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1 Coding Exercises

Question 1.1

Consider the discrete-time signal

x[n] = cos

(
2π

10.25

N
n

)
, n = 0, 1, . . . , N − 1,

with
N = 128.

Write Python code to:

1. Generate the signal x[n].

2. Apply both a rectangular window and a Hann window.

3. Compute the DFT magnitude in both cases.

4. Plot both spectra in dB on the same figure.

5. Compare the side-lobe levels and main-lobe widths.

Solution (Code)

1 import numpy as np

2 import matplotlib.pyplot as plt

3

4 N = 128

5 n = np.arange(N)

6

7 k0 = 10.25

8 x = np.cos(2 * np.pi * k0 * n / N)

9

10 w_rect = np.ones(N)

11 w_hann = np.hanning(N)

12

13 x_rect = x * w_rect

14 x_hann = x * w_hann

15

16 X_rect = np.fft.fft(x_rect)

17 X_hann = np.fft.fft(x_hann)

18

19 X_rect_mag = np.abs(X_rect)

20 X_hann_mag = np.abs(X_hann)

21

22 X_rect_db = 20 * np.log10(X_rect_mag / np.max(X_rect_mag) + 1e-12)

23 X_hann_db = 20 * np.log10(X_hann_mag / np.max(X_hann_mag) + 1e-12)
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24

25 k = np.arange(N)

26

27 plt.figure ()

28 plt.plot(k, X_rect_db , label="Rectangular")

29 plt.plot(k, X_hann_db , label="Hann")

30 plt.xlabel("DFT bin k")

31 plt.ylabel("Magnitude (dB)")

32 plt.title("Effect of windowing on spectral leakage")

33 plt.grid(True)

34 plt.legend ()

35 plt.ylim([-100, 5])

36 plt.xlim([0, 40])

37 plt.show()

Solution

Plots:
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Answers:

The rectangular window produces a narrow main lobe but relatively high side lobes.
The Hann window produces lower side lobes, so the leakage far away from the main peak is reduced.
However, the Hann window also produces a wider main lobe.
Therefore, the Hann window improves leakage suppression but reduces frequency resolution.

Question 1.2

Consider the discrete-time signal

x[n] = cos

(
2π

15

N
n

)
, n = 0, 1, . . . , N − 1,

with
N = 128.

Write Python code to:

1. Apply a Hann window to the signal.

2. Compute the DFT magnitude.
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3. Estimate the measured amplitude of the sinusoid from the DFT.

4. Correct the measured amplitude using the coherent gain of the Hann window.

Solution (Code)

1 import numpy as np

2 import matplotlib.pyplot as plt

3

4 N = 128

5 n = np.arange(N)

6

7 A = 1

8 k0 = 15

9

10 x = A * np.cos(2 * np.pi * k0 * n / N)

11

12 w = np.hanning(N)

13 xw = x * w

14

15 X = np.fft.fft(xw)

16

17 # For a real cosine exactly on a DFT bin , the positive -frequency

18 # peak magnitude is approximately A * sum(w) / 2.

19 # Therefore , an amplitude estimate is:

20 A_meas = 2 * np.abs(X[k0]) / N

21

22 Cg = np.sum(w) / N

23 A_corr = A_meas / Cg

24

25 print("Measured amplitude before correction:", A_meas)

26 print("Coherent gain:", Cg)

27 print("Corrected amplitude:", A_corr)

28

29 X_mag = np.abs(X)

30 X_db = 20 * np.log10(X_mag / np.max(X_mag) + 1e-12)

31

32 k = np.arange(N)

33

34 plt.figure ()

35 plt.stem(k, X_db)

36 plt.xlabel("DFT bin k")

37 plt.ylabel("Magnitude (dB)")

38 plt.title("Hann -windowed bin -centered sinusoid")

39 plt.grid(True)

40 plt.xlim([0, 40])

41 plt.ylim([-100, 5])

42 plt.show()

Solution

Plots:
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Answers:

The Hann window reduces the measured amplitude of a bin-centered sinusoid.
The coherent gain is

CG =
1

N

N−1∑
n=0

w[n].

For the Hann window, this value is approximately

CG ≈ 0.5.

Therefore, the uncorrected amplitude estimate is approximately half of the true amplitude.
To correct the amplitude, we divide by the coherent gain:

Acorr =
Ameas

CG
.

The corrected amplitude should be close to

A = 1.
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