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Simple Planar Limb

C1 —35 0 0
s c 0 0
Tol _ 1 1
0 0 1 0
0 0 0 I
2 —82 0 [
2 52 C2 0 0
Tl‘- -
0 0 1 0
0 0 0 1
1 0 0 [
X o 1 0 0
I35 = geees
o 0 1 0 Ky Ky, Ky kK,
0 0 0 I out of the plane




Simple Planar Limb

* We have the orientation of the 7o > ToTiTs =
last link with respect to (wrt) the =
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Simple Planar Limb (Geometric Model)
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How to Obtain Endpoint Velocities?

* Previously we define the geometric
model (G(q))

e We want the time derivative of the
forward kinematic model
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The Jacobian

dGx(q) dGx(q) dGx(q)
dq1 dq2 T JdgN
* The J matrix is called the D _ =] @ o 6w
Jacobian of the system 9q 94 942 dan
3G 4(q) 3G, (q) 3G 4(q)
) In Our CaSEJ E R3xN B dq1 dq> JdgN
 The instantaneous 3D _
endpoint velocity vector can o ,
be calculated *=J(a)q
 And when the Jacobian is @:](q)_]@

invertible we can find the
instantaneous joint angular
velocities associated with a
given endpoint velocity vector




General Case

* The general case of
the Jacobian in the
context of screws,
twists and wrenches

* Screw theory
e Twist?
* Wrench?
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Example Endpoint Velocities

* Each column of the Jacobian is the ‘. (:) _ (gﬁ:;) _ (l,']g: 15;‘;)
instantaneous endpoint velocity o Gal(q) a1+ g2
vector produced by one unit of the
corresponding joint angular velocity i i

e If there are simultaneous angular | “h—hse o —he
velocities at both joints, their 'W=1 ha+hen o
instantaneous effects at the 2 | S

endpoint simply add linearly
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Example Endpoint Velocities
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Limb Mechanics

* Limb mechanics involve limb kinematics, and the forces and torques
that cause limb loading and motion

* Mechanics can be both static and dynamic depending on whether
motion is prevented or not, respectively

 Studying limb motions that result from applied forces and torques
falls within the realm of rigid-body dynamics, which is a specialized
branch of mechanics



Static Endpoint Forces and Joint Torqges

~ \&
* We begin by stating the law X VK/Q/\/
of conservation of energy
between the internal and \ J
external work I-A4x

e We start with the
conservation of energy

* We divide with dt and
transform the equation to
vector form

* We use the relationship
between endpoint and joint
velocities

External work = f - Ax

Internal work = 7 - Aq



All Permutations of J for a Planar 2DOF Limb
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Example Static Endpoint Force

 What are the joint
torques in order to exert

a static IN forceinthe @ " TIonnT T
negative y-direction? 7,=-0.295Nm @
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Statics Example

Is the compressive component
of joint reaction force (/) at
the L5/S1 vertebrae greater

than the maximum safe value
commended by
?

) 6,08 > lso- 6,25
y. 4 266 0, (
|




Newton’s Second Law of Motion

General:

2F.=ma, XM.=Iq,
ZFy =ma, ZMy = ]ocy
LF,=ma, IM,=la,

EFX = Mdcg
DF, = Mmacg
E MCG = ICGé




Mass-Spring-Damper Example

YF, =mi:
~bx - kx + F(t) = m¥
mi + bx + kx = F(t)

------------------------------

Spring Damper
k b

Static
equilibrium () =

e xcitation
position I S

force F(t)
Displacement

X

force balance




Inverted Pendulum Example

SM,=1,0:

mgésin@ -T, =160

1,0 - mgésin@ =-T,




Lagrange’s Equations
g2
dt @ a_fg;j !

where :

&, are independant generalized coordinates

= . are corresponding generalized torces
(torque if & is an angle)

L =T -V (the Lagrangian function)

T = total kinetic energy of the system

V = total potential energy of the system



Lagrange’s Equations

d(ﬂé)_LEj )
de\os, | d§,

Now usually we find that
r=f (Sl) and
¥=j (51)

so Lagrange's equation (equation (1) above)

Yo

can tf writ enmzlﬂ'
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Kinetic Energy of a Rigid Body

The total kinetic energy of a rigid
body that has rotational
velocity w, and linear

velocity v, of its centre of

gravity, 1S :
1 1
T= EmVCGZ +2 I .o

where m 1s the mass of the body,
and 7, 1s the moment of inertia

about the centre of gravity.



Gravitational Potential Energy

The energy that an object possesses
because of the height of its centre of

mass relative to the earth's surface :

V() @f
where z—= height of mass m above

the earth's surface



Inverted Pendulum Example (2)Energy
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[ L=T-V
M, =mg—smb0-T, ,
2 Lagrange's Equation :
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