUEVOL TORUTNENTY.
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Keparato 7

pCt ct’ L
A’/ B’ I’
A/, 1’1//
/// Fl
Al/ -7
0 2ai i
A B T
Yo 7.2

Ta ovpfdvta Ay kaw Ty elvow Tavrdxpova oo (', ct’)

Oswpoiye Tpla Tawtéypova ovufavta A, B xou I' oto axivnto obotnua.
Trobétovue oL Ta Tplar auTd onuela Bploxovial 6To XLVOUUEVO GUGTNUO XL
OVLVETKG xivouvtan Ye tayVtnta v. Ou x00uxEg axTiveg TV TELDY AUTKY
onuelowy elvon ou evbeleg AA’, BB’ xow I'T' e ediodioerg

r=xa4+0vt r=xp+vt r=xpr+0vt

Ano 1o onuelo B exnéunoviat 8o puwtelvd ofjpata npog ta onueia A xon
I'. Ou xoouxéc axtiveg Twv onudtoy autwy etvan ow evfelec BA’') BI''’
ue eLOWOELS
r=xp —ct r=xp+ct

Ov pwtelvég axtiveg mou exnéunovtot and to onueio B téuvouy Tig xoouxég
oaxtiveg Twv onuelwy A xou I' ota onuelor Ag xon I'y. Enewdn to ofua tpéyet
ue Ty toyutnta ¢ to onpela Ag xan I'y elvan tautdypova yia tov xivoduevo
nopatnent). Enouévwe o dfovag x mpémer vo elvon mapdhAniog mpog v
evbela A1y, Eyeddlovue tov aova ' dote va nepvdel and to onueto O.

Oa anodetfovue 6Tl 1 ywvia Twv afovey Oz xar Oz’ elvon lon ye v
yovio ¢. Ta cuufBavia Aj xon I'y dev elvan tautdypova yia tov axivnto no-
eatnent) uecolafel évag yeovog dt. Amé toug petaoynuatiopois Adpevtg
T0 Swdotnuo dt’ Blveton and v oxéon

, dt—(v/c?)dx
— 5

dt
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O xdvog ToU PwToC

Enewdn ta onuela tou d&ova Oz’ elvan tawtdypovo ouufdvia yio T0 xtvoi-
uevo olotnua €yovue dt’ =0 dpa

v c ¢
dtzc—zdaj = dx:;d(ct) = x:;(ct)

Enopéveg 1 yovia ¢ €yel epantouévn nov divetal anéd tny oyéon

ct v
R T

Ou xhloeg twv evfedy BA'' xoaw BI''' wg npog tov aova Ox
dev aAAACouV BLOTL Tol PWTELVE GNUATA TEEYOLY UE TNV TaYVINTA ¢ 0t Gl
Ta adpaviaxd ovathuata. Avtibétwg N xhion Twy xoouxdy axtivoy AA’
BB’ xou I'T yetafBdihovion avdhoyo ge Ty TaydInTto ¥ TOU XLVOVUEVOU
ovothuatog. Ou xhioeig avtég xupaivovton and 90° wg 45°.

[apatnpodue 6t 6ha tor onuelor Tov d€ova Oz’ elvon ouufdvto Taw-
TOYPOVA YL TO XLVOUUEVO GUCTNUA AVAPORAS EVE BEV Elvall TAUTOY POV Yo
Tov axivito nopatnent). H évvola twv tavtoyedvwy yeyovotwy efoptdton
and To ovoTnua avapopds. To cuunépaoua autd Sev Loy UEL GTNY XAAGGLXN
PUOLXY).

Yo 7.3

To ovufav P eivar mavTta peAdovtike Tov 0

H xivnon evég gpwtewvol ofuatog mou exnéunetot and v apyh O mopt-
otdvetal ano Tig evbeleg ue edlovoelg

r = tct
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Keparato 7

ToU €lvot Ol SLYOTOUOL TV YWDV TOU GYNUIATOG.

"Eva owudtio mou xwveltal pe otalfepr] ToylTnTo U XAl TNV YEOVLXN
otyun t =0 mnepvaet and to onuelo O noprotaveton and wa evfela yoouun
nov Beloxeton yéoa oty ywvia AOI'. Avitiotpdpwg 6leg oL ypoauuég Tov
Beloxovtat péoa oTNV Ywvio TUELOTAVOUY UL XOOULXT) YRAUUUY| EVOS GO
tlov.

Ta onuelo tov Beloxovtar oty yovie AOB elvow onuela Tou avhxouy
oto mopeldov tou onuelov O eved ta onuelo mou Beloxoviar otny ywvia
AOI' elvan yelhovtixd onuela. Avtfétwg ta onuela mou Beloxovion yéoa
otc Yywvieg 'OB 7 AOA avixouv dihote oto nopeAldv xar dAhote oto
uéAhov Tou onueiov O avdhoya e To oVoTNUA avapopds. Trapyel eniong Eva
oVOTNUA AVAPORAS WS TEOg TO omolo To oLUPdy Tou Beloxetal 0TI TEPLOYES
autég elval TauToYPOVo Ue To ouUPay Tou TepLypdpeTal ané to onueio O.

Oewpolye dVo ovufdvta x1,t; xou Ta,tz. To didotnua petadd TwV
dV0o auTwY ouufBdviwy dlvetow and TNy oyéon

8%2 = Cz(tg — t1)2 — (332 — $1)2

Oo ovoudlovye 10 SLAGTNUA AUTE YpoVixol eldoug av Loy Vel 1 oyéon

2

8%2 = Cz(tg — t1)2 — (x2 — .1131) >0

Oo 0voudlouUe TO AGTNUO ATO YWEXOU EBOVS av LoYUEL ) oYEo
8%2 = C2(t2 — t1)2 — (.ng — $1)2 <0

"Eotw éva onueio P mov Beloxetat yéoa oe xdanota ano tig ywvieg AOI
xo. AOB pe ouvvietayuéveg z, ct. To onuelo Beloxeton mavew and tny
OLY0TOUO NG YWV XL ENOUEVKS LOYVEL TROPAVKS 1) OYEOT

t? — 2% > 0
"Apa To dudotnua Tou onuelov autol ue to onuelo O elvar ypovixol eidoug.
Ta dwwothuata OA®Y Twy onuelnwy mou PBeloxoviar Yoo oTNY YoV auTH
elvar ypovixot eldoug. Xtny megoyn ¢t > 0 6ha Ta yeyovota ouuSBaivouy
uetd to O. Aev undpyel oloTNUA AVAPORAS WS TEog To onolo to cuufdy
P va ovufel tautoypova ) mewy and 1o O. Avtbétwg dha o onuela otny
nepoyn t < 0 mponyolvian oe 6Aa Tot cLCTAUATA avapopds tou O.
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O xdvog ToU PwToC

H npétaom elvon yevixdtepn. Avo cuyfdvta nou ywellovtat ue ddotnue
XeoVvixol TUnou To éva mponyelton Tou dANOU Xl BEV UTAEYEL GUOTNUO oLVl
popdg Wote o dVo autd ouuBavta va auufoiy tautoypova. Ovoudlovue TNy
neployn g yoviag AOI' andluto puélhov tou onueiov O xou Tnv neployy
s yoviag BOA anéluto noperbov.

Ocwpolye tpa Tig TEpLoyés Twy Yoy AOA xou I'OB. "Eotw
evo ouuPay Q otig Teployég avtég ue ouvtetayuéveg ' ct’. To onuelo
Beloxetal xaTw amd TNV SLY0TOUO TNG YWV XL TEOPAVKS LoYVEL 1 OYEom

A2 — 22 <0

"Apa To ddotnua Tou onueiov autol ue to onueio O elvar ywpuol eldoug.
Ta Swothuata OA®Y TV onuelnwy Tou Beloxovial uéoa oTLG YWVIEC AUTES
elvar ywewoL eldoug. T ta ouuBdvta oTig meployés autég dev unopolye
Vol TOUUE OTL TponyoUvToL 1) €rovton 1 elval TautoyYpova Tou cuuBdvtog Tou
onuelov O. Ot évvoleg autég elvon avdAoyYeg UE TO CUGTNUA AVUPORAS.

XeOVOS

[1\)
ct

YOPO0S X©e0S

Yo 7.4

O KWrog Tov YwTog

Av oyedidoovue xat Toug uohotnoug dgoveg Y xor 2 To oyNua Oa elvon
Evag SLMAGG %wvog Tou ovoudletal xwvog eutog. O dgovag Tou xwvou elvat
0 YPOVXOS dEovac.

Avo ovufdvta nov ywellovtat Ye Sdotnua Ywewxol tinou ouuBaivouy
oe dupopeTixd onuela o xdbe ovotnua avagopds. Enl mAéov umdpyouv
CUCTHUOTA AVOPORAS TOU TO EVAL TEONYEITAL YPOVLXA TOU AANOU, GUOTHUATA
TOU TO €val €NMETAL TOU GAAOL oL €val GUCTNUA AVAUPORAS TOU Ta V0 GLU-
Bavta yivovtar tavtoypova. Emnedh xoula aAAnhenidpaor dev Siadideton ue
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Keparato 7

Toy Ut LeYaAUTER Ao TNV ToyUTNTaL ¢ Tat SLUBAVTA AUTA SEV UTOPOVY Vo
oLVIEOVTOL UE XoULd onTLaTh) ox€ar, dnAady) To Eva va tpoxalel To dANo.

Avtibétog ta ovufavia nou ywellovtal Ue Stdotnua yeovixol eldoug
elval SuVaTOV To €val Vo Tpoxahel TO GAAO oL XATE CUVETELL TO €VAL VO
elvar to aitio o o dhAo 1o anotéheopa. Ou yetaoynuatiopol Adpevtg
dev Umopoly vo LETUBAAAOLY T SLasTHUATA YpoVixoy ldoug o SLaoTHUATA
Xwewol eld0Ug N AVTLOTEOPLG.

7.7 H opdda Abdpevtg

Oa Bewphoouue Tpa Tt To xvoduevo clotnua S’ xivelton ye taydTnTa
TLYOVOA WS TEOS TO axivNTo aloTUA S. I'at Vo anAOTOLACOVUE TLg EXPEACELS
O ouuPoAioovue TG YWEWES CUVTETAYUEVEG UE 1, T2, T3 ovil TV T, Y, 2.
To cVotnua S’ xuwvelton opakdde xatd v Stevbuvor tou dtaviouatos { =
(C1,82,83) »on o yetaoynuatiopol Adpevtg elvon pLo UTepBoAH TERLOTEOYH
uné yovia L = ||Z||. To ddo adpavioaxd cuothuata tautilovial 6Tov Ypbvo
t =0 7tou axivntouv cuothuatog. O uetaoynuatiouol Adpevtg elvon

) = <3jk 4 Cjc’“%) h — ctl, sinéac
sinh

ct’ =ctcoshl — x;{;

¢

Ot YeTAoYNUATLOUOS P VEL AVAAAOIWTO TO UNXOG TWV SLAVUCUAT®Y TOL GTNY
TeplnTwor oty oNUalvel oTL

2,02 _ o 2.2
—ct' " =x5x; — 7t

X ;T

/. /.
l

Mnopolye va cuvdudoouvue twpa 8V0 TEQLOTEOPES UE SLUPORETIXES Y-
vieg T xaw ' ylpw and v B Stevbuvon Z yuo va TdEOoVUE €va TplTo ueTa-
OYNUATLONO YUP® Ao Tov (Blo da&ova ue Ywvia Tou dlveton and to dbpoloua
Twv {xat ', To 6Uvoho GAwV TV YETAGYNUATIOUDY YUpw atd Tov dEova 4
ue dudpopoug Ywvieg C oynuatilouy ula oydda. H oydda éyet yla nagduectpo.
Av ouwg npoonalnoovue va ocuvdudoouvue dVo uetaoynuatiopols Adpevtg
ue dropopetixég Stevfivoeg {3 xaw (o to anotéheopa Sev Oa elvon Evog pe-
Taoynuotiopnos Aopevic. To anotéleoua o meptéyer xow ULo TEQLOTROPN
otov Tpwdotato yweo. Ia va aviwetwnicovue To npdBAnUa autd TEETEL
Vol 0p{COLUE EVOY TILO YEVIXO UETACYNUATIONSG AdpeEvTg
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H oudada Adgevte

Oewpodue dV0 ovothuata S xar S’. O o YEVXOS UETAOYNUATLOUOS
Adbpevtg mou ouvdéel Ta SVo autd cuoThuata xataoxevaletat wg e&neg. Iodta
TEQLOTEEPOLUE TO aVoTNUA S YUpo and tny Stevluvor d xat Tnyalvouue 010
ovotnua S1. Oo oLUPOAICOVUE TIG GUVTETAYUEVES T®V SLAVUCUATWY OTO
OUOTNUA QUTO UE a;gl). To oclotnua 57 elvar 1€T0L0 WOTE Vo EYEL TOUG Y-
ewoVg aloveg TapdhAnioug e Toug avtlototyous aioves touv S’ O ypdvoc
TUEUUEVEL AUETABANTOC.

Katomy epapudélovue 610 obotnua S1 Wtor XoatdAAnAn 7 poviaotixn’
neptotpopn Adpevig yipo and v Sevfuvon z (OTE VoL XATAAREOVUE OTO
ovotnua S’. Oa meprypddouue Toug 300 aLTOUE SLadoyLxoUg UETUOYNUATL-

ouovc we (Z,&). Dpdgpouue

S1=aS: :ch.l) = Aji(d)xg, t) =1¢
, > , coshl —1 sinh
S :CSlz(C,a)SZ T = (81j+CleC—§> CCj—ctCl C C
sinh

ct’ =ctcoshl — ;4 7
Oo YpdPOUUE TWPA TOV UETACYNUATLONO 0T Adpevig oe ula To BoAuxn
LOP®Y YENOWOTOLWVTAS SLav)oUATA TEGOdpwY SlaoTdoewy. LuuBoiilovye
ue = éva TeTpadlavuoua ue ovviotwoeg . O mdvew delxtng W malpvel tig
nwuéc 0,1,2,3.
Optloupe ™y yeovixy cuviotHoa and Ty oyéon
2 =ct
EVE oL ouvloTHoec 7 elvat ot TEELS Y WELXES GUVLOTWOES TOL SLaviouaTog
l‘j =Ty

Oa Aue 6TL To dudvuoua T EYeL GUVOIAAOIWTES GUVLOTWOES Ta T EVW TA T,
ovoualovtal adLANOIWTES GUVLGTWOES Tou davdouatos. Eiodyouue téhog
XOL TOV GUUUETELXO TAVUOTH gy TOU To OV UN UNdevixd otolyela Tou elva
To €€Ng

go=-1,  gu=1 ga=1 gp=1

O tavuothg g% elvat avtioTeopog Tou TavuoTh g,y SNAadt
9 =8
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Keparato 7

O tavuotng g% elvan undév extog and ta otoyela

900 — _1,911 — 922 — g33 -1

Me v Bonfeia tou TavuoT) auToV UnopoVuEe Vo aveBAcOLUE 1 Vo xaTePRd-
ooLUE Toug SelxTeg Tou Staviouatog. ['edpouue

O yevixdg petaoynuatiopos Adpevig ye tov napandve ouyBoiioud elvon
r't = AtzY

omou 1 uhtea AY dlveton and Tig oYEoELg

MT.8) =A50(@) + 8 Ann(@)
M a)=-1 Siﬂchl

sinh

ANC &) = — L Api(d) ;

AY(Z,d) =cosh

O petaoynuatiopds autds aghiver avalkoliwt) ™y éxgpaon 25 — c*t*. Me
TOV TOEATAVE GUUBOAGUO YEAPOLUE

rw !

— b
e, =atyy

H untea A tou yetaoynuatiopol elvar o untea 4 X 4 xat ueavonotel tny
oYéon
Guu AVAT, = guyr

To otvolo tev petaoynuotoudy S’ = ({d)S oynuatilouy oudda
mou ovoudleton ouoyevig oudda Aodpevic. H oudda €yer €€ mopauétooug
oha ta mbova Stavdopata z xow ol.

[ voo oploovpe Tov vouo tng ouddog Oewpolye tela adpavioaxd cLuGTH-
wata S, S’ xaw ST Ta S, S xow Tt S7; S'7, ouvdéovtal ue toug ueta-
oxnuatiopols A xow A’ avtiotolyws. To ovetiuata S xaw S’ ouvdéovton
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H oudada Adgevte

uetald Toug Ye tov yetaoynuottoud A’A mou elvon to ywduevo twv 8vo
mvaxwyv. Ilpdyupatt Eyovue

S’ =A'AS : /=AM = APAY = (AA) 2
O avtiotpogpog nivaxag tou A Beloxetaw and v oyéon (5) xo elvor

(A =g gAY =AY f (L) = (= Ak (DT, —oy)

v
H un opoyevng ouddo Adpevis TpoxUnTeL And TNV OUOYEVH oV Tpoaé-
OOLUE XOL Uldl UETOPOPA TWY GUVTETAYUEV®DY TOU YWEOU XOL TOU YpbéVou.
Evodryouue 1o tetpadidvuoua a¥ onou
of = ay
elVaL O YWEXES CUVLOTWOES XL

B=a’=—0

elval 1 YpOVLX CLVLOTWOX TOU Slaviopatog. O UETACYNUATIOUOS oUTOG
TEPLYpAPETOL ATO TLG EELOWOELS.

S =(Ao*)S '™ =AY 4+ o
O vouog ouvléoews g ouddag dlvetow and v oyéon

(A" ") (A, o0) = (ATA " + A V)
xau To avtiotpogo otouyelo tou (A, o) elvon

(A, o)™ = (A7 — (A7)

AY

H oudda ovoudletar ouvifwg xor oudda Ilovavxape. Eilvar yio opddo ue
d€xa mapaéTeoug, N avtioTtolyn g opadag I'alihalov Tng xAacoung unyo-
VXS,

257



Keparato 7

7.8 H rxuvnuotinen

Yy nopdypago auth Ho Beodue toug yetaoynuatiopolg Adpevte yia
TLG TAYUTNTES MO TLG ETLTAYVVOELS.

Oewpolye Tall dVo adpavioaxd cuoThuata avapopds S xou S’ mou xi-
vouvtal Ye oyeten) toyutnta v. Eotw éva onua ue TaydtnTeg

a7 L, d
dt YT A

U =

ota ovathata S xar S’ avietolyws. Ou ouvtetayuéveg Twv 300 ouoTnud-
TV CLUVBEOVTAL UE TOUG PETAoYNUATLoU0US Adpevts. Enouévwe €youue

de =y (dx' +vdt’), dy=dy' dz=dz’ dt:Y(dt’—I—%dx')
c

6mou éyouyue Béoer y = (1 —p2)~1/2
Ou {nrodueveg tayvnteg Beloxovtal av Stapéoovue xatdAAnAa TLg mo-
pandvew oyéoels. Eyouue

de dx’ +odt’ dx'/dt'+wv ul + v
Uy = — = = =

Cdt dt'+%dn’ T 14+ 5% T 1+ Su),
dy dy’ dy'/dt’ uy/1— 32
U, — — — = — = .
Yo dt Y(dt’—i—c%da:’) Y(l—i—c%%) I+ Sul,
dz dz’ dz'/dt’ u’\/1— B2
Uy = — = = =

_E_Y(dt’—kc%d:c’) _Y(l—i- g dr ) 1+ Sul

c2dt’

[opatneodue 0Tt oy xot 1 GYETL) TAYVTNTA U TV 3V0 CLUCTNUATLY lvaL
TaedAANAN TEog ToV dEova T TO SLdvuoud TNG ToyUTNTAS ENNEEATETAL XL OTLG
Teetg Stevbivoets. " Otav 1 toylTnTo v elvat Pixpy) OYETXA UE TNV ToyUTNnTa
¢ M LoodVvoua 6TO 6plo € — 00 TOTE OL MUPATAVW EELOWOELS YivovTon

/ /

/
Uy = U, +V Uy = U, Uy = U,

Tov elvat Ol YVWOTEG EELOWOELS TNG XAAGOIXNG UNYOVLXNS.
Av n taydtnta Tov onuatog elvat tapdAAnin neog 1o =’ dova xan Exel
T lom ue ¢ 1ote ot yetaoynuatiopol Adpevtg yla Tig Tayvtnteg divouy

ul,+v c+wv
Uy = =
1+ Sul, 1+ Zc

x
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H >aynuatim

Anlad1) To Peg XLvelton UE TNV TaYUTNTA € XAl WG TEOG TO XLVOUUEVO Xl G
TPOG TO axivNTO GUGTNUA AVAUPORUS.

[Teooeyylotnxég exppdoels Yl TG ToYUTNTES UTOPOVUE va Bpolue av
aVAAUGOLUE TLG OYECELS UEYPL OPOLE TEWTNG TALEWS WS TEog v. Yrobétouye
dnhad) OTL 1 oYETLN TaVTNTA ¥ TOV SV0 CUOTNUATWY E(VOL ULXEY| XL ETO-
uévwg Gpol ue v? xow avidtepol Tapaheitovtan. Eyouue

Uy =up+o(l—u'2/?)  uy,=u, w'v/cd u,=u’ —ululv/c

MnogoVue va yedihouvue Tic Tapandvew OYESELS 0TNY axoAovlin dlavuouaTLX
Lopq

— —/

L1
U=u +U——3

(v-a"Yu' omov U= (v,0,0)

Ou petaoynuatiopol Adpevtg yia TNV emTdyLVOY EVOS LALXOU onuelov
Beloxetan av napaywyloovue wg meog Tov Xpévo TNng ToyUTNTES.

_duy,  dt'duy, dt’ d ul+v
Y==70¢ Tdtdt’ T dtdt'1+ Sul,

_dt’ -(1—|—C%u;) L (ul+v)— (uh+v) %5 (1+ Sul) B

dt | (1+ %uy)” ] -
CVISE [+ Sul) v — (b o) Sye] vl
g | (14 &ul)” ] ()’

Avahoyeg exppdoeig ue tov (8lo Tpomo Bploxouue xow yLo TG UTOAOLES CU-
VIOTWOEG TNG ETLTAYUVOEWG.

/
vu

Yy = Yg/ _ cszlx
v+ sul)? v (L Sul)’
Y/, eyl

»” =

2 (1+ 5ul)’ v2(1+ Sul)’

Iopatnpotue xow mIAL 6TL 6TO0 *AAGOXXS GpLO ¢ — OO0 HATAANYOUUE TAAL
OTLS XANAOOUXES EXPEATELS

Yo =Y Yy =Yy Yz =Y

259



Keparato 7

Av yu xdnowa ypovixh oTiyun To xwvoluevo clotnua neeuel dnAadn

uy, =uy =u, =0 16T 0oL Yetacynuatiopol AGpEVIg Yla TIg EMLTAYUVOELS
dlvouy Toug axoiovloug uetaoynuatiopovs.
L L L
Yo = 3Y Yy = 3Y Yz = 35Y
Ty le vyl TR

7.9 H oyetixiotinr duvauxn

Oo UEAETNHOOLUE OTNY TAEAYEAPo auTN TNV xivnon Tou elevbegov ow-
uoatiov. Oa YeNOULOTOLACOVUE TNV ApYT TN EAAYLOTNG Spdoews.

To oloxhpwua dpdoewg yia Eva ehevlepo owudtio edaptdton and to
didotnua ds mouv elva avohAolwTo and Toug YeTaoYNUATLopoUS Tou Adpevtg
xo dev e€apTdton and To ovoTNU avapopds. To ohoxhfewuo autéd TEENEL

vaL elvalt )
S = —k/ ds

omov k elvon o Betinn) otabepd tou Hao tpoodiopiotel apydtepa. To apynTind
onuelo yralver EToL HOTE T0 ohoxhNpwua va €xel eAdytoto. To oloxAfpwua
yiveTal XATA UNXOC WLIG YROUUUNG oL GUVEEL Ta onuela a xal b mou mopt-
OTAVOLY TNV apyxn xal TeAn Oéom Tou cwuatdlov otoug Ypdvoug t1 xot
ta avTiotolywg. ANG Yo To adpovelaxd ovotnua Tou xiveltal woll ye To

owudto €xovue ds = cy/1 — v2?/c?. Enoyévwg Beloxouue

to 2
S:—kc/ 1— =
t1 ¢

Eivaw duoc yvwotéd 6t 1o ohoxhfpwua tng dpdocwg elvan S = [ Ldt
onov L elvan 1 ouvaptnorn Aayxpavl tou cuotiuatos. Enouévwe €yovue

/ 02
L:—k’C 1—0—2

H ouvdptnor auth neénel var XATAARYEL GTNY XAACOLXY|, 1) OYETLLOTLXN
éxppaon L = mv?/2 oto bpo ¢ — co. Amé to yeyovég autd Oa umolo-
yioovue tpa TNy otabfepd k. Avallouvue v ouvaptnon Aoyxpdvl xatd
Tévlop o€ Suvdues tov v/c << 1. Bploxouue

02 1/2 1 02 kv?
L:— _— - — B et — o o e e —_— e e .
ke (1 02> ke (1 52 + > ke + 9%
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H opun xou n evépyea

O otafepds dpoc —kc dev ennpedlel g eELODOELG XVNOEWG Yo UTOPEl VoL
nopakn@bel. Xuyxplvouye v magandve €xpeaon Ue TNV daviioTtolyn xAoo-
ou xau Beloxovue k = me. "Apa 1 oyxeTLROTLX oLVAETNOY Tou Adyxpdvl
vt To €AeVBEQO oLUATLO Elvon TEALXA

7.10 H opuy) xow 1 evépyeLa

Eivaw yvwot6 and to nponyoluevo xegdholo otL oL opués p; opllovtal
and v mapedywyous s L wg mpog Tig Tayltntes ¢;. Anhadn toybouv ot
OYEOELS

OL , Bohucs OL
;= - OUVUDOALUA
Pi 94, T GLU

[Mopaywyillovue v ouvdpetnon Aayxpedvl xat Bploxouvue TV oyeToTLIXN

opu

ST

. mu
p:
V1—0v2/c?

H oyéon auth vy uxpés TWESG vl TNy TaydTNTo U XATAANYEL OTNY
xhaoown Exppacn tng opuns. Ilpdyuatt malpvouue 1o 6plo NG mopATAVE
EXPEACEWS TNG OYETXLOTIXNG OPUNG Yot ¢ — 00 xou Bploxouue Ty YVOOTH
xhaoown e&lowon

P = mu

Mnogoiue enlong va Ypd)ouue TNV OYETLXLOTLXY OpUN UE TNV XAXACOLXN
exppaon P= m(v)U 6mov Tpogaveg 1 wdlo m(v) divetal and v oxéon

m(v) =

mo
V1—0v2/c?

H palo evég owduatog auédvel ye v tayvtnta. To pwtovio ue tayd-
T {om e Ty TayvnTa ¢ Exel wala npeplog undéy mo = 0 €tol Wote 1
TUEATAVE EXPEACT] YL TO PWTOVLO OTOL U = ¢ VoL SIVEL TNV AOELOTY) EXPEAOT)
0/0. “Ola tat wudtior ye undevixh wdla neeuiag xtvolvTal ue v toyuTnTa
0V POTOS. Extég amd 1o gwtovio xou to vetplvo elvon éval cwUdTIO ToU
xuvelton e Ty toyvTnTa Tou PoTog ot Exel udla neeulog undév.
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Keparato 7

Ou Beodue TEA TNV OYETLXLOTIXY EVERYELL EVOS UALXOU onuelov. Oo
XENOUWOTOLNGOUUE TNV TEOTAGT) TNG XAACOLXNAG UNYAVLXAS Tou AEeL OTL 1) Ue-
ToBoAN) TN XLVNTLXNG EVEQYELAG LOOUTAL UE TO £pY0 TNG SUVAUEWS. LTNV
OYETWUOTLXY unyovixn) enewdn 1 wdlo YetafdAleton e v ToyUtnta eluo-
OTE UTIOYPEWUEVOL VO TPOTIOTIOLGOVUE TOV Vouo tou Nedtwva. O duvoauixdg
VOUOG oL Loy Vel €86 elvan

—

Fo®_ my

d
dt E\/l—ﬂ/cz

To ovotnua avagopds elvor To axivnto cUoTNUA TOL ERYAGTNELOU.
Hopatnenon: H xatdhinin oyetweotum ouvdpetnorn Aayxedvl vy
va Byet 1) e&lowon auth elvon

Tpdyuott Beloxouvue
OL muv

v V1—0v2/c?

xou dpa ot e&loroelg Touv Aayxpdvl elvon

d_mi OV _g_d
dt 1_v2/c2_ or ~  dt

Trobétovue Yot Vo ATAOTIOOOVYE TG OYECELS, OTL 1) d¥voun EYEL TNV
dtevbuvon tov z—daova. To épyo W tng Suvduews dilvetar and tnv oyéon

B _[d muv _[4d 9, o\-1/2)dT
W_/Fdx_/dtmdm_/dt{mv(l v /%) }dtdt_
:/{m (1—1}2/02)_1/24-771@2/02 (1—v2/02)_3/2} %vdt:

:/[m (1—1}2/02)_3/2} %Udt:/% [ch (1—1}2/02)_1/2}dt
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H opun xou n evépyea

Mrnopolye twpa va eXTEAEGOVUE EUXOAX TNV OAOXANEwoT X Vo Bpolue To

€pyo.
mc?

V1—0v2/c?

To €pyo elvan 00 UE TNV SLoPopd TWV XLVNTXWY EVERYELDY. ~Eyouue

m02

V1—1v2/c?

Ou Bpolue THEA TO 6pL0 TNG OYECENS AVTAS VLol xEES TayUTntes. Avo-
AUOLUE TNV TORATAVL OYECT WG TEOS TNV ToUTNTA SLATNE®VTUS HOVO TOUG
TETPAYWVLXOUC 6poug. o uixpéc Tiwéc Tou Adyou v/c eyxouue

1 02 1
E = mdc? (1+§Z—2+'--)=m02—|—§m02

O npwdtog dpog elvar pla otabepd xow o deltepog elvon 1 xAaoown Exgeoon
g xevnTuuxng evépyetag. Ilapatnpodue 6TL xon YL auTéV TOV TUTO YLot ULXEES
TWES NG Tay¥TNTOS Talpvoule TNy aviioTtolyn xhaoouxr oyEo.

Av 7 taydtta Tou VAU cwuatiou elvat UNdév TOTE 1 oYEoN NG O)E-
TIXLOTLXNG EVERYELUS YRAPETOL

E = mdc?

Elvow n neplpnun oyéon tooduvauliog evepyelag xow palac.
Trv B oyéon vy Ty evépyela unopovue va Bpolue amd Ty oyéorn g
AVOAUTLXAG UNYAVLXAG TNG TEONYOUUEVNG TORAYEAPOL

E=) pigi—L=p v-1L

Avtixafiotodye v oyéon auth Ty opun P xow ™y ouvdptnor Aoy edve
and T Yvwotég Ndn oyéocig xou Peloxouue

. 2 2 _v?
mi . ) 02 muv“ + mc <1 62) 2
E = -V +mc

me
V1—0v2/c? 2 V1—v2/c? N V1—0v2/c?

263




Keparato 7

M dAAn Exgppaoy mou cuvdéel Ta mopamdve UeYEDn Slvetar amd v

oYEom

. mu mc? U . F
p: = = p: v
V1I—v2/2 /1 —0v2/c2c? c?

Ané v oyéon aut unopovue va Beovue TNy oyéor evepyelog opunNg Yo Ta
VA OOUATIO TOU TEEYOLY UE TNV TayVINTa ToL PuTtdc. Otovue v = ¢
xou Beloxouue yua TNy eVEpYELA TV POTOVIWY TNV oYEoM

E =pc

Ou Beovue TEhog TNV EVEPYELX GAY GLVAETNOT TNG opuNe. Lo vau Bpodue
v oyéon auth Ho anakeldhovue Ty TaylTHTR ANd TIC TEONYOUUEVES OYETELS.
"Eyovuue

2 2
m p
2 2 2 =

DD — — = fr— = ——
p-p 1 _,U2/02,U p mZ +p2/02

Ty tyun avth g TaydTNTag Oot AVTIXATACTNCOVUE OTNY EXPEUOT) TNG O)E-
TuAoTNG evépyelas.  Eyouvue

2 2
mc mc
E = = = \/pzcz —|— m204
1 — P2 _m?c? _
p2+m262 p2—|—m202

H ouvdptnom tou Xduthtov Beloxeton edxola and tnv oyéon autr. Bel-
OXOUUE

H=\/p2c2 + m2ct +V

Elvar dnhadh 1 ouvohun evépyela mov mopauével otabeer). ['evixdtepa 1
Xouthtoviovn evog cwuatiov Ue goptio e uéoo oe NhexTEoUayYNTLXG Tedlo
ToL TpoodiloplleTon ané To SLaVLoUATIXG SuVaLXS A(7, 1) %o ané to Bobuwto
Suvouxd (7, t) elvou

e 2
H = (p — —A(7, t)) 2 +m2ct + eq(7,t)
c
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H opun xou n evépyea

Av ouyPBolicovue e Ey = mc?

TayUtnto undév (p = 0) téte éyouue

E=+/m2ct 4+ p2c2 = \/E2 +p2c2 = FE%—(p)? = m?c* = E?

To péyehoc E? — (cp)? elvon (oo pe pio otabepd xon emopévog elvon ovah-
AOl®TO Ao TOV WETACYNUATLONO Tou Adpevig. Aniadh av oTto clotnua
avapopds S 1 opur| xat 1) evépyeta elvon p xo I xow 6T0 ovotnua avapopdg
S’ m opun xaw ) evépyewa elvan p’ xaw B téte woylel  oyéon

TNV EVERYELX TOU LALXOU GWUATIOU UE

Eg :m204 IEZ—(Cp)z :El2 —(Cp/)2

H oyéomn oy del Sudti 1) evépyeta xat 1) opur) UETABAANOVTOL YRUUULXE ATO TOUG
uetaoynuatiopovg Tou Adpevic. H npdtaoy anodeuxvieton otig aoxnoeLs.
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Keparato 7

Aoxnoelg

Aoxnon 7.1
No Beelel mweg petaoynuoatiletal 1 evépyela xot 1 opwh EVOS LALXOU
oNuelOL UE TOUG UETAOYNUATIONOUS AOREVTS.
Abom: Ou oyéoeig mou Slvouy TNy opun oL TNV EVERYELL GTNY ELBLXY
Oewplag Tng oyeTioTTag elvan

moc? molU

V1—wu?/c? b= V1—wu?/c?

Ov petaoynuatiopol yia tig Tayutnteg €xouy Beebel xot EMOUEVWS EYOUUE

u? 1 1 w' +v 2
1——: — = 2 2 2 :1—— x —
c2 (um—i-uy—l-uz) c2 <1—i—(’v/c2)u;)

1 (u;\/l(v/c)2>2 1 (ug\/l—(v/0)2)2:

e\ 1+ v/, 2\ 14 v/,

(1+ (fv/c2)u;)2 — (ul, +v)? B u'2(1 - (v/c)?) uw'2(1 = (v/c)?) _

2 (1+ (v/c)ul,)? A+ (v/)uy)? 1+ (v/e)us)?

4 (v/efu’s —u'G vt —u' G = (v/e)?) —u'Z(1 = (v/c)?) _
¢ (1 + (v/c?)u,)”
_ 2 1 — 2 1 — / 2
1 (U/C) 2(02_uli_u/§_u/?2;):( (U/C))( (ug/C))
2 (L+(v/)uy) (1 +(v/e?)us)

Mrnogolue tdpa var Ypdouue TOV UETAGYNUATIOUS YLoL TNV EVERYELO XAL TNV
opun. “Eyouue yiwx tnv evépyela
moc® moc? (14 (v/c)u’) B 1

Vi—w/E (1= (/)= (w/e)?) 1= (v]/c)?)
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Aoxnoeig

< mMoc? mou’ ) _ E'4upl
Oy A= @iem) - o)
INo Tov petaoynuationsd g opung €Yovue

_ mouy mO% L+ (v/e)ur) 1
T ImeE T - - @ ep) V- (@/eP)
( mou’, m002 ) _pit (v/c*)E"
N oo M (e o) R e

Ot unoAoneg GUVLCTWOES TNG OpUNG ToEAUEVOLY avadlolwteg. Oo anodel-
EOUUE TNV TPOTAGT AUTH UOVO YL TNV Y—OLVLETOON TNG opung. ~ Eyovue

u’\/l
Mo Uy . mo 1—|— <1+(U/C ) ) mou;

N A (e T (et s S R T

"Opowa elvan xow 1 anddelén yra Ty Teltn cuviotwoa g opuns. I'edypouue
TEAXA GAOUG TOU UETACYNUATLOUOUG

_ E'+op} » _ pht(v/A)E
V(1= (v/c)?) /A= (w/e?)
Py =p,, p: =D,

IMopatnpotue ot oL yetaoynuatiouol elvor yeouuLxol OTmg XL oL UETAGYT)-
uotiopol Béoewg o ypdvou. Edd to péyehog mou Swatneeitar xoatd tov
uetaoynuotiops Adpevig elvan to E? — (cp)? — (epy)? — (cp2)?. Anhadh
Loy VeL 1 oyéon

E? — (eps)® — (epy)® — (ep2)? = E'2 — (epp)? — (epyy)? — (epl)* = By

Aoxnon 7.2

No Beelel n tpoytd evog VAoV onuelov Yoo O OUOYEVES dUVUULXO
nedio
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Keparato 7

Abom: Ouoyevég Suvauxd medlo elvar 1o nedlo exelvo mou oe xdbe
onuelo Tou enevepyel o oTalbeE dUvoun = fo. "Eva tétow nedlo elvon
T0 Nhextewxd nedio. H S¥voun mou emdpd o opToUEVo owUdTIO UECH OE
nhextewd nedlo elvon

f=¢E

onov davuoua E elvon 1 €vtaon tou nhextplxol nedlov.
H e&lowon tng xuvnoews elvon

—

dp

dt

fo
ohoXANEWYOLUE TNV oYEon auTh xou Beloxouye
7= fot + o
omov Py elvo N opun Tov cwuatiov Y t = 0. Ou uvrobécouue dtL N opun

oty elva Undév dnhadh To VAO cwudtio Beloxetal apyxd oe Npeula.
H toydtnta tov vhixod onuelov elvon

Czﬁ_ 25 c2f0t c (fmf)

B VR B Je(heem VEETES

U=

IMopatnpodue 6L Yoo t — 0o 7 ToyUTnTar ToL VALV onuelou yivetal (om ue
v tayvtnTa c. H Stedbuvomn tneg taydtntag €xet Ty dtebBuvon tng Suvduenc.

H 6éom tou vhuot onuelov Bploxeton ue ula axouo oAoxAnpewon g
TAPATIAVL OYECEWS. OETouye

. fo _ fo

Yo = Eo/c2  mg

xow Beloxovue

ar Yot . L L 242
= Yo = T(t):To +Y0—2< 1+—Y0 _1)

dt /T +y32)c Yo

6mov 7o = 7(0) elvon n apyweh) Béon Tov cuoTHUATOC.
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Aoxnoeig

H emtdyvvon tov vAwol onueiov Beloxeton av nagaywyicovue dbo @o-
PEC TNV Tapandvew oyéon. Eyouue

i %o

1 v — =
( ) Y dtQ (1+Y(2)t2)3/2

Av xau 1 d0voun elvan otabepn ouwg n emttdyvuvon dev elvan otabepn, e&op-
Taton and tov ypovo. H emtdyuvon uuxpalver xow teduxd undeviletar yio
HEYAAOUG Ypovouc. Av 7 emitdyvvon ftav otabepn toTe N TayvnTa o pe-
YIAWVE YLoL UEYAAOUG YpOVoug ywelc dplo UEYeL TO ATELpo Tpdyuo avtibeTo
TPOG TO TE(POUA XA TLG AEYES TNG OYETIXOTNTOG.

Av amlonowoouue 1o TpoBAnua xou Bewpnoovue 6t 1 dVvoun elvan oTnvy

r—devbuvon fo = fr xow To VAXO onuelo PBeloxeton apyd oto onuelo
undév 75 =0 7 mapandve eélowon dlvet

2 £\ 2
(M + 1) — (1) =1 bmou yo = fu/mo
c? c

H xoopuwa ypauun g Aoewg elvan pa utepBoAy.

Av mdpovue t0 dplo g oxéoewe (1) Yo ¢ — oo Ba Beodue ™V
xhooowxf) Abor Tou meofAnuatos. Avoaidouvye to plixd xatd Ténhop xou
Beloxouue

c? 1 y3t? t2
P =7 +¥e— (14229 41— R+ —
(t) 7“0+Y0Y3( to ot ) == To+%o

dnAadn v B€om tou *AaGGLHOV CLUATIOL UE UNSEVLXN apyLtxn TaYVTNTA.

Aoxnon 7.3

Xty doxnor auth Ho Bpoldue Ty oyéon mou diver Ty yetafoln g
ualag ooy ouVdETNoN TS TayvTNTag UE TNV PoRbela Tou TEWAUATOS TNG
eAAOTIUNG XPOVUOEWS dV0 cwudtwy. H anddetén auth 860nxe and tov Mnropv.

Abom: Oewpolue 300 VA onuelo ue ualo M1 oL M2 TOL XLYOUVTOL
ME TAYUTNTES U XL Uz S TEOG Eva cuaTNU avapopds S. To VA onuela
ouyxpoveTal EAXCTXA. Oewpolye éva olotnua avagopds S’ Uue apyn To
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Keparato 7

XEVTEO A0S TOU GUOTNUATOG TTOU XLVELTAL UE TOYUTNT U WG TROG TO ax{vNTOo
ovotnua. {l¢ mpog autd to cloTnua N Kalo My xiveltal Ye TayvTnTa +u
xow N padol Mg YE ToYUTNTA —U EVE META TNV oUYXEOUOT), ETEWY N xpovon
elva Ehao Ty ot avtiotolyeg Tayvtnteg elvar —u xou +u . Emiéyouyue tov
z'— G€ovo ToV GLOTAPATOS WOTE Vo Elvol TAPAAANAOGC TPOG TG ToUTNTEG.

Oo Mcouvue 10 TEOBANUA TEWTA XAACOLXA. LOUPWYA UE TNV dpyT| dto-
TNENOEWS TNG OPUNG OTO axivnNTo GUOTNUA YEAPOUUE

miuy + mous = (M1 + ma)v

It v petopepholye 610 XLVOUUEVO GUGTNUA YENOLULOTIOLOVUE TLS XAACOUXES
oxéoelg Touv I'akihalou, Snhady

up =u' +wv uy = —u' +wv
xou 1) oxéomn dlvel
myug +mous =my(u’ +v) +ma(—u’+v) = (my —ma)u’ + (mq +meo)v =

= (ml + mg)’U — (m1 — mz)u, =0 - mi1p =msa

Oo e€eTdo0LYE TP TO TEOBANUA GTNV OYETLULOTIXN unyovixy. Ede Sev
ExeL évvola 1o x€vtpo ualag agoy ot udleg yetaBdhiovton. Av petagpepboiyue
TWPEA GTO XLYOUUEVO GUGTNUA UE TOUG OYETIXLOTIXOUE UETACYNUATIOMNOVE TOU
Adbpevte.

u’ 4+ v —u' 4+
Uy = ——- Up = ——
YT l4uv/E 2T 1w/
o Beovye
u' +v —u' 4+
m1u1+m2u2:m1m m2m:(m1—|—m1)v =
u' +wv —u' 4 wv :>m1 1+u'v/c?
m|l————=-—v)|=mo(v— ——— =
! 14+ u'v/c? 2 1 —u'v/c? me 1—u'v/c?
“Ouwg Loyvouy oL oYEoELg
uf 1 w o\ A tuP?fR —u'? -2
02 - C2 1+U/U/C2 o c2 (]__u/'v/cz)z
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Aoxnoeig

u%_ 1 —u' +v 2_02+u’202/02—u’2—v2
- l—u'v/c2) 2 (1+u'v/2)?

X0 EYOLUE

V1—u3/c?  1+4+u'v/c
V1—u3/c? 1—u'v/c?

Enouévog o Aoyog twv paly yiveton

my /1 —u3/c?

ma /1 —u}/c?

[MTopatnpolpot 4Tt eved 6TV xAaaaxn unyavixn ot dVo udleg meénet va elvon
loeg €3) 0 Aoyog TV Palwy LoOVTAL UE ULX TUPAOTAOY) OV EENPTATAL Ao
TLg T VTNTES TV Halwy avtdy. O Aoyog autedy Twy paldy ylvetol povada,
dnhadh) m1 = ma, 610 xAaooxd dpLo Yo ¢ — oC.

Trobétovue 6Tt up =0 xau w3 = u. O€touye My = My TOU OVO-
ualeton pala neeplog. H nopandve oyéon diver tny ualo m mouv ovoudletar
WACa opung.

mo
V1—u?/c?

H pala evog oduatog avédver e tnv toydtnta xow yivetal Bewpntixd
dnelen v TayVTNTES (OEG ME TNV ToYUTNTA TOU QPWTOS. LNUELWOTE OTL T
POTOVLAL TOU TEEYOLY UE TNV TayLTNTA Tou PwTtdg Exouv uala neeulog mg

lon ye undév.

m(u) =
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Aoxnoeig

Aoxnoelg

Aoxroeig Kegahaiou 1

Aoxnon 1

J Me v ﬁon@ew
NG TAVTHTNTAC AUTAHG Vo amodeLyTEl 1) oéom (a x b) - ( d) (a E)(b d) —

No amodeiytel ) tavtdnTa b (c'x J} b J}c— b-c
C X
(@-d)(b-E) xan n tawtétyta Taxdum @ x (bx @) +bx (Ex @) +&x (@ x b) = 0.

Aoxnon 2

No anodeuytel dtt av 1 dwavuopatinny ouvdptnon 7(t) elvan xdbetn
OTNY TMoPAYWYO NG TOTE EYeL oTalepd UETPO Xou avTLoTEOpws. Emiong va
anodelytel 4tL ) ouvdptnon (1) éxel otabepn Sievbuvon edv xaw udvo edy
elval TARGIAANAN TEOG TNV TAEAYWYO TNG.

Aoxnon 3

Tnobétouue OTL oUVTETAYUEVES U1, U2, Uz elvon opboydvieg dnhadn
LOYVOUY Ol OYECELS Ty, * Ty = Ty * Tus = Tus - Tuy, = 0. Not anodevytel 6Tt 0
teheoTNg Tou Aamhdg Slveton and tny oyéon V3g =

1 0 (UUs 0 n 0 (UsU; 0 n o (UUy 0
U1U2U3 8U1 U1 8ulg 8U2 U2 8U2g 8u3 U3 (9u3‘q

6mov U; = |7y, ]| = ((0z/0u;)* + (Oy/0u;)? + (8z/8ui)2)1/2. No eqopud-

OETE TOV TUTO YLoL TLG XUALVSPLXES MO TG GPOLELXES OUVTETAYUEVEG.
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Aoxnoeig

Andvinon Vg = %8%(999) + 25960 + Gz2

- 1 0 0 1
T2, =
9= nuo w5, or (gr) + 06 (n+895) nw g e

Aoxnorn 4
Av ot BabBuwtéc ouvaptnoelg @ xou ) Eyouy ouveyelc TopaydYoUS TEW-
g ot Seltepns TAENG, Vol amodelyTovv oL axdiovleg TauTtdtnTEG ToL I'npnv.
T Vo - VeV + [ 9V2pdV = ff o(dd/dn)dS xou [[(VZ) — V2p)dV =
H (o(dd/dn) — d(dg/dn))dS. (Trédeln: Egapudote to Bedpnua e and-
Ao yuo 1o Sidwuoua f = gVi).

Aoxnorn 5

Av T, N, B elvar 10 egantdéuevo didvuoua, n npwdtn xdbetog xat 1 ded-
Tepn xdbetog Ylog xoUnOANG vor anodelleTte OTL Ta SLavioUATO OUTA LXOLVO-
Tolovy TG axdhouvbeg oyéaelg

ar_x B x N_B T
ds ds

To »x ovoudleton XAUTUAGTNTA XaL TO T OTEEYN NG HAUNVANG EVE T avTi-
otpoga Toug R = 1/% xoauw 6 = 1/t ovopdlovtor axtiva xaumuAGTnTog o
axtiva oteédens aviiotolywe.

‘Aoxnor 6
Ocwpolye Eva NAEXTELXO (POP‘U:O q tono@smpévo oTNY apr) EVOG GUOTY-
patog ouvtetayuevoy. To goptio mopdyer éva nhextpud goptio mou divetay
anG TNV oYEON E = (q/4ne)7 /r2. No omodelfete 6L 10 empoavelond oho-

xhfooua [ E-dS otV xAewoT empdveta S elvon (60 Ue g/€ av 1 ETLpdveLa
nepuhelet 10 Qoptio xaL Undév av dev TNy meplxheleL.

Av 70 goptio divetan e ™y Bonbela uog TuxvotnTog Poptiov p amd TNV
oxéon ¢ = [, pdV vo anodeifete 6t "VE = p/e
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Aoxnoeig

Aoxroeig Kegaralou 2

Aoxnon 7
"Eva omelpoedég ehathplo €xEL TNV op@Y) XUXAXMG EALXOS UE Tapo-
uetpw ellowon 7(t) = (aouvt,anut,ct). Edv n muxvétmia tou elvon
f(F) = 2% + y? + 22, Na Bpeilte v pédlo Tou xow Tt GUVTETAYREVEG TOU
x€vtpou ualoc Tov.

Andvinon M =2rnva® + 2(a® +4c22/3), R = (2rac?, —2nac?, en(a? +
2n2c?))/(a® + 4c*n? /3)

Aoxnon 8
Ye éva UAO onuelo Tou neeuel oty oapyh TV aOVHY TNV YEOVLXN
otyh t = 0 aoxelton ddvaun F(t) = aovveti + Bruot). No Seifete o
™Y Ypovux oTiyun t To LAG onuelo éyel Béom (L) = 25 (1 — ouvwt)i +

w2

B (ot —nuot)] xu taydtnte 9(t) = - quot)i + L (1 — ouvoet)].
Aoxnon 9
No Setéete 6Tt T0 Medlo TV duvduewy F = —kr37 elvon CULVTNENTLXO.
Feddte v duvouLxn evépyeta xot TNV OAXY GTAOERY XLYNTIXY EVERYELAL.
Andvinon E = im(dr/dt)? + Lkr®
Aoxnorn 10
No Bpelte tic otabepés a, b, c dote 0 MEdlo TV SUVAPEDY

— —

F=(x+2y+az2)i+ (bx — 3y — 2)j + (4o + vy + 22)k

va elvat ouvtnenTd. Na Bpelte to Suvapuxd Tou TAPAYEL AUTO TO SUVOULXO
nedlo.

Andavinon a=4, b=2, c= -1, V:—%x2+%y2—22—2xy—4xz—l—yz
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Aoxnon 11

No deléete 61t 10 Tedlo twv duvdpewy F = —kr*f elvow ouvinenuxd.
Feddte v duvouLxr evépyeta xot TNV OAX GTAOERN XLYNTLXY) EVERYELAL.

2
2 ()" + 5k

Andavinon E =

Aoxnorn 12

"Eva oopdtio sveltar uné v enideaon e dSuvdueng F = o(r)F
Ael&te 6TL 1) 6TEOYOEUN TOL WG TROg TNV apy N elvaw otabepn.

Aoxnorn 13

"Eva ooua extoleveton and to €dagog. No Beebel 1 taydtnta mou
xeewaleton o owua yio va tebel o TpoyLd YOpo and tny v, va yivel SnAadn
Sopupopog g yNg. Na Bpebel enlong xow 1 toryvTnta dropuyng amd v Y.

Arndvinon vy =+gR =8Km/sec, vy = v1V2 = +/2gR = 11 Km/sec

Aoxnon 14
"Evoa uhixo onuelo €yel Suavuoua HEoewg
7(t) = pouvoli +enuot] + vtk
No Beefotv 1 taydnTa X 1 EMLTAYVYOY TOV.

Andvtnon U(t) = —wp ot +opouwet] + vk, T(t)=—eoouvnti—
wionuet)

Aoxnorn 15
H emtdyvuvon evog vAod onueiouv mou xuveltow oe pio Sidotaor elvor

v = —kv?
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No Beebel n taydnta xow n B€om tou onuelouv v ypovw otyun t. O
apyrég ouvlnxec tou mpofifuatog elvan v(0) = vy xow z(0) = 0. No Peebel
7 €&lowon TNG TEOYLAG TOU GTOV YKDEO TV QPACEMVY.

Andvinon o(t) = 785 #(t) = TIn(1+kvot) v =uge *®

Aoxnorn 16

"Eva BAMua extoéeleton pe apyixen toydtnta vg mov oyxnuatiCer yovio
¢ UE To 0ptl6VTLO eNiNEdO Ao TNV dxEY EVOS xexhévou emnédou. H yoviag
xAloewg Tou emnEdov wg mpog to optlovtio eninedo elvan §. No Beebel to
BeAnvexég tou PAnuatoc. Noa Beebel n twun g ywviag mou to Behnvexéc
yivetal UéyLoto.

¢ _ 203 nu(e—6)ouve 8, =
Andvinon R = ooy s p=35+7%

Aoxnorn 17

"Eva oopatidio ye uala m xuveltat und v enidpaom pag Suvduens f
uéoa oc Eva pevotd. H toiin) elvan avdhoyn tou TeTpaydvou tTng TayiTnTag

T = —kv?

No Bpebel n e€loworn g Tpoytdc Tou dtav oty Oéon z = 0 7 TaydNTA TOU
elval v = vyg.

Andvtnon o3 =1 — (£ _ v%) o~ 2ka/m

Aoxroeig Kegaraion 3

Aoxnorn 18

"Eva vl onpelo ye udla ton ue m elvan depévo otabfepd oe onueio O
and vAua unxoug | xou étol unopel va xivnlel oty emtgpdvela pog ogaipag.
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No Beefoiv oL e€lowoes tou Aayxedvl yio 10 TEdBAnua avtd TOL OVoUd-
Cetou ogoupxd exxpeués. No Aubel to (Sto mpoAnua yio To dmA6 oponetxd
EXNPEUEG.

Aoxnon 19
No Aubel To medfBAnua Tou dEUOVLXOY TAAAVTWTY OE TEELS SLUOTACELS.

2
D m
H = o + 5 (w%xz + w3y? + w%zz)

No dtepeuynlel n LodTpOTOC TERITTWON W] = W2 = W3.

Aoxnon 20

Not Aufel o npdfBAnua Tou EEXVAYXATUEVOL AEUOVIXOD TAAXVTWTY GE (Lol
Sudotaon e apywés ouvbixeg x(0) = £(0) = 0 6nov 1 e&wtepuxr) dlvaun
elvaw o) F(t) = Fy B) F(t) = at v) F(t) = Foe ' 3) F(t) = Foe ™ ouvft
No peretnfoiy ta tagandve tpofAiuata GTay UTdEYEL xoL ULo SHvoun TeBng
aVIAOYY TNG TorVTNTOG.
Andvinon o) z = [1 — cuvoet|Fy/me?, B) [ot — nuotla/me®, y) [e™* —
ouy wt+(o/w) N ot]Fo/m(e?+a?), §) (A+Be™*) ouy wi+(T'+Ae™*) nu wt

Aoxnon 21
O eélowdoeig Touv Mg youeh 6Tov NAeXTEOUAY VITLOUO VLo TNV TER(NTWOT
ToU xEVOL elval
OF
ot

0B

- V-E=0 V- -B=0
ot

VxFE=-— VxB=-—
No Setéete otL oL evtdoeig £ xow B tou nhextpixol ot payvntixod mediou
LXAYOTIOLOUY TNV XUPoTXY e&lowaon

62 62
2 - = 2 -
VE = = F ViH = 1
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Aoxnon 22

Not AvBel 1 Stapopunn) e€lowon tou xduatog o Y SLdotoo

oTic axolovbec SVo mepLnTHOoELS:
a) Me apyxéc ouvlfxeg

u(z,0) = f(x) i(z,0) = g(x)
B) Me apyuée xon oplaxég ouvhhxeg

u(z,0) = f(x) u(z,0) = g(x) uw(0,t) =u(L,t) =0

Aoxroeig Kegoaraiou 4

Aoxnorn 23
No yeretnfel 1 xivnomn evog vhod onuelov oe éva medlo ue xevtpun
SUvaun mov divetow and v oxéon f = —k/r? + ¢/r®. Na deuytel 6T
efiowon g TpoyLds uropel va tdpeL TRV poppR r = a(l —€?)/(1 + e ouv ab)

Aoxnon 24

"Eva uhixé onuelo extelel xuxAux| teoytd und TV enidpoom pag xe-
vTpung duvauewg ou Peloxetar o éva onuelo Tng TEpLPEpELag Tou xUXAoL.
No amoderytel 6t 1 dVvoun elvor avtloteoPne avdhoyn TNG TEURTNG duVA-
UEWS TNG AMOGTACELS.
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Aoxnon 25

"Evag x00¢Log xulvdpxde owlivag (OA) oymuatilel yovia 6 ue tov
XUTAXOPLPO AEOVAL. 1TO EOWTEPLXO TOU GWATVAL XLVE(TOL EVUL CWUATLO Y WpLlS
TeBéc. O owhnvag neploTeEeTat Ue oTalepn YWVl TayvTNTa & YHE® ond
Tov xataxdpupo agova. Na Bpehel  andotaoy r Tou VAoV onuelou and To
onueto O. To cwudtio Neeyel apywd oe andéotaon o ano to O.

Arévtnon r(t) = acosh (wtnub) — (g ouv ) 2

Acxnorn 26
No Beebel n toydtnTar xow 1) EMTAYVYOT EVOS XLYNTOVU OE GPOLPLXES GU-
vietayuéves T = rnufouve, y = rnulnue, z =rouvh
Andvtnon G = i + 000 + ronubFy, ¥ = <r — 762 — rp? nu? 9> 7o +
(27"9 + 76 — 72 nu 6 ouv 6) B0 + (2r9c'p +2ronu0 + ronu O) Bo

Aoxnon 27

No Beelel  otpopopun evoc cwuatiov xal To UNXOG NG G XUALVIPLKES
OULVTETAYUEVES T, 0, 2, xoll O CQALEIMES GUVTETAYUEVEG.

Andvinon M, = m(ri—zr)nul—mrz0ouw 0, M, = —m(ri—zi) ouy0O—
mrz0 b, M, = mr20, M2 =m2r20(r2 + 22) +mA(rz — zir)?, M, =
—mr?(Onue + ¢nubovvbouve), M, = mr*(6ouve — pnubouvybnuo),
M, =mr2pnu20, M2 =m2r*(H? + ¢ nu2 0)

Aoxnorn 28

To Swavuoua Béoews evog owuatiov ye uala m mov xwveltol 6To eninedo
elvaw zy. 7 = aouvoti + bouvot) No delfte 6t n tpoyud elvaw éEMheudm xa
OTL 1) 30V oL AoXE(TAL 6TO CWUATLO XaTeLHUVETAL TAVTOTE TPOG TNV dEYN
TV aovey. Na del&te enlong otL T0 €pY0 TNG SUVAPENS XATA TNV Xiynor W
popd YOpo and v EAAewdn elvan undév. Beelte téhog Ty ponh g Suvduewg
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XOL TNV CTEOYORUN WG TEOG TNV ApYT).
), Mzﬁ, L = 2mabwk

Andvtnon (13 = —mco2r)

Aoxnorn 29

H 30voun éréewg petadd vetpoviou Tpwtoviou TpoépyeTal and To axo-
—ar ’ e ’
ke — émou k < 0. Na amodeuytel 6t 1 Sbvopun

Aouvbo duvauxs V(r)
dlvetan and tnv oyéon
= keT"(ar+1)7

F = -

() = R )

Aoxroeig Kegaralou 5

Aoxnorn 30
Alveton o An dhyefpa ue tpla Baotxd otouyela e1, ez xow €3 T0 0LdE-
tepo ototyelo. O Baowol yetabéteg elvan

[62, 63] =0 [63, 61] =0

[61, 62] = €3
No Beeite Tov vépo g opddag epyalouevor we e&ng. Na Hewpnoete Vo
TUYOVTA oToLyela TS ouddag exp(u) xou exp(v) 6Tou

Jj=1

3
_E:j. _E:j.
u = u’ e, v = vl e;
J=1

xou vo Beelte to w and tny oyéon
1
exp(u)exp(v) = exp(w) Andvimon w=u+v+ 5 (u'v?® — u?o') es

Av fewpnoovue otL ou An magevhéoelg elvon ov ayxVheg llovaody xou otL
e1 = @, e = p xou e3 = 1 TOTE N dAyeBpa auth ovoudleton AAYERpa TOU

Xalevumepyx.
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Aoxnon 31

No anodeiytel 6tLov 6 = (01, 02, 03) omou ¢ elvon oL unteeg Tou Idouit
TOTE LOYVEL
G X 6 =2i6

No anodeiytolv enlong ov oyéoelg

o

exp (07 - 6) = ouv H+i7i-6 Nu b exp (i&’- §> = oLV (%)—i—i&’-g nu (5)

omov 1o dudvuoua 7 elval povadtato. No anodevytel téhog 6T

2
jez exp (07 - 6) = —exp (167 - 6)

Aoxnorn 32

H ropdywyog evég teheoth A(E) nou elaptdton and v meayUotixh
uetoBAnTn & Slvetan and vy oyéon

dE e—0 €
No anodeilete oTL
d dA dB d dA dA
—(AB)= =B+ A— — A= A+ A
di( )= dg dg dg dg dé
d 7 . 7
s (e AE) — j A4S

No anodevytel n avantuén

n—napevhioeig
2 " A

¢4 Be~A — B 4+ 1A, B] + ’; (A, [A,B]| +-- + T4, [4,---[A,[A,B]|-- ]
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Av ovyfolicovye ye La tov teleoth) nov oplletat and T oYEOELS
L% =B LB %° [A, B] L3 B =[A, A, B]]

TOTE 1) TAEATAVE TAVTOTNTA YRAPETOL

tA —tA _ _n n
e Be = o LB
n=0
Téhoc av A(E) elvon évag TeleoTic TOU EEAUETATAL UG TNV TEAYUATLX UETOL-
Bt & xaw dA/dE n mapdywyog »g meog & vo anodetytel N TautoTNTOL

d 44 A~ (-t dA
_ —t L
- T ;(nﬂ)! Az

Aoxnorn 33

Na unohoyiotel o petabétne [T, Tz] Twv teleotdy

d2
T, = Ty = ——

1 i xol 2 A2
T1:V2 na TQZ’FV leng na TQIF

Aoxnon 34

Alvetat 0 teheotng petobéoewg

Na anodeuytel 6t T'f(z) = f(z + ).
No Beebotv ot WBLocuVaETNoELS XL OL LBLOTUIES TOU TEAECTY| AUTOY.
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Aoxroeig Kegaraiou 6

Aoxnon 35

Na ypagel 1 ouvdptnon Aayxedvl tou eheubépou onpatiov o) oe xv-
ALVOPUXES OUVTETAYUEVES P, @ XL 2 OTOV T = POUVY, Y = PNUP XL 2 = 2
B) oe TopafBohixég GUVTETAYHEVES &, 1) XL ¢ TOL GLUVIEOVTAL ME TLG XUALYDEL-
XEG UE TLS OYEOELS 2 = %(E — 1) xon p = \/a xot TENOG Y) 6 EANELNTLIXEG
OUVTETAYUEVES &, 1) XOL P TOU GUVIEOVTOL UE TLG XUALVIPIXES UE TLS OYEDELS

o= o\/(Z2 —1)(1 —n?) xou z = o,

Andvinon @) L= m (2 +6%¢° +22), B) L=1imE+n) (T +1)+
o?(&’

n

— 1) (g0 + 1 ) + BmoP(E — 1)(1 - )32

§m57]<P ) Y) 5mM

Aoxnon 36

Ailvovton ot axoiovlol 8%o xavovixol yeTaoyNUATIoUO! G EVay PaoLxo
X0eo 2k dootdoenmy

Qs Pk — 1y Dk Q5P — q 1'%

Na anodeuytel 6tL 0 pyeTaoyNUATIOUOS qk, D — ¢ 7, P’} €lvon eniong
xovovixdg. Na anodetytel 6TL To 6Uvolo autd yivetar oudda dnhadh va amo-
delete OTL 0 VOUOG XAVOTIOLEL TNV TPOGETOLELOTLXY LBLOTNTA XAl OTL O TAUTO-
TIXOG UETAOYNUATIONOG xafidg emiong xou 0 avTloTEOPOC UETATYNUATLOUOC
Q5D — Gk, Pk ELVOL XAVOVLXOL.

Not anodeléete TENOG OTL OL XOVOVIXOL UETACYNUATLOUOL TTOU LXAVOTOLOUY

NV oYEom
k k
. / /
> prdge =) pidgy,
m=1 m=1

elvol Yot UTOOUAdA TNG xavovxAg opadag. Ot uetaoynuatiouol autol ovo-
ualovtot xovovixol YeTaoyNUATLoUOL ETUPNS.

Aoxnorn 37
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No anodetytel 6TL 0 TOEAXATW MUETACYNUATIOUOS ELVOL HAVOVLXOG
Q = In(nup) —In(q), P = gopp. No anodeiytel 6Tt %ot 0 UETACYNUATLOUOS
Q = roy(1+ ¢*/2 ouvp), P =2(1 + ¢'/? ouv p)q*/? nup elvon emlong xavovi-
x6¢ Ye Yevvitpla ouvdptnon v F = —(e% — 1)2eqpp. Téhog va Beehodv o
TWES Ty o xou B dote ol yetaoynuatiopol ) = ¢* ouvBp, P = ¢* nufp va
elvat xavovixol.

Aoxnon 38
Alveton Eva oVoTNUA TOU ATOTENELTAL A6 T APUOVIXOVG TAAAVTWTES

n

> (P2 + 0 + 2Ymim)

m=1

H(q,p) =

No yeapoiy xou va Aubodv ot e€lotdoels g xvnoews. Na YenoyLonooeTe
TOV PETACYNUATLOUS Q= Gm + Ym/®2,, P = Pm. €lvoL 0 yetaoymuott-
ou6g avToHg Xavovixnos. Na e€eTdoete TNV TeplnTwoT TOL oL THAAVTWTES Elvau

(apBufowua) drewpol dnhadh n — oo.

Aoxnon 39

Alveton éva medlo ye muxvotnta Aayxedvl
1 22 O Y (= #\2
£= o€ +50V-E— S (v-z)

émov E(7, 1) elvon T0 TAGTOC TANAVTWOEDS EVOS NYNTLEOU HOUATOC HECH O
eva Wavixo aépto. Na amodevytel 6Tl 1 e€lowon xwvnoewg elvar

00l (,1) — YoV (V - (7, 1))2 = 0

No anodevytel 1L 1) TuxvéTNTA TOL XAULATOV TOL TEdiou elvon

.
—

(7,1))* oémov  T(7,t) = po&(7,t)

|

1 Y -
h=—m[Ft)+ ~Sy(V -
2port(r,)-|-2 of

elva 1 xavovixn opun tou nedlov. No Bpebolv ov e€uowoeig xvnoews tou
XauAtov.
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‘Aoxnorn 40

Ma yeletnoete to nedfinuoa evog medlov UE TNV MOEAXATW TUXVOTNTA
Tou Aayxpdavl.

_ L/ )2 2,2 9 4

f—i(cp - (Vo) —m<P>—5<P
O televtaiog 6pog maplotdvel Eva Tedlo Tou aAANAETLSpd UE TOV EAUTO
Tov, 6mou g 7 otabepd ahAniemdpdocws. To mEOBAnua avto elvon axodua
avowxtd. No e&etdoete 10 TPOBANUA 6TOL TO Suvoxd AAANAETLICACEWS

elvan yevud tng popphs V(e). D napdderypa anodellte dtt yia to nedio
o(x,t) ue muxvéTnTa

0= % (%)2 - % (%)2 —V(p) Vig)= Biz(l — ouv (By)

7 e&lowon xvhoewg elval

Na avalntioete Moewg g woppnc ¢(z,t) = f(x — vt).

Aocxnoesig Kegaraiou 7

Aoxnorn 41
No amoSevytel 61w n witeeg tou Ildoukl ucavorowoly tig oxéoews oF = 1,

6i0; + 06,0, = 25;;. Av & xou B v Sevytel 61 (6-d)(6-B) =& -B+i6-d x b,
6mov 6 = (01,02, 03).

Aoxnorn 42
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No anodevytel 6TL 1 ouVdETNoN Tou XAqUATOV YL €va YopTio e uéoa o
NAEXTEOUAYYNTWXO Tedio Ue Stavuouatixd duvouxo A xou Babumto Suvauxd
¢ dlvetaw amé tnv oyéon

e 2
—Je2 (=< 204
H_\/c (p CA) +m2ct + e
No devytel 6TL 1) nopandve oyéorn unopel va ypapel ue Ty Lopen
o (s_¢x 2
H =ca (p CA) + bmc” + e
Na Beeboiv ou uhteec @ = (a1, az, as) xow n uitea b.

Aoxnon 43

No Beelte odugpova ye g el Oewpla g oyetxdTnTog 660 TOLg
exato auddveton 1 udla o) evEg aEPOTAGYOL TOU XLvelTal Ue TayUTnTa (om He
2000 K'm/h ) evoc mhavitn nou xuvelton pe 40.000 K'm/h xou v) evég oew-
uottdlov mou xuveltan ye toy VTNt (oM UE TO ULeO TNG ToUTNTAS TOU POTOC.
No Beelte mota mpémnet va elvan 1 ToydTntat evég OOUATOS YLt VoL SttAdoLaoTeL
n wala Tov.

Aoxnon 44

Alvetar 1 axoiovin muxvotnta tou Aayxpedvl
i - _ _
b= ) [9v™(0udh) — (Fub)yd) — mid

Ocwpolpe o medlo g xow ¢ = dTy0 aveEdpotnra. To y* eivow ov wxd-

hovfeg unteec
o (0 1 m [0 —om
T=\1 0 T = em 0

onov ¢ elvon oL ufteeg Tou IIdouAL.

287



Aoxnoeig

No amodevytel 6t n e&lowon xwvnoewg touv medlov elvon N axdhouvln
egloworn tou Ntipdx
(iY'O0u —m)d =0

No arodetytel 6t ) e€lowon auth elvol avahholwTog o TOUG UETAOY NUALTL-
ououg Tou AopevTg.

Aoxnon 45
Alvetar 1 axoiovin muxvotnta tou Aayxedvl

—

= % (@2 —(Vg)* - m2<P2)

No anodevytel 6tL 1) e&lowon xivnoewg Tou tedlou elvar 1 axoiovldn e&lowon
Khduwy - I'répvtov

0o 0 5
———0—mp=0
Ox Oz, v ?
No anodevytel o1l 1) e&lowon autn elvat avaAAolwTog Am6 TOUG UETATYNUATL-
ouolc touv Adpevtg. Anhadh av @(at) elvan wor Adom g eElodoens aUTHg
t6te xon M @' (") elvan enlong Adom énou

¢'(z") = o(a") ' = AY(C O)a

A(Z, d) elvan o mivaxag tou yetaoynuatiopds tou Adpevic. H Xowtoviavi
TuxvéTNHTA TOL TEdlou elvan

h = (TC2 + (Vo)? + m2cpz>

N | —
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